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Abstract

Specifications that impose constant treatment effects are common but biased, while
fully flexible alternatives can be imprecise or infeasible. Under a bound on treatment
effect heterogeneity, we propose a generalized ridge estimator, regulaTE, that yields
heterogeneity-aware confidence intervals (CIs). The ridge penalty is chosen to optimally
trade off worst-case bias and variance in a Gaussian homoskedastic setting; the resulting
ClIs remain tight more generally and are valid even under lack of overlap. Varying
the bound enables sensitivity analysis to departures from constant effects, which we
illustrate in leading empirical applications of unconfoundedness and staggered adoption

designs.
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1 Introduction

In many empirically relevant settings for causal inference, correctly specifying the model
requires allowing for fully flexible treatment effect heterogeneity as a function of covariates.
However, estimating such rich models often leads to imprecise estimates, and can become
infeasible under limited overlap in covariate distributions. Consequently, estimating the fully
flexible model may not be desirable in empirical applications, particularly when researchers
are primarily interested in the average treatment effect (ATE) rather than the full distribu-
tion of heterogeneous effects. Consider the unconfoundedness design, where the treatment
is assumed to be as good as randomly assigned conditional on the covariates. Many applied

studies estimate a “short” regression of the form that assumes constant effects
}/i - Diﬁshort + X{'Yshort + Uq,

and interpret the estimated regression coefficient Bshort as an estimate of the ATE (e.g.,
Martinez-Bravo, 2014; Favara and Imbs, 2015; Michalopoulos and Papaioannou, 2016; Bobo-
nis et al., 2016; Xu, 2018).

There is growing recognition that treatment effect heterogeneity affects the interpreta-
tion of the “short” regression. In an influential study, Angrist (1998) shows that under
unconfoundedness and discrete covariates, the “short” regression estimates a convex average
of treatment effects associated with each covariate value, and therefore can differ from esti-
mates based on matching that does not restrict treatment effect heterogeneity. Stoczynski
(2022) further shows that this convex average corresponds to a weighted average of treat-
ment effects on the treated and untreated, with counter-intuitive weights. Similar concerns
have been raised in recent studies of the “short” regression for staggered adoption designs
(de Chaisemartin and D’Haultfceuille, 2020; Goodman-Bacon, 2021).

However, revisiting Angrist (1998), the textbook (Angrist and Pischke, 2009, Chapter
3.3.1) asserts that if treatment effect heterogeneity is limited, the “short” regression estimate
may still be preferable to unbiased but noisier semi- and nonparametric estimators of the
average effect. First, when treatment effects are constant, the “short” regression is unbiased

and most efficient under homoskedasticity. Second, Angrist and Pischke (2009) informally



argue that the bias of the “short” regression remains small when treatment effects do not
vary too much, and the resulting efficiency gain can still justify its use. An additional, and
often overlooked, consideration is that in settings without overlap, semi- and nonparametric
estimators may cease to be well defined, whereas the short regression remains feasible because
it extrapolates treatment effect estimates to covariate values without overlap. Consequently,
practitioners’ intuition is that the confidence intervals (Cls) based on the “short” regression
should have coverage close to the nominal level, making the “short” regression a pragmatic
choice in applied work.

In this paper, we formalize the argument of Angrist and Pischke (2009). Under a restric-
tion on treatment effect heterogeneity, specifically a bound on the variance of conditional av-
erage treatment effect heterogeneity (VCATE), we first show how to bias-correct the “short”
regression CI such that the resulting CI has correct coverage and is heterogeneity-aware. This
approach is feasible even when the average effect is not point identified due to a complete
lack of overlap, since the bound on treatment effect heterogeneity provides partial identify-
ing information on the treatment effect for the sample with non-overlap.! We denote this
bound by C?. As C? increases from zero, the associated bias-corrected “short” regression CI
achieves correct coverage under each restriction, allowing one to assess the sensitivity of the
“short” regression estimates to violations of constant effects.

However, as the “short” regression estimator does not adjust to the bound, bias correc-
tion can yield an excessively wide heterogeneity-aware CI. To provide a more informative
sensitivity analysis, we propose a generalized ridge regression, regulaTE, which coincides
with the “short” regression when heterogeneity is absent but otherwise can depart from the
“short” regression if its bias is large. We propose selecting the ridge penalty to minimize
the heterogeneity-aware CI length under a normal, homoskedastic setting, which facilitates
rapid computation. We show in simulations and empirical illustrations that under more
general error distributions, the resulting CI remains tighter than the bias-corrected “short”

regression CI. We provide an implementation of sensitivity analysis based on regulaTE in

"When overlap fails completely, the ATE is not point identified. The VCATE bound provides partial
identifying information that restricts the range of treatment effects in the non-overlapping sample, enabling
valid inference even in this setting.



our accompanying R package.?

An important input for our method is C2, the bound on VCATE, which we primarily view
as a sensitivity parameter rather than a quantity to be estimated. In practice, the researcher
examines how the Cls change as C? varies over a user-specified range, thereby assessing
how sensitive the empirical conclusions are to deviations from constant treatment effects. A
useful summary is the “breakdown value” of C?—the smallest value at which the ATE be-
comes statistically insignificant—following Kline and Santos (2013) and Masten and Poirier
(2020). Because C? has a clear interpretation as a bound on VCATE, which is frequently
used in variance decomposition and welfare analyses (Kline et al., 2020; Sanchez-Becerra,
2023; de Chaisemartin and Deeb, 2024) and whose magnitude applied researchers often have
intuition about, the resulting sensitivity analysis is straightforward to interpret. We conduct
sensitivity analysis based on our proposed regulaTE in two leading empirical applications
under unconfoundedness and staggered adoption. We show how subgroup analyses reported
in the original empirical studies can be used to inform a plausible range of bounds for the
sensitivity analysis. We emphasize, however, that choosing C? in a data-driven manner gen-
erally leads either to invalid confidence intervals or to excessively wide intervals, reflecting

the impossibility results of Armstrong and Kolesar (2018).

Related literature. Since the seminal work of Angrist (1998), a growing body of literature
has characterized the bias of the “short” regression estimator under treatment effect het-
erogeneity, including Gibbons, Serrato, and Urbancic (2019), Stoczynski (2022), Goldsmith-
Pinkham, Hull, and Kolesar (2024), de Chaisemartin and D’Haultfeeuille (2020), Goodman-
Bacon (2021). We show how to bias-correct the “short” regression under a restriction on
treatment effect heterogeneity, and propose a sensitivity analysis to evaluate the impact of
treatment effect heterogeneity on robust estimation of the average effect.

Several papers have proposed estimators for the average effect under restrictions on treat-
ment effects. In the context of the unconfoundedness design, Lechner (2008) assumes out-
comes are bounded and derives the Manski bound for the ATE. Lee and Weidner (2021) im-

proves the Manski bound by combining it with the IPW estimator using reference propensity

2 An R package implementing the regulaTE estimator is available online at https://github.com/1sun20/
regulaTEr.
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scores. Athey, Imbens, and Wager (2018) assume sparsity of effects, Armstrong and Kolesér
(2021) assume smoothness of effects with respect to covariates, and de Chaisemartin (2024)
impose bounds on effects. In the context of difference-in-differences, Manski and Pepper
(2018) impose bounds on the variation in outcomes over time and across states. In contrast
to these papers, our method is tied directly to a measure of treatment effect heterogeneity by
restricting the variance of treatment effects. This does not entail a functional form assump-
tion on the heterogeneity, mimicking the common belief that effects are broadly similar.

There are semi- and nonparametric estimators, such as the inverse propensity score
weighted estimator, that remain unbiased for the average treatment effect even under un-
restricted treatment effect heterogeneity. However, these estimators rely on strong overlap
for consistency and asymptotic normality. When propensity scores approach 0 or 1, they
can become highly variable, making the conventional normal approximation unreliable, as
demonstrated in Rothe (2017) or Heiler and Kazak (2021). To address extreme values of
propensity scores, Crump, Hotz, Imbens, and Mitnik (2009) propose trimming the inverse
propensity score weighted estimator by removing observations with estimated propensity
scores outside the range (0.1,0.9). Since this approach only estimates the average effect for
a subpopulation with strong overlap, several papers have characterized the resulting bias and
proposed bias correction methods, e.g., Ma and Wang (2020) and Sasaki and Ura (2022),
under certain smoothness conditions. Our method provides an alternative route for dealing
with limited overlap, which includes settings with complete lack of overlap: rather than
focusing on a subpopulation with strong overlap, we restrict treatment effect heterogeneity
and use this restriction to infer the worst-case heterogeneity for covariate cells with limited
overlap.

The remainder of the paper is organized as follows. Section 2 introduces the setup and
formalizes the restriction on treatment effect heterogeneity. Section 3 develops the proposed
inference method, establishes its optimality, and illustrates its finite-sample performance in
calibrated simulations. Section 4 applies the method to empirical settings and extends it to

staggered adoption. Section 5 concludes.



2 Setup and treatment effect heterogeneity

Consider the unconfoundedness setting where we observe a random sample of n units, and
each unit is characterized by a pair of potential outcomes (Y;(0),Y;(1)) under no treatment
and treatment, respectively; a set of (possibly including flexible transformations of) covari-
ates X; € R¥! that includes a constant; and a treatment indicator D; € {0,1}. We assume
unconfoundedness (also known as selection on observables): Y;(0),Y;(1) L D; | X;. As
common in empirical practice (Wooldridge, 2010), we further assume that E[Y;(1) | X;] and
E[Y;(0) | X;] are both linear in X;.> Denote 7(x) = E[Y;(1) — Y;(0) | X; = z] to be the
covariate-specific average treatment effect (CATE).

Unless stated otherwise, we condition on the realized values {x;, d;}! ; of the covariates
and treatment {X;, D;}"_,, where lowercase letters denote realizations. All probability state-
ments are therefore taken with respect to the conditional distribution of {Y;(0), Y;(1)},.

Under these assumptions, the DGP for the observed outcome Y; can be written as
Yi = di(:) + xy + &, (1)

where {g;}, is a sequence of mutually independent noise terms that are mean zero. This
fixed-design framework follows, for example, Rothe (2017) and Armstrong and Kolesér
(2021), to investigate finite-sample properties. As illustrated in Section 4.2, we also allow the
covariates that parameterize treatment effect heterogeneity to differ from the confounders
Z;.

Our goal is to estimate a weighted average of the CATEs with known weights, where the
weights reflect a predetermined target population. The leading example is the sample ATE,
B =M = Eu[r(z;)] = £+ 30, 7(x;) as defined in Imbens and Wooldridge (2009). Here

E, denotes the “empirical” mean (i.e., E,a; = n~' Y " | a; for any fixed or random sequence

3In principle, such linearity assumptions are not required, and our approach to estimating average effects
under bounded treatment effect heterogeneity can be extended to more general settings. For example,
assuming linearity only of E[Y;(0) | X;] leads to a related ridge-type estimation procedure. One could also
adopt a fully nonparametric approach by imposing a bound on treatment effect heterogeneity in addition to
the smoothness assumptions of Armstrong and Kolesér (2021). Nevertheless, given the prevalence of linear
models in empirical practice, and the intuitive interpretation and computational efficiency afforded by this
assumption, we view this as a useful trade-off between generality and practicality.



{ai}i-;). Under the linearity assumption, we can write 7(x;) = a+x; _,d, where z; _; denotes
the vector of covariates excluding the constant. Letting z; 1 = x; 1 — E,[z; _1] denote the

demeaned covariates, deviations of the CATE from the ATE are given by 7(z;) — fATF =

7; ;0. Therefore, the DGP (1) can be reparameterized as the long regression as in Imbens

and Wooldridge (2009):

Y, =d; éEgE + (di#;—1)'6 + xiy + &5, where T; 1 = x; 1 — Ep[z; _1]. (2)

Other leading target parameters include the sample average treatment effect on the
treated (ATT) and the sample average treatment effect on the untreated (ATU). Since the
long regression (2) handles all three targets through appropriate demeaning of the covariates,
we focus on the ATE for simplicity.

We define the short regression as the specification that omits the interaction terms be-

tween treatment and covariates:
}/;; == diﬁshort + xr/f}/short + Uy, (3)

which is the most commonly used specification in empirical research.

2.1 Challenges under treatment effect heterogeneity

Even when treatment effects are fully heterogeneous, the long regression (2) remains correctly
specified for identifying average effects. However, estimating it can be practically challenging:
the resulting estimates may be highly imprecise, and the model may not even be estimable
under limited overlap. First, when the covariates x; are mixed, containing both continuous
covariates and discrete covariates, the discrete covariates typically enter the long regression
as fixed effects capturing confounding from, for example, location effects. If all units in
a given location are treated, contributing to lack of overlap, then the interaction between
treatment and the centered location fixed effect becomes multicollinear with the treatment
indicator and the location fixed effect itself, rendering the long regression Blong undefined.

Second, if the covariates {z;}" , are generated by saturating discrete covariates, when



overlap fails entirely for a particular covariate value, the long regression Blong is again not well-
defined. The long regression coefficient estimator is algebraically equivalent to the following

IPW estimator:

ATE _ di — p(z:) Y.
e pla) (1= pla)
where p(z;) denotes the empirical propensity score for covariate value z;. Therefore, if
p(z;) € {0,1} for some x; due to lack of overlap, then the long regression Blong is not well-
defined. Furthermore, because p(z;)(1 — p(z;)) appears in the denominator, the variability
of Bﬁfg is heavily influenced by observations for which p(x;) is close to zero or one.
In contrast, the short regression estimator is less affected by limited overlap and remains
well-defined even under complete lack of overlap at some covariate values. To see this, by the

Frisch-Waugh-Lovell (FWL) theorem, the short regression estimator in (3) can be written

Bpons = E, [(d; — p(w;)) Yi]
TR, [(di — pa)) di]

This representation highlights that the short regression places little weight on observations
with extreme propensity scores. Moreover, it remains well-defined even when overlap fails for
some covariate values, since such observations have no influence on the estimator. However,
by omitting interactions between d; and z; _;, the short regression is generally misspecified
in the presence of treatment effect heterogeneity. As a result, it may suffer from omitted
variable bias, with the bias measured relative to the ATE. From Angrist (1998), the short

regression estimand is:

p(xi) (1 — p(x;))
E, [p(z:) (1 — p(x:))]

ﬁshort = E[Bshort] = En T<xl> . (4)

This estimand coincides with 5 only if one of the following holds: (i) 7(z;) is constant, (ii)
p(z;) is constant, or (iii) p(x;)(1—p(x;)) is orthogonal to 7(x;). In general, the short regression
recovers a weighted average of heterogeneous treatment effects, with weights proportional
to the conditional variance of treatment assignment. As discussed in Poirier and Stoczynski
(2024), the subpopulation for which the short-regression estimand corresponds to a true

average treatment effect can be small, limiting the internal validity of the estimator.



Nevertheless, when treatment effect heterogeneity is limited, the short regression remains
nearly unbiased and typically yields more precise estimates. This point is made informally by
Angrist and Pischke (2009, Chapter 3.3.1): “Of course, the difference in weighting schemes
is of little importance if 7(z) does not vary across cells (though weighting still affects the
statistical efficiency of estimators).” This observation helps explain why the short regression

is substantially more common than the long regression in empirical practice.

2.2 Bounding the treatment effect heterogeneity via VCATE

To formalize the belief that treatment effects are broadly similar across covariates, we impose
an upper bound on the (sample) variance of the CATE 7(x;), the VCATE, which we define
as By [(7(2) — E[7(24)])?]-

While any restriction that imposes that the vector of heterogeneous effects {7(z;) —
E,[7(x;)]}; lies in a bounded set would, in principle, suffice to control the bias induced
by misspecification of the short regression or other linear-in-outcome estimators, we focus
on bounds on VCATE for several reasons. First, because variance is the most widely used
and canonical measure of dispersion, VCATE provides an intuitive measure of treatment
effect heterogeneity that captures how dispersed treatment effects are across covariate val-
ues, rather than imposing potentially opaque geometric restrictions on the entire vector of
effects.* This makes the restriction easy to interpret and to vary in sensitivity analyses.
In contrast, many alternative convex restrictions, such as ¢, balls, do not correspond to
commonly interpreted notions of treatment effect heterogeneity and are therefore harder to
calibrate in empirical applications.

Second, VCATE is a well-studied object in the treatment effects literature, and as a
result researchers often have a clear sense of how to reason about its magnitude.” VCATE
arises naturally in variance decompositions and distributional analyses, and recent work has
developed estimators and inference procedures for VCATE under a range of identifying as-

sumptions. This existing body of work makes VCATE a familiar and interpretable sensitivity

4For example, Levy et al. (2021) and Sanchez-Becerra (2023) introduce VCATE as leading measures of
treatment effect heterogeneity.

5See Kline et al. (2020), Sanchez-Becerra (2023), and de Chaisemartin and Deeb (2024) for recent work
on estimation and inference for VCATE.



parameter: researchers can draw on prior results, empirical benchmarks, and domain knowl-
edge to assess whether a given bound on VCATE is plausible in their setting. Moreover,
Popoviciu’s inequality gives a simple (yet conservative) bound

1
J(max 7 () — min ()2,

En[(7(2:) — Ea[r(2:)])*] <
providing a simple reference point for calibration.
Note that, under our maintained specification, VCATE can be expressed as a simple
quadratic form in the heterogeneity coefficient 9:

En[(7(2:) = Ealr(2:)])?] = En[(#_10)*] = 0' En[Zi 17} _y] 0. ()

)

For notational convenience, define V, := E,[%; 1% ], which is the sample analogue of
Var(X; _1). We assume that V, is invertible, which is a minimal condition ensuring that
the short regression is well defined. Accordingly, imposing an upper bound on VCATE of
the form E,[(7(x;) — E,[7(2;)])?] < C? is equivalent to imposing the weighted quadratic
constraint ¢’ V,§ < C? on the parameter vector 6. Throughout the paper, we report and
plot results on the standard-deviation scale C' rather than the variance scale C2, because C
shares the units of the outcome.

Although we do not pursue this direction here, the approach we introduce can be extended
straightforwardly to more general restrictions that impose ¢ to lie in a bounded, convex set.
For example, one could replace the quadratic constraint above with coordinatewise bounds
of the form max, |§;| < C or other convex constraints on ¢ by following the general procedure

described in Armstrong et al. (2023).

3 Heterogeneity-aware confidence intervals

In this section, we develop inference methods that explicitly account for treatment effect
heterogeneity. We begin by showing how to construct valid confidence intervals based on
estimators that are linear in outcomes, while allowing for limited or even complete lack of

overlap.

10



3.1 Proposed method

Building on (2), we consider the regression model

Y = dif + xiy + diT; 10 + &, (6)

where Y; is the outcome, d; is the (non-random) treatment indicator, and x; = (1,2] ;)" is

the vector of non-random covariates including a constant. Define D = (dy,...,d,)" as the
(realized) treatment vector and X = (x1,...,2,)" the matrix of (realized) covariates. We
assume X'X is invertible. To introduce our proposal cleanly, we assume e¢; N (0,0?%)
throughout this subsection, an assumption we relax in Section 3.2. That is, treatment effect
heterogeneity is fully captured by the covariates x; under this specification.

In a fixed-design setting, estimating the ATE under a VCATE bound is equivalent to
conducting inference on 3 in (6) subject to the constraint §'V,0 < C? as explained in (5).

Equivalently, the restriction on the parameter space is (3,7',0’)" € O¢, where
Oc = {(B,7,8) € R*2 . §'V,6 < C?}.

Let Y = (Y7,...,Y,)". We focus on linear estimators of the form B, = a'Y, where a € R"
is non-random. Since (d;, x})" are treated as fixed, the weights a may depend on them; this
class includes typical estimators such as difference-in-means, the short regression, and the
long regression (when defined).

The variance of the estimator §, = /Y is Var(f,) = o2d’a under homoskedasticity.

From (6), the worst-case bias of §, over O is

bias,c =  sup {a’(Dﬁ + Xv+4(DoX_1)8) — ﬁ} : (7)

(677,’5/)€9C
where D o X_; is the matrix with ith row equal to d;7; ;. Hence, given the weights a, the
worst-case bias of the corresponding estimator can be calculated explicitly. Since O leaves
[ and ~ unrestricted, it is necessary that the weights satisfy a'D = 1 and ¢’ X = 0 to achieve

finite worst-case bias. Under these conditions, the remaining bias a/(D o X_;)d is linear

11



in §, and since O¢ is centrosymmetric in § (i.e., § € O¢ implies —§ € O¢), the one-sided
supremum in (7) equals supg_, |]E[Ba] — B.

A fixed-length confidence interval (FLCI) is constructed as

Ba + Xa,C) Xa,C = Var(Ba)l/Z CVq (%a,c /Var<Ba>1/2> } (8>

where cv,(B) denotes the (1 — «) quantile of the folded normal distribution |N(B,1)|. The
critical value therefore reflects the potential worst-case bias of Ba. Importantly, the validity
of the confidence interval does not rely on point identification of 5. In cases of complete lack
of overlap, (8 is set identified rather than point identified under a VCATE bound; as shown
in Lemma 1, an immediate consequence of Armstrong and Kolesar (2018), the FLCI attains

correct coverage uniformly over the identified set.

Lemma 1. Under the assumption that VCATE is bounded by C* and the error terms in (6)

are Gaussian,

inf Pr( € Aa— a ,Aa—i- a )Zl—a.
ol B € [Ba — Xa,cs Ba + Xac]

Proof. Under the stated assumptions, (3, — 3)/Var(3,)"/2 ~ N(b,1), where the bias term b

satisfies |b| < bias, ¢ /Var(f,)"/2. The result follows by construction of Xa,C- O

Write Py = X(X'X)™'X’" and Hx = I — Px. As shown in Appendix Lemma A.1, the

worst-case bias of the short regression estimator is

bias,, ¢ = C\/a;(D o X_ VDo X_,)ay, a, = (D'HxD) *HxD.

x

Because the short-regression weights as do not adjust as C' increases, bias-corrected short-
regression confidence intervals can become excessively long. Since the length of any FLCI
of the form Ba £ Xac equals 2x, ¢ and increases in both %ac and Var(Ba), improving
performance for C' > 0 requires a better bias—variance trade-off.

To achieve a better bias—variance trade-off, we propose solving the generalized ridge

least-squares problem

rﬁni%HY—Dﬁ—Xfy— (Do X_1)d|?/n+ X&'V, (9)
Vs

12



where A > 0 is chosen as discussed later in Section 3.1.1. Let BA denote the resulting
coefficient estimator for B. Since §'V,0 equals the sample VCATE as shown in (5), the
penalty directly shrinks the heterogeneity coefficients § toward zero—that is, toward the
constant-effects model—with the degree of shrinkage governed by A. It is not a priori obvious
that such a penalty on the outcome regression should yield optimal inference for (3, since
penalized regression targets a prediction error objective rather than the bias—variance trade-
off specific to 5. However, the quadratic geometry of the VCATE restriction implies that B)\
lies on the bias—variance frontier for every A > 0: no linear estimator achieves simultaneously
smaller variance and smaller worst-case bias. Moreover, all linear estimators that lie on the
frontier can be written in this form. Before we formalize this optimality result in Theorem 1
in Section 3.1.1, we provide some intuition.

Lemma A.2 shows that the generalized ridge regression coefficient estimator B,\ can be

written as

3 = d\Y = 22—, 10
By = a) P.D (10)

D

575 and the residuals Dy :=D— Xmiy— (Do X,l)wm are from a
A

where the weights ay 1=

penalized propensity score regression:

min||D — Xm; — (D o X_1)m||?/n + ArhV,ms. (11)

1,72
For A\ > 0 define the shrinkage matrix

Syi=Hy(DoX_1)((DoX_1)Hx(DoX_1)+AV,) (Do X_,)Hy,

which maps any vector v € R" to the fitted values from the ridge regression of Hxv on

Hx (D o X_;) with penalty matrix AV,. With this notation, the residualized treatment used

6Under an ¢; bound on §, for instance, the LASSO-penalized outcome regression does not produce optimal
inference for 5. The coincidence between the ridge penalty on the outcome regression and the optimal
inference procedure for f is specific to the quadratic VCATE constraint, which has been pointed out in Li
(1982) and Armstrong et al. (2023).

13



by the generalized ridge estimator can be written as
Dy=HxD — Hx(DoX 1)my = (I — S\)HxD, (12)

and therefore

- DY ((I-S,)HxD)Y
W DD ((I-Sy)HxD)D’

Hence, the effect of A on B \ operates entirely through the shrinkage operator 5.
When A = 0 and (D o X_1)Hx(D o X_4) is invertible (i.e., the long regression is well-
defined),

So=Hx(Do X,l)((D o X,l)’HX(D o X',l))fl(D oX 1)'Hx

is the orthogonal projection onto span(Hx (D o X_l)), and (I — Sp)Hx D equals the residual
from regressing D on (X, D o )2',1). Consequently, Bo coincides with the long-regression
coefficient on D.” On the other hand, as A — oo, it is clear that Dy — HxD and B,\
converges to the short regression estimator.
To gain more intuition on our estimator, for fixed A > 0, suppose X is generated from
saturating discrete covariates. Lemma A.3 shows the weights in (10) can be written as
(di—p(:))(A1—T; _1732,2)

ari =5 [(di—p(l‘i))(l—fé,lﬂz,A)di] . The estimand of (3, is therefore a weighted average of CATEs:

A

By =E[}] =E (p(x:) (1 — p(2:))) (1 — Tj _172)

E, [(p(z:)(1 = p(2:)(1 — T 172

) T(xi)] : (13)

As shown in Lemma A.4, expression (13) further simplifies to

b= B, [ DO e 1)), "

-
B [p(a:) (1 = p(ai)) /(p(2:) (1 — p(2:)) + A)]

The weight on each unit’s CATE is proportional to p(z;)(1 — p(x;))/(p(x:)(1 — p(z;)) + A) €
0, 1], which equals 1/(14+X/[p(x;)(1 —p(z;))]). This factor is close to one for well-overlapped

cells where p(z)(1 — p(x)) is large relative to A, and close to zero for poorly overlapped cells

“When the long regression is not well-defined due to lack of overlap, in the case of discrete covariates, it
is possible to analytically characterize the limit of 5>\ as A — 0, which is the long regression estimator ﬁlong
restricted to the trimmed subsample with overlap as shown in Lemma A.G.

14



where p(z)(1 — p(z)) is small relative to A. As A — 0, the shrinkage factor approaches one
for all cells and the weights converge to cell shares, recovering the ATE. As A\ — oo, the
weights converge to the short regression weights in (4), proportional to p(x)(1 — p(z)). For
intermediate A, the ridge estimand overweights well-overlapped cells relative to the ATE,
but less so than the short regression: cells with p(z)(1 — p(x)) > X receive weight close to
their population share, while cells with p(z)(1 — p(z)) < A are heavily downweighted. Note
that the weights are always non-negative and sum to one. Later in Section 3.4, we illustrate

these weights in the context of Angrist (1998) (see Figure 1).

3.1.1 Choosing the penalty parameter

It remains to choose the penalty parameter A\. We select it to minimize the half-length of the
resulting FLCI in the homoskedastic Gaussian setting. By the same argument as Appendix

Lemma A.1, the worst-case bias of (3 takes the form bias,, ¢ = C-\/a’)\(D o X_)VYDo X_)ay.

Let A}, denote the penalty parameter value that minimizes the half-length of the correspond-

ing fixed-length CI:
G = argmin, of|ay]| - eve (biasa, o /(o laxl]) . (15)

and construct the corresponding CI B)‘*C + Xa,.,c. We refer to this inference procedure as
C
regulaTkE, for its ability to regularize treatment effect heterogeneity.
The regulaTE CI is in fact the shortest possible fixed-length CI based on any linear

estimator in the homoskedastic Gaussian setting. We formalize this in the following theorem.

Theorem 1. The generalized ridge regression estimator B,\ solves the bias-variance trade-off
problem:

minad'a s.t. sup d(DB+Xy+(DoX 1)0)-B<B (16)
acR” (B ,6)EOC

with B = %%C. Consequently, the regulaTE CI is the shortest fized-length CI based on

linear estimators.

The first part of the theorem establishes that B,\ lies on the bias—variance frontier for

every A > 0: at bias level B = bias,, ¢, no linear estimator achieves smaller variance.
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This follows from the modulus of continuity characterization of optimal inference (Donoho,
1994; Armstrong and Kolesar, 2018): the generalized ridge regression solves the modulus
problem associated with the VCATE constraint. The second part follows because the family
{BAA : A > 0} spans the entire Pareto frontier. Since the FLCI half-length y, ¢ depends on
the weights a only through the variance a’a and worst-case bias Tasmc, minimizing CI length

over all linear estimators reduces to minimizing over the ridge family, which is what (15)

achieves.

3.2 Implementation and validity under more general error distri-

butions

We begin with an initial estimator @it = (Fnit ginit/ §init!y' o, 9 — (8, +/ §'), obtained
either from the long regression (when defined) or from a cross-validated generalized ridge
regression that penalizes the weighted £, norm E,[(Z] _,0)?]. Define the residuals from this
initial estimator &py; = y; — d; ™0 — 2/4™mit — dﬁg’_lgi“it, and the corresponding initial
variance estimator 6% = L 37" &2, .

For each A\, compute BA as before and obtain A} via (15) by plugging in 6. Let W =

[D, X, D o X_4] denote the design matrix. Form the robust variance estimator

-1
n

- 0 0
_ 2 22 _ ! *
Vs, rob = E ax:, €t where aye = W [ WIW + Ag er.
i=1 0 Vi

~1/2
&srob

The feasible CI is then B/\E +cv, (biasav o/ ) . ‘A/)\l(/{ zrob. Cluster-robust versions follow
C b

analogously.

Remark 1. Due to the heteroskedastic nature of the error terms, the exact optimality
results stated in Section 3 no longer hold in general. Nonetheless, the procedure mirrors
the common practice of using weights that are optimal under homoskedasticity (i.e., OLS

weights) combined with robust standard errors.

The asymptotic validity of the feasible CI is formally stated in Appendix A.2, which
follows from a central limit theorem (CLT) applied to BAE' The key requirement is that the
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maximal Lindeberg weight associated with the estimator,
Lind(ay;,) == max

shrinks sufficiently quickly relative to the error of the initial estimator used to form the
residuals. While we provide formal conditions for asymptotic validity in Appendix A.2, the
Lindeberg weights can be computed in any given application and serve as a diagnostic for
the reliability of the normal approximation; see Noack and Rothe (2024) for an analogous
discussion in the context of fuzzy regression discontinuity designs. The companion R package
reports the maximal Lindeberg weight and issues a warning when it is large. Note that, due

to limited overlap, the convergence rate may be slower than the parametric rate of n=1/2.

3.3 Necessity of bounding VCATE

The previous sections demonstrate how to construct regulaTE Cls given a bound on VCATE.
One might instead wish to construct a “wider” CI that remains valid under unrestricted
treatment effect heterogeneity, or a CI that adapts to the true underlying VCATE, shrinking
in length according to the true bound while still guaranteeing coverage over a broader class of
heterogeneity. We show that neither approach is feasible, thereby establishing the necessity
of imposing an a priori bound on VCATE.

Intuitively, absent any restriction on the parameter space, the worst-case bias of any lin-
ear estimator must be unbounded when overlap fails. The reason is that the data contains no
information about treatment effects for strata in which only treated (or untreated) individu-
als are observed. Formally, recall from (7) that the worst-case bias is linear in the parameters.
Thus, only unbiased estimators have bounded bias (in fact, zero) when the parameter space
is unrestricted. As evident from the expression, unbiasedness requires a’D = 1, ¢’ X = 0 and
a' (Do )E',l) = (0. Suppose overlap fails for the binary jth covariate so that X,,; < D, where
< is interpreted elementwise. Writing z;41 := E,[x; j1+1], the conditions for unbiasedness
imply ’'D =1, ¢’X;41 = 0 and o'(X;41 + DZ,4+1) = 0, but it is clear that no weight vector a

can satisfy these conditions.® Hence, no unbiased linear estimator exists, and the worst-case

8This is because due to lack of overlap D o X_l =X+ Dxjy.
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bias of any linear estimator is unbounded. A formal statement and proof of this result can
be found in Appendix A.3.

Moreover, it turns out that it is impossible to construct a CI that adapts to the true
VCATE. By definition, an adaptive CI has length that automatically reflects the true magni-
tude of VCATE while maintaining coverage under a conservative a priori bound on VCATE.
However, Corollary 2.1 of Armstrong et al. (2023) implies that any valid CI must have ex-
pected length that reflects the conservative a priori bound C?, even when VCATE is much
smaller than C?. In other words, one cannot automate the choice of the VCATE bound C?
when constructing the CI.

Therefore, while C' is an important input to our method, it cannot be set to C' = oo, nor
can it be selected in a data-driven way with the goal of adapting to the true VCATE. In

Section 4, we discuss how to conduct sensitivity analysis with respect to C'.

3.4 Calibrated simulations

We illustrate the theoretical results so far in realistic settings through simulations calibrated
to the data generating process in Angrist (1998). Angrist (1998) links social security earnings
records to administrative data on a sample of U.S. military applicants from 1979 to 1982
to estimate the effects of voluntary military service on veterans’ earnings. The data include
the following observable characteristics: year of application, year of birth, education at the
time of application, race, and Armed Forces Qualification Test (AFQT) score group. The
paper documents heterogeneity in treatment effects: military service modestly increased
the civilian earnings of non-white veterans while reducing those of white veterans. Further
heterogeneity is observed across background characteristics such as education and AFQT
scores, which prompted Angrist (1998) to theoretically analyze the different estimands of
the short regression and the long regression (referred to therein as the controlled contrast
estimator). The estimates were found to be significantly different, both statistically and
economically.

For simplicity, our simulation exercises focus on inference for the average treatment effect
on earnings in 1988 among white applicants. Within this population, there are approximately

400 covariate cells. The public replication data from Angrist (1998) report cell-level summary
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statistics—such as the mean and standard deviation of earnings, the share of veterans,
and the cell frequency—constructed from administrative records covering roughly 100,000
individuals.

To calibrate the simulation to Angrist (1998) and to construct a micro-level dataset,
we draw 2,000 individuals, which can be interpreted as a 2% subsample of the original
population. Treatment status is assigned using the cell-level share of veterans as the true
propensity score, which ranges from 4.6% to 81.2%. Given a fixed realization of treatment
assignments, the relatively small sample size leads to a lack of overlap at some covariate
values, equivalent to 12.4% of the sample size. As a result, the long regression is not well
defined and the ATE is not point identified.

To preserve both heteroskedasticity and treatment effect heterogeneity from the original
data of Angrist (1998) in the data-generating process, outcomes are generated by treating
the cell-level summary statistics as the true means and standard deviations of earnings and
assuming normally distributed earnings within each cell. We treat the cell-level standard
deviations as known for the simulation. The true standard deviation of the CATEs is Cy =

1452.195.

Figure 1: Weighted Average Interpretation of regulaTE Estimators under Lack of Overlap
in DGP Calibrated to Angrist (1998)
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Because all covariates are discrete in the data-generating process, the regulaTE estimator
admits a transparent interpretation as a weighted average of the cell-level treatment effects
7(z), as characterized in (13). Figure 1 plots the regulaTE weights under several values of
the heterogeneity bound C' against the within-cell treatment variance p(z)(1 — p(z)). When
C = 0, the estimator coincides with the short regression, placing relatively high weight on
well-overlapped cells and aggressively shrinking contributions from poorly overlapped ones
where p(z)(1—p(x)) is small. As C increases, the estimator progressively shifts weight toward
a more uniform allocation across cells, reflecting the increasing importance of worst-case bias
relative to variance. With C' = Cj, the weights become substantially more even, illustrating
how regulaTE moves away from the short regression in response to the bias-variance trade-off

induced by treatment effect heterogeneity.

Figure 2: Sensitivity of Coverage and CI Length under Lack of Overlap in DGP Calibrated
to Angrist (1998)
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Notes: “regulaTE CI” refers to the bias-aware fixed-length confidence interval based on the regulaTE
estimate. “Short CI” refers to the CI based on the short regression estimate. “Short BC CI” refers to the
bias-corrected short regression CI. Both “regulaTE CI” and “Short BC CI” are heteroskedasticity-robust
with 95% coverage guarantees under each heterogeneity bound C' on the horizontal axis. The ratio of the
CI lengths is relative to the length of the regulaTE CI under C' = Cj.

On the horizontal axis of Figure 2, we consider various heterogeneity bounds C' and use
them both to bias-correct the short-regression CI and to construct the heteroskedasticity-

robust regulaTE CI. When no correction is applied, the short-regression CI, while quite
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short, exhibits substantial undercoverage, reflecting bias induced by omitting treatment ef-
fect heterogeneity. As the bound C' increases, both the bias-corrected short-regression CI
and the regulaTE CI achieve coverage close to the nominal level. But across the range of C,
the bias-corrected short-regression CI is longer than the regulaTE CI, as shown in the left
panel. Correct coverage is attained for values of C' that are strictly smaller than the true het-
erogeneity level Cy because the validity guarantee is derived under worst-case heterogeneity,
whereas the data-generating process considered here is less adversarial.

In Appendix B, we illustrate the behavior of regulaTE in settings with overlap and
compare it with the long regression, which is now well-defined. We also compare with the
adaptive estimator of Armstrong et al. (2025), which combines the short and long regression
estimators for efficiency gain. regulaTE is constructed to adjust the CI based on the user-
specified bound C for sensitivity analysis. Therefore, it connects the long and short regression
CIs as C increases from zero. The adaptive estimator does not adjust to the user-specified
bound C' and remains close to the long regression in this DGP, while the bias-corrected

short-regression CI is again overly long.

4 Sensitivity analysis and empirical illustrations

Researchers often use the short regression to estimate the ATE under the (frequently implicit)
assumption that treatment effect heterogeneity is not too large. Our method provides a
formal way to assess this assumption. In this case, rather than taking a definitive stand on
C', one can begin with C' = 0 (which corresponds to using the short regression) and gradually
increase C' until the results become insignificant.” We denote the smallest value of C that
renders the estimated treatment effect insignificant as C*. One can then evaluate whether
the corresponding breakdown point C* is plausible, which is feasible since VCATE is a highly
interpretable quantity. This is analogous to the breakdown frontier analysis considered in,
e.g., Kline and Santos (2013), Masten and Poirier (2020) and Li and Miiller (2021). Our R

package provides a plotting functionality that aids such sensitivity analysis.

9Note that we take C, rather than C?, as our sensitivity parameter because it has the same units as the
outcome.
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4.1 Unconfoundedness

Aizer et al. (2016) evaluate the long-run effects of early 20th-century Mothers’ Pension
(MP) cash transfers on children’s lifetime outcomes, using administrative data. Their study
compares children of approved MP applicants to those whose approvals were subsequently
reversed, accounting for observed characteristics, to estimate causal effects. To illustrate our
method, we focus on child longevity, which is the main outcome of interest. The original

study estimates the following short regression as in Aizer et al. (2016, Equation (1)):

10g(Ag€ at Death)ifts = 60 + QIMPf + QQXif + 03Z5t + 0(; + Ot + €ify

where the outcome is the natural logarithm of the age at death for a given individual i in
family f born in year t living in a county ¢ (state s), and the treatment M Py indicates
MP receipt. The authors control linearly for X, a vector of relevant family characteristics
(marital status, number of siblings, etc.) and child characteristics (year of birth and age at
application), and Z, a vector of county-level characteristics in 1910 and state characteristics
in the year of application. The binary covariates are 8, and 6;, which are county and cohort
fixed effects, respectively.

We assess the sensitivity of the estimate for ATT, which is the average impact of MP
receipt among MP recipients, as it is the most relevant target parameter for program evalu-
ation. Based on the short regression, the ATT is estimated to be 1.82% and is statistically
significant at the 5% significance level. Note that the long regression is infeasible because
in eleven counties—accounting for about 9% of the sample—all applicants received the MP.
This lack of overlap renders the long regression undefined due to collinearity among the
interaction terms and county fixed effects.

After reporting their ATT estimates based on the short regression (Aizer et al., 2016,
Table 4 Panel A), the authors examine heterogeneous effects of the MP program across
subgroups defined by family income, the child’s age, and urban residence. Some subgroup
estimates are statistically insignificant, and the magnitudes are broadly similar, ranging
between 1% and 2% (Aizer et al., 2016, Table 5).

To formalize the robustness checks based on the subgroup analysis originally conducted
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Figure 3: Sensitivity Analysis for Aizer et al. (2016)
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interval based on the corresponding estimates, with 95% coverage guarantees valid under each heterogeneity
bound C.
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by the authors, Figure 3 conducts the sensitivity analysis based on the regulaTE CI. We
also present the bias-corrected short regression CI for comparison. Standard errors are
clustered at the county-level, as in the original analysis. As C increases, the regulaTE CI
for ATT expands to account for the possibility of greater worst-case bias. Note that the bias-
corrected short regression CI is substantially wider, underscoring the efficiency gains from
regulaTE. The breakdown point is around 0.75% (C* = 0.0075). To put this breakdown
frontier value into perspective, note that given an average age at death of 72.44 years, even
a 2% increase represents a substantively meaningful effect. This consideration motivates
a benchmark on the standard deviation of heterogeneous percentage effects of C™f = 1%,
corresponding to bounding the effects to be between 0% and 2% and applying Popoviciu’s
inequality on variances. The breakdown point is only marginally smaller than C*, suggesting
the statistically significantly positive impact of MP receipt on child longevity among receiving

families is robust to economically meaningful treatment effect heterogeneity to some extent.

4.2 Staggered adoption

The recent literature on staggered adoption designs also emphasizes the bias in common
specifications from omitting treatment effect heterogeneity; see Roth et al. (2023) for a
review. Consider a staggered adoption setting where we observe a sample of i.i.d. draws
{{K’t,dit}tT:g}?:l over 7 = T + 1 total time periods. Define e; :== min{t : d;; = 1} as the
period in which unit 7 first receives treatment. Let £ denote the set of all such first treatment
periods, and define a cohort as the set of units treated for the first time in the same period:
{i:e;=¢e}.

Under standard assumptions of parallel trends and no anticipation, the DGP for the

observed outcome can be written as

Yie = e + A + Z Teq - dip - 1{e; = e,t —e; = U} + &4, (17)
£>0,ec€

where a. and A; are cohort and time fixed effects respectively. The framework developed
earlier for unconfoundedness settings in (1) assumes 7(-) is a linear function of the con-

founders z;. Here 7(-) is a linear function of group and relative time indicators, rather than
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the confounders. Specifically, 7., = E[Y; c+¢(1) — Yi1+¢(0) | €; = €] is the conditional average
treatment effect (CATE) for cohort e at relative time ¢, which can vary across cohorts and
over time in an unrestricted fashion. Therefore, the original framework continues to hold for
the following “short” and “long” regressions.

Rather than the unrestricted (17), researchers often estimate a simpler specification also

known as the “static” two-way fixed effects (TWFE) regression

Yie = ae + At + Bohort - dit + €3t (18)

which omits the interactions between d;; and cohort and relative-time indicators. Analogous
to the short regression in the unconfoundedness setting, as argued in de Chaisemartin and
D’Haultfeeuille (2020) and Goodman-Bacon (2021), the “static” specification (18) implicitly
assumes constant effects across cohorts and over time (i.e., C'=0). When the effects indeed
vary, the “static” specification (18) can be severely biased for a class of reasonable estimands
due to negative weighting of 7., for large £.

One reasonable estimand in this setting is the average effect over treated cohorts (ATT),

defined as
Zte’r Zeeg Pn{dit = 1} : Pn{ei =€ ‘ diy = 1} *Tet—e
ZteTPn{dif: = 1}7

where P, denotes empirical frequencies. That is, the ATT is a weighted average of the cohort-

ATT =

by-event-time effects 7., ., where the weights reflect the empirical distribution of treated
observations across cohort-time cells. To recover this estimand, we can reparameterize (17)

as the “long” regression
Yio = e + A+ dufiong + (dis - Ta) 0 + 4

where Z;; collects all but one of the re-centered cohort and relative time indicators:

ZtETPn{dit = 1}Pn{ei =€ | dit = 1}1{t — €= E}
ZteT Pn{dit = 1}

Tip= | 1{e;=e, t —e; =L} —
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This long regression coincides with the extended TWFE specification from Wooldridge
(2025). However, this long regression can be noisy or even infeasible in practice. Esti-
mation of (17) corresponds to aggregating cohort- and time-specific DID estimators 7. ;.
for each 7.,, which can be noisy when few units are treated at a given time. Moreover,
if all units are treated after time ¢, the required counterfactuals are not identified, similar
to a lack of overlap in cross-sectional settings, and the ATT is no longer identified without
further assumptions on treatment effect heterogeneity. To address this, we impose a bound
C > 0 on the variance of treatment effect heterogeneity, restricting the deviation of 7.;_.
from the ATT. Under this assumption, we can construct valid confidence intervals using our
regulaTE procedure, thereby extending the sensitivity analysis to the staggered adoption
setting.

To illustrate, we revisit the empirical application in Sun and Abraham (2021), which
builds on Dobkin et al. (2018) to estimate the average effect of an unexpected hospital-
ization on out-of-pocket medical spending among adults who experienced at least one such
hospitalization between waves 8 and 11 of the Health and Retirement Study (HRS). Each
wave corresponds to approximately two calendar years. Using a balanced panel from wave
7 through wave 11 (7' = 5), all individuals are treated in the final period (¢ = 5), so the
ATT from waves 8 to 11 is not point identified and the long regression (17) is not well de-
fined. Nevertheless, the “static” specification delivers a statistically significant and positive
estimate, as shown in Figure 4.

To evaluate the robustness of this estimate to treatment effect heterogeneity, Figure 4
reports sensitivity analysis based on the regulaTE Cls. Again, we present the bias-corrected
short regression Cls as well for comparison. Standard errors are clustered at the individual
level, as in the original analysis of Dobkin et al. (2018). The Cls based on regulaTE remain
significant up to a breakdown value of C* = $1,583. To interpret this breakdown value,
consider the original analysis in Dobkin et al. (2018), which focuses on heterogeneity over
time. They report an increase in out-of-pocket spending of roughly $3,000 in the first year
after hospitalization and $1,000 by the third year. Under the assumption that heterogene-
ity operates primarily over time, treating these magnitudes as rough bounds and applying

Popoviciu’s inequality on variances, we get a reference treatment effect heterogeneity value
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Figure 4: Sensitivity Analysis for Dobkin et al. (2018)
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Notes: “regulaTE Point Estimate” refers to the regulaTE estimate optimized under each heterogeneity
bound C on the horizontal axis. “Short Point Estimate” and “Short BC Point Estimate” both refer to the
short/static regression (18) estimate. “regulaTE CI” and “Short BC CI” refer to the bias-aware fixed length
confidence interval based on the corresponding estimates, with 95% coverage guarantees valid under each
heterogeneity bound C.

of C*™ = $1,000. Therefore, using sensitivity analysis based on the regulaTE Cls, we find
the statistically significant average increase in out-of-pocket spending due to unexpected
hospitalization remains robust to substantial treatment effect heterogeneity. In contrast,
the bias-corrected short regression Cls widen substantially, and a sensitivity analysis based
on them would suggest a lack of robustness to treatment effect heterogeneity, potentially

overstating the fragility of the original results.

5 Conclusion

Many specifications commonly used in empirical research implicitly restrict treatment effects
to be constant, often favoring precision at the expense of robustness. While such a restriction
yields narrower confidence intervals, the resulting estimates may be substantially biased

in the presence of heterogeneity. This paper develops a sensitivity analysis based on the
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proposed regulaTE Cls by varying the bound on treatment effect heterogeneity.

There are several directions for future work. One natural extension is to consider al-
ternative forms of restrictions on treatment effect heterogeneity. While variance bounds
naturally capture the dispersion in heterogeneous effects, one could instead impose an ab-
solute bound on the deviation of individual treatment effects from the average effect if such
prior knowledge is available. Another promising direction is to generalize the framework
to accommodate multiple treatments or layered sources of heterogeneity, as in Goldsmith-

Pinkham et al. (2024) and Sun and Abraham (2021).
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A Details and proofs

A.1 Details for Section 3.1

Lemma A.1. The short regression estimator is Bshm =alY, where a;, = (D'"Hx D) "HxD.
Under model (6) and the assumption that VCATE is bounded by C?, its worst-case bias is
given by bias,, ¢ = C - \/a’s(D o X_1)VYDoX_1)a,.

Proof for Lemma A.1. The expression for as holds by FWL. The worst case bias is

bias,, ¢ := sup ElaY]—p
(B0 ') €0
= sup d.DB+d.(DoX )5 +d Xy—p (A1)
(B,0"') €0
= sup dl(DoX_,),
§Ved<C?

where the last equality holds because a/,D = 1 and a/, X = 0. We optimize a linear objective
function subject to a quadratic constraint of §'V,d < C?. Assuming the constraint binds,

KKT condition gives the solution:

and plugging in the solution gives the expression for the worst-case bias. O]

Lemma A.2 (Two-step representation of generalized ridge regression). Consider a general-

1zed ridge regression estimator
min|[Y' = D — Wl ++'Ay
Y

where A 1is positive semidefinite and (W'W + A) is invertible. The solution 5* is equivalent

to
- (D-wH)'D
where 7 solves

min||D — Wr||> + v/ Ay.
Y
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Proof for Lemma A.2. Let (8*,~7*) denote the solution to the generalized ridge regression.
The first-order condition for v gives v* = (W'W + A)'W (Y — DB*). Plugging this into

the first-order condition for § gives
D <Y W (W'W + A)~ W’Y) Y <D W (W'W + A)~ W’D) 5.
Note the LHS can be written as
DY = D'W (W'W -+ A) WY = (D= W (W' + 4)" W’D)'Y.
At the same time, we note (W'W + A)~' W'D solves

min||D — Wr|[* ++'Ay.
v

Proof of Theorem 1. Let (my x,m2,x) be the ridge coefficients solving

min ||D — Xm — (D o X_1)m||?/n + AwhVym,.

1,72

Following the derivation of (10), the weights of the generalized ridge regression coefficient

estimator are based on

- ~ D
D)\ IID—X7Tl7)\—<DOX,1)7TQ7/\, ay ‘= _Di\—)\D
The first-order condition with respect to m; 5 and 7o 5 are
X'Dy =0, (DoX_1)Dy/n=AV,my». (A.2)

Using the definition of ay, we have X'a) = 0 and D’ay = 1. Therefore, the derivation for
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the worst-case bias in (A.1) still applies and the term within the squared root is equal to

Applying (A.2),

Di\(Do X 1)V, (Do X_1)Dy=n’N 7}, Vomay,
and notice that D} D > 0 because

DD =D, (DA 4 Xma+ (Do x_lm) — DiDy + D\(D o X_)max

= D&D,\ + n)mrévﬂ/;wm > 0.

Therefore

- - nAy /5 \VaTa
\/a;(D o X )WV HDoX 1)ay= _ :

Consider the formula

/
n)\\/ Ty \VaT2,) nATY \ Voo
= = —
DD D frh Ve

Next, using (A.2) in the reverse direction yields

n)\7r’27)\Vx7r2’,\ = D’)\(D o )221)7@,,\ = D/)\(XTFL)\ + (Do X _1)ma).

Substituting this identity into (A.3) and using the definition of a, gives

X v WX DoX_
\/“/A(DOX—l)V’l(DOX—l)’aA: ay(Xmip + (Do X_1)my)

b
!
\/ T VaTa

which implies the worst-case bias is

a\(Xmr+ (Do X_l)ﬂg,)\)

/1
7727)\‘/1:772,/\
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We now map our setting to the framework of Armstrong et al. (2023), Theorem 2.1.
In their notation, the estimand is the linear functional L(f) = [, the observed signal is
f(#) = DB + X~ + (D o X_1)é, the nuisance parameters are (7/,4¢'), and the penalty is
Pen((v,d")') = v/0'V,6, which is a seminorm. The constraint set ©¢ corresponds to {6 :
Pen((+',0")") < C} with  unrestricted. Under this identification, Theorem 2.1 of Armstrong
et al. (2023) implies that the weights a,, which arise from the penalized regression (9) with
penalty parameter A, solve the bias-constrained variance-minimization problem (16) with
B = bias,, ¢ as in (A.4). Finally, since the constraint in (16) must bind, bias,, ¢ is indeed

the worst-case bias of ;. O

A.1.1 Specialized results under discrete covariates

Lemma A.3. Suppose x; is generated from discrete covariate values. Specifically, let J
denote a matriz that replaces the first row of an identity matrix I with a row of ones. Let
Z; denote the vector where each entry is an indicator for observation i’s covariate taking
the corresponding value. Concretely, let c(i) € {1,2, ...,k + 1} denote the covariate value of

observation i, with 1 as the reference category. Then x; = JZ; for

11 - 1 1{c(i) = 1}
oo a 1{c(i) = 2} |
0 0 :

00 0 1 1{c(i) = k+ 1}

which removes the indicator for the reference value, and replaces it with an intercept. Then

the solution to the generalized ridge regression is equivalent to

_ Ea [(d = pla2)) (1= % _yma) Vi)

N By (s — p(e) (L= 7 _yman) di

where p(x;) = E, [d;1{c(i) = c(j)}] /E, [1{c(i) = c(j)}| and w2 is the solution to the fol-

lowing objective function

min nE, [((dZ —p(z;)) (1 — %’;7_17@))2} + AE, [(Z _ m)?]

2
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Proof for Lemma A.3. By Lemma A.2 we have

n [(di — @fm\ — diT_ m20) Y]

n [(di — 2jmy\ — di_ o) di]

5 E
*TE
where 7y ) and 7, ) solve the following regularized propensity score regression:

min nk, [(dZ — xim — 4T 717r2)2} + AE, [(T;_ym)?] .
T2 ’ ’
Since 7y is not regularized, and z; is based on discrete covariates, for any value of 7, we can
concentrate out ;. Because (1 -} _;7) is constant within each cell, the OLS projection of
di(1—7; _ymy) onto x; equals p(x;)(1-7] _;m), giving: min,, E, [(dZ — zim — di§;7_1w2)2} =
min,, E, [(di (1-7 _,m) - x;mﬂ _ E, [((di — () (1 - az;,_m)f] .

O

The following lemma shows that the estimand weights in (13) admit a closed form when

the covariates are generated by saturating discrete variables.

Lemma A.4 (Closed-form weights under discrete covariates). Suppose x; is generated by
saturating discrete covariates as in Lemma A.3, with k41 cells, each containing at least one
treated and one untreated unit. Then for every A > 0, the estimand in (13) equals (14). In

particular, the weights are non-negative and sum to one.

Proof. Write 0%(z;) = p(x;)(1 — p(x;)) for the conditional variance of treatment at covariate
value z;. By Lemma A.3, concentrating out m; from the penalized propensity score objec-
tive (11) under discrete covariates reduces it to a function of 7 alone, and the population-

level objective whose minimizer determines the estimand weights is

En[o?(2:)(1 = T _ym)* + A& 47)°],

using 7©'V,m = E,[(Z]

' _,m)?. Since all observations in the same cell share the same covari-

ate value, 7 ;7 takes a common value within each cell. Moreover, E,[Z; ;] = 0 implies
E,[7; ;7] = 0 for any w. Conversely, every assignment of k+1 cell-level values satisfying this

weighted-mean-zero property is attainable. To see this, let (rq, ..., ry41) satisfy E,[rqq)] = 0,
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where c(i) € {1,...,k + 1} denotes the cell of observation i. Setting m;_y = r; — 7y for
t=2,...,k+1, we have ¥, ;7 = r for all i, because the t-th component of Z; _; equals
1{c(i) =t + 1} — E,[1{c(i) =t + 1}].

Since the map 7 ~ (7} _;7)j.; is determined by the k + 1 cell-level values and the
correspondence above is a bijection between 7 € R* and the k-dimensional set of weighted-
mean-zero cell-level vectors, we may minimize the objective directly over these k + 1 values
subject to the single constraint B, [} 7] = 0. Since each coefficient o*(x;) + X is strictly

positive, the objective is strictly convex in these cell-level values. Hence, there exists a

Lagrangian multiplier 1, such that, for every observation ¢,
_02(371')(1 - %2,—17@,/\) + )\%,—17?2)\ +m =0,

which gives
o (i) — M
~ . 7
Tim1M2A = o2(x) + X

Imposing E,[Z] ;7] = 0 and solving for ny:

E, [02(1’1')/(02(5131‘) + )\)} ‘

TR (w) + )]
This is a weighted average of 0%(z1), . . ., 0%(z,,) with positive weights proportional to 1/(a?(z;)+
A), so ny > 0. It follows that
~ A+
1-7 =——->0 A>0
L 172, 0'2(1'1') +\ ( )a

since A +ny > 0 and o%(z;) + A > 0. Substituting into (13), the weight on observation i’s
CATE is proportional to a?(z;)(\ + nx)/(c?(z;) + A). The common factor (A + 1) cancels

between numerator and denominator, yielding (14). O

Lemma A.5 (Convergence as A — 0). Assume that S(0) is quadratic and continuous in

0 € RP | and is strongly convex with unique minimizer 0*. Moreover, assume P(0,1) > 0 is
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quadratic and continuous in 6 and v € RP¢. Let the penalized objective be

Let (9},@/;,\) be the minimizer of Fy for A > 0. Then 0, — 0% as A — 0.

Proof. Let € > 0 be arbitrary. Since S(0) is quadratic and strongly convex, there exists a

constant ¢ > 0 such that
S(#) > S(0*)+c||0 —0%]]* whenever || —6%|]> <e.
By continuity of P on compact domain, there exists M < co such that

sup P(0,0) < M.
[16—6*|I<e

Now set § := ce?/2. For X small enough so that AM < §, we have

inf  F\(0,4) < inf F\(0,0) < inf S(0)+AM < S(6°)+0.

(6,1)CRPO P = |lo—67]l<e lo—6+|<e

Suppose ||0y — 6| > e. Then we reach a contradiction as

Ex(Ox,00) > S(0y) > S(0%)+ce® = SO)+26 >  inf  F\(60,9).
(071/))6RP9+P¢
Therefore, for all sufficiently small A\, every global minimizer (é,\,@/;,\) of F) must satisfy
|6y — 6| < e. Since € > 0 was arbitrary, 0, — 6*.

]

Lemma A.6 (Behavior under no overlap). Suppose x; is generated by saturating discrete
covariates as in Lemma A.3, so that observations can be grouped into j = 1,...,k + 1
mutually exclusive cells. Let J; denote the set of cells with all-treated observations (d; = 1
for alli in the cell) and Jy denote the set of cells with all-untreated observations (d; =0 for

all i in the cell). Assume overlap holds for all other cells.
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Then the generalized ridge regression estimator satisfies
lim By = B
A0 B)\ Btrzm

where Btrim 15 the long regression estimator computed on the subsample of groups with overlap,

i.e., the sample with groups {1,....k+ 1} \ (Jo U J1).

Proof. With saturated discrete covariates, the generalized ridge problem can be reparame-
terized as in the proof for Lemma A.3,
min E.[(yi — 7% — 77:d)*] + AE,[(F'Z; — Eu[7'7])?],

where Z; is the vector of cell indicators as in Lemma A.3. With this reparameterization,
the ridge regression coefficient estimator that we are interested in is 8y = E,, [747;] where T
minimizes the above ridge problem when the penalty is A\. Write f; = E,[1{c(:) = j}] for
the cell share.

For any cell j € Jy (all-untreated), d; = 0 for all ¢ in the cell, so z;;d; = 0. Hence 7; does
not enter the least-squares term.

For any cell j € J; (all-treated), d; = 1 for all i in the cell, so Z;;d; = Z;;. Writing
Y =7 + Tj, 7; again does not enter the squared-error term separately.

Denote N' = Jy U J; to be the set of cells without overlap. As A — 0, by Lemma A.5

the limit of the estimators limy_,q %k,/\ for k ¢ N are the OLS estimators that minimize

2
7min En (yz - ’j/fi - Z Tk$zkdz> . (A5)

’Yv‘ﬁc%/\f k%/\/‘
The OLS problem (A.5) gives the OLS coefficient estimators

2 EnlyiZadi])  EnlyiZa(1 — di)]
"R Gad] | Edani—d) T FEN

2 Enfyiza(1 — di)

— for k
W= By O FEN
~ E,[yi%i;] ‘
=T f
Y5 E, [@]] or j € N
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For any j € N, the coefficient 7; does not enter the squared-error term, so the ridge
objective depends on 7; only through the penalty E,[(7'z; — E,[7'Z;])?]. Writing o), :=
E,[Z;;Zi] — E,[Zi;|E,[Z:] for the sample covariance between cell indicators j and k, this
penalty can be expanded as ) ik TiTkO k- Taking the derivative with respect to 7; for j € N,

and substituting the limit values 7 for k ¢ A/, gives the linear system:

fj(fjj—l— Z fko-jk:_z%kajka jGN

keN, k#j k¢N

For categorical indicators, oj; = f;(1 — f;) and oj, = —f;fi for j # k. Plugging the
limit ridge coefficient estimators lim)_,q ?k, » = T into the above and solving the first-order

condition for 7; \ gives this system a closed-form solution:

lim 7%]-7)\ = M7 vy e N.

Finally, by linearity of expectation:

. o 1: 2 = _ : =\ 5.
}g% By = /1\1_% E,[7\Z;] = E,[(lim 7)) 7]

A—0
A . ~ Z fk%k ~
= Z JrTi + Zf] lim 75, = SkeN - - Brrims
‘ A—0 Z N fk
k¢N JjeEN k¢
which is the long regression coefficient in the sample restricted to cells with overlap. O]

A.2 Details for Section 3.2

We adapt the results in Appendix B.2 of Armstrong et al. (2023) to our setting. We allow
the distribution ) of £ to be unknown and possibly non-Gaussian, and only maintain the
assumption that ¢; is independent across ¢. The extension to clustered errors is similar and
omitted here for brevity.

The class of possible distributions for () is denoted by Q,. We use Fyq and Eyq to
denote probability and expectation when Y is drawn according to @ € Q,, and § € ©, and
we use the notation Py and Eg for expressions that depend on () only and not on 6.

Consider the estimator introduced in Section 3.2. Let V5 = VarQ(BAE) =3, a?\*CJEQs?,
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the variance of the estimator.

Theorem A.1l. Suppose that, for some n > 0, n < Ege? and Egle;|*™ < 1/n for all i and

all Q € Q,,. Suppose also that, for some sequence ¢, with ¢, = O(y/n), we have
(i) max {y/nc,, 1} - Lind(ay,) — 0; and
(ii) infgeo.0ca, Pog(||[W (07 —0)|2 < ¢,) — 1.

Then, for any 6 > 0, infpeco geo, Po (‘(V/\*c,mb —Vo)/ Vol < 5) — 1. Furthermore,

liminf inf Py (6 € {B,\*C + CUa(%axg,C/\/V/\* rob) * \/VAg,mb}) >1—a. (A.6)

n 0€0,QeQn,

The convergence rate ¢, depends on whether ginit is estimated via the long regression or

the cross-validated generalized ridge regression.

Proof sketch. The argument adapts Appendix B.2 of Armstrong et al. (2023). The estimator
B)\*C = af\*CY is a linear estimator with non-random weights applied to independent errors.
Under condition (i), the Lindeberg condition holds for the triangular array {a: .€:i}iy,
yielding (B,\C — E[BA*C])/VC;/Q 4, N(0,1). For the variance estimator, writing pnit; = &; +
Wi — éinit), condition (ii) ensures the cross-terms are asymptotically negligible, so that
|V>\*C,rob —Vol/Vg & 0. The coverage result (A.6) then follows from the bias bound |b| <
%W&,C /Vé/2 and Slutsky’s theorem. O

A.3 Details for Section 3.3

We now formally prove an impossibility result we discussed in Section 3.3: any CI C that
has (uniformly) valid coverage under this unrestricted parameter space must be trivial in the
sense that the worst-case expected length is unbounded, sup g ./ snegz+2r E(g 7,50 1(C) = 0o
Here, 1(A) denotes the Lebesgue measure of a measurable set A. This follows from applying
the worst-case CI length bounds derived by Low (1997) to the specific class of linear functions

we consider.
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Proposition A.1. Let C be a CI for B with nominal coverage probability 1 — a (i.e.,
inf (3 v 5ner2+or P(B € C) > 1—a). If there is no overlap, then sup g ./ snerz+2r Eg .50 1(C) =

Q.

Remark 2. The proposition applies to any CI C without restricting it to be fixed length
CIs based on affine estimators. Hence, the result establishes that some restriction on the
parameter space is necessary to obtain informative CIs when overlap fails. Note that when
the focus is on fixed-length CIs, which includes many existing Cls, as is the case for this
paper, the result implies that pu(C) = co. That is, there does not exist any non-trivial CI
that has correct coverage if one were to restrict attention to Cls that take the usual form of

“linear estimator + critical value”

Proof. By Low (1997), the worst case length is lower bounded by (1 — o — ¢/4)w(e), where
w(e) is the modulus of continuity (see, e.g., Donoho, 1994 or Armstrong and Kolesar, 2018)
defined as

w(e) == sup 26 st. |DB+Xy+ (DoX_1)d|? < 6—2.
(By3') €Ra 2k 4

It suffices to show that w(e) = co. Suppose to the contrary that w(e) < co. Then, there
exists 0" = (5*,~7*,0*)" such that 6* satisfies the constraint and w(e) = 25*. Note that it
must be the case that §* > 0. Since there is no overlap, it must be the case that there
exists some j such that, without loss of generality, the binary X, < D where X, denotes
the (j + 1)th column of X and < is interpreted elementwise. That is, all individuals i with
Xij+1 = 1 are treated.

Now, consider the jth column of D o X_; which is by definition D o (X1 —7j111). We

have D o (z;411) = DZ;41, and, due to lack of overlap, D o X1 = X ;. For any constant

¢ > 0, consider ¢ = (8* + cZjy1,7" — cejr1, 6" + cej). Note that 6) satisfies the constraint
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because

D5+ cZya) + X(7" — cegpa) + (Do X_1)(8 + cey)
:Dﬁ* + X’Y* + (D o} X_l)(s* + (Ci’j+1)D — CXj+1 + C(D ©) (Xj—i-l — i’j+11))
:Dﬁ* + X"}/* —+ (D 9] Xfl)é* + (Cif'jJrl)D — CXj+1 + C(Xj+1 — j?jJrlD)

=DfB* + X~* + (D o X_1)d*.

Since B* 4 ¢Z;41 > B*, this is a contradiction. Hence, it must be the case that w(e) = co. [

B Additional simulation results under overlap

In this section, we use calibrated simulation to illustrate the behavior of regulaTE CI in
settings with overlap where the long regression is well defined and the average treatment
effect is point identified. We follow the simulation design described in Section 3.4, but
increase the sample size to 10,000 individuals. For the realized treatment assignment used
in this design, there is no lack of overlap across covariate values. In this setting, we can
also compare the performance of regulaTE CI with the CI based on the adaptive estimator
proposed by Armstrong et al. (2025), which is a weighted average between the short and
long regression estimators where the weights depend on their realized discrepancy and the
relative efficiency of the short and long regression. Therefore, such comparison is not feasible
in Section 3.4 for settings without overlap.

Figure 5 shows that the regulaTE CI rapidly converges to the long regression CI once
C' exceeds approximately 250, at which point coverage is also correct at 95%. In contrast,
the bias-corrected short-regression confidence interval becomes overly conservative as C' in-
creases. To preserve the readability of the ratio plot, values exceeding 2 for the bias-corrected
interval are truncated.

The performance of the CI based on the adaptive estimator is rather different because it
does not incorporate a user-specified bound C'. We implement the adaptive procedure using
the recommended soft-thresholding estimator in Armstrong et al. (2025). We use the critical

value that guarantees at least 95% worst-case coverage when the bias for the short regression
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is assumed to be within one standard error of the difference between the short and the long
regression estimators. Coverage is evaluated using 100,000 Monte Carlo replications. As
shown in Figure 5, the resulting CI has constant coverage at 94% that does not vary with

C, and the CI is very close to the long regression for this setting.

Figure 5: Sensitivity of Coverage and CI Length under Overlap in DGP Calibrated to Angrist
(1998)
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Notes: “regulaTE CI” refers to the bias-aware fixed-length confidence interval based on the regulaTE
estimate. “Short CI” refers to the CI based on the short regression estimate. “Short BC CI” refers to the
bias-corrected short regression CI. Both “regulaTE CI” and “Short BC CI” are heteroskedasticity-robust
with 95% coverage guarantees under each heterogeneity bound C' on the horizontal axis. The ratio of the
CI lengths is relative to the length of the regulaTE CI under C' = Cy. “Long CI” refers to the CI based on
the long regression estimate. “Adaptive CI” refers to the CI based on the adaptive estimate.
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