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Abstract

Seasonal adjustment is a foundational step in economic time series analysis, as it removes recurring calendar-
driven fluctuations to reveal underlying trends, business cycles, and irregular components. This paper introduces
a novel probabilistic approach to seasonal adjustment based on a Gaussian process (GP) framework for auto-
mated structure discovery in time series. Rather than imposing a fixed parametric form for seasonality, we treat
the seasonal component as part of a flexible, data-driven GP decomposition. Seasonal adjustments emerge as
full posterior distributions over latent seasonal functions, naturally accommodating non-stationary and evolv-
ing patterns while providing coherent uncertainty quantification for both adjusted values and future revisions.
Monte Carlo simulations—based on a growing-sine process mimicking classic economic benchmarks such as
Air Passengers Dataset—demonstrate that our approach recovers the true seasonal structure more reliably than
X-13ARIMA-SEATS in weak and strong seasonality regimes, yields lower mean squared forecast errors for the ob-
served series, and produces better-calibrated predictive intervals. In an application to monthly U.S. Advance Re-
tail Sales (1992-2025), the method delivers stable seasonally adjusted series with posterior credible intervals that
widen during recessionary periods, transparently reflecting heightened uncertainty in distinguishing seasonal
from cyclical movements.
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1 INTRODUCTION

Many economic time series—such as retail sales, industrial production, employment, and inflation—exhibit strong
and often complex seasonal patterns driven by calendar effects, weather, holidays, and institutional factors. Re-
moving these recurring fluctuations allows analysts, policymakers, and forecasters to isolate underlying trends,
business cycles, and irregular movements more clearly. Accurate seasonal adjustment is therefore essential for
real-time monitoring of economic conditions, the construction of reliable leading indicators, and the evaluation
of policy.

Seasonal adjustments are extraordinarily consequential as the magnitude of within-year variation in key series,
such as nonfarm payroll employment, can exceed the effects of recessions (Wright, 2013). For example, the aver-
age absolute difference between seasonally adjusted and unadjusted monthly changes in payrolls dwarfs typical
month-to-month variation in the adjusted data. Poorly executed adjustment risks misattributing cyclical move-
ments to seasonality (or vice versa), leading to distorted interpretations of economic strength or weakness, larger
and less predictable data revisions, and misguided forecasts.

The X-13ARIMA-SEATS program developed and maintained by the U.S. Census Bureau remains the standard
for seasonal adjustment of official statistics (U.S. Census Bureau, 2024). This software combines nonparametric
filtering procedures (an evolution of the classic X-11 method) with parametric ARIMA-based modeling via the
SEATS procedure (Gémez and Maravall, 2001b). It has proven robust and scalable across thousands of series, yet
relies on relatively rigid parametric assumptions and prespecified filter structures. When seasonal patterns are
time-varying, the approach can produce suboptimal decompositions, larger revisions upon data updates, forecast
errors that understate uncertainty, and persistent seasonal “echoes” in the adjusted series (Bell and Hillmer, 1984;
Watson, 1987; Wright, 2013).

This paper introduces a probabilistic approach to seasonal adjustment based on a Bayesian nonparametric
framework for automated structure discovery in time series [AutoGP, Saad et al. (2023)]. AutoGP works within
a rich space of Gaussian process (GP) covariance kernels that are composed compositionally from simple base
kernels (linear, periodic, exponential, etc.) using operators such as addition, multiplication, and change-points.
A sequential Monte Carlo (SMC) algorithm efficiently explores this symbolic model space and infers posterior
distributions over both kernel structures and hyperparameters.

The core contribution of this paper lies in identifying and modeling the seasonal component as an integral part
of a flexible, data-driven Gaussian process (GP) decomposition. Rather than imposing a pre-specified parametric
form or fixed filter for seasonality, our framework treats the entire time series as arising from a compositionally
constructed GP kernel that can automatically discover latent structures, including non-stationary and evolving
seasonal patterns. This novel approach allows seasonality to interact flexibly with trend and irregular components
through symbolic kernel expressions (e.g., periodic kernels modulated by change-points or multiplied by slowly
varying functions), all inferred probabilistically without strong prior assumptions on the form of seasonality. Sea-
sonal adjustments then emerge naturally as posterior inferences over the latent seasonal function, yielding not
only point estimates but full predictive distributions over the adjusted series and future revisions.

This probabilistic treatment offers several key advantages:

It automatically discovers appropriate kernel structures tailored to the specific dynamics of each series, in-
cluding complex interactions between seasonal and non-seasonal components that standard methods often

miss or misattribute.

e It provides coherent, well-calibrated uncertainty quantification for both the seasonally adjusted values and

the magnitude of future revisions, supporting more informed decision-making under ambiguity.



e Itsubstantially reduces the need for manual intervention and model tuning while preserving interpretability—
the learned kernel expressions can be inspected and linked directly to economic features, such as a periodic
kernel whose amplitude or frequency shifts at a change-point corresponding to a policy reform or behavioral
change.

We evaluate the method through a Monte Carlo simulation and an application to monthly U.S. Advance Retail
Sales (RSAFSNA, January 1992-August 2025).

In the simulation exercise, data are generated from a growing-sine process that replicates key features of the
classic Air Passengers Dataset: a linear trend, a seasonal sinusoid whose amplitude increases over time, and Gaus-
sian noise. This design creates environments with weak, moderate, and strong seasonality (corresponding to train-
ing lengths T = 36, 72, and 144 months). Our approach consistently produces more accurate out-of-sample point
forecasts of the observed series than X-13ARIMA-SEATS across nearly all horizons and sample sizes, approaching
the performance of a correctly specified OLS benchmark at longer samples while delivering statistically significant
reductions in mean squared error (often exceeding 5-10% relative improvement at T = 144). It also yields more
efficient predictive intervals as measured by the Mean Interval Score (MIS). Performance on the latent seasonal
component itself is more nuanced as our approach outperforms X-13 in short samples (where it appropriately
down-weights seasonality when the signal is weak) and long samples (where its flexibility captures the growing
amplitude), but X-13 holds an edge at intermediate lengths where a moderate seasonal signal rewards its more
dogmatic structure. Crucially, our approach provides full posterior uncertainty over the seasonal factor while au-
tomatically discovering appropriate kernel structures.

Examining U.S. retail sales data, after pre-processing to remove trading-day effects, we show that our approach
produces stable seasonally adjusted series. Time-domain diagnostics show that the adjusted series preserves the
low-frequency evolution of retail activity while effectively removing within-year oscillations, with 95% posterior
credible intervals that widen meaningfully during recessionary periods—reflecting state-dependent uncertainty
in distinguishing seasonal from cyclical movements. Frequency-domain analysis confirms substantial attenuation
of power at the annual seasonal frequency in the adjusted growth rates, while low-frequency components remain
largely intact.

2 PROBABILISTIC SEASONALITY

Seasonal adjustment procedures used by government agencies—such as X-13ARIMA-SEATS—rely on a battery of
frequentist specification tests to select a model prior to estimation. While each test may appear statistically valid
in isolation, the overall procedure lacks a coherent inferential framework. Conversely, we show how seasonality
modeled using Bayesian probabilistic model discovery avoids this incoherency by providing a unified inferential

framework that jointly estimates both model structure and parameters—a natural definition of seasonality follows.

2.1 GENERALFORMULATION Let ./ ={mj, my,...} denote aspace of possible statistical models, possibly infinite.
Each model m € ./ defines a likelihood function f(y;6, m) for observable datay, parameterized by 8 € ©,,. A prior
distribution over models 7 (m) and a prior distribution over parameters conditional on a model 7 (0|m) induces
the joint distribution

p(m,0,y) =w(m)z@|lm) f (y;6, m),

and in turn the following posterior distributions:



i. over models and parameters,

a(m)n(@ | m)f(y;0, m)
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ii. over the model spac,

p(mly) =f® p(m,0|y),do (me M) )

iii. the posterior over parameters, for specific model m* € .4,

(@ m*) f(y;0, m*)
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As the distributions of interest in Eqs. (1)-(3) are almost always intractable to compute exactly, they are instead
approximated using Monte Carlo statistical methods (Robert and Casella, 2004), such as Markov chain Monte Carlo
or sequential Monte Carlo. These algorithms generate a set % = {(w, (m?,00))}" | of N weighted samples that
form a discrete approximation of the target distribution. These samples should be properly weighted (Liu, 2004,

§2.5.4) for the posterior, meaning that for any square integrable function ¢ over models, parameters and data,
E [w(i)(p(m(i),ﬁm,y) ’y] = cEpm,oly) [¢(m,0,y)] 1l=<i=n),

where ¢ > 0 is a constant common to all N samples. Equipped with properly weighted samples, consistent esti-

mates of the expectation of ¢ can be computed via ratio estimation

g*’ w? M g
Epimoy [@(m,0;y)] = — |p(m*”,0",y).
p(m,0ly; = Z;}le w)

This framework enables flexible inference over both model structures and parameters and forms the basis for
structural and numeric queries. A key challenge is designing a model space .# that is both expressive and inter-
pretable. Following Saad et al. (2023), our approach constructs .# as a probabilistic context-free grammar (PCFG)
over Gaussian process (GP) kernels, which describe the covariance structure of latent functions.

Gaussian Processes A Gaussian process (GP) over an index set T is a family {X(#) : £ € T} of random variables
such that for any finite tuple t = (#1,...,t;) € T" of n = 1 time indices, the random vector X(t) := (X (#1),..., X(t,))
follows a multivariate Gaussian distribution:

X(n)
XO=| : [~A(uoK1tD), 4)
X(tn)

where pu(t) == (u(t1),..., u(ty)), with u(#) = E[X(#)], is the mean vector, and K(t,t) is the n x n covariance matrix
with entries K;j = k(t;,t;) :=E [(X(t;) = p(E)) (X (¢5) —p(tj))] forall1 <i,j < n. Letting x(t) := (x(#1),..., x(t,)) € R"
denote a possible realization of X(t), the log probability density is given by

Inpx(®) = -3 [x(0) - pE) TK 0~ x(0) — p(0)] - 3 Indet(K(t,1) — % In2). (5)



Gaussian distributions are closed under conditioning. In particular, conditioned on the event X(t) = x(t), the pos-

terior distribution of X (t') at new time points t’' = (11,..., t,,,) € T™, is itself multivariate Gaussian:
X(t) | X(®) =x(8) ~ A (uP' (1), KPU(H, 1)), 6)
pPOSH () = p(t) + K(t, 0K (6,07 (x(t) — (D), @)
KPS, t) = K(t,t) - K(t, 0Kt O K(t,t). @)

Economic and scientific data are often subject to measurement noise. We model noisy data by introducing
a stochastic process Y that is the the sum of the latent GP and i.i.d. Gaussian noise, i.e., Y(t) := X(t) + €(t), where
e(t) ~ A (0,n) for t € T. As the distribution of Y(t) is Gaussian with covariance matrix K (t, t)+n1,, the log probability
density is given by

Inp(y®)=-3 [(y(t) —p@)T[K 0 +171,] " (y(0 - u(t))] — 2Indet(K(t,t) +nl,) — ZIn(2n). 9

Conditioning on noisy observations Y(t) = y(t) yields the posterior for the latent vector X (t'):

X(U) | Y(®) = y(©) ~ A (P (1), KPS, 1)), (10)
PP () = p(t) + K(E, 0 [K(t,0) + 01, (y() — p(v), (n
KPS, ¢) = K(F,€) - K(t, 0 [K(t, 0 +71,] " K(t,1). (12)

It is common in Gaussian process modeling to assume that the mean p = 0, which is justified on both theoreti-
cal and practical grounds (Rasmussen and Williams, 2006, Chapter 2). First, this assumption is made without loss
of generality as any systematic component of the mean can be equivalently represented by including appropriate
kernels in the covariance function. Second, focusing inference entirely on the covariance simplifies the marginal
likelihood and posterior expressions, avoiding potential identification issues. Finally, assigning the prior mean to
zero forces inferred trends, periodicities, and other structure to be captured by the covariance rather than absorbed

into an estimate of the mean.

Primitive Kernels Several covariance kernels are used in the Gaussian process literature to express priors over

functions with a variety of temporal characteristics, which include the following constructs.

» Constant k¢ (t,t') := ¢, where ¢ > 0 is the constant variance value. This kernel produces a full covariance
matrix with every entry equal to 0¢, implying that all function values are perfectly correlated. Realizations

from a Gaussian process with this kernel are horizontal lines.

* Linear kyn(t, 1) =0 N,2(t =01 n,1) (2 =61 N,1) where 61 ; is the intercept that centers the input domain, and
012 controls the slope or scaling of the linear trend. This kernel generates covariance matrices whose entries
grow with distance from the intercept, and draws from a Gaussian process with this kernel are sloped lines.

The additive bias term is excluded here as it can be captured equivalently by the Constant kernel.

¢ GammaExponential

N |t — 1)) 0o
kge(t, t) = GGE,S exp|— Oce 13)
,1

where Ogg ; is thelengthscale, OGg » > 0is the shape parameter (often denoted y), and 0 3 is the amplitude.
It allows for modeling functions that vary in smoothness across different time scales. Setting Ogg,, = 2 gives



an equivalent parameterization of the SquaredExponential kernel ksg (¢, t') = OsE 5 exp (— (t— t’)z/Za%E 1).

¢ Periodic
kp(t,t'):=0p sexp (—Zsin2 (& |t- t’\)/@é’l) (14)

where Op ; is the lengthscale controlling smoothness within each period, 0p , is the period of repetition, and
Op 3 is the amplitude. The kernel can be understood by warping the time points ¢ to the unit circle using

0(t) := (cos(2m/0p » 1),sin(2sin /0p » 1)) and then applying the SquaredExponential kernel to inputs 6(¢),6(¢').

Composite Kernels Composing primitive kernels enables Gaussian processes to serve as universal approxima-
tors for continuous functions on compact sets. The reproducing kernel Hilbert space (RKHS) induced by the
kernel provides an infinite-dimensional basis for function approximation, allowing GPs to model complex pat-
terns through kernel compositions without explicit basis functions (Rasmussen and Williams, 2006; Micchelli et
al., 2006). The 6 hyperparameters are assigned lognormal priors, as specified in the subsequent section, to ensure
positivity and flexible modeling of lengthscales, amplitudes, and periods.

These primitive kernels can be combined using a set of algebraic operators, enabling the construction of rich,
interpretable covariance structures. In particular, two covariance kernels k; and k» may be combined to create a

new kernel through the following operations.

 Addition k, (¢, 1) := k1 (¢,t') + ko (¢, t'). Represents additive structure, such as a seasonal component super-
imposed on a trend.

* Multiplication k. (¢,t') := ki(t,t) - ko(¢,t"). Allows for modulation, e.g., periodic components with time-

varying amplitude.

e ChangePoint kcp(t,t):=1-0o () ki (¢,¢') (1 -0 (¢')) +0(8) k2 (¢, 1) o (¢'), where the sigmoid function o (1)

acting as the transition mechanism is defined as

-0
o(w) ::1(1+tanh(u)), (15)
2 Ocp,2

with O¢p,; representing the location of the change point and 6¢p , > 0 controlling the sharpness of the tran-
sition. For small values of O¢cp ,, the kernel switches abruptly from k; (active before the change point) to
k> (active after the change point). Larger values of O¢cp , yield a smoother interpolation between the two
kernels. This structure allows the Gaussian process to adapt to regime changes, such as structural breaks or

evolving dynamics in time series data, by modulating the influence of each kernel across time.

Automated Kernel Discovery Recent advances have significantly extended the expressiveness of Gaussian pro-
cess modeling through the introduction of algebraic kernel composition (Duvenaud et al., 2013; Saad, 2022; Saad et
al,, 2023). Rather than requiring the econometrician to manually specify a kernel, these methods define a space of
composite kernels via a symbolic grammar, enabling flexible model discovery through automated kernel search.
Together the primitive kernels and algebraic operators form a kernel algebra—a symbolic language of model
composition—which can be defined formally as a probabilistic context-free grammar (PCFG), i.e., a context-free
grammar whose production rules are assigned probabilities, thereby defining a prior distribution over the discrete
space of kernel expressions. This grammar-based approach allows the econometrician to place a prior distribu-
tion over model structures, not just parameters, enabling Bayesian structure learning to perform inference over the

grammar-defined space of Gaussian process models. By doing so, it provides both expressivity and interpretability
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Figure 1: Gaussian process models can express a variety of time series structures, by varying the primitive covari-
ance kernels and combining them using addition, multiplication, and changepoint operators.

as each sampled model can be inspected as a symbolic expression revealing interpretable qualitative features of
the underlying time series, such as seasonal patterns, trends, change points, and their interactions. Figure 1 shows
two samples of time series data that follow a Gaussian process prior using eight different covariance kernels, high-
lighting the flexibility of the model class .4 .

For any time points t = (f1,..., f,), we define a prior over model structures m € .# using a hierarchical Bayesian

model as follows:

B ~ Constant | Linear | GammaExponential | Periodic (W.p. a1, az,as, aq) (16)
&~+]|x]|CP (w.p. B1, B2, B3) a7

m~ B|®[my, my] (w.p.y,1-7) (18)
[01,...,04(m)] ~ LogNormal(0,1) (19)
n ~InvGamma(l, 1) (20)

X() ~ A0, km,p) 21

Y(t;) ~ N (f(£:),1) (i=1,...,n). (22)

Equations (16)-(18) describe the process for generating a model structure using a PCFG over primitive and com-
posite Gaussian process kernels, with the shown probabilities. The probabilities for the recursive rule m are chosen
to ensure the prior halts almost surely (Saad et al., 2019, §4.2). In Eq. (19), d(m) denotes the number of numerical
parameters within the kernel structure m, e.g., d (Periodic) = 3 and d (Periodic + Constant) = 4. In Eq. (21), Kp,.0
denotes the covariance function defined by the structure and parameters (1, 8), where 6 will be elided when clear
from context, and X(:) is the (infinite-dimensional) latent Gaussian process. Equation (22) specifies the n noisy

observations Y (¢;) fori=1,...,n.

Posterior Inference Recall that our goal is to produce properly weighted samples {(w;, (mi,ei ,n(i)))}f.\il for all
the hidden variables given an observation Y(t) = y(t). The inverse gamma prior for n on Eq. (20) and Gaussian
prior for X(t) are conjugate with the Gaussian likelihood for Y, enabling closed-form conditional posteriors. How-



ever, the lognormal prior for kernel parameters 8 and the PCFG prior for model structures m are not conjugate,
necessitating more sophisticated sampling methods, in particular Sequential Monte Carlo (SMC) (Chopin and
Papaspiliopoulos, 2020) and Involutive Markov Chain Monte Carlo (Neklyudov et al., 2020) to explore the joint
posterior p(m,0,n | y(t)). With the exception of the periodic kernel (discussed below), the LogNormal(0, 1) prior
(i.e., In@ ~ A4(0,1), median of 1 and 95% prior mass roughly between 0.14 and 7.1) ensures positivity of kernel
hyperparameters such as lengthscales, amplitudes, and shape parameters, while providing heavy-tailed support
permitting flexibility. We use AutoGP! to conduct the posterior inference; see Saad et al. (2023, §3) for full technical
details.

2.2 IDENTIFYING SEASONALITY The contribution of this paper is identifying seasonality via probabilistic model
discovery. The literature generally agrees that the defining characteristic of seasonality is periodicity in time series
behavior, whether treated as deterministic or stochastic (Granger, 1978). Our framework aligns with this notion by
defining seasonality as the existence of a Periodic kernel in the posterior over covariance structures.

Periodic Kernel A time series exhibits seasonality if the posterior distribution p(m | y(t)) over kernel structures
assigns non-negligible posterior probability to models containing a Periodic base kernel. By grounding the notion
of seasonality in the kernel algebra, we obtain an operational and model-based criterion that is directly amenable
to standard Bayesian inference.

Our definition of seasonality imposes that the covariance between observations should depend only on their
phase difference within a fixed period p, rather than the absolute time index. For example, monthly seasonality
would imply strong correlation between, say, January 2020 and January 2023, while January and July should be
minimally correlated. The Periodic kernel, kp, is designed to capture such structure. It can be derived from the
SquaredExponential kernel, which measures similarity through Euclidean distance Ay (2, t') = |t — 1],

ks (1, 1) = 0% exp |~ = (Aeu(t, t'))z) =olexp (—in— r’|2) (23)
202 202
where ¢ is the lengthscale parameter controlling smoothness and o is the marginal variance. While this kernel
is stationary and smooth, it does not encode periodicity, because correlations decay monotonically with absolute
distance. To enforce periodicity, the time domain is wrapped onto the unit circle, where each time point ¢ is
mapped to an angle 6(¢) = 2n¢/p. The natural distance on the circle between two time points (z, t') is given by the
chord length of the corresponding points on the unit circle at angles 2z ¢/ p, 2nt'/ p)

Aper(t, t')=Zsin(%|t—t’|) (24)

This mapping ensures periodic invariance, k(¢,t') = k(t + mp, t' + np), Vm, n € Z. Using A instead of Ay in the
SquaredExponential kernel Eq. (23) yields the Periodic kernel:
1 2 . T
kP(t; t’) = 0'2 exp _W (Aper(t; t,))z) = 02 exp (_ﬁ SlI‘l2 (E | t— t,i))
This kernel is parameterized by 0p ; = ¢ (lengthscale, controlling smoothness within each period), 0p , = p (the
period of repetition), and Op 3 = o2 (the amplitude). AutoGP’s Bayesian estimation procedure lets the data speak
as to the values of these parameters and how the Periodic kernel enters the model.

Ihttps://probsys.github.io/AutoGP. j1/stable/index.html


https://probsys.github.io/AutoGP.jl/stable/index.html

(mper» Myon) = Split[m]

split[PER] := (PER, 0) split[b] := (0, b), b # PER
split[my + my] := split[my x my] := split[CP s(m1, my)] =
let split[m;] < (a1, c1) let split[m,] — (ay, c1) let split[m;] < (ai,c1)
let split[my] — (a2, c2) let split[my] — (ay, c2) let split[my] — (a2, c2)
in (a; + a, c1 + ¢2) in (a1 xaz+a; xca+c1 xa, ¢ xcz) in (CPyslay, az], CPyslcy, cal)

Figure 2: Recursive definition of split[m], which decomposes a covariance kernel expression m into a pair
(Mper, Mnon) Of kernels, where mpe; contains the periodic structure and m0n contains the nonperiodic structure.

Extracting Periodicity Given a kernel symbolic expression m from the PCFG Egs. (16)—(18), the split[m] proce-
dure in Fig. 2 decomposes the kernel as a sum two subexpressions: mper, which captures the periodic structure,
and myen, which captures the remaining nonperiodic structure. The operator distributes over the kernel’s sum-
of-products expansion; this ensures that for composite structures like (LIN + PER) x GE, the resulting cross-term
PER x GE is correctly attributed to the seasonal component while LIN x GE is not.

This decomposition means that the covariance function k;, for m satisfies ky, = kper + knon, Which a latent

decomposition as an additive Gaussian process
X=8+U, S~GP(0,k},") U~GP(0,k;") (25)

and noisy observations Y (f) = X(t) + (1), €(t) ~ A4 (0,n). For time points t := (f,..., t,), write for short u := U(t),
s:=S(t), x:=X(1), y:= Y(1), K" := kper(t, 1), and K207 := kyon (t,t). The prior distribution is given by

s K’};er 0 Krgzer
u|~A[0, | 0 KO Kpon : (26)
y Kp' Kpo™ K+ Kot 41

where, as above, we have a priori independence of S and U so that Cov(s,u) = 0. Recall that for any Gaussian vector

z b3 b
1 ~./V( By | Fn 12 ’ ©7)
Z) Ho| [Z21 Za2
the conditional distribution of z; given z; is also Gaussian, with mean and variance given by
Elz1 | 22] = py + 21225, (22 — 1), Var(z; | 22) = 211 — 212255 Z1. (28)
Using this result and denoting K := K, (t, t) yields
Elsly,m,0,n =Kh (K+nD7'y  Euly,m,0,n = K" (K+nD"y (29)
Var(s |y, m,0,m) = Kh' —Khy" (K +nD) ' Kh* (30)
Var(u |y, m,0,m) = Ko™ — KI°N (K + 1)~ L KDon (31
Cov(s,u|y,m,0,n) = — Kby (K+nI) 1 Ko" (32)



where the last term follows from the off-diagonal block of the joint posterior covariance matrix Var (s,u | y). This
term is derived by conditioning on the data y using the formula above Var(z; | z;) = Z1; — 21 2521 3,1, where z; =

[s,u] and z; =y.

s K]};ler 0 err ~ per
Y | |y): 0 Kuon| | guon M[I(m K™
m P e ——
—_— —— Z;zl o
Zn Z12
_ K0 ~ K (K+nD7 KN KB (K +nD~tKhon
0 Kpn|  |KRMK+nDTIKRT KRMK +nD KRN

KP — KD (K + D) KD —KE (K +nI) ~1KRon
_KII;IOH(K_FTII)_IKEIEI KEOH—K,%OH(K+17[)_1K21OD

Var(s|y) Cov(s,uly)

Cov(u,s|y) Var(uly)

The off-diagonal block Cov(s,u | y) is nonzero, indicating that the two components are competing to explain the
same variance. Adding the means gives the full latent posterior mean E[x | y] = K(K +nI )’ly, and the variances

obey
Var(f|y) = Var(s | y) + Var(u | y) + Cov(s,u|y) + Cov(u,s | y), (33)

which equals the standard GP conditional variance for K. Thus, we have established the following the result.

Proposition 1 (Periodic Posterior Decomposition). Lert' := (ti, e t;n) be a set of m test time points. The posterior
of the periodic components(t') := (s(t}),..., s(t,,)) identified using thesplit operator, given the observationY(t) = y(t)
and latent variables (m,0,n) is Gaussian with mean and covariance

oM () = KO (W, 0 [Kon (6,0 + 1] y(® (34)
zggf ) = KB, ) - KO (1,0 [K (6,0 + 1] KBS (1, 1), (35)

Using the weighted posterior draws {(w;, (m;,0;, ni))}?il, the model-averaged periodic predictive is approximated
by a finite Gaussian mixture that averages over posterior uncertainty in model structure, kernel hyperparameters,

and noise variance

M ) M
p(s) y®) = Z (uggr(t),zggr(tr,ﬂ))' W= w;/ Y wj, (36)

i=1 j=1
where ,uggr(t’ ) and Z(’)r(t t') are the mean and covariance of the periodic component for the i posterior draw

(m;,0,m;), as defined in Equations (34) and (35). Evaluating at observed time points t' = t yields the conditional

posterior for the in-sample periodic component
SO |y, mi, 00,7 ~ A (50, T80 (=isn). (37)

2.3 SEASONAL ADJUSTMENTS AND FORECASTS ~We can now use these constructs to establish both in-sample sea-
sonality adjustments and out-of-sample forecasts of seasonality that take full advantage of the Bayesian approach
to articulate the inherent uncertainty associated with such objects. In doing so, we impose a centering convention
on the seasonal component, which serves as an identifying restriction separating level and seasonality in addi-
tive decompositions. As is well known in the seasonal adjustment literature (Watson, 1987; Harvey, 1989; West



and Harrison, 1997), the decomposition y(f) = 7(f) + s(¢) + £(¢) is not uniquely identified without normalization,
because the likelihood is invariant to the transformation t*(¢) = 7(¢) + a and s*(¢) = s(t) — a for any constant a.
Consequently, an explicit convention is required to assign the zero-frequency (or level) component to the trend
rather than to seasonality.

We adopt the standard econometric convention that seasonality represents a zero-mean fluctuation around
the local level. This restriction is equivalent to the familiar “sum-to-zero” constraint Z;;IO S¢—j = 0 used in state-
space formulations (Harvey, 1989) and to the canonical decomposition principle of Hillmer and Tiao (1982), which
enforces a deterministic or stochastic zero-sum restriction on seasonal factors—corresponding to a spectral dip at
frequency zero—so that long-run variation is attributed to the trend and irregular components. Watson (1987)
makes this identification explicit by setting the constant term in the seasonal difference equation to zero, thereby
assigning the unconditional mean of the process to the nonseasonal component. In our setting, centering the es-
timated seasonal component provides a finite-sample analogue of this spectral restriction. When the observation
window spans an integer number of seasonal cycles, the centering is exact due to orthogonality between seasonal
and low-frequency components. When the sample ends mid-cycle, the centering reflects the composition of the
observed phases and may be biased in finite samples; however, this bias vanishes asymptotically.

In our implementation below, this identifying restriction is imposed operationally either by forecast-window
self-centering of the seasonal forecast or, in the more elaborate procedure, by particle-wise detrending followed by

the same self-centering step.

In-Sample Seasonal Decomposition Let 1, denote the n-vector of ones and define the centering matrix

1
Cpi=1I,——1,1]. (38)
n

For each posterior particle i = 1,..., M, let ,ugér (t) denote the in-sample posterior mean of the periodic component

evaluated on the observed inputs t, and let the normalized particle weights be

Wi
w,-::M—’ (l<i<M).
Yo wj

We impose the identifying restriction that the seasonal component is a zero-mean fluctuation over the observed
window by centering each particle-specific seasonal mean

152 (1) = Cyp 2, (0). (39)
Thus, the in-sample seasonal component used in the implementation is the weighted particle approximation
M .
80 := Y w; i, (0). (40)
i=1
We then define the in-sample seasonally adjusted series as
ASA gy . A
PR () = y(t) - $(v). (41)

The seasonally adjusted series is represented by a weighted particle decomposition rather than by a single model-

specific adjustment.
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When a dispersion summary is desired, we use the cross-particle variation in the centered seasonal means
M . .
geas(0) = Y Wi (A (0 - 8(0) (0, 0 — (1) (42)
i=1

This object summarizes between-particle uncertainty in the centered seasonal decomposition and therefore quan-
tifies how strongly the posterior agrees on the shape, timing, and magnitude of seasonality in the observed sample.
This object is one of the main advantages of the Bayesian approach. Rather than producing a single seasonally ad-
justed path with no direct measure of uncertainty, the particle approximation delivers a posterior distribution over
seasonal decompositions. As a result, the analyst may ask not only for a point estimate of the seasonal component,

but several other queries such as

* the posterior probability that seasonality is present,

¢ the posterior probability that a given month lies above or below trend,
e the posterior magnitude of seasonal amplitude, and

¢ the degree of disagreement across admissible model structures.

Out-of-Sample Forecast Construction We report two forecast-construction procedures that both target the econo-
metric definition of seasonality motivated above (a zero-mean seasonal component around the local level), but
differ in how they remove low-frequency leakage and how they aggregate uncertainty across the particle mixture.
We examine two methodologies to demonstrate robustness of our results. Simulation results below show negligible
difference in how forecasts are constructed.

Suppose there are T in-sample time points t:= (f,..., t7) recorded at regular discrete time intervals. Let H = 12
denote a forecast horizon of twelve time periods and let t' = (¢741,..., fr+g). Out-of-sample forecasts are con-
structed from the particle-level predictive summaries returned by the decomposition in Proposition 1. For each
posterior particle p =1,..., M, let

(p) 2

(62)] —
eT+h CT+h’ u (h=1,...,H) (43)

m c,T+h’

denote the particle-level predictive mean and («/2,1 — @/2) pointwise bounds for component c € {0, 1,2}, where
¢ =0 is the total series, ¢ = 1 is the seasonal component, and ¢ = 2 is the nonseasonal/trend component. Seasonal

forecasts are then constructed using one of two methods.

Method A: Simple weighted aggregation with forecast-window self-centering. For each component ¢ and

horizon h, the particle outputs are aggregated by weighted averaging

M

-~ (p) IN _ ~ - (p)

Wpler o leTen = 21 WpU oy (44)
p:

M
5 _ ~ (p) p
MeT+h = Z Wp mc,T+h’ 4
p=1

Mz

¢, T+h =

ki
I

Because the decomposition is identified only up to an additive constant, we impose the seasonal normalization
on the forecast window itself by subtracting the mean seasonal forecast over the H horizons

H
fi= q Y 7y (45)
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The centered seasonal forecast summaries are then

myren=muren—f  Curen=luren—fb W, r+n =M, r+n— (h=1,...,H). (46)

These summaries yield a forecast-window analogue of the in-sample centering restriction. Forecast errors are then

evaluated using the total-series forecast 71y 7 and the centered seasonal forecast 7, 7.j,.

Method B: Particle-wise detrending, mixture sampling, and forecast-window self-centering. The second
procedure first removes low-frequency leakage from the particle-level seasonal forecasts before aggregating un-
certainty. For each particle p, we regress the in-sample seasonal mean on a linear time trend over the training

window:

mP) = a,+bpt+n) (t=1,..,T), 7

and then extrapolate the fitted linear component over the combined train—forecast span
LY = a, +bpt, (t=1,...,T+H). (48)

The particle-level decomposition is then adjusted by shifting the seasonal and nonseasonal/trend components in
opposite directions

» ») (2]
My, =My =Lt My, — My, + L, (49)

with the same shift applied to the corresponding particle-level interval bounds. This step imposes a Watson-style
(1987) identifying restriction where low-frequency drift is removed from the seasonal component and reassigned

to the nonseasonal/trend component.

To obtain predictive intervals that better reflect the particle mixture, we then construct pointwise mixture sum-
maries by Monte Carlo sampling. Let J denote a particle draw with P(J = p) = w),. For each component ¢ and

horizon h, we sample

(r) o ) 2(p) 3
Yo ren |J=p ‘/V(mc,T+h’ Uc,T+h) (r=1...R), (50)
where ai(il , is recovered from the reported particle-level bounds under a Gaussian approximation. The mixture

mean and pointwise quantiles are then computed empirically

R 1 m ;. - n B X . - n B
e, T+h ':EZ‘IYC'T”" ¢ 1+ = Quantile,, {Yc,T+h}r:1 , e, 7+ = Quantile,_,/» {Yc,T+h}r:1 . (5D
=

The same forecast-window centering restriction is imposed on the seasonal mixture summaries

1

k=5

M=

e, Muren=muren—f  Curen=luren—f, Guren=trep—f  (h=1,...,H). (62)

j=1

Both procedures target the same econometric definition of seasonality—a zero-mean fluctuation around the
local level—but differ in how they aggregate uncertainty and in whether they explicitly remove low-frequency leak-
age from the seasonal component before doing so. Method A is computationally simple and stable, but its interval
summaries are formed by averaging particle-level bounds. Method B is computationally more costly, but it targets

the particle mixture more directly and reduces low-frequency leakage into the seasonal forecast.
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3 A SIMULATION STUDY

We now demonstrate efficacy of the probabilistic approach through a simulation exercise. Because seasonal ad-
justment concerns the extraction of latent components, there is generally no directly observed “true” seasonal
adjustment against which competing procedures can be evaluated. For this reason, simulations provide an envi-
ronment in which the underlying seasonal structure is known by construction and the consequences of alternative
procedures can be assessed transparently [see e.g., Ghysels and Perron (1990)].

The simulated data are designed to capture characteristics common to seasonal economic time series. To that
end, consider Fig. 3, which plots the number of passengers per month on international flights on U.S. air carriers
from January 1949 through December 1960. The grey shaded bars indicate NBER recessions. This time series is
representative in the sense that it displays three characteristics common to economic data: [i.] a saw-tooth pattern
due to seasonality as air travel peaks in summer months and troughs in the winter; [ii.] an upward trend that either

slows or declines with recessions; [iii.] an increase in peak-to-trough dynamics over time.

600

500

400

300

200

Number of Passengers (thousands)

100
1949 1950 1951 1952 1953 1954 1955 1956 1957 1958 1959 1960 1961

Date

Figure 3: Passengers on International Flights: 1949-1960

The data of Fig. 3, originally sourced from the FAA Statistical Handbook of Civil Aviation and first appearing
(Brown, 1963, Table C.10), has become a classic benchmark for assessing seasonality, extensively analyzed in sem-
inal textbooks such as Box and Jenkins (1976) and used as a baseline specification for the X-13-ARIMA-SEATS al-
gorithm (referred to as the “airline model”). It is readily available in popular repositories like the R “AirPassengers”
dataset and the Time Series Data Library (TSDL) [161].

Data Generating Process. Consider a discrete-time stochastic process given by
X(=ap+a-t+(ax+ay-t)sin(w-t)+(as+as-t)cos(w- )+ () (53)

where f is time (e.g., months) indexed by ¢t =1,2,3,..., T, v = 271/12 is the angular frequency corresponding to a
12-month (annual) seasonal cycle and &(f) ~ A4 (0,02) is a Gaussian error term. This stochastic process captures
the three quintessential characteristics of the economic time series of Figure 3 through a linear time trend (a; - ),
seasonal terms (ay - sin (wt), as - cos(wt)) whose amplitudes grow linearly in time (a4 - £, as - ), which allows for
increasing peak-to-trough dynamics. To ensure a constant phase, the parameters satisfy the constraint as/as =

as/ ay, reducing the effective number of parameters to five. The seasonal component can be expressed as a single
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sinusoid

s(t):=R(@®)sin(w-t+¢), R():= \/(ag +as-1)?+(ag+as-1)?, ¢:=arctan2(as, ap) (54)

where R(?) is the amplitude, which grows linearly with time, and ¢ is the constant phase. This model specification
is discussed in Brown (1963). The model is fit to the Air Passengers data of Figure 3 using OLS. The fitted parameter
values are: do = 87.82, a; = 2.65, dy = —0.24, a3 = —0.57, 4, = —0.25, and ds = —0.58, 6, = 26.90, with an adjusted

R-squared of 0.95. This fitted model is assumed to be the true data generating process.

T+12
t=1

timation and the final 12 observations for out-of-sample forecast evaluation. We examine sample sizes of T =

For simulation length T, we generate T + 12 observations {x(#)} with the first T observations used for es-
{36,72,1443}, corresponding to 3, 6, and 12 years of monthly data to assess forecasting performance across small
to large training samples. For each sample size of length T, we conduct N = 200 Monte Carlo simulations, each
consisting of T + 12 observations.

For a given training length T, the strength of the seasonal signal relative to the innovation noise can be sum-

marized by

(55)

where s; is the (true) seasonal component implied by (54). This quantity equals the root-mean-square (RMS)
amplitude of the seasonal component, measured in units of the innovation standard deviation, and therefore in-
creases with T as the seasonal amplitude grows over time. Because R(f) grows over time, later portions of the
sample contain larger peak-to-trough seasonal movements, and these observations enter the RMS measure ¢(T)
directly. The resulting increase in ¢(T) implies that the seasonal component is weakly identified at short sample
lengths, more clearly identifiable at intermediate sample lengths, and strongly identified in long samples. Thus,
our simulation design with T =36, T =72, and T = 144 can be interpreted as weak, moderate, and strong season-
ality environments, respectively.

We estimate three models with this data—the correctly specified model of (53) using OLS (we do not force
the constant-phase constraint as/as = as/ a on the estimated model); the probabilistic model of Section 2; and
a model estimated using the X-13 ARIMA-SEATS algorithm (to be discussed below). Both parameters and model
structure must be learned when implementing probabilistic model discovery and X-13, while standard asymp-
totic arguments apply to OLS estimates of the correctly-specified model; thus, the OLS specification serves as our
benchmark.

We evaluate the ability of these models to forecast both the stochastic process, x(T + k) and the seasonal com-
ponent, s(T+h). For each forecast horizon h = 1,...,12, we compute the forecast error e(T+h) := x(T + h)-X(T + h)
and the Mean Interval Score (MIS) for a given coverage level

MISy, o = (U(T+h) - L(T + h)) + % (L(T+h)—x(T+h)+ % (x(T+h)—U(T + h)) (56)
Interval Width

Lower Bound Penalty Upper Bound Penalty

where L(T + h) and U(T + h) denote the lower and upper bounds of the predictive interval, corresponding to the
a/2 and 1 - a/2 quantiles of the forecast distribution (a = 0.05 below). The MIS is a key metric for evaluating
probabilistic forecasts; it penalizes wide intervals via the interval width term and miscalibrated forecasts through

penalties for observations outside the quantiles.
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3.1 OLSMoODEL The correctly specified model obeys standard asymptotics. For OLS coefficients, the intercept
and seasonal terms (ay, ap, az) converge at rate VT , with asymptotic variances Ug -4/ T for ay and Ui -8/T for ay, as.
Trend terms (aj, a4, as) converge at rate T>/2, with variances 02 - 12/ T3 (a;) and 02 - 24/ T® (a4, as), driven by the
block-diagonal form of (X7 X)~! whose blocks scale as T~!, T72, T~3. The h-step forecast error is e(T + h) =
xX(T+h)—x(T+h)=e(T+h)—x(T+ h)T(ii — pB), with variance

Var(e(T + h)) = 0%(1 +x(T + T (XTX)"'x(T + h)) = 02 (1 + 1—;) : (57)
The expected RMSE has two opposing finite-sample effects. First, Jensen’s inequality implies E[RMSE] = o.cj,
with ¢, = V2/hT((h+1)/2)/T(h/2) <1 (e.g. c5 = 0.9515), so RMSE is biased downward. Second, variance inflation
from a leverage effect multiplies this by v1+12/T > 1, an upward bias. We can approximate this quantity as
E[RMSE}] = 0 c;, V1+12/T. Depending on T and h, the net effect may place RMSE slightly below o, (Jensen
dominates) or above (leverage dominates). Asymptotically, with Gaussian predictive distributions, E[MISy, 4] =
%(p(zl,a/g) (e.g. = 4.670, for a = 0.05). In finite samples, predictive distributions are Student-t with v =T -k

degrees of freedom, so MIS is inflated by ¢-quantiles and leverage; an approximation is

EIMIS), o] = 22 1, () 2L V1+12/T (58)

v-1

where g = gy,1-q/2 and ¢, is the ¢, density. Thus MIS is well-calibrated in large samples but wider for small T.
By contrast, the seasonal component s(T + h) is deterministic given parameters, so forecast error arises only from
parameter uncertainty. Both RMSE and MIS for s(T + h) decay at the rate O (T~/2) for seasonal forecasts.

Finally, the simulation examines N = 200 Monte Carlo simulations for each T = {36,72, 144}. This was the small-

est number of simulations for which the OLS-distribution of RMSE and MIS remained stable.

3.2 X-13 ARIMA-SEATS The most relevant comparison model is the current standard in seasonal adjustment,
X-13ARIMA-SEATS (X-13 hereafter), developed over many decades at various statistical agencies and described in
U.S. Census Bureau (2024). It is a comprehensive statistical algorithm used by the vast majority of governments
to de-seasonalize economic data, including the Bureau of Economic Analysis (BEA), the Bureau of Labor Statistics
(BLS), Eurostat, and Statistics Canada.? Analysis below calls X-13ARIMA-SEATS Version 1.1 Build 61, July 10, 2024,
both the Windows and Linux versions.? It is important to note that X-13 is an algorithm in the sense that the
user can specify automated responses at all steps based on optimization routines and well-established statistical
thresholds. This allows us to compare X-13 directly to our probabilistic model over numerous simulations.

The algorithm takes as input a discrete time series dataset {x(¢#;),1 < i < T} and its frequency (e.g., monthly,
quarterly), and decomposes the data into trend-cycle, seasonal, and irregular components in order to produce
seasonally adjusted data. We now provide a brief overview of the algorithm and direct interested readers to U.S.

Census Bureau (2024) for additional details. The algorithm can be viewed as proceeding in the following steps:

1. Data Transformation. A generic SARIMA model of Box and Jenkins (1976) can be written as

PLDL)(1- L) (1 - L)Px(1) = 0(L)O(LY)e() (59)

2The BEA uses X-13 to seasonally adjust many of its key economic indicators, including Gross Domestic Product and all components,
Personal Income and Outlays, many international transactions such as trade balances. The BLS uses X-13 to seasonally adjust nearly all em-
ployment statistics (unemployment rate, hours worked), and all price indices (Consumer Price and Producer Price Indices).

3]Demetra+, developed by the National Bank of Belgium (NBB) in collaboration with Eurostat and the European Central Bank (ECB), is a
Java-based, open-source alternative to X-13. However, given that we focus on U.S. data and that both programs implement nearly identical
methodologies, we do not include JDemetra+ in our analysis.
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where ¢(L) and 6(L) are non-seasonal AR and MA polynomials of orders p and g, ®(L*) and ©(L") are sea-
sonal AR and MA polynomials of orders P and Q, L is the lag operator, s is the seasonal period, d and D are
differencing orders, and e(¢) ~ N(0, 02), abbreviated as SARIMA (p,d,q) (BD,Q)s.

A default SARIMA (0,1,1)(0,1,1) “airline” model is initially estimated if data are monthly or quarterly.
Given this baseline model, the X-13 algorithm tests nonlinear transformations of the data, motivated by
Tukey (1957); Box and Cox (1964); Box and Tiao (1975), that are often applied to better conform data to the
stationary and Gaussian assumptions. The transformspecification of X-13 with argument function=auto
estimates the preliminary SARIMA model with both original and log-transformed data. If the transformation

lowers the Akaike Information Criterion (AICC) by greater than two, it is retained.

. Automated Model Building. The automdl procedure in X-13 automates ARIMA model selection, adapting
the TRAMO methodology of Gomez and Maravall (1996), Gomez and Maravall (2001a) Gémez and Mar-
avall (2001b) and Monsell (2002, 2006). All instances of the X-13ARIMA-SEATS algorithm used in this paper
call automdl with default maximum order of (3,2,3)(2,1,2), allowing for a constant term. The procedure
comprises five stages: default model estimation (described above), differencing order identification, ARMA
order identification, comparison with the default model, and final model checks. The final automatic model
choice for both the Air Passengers and Revenue-Passenger Miles data is given by (0,1,1)(0,1,1);2.

. Exogenous Regressors. Exogenous regressors address deterministic calendar effects, such as trading day
and holiday variations (Cleveland et al., 1983; Hillmer et al., 1983; Bell and Hillmer, 1983), capturing pre-
dictable economic shifts like increased retail sales before holidays or monthly fluctuations due to trading
day counts. In X-13, trading day effects are modeled as regressors for the count of each weekday per period
(e.g., number of Mondays), while holiday effects, such as Easter’s variable timing, use window-based vari-
ables (e.g., days before or after). These regressors are tested via aictest, retained if the AICC decreases by
any amount (> 0), per U.S. Census Bureau (2024, p. 153), even if individually insignificant.

Outliers are detected by analyzing residuals e(f) = y(#) — j(#) from the SARIMA model and transforma-
tion of Steps 1 and 2, (Chang et al., 1988; Chen and Liu, 1993). Potential outliers are flagged using a t-test,
t = ®/SE(®), against an adaptive and subjective critical value: “determined based on sample size and the
median absolute deviation of the residuals” (U.S. Census Bureau, 2024, p. 142). For monthly data with 100-
300 observations, this value ranges from 3.5 to 4.0. Detected outliers are added as regressors, and the model

is iteratively refit until convergence.

. Final Model & Estimation. The final model is a regSARIMA, where reg acknowledges the exogenous regres-
sors. For example, the final regSARIMA model for the log-transformed, y(¢) = In(x(#)), Air Passengers data
is

(1-L)(1- L") (y, - B1 - Weekday, — B - Easter, — B3 - AO1951.May,) = (1 +61 L) (1 +©;L'?)e(r),  (60)

where Weekday, is the trading day regressor, Easter, is the Easter holiday indicator, AO1951.May, is adummy
for May 1951 (1 if t = May 1951, 0 otherwise), f; = —0.00295, B, = 0.01777, B3 = 0.10016 are the estimated
coefficients, 8, = 0.11562 and ©; = 0.49736 are the non-seasonal and seasonal MA parameters from the X-
13 output, and e(#) ~ N(0,0.0009538) is the innovation term. Once the model is estimated, forecasting is
standard. For the log-transformed International Passengers data y(f) = In(x(¢)), X-13 computes forecasts

recursively on the log scale as above and then optimally maps into the original scale.
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5. Seasonal Decomposition. The observed time series is decomposed in an additive manner, x(¢) = R(?) +
T(#) + S(t) + I(2), or log-additive (multiplicative) manner, x(f) = R(#) x T(t) x S(£) x I(t) orlnx(¢) =InR(t) +
InT () +InS(¢) +InI(#), depending on the Data Transformation of Step 1, with a calendar/outlier compo-
nent (R(#)), trend component (7'(#)), seasonal component (S(¢)), and an irregular component (I(t)). At this
point, the user can select between a moving-average, filter-based approach (X-11) or a model-based spectral

decomposition (SEATS-TRAMO). In this paper, we employ the moving-average filter.

The X-11 algorithm iterates on moving-average filters to isolate various components of the seasonal-
trend-irregular decomposition, (Shiskin et al., 1967; Dagum, 1980; Ladiray and Quenneville, 2001). The

algorithm can be summarized as follows:

5.i. Using the model developed in Steps 1-4, exogenous regressor effects identified in Step 3 are estimated
and removed to obtain a prior-adjusted series: B1(#) := x(¥) — iiTX( t). Our notation, B1(f), matches

X-13 output as this “prior adjusted” data appears in Table B1.

5.ii. An initial estimate of the trend is given by the centered 12-month moving average,

6
TO,0):= ) wiBl(t+k) (61)
k=-6

with weights w(+6) := 27 and wy := 55 for k = -5,...,5. By averaging over roughly one year, this filter
nullifies the seasonal component and isolates a trend.

5.ii. For each month ¢ =1,...,12, compute the average seasonal-irregular (SI) ratio across years using 3x3
moving average:
1
_ 3) .
S, _j;ej SI(1,t+12j) (62)

(3)
-1

rent, prior, and future), smoothing irregular fluctuations. Seasonal factors are then centered to ensure

where weights 07 = 0?) = %, 9(()3) = g = %, and j indexes years. The 3x3 MA spans three years (cur-
a sum of approximately zero over a year: S(1,m) = S(1,m) — 15 ¥ }2_, S(1, m) with time indexing S(1, 1)
assigned by month (e.g., if = 243 is March, then S(1,3) = 5(1,243)). This provides a preliminary sea-
sonal adjustment given by SA(1, f) = B1(¢) — S, o).

5.iv. An updated trend is then computed using a symmetric Henderson moving average of SA(1, t)

J
T@2,0= ) hSAQ, 1), (63)
k=—J
where hy is is the Henderson filter coefficient at lag k. The Henderson moving average corresponds to a
local weighted least squares (OLS) fit of a cubic polynomial at each point ¢, minimizing 7" wi(y(¢+
k)= Bo—P1k— B2k?— B3k>)?, where the effective weights wy. are derived to satisfy the constraint of exact

reproduction of polynomials up to degree 3.

Once the trend is updated, the process returns to step 5.ii. and iterates on 5.ii.—5.iv. until convergence.

Afew points are noteworthy given the importance of outliers in our study. First, all moving-average calculations
discussed above require additional data at beginning and end points. Backcasts and forecasts from the regSARIMA
model provide these observations. This is a critical feature as end-point analysis can significantly impact data re-
visions. Second, extreme values can distort moving average calculations. Thus, extremes are flagged based on
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deviation from the median of the irregular component: values with |I(#) — median(I)| > 2.50; are fully down-
weighted (weight w; = 0), and those with 1.50 < |I; — median(])| < 2.50 are partially down-weighted (weight
w; = (2.5-d¢|/o)/(2.5-1.5), where d; = I; — median([)).

3.3 REsuLTs. Before reporting results, it is worth repeating that the simulated data originate from a well-fit OLS
model (adjusted R-square of 0.95) of the airline data of Figure 3. This is the same airline data that is used to fit the
original “airline model” of X-13 and the same data analyzed in the ARIMA / seasonality chapter of Box and Jenkins
(1976). If there is a data set that should skew towards the X-13 specification, it is this data.*

Figure 4 displays the average Root Mean Squared Error (RMSE) of the out-of-sample data forecasts relative to
the (correctly specified) Ordinary Least Squares (OLS) benchmark across a 12-month horizon (h =1,...,12), where
the average is over N = 200 simulations. Specifically, the RMSE for model m at horizon h, aggregated across all N

simulations, is given by

(64)

To facilitate direct comparison and isolate the excess error introduced by model misspecification or finite-
sample estimation, we evaluate performance relative to the OLS benchmark. The Relative RMSE plotted in the

results is defined as
RMSE{"

—_— = (65)
(OLS)
RMSE,

Relative RMSE(hm) =

The OLS baseline is centered exactly at zero and values above zero indicate higher (worse) error than OLS, while
values below indicate lower (better) error. Circles denote the average relative RMSE for the AutoGP estimated mod-
els with training lengths T = 36 (green), T = 72 (orange), and T = 144 (purple). Squares denote the average relative
RMSE for the X-13 model. Vertical bars connecting the X-13 and AutoGP markers serve to highlight the magnitude
and direction of the head-to-head performance gap between the two models at each respective horizon.

For out-of-sample data forecasts, Figure 4 illustrates that AutoGP consistently achieves a lower RMSE than
the X-13 baseline across nearly all horizons and sample sizes. Given a sufficient sample size (T = 144), AutoGP
uniformly dominates, yielding statistically significant MSE reductions over X-13 across all twelve forecast horizons
(g < 0.05). AutoGP approaches the OLS benchmark for T' = 144, with an RMSE within 5% at all horizons. When data
is scarce (T = 36), AutoGP’s flexibility outperforms X-13 at all horizons beyond the first (h =2, g < 0.01) and even
outperforms the OLS specification at certain horizons. At the intermediate sample size (T = 72), the performance
gap narrows. AutoGP achieves statistically significant error reductions at select intermediate horizons (e.g., h €
{3,4,5,10,11}), while performing statistically on par with X-13 elsewhere. Notably, the only instance where X-13
exhibits a slight numerical edge— the one-step-ahead forecast at T = 72—fails to reach statistical significance at
the 5% level (g = 0.071).

Figure 5 reports the Mean Interval Score (MIS) for the data. For a given simulation i and forecast horizon h, let

i,h’ i
model m € {AutoGP, X-13,0LS}. The interval score for a single forecast is defined as

¥i,n denote the realized true data, and let [L(m) U .(’Z)] denote the central (1 — a) prediction interval produced by

IS%) = (U;’Z) — L%’) + zmax (LE.,’Z) — y,-,h,O) + % max (yi,h - U;Z‘),O) , (66)

where @ = 0.05 corresponds to our 95% predictive intervals. The aggregated MIS for model m at horizon h is simply

4Moreover, X-13 failed to converge in roughly 3% of the simulations. Assuming these observations, if modeled, would have pushed X-13
forecast errors up, the numbers reported below are biased down.
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Figure 4: Relative RMSE performance for the Data target. The plot compares the Root Mean Squared Error
(RMSE) of AutoGP and X-13-ARIMA-SEATS relative to the OLS baseline across forecast horizons 2 =1,...,12. The
vertical axis represents the relative metric, calculated as (RMSE,ode1/ RMSEqLs) — 1. The dashed line at 0 represents
parity with the OLS model. Colored circles denote AutoGP performance for training sample sizes T = 36 (green),
T =72 (orange), and T = 144 (purple). Gray squares denote X-13 performance. Vertical bars connect the AutoGP
and X-13 results for the same horizon and sample size to facilitate direct comparison.
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Figure 5: Relative MIS performance for the Data target. The plot compares the Mean Interval Score (MIS) of
AutoGP and X-13 relative to the OLS baseline for the overall data. The vertical axis shows the relative MIS, defined
as (MISodel/MISors) — 1. Positive values indicate that the model’s predictive intervals are less efficient (wider or
with lower coverage) than the OLS baseline. AutoGP (circles) and X-13 (squares) are shown for horizons h =1,...,12
and sample sizes T € {36,72,144}. Vertical bars connect the AutoGP and X-13 markers for direct comparison within
each horizon and sample size group.
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Figure 6: Relative RMSE performance for the Seasonal target. The plot compares the RMSE of AutoGP and X-
13 relative to OLS for the extracted seasonal component. Plotting conventions follow Figure 4: the y-axis shows
performance relative to OLS, where 0 is parity. AutoGP (circles) and X-13 (squares) are compared for sample sizes
T €{36,72,144}.

the average of these scores across all N =200 Monte Carlo replications

MISt™ = L 2ﬁ)ls(.’"). 67)
h 200 = i,h

And similar to our point forecast evaluation, we isolate the excess inefficiency of the predictive intervals by mea-
suring performance relative to the correctly specified OLS model.

A similar pattern emerges for the quality of the interval forecasts in Figure 5. Given a sufficient training sample
(T = 144), AutoGP produces more efficient predictive intervals, achieving a lower average MIS than X-13 across
all horizons, with these reductions reaching statistical significance (g < 0.05) in eight of the twelve periods. Again
with T = 144 observations, the MIS of the AutoGP model is nearly identical to the OLS baseline.

With limited data (T = 36), AutoGP significantly outperforming X-13 from horizons h = 4 through h =10 (g <
0.01). At the intermediate sample size (T = 72), the comparative efficiency of the intervals is more mixed, with
the two models performing statistically on par at nearly all horizons. Taken together, these results indicate that
AutoGP not only provides more accurate point forecasts of the observed data but also, across most conditions,
delivers more reliable and efficient predictive intervals vis-a-vis the X-13 model.

The results for the seasonal target are more nuanced and informative about the tradeoff between flexibility
and imposed seasonality. For the short sample, T = 36, Figure 6 shows that AutoGP generally outperforms X-13
in seasonal RMSE (even outperforming the OLS baseline as asymptotics have yet to firmly take hold). With only
three years of data, the seasonal signal is weak relative to the innovation noise, so a method that is willing to assign
little or no posterior mass to a seasonal component can improve forecast performance. MSE reductions over X-13
at h € {3,4,9, 10} are statistically significant (g < 0.05).

The interpretation of the seasonal-target results is reinforced by an explicit posterior model-structure diag-
nostic. For each Monte Carlo run, we inspect the retained AutoGP particle population and classify a particle as
seasonal if its kernel contains a Periodic term. For T = 36, the periodic component is either not modeled or given
very little weight. AutoGP is correctly concluding that the evidence for seasonality is weak at that sample size. This
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Figure 7: Relative MIS performance for the Seasonal target. The plot compares the MIS of AutoGP relative to OLS
for the extracted seasonal component. Note that X-13 is excluded from this comparison due to the lack of valid
predictive intervals for its seasonal factors.

helps explain why AutoGP performs well at the short horizon: unlike X-13, which is designed to extract seasonality
from monthly data, AutoGP is free to withhold posterior mass from a seasonal component when the signal-to-
noise ratio is low.

At the intermediate sample size, T = 72, the ranking reverses. Here X-13 outperforms AutoGP at most hori-
zons—achieving statistically significant error reductions across ten of the twelve periods (g < 0.05). This suggests
that six years of monthly observations provide enough information for a dogmatic prior over seasonality to be
useful.

At the long sample, T = 144, however, the ranking reverses substantially and AutoGP clearly dominates X-
13 at every horizon. Once the sample is sufficiently informative, the flexibility of probabilistic model discovery
outweighs the advantage of imposing seasonality mechanically, yielding statistically significant MSE reductions
for AutoGP in ten out of twelve forecast horizons (g < 0.05).

Figure 7 provides the interval-forecast analogue for the seasonal component. Here the comparison is necessar-
ily limited to AutoGP because X-13 does not provide usable predictive intervals for the seasonal factor in this exer-
cise; the corresponding intervals often collapse to zero width. This is itself informative. A central advantage of the
Bayesian framework is that uncertainty about seasonality is treated as a first-order object rather than suppressed
by construction. Relative to the OLS benchmark, AutoGP’s seasonal MIS remains substantially larger, reflecting the
difficulty of learning both the existence and the shape of seasonality from finite samples. Nevertheless, when com-
bined with the RMSE evidence, the overall picture is clear: AutoGP dominates X-13 for forecasting the observed
data across nearly all designs, and it dominates X-13 for forecasting the seasonal component in both very short and
long samples. The only environment in which X-13 has a clear advantage is the intermediate sample length, where
seasonality is present strongly enough to be exploitable but not yet so strongly to exploit the additional flexibility
of AutoGP.
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4 AN APPLICATION TO RETAIL SALES

We now apply our probabilistic seasonal-adjustment framework to U.S. Advance Retail Sales. We analyze the non-
seasonally-adjusted retail-sales series (Fred handle, RSAFSNA) from January 1992 to August of 2025. This applica-
tion is useful for two reasons. First, retail sales is an important statistic as it correlates strongly with consumption
and hence, GDP. Second, it is among the most visibly seasonal time series. Data revisions associated with retail
sales are almost certainly due to seasonal adjustments. This does not make it unique but other seasonal time

series have other components that contribute to revisions (e.g., labor data and survey response rates).

4.1 PREPROCESSING AND ESTIMATION SPECIFICATIONS  Before estimating the latent seasonal component, we
first remove deterministic trading-day effects. This step is necessary because data are observed only at the monthly
frequency, while economically meaningful variation in retail activity often occurs at the within-month frequency.
In particular, the exact number of Fridays, Saturdays, and Sundays in a given month can materially affect total
monthly sales even when the underlying seasonal pattern is unchanged. A month with five Fridays and Saturdays
will typically record stronger sales than an otherwise similar month with only four. If these calendar-composition
effects are left in the data, they are absorbed into the monthly time series as apparent low-frequency seasonal vari-
ation. This is a classic aliasing problem as high-frequency deterministic variation generated by the arrangement of
weekdays within the month is observed only through a coarser monthly aggregate, so it becomes confounded with
the latent seasonal component we seek to estimate. As a result, our probabilistic model will incorrectly attribute
predictable calendar variation to evolving seasonality.

For each monthly observation, we compute the exact number of Mondays through Sundays in that calendar
month. From these counts, we construct six variables, Twvion,---, Isar, €ach defined relative to Sunday (which is
omitted to avoid perfect multicollinearity). Let Y; denote raw retail sales and let D; ; denote the count of weekday
j in month t. We define

Tj¢=Dj,t— Dsun,z J € {Mon, Tue, Wed, Thu, Fri, Sat} (68)

and then estimate the log-additive trading-day effect in first differences, controlling for ordinary month-of-year
seasonality with monthly dummy variables. The estimated trading-day coefficients confirm that weekday compo-
sition is economically relevant in retail sales, with Friday exhibiting the largest positive effect relative to Sunday:.

With y; =logY;, the pre-processing regression is

12
Ay =a+ Y BiATie+ Y YmMmp+uy, (69)
je{Mon,...,Sat} m=2

where M, ; are month dummies. The estimated coefficients 3 j are then used to reconstruct the trading-day com-

ponent in levels,
™= ) BiTjn
jeiMon,...,Sat}
and the scrubbed series is defined by
YU = exp(log Y; — TD;). (70)

For numerical stability, the cleaned series is modeled in log space, z; = log YtScrUb and standardized

2t — Mo 1 Z
z; = —%, Hiog = ?Zztv Olog =
t=1

1 L )
— > (z— 71
Olog (e~ Hiog) =

r-1i3

22



The model is then fit to {z’[“}tT:1 with posterior objects mapped back into log units and, when needed, into the
original data scale.

The period prior of the periodic kernel is centered at 12 months by setting p ~ LogNormal(log12, 0.152) which
is more informative than the generic default and reflects prior knowledge that the dominant seasonal cycle in retail
sales is annual. This does not force a seasonal component on the model.

We use 16 particles with the number of MCMC rejuvenation steps per stage set to 250 and the number of
HMC updates of 25. The staged schedule is built from the sequence [12, 24, 36, 72, 144, 288404], which helps the
model find temporal patterns in the data. Finally, the HMC configuration uses step sizes eps_param=0.01 and
eps_noise=0.01 with n_exit=4, which are standard, Saad et al. (2023).

Advanced Retail Sales: Raw and Seasonally Adjusted
800000 Raw data

95% interval
= Seasonally adjusted
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600000
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200000

T T T T T T T T
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Figure 8: Seasonally adjusted and non-seasonally adjusted retail sales. The shaded region reports the 95% posterior
credible interval for the adjusted series.

4.2 CONSTRUCTING THE IN-SAMPLE SEASONAL ADJUSTMENT  The in-sample seasonal-adjustment script oper-
ationalizes the theoretical decomposition of Section 2. As discussed in that section, additive decompositions are

identified only up to a constant. The retail-sales implementation therefore fits a simple linear trend

mipt)zapJfbthrTI(tp), t=1,..., T (72)
and interprets the fitted line
LV =a,+byr 73)

as low-frequency leakage that should not be attributed to the seasonal component. This leakage term is then
subtracted from the seasonal component and, symmetrically, added to the nonseasonal component at the particle
level.®

Let 5; denote the resulting posterior mean of the log seasonal component. The seasonally adjusted retail-sales

5This Method A of Section 2, Method B did not yield significantly different results.
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series is then constructed as
YA = exp(y: - 51), (74)

with pointwise lower and upper bands obtained analogously from the posterior quantiles of the seasonal compo-
nent:

Yon =exp(yi—soni),  Yops=exp(yi— Siio)- (75)
4.3 TIME-DOMAIN AND FREQUENCY-DOMAIN DIAGNOSTICS  Figure 8 plots both the original and seasonally ad-
justed data and shows that the probabilistically seasonally adjusted series preserves the low-frequency evolution
of retail sales while removing the regular within-year oscillations present in the raw data. Second, and more im-
portantly, it displays the posterior credible interval around the adjusted series, which widens noticeably during
recessionary episodes and other periods of macroeconomic stress, indicating that uncertainty about the latent
seasonal adjustment itself is state dependent. This feature is central to the probabilistic approach. Rather than
producing a single deterministic adjustment, our procedure yields a full posterior distribution over the seasonal
component and, therefore, over the seasonally adjusted series. In tranquil periods the credible region is relatively
tight, reflecting greater agreement across models. In recessions, however, the band expands, signaling that the
distinction between persistent nonseasonal movements and shifts in seasonal structure becomes harder to parse.
A measure of uncertainty is precisely the type of information a probabilistic seasonal-adjustment procedure is

designed to deliver.
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Figure 9: Frequency-domain diagnostics for retail sales. The left panel plots the smoothed spectra of monthly log
growth in the raw and seasonally adjusted series. The right panel plots the ratio of adjusted to raw spectral density.

Figure 9 provides frequency-domain evidence that seasonality is attenuated. The left panel plots the smoothed
spectra of monthly log growth in the raw and adjusted series. The raw series exhibits substantial spectral power at
the annual seasonal frequency 1/12, whereas the adjusted series sharply attenuates those peaks while preserving
low frequency components. The right panel makes the same point in ratio form by plotting adjusted spectral
density relative to raw spectral density. Values below one in the neighborhood of the seasonal frequencies indicate
that the adjustment removes power precisely where seasonal variation is concentrated. At the same time, the ratio
remains much closer to one away from the seasonal band, and especially at low frequencies. Thus, employing the
median of our estimated values effectively removes the dominant seasonal component from retail sales data while

quantiles provide a probabilistic notion of seasonality.
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5 CONCLUSION

This paper introduces a novel probabilistic framework for seasonal adjustment based on a Gaussian process ap-
proach for automated structure discovery in time series. The core contribution is the identification and modeling
of the seasonal component itself as an integral part of a flexible, data-driven GP decomposition. Our approach au-
tomatically discovers compositional kernel structures that capture non-stationary and evolving seasonality, while
delivering full posterior inferences over latent seasonal functions. This approach yields more stable adjusted series,
smaller and better-calibrated revisions, improved forecast accuracy, and transparent uncertainty quantification—
advantages that are particularly valuable when seasonal patterns shift due to economic shocks.

Monte Carlo simulations based on a growing-sine data-generating process (designed to mimic classic eco-
nomic benchmarks such as Air Passengers) demonstrate that the method reliably recovers the true seasonal struc-
ture in both weak and strong seasonality environments, outperforming X-13ARIMA-SEATS in point forecasts of the
observed series and providing superior predictive intervals. An application to monthly U.S. Advance Retail Sales
confirms effective removal of seasonality while providing time-varying credible intervals.

Future work will apply this framework to a broader range of economic time series to better understand the
properties and robustness of the resulting seasonal adjustments. Promising directions include labor market in-
dicators (e.g., nonfarm payroll employment or unemployment rates), price indices (CPI and PPI components),
industrial production, and international trade data. Such extensions would allow systematic evaluation of revi-
sion volatility across different economic sectors, the method’s ability to handle abrupt regime shifts (such as those
induced by pandemics or policy interventions), interactions with trading-day and holiday effects in multivariate

settings, and performance under varying degrees of seasonality.
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