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Abstract

We develop a tractable model of firm dynamics with random search frictions in which
firms set wage contracts for workers—a strict generalization of Hopenhayn and Rogerson
(1993) and Burdett and Mortensen (1998). We provide an analytical characterization of equi-
librium wage contracts as a function only of the distribution of marginal surplus. When
calibrated to the US data, the model replicates empirical regularities on how firm wages vary
by size, growth, and age. Finally, we explore the efficiency properties of the equilibrium both
analytically and quantitatively. We find that the equilibrium firm growth is too slow at the
early stage of the life cycle but too fast at the later stage.
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1 Introduction

2 Model

We focus on the steady state of the economy and drop time subscript wnenever there is no am-

biguity.

Production Technology. There is a single homogenous goods. Workers can be either unem-
ployed or employed by a firm. When workers are unemployed, they produce b units of goods
at home. A firm with productivity z employing n workers produce y(z,n) units of goods. We
assume y(z, n) is strictly increasing in n and z, and weakly concave in n. Note that y(z,n) can

potentially include a fixed cost of operation, so that y(0, z) < 0.

Firm Dempgraphics. Firm’s productivity 2 evolves stochastically with the following stochas-

tic process that is a discrete-time analogue of the diffusion process in continuous time:
Zevar = 2+ (z) dt + 0 (2) Vdl eryar, (1)

where 11(2) is the drift, o(z) > 0 governs the volatility, and £, 4; ~ N(0, 1). Firm’s employment
n evolves beacuse of four reasons. First, workers exogenous separate into unemployment at rate
s > 0. Second, employed workers receive outside offers at rate A\¥ > 0 and may quit to move
to the other firms. Third, firms can hire workers by posting vacancies subject to vacancy costs.
Vacancy costs of a firm with employment n take the form ¢(v)n, where v denotes the vacancy
rate (number of vacancies divided by current employment). We assume the vacancy cost takes

the isoelastic form:

c(v) :CU1+1/' 2)
We furthermore assume that the elasticity parameter satisfies v > 1 throughout the paper, for
the reason that will become clear later. Finally, firms can fire workers at no cost. We let ¢ € [0, 1]
denote the fraction of workers fired.

There is free entry. A potential firm can pay fixed cost ¢ to become an operating firm. After
paying the fixed cost, firms draw initial employment size, ny, and initial productivity, zo, from a
joint distribution function ) (ny, zo). Firms exit at an exogenous rate > > 0. Firms also can exit
endogenously. We denote the total mass of firms in the economy as m and the mass of entrants

per unit of time as .



Preferences and Worker Demographics. All agents discount the future with the discount
rate r > 0 and are risk-neutral. We normalize the total mass of workers to be one. Let u € [0, 1]

denote the fraction of unemployed workers.

Matching. An unemployed worker has a search efficiency of 1 and meets a firm at rate AV >
0. An employed worker has a search efficiency ¢ > 0 and meets another firm at rate \¥ =
¢(AY > 0. A vacancy meets a worker at rate A > 0. All these meeting rates are endgenously
determined by a constant-returns-to-scale matching function M (a, 0), where @ = u + ((1 — u)
is the total efficeincy of search by workers and v denotes the total number of vacancy postings.

The equilibrium meeting rates are given by
M= M(a,0)/u, N=(M(u,0)/a, M =M(a,v)/v. 3)
They can be expressed as a function of market tightness 6 = /4.

Timing. The timing within a period is as follows. First, the idiosyncratic productivity shocks
are realized, and firms produce with the workers and pay wages. Second, firms exit with arrival
rate ». Third, the exogenous separation takes place. Fourth, firms hire workers and entrants enter
also hire workers to acheive the initial firm size At the same time, unemployed and employed

workers contact their potential employers. Finally, firms fire workers.

Cotracts. Firms offer wage contracts to workers. As in the tradition of Burdett and Mortensen
(1998), we impose equal-treatment constraint within a firm. That is, firms have to offer the same
wage w to all the workers within a firm, and whenever firms fire, firms have to randomize which
workers to fire. This assumption rules out outside offer matching.

Firms have full commitment to the contracts. Workers cannot commit. The cotract specifies
wages, hiring and firing policies for all possible histories of productivity shocks. As in Spear
and Srivastava (1987), firm’s past commitment can be summarized by the promised utility to the
workers. Let WV be worker’s utility and U be unemployment value. In what follows, we write the

recursive contracts in terms of worker utility in excess of unemployment value:
W=w-U. (4)

Note that the value of unemployment corresponds to W = 0.
We denote F'(1V) as the vacancy-weighted distribution of continuation value across firms be-
fore the separation takes place. Likewise, we denote G(W) as the employment-weighted distri-

bution of continuation value across firms before the separation takes place. We will later formally



define F'(W) and G(WV) as equilibrium objects.
At time ¢, given the past commitment W, as well as other state variables (z,n), firms offer
a combination of real wage w;, and continuation values (in excess of unemployment value) for

each realization of productivity shocks z;; 4. Formally, they are given by
we(n, We),  Wiar(2eqar; 1, W). (5)

The contracts have to satisfy the promise-keeping constraints.
W, = wydt + ¢ |e MV + (1 — e A7) / max{ Vi q, VIF(V)| — (1 — e U, (6)

where
Vigar = 6_(s+%)dt(1 - <t)(1 - Xt)E[WHdt(szt; n, Wt)]

is the expected continuation value at the current firm, where x is an indicator function that takes
one if the firm exits. ' The promise-keeping constraint states that the firms have to deliver the
past commitment W, either through the current wage payments w; or through the continuation
value. The continuation value derives either from staying in the current firm or moving to the
new firm.

Given the contracts, the evolution of firm-level employment is given by
miear = e (1= ) | (1= (L= e )1 = FVipar) ) 11+ (1 = )G Wiayome| - ()

where (1 — e*")G(W,) is the probability that a vacancy successfully hire a worker, and (1 —
e 2"4)(1 — F(V,4q) is the probability that a worker is poached.

2.1 Firm’s Problem

Given the state variables (z, n, W), firm’s problem is to choose vacancy rates v, the wage w, how
many workers to fire, how much utility to promise W, 4, in order to maximize present discounted

value of profits. Let J(z,n, W) denote the firm’s value function. The Bellman equation is

J (2, e, Wy) = max y(z¢, g )dt — wnydt — c(v)n,dt (8)
W,0,8,X Nt dt, Witdt

+ 6_(r+%)dt(1 — X)EJ (zt1at; Merae, Wivar(Zerar)) )

s.t. (6) and (7). (10)

'Without fixed costs y(z,0) = 0, chi; = 1 is equivalent to ¢; = 1.



This original problem is quite complex. The Bellman equation features three state variables,
z,n, W, and the control variables are high-dimensional, promised utility in each possible realiza-
tion of productivity shocks, Wi a4 (2¢+at)-

We overcome this problem by showing that the firm’s problem can be represented as a joint
surplus of firms and workers. To this end, we guess and verify that the firm’s value function takes

the following form:
J(z,n,W) = 8(z,n) — Wn. (11)

Since the term S(z,n) is the sum of firm’s value and the workers’ value (in excess of unemploy-
ment value), it can be interpreted as the total surplus of the firm and workers inside the firm.
Importantly, the surplus function S(z,n) is independent from W, which derives from the the
fact that utilities are transferrable.

The following writes the firm’s problem in terms of the surplus function S(z, n):

Problem 1. The surplus function S(z,n) solves the following Bellman equation:

Sz, ny) = max y( 2, ny)dt — c(v)ngdt — (1 — e ") Uny

V6 XNt dts Vitde

- €7Tdtvt+dt(1 - e)\th)G(‘/t—l—dt)Unt + Gfrdt(l — €7>‘Edt) / VdF(V)nt

Vitat

+ 6_(T+%)dt(]_ — X)ES(Zt+dt7 nt"rdt)

s.L. Nepgr = € %1 —¢) [(e_’\Edt +(1—e?y1 = F(V}ert))) + (1= NG (Vigar)v| ns,

The first line is the net flow surplus of the firms and workers, which is the production minus
the vacancy cost and the flow unemployment value. The first term in the second line captures the
flow value that accrues to the new hires. From the viewpoint of the incumbent workers, raising
the promised utility has a cost of giving more resources to the new hires. The second terms
in the second line captures the additional value whenever workers are poached by the other
firms offering higher continuation value. We let v(z,n), <(z,n), nyrar(2,n), Vizar(z,n), x(2, 1)
be the policy functions associated with the above Bellman equation, where x(z, n) is an indicator
function that takes one if the firm exits.

There are several pieces to unpack in the above problem. First, the promised utility W drops
from the state variable. This is because, under the transferrable utility, the promised utility is
irrelevant for the firm’s decisions. Second, the Bellman equation only determines the expected

continuation value for the workers, V4, but how the continuation value is split across the re-



alization of the states, Wy 4(2i1a4t), is indeterminate. This comes from the risk-neutrality of the
workers. Wokrers are indifferent between being offered V4 with certainty and being offered
Witar(zi+ar) that varies across the states, as long as the mean is the same. This indeterminancy
naturally translates into the indeterminancy of the wages, which is determined residually from
the promise-keeping constraint (6) given the stochastic process of promised utilities. It is impor-
tant to note that there is no indeterminancy in terms of the allocations, such as hiring, firing, and
job-ladder.

However, we show in Appendix A.3 that the wages are uniquely determined as long as work-

1—v
=
a worker with risk aversion v > 0. While the split of W;(z;) across z; are indeterminate with

ers have arbitrarily small risk aversion. Specifically, let u(c) = be the utility function of

v = 0, when v — 0, they are uniquely determined so as to satisfy the following condition:
w (Wt<ztl)7 ‘/;5+dt<ztla nt)) =w (Wt<z152)7 ‘/;5+dt<z1527 nt)) ) (12)

for any 2} and 22, where w(W, V) is the wage implied by the promise-keeping constraint (6)

given the promised utility W and the continuation value V:
G(W,V)dt = W — 7% [Ny 4 (1 — A7 / max{V,V}dF(V)| — (1 — e " U, (13)

Therefore, the wages are uniquely determined so as to minimize the fluctuations across the re-
alizations of productivity shocks. This result is intuitive. While workers do not care about the
fluctuations in wages whenever they are exactly risk-neutral, they would like to smooth the fluc-
tuations the moment they are arbitrarily risk-averse. For this reason, in what follows, we select
the path of wages such that (12) holds.

2.2 Aggregation and Equilibrium Definition

Entrants draw the initial productivity 2z, and employment ng from a joint distribution function
U (zg, ng). We assume that the entrants are endowed with as many vacancies as needed to achieve

the initial level of employment. This implies that the initial vacancy is given by

0 "0
= —— 14
v" (20, 10) NG (W) (14)
The entrants choose the initial promised utility to maximize the entry value: maxy >o J (20, no, W) =
maxyy>g S (20, no, W) — Wny. This clearly implies that the entrants choose W = 0 and hire only

from unemployed workers.



The free-entry condition is
/Sg(zo,ng)d\ll(zo,no) =, (15)
where Sy(zo, no) is the value of entry defined as

50(207 no) = gfflliit e~ ()t maX{ES(Zt—i-dta nt—l—dt)v 0} (16)

s.t. Nepar = € (1 — ¢)ny. (17)

Let <o(z0, 10), Netat.0(20, o) and xo(20,n0) be the policy functions associated with the above
problem, where (29, n¢) is an indicator function that takes one if the firm exits.

Let g(Z,N') denote the steady state measure of firms with productivty z € Z and employ-
ment n € N at the beginning of the period. It satisfies the following steady state law of motion:

ﬂﬂﬂﬂ=€”ﬁ/ﬂ—x@ﬂmHmMA%mGﬂﬂﬂzkﬂm%M

(18)
+ mPe /(1 — X0(20, 10))I [Ne4at.0(20, n0) € N]7(Z]20)d¥ (20, n0),
where m? is the mass of entrants.
Each vacancy meets randomly meets a worker. With probability p* = m vacancies

meet unemployed workers who always accept the offer. With probability 1 — p, the worker
is employed and accepts it whenever the offered value is higher than the value that they are

currently offered. Therefore the probability that a vacancy at a firm offering V" hires a worker is

given by
1 fV (z,n)<V ndg(z,n)
G(V)= = L 19
V) 11 Ut [ ndg(z,n) (19)
The aggregate vacancy posting is given by
0= /v(z, n)ndg(z,n) +m" / v° (20, 0)dV (29, ng). (20)
The vacancy-weighted distribuution of continuation value is given by
1
rv= |/ ol mndg(zn) +m® [ lno/)d¥Gong)| @)
U IVigar(zm)<v

where we have imposed that the entrants post the continuation value of V' = 0.



The value of unemployment, U, solves
U = bdt + e " [U +(1— ey / VdF(V)} : (22)
The steady state unemployment satisfies

u=1-— /ndg(z,n) (23)

We define the steady state equilibrium of this economy as follows. A steady stateequilibrium
consists of the value and policy functions of incumbent firms {S(z, n), v(z,n), nerac(z,n), Vizar(z,m), x(2,n) },
of entrants {.Sy(20, 70), Ne+dt.0(20, M0), Xo(20, Mo) }, the two distributions of continuouation value
G(V) and F(V), the distribution of firms {g(z,n), m°}, the meeting rates {\Y, \¥ A"}, the un-

employment value U, and the aggregate vacancies and unemployment, v and u such that:

Given {G(V), F(V),\P U}, firms solve Problem 1.

The steady state firm distribution {g(z,n), m°} solve (18).

The two distributions of continuouation value G(V') and F'(V') satisfy (19) and (21).
The unemployment value U satisfies (22).

The aggregate vacancies and unemployment satisfy (20) and (23).

AN A i o

The meeting rates are given by (3).

3 Continuous Time Limit

While all our analysis will carry through in the discrete time setup, taking the continuous time
limit will provide particuarly transparent and clean characterization of the equilibrium. In the
limit of dt — 0, the stochastic process of z; described by (1), is governed by the following diffusion

process:
dz = p(z)dt + o(z)dWs, (24)

where dW, is an increment of a standard Brownian motion.

The following problem is the continuous time limit of Problem 1:

Problem 2. In the cotinuous time limit, the surplus function S(z,n) solves the HJB equation:

pS = mz‘l/xy(z, n) —c(v)n — rUn — VAYG(V)un + )\E/ VAF(V)n + L(z,n,v,V)S
v, |4



where p = r + 3, L(z,n,v, V) is the generator defined for an arbitrary function S(z,n):

_ o*(z)
L(z,n,v,V)S(z,n) = u(2)0.5(z,n) + 5 0..5(z,n) | (25)

+ [MG(V)v— 5= AP(1 = F(V))] nd,S(z,n),
with the following boundary conditions:
S(z,n) >0, Su(z,n)>0. (26)
The first-order condition with respect to V' is given by
N g(V)o + AP f(V)] (8,5(z,n) = V) = AG(V)v. (27)

This left-hand side is the marginal value of offering higher promised utility. Firms can additinally
higher at an additional rate \* g(V)v of workers and prevent workers from being poached at an
addtional rate of A\¥ f(n). Each additional worker has a marginal value of (9,5 — V). The right
hand side is the cost of offering higher promised utility, which accurues to new hires.

The first-order condition with respect to v is
MNG(V)(0,5(z,n) = V) = (v). (28)

The left-hand side is the marginal benefit of a vacancy, and the right-hand side is the marginal

cost of vacancy. The boundary condition for firing is
0nS(z,n") =0, (29)

which says that the firms fire workers until the marginal value of a worker is weakly positive.

As one can see from the optimality conditions (27) and (28), firm’s optimal promised utility and
vacancy decisions are solely summarized by S,, = 9,,5(z, n), which we refer to as the marginal
surplus. For this reason, we will write the policy functions in terms of the marginal surplus:
V(Su(z,m)) = V(z,n) and v(S,(z,n)) = v(z,n). Condition (29) suggests that the marginal
suprlus is bounded from below by zero.

Since the marginal benefit of increasing promised utility — the lefth-hand side of (27) - is
strictly increasing in the marginal surplus, it is tempting to think that the firms with higher
marginal surplus offers higher promised utility. While this observation is obviously correct when-
ever the vacancy is exogenous, the endogenous vacancy introduces additional complication. With

endogenous vacancy, firms with higher marginal surplus has two ways of increasing its work-



force: offering higher utility or posting more vacancies. If the vacancy creation is sufficiently
elastic, firms would primaly use vacancy postings as a way to increase its workforce. This in-
crease in new hires, in turn, disourage firms from offering higher utility because the cost of doing
so increases with the size of new hires — the right-hand side of (27).

We show, however, that as long as the elasticity of vacancy creation satisfies v > 1, the

promised utility offer is strictly increasing in the marginal surplus.

Proposition 1. Assume v > 1. Promised utility offer V (.S,,) is strictly increasing in S,,, and con-
sequently, workers at firm (z,n) accept the job offer from firm (2, n’) if and only if S, (z,n) >
Sp(2',n').

The monotonicy of promised utility implies that the job-ladder is ranked according to the
marginal surplus. At any point in time, we can define two rankings of the job-ladder at the firm-
level, deferring in terms of how the ranking is weighted. The first is the ranking of the marginal

suprlus weighted by the mass of search efficiency of workers:
1 .
G(S) = = [u+CH(S,)|. (30)

where H(S,) = | Sn(2m)<Sn ndg(z,n) denotes the mass of workers at a firm with marginal surpus

below S,,. The second is the vacancy-weighted ranking of the marginal surplus

- 1
F(S,) == [/ v(z,n)ndg(z,n) +m° /Uo(no/zo)d\lf(zo,ng) : (31)
v Sn(z,n)<Sp
The monotonicity of promised utiliy offer implies
G(V(Sn) = G(S),  F(V(Sa)) = F(S0)- (32)

Exploiting the rank-preserving property, we have a tight analytical characterization of the equi-

librium policies as a function of the distribution of the marignal surplus.

Proposition 2. Assume v > 1. The promised utility each firm with marginal surplus S,, offers is

given by

( ) /0 > {(u + CH(Sn))2§h(Sn)} S (33)

[S‘ |§ S } , (34)

where EG? [S,]Sn < S,] is the weighted distribution of marginal surplus conditional on being below



Sy. The weighting function is given by the following cumulative density function:

G*(5,]S, < S,)

W+§HGMV’
(-t gﬁz(sn))Q

(35)

which is the quadratic of the search intensity-weighted cumulative mass of workers below S,, condi-

tional on being below S,,. Vacancy policy function is given by

0(S) = ¢ (AGV(S))(Sn = V(S))).

(36)

While wage posting model is often considered as challenging to solve due to the infinite-

dimensional fixed point problem, we obtain a closed-form solution to the firm’s policies condi-

tional on the distribution of the marginal surplus.

The distribution of the marginal surplus can be obtained from the steady state distribution,

which satisfies the following Kolmogorov forward equation:
0=LF <Z7 n, U(‘SH(Z? n))v V(Sn(za n))) g(z, n) - %g(z, n) + m%(za n)a

whenever S,,(z,n) > 0 and S(z,n) > 0, where LT is the adjoint operator of L.

The free-entry condition in the continuous time limit is
/S(z,n)d\lf(z,n) =
The value of unemployment in continuous time is
rU =b+ \Y / VAF(V).
Finally, the wage is given by

w = (r+s+%)W—)\E/ (V—=W)dF(V) —rU.
W
The rest of the equilibrium conditions remain unchanged.

Building on these characterizations, we can rewrite the HJB equation as

pS =y(z,n) -
+\F(1— F( NEAV(S,)]Sn > Suln + L(2,1,v(S,), V(Sn))S

10

c(v(Sp))n —bn — AVE4[V(S,)]n — )\FG(Sn)V(Sn)v(Sn)n'
Sn

(37)

(38)

(39)

(40)

(41)



4 Planning Problem

We now explore the efficiency of the equilibrium. We consider the planning problem of a social

planner who maximizes the expected discounted consumption of the economy.

Problem 3. The constrained planner solves

max / h e‘”{ / (y(2,n) — c(vy(z,n))n) dg, + (1 — fndgt)b—mfce}dt

0 e f
{gt?vt’mt sdnt,sf S ’It,zn,z’n“xt,uyzn} 0

subject to

Oigi(z,m) = =0y [dne(z,n)gi(2,n)] = O:[p(2)gu(z, )] + %32,2[(0'(2))2%(27 n)l

— (s +60)ge(z,m) + my(z,n)
dni(z,n) = [\ G(z,n)v(z,n) —s — A\ (1 — F(z,n))] n — ¢

where
1
G(z,n) = = [xtum ( ndgt +C/xtm/ ant dgy (2 n)}
1
1—F(z,n) == [ 2tonmv(2,n")n'dg, (2", n)
0
M

u=1 —/ndgt—l—C/ndgt, 0= /U(z n)ndg(z,n) +m / (20, 10)d¥ (20, n0),

and x4 n 2 € [0,1], v4(2,n) >0, > 0 and gf > 0.

Let S}(z,n) denote the co-state variable (Lagrange multiplier) associated with the law of
motion of ¢;(z,n). This variable captures the social surplus of the firm with productivity z and

employment size n. We also define

dln AU OM (@,7)

U = — — —7
T =T ma T ama (42)

Hln AF OM (a,7)

F = — I S A
T = T e Olno (43)

as the steady-state elasticity of congestion from additional worker search and vacancy posting,

11



respectively. We also define the social gains from a meeting in the steady state as
e 1
0= /G(z’,n’) (Sﬁ(z’,n’) —E4[Sn|Sn < Sﬁ(z’,n')]) —v(2',n")n'dg, (', n’) (44)
v

The following proposition characterizes the planner’s solution.

Proposition 3. In the steady state, the efficient allocation has the following properties. The social

surplus of a firm solves

pS7(zm) = y(z,m) — e(vlz m))n — b+ dna(z,m)S2(z,m) + u(2)2(z,m) + 3 (0(2))2S (=)
~ N B[S = 02+ XF L (1= F(SD)E4(S:]8, > 87— "2}

Y {é<sg)E@[§n\§n < 57 + nFQ} vz, n)n,

with the boundary conditions SP(z,n) > 0 and SE(z,n) > 0. Firms exit if S?(z,n) < 0 and fire

workers if S?(z,n) < 0. The vacancy rate is
v(z,n) = ¢! (AF {G(sg) (sg(z, n) — EalSalS, < sm) - nFQ}> .

The unemployed workers accept the job as long as SE(z,n) > 0, and the employed workers at firm
(z',n')accept the job offer from firm (z,n) if and only if S?(z,n) > SP(2',n’). The entry satisfies

/Sp(z,n)d\lf(z,n) =

5 Quantitative Analysis

5.1 Steady State Computational Algorithm

5.2 Calibration

We make the following parameteric assumptions. First, we parametrize the production function

as
y(z,n) = Zlmope — cr, (45)

where ¢; > 0 is the fixed cost of operation, and v € (0, 1) is the returns to scale of production.
We set a = (.85, a standard value of returns to scale in the literature. Second, the productivity

process is assumed to be a geometric Brownian motion: u(z) = pz and o(z) = oz. Third, we

12



Paramter

Value

Description

Target

A. EXTERNALLY ASSIGNED PARAMETERS

T 0.0125 Steady state interest rate Annual 5% interest rate

a 0.85 Returns to scale Standard

” 0.0225 Exit rate Annual 9% exit rate

n? 5.4 Entrants initial employment BDS 2019

v 3.45 Vacancy cost elasticity Bilal, Engbom, Mongey and Violante (2022)
n 0.5 Matching efficiency Petrongolo and Pissarides (2001)

c’ - Vacancy cost level Normalization

B. INETERNALLY CALIBRATED PARAMETERS

L 0.015 Productivity growth drift Emp. share 500+ firms 50%
o 0.18 Productivity growth variance std(AIn(n)) of 0.41

c® 10.6 Entry cost Market tightness 1

2° 2500 Initial productivity Average firm size 23

cy 1.0 Fixed cost Exit rate of young firms

5 0.02 Exogenous separation rate Monthly EU rate 2%

¢ 0.10 On-the-job search efficiency Monthly EE rate 2%

A 1.0 Matching efficiency UE rate

2° 1.0 Entrants initial productivity Normalization

Table 1: Parameter Values
assume the Cobb-Douglas matching function:

M(@,) = Aa"o' ™", (46)
where A is the matching efficiency parameter, and 7 is the elasticity of matching function with
respect to the job search by workers. We set = 0.5, as suggested by Petrongolo and Pissarides
(2001).

We simply set b = 0 to reduce the number of free parameters, but we explore robustness to

alternative parameterization in Appendix XXX.

6 Transition Dynamics

7 Conclusion

13



Parameter Value Description Target

A. EXTERNALLY ASSIGNED PARAMETERS

r 0.05 Steady state interest rate Annual 5% interest rate

« 0.85 Returns to scale Standard

> 0.0 Exogenous exit rate Largest firm exit rates

n? 6 Entrants initial employment BDS 2023

K 3.5 Vacancy cost elasticity Bilal et al. (2022)

n 0.5 Matching efficiency Petrongolo and Pissarides (2001)
c’ 100.0 Vacancy cost level Normalization

¢ 0.2 On-the-job search efficiency -

B. INTERNALLY CALIBRATED PARAMETERS

! -0.001 Productivity growth drift Emp. share 10,000+ firms 30%
o 0.6 Productivity growth variance std(A In(n)) of 0.41

cy 0.1 Fixed cost Exit rate 9%

s 0.25 Exogenous separation rate Unemployment rate 5%

A 4.8 Matching efficiency UE rate

Table 2: Parameter Values

Moments Target Model
Firm size Pareto tail 1.05

Average firm size 23 23
Standard deviation of firm growth

Unemployment rate 0.05 0.05
EU rate

EE rate

Entrants productivity gap
Profit share or Std(log w)
Table 3: Targeted Moments

Moment Model Data
Average firm size 22.952  24.0
Unemployment rate 0.047  0.05
Emp. share firms >10,000 0.379 0.3

Emp. share firms >250 0.629  0.57
Exit rate 0.106  0.075
Entrant size 6 6.0

Std. firm employment growth  0.477  0.41
Table 4: Targeted Moments
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A Derivations and Proofs

A.1 Derivation of Problem 1

The original Bellman equation is

J(zg,ne, W) = max y(z, ng)dt — wnydt — c(v)n.dt

W,0,$,M 4 dts Wit-dt X

+ 67(”%)(“(1 - X)EJ(Ztert, Nt dt, Wt+dt(2t+dt))

s.t. W, = wydt + e " [G_AEdtVﬂdt (1 —e M /maX{W+dt, f/}dF(f/)} —(1—emU

meear = € (1= ) | (e 4 (1= (L= F(Visw)) ) me + (1 = & )G(Virar)omy

where Vi g = e~ G991 — ¢)(1 — X)E[Wigae(204a; 7, W,)]. Substituting the promise-keeping

constraint to eliminate w, we have

J(ze, e, W) = max y(z, ne)dt — c(v)nedt — Wyny

W,0,6,M gt dts Wit des X

+ et [e"\EdtVHdt +(1- e_)‘Edt) /maX{VHdt, f/}dF(f/)} ng — (1 — e "Un,

+ @_(TJF%)dt(l - X)]EJ(Zt+dt7 N4 dt Wt+dt(zt+dt))
s.t. nerar = € %1 —¢) [(e_)‘Edt + (1 — e_’\Edt)(l — F(VHdt))) ne+ (1 — eAth)G(V}ert)vnt

We now guess and verify that the value function is of the form
J(Zt, N, Wt) = S(Zt, nt) — tht'
Substituting this into the Bellman equation, we get
S(z,me) = max Y(zt, ng)dt — c(v)ndt
W,0,6, M4 dt, Wetde,X
e {eAEdt\/Q+dt + (1 — ey / max{ Vi a, V}dF(f/)} ne — (1 — e ") Un,

+ 6_(T+M)dt(1 — X)ES (2ttats Nitat) — 6_(T+%)dt(1 — X)E[Witar(ztsat) | nesar

st M = e (1= ¢) [(e—AEdt 41— ety (1 - F(v;+dt))) e+ (1 — A NG(Vigar)on
Using the employment evolution equation, we can rewrite the above equation as

S(ze,me) = max  y(z,ng)dt — c(v)n.dt

U, Mgt dts Vitdt X
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+ et {eAEdtVHdt + (1= /maX{VHdt, f/}dF(‘N/)} ny— (1= e Un,
+ e’(””)dt(l — X)ES (2t1at, Neyar)
— 7MY [(e"\Edt +(1-— e_’\Edt)(l — F(W+dt>)) ny + (1 — edet)G(Vtert)U”t}

st mea =M1 =) (4 (1= eI = F(Viea)) ) e+ (1= G Viar)one]
which further simplifies to

S(Zu nt) = max ?/(Zn nt)dt - C(U)ntdt - (1 - e_rdt)U”t - €_Tdt‘4+dt(1 - e)\th)G(Vﬂdt)Unt

V,6 Mg dts Viddt X

Ferdt(] — e APt / VAF(Vn, + e 91 = X)ES (2 yar, e .ar)

Vitat

st M = e (1= ¢) [(e‘AEdtwL(1—6_’\Edt)(1—F(V2+dt))> e+ (1 — NG (Viga)vme] |

A.2 Continuous Time Limit

We can rewrite Problem 1 as

S(z,my) =  max  y(z,ng)dt — c(v)ndt — (1 — e ") Un,

Uvnt+dt7‘/t+dt

— eV (1— NG (Vipar)vng + e (1 — ) / VAF(V)n
Vitat
+ e~ (ra)dt max{ES (2¢1dt, M+ar), S (Zetaes Netar) }

s.t. Nppar = e " [(efAEdt + (1 - eiAEdt)(l - F(Vt+dt))) ne + (1 - eAth)G(Vtert)Unt )

where S*(z;,n;) is the value from firing or exiting:

n*<n

S*(2¢,ny) = max { max ES(zppat, "), O} (47)

Now we will consider a continuous time limit of the above equation. We divide into two
cases: (i) firms do not fire or exit (ES(ziyar, nevar) > S™(Zevar, Nevar)), and (ii) firms fire or exit
(ES(zivrar, vevar) < S*(Zerdes nevar))- If firms do not fire or exit, the continuous time limit (i.e.,

dt — 0) of the Bellman equation is

pS(z¢,my) = m%x y(ze,m) — c(v)ng — rUny — V})\FG(Vt)vnt + /\E/ f/dF(f/)nt

Vi

+£(zt7nta‘/t7v)5(ztvnt)7 (48)
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where L£(z;,n:, W;) is the generator for (z,n) defined for arbitrary function f(z,n):

o*(2)
2

L(z,n,V,v)f(z,n) = u(2)0,f(z,n) + 0..f(z,n)
+ [MNG(V)v—5s=A%(1 = F(V))| nd,f (2, n).

(49)

Now we turn to the case where firms fire or exit. In the continuous time limit, the value from

firing or exiting is given by

S*(z¢,n) = max{max S(z;,n"),0}. (50)

n*<ng

If S(z,ng) > S*(2¢,ny), then firms do not fire or exit and follow the HJB equation in (48). Other-
wise, firms fire or exit with S(z;,n;) = S*(2¢, n¢), in which case S(z,t) would be strictly higher
than the value from not adjusting, which is the right-hand side of the HJB equation (48). This can
be compactly written as the HJB Quasi-Variational Inequality (QVI), where S = S(z,n) solves

min{pS — mz‘i/xy(z, n) —c(v)n —rUn — VAFG(V)vn + AE/ VAF(V)n + L(z,n,V,v)S,
v, 14

S — S*(z,n)} =0,
(51)

A.3 Risk-Averse Workers

In the baseline model, we assumed that the workers are risk-neutral. We relax this assumption

by assuming that the worker flow utility is given

u(c) = : (52)

The baseline model is nested as a special case with v = 0.

With this modification, the Bellman equation for the firm’s problem becomes

J(ze,ny, Wy) = max y(z¢, ng)dt — wnydt — e(v)ndt
W,0,6,M 4 dts Wit de X

+ e—(r+%)dt(1 — X)EJ (ztat, nitdt, Wetar(Zetat))

s.t. Wy = u(w)dt + et {e_)‘EdtV}Mt +(1- e_’\Edt) /maX{Vtert, V}dF(f/)] —(1- e_Tdt)U

Mear = (1 =) [ (7 4+ (1= (1= F(Viga)) ) mi + (1= )G (Vigar)om
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and Vg = e 991 — ¢)(1 — X)E[Wiyat(214a:)]. We can subsitute the promise-keeping con-

straint into the Bellman equation to eliminate w:

J(z, e, Wy) = max y(ze, mg)dt — Wy, Vigar)nudt — c(v)ndt

w,0,6,N ¢t dts Wit desX

+ 67(r+%)dt(1 — X)EJ (zi1at, nirar, Wisar(Zetar))
st s = e%(1—¢) [(e*AEdt b (1— ey (1 F(%+dt))) e+ (1 — )G (Vi omy |

where

@<Wt7 ‘/t-i-dt)

1 - -
=u! <E (Wt — et [e_’\EdtVHdt +(1- e‘AEdt) /max{‘/}ert, V}dF(V)} +(1-— e_rdt)U)) i

The first-order optimality condition with respect to Wy 4 (21 4;) implies that for any ztl i

2
and z;, ;,, we must have

Ow J (2t paps Murdts Werar(Zivar)) = Ow I (25 as Mvdts Werar (2 ar))- (53)

By the envelope condition, we have

1

owJ Wi) =
wJ (2, e, Wi) u’(UNJ(WtaW+dt(2tvnt’Wt)))nt’

(54)

where V4 (2, ny, W;) is the policy function. Therefore, as long as workers are risk-averse,

Wi rar(2}; ne, Wi) must satisfy that for any 2} and 27,

1
= Nt dt (55)
w (OWerar(2), Vivar (2 g maras Weva (2, .41)))) ’
1
= N4-dt- (56)

u (w(Wtert (22), Vitar (Zt2+dt’ Nttt Wt+dt(2t2+dt)))

This implies that

O (Witar(Zyar)s Verar 21y ars neras Werar(Zea))) = ©(Wasar (281 a0)s Viwar (2 a Tivars Werar(24ar))) -

Note that this condition must hold for any v > 0, and hence in the limit of v — 0.
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A.4 Monotonicity of Promised Utility Offer

We will look for an equilibrium in which F(V') and G(V) have support [0, V], and the distribu-
tions are smooth for any V' > 0. In such an equilibrium, almost all firms will offer V' that is an

interior opitmum V' € [0, V]. The first-order condition with respect to v is
NGV (S, = V)= (v). (57)

Since ¢/(v) = ¢"v”, we can explictly solve for v as

F _ v
. ()\ G(V)_(vSn V)) (58)
c
= 0(S,, V) (59)
The first-order condition with respect to V' is given by
[Ng(V)o(Sn, V) + AP F(V)] (S, = V) = ATG(V)0(S,, V), (60)

which implicity defines the policy function as a function of the marginal suprlus, V' = V(5,,).

The associated second-order condition is given by

Mg (V)o(S,, V) + NEf(V) + A%(V)%‘"/’V) (S, — V)
F ~ E F ~ F 8’&(57“ V)
— [Mg(V)o(Sn, V) + AP F(V)] = AN g(V)5(Ss, V) — A G(V)T (61)

=G(S,,V) <0, (62)

Totally differentiating (60) with respect to .S,, and V, we get

00(S,,, V)

[N g(V)0(S,, V) + A F(V)] d(S,) — ATG(V) 25, d(Sy) (63)
+MEg(V)(S, — V)%dsn +G(Sp, V)dV =0, (64)
which we can rewrite as
v MSV) (1 =) + M g(V)0(0.8,V)
40,5 ~ G(0,5, V) >0, (65)

where the last inequality follows from the second-order condition G(S,,, V) < 0 as well as our

assumption that v > 1. This shows that the optimal promised utility offer is strictly increasing
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in the marginal surplus.
A.5 Equilibrium Promised Utility Offer
The monotonicity of promised utiliy offer implies
G(V(Sa)) = G(Sa), F(V(Sa)) = F(S)- (66)
Differentiating both sides with respect to .S,,, we get
gV (S))IV'(Sa) = §(Su),  [(V(S))V'(Sa) = f(S), (67)

where §(5,) = G'(S,) and f(S,) = E'(S,). Recall the first-order condition for promised utility
offer (60) is

(A g(V(80))0(Sn, V(Sn)) + AP F(V(S0))] (Su = V(Sn)) = ATG(V(S0))0(Sn, V(Sa)),  (68)
Substituting (67) into (68), we have

0(Sn, V(Sn)) + )\E% (S, —V(Sn) = NGV (Sp)0(Sn, V(S,)),  (69)

9(5n)
V'(Sn)

Note that

~

f(Sn) =

ST

0(Sn, V(Sn))h(Sy), (70)

where h(S,) = H (Sy,) denote the density of workers at a firm with marginal surpus 5,,. We can

rewrite (69) as

ATG(S) + AFZh(S,) | (S = V(S2) = N GV(S.)V'(S,), )
Note that
A (M (a,0)/a
T MG 0)/o 7o
= (= (73)
u
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Substituting this into (71), we get

(5) + G208 | (5, = VISi) = G (SIV(S.) 79
Also note that
(5. = (1 - p i )
= (Zh(Sy), 6
and
GIV(S,)) = G(S0) )
=+ (L H(S,) @
Substituting (76) and (78) into (74),
2Ch(S) (S, = VISi) = (4 CHA(S) ) VIS )
which we can rewrite as
20h(S) (S = V(Sw)) = (w+ CH(S)) V/(Sy). (80)
Now we solve the above ODE for V(S,,). Rearranging the terms,
V'(S,) + #%V(Sn) = #%Sn (81)

= (u + (H(Sn)>2 V/(S,) + 2Ch(Sn) (u+ CH(S )V (Sn) = (u+ CH(S,))2¢Ch(S,)S, (82)

& d%n {(u + Cﬁ(Sn))2 v’(sn)] = (u+ CH(S,))2¢Ch(S,)S, (83)

(84)

With the boundary condition V'(0) = 0, we can integrate the above equation to obtain

<u + glf.r(sn))2 V(S,) = /O > {(u + gﬁ(Sn))zgh(Sn)Sn} ds, (85)
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- 1 Sn o CEHE Y - -
o V(S = (u+§ﬁ(5n)>2 /0 {( +CH(Sn))2§h(Sn)}SndSn (86)
One can view
o _ 1 Sn ., o R .
G2X|X < 8,) = (H gﬁ(sn))2 /0 {( n CH(Sn))ZQh(Sn)} ds, (87)
) <u+<ﬁ(§n)>2 55
(u n gH(Sn))

as the distribution of the marginal surplus connditional on the marginal surplus being less than
S,. Let g*(X|X < S,) be the associated probability density function. Therefore one can rewrite
V(S,) as

1 Sn - - Y . -
V(S,) = — / {(u + CH(Sn))QCh(Sn)} $,dS, (89)
(u + gH(Sn)) 0
Sn
= (5,15, < 5,)5,dS, (90)
0
= Ex [;ygn < sn} . (91)

Sn L 5 5
V(S,) = / G*(Sn|Sn < S8n)S,dS, (92)
0
Sn . o
=S, —/ G*(S,|S, < S,)dS, (93)
0

The vacancy policy function is given by

v(Sn) = 0(Sn, V(S,)) (94)
_ (AFG(V(Sn»(sn - v<sn>>>i o9
v
Now we verify that the second-order condition, (62), is satisfied. Further differenciating (67),
F'(S0) = F'(V(SiHV'(Sn)* + F(V(Sa))V"(Sn) (96)
§(Sn) = ' (V(S)V'(Sn)* + g(V(Su))V"(Sn) (97)
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Rearranging (69), the first-order condition with respect to V' is
N G(S)0(S0) + AEF(S)| (S0 = V(S.) = M GS)u(S,)V'(S), (98)
Taking the derivative w.r.t. S,
AP (S.00(S,) + NS0 (S + XF(S,)] (S~ V(S)) 99
+ [ATG(S)0(S) + AEF(S)] (1= V'(8)  (100)
= AG(Sn)v(S)V'(Sn) + ATG(Su)0 (Sa)V'(Su) + AT G(S)0(S)V(Sa). (101)
We can solve for V”(.S,,) as

1

V(S = AFG(S,)0(S,

) X { [)\Fgl(sn)v(sn) + AF@(Sn)UI(Sn) + AEf/<Sn) (Sn =V (Sn))

+ [)\Fg(sn)v(sn) + )\E]E(Snﬂ (1 —=V'(Sn)) — AF?](SH)U(Sn)V,(Sn) - )‘Fé(sn)vl(sn)vl(sn)}
(102)

Now consider the following expression:

N (V(Sn))0(Sn, V(Sa)) + A F'(V(S0))

= e YOS VIS (S0) = aVISV(S) + X (F(S,) = S(V(S)V(5,)]
= m [)‘F@(Sm V(‘Sn))gl(sn) + /\Ef,(sn) - V”(Sn) ()‘F@(Sm V(Sn))g(V(Sn)) + )\Ef(V(Sn)))] )

where the first equality uses (96) and (97). Substituting (102) into the above expression, we get

NG (V(Sn))0(Sn, V(Sn)) + A f'(V(S0))

:V/(lsn>2 [)\Fﬁ(Sn, V(S )J (Sn) + AEF'(S,,)
 (Sa = V(Sh)) (\'0(Sn, V(Sk))g(V(Sn)) + AP F(V(Sn)))
AFG(S,)v(Sn) )
=1 l;yrFOC

X (NG (S)v(Sn) + A" G(Sn)v' (Sn) + AEf’(Sn)}]
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(S, V(S)g(V(Sa) £ AEFV(S) [ 7 5 . i
A G(S0)0(S,) {[A G(Sn)v(Sn) + A" f(Sn) | (1= V'(Sh))

AT, )0(S) V(S — AFG<Sn>v’<Sn>V'<S")H

1 F A !
:m — N g(Sp)v'(Sy)

(MOS0, V(80))g(V(Sa)) + AP F(V(Sh)))
MNEG(S,)v(S,)

{ [AFé(Sn)v(Sn) + AP f(Sa)| (1= V'(S0))
— XFG(S,)v(S,)V'(S,,) — AFé(Sn)v’(Sn)V’(Sn)}] (103)

Now we check the second-order condition, (62). Substituting (103) into the second-order condi-

tion, we have

G(Sn, V) = [Ag(V)i(Sn, V) + A (V)] (Sn = V)
+ AFg(V)—aU(g‘"/’ V)
— [Mg(V)o(Sn, V) + AP (V)]
o0(S,, V)
v

(Sn - V)

— Mg(WM)a(S,, V) = MG(V)

B 1
- V/(Sn)2
(A9(S, V(S))g(V (Sn)) + A F(V(Sn))) (S = V)
AFG(S,)v(S,)

- >

- )\Fg(sn)vl(sn)(sn - V)

~
=1

x { [)\Fg(Sn)v(Sn) + AEﬂSn)] (L =V'(Sn))

— AFG(S,)0(S)V'(S,) — AF@(Sn)v’(Sn)V’(Sn)}]

+ /\Iqﬁg(l/)&;(g‘"/7 V)
— [N g(V)i(S,, V) + AFF(V)]

A G(V)0(S, V) — AFG(V)‘%(S"’ V)
oV
1

=— WAFQ(STL)U/(S”)(S” - V)

(Sn - V)
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V(S
95(S,, V)
oV

575 [V00(8.) + NEF(8,)] = AT a(S.)(8,)V(5,) - AF@S@U(S@V’(&)H

00(S,, V)

F
+ Xg(V) o7

(S, — V) = Mg(V)d(S,, V) = AG(V)

Note that the rank-preserving property implies

A

MNG(S,)0(S,) = NGV (S,))0(Sn, V(Sy)) (104)

Differentiating the above equation with respect to .S,,, we have

1 1
V(S V(S

NG(8,)0(S,) (105)

05(S,, V(S,)) 1 90(Sy, V(S))
S, V/(S,) 4

N'§(8n)0(Sn)

= Ag(V)u(S,) + \X'G(V(S,)) + MGV (S,)) (106)

Using this equation, we can simplify the second-order condition as

_ 1 FA / o
G(Sn,V) = V,(Sn)g)‘ G(Sn)v'(S5) (S = V)

I RN Jol F 1 00(S,, V(Sh))
A X G(S)u(S) + A2 (Sn)] + A GV (S — 335,
F a@(s'm V) .

FATg() (s, - v)

We can rewrite the last term as
F 00(S,, V) B \Fr 9 Sp) 00(S,, V) B
S

— /\F g( n) |: /( n) . 86(57%‘/)

Vs | 83, (S = V).

Plugging this back into the second-order condition, we have

G(Sn, V) = —m N G(Sa)o(S) + NEF(Sa)| + AFG(V(Sn))aﬁ(S":gnV(S">) V,(lsn)
F_9(Sn) 90(5y, V)
A ViEE s, V)
Note that
00(5,V(S.) o 1 1
s UWis ey
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Therefore, we have

g“%”:‘wémﬁvﬂ&”“”+ﬂﬂ&ﬂ+Aiyfdgg>mdg>
p 85 90(S,.V)
- V'(S,)?  0S, (S = V)
=~y (VIS8 + XEF(S.)] + VeV (S,)e(S) + XEAV(S))] 5

)
= s [)\FQ(Sn)v(Sn) £ AE f(sn)] (1 _ 1)

) v
F 9(Sn) 00(S,, V)
- V'(S,)? 98, (Sn = V)

where the last inequality follows from the fact that v > 1. This verifies the second-order condi-
tion, (62).

A.6 Planning Problem

Consider the Halmitonian of the planning problem 3. We let S¥(z, n) denote the co-state variable

associated with the law of motion of the distribution. The current value function is given by

H = /(y(z,n) — c(vi(z,n))n) dgs + (1 — [ndg:)b — e

4 [ [ 87 [~0n lnizin)gn ()] = 0lp(2)gu (e )] + 50002 1)

— 5gi(z,n) + md(z, n)} dzdn
— [ 0 — ctweom)m) do-+ (1= frdg)s— m
+ [ [ [Stateman(zomgtzm + G )M@M%M+%$M%M@@W%@m

— 5687 (2,m)gu(z m) + S} (2, n)m{ui(z, n) | dzdn,
where the second line uses integration by parts,

dni(z,n) = [A\ G(z,n)v(z,n) —s = A\7(1 — F(z,n))] ndt —
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and

1
G(Z,?’L) = 5 |::Ct,u,zn (1 — /ndgt + C/l‘t,z/n/7znn/dgt(zl,n/):|
1
1—F(z,n) = - Tt on 2 0(2, 0 )0 dgi(2,n)
Mli -
M= (zf,v)’ M= ¢ (Qf’u), ﬂzl—/ndgt—l—C/ndgt, ﬁz/vt(z,n)ndgt
0 w

and ., € [0, 1], v¢(2,m) > 0, and ¢; > 0.
The FOC w.r.t. 744, ., implies

1 ifSY,(2,n) >0
Ttuom = : , (107)
0 otherwise

Likewise, the derivative of the Hamiltonian w.r.t. ¢ ./ .y is

O NS (e, mynndg (<, n')dgi (2, m)S? (2, ) (108)
axt,z’n’,zn Uu
1
/\tEEU(%n)nnldgt(z,n)dgt(zlml)sp (109)
M (@, 0) [ p »
= C 1 [St,n(zv TL) - St,n<z7n)} ’ (110)

which implies

1 ifSP (z,n) > SP (2. n
Tt z'n! zn = tﬂl( ’ ) N t,n( , ) . (111)
0 otherwise

The optimality condition w.r.t. ¢; is

Stn(z,m) >0
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The FOC w.rt. v(z,n) is

E
)\fG(Z, n)Sp(Z7n) - %/mt,z/n/,me’n(z’,n/)n/dgt(zla n/)
F
+ algﬁAt / A Gz, n)v(z, n)nS?, (2, n)dg, (2, n) (112)
_ O0ln A

5% //\,;E(l — F(z,n))nSt, (z,n)dg(z,n) = ¢ (v(z,n)).

We seek to rewrite the left-hand side of the above expression as

F
al§~)\t /)\fG(z,n)v(z,n)nan(z,n)dgt(z,n) (113)
z ;
F
5 ;

v(z’,n’)n'dgt(z',n’), (115)

ol AP » 5 G
— t / !/ !/ N . < D / /
NG A /G(z ,n') (S (2,n") —E[Sn]Sn < SE(2 ,n)])

SR

where
{C / Tt ot anSn (2,0 )0 dgy (2 n')]

{C/ Sn(Z',n)yn'dg (7, n')}
2/ n/:Sh(2' n')<Sn(2,n)

is the weighted average of the marignal surplus conditional on the marginal surplus being less

S~ 2=

than S?(z,n), and the weight is given by the search intensity weighted employment distribu-
tion. Note that the marginal surplus of unemployed worker is zeo. The second line in the above
expression imposes the optiamlity conditions for x; ./, ., in (111).

Define

0= [ Glet) (207 0) ~BelSulS, < SYn0)]) ol )

as the average gains in the marginal surplus from a meeting. Using this definition, we can rewrite
(112) as

NG (zm) (87(2,m) = BlSalSa < S22, m)]) — i} = ¢ (o(z,m)),

where

O
O0lnv

=
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is the congestion effect from additional vacancy posting.

The optimality condition w.r.t. S, (2, n), evaluated at the steady state, is

(r 4 32)SP(z,n) = y(z,n) — c(v(z,n))n — bn
1

+ dni(z,n)S,(z,n) + pu(2)S.(z,n) + 5(0(2))2332(2, n)

Moo, N )y o Sn (2,0 )0 dg (2, 0" )n

_I_

S|y 2| =
\\

M2, 0) 2o Sn (2,0 )0 dge (2,0 )n

- )\tE%v(z, n) / oo’ Sa(2, 1) dgu (2 0
—(1— ()81;1;\5 /)\FG(Z’, n" (2, n")n'St, (2, n')dg, (2", n")n
(- g)algf / NE(L = F(, ) SP (') dgo(2' '
+v(z,n)n81§@/\tF /AFG(z,n)v(z,n)nSgn(z,n)dgt(z,n)

D1 AP

~vlemn gt [ X RS o)
=y(z,n) — c(v(z,n))n — bn

)Sn(z,m) + p(2)S.(z,n) + 1(0(2’))2522(2, n)

+ dny(z, 5

v
/

+ AF

3

v(2' )2y Sn (2, 0" ) dgy (2, ')

S| = S =

V(2,0 )T o Sn (2,0 )0 dg (2,0 )n

1
— )\fv(z,n)/ECxZ/n/n,znn’Sn(z/,n')dgt(z',n’)n
Oln \V
—(1-¢) .

Olnu
A Vi
—\"Q
+ 811113)\ w(z,n)n

=y(z,n) — c(v(z,n))n — bn

)\thn
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B Computation Appendix

Algorithm 1 Calibration Algorithm

Set °
Fix tolerances epg > 0
Set iteration counter k£ +— 0
Guess (F©, G©)) given )
Set inner iteration counter ¢ < (
while [|[(FD), GEDY — (PO GO)|| > £pg do
Solve the HJB equation
Set m® = 1 and guess z
while The average firm size is not at the target do
Solve the KFE equation
Update 2°
end while
Obtain m° to match the market tightness at the target 6°
Update F) = F(FO GO, k)
Update G+ = G(F0), GO, g
(1 +1
end while

0
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Algorithm 2 Steady State Counterfactual Algorithm

Guess ()
Fix tolerances €y, epg > 0
Set iteration counter k£ < 0
while || [ S(z,n)dy — ¢¢|| > e do
Guess (F©, G©) given §*)
Set inner iteration counter £ < 0
while ||(F“HD GED) — (FO GO)|| > epg do
Solve the HJB equation
Solve the KFE equation with m° = 1
Obtain m° to match )
Update F(+) = F(FO, GO, g)
Update GU+1) = Q(F(ﬁ), GO, Q(k))
(< 0+1
end while
Update §(-+1)
k< Fk+1
end while

32



