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Abstract

Arbitrage Pricing Theory predicts pricing errors vanish as markets grow. Three findings
reverse this prediction. First, under estimation uncertainty, equilibrium pricing errors scale
as N/t (number of assets over sample size), with a persistent component from time-varying
fundamentals that no estimator can eliminate. Second, the stochastic discount factor loads
primarily on estimation errors rather than fundamental risk factors, explaining why risk-based
factor models fail to price assets. Third, multiple strategies achieve high Sharpe ratios with low
cross-correlations as they exploit distinct dimensions of the growing estimation error space.
When investors disagree about expected returns, mispricing persists even with informed in-
vestors because risk aversion prevents them from taking sufficiently large positions to eliminate
complexity-driven pricing errors. Empirically, individual stock returns require 145 principal
components to explain half their variance. Systematic hedge funds’ active positions exhibit
near-zero correlations (average 0.07), consistent with exploitation of distinct estimation-error

dimensions.
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For decades, asset pricing theory has sought parsimonious models linking expected returns to
systematic risk factors. The capital asset pricing model (CAPM), the Arbitrage Pricing Theory
(APT), and their multi-factor successors produce large pricing errors in empirical tests. Machine-
learning strategies generate high Sharpe ratios with low pairwise correlations, and hundreds of
predictive signals have little connection to traditional risk factors. Why do factor models fail to
price assets, and what drives the proliferation of profitable, weakly correlated anomalies?

Complexity resolves this puzzle. APT relies on the fact that idiosyncratic return risk diversifies
away in large portfolios. But idiosyncratic estimation uncertainty does not. In high-dimensional
markets, agents must estimate expected returns for each of N assets from limited data. Each
additional asset adds a new source of estimation error, and unlike idiosyncratic return shocks,
these errors do not diversify away. Any portfolio, however diversified, spans a single direction in
weight space, while estimation errors accumulate across N dimensions. Because agents’ demands
reflect these undiversified errors, equilibrium prices inherit them: rational risk-averse agents facing
uncertainty about expected returns and covariances generate pricing errors that grow with market
size.

The paper makes three findings. First, as complexity increases through more assets or predictive
signals, equilibrium pricing errors grow linearly with the number of assets. The scaling has two
components. A learnable part, from uncertainty about permanent expected returns, shrinks with
sample size. A persistent part, from time-varying fundamentals, cannot be learned away regardless
of sample size. This bound requires only minimal conditions on the risk-adjusted uncertainty
structure and no assumptions on preferences or learning algorithms; Section 1 provides the intuition;
the Appendix establishes the bound formally. APT predicts pricing errors vanish as the number of
assets grows; the model predicts the opposite. Under perfect information, systematic factors span
the Sharpe ratio of the oracle mean-variance portfolio as N — oo; under estimation uncertainty,
the fraction captured by systematic factors goes to zero.

Second, the stochastic discount factor (SDF) loads primarily on estimation errors rather than

fundamental risk factors, so traditional risk-based models fail to price assets. Third, multiple



strategies achieve high Sharpe ratios with low cross-correlations as they exploit distinct dimensions
of the growing estimation error space. When investors disagree about expected returns, mispricing
persists even with informed investors because risk aversion limits arbitrage.

The three findings provide a unified explanation for major empirical puzzles. Parsimonious
factor models fail because agents’ estimation errors, not systematic risk exposures, dominate
the equilibrium SDF. Traditional risk factors cannot span an SDF whose variation comes from
estimation uncertainty rather than fundamental risk. The weak beta-return relationship arises
because large estimation errors obscure underlying risk premia. The proliferation of uncorrelated
anomalies emerges as investors exploit different dimensions of the vast estimation error space. All
three patterns follow from rational learning under complexity.

U.S. equity markets exhibit precisely this high-dimensional structure. The ratio of assets to
sample size ranges from 30 to 120 for typical estimation windows, and individual stock returns
require 145 principal components to explain half their variance. Aggregate pricing errors covary
positively with the number of stocks, and the relationship strengthens with richer covariance
estimators, consistent with estimation errors in expected returns driving the pattern. Section 4

documents these patterns.!

Related Literature

The paper builds on three studies of complexity in asset pricing.

Martin and Nagel (2022) establish that high-dimensional learning creates statistical illusions:
in-sample return predictability is uninformative about market efficiency when the number of char-
acteristics i1s comparable to the number of assets. In their framework, prices are correct given
investors’ information, and the apparent predictability is an artifact of the econometrician’s hind-
sight advantage. We show that high-dimensional learning does more than create illusions: it

generates real mispricing. Equilibrium pricing errors are nonzero and scale with the number of

1. See Harvey, Liu, and Zhu (2016), McLean and Pontiff (2016), Yan and Zheng (2017), Chen (2021) on declining
return predictability. Missing data further exacerbates estimation challenges (Bryzgalova et al. 2022).



assets.

The distinction arises from three modeling departures. First, risk aversion transforms estimation
uncertainty from a statistical nuisance into priced risk. Risk-averse agents hold finite portfolios
that reflect their forecast errors, so estimation uncertainty enters equilibrium prices and generates
true alphas. Under risk neutrality, no unique optimal portfolio exists, zero risk premia prevent
SDF decomposition, and the equilibrium pricing consequences that follow from complexity do
not arise. Second, covariance uncertainty generates variance-based risk premia absent from the
known-covariance setting of Martin and Nagel (2022). Third, heterogeneous beliefs allow studying
persistence with informed investors and strategy proliferation. Martin and Nagel (2022) show that
learning affects how we test for market efficiency; learning also breaks the APT.

Da, Nagel, and Xiu (2022) examine the statistical limits of arbitrage in a partial equilibrium
framework where alphas are exogenous. In general equilibrium, pricing errors, asset prices, and
the SDF emerge endogenously from rational learning. Pricing errors grow with market complexity,
reversing APT; the equilibrium SDF depends on estimation errors, explaining factor model failures;
and multiple strategies achieve high Sharpe ratios with low correlations.

Kozak and Nagel (2024) demonstrate that characteristics-based factors can theoretically span
the stochastic discount factor. In equilibrium, characteristics-based spanning fails: when agents
face estimation uncertainty, the SDF loads primarily on estimation errors rather than observable
risk factors, generating the pricing errors documented in Section 4.

Two additional studies address related puzzles from different angles. Andrei, Cujean, and
Wilson (2023) explain the flat security market line as a measurement problem: investors have
dispersed private information, so the empiricist mismeasures betas. In their framework, the CAPM
holds for investors but appears to fail empirically. Pricing errors in our framework are objective,
not measurement artifacts. The baseline uses homogeneous agents who observe identical data but
face parameter uncertainty; complexity alone generates pricing errors that scale with market size.
Beyond CAPM failures, multi-factor models fail because the SDF loads on estimation errors rather

than risk factors, and the proliferation of uncorrelated high-Sharpe strategies follows from the same



complexity mechanism.

Contemporaneous work by Dello Preite et al. (2024) reinterprets pricing errors as compensation
for unsystematic risk, grounded in underdiversification (Merton 1987). The reinterpretation does
not resolve the puzzle but restates the question: why is the compensation large and persistent?
Estimation uncertainty under complexity is the mechanism: pricing errors grow linearly with the
number of assets, with a persistent component that no estimation procedure can eliminate because
fresh innovations to expected returns each period have not yet appeared in any realized return.
Underdiversification may amplify pricing errors, but complexity alone suffices to explain their

magnitude and persistence.’

1 Mechanism

Pricing errors grow linearly with the number of assets. The mechanism does not depend on
specific preferences or distributional assumptions; a tractable model in the next section embeds the

mechanism in equilibrium.

1.1 The Mechanism

Consider a market with many assets whose returns have a factor structure: each asset’s return
equals its exposure to common factors plus an idiosyncratic component. Even when agents correctly
specify this structure, they must estimate asset-level parameters from each asset’s own history. The
parameters are features of the data-generating process that no agent in the economy observes; the
uncertainty is intrinsic, not a consequence of informational asymmetry.

The estimation error is the gap between true expected returns and the best forecast given public

2. Our work also relates to Merton (1987) on incomplete information, Molavi, Tahbaz-Salehi, and Vedolin (2024)
on cognitive constraints, Bossaerts, Plott, and Zame (2007) on heterogeneous portfolios with efficient pricing, and
empirical work on high-dimensional factor models (Kelly, Malamud, and Zhou 2022; Bryzgalova, Pelger, and Zhu
2020a; Didisheim et al. 2024; Bryzgalova, Huang, and Julliard 2023). Our model assumes return predictability is
supported by Fama and MacBeth (1973), Jacobs and Levy (1988), Lewellen (2015), Gu, Kelly, and Xiu (2020), and
Freyberger, Neuhierl, and Weber (2020a), among others. See Alti and Titman (2019) for an alternative model justifying
return predictability.



information. The maximum squared Sharpe ratio achievable by exploiting the gap is a model-free
measure of pricing errors. The measure is a population object, the ex-ante squared Sharpe ratio
given equilibrium prices, not an in-sample optimizer that mechanically grows with the number
of assets. Under perfect information the market is mean-variance efficient and the pricing error
measure is exactly zero.

The mechanism is geometric. The best implementable mean-variance portfolio spans a single
direction in return space. Estimation uncertainty, however, disperses across all coordinates. The
optimal portfolio direction absorbs at most one dimension of uncertainty; the remaining dimensions
constitute irreducible pricing error.

The gap between one implementable direction and N dimensions of uncertainty is the di-
mensional mismatch at the heart of the linear scaling. With many assets, there are equally many
dimensions of uncertainty but only one implementable direction. The unspanned dimensions gener-
ate pricing errors that scale linearly with the number of assets. When idiosyncratic expected-return
shocks are independent across firms, pricing errors grow at least proportionally to N. A weaker
sufficient condition is that idiosyncratic expected-return uncertainty has bounded eigenvalues after
factor extraction. When the firm-specific events that make expected returns difficult to forecast also
make realized returns volatile, the risk-adjusted uncertainty per firm remains bounded.

Errors in estimating factor risk premia do not drive this bound. Such errors shift expected returns
proportionally to factor loadings, moving them within the factor span; they affect the level of the
implementable portfolio’s Sharpe ratio but not the component orthogonal to it. Only genuinely
firm-specific uncertainty, which cannot be absorbed by any portfolio direction, drives the linear

scaling.

1.2 Undiversifiable Uncertainty

We call the result the Undiversifiable Uncertainty Theorem. Unlike idiosyncratic return risk,
uncertainty about expected returns does not diversify. This distinction explains why APT’s di-

versification argument fails. Idiosyncratic return shocks cancel in a large portfolio: if each asset



contributes independent variance o2, a portfolio of N assets has idiosyncratic variance o>/N — 0.
With vanishing variance and positive expected return, arbitrage becomes possible, forcing pricing
errors to zero. But the diversification logic applies to return realizations, not return expectations.
Each asset adds one more unknown expected return to estimate. These estimation errors do not
cancel in a portfolio; they accumulate. An investor seeking to exploit pricing errors must estimate
N expected returns from finite data. The estimation errors span N dimensions while any imple-
mentable portfolio spans just one. APT’s arbitrage requires knowing which direction to trade;
estimation uncertainty prevents precise identification of that direction.

The Appendix establishes the result formally:

Theorem (Undiversifiable Uncertainty: Informal Statement). Consider a market with many assets
and a small number of factors. Decompose each firm’s idiosyncratic expected return into a
permanent component and a time-varying component. The gap between the squared Sharpe ratio

of the oracle portfolio and that of the best implementable portfolio is bounded below by:

1. A learnable term that shrinks with sample size, reflecting uncertainty about permanent

expected returns.

2. A persistent term that remains bounded away from zero regardless of sample size, reflecting

time-varying expected returns.

Both terms scale linearly with the number of assets, provided estimation uncertainty is spread

across assets rather than concentrated in a few portfolio directions.

Under minimal assumptions on the risk-adjusted uncertainty structure (Assumptions A.1-A.3
in the Appendix), both terms scale linearly with the number of assets. The learnable term is
proportional to the number of assets divided by sample size; the persistent term is proportional to
the number of assets times the variance of innovations to expected returns. Idiosyncratic return
variance enters the denominator: mispricing is smaller relative to return risk for more volatile

assets.



The persistent component arises because expected returns are time-varying. Each period, new
shocks shift firm-level expected returns. Even with infinite data and optimal estimation, pricing
errors that scale linearly with the number of assets persist. The fixed-parameter case where pricing
errors vanish with sample size is an optimistic lower bound that holds only when fundamentals
are constant. The learnable and persistent decomposition applies to uncertainty about expected
returns. The equilibrium model (Section 2) identifies a separate source of pricing errors from
covariance estimation uncertainty, which is learnable under static parameters; whether time-varying
covariances generate an analogous persistent component is left for future work.

This result requires no assumptions on preferences (CARA, Epstein-Zin, behavioral), learning
mechanism (Bayesian, frequentist, machine learning), or estimator properties (biased or unbiased).
The bound is estimator-agnostic: suboptimal estimators can only increase error covariance, so the

result applies to any forecasting method.

1.3 What the Model Adds

A tractable CARA-normal model in the next section serves three purposes: first, to show
the mechanism operates when prices clear markets and the SDF emerges endogenously from
optimization; second, to characterize how the SDF loads on estimation errors versus fundamental
risk factors (explaining why factor models fail); and third, to derive results on strategy proliferation,
the role of informed investors, and cross-sectional return patterns. The model is deliberately simple
(CARA utility, normal distributions, known factor loadings) to isolate the complexity mechanism.

The scaling result extends beyond this specific setting (Appendix).

2 Model

We work with economies with an increasing number of assets (V) and a sample of ¢ observations,
where N and ¢ grow jointly with N/t bounded away from zero. Let d, represent the N dimensional

column vector of dividends in period ¢. Similarly, p; denotes the N-dimensional column vector



of asset prices at time 7. Share excess returns, dollar excess returns, or excess dollar payoffs are
defined as 7,1 = d;41 — (1 +r¢) p; where r is a risk-free exogenous rate.’

Because dividends drive payoffs, the return covariance matrix A, = Var,[d;+1]| = Var,[rp1] is
independent of endogenous prices, a simplification that aids tractability. We define the expected
dividends under the objective data-generating process as a, = E;[d;+1] and the expected excess
returns as u, = E;[r;41]. For notational simplicity, we omit time subscripts where the context
permits.

A unit measure of identical CARA agents has risk aversion y and faces per-asset supply % as
in Kozak, Nagel, and Santosh (2018). Let ¢ denote the N-dimensional column vector of ones.*

Section 3 extends the framework to heterogeneous agents.

All proofs are in the Appendix.

2.1 Statistical Assumptions

For each asset 7, the dividend process is given by:
ditr1 = b;,;xt+1 + CitZir+1 (1)

where x;,1 1s an S-dimensional column vector of state variables, and b;; is a vector of loadings.
These loadings b;, can be interpreted as firm-specific characteristics (such as size, age, capital
structure, productivity, or management quality) that influence dividend outcomes when interacting
with productivity shocks captured by x,;.>

Each element of b; ; represents the sensitivity or weight of asset i’s dividends to these systematic

shocks. For example, b x;41 can be considered a reduced form specification of the production

3. The terms share excess returns, dollar excess returns, and excess dollar payoffs are all used in the literature.
Following convention, we adopt this formulation rather than percentage returns.

4. This assumption ensures that under perfect information and common dividend variation, the maximum Sharpe
ratio of the economy remains well-behaved as N increases. Specifically, with per-asset supply ﬁ, we have u = yn AL =

%AIL, so SR(w*)? = y’A,‘lp = ’yIZVL,A[At_lAtL = ])\/[—ZZL/AZL. With standard factor structure where ¢/ A;c € O(N?), this

yields SR(w*)? € O(1), keeping the maximum Sharpe ratio bounded as N grows.
5. Alternatively, x,,1 can represent the coefficients of OLS regressions as in Martin and Nagel (2022).

9



function, where firm production potentially covaries with each other via common shocks. Moreover,
there is a firm-specific state variable z; ;1 withloading ¢; ,. Without the idiosyncratic component, all
N assets would be spanned by S factors, and estimation complexity would not grow with N. With
idiosyncratic risk, each asset requires separate parameter estimation, generating N independent
estimation problems (see Appendix for formal treatment).

Stacking the previous equation across all assets, we express the dividend vector as:

dz+1 = Bth+1 (2)

where d;,; is the N dimensional vector of dividends, and X;,; is the S + N dimensional column

vector defined as Xy+1 = (X1 415 s XS.+15 211415 ---» ZN.2+1) and By is the N X (S + N) matrix defined

as ) }
B, cii 0 ... 0
B, 0 ¢y ... 0
B, = %f | "’ . e (3)
_b;v,l 0 0 CN’[_

Under the objective data-generating process, conditional on nature’s information set at time #,

denoted ¥, the state variables follow:

Xt+1 | TZNN(T[’V)’ (4)

where 7 is the mean vector and (V) is the covariance matrix of (X;,;). Consequently, dividends
d;+1 follow a multivariate normal distribution with mean B,n and covariance B,V B;.

We use “objective” and “true” interchangeably for quantities from the data-generating process,
as opposed to agents’ estimates.

We assume investors perfectly observe B, at time ¢.° For the general case, they lack exact

knowledge of m and V, relying instead on prior beliefs and Bayesian updates using observed

6. In the Internet Appendix, we extend the model to allow unknown factor loadings determined by firm character-
istics. The baseline O (N /t) result remains the dominant term under standard conditions.

10



dividends up to time 7. Subsequent sections analyze specific scenarios where investors have perfect
knowledge of m, V, or both, to understand how different types of estimation uncertainty affect

equilibrium outcomes.

2.2 Agents’ Estimation

We begin with the general case where agents observe neither the mean vector 7 nor the covari-
ance matrix V of the state variables. Given the dividend process and state variable structure, agents
must form beliefs about future dividends based on historical observations. With ¢ observations of
the state variables, agents update their beliefs using Bayesian inference.

2.2.1 Prior Distributions

For joint estimation of both the mean vector and covariance matrix, agents use a normal-inverse-
Wishart prior, which is the conjugate prior for multivariate normal distributions with unknown mean

and covariance. Specifically, the prior is:

V ~ Inverse-Wishart(vo, Vy D) (&)
n|V ~ N(mo, V/ko) (6)
where:
* 7 is the prior mean vector for 7

* ko > O represents the strength of the prior belief about 7

vo > S+ N — 1 is the degrees of freedom parameter for the inverse-Wishart distribution’

Vo is the prior scale matrix for V, under the parametrization Inverse-Wishart(v, ¥~!) with

E[V]=¥/(v—=(S+ N) — 1), so Vy plays the role of ¥

7. To ensure the posterior variance remains well-defined as N increases, we set vo = N + S + 6 for some § > 1. This
guarantees the posterior degrees of freedom v, = vy +t— (S+ N)+1 =1+ 6 + 1 exceeds 2 for all 1 > 0, necessary for
the variance of the Student-¢ distribution to be defined.

11



2.2.2 Posterior Distributions

Let 7; denote the investors’ information set at time ¢, consisting of observed state variables up
to ¢. Variables denoted with a hat (e.g., d;, /A\t) represent agents’ subjective estimates based on 7.
The posterior mean of r is:
_ KoTo +1 X,

iy = ———, )

t+ Ko

where X; = %Z’T:I X: is the sample mean. The scale matrix for the predictive ¢-distribution is

defined as:

& ko+t+1 ! _ _ Kot - B /

2 = Vo + X - X)(X; - X;) + X, — X - ’
t (ko+ ) (Vo +i—(S+N)+1) 0 ;( T ) ( Xz 1) K0+t( : — o) (X; — o)

®)

with degrees of freedom updated as v, = vo+t—(S+N)+1 = t+5+1 (using our prior specification).®

Together, these imply a posterior predictive distribution for X;,; given by:

X | I ~ ty,(ﬁ,,ﬁ),), 9

where t,, denotes a multivariate z-distribution with v, degrees of freedom, location 7;, and scale
matrix ﬁt.

For tractability in portfolio optimization, agents use a normal approximation to this #-distribution.
This approximation becomes increasingly accurate as the degrees of freedom v, = ¢ + 6 + 1 grow
with the sample size, since the 7-distribution converges to normal as v; — oco. Agents approximate
it as:

Xl‘+l | L ~ N(ﬁ-l’ ‘71)’ (10)

where the covariance matrix is adjusted as V, = 2.3 to match the variance of the 7-distribution

- V[—z

8. 2, as defined here is not the posterior mean of V from the Inverse-Wishart distribution. Rather, it is the scale
parameter appearing in the predictive Student-¢ distribution for X;.. These differ by factors involving vo + ¢ and «¢ + 7.
The additional factor % is precisely the standard correction that appears in predictive distribution formulas when

integrating out both 7 and V.

12



under this normal approximation.
This belief about state variables translates directly to beliefs about dividends. Since d;4; =

B;X;+1, investors perceive dividends as normally distributed:

dt+1 | It ~ N(Btﬁ't,BtVzB;), (11)

with expected dividends d; = B;7t; and covariance matrix A, = B,V,B;.

Consequently, investors perceive excess returns as:

41 | -Z; ~ N(ﬁl" ;\l‘)a (12)

where i, = a, — (1 + ry)p, represents their expected excess returns and At = BIV,B; is the
perceived covariance matrix of returns. These subjective beliefs shape agents’ demands and, in
turn, equilibrium prices.

For the special cases where agents know either 7, V, or both, the estimation problem simplifies
accordingly. When 7 is known, agents use the true mean directly (#; = 7r) with no estimation error.

When V is known, the covariance estimation becomes exact (V; = V).

2.2.3 Special Case: Known Covariance Matrix

When the covariance matrix V is known, agents only estimate the mean vector z. The posterior

mean remains:
Koo + Z‘X,

g = KOMO+ I 13
a t+ Ko ( )

but the predictive distribution simplifies to:

X1 | Lt ~N (ﬁ-tav+ ), (14)

t+ Ko

9. These complete information scenarios can be formally represented as limiting cases of our Bayesian framework.
For known 7, set the prior mean my = 7 with kg — oo, which forces 7, = & for all z. For known V, set V) = voV with
Vo — oo, ensuring V; = V. When both parameters are known, apply both adjustments simultaneously to eliminate all
estimation uncertainty, resulting in agents’ beliefs matching the true distribution: dy4; | Z; ~ N(B;m, B;VB;}).

13



where the second term represents parameter uncertainty.

2.2.4 Special Case: Known Mean Vector

With known mean vector &, agents estimate only the covariance matrix V. The prior for V

is Inverse-Wishart(vo, V; 1). The posterior distribution for V after observing ¢ samples is Inverse-

Wishart(v o, (Vo + S~ 1), where Vposty = Vo +tand Sy = thl (X; —n)( Xy —m).

The posterior predictive distribution for X;,; follows a multivariate t-distribution:
X[+1 | ];9 T~ thred,t (ﬂ-a 2[)’
where the degrees of freedom are v,,cq; = vo +1 — (S + N) + 1, and the scale matrix is

i[:

(V() + Sﬂ) .
Vpred,t

Using a normal approximation to this t-distribution by matching the mean and variance:

Xl+1 |-Z-t ~ N(n’f)t)y

where the approximate covariance matrix V; is defined as

A Vored A
pred,t

t = —22, for Vpred,t > 2.

Vpred,t —

2.3 Agents’ Demand

15)

(16)

7)

(18)

Given that CARA agents perceive the world as normally distributed, and there are no transaction

costs, their demand for assets takes the mean-variance form:

= —AT g = AT @, - (1+r)p)).

R |~

(19)



where A, is the agents’ estimated covariance matrix of returns, /i, is their expected excess
returns, d;, is their expected dividend forecast, and p; is the asset price vector. This demand reflects
agents’ optimal portfolios under their subjective beliefs, which typically deviate from the true
optimal portfolio due to imperfect knowledge of the actual covariance A; and expected dividends
a;. In the limiting case of perfect information, agents’ estimates align with reality: A, = A, and

ClAt = at.lo

2.4 Equilibrium

Given a per-asset supply of % market clearing requires x; = %L, where ¢ is the N-dimensional

vector of ones. Substituting the demand function into this condition and solving for prices yields

the equilibrium price vector:

1 VoA
- A——A). 20
Pt 1+rf(at N L (20)

For convenience, define yy = % as the scaled risk aversion. The true expected excess returns

under the data-generating process are then:

Expected Returns = u; = E;[d1] = (1 +7)p; (21)

= ar~ (L+rp)p: = (ar = ar) +ynAn (22)
This expression can be decomposed into three components:

Hr = (a;—ar)  + yn(A=A)e  +  ynAu (23)
——— ——— N——
mean estimation error  covariance estimation error  risk compensation

Economic Intuition Each component has a distinct economic interpretation:

* Mean estimation error (a; — d;): When agents underestimate expected dividends for certain

10. Given the CARA utility structure with normally distributed returns, price taking, and absence of transaction
costs, the demand function is the same if we consider single-period agents that observe the entire history of dividends
or infinitely lived agents.

15



assets, those assets become underpriced, offering higher expected returns to compensate.

» Covariance estimation error yy (/A\t — A;)t: When agents overestimate risk (variance), they
demand excessive risk premia, causing assets to be underpriced relative to their true risk.
This term enters the risk compensation because agents’ portfolio choices depend on their

perceived covariance A,, but the actual returns they earn depend on the true covariance A,.

* Risk compensation yyA;t: The fundamental premium for bearing systematic risk that would

exist even under perfect information, scaled by risk aversion and per-capita asset supply.

The covariance estimation error affects expected returns through the risk premium channel: agents
price assets based on perceived risk A,, but the objective expected returns must compensate for
both the true risk and the pricing errors induced by incorrect risk perceptions.

In contrast, agents’ subjective expected returns are simpler: [, = d; — (1+rs)p; = ynAst. This
reflects their perceived risk premia, driven solely by their estimated covariance.

If taken as a primitive, the demand function in equation 19 can accommodate various estimation
methods beyond the Bayesian approach detailed in the previous section. Alternative preference
structures or belief formation mechanisms, including regression-based forecasts or sophisticated
machine-learning algorithms, can be viewed as different ways to generate A, and d,. Regardless of
how beliefs are formed, equilibrium prices and expected returns reflect both estimation errors and
risk premia, as long as agents act as mean-variance optimizers using their subjective estimates of

means and covariances.

2.5 Objective Optimal Portfolio

In equilibrium, market clearing requires that agents are satisfied holding the market portfolio
given their subjective beliefs. That is, prices adjust until agents’ optimal portfolios (based on their
subjective estimates of means and covariances) align with the available supply. Hence, the market
is subjectively optimal. However, the market portfolio will generally be different from the optimal

portfolio under complete knowledge of the economy’s parameters.

16



Given the vector of expected returns in equilibrium, the weights of this objective optimal

portfolio are given by

1 1 1 A 1
-1 -1 A -1
wi = =N = —A (ar—dp) + NAz (Ar = A+ NL (24)
Y Y
——— —
errors in means errors in covariances  market portfolio

Given equilibrium prices formed under imperfect beliefs, the optimal portfolio exploits these
estimation errors arising from both the covariance and expected returns while also having a market

portfolio component exploiting the positive risk premium.

Remark 1 (SDF Composition). In the CARA-normal economy, the minimum-variance stochastic
discount factor (SDF) is affine in the return on the tangency portfolio: m}"* o< 1 — w;'r;y1. The
decomposition above therefore implies that the SDF loads on both estimation-error components and
the market return. The squared Sharpe ratio of the market component is SR(w,,)? = O(1), while
the total squared Sharpe ratio satisfies SR(w*)? = SR(w,)? + &’ A7 a, where o’ A7 a = O(N /1)
by Propositions 3-5. As N[t grows, the fraction of SDF variance attributable to estimation errors,

' a/SR(w*)?, approaches one. The SDF is dominated by agents’ estimation errors, not by

fundamental risk factors.

2.6 Pricing Errors

Let o2

2 = ' A, denote the market variance and 62, = /A the perceived variance. Further,

let £ = a; — a, denote the mean estimation error. Unlike expected returns, market variance depends
only on dividends (exogenous), not on equilibrium prices, since all investors hold identical portfolio
shares.

To measure the magnitude of pricing errors, we define the vector of pricing errors (alphas)
relative to the market portfolio as the deviations of expected returns from their predictions under
a market model. For the market portfolio with weights w,, = %L, the market beta for asset 7 is

A N(Aw;i s . My
Bi = 7aN = ~va.» and the market’s expected return is i, =

. The vector of pricing errors

17



is then:

Aty

@ = = Blmys = Hr = AL (25)
1

where § = ]L\,’ I/\\:L‘ is the vector of market betas. This represents the component of expected returns

that cannot be explained by assets’ covariances with the market portfolio.

Proposition 1 (Decomposition of Pricing Errors). The weighted sum of squared pricing errors in
the economy, relative to the market portfolio, is given by the difference in squared Sharpe ratios
(SR) of the optimal portfolio and the market portfolio. This sum can be decomposed into mean and

covariance estimation errors plus an interaction term.

oA a = SR(w*)? - SR(%L)2

= [E,At_l E— %]

Mean estimation errors

~ I\ A2
+ 2y [e A R — T ]

m,t

Interaction term

~ ~ 5’2 , 2
A (7. oy W (26)

m,t

Covariance estimation errors

This decomposition builds on the insight from Gibbons, Ross, and Shanken (1989) that pricing
errors can be expressed as differences in squared Sharpe ratios, but extends their framework to
the equilibrium case where agents have uncertainty about means and covariances. The first term
captures errors in estimating means, comparing how the correct weighting exploits mean estimation
errors versus market weights. The second term represents the interaction between mean estimation
errors and differences in perceived versus true covariance weighting. The third term isolates
the pure covariance pricing-error effect, measuring how differences between estimated and true
covariances affect the Sharpe ratio.

The market portfolio is the correct factor model from agents’ perspective; they perceive it as

mean-variance efficient given their beliefs. An econometrician analyzing historical returns would

18



observe the market portfolio is not truly mean-variance efficient under the objective data-generating
process. The econometrician would detect apparent pricing errors and might conclude additional
factors beyond the market are needed. These “factors” capture agents’ estimation errors.
Proposition 1 decomposes pricing errors into mean estimation, covariance estimation, and in-
teraction components. We now analyze how these scale under different informational assumptions:
Proposition 2 establishes the perfect-information benchmark (zero errors), Propositions 3 and 4
isolate covariance and mean estimation errors respectively, and Proposition 5 combines both in our

main result.

2.7 Perfect Information

As a benchmark, we first consider the case of perfect information, where agents know the true
mean 7 and covariance V of the state variables. This case serves as the baseline: any deviation

from perfect information will generate pricing errors relative to this frictionless ideal.

Proposition 2 (Perfect Information). When agents know the economy’s parameters, CAPM and

Arbitrage Pricing Theory (APT) hold. In particular,
1. Mean returns are given by u; = yn/Ast.
2. The mean-variance efficient portfolio is the market portfolio with weights of %
3. Pricing errors with respect to the market portfolio are zero, a; = 0.

4. For N — oo, and rotating the factors to make them orthogonal, the price of risk for factor
k is given by yl_),,kofk, where b,y is the average loading on factor k and o is the factor’s

volatility.

2

T 1 as

5. Systematic factors asymptotically span the maximum Sharpe ratio: SR% /SR
N — oo, where SRgll = (A, is the maximum squared Sharpe ratio using all N assets

and SR§ uses only S factor-mimicking portfolios. This requires that the systematic factor
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loadings B**® = [by,,...,bn;]" (the N X S submatrix of B;) satisfy the regularity condition

%(Bsys)’Bsys — G for some positive definite matrix G as N — oo.

The intuition for CAPM: mean-variance optimizers choose only optimal portfolios. Hence,
prices adjust so that agents are satisfied with holding the market portfolio by making the market
portfolio mean-variance efficient.

For the APT, consider a setting with uncorrelated normal factors!!. Further, assume N going
to infinity, so that idiosyncratic risk is completely diversifiable. For asset i, the risk compensation

simplifies to:

s
(ynA)i =y Z biribikory (27
k=1

Hence, APT holds with a price of risk given by:
Vb1 ko (28)

where E,,k = % Z?’:l bk is the average loading (or beta) on factor k, b;;  is asset i’s loading
on factor k, and oy is the factor’s volatility.
For instance, a pure-play portfolio with a beta of 1 on factor m and zero on all others has an

expected excess return of:

YbimO s (29)

where th,mofm is the price of risk for factor m. This term quantifies the compensation per unit
of exposure to factor m, determined by the market’s average loading, factor volatility, and scaled
risk aversion. Moreover, a factor’s exposure is only priced if its average beta across the economy is
non-zero. When the average loading is zero, positive and negative exposures across assets cancel
out in the aggregate, leaving no systematic risk for the market to price.

For example, consider decompositions such as Kozak, Nagel, and Santosh (2018), where the

first factor is an equal-weighted portfolio (i.e., g1 = \/%L) and the rest are long-short portfolios

11. Achievable via orthogonal rotation, albeit the interpretation of betas would change.
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orthogonal to it (q;cL = 0 for k£ > 1). Factors with B,,k = 0, akin to their long-short PCs, should
command no premium, as they lack systematic impact. In the case of uncorrelated factors, the
optimal weights wy = Cov(F )~'E(f) should have zero weight on all the factors but the first. This
result explains why in Lopez-Lira and Roussanov (2022), it is optimal to hedge most factors. If the
factor betas are net zero across the economy, then the Sharpe ratio will be increasing in the number

of hedged factors.

2.8 Known Means and Unknown Covariances

The case where agents know the true expected value of the state variables 7 (and hence expected
dividends a,) but must estimate the covariance matrix V isolates the effects of covariance estimation

CITOrS.

Proposition 3 (Known Means, Unknown Covariances). When agents know the expected value of
dividends, a, but have uncertainty about the covariance, A\;, neither CAPM nor APT hold. Further,
under standard factor structure (o2, = ' Ast ~ O(N?)), expected pricing errors scale as O(N/t).?

In particular:

1. Mean returns are given by u; = yn(A; — Ay)t + ynAt, and hence APT fails.

2. CAPM fails, and the mean-variance efficient portfolio weights are given by #At_l (A= A+

L.

=Z[—

R R A2 \2
3. Pricing errors are given by &' A = (yn)? [V Ay ATV AL - (0”2’”)

m,t

4. The expected pricing errors (where E is over the distribution of observed data under the true

DGP) satisfy the following lower bound, assuming v; = vo+t— (S+N) +1 > 2:

2
, vyt(N-1) , N
BloiA o) 2 g A 2 e (0

12. Throughout, f = O(g) means f < c g for a positive constant c; “scales as N/t” means ¢; N/t < f < ¢, N/t for
positive constants ¢y, c2; f ~ O(g) means f scales as g.
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where At = 0',%1’, is the market variance and ¢ > 0 is a constant. Under standard factor
structures where assets share common exposures, 0',%” scales as N* because the N* pairwise
covariances sum constructively, yielding pricing errors that scale as N/t. Equality holds
if and only if B;VoBj o< Aq (Which holds in particular when Vo = V). The tightest bound

obtains with minimal prior degrees of freedom (vo = S + N, giving v, —2 =1 —1).

Covariance estimation uncertainty creates a wedge between what investors achieve (the market
portfolio) and the objective optimum. As N grows with limited data, the N X N covariance matrix
requires O (N?) parameters from the same ¢ observations. An investor who knew the true A, could
construct portfolios exploiting pricing errors that grow linearly with N. The market portfolio’s
Sharpe ratio remains bounded, reflecting investors’ conservative positions based on uncertain
estimates. The gap between feasible and optimal Sharpe ratios is the pricing error that scales with

market complexity.

2.9 Unknown Means and Known Covariances

The complementary case where agents know the true covariance matrix V but must estimate the
mean vector 7 isolates the effects of mean estimation errors. Estimation uncertainty in expected
returns alone generates systematic pricing errors even when agents have perfect knowledge of the

covariance structure.

Proposition 4 (Unknown Means, Known Covariances). If investors have perfect information about
covariances but only the correct prior about the expectation, neither CAPM nor APT hold. In

particular:

1. Mean returns are given by u; = (a; — d;) + yn/Ast, and hence APT fails.
2. CAPM fails, and the mean-variance efficient portfolio weights are given by %At_l (a;—ay) +%L.

3. Pricing errors are given by ' A7 a = €/ A7le — L (V)2 where & = a, — d,.
t ! o}
m
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Moreover, the average pricing errors relative to the market portfolio increase linearly with the

number of assets N and decrease with the number of observations t:

7 A—1 t(N_l) E
E[a’ttd’[]ZmNO(t). (31)

This bound holds exactly for the case with a correct prior (ny = n) and serves as a lower bound

when the prior is incorrect (g + 7).

Extension: Time-Varying State Means Proposition 4 assumes the state mean 7 is constant, so
estimation errors vanish as O (N /t) with accumulating data. When fundamentals evolve over time,
this learning benefit disappears. Time-varying state means generate persistent O (N) pricing errors.

Suppose the state mean follows an AR(1) process:
Tisl = P+ N1, Nie1 ~ N(0, %), (32)

where p € [0, 1) is the persistence parameter and agents observe X; = 7,+£% with 225 ~ N(0, V).
Maintaining the assumption that V is known (as in Proposition 4), the optimal estimator is the

Kalman filter.

Corollary 1 (Time-Varying Means: Persistent Pricing Errors). Under the AR(1) specification (32)

with known V and scalar proportionality (X, = 0',$V for some 0'3 > 0):

1. The Kalman filter posterior variance converges to a steady state: P; — P = 0'sz > 0,

where 0'1% solves the scalar Riccati equation

,02(0'1%)2 +(1-p%+ 0',?)0'13 - 0',? =0. (33)

2. Expected pricing errors converge to a positive constant that scales linearly with N:

lim E[a/A; o] = k(N = 1), (34)

—00
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where Ko = pZO'[% > 0.

The contrast with Proposition 4:

Static 7 : E[le’A"'a] ~O(N/t) = 0
(35)

Time-varying 7i; : E[&/A™ @] = kN > 0

Even with optimal Bayesian learning (Kalman filtering) and infinite data, pricing errors persist
because 7, shifts each period. The fresh innovations 7, have not appeared in any observed data
at time ¢, making the resulting pricing errors irreducible regardless of sample size or estimation
method. This corollary provides the equilibrium foundation for the persistent O (N) component
in the Undiversifiable Uncertainty Theorem (Section 1). The scalar proportionality assumption
simplifies the Kalman filter analysis; Appendix 6.11 establishes persistent O(N) scaling under
weaker conditions that do not require proportionality.

Propositions 4 (with Corollary 1 showing persistence under time-varying fundamentals) and 3

isolated mean and covariance estimation errors separately. Proposition 5 combines both.

2.10 Unknown Means and Covariances

In the main case, agents must estimate both 7 and V simultaneously. The joint estimation case
forms the foundation for the baseline homogeneous-agent economy. Each source of estimation
uncertainty independently generates O(N/t) pricing errors (Propositions 3 and 4). When both
parameters must be estimated jointly, these errors combine to preserve the same complexity-driven
scaling, though the interaction introduces additional structure.

Under correctly specified priors (mg = ), the interaction term between mean and covariance

estimation errors vanishes exactly (E[ B] = 0 by a sign-symmetry argument; see proof of Proposition
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5), so the expected pricing errors decompose as:

’r\2 A 2\2
7 A —1 _ 7 A —1 (L 8) 2 I —14 (O-m)
E[d'A;a]l =E l&‘ A e————|+E vy |t AN At — — (36)
Om O
a from unknown means a from unknown covariances

Under misspecified priors (mg # ), the interaction term is O (N /t?) and the decomposition holds

to first order. Both components scale as O(N/t).

Proposition S (Pricing Errors with Unknown Means and Covariances). When agents estimate both
m and V using the Bayesian framework (Equations 5-10), neither CAPM nor APT hold. Estimating

both mean and covariance leads to pricing errors scaling with market complexity. In particular:

1. Mean returns are given by the full decomposition including mean and covariance estimation

errors (Equation 23):
pr = (a; = ar) + yn(Ar = A+ yn At

Hence, APT fails as returns depend on estimation errors.

2. CAPM fails, and the objectively optimal mean-variance efficient portfolio weights deviate

from the market portfolio due to both estimation errors (Equation 24):

R . | R 1
wy = ;A, Ya; —a,) + NA’ YA = A+ T

3. Pricing errors relative to the market portfolio are given by the full decomposition including

mean, covariance, and interaction terms (Equation 26):
r a1 12 [
&’A;a=SR(w*)” - SR(NL) X

4. Under correctly specified priors (rg = n, Vo = V) with bounded strength (kg < K) and

standard factor structure ( 0'31 = A¢ of order N?), the expected weighted squared pricing
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errors scale as N [t:

N
c1— < Ela/A )] < cp— (37)

for constants ci,cy > 0, establishing N/t as a fundamental benchmark that cannot be

improved through better prior specification within this class.

The proof involves analyzing the three components of the pricing error decomposition (Equation
26). The mean estimation error term (A) and covariance estimation error term (C) are both non-
negative and scale as N/t. The interaction term (B) satisfies |E[B]| < ZW = O(N/1),
and vanishes exactly (E[B] = 0) when the prior mean is correctly centered (7o = 7) due to the
symmetry properties of the normal distribution. Under correctly specified priors, since E[B] = 0
and C > 0, we have E[A + B+ C| > E[A] > ¢ N/t, establishing the lower bound. Combined
with the O (N /t) upper bound, this gives ~ O(N/t) scaling for the best-case scenario. Even with
perfectly centered priors and optimal Bayesian learning, expected pricing errors grow linearly with
market size N and decay only as 1/¢. Under regularity conditions (bounded loadings, bounded
eigenvalues, bounded prior parameters; see Appendix), the ~ O (N /t) rate persists for misspecified
priors once t exceeds a fixed threshold, so no prior specification within this class overcomes the
curse of dimensionality. A lower bound of order N/t holds for any estimator (Appendix 6.11),
including shrinkage and machine learning methods, and worsens to order N if parameters are

time-varying rather than fixed (see Corollary 1).

Remark (Why Complexity Scales with N, Not S) Although investors estimate (S + N)-
dimensional parameters (the mean vector & and covariance matrix V of the state variables), pricing
errors collapse to the N-dimensional asset return space where pricing occurs. The loading ma-
trix B, (of size N X (§ + N)) projects the estimation uncertainty from the latent state space to
observable returns: state means r map to asset expected returns a, = B;m (N-dimensional), and
the state covariance V maps to the return covariance matrix A; = B;VB; (N X N). A central result
(see Appendix) is the trace identity trace(B/A;!B,V) = trace(A;'A,) = N, which shows that the

effective complexity for pricing, despite the higher-dimensional parameter space, collapses to the
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cross-sectional dimension N of observable assets. Economically, investors care about estimating N
expected returns and N X N return covariances in the asset space; this is what determines portfolio
weights and equilibrium prices. The number of systematic factors S governs the structure of these
return moments, but the cross-sectional dimension N determines the magnitude of pricing errors
because it measures the number of distinct securities that must be priced. This explains why Propo-
sitions 35 establish O (N /t) scaling: complexity grows with the number of observable assets, not

with the latent factor dimension.!?

Remark (Structured Unknown Loadings) For analytical tractability, our main analysis assumes
investors perfectly observe the factor loading matrix B;. A natural extension relaxes this assumption
to allow loadings to be determined by observable firm characteristics: b;; = ®'z;;, where z;; is a
K-vector of characteristics (e.g., size, book-to-market) and ® is a K X § coefficient matrix that must
be estimated from data. This introduces KS additional parameters beyond the state parameters
(7, V). Under standard cross-sectional normalization of characteristics (ensuring the information
matrix grows at rate Nt), each parameter has posterior variance declining at rate O (1/(Nt)) under
Bayesian updating. Total pricing errors then scale as O (N /t + KS/(Nt)) compared to our baseline
O(N/t). In fixed-N asymptotics (classical time-series setting), this simplifies to O((N + KS)/t);
for large cross-sections with K proportional to N, the mean estimation term O(N/t) dominates
but with an effective complexity multiplier. This confirms that the baseline O (N /¢) isolates asset-
space complexity and provides a conservative lower bound. The Internet Appendix formalizes this

extension through Bayesian regression for ® given observable state realizations.

3 Heterogeneous Beliefs

In the homogeneous agent baseline (Section 1), all investors share the same information and

update their beliefs identically from observed data. Why do pricing errors matter if nobody has

13. This dimensional reduction relies on B; being known. With structured unknown loadings b; ; = ®'z; ;, the KS
parameters in ® directly determine asset returns and do not benefit from this projection-based compression, yielding
O(N/t+ KS/(Nt)) complexity in general, or O((N + KS)/t) in fixed-N asymptotics, as noted in the next remark.
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perfect information? Two reasons. First, an econometrician testing asset pricing models ex-post
will find large pricing errors relative to standard factor models. Specifically, while agents at time
t make optimal decisions given their beliefs, an econometrician analyzing the realized returns at
time ¢ + 1 finds the market portfolio was not mean-variance efficient under the objective data-
generating process. These apparent anomalies arise not from irrationality but from estimating
high-dimensional parameters with limited data. Second, in real markets, there may be a subset of
agents that have partial or complete information about the data-generating process, yet mispricing
persists.

Mispricing persists in equilibrium even when a positive fraction of investors knows the true
data-generating process. To formalize this persistence, the model extends to heterogeneous beliefs,
where some investors are endowed with knowledge of 7 as a modeling device representing the limit
of extensive experience or superior data. Complexity-driven pricing errors persist even when some
investors know the true parameters (Proposition 6). The extension also generates predictions about
the proliferation and correlation structure of profitable trading strategies, connecting our theory to
the factor zoo and hedge fund evidence. In the data, (1) many uncorrelated anomaly portfolios
generate alpha, and (2) specialized quantitative funds exploit distinct inefficiencies with limited

overlap.

Analytical Scope: Known Covariances For analytical tractability, we analyze heterogeneous
beliefs in the setting where all investors know the true covariance matrix V but differ in their beliefs
about the mean vector m, paralleling Proposition 4’s informational environment. This restriction
simplifies the equilibrium analysis considerably: when investors differ only in their mean estimates,
their perceived covariance matrices /A\,-J are scalar multiples of the true covariance A;, allowing
demands to aggregate cleanly. In contrast, if investors also held heterogeneous beliefs about V,
they would perceive different covariance structures (not merely different scales), making analytical

solutions intractable without additional restrictions.'*

14. This restriction preserves the main results. The fundamental mechanism (pricing errors persist because risk
aversion limits arbitrage) operates through mean disagreement. Adding covariance uncertainty (as in Proposition 5)
would contribute additional O (N/t) errors but preserve the O(N/t) scaling and qualitative predictions. Covariance
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Notation for Heterogeneous Setting We introduce investor-specific subscripts to distinguish
individual beliefs from aggregate quantities. Variables with subscript i (e.g., &, di;) denote
investor i’s subjective beliefs, while aggregate or economy-wide quantities use subscript E (e.g.,
dg , for the weighted-average expected dividend). This extends our earlier notation where, in the
homogeneous case, 7; and d, represented the single representative agent’s beliefs.

We maintain the following standard assumptions:

Assumption 1 (H.1: Agent Behavior). Investors are price takers (treat prices p; as exogenous),
agree to disagree (do not update beliefs based on others’ actions), and do not learn from prices (do

not update beliefs about parameters like it from p;).

The agree-to-disagree assumption is standard in models with heterogeneous beliefs (Harrison
and Kreps 1978; Scheinkman and Xiong 2003) and serves two roles here. First, it prevents
the no-trade theorem: if agents updated from prices, rational agents with common priors and
common knowledge of rationality would infer others” information and converge to identical beliefs,
eliminating trade and making heterogeneous equilibria trivial. Second, in our setting, learning
from prices is informationally demanding because the mapping from 7 to p, depends on the
wealth-weighted average of all agents’ beliefs, which no individual agent observes. We relax the
agree-to-disagree assumption in Section 3.2, where a positive mass of sophisticated investors infers
aggregate beliefs from equilibrium prices and trades optimally against the resulting mispricing. The
O (N /t) scaling of pricing errors persists in that rational expectations extension, with an attenuation

factor that depends on the effective mass of informed capital.

3.1 Two-Type Economy: Informed and Uninformed Investors

We begin with a two-type economy that captures the main economic forces. Let 8 € (0, 1)
denote the population share of informed investors who know the true mean . The remaining share

(1 — 6) consists of uninformed investors who must estimate 7 from data using Bayesian updating.

uncertainty affects both error magnitude and effective investor weights through parameter uncertainty factors ¢; ;, but
the O (N/t) scaling remains robust.
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Informed Investors (Type I) These investors know 7 with certainty. In our framework, this

corresponds to taking ko ; — oo (infinite prior precision) with 7o ; = 7. Consequently:
* Their forecast equals the truth: d;, = By = a;
* No parameter uncertainty: ¢7; = 1

 Effective belief weight equals population share: ¥, = 6

Uninformed Investors (Type U) These investors have prior 7 ~ N(moy,V/koy) with finite

precision ko y. After observing ¢ periods with sample mean X;, their posterior mean is:

N Ko,u I 5
Ty = To,Uu + X (38)
Ko,u +1 Kou +1
Their parameter uncertainty inflates perceived risk:
Koy +1t+ 1
QDU,I = > 17 (39)
Ko,y +1

leading to effective belief weight 9y, = (1 - 0) /oy < (1 = 0).

Equilibrium Each investor type’s demand follows mean-variance optimization with perceived
covariance /A\,-,, = @i\
1

o A (i — (L +rp)py) . (40)

Xigp =
Market clearing (6x;, + (1 — 6)xy, = ¢/N) yields the equilibrium price:

B 1
_1+rf

Pt (&E,t - ')7N,tAtL) ) 41)
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where Q; = 6+ (1—-6) /¢y, is the total effective weight, ¥, = yn /€2, is the aggregate risk aversion,

and the economy’s aggregate expectation is:

0 - a; + ﬂU,l . C’l\UJ

g = 42
AaEt Q, (42)
Why Mispricing Persists The aggregate estimation error is:
82 a1 - g = 22 (0, - dus) = SLLB (- 7). 43)
£ Ql £ Qt £l

Even though informed investors know the truth, the aggregate belief dg ; deviates from a, because
uninformed investors have positive effective weight ¥y, > 0. Informed investors cannot fully
eliminate this estimation error: their optimal response is to tilt portfolios toward underpriced
assets, but risk aversion limits position sizes. The aggregate error inherits the uninformed investors’
estimation error, scaled by their relative weight.

Since m — Ay, has the same O (N /t) variance structure as in the homogeneous case (Proposition

4), pricing errors persist at rate O (N/t) with magnitude proportional to (1 — 6)2.

General Case: [ Types The two-type analysis extends immediately to / types with population
shares 6; and priors (7, k0,;). Each type has effective weight ;; = ;/¢;;, the aggregate weight
is Q; = ¥, 9, and the aggregate expectation is dg, = Q' ¥, 9;,d;,. The equilibrium price takes

the same form (41), and pricing errors persist as long as any type has finite prior precision.

Proposition 6 (Persistence of Complexity-Driven Pricing Errors). In the heterogeneous economy
under Assumption H. 1, where agents know the covariance matrix V but estimate the mean © using
priors (1o, Ko;), the aggregate mean estimation error & = a; — 4 leads to pricing errors relative
to the market portfolio. If there is a positive mass 6, > 0 of uninformed investors (Type u) with

finite prior precision ko, the expected squared pricing errors satisfy a lower bound analogous to
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the homogeneous case (Proposition 4):

E[ojA; o] = B[£/A ',

rx\2 2 _
_ (L 81) > Out(N 1) 0 (];,)’ (44)

UAit T (koy + 1+ 1)2
where the constant 6’5 depends on the uninformed agents’ population share 8,, and the (+1) in
the denominator arises from the parameter uncertainty factor in the Normal-Normal conjugate

posterior predictive distribution.

The market’s aggregate expectation inherits the same relationship between complexity and

estimation error as in the homogeneous case, provided some agents are learning.

Corollary 2 (Two-Type Economy). In the two-type economy with informed share 6 and uninformed

share (1 — 60), Proposition 6 yields:

ElajA; ] (45)

t

—0)2 -
>(1 0)°t(N 1)~0 N ‘
(ko +1+1)?
Remark: Relation to Joint Estimation Proposition 6 addresses the known-V case (paralleling
Proposition 4). With heterogeneous covariance beliefs, investors would perceive structurally differ-
ent covariance matrices (not merely different scales), and the clean demand aggregation used here

would not apply. Whether the O (N /1) scaling extends to that setting remains an open question.

3.2 Sophisticated Investors with Partial Information

Proposition 6 established that pricing errors persist in equilibrium when heterogeneous learning
agents (some informed about 7, others estimating it from data) set prices through market clearing.
Market clearing generates an aggregate estimation error &, = a; — dg, that scales as O(N/t). A
distinct group of sophisticated investors exploits these errors, generating uncorrelated high-Sharpe
strategies observed in practice.

The model extends Proposition 6’s equilibrium by introducing a group of sophisticated, atomistic

investors who take prices as given. Unlike the Type 1 informed agents in Proposition 6 (who
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know 7 but participate in price formation and thus cannot fully eliminate mispricing due to risk
aversion and limited capital), these sophisticated investors are price takers who observe the realized
aggregate mispricing £; on a random fraction of assets. The equilibrium prices and the aggregate
error & continue to be determined by the heterogeneous learning agents from Proposition 6; the
sophisticated investors simply exploit these errors without affecting them. Under Proposition 6’s
persistent complexity-driven errors, sophisticated investors generate profitable, weakly correlated

trading strategies consistent with the factor zoo and hedge fund evidence.

Assumption 2 (S.1: Sophisticated Investor Information and Behavior). Sophisticated investors
(i) know the true covariance matrix N, (ii) receive perfect private signals about the aggre-
gate estimation error & for a random fraction ¢ of assets via diagonal selector matrix D;; =
diag(diiy, ..., dins) where each d;;; ~ Bernoulli(¢) independently across assets j, investors i,
and time t," (iii) are atomistic price takers whose demand does not influence equilibrium prices
p: or the aggregate error & (which are determined by the heterogeneous learning agents from

Proposition 6), and (iv) have CARA utility with risk aversion vy.

Error Covariance Structure (Consequence of Proposition 6) Under the Bayesian learning
framework of Proposition 6, the aggregate estimation error satisfies & = ¢,B;(m — X;) where ¢,
depends on population shares and prior precisions. Since 7 — X, ~ N(0,V/t) and A, = B,V B/, the

error covariance is proportional to the return covariance:

1
t+Kg

N
Aa’[ = COV(St) = TAt = Al" (46)

where kg > 0 is the effective aggregate prior precision. Two quantities govern the properties
of partial-information strategies: the trace term T = Tr(A;'A,,) and the diagonal term A =

Zivzl [A,‘l]kk [Aa]kk. Under proportionality, T = N/(t+kg) and the ratio A/T equals the diagonal

15. Knowing a; ; for an asset j, along with the publicly-observed price p ; ; and the common risk-premium component
of expected returns (related to ¥y A1), reveals the mispricing &; ; for that asset. Thus, observing (p;;,a; ) for a
subset of assets is informationally equivalent to our modeling device D; ;&;.
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overlap coefficient:

N
1 -
i = N;(Atlm(m», > 1, (47)

where the inequality follows from Cauchy-Schwarz applied to each diagonal element. The ratio
A/T = y; governs how the covariance structure of A, affects the interaction between random asset
selection and portfolio optimization.

With Assumption S.1 in place, we now characterize the optimal strategies of sophisticated
investors and the properties of their returns. Conditional on their information (including %; and
their private signal D, ;&;), these investors perceive an opportunity. Because they employ CARA
utility and perceive normally distributed returns (conditional on their information), their optimal
dollar demand to exploit their informational advantage regarding &; is proportional to A7 D; ;&,.'¢

For analyzing the properties of such strategies, we define a scaled portfolio representing the
core signal exploitation strategy for investor i. Incorporating the standard risk aversion factor and
scaling positions by 1/N to keep typical dollar holdings stable as N grows, we define the portfolio
weights vector as:

| .
Wi = y—NA, 'D; . (48)

Here w; ; represents an individual sophisticated investor’s strategy weights (dollar amounts), distinct
from the objective optimal portfolio w; or the belief weights ; ; defined earlier. We analyze the
statistical properties of the dollar returns R, , generated by holding this portfolio.

The aggregate estimation error & follows a normal distribution, conditional on %;, reflecting

the residual uncertainty given the market’s aggregate information:
él‘ | 7—? ~ N(Oa Aa,l), (49)

where A, ; = ﬁA, by the proportionality established above.

16. These sophisticated investors are atomistic and their demand does not affect the equilibrium price p, or the
aggregate belief dg_,, which continue to be determined by the heterogeneous learning agents from Proposition 6. Their
demand reflects exploiting the mispricing &; they observe through their partial lens D; ;. Because D, ;&; reveals the
true mispricing for the selected assets, the signal is noise-free for those names and non-existent for the rest.
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We characterize the properties of these partial-information strategies. In general, the expected
return is B[Ry, ,] = ¢T/(yN), the expected variance is [¢*T + ¢(1 — ¢)A]/(yN)?, and the squared

Sharpe ratio is:

SR? = o1

LRI e

Under the model’s proportionality, 7 = N/(t + «xg) and A/T = yx;, giving the expected return
¢/[y(t +«g)] and the Sharpe ratio SR;; = \/N/(t + kg) - V@/\Jo + (1 — @) x: ~ O(\N/(t + kr)).
As markets become more complex (higher N), investors understanding a fixed fraction of assets (¢)
can achieve higher risk-adjusted returns, though learning (increasing ¢) and covariance structure
(x:) reduce the effect.

For the ex-ante correlation between different investors’ strategies (see Appendix):

¢
¢+ (1— AT

ex-ante _
Corr (R s Rw;,) =

(1)

Under proportionality, A/T = y, > 1, so correlations are bounded above by ¢. The correlation
depends on the overlap in known assets (¢) and the covariance structure (y;), but is independent of
N, t, and kg. Higher y; (more correlated assets) reduces correlation between investors by making

their partial signals less informationally redundant.

Proposition 7 (Properties of Partial Information Strategies). Consider a continuum of sophisticated
investors who know the true covariance matrix \; and observe the aggregate estimation error & on
a random fraction ¢ of assets, selected by D;;. Assume & | F; ~ N(0, Aqy,;) for a positive definite
error covariance N, ;. Investors form portfolios w;; = YLNA;IDL,E,. Define T = Tr(A,‘lAa’,) and
A= 22\121 [At_l] ki [Aailkk. Then, the expected properties of the dollar returns R, ,, averaged over

the distribution of &; and the independent random selectors D;;, D ; ;, are:

1. Expected Return: E[R,, | = ;’)—1{,

2. Expected Variance: E[Var;(R,, )] = %.
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2
3. Squared Sharpe Ratio: SRI.ZJ = m-”

4. Ex-ante Correlation: Corr**"*(R,, ,R,;,) between two distinct investors i

__ ¢
G+(1-@)A]T

and j, where the ex-ante correlation is E[Cov]/ \/E[Vari] -E[Var;].

Under the model’s Bayesian learning structure (Proposition 6), A,y < Ay, so A|T = x; > 1 and
Corr*e < ¢. The upper bound ¢ is achieved when y, = 1 (diagonal A,); there is no positive

universal lower bound.

While individual strategy returns and variances depend on learning time ¢, effective prior g,
market size N, and covariance structure y;, the achievable Sharpe ratio increases with market
complexity (N) and information advantage (¢), offset by learning and covariance structure. The
correlation between strategies is bounded above by ¢ and decreases with y,: markets with corre-
lated assets (y; > 1) support more numerous strategies with lower cross-correlations, enhancing
diversification potential.

These theoretical predictions align with our empirical findings about the low correlations
between systematic hedge fund strategies and the difficulties parsimonious factor models face.
The predictions also yield several testable implications about how strategy relationships should
evolve as markets become more complex. As investment universes expand (higher N), funds
face a choice between maintaining deep knowledge of a fixed fraction of assets (constant ¢) or
spreading resources more thinly (declining ¢). Successful funds maintain stable ¢ by scaling
research capabilities with N; large quantitative funds invest in research infrastructure. Funds that
fail to scale research appropriately should see declining Sharpe ratios relative to competitors (Eq.
50).

The model also makes specific predictions about cross-fund correlation patterns. Correlations
between funds depend on research overlap (¢) and covariance structure (y;), not strategy similarity

per se (Eq. 51). Funds using similar techniques but focusing on different market segments (different

17. The Sharpe ratio is defined as SR> = (E[R])?/E[Var,(R)], using the expected conditional variance. The
unconditional variance Var(R) = E[Var,(R)] + Var(E,;[R]) is larger, so the reported SR is an upper bound on the
unconditional Sharpe ratio.
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draws of D; ;) should maintain low correlations. The dependence on information overlap rather than
strategy similarity explains why even "copycat" strategies can succeed without eroding the profits of
the original strategy if they target sufficiently different information subsets. Furthermore, increasing
market complexity (N) should lead to more, not fewer, profitable trading strategies (higher potential
Sharpe ratios, Eq. 50). Markets with correlated assets (y; > 1) enhance diversification by reducing
cross-strategy correlations. The "factor zoo" should continue to expand with market complexity,
with new factors showing less overlap with existing ones.

The predictions rationalize the proliferation of seemingly unrelated anomalies: the pattern
is an outcome of rational investors responding to opportunities that market complexity creates.
Propositions 6 and 7 together characterize the equilibrium: the heterogeneous learning agents
(Proposition 6) generate persistent mispricing through rational but imperfect estimation, while the
sophisticated partial-information investors (Proposition 7) exploit the resulting pricing errors in
ways that generate the observed proliferation of weakly correlated profitable strategies. Rather than
indicating market inefficiency, multiple successful but uncorrelated strategies reflect the difficulty

of spanning high-dimensional markets with limited information.

3.2.1 Robustness: Sophisticated Investors with Positive Mass

The atomistic assumption in Proposition 7 raises a question: do the results persist when
sophisticated investors collectively have non-negligible capital and participate in price formation?
Consider an economy with three groups: informed learning agents (mass 6, knowing ),
uninformed learning agents (mass 6;, estimating m from data), and sophisticated investors (total
mass 65 > 0, each observing the true a, on a random fraction ¢ of assets via independent selector
D;;). In a rational expectations equilibrium, sophisticated investors infer the aggregate belief

~(new)

A1) from prices. For observed assets they use a,; for unobserved assets they use d

Qg
Aggregating via the Law of Large Numbers and solving the fixed point yields an attenuation factor

pr = QT(L) / (QI(L) + 65¢) € (0,1), where QT(L) is the effective weight of learning agents from

Proposition 6. The equilibrium aggregate error is é,(”ew) = p*é,(L).
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Proposition 8 (Sophisticated Investors with Positive Mass). Under the setup above, with 6, > 0

(positive mass of uninformed learning agents):

1. Pricing errors persist at rate O(N [t):

A1 (e . - (p")20; (N —1) N
Ela;A, L, (%) = (p*)?- Ela;A, Lo, | > (ko2 + 1+ 1)2 ~0 (—) . (52)
2. Ex-ante correlations between sophisticated investors’ strategies satisfy:
Corr*>™¢(R,, R, )= ¢ < ¢, (53)
) T g (= G)A/T

independent of 6, N, t, or p*.

3. Squared Sharpe ratios scale as SRI.ZJ = ¢T?/[¢T + (1 — ¢p)A] ~ O(N/(t +kE)), where T and

L)

A are defined from the equilibrium error covariance Af:’tew) = (p*)zAa,, .

The atomistic limit (83 — 0) recovers Proposition 7.

The attenuation depends on effective informed capital 6,¢, not total sophisticated capital 6. A
large fund with shallow coverage has less impact than a smaller fund with deep expertise, rational-
izing the coexistence of specialized and generalist quantitative managers. Because sophisticated

investors rationally use dglfw)

for unobserved assets, their signals contain no common component
across investors; cross-strategy comovement arises solely from overlap in directly observed assets.

The extension generates predictions about how sophisticated capital affects markets. As the
quantitative investing industry grows (increasing #;¢), average alphas should decline (lower p*) but
remain positive. The number of successful low-correlation strategies should not decline because
the correlation bound is independent of 6;. Competition affects levels of mispricing but not its
O (N /t) scaling with market complexity. For empirical calibration, specialized quantitative funds

and hedge funds collectively represent less than 5% of equity market capitalization, suggesting 6

is small in practice.
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4 Motivating Evidence

Three facts about individual stock pricing errors motivate the theoretical analysis. We focus on
individual stocks rather than diversified portfolios because portfolios diversify away idiosyncratic

variation, obscuring the asset-level estimation problem.

4.1 Data

We use monthly returns for all common stocks (share codes 10, 11) traded on NYSE, AMEX,
and NASDAQ (exchange codes 1, 2, 3) from CRSP. For daily analysis, we use daily excess returns.

Our sample spans 1962-2023. We merge with Fama-French factors for risk adjustment.

4.2 Fact 1: The Scale of the Estimation Problem

Investors pricing N assets with ¢ observations face a complexity ratio N/¢. Throughout the
sample, N/t > 1.

Figure 1 plots the number of stocks over time. The cross-section ranges from 2,000 stocks in
1962 to over 7,000 in 1997, before declining to 4,000 by 2023. For ¢ = 60 months (5 years), N/t

ranges from 30 to over 120. Even with # = 120 months (10 years), N /¢ remains between 15 and 60.

==t =60 months (5 years)
= t=120 months (10 years)

8,000

6,000

4,000

Number of Stocks (N)
Complexity Ratio (N/t)

2,000

0 0

1960 1970 1980 1990 2000 2010 2020 1960 1970 1980 1990 2000 2010 2020
Year Year

(a) Number of Stocks (b) Complexity Ratio N /¢

Figure 1: The Scale of the Estimation Problem. Panel (a) plots common stocks (share codes 10,
11) on NYSE, AMEX, and NASDAQ from CRSP, 1962-2023. Panel (b) computes the complexity
ratio N/t for estimation windows of 60 and 120 months.
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Even with a decade of data, investors must estimate far more parameters than they have obser-

vations.

4.3 Fact 2: High Dimensionality of Individual Stock Returns

Factor structure does not reduce the effective dimensionality of individual stock expected
returns.

Figure 2 plots cumulative variance explained from PCA on daily individual stock returns. We
run PCA on non-overlapping 5-year windows from 1980-2019, keeping only stocks with complete
data in each window (1,500-2,500 stocks per window, 1,250 trading days). The start date reflects

daily return data availability in CRSP; the end date reflects the last complete 5-year window.

100

Cumulative Variance Explained (%)

0 100 200 300 400 500
Number of Principal Components

Figure 2: Cumulative Variance Explained by Principal Components: Individual Stocks. PCA is run
on daily excess returns for stocks with complete data in each non-overlapping 5-year window from
1980-2019. Each gray line represents one window; the black line is the cross-window average.

Explaining 50% of variance in individual stock returns requires 145 principal components, and
370 for 75%. The first 5 principal components capture 15% of return variation. For diversified
portfolios, 50 factors explain 50% of variance. Portfolios diversify away idiosyncratic variation,

leaving the high-dimensional component of the estimation problem intact.
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The PCA is on total return variance, not expected returns directly. But the high dimensionality
of returns means that even if common factors were perfectly known, the N asset-level idiosyncratic
parameters must be estimated separately from returns whose variation is spread across hundreds of

dimensions.

4.4 Fact 3: Pricing Errors Scale with N

The aggregate squared pricing error, measured by @’ A~'a (the squared Sharpe ratio improve-
ment from exploiting pricing errors beyond the market portfolio), scales with the number of assets
N.

For each year from 1970 to 2023, we estimate CAPM regressions for all stocks with at least 36

months of data in the preceding 5-year window:
Fig =Ty =+ Bi(rm—rf) +&iy (54)

We then compute aggregate pricing errors o’ A~'a, where A is the full return covariance matrix
estimated using a factor model with K = 10 principal component factors plus a diagonal residual
covariance, computed from excess returns in the same window. '3

Figure 3 plots the results. o’A~'a and N move together (Panel a); their correlation is 0.57
(Newey-West ¢ = 2.82, p = 0.007; Panel b). The sample statistic @’ A~'a also scales with N
mechanically under the null of zero true alphas, so the correlation documents consistency with the
model rather than testing it against the null; see the identification caveat below.

The implied annualized Sharpe ratio, V12 - o’A~la, averages 28 (range 17—35). These Sharpe

ratios are implausible as exploitable returns and point to estimation error in @.

Identification caveat. The correlation does not establish causation. U.S. stock listings follow

an inverted-U shape peaking in the late 1990s, and many macro-finance variables (idiosyncratic

18. Using a diagonal matrix of CAPM residual variances instead of the full return covariance yields a higher
correlation with N. We report the factor-model estimator because o’ A~ !« in the theory uses the full return covariance
A, not the CAPM residual covariance.
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Figure 3: Pricing Errors and the Number of Assets. For each year from 1970 to 2023, CAPM
regressions are estimated on stocks with 36+ months of data in the preceding 5-year window. Panel
(a) plots A (solid line, left axis) and N (dashed line, right axis). Panel (b) plots A
against N.

volatility, retail participation, turnover) share similar low-frequency trends that could generate
spurious correlation. The covariance-adjusted statistic o’ A~ @ absorbs some of the rise in idiosyn-
cratic volatility, but shifts in the cross-sectional distribution of volatility could still affect the scaling.
The robustness analysis below shows the correlation strengthens with richer covariance estimators,
indicating the alphas rather than covariance misspecification drive the pattern, but low-frequency
macro trends could confound the correlation. A further subtlety is that the model predicts scaling
of true equilibrium pricing errors o’A~'a, while the empirical measure @’A~'@ also reflects the
econometrician’s own estimation noise. Both equilibrium mispricing and econometric noise scale
with N/t for the same reason: high-dimensional estimation from limited data. The empirical ex-

ercise documents the scaling pattern the theory predicts without separating equilibrium mispricing

from econometric noise.

4.5 Robustness: Varying the Covariance Estimator

The scaling might reflect misspecification of A rather than the CAPM alphas. We hold the
alphas fixed and vary K in the factor-model covariance estimator Ag = Bg3 fé}( + D. If the

correlation were an artifact of the covariance estimate, it should vary with K; if the alphas drive
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the scaling, the correlation should persist regardless of K.
Figure 4 plots the results.!” The correlation between a’A '@ and N ranges from 0.60 at K = 1
to 0.77 at K = 20, increasing monotonically with K.
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Figure 4: Pricing Error Scaling Across Covariance Estimators. CAPM alphas are held fixed. The
covariance matrix Ag is estimated using K principal component factors plus a diagonal residual
covariance. Panel (a) plots o/f\l‘(l a over time for different K. Panel (b) plots the correlation between
a’f\;(loz and N as a function of K.

The pattern is consistent with alphas rather than the covariance estimator driving the N-scaling.

A richer factor structure in A brings the weighting matrix closer to the true A~

4.6 Robustness: Varying the Estimation Window

The theory predicts pricing errors proportional to N/t. Shortening the estimation window ¢
increases N/t and should increase «’A~'a. We compare 3-year (r = 36) and 5-year (1 = 60)
estimation windows, holding the empirical procedure otherwise identical.

Figure 5 plots the results. The 3-year window produces larger pricing errors in every year, with
a mean ratio of 2.89. The model predicts the qualitative direction but not the exact magnitude: the
effective estimation horizon ¢ in the model need not equal the window length in months, and the

stock universes differ across windows (more stocks satisfy the 36-month filter than the 60-month

19. A balanced panel is required here, so the baseline correlation (0.72) differs from Figure 3 (0.57), which includes
stocks with partial data.
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filter). The pooled correlation between o’ A~'a and N/t across both windows is positive (Figure

5b), consistent with the N/t scaling.
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Figure 5: Pricing Errors Across Estimation Windows. CAPM alphas and factor-model covariance
matrices (K = 10) are estimated using 3-year and 5-year windows ending in each year from 1970
to 2023. Panel (a) plots @' A for both windows over time. Panel (b) pools both windows and
plots &’ A~ @ against N /1.

4.7 Summary

First, N/t ranges from 30 to 120, placing the estimation problem in the high-dimensional regime.
Second, 145+ principal components are needed for 50% of return variance, so the estimation
problem agents face is high-dimensional. Third, aggregate pricing errors &’ A~ & covary positively
with N (correlation 0.57), and the scaling strengthens with richer covariance estimators, consistent
with idiosyncratic alpha estimation errors driving the pattern. Sections 1-2 show that complexity

generates all three patterns without behavioral biases, limits to arbitrage, or market frictions.

5 Strategy Proliferation with Low Correlations

Academic factor models and systematic hedge fund portfolios both achieve high Sharpe ratios

with low pairwise correlations.
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A factor model prices the cross-section if and only if the factor model can be collapsed to a
mean-variance efficient portfolio (Huberman and Kandel 1987). Table 1 shows the factor models
and collapse methods from the literature that are used here. Each strategy is named by combining
a factor model with a collapse method (e.g., “GKX-BPZ” denotes the Gu, Kelly, and Xiu 2021
factor model collapsed using Bryzgalova, Pelger, and Zhu 2020a). Davis 2024 describes the
implementation of these models. The analysis uses the Freyberger, Neuhierl, and Weber 2020b
dataset of 62 asset characteristics. Following Kozak, Nagel, and Santosh 2020 and Kelly, Pruitt,
and Su 2019, characteristics are converted to cross-sectional percentiles (between 0 and 1) and
centered at zero to form long-short managed portfolios. Monthly data span July 1962 through
December 2023. Parameters are estimated through December 1989 and re-estimated annually; the
evaluation period runs January 1990 to December 2023, using strictly ex-ante information.

Panel (a) of Figure 6 shows the distribution of pairwise correlations across all strategies. The
average pairwise correlation is 0.26 (implied R? of 7%).

Beyond academic strategies, we examine actual hedge fund portfolios using 13F holdings data
from the SEC EDGAR database, covering the period 1999-2023. We follow the Koijen and Yogo
2019 methodology to correct investor types in the 13F data, and define a systematic hedge fund
as an “investment advisor” that holds at least 500 stocks. Funds holding fewer than 500 stocks
are excluded. The filter yields 80—120 funds per quarter. Among the well-known funds captured
are AQR, Renaissance, Tower Research, Citadel, Two Sigma, S.A.C Capital, D.E. Shaw, Roll and
Ross Asset Management, Paradigm Asset Management, Bridgewater Associates, Cubist Systematic
Strategies, Martingale Asset Management, and Quantitative Systematic Strategies.

We isolate the active component of each fund’s portfolio by subtracting the fund’s market
beta times the market portfolio weights. If the weights of fund i are w; and its beta is S;, the

market-neutral weights are

Wim = wi — Biwm. (55)
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The correlation between the active components of funds i and j is then:

wim)' AW jim)
N Awas) W i) Aw jiar)

corr; j = (56)

where A is the return covariance matrix estimated using a factor model with K = 10 principal
component factors plus a diagonal residual covariance, computed from daily returns over the
preceding 12 months. Because 13F filings report only long positions, the correlations reflect the
long book only.?’ Panel (a) reports return-based correlations across academic strategies; Panel
(b) reports holdings-based correlations for hedge funds, using the covariance-based formula in
Equation (56) because 13F holdings are observed only quarterly.

Panel (b) of Figure 6 shows the pairwise correlations. The average is 0.07. Koijen and Yogo

2019 similarly find that classic characteristics leave most demand unexplained.

-1.00 =075 =050 =025 000 025 050 075 100 -1.00 =075 =050 =025 000 025 050 075 100
Strategy Comrelations Correlations
(a) Trading Strategy Correlations (b) Systematic Hedge Fund Cross Correlations

Figure 6: Correlations of Portfolios. Panel (a) computes pairwise return correlations across the
trading strategies listed in Table 1 over January 1990 to December 2023. Panel (b) computes
pairwise correlations of the market-neutral component of systematic hedge fund portfolios from
13F holdings data, using the covariance-based formula in Equation (56).

20. If short positions are correlated across funds (e.g., because many funds short the same overpriced stocks), the
true active-portfolio correlations could be higher than what we estimate from long holdings alone.
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Initialism

Factor Model

BPZF Bryzgalova, Pelger, and Zhu 2020b

L linear characteristic-weighted portfolios

CRW Chen, Roussanov, and Wang 2021 linear portfolios
FF3 Fama and French 1993

FF6 Fama and French 2015 with Carhart 1997 momentum
GKX Gu, Kelly, and Xiu 2021

HXZ Hou, Xue, and Zhang 2014

KPS Kelly, Pruitt, and Su 2019

NN neural network

RF random forest

Initialism  Collapse Method

BPZ Bryzgalova, Pelger, and Zhu 2020a

KNS Kozak, Nagel, and Santosh 2020

BSV Brandt and Santa-Clara 2006

DGU DeMiguel, Garlappi, and Uppal 2007

Table 1: Statistical Arbitrageur Demand Models. Initialisms and sources for the investment strategy
models.

Table 2 reports CAPM regressions: alphas range from 18 to 51 basis points per month, with
Sharpe ratios between 1.4 and 3.2.

Tables 3 and 4 regress each strategy’s returns on other strategies’ returns. Within similar strategy
families (e.g., machine learning-based approaches), betas are high (0.5-0.8); across different
strategy types, betas are near zero or negative. Market betas explain little of the variation in

strategy returns. Strategies load on different return components rather than common risk factors.
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Panel A: Weber CAPM Regressions Part 1

NN L-BPZ KPS-BPZ CRW-KNS BPZF-BPZ GKX-BPZ GKX-BSV FF6-DGU HXZ-BSV L-DGU  FF6-KNS

€)) @ 3 (€] (&) © (©) ®) ® 10 ar
a S51.10™*  45.26™*  45.01" 40.80" 27127 28.227 27.29" 18.35" 22.79* 23487 20.42"
(2.61) (2.67) (2.67) (2.68) (2.53) (2.68) (2.67) (2.21) (2.68) (2.63) (2.66)
B -0.227 0.08* -0.06 -0.01 0.33"** -0.05 -0.07 0.57"* 0.02 -0.18*** 0.10*
(0.05) (0.05) (0.05) (0.05) (0.05) (0.05) (0.05) (0.04) (0.05) (0.05) (0.05)
Observations 408 408 408 408 408 408 408 408 408 408 408
R? 0.05 0.01 0.00 0.00 0.11 0.00 0.01 0.32 0.00 0.03 0.01
Sharpe Ratio 3.20 2.98 2.89 2.64 1.94 1.81 1.73 1.50 1.49 1.42 1.38
Note: *p<0.1; **p<0.05; **p<0.01
Panel B: Weber CAPM Regressions Part 2
GKX-KNS KPS-DGU BPZF-DGU HXZ-KNS FF3-KNS RF FF3-DGU CAPM CRW-BPZ GKX-DGU BPZF-BSV
@ @) 3 (C) () 6 (©) ® (&) (10) an
a 21.58"" 16.49*** 10.74** 9.34"* 12.93™*  8.72"* 518" 7.257" 4.00 -4.24
(2.68) (2.38) (2.07) (1.74) (2.56) (2.04) (1.30) (2.67) (2.67) (2.68)
B -0.04 0.46* 0.63*** 0.76*** 0.29** 0.65* 0.87* 0.06 0.08" -0.02
(0.05) (0.04) (0.04) (0.03) (0.05) (0.04) (0.02) (0.05) (0.05) (0.05)
Observations 408 408 408 408 408 408 408 408 408 408 408
R? 0.00 0.21 0.40 0.58 0.08 0.42 0.76 0.00 0.01 0.00
Sharpe Ratio 1.38 1.32 1.04 1.02 1.00 0.92 0.82 0.55 0.50 0.31 -0.29
Note:

*p<0.1; **p<0.05; **p<0.01
Table 2: CAPM Regressions for Factor Model Strategies. CAPM regressions R;; = @+ SR, + i

for the factor model strategies in Table 1, January 1990 to December 2023. Panels A and B show
separate subsets of strategies. Standard errors in parentheses.
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Panel A: Weber Cross Regressions Beta Part 1

Rows: Test Assets, Columns: Right-hand-side Portfolios

NN L-BPZ KPS-BPZ CRW-KNS BPZF-BPZ GKX-BPZ GKX-BSV FF6-DGU HXZ-BSV L-DGU FF6-KNS
@ @ 3 (€] (©)) © (@) ® (&) 10 an
NN 0.62"** 0.61"* 0.65™* 0.43"* 0.42*** 0.447+ 0.04 0.21™ 0.25™ 0.12
(0.05) (0.08) (0.07) (0.08) (0.07) (0.08) (0.08) (0.10) (0.11) (0.14)
L-BPZ 0.62*** 0.54*+ 0.55* 0.41** 0.36** 0.35* 0.27* 0.16 0.22 0.19
(0.08) (0.06) (0.10) (0.11) (0.11) (0.13) (0.09) 0.14) (0.14) 0.21)
KPS-BPZ 0.61™*  0.54" 0.74* 0.31" 0.56* 0.447 0.18™* 0.16™ 0.30™* 0.23*
(0.05) (0.09) (0.07) (0.05) (0.06) (0.07) (0.07) (0.06) (0.08) (0.09)
CRW-KNS 0.65*  0.55"* 0.74* 0.50"** 0.65** 0.66™* 0.03 -0.02 0.05 -0.07
(0.06) (0.07) (0.07) (0.09) (0.06) (0.06) (0.08) (0.10) (0.11) (0.14)
BPZF-BPZ 0.43* 041" 0.31* 0.50* 0.40"** 0.44*+ 0.27* -0.05 -0.09 -0.02
(0.11) (0.11) (0.07) (0.10) (0.10) (0.11) (0.09) (0.11) 0.12) (0.16)
GKX-BPZ 0.42* 036" 0.56"* 0.65™* 0.40™ 0.57* -0.07 -0.03 -0.09 -0.19%
0.07) (0.08) (0.06) (0.07) (0.07) (0.06) (0.08) (0.09) (0.10) 0.11)
GKX-BSV 0.44"*  0.35"* 0.447+ 0.66™* 0.44"* 0.57** -0.10 -0.05 -0.12 -0.21
(0.09) (0.12) (0.08) (0.08) (0.10) (0.09) (0.09) (0.11) 0.12) (0.14)
FF6-DGU 0.04 0.27** 0.18"* 0.03 0.27** -0.07 -0.10 0.57* 0.62** 0.81*
(0.08) (0.13) (0.06) (0.08) (0.11) (0.07) (0.08) (0.07) (0.05) 0.07)
HXZ-BSV 0.21** 0.16 0.16™* -0.02 -0.05 -0.03 -0.05 0.57* 0.60""* 0.77%
(0.10) (0.15) (0.06) (0.10) (0.11) (0.09) 0.11) (0.06) (0.06) (0.06)
L-DGU 0.25™ 0.22 0.30"* 0.05 -0.09 -0.09 -0.12 0.62*** 0.60** 0.83"*
(0.11) (0.17) (0.06) 0.12) (0.12) (0.10) (0.11) (0.06) (0.08) (0.04)
FF6-KNS 0.12 0.19 0.23** -0.07 -0.02 -0.19 -0.21 0.81*** 0.77* 0.83**
(0.13) 0.21) (0.07) (0.14) (0.16) (0.12) 0.14) (0.06) 0.07) (0.06)
GKX-KNS 0.51™*  0.35™ 0.51™* 0.66™* 0.46™ 0.56* 0.56™* -0.06 -0.05 -0.09 -0.17
(0.06) (0.08) (0.07) (0.05) (0.07) (0.06) (0.06) (0.08) (0.09) (0.10) 0.11)
KPS-DGU 0.27%* 037" 0.46™* 0.517* 0.69"** 0.44*** 0.427* 0.33"* -0.07 -0.08 0.02
(0.07) (0.06) (0.06) (0.05) (0.05) (0.06) (0.05) 0.07) (0.08) (0.09) (0.10)
BPZF-DGU 0.14 0.30"** 0.15* 0.32* 0.77* 0.26** 0.26™ 0.45* -0.08 -0.17* 0.03
0.12) (0.10) (0.08) (0.11) (0.04) (0.08) (0.11) (0.08) (0.09) (0.10) (0.14)
HXZ-KNS -0.03 0.23" 0.03 0.11 0.55" 0.06 0.06 0.76™* 0.27* 0.09 0.40*
(0.09) (0.06) (0.07) (0.08) (0.06) (0.06) (0.08) (0.05) (0.08) 0.07) 0.12)
FF3-KNS 0.05 0.16 0.08 -0.03 0.16 0.01 -0.02 0.74** 0.71* 0.50"* 0.68"**
(0.08) (0.13) (0.06) (0.08) (0.11) (0.08) (0.10) (0.04) (0.05) (0.06) (0.06)
RF 0.18 0.36"** 0.14* 0.35*" 0.75% 0.23** 0.26* 0.47*** -0.09 -0.13 0.02
(0.15) (0.13) (0.08) (0.14) (0.07) (0.11) (0.15) (0.10) 0.12) (0.13) (0.18)
FF3-DGU -0.10 0.20™ 0.01 0.08 0.51™ 0.08 0.05 0.727** 0.19™ -0.03 0.26"*
(0.08) (0.05) (0.06) (0.06) (0.06) (0.06) (0.07) (0.06) (0.08) (0.07) (0.10)
CAPM -0.22"* 0.08 -0.06 -0.01 0.33"** -0.05 -0.07 0.57* 0.02 -0.18* 0.10
(0.06) (0.05) (0.05) (0.05) (0.07) (0.05) (0.05) (0.06) (0.07) (0.06) 0.07)
CRW-BPZ 0.17*  0.22" 0.24* 0.24* 031 0.34* 0.26""* 0.15** 0.19** -0.02 0.07
(0.08) (0.07) (0.07) (0.07) (0.06) (0.06) (0.07) (0.07) (0.08) (0.09) (0.10)
GKX-DGU 0.24™* 032" 0.27* 0.36™* 0.53" 0.28"* 0.36™* 0.12 -0.05 -0.01 0.00
(0.08) (0.09) (0.08) (0.08) (0.05) (0.09) (0.08) (0.08) (0.09) (0.11) (0.13)
BPZF-BSV 0.12* 0.11* 0.03 0.00 0.09 0.05 -0.02 -0.10* -0.20"* -0.06 -0.16"*
(0.07) (0.06) (0.06) (0.07) (0.07) (0.07) (0.08) (0.05) (0.05) (0.07) (0.06)
Observations 408 408 408 408 408 408 408 408 408 408 408
F-test 6.94 7.13 7.93 10.96 18.42 21.33 2245 19.06 18.81 17.95 17.55
p-value 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Note: *p<0.1; *p<0.05; **p<0.01

Table 3: Cross-Sectional Beta Regressions Across Strategies (Part 1). Each strategy’s returns
regressed on all other strategies’ returns, January 1990 to December 2023. Part 1 of 2; see Table 4
for Part 2. Standard errors in parentheses.
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Panel B: Weber Cross Regressions Beta Part 2

Rows: Test Assets, Columns: Right-hand-side Portfolios
GKX-KNS KPS-DGU BPZF-DGU HXZ-KNS  FF3-KNS RF FF3-DGU CAPM CRW-BPZ GKX-DGU BPZF-BSV

@ (@) 3 “ ®) ©6) (@) ® ® (10) an
NN 0.51"* 0.27** 0.14 -0.03 0.05 0.18 -0.10 -0.22% 0.17* 0.24** 0.12*
(0.08) (0.08) 0.12) (0.09) (0.08) (0.13) (0.07) (0.05) (0.09) (0.09) (0.07)
L-BPZ 0.35"** 0.37** 0.30* 0.23"** 0.16 0.36** 0.20* 0.08 0.22** 0.32%* 0.11
(0.11) (0.09) 0.11) (0.07) (0.11) (0.12) (0.06) (0.05) (0.10) (0.11) (0.07)
KPS-BPZ 0.51* 0.46** 0.15** 0.03 0.08 0.14** 0.01 -0.06 0.24" 0.27* 0.03
(0.05) (0.06) 0.07) (0.07) (0.06) (0.07) (0.06) (0.05) (0.07) (0.08) (0.06)
CRW-KNS 0.66"* 0.51 0.32* 0.11 -0.03 0.35°* 0.08 -0.01 0.24** 0.36"* 0.00
(0.07) (0.08) (0.11) (0.09) (0.09) (0.11) (0.07) (0.05) (0.10) (0.10) (0.07)
BPZF-BPZ 0.46"* 0.69"** 0.77* 0.55* 0.16 0.75°* 0.517* 0.33°* 031 0.53* 0.09
(0.10) (0.07) 0.07) (0.07) (0.10) (0.05) (0.06) (0.04) (0.10) (0.09) (0.08)
GKX-BPZ 0.56"* 0.44*** 0.26"* 0.06 0.01 0.23** 0.08 -0.05 0.34*** 0.28* 0.05
(0.06) (0.07) (0.08) (0.06) (0.08) (0.09) (0.06) (0.05) (0.08) (0.09) (0.07)
GKX-BSV 0.56"* 0.42"** 0.26** 0.06 -0.02 0.26* 0.05 -0.07 0.26"* 0.36** -0.02
(0.09) (0.09) 0.11) (0.08) (0.10) (0.14) (0.07) (0.05) (0.10) 0.11) (0.07)
FF6-DGU -0.06 0.334* 0.45* 0.76"* 0.74"* 0.47* 0.72* 0.57* 0.15™ 0.12 -0.10
(0.07) (0.08) (0.10) (0.05) (0.04) (0.15) (0.05) (0.06) (0.07) (0.08) (0.06)
HXZ-BSV -0.05 -0.07 -0.08 0.27** 0.71* -0.09 0.197* 0.02 0.19"* -0.05 -0.20*
(0.09) (0.08) (0.10) (0.06) (0.05) (0.11) (0.06) (0.07) (0.07) (0.09) (0.08)
L-DGU -0.09 -0.08 -0.17 0.09 0.50"* -0.13 -0.03 -0.18"* -0.02 -0.01 -0.06
(0.10) (0.09) 0.11) (0.07) (0.07) (0.12) (0.07) (0.07) (0.09) (0.11) (0.08)
FF6-KNS -0.17 0.02 0.03 0.40"* 0.68"* 0.02 0.26** 0.10 0.07 0.00 -0.16*
0.12) (0.10) (0.13) (0.06) 0.07) (0.18) (0.07) (0.06) (0.10) (0.13) (0.08)
GKX-KNS 0.43** 0.32* 0.10 -0.07 0.32%* 0.07 -0.04 0.30"* 0.36** 0.04
(0.08) (0.09) (0.08) (0.08) (0.09) (0.06) (0.05) (0.09) (0.10) (0.07)
KPS-DGU 0.43"* 0.76"* 0.61* 0.21* 0.71°* 0.60* 0.46** 0.34" 0.59* 0.04
(0.06) (0.04) (0.05) (0.08) (0.07) (0.05) (0.05) (0.07) (0.05) (0.07)
BPZF-DGU 0.32"* 0.76"** 0.82"** 0.27* 0.937* 0.80"* 0.63** 0.33"* 0.50"* 0.03
(0.10) (0.06) (0.05) (0.09) (0.05) (0.04) (0.03) (0.09) (0.08) (0.08)
HXZ-KNS 0.10 0.61"** 0.82* 0.52"** 0.79* 0.92+* 0.76** 0.29"** 0.36** -0.08
(0.07) (0.05) (0.06) (0.07) (0.11) (0.03) (0.03) (0.07) (0.06) (0.06)
FF3-KNS -0.07 021" 0.27* 0.52"** 0.25* 0.59* 0.29*** 0.23"* 0.11 -0.15™
(0.08) (0.08) (0.10) (0.06) (0.14) (0.06) (0.07) (0.07) (0.09) (0.07)
RF 0.32** 0.71* 0.93* 0.79"** 0.25 0.79** 0.65* 0.29"* 0.45* 0.08
(0.13) (0.08) (0.06) (0.06) (0.11) (0.05) (0.03) (0.11) (0.11) (0.08)
FF3-DGU 0.07 0.60""* 0.80"* 0.92"** 0.59*** 0.79*** 0.87** 0.24" 0.29"* -0.05
(0.06) (0.06) 0.07) (0.04) (0.07) (0.12) (0.03) (0.06) (0.06) (0.06)
CAPM -0.04 0.46"** 0.63* 0.76** 0.29"** 0.65* 0.87* 0.06 0.08 -0.02
(0.05) (0.05) (0.09) (0.05) (0.07) (0.14) (0.03) (0.05) (0.07) (0.05)
CRW-BPZ 0.30"* 0.34" 0.33* 0.29"* 0.23"* 0.29* 0.24* 0.06 0.35* -0.16™
(0.07) (0.07) 0.07) (0.07) (0.07) (0.07) (0.06) (0.05) (0.08) (0.07)
GKX-DGU 0.36"* 0.59** 0.50* 0.36"* 0.11 0.45* 0.29* 0.08 0.35* 0.07
(0.08) (0.07) 0.07) (0.07) (0.08) (0.08) (0.07) (0.07) (0.07) (0.08)
BPZF-BSV 0.04 0.04 0.03 -0.08 -0.157* 0.08 -0.05 -0.02 -0.16™ 0.07
(0.07) (0.07) (0.08) (0.06) (0.05) (0.08) (0.06) (0.05) (0.08) (0.07)
Observations 408 408 408 408 408 408 408 408 408 408 408
F-test 21.64 26.59 26.19 28.01 24.18 25.40 28.38 26.82 30.61 29.93 27.40
p-value 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Note: *p<0.1; *p<0.05; **p<0.01

Table 4: Cross-Sectional Beta Regressions Across Strategies (Part 2). Coefficients from cross-
sectional regressions of each strategy’s returns (rows) on other strategies’ returns (columns), January
1990 to December 2023. See Table 3 for Part 1. Standard errors in parentheses. F-test and p-value
test joint significance.
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6 Conclusion

Estimation uncertainty under market complexity reverses a prediction of Arbitrage Pricing
Theory. APT predicts that pricing errors vanish as markets grow; instead, equilibrium pricing
errors scale linearly with the number of assets and inversely with effective sample size. The
bound has two components: a learnable part from uncertainty about permanent expected returns
that shrinks with sample size, and a persistent part from time-varying fundamentals that remains
irreducible regardless of estimation procedure or data availability. The bound is estimator-agnostic.

The equilibrium stochastic discount factor loads primarily on estimation errors rather than on
fundamental risk factors. Because estimation uncertainty disperses across all N asset dimensions
while any implementable portfolio spans a single direction, factor models cannot capture the
N — 1 orthogonal dimensions of priced estimation risk. The weak beta-return relationship and
the failure of parsimonious factor models both follow from the same dimensional mismatch.
Multiple strategies achieve high Sharpe ratios with low cross-correlations because each strategy
exploits different dimensions of the estimation error space. When investors disagree about expected
returns, mispricing persists even with informed investors because risk aversion limits the positions
that would otherwise eliminate complexity-driven pricing errors.

Individual stock returns require 145 principal components to explain half their variance, and
aggregate pricing errors covary positively with the number of listed stocks. The active positions of
systematic hedge funds exhibit near-zero pairwise correlations (average 0.07), and academic factor
model strategies display an average pairwise correlation of 0.26, consistent with exploitation of

distinct error dimensions.

Testable predictions. The O(N/t) bound generates comparative statics beyond the baseline
scaling.

Countries with more listed firms relative to available data history should exhibit larger pricing
errors. Emerging markets with short reliable data histories face large N /¢ ratios even with fewer

listed firms. Events that shift the data-generating process (financial crises, regulatory changes,
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pandemics) effectively reduce the useful sample size ¢, since pre-break data is less informative
about post-break parameters. Pricing errors should spike after regime changes even controlling for
N.

Not all firms contribute equally to aggregate pricing errors. Younger firms have shorter his-
tories (smaller firm-level ¢), so their expected returns are estimated less precisely; pricing errors
should be concentrated among younger firms. Firms in rapidly changing industries (technology,
biotechnology) have expected returns that shift more frequently, contributing a larger persistent
component to pricing errors. Firms with high idiosyncratic return volatility relative to expected
return variation have a worse signal-to-noise ratio, and sorting firms by idiosyncratic volatility, the
high-volatility group should contribute disproportionately to aggregate pricing errors through the
learnable channel.

The prior precision kxy maps to investor sophistication. Stronger priors reduce pricing errors
when correctly specified (g = m), but when my # m, larger o can increase pricing errors:
the agent is confident but wrong, and the bias does not shrink with 7. Overconfident investors
with misspecified models generate larger errors than investors with diffuse priors. Even perfectly
calibrated Bayesians face O (N) errors when fundamentals are time-varying (Corollary 1), implying
diminishing returns to sophistication in complex, rapidly changing markets.

Pricing errors are convex in the fraction of uninformed investors (scaling as 62 in Proposition
6), so the marginal value of informed capital is highest when most capital is uninformed. Higher
aggregate risk aversion amplifies the persistence of mispricing, so periods of elevated risk aversion
should exhibit larger pricing errors even if the information environment is unchanged. Markets
with more specialized investors (lower coverage ¢ per fund, more funds) should exhibit more low-
correlation strategies; the total mispricing corrected depends on aggregate coverage ¢, not on the
number of funds alone.

Diversified markets where factor loadings have offsetting signs should have smaller covariance-
driven pricing errors than markets where all assets load in the same direction. With unknown

factor loadings determined by K characteristics, pricing errors scale as O (N/t + KS/(Nt)); if the

52



number of characteristics grows proportionally to N, the mean estimation term dominates but with
an effective complexity multiplier. Short-sale constraints and low liquidity effectively reduce the
informed share or coverage fraction for affected assets, so constrained assets should exhibit larger

pricing errors.
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Appendix

Lemma A.1 (Projection Identity for Pricing Errors). Let A be an N X N positive definite matrix

and 1 the N-vector of ones. Define the market variance o2 = /A, the whitened market direction

m

m = AY20 e RN, and the orthogonal projector

mm’

P=1Iy- (57)

m'm’

As an orthogonal projector onto the complement of m, P is symmetric, idempotent (P> = P),

positive semidefinite, satisfies Pm = 0, and has tr(P) = N — 1.

Part (i): Quadratic Form Identity. For any x € RN, define ¥ = A~'/?x. Then:

_ @2

o

Ay = ¥ Px. (58)

Part (ii): Bilinear Extension. Forany x,y € RN, with% = A™'2x and 5 = A~1/?y:

W)Wy _
o

XAty i Py. (59)

By Cauchy-Schwarz: |X'Py| < VX' PX -\’ PJ.

Part (iii): Expectation Formula. For a random vector x with E[x] = 0 and Cov(x) = X:

%

2

E [x’A_lx
Om

] . (P : A—l/ZZA—l/z). (60)

Part (iv): Scalar Proportionality. If X = cA for some scalar ¢ > 0, then:

r\2
XAy - (‘sz) ]:c(N—l). 61)

m

E

Proof. Part (i). Since A is positive definite, A'/?> and A~!/? exist and are symmetric. For
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%=A"12:

FA I = XYATVPAT 2 = ¥,
Ux = UANVPAT 2y = ',

o2 =dAv=m'm.

Therefore:

U'x)? m’'x)?
x'A_lx—%:i’i—( ,)
o m'm
mm’

:)E’(IN— , )x:x—r
m'm

Part (ii). Apply Part (i) tox +y and x — y:

(¢ (x+y))?

() A o y) - I Ssyp i)
V(v 2
(=Y A =) = LI (5 p).

Subtracting and dividing by 4, the left side becomes:

14MA4y_4uwxuw :yAqy_(uwuwy
3 7 7

(62)

(63)

(64)

(65)

(66)

The right side becomes %’ Py by linearity of 6 = A~!/2(-) and symmetry of P. The Cauchy-Schwarz

bound follows from P > 0.

Part (iii). For mean-zero u, expanding u’Au = }; ; A;;u;u; and taking expectations gives

E[u’Au] = Zi,j AijE[uiuj] = Zi,f AijZij = tI'(AE) Applymg this:

E[# P%] = tr(P - Cov(%)) = tr(P - A™'/2EA7/2).
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Part (iv). When X = cA:
tr(P-AV2(cAA YY) =¢c (P Iy) =c - tr(P) = ¢(N - 1). (68)

O

Corollary A.1 (Pricing Error Decomposition). Let u = €+ yn A be the true expected excess return
vector, where € = a — 4 is the mean estimation error and A is the perceived covariance. Define

u=A"2¢ and v = A"V2Av. Then the pricing error satisfies:
&N = (u+yyv) P(u+yyv) = u'Pu+2yyu'Pv +y3v'Pv. (69)

Under perfect information (A = A), we have v = A~V?Av = AV20 = m, so Pv = 0 and all three

terms vanish.

6.1 Decomposition of Pricing Errors

Proposition A.1 (Decomposition of Pricing Errors). The weighted sum of squared pricing errors
in the economy, relative to the market portfolio, is given by the difference in squared Sharpe ratios
(SR) of the optimal portfolio and the market portfolio. This sum can be decomposed into mean and

covariance estimation errors plus an interaction term.

oA e = SR(w*)? - SR(%L)Z

= [&"At_1 £ - ((LT,TE)Z]

m,t

Mean estimation errors

~ I\ A2
+ 2yn [8’A;1A;L _ Yy (?;Tm”]

m,t

Interaction term

N -14 (A31I)2
+ Y[ ANT A — =] (70)

m,t

Covariance estimation errors
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Proof. We show that a’A;'a = SR(w*)? - S R(%L)2 and derive the three-term decomposition.

Step 1: Pricing Errors as Sharpe Ratio Difference By Lemma A.1(i), for any vector x:

(Ux)? 3

2
Ot

XA -

where X = A,_l/zx and P = Iy —mm’/(m’m) with m = AZI/ZL.

Taking x = y; and noting that @ = u;, — Aje(py)/ o'nz” is the residual from projecting y, onto
Aqt, we have @’ A7 a = i/ Pji,. The lemma identity then gives:
(L,ﬂz)z

2

m,t

oA o = A -

For the optimal portfolio w* o« A7 !y, standard mean-variance optimization yields SR(w*)? =
WA ;. For the market portfolio w,, = %L, the squared Sharpe ratio is SR(%L)Z = (up)?/ 0',%!7,.

Therefore:

1 \2
a’A e = SR(w*)? — SR (NL)

Step 2: Decomposition into Mean, Covariance, and Interaction Terms Substituting u, =
c+ ’)/N/A\tt from Equation 21, where € = a, — 4, is the mean estimation error, into the projection
identity gives:

(e + yNé',i’,)z

2
O-m,t

A la = (e +ynA) AN (e +ynAn) -

where &2 , = ' At is the perceived market variance.

m,t

Expanding and grouping by powers of yy:

’e)? (V)52 (62 )?
7 A —1 7 A —1 (L 8) N m,t 21 741 —14 m,t
alNa = gNe—- 5 + 2yn|e'A A[L—T + Y [C AN At — >
m,t Ot Ot
Term 1 (mean errors) Term 2 (cross term) Term 3 (covariance errors)

By Lemma A.1(i), Term 1 equals u’Pu where u = At_l/ %¢, and Term 3 equals )/szv’Pv where
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V= At_l/ zAtL. By Lemma A.1(ii), Term 2 equals 2yyu’Pv. Under perfect information (A, = A,),

we have v = Atl/zL =m, so Pv = 0 and all terms vanish.

6.2 Perfect Information

Proposition A.2 (Perfect Information). When agents know the economy’s parameters, CAPM and

Arbitrage Pricing Theory (APT) hold. In particular,

1. Mean returns are given by u; = yn/Ast.
2. The mean-variance efficient portfolio is the market portfolio with weights of #
3. Pricing errors with respect to the market portfolio are zero, a; = 0.

4. For N — oo, and rotating the factors to make them orthogonal, the price of risk for factor
k is given by )/15,,1{0'[2,,{, where E,,k is the average loading on factor k and oy is the factor’s

volatility.

5. Systematic factors asymptotically span the maximum Sharpe ratio: SR%/SRiH — 1 as
N — oo, where SRiH = ,u;/\t'1 Uy is the maximum squared Sharpe ratio using all N assets
and SR% uses only S factor-mimicking portfolios. This requires that factor loadings satisfy

the regularity condition %(Bsy Y B*Y$ — G for some positive definite matrix G as N — oo.

Proof. When agents have perfect information, their subjective estimates match the true values:
d[ =dar = B[ﬂ' and /A\[ = Al‘ = B[VB;

From Equation 23, the general expression for expected returns is:
Mr = (a; — a) + yn(Ay = At +ynA (71)
Under perfect information, a; = d; and /A\, = /A, so both estimation error terms vanish:

e =0+0+ynAu=ynAp (72)
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From Equation 24, the objectively optimal portfolio is:

. 1 1
wi= =A== AT (ywA) = = — (73)
Y Y Y N

This confirms that the optimal portfolio equals the market portfolio exactly, establishing mean-
variance efficiency. From Proposition 1, since the optimal and market portfolios coincide, a’A,‘la/ =
SR(w*)? — SR(%L)2 = 0, which implies @ = 0. Therefore, there are no pricing errors relative to
the market portfolio.

Since the market portfolio is mean-variance efficient, CAPM follows by the standard equivalence

between market efficiency and the security market line.

APT Verification. For APT, we need to show that expected excess returns are a linear function
of factor loadings when idiosyncratic risks are diversified away as N grows large.

Without loss of generality, assume uncorrelated factors. This is achieved by redefining X1 =
Q’x;+1 where Q diagonalizes Var(x;,1), and correspondingly Ei,t = Q’b; ;. Under this rotation, the

covariance matrix can be expressed as:

S
2 ’ . 2 2 2 2
A=) ofb b, +diag(ct 07, .., ch 00y (74)
k=1
where by = (b1sk,-..,bNx) 1s the vector of loadings on factor k, 0',3 is the variance of factor
k, and cl.ztazzl. represents the idiosyncratic variance for asset i (where O'ZZZ. = Var(z;+1))-

For asset i, the risk compensation term becomes:
S
Ai)i =N Y 07b b, 202 75
( tL)z = O 0t,kDitk +Ci,t0-zi (75)
k=1

where l_)t,k = % Zfi | bisk 1s the average loading on factor k.
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The expected excess return is therefore:

pis = YN (AL = yZ(rkbtkblm ctoh (76)
k=1 N
As N — oo, if idiosyncratic variances remain bounded, the term K]clz to-Zl — 0, and:
S S
pis %y Y 0tbibigk = ) Acbik (77)
k=1 =

where Ay = yo?by is the risk premium for factor k.
This confirms that APT holds in the limit as N increases: expected returns are a linear function
of factor loadings, with risk premia determined by factor variances, average exposures, and risk

aversion.

APT Spanning of Maximum Sharpe Ratio. We show that systematic factors asymptotically
span the maximum Sharpe ratio: SR% / SRglz — las N — oo.

Under perfect information, u; = ynyAst, so SRZ” = p;At_l,ut = ’)/JZVL'AtL. Decompose A; =
BSYSVSYS(BSY$) + D where D = diag(cl.zazzi) is idiosyncratic variance.

Define factor-mimicking portfolios Q = B M~ where M = (B**)’B**. These have unit
exposure to each factor: (B*'$)’Q = MM~ = I5. The maximum SR using only these S portfolios
is SRS = 1;0[0'A 0171 Q' s

For the covariance of factor-mimicking portfolios:

Q/AIQ — M—l(BsyS)/(BsysVsyS(Bsys)/ + D)BsysM—l (78)

=V + M Y(BY) DB M. (79)

The secondtermis O (1/N): with bounded loadings and bounded idiosyncratic variances, [ (B*"*)'DB*Y%]y; =
i bixbi, lc o' =O(N), and | M~ 1||op = O(1/N) since M = (B***)’ B** has eigenvalues ~ O(N).

The ~ O(N) eigenvalue condition holds when %(Bsys)’Bsys — G for some positive definite G as
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N — oo, which requires that factor loadings do not concentrate on a lower-dimensional subspace,
a standard regularity condition in the APT literature (e.g., Chamberlain and Rothschild 1983).

For the expected return projection:
Q'uy = yyM ™ (B*) Au = yn V¥ (B™) 1+ yyM ™" (B™*)' De. (80)

The second term is O(1/N): (B*¥*)'Dvis O(N), M~! contributes O(1/N), and yy = y/N.
Substituting into SRg = (Q'uy) [Q'A;Q] 71 (Q' ;) and using [V + O(1/N)]~' = (V)71 4+
O(1/N) (valid for N large enough that |O(1/N)|| < Amin(V*Y*), by Neumann series):

SR: = y5U BV (BY5) 1+ O(1/N). (81)
Since A; = BSYSVSYS(BSY$) + D, we have (! Ajt — ! BSYSVSYS(BSYS) 1 =Dt = ic?oﬁ,, So:
N
SRZ, = SR =3 ) cioZ + O(1/N) = O(1/N). (82)

i=1

The gap vanishes because idiosyncratic variance };; c%crzzi = O(N) is scaled by yjzv = y?/N?,
yielding O(1/N). Under the strong factor structure assumption where ¢’ At ~ O(N?), the maximum

2_1_

squared Sharpe ratio SRZ” = 7]2\,L’AtL ~ O(1) is bounded. Dividing gives SR%/SRa” =

O(1/N) — 1. O

6.3 Known Means and Unknown Covariances

Proposition A.3 (Known Means, Unknown Covariances). When agents know the expected value of
dividends, a, but have uncertainty about the covariance, A, neither CAPM nor APT hold. Further,

expected pricing errors scale as O(N [t) for large N. In particular:

1. Mean returns are given by p; = yn(As — Af)t + ynAt, and hence APT fails.
2. CAPM fails, and the mean-variance efficient portfolio weights are given by %A,—l (A= A+
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=z|—

. R A2 2
3. Pricing errors are given by o' A;'a = (yy)? [L’ AN AL - (U’Z”) ]

m,t

4. The expected pricing errors are given by:

E 7 A—1 _ 7/2 1 ? ’
[fA ] = 2 (o= [A(V0)+t(N—1)LAL] (83)

where vi = vo+1t — (S+ N) + 1 > 2 for the expectation to exist, and

T4

LI

A(Vp) = ' B,VyB, (A‘l -
L

)BtVOB;L >0

measures the contribution from the prior scale matrix V.

Moreover, since A(Vy) > 0 with equality if and only if B;VoBjt o< At (which holds in particular
when Vo = V), expected pricing errors are minimized when the prior scale matrix Vo correctly
captures the aggregate contribution to market variance. In the specific case of a correct prior
Vo =V and minimal degrees of freedom vy = S + N, the expected pricing errors reach this lower

bound (provided v; > 2, i.e., t > 2 with minimal v):

2 2
. y [ 1 '
E[a’zA la't]|V0:V’V0:5+N = m (l — 1) t(N - 1)(L AL) (84)

For large N, large t, and assuming At = 0',%” ~ O(N?) (e.g., due to strong common factor
exposures), this minimum error scales as O (%)

Proof. When agents know the mean (a; = d,), the mean estimation error € = 0. From Proposition

1 (Equation 26), only the covariance estimation term remains:

2 7A N2
o A
A e, = L (VAN AL - Ay

! N2 AL

(85)

We drop the ¢ subscript on A for notational ease throughout this proof. Recall the posterior degrees
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of freedom v, = vog+1 — (S + N) + 1, where v is the prior degrees of freedom and S + N is the

dimension of the state vector X.

Wishart aggregation. Since X; — © ~ N(0, V) independently, the sample scatter matrix follows a

Wishart distribution:

Sp 1= ) (Xe = 1) (Xe = 1) ~ Waun (1,V) (86)

=1

By linear transformation, S := BS;B’ ~ Wy (¢, A) where A = BVB'.

From the Bayesian updating equations (16)—(18), the estimated covariance is:

A =

B(Vo+ Sx)B' =

— 5 (M+5) (87)

where M = BVyB’'.

Wishart moment identities. For S ~ Wy (¢, A) and any vector u € RN, standard results give:

E[u'SA'Su] =t(t + N + 1) (' Au) (88)

E[ (' Su)?] = 1(r + 2) (' Au)? (89)

These follow from the fourth-moment formula E[S;;Sk;] = t(AixAji + AN ji) + tzAijAkl (see, e.g.,

Muirhead (2005, Theorem 3.3.15)).

Computing the expectations. Let o = ¢/Ac. Using the independence of M (deterministic) and S:

E[/(M + S)A™" (M + 8)d] = ' MA™ "M+ 2t (! Mu) +t(t + N + 1)o7 (90)

E[(((M + S)0)*] = (! Mo)* + 2t ({ Mo) o2 + (¢ +2) o 91)

Substituting into (85) and simplifying:

72

E[/A o] = ————
[ | NZ(Vt - 2)2

[A(Vo) +t(N - 1)oz] (92)
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where A(Vp) := ' MA~'M1 — (¢ M1)? /o measures prior misspecification through M = BVyB'.

Correct prior case. By Lemma A.1 with x = M«

(' M)?
0.2

m

A(Vy) = (M)A~ (M) - = 7Pz (93)

where 7 = A™'2Mand P = Iy — mm’/(m’m) with m = AY/2.. When V, = V, we have M = A, so

7=A"Y21=mand PZ =0. Thus A(V) = 0 and:

’)’2

A —1 _
Ela'A a/]|V0:V = —NZ(V, —2)

t(N - 1)o? (94)

With minimal prior vo = S + N (requiring ¢ > 2 for v; > 2):

y> t(N-1)o?

v =32 =10 (95)

E[o’A o

Asymptotic scaling. Under standard factor structure assumptions where factor loadings and

idiosyncratic variances are O(1) with S fixed, the market variance satisfies o2 = A, which is of

order N2. This holds when assets have O (1) exposure to common factors. The expected pricing
error then scales as:

t((N-1)N* N

LR o

Incorrect prior case. Recall A(Vj) measures how the prior covariance M = BVyB’ differs from
the true A. Since P = 0, we have A(Vy) = Z’PZ > O for any V. Equality holds iff Z € span(m),
1.e., Mt < At
Therefore:
E[&’A™ @ > E[a’A e

O7)

]|V():/:V ]|V0:V

Pricing errors are higher when agents have incorrect priors about the covariance structure. Econom-
ically, the equality condition Mt o« At means the prior is wrong about individual asset covariances

but correctly captures their aggregate contribution to market variance. 0
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6.4 Unknown Means and Known Covariances

Proposition A.4 (Unknown Means, Known Covariances). If investors have perfect information
about covariances but only the correct prior about the expectation, neither CAPM nor APT hold.

In particular:

1. Mean returns are given by u; = (a; — a;) + yn/Ast, and hence APT fails.
2. CAPM fails, and the mean-variance efficient portfolio weights are given by %A;l (a;—ay) +]\ljt.
3. Pricing errors are given by o' A;'a = &/ A le - a%(L’s)z, where € = a; — d;.

Moreover, the average pricing errors relative to the market portfolio increase linearly with the

number of assets N and decrease with the number of observations t:

E[a;A,_lat]

_MNO(N)' (98)

T (t+k0)2 N

This bound holds exactly for a correct prior (my = n) and serves as a lower bound when the prior

is incorrect (mg # 1), as the proof below establishes.

Proof. When agents know the covariance matrix A,, the perceived covariance A, = @A, is propor-
tional to A; (where ¢ = (¢ + ko + 1)/(t + k) reflects parameter uncertainty about 7). Corollary A.1

gives Pv = 0, so only the mean estimation term remains:

a'At_l a=u'Pu (99)

-1/2

where u = A,

cgand e =a, — a4;.

. . . N +tX .. . .
With the correct prior mg = m, the posterior mean is 7; = %’ giving estimation error:

t

+ Ko

(r=Xy). (100)

e=B/(n—-7) = Btt
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Since 7 — X; ~ N(0,V/t) and A, = B,VB!:

Cov(e) = —- ¥ LA (101)
g)=—=B,—B, = —A;.
(t+k0)® 't ' (t+k0)? "

By Lemma A.1 Part (iv) with ¢ = m:
B t(N -1)

E[o’A '] = —. 102

[a/ 1 a/] (l+K0)2 ( )

For large ¢, this scales as O(N /). [

Incorrect prior case. If 7y # 7, then E[a’A a] > t( EiVK‘Og

Proof. The estimation error decomposes as € = €1 + &, where:
e g = B,ﬁ(ﬂ — X;) is sampling error (mean-zero)
e g = Btl_f—?(o(ﬂ — 1) is prior bias (deterministic)

Letu; = At_l/zsj. Since E[u;] = 0and u; is deterministic, the cross-term vanishes: E[u} Pus]| =

Elu;]’Puy = 0. Since P = 0, the bias term satisfies u’zPuz > 0. Therefore:

t(N -1
Elu'Pu] = E[u|Pu;] +u,Pus > E[u|Pu;] = ﬁ (103)
0

Equality holds iff Pu, = 0, i.e., &, o« A;t. This means the prior is wrong about the overall level

of expected returns but correctly captures cross-sectional differences. [

6.5 Time-Varying Means: Persistent Pricing Errors

Proof of Corollary 1. With known V, only mean estimation errors matter (Corollary A.1 with
Pv = 0). Let P; denote the Kalman filter posterior (filtering) covariance of m; given Z;. The

filtering error e; = 7, — 7, satisfies e; | Z; ~ N(0, P;).
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Step 1: Scalar reduction of the Riccati recursion. The Kalman filter prediction and update
steps give

Pt|l—1 = Pzpt—l + 2,7, P, = Pl|t—l - Ptlt—l(Pl|l—1 + V)_IPtlt—L

Under scalar proportionality (£, = o7V), if P,y = o2,V then P,y = (p*0, + o)V =: 5,V.

Substituting into the update step,

2
S
Pt = StV - S[V(S[V + V)_lstV = S[V - ! V = St V’
s+ 1 s+ 1

so P, = o7V with o7 = 5,/(s; + 1). By induction, scalar proportionality is preserved at every step.
Step 2: Steady-state convergence. Setting o, = s/(s+1) with s = p>07 + 07 and rearranging
yields

/02(0';)2 +(1-p%+ 0',?)0'13 - 0',? =0.

The quadratic has a unique positive root because the constant term —a’,% < 0 and the leading
coefficient p? > 0. The map g(x) = (p2x+0'$)/(p2x+0'§+1) satisfies g’(x) = pz/(p2)c+0',?+1)2 <
p* < 1, so it is a contraction. Since g(o5) = o, and g maps [0, 0] into itself, 07 — o5 and
Pt—>Poo:0'l%V>O.

Step 3: Pricing errors. Since the true conditional expectation is E[7,4+1|F;] = p7; and agents
forecast p7;, the pricing-relevant estimation error is €, = B;pe; (the innovation 7,41 cancels as it is
unknown under both information sets). Its covariance is

Cov(e;) = p>B;PoB, = pZO';‘A, = Keol\s.

By Lemma A.1 Part (iv) with ¢ = keo: E[@/A7 @] = koo (N = 1). 0

6.6 Unknown Means and Unknown Covariances

Proposition A.5 (Pricing Errors with Unknown Means and Covariances). When agents must

estimate both the mean vector m and the covariance matrix V of the state variables X;.1, neither
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CAPM nor APT hold. Estimating both mean and covariance generates pricing errors that scale

with market complexity. In particular:

1. Mean returns are given by the full decomposition including mean and covariance estimation

errors.

M = (ar — ap) + ’)’N(/A\t = A+ ynA.
Hence, APT fails as returns depend on estimation errors.

2. CAPM fails, and the objectively optimal mean-variance efficient portfolio weights deviate

from the market portfolio due to both estimation errors:

S B . | RN 1
wy = ;At Ya, - a,) + NAt YA = A+ NL.

3. Pricing errors relative to the market portfolio are given by the full decomposition including

mean, covariance, and interaction terms:
/A—l _ %2 1 2
@' A @ =SR(w") —SR(NL) .

4. Under correctly specified priors (nyg = nr, Vo = V) with bounded strength (kg < K) and
standard factor structure ( 0',%, = /At ~ O(N?)), the expected weighted squared pricing
errors satisfy:

E[le/A ;] ~ O (?) (104)

establishing N/t as a fundamental benchmark that cannot be improved through better prior

specification within this class.

When both means and covariances are unknown, the pricing error decomposition from Propo-
sition 1 includes mean estimation errors (Term A), covariance estimation errors (Term C), and

an interaction term (Term B). With correctly specified priors (g = m, Vo = V), the interaction
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term vanishes in expectation (E[B] = 0) by sign symmetry: the mean estimation error € is an odd
function of the centered innovations z, = X, — &, while the covariance estimate A, depends on
Zr only through quadratic forms and is therefore an even function. Under the sign flip z; — —z;
(which preserves the distribution when 7y = ), the interaction u’ Pv flips sign, so its expectation is
zero. In this case, the total pricing errors decompose exactly into the sum of mean and covariance

estimation errors:

2 2
’A— I A— Y o4 14 1 Y A
E[d/A'a] = E[/A'e] + E[ﬁL AANTAL] - E[O_—’%(ﬁ(@%l)z)] (105)
_E[eA ] - E[—= (V)] +E[y—2/2\ A A - E[“Y—2 ("A")z] (106)
' o2 N2 N2 VAp
« from unknown means « from unknown covariances

(107)

where the equality (rather than an approximation) holds exactly when g = 7 and V = V. This

result also serves as a lower bound for any prior specification.

Proof. We establish ~ O (N /t) scaling under correctly specified prior parameters (7o = 7, Vo = V)
with bounded strength.

Projection structure. Let m = A,l/ 2L/O'm,, (the unit vector in the direction of A,l / 2L) and P =

Iy—mm’ (the orthogonal projection onto m*). By Corollary A.1, withu = At_l/ *candv = At_l/ 2[\,[2

a'A[_la = u'Pu +2yyu'Pv+ ylzvv'Pv (108)
~— — —_———

Since P = 0: A,C > 0 and |B| < 2VAC by Cauchy-Schwarz (Lemma A.1).

Sign symmetry: E[B] = 0. Assume my = 7. Let z; := X; — . Under the true DGP, (zy, ..., z) 4
(—z15...,—2) since z; iud N(0,V).

Under this sign flip:
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* The posterior mean ; = m + ﬁz is linear in Z. Since Z — —Z, the mean estimation error

e=a,—-4,; = —ﬁB,Z flips sign, hence u — —u.

 The NIW posterior scale matrix Vo + Y, (X — X,) (X; — X,) + K’gzt (X, — ) (X; — o)’ depends
on z; only through quadratic forms: the centered scatter matrix )., (zr — Z)(zr — Z)" and ZZ/,

both invariant under z, — —z,. Hence A, and v are unchanged.

Therefore u’Pv +— —u’Pv, and by symmetry E[B] = 0. The argument works despite the joint
dependence of 7, and V, in the NIW posterior because the posterior mean is an odd function of the

innovations while the posterior scale matrix is an even function.

Term A (mean error). From Proposition 4:

_tH(N-1)
B (l‘ + K())2

E[A] (109)
Term C (covariance error). We compute E[C] = 7’12\1 E[v'Pv] exactly. The NIW posterior scale

matrix decomposes as
Kot

Vo + Z(XT - X)) (X: - X;)' +

=1

77 110
Ko + IZZ ( )

[
=R

=S ~Wsin (1-1,V)

where 7 = X,—n. The Wishart Ws,n(t—1, V) requires t > 2; the assumption v; = vo+t—(S+N)+1 >
2 with vg > S+ N ensures ¢ > 2. By Cochran’s theorem, S. L R. The estimated return covariance
is A; = /(M + 8+ R) where M = B;VoB;, § = BScB, ~ Wy (1 = 1,A)), R = B{RB] = &y
withn = B,z ~ N(0,A;/t), and ¢; = #@_2), which combines the predictive variance inflation
(ko +t+1)/(ko + t) from integrating over the posterior mean with the inverse-Wishart posterior
mean divisor v, —2 = vy +1t — (S + N) — 1 from the convention in Section ??.

Since v'Pv = /A A7 Ay — (Y At)? /o2, we need the fourth moments E[¢/(M + S + R)A7' (M +
S+ R)] and E[(¢(M + § + R)1)?]. Write Q = M + R (independent of §). Expanding each fourth

moment into 0-0, Q—S, and S-S terms:
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S-S terms. The Wishart moment identities (88)—(89) with ¢ replaced by ¢ — 1 give:

E[/SA 'S = (1 = 1)(t+ N)o2, (111)

E[(/St)*] = (t = 1)(t+ D)o (112)

Q-S cross-terms. Since Q L S and each appears linearly, the expectation factors:

E[/OA;'Si] = 'E[QIA'E[S] = (r — 1)/E[Q]L, (113)

E[(/Q0)(/S))] =E[/Q(] - (t - 1)o7 s (114)

using E[S] = (r — 1)A;. In the pricing error formula, the difference of these terms (weighted by 1

and 1/0°2 respectively) is:

_ 2 ’
2t - B[O - 2 DIm B

Om

The Q-S cross-terms cancel exactly.

Q-Q terms. Since M is deterministic and R = <L nn’ withn ~ N(0, A;/t), we have E[R] = 2L A,.

Ko +l‘77 Ko+t

For the R self-interaction, since RA7'R = (K0+T)2 (' A7'n) niy’, we need B[ (17’ A7 i) (¢/n)?]. Writing

= Vi At_l/ 277 ~ N(0,Iy) and a = Atl/ 21, standard normal fourth-moment calculations give

E[(£'6)(a'é)*] = (N +2)|lall*> = (N +2)0y, so:

K(Z)(N +2)02

E[/RA'R(] = 115
[L 1 L] (KO + t)z ( )
Similarly, E[(¢/R1)?] = 2V B[(/n)*] = 29 using B[Z4] = 30 for Z ~ N(0, o).
(K0+t) (ko+t)
Combining the M-M, M -R, and R-R contributions, the Q-Q difference is:
2 2
k5(N - 1)o
A(Vo) + W = Do (116)

(ko +1)?
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where A(Vy) = UMA;'Mu— (VM1)?/o2 > 0 is the prior misspecification term from Proposition

3 (with A(V) =0 when Vy = V).

Exact formula. Adding the S-S and Q-Q contributions (cross-terms vanish):
vl
N2

E[C] = A(Vo) + (t = 1)(N = 1) +

K%(N - 1)o?
(ko +1)?

When Vo = V (so A(V) = 0) and the factor structure assumption o2 ~ O(N?):

~O0(y*N/1)

_Yko+t+ DN - Do K3
A= TN 020, -2 L_ (ro+1)?

since the bracketed term is ~ O(¢) and c?02 /N? ~ O(1/t?) for bounded «o.

Bounds. Since E[B] =0and C > 0:

_t(N—1)>N—1

E[e’A; ] = E[A] + E[C] TrTSThT

> E[A]

for bounded prior strength kg < K and ¢ > K. Combined with E[C] ~ O(y*N/t):

E[a’A a] ~ O(N/1)

(117)

(118)

(119)

(120)

Robustness to misspecification. The following regularity conditions formalize the bounded-

parameter assumptions used throughout the robustness analysis.

(R.1) The factor loading matrix B, has uniformly bounded entries: sup, ; [[B];;| < Cp for a

constant Cg > 0.

(R.2) Thetruecovariance A; = B,V B; has eigenvalues bounded away from zero: 0 < ¢4 < Amin(A;)

for a constant c,.

(R.3) The prior parameters satisfy ||7 — 7g|| < Cr and max; ; |[Vo]i;| < Cy for constants Cy, Cy.
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-1/2

Define d; = B;(x — no), d; = A, '“d,, b; = (d,, and D, = d/Pd,. Under (R.1)~(R.3), each

component of d; is O (1), giving b; = O(N), and D; < ||d;||> = d/A;'d, < ||d;||*/ci = O(N).

When Vjy # V but mp = n, sign symmetry still holds: the posterior scale matrix depends on z,
through the centered scatter and zZ’, both invariant under z; — —z, regardless of V). Hence E[B] =
0. The exact formula for E[ C] acquires the nonnegative prior misspecification term A(Vy) > 0 from
Proposition 3. In E[C], the A(Vy) contribution is multiplied by ylz\,clz = 0(1/(N?t?)), while the
S-S contribution (t — 1)(N — 1)02 ~ O(¢tN?) produces the ~ O(N/t) rate. To verify negligibility,
note that A(Vo) = ' MA; "Mt~ (! Mv)?/o? < U MA;'M:. Under (R.1)—(R.3), each component
of Mt = B,VoBjt is O(N) and Apax(A7Y) < 1/cy, giving A(Vg) < [|Mi||*/cy = O(N?). After
the yjzvctz = O(1/(N??)) prefactor, the A(V) contribution to E[C] is O(N3/(N?*t?)) = O(N/1?),
which is o(N/t) for ¢ sufficiently large. Hence the misspecification term is negligible and the
~ O (N /t) rate persists for ¢ > t.

When 7 # 7, sign symmetry breaks because (X; — m9)(X; — n9)’ = (Z+ 7 — m0)(Z + 7 — 7o)’
is no longer even in Z, so E[ B] need not vanish. Decompose u = u, + u;, with

! ATL2 Ko =

Ue = ——— , Up = d,
¢ 1+ Ko 0o t+ Ko

where n = B,z ~ N(0,A,/t). Write v = vy + vg + vg for the contributions from M, S, and
R = ,f(,—(f,(ﬂ +d;)(n + d;)’ respectively.

The S interaction vanishes: u. L vg by Cochran’s theorem with E[u.] = 0, so E[u,Pvs] = 0;

and uy, is deterministic, so E[u} Pvs] = u) PE[vs], which equals zero since PE[vs] = ¢, (1 —

1)Pm = 0. The M interaction is E[u'Pvy]| = u)Pvy = fjfi(’] J;PA,_I/ZML. By Cauchy-Schwarz,
\dPA MY < || IAT P M. Under (R.1D)—(R3), ||di]l = O(YN) and ||A;2Mu? =
UMA;'Mu = O(N?) (since each component of M¢ is O(N) and Amax (A1) = O(1)), giving
E[u'Pvy] = O(N?/1?).

For the R interaction, substitute & = \/EAt_l/zn ~ N(0, Iy) and set a = Pd,, so that a’a = D,
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and a’m = 0. Since 'n = 0, ; m'é/\t and Rt = Kot = (n+d)(Un+Dby):

u'Pvg = —I[KOdt \/_f] [\/_§+dtH

The product of the first two brackets expands as
[kod; = V1€V’ Plé +dj) = *2 d'é + koD, — §'PE — V1 d'é,

where a = Pd, satisfies a’a = D, and a’m = 0. Multiplying by [ ””m & + by] yields eight terms:

() 22 (a'6) (m'é) B[] = 92 a'm = 0
(ii) % a'é E[-] = 0 (linear in &)
(iii) K‘JD% m'é E[-] = O (linear in &)
(iv) oDy by # 0 (deterministic)
v) - 0(7;” (&'PE)(mM'§) E[-] = 0 (cubic in &)
(vi) — b, E'PE E[-] = —b; tr(P) = —b;(N — 1)
(vi)) = o, (a’€)(m’€E) E[] =-0m,a'm=0
(viii) —Vrb,d'é E[-] = 0 (linear in &)

Terms (i) and (vii) vanish because a’m = 0; terms (ii), (iii), and (viii) vanish because odd moments
of & ~ N(0, Iy) are zero; term (v) vanishes because it is cubic in £. The two surviving terms (iv)

and (vi) give:
CiKot bt

E[M/PVR] = m

[koD; — (N - 1)]. (121)

Since ¢; = O(1/t) and kot/ (ko + t)> = O(1/t) for bounded kg, the prefactor is O(1/¢?). Under
(R.1)=(R.3), b; = O(N) and D; = O(N), so b;[koD; — (N — 1)] = O(N?):

|E[u’Pv]| < [E[u’Pvg]| + O(N?/t?) = O(N?/1%). (122)
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The bias also contributes to E[A]: since E[u.] = 0, the cross-term E[u,Pu;] vanishes,

giving E[A] = ’(Ei];o;g + (:E’Z;z ~ O(N/t). The S-S contribution to E[C] is unchanged by mean
misspecification (since § L 7) and equals ~ O(N/t). The Q-§ cross-terms still cancel (the identity
CE[Q]t = E[/Q¢] holds regardless of the distribution of Q). Mean misspecification replaces
nn’ with (n + d;)(n + d;)’ in R, adding d,-dependent terms to the Q-Q contribution to E[v'Pv].
Expanding (7 + d,)(n + d;)’ = nm’ +nd, + d;ny’ + d,d;, the new terms in /RA;'Re and (¢/Ru)?
involve products of up to two factors of n with fixed vectors d; and ¢«. The purely deterministic

contribution is [kot/ (ko + 1)]?(b;)*(d!A;'d;) = O(N?) (using b, = O(N) and d/A;'d; = O(N)).

The mixed terms (from nd’ + d,;’) contribute bilinear expressions of the form (¢'d;) (d/A;'n)(¢n)

and similar. By Cauchy-Schwarz, each is bounded in expectation by \/E[(-)Z] E[(-)2] where
E[(/n)?] = 0'"2”/t = O(N?/t) and E[(d!A;')?] = d!A;'d, [t = O(N/t), with fixed-vector factors
b, = O(N) and d/A;'d, = O(N). The resulting mixed contributions are O(N>/t). After the
)/12\,ct2 = O(1/(N?t?)) prefactor, these add O(N/t*) to E[C], which is o(N/t) for ¢ sufficiently
large. Hence E[C] ~ O(N/t) fort > to. By Cauchy-Schwarz, [E[B]| < ZW =0O(N/1),
hence E[a’A;'a] = O(N/t).

For the lower bound, g(yy) = E[u’Pu] + 2yNyE[u'Pv] + ylz\,E[v’Pv] > 0 for all yy, since

a’A;'a > Oa.s. The minimum of the quadraticis (1—p?)E[u’Pu], where p = E[u’Pv]/\/E[u’Pu] E[v'Pv]
satisfies |p| < 1 by non-negativity of the discriminant. Writing v = vp + vg with vgp = ctA,_l/ 2QL
and vg = c,Al—l/ZS’L, we have E[V'Pv] = E[V’QPVQ] + ZE[V/QPVS] + E[viPvs]. The cross-term
E[v’QPvS] vanishes (as shown above, the Q- cancellation holds regardless of Q’s distribution),

and E[v’QPvQ] > 0 since P = 0. Hence E[V'Pv] > E[v(Pvs] = c2(t = 1)(N - 1)o2 ~ O(N3/1),

SO:

O(N?/12) O(N?/1?)
ol = - -

- = =0(1/1). 123
VONJt)-O(N3jr)  O(N?/1) (172) (129

Therefore (1 —p?) > 1 —0(1/t*) > 0 for ¢ above a fixed threshold #, that depends on the constants

in (R.1)-(R.3) but not on N. For all ¢ > ¢,:

Ele’A;'e] > (1 - p*) E[u'Pu] > L E[A] ~ O(N/1). (124)
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Combined with the upper bound E[a’A;'a] = O(N/t) established above, the ~ O(N/t) rate

persists under misspecified priors satisfying (R.1)—(R.3), for z > tg. ]

6.7 Heterogeneous Equilibrium Price Derivation

Derivation of Heterogeneous Equilibrium Price. We derive the equilibrium price when investors
have heterogeneous beliefs about the mean 7 but know the true covariance matrix V. This shows
how the equilibrium price aggregates beliefs across investor types weighted by both their population

mass and their effective risk tolerance.

Step 1: Market Clearing Condition Market clearing requires that aggregate demand equals the

per-capita supply:
I
L
~ = D O (125)
i=1

where 6; is the population share of investor type i and x; ; is their individual demand.

Step 2: Substitute Individual Demands From Equation 40, each investor’s demand is:

1
Y it

A (@i = (L+rp)py) (126)

Xit =

Substituting into the market clearing condition:

L 1
— =) 0i—A (a4 - (1+7y (127)
N ; l)’QOi,t t ( it ( f)Pz)
1 /
= ;AZ 1 Z Dii(diy — (1 +15)pr) (128)
i=1

where 9, ; = 6;/¢;; is the effective belief weight.
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Step 3: Solve for Equilibrium Price Multiplying both sides by yA, and rearranging:

A= Z] Bic(die = (1+77)p)

—A,L = Zﬁl iy — (Z ﬂ,,) (1+rp)p;

i=1

Define the total effective weight Q; = Zl 1 ¥+ and the aggregate expected dividend:

1
agp: = — Z 19i,zai,z
£ i=1

Then:

%Att =Qdp; —Q(1+rs)p;

Solving for p; using yy = y/N and ¥n; = yn/Q:

Q(1+rf)p; =QdE; — YNt

(L+7)pr = s = H-Au

= a
Pt 1+rf Et

(129)

(130)

(131)

(132)

(133)

(134)

(135)

Step 4: Economic Interpretation This equilibrium price (Equation 41) maintains the same

structure as the homogeneous case (Equation 20), with two modifications:

1. The expected dividend dg ; is now an effective belief-weighted average across investor types,

where the effective weight 9, = 6;/¢;; accounts for both population share and parameter

uncertainty.

2. The risk premium coefficient yn, = yy/€2; reflects the aggregate effective risk tolerance

of the economy. As investors become more uncertain (higher ¢;;), their effective weights

decline, reducing €2; and increasing the equilibrium risk premium.
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6.8 Persistence of Complexity-Driven Pricing Errors with Heterogeneous

Agents

Proposition A.6 (Persistence of Complexity-Driven Pricing Errors). In the heterogeneous economy
under Assumption H. 1, where agents know the covariance matrix V but estimate the mean © using
priors (mo i, Ko;), the aggregate mean estimation error & = a; — Qg ; leads to pricing errors relative
to the market portfolio. If there is a positive mass 6, > 0 of uninformed investors (Type u) with
finite prior precision ko, the expected squared pricing errors satisfy a lower bound analogous to

the homogeneous case (Proposition 4):

(136)

_ 1. (WE)? 0Zt(N - 1) N
Ela/A )] = E[E/A '8, - > — ~0 ;
[a7 A, ai] (&0 & VA (Kow +1+ 1)2
where the constant 6’5 depends on the uninformed agents’ population share 8,, and the (+1) in
the denominator arises from the parameter uncertainty factor in the Normal-Normal conjugate

posterior predictive distribution.

Proof of Proposition 6: Persistence of Complexity-Driven Pricing Errors. We prove that pricing
errors persist at rate O (N /t) even when some agents are fully informed, as long as a positive mass
of uninformed agents exists. The proof parallels Proposition 4, leveraging the projection framework

and scalar proportionality structure.

Setup Under Assumption H.1, there are / investor types with population shares 6; > 0 summing
to 1. Each type knows V but estimates 7 using prior (7, ko;). Type i’s posterior mean is
Rip = nigmo;+ (1 - ni,,))_(t where 1;; = ko,/(ko; +1). The effective belief weight is ¢, = 6;/¢;,
where ¢;; = (ko; +1+1)/(ko; +1), and Q; = {:1 ;s < 1 (since ¢;; > 1 for all i, with equality

when kg; — ).

The aggregate estimation error is:

& =a; —dAag; = B;

1
! A
o Z B (7 = n,-,t)) . (137)

1
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Step 1: Correctly Centered Priors When mp; = r for all i, each type’s estimation error is pure

sampling error:

t _
— ;. = - X)). 138
T — Ry o t(ﬂ 1) (138)

The aggregate error inherits the same structure with a scalar coefficient:

1
3 B,(x—X,), wh ! i (139)
& =c¢y - Bi(m—X;), wherec, =— .
t t - Dy t t Q, Lo +1
Since m — X; ~ N(0,V/t) and A, = B,V B}, the aggregate error has covariance:
2
Cov(&) = TfA,. (140)
By Lemma A.1 Part (iv) with proportionality constant c?/t:
A —1 Ctz(N_ 1)
ElaA; @lng=n = — (141)

Step 2: Lower Bound from Uninformed Type If there exists an uninformed type u# with 6, > 0

and finite ¢, then ¢, is bounded below by type u’s contribution:

1, 10 16
ct Z N — u Z u , (142)
Qi(kou+1t) Qilkou+t+1)  kou+t+1
where the last inequality uses €, < 1. Substituting into (141):
A1 0;(N =Dt 65(N-1)
ElaA; @], ~ ast — oo. (143)

T (kou 1+ 1)2 t

Step 3: Extension to Misspecified Priors When 7p; # =, each type’s error decomposes as in
Proposition 4:

t — Ko,i
(m—X;) + -
Ko,; +1 Ko, +1

(m = mo,) - (144)

=Ry =

sampling (mean-zero) bias
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Since E[e1] = 0 and the bias &; is deterministic, the cross-term vanishes: E[&|Pey] =

Ele1]"Pey = 0. Since P = 0, the bias term &}, P&y > 0, so:

62(N — 1)t

Ela/A e, > Bla/A oy py oog > —— 2
[ i3 t] [ i3t t] 0,i (K()’u+l‘+1)2

(145)

The O(N/t) lower bound holds universally: as long as a positive mass of uninformed investors
remains, their estimation uncertainty persists in equilibrium prices, even with informed agents

present.

6.9 Properties of Partial Information Strategies

Proposition A.7 (Properties of Partial Information Strategies). Consider a continuum of sophisti-
cated investors who know the true covariance matrix \; and observe the aggregate estimation error
&; on a random fraction ¢ of assets, selected by D;;. Assume & | ; ~ N(0, Ay ;) for a positive def-
inite error covariance N, ;. Investors form portfolios w;; = VLNAt‘lDi’,é,. Define T = Tr(A,‘lAa,,)
and A = Zi\]z] [A,_l] ki [Aailkk. Then, the expected properties of the dollar returns R, ,, averaged

over the distribution of &; and the independent random selectors D;;, D ;;, are:

1. Expected Return: E[R,, | = ;’b—;

2. Expected Variance: E[Var;(R,,,)] = %-

¢T?

3. Squared Sharpe Ratio: SRZ.Zt = FTH1=P)A"

4. Ex-ante Correlation: Corr***"*(R,, R, ,) = m between two distinct investors i

and j, where the ex-ante correlation is E[Cov]/ \/E[Vari] -E[Var;].

Under the model’s Bayesian learning structure (Proposition 6), Ag; < Ay, so AJT = x; > 1 and
Corre* e < ¢. The upper bound ¢ is achieved when y; = 1 (diagonal A,); there is no positive

universal lower bound.
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Proof of Proposition 7: Properties of Partial Information Strategies. We prove the four properties
of partial information strategies for sophisticated investors who observe the aggregate estimation

error &, on a random fraction ¢ of assets.

Setup and Assumptions Consider a continuum of sophisticated investors indexed by i. Under

Assumption S.1:
e Each investor knows the true covariance matrix A;.

 Each investor i receives a signal D;&;, where D;, = diag(d;y,...,din,) is a diagonal

selector matrix with d;;; ~ Bernoulli(¢) independently.

* The aggregate estimation error follows & | F ~ N(0,A,,) for a positive definite error

covariance Ay ;.

1 At_lDl‘,[ét.

* Investors form portfolios w;; = N

Note that DZ.ZJ = D;, (idempotence) and E[Tr(D; ;)] = N¢.

Identity for Quadratic Forms with Random Selectors For deterministic matrices A, B and

diagonal selector D = diag(dy,...,dy) withi.i.d. d; ~ Bernoulli(¢):
N
Ep[Tr(DADB)] = ¢*Tr(AB) + ¢(1 — ¢) Z Aj;Bjj. (146)
j=1

This follows from expanding the trace as 3 ; , d;dxAjxBy; and using E[d;dy] = ¢? for j # k and
E[d}] = ¢ for j = k.

Define the trace and diagonal terms:

T=Te(A Ar), A= ) A T Aaddix (147)

N
k=1
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Applying the identity with A = A7! and B = A,
Ep[Tr(DA'DALL)] = ¢°T + ¢(1 — ¢)A. (148)

When A,; o< A; (as holds under Proposition 6’s Bayesian structure), the ratio A/T reduces
to the diagonal overlap coefficient y; = %Z?’:l(A,—l) jj(Ar)jj, which satisfies y; > 1 since
(A71)jj(As);; 2 1 for each j by Cauchy-Schwarz: 1= (¢}A,/*A;'%e)? < (¢} Are))(¢/ A7 e)) =

(A (AT

Part 1: Expected Return The realized dollar payoff is R,,,, = w;’trm. Since ry41 = & + (Ap s —

(1+r¢)p:) + (dis1 — a;), the component related to the signal is:
W, & = L(A—ID- &) & = L ep, Atz (149)
i€t YN t it€t) €t YN Vil Ep.

The expectation over the distribution of &; (conditional on %) is computed using the standard
result for quadratic forms: for x ~ N(u,X), E[x’Ax] = Tr(AX) + W’Au. Here u = 0, x = &,
A=Di A and T = Ay

. 1 _
E[w;,& | i, Dis] = y—NTr(D,-,,At "Aus). (150)

Since D; ; appears on only one side, Tr(D,-,,A;IAaJ) = jdijs [A,‘lAa’,] jj- Taking the expectation

over D, ;:

9
yN

Tr(A ' Ayy) = ﬂ. [ | (151)

E[RW,‘,[] = ’)/N

Part 2: Expected Variance The conditional variance of the portfolio return, given #; and the
signal realization &, is:

Vart(Rwi,,) | F1, & = W;,tAtWi,t- (152)
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. . 1 — = .
Substituting wi; = g A; 'D; &

: [

Wi = s D 'NAT D g (153)
| _ .

- (YT)ZSID,-,,A, 'D;.&,. (154)

Taking the expectation over &; using the standard quadratic form result:

1 _
E[Var,(Ry,,) | F. D] = WTr(Di,IA, 'DiiAay). (155)

Unlike Part 1, here D;,; appears on both sides of A;l. Since D;; does not commute with A,‘1

when A; has off-diagonal elements, we apply the trace identity (148):
Ep[Tr(DisA; ' Dishan)] = ¢°T + ¢(1 = $)A. (156)

Therefore:

¢ T+ ¢(1 - ¢)A

E[Var,(R,. )] = ] 157
[ arl( Wl’t)] (')/N)z ( )
Part 3: Squared Sharpe Ratio From Parts 1 and 2:
E[R,,,])? 272/ (yN)2 T2

[Var(Rwi )] (02T +¢(1— 9)Al/(yN)2  ¢T + (1 - p)A’

Part 4: Ex-ante Correlation The conditional covariance between returns of two different in-
vestors i and j is:

COVZ(RWL,’ ij”) | T[, él‘ = w;’tA[Wj,l‘- (159)
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Substituting the portfolio weights:

, l _ _ .
wi AW, = WstDi,,A, 'WA'D; 8 (160)
| _ _
- (YT)ZS,D,,,A, 'D; & (161)
Taking the expectation over &;:
1 _
E[Cov,(Ry,,, Ry,,) | F1. Diy, Djs] = WTT(Di,zA, 'D;iNas). (162)

For i # j, the selector matrices D;; and D, are drawn independently. Since the elements dy

and d;;, are independent Bernoulli(¢) random variables for all k, /:
E[dikdj1s] = E[dix JEd;1,] = ¢* forall k, 1. (163)

Therefore Ep, p ; [D;/AD; ;] = ¢2A for any matrix A when i # j. This is the main distinction
from Part 2: because the two selectors are independent, we do not get the diagonal correction term.
Thus:

E[Tr(Di A D Aus)] = ¢°Tr(A Agy) = ¢°T. (164)

Therefore:
¢°T

E[COVI(RW[’[ ’ RWj,[)] = W'

(165)

Define the ex-ante correlation as Corr® "¢ = E[Cov] /+/E[Var;] - E[Var,], where expectations

are over signal distributions. By symmetry (E[Var;] = E[Var;]):

¢°T B ¢
PT+¢(1—p)A ¢+ (1 - AT

ex-ante _
Corr (R s Rw;,) =

(166)

Under the model’s proportionality (A, o< A;, a consequence of Proposition 6), A/T = y; > 1,

giving Corr " = ¢/[p+ (1 - P)xi] < ¢. N
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6.10 Robustness: Sophisticated Investors with Positive Mass

The results in Proposition 7 (Properties of Partial Information Strategies) extend to a ratio-
nal expectations equilibrium where sophisticated investors have positive total mass 6, > 0 and
participate in price formation. The findings are:

(L)

1. Pricing errors persist: Mispricing is attenuated by factor p* = < 1 but maintains

o 46,0
O(N/t) scaling:

ElaA; ', ]") = (p*)* - E[ajA; ;]

*\2 02 _
0 . (PP 1)~0(N) 67

N (K(),z +1+ 1)2

2. Ex-ante correlation bounded by information overlap: The ex-ante correlation between so-

phisticated investors’ strategies satisfies:

¢
¢+ (1-¢)A/T

Corr™™™¢(Ry,, ., Ry,,) = (168)

independent of 65, N, ¢, or p*. Under the model’s proportionality, A/T = y; > 1, so

Correx-ante S ¢.

3. Sharpe ratios scale with complexity: The squared Sharpe ratio is S th = ¢T?/[¢T+(1-¢)A]

maintaining O(N/t) scaling. Under

[ N
(0]
t+Kg

where T, A are defined from AV = (p*)2ALY

a,t >

proportionality:

L (.
T+Ke o+ (1-d)x:

The attenuation factor p* appears once in the Sharpe ratio.

SRiy = p* (169)

The proof establishes a rational expectations fixed-point equilibrium where sophisticated in-

~(new)

vestors infer the aggregate belief a

from prices and use it for unobserved assets, eliminating
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any common signal component across investors. The attenuation factor p* depends on effective in-
formed capital 6,¢ (total sophisticated mass times information coverage), capturing the competitive

impact of sophisticated capital on mispricing and returns.

Equilibrium with Positive Mass of Sophisticated Investors. We show that when sophisticated in-
vestors have positive mass 65 > 0 and participate in a rational expectations equilibrium, the main
results persist: (i) pricing errors remain O (N /t) (though attenuated), (ii) the ex-ante correlation be-
tween their active strategies is bounded above by ¢, and (iii) Sharpe ratios scale as O (\/N_/t) These
results require Assumption RE (partial revelation), which prevents sophisticated investors from in-
verting prices to recover the true mean a, on unobserved assets, the standard Grossman—Stiglitz
wedge needed for mispricing to persist. The ex-ante correlation and Sharpe ratio admit closed-
form expressions in full generality (Equations 204 and 206). Under the model’s proportionality (a

consequence of Proposition 6), Corr®* "¢ < ¢.

Setup: Three Groups of Investors The economy contains three groups with total measure 1.
Write a; = n for the true (time-invariant) expected dividend, so that learning agents estimate

while sophisticated investors observe a; = m on subsets of assets.

1. Informed learning agents (mass 61): Know a, = r (or equivalently, 7o 1 = 7 with k9,1 — o).

Have ¢, = 1 and effective weight ¢, = 6;.

2. Uninformed learning agents (mass 6,): Estimate 7 from data with prior (72, k02). Have

_ K0,2+l‘+1
(’DZJ - Ko,2+t

and effective weight 9 ; = 02/¢2;.

3. Sophisticated investors (SIs) (total mass 8;): A continuum indexed by i € [0, 6;]. Each knows
the true covariance A; and observes a; on a random subset of assets selected by diagonal
matrix D;, = diag(d;1;,...,din,;) Where d;;; i Bernoulli(¢) across assets j, investors i,

and time ¢.

Total population constraint: 61 + 6, + 65 = 1.

91



-
t

Let Q; ) = =+, =601 + o be the total effective weight of learning agents, and ;5

01441 1 +0.4d .
% be their aggregate belief (as in Proposition 6).

Assumption RE (Partial Revelation) Sophisticated investors observe the equilibrium price p,

and know the pricing map

(1+ rf)pt — a(new) ~(t0tal)AlL (170)

We assume that )7%?“1) = yn /9D is common knowledge: all agents know the aggregate risk-

aversion coefficient yy, the covariance matrix A,, population masses (61, 6, 6;), and the prior

711%) from

precision ko (hence ¢, and Q(mt“l) = 01 +62/¢2, + 6;). Given this, SIs can infer @,

( new) __ (total)AtL.

prices by solving d, ' = (1 +rf)p: + 7y
However, SIs cannot recover the underlying decomposition (Q( ) atk )) because learning agents’
posterior means depend on their private signals: specifically, the uninformed agents’ prior mean

7o and their accumulated data, which are not publicly observable. SIs nonetheless form rational

3(%) that will obtain in

expectations: their beliefs about unobserved assets are consistent with the a Ei

equilibrium.
For the analysis below (Steps 1-6), we assume that SIs use a(ne W) directly for unobserved assets.
We maintain the belief-updating rules of learning agents as in Proposition 6; only SIs form
rational expectations about the equilibrium mapping from information to prices.

ol 4@

Remark (Why partial revelation is needed) If ( ag

) were common knowledge, then

combining the inferred a("ew)

with Equation 180 would allow SIs to back out a; even on unobserved
assets, eliminating the estimation-error component of mispricing. Without some wedge preventing
full price revelation, private information gets impounded and arbitrage opportunities disappear (the

standard Grossman-Stiglitz requirement).

Step 1: Rational Beliefs and the Fixed-Point Problem By Assumption RE, SIs can infer

&g"fw) from p; but cannot invert equilibrium objects to recover a; for assets they do not directly
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observe. Hence, for unobserved assets their rational expectation coincides with the aggregate belief

embedded in prices.

~(new)

In equilibrium, the price p; and the aggregate belief a

are mutually consistent:

[ (total
=T (agfn»?W) - 71(\;,0:& )A’L) (171

where Qt(mml) = Qt(L) + 6, is the total risk-bearing capacity, and )7](\;?"11) = YN /Qt(mm” is the

aggregate risk-aversion coeflicient.
A sophisticated investor i forms their expectation for all N assets. For the fraction ¢ of assets
they observe (where D, ; has ones), they know the true mean is a,. For the fraction (1 — ¢) of assets

they do not observe (where D; ; has zeros), their rational expectation (given Assumption RE) is the

A(new)

aggregate belief d |,

Therefore, the rational expectation for SI i is:

Eildi1] = Disag + (I - Di)ays” (172)

This is the main difference from a naive analysis: sophisticated investors use the equilibrium

aggregate belief &g’fw) (which they can infer from prices) rather than the learning agents’ belief

A(L)

a, . that would obtain without their participation. Assumption RE prevents them from using this

inference to back out a; on unobserved assets.

~(new)

ag, is the belief-

Step 2: Solving for the Equilibrium Aggregate Belief The aggregate belief
weighted average of all agents’ expected dividends. We solve for the fixed point where the beliefs
that form the price are the same as the beliefs formed by the price.

The market clearing condition, expressed in terms of beliefs, is:

O
Qe = oPal) [ Eldald (173)
N— 0
Learning Agents’ Belief Mass

SIs’ Belief Mass
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We aggregate the SIs’ beliefs. By the Law of Large Numbers over the continuum of independent

Dy, draws, [ Dj, di = 6,1y

O 0,
/ Eildi] di = / (Dl a;+ (I — D t) A(ne‘w)) di
0 0

= O,pa, +0,(1 — g)ay
Substitute this back into the market clearing condition:

Q(toml) (Enfw) Q(L) (L) +0 ¢at + 0, (1 _ ¢) A(new)

~(new)

Now, solve for d Ei

(Qt(total) _ 9;(1 ¢)) A(new) Q(L) (L) +0, ¢at
(@ +6, -6, +6,0)a0" = QP ay) + 6,4,

@b 1 ¢)A<new> Q"al") +6,pa,

This yields the correct aggregate belief in the rational expectations equilibrium:

Qa1+ 6,4,

~(new) _
E.t

Qt(L) + 050
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Step 3: Modified Aggregate Estimation Error The new aggregate estimation error, é,”ew), is

ay — a’\ng)
L) ~(L
~(new) Ql( )a(E,t) + 93¢at
M =4 - — (181)
Q7 +65¢
Q" +0sp)a, - QP ay) - O,¢a;
_ o (182)
Q7 +0¢
o)
= || (@ — ) (183)
Q7 +6s¢0
=p* &b (184)
where
(L)
= e (0]) (185)
Q7 +650

is the attenuation factor. Note that p* < 1 (mispricing is reduced) and p* — 1 as 6, — 0
(recovering Proposition 6 in the limit). The attenuation depends on effective informed capital 6;¢,

not just total sophisticated capital 6.

Result (i): Scaling of Pricing Errors The total mispricing E[a/A; ' a;] (new) is proportional to

E[(&"")y A718"")], which scales as (p*)%:

Ela/A; @] = (p*)? - Ela)A; ;]

*\2n2 _
W PPBIN -1 (_ 156

N (K(),z +r+ 1)2

==

Mispricing is attenuated by the presence of Sls (since p* < 1), but it maintains the O(N/t)
scaling. As long as QI(L) > 0 (learning agents have positive effective mass), pricing errors persist.
The attenuation factor p* — 0 only as 6,¢ — oo, which is impossible given finite population

masses.
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Step 4: The SI’s Optimal Portfolio Now we derive the optimal portfolio for SI i. Their demand

is based on their perceived excess return, E;[r1]:

Eilrin] = Eildi] = (1 +7f)p; (187)
= Eildi] = (@ = 737" M) (188)
= [Disar + (I = Di)ags™ ] - ag's™ + 74 Ay (189)
= Disa; = Didy ™ + 737 At (190)
= Dis(a; - ay™) + 7347 A (191)
= D, 8" + 73D A (192)

The optimal CARA demand x;;; = %A,‘IE,' [7741] is

~(total)

1

Xoia = SA'DE" (193)
Y Y
~—_— ————

Speculative Component  Market Component

The speculative signal E;[r;41] — )7](\;‘;’“[)A,L =D, ,8,(” ") contains no common component on
unobserved assets: sophisticated investors rationally use the equilibrium aggregate belief d A(”ew)

for assets they do not observe, eliminating what would otherwise be a common signal component

[ A(L) _ A(WW)]

ay, —dag,']. Any cross-SI comovement arises solely from overlap in the assets they directly

observe (i.e., overlapin D;; and D ;).

Step S: Variance and Covariance Calculations We now analyze the properties of the speculative
component:

1 ~\new
Wis = oA 'D; & (194)

where we include the 1/N scaling factor to keep typical dollar holdings stable as N grows, consistent
with Proposition 7.

From Proposition 6’s Bayesian structure (under correctly specified priors), the learning agents’
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aggregate estimation error has covariance proportional to A;:

1
L ~(L
AL = var(a!P) = il (195)

~(new)

where kg > 0 is the effective aggregate prior precision. Since &, =p st( ) (Step 3), propor-

tionality is preserved:

AP = Var(87) = (p")2——A, (196)

Define the trace and diagonal terms for the new error covariance:

A Tk [AL ke (197)

M=

T = Tr(A,_lAg’ltew)), A=

=~
Il

1

Under proportionality, 7 = (p*)>N/(t + kg) and A/T = x; = % S [A;7 Ik [Addke > 1. The
inequality x; > 1 follows from Cauchy-Schwarz (Proposition 7 proof). Hence A > T.
Expected Covariance of Strategies i and j (i # j):

For the covariance between two different sophisticated investors, the expectation over indepen-

dent D;, and D, yields (using independence and E[D; ;] = ¢Iy):

E[CoV, (Rw; ,» Rw;,)] = 72NzTr(E[Dl-,,]A;IE[D AL (198)
_ & Te(A7 AL = 2 (199)
~ Nt 2N2

This covariance formula holds in full generality (no diagonality required), since independence

allows us to factor expectations.

Step 6: General Formulas for Correlation and Sharpe Ratio We now state general formulas
in terms of 7 and A (defined in Step 5), then show how the model’s proportionality yields the y;
special cases.

General Expected Moments:
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The expected return and variance of the speculative component are:

_ ¢
E[Ry,,] = yNT (200)

1
E[Var,(Ru, )] = 555 [6°T + ¢(1 - $)A| (201)

For the covariance between two different sophisticated investors (i # j):

_ ¢
E[COVt(RWm, RW_/,z)] = '}/Z—]VZT (202)

Result (ii): Ex-Ante Correlation (General Formula) Define the ex-ante correlation as

ex-ante _ E[COV; (Rwist ’ RW./'J)]
Corr (Ry,,»Rw;,) = (203)
VE[Var;(R,, )] - E[Var;(R,,,)]

Substituting our expressions:

vt _ T ¢
Az [T +o(1-@)A]  #T+o(1-9)A ¢+ (1-$A/T
(204)

ex-ante _
Corr (R s Rw;,) =

This formula holds in full generality. The ratio A/T determines the ex-ante correlation, which
always lies in (0,1). Under the model’s proportionality (Proposition 6), T = ¢N where ¢ =
(p*)?/(t + kg), and A = cNy; where y, = %Zk[/\,‘l]kk [A¢]lkx = 1 is the diagonal overlap
coefficient. Hence A/T = y; and the correlation becomes ¢/[¢ + (1 — ¢) x;] < ¢, bounded above
by ¢ since y; > 1 by Cauchy-Schwarz.

The squared Sharpe ratio is therefore:

_ (B[R])? _ (1) 917

SR}, = =
i~ B[ Var] o [T +6(1-¢)A]  ¢°T + (1 -$)A

(205)
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Dividing numerator and denominator by ¢:

SR? o1

T (=P (206)

This is the general formula, valid for any positive definite A ;.

Result (iii): Properties of the General Sharpe Ratio This formula has several important

properties:

1. Monotonicity in Information Coverage: SRl.zt is strictly increasing in ¢. To see this, write

2
SR2(¢) = #@W—A) Then

d o TZA
a0 D= arsa-nr

(207)

for 7 > 0, A > 0. The limits are economically sensible:

* As ¢ — 1 (full information): SR —» 2 =T

* As ¢ — 0 (no information): SR> — 0

2. Scaling from Proposition 6: From Proposition 6’s pricing error bound:

T = Tr(A7'AY) ~ O(N/1) (208)

For the diagonal term A, we state a concrete sufficient condition:

Assumption (Bounded Eigenvalues and Diagonal Scaling): There exist constants 0 < A4 <

A < oo such that A < Amin(Ay) < Amax(Ay) < A uniformly in N and ¢, and the average

diagonal element of the belief covariance satisfies % 22]:1 [Aﬁ,’ffw)]kk =0(1/1).

Under this assumption:

* Bounded eigenvalues imply [A; '] € [17!,27!], so diagonal elements of A;! are

o(1)
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* The diagonal scaling condition ensures # Zivzl [Ag’ff w)]kk =0(1/1)

* Therefore A = 33 [A7 Tk [AY T < A7 IV [AY 1 = O(N /1)
Since both 7" and A scale as O (N /1):

¢ - O(N*/1*) _¢-O(N*/P)

SR? = =
¢-O(N/t)+(1-¢)-O(N/t) O(N /1)

=¢-O(N/1) (209)

Therefore:

SRi; ~ O

6 ?) 210)

This scaling relies on Proposition 6’s pricing error bound and standard scaling assumptions

for covariance matrices.

Economic Interpretation The economic insights from Propositions 6 and 7 are robust to a

rational expectations equilibrium with positive mass of sophisticated investors.

1. Pricing Errors Persist: Mispricing scales as O (N /t) from Proposition 6. Sophisticated capital

. . o)

with effective coverage ;¢ attenuates the error by factor p* = m € (0, 1), but does not
¢ tUs

eliminate the fundamental scaling. As long as learning agents have positive effective mass

(QSL) > 0), pricing errors remain.

2. Sharpe Ratios Scale with Complexity and Information: The general formula (Equation 206)
establishes: (a) SR ~ O(+4/¢N/t) scaling from Proposition 6’s pricing error bound, (b)

monotonicity in ¢, and (c) attenuation by p* as informed capital enters.

3. Information Dispersion Limits Arbitrage: Independent information sets (D;; drawn inde-
pendently) prevent sophisticated investors from collectively eliminating mispricing. Each

investor exploits different dimensions of "), maintaining profitability.

4. Low Ex-Ante Correlations: Under the model’s proportionality, Corr*> "¢ = ¢/[¢ + (1 —

?)x:] < ¢ (Equation 204). Sophisticated investors rationally use the equilibrium belief
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~(new)
5

.~ for unobserved assets, eliminating any common signal component.

As markets become more complex (N increases), opportunities for sophisticated investors
scale as 4/N/t, encouraging entry and specialization. The proliferation of profitable, specialized

strategies with low cross-correlations is a robust prediction of the general 7/A framework.

The limiting case #; — 0 recovers Proposition 7 exactly, with p* — 1, dglfw) — AJ(ELI), and
élgnew) N é;(L)
O

6.11 Undiversifiable Estimation Uncertainty
Overview

This appendix establishes a lower bound on pricing errors relative to the best implementable
mean-variance portfolio. Expected unspanned squared Sharpe ratio is bounded below by terms
proportional to N/t and N, where N — oo with K = o(N) and ¢ possibly growing.?! The first
component is learnable and shrinks with sample size. The second is persistent, reflecting time-
varying fundamentals that learning does not eliminate. Holding ¢ fixed, the lower bound is linear
in N;as t — oo, only the N/t component vanishes.

The result characterizes irreducible mispricing for any estimator based on public information.
Among G;-measurable portfolios, w; = A,_1 [i; maximizes expected Sharpe ratio given the infor-
mation available to agents. The Q(N) lower bound on unspanned squared Sharpe ratio applies
to every implementable portfolio (Corollary A.2), whether unconstrained or restricted to a factor
subspace.

Sharper bounds under factor structure of A; appear in Proposition A.8. We first establish the
result assuming known A;; the Unknown Covariance section shows the bound holds when agents

estimate A;.

21. We use standard asymptotic notation: f(N) = O(g(N)) means f is bounded above by a constant times g;
f(N)=Q(g(N)) means f is bounded below by a constant times g; f(N) = 0(g(N)) means f/g — O.
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Setup

Notation. Let r,.; € R" denote one-period excess returns with conditional mean y; = E,[r/41]
and covariance A, = Cov,(r;+1) > 0, where E,; conditions on nature’s information set ¥, 2 G,
which determines the true state of the world at time z. Letx;; € RE denote observable characteristics
for asset i. The public information set is G; = o ({ps, r's, X5 } s<¢), comprising prices, returns, and
characteristics through time ¢. Throughout,  denotes the length of return history in G;; calendar time
and sample size coincide. Learning rates O(1/¢) refer to precision accumulating over this history.
An estimator [, is any G;-measurable random vector. The best public-information approximation
to u, is d; = E[u, | G¢], and the residual uncertainty about u, is V; = Var(u; | G;). Until the
Unknown Covariance section, A; is assumed G;-measurable.

Define u; = u; — f,, the gap between nature’s expected return and what agents can infer from

observed data; by construction, E[u, | G;] = 0. Returns then decompose as

Fiel = (g + U + €41,

where €41 1s mean-zero conditional on 7.

Pricing errors. Let w, = A7!fi, denote the (unnormalized) implementable tangency portfolio.??

Define the beta of asset i with respect to the benchmark:

_ Covi(rips, wire1)  (Awy)i i
it =

: == — . (211)
Var,(wiri1) wiAw; ﬁ;/\t_lﬁt

The pricing error (alpha) of asset i is expected return minus beta times the benchmark expected

return:
fie - (A pr)

— (212)
:uzAzl/Jl‘

@iy = Miy — Piy - EZ[W;FHI] =Mir—

In vector form, a; = p; — A (A, A7 ) [ (AN ).

22. Since r;41 denotes excess returns, i, = 0 would imply zero expected risk premia across all assets, which we rule
out.
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Geometric representation. The precision-weighted sum of squared alphas has a geometric in-

terpretation. In whitened space, define

~1/2 A

A

t = —1_1/2/1‘1 , P, = btb;,
Al

so P; projects onto the direction of the implementable tangency portfolio. Then
A ) A )’
AT e AT
-1/2 ra—1/2 -1/2
= A7 2l = WA ) = 11T = POAT Pl = 67,

A e = A -2

Since (1 - P,)At_l/ 2 [ = 0, the unspanned component depends only on estimation error:

-1/2 A
6%, = (T = POAT (g = ).
The oracle squared Sharpe ratio decomposes as

-1/2 -1/2
1A, P pg? = (A P ) + 62,

(213)

(214)

(215)

(216)

The first term is spanned by the best implementable portfolio. The second is the residual that no

public-information strategy can capture: the squared Sharpe ratio left on the table due to estimation

uncertainty.

Assumptions

The assumptions are stated in terms of the risk-adjusted mean uncertainty matrix A; =

“1/2y, A-1/2 o S .
A, / ViA, /2. which measures mean uncertainty in units of return risk.

Assumption 3 (Risk-Adjusted Uncertainty). There exist constants ¢ > 0, 0?2 >0, and ty < o,
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independent of N, such that for all N and all t > t,

%E[ir(A,)] > — +0°. (217)

~ |0

The trace tr(A;) = tr(A;'V;) measures total mean uncertainty relative to return variance. The
¢/t term reflects learning from finite noisy signals: precision accumulates linearly, so estimation
error decays as O(1/t). The o2 term reflects the gap between 7; and G;: some information in
nature’s state has not yet been revealed through observable returns. Even with infinite data, time-
varying fundamentals generate irreducible uncertainty. The condition is an average across assets

and states.

Assumption 4 (Dispersed Risk-Adjusted Uncertainty).
E[Amax(A))] = 0(N) as N — oo. (218)

No single portfolio direction absorbs a non-vanishing fraction of risk-adjusted mean uncertainty.

A sufficient condition is uniformly bounded eigenvalues:
sup E[Amax (A7)] < co. (219)
t

Bounded diagonal entries (A,); = O(1) and bounded absolute row sums 3. ; [(A;);;| = O(1) imply
Amax(A;) = O(1) by Gershgorin’s theorem. Economically, assets with high mean uncertainty also
tend to have high return variance: the firm-specific events that make expected returns difficult
to forecast also make realized returns volatile. The ratio (A;);; therefore remains bounded. The
condition would fail for an asset whose expected return is highly uncertain but whose realized

returns are very stable.

Remark 2 (Why Dispersion Drives the Bound). Assumption 4 is the central condition behind the
Q(N) scaling. The bound takes the form E[tr(A;) — Amax(A;)]: total risk-adjusted uncertainty

minus the largest eigenvalue. When E[Anax(A;)] = o(N) while E[tr(A;)] = Q(N), the gap scales
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as Q(N) —o(N) = Q(N). Equivalently, E[Anmax(A;)]/E[tr(A;)] — 0: no single direction explains
a nontrivial fraction of total uncertainty. Any implementable portfolio spans a single direction
in N-dimensional return space. If risk-adjusted uncertainty were concentrated in that direction,
the portfolio could absorb it. Dispersion ensures that uncertainty spreads across many directions,
which no single portfolio can span.

Preliminary Results

The following results establish that the bound applies to any estimator based on public infor-

mation.
Lemma A.2 (Dominance). For any G;-measurable estimator f;, let ii, = u, — fi; denote the
estimation error. Then:

E[ﬁ,ﬁ; | Gi] = Vi + (e — i) (e — fi)" = Vi (220)

Suboptimal estimators can only increase error covariance.
Proof. Write i, = (u; — f;) + (4, — ;) = u; + (d; — f;). Since fi; — fi; is G;-measurable and
Elu, | G| = 0:

E[ﬂ,ﬂ; | Gi] = Var(u, | Gr) + (e — fie) (A — fir)" = Vi + (e — fie) (G — i)’

]
This lemma makes the result estimator-agnostic: the bound depends on V;, which is an objective
property of the DGP and information structure, not on any agent’s choice of estimator.
Main Result

We now lower-bound the residual squared Sharpe ratio by the total risk-adjusted mean uncer-

tainty outside the best one-dimensional subspace.
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Lemma A.3 (Geometric Inequality). For any G,-measurable estimator {i; and G,-measurable unit

vector b,, the unspanned risk-adjusted error satisfies
B[1( = AT P (= @DIP |G| 2 1r(4) = A (40, @21)

where A; = A;I/ZVZA;I/Z. With eigenvalues ordered A1(A;) > --- > An(A;), the bound equals

Z?’zz A;(A;): variance outside the best rank-1 subspace.

Proof Letii; =y, — fi; and A, = A, B, | G1A; "%, Then
E[I(1 - b:6)) A P a1? | G/ = w(A)) - bjA,b,.
By Lemma A2, E[i,d, | G/] = V;,s0 A, = A,. Let A= A, — A, = 0. Then
[tr(A,) — bA,b;] - [tr(A,) — B, A;b,] = tr(A) — B)Ab; > 0

since b;Ab, < tr(A) for any unit vector and positive semidefinite matrix. Since b;A;b; < Amax(A;),
the result follows. The first inequality is tight for the optimal estimator [i; = fi;; the second is tight
when b, aligns with the top eigenvector of A;. Since b, is determined by fi;, not by A,, the overall

bound tr(A;) — Amax (A;) is generally not achieved exactly. O

Theorem 1 (Undiversifiable Uncertainty). Under Assumptions 3—4, for N sufficiently large and
r > 1o,

E[67,] = Q(N/t) + Q(N). (222)

The bound has two components:

* Learnable: Q(N/t) from uncertainty about permanent expected returns. With infinite data,

this component vanishes.

* Persistent: Q(N) from time-varying expected returns. New shocks each period prevent

learning from eliminating this component.
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Even with infinite data and optimal estimation, the persistent component survives. Any imple-
mentable portfolio spans a single ray in N-dimensional return space, while estimation uncertainty
disperses across all N coordinates. At most one dimension of uncertainty can be absorbed by the

optimal direction; the remaining N — 1 dimensions contribute to the lower bound on pricing error.

Proof. By Lemma A3, E[62 , | Gi] > tr(A;) — Amax(A)).

Taking expectations and applying Assumptions 3—4:

E[6%,] = E[tr(A;)] — E[Amax(A))] (223)

> N(§+02) —o(N), (224)
where ¢ and o are the constants from Assumption 3. Hence E[67 ,] = Q(N/t) + Q(N): the first
component from learning, the second from persistent uncertainty. [

Corollary A.2 (Bound for Arbitrary Estimators). Let [i; be any G;-measurable estimator of u;,
and define Siyt = ||(I - Pt)A;l/z,utllz where P; projects onto the direction of At_l/zﬂ,. Under

Assumptions 3—4, for N sufficiently large and t > ty:
E[67,] = Q(N/t) + Q(N).

The bound depends on A; = At_l/ thAt_l/ 2, not on the estimator’s optimality.

Proof. Since P; projects onto A;l/zﬂt, we have (I — ﬁ,)At_l/zﬂ, =0, so Si’t =|(I- P,)At_l/z(,u, -
)2, Lemma A.3 with b, = A2, /IIA; 7 fi,]] gives E[82, | Gi] = tr(A;) — Amax(A,). Taking
expectations and applying Assumptions 3—4 as in Theorem 1 yields the result. U

Sufficient Condition: Approximate Factor Structure

When A; has approximate factor structure, the bound takes a sharper form. This section shows

the general result nests factor-model specifications common in empirical work.
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Assumption 5 (Factor Structure). Returns satisfy r.1 = B; fir1+e.41, where f.1 € RK are common
factors and e, is idiosyncratic. The covariance is A, = B;X7;B; +¥;, where B, € RN*K gre
loadings, Xy, is the factor covariance, and ¥; is diagonal with (), € |[d, d]. The number of
factors satisfies K = o(N).

Factor premium uncertainty and idiosyncratic mean uncertainty are orthogonal:

E[(Btft - E[Btf_t | gt])(et - E[Qt | gl])/ | gz] =0,

where f, = E,[fis1] and 6, = E,[eis1]. Factor premia reflect aggregate risk compensation;
idiosyncratic expected returns reflect firm-specific fundamentals. Factor premia and idiosyncratic

expected returns arise from distinct information sources.

Role of orthogonality. Under Assumption 5, expected returns decompose as y; = B, f; + 6,. The

orthogonality condition yields
V, = Var(u; | G) = BVar(f; | G)B, +V{ = V/. (225)

Theorem 1 applies to any DGP satisfying Assumptions 3—4, using full V;. Orthogonality is not
required for the bound to hold. What orthogonality provides is the decomposition V; = V?: a
weaker bound using only idiosyncratic uncertainty V¢ would also be valid. Without orthogonality,
negative covariance between factor premium uncertainty and idiosyncratic uncertainty could violate
V; = V¥, precluding the “idiosyncratic only” interpretation, but the general bound remains in force.

Under Assumption 5, define

S, = ‘I’t_l/th‘P,—I/z,

measuring mean uncertainty in idiosyncratic-risk units.

Proposition A.8 (Factor-Structure Bound). Under Assumptions 3—4 and 5,

E[67,] = B[tr(S)) — (K + 1) Amax (S1)]. (226)
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Proof. By the Woodbury identity, A;' = W' — R, where

R, =% 'B/(X;,+BY¥'B)"'B¥; =0

~1/2

and rank(R;) < K. Define A, = A, V,Al_1/2.

Trace bound. We have
tr(A;) = tr(A;V) = e (W7V,) — (R, V) = te(Sy) — tr(R, V). (227)

Let M, = ‘Ptl/zR,‘PtI/z. Since A;!' = W71 — R, = 0, we have W' = R,, hence I > ‘I’tl/zR,‘Ptl/2 =

M; = 0. Also rank(M;) < K, so tr(M;) < K. Then
tr(RtVt) = tr(MtSt) < tr(Mt)/lmaX(St) < K/lmax(St)-

Hence tr(A;) > tr(S;) — KAmax (S;).

Eigenvalue bound. Since A; = B;X¢;B; +¥; = '¥,, by the generalized Rayleigh quotient:

oY oY
Aman (A7) = max 2—2 < max 222 — 4 (s,). (228)

y20 YAy y20 YWy

Combine. tr(A;) — Amax(A;) = tr(S;) — (K + 1) Amax (Sy). [

The (K + 1) factor arises from two sources: K directions absorbed by the factor structure in
the trace bound, plus one direction absorbed by the best implementable portfolio in the eigenvalue
bound. Since 51, > 0, the bound is equivalently E[max{0, tr(S;) — (K + 1)Amax(Sy) }]; under

dispersion the argument of the max is positive and scales as Q(N).

Remark 3 (Dispersion under Factor Structure). Under factor structure, the Proposition A.8 bound
scales as Q(N) when K -E[Anmax (S;)] = o(N). Combined with E[tr(S;)] = E[tr(A;)] = Q(N) from
Assumption 3, this gives E[tr(S;) — (K + 1)Anax (S7)] = Q(N) — o(N) = Q(N). Bounded per-firm

idiosyncratic mean uncertainty gives E[Amax (S7)] = O(1), so the condition reduces to K = o(N).
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Leading Example: Permanent and Transitory Components

The following specification satisfies Assumptions 3—5 and provides economic content for the
bound’s two components.

Expected idiosyncratic returns have permanent and time-varying parts:
Oip = ¢i + i (229)

iid . . . .
where ¢; ~ (0, 0'5) across assets is a time-invariant firm effect, and y; ; follows

iid
Vie = pWist + 00 ol <1, 7% (0,05 (230)

with 7; , independent across assets and time.

Observation structure. The idiosyncratic return at time ¢ is e;; = ¢; + ¥;—1 + &+, Where &;;
1s mean-zero noise. Because e;; loads on ;1 rather than y,,, returns observed through time
t depend only on innovations 7;1,...,7;;—1. The current innovation 7;, is independent of all

observed data: n;; L G;.

Lemma A.4 (Learning Rates). Under the specification above, with e; ; = ¢; +; s—1 + &; s observed

fors=1,...,t:
1. Var(¢; | Gy) = O(1/1).
2. Var(yis-1 | Gi) — P, ast — oo, where P75, depends on p, 0'3, and o2 but not on t.
3. Var(¢i + p¥ir-1 | G) = 0(1/1) + O(1).

Proof. The state &;; = (¢;,¥i;) evolves as &;; = Fé&; -1 + (0,n;,)" with F = diag(1, p), observed
through e; s = HE; -1 + €5 where H = (1, 1). The Kalman filter posterior covariance P, satisfies
the Riccati recursion with prediction step Py;—1 = FP;_1;—1F" + Q, O = diag(0, 0',?), and update

step Py = Py—1 — Pyt H' (HPy 1 H' + 0'82)‘1HP,|t_1. Because |p| < 1 and ¢ receives fresh
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*

noise each period, the (2,2) block converges to a steady-state value P3,,

giving part (2). For
¢;: each observation is e;; = ¢; + v, where v, = ;1 + & is stationary with absolutely
summable autocovariances (since |p| < 1). The posterior variance (P;);; is bounded above

by the MSE of the sample mean ¢;, (the initial condition is irrelevant since |p| < 1), which

equals 172 2. Cov(vis, vig) = O(1/t), giving part (1). For part (3), the cross term satisfies

ICov(¢i,iu-1 | G| < VO(1/1) - O(1) = o(1). o

Verification of assumptions. Since 7;, is independent of (¢;, ¥ ,—1, G:), the conditional variance

decomposes as

Var(6;, | G) = Var(¢i + pyig-1 | G+ o (231)
N——
learnable irreducible

The second term equals 0'7? exactly because 1;; L G;. For the first term, Lemma A.4 gives
Var(¢; + p¥i—1 | Gi) = O(1/t) + O(1). The learnable component is in fact ®(1/z): the noise
Viis = Wis-1 + & is stationary with spectral density f(0) = o7 + o, /(1 — p)* > 0 at frequency
zero, so posterior precision for ¢; grows at rate t/ f(0), giving Var(¢; | G;) = f(0)/t - (1 +o(1)).
Only o> > 0 is needed for the Q(N) persistent component. As ¢t — oo, the floor is pZPZ2 + o;% > 0.

Factor premia f; are treated as known in this example, so V; = V¥; including factor premium
uncertainty would only strengthen the bound by Proposition A.9. Since ¢;, ¥;,, and n;, are
independent across assets in the DGP and each firm’s returns reveal only its own parameters, Vf
is diagonal.23 By the eigenvalue bound in the proof of Proposition A.8, Amax(A;) < Amax(Sr)
where §; = ¥, t 2V,9‘Pl_ 2 Since V! and P, are both diagonal with per-firm entries of order O(1),
Amax (S¢) = O(1), satisfying Assumption 4. For Assumption 3, each diagonal entry of S; satisfies

(Sy)ii =Var(6;; | Gy)/di > (sz;2 + a,?)/ci for large ¢, so

szZZ + 02

1
Sir(S) > T” > 0.

23. Factor premia are treated as known, so the information set relevant to firm i’s idiosyncratic state (¢;, Y; ;) consists
of firm i’s own idiosyncratic returns. Because idiosyncratic innovations are independent across firms, the posterior
distributions of 8; ; and 6, ; are conditionally independent given G, for i # j, so Cov(6;;,0; | G;) = 0.
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The trace bound tr(A;) > tr(S;) — KAmax (S;) with K = o(N) then gives %E[tr(A,)] > ¢/t + o2 for

o? = (p*P;, +0,)/d and large N.

Unknown Factor Premia

The preceding results use full V;, which includes both idiosyncratic and factor premium uncer-
tainty. A simple monotonicity argument shows that a weaker bound using only V¢ would also be
valid: including factor premium uncertainty cannot reduce the bound.

Define f(A) = tr(A) — Amax (A) for symmetric A. By Lemma A.3, ]E[(Si, | G:] > f(A;) where
A, = A;_I/ZVtA;_l/z-

Proposition A.9 (Monotonicity). For PSD matrices Ay, A with A1 = Ag + A,

f(AD) = f(Ao). (232)

Proof. We have

f(Al) - f(AO) = tr(A) = [Amax (A1) — Amax(Ao)].

By Weyl’s inequality, Admax (A1) < Amax(A0) + Amax(A). For any PSD matrix, Ap.x(A) < tr(A).
Hence f(A}) — f(Ap) = tr(A) — Amax(A) > 0. O

Corollary A.3 (Bound with Unknown Factor Premia). Under Assumptions 3—4 and 5, including
uncertainty in factor risk premia f, cannot reduce the bound on E[dit]. A bound using only

idiosyncratic uncertainty V¢ would be weaker but still valid.

Proof. With Cov(B,f;.6; | G;) =0, we have V; = B,X 7, B] + V¢ = V. Define A, = A;'*V,A; '/
and A? = A72VIATY2 Then A, = AY + A for PSD A. By Proposition A.9, f(A;) > f(A?). A
bound stated in terms of Af alone would therefore remain valid, and Proposition A.8 (which uses

full A;) is at least as strong. L]
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Unknown Covariance

The preceding results assume A; is G;-measurable. We now relax this assumption: agents
may form any G;-measurable estimator A, > 0 and choose any G;-measurable portfolio w; (e.g.,
w; = A7!i,), but pricing errors are evaluated using true conditional second moments. Unknown

covariance can only increase pricing errors, so the bound applies a fortiori.
Assumption 6 (Covariance-Mean Independence). u, 1. A; | G;.

Observing A, provides no incremental information about mean estimation errors beyond public
history. The condition holds when mean innovations and covariance dynamics arise from dis-
tinct information sources: mean innovations reflect firm-specific fundamentals, while covariance

dynamics reflect aggregate risk and volatility.

Remark 4 (Assumptions under Unknown Covariance). The proof of Theorem 2 conditions on
o (G, \,) and uses V; = Var(u, | Gi, A,). Under Assumption 6, the conditional distribution of u;
given (G:, \;) equals its distribution given G, alone, so V.=V, A = A, and Assumptions 3—4
as originally stated are exactly the conditions needed. Agents are not required to observe A;; the

assumptions are properties of the DGP.

Lemma A.5 (Alphas for an Arbitrary Benchmark). Fix any G;-measurable portfolio w,. Define

Cov(ri+1, WiT1+1) _ Awy

Bi(w) = a; (W) = pty = Br(w) - (Wipy).

’ T ’
Var (wires1) wi\wy

Then
 (wj)?
wiAw,

(W) A ar(w) = A s

Equivalently, letting b,(w) = Atl/zw,/HAtl/zth and P;(w) = b;(w)b;(w)’,

a (W) A (w) = ||(1 = Py (w) A2
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Proof. Write a;(w) = u, — Ay (wiiy). Then

Wi AWy
(W;/Jz)2 + (W;,Ut)z
wiAw,  WiAw;

(W;,Ut)z
W;Atwl ’

at(w)'At_la,(W) = ,U;Az_lﬂt -2

rA—1
LA e
The second representation follows from

WiH;
NE

bi(w)' A Py, = :
t Wt”

I = Pew))xll? = llxll* = (br(w)'x)*.

]

Theorem 2 (Undiversifiable Uncertainty with Unknown Covariance). Under Assumptions 3—4 and
6, with A, not required to be G;-measurable, for any G;-measurable portfolio w;, N sufficiently
large, and t > t,

Efa;(w) A7 ar(w)] = Q(N/1) + Q(N).
Covariance estimation error can only increase pricing errors.

Proof. Using the decomposition u; = fi; + u;, Lemma A.5 gives
_ -1/2
a (W) A ar(w) = 11 = PrwD AT Pl
Expanding u; = fi; + uy:

-1/2 —1/2 ~ -1/2
(T = PowW)A 20 ? = 1T = Po )22 + 11T = Piw) A Py

+2((I = Py(w)A 2 e, (1= Py (w)) A Puy).

The cross term vanishes in expectation by Assumption 6: conditional independence implies E[u; |
G, \t] = Elu; | G¢i] = 0. Let M, = A;1/2(1 - P,(w))At_]/z. Since w; is G,-measurable and

P;(w) = b;(w)b;(w)" depends on w, and A, through the whitening b,(w) = A,l/zwt/llAtl/zw,ll, the
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matrix M; is o (G;, A;)-measurable. Since fi; is G;-measurable, the tower property gives
E[g;Mu, | Gi] = B[E[@iMu; | G A |G = E[@iME[u: | G, A |G| = 0.
Dropping the first (nonnegative) term,
Ela,(w)'A; ar(w)] 2 E[I (1 = PLn)A; 1.

Let b,(w) = A 2w, /IIAN 2w, so that P,(w) = b,(w)b,(w)'. Define V, = Var(u, | G;, A;) and

A = At_l/thAt_l/z. Conditioning on (G;, A,), where b,(w) is determined,
E[I|(1 - PI(W))At_l/zul‘HZ | Gi. Ar] = tr(l‘it) — b (W) Aby(w) = tr(A,) - /lmax(At)-
Taking expectations yields
E[I(Z = Piw)A; )] 2 Bler(A) = Amax(A))].

By Assumption 6, V; = V; and A, = A; (Remark 4), so Assumptions 3—4 apply directly, giving the

stated bound. O]

Discussion

Components of the bound. The Q(N/f) component reflects signal extraction with finite-variance
noise: precision accumulates linearly in sample size. The Q(N) component reflects time-varying
expected returns. Each period, new innovations shift expected returns, but the returns driven by
those innovations have not yet been realized and are absent from observed data. No estimator can

reduce uncertainty about innovations that have not yet appeared in any return.

Cross-sectional learning. A larger cross-section means more coordinates to forecast, not better

forecasting of any given coordinate. Any systematic correlation across firms constitutes a common
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factor and should be absorbed into the factor structure. The residual after proper factor extraction

is dispersed by construction (Assumption 4).

Implications

Why APT fails. Classical APT predicts that pricing errors vanish as markets grow: idiosyncratic
return risk diversifies, so arbitrage portfolios can be constructed with vanishing variance. But the
relevant object for pricing is estimation uncertainty in conditional means, not return risk. Each
additional asset adds a new dimension to the unknown mean vector i;. Any implementable portfolio
spans a single ray; the remaining N — 1 dimensions of estimation error are unspanned. Pricing

errors grow as Q(N) even though idiosyncratic return risk diversifies to zero.

Out-of-sample failure. The tangency portfolio w* oc A;! i, optimal given available information,
leaves Q(N) squared Sharpe ratio unspanned. Specifying K traded factors does not help: the best
mean-variance portfolio in that class is still a single tangency direction, which is weakly dominated
by w*. Any factor model researchers propose therefore leaves at least Q(N) unspanned. The oracle

portfolio A;7! 4, would span all expected returns, but estimating g, incurs irreducible Q(N) error.

Anomaly abundance. The Q(N) unspanned squared Sharpe ratio spreads across firm-specific
coordinates. Because expected-return shocks are dispersed rather than factor-driven, no finite
set of portfolios can span them. Each characteristic-sorted portfolio captures a different linear

combination of unspanned expected return, consistent with the empirical proliferation of anomalies.

Oracle, not arbitrage. The theorem demonstrates existence of unspanned expected return. Con-
structing the oracle portfolio requires knowing u, directly, not estimating from data. The bound
holds whenever prices are G;-measurable: the irreducible uncertainty arises from time-varying
fundamentals and noisy signals, not from market frictions. Agents with private signals correlated
with y; — fi; can partially align with the oracle and earn positive expected alpha, but unless such

signals aggregate into public information, the residual component remains unspanned. The result
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characterizes fundamental limits of learning, not implementable arbitrage.
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