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1 Introduction

Markups are measured to be large and heterogeneous across firms, which can lower TFP,
distort aggregate employment, and create inequality. The role of policy depends on the
source of markups. A common view is that markups arise because firms have market power
and restrict supply to increase prices and profits. From this perspective, Baqaee and Farhi
(2020) and Edmond, Midrigan, and Xu (2023) show that it is optimal to increase output
with a subsidy to undo the markup distortions.

However, since at least Knight (1921) economists have recognized that profits may re-
flect compensation for risk. Providing quantitative support for this view, Boar, Gorea, and
Midrigan (2025) show that profits largely reflect compensation for risk, with a limited role
for market power or collateral constraints.

Our main contribution is to study optimal policy when measured markups are compensa-
tion for risk. We consider a planner who can use a uniform labor tax and lump-sum transfers.
Transfers allow the planner to achieve any desired redistribution, so the labor tax is used only
to improve efficiency. The constrained-efficient allocation implements the first-best level of
employment with a gross labor tax equal to the product of (1) the inverse aggregate markup

and (2) workers’ Pareto weight divided by their consumption share,
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The first component calls for a labor subsidy to eliminate the aggregate markup, just as in
the market-power case. Although markups correctly capture the private cost of risk, they
are socially inefficient due to a risk-sharing externality.

Risk markups, however, also distort the consumption distribution relative to the first
best. Even though the planner can use lump-sum transfers, precautionary saving leads
entrepreneurs to dynamically overaccumulate wealth to self-insure. Thus, relatively impov-
erished workers have a consumption share below their Pareto weight and supply too much

labor. The consumption-share component of the optimal tax captures this effect. In the long



run, the income effect on labor supply dominates the inefficient aggregate markup and the
optimal policy is a tax to reduce output, in sharp contrast to the common wisdom derived
from the market-power perspective.

To better understand the inefficiency we also consider a planner who can use type-specific
labor and savings taxes to control the consumption distribution and address misallocation.
The planner uses a modified inverse Euler equation and subsidizes more productive en-
trepreneurs. The main result is that the formula for the optimal average labor tax is un-
changed and workers’ consumption share is always below their Pareto weight. In this sense,
our baseline results are robust.

Finally, we can represent the optimal long-run tax and the welfare gain from implementing
any tax rate in terms of a sufficient statistic: workers’ consumption as a share of their labor
income. We use this sufficient statistic to perform a back-of-the-envelope welfare calculation
across a range of values for the aggregate markup and workers’ consumption share of income.
If measured markups are risk markups, there are modest welfare gains from the optimal tax

and large welfare losses from a subsidy that offsets the aggregate markup.

1.1 Relationship to Existing Literature

Measured markups are large and heterogeneous across firms and can lower TFP (misalloca-
tion).! A common view is that markups arise because firms have market power. From this
perspective, Baqaee and Farhi (2020) and Edmond, Midrigan, and Xu (2023) show that it
is optimal to increase output with a subsidy to undo the markup distortions. The logic is
simple: since monopolists restrict quantity to increase prices and profits, the decentralized
equilibrium features lower output than the first best. There are nuances to optimal pol-
icy when measured markups reflect market power, such as when there are socially valuable
spillovers and firm profits finance fixed costs of innovation, as studied by Cavenaile, Celik,

and Tian (2025) and Adhami, Brouillette, and Rockall (2025). Nonetheless, optimal policy

1See Hall (1988), De Loecker and Warzynski (2012), Restuccia and Rogerson (2008), Hsieh and Klenow
(2009), and Midrigan and Xu (2013).




often involves subsidies to producers, especially large producers.

Alternatively, the economy may be efficient if measured markups reflect adjustment costs
as in Asker, Collard-Wexler, and De Loecker (2014), search frictions as in Menzio (2024),
or if firms can perfectly price discriminate as Bornstein and Peter (2025) show. Beyond
efficiency concerns, there may be a social preference to reduce inequality. In an economy
where wealthy people disproportionately earn capital income, Boar and Midrigan (2025)
find that the improved efficiency from subsidizing high-markup firms raises wages enough to
offset the negative implications of increased capital income on inequality. In contrast to this
literature, we study optimal policy when measured markups reflect compensation for risk.
Our analysis highlights the role for policy to redistribute in order to address an inefficient
wealth distribution, independent of a social preference for equality.

We share a focus on uninsurable idiosyncratic risk with the closely related paper of Boar,
Gorea, and Midrigan (2025). Their paper is a quantitative paper that explains the source of
firm profits. In addition to risk, their model features decreasing returns to scale production
technology (equivalently monopolistic competition) and collateral constraints. They find
that uninsurable idiosyncratic risk is by far the largest source of profits. Motivated by their
quantitative results on the importance of uninsurable idiosyncratic risk, we complement their
paper by providing a theoretical analysis of optimal policy in such a world. Since optimal
policy is relatively well understood when misallocation is generated by market power or by
collateral constraints, we only model uninsurable idiosyncratic risk. This allows us to provide
insights from analytical results in a tractable model. Also, Boar, Gorea, and Midrigan
(2025) study a planner who maximizes TFP by choosing capital and labor shares. We study
a planner who maximizes welfare. In addition to TFP, the planner considers how policy
affects the aggregate supply of labor, the distribution of consumption across entrepreneurs
and workers, and the disutility of worker’s labor supply and entrepreneurs’ exposure to risk.

David, Schmid, and Zeke (2022) also study risk and misallocation. In their model differ-

ent firms have different exogenous loadings on an aggregate risk factor. As in CAPM, the



different risk profiles generate different risk premia, which generate deviations from equaliz-
ing MPKs, even though the decentralized equilibrium is efficient. In our model risk premia
are endogenous, generated by idiosyncratic risk and incomplete markets. This leads to a
substantively different perspective on optimal policy. David and Zeke (2024) further ex-
plore the implications of aggregate risk and misallocation for optimal monetary policy in a
New Keynesian model and David, Ranciere, and Zeke (2023) explore the implications for
international diversification and the labor share.

More broadly, we build on the tradition of modeling entrepreneurship as in Evans and
Jovanovic (1989), Quadrini (2000), and Cagetti and Nardi (2006). Entrepreneurs in our
model should be interpreted as representative insiders who have skin in the game. More
diversification leads to larger firms, not smaller markups, so our paper is not just about
small undiversified firms. Our model applies to undiversified private firms, large highly
diversified public corporations, and small private startups which eventually transition to
diversified corporations.

Our model of entrepreneurship is most similar to that in Moll (2014) and our analysis
of optimal policy is similar to Itskhoki and Moll (2019). These papers, however, focus on
collateral constraints that prevent firms from operating at their optimal scale, which induces
capital misallocation. A key insight from their analysis is that the degree of persistence in
the stochastic idiosyncratic productivity process affects the magnitude of steady-state TFP
losses from misallocation and the speed of transition towards steady state. Buera and Shin
(2013) similarly focus on the effects of collateral constraints on misallocation, in a model
with decreasing returns to scale production and an occupational choice, with a focus on
quantitative results. To clearly distinguish the new mechanism of risky production in our
paper, we make labor the only factor of production and omit collateral constraints, although
we do not view the lack of capital as critical to our analysis.

Uninsurable risky production has also been studied by Meh and Quadrini (2006), An-

geletos (2007), Di Tella and Hall (2022), and Amol (2025). Because these papers feature iid



shocks there is no potential for misallocation and heterogeneous markups across persistently
different types. Additionally, Meh and Quadrini (2006) and Angeletos (2007) do not study
optimal policy, which is our main contribution. Amol (2025) studies optimal redistribution
because the competitive equilibrium is efficient, whereas we study improvements to an inef-
ficient equilibrium. Di Tella and Hall (2022) only studies business cycles, whereas we focus
on transition dynamics and the long run, leading to insights on the inefficiency of the wealth
distribution.

Eeckhout and Veldkamp (2023) is another paper exploring how risk affects our interpre-
tation of measured markups. In their paper, firms acquiring data can reduce risk markups
by reducing risk (improving forecasting) but can increase markups by inducing investment
to capture market share and exploit market power. Dou, Ji, Tian, and Wang (2025) also
studies how risk and incomplete markets affect misallocation, with a focus on how misallo-
cation introduces medium-run fluctuations in TFP that affect aggregate growth and asset

prices.

2 The Model

Overview. There is a representative worker and a continuum of entrepreneurs. The workers
supply labor, which is the only factor of production, and face no risk. Each entrepreneur is
endowed with a distinct linear technology to produce the homogeneous consumption good.
There are four essential ingredients. First, producing is risky; even though labor is freely
adjusted each instant, entrepreneurs must hire labor before the realization of their produc-
tivity shock. Second, entrepreneurs are risk averse. Third, there is incomplete risk sharing;
entrepreneurs must retain an equity share in their firm. Fourth, entrepreneurs are hetero-
geneous in their productivity, risk, and ability to diversify. This heterogeneity introduces
the possibility of misallocation. These ingredients deliver heterogeneous risk premia that

appear as a wedge in the first order condition for hiring labor. Since the risk premium is the



difference between the price of the good and the unit labor cost, we call it the risk markup.

Agents and Preferences. There is a representative worker and a continuum of entrepreneurs,

indexed by i € [0, 1], with preferences
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where parameters py, pe, ¥ > 0.

Technology. Each entrepreneur has a linear technology that uses labor to produce the

homogeneous consumption good:
dY;t = git (Zugdt + O_yitdByit)- (3)

where B,; is a Brownian motion specific to the entrepreneur. A central assumption in our
setting is that production is risky. At time t the entrepreneur chooses labor ¢; and its
marginal product is z;dt + 0y;;dBy;. The first term is expected productivity and the second
is the risk associated with hiring labor to produce.

Each entrepreneur has a multidimensional idiosyncratic state z; € R that determines
his expected productivity, z;; = z(z), and his risk, o, = 0, (z4), both bounded, z(z) € [0, Z]

and o,(z) € [0,5,]. The idiosyncratic state follows an arbitrary diffusion
dzit = pio(Tit)dt + 04 (Tit)d Beit, (4)

where B,; is a Brownian motion independent of B,;. We can summarize the behavior of
xy with generator £,. We assume that it converges to a unique non-degenerate stationary

distribution p(zx), and that the economy starts there.



Resource Constraints. The resource constraints are®

1 1
cp = / Cirdi + Cyp = / 2itlipdi, (5)
0 0

1
l, = / 0. (6)
0

Markets and Financial Assets. There are competitive markets for the consumption good,
labor, a risk-free bond in zero net supply, and entrepreneurs’ equity. The consumption good
is the numeraire, with price normalized to 1. Markets are incomplete: entrepreneurs must
retain a fraction ¢;; € [0,1] of their profits, which can also depend on their idiosyncratic

state, ¢y = ¢(x;). Budget constraints are
ANy = (TNt — Cor + Wwely)dt, (7)
dnie = (1 — i + (2i — we) ;) dt + (¢it0yit)€itdByit- (8)

where n;; and n,; are agents’ bond positions, r; is the interest rate, and w; the wage.
Entrepreneurs’ inability to share idiosyncratic risk is reflected in their budget constraint:
they must retain an exposure ¢; to the idiosyncratic risk in their production.®> Both en-
trepreneurs and workers face natural borrowing constraints. For entrepreneurs, this means
ng > 0. Workers cannot borrow more than the present value of labor income, n,; >
— ftoo eIt ruduy lods. Let ne be the aggregate net worth of entrepreneurs. Bond market
clearing requires n,,; + ne = 0.

Entrepreneurs may also be able to trade arrow securities contingent on the realization of
B, risk, but since it only affects their investment opportunities, under log preferences they

have no hedging motive and will choose not to trade them. For this reason it is without loss

2Expressions of the form f a;:di are shorthand for f adG 4+ where Gg; is the cross-sectional measure of
variable a at time t. In equation (5) we are assuming a law of large numbers applies. That is, we focus on
allocations such that fol (fot éisaydByis) di = 0.

3Entrepreneurs sell, in a competitive market, a claim to a fraction (1 — ¢;;) of their profits dY;; — wyf;;dt
in exchange for payment a;;dt. Since the idiosyncratic risk can be diversified, the market prices this claim
so E[(1 — ¢4)(dY;y — wilidt) — ajpdt] = 0. Thus, the entrepreneur’s budget constraint is dngy = (ryng —
Cit)dt + ¢it (Y — welipdt) + azedt = (1enie — it + (Zie — wi)lit)dt + (Pir Oyt ) lird By



of generality to abstract from them (see Appendix A).

Equilibrium Definition. The representative worker’s problem is to choose (¢, > 0,6, > 0)
to maximize his utility subject to his budget constraint and natural borrowing constraint,
taking prices (r,w) and initial bonds n,o as given. An entrepreneur’s problem is to choose
(ciy > 0,0z > 0) to maximize his utility subject to his budget constraint and natural borrow-
ing constraint, taking prices (r,w) and initial bonds n;y as given. Markets clear if equations
(5) and (6) hold (the bond market clears by Walras’ Law). A Competitive Equilibrium is an
allocation (¢, £,) and (¢;, £;) for ¢ € [0, 1], and market prices (r,w) such that the represen-

tative worker and each entrepreneur solve their problem and markets clear.

Discussion of Heterogeneity. Entrepreneurs in our model should be interpreted as repre-
sentative insiders who have skin in the game. The idiosyncratic state x;; allows us to model
firm heterogeneity in a general way. A simple example widely used in the firm dynamics
literature is z(z;) = x;; which follows an AR(1) process, and o, (x;) = 0, homogeneous and
constant. But our environment with multidimensional x allows us to capture richer firm
dynamics and permanent types. For example, we can model startups with high productivity
growth, high risk, and little diversification that can eventually transition to more diversified
corporations with lower growth and lower risk, highlighted by Luttmer (2011). We can also
model small undiversified businesses like the plumbers discussed in Hurst and Pugsley (2011)
that have stable productivity and never transition to startups or large corporations. This
model also permits a corporate sector containing fully diversified but lower productivity firms

as in Angeletos (2007).



2.1 Characterizing the Competitive Equilibrium

Optimality Conditions and Risk Markups. The representative worker’s optimal allocation

is characterized by an Euler equation and the first order condition for labor supply:

dcy,
Lot pui )
colw, =07 (10)

An entrepreneur’s optimal allocation can be characterized by an Euler equation and the first
order condition for labor demand:*

dcz‘t

Cit

= (14 — pe + 02y )dt + Ocitd Byit, (11)
Zit — Wy < Oein@inoye  (with equality if 2, > wy), (12)

where o.; = %(@tayit) = ‘%(pegbitayit) is the endogenous volatility of consumption growth
of entrepreneur ¢ and is at the center of our analysis. Here we have used the fact that with log
preferences ¢;; = peni;. The entrepreneur chooses his consumption to be locally exposed only
to the idiosyncratic risk in his output By, (and not the idiosyncratic risk in his idiosyncratic
state B,i). The %, term in the Euler equation captures the precautionary saving motive.

Entrepreneurs with z; > w; hire labor (¢; > 0), while less-productive entrepreneurs do
not produce. Hiring labor is like investing in a risky asset. The o.¢9i0y; > 0 term in
equation (12) is a risk premium on labor: it captures the covariation between the marginal
utility of the entrepreneur and the fraction of the risk in the marginal product of labor that
cannot be shared. Due to log preferences, there is no hedging motive, so the risk premium
does not depend on o,.

Taking wealth as given, the demand for labor trades off the expected marginal profit from
hiring labor, z; — w;, against increased exposure to risk (¢;0yi)?,

(Zit - wt>+

Uiy = Nt
" (¢it0yit)2 "

(13)

4See Appendices A and B for details.



Wealth provides self-insurance, so entrepreneurs with more wealth hire more labor. Given
wages, entrepreneurs hire less labor compared to the complete markets case. Even though
production of the homogeneous good is linear, the most productive entrepreneurs do not hire
all the labor because that would expose them to too much risk. Homothetic preferences and
linear budget constraints result in labor demand that, when positive, is linearly increasing
in bonds n; (or equivalently, consumption c;), and decreasing in uninsurable risk ¢;;0y.
The risk premium on labor creates labor wedges at the entrepreneur level that look like
markups. We define the risk markup, 1 4 7;, to be the expectation of price over unit cost.

For entrepreneurs who produce,

1 cit P 7
:1+U t¢t0yt

1+ 7y =
wt/Zit Wy

> 1. (14)

Markups depend only on productivity z; relative to the market wage w;. Large markup
firms are high-productivity firms. Even highly diversified firms can have a large markup.
Diversification (low ¢;;) shows up as a large size (high ¢;, and thus high o.;), not as small
markups.

Although the model generates heterogeneous measured markups, the risk-adjusted marginal
product of labor, 2 — 0t ¢it0yit, is equalized to the labor cost, wy, for all entrepreneurs who
have positive labor demand. Thus, there is no true markup in the sense that the properly-

measured marginal cost is equal to the price of the good for all active entrepreneurs.

Aggregation and Separation Property. At the aggregate level, risk markups show up as

an aggregate markup and as misallocation that reduces TFP,

1
Ct wiliy .
L= — = i di, 15
! 4 /o it (wtft> ! ( )

1 ! wt&'t) .
= | (1L4m) =22 di. 16
— X m>(wt£t (16)

Aggregate productivity, Z;, is the cost-weighted average idiosyncratic productivity and the

1+m =

aggregate risk markup, 1 + m, is the cost-weighted average idiosyncratic risk markup. Risk

10



markups generate misallocation because they decrease the labor demand of high productivity
entrepreneurs compared to complete markets (where Z;, = w;, = ).

The environment with log preferences and linear production allows for easy aggregation
and a powerful separation result. We can solve for the cross-sectional allocations separately
from aggregate employment and output. This property will be essential when we study
efficiency in the next section. Without it, the planner problem would quickly become in-
tractable.

First, instead of keeping track of net worth n;;, we can equivalently work with 7, := ¢; /¢,
the consumption share of entrepreneur 7. Let g¢(n, x) be the joint density of  and z. Because
labor demand is linear in 7;;, when computing equilibrium allocations we do not need to keep
track of the joint density g. Define n,(z) as the aggregate consumption share of entrepreneurs
of type x, n; the consumption share of all entrepreneurs, and 7,; the consumption share of

the representative worker.

nt((l;) = /ngt(nax)dxa Net := /Ut(x)d% Nwt = 1 - Net- (17)

Second, we combine labor demand from equation (13) with the resource constraints to obtain
expressions for the wage and aggregate productivity as functions of the distribution n;(x).

That is, we implicitly define the functions w(n;) and Z(n;) by

LG —wt,

/ (o) e =1 )
LG =w N e

</ M) o ) o= (19)

An important property follows from this. Entrepreneurs’ exposure to risk depends only on

their type x and the distribution n,(z),

oy () —wm)t
oc(x;m) = @) (20)

Specifically, it does not depend on aggregate employment or output. This property will play

a key role in the efficiency analysis. Together with the Euler equations, it implies that the

11



evolution of the joint distribution g;(x,7n) is independent of aggregate labor ¢;.° Since o

only depends on 7;(x), we can obtain a simple Kolmogorov forward equation for n,(z),
One(x) = Lyne(x) + Alz;ne), (21)

where £* is the adjoint of £, and A(z;n;) is the geometric drift of 7; times n;(z).5 The
key result is that this is a self-contained differential equation for 7, (z) that characterizes its
evolution and does not depend on aggregate labor /.

This separation result allows us to compute an equilibrium in two steps. In step one,
start with a given initial distribution 7o(x). Then, solve the KFE (21) forward to obtain the
path of n(z) and use equations (18)—(19) to solve for the path of w; and Z;. Due to the
separation result, step one does not involve aggregate output ¢;, aggregate employment /;,
or interest rates r,. Finally, using c,; = nwZl;, we use the representative worker’s labor
supply condition to solve for aggregate employment /;, the definition of aggregate TFP to
compute aggregate output ¢;, and the worker’s Euler equation to obtain the interest rate r;.
It is then straightforward to construct c¢;;, ¢;;, and n; (see Appendix C for details).

The separation between the consumption distribution and aggregate labor has major

implications for efficiency and optimal policy, as we will explore in Section 3.

2.2 A Numerical Example: Equilibrium

Before turning to social efficiency, we illustrate key characteristics of the competitive equi-
librium through analysis of comparative statics in a numerical example. This provides a
visualization of the analytic results presented in the previous section. For simplicity, we set
xi = 2y with log productivity following an Ornstein-Uhlenbeck process, oy = 20, and
o0ir = 1. See Appendix H for details. Figure 1 explores how long-run labor demand, TFP, and

the aggregate markup change when hiring labor becomes more risky (increase in ¢,). Blue

®Consumption shares 7, follow dnie = ittty (Tie; 1) + Mit0e(wies M) dByir, where puy(25n:) = (wtpw +
Netpe) — pe + 02(z;me) — [ me(x)o?(x;me)dx and the generator is L, (z;n;). The joint generator for (n, ) is
Lon(m) = Ly + Ly (x;m,) and the KFE for g is dig¢(x,y) = L + Efl(x; nt), independent of ¢;.

6See Appendix G for details of the KFE derivation.
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Figure 1: Comparative Static for o,

solid lines are from the baseline calibration and orange dotted lines are from a counterfactual
equilibrium with a smaller o,,. The vertical lines mark equilibrium wages.

Figure 1a plots the stationary productivity density. Figure 1b shows that an entrepreneur’s
labor demand is positive when productivity is higher than the wage and increases in produc-
tivity (holding fixed wealth). When production is riskier, entrepreneurs do not scale their
firm size with their productivity as aggressively. Figure 1lc plots the distribution of total
labor hired by all entrepreneurs of type z. Three forces determine the distribution of labor
across productivity types. First is the density of z. Second, the entrepreneur’s optimal labor
hiring policy is increasing in productivity. Third, labor demand is a function of the bond
distribution.

In this numerical example, there is not much labor hired by low productivity types close
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to the wage threshold even though there may be many entrepreneurs of this type because
they each hire little labor. Total labor hired by z-types initially increases in z even when
the density of entrepreneurs is decreasing, because each entrepreneur is hiring more workers.
Finally, as z further increases, the density of entrepreneurs falls fast enough that the total
labor hired by z-type entrepreneurs falls, even as each entrepreneur continues to hire more
workers.

Figure 1d shows the effect of increased risk on key macro aggregates. In an economy
where production is riskier, each entrepreneur would hire less labor holding the wage con-
stant. In equilibrium, the wage falls, generating entry of previously inactive entrepreneurs
into production. The end result is that the largest producers reduce labor demand and the
smallest producers increase labor demand. The aggregate markup rises, reflecting the in-
crease in risk premia. In this model risk generates misallocation, lowering TFP. Connecting
to the misallocation literature, more risk (higher o) or less risk sharing (higher ¢) could be
a potential explanation for differences in cross-country TFP levels and the size distribution

of firms. We now turn to analyzing the efficiency properties of the competitive equilibrium.

3 Efficiency

We consider two approaches to constrained efficiency. An organizing principle is that the
planner cannot complete the market. We allow the planner to use lump-sum transfers to
accomplish any redistribution, so taxes are used only for efficiency purposes. We study a
baseline case which is policy-relevant and facilitates comparison between the risk markup
and market power perspectives. We also study a case in which we saturate the planner with
a rich set of policy instruments, even though we do not think they are realistic, in order to
better understand the robustness of the baseline results and the source of inefficiency in the

equilibrium.
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Baseline Case. In our baseline case the planner has access to a uniform labor tax and
lump-sum transfers. We rule out taxes on output or sales because they would complete the
market. The diversification variable ¢(x;;) is interpreted as the remaining uninsurable risk
after feasible private or public mechanisms to improve risk sharing have been implemented.”
Motivated by asymmetric information concerns, we study uniform taxes that do not depend
on idiosyncratic characteristics.® A uniform savings tax on entrepreneurs and workers is
equivalent to lump-sum transfers, so we omit it here without loss and study targeted savings

taxes in the saturated-instrument planner problem.

Saturated-Instrument Case. In the saturated-instrument case, the planner has enough
instruments to control all margins but still cannot complete the market. In this case, the
planner can target taxes by entrepreneur type. He can control the distribution of labor with
targeted labor taxes and the wealth distribution with targeted taxes on savings. A key result
is that the average labor tax formula is the same as in the baseline case. In this sense our

baseline results are robust and this case helps us to understand them.

3.1 Planner’s objective function

The Planner’s objective function is

o0 5 1+ 1 > ~
/ e Py, | log cur — Lﬁt o) dt + / E / e "I log cydt| di, (22)
0 1+ 0 0

where Ty, > 0 and T, > 0 are the Pareto weights on the representative worker and en-
trepreneurs. For simplicity of exposition, we assume that the planner does not care about

entrepreneurs individually (i.e., T; = I', ¥V 7). It will be useful to work with discounted Pareto

7A 100% tax on output, sales, or realized profits would complete the market, just as a 100% labor tax
would complete the market in an Aiyagari (1994) model.

8For example, firms can merge on paper to harvest size-dependent subsidies without changing any eco-
nomic activity, or can misreport their activity (Chen, Liu, Serrato, and Xu, 2021).
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weights and relative discounted Pareto weights,

Fet Fwt

Lo = e—Petfe7 Lot = e_pwtfwa et — ) wt — .
' ' et Fwt + Fet Tt Fwt + Fet

(23)

The objective function can be written to separate aggregate labor ¢; and the distribution of

consumption shares 7;:

labor TFP
o0 Qp 1+9 e o]
/0 (Fwt + Fet) log by — Tyt g wft Yo dt + /0 (Fwt + Fet) log Z,dt (24)
+ / Lot log e + Tet < / p(z)log nt(SE)dm) dt — / Lot < / (p(x) log m@) / log ngt(n7x)d77> dw) dt.
0 p(z) 0 p(z)
workers vs. entrepreneurs entreprgrqeur risk

Aggregate labor only appears in the first term. The second term involves TFP. The third
term captures the distribution of consumption between workers and entrepreneurs of each
type (n:(x)/p(x) is the per-capita consumption of entrepreneurs of type ). The fourth term

reflects that the planner dislikes inequality among entrepreneurs because they are risk averse.

Within entrepreneurs of type x, [logng:(n,x)dn is their aggregate utility, while p(z) log 717:((;))
would be their aggregate utility if they all had the average consumption of that type. The

fourth term is weakly positive due to Jensen’s inequality.

3.2 First Best

The first-best allocation optimizes each term in the objective function. (1) Aggregate labor is
set to maximize the first term. (2) Labor is employed only by the highest productivity types.
(3) Consumption is split between entrepreneurs and workers according to Pareto weights.

(4) There is perfect risk sharing and all entrepreneurs have the same consumption, so the

YWrite cur = NweZily and c;; = 1y Zily, apply logs, and use a law of large numbers to eliminate the

expectation. Then add and subtract [~ e ( J p(z)log Z)"((gf)) dx) dt and regroup terms.
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last term is zero. The first-best allocation is

67—, )
ZfP =z, (26)
Mot = Yot (27)
FB
FB Tl (v) FB
. = — = = et - 28
Nit p(l’) Net Vet ( )

With complete markets the competitive equilibrium achieves the first best and the planner
implements it with only redistribution at t = 0 and no taxes.'® Agents perfectly share risk,
0.t = 0, so there are no risk markups, w; = z, and only the most productive entrepreneurs
produce, Z; = z. Workers and entrepreneurs follow their Euler equations without precau-

tionary saving or risk, so 7;; = 1., and 7 follows

dnet = net(l - net)(pe - pw)dt' (29)

e"Pelneo
e~PwinyotePelne

This yields 1. = - If the planner chooses the initial distribution 7.9 = .o, We
obtain 7, = .. Aggregate labor would then be given by equation (10), which given wy, Z;,

and 7,,, yields the first-best path for aggregate labor.

3.3 Baseline Planner Case: Uniform Labor Tax

The planner has access to a uniform labor tax 7, paid by entrepreneurs and, without loss,
rebated lump-sum to the workers. We consider two options for the planner’s ability to re-
distribute: (1) he has access to transfers at time ¢ = 0 to achieve any desired redistribution,
or (2) he must take the initial distribution ng(x) as given (for example, if agents can in-
sure against planner interventions). In both cases, the labor tax is used only for efficiency
purposes.

Let wy = (1+74)w,; be the after-tax wage paid by entrepreneurs, and w, the wage workers

earn. The tax rebate is Ty = w4, 7;. The only change in the equilibrium conditions is that

10This is an application of the first and second welfare theorems.
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the worker’s labor supply uses wy,

Wy

0 = cpbiy = (i Zely) ™! . 30
t Cot Wt = (Nt Zilr) 1+ 74 (30)
The labor tax allows the planner to control aggregate labor ¢;,
v
ft = [nwt (]. + 7Tt) (1 + Tgt)] I+, (31)

Because of the separation property of the competitive equilibrium, the labor tax does not
affect the distribution 7;(z) or any function that depends on it such as 7(7;). In fact, the
entire joint distribution g(z,n) is unaffected by /.

We can therefore recast the planner’s problem as choosing a path for aggregate labor
¢, to maximize the first term of equation (24), and choosing an initial distribution ny(x) to
maximize the remaining terms of the planner’s objective.!! A property of this formulation is
that the choices of ¢ and the distribution of 7y(z) can be made independently, which delivers
analytical tractability.

A key result is immediate: The planner sets labor to the first-best level. Then the optimal

labor tax is obtained by rearranging equation (31).

The Optimal Labor Allocation and Tax

The labor tax has a subsidy component that eliminates the effect of the aggregate markup
1 + m; on aggregate employment, just as in the market-power setting but for completely
different reasons. Although risk markups are compensation for risk, they are nonetheless
socially inefficient. However, it also has a component that eliminates the income effect on
labor supply caused by distortions in consumption shares relative to the first best (pfP =

Yuwt)- Workers supply more labor when their consumption share is lower (see equation (31)).

See Appendix D for details on how to construct an optimal allocation from the solution to this problem.
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To offset this income effect (and implement first-best labor) the planner needs a labor tax
if workers’ consumption share is below the first best or a labor subsidy if the consumption

share is above first best.

Understanding the Inefficiency. The competitive equilibrium is inefficient because of a

risk-sharing externality,

¢it0 yit 1 4y
cit — Ez = Pe - 34
Ocit Nt ’ P Nit Zt gt ( )

Private entrepreneurs take their net worth n; as given, while the planner realizes it is en-

dogenous,

1
N = — 2l (35)

e

When the planner chooses aggregate employment, ¢;, he understands that he affects aggregate
output Z;¢;. The key insight is that higher output increases entrepreneurs’ wealth, and since
wealth is insurance against risk, this improves their risk sharing. Since consumption shares,
1, are independent of aggregate output, higher output ¢, = Z;/; raises entrepreneurs’ net
worth (see equation (35)).'? In the background, the past interest rates increase, according
to the Euler equations, and entrepreneurs enter period ¢ with higher n.

To be concrete, equation (34) shows that if an entrepreneur increases his labor demand
i+, he increases his exposure to risk, for which he requires compensation (this is where risk
markups come from). But if all entrepreneurs raise employment, this raises all entrepreneurs’
net worth proportionally, so they are not bearing more risk (in the sense that ¢, is un-
changed). This force leads entrepreneurs to hire too little labor. Although risk markups
correctly measure the private cost of risk exposure, this is not the social cost of risk. For
this reason, the first term in the uniform labor tax eliminates the aggregate markup.

The second term corrects the effect on labor supply caused by entrepreneurs’ precau-

tionary saving. If workers’ consumption share was first best, 7, = niZ = ~,;, then the

12With complete markets this would be a pecuniary externality without welfare effects. However, since
entrepreneurs use their bonds to self insure against uninsurable idiosyncratic risk, it has welfare implications.
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optimal labor tax would equal the inverse of the aggregate markup. However, in con-
trast to aggregate labor, the consumption distribution is distorted relative to the first best,
ni(x) # nfP(x), because of entrepreneurs’ precautionary saving. Without precautionary
saving the entrepreneurs’ consumption share would satisfy the first-best law of motion in
equation (29).'3 Since the planner cannot eliminate precautionary saving, he cannot imple-
ment the first-best consumption distribution, even though he can use transfers to control 7.
However, he can still implement the first-best labor allocation by undoing the income effect
on labor supply. This is what the second term in the uniform labor tax accomplishes.

Since the consumption distribution is central to our result, in Section 3.4 we study the
saturated-instrument planner problem when he can tax savings and control the consumption
distribution. A key result is that the labor tax formula is the same and the consumption

distribution is still not first best. In this sense, these results are robust.

It is Optimal to Tax Labor, not Subsidize. We can obtain sharper results about the optimal
labor tax in the long run and, with some assumptions, on the whole path. First, we can

manipulate the expression for the optimal uniform labor tax to obtain

1+ 7o = G X Yt (36)
where
12
¢ = Wbt (37)
Cwt

is defined to be total labor income, wf; = w.¢; + T}, relative to worker’s consumption c,.'

Assume that in the long run the distribution 7;(x) converges to some stationary distri-
bution n*(z). This coincides with the long-run distribution of the competitive equilibrium

and requires p. > p,. This implies m; = w(n;) — 7, wi(n) = w* , Ny — 05, and § — ¢*.

13Use entrepreneurs’ Euler equations with the o2, term eliminated in the drift and aggregate.

MReplace Tlm = ’g—: and multiply above and below by ¢; and use ¢yt = Zilinwt-
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Since p. > pu, the optimal tax converges to

1 1

or equivalently,

The Optimal Long-run Labor Tax is Positive

Using the separation result that consumption shares and markups are independent of
the labor tax, (* is independent of planner control. Entrepreneur wealth must be positive,
n: > 0, so by market clearing n;, < 0, and thus the budget constraint of the worker implies
c;, < w*f*. In the long run, since entrepreneurs have accumulated positive wealth, their
consumption is larger than their profits. Since aggregate consumption equals aggregate
profits plus total labor income (including transfers), workers must therefore consume less
than their total labor income. Thus, we obtain a key result: In the long run, the optimal
labor tax is positive.!

We can further characterize the optimal path of the tax when the initial distribution

starts at the steady state ny = n*. This is the optimal tax if the economy started at steady

state and the planner could not redistribute at time zero. The optimal tax simplifies to
L+ 7 = (14 77) X Yur- (40)

When the Planner does not value entrepreneurs’ welfare (f‘e — 0), we have 7,; — 1 and
therefore 7y = 7, > 0 for all £. When fe > 0, the optimal tax 74 is increasing over time. As
long as the planner does not care too much about entrepreneurs, if I, < T, X [, then it is

optimal to impose a tax along the entire transition path, i.e.; 7y > 0 for all time.

15These insights carry over when p, = p,,. Even though there is no stationary wealth distribution, in the
long run workers’ consumption share is still less than their Pareto weight and it is still optimal to tax, not
subsidize, labor (see Appendix F).
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Quantitative Exploration of Welfare Gains. In the p. > p,, case with a stationary wealth
distribution in the competitive equilibrium, we can use our sufficient statistic long-run results
to compute the welfare gains across steady states of different tax policies relative to the zero-
tax competitive equilibrium. It is useful to rewrite steady-state labor supply induced by tax

7, using equation (31) as

»
. 1477\ ™
- < - f) | (41)

recalling that ¢*, long-run total labor income divided by workers’ consumption, is invariant
to the labor tax. In the long run, the only term in the planner’s objective that is affected by
the labor tax is the first term, so we can compute welfare differences across labor tax rates

by isolating the effect on the first term:

) =gt — o (6)'F
Y . . ¢
——m <log[1—|—7’e]—log§ +1+Tj)’ (42)

We let Av(1)) be the consumption equivalent welfare gain of tax 7, defined as the pro-
portional increase in consumption in the zero-tax equilibrium that would make the worker

indifferent. Then,

log [1 4+ Auv(r;)] = v(7;) — v(0)

___ v q_ e T
= 1+w<log[1+n] gl"‘Ték). (43)

While the reader can input their preferred estimates for these objects, we will report a range
of welfare losses associated with benchmark values. We assume either a 20% or 30% average
markup, consistent with the range reported in Edmond, Midrigan, and Xu (2023). We
consider a Frisch elasticity of 1 or 3 consistent with common values in the macroeconomics
literature. For the fraction of labor income that workers consume, we are not aware of a good
dataset that allows classification of individuals into workers vs. entrepreneurs and measures

their consumption and income. Thus, we explore results for a range of values: ¢, = 0.85w/,
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Cw = 0.9wl, ¢, = 0.95w/.
We first consider the optimal tax 1 + 7,7 = (¥, which yields first best labor. The welfare
gain is

Y
1+

log [1 + Av(¢")] = (log ¢* = (¢" = 1)), (44)

which does not depend on the markup. Across all values considered, welfare gains range
from 0.07% to 1.05%.

In contrast, we compute the welfare change a planner would achieve if he set the labor
tax to exactly undo the markup, as would be done by a planner in this economy with the

mistaken belief that markups reflect market power. The welfare change is

log {1 + Av ( )} = 4 (—log[l+ 7"+ (1) (45)

1+ 7 _m

Across all values considered, the welfare gain is negative and ranges from -6.57% to -1.40%.
The largest welfare gain from the optimal policy is less than the smallest welfare cost of the
market-power subsidy policy. In this sense, the welfare loss caused by setting a tax to undo
the markup is large and it may be better to refrain from intervention than to tax at the
wrong rate.

We can also compute welfare gains along the transition path, but this requires setting
values for all parameters of the model (see Appendix H.3). According to a benchmark
calibration, the welfare gain from implementing the dynamic optimal policy is 0.092%, the
steady-state to steady-state welfare gain is 0.117%, and the welfare gain along the transition

of implementing a constant tax equal to the long-run optimal value is 0.087%. In this sense,

the long-run results are a good guide to welfare along the transition.

Summary of Baseline Results. We can now make a straightforward comparison between the
risk markup and market-power perspectives. A central tenet in the market-power perspective
is that market power leads to underproduction, and should be corrected with subsidies to

undo the effect of the markup (see Baqaee and Farhi (2020) and Edmond, Midrigan, and
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Xu (2023)). In contrast, when markups are compensation for risk, there is overproduction
in the long run, which should be corrected with taxes. The planner wants to implement the
first-best level of employment, just as in the market-power case. Risk markups are pushing
labor demand down and the planner needs a subsidy to counteract them. This is just as
in the market power perspective, but for completely different reasons. However, that is not
the planner’s only concern. Due to entrepreneurs’ precautionary saving, the consumption
distribution is distorted relative to the first best, which induces an income effect on workers
that the planner needs to counteract. In the long run, workers’ consumption share is below
the first best so the income effect drives excess labor supply and the planner needs a tax to
offset it. A key insight of this paper is that the single feature of uninsurable idiosyncratic
risk produces not only markups but also distortions in saving behavior.

In short, although risk markups are compensation for risk, they are nonetheless socially
inefficient. Furthermore, the risk markup perspective highlights the centrality of the con-
sumption distribution in determining efficiency in the face of measured markups. A back-of-
the-envelope welfare calculation suggests the welfare gain from the optimal tax is modest,

while the welfare cost of a subsidy that offsets markups is large.

3.4 Saturated-Instrument Planner Case

In the baseline, the optimal tax depends on the consumption distribution, which is distorted
from first best by entrepreneurs’ precautionary saving. If precautionary saving is inefficient,
why doesn’t the planner use entrepreneur-specific taxes on savings to undo it? How would
access to savings taxes affect the optimal use of the labor tax? In this section we give the
planner the ability to use such taxes to control the consumption distribution. We show that
precautionary saving is inefficient, but it is not efficient to set consumption shares to first
best. Furthermore, the labor tax formula is unchanged with a component that captures the
deviation in consumption shares from first best. Thus, the baseline results are robust. The

saturated planner problem also allows us to better understand the source of inefficiency and
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how the planner would use targeted taxes to reduce misallocation.
The planner can use labor and savings taxes conditional on the entrepreneurs’ state z;,

in addition to lump-sum transfers at time zero. The entrepreneur’s budget constraint is
dng = (nary — cip + Cig(zie — Wi(1 + T (230))) dt — nidThie + LiyOiry i d By, (46)

and the natural borrowing limit is n; > 0. The tax on labor 74 (z) can depend on the type

x. There is also a tax on savings,
dTmt = Tnt(l’it>dt -+ Ont ('rzt)dBmt (47)

The tax on savings can be contingent on the realization of the B,;; shock through the o, (x;)
term. This corresponds to forcing entrepreneurs to trade Arrow securities contingent on B,
(equivalently taxing or subsidizing those Arrow securities). Such Arrow securities are avail-
able in the competitive equilibrium, but entrepreneurs are uninterested in dynamically hedg-
ing this risk because of log preferences. We are allowing the planner to force entrepreneurs
to dynamically hedge. For simplicity, all rebates are given to workers (this is without loss of
generality, since the planner has lump-sum transfers).

With these expanded instruments the planner can control the consumption distribution
n(x) and the share of aggregate employment by entrepreneurs of type x, {(z). He can

therefore directly control TFP,

Z, = / 2(2)0y(x)dz, (48)
but he faces the following constraint arising from incomplete risk sharing,

gu(z) = %&(@. (49)

When the planner makes entrepreneurs hire more labor, he must expose them to more risk.
Incomplete risk sharing creates dispersion in consumption across entrepreneurs, so the last
term in the planner’s objective function (24) cannot be set to zero. Within entrepreneurs

of current type z, consumption and labor will be dispersed due to their previous history of
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By and B, shocks. While the planner cannot eliminate the dispersion due to B,;; shocks
(i.e., he can’t complete markets), he can and will eliminate the dispersion arising from B,
shocks.

We can rewrite the last term in the planner’s objective function (24) to obtain

laRor TEP
" o 1418 oo -
/O (Dot + Tet) log £y — Fwtmdt + /0 (Tt + Tot) log Z,dt (50)
+ /OO Lt log Nt + e (/p(x) log 77t<x)d:z:) dt — /oo Fetil </p(x)a§t(x)dx) dt .
0 p(z) o Jo Pe 2 J
workers vs. ‘e,ntrepreneurs entrepre:rrleur risk

The planner’s problem is to choose aggregate employment ¢;, the consumption distribution
n:(x), and allocate labor to entrepreneur types ét(x), subject to aggregate TFP (48), incom-
plete risk sharing (49), and resource constraints [ f,(z)dz = 1 and 7, = 1 — [ n,(z)dz. See

Appendix E for details.

3.4.1 Optimal allocation

Aggregate employment ¢, appears separately in the planner’s objective function and does not
enter constraints. The planner therefore chooses the first-best level of aggregate employment,
0y = (F'B. The distribution of labor is given by,

i) = [z(:v) <%t + e (1 4 iazt)> - Zt] ' - ((b(x)ijz;(;)? G

nt(z)

The planner allocates more labor to entrepreneurs who are more productive, have less unin-

surable risk, and are wealthier.
The planner deviates from the first-best consumption distribution in equation (27) to

improve risk sharing,

miz) e (1 + p—leaft(ﬂf)> | 52)

p(l’) Ywt + Vet (1 + p_leo-gt>
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where

o = / pla)o2 (2)de (53)

is the average consumption risk. Effectively, entrepreneurs’ Pareto weights are increased to

Vet ( 1+ p—leaft(x)) . The reason is that the planner understands that giving more consumption

(equivalently, wealth) to entrepreneurs of type x not only delivers utility directly, but also

improves their risk sharing. The aggregate consumption share of entrepreneurs is
Vet (1 + p—leff ,?t)

Ywt + Vet (1 + pieUgJ

Net = (54)

The consumption share of entrepreneurs is always above first best 1., > nfi? = 7., so the
consumption share of workers is always below first best.

In summary, due to the separation property the planner implements the first-best level
of employment, but he distorts the consumption and labor distributions relative to the first

best to improve risk sharing.

3.4.2 Optimal Labor Taxes

The same reasoning as in the baseline case with only a uniform labor tax yields the optimal

average labor tax, 1 + 74 := [(1+ o ()l (x)da,

The Optimal Average Labor Tax with Saturated Instruments

The aggregate markup is

~

Z _ / z(x) C(2)wy (1 + 7 ()
T @1+ (@) (x)dz Wi(1+ 70(2)) [0(x)w,(1 + 7 (x))dz

which can be measured directly at the aggregate level (aggregate TFP over aggregate after-

1+

dx, (56)

tax labor cost) or at the entrepreneur level (entrepreneur productivity over after-tax labor
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cost) and then aggregated with cost weighting.

The average optimal tax has the same formula as in the baseline uniform labor tax case.
In this sense the optimal labor tax is robust to richer policy instruments. The values of the
average markup and the consumption distribution depend on the policy instruments available
to the planner. Nevertheless, however the average markup and consumption distribution are
generated, the formula for the average labor tax is unchanged. Furthermore, because workers’

consumption share is always below their Pareto weight, the optimal gross labor tax is always

1
147 ”

larger than the inverse aggregate markup, 1+ 74 >
Comparing equilibrium conditions with the planner’s optimality conditions, we obtain an

expression for the cross-section of the labor tax,

0 = — i0'22$ ox(z)p(x)oy(x p(x)_
1+ 0)) = 2 = r-rhia) 4 ou(doa)oy(e) [l 1] 6D

e

The planner subsidizes entrepreneurs with high productivity, z(z), and those whose con-

sumption shares are larger than first best.

Understanding the Labor Inefficiency. The competitive equilibrium is still inefficient be-
cause of incomplete risk sharing. Now, in addition to controlling aggregate labor demand,
the planner can control TFP with type-specific labor taxes. In the baseline case raising
employment increased output and aggregate entrepreneur net worth, which they used to

self-insure. Increasing TFP has the same effect,

1
N = —thﬂh‘t- (58)

e

High-productivity entrepreneurs don’t internalize that when they all hire more labor they
increase TFP and therefore improve risk sharing for everyone. This is captured by the first
term in the cross-sectional optimal tax formula (57).

Both the average and cross-sectional labor tax depends on the deviation of the consump-
tion distribution from first best. When the planner only has access to a uniform labor tax, the

consumption distribution is not first-best due to the precautionary saving of entrepreneurs
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and the above logic holds. Even when the planner controls the consumption distribution,
he chooses not to set it to the first-best in order to improve risk sharing. In both cases, the
deviation of the consumption distribution from the first best distorts aggregate labor supply
through workers’ income effect. The planner undoes this effect using the labor tax. This is
captured in the % term in the uniform and average labor tax. The distorted consumption
distribution also distorts the allocation of labor across entrepreneurs, which causes misallo-
cation and lowers TFP. The planner counteracts misallocation using the second term in the
cross-sectional labor tax.

If the planner implemented the first best consumption distribution, n;(x) = nf"Z(x), these
terms would be absent. When the planner cannot control the consumption distribution,
these taxes are obviously needed. Furthermore, even when the consumption distribution is
controlled, the planner chooses not to implement the first best consumption distribution and

these labor taxes are needed. We now study optimal savings taxes to understand why.

3.4.3 Optimal Savings Taxes

Optimal savings taxes are

Tnt(x) — O_gt<x) o ﬁxt 77t(37)/p<x) M) (59)
77wt 7@t
9 [mz)/p(x) ﬂ]
r Nwt Yet
ont() = e e o)) (60)
Nwt Yet

where L,; = L£,+0; is the joint generator for (z,t). The first-term in equation (59) eliminates
the precautionary motive, o%(x). The second term in equation (59) and o,(z) in equation
(60) reflect that the planner deviates from the first-best consumption distribution to improve

risk sharing. If n;(z) = nf'?(x) they would both be zero. See Appendix E for details.

Understanding the Consumption Distribution Inefficiency. The consumption distribution,
N, in the competitive equilibrium is inefficient because incomplete risk sharing induces pre-

cautionary saving. When entrepreneurs hire labor they face risk, so why shouldn’t they
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save to self-insure? Social optimality requires the marginal cost of delivering utility to en-
trepreneurs to be a martingale. In standard settings, the marginal cost is the inverse marginal
utility of consumption, and this yields the inverse Euler equation as an optimality condition.
With complete markets, the Euler equation and the inverse Euler equation coincide. With
incomplete markets, however, precautionary saving creates a wedge between the Euler and
inverse Euler equations. In the case with only uniform labor taxes, it is no surprise that
the consumption distribution is not first best. Here, when the consumption distribution is
controlled, why isn’t it optimal to implement the first-best?

By itself, the first term in the optimal saving tax 7,,(x) eliminates the precautionary
saving motive and would implement the inverse Euler equation and first-best consumption
distribution. In our setting, however, there is an extra twist. The marginal cost of delivering
utility to entrepreneurs is not the inverse marginal utility of consumption, ¢;. Giving more
consumption (equivalently wealth) to entrepreneurs also improves insurance, so the marginal
cost of utility is ¢y (1 + PL&O_Ei(ZEit)) *1. This is why the planner deviates from the first-best
consumption allocation in equation (52), as if the Pareto weight was v (1 + iaft(xit))
This is implemented by the second term in equation (59) and by equation (60).16

The main takeaway is that, whether the planner controls the consumption distribution or
not, incomplete risk sharing leads to a consumption distribution that deviates from first best.
How the consumption distribution deviates from first best depends on the instruments the
planner has, which ultimately has knock-on effects for the labor taxes needed to implement

first-best aggregate labor.

4 Conclusion

We study optimal policy when markups reflect compensation for risk instead of market

power. In support of this view, Boar, Gorea, and Midrigan (2025) provide evidence that

161f o2, (2;;) were constant, the planner would implement the inverse Euler equation. In our setting, along
the transition path and due to time varying types, x;:, the inverse Euler equation is modified.
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profits largely reflect compensation for risk, with a limited contribution from market power or
collateral constraints. In this paper we entertain this possibility. While the study of optimal
policy in the market-power setting is mature, we know little about policies that maximize
welfare in the risk-markup environment. We show that the risk perspective on optimal policy
is starkly different from the market-power perspective and that these differences can have
large welfare implications.

Even though risk markups correctly capture the private cost of risk, they are socially
inefficient due to a risk-sharing externality. This calls for a subsidy to undo markups, just as
in the market-power setting. However, this is not the planner’s only concern. Entrepreneurs
have a precautionary saving motive to self-insure against risk, which is also socially inefficient.
Relatively impoverished workers’ consumption share is too small and thus they oversupply
labor due to an income effect.

In the long run, the income effect on labor supply dominates the inefficient aggregate
markup and the optimal policy is a tax to reduce output, in sharp contrast to the common
wisdom derived from the market-power perspective. Using a sufficient statistic representation
of the optimal tax, we show that if measured markups are risk markups, there are modest
welfare gains from implementing the optimal tax and large welfare losses from implementing

a subsidy that offsets the aggregate markup.
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A Entrepreneur Optimality

The entrepreneurs’ problem is to chose adapted processes (¢; > 0,¢; > 0) to maximize utility
Ule:) = E [ / et log citdt} (A1)
0
subject to the dynamic budget constraint
dnie = (renge — it + (230 — wy) )dt + i 0yirGird Byt (A.2)

with initial bonds n;, given and the natural borrowing limit n; > 0.
Any plan (¢;, ¢;) satisfying the dynamic budget constraint satisfies the intertemporal

budget constraint

E [/0 fitcitdt} < nyo, (A.3)

where &;; is the solution to

(Zit - wt)+
———dB,;, A4
¢it0yz‘t vt ( )

with &y = 1. To see this, use [t0’s lemma to compute

d€it /& = —redt —

it — wg) T )t
d(&init) = Eie(renie — cip + i (2ie — wi) — Teng — Mﬁz‘t@t%it)dt + &t (&t@f?it%z‘t - Wﬂzt) dBy;t,
¢it0yit ¢it0yit
)t
= fit(—Cit + Ly ((Zzt - wt) - (Zit - wt)Jr))dt + &t (&t@'t%it - W”it) dByit' (A'5)
itOyi
Integrate and take expectations to obtain
Tj
E [firjnirj} = &ionio + E {/ Eir(—cit + it ((Zzt —wy) — (2zi — 'wt)+))dt:| ; (A.6)
0

where {7,} is an increasing sequence of stopping times with lim;_,., 7; = oo a.s., such that

foTj Eit <€it¢it0'yz’t — (ZZ;U“;;)Jrn“) dB,;; is a martingale. Reorganizing we get

E [/ &t(Cz‘t — Ly ((Zzt - wt) - (Zit - wt>+))dt +E [ﬁrjnm} = &ioMio- (A-7)
0
Notice that & (cy — li ((zie — wy) — (zi — wy)T)) > ey > 0. Take limits as j — 0o using

the monotone convergence theorem and recall {;n;; > 0 for any plan that satisfies the natural
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borrowing constraint. We obtain

E [/Ooo fitcitdt} < Nyp- (A.8)

We will therefore consider a relaxed problem: choose consumption ¢; to maximize utility
U(c;) subject to the intertemporal budget constraint (A.3) and then later check that the

proposed solution satisfies the dynamic budget constraint. We have a first-order condition
e Plet = N, (A.9)
where the value of A > 0 ensures the constraint holds with equality:

E {/ gitcitdt:| =EK {/ G_pet)\_ldt} = ! = Njp, (A.10)
0 0 Pe

11
= A=——
Pe 140

(A.11)

These conditions are sufficient for optimality of the relaxed problem. To see this, consider
any alternative plan ¢; satisfying the intertemporal budget constraint. Use the gradient

inequality for concave functions to note that log¢;; < logc;; + ci’tl(éit — ¢y). Then,

U()=E { /0 N e "' log ¢ dt] (A.12)
<E { /0 e (log cit + ¢ (€ — cir) dt] (A.13)
=U(c)+E { /0 h At (G — c,-t)dt} <U(e). (A.14)

The final inequality holds because E [ fooo fitéit} < n,o since ¢ satisfies the intertemporal
budget constraint in equation (A.3) while E [ fooo fitcit] = n,o by construction.
We now want to derive the stochastic processes that these sufficient conditions imply.

From the first-order condition (A.9), we obtain that ¢;; > 0 is an It process,

dei/cit = peidt + 0citdBys. (A.15)
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Using [t0’s lemma we obtain

d(e?tc;t) = d(M\&y) (A.16)
—pet —1 2 —pet . —1 _ (Zit - wt)+
€ "Cy (—Pe — Heit + Jcit) dt — e "¢ 0edByyy = —ANipredt — /\fitTdByit‘
it yit
(A.17)
Matching terms we get the Euler equation and the first-order condition for labor,
,ucit =Tt — pe + a?it? (A18)
)t
Ocit = (e — o) (A.19)
¢z‘t0yz‘t

And any plan ¢; > 0 satisfying these conditions and c;y = A™! = p.nyo satisfies FOC (A.9)
and the intertemporal budget constraint with equality and is therefore optimal in the relaxed
problem.

It only remains to show that our candidate plan ¢; can indeed be implemented as part of
a plan (¢, ¢;) that satisfies the dynamic budget constraint. We set

O ¢itCit
by = ——2>0
¢it0yitpe

, (A.20)

We now define the process for bonds n; = ¢;;/p. > 0 which satisfies the initial condition by

construction. Using the optimality conditions we compute

dnit/nit = (Tt — Pe + Jgit) dt —+ Uc’itdByita (A21)
Lyt (Zit - wt)+ Uit
<7"t Cit/nit + nit(btayt Grur =+ nit¢tayt yit ( )
it it
=\ T — cit/nit + n_<ZZt — wt) dt + n_¢itayitdByit7 (A23)
it it

where the last step uses that ¢;; = 0 if z;; < w; by construction in equation (A.20).

Rearranging we obtain the dynamic budget constraint,

dnie = (e — it + i (zie — wy) )dt + Lirir0yird Byis. (A.24)
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Arrow Securities on B,;; Risk. We can allow entrepreneur to also trade Arrow securities

contingent on the realization of their B,;; shocks. Their dynamic budget constraint becomes
dnie = (1 — i + (20 — wy) )dt + £y 0yiGid Byis + 0aid Byt (A.25)

The main result is that the same (¢;, ;) as above are still optimal, and entrepreneurs don’t
trade the Arrow securities, oq; = 0.
The same reasoning as above shows that any plan must satisfy the intertemporal budget

constraint

E |:/ fitcitdt} S 150, (A26)
0

where the definition of &;; is unchanged. Since the optimal plan solves the relaxed problem,
it is unchanged by the introduction of Arrow securities, and can be implemented with o,;; =
0. Entrepreneurs do not wish to hedge the B,; risk that only affects their investment
opportunities. This is a feature of log preferences that yield myopic optimization, in addition
to the assumption that B,; and B,; are independent, so trading Arrow securities doesn’t help

the entrepreneur share uninsurable risk.

Taxes. Now we consider entrepreneurs’ problem when the planner introduces taxes on labor
and savings, (), T,(x;) and o,(x;), rebated to workers. In this case, entrepreneurs are

not allowed to trade Arrow securities to undo the effect of ,,;(z;). The budget constraint is

dniy = (M (re — T () — Cit + Cat (20 — We(1 + T (2i0)))) dt 4+ 1340 (it )dByi + Lisoydd By
(A.27)
Define

(2t — We(1 + 7o 23¢))

¢it0 yit

+
dgz‘t/fz‘t = —(Tt - Tnt(xit) - Uit(xit))dt - dByit - Unt(xit)deit~

(A.28)
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The same reasoning as above shows any plan satisfies the intertemporal budget constraint

0
The relaxed problem has necessary and sufficient condition
e Pelet = Nir, (A.30)

and A set so the intertemporal budget constraint hold with equality. This implies ¢; is an

Ito process

dcit/cit = ucitdt + UcitdByit + O'ZitdBl“it' (A31)

Peit = Tt — Tnt(Tit) — pe + Ugit, (A.32)

o = = DL ¥ Talz))T (A.33)
¢z’t0yit

et = On(Tit)- (A.34)

To implement it, we set ¢; according to (A.20) and n; = c¢;/pe and compute it’s law of

motion,
dnic/nie = (re — Tae(Ti) — pe + 023) dt + 0citdByiy + 0ne(2i1)dBait, (A.35)
4; Zit — Wi (1 + 7o (24 + 4;
= (7} — Tnt(Tit) — it /Mt + i¢itayit( ¢ at tu(Zit)) ) dt + i@tayitdByit + 0t (@it )dBuit,
Tt Pitoyit Nit

l; 5 /;
= <7"t — Tot(Tit) — Cie/nar + #(zit —w(1+ Tet(Zz't))) dt + #¢itayitdByit + 0t (2i¢)dByit.
; it

1t

Rearranging, we obtain the dynamic budget constraint.

B Worker Optimality

The worker’s problem is to choose a non-negative processes (cy,?) to maximize utility

Uw(cw, £) subject to the dynamic budget constraint

ANyt = (Nt — ot + Wily + 1) dt, (B.1)
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with initial bonds n, given and natural borrowing limit n,,;, > — ftoo e Je rudi (@ 0, + T} )ds.
Here w; is the after-tax wage that the worker receives, and we added the tax rebates T; that
are used by the planner. For the competitive equilibrium without taxes, simply set T, = 0
and Wy = wy.

This is a standard problem. First, for any plan (c,,¢) satisfying the dynamic budget

constraint and natural borrowing limit we satisfy the intertemporal budget constraint

/ e~ fg T“du(cwt — UN)tEt — ﬂ)dt < N~ (BQ)
0
To see this compute
d(e” Iy rultiy ) =€~ Jo ru (=Nuwtre + Nty — Cur + Wily + Ty) dt. (B.3)
Integrating we obtain
T .
/ e i TUdu(Cws - U~)5€5 - ,I;f)ds + e_ft TUduan = Nyo- (B4)
t

Use the natural borrowing limit to obtain
T S o0 o0
/ e~ Jorudue ds — / e Ji rudu (Wsls + Ty) ds < My, (B.5)
t t

and taking the limit 7" — oo we obtain the intertemporal budget constraint. We can there-
fore consider the relaxed problem of maximizing utility subject to the intertemporal budget
constraint.

The first-order conditions of the relaxed problem are

e Pete = Ne” Jo rudu (B.6)

w

e PtV = e~ Jo ruduqgs, sy 06" =l (B.7)

w

and A is set so the intertemporal budget constraint (B.2) holds with equality. These condi-
tions are also sufficient for optimality.

From (B.6), taking time-derivatives, we obtain the Euler equation
dewt/cwr = (e — pu)dt. (B.8)
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A plan (¢, 0) satisfying the first-order conditions (B.8) and (B.7) and the intertemporal
budget constraint with equality, achieves the optimum of the relaxed problem.
It remains to show this plan can be implemented with the dynamic budget constraint.

Set
_ > — [P rudu T .
nwt—/ et (Cws — Wsls — Ty)ds, (B.9)
t

which satisfies the initial condition by construction. Taking derivatives with respect to time,

we obtain the dynamic budget constraint
dnwt = (nwﬂ"t — Cwt + /lItht + E)dt (BlO)

Since ¢, > 0, the natural borrowing limit is automatically satisfied.

C Construction of the Competitive Equilibrium

The separation result allows us to compute an equilibrium in two steps. In step one, start
with a given distribution 79(x). Then, solve the KFE (21) forward to obtain the path of
n¢(x). Then use equations (18)—(20) to solve for the path of w;, Z;, and o.(x). At this point
we must verify that there exists a positive w, that solves equation (18) using 7; at all ¢.
Due to the separation result, step one does not involve aggregate output ¢;, aggregate
employment ¢;, or interest rates r;. In step two, we determine these by using the represen-
tative worker’s labor supply condition to solve for aggregate employment and the definition

of aggregate TFP to compute aggregate output

Cwt
(nwtztgt)_lwt = gi/d” (Cl)
Ct = Ztgt' (02)

Once we have the path of ¢/ and ¢ we can construct the rest of the equilibrium. Worker
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consumption is ¢, = My¢Ct, and their Euler equation determines the interest rate

T = pu + Cut, (C.3)

Cuwt
Finally, to determine each entrepreneur’s allocation, we start with 7;; consistent with the
distribution ng(x) and set ¢;o = mioco and oep = oo(xy;m). Entrepreneurs’ Euler equation
(11) determine their consumption c;. We set the bonds of each entrepreneur n;; = c¢;/pe
and the bonds of the worker to n, = — fol nidi = net%. Equation (13) determines /;;.

We need to show that the prices and allocations C = (¢, 4, ¢;, £;,r,w) we constructed
constitute a competitive equilibrium. To do so we need to show that allocations and prices
are in their permissible domain, that markets clear, and that agents are solving their problem
taking prices as given. To do so, we assume that wy, ¢;;, ¢ > 0, and limp_, e~ Jo rudiy o=

0.

C.1 Market Clearing

-1
wt

First, since wy, ¢, cuwr > 0, we have that £; = ac(xit,nt)p ¢‘"fitg - > 0and 4 = c
e@itOyi

Wy > 0.
Furthermore, by construction fol Nidi + Ny = 0.
To show that markets clear we can use that the KFE is derived from the Euler equations

of entrepreneurs and the worker, yielding that

Jisumay i y(a)

. C4
Cuwt Thot ( )
Integrating across « and using 7 = 1 — 1y and ¢y = (1 — 1ey) Zily, we obtain
1
. Cut
/ Cidi = Nep——— = Ney Ziky, (0-5)
0 1— et
and therefore
1
/ Citdi + Cyt = Ztgt- (C6)
0

Equations (18) and (19) then ensure that market clearing (equations 5 and 6) hold.
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C.2 Optimality

It remains to show that the allocations (¢;, ¢;) and (¢, £) satisfy the dynamic budget con-
straints, natural borrowing constraints, and are optimal given prices (r, w).

Since we constructed the entrepreneurs’ allocations (¢;, ¢;) to satisfy the first-order condi-
tions and ¢;o = penio, they satisfy budget constraints and are optimal (see Appendix A). The
allocation (c,,¢) satisfies the first order conditions for the worker. To show optimality, we
only need to show that it satisfies the worker’s intertemporal budget constraint with equality

(see Appendix B). We defined n,,; = — fol n;;di. We therefore have that

1
e ftT r“duan = —/ e ftT ’”udunitdi, (C?)
0
1 T . T .
- / (_nit +/ e_ft rudu(cis - (Zis - ws)gis)ds - / e_ft Tudugisgbito-yitdBiys) dl,
0 t t

1 1 T s 1 T s
- / _nztdZ + / / e ft Tudu(@s - (Zz's - ws)gzs)deZ - / / e_ft Tudu&sgbitayitdBiysdi
0 0 t 0 t

1 T
= (n’wt + / / e_fts r“du(CiS — (Zis - ws)gw)deZ) .
0 t

where the last term is eliminated imposing a law of large numbers.!” We can switch the

order of integration using Tonelli to obtain,

T 1 1 1
e ftT ruduan = Nyt + / e fts rydu (/ Cisdi — / zisﬁis + U}s/ Klsdl> dS. (08)
t 0 0 0

Use the resource constraints,
T T s
R R / e~ I (g + w,l)ds. (C.9)
t

—pwt.—1 —1
Use that e_ftT’"“d“an = (%) e‘foT’"“d“an and take the limit T — oo. Since
w0

. _ T
limg_yoo e Jo ™dun, 1 =0, then

/ e v (s — Wely)ds = Ny, (C.10)

t

as desired.

17This is implied by the LLN that we imposed when writing the goods resource constraint in equation (5)
because e~ J¢ "9 as a function of s is deterministic and continuous on [0,T7.
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C.3 Conclusion

Thus, initial bonds n,0 and n; and allocations and prices C = (¢, ¢, ¢;, {;, 7, w) are a Com-

petitive Equilibrium.

D Planner’s Problem with Uniform Labor Tax

Starting with ny and a path for ¢ from the Planner optimization problem, we can construct
the allocation following the same steps we used to construct the competitive equilibrium.
Now, however, we do not need to use the worker’s first-order condition for labor supply to
determine labor supply ¢;. Instead, we know ¢; and we need to find the labor tax 7; and the
initial bond distribution, n,o and n;), that implement the allocation. We set the labor tax
Ty according to equation (30) and the rebate is T; = 740¢;. Bond holdings are ny = ¢i/pe
and n,; = — fol ngdi. In equation (C.10), use that wil; = (1 + 74 )¢, = Wby + Ty, to obtain
the budget constraint of the worker. We only need to check that wy, ¢, ¢, are all positive,

rodu

and that limy_,., e~ o N = 0.

E Planner’s Problem with Saturated Instruments

E.1 Planner’s objective

Entrepreneurs’ optimality conditions are!®

dcit/cit = (Tt - Tnt(%t) — Pe + Uczt(%t))dt + Uct(ffz‘t)dByz‘t + Unt(%t)deit, (El)

Zip — Wi (1 + 70(2it)) < 0a(Ti) PisOyit, (E.2)

with equality if z; > w(1 4+ 74(x;)). As in the competitive equilibrium, ¢;; = pen;, and all

entrepreneurs with the same state x;; choose the same o.(z;;) and therefore the same labor

18Tn the Euler equation (E.1) there is no precautionary saving term for B, risk. The reason is that due to
the savings tax o,;(x;) savings are not risk-free for entrepreneurs. For workers r; is the return of a risk-free
asset, but for entrepreneurs it is the return of a risky asset.
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1

(relative to their net worth or consumption), ¢;;/c;; = Jct(xit)m.

The planner can control the consumption distribution 7;(x) and the share of aggregate

employment by entrepreneurs of type x, / (). He can therefore directly control TFP,

Zy = /z(az)&(m)dm, (E.3)
but he faces the following constraint arising from incomplete risk sharing,

ulx) = %&(@. (E.4)

When the planner makes entrepreneurs hire more labor, he must expose them to more risk.
Within entrepreneurs of current type x, consumption and labor will be dispersed due to their
previous history of B,;; and B,;; shocks. While he cannot eliminate the dispersion due to
Byt shocks (i.e., he can’t complete markets), it is optimal to eliminate the dispersion arising

from B,; shocks. To do this, he sets

1 (it) (/t L, )
it = ———— X €X Ocs\Tis dB is = 0.5\ Tis ds ). E.5
Nit p(xzt> p 0 ( ) Yy 2 ( ) ( )

An entrepreneurs’ consumption share is the average for entrepreneurs of his type x;, times
noise due to the previous history of uninsurable B,; risk. Taking time derivatives and match-
ing terms with the law of motion for 7; derived from the Euler equations, we obtain the

savings taxes that accomplish this,

(i) = a4a) = LM Do, (E.6)

0, [nt (=)/p(z) ywt

Nwt Yet ]
@ e 02 (E.7)
Nwt Yet

ont(x) =

We can therefore rewrite the last term in the planner’s objective function (24) as follows.

/000 Fe ( / (p(x) log 7;((;) - / log ngt(n,x)dn) d:)s) dt. (E.8)

Use logn;; = log % + f; OesdByis — 0% ds. The first term, p(z) log Zt(%), cancels out. We

Start with

are left with the expectation of f(f 0cesdByis — 302,ds. Use a law of large numbers to eliminate
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the stochastic integral. Then switch the order of integration:

o0 t 1 (o) 1 1 )
Lo [ =0 dsdt = ['ey——o7,dt. (E.9)
0 0 2 0 2 pe

The advantage of this expression is that o.; is the same for all agents with the same z;;. So

integrating conditional on x first, we obtain the expression for the last term,

/OOO Feti% (/P(fﬂ)aft(:v)dx) dt. (E.10)

Replacing this in the planner’s objective we obtain,

labor TFP
1+1/1b

/ (Fwt + Fet) IOg ft
0

—i-/ooo Tt 10g Nt + Dot (/ (x)lo (( )) ) dt—/ooo Fetple; (/p(x)a?t(x)dx) dt.

Vv
workers vs. entrepreneurs entrepreneur risk

/ wt + Fet IOg tht (Ell)

E.2 Optimal allocation

Aggregate employment ¢; appears separately in the planner’s objective function and does not

enter constraints. The planner therefore chooses the first-best level of employment, ¢, = ¢£'5.
The FOC for n;(x) is
p(z) 1 1 5, \p)
e — Y + Vet —0 (T = 0. E.12
tht(x) gt t1 py the f )nt($) ( )
After some algebra we obtain
1 2
nt<x> _ Vet (1 + peact(x)) (E 13)

p(:c) Yot T Vet (1 + i02t>

where

7= [ )o@y (E.14)

is the average uninsurable idiosyncratic risk.
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The FOC 4,(x) is

— <\, E.15
Zt ’Ytpeo-ct t ( )

i) e 40t
with equality if £,(z) > 0. The first term captures the effect of higher /(z) on aggregate TFP,
while the second term captures the cost of exposing entrepreneurs of type x to more risk.
The third term captures the effect of aggregate TFP on risk sharing. For given aggregate
employment ¢;, higher TFP raises aggregate output and therefore reduces all entrepreneurs’
exposure to risk. Multiply throughout by @(3:) so it’s an equality for all x, and integrate

across z, to obtain A, = 1. We can solve for f;(x),
A 1 + Ztnt(x)
00) = [o0) (b2 (14 22 ) - 2] . ®w
Pe Pe (¢(x)0y (I))2 Vet 7:;1((1))

E.3 Implementation

Tax on Labor. The derivation of the average labor tax is in the main body of the paper.
Here we study how the labor tax depends on the entrepreneurs’ type. In the competitive

equilibrium the equilibrium condition for entrepreneurs who produce (¢(z) > 0) is

2(x) — oc(x)oy(2)p(x) = wi(1 + 70 (). (E.17)

The condition in the planner’s allocation is

(@) (ot 0T (14 -02) ) =~ ouo@lo e B0 = 2 (@19

We can then back out the cross-section of the optimal tax by subtracting one from the other

and rearranging terms,

— = — l0'2251' T\ T Xr)o,\ T p(m) —
WL+ ule)) = 2= = oele) + 020D (o) D 1] (B9

Tax on Savings. The tax on savings is already derived in (E.6) and (E.7).
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F Case with p. = p,

For part of Section 3.3 we assumed p, > p,,. This is done to obtain a non-degenerate station-
ary wealth distribution in the competitive equilibrium, avoiding entrepreneurs’ precautionary

saving leading them to accumulate all the wealth. But our results are robust to the case

2
cit

with p. = p,. In this case, entrepreneurs’ precautionary saving motive o-,—which is always
bounded away from zero for the positive measure of entrepreneurs who produce—makes
their expected consumption growth larger than workers’ consumption growth (compare Eu-
ler equations (9) and (11)).' This means when p. = p,, in the long run entrepreneurs
accumulate all the wealth, i.e., ng — 1.

The expressions for finite ¢ in the main body of the paper are still valid. The only results

that are affected are those pertaining to the long run. Although their precise statement must

be adjusted, the spirit remains the same.

Workers’ Consumption Share is Less than their Pareto Weight in the Long Run. In
the baseline case with p. > p,,, entrepreneurs’ Pareto weight v.; — 0 while their share of
consumption does not because of their precautionary saving. When p. = p,,, entrepreneurs’
Pareto weights are constant and less than 1, 7. = e € (0,1). Just as in the p. > p,, case,
entrepreneurs precautionary saving makes 1., — 1, larger than their Pareto weight in the

long run.

In the Long Run the Optimal Labor Tax is Positive (Not a Subsidy). In Section 3.3
we derive equation (39) for the optimal tax in the long run, under the assumption that 7,
converges to a non-degenerate stationary distribution. A key result is that, in the long run,

the planner uses a tax on labor,

147 = —>1, (F.1)

Cw

197f w = z then the left hand side of equation (18) would be zero, which means w must be bounded away
below z. Equation (20) shows . is thus bounded away from zero for all z;; > w.
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in contrast to the typical optimal subsidy in the monopolistic competition markup literature.
This result is still true if p. = p,, and in a more extreme form. First, the general expression

for the optimal tax (not just in the long run) is

1 Ywt
147 = —. F.2
Tl T Nt (:2)
Use 1 + m = Zy/w, and 0y = cui/(Zily) to write,
wl
L+ 714 = %’th- (F.3)
wt

When p. > py,, the term v, — 1. If (wily)/cyy converges, it must be to something larger
than one. In the long run, workers have positive debt so their consumption must be less than
their labor income (the tax on labor and the lump-sum transfers cancel out). From this we
get get the result that , — 7 > 0.

When p, = py, the term s = Yo € (0, 1) for all ¢. The planner always sets labor to the
first-best level and aggregate TFP is bounded above and is bounded below away from 0, so

is output. Since 7., — 1, then n.; is bounded away from 0, and ¢,; — 0. By bond market

*

clearing, n;,

= —n; < 0, bounded away from zero, so workers natural borrowing limit must
be strictly positive and bounded away from zero. If w; — 0, then the natural borrowing
constraint would be zero (because ¢¥'B is finite), which cannot be. Therefore (wif;)/c,t — 00.
This yields 7+ — 0o0. In the long run, the optimal labor tax is not only positive (a tax), it

becomes unboundedly large. As workers become immiserated, the income effect raises labor

supply, and an extreme tax is necessary to implement the finite first-best employment.

G Derivation of KFE for 7,(z)

We explicitly derive the KFE that characterizes the distribution of consumption shares under

the assumptions we make in Appendix H, so that productivity follows the process

dzit = b, (zir) dt + 0, (2i1) dBit
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where B.,; is a Brownian motion.

G.1 Derive process for 7;;

We need to keep track of (z;,7;) where 1;; = ¢;;/c;. We need to compute the growth rate of

aggregate consumption ¢;:

Cuwtfhewt + / Citfleitdl = [LetCy

Nwt fbewt + /nt(z)ﬂct(Z)dZ = [t

(using the fact that growth rates depend only on z type).

Now use the Euler equations to rewrite this as

Nt (Tt — Pw) + /TIt(Z> (re = pe + 0et(2)?) dz = py

Nt +/m(2)dz Ty — (nwtpw+pe/77t(z)d2> +/7]t(2)0'ct(2)2d2 = flet

J

v v~

=1 =pt

fhet =T¢ — Pt + /Wt(z)gct(2)2d2’-

So now we can compute the law of motion of n; = c;/cy:

Ci C;
d(cit/ct) = (C_tt) (,ucit - ,uct) dt + (C_tt) UcitdByit
_ [ Gt = 2 2
dteefe) = (L) (p ot 0 = [miloatera: ) a

t

~~
“77 (th)

+ (%> Uct(z)dByita

Cy

or, more compactly,

dny = nit,un(za t)dt + 77it0ct(2)d3yit-
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G.2 Derive KFE

Let D(n, z,t) be the joint distribution of n, z. D(n, z,t) is the measure of entrepreneurs with

z; = z and n; = 7. This distribution has a convenient mapping into n(z,t) as
nz.t) = [ Dozt
Let X = (z;,m:)
112(2) 0.(2) 0 dB

fin (2, 1)1 0 oclzm)n | | dBy

To simplify the notation, we can write more generally

2z 0,1(z 0,9(% dB,
P IC N B SO RO :
Mn('z? t)TI Oc1 <Z> 75)77 0-02(27 t)’l] dByt

We derive the KFE for D(n, z,t), starting from the first order terms*

0D(n, z,t) = — % (- (2)D(n, z,t)] — (% [ (2, 6)nD(n, 2,t)] + 2nd order terms

= - [M;(Z)D(nv 2, t) + Nz(Z)D;(% <, t)]
— [y(2)D(n, 2, t) + pn(2)n D} (1, z,t)] + 2nd order terms.

Now, we define the second order terms. The variance covariance matrix is

/!

A 0.1(2) 0.2(2) 0.1(2) 0.2(2)
oa(z,t)n oex(z,t)n oa(z,t)n oz, t)n
A 02(2) + 0%(2) N0:1(2)0c1(2) + 1022(2)02(2)
n0.1(2)0e1(2) +1022(2)0c2(2) o (2)n® + o (2)n?
2 1 02 0?
2nd order terms = 5@[A11D(77, z,t)] + 58_7)2[A22D(77’ z,t)] + a—nz[AlgD(n, z,t)].

20Since dn;t/nie = deit/cis, we have dn; = penidt + o.n;dBy.
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Further evaluating the matrix by elements, the first term is:

S AnD0, 2, 0] = L (0%(2) + %) Dl 2, 0)
= %g[ 2(021(2)07,(2) + 022(2)0%2(2)) D(n, 2, 1) + (07,(2) + 0%(2)) D= (n, 2, 1)]

;[(Uzl(Z)a’ (2) + 0:2(2)07%,(2)) D(n, 2, 1)]

n ; é?z[( 1(2) + 0%(2)Da (1, 2, 1)

(Z ol (2)? + 0.5(2)0%; (= )) (n,z,t)] <Z 0.i(z ) D.(n, z,t)]

+ [(Z azj<z>a;j<z>> D (1.8 + 5(0(2) + 0%(2) s, 2.)

(Z 0l (2)? + 0.5(2)0%; (2 )) (n, 2, )] + 2 (Z 0.i(z ) D.(n,z,t)]

+51(0%1(2) + 0%5(2)) D2z (n, 2, 1))

The second term is:

5 oD, 2,0 =3 (0% (I + oA () D )

~(03(2) + 0421 3 21D (0, 2.8) + 17Dy 12,0

a%WDm,z,m}

DN | —

(0% (2) + 0%(2) %[wm, 0]+

:<0-21(Z> + 0-22(2)) [D(Th Z’t) + 77Dn(777 Z7t>} + nDn(Tlv Z7t) + %[772D7777(777 Z7t)]:|

~(A(2) + 042 |00+ 200, 0,00 + Do)
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The third term is:

oz D020 = 52 (174210 2) + naleJoa()) Dl 2. 0)
P

+ > [0:4(2)0¢;(2))nDye (1, 2, 1))

Combining all first and second order terms yields

8D<77>Z7t) = - [Mlz(z)D(Ua%t) + ,UZ(Z)D,z(na Zat)] - [Mn(z)DO%zat) + Mn(z)nD;(nv Z>t)]

+<Zg () —|—o’ () ()) 'r;zt +2<ZO’ >Dz(77727t>

J

[(0%(2) + 0%5(2)) D22 (1, 2, )]

N |

+

oA () + 0% (2)) [[Dm, 21) + 20D, (0, 2, + S0P Dol m}

2
+Z [025(2)0ei(2) + 025(2)s(2)] D, 2,1) + Z D.(n, z,1)]
+ Z [02;(2)0¢j(2) + 025(2)00;(2)] nDy(n, 2,1) + Z 2)nDy: (1, 2, 1)]
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To obtain 7(z,t), use that
n(z,1) Z/nD(nazyt)dn
om(z,t) = /naD(n,z,t)dn
n:(2:1) Z/nDz(n,z,t)dn

N.2(2,t) = /nDzz(n,z,t)dn.

Then,

on(z,t) = — [pL(2)n(2, 1) + pa(2)1.(n, 2, )] — [un(Z)n(Z’t) + py(2) /nQD;(n, z,t)dnl

(Z Uzg + UZ] 0-;,] (Z ) (Z O-ZJ ) nz('z’ t)

[(021(2) + 02 (2) )z (n, 2,1)]

N | —

+

HOA() + 04060 [n(e10) +2 [ D000+ 51 [ 1Dyt ]

2

+Z 0L;(2)0ei(2) + 025(2) oty ()] 0z, 1) + Y [025(2)oes ()l (2, 1)]

J=1

+Z ()0 (2) + 0221ty (2] [ n?Dn<n,z,t>dn+fj[azj<z>acj<z>> / n2Dm<n,z,t>dn]

=1
Conjecture that 72D(z,n,t)|s = lim,1 n2D(z,1,t) — lim, o7 D(z,7,t) = 0 — 0 = 0. Then,

using integration by parts,

1 1
1
/ n°Dy(z,n,t)dn = n*D(z,n,t)|, — 2/ nD(z,m,t)dn = —2n(2,1).
0 0
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Substitute this into the KFE to obtain

on(z,t) = — [1.(2)n(2,t) + pa(2)nL(n, 2,8)] = [ (2)n(2, ) + py(2)(=20(2, 1))]
(Zazj 2+ o0,(z oli(z ) z,t) +2 (Zazj ) n.(z,t)

[(021(2) + 02 ()2 (1, 2,1)]

DO | —

+

HoA () + o5(2) [[n<z,t> 2200+ [ D 1))

2 [0(2)06(2) + 045(2); Z 044(2) e (21 (2, )]
2 [04(2)oe(2) + 02(2)ols ()] (= 2n(z 1) + 3 [azxz)acj(z)) [ Duetn t)dn] .

Conjecture that 7°D,(z,7, )\ = lim, 1 °Dy(2,m,t) — lim, 0 n*D,(z,n,t) = 0 — 0 = 0.

Then, using integration by parts,

1 1
1
/ 1’ Doy (0, 2, t)dn = 0Dy (2, n, 1), — 3/ 1°Dy(n, 2, t)dn = 61z, t).
0

0

Again, substitute this into the KFE to obtain

on(z,t) = = [ (2)n(z,t) + p=(2)n.(n, 2, 1)) = [ (2)0(2, ) + 1y (2)(=21(z,1))]

(Z oli(z 2+ o0,(z oli(z ) 2, t)+2 (Z 0.i(% ) n.(z,t)

45103 () + ()l 2, 1)

HOA () + 05(20) | [0(e10) + 20200 0)] + 00(.0)]

+ Z [U,/zj(z)o-cj(z) + O-zj<z)o-;j<z)} 77(27 t) + Z [O-Zj(z)o-cj(z)n;(za t)]

+3 (04,200 (2) + 022104 )] (20600 + 3 |G [ 02Dl z,0)n).
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A similar argument can be applied to obtain

1
/ 0° Dy (n, 2, t)dn = —2n.(z, 1),
0

which implies that

on(z,t) = — [ (2)n(z,t) + p(2)n(n, 2, )] = [ (2)0(2, 1) + pn(2)(=21(2,1))]
(Z oli(z )2+ 0.2 oli(z ) z,t) + 2 (Z 0% > n.(z,t)

+5(0%(2) + 0% (). (0, 2, 1))

N | —

A () + () [w, )+ 2(~2n(= )] + [6n<z,t>J]

+Z 0L;(2)0ei(2) + 025(2) oty ()] 0z, 1) + Y [025(2)oes ()2, 1))

+ Z z] 2)oi(2) + 045(2)o,, 3(2)} (=2n(z,) + Z [02j(2) 0 (2)) (=212 (2, 1))] -

Grouping terms and using 0.1 (z) = 0.2(2) = 0 yields j
Oz, t) = n(z,t) [—ph(2) + my(2) + (0L(2)* + 02(2)0%(2))]
+1.(2,1) [ ps(2) 4 20:(2)0%(2)]
Faln ) 0

where yi,(z,t) is determined in equilibrium and is given by:

() = = g+ 0ul2) = [ maoa(od
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Parameter  Description Value | Moment Value
p Workers” discount factor 0.035 | Interest rate 3.5%
Pe Entrepreneurs’ discount factor ~ 0.170 | Wealth/Output 1.5
0 Mean reversion of z; 0.30 Autocorrelation of z; 0.92
Olog » Std. deviation of B, 0.04 Std. dev. of z;; shocks 0.04
oy Std. deviation of B, 0.47 Average markup 0.25
P Frisch Elasticity 1
) Exposure to idiosyncratic risk 1

Table H.1: Targeted Moments and Parameter Values

H Numerical Example

H.1 Calibration

In order to solve the model numerically, we impose more structure on the stochastic process
for x;;, where realizations of x;; are realizations of firms’ productivity. The law of motions

of entrepreneurs’ net worth is characterized by
dng = (ring — cit + (2 — wy) L) dt + (o) Lip2id By

dlog ziy = 6 (log Z — log 2;1) dt + 0105 ,d B
where By;; and B.; are two Brownian motions specific to the entrepreneur. We assume

that log 2z follows a standard Ornstein-Uhlenbeck process. Moreover, we normalize log(z) =

2

—%%alogz, so that the implied stochastic process for z takes a simple form:

dzip = =0z log (zit) dt + 24010g ,d Bt

Therefore, the stochastic process driving fluctuations in firms’ output and productivity is
disciplined by a set of parameters (o, Olog, 0).

Parameter values are reported in Table H.1. We interpret a unit of time in our model as
corresponding to one year. We set the workers discount factor p equal to 0.035, to match
an annual interest rate of 3.5 percent. We calibrate the entrepreneurs discount factor p® in
order to match an average business wealth to output ratio equal to 1.5, as in Boar, Gorea,

and Midrigan (2025). These parameter values imply that in steady state workers consume
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approximately 93% of labor income, so that ¢,, = 0.93wl. We set the parameters 6, 0,4, to
match the same autocorrelation and standard deviation of firms’ productivity as in Boar,
Gorea, and Midrigan (2025). Since the moments reported in Boar, Gorea, and Midrigan
(2025) are for a sample of private firms, we set ¢ = 1.

We set the Frisch elasticity ¢ equal to one, a conventional value in the literature that lies
between micro and macro estimates Chetty, Guren, Manoli, and Weber (2011). Finally, we
set the level of idiosyncratic risk to match an average markup of 25%, in line with estimates

from Edmond, Midrigan, and Xu (2023).

H.2 Numerical Algorithm

Competitive Equilibrium. We use the separation result to compute the competitive equi-
librium in two steps. First, we use the KFE and the good market-clearing condition to solve
for the distribution of consumption shares 7;(z) and for the wage w;. Then, it is easy to
compute aggregate labor and consumption using the labor market-clearing condition and the
first-order condition for labor supply.

In order to solve for the distribution of consumption shares, we construct a grid for
productivity z that takes values between z and z. We denote by n the vector obtained by

evaluating 7(z) at z. Let D¢ be the forward operator and Dy, be the backward operator,
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defined as:

—1/dz 1/dz 0 0
0 —1/dz 1/dz 0
D¢ = 0
—1/dz 1/dz
0 0 -1
1 0 0 0
—1/dz 1/dz 0
Dy, = —1/dz 1/dz
0
—1/dz 1/dz

For first derivatives, we use the operator D! defined as:
D' =1(2 > 2)Dy, + 1(2 < 2)Dy.
For second derivatives, we use the operator D? defined as:
D? = D¢Dy,.

To handle the finite domain, we follow Moll (2014) to ensure that the support of the distri-
bution is bounded. We assume two reflecting barriers at the bounds z and Z.
We initialize the algorithm with a value for the initial distribution of consumption shares

1o- Then, at each step of the algorithm:
1. We use the good market clearing condition to find the wage
2. We update the distribution 7; using the Runge-Kutta method

3. In order to minimize numerical errors when we iterate forward, we use our equation

for dn. to normalize the distribution of consumption shares at each step, such that:

norm Z o + dT]e
m =mX -
>
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norm

4. We update the distribution by setting no = 1 and iterate to convergence

We simulate the algorithm until the economy converges to a steady state, that is when
. =~ To-
Once we have solved for the entire path of the distribution of consumption shares and

wages, we can easily compute aggregate labor, consumption, and productivity as

i} -1
Zy = (p—le fwt Z;&S ZZ;((;) dz) (Aggregate TFP)
gi/w = (nthtgt)_l wy (Aggregate labor)
o =07, (Aggregate consumption)

Planner’s Problem. The numerical algorithm that we use to solve the planner’s problem is
very similar to the one for the competitive equilibrium.

Once we have solved the entire path of the distribution of consumption shares and wages,
as in the competitive equilibrium, we can easily find the optimal labor tax as a function of
consumption shares, markups, and Pareto weights. Then, given the optimal labor tax and
consumption shares, we solve for aggregate labor and consumption.

In order to assess welfare gains, we need to evaluate the objective function of the social

planner. We use the equation for the transformed planner’s problem:

lalaf)r TEP
0o 1+1/% 7~ oo o
A (Fwt -+ Fet) 10g gt — Fwtmdt + A (Pwt + Fet) IOg tht (Hl)
+ /OO Fwt lognwt + Fet (/p(Z) IOg Mdz) dt — /Oo Fetll </p(z)a§t(z)dz) dt
0 p(2) L Jo Pe 2
workers vs. gtrepreneurs entrepre?lreur risk

In principle, evaluating equation (H.1) depends on the distribution of consumption shares
across entrepreneurs. In practice, we always consider policies in which the planner cannot
alter the initial distribution of wealth between entrepreneurs with the same type z, nor can
it alter aggregate TFP.

Then, let us denote by W WPL total welfare in the competitive equilibrium and at

the planner’s allocation. We evaluate the welfare gains of moving from WF to WL in
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consumption-equivalent term. The welfare gain of moving from W to W' is equivalent
to increasing the consumption of entrepreneurs and workers proportionally by x percentage

points, where x solves equation (H.2).
(eFE) e 1 e CE
——— | dt E P log((1 Lo )dt| di

(H.2)

A (log«l +2)CE) -
0

H.3 Welfare Gains and Transition Dynamics

In this section we evaluate welfare gains along the transition path for different policies. In
the paper we computed the long-run welfare gains from two policies: the optimal labor tax
and a labor subsidy equal to the average markup. In the long run, these welfare gains depend
on the average markup, the ratio between workers’ consumption and their labor income, and
the Frisch elasticity. However, these results on welfare gains abstract from the We use the
calibrated model to evaluate welfare gains along the transition path and we find they are
similar to their long-run counterparts.

Welfare gains along the transition path depend on the values of the Pareto weights I',;
and T;. For illustrative purposes, we set I'. = 0.04 and T',, = 0.96, motivated by evidence
that approximately 4% of US households are entrepreneurs (Salgado, 2020). We assume that
the economy is initially in the steady state of the zero-tax equilibrium. Results along the
transition path differ from the long run because the discounted Pareto weights change over
time. This has two implications: the evaluated welfare gains from any policy differ from their
long-run counterparts, and the optimal policy along the transition path is not necessarily
equal to its long-run counterpart.

Figure H.1 plots the optimal labor tax, aggregate labor, and consumption that solve the
planner problem starting from the steady state of the competitive equilibrium in ¢ = 0. By
the separation result, the distribution of consumption shares and aggregate productivity are
identical to the competitive equilibrium, and changes in welfare must come from changes in

the labor term of the transformed planner’s objective. The key difference from the long run is
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Tt 4 Ct

0.07 1.04 1.28 ‘
0.06 1.03 1.27
0.04 Equﬂlbrlum 1.95 Equlhbrlum
0.03 1.01 1.24
0.02 ' 1 1.23
0 50 100 0 50 100 0 50 100
t t t

Figure H.1: Optimal labor tax 7, aggregate labor ¢;, and consumption ¢; that solve the
baseline planner problem. ¢t = 0 is the steady state of the zero-tax equilibrium.

that the planner values entrepreneurs’ consumption on the transition. This implies that the
optimal labor tax at ¢ = 0 is less than its long run value, temporarily increasing aggregate
labor and consumption. The consumption equivalent welfare gain from implementing the

optimal time-varying labor tax is 0.092%.

Constant Labor Subsidy Constant Labor Tax

IL4+74=1+7%)"" 1+ =141/
Welfare gains: transition path -2.11% 0.087%
Welfare gains: across steady-states -2.22% 0.117%

Table H.2: Welfare Gains and Transition Dynamics

In Table H.2 we report the welfare gains from implementing (i) a constant labor tax equal
to the optimal long-run tax, (ii) a constant labor subsidy that offsets the aggregate long-run
markup. We compute both the welfare gains including the transition and a comparison of
steady-state welfare. The consumption equivalent welfare gain from a constant labor tax
equal to the optimal long-run tax is 0.087%. The welfare gain comparing steady states is
0.117%. Both exercises generate welfare gains close to the 0.092% gain from the optimal
dynamic labor tax along the transition. A constant labor subsidy that offsets the long-run
aggregate markup leads to a welfare loss of 2.11%. The welfare loss of the markup-subsidy
across steady states is 2.22%. Thus, we find that long-run welfare gains provide a good

approximation for welfare gains along the transition path.
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