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1. INTRODUCTION

The problem of estimating the causal effects of a treatment or policy intervention over
a time series of interest spans numerous areas, from public policy and governance to com-
mercial applications. Traditional randomized controlled trials (RCT) or A/B testing are
either not ethically possible or commercially feasible. In this context, there is a need for
causal effect estimation using observational data.

We consider the problem of estimating the causal effect of a policy intervention in an
observed set of time series with multiple treated units. These treated units are observed
for Ty periods before and 7T, after some intervention occurs. In this group of time series,
there is also additional information in the form of several untreated units, which serve as
control instances and some covariates/external predictor time series. Based on this large
dimensional panel of observed time series data, our idea is to use the information before
the intervention period to forecast an artificial counterfactual outcome for the treated units
by solving missing data on the potential outcome of a given treated unit by generating its
series-specific counterfactual estimate. This synthetic counterfactual trend is then used to
estimate the causal effect of the intervention.

Comparative case studies are ubiquitous in empirical research in social sciences, with
different approaches for estimating the causal effects of the policy. Examples include the
difference-in-difference (DiD) approaches (Athey and Imbens, 2006, Conley and Taber,
2011, Doudchenko and Imbens, 2016), synthetic control method (SCM) (Abadie et al.,
2010), or a combination of DiD and SCM (Arkhangelsky et al., 2021), matrix comple-
tion (Athey et al., 2021), factor and interactive fixed effects (FE) models (Gobillon and
Magnac, 2016), constrained lasso regression-based methods (Carvalho et al., 2018, Doud-
chenko and Imbens, 2016, Chernozhukov et al., 2021), Bayesian structural time series mod-
els (Brodersen et al., 2015, Klinenberg, 2021), and time series panel data models (Poulos,
2017, Chernozhukov et al., 2021). These methods are called counterfactual and synthetic
control (CSC) methods in the causal inference literature. The basic idea behind all these
methods is the Rubin Causal model (Rubin, 1974), called the potential outcome approach.
In this potential outcome approach, causal statements related to a given intervention usu-

ally rely on estimating counterfactual outcomes based on time series from a similar group
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3

of instances unaffected by this intervention. This paper presents an alternative method for
performing the CSC-based counterfactual prediction — called Deep Counterfactual Pre-
diction Net (DeepCPNet) — using deep neural networks (DNNs) in their global and recur-
rent versions. We examine scenarios where individual market actors respond to the actions
of competing entities, such as switching to a different retailer in response to price cuts
by a nearby competitor or choosing an alternative ride-sharing service due to cost advan-
tages. However, our analysis concentrates on the aggregate outcomes of these individual
decisions, in contrast to the individuals themselves (e.g. see (Bajari et al., 2021)).

In time series forecasting, the shift from local univariate models to global forecast-
ing models (GFM) leverages data across multiple series for enhanced prediction accu-
racy (Bandara et al., 2020c, Januschowski et al., 2020, Salinas et al., 2020, Smyl, 2020,
Montero-Manso and Hyndman, 2021). GFMs use a unified model for analyzing interre-
lated series, addressing sparse data and overfitting issues prevalent in local models. This
global approach facilitates cross-learning from extensive datasets. Moreover, recognizing
that autoregressive (AR) models with diverse lags can approximate simpler AR models, we
adopt non-parametric neural network strategies to optimize mean predictions, integrating
versatility in handling varying autoregressive processes.

In interconnected markets, isolating a control group unaffected by spillovers is chal-
lenging. Traditional counterfactual synthetic methods rely on control units or predictors
unchanged by interventions both before and after the event. Recent studies, like those by
Menchetti et al. (2023), Cerqua et al. (2022), suggest using only pre-event data from predic-
tors, avoiding control series to bypass the problem of finding unaffected controls. However,
this strategy overlooks valuable insights from related series generated under similar con-
ditions, which are crucial for accurate comparisons and trend identification. Additionally,
different sales time series may be influenced by similar underlying factors common across
all series, making it essential to analyze data collected consistently across various contexts.
For example, analyzing sales data collected consistently across different times, regions, or
channels allows for meaningful trend comparisons, underscoring the significance of con-

sidering such homogeneous data and common underlying factors in analyses.
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1.1. The contributions of the article

This study advances the counterfactual prediction literature in causal effect analysis, em-
phasizing high-dimensional panel data with multiple treated time series. It moves beyond
classical synthetic control’s need for distributional equivalency, leveraging similar under-
lying factors for identifying causal effects. Our approach is suited for complex time series
with spillover effects and is confounding-resistant. We propose a CSC-based framework
using GFM-DNN for forecasting counterfactuals in high-dimensional settings. Our focus
is on the application of a GFM-DNN modelling to generate mean-unbiased proxies, Pi(,g) ,

for the counterfactual of 7 (z > 0) affected units (treated units) in the absence of the policy

(0)

intervention, Y},
b

, in the post-treatment period (¢ > 1j):

v©  _ pO

N =Pilg un B(u) =0, t=1,...T+T.. (1)

The treatment effect of a policy at time ¢ is defined as d; = vV v . where

it>Ty ~ i t>Ty?
Y;StliTo represents the observed outcome for treated units post-policy intervention. Our fo-
cus is on estimating policy effects in the post-intervention period, so our set of interest is
5 = {0y Q}gj_l. We frame the causal effect estimation challenge as a counterfactual fore-
casting task, aiming to achieve more accurate estimates Pz'(,(t))- Departing from traditional
structural causal models—such as DiD, SCM, penalised and constrained Lasso regression
estimators or Bayesian time series models, we advocate adopting GFM techniques lever-
aging deep neural networks. Only recently has the application of DNNs for counterfactual
predictions gained traction in causal inference (Johansson et al., 2016, Hartford et al., 2017,
Poulos, 2017, Lim, 2018, Shi et al., 2019, Farrell et al., 2021). These contributions under-
score the advantages of DNNs’ non-parametric nature, addressing conventional counter-
factual prediction techniques’ nonlinear and non-convex challenges. DNNs excel in cap-
turing the temporal dynamics of time series and modelling nonlinear feature interactions
and residuals without imposing stringent constraints on pre-intervention outcomes utilized
during training, marking a distinct departure from extant models.

Contemporary counterfactual forecasting methods, including those using DNNs, often
follow a local model approach, treating each series in panel data separately for future pro-
jections based on its history. This method’s reliance on single time series over long periods

can lead to issues, such as regime changes or structural breaks, complicating parameter es-
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5

timation. To address these, modellers manually input prior knowledge like seasonal trends,
relevant predictors, and key events, limiting adaptability.

In contrast, the global approach combines all time series to create a unified forecast
function, assuming a common structure across series. Each series is normalized to remove
fixed effects before training a single model on this dataset for predictions. After prediction,
fixed effects are reintegrated. This method, akin to but distinct from pooling in economet-
rics, overcomes local model limitations by using a broader dataset. It utilizes the panel
structure and factor interrelatedness, with higher-order nonlinear autoregressive processes
approximating lower-order ones. As (Montero-Manso and Hyndman, 2021) notes, while
local model complexity increases with more series, GFM’s inherent complexity increases
at a slower degree.

The GFM enhances CSC forecasting by needing only pre-treatment similarity between
control and treated units, bypassing synthetic control method limitations by excluding post-
treatment control data to avoid spillover effects. Its autoregressive nature boosts counter-
factual prediction accuracy through lagged data from treated units. A global model facili-
tates placebo testing via control group forecasts, thus bolstering treatment estimate robust-
ness. Additionally, we validate the consistency of global sieves estimators, reinforcing the
method’s credibility (Farrell et al., 2021, Fabozzi et al., 2019, Fallahgoul et al., 2024).

Our Monte Carlo simulation evaluates the asymptotic behavior of our methodology ver-
sus traditional techniques, focusing on nonlinear time series interactions and intervention
heterogeneity. We assess model performance in scenarios with and without control unit
spillovers. Results demonstrate DeepCPNet’s superior performance and robustness in test-
ing the null hypothesis of no intervention. We empirically measure the impact of promo-
tional strategies on U.S. retail grocery sales, identifying key demographic responses. This
approach benefits practitioners in interconnected markets, addressing challenges to the Sta-
ble Unit Treatment Value Assumption (SUTVA) due to market interconnectivity (Johari
et al., 2022, Liu et al., 2021).

The plan of the article is orginized as follows. Section 2 presents the counterfactual
methodology to estimate the treatment effect from benchmark models until the DeepCPNet
proposal. This section also discusses the engine of the DeepCPNet framework, and the sta-
tistical tests performed to evaluate the significance of the results. The theoretical deliveries

are presented in Section 3. In Section 4 we describe the simulated study and the empirical
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6

exercise. In Section 5, we analyse the results obtained from the experiments, demonstrating
the performance of DeepCPNet and discussing the main insights. Finally, Section 6 con-
cludes the work and presents the future directions. Supplemental details, tables and figures

are provided in the Online Appendix .

2. METHODOLOGY
2.1. The counterfactual estimation problem

We frame the counterfactual estimation problem as follows. Consider a collection of J
time series representing units, which might be firms, products, states, countries, etc., in-
dexed by j =1, ..., J. Let the time period be denoted by t =1, ..., Tp,...,T", where Ty < T'.
We posit that an intervention takes place at time 7 for a subset ¢ of these J units, such that
(n(i) > 0 and ¢ C 7). Prior to Tp, the units in ¢ are unaffected by the policy intervention,
but post Tp, they are exposed to it for 7' — Ty = T, periods. Typically, in the counterfactual
framework, T is shorter than 7. The units not subject to the policy intervention through-
out the entire time horizon 7" are designated as control units, indexed by c =1, ..., C, with
C < J. The observable outcomes for these control units are represented by Y. ;. The CSC
methodology adopts the potential outcome framework as described by (Rubin, 1974, Ney-
man, 1923). Within this framework, the effect of a policy intervention on each treated unit
at time ¢ is characterized as the discrepancy between the potential outcomes influenced by
the policy Yl(t1 ) and those unaffected YZ(? ), which represents the unobserved counterfactual
requiring estimation, expressed as d; ; = Yl(t1 ) YZ(? ) for t > T, 0. Conversely, for control
units, the observed outcomes Y, ; coincide with their outcomes in scenarios absence of the
intervention, denoted as Y,.; = Yc(ft)) over the interval 1 < ¢ < 7T'. The cumulative causal
effect at the unit level during the policy’s enactment is computed as ZtT:TO 41903t Further-

more, the average treatment effect on the treated units (ATT) is delineated, both at the unit

level and aggregated over all treated units, as:
1 & 1
A= 0; A= —— A; . 2
Ty 2 O TR E @)
t=Tp+1 1

Building on these definitions, the CSC methodologies rest upon certain foundational
assumptions, as elaborated by Chernozhukov et al. 2021, Cerqua et al. 2022, Menchetti
et al. 2023.
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ASSUMPTION 1—Counterfactual estimation using the potential outcome approach:

Suppose Pi(g)

Y;(? ) in the absence of the treatment. Formally, E (Pi((t))) =F (YZ-(? )), and 6y = 0 for t < Ty.

The potential outcomes for treated units under the intervention for (t > ly) are given by

Y;(tl ) = Y;(? ) + &t and can be expressed as:

provides unbiased estimates for the counterfactual outcomes of treated units

0) _ p(0)
Yi' =P tw

with E(uy) =0, t=1,...,T
Y;Etl):Pz(g)'i_(st‘I'Ut ( t)

where uy is a stationary stochastic process, and the relation between the observed outcomes
and potential outcomes is denoted by Y; ; = YZ(? )+ Dt(Y;Etl ) _ Y;Sg )), where Dy € (0,1) is
a binary indicator for the pre- or post-intervention period, such that Dy = 1 when t > T}

and Dy = 0 otherwise.

Assumption 1 presents the potential outcomes, positing the existence of unbiased prox-

ies, Pl.(’?)

uz to be i.i.d. or, at a minimum, a stationary process exhibiting weak dependence. Cru-

, without stipulating any specific dependencies on u;. The assumption mandates

cially, the stochastic shock wu; is presumed invariant to the intervention, implying that the
intervention’s timing is orthogonal to factors influencing the distribution of ;.

Consider a panel data set comprising treated series Y;; and control series Y. ;. For each
unit 7, which could be either treated or controlled, there exists an associated set of time
series of external predictors denoted as X ; = (x}i, ey xﬁt) € R¥, where k > 0 represents
the covariates. Various modelling strategies exist for the estimation of counterfactual prox-
ies Pz'(,(t))- Within our framework, PZ-(ftJ) is determined using solely the pre-treatment data
Yii<tys Yei<ty, and X <7, to estimate the parameters of the model. For simplification,
and without loss of generality, we can assume that Y, X,;; € Z C Rd, where d > 0, and

that ) € Y C R, with ¢ > 0.

Yz-f?lTo = M(Yj 1<ty Xj i<y, 0) + e 3)

where M : Z x © — ) is a measurable mapping (the model) for each 6 € O, a finite

dimensional parametric space.

=
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However, in the current CSC literature, the functional form and inputs of M(-,-) can
differ from (3) depending on the method chosen to predict the counterfactual P@'(,g) for the
treated units, as we will discuss in Section 2.2.

Another consideration under the CSC approach is that the potential outcomes for con-
trols Y. ; are unaffected by the intervention at any time. Thus, the following fundamental

assumption is also necessary.

ASSUMPTION 2—Null intervention effect over control units: Y. ; is independent of Dy
for all t, that is, Yoy = Y. for 1 <t <T.

Assumption 2 ensures that the control units remain unaffected by the intervention. This
assumption is foundational to CSC methods and pivotal for discerning the intervention’s ef-
fects. If Y. is independent of Dy, the treatment effect on treated units becomes identifiable
given the deterministic and known timing of the intervention. Absent this independence,
CSC-based counterfactual estimations would be compromised. Notably, this assumption’s
role diverges slightly from its traditional application in standard CSC methods. Given the
independence between Y. ; and Dy, and our employment of the GFM (which shares learned
parameters across all series j for prediction), the forecast of Y. ; acts as a validation met-
ric, confirming the model’s forecasting accuracy for times ¢ > 7{. In the GFM framework,
global parameters estimated during the pre-treatment phase are consistently utilized for
post-intervention predictions for both control and treated time series. Consequently, we
evaluate the model parameters’ efficacy during the post-treatment period by testing for a
null effect on controls.

In addition, we should ensure all treated units are subject to simultaneous and persistent

intervention, as follows.

ASSUMPTION 3—Single Persistent Intervention: Unit i receives a single persistent in-
tervention when there exists a Ty such that Dy =0 for all t € {1,...,Ty}, but for all
te{To+1,...,T} the unit is either always treated, Dy = 1, or always assigned to the
control group, Dy = 0.

Assumption 3 stipulates that the intervention is universally recognized, ensuring that all
treated units are uniformly and continuously exposed to it for all ¢ > Ty. This assumption

also precludes any anticipatory effects related to the intervention.
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In addition, the identification of the causal effect for time series setups necessitates the
conditional stationarity assumption, consistent with findings from existing literature (An-
tonelli and Beck, 2020, Menchetti et al., 2023, Papadogeorgou et al., 2023, Cerqua et al.,

2022). We articulate this assumption in the subsequent discussion.

ASSUMPTION 4—Conditional Stationarity for Identification: Define
Ty = (Zo,Yj 1, Y, Xj1, ..., Xj 1), where Iy is the information setup to time t = 0. Let

fY(o) z indicate the conditional density of the outcome from unit j at time t 4+ 1 given the
jyt+11+t

past information such that [ o) o (yj,t+1|Z¢) is the conditional density in the absence of
jt411-t

treatment. Then, for any integer t > 1, f_ (o) (yj7t+1}It) =f (0 (yj7t+1}It).
Yj,t+1|It Y1 Zo

Given prior data, this assumption suggests the outcome’s conditional distribution with-

(0)

out treatment stays constant over time. Understanding ng ’s distribution before interven-
tion implies knowing it afterwards. Testing conditional stationarity involves checking pre-
treatment forecast accuracy for unaffected control units (placebo test). Satisfactory perfor-

mance indicates model validity, making post-intervention forecasts reliable for estimating

(0)

¢ - This supports treatment effect identification from observa-

counterfactual outcomes Y;
tional data as in Eq. (2).

A key feature of our method is adapting the Stable Unit Treatment Value Assumption
(SUTVA) (Rubin, 1980) to allow for some interference among units. SUTVA traditionally
requires no interference between units and no hidden treatment variations. Focusing on pre-
intervention data, our approach relaxes the no-interference rule within a global forecasting
framework. We require only a portion of control units to be unaffected by treatment for
accurate point forecasts. Other controls may be influenced, yet their pre-treatment informa-
tion remains central to our analysis.

The SUTVA requires outcomes to depend solely on the unit’s treatment, with no exter-
nal influences. Yet, its validity is challenged by potential spillovers among units, risking
inaccurate causal conclusions. In addition to employing control units as covariates, the in-
clusion of external predictors associated with the outcome can enhance the precision of
estimating YZ(S ), Yet, biases may emerge if treatments exert influence over these covariates

or if there are spillovers impacting controls. By leveraging the Global Forecasting Mecha-
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nism (GFM), we can circumvent these pitfalls by confining our analysis to the pre-treatment
data of external predictors (as in Eq. (3)).

Moreover, our approach does not necessitate the external covariates to be insulated from
treatment spillovers. However, in scenarios where post-treatment data from specific exter-
nal covariates (e.g., holiday calendar dummies in our empirical study) are pivotal, these
covariates must remain uninfluenced by the intervention. Consequently, we advocate for a
more lenient rendition of SUTVA, which accommodates the estimation of causal effects

even in the presence of potential spillover effects within panel data contexts.

ASSUMPTION 5—Weaker SUTVA: Let Yi.c 1.7 and Xy.51.7 be the entire panels of
outcomes for the control units and of external covariates of all units, respectively. Let
Yi.cxi>1y C Yi.o1.r and Xy. 5+ i>1, C X1.5.1.7 be subsets of control units and external
covariates. In panel settings where a single intervention happens at time [y and there are
no treatment hidden forms, we assume the potential outcomes of the c*-th control unit
Yo 1>y as the external covariate vector X« y~, (if post-treatment data is used to predict

the outcome of a unit) such subsets of external covariates and control units are independent

of treatment interference, i.e., Xﬁ?t = Xj(.g?t and YC(*I% = Yc(fgfor allte{Ty+1,...,T}

Therefore, Eq. (3) can be updated as follows:
0 0 0 0
Y?ftiTO = M(Yj(vt)STO ) X](7t)STO’ X]('*?t’ 9) + Ut (4)

2.2. The choice of counterfactual estimation model

The CSC method necessitates the selection of a model, denoted as M(-,-), designed
to assimilate information from both treated and control units, as well as their covariates,
based solely on pre-intervention data. This implies that the counterfactual is constructed
using a model trained without any influence from the intervention. Building on the insights
of Chernozhukov et al. (2021), the ensuing subsections provide an overview of prevailing
CSC methodologies for M(-,-) aimed at estimating these counterfactual proxies. Subse-
quently, in Section 2.2.4, we delineate our innovative approach, leveraging feedforward
neural networks (FFNNs) and recurrent neural networks (RNNs) for autoregressive time

series forecasting within the ambit of the global forecasting paradigm.
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2.2.1. Difference-in-Difference Method

The canonical DiD method introduced by Doudchenko and Imbens (2016) proposes
a counterfactual proxy based on P( ) = =+ % Zle Yc(ft)) and its estimation as Pl-(’(t)) =
T LT ( el S/ —C41 Y - Ly v s)> +3 Y9 Y;(g). We can observe that DiD
estimation relies on a hnear parallel trend hypothesis between the control and treated units.
The assumption underlying the DiD method is that the level of the control unit group can be
an adequate proxy for the level of the treated unit group in the absence of the intervention.

Variations of the DiD method, like those in Gobillon and Magnac (2016), extend it by
using a linear panel model with exogenous regressors and interactive fixed effects. This
requires correct model specification, estimation of common factors, and strict exogeneity
of regressors, which is challenging in aggregate time series applications. Thus, we compare

the canonical DiD method with our framework.

2.2.2. Synthetic Control Method

As detailed by (Abadie et al., 2010, Abadie, 2021), the canonical SCM is constructed
under the presumption of a singular treated unit. In multiple treated units, separate SCM

models must be fitted for each. This exposition focuses on the scenario with a single treated

unit, denoted as ¢ = 1. Assuming data for C' + 1 units, indexed by j =1, ..., C' + 1, the first
unit (7 = 1) is designated as the treated unit, while the subsequent units j = 2,...,C' + 1
represent the control group. Absent any covariate considerations, the SCM stipulates the
ensuing model:
C+1 C+1
1t—ij 1 ,wherew>0and2w]—1 &)
Jj=2 Jj=2

The method must assume the following condition to identify the weights w:

ASSUMPTION 6—Identifying assumption - SC: The structural shocks u; for the group
of treated units do not have any correlation with the contemporaneous values of the out-
comes, which means E(uthE?)) =0for2<;<C+1.
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Therefore, the counterfactual estimation is given by Pl((? = ij; (o Y}(?) where the SC

estimator for w is as follows:

- C+1 - 2 C+1
w:argmuz}'nz (Yl,t — ijYj’t ) s.t.w>0and ijzl. (6)
t<To 7j=2 7j=2

Then, the estimated effect of the intervention of interest for the treated unit for the period
t > Tp is given by oy = Yll, ;= 151(2). The incorporation of the external predictors into the
estimation problem (Eq. 6) is described in the Online Appendix (A.1.1).

While SCM addresses DiD’s limitations, it assumes covariates’ convex combination
models the counterfactual, potentially biasing estimates ((Ferman and Pinto, 2016, Car-
valho et al., 2018)). It disregards nonconvex and nonlinear relationships among controls,
assuming a perfect pre-treatment fit. SCM’s reliance on temporal averages removes time
series dynamics and lacks a method for selecting variables critical for optimal weight de-
termination.

In contrast to the SCM, in the Online Appendix, we also discuss three additional and
more flexible CSC approaches which relax the strong non-negativity on the weights: the
constrained LASSO method (A.1.2), the Penalized Regression Method (A.1.3) and the
Bayesian Structural Time Series Models (A.1.4), with the first and the latter being con-
sidered as one of the benchmark models in our experiments, the ArCo model developed by

Carvalho et al. (2018) and the Causallmpact model introduced by Brodersen et al. (2015),

respectively.
2.2.3. Summary of CSC methods discussed previously
SCM and all previously presented structural causal models construct the counterfactual
based on post-treatment observed variables from a pool of covariates, encompassing control
units and/or external predictors. Therefore, a crucial assumption for these existing CSC
approaches is the constancy of the relationship between the covariates x1, ..., x; and each
treated time series ¥, ..., y modelled during the pre-intervention period, extending into the
post-intervention period as follows:
yt:QO+B£Xt+€t7 Vt:lv"'7T07 (7a)
e =01+ B xe+ G Vi=To+1,... T, (7b)
Sr=wy— G, Vt=To+1,...,T. (7c)
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Provided that the covariates x; remain unaffected by the intervention, as stipulated in
Assumption 2, all the CSC models discussed herein presuppose the maintenance of the
relationship as mentioned earlier post-intervention. Consequently, the model calibrated in
Eq. (7a) is utilized to predict the counterfactual time series for treated units after the inter-
vention, as delineated in Eq. (7b). The estimated treatment effect is subsequently derived as
the discrepancy between the observed time series of the treated units and their forecasted
counterfactual counterparts, as expressed in Eq. (7c¢).

Existing CSC methods assume a consistent relationship between treated units and pre-
dictors before and after treatment, which is essential for valid counterfactual predictions.
Our framework, however, reduces reliance on this assumption by focusing solely on pre-

treatment data, needing consistency only until intervention.

2.2.4. Autoregressive Global Time Series Models

2.2.4.1. Time series forecasting (local and global approaches) Autoregressive time
series forecasting involves predicting future values of a time series based on its histori-
cal data. Consider a simple example with a target series Y = {y1,%2,..., Y, ...,yr}. The
forecasting problem in an autoregressive context can be expressed as {y711,....,yr+H} =
F(y1,y2,...,yr) + €, where F represents the function modelled to predict future series val-
ues from time step 7'+ 1 to T'+ H, H is the forecasting horizon, and € denotes the error
associated with the approximation function F'.

Consider a set S comprising J univariate time series, denoted as S = {Z; € R0, j =
1,...,J}, where Z; represents the observed time series with length 7 corresponding to
the temporal dimension. We assume our objective is to predict a finite number of future
time steps, T (the forecast horizon). The forecasting functions can be formally defined as
mappings from the space of past observations to future values, specifically f: RT0 — R”*,

Now, consider a local learning algorithm Ay, that takes a single time series Z; as in-
put and yields a corresponding forecasting function f;, formally defined as Ay, : RT0 —
(RTo — R™*), where T, = T — Tp. In this framework, the algorithm A, is applied indi-
vidually to each time series Z; in the set S, generating a distinct forecasting function f;
tailored to each series. Conversely, a global learning algorithm Aq operates on the entire
set of time series S and produces a single, universal forecasting function g, which is repre-
sented as Ag : S — (RT0 — RT¥),
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This research proposes a framework that leverages a global autoregressive modelling ap-
proach for time series forecasting to estimate the unobserved counterfactual outcomes of
treated units. In this method, data from all types of time series — control, treated, and ex-
ternal predictors — are pooled together to fit a single, comprehensive univariate forecasting
function.

Revisiting the structure of the counterfactual estimation problem outlined in Assump-
tion 1 and integrating it with our global autoregressive time series forecasting approach,

we reformulate the counterfactual estimation problem as follows:

Y =g(Z9 ) +uw

with E(ug) =0, {us} iid, t=1,...Tp,...,T (8)
Y =g(28)) + 00+ u

t

(
j7t_
where the unbiased estimation for the counterfactual Y;E? ) is provided by P,L-(ft)) =g (Z,fﬂ)l).
Here, g represents an autoregressive model function derived from the global algorithm
Ag. For a basic autoregressive model such as AR(p), g(-) takes the form ZZI;O apLP(-),
where L denotes the lag operator. In scenarios involving neural network models applied to
time series data, g(-) becomes a nonlinear function of lag operators, exemplified as g(-) =

(0)

m(-, L'(-), ..., LP(-)). The series Z ](0) € S comprises the treated time series Y, the control

time series YC(O) , and the external predictors X j(p) , with 2 U ¢ = j. Each of these time series,
of length 7{ (the intervention time), is transformed through lag-embedding into a matrix
of a given AR order (p), resulting in the matrices Y;, Y., and X;. These matrices are
then concatenated to form a large matrix Z(©) = Y; Y, Xj]/, encompassing 2 x .J time
series, serving as the pooled input data. The model minimizes a loss function across this
comprehensive global matrix, analogous to a standard regression problem. Consequently,
given {Z(O) } 1<, OUI model endeavours to learn a nonlinear mapping ¢g(-) that can predict
the counterfactual values for each treated time series from 7y + 1 to Ty + H, expressed as
(PP eis Py} =920, 257 . Z3).

As illustrated, our autoregressive estimation approach does not depend on post-treatment
data for predicting the counterfactual, in contrast to conventional causal models, such as
represented in Eq. (7b). Consequently, our framework does not necessitate the preservation
of the pre-treatment relationship between treated units and controls in the post-treatment
period, nor does it require strict adherence to the Stable Unit Treatment Value Assumption

(SUTVA); instead, we can apply a more lenient version as delineated in Assumption 5. This
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affords our model greater flexibility, allowing for potential post-intervention disturbances
in the control series without compromising the accuracy of the counterfactual predictions,
even under the assumption of a null intervention effect on the control units (Assumption 2).

Adopting an autoregressive Global Forecasting Model (GFM) in our framework offers a
distinct advantage, permitting the incorporation of treated time series data alongside control
series and covariates. This comprehensive inclusion of data enhances the model’s counter-
factual forecasting capabilities. The global model g(-) can be any autoregressive GFM in
this context. Specifically, we advocate for the use of a deep neural network (DNN), such as
a Feedforward Neural Network (FFNN) or a Recurrent Neural Network (RNN) with Long
Short-Term Memory (LSTM) architecture, as our global model. In subsequent sections, we
will explore various candidate models for ¢(-) and elucidate the advantages of selecting the

RNN-LSTM algorithm as a pivotal component of our framework.

2.2.4.2. Nonlinear and non-parametric models The structural, regression causal mod-
els, and autoregressive models outlined in Sections 2.2.1-2.2.3 are predominantly paramet-
ric and linear in nature. However, real-world phenomena are often nonlinear, necessitating
the exploration of nonlinear and non-parametric models for more accurate causal effect
estimation. Linear regression models, while widely used, assume an underlying linear re-
lationship between the response variable and its predictors, and they require the error dis-
tribution of the target variable to be normally distributed.

In the Online Appendix (A.1.5 and A.1.6), we will elucidate how Generalised Lin-
ear Models (GLM), Generalised Additive Models (GAM) and Threshold Autoregressive
(TAR) models achieve nonlinearity in modelling, their nonlinear applications, and limita-
tions to understand better the benefits of adopting a neural learning-based approach for our
global model g(-).

Our approach uses a higher autoregressive order with more lagged variables to capture
nonlinearities, requiring a complex model class. NNs are preferred for global modelling

over GAMs due to their superior handling of complex nonlinear interactions.

2.2.4.3. DNN-FFNN models for time series forecasting Deep neural networks (DNN5s)
effectiveness relies on balancing model complexity and training data volume. Overfitting
occurs when a model for the data is too complex, whereas underfitting happens when there

is insufficient architecture for the data volume. Our framework employs deep architectures

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

16

of feedforward neural networks (FFNNs) and Recurrent Neural Networks (RNNSs) as out-
lined in our sequence.

The FFNN model constitutes the fundamental form of NN, characterized by a unidi-
rectional flow of data, whereby information is processed in only one direction, without
recurrence, in contrast to a RNN. Let { (¥;, X/) }:il be a covariance-stationary stochas-
tic process taking values on R%! and V; € R™ a vector of lags and predictors such as
Vi=(Yic1, . Yiep, o, XY ...,X;T)T where n = p + d(r + 1). An autoregressive and
shallow (one layer) FFNN of order p, for t =1,...., 7 and h = 1,..., H, is of the form
Yien = fo(Vi) + €, where E(e;) = 0, © is the set of parameters and fg : R” — R is
the FFNN architecture where the inputs consist of lagged values of the target Y; and the

covariates X4, i.e.

K K
fo(Vi):=F(Vi;0) =Bo+ > _ Brd(wy Vi+wor) =Bo+ D> Bed(W) Vi), 9)
k=1 k=1

where ¢(-) is the activation function, wy € R™ for k£ = 1,..., K are the weight vector
between the input data and the hidden nodes; [ are the coefficients between the la-
tent variables from the hidden layer and the output; and the [y, wp; € R are bias co-
efficients associated to the output and hidden nodes, respectively. This set of parame-
ters we denote © = (B, ..., B, w7 , ...,vv]/-T(,wo’l7 ...,Wp K ), which is the vector to be es-
timated. An illustration of this architecture can be seen in Fig. A.7 in the Online Appendix
(A.7). If we assume V; = (1,V)T and Wy, = (wo’k,wg)T, we have the reduced form

of Eq. 9. Hence, model (9) can be rewritten in a matrix notation. Let W = (W, ..., W),
1Vig - Vi 1 g(W{xy) - O(Wix)

1 Vo -+ Vi 1 ¢(W{ Xg) -+ (WX
v | g oqvwy < | AR
LVpy -V 1o(W) %) -~ ¢(WgXr)
Therefore, by defining 3 = (8o, 51, , Bk ', the output of a FENN is given by:
f(V:0)=[f(V1:0),---, f(V1;0)] = O(VW)B. (10)
We can now extend the notation for the case of deep (multi-layer) FFNNs. Set K
as the number of hidden nodes in layer [ € {1,---,L}. For each hidden layer [/, define

W= (W, ,Wg;). Then, the output O; of layer [ can be written as O;(O;_1(- )W) =
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1o(W[,01-1() -+ d(Wje O1-1(+))
1AW O 1() - - d(W L Oor_ 1 (-
) g _21 1) ) YV _2l 1)) , where O := X. Therewith, the output of the

LW On1(-) - d(W e Opi—1 ()
DNN-FFNN is the composition of

F(V)=0L(---O3(02(01 (VW1 )W3)W3) - )W 3. (11)

2.2.4.4. DNN-RNN-LSTM models for time series forecasting RNNs, a subclass of
DNNs for sequence modeling, have memory states enabling them to retain and propagate
sequential information via recurrent connections. These features allow RNNs to maintain
temporal dependencies by using past inputs and shared model parameters. Despite their
advantages, RNNs, as introduced by Elman (1990), face issues with vanishing and explod-
ing gradients, limiting their ability to handle long-term dependencies in long sequences
and risking instability in weight matrices. To overcome these limitations, Hochreiter and
Schmidhuber (1997) developed the Long Short-Term Memory (LSTM) network, enhancing
RNNSs’ capacity for sequence learning. A detailed exposition of RNN and LSTM models
is available in the Online Appendix (A.2).

2.2.4.5. Global-FFNN and Global-LSTM models for time series forecasting Follow-
ing Bandara et al. (2020c) and Hewamalage et al. (2021b), our forecasting model utilizes
FFNN or LSTM networks in a stacked configuration, where each unit is repeated across
time steps with consistent weights and biases. This setup layers multiple FFNN or LSTM
units, with each layer’s output feeding into the next. An affine neural layer on top en-
sures output dimensions match our forecasting horizon. Parameter optimization employs
the Adam optimizer (Kingma and Ba, 2014), adjusting learning rates adaptively during
training.

The input to our stacked Global-FFNN and Globa}—LSTM models is the comprehensive
and concatenated global matrix 7.0) = [Yi Y. Xj] , which encompasses the time series
data for treated units, control units, and external covariates, respectively. The model is

trained using the data from the pre-treatment period {Z(O Specifically, given a set

) }tSTO :

of J univariate time series {yjylzTO}J which includes all [ treated and C' control units

j=1
(J =1+ ('), our network aims to model the future trajectories {yj,Tg—&-l:T}}-]:l of each time
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series following the intervention, based on their pre-intervention data. The pre-intervention
data from both treated and control units, along with the associated external covariate vec-
tors {X; 1.7, }3]:1, serve as the inputs to our global network. This relationship is formally
expressed as {yj7T0+1;T}3~]:1 = 9(y.j.1:1,X:5,1:1, ©) , where g denotes our global network
model, © denotes the set of learnable parameters of the network model, ;; € R is the value
of the j-th time series at time ¢, and x;; € R” is an external covariate vector.

To provide a comprehensive overview, our modelling framework operates as follows:
each time series y; ; from the pre-intervention periods of treated and control units, Y; UY,
along with optional external covariates x;; from X, are fed into our Global-FFNN or
Global-LSTM models (which architecture of the latter adheres to that described in the On-
line Appendix (A.2)), and both functions in an autoregressive manner. In particular, the
LSTM also functions in a recurrent manner, taking into account the values from the previ-
ous time step as well as the prior state of the network. Consequently, the network output
h; ;—which represents the post-intervention predictions for each series—of our autoregres-
sive NN global model ¢(-), as characterized by its hidden states (), can be mathematically
formulated as:

hfjtFNN = g(y:j,t—lu X:5,1:Tg» 0), (12a)
hﬁfTM = g(hy—1, 541, %5,1:1, ©). (12b)

In Egs. (12), the function g(-) represents a global and multi-layer FFNN or LSTM model,
parameterized by O, and incorporating a stacked architecture. This design choice aligns
with the recommendations provided by Bandara et al. (2020c), Hewamalage et al. (2021b)
and is tailored to support our global modelling approach. Following the principles of the
Global Forecasting Model (GFM) approach, the learnable parameters encapsulated in ©
are shared across all J time series, ensuring a joint learning process. This shared param-
eterization enriches the model with a wealth of information from all-time series, thereby

enhancing the accuracy and reliability of our counterfactual forecasting.

2.3. The DeepCPNet forecast framework

In the initial phase of our DeepCPNet framework, we employ the global FFNN

(DeepCPNet-FFNN) or LSTM (DeepCPNet-LSTM) model g(-) to forecast post-intervention

outcomes for all units 5 = 1,..., J, which encompasses both the counterfactual outcomes
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for the treated units ¢ = 1, ..., I and the factual outcomes for the control units c=1,...,C.
This process utilizes a comprehensive set of time series data from treated, untreated, and
regressor variables, as delineated in Eqgs. (12). In this context, referring back to Eq. (3),
the mapping function M(-) is instantiated by our proposed model g(-), resulting in the

following expression:
{ t>To ct>Tg} g(Y t<T07Xj,t§T07@)+uta where j=1,.... 1,1 +1,...,C.

Subsequently, in the second stage, we estimate the average treatment effects on the
treated and control units, as defined in Equation (2). This estimation is formalized as fol-

lows:

I C

1) _ (0)
ATT:YZT T Z Vi s ATE ety = — Z vy -y a3
t=Tp+1 C—l t To+1

where, Y'Z(tl ) and Yﬁ ) represent the observed post-intervention outcomes for the treated and
control units, respectively. In addition to estimating the treatment effects, the second stage
of our framework also includes statistical tests to assess the significance of the treatment
effect on the treated units and placebo tests to evaluate the null effect of the treatment
on the control units, serving as a measure of the accuracy of our counterfactual outcome

estimations. These procedures are elaborated upon in the subsequent subsections.

2.3.1. Stage 1: Forecasting engine of DeepCPNet

The forecasting engine of DeepCPNet encompasses three distinct layers, arranged se-
quentially as follows: 1) the preprocessing layer, 2) the DeepCPNet training layer, and 3)
the post-processing layer.

The preprocessing layer starts with normalizing time series via mean-scale transforma-
tion to reduce variation and highlight the intervention effect. It addresses series-specific
fixed effects, aiding in estimating the policy intervention’s within-effect. Logarithmic trans-
formation is then applied to stabilize variance and ensure additive seasonality and trends, a
common practice in forecasting. Seasonal components are extracted using the Seasonal and
Trend Decomposition using Loess (STL) method (Cleveland et al., 1990), later integrated

as exogenous variables in the DeepCPNet model training.
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In the training phase, time series data is divided into fixed-size windows using the
moving window transformation strategy, generating multiple training instances to enhance
model generalization. For each window, the mean absolute error (MAE) is calculated as
the loss function and minimized using the Adam optimizer (Kingma and Ba, 2014). The
dataset is split into training, validation, and test/forecast subsets, with the validation set
used for hyper-parameter tuning via the Sequential Model-Based Configuration (SMAC)
algorithm (Hutter et al., 2011), employing a Bayesian optimization approach (Hewamalage
et al., 2021b). The Seasonal Exogenous (SE) training approach, proposed by Bandara et
al. (Bandara et al., 2020a), incorporates seasonal components as exogenous variables in
training, providing an additional mechanism for DeepCPNet to account for seasonality.

In our framework’s final stage, the post-processing layer reverses pre-processing trans-
formations, restoring model predictions to the original data scale, as illustrated in Fig. A .4
for DeepCPNet. TensorFlow™ version 2.0, an open-source deep-learning toolkit, is used

for implementation (Abadi et al., 2015, Hewamalage et al., 2021b).

2.3.2. Stage 2: Inference of treatment effect and placebo tests

To infer the causal effects of the treatment and conduct placebo tests, we adhere to
the hypothesis testing framework outlined by Chernozhukov et al. (2021). In their semi-
nal work, Chernozhukov et al. (2021) introduce innovative inference procedures that are
broadly applicable across various synthetic control methods (SCMs) used in policy evalu-
ation. Specifically, these techniques are designed to predict counterfactual mean outcomes
in the absence of a policy intervention, which requires fulfilling Assumption 1 where Pi(’g)
is estimated under the null hypothesis. This is crucial for achieving good small sample per-
formance. Without this, if PZ-(? is estimated using pretreatment data without imposing the
null, permuting the block of residuals does not yield procedures with exact finite sample
validity, even with iid data. Within this framework, we focus on testing the null hypothesis

of no treatment effect, formulated as follows:
{Ho:A=0,Ha: A0, (14)

where A is the estimated average treatment effect, as defined in Eq. (13).
For the treated units, as quantified by Atreated or the Average Treatment Effect on the

Treated (ATT), our objective is to reject the null hypothesis Hy in Eq. (14), which would
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provide substantial evidence of a positive impact from the policy intervention. Conversely,
for the control units, quantified by Acomrols, we aim to accept Hy, thereby validating As-
sumption 2 that posits a null intervention effect on the control units—this constitutes our
placebo test. In essence, the placebo test involves comparing the distribution of prediction
errors for the treated units (reflecting the treatment effect) with that of the control units
(reflecting post-intervention forecast trajectories). If the policy has had an impact, the pre-
diction errors for the treated units should be substantially larger, indicating a treatment ef-
fect different from zero. Conversely, the prediction errors for the control units should align

with the null effect hypothesis. To formalize this, we define the test statistic and p-value as

follows:
T
@)= (13 Jal), (15)
t=Tp+1
. lan . 1 N
pzl—F(S(u)),wzthF(x):H26;11{5(7%) <z}, (16)

where ; represents the prediction error, defined as the discrepancy between observed and
predicted values, encapsulating the treatment effect J; (for a comprehensive discussion, see
Chernozhukov et al. (2021)). However, it is crucial to note that while Chernozhukov et al.
(2021) focused on scenarios with a single treatment unit, leading to a univariate time series
for the test (4 € RY), our study extends this framework to accommodate multiple treated
units. Given our interest in assessing the aggregate impact of a policy across a group of
units (whether treated or control) over the entire post-intervention period, as encapsulated
in Eq. (13), we reformulate the test statistic to account for multiple series. Consequently, in

our context, & € R7*!, leading to a modification of the test statistic in Eq. (15) to S(a) =
—1/2 —~J -1/2 T o
(J / Zj:l T Zt:To+1 |Gt )

3. THEORETICAL RESULTS

This section is dedicated to establishing the consistency of global Feedforward Neural
Network (FFNN) models as estimators, building upon and extending the results from prior
research. We aim to generalize the proof of consistency for local FEFNN models provided
by Fallahgoul et al. (2024) to global FFNNs. Additionally, we revisit and formalize the
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arguments presented by Montero-Manso and Hyndman (2021), demonstrating the superior
accuracy of global models compared to local models.

To structure our discussion, we start in Subsection 3.1 by presenting a refined proof of
the results from Montero-Manso and Hyndman (2021), explicitly addressing the enhanced
accuracy of global models over their local counterparts (see Propositions 1 and 2). Fol-
lowing that, in Subsection 3.2, we summarize the key findings of Fallahgoul et al. (2024)
concerning the consistency of local FFNN estimators (refer to Theorem 1).

Building upon these foundations, we proceed to Subsection 3.3 where we amalgamate
the insights from Fallahgoul et al. (2024) (Theorem 1) with our enhanced understanding
of Proposition 2 from Montero-Manso and Hyndman (2021). This synthesis culminates
in establishing the consistency of global FFNN models, encapsulated in Corollary 1.1,
representing this paper’s central theoretical contribution. According to the results presented
in Carvalho et al. (2018), once the counterfactual estimator is consistent, the ATE estimator

that utilizes this consistent counterfactual estimator also becomes consistent.

3.1. The relation between global and local approaches for forecasting a set of time series

This subsection delves into the relationship between global and local forecasting meth-
ods, shedding light on the formal principles that underscore the enhanced performance of
global approaches, as established by Montero-Manso and Hyndman (2021) and further ex-
plored in our work. Initially, Montero-Manso and Hyndman demonstrate that the individual
forecasts generated by a local method’s distinct functions can be equivalently produced by
a single, comprehensive function utilized by a global algorithm, as formalized in Proposi-
tion 1. Subsequently, they establish that as the size of the sample set increases, the complex-
ity of local algorithms escalates accordingly, eventually exceeding the relatively constant
complexity of global algorithms. The latter’s complexity remains stable, provided that the
number of parameters within its singular forecasting function is maintained, as stated in
Proposition 2. Consequently, given an equivalent sample set size, global models have the
capacity to incorporate enhanced complexity—whether through the addition of features,
extended memory, or other means—thereby yielding improved accuracy and superior gen-

eralization compared to local models.
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3.1.1. Equivalence of global and local methods

Utilizing the definitions for global (A¢) and local (Aj) algorithms, as well as the set of

univariate time series S provided in Section 2.2.4, we present the following proposition.

PROPOSITION 1—Equivalence of Local and Global Algorithms for Time Series Fore-

casting: Let Ay, = set of all local learning algorithms, and Aq = set of all global learning

algorithms . Then,
1. Forany Ag € Ag, there exists an A, € A, such that (Ac(S))(Z;) = AL(Z;)VZ; €S
2. Forany Ay, € Ay, there exists an Ag € A such that Ar,(Z;) = (Aq(S))(Z;)VZ; €S

PROOF: Montero-Manso and Hyndman (2021) prove Proposition 1 as follows:

1. Given the function g = A (S), an algorithm Ay, can be defined such that each f; = g,

produces identical forecasts regardless of the input series Z;.

2. In this case, the output of Ay, denoted as {fj,j =1,.., J}, is fixed. The authors

demonstrate the existence of a function g capable of approximating these outputs.

Two scenarios are considered:

(a)

(b)

when Z; # Z; for all j #i: Every Z; € S is unique. Given the finite nature of S,
the set f;(Z;) is also finite, with cardinality at most J. Consequently, there exists
a function g mapping from a finite set to another finite set of equal or smaller
size (codomain of g) < (domain of g). According to the pigeonhole principle,
there exists a function that maps each element in the codomain to at least one
element in the domain.

when Z; = Z; for some j # i but f;(Z;) # fi(Z;): No global function g exists
since it would require multiple outputs for the same input, contradicting the def-
inition of a function. Montero-Manso and Hyndman (2021) highlight that global
methods are more restrictive than local methods in general regression problems,
where it is possible to have Z; = Z; but y; # y;. In such scenarios, local methods
could find functions f; and f; such that f;(Z;) = y; and f;(Z;) = v;, but no sin-
gle function g could produce this mapping. However, in time series forecasting,

where Z; is the unique input to the algorithm, this situation is not possible. For a
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local algorithm Ay, if Z; = Z;, then Af(Z;) = f; = Ar(Z;) = fi, ensuring that

both scenarios produce a valid function g.
Q.E.D.
In the online appendix in section A.3, we illustrate the results for AR processes.

3.1.2. Generalisation relationship between global and local methods

In the context of forecasting, our primary goal is to generate predictions that are accurate
for unseen (out-of-sample) data, aiming to find an algorithm that exhibits strong generalisa-
tion properties. In this context, generalisation refers to the algorithm’s ability to minimize
the generalisation gap, which is the discrepancy between out-of-sample and in-sample er-
rors. Proposition 1 established that both local and global algorithms have the potential to
yield identical forecasts, potentially achieving equivalent levels of accuracy. Nonetheless,
this assertion does not inherently provide a practical framework for comparing the gener-
alisation performance of two given algorithms.

Denoting the out-of-sample error as F,; and the in-sample error as F;;,, Montero-Manso
and Hyndman (2021) elucidated the relationship between these errors. Specifically, they
expressed the generalisation error — the difference between E,,; and E;, — in terms of
a dataset of size /N assumed to be independently and identically distributed (i.i.d.), and a
model class H. Here, H represents a finite set of potential functions that can be fitted to the

data. The authors established the following bound:

2
log(1M]) +log ()
2N

Four < Eiy + , with probability of at least (1 — §), 17
where the size of ‘H (denoted by |#|) is the complexity of H, and the error measures taking
values in [0,1].

The bound presented in Eq. (17) provides a basis for comparing the out-of-sample per-
formance of local and global forecasting approaches. Under this framework, one method
is considered superior to the other if it results in a lower bound on the out-of-sample error.

In this context, Montero-Manso and Hyndman (2021) operate under the assumption that
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the time series in S are independent!. Their analysis focuses on the average error across all
time series Z; € S. Consequently, E{;fcal and Ef&cal denote the average in-sample and ex-
pected out-of-sample errors, respectively, obtained using the local approach. Analogously,
Eic,il"b“l and E(%Obal represent these errors for the global approach. In this setting, each
time series Z; is modeled using a distinct model class #; in the local approach, whereas a
single model class 7 is employed for the entire set of time series S in the global approach.
Given these considerations, Montero-Manso and Hyndman (2021) propose the following

proposition:

PROPOSITION 2—Generalisation bounds for local and global algorithms of finite class:

Local and global approaches have the following generalisation bounds:

10

11

J 9 12
tog [T 1451 + log ) ot

Local Local J=1 Global Global lOg(|j|) + lOg(g)
Eout < Ein + INJ ) Eout < Ein + INJ 14
15
with probability of at least (1 — §). >

PROOF: Let us assume the independence between the time series in S and that each
of these series has a sample of size /N. From the Hoeffding inequality Hoeffding (1994)
we have: P(Y — E(Y) > ¢) < 2¢~2N** | for the independent random variables Y7, ..., Yy
coming from any probability distribution bounded in [0,1], and where Y = N1} Y;,
and ¢ > 0. If we consider that Y; is equivalent to the in-sample errors produced by one
fixed function fitted to a time series of size IV, then Y will be the average in-sample error
and its expectation E(Y") will be the expected out-of-sample error. Hence, applying the
union bound to the error (Boole’s inequality (Pitman, 2012)) when selecting among many
functions in H yields: P(Y — E(Y) > t) < |H[2e 72V £, Moving from one-time series to
averaging over all J time series in S, we obtain N.J samples. In the local approach, the
size of the class H is the size of the cartesian product of all ; used to fit the time series,

whereas, for the global approach, this size is always |7 |. Therefore, for the local approach,

we have the following: P(ELocal — plocal > 3) < H]'le |H;[2e=2IN £ If we rewrite the

tis noteworthy that this assumption of independence between time series is not stringent; for a comprehensive

discussion, refer to Montero-Manso and Hyndman (2021).
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right-hand side of the previous inequality as the tolerance level 4, it follows

J
) tog (T 17431 + tog 5)
—2JN#t? j=1
H’Hﬂ% =)=t= SN T . Thus,
/ 2
log(] [ 1#4;1) + log(5)
P( EOL&cal _ E#ocal > j=1 —y <5
J
tog(T] 17431 + tog 5)
=P (EOLuofal < BlLocal 4 = SN >1-04.
The proof for the global approach is analogous. Q.E.D.

The bounds derived in Proposition 2 allow for a comparison of the generalization capa-
bilities between local and global modeling approaches, even in the absence of prior knowl-
edge regarding the functional class or the data utilized in the modeling process. Suppose
we are given a dataset and we aim to identify a global algorithm that either matches or
outperforms a given local algorithm in terms of its in-sample error. According to Propo-
sition 2, the comparative performance of the algorithms is entirely contingent upon their
respective complexities. Furthermore, Proposition 1 establishes that there exists a global
algorithm capable of attaining an in-sample error equivalent to that of a predetermined lo-
cal method, provided that there is an allowance for a certain level of model complexity. To
facilitate a focused analysis on the effect of model complexity, let us equate the in-sample
errors of the local and global approaches, yielding EZ-Lnocal = Eﬁf”bal and consequently
ElLocal — pGlobal Thig assumption leads to the equality H‘j]:l |H;| = |J|, implying that
both algorithms provide the same worst-case guarantees. This scenario indicates that while
the complexity of the local approach escalates with the sample size, the complexity of the
global approach remains constant. This dynamic yields two significant implications:

First, global algorithms benefit from complex function classes, improving performance.

Strategies to enhance complexity involve adding features, nonlinear transformations, or

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

27

shifting from linear to neural network models. This shift is supported by their success in
forecasting competitions like M4 and M5 Makridakis et al. (2020), Spiliotis et al. (2022)
and empirical evidence Montero-Manso and Hyndman (2021) showing deep network mod-
els outperform linear ones across datasets. Literature Bandara et al. (2020c, 2019, 2020b),
Hewamalage et al. (2021a) confirms global models’ performance over local algorithms us-
ing the same datasets.

Second, as the sample size N.J swells, the complexity of the local approach, H}']:1 M,
correspondingly increases, whereas the complexity of the global approach, | 7|, remains
invariant. Under these conditions, and maintaining equivalent in-sample losses (EZ-Ln‘ml =
Eﬁloml), the upper bound on the out-of-sample error for the global model (ES!baly will

out

be consistently lower than that of the local model (EOL&C“Z), signifying enhanced general-
ization capabilities for global models. This insight proves instrumental in extrapolating the
consistency established for local approaches to their global counterparts, a topic explored
in the subsequent section.

Consis

3.2. Consistency of Smooth Local Feedforward Neural Network Estimators

In this section, we establish the consistency of smooth local Multi-Layer Perceptrons
(MLPs), drawing upon the foundational work of Fallahgoul et al. (2024) and related con-
tributions from Farrell et al. (2021), Fabozzi et al. (2019), Horel and Giesecke (2020). We
commence by delineating the regression framework employed by Deep Neural Network
(DNN) models, as well as clarifying the structure of the target function. Subsequently, we
describe the configuration of DNNs. In the final part of this section, we demonstrate how

local Feedforward Neural Network (FFNN) estimators fulfill the consistency criterion.

3.2.1. The regression framework and structure of target function

Let us consider a fixed probability space (Q,f ,73) where the target Y is related to
exogenous variables X € X := [ -1, 1] “in a regression modelling specification such as

Y = f, (X) + €. Fallahgoul et al. (2024) need to state a first assumption as follows.

ASSUMPTION 7: Assume a target variable Y whose absolute value is superiorly

bounded by a large arbitrary parameter My > 0, a covariate vector X continuously dis-
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tributed according to ‘P, and the joint law of both X and €, which is absolutely continuous

w.r.t. Lebesgue measure A. Thus, concerning the error variable €, we assume € is indepen-
dent of X, E[e] =0, |e| < 1, and E[¢?] = 0% < .

Considering f, is the true mean of Y, we also may assume that

Ifllot > V¥Rl <20, (18)
o e(Nu{0})4
I 1=1
where @ stands for a multi-index notation. Thereby, the upper bounds of f, and ¢ imply
that |Y'| < 2M + 1. To guarantee € is bounded, Fallahgoul et al. (2024) normalize Y divid-
ing it by the constant My, which generates a new bounded error term, —1 < MLY <1, such

that the regression model can be rewritten as

Y
My

f*(X) +€

€

f+(X)
My

€
My

- < + <1 (19)

Beyond Assumption 7, Fallahgoul et al. (2024) establish two more assumptions related

to the target function f, structure.

ASSUMPTION 8: Assume the target function f, € Cl4/21+2 < [— 1, 1} d) NHL/2]+2.2 < [ —

1, 1}d), where HLd/QHQ’Q([ — 1, 1}d> indicates the Sobolev space with weak differenti-
ation order equal to |d/2| + 2 and the function’s weak derivatives in this space is in

L2([-1,1]9).

ASSUMPTION 9: Assume the target function f, has a binary tree structure with a certain
depth and quantity of nodes as stated in Poggio et al. (2017).

Assumption 8 requires that the function f, belongs to the Sobolev space Hld/2]+2.2 ( [ —

1, 1} d), which ensures that the integral of the entropy number of the function class F can
be bounded (the construction of F is detailed in Section 3.2.2 that follows). Additionally,
f. must also be an element of the function space Cl%/2)+2 ([ -1, 1] d), ensuring its differ-
entiability. According to Fallahgoul et al. (2024), the order of differentiation for f, must
be at least |d/2] + 2, a condition necessary to apply Corollary 4 from Nickl and Pétscher
(2007) in their proofs.
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Furthermore, Assumption 9 is vital for the application of Theorems 1 and 2 from Poggio
et al. (2017). For a comprehensive discussion on the rationale behind the assumption of
a binary tree visual structure for the target function f,, readers are referred to Fallahgoul
et al. (2024). It is crucial to note that this binary tree structure is only required for the target
function f, and not for the least squares estimator fn, which is derived as a Deep Neural
Network (DNN) following Eq. (24). Additionally, it is assumed that both the complexity of
the target function (represented by the number of nodes, Ny, in the binary tree visualization
of f,) and its depth, L, remain constant. Fallahgoul et al. (2024) argue that this assumption
is not overly restrictive since the depth of a binary tree structure representing a function can
always be increased. As long as the depth L is sufficiently large, it ensures that the number

of nodes N will also be adequately large, as discussed in Poggio et al. (2017).

3.2.2. DNN setting

NN can be designed with a variety of architectures or classes, collectively denoted as
Fpnn- In this context, we direct our attention to the class of FFNNs, characterized by spe-
cific network components. These components include an input layer consisting of d units
(corresponding to the covariates X € R?), a single output layer for the target outcome Y,
and L hidden layers. The parameter L signifies the network’s depth, i.e., the number of
hidden layers. A depth of one indicates a shallow network, while a depth greater than one
corresponds to a deep network. Importantly, we index L with the input size d, denoting it
as Ly, to highlight its independence from the sample size n and potential dependence on d.
The input size d influences the required network depth, as larger values of d may necessitate
a deeper network. Consequently, d serves as a crucial factor in determining the depth L, of
a NN. The hidden layers of the network comprise one or more nodes, with the number of
nodes in each layer denoted by H; = H,, (where [ = 1,2, ..., L;). Here, H,, represents the
network’s width and is indexed by n to indicate its dependency on the sample size. An acti-
vation function ¢(-) : R — R is applied across all hidden nodes. In FFNNS, these nodes are
interconnected through a directed acyclic graph, ensuring unidirectional information flow.
In this setting, we assume a fully connected FFNN architecture with a consistent number
of hidden nodes (/{,,) across all layers, and a single node in the output layer, yielding a
single estimated value for the target. This configuration aligns with a specific subclass of

Multi-Layer Perceptrons (MLPs; refer to Fig. A.7 in A.7 of Online Appendix for a visual
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representation). It is important to note, as demonstrated by Farrell et al. (2021) in their
Lemma 1, that any FFNN can be transformed into an MLP, ensuring that this assumption
does not constrain the class of FFNNs under consideration. Given these parameters, the
network’s complexity is denoted as U = O(H,, Ly). With these definitions in place, we can
now proceed to construct a family of MLPs, characterized by depth L, and width H,, as

follows:
FDNN,H, = {or,+1,1(X)|[X e X}, (20)

where o ,,(X) is the NN’s output of the u™ node of layer | which takes X as input, | =
L4 + 1 corresponds to the output layer (while [ = 0 is the input layer), with 1 <[ < L; and
uwedl,.., HnJ}’ where H,, ; is the amount of hidden nodes for the ™ hidden layer. The

formula for o7 ,,(X) is

Hy 11
0p.4(X) =1 ( Z Yk - 01—1,k(X) + w,u,0> 7 (21
=1

where o9 1,(X) =y, the k™ element of X, Vi,u,k and 7 4,0 are respectively the weight and
bias parameters for the node (/,u), and the activation function defined as ¢ : R — [ —b, b} ,
with b > 1 and where ¥ € C*° is a smooth and non-polynomial function (for our FFNN’s
implementation, the ¢ = tanh(-) function with range (-1,1)). Moreover, to execute the
proof of consistency for the FFNN estimator, we need differentiable activation functions to
apply Theorem 2 of Poggio et al. (2017), which requires the NN’s infinite differentiability
with respect to each weight parameter. Furthermore, the larger range of tanh may lead to
better performance than stgmoid activation functions, for instance.

For the output layer, i.e., | = Ly + 1, u = 1 because the output layer has only one single
node. Also, in the output layer, the activation function is not applied to the output node.
Hence, Eq. (21) for the output layer is defined as

Hn,Ld

or,+1,1(X) = Z YLg+1,1k - 0Ly k(X) + V441,10 (22)
P

or equivalently, in terms of a DNN function fpnn 1, € FDNN,H,, aS
Lg

FoNNH,(X) = Vegt11k 0Lk (X) + VL1100 = Vour1 - 0L,k (X) + L0110 (23)
k=1
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Fallahgoul et al. (2024) assume ||7;,,x||1 < Mb, where M € R is an arbitrary param-
eter like in Eq. (18), making Fpyy, g, the function class of all bounded-weight DNN
functions with fixed-width H,, and fixed-depth L,;. This assumption is essential for us-
ing Theorem 14.5 in Anthony and Bartlett (2009) that requires this weight bound. Finally,
we apply a least square estimator fn € FpNN,H, that is obtained by minimizing the loss
function [(-) as follows:

n

= ' [(f,xi, i), with 24

o=, mamin 2 Hxeu) o
1 2 1 2

L(f,%i,yi) 3:§(yi — f(xq))" = §(f*(Xz') + e — f(x4)) (25)

where (x;, y;) are samples from the total n observations of (X,Y").

3.2.3. Consistency of smooth FFNN

This section shows that fn in DNN form as in Eq. (24) is a consistent estimator of f,,
ie., fn is approximately equal to f. as n — oo. Farrell et al. (2021) present notable findings
on the subject of DNN inference, including nonasymptotic bounds for nonparametric esti-
mation utilizing various NN architectures. Their key innovation lies in localization and the
avoidance of assuming bounded weights for multi-layer MLP. By relaxing this assumption,
their work makes a substantial contribution to the existing literature. Although Fallahgoul
et al. (2024) adopt a similar strategy to establish the consistency of fn, unlike Farrell et al.
(2021), they prove the consistency for smooth MLPs (instead of MLPs using the ReLLU ac-
tivation function), which matches the FFNN architecture we implement in this article. The
choice of smooth MLPs is made because of the necessity of their parallel containment? to
build a sieve space, which Fallahgoul et al. (2024) use to derive the asymptotic distribution
of the smooth MLP estimator. They start considering some definitions of the DNN’s ap-
proximation error €, of f, by f,. The definitions of the || - || o-minimiser of Fpnn, 5, and

the related || - || distance to f, are

fon= argmin ||f— fil| . and en = || frn — fill (26)

fnE€FDNN Hy,

2Parallel containment stands for any two smooth MLPs with identical depth that can be combined to obtain a

new single smooth MLP.
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It is important to note that f,, in Eq. (26) and fn in Eq. (24) are different because the
former represents the optimal || - ||oo-approximator whereas the latter is the least squares
approximator. The consistency of the least squares estimation is ensured by the existence

of an upper bound of order op(1) for both [ - [|z2(p) and the semi-norm p,(g(X)) :=

\/ L5 1 (g(x;))2, where x; are empirical samples of X. The proof of this statement is
found in Appendix A of Fallahgoul et al. (2024). Additionally, ¢,, demands an upper bound
as stated in the following Theorem 1. To prove this upper bound of ¢,, Fallahgoul et al.
(2024) use the results of Poggio et al. (2017) for NNs with smooth and non-polynomial
activation functions.®> To be able to use the results of Poggio et al. (2017), the following

additional assumption is necessary.

ASSUMPTION 10: The boundaries imposed for the weight parameters of FpNN,H,
("V1,u,k) do not restrain us from employing Theorems 1 and 2 of Poggio et al. (2017).

Fallahgoul et al. (2024) discuss that Assumption 10 is not restrictive since the weight
boundaries of NN that belong to Fpy v g, depend only on M which can be made arbi-
trarily large. Thereby, under the Assumptions 7, 8, 9, and 10 we can achieve the following

main result.

THEOREM 1—Consistency and Upper Bound of Estimation: Let fn be the least squares
estimator as defined by Eq. (24), for a loss function observing Eq. (25), with fixed depth L,
and fixed width H,,. Thus, with the probability of at least 1 — e P, for large enough n,

HszlnT(lHnLdn) N ln(ln(:)) +p N €n>7

an - f*HL2(P) <U(C en) = Cl(\/

where the order of p = p(n) must be less than H%L?iln(HnLdn) and the constant C' > 0

must be independent of n, but may depend on d, M, and other fixed constants. In addition,

the same upper bound applies for py, (( frn— f)(X)).

The detailed proof of Theorem 1 is provided in Appendix A of Fallahgoul et al. (2024).

We can consider Theorem 1 as an extension of the results obtained in Theorem 2 of Farrell

3Distinctly from Farrell et al. (2021) who prove this only for ReLU networks by employing Theorem 1 of
Yarotsky (2017).
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etal. (2021) for smooth NNs. It allows us to control the upper bound U (C’, ¢,,) by changing
the number of hidden nodes H,, in each hidden layer for networks contained in Fpn N, H,, -
To control the convergence rate we only need to adjust the values of p since p = p(n) =
order (H ,%L?iln (HnLdn) ) , which implies

U e,) = O(n_l <HZL§ln(HnLdn) + ln(ln(n)))) — 0, as n — 0.

3.3. The consistency of smooth global FFNN estimators

In this section, we extend the consistency results achieved in Theorem 1 to GFM-FFNN
estimators by combining the results of Preposition 2 with Theorem 1.

In Theorem 1 we obtain the consistency for local FFNNs belonging to Fpxyn,m,, by the
existence of an upper bound U(C’,¢,) for €, which converges to zero for large enough
sample sizes n. In the other hand, by Preposition 2, in Section 3.1.2, we see that the
complexity of the local approach, H}]:1 |#;| increases with the sample size n, while

the global complexity, ||, remains constant. That implies, for same in-sample losses
Local-FFNN _ pGlobal—FFNN
E. =FE; , that

10g(171) + log ()

Global—-FFNN Global—-FFNN
E <EY + J

out 2nJ
J 2
log(] | 1#51) +10g(5)
< ELocal=FFNN =1 57 <U(C en) =0, as n— oo,

which means for large enough n, the bound of out-of-sample errors for a global model

(for example, a global FFNN), ngfb“l_F FNN "becomes smaller than the bound of out-of-

ELocal—FFNN

it , which in turn, if consistent, are bounded

sample errors for local models,
by U(C’, €n). Therefore, when the local version of an FFNN estimator is consistent (in
terms of Theorem 1), this implies that by Proposition 2, the global-FFNN estimator also is
consistent. Hence, as a corollary to Theorem 1, we obtain the consistency of global FFNN

estimators.

COROLLARY 1.1—Consistency of global FFNN estimators: If fn in local-FFNN form
belonging to FpNN,u, as in Eq. (24) is a consistent estimator of f. in terms of Theorem

1, then the global version of this same FFNN also is a consistent estimator.
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According to Definition 1 in Carvalho et al. (2018), the estimation of the ATE, as such as
in our work, is given by Ay = T+% ZtT:TOH b1, where 0, = y; — M(YJ'(,?)STo’XJ(g)STo’ 0)
fort =Ty + 1,...,T and @ is a consistent estimator for the true 6 using only the first 7Tj
observations of pre-intervention data. In their work, Carvalho et al. (2018) provide and
prove Theorem 1 and Lemma 1 to demonstrate that any statistical model, such as M(-),
that satisfies a set of assumptions will yield consistent and asymptotically normal estimates
for the ATE defined as their Definition 1. Therefore, the ATE estimations carried out by our
framework using global FFNN estimators can be considered consistent.

FFNNs struggle with temporal dependencies due to a lack of internal memory, unlike
LSTMs, which excel in learning long-term dependencies and often outperform FFNNs in
time series forecasting. This trend is supported by experimental evidence, such as Peng
et al. (2022)’s findings on LSTM’s reduced training errors with larger data. However,
LSTM’s complexity challenges formal consistency proof. While no definitive proof ex-
ists, Fallahgoul et al. (2024) suggests establishing LSTM consistency as a research direc-
tion. Our experiments also show DeepCPNet-LSTM’s superiority over DeepCPNet-FFNN
without a formal consistency proof. See Table A.IV in the online appendix for a detailed

comparison.

4. EXPERIMENTS
4.1. Simulation study

Given the unobservable nature of counterfactuals, it’s challenging to gauge how close
estimates are to the true treatment effect. Synthetic data and computer simulations are typ-
ically used to identify estimates nearer to the actual effect. This method allows for the
recreation of the true scenario without intervention, facilitating a comparison between the
model-predicted counterfactual and treatment effect. We follow the experimental simula-
tion approach in Grecov et al. (2022) and simulate from a VAR(4) macro model of the US
economy. We use the growth rate of government expenditures (RGCE) as the intervention
variable and investigate the impact on the unemployment rate (UNRATE) given the growth
rate of the Consumer Price Index (RCPI), and the growth rate of the Gross Domestic Prod-
uct (RGDP). We decided to use a macro model as it allows us sense check potential causal
effects in terms of their magnitudes. We utilize Monte Carlo simulation of the VAR system.

As aresult, the perturbations in the RGCE variable, which represent our intervention, man-

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

35

ifest in the RCPI, RGDP, and UNRATE time series, creating a complex interplay among
these variables. This is visually represented in Fig. A.10 in A.7 of Online Appendix.

We explored two scenarios: one with interventions affecting only treated units (where
the results are explored in the Online Appendix, Section A.5), and another with spillover
effects on control units (results discussed in Section 5.1). Our goal was to compare the
efficacy of ATE estimation methods using pre-treatment data versus those incorporating
both pre- and post-intervention data.

In the first scenario, where spillover effects are absent, we introduced a level shift vary-
ing randomly between 3.5% and 4%. This shift was applied to 30 of the 100 synthetic time
series, designated as our treated units. The remaining 70 series, unaffected by the interven-
tion, served as control units. The intervention spanned from 7 = 220 to the series’ end
at 224, yielding an in-sample (pre-treatment) data length of 219 and a forecasting horizon
(post-treatment period) of 25. In the second scenario, which incorporates spillover effects,
a smaller level shift ranging from 1.75% to 2% was applied to 35 series, previously catego-
rized as control units in the first scenario. These series now represent our control instances
subject to spillover effects. The remaining 35 series continue to serve as control units with-
out spillovers.

This simulation aims to compare the DeepCPNet and benchmark models in estimating
the impact of government expenditure increases (RGCE) on unemployment (UNRATE)
under various scenarios, including spillover effects. We evaluate model performance us-
ing three metrics: i) Point forecast accuracy via RMSE, WRMSPE, and sMAPE; ii) ATE
estimation precision with RMSE and WRMSPE; iii) Statistical power, the likelihood of
correctly rejecting the null hypothesis of no treatment effect. These indicators provide a
holistic view of model effectiveness in detecting effects and forecasting accuracy. Formu-

las and more details about these error metrics are found in the Online Appendix A 4.

4.2. The real-world datasets and design of empirical experiment

We utilized the Nielsen household-level panel dataset (NielsenlQ-Consumer Panel) from

the Kilts Center at the University of Chicago Booth School of Business, featuring weekly
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U.S. household grocery purchases from January 2016 to December 2018.* The dataset
records include grocery items bought, item prices, purchase dates, deal flags, total spend
per trip, store information, and demographic details. We enriched this dataset with Nielsen’s
retail scanner data (NielsenIQ-Retail Scanner) to track weekly store prices and identify
discount offerings—marked by at least a five percent price drop.

Following Mojir and Sudhir (2021), we choose milk to study deal effects on store sales,
highlighting its role as a loss leader. Milk’s regular purchase pattern and perishability make
it an ideal case, with retail data showing it has the second-highest basket share and the
highest penetration rate of 88% among major categories (Mojir and Sudhir (2021)).

We constructed a dataset from shopping trips, including milk, focusing on stores with an-
nual purchases over at least 47 weeks. Using Nielsen data, we 1dentified a treatment period
from December 1-29, 2018, for promotional analysis, resulting in 152 weeks of data and a
2-week forecast horizon. Stores with promotions were treated units; others were controls,
totalling 148 stores (102 treated, 46 control). To examine market overlap and spillover
effects, we analyzed sales by store zip code, categorizing control stores by proximity to
treated ones. The analysis used post-treatment data against a pre-treatment framework to
assess spillover impacts on sales.

Utilizing Nielsen’s and U.S. holidays (2016-2018) datasets, we accounted for holiday
sales fluctuations. This data, comprising holiday names and types (national, religious, cul-
tural, sporting), was integrated as dummy variables in our econometric model to predict

"sales". Details are in Table A.V in the Online Appendix.

5. RESULTS AND DISCUSSION

In this section, we benchmark the results of our proposed framework against some well-
established univariate and local time series forecasting models and some structural causal
models. For an overview of the benchmark models used in all experiments, see Table A.l

as well as the implementation details in the Online Appendix A 4.

“This analysis partly uses Nielsen Consumer LLC data and NielsenIQ Datasets at the Kilts Center for Marketing
Data Center at The University of Chicago Booth School of Business. Interpretations from NielsenlQ data are the

researchers’ and do not reflect NielsenlQ’s views, which bears no responsibility for the analysis or results.
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5.1. The simulated datasets with spillover effects

In simulations with nonlinear time series, heterogeneous interventions, and spillover ef-
fects, DeepCPNet outperforms benchmarks (Table I). The synthetic intervention allows
precise effect measurement on treated units and evaluation on two control groups: those
affected by spillovers ("Control Units - spillover") and those unaffected ("Control Units").

In Table I, DeepCPNet exhibited lower error rates in outcome forecasting and ATE es-
timation for treated units, effectively identifying null effects in unaffected control units.
This demonstrates its enhanced performance in scenarios where the SUTVA assumption
is violated, in contrast to most benchmarks, except for DeepAR, which inaccurately in-
corporated post-treatment data and external predictors influenced by peer treatment inter-
ference. ArCo, while effective without spillovers, struggled with ATT and spillover effect
predictions due to interference. Statistical significance testing, outlined in Section 2.3.2,
confirmed significant effects with distinct accuracy levels across models, as indicated by
p-values for the difference in means test (Table I, last column), and Fig. A.5 visually illus-
trates model proximity to true effects.

Control units with spillover effects’ paths matched benchmark model estimates from
post-treatment data, as Fig. A.5 (panel B) shows. DeepCPNet, using only pre-treatment
data, uniquely forecasted outcomes close to true counterfactuals. It alone confirmed the
null effect in placebo tests for spillover-free control units, with a p-value > 0.01, depicted
by the concentrated density curve around zero in Fig. 1.

Assessing treatment effects’ significance involves examining estimated ATE confidence
intervals (CIs). Non-significant effects have Cls including the null effect, while signifi-
cant effects’ CIs exclude it. This study used quantile regression for probabilistic forecast-
ing (Grecov et al. (2022)) and bootstrapping (100 repetitions) for CI construction. Boot-
strapping’s limitation is its narrower intervals, reflecting only parameter uncertainty, unlike
probabilistic forecasting, which also considers model and data uncertainty. The findings,
shown in Table II for suitable models, align with those in Table 1.

The experiment confirms how the spillover effects biased the counterfactual generation
for the treated units by the models that employ post-treatment data for ATT and ATE

estimations.
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AVERAGE AND CUMULATIVE TREATMENT EFFECT ESTIMATES AND THEIR ACCURACY FOR TREATED AND
CONTROL UNITS POST-INTERVENTION - SIMULATION CONSIDERING THE OCCURRENCE OF SPILLOVERS.

TABLE I

Average Total RMSE Mean RMSE  Mean WRMSPE ~ Mean sMAPE p-values p-values
MODEL Effect (A\TT/ATEq;)®  Effect’  (for ATT/ATEc;)  (outcome point forecasting vs. true counterfactual)  (Ho : ATT/AT Ectr =0)°  (Hm : € = em)’
(True Effect) -1.890  -47.25 - - - - - -
DeepCPNet-LSTM -1.859  -46.47 0.0313 0.0788 0.0129 0.0104 1.12e-69 -
& | DeepCPNet-FFNN -1.941 -48.53 0.0513 0.0799 0.0130 0.0117 2.39%¢-85 0.9990
§ DeepAR -1.768  -44.20 0.1218 0.1485 0.0242 0.0203 5.17e-107 0.9448
£ | Global-GAM -1.098  -27.46 0.7916 0.8783 0.1433 0.1401 5.86e-81 6.0e-12
& Causallmpact -1.510  -37.75 0.3798 0.4220 0.0689 0.0643 7.02e-100 0.0051
ArCo -1.470  -36.76 0.4196 0.4524 0.0738 0.0711 7.41e-104 8.8e-08
DiD -1.462 - 0.4283 - - - 6.03e-70 -
(Expected Effect) 0 0 - - - - - -
5 (True Effect/Spillover) -0.382 -9.54 - - - - -
2
< | DeepCPNet-LSTM -0423  -10.58 0.0415 0.1095 0.0185 0.0137 3.32e-16 -
;’T DeepCPNet-FFNN -0.465  -11.63 0.0836 0.1249 0.0212 0.0188 7.57e-19 0.5564
E DeepAR 0.039 0.98 0.4209 0.4454 0.0754 0.0770 0.25200 1.5e-10
% Global-GAM -0.243 -6.08 0.1384 0.1499 0.0254 0.0251 3.40e-16 0.1768
% Causallmpact -0.245 -6.12 0.1368 0.2113 0.0358 0.0306 0.0000159 0.0866
© | ArCo -0.071 -1.77 0.3108 0.3459 0.0586 0.0563 0.0000196 1.2e-06
DiD -0.538 - 0.1565 - - - 1.34e-10 -
(True Effect) 0 0 - - - - - -
DeepCPNet-LSTM 0.225 5.63 0.2251 0.2605 0.0444 0.0394 0.26200 -
2 | DeepCPNet-FFNN 0.249 6.22 0.2488 0.2867 0.0489 0.0435 0.04320 0.456
§ DeepAR 0.334 835 0.3339 0.3669 0.0625 0.0586 6.60e-21 0.456
§ Global-GAM 0.288 7.20 0.2879 0.3114 0.0531 0.0501 3.55e-09 0.832
S Causallmpact 0.400 10.01 0.4004 0.4708 0.0802 0.0762 0.00000331 8.4e-05
ArCo 0.353 8.83 0.3532 0.3921 0.0668 0.0619 0. 0.024
DiD 0.538 - 0.5381 - - - 1.34e-10 -

“ Values are calculated according to Eq. (??), i.e., averaged for all treated units and through the full intervention period.

b These are the cumulative sum of treatment effects for all units through the whole intervention period.

¢ Zero Effect Null Hypothesis Test for units according to statistics described in Section 2.3.2 (Chernozhukov et al. (2021)) and Eq. (14), except for DiD obtained throughout the 1m ()

regression with robust standard errors.

4 Statistical two-tailed test for significance of the differences between point forecasting mean errors of DeepCPNet-LSTM and each one of the m = 1,...., 8 benchmark models for a = 0.05.

Density of the Average Treatment Effect on Treated Units
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FIGURE 1.—Density distribution of the ATT/ATEy per model for each group of units.

5.2. The effect of discount and deal offers on the retail sales for US

Considering the competitive retail market, our study estimates the impact of deals on es-

sential products on grocery store sales. We posit that deals in select stores may cause con-
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TABLE II

95% CONFIDENCE INTERVALS FOR AVERAGE TREATMENT EFFECT ESTIMATES FOR TREATED AND
CONTROL UNITS POST-INTERVENTION - SIMULATION CONSIDERING THE OCCURRENCE OF SPILLOVERS.

Average Effect ATE 95% Confidence Interval
MODEL (ATT/ATEcy)  Probabilistic Quantile Regression ~ Bootstrapping
DeepCPNet-LSTM -1.859 [-2.206, -1.443] [-2.119, -1.576]
Treated Units DeepCPNet-FFNN -1.941 [-2.212, -1.505] [-2.152, -1.730]
DeepAR -1.768 [-2.765, -0.945] [-2.881, -0.655]
DeepCPNet-LSTM -0.423 [-0.721, -0.008] [-0.623, -0.135]
Control Units - spillover | DeepCPNet-FFNN -0.465 [-0.749, -0.015] [-0.673, -0.257]
DeepAR 0.039 [-1.260, 0.469] [-1.025, 1.104]
DeepCPNet-LSTM 0.225 [-0.106, 0.610] [-0.002, 0.490]
Control Units DeepCPNet-FFNN 0.249 [-0.033, 0.643] [ 0.021, 0.427]
DeepAR 0.334 [-0.801, 1.227] [-0.957, 1.574]

sumption shifts and spillover effects on competitors without similar promotions. Our ap-
proach aims to provide precise ATT estimations, addressing spillovers and possible SUTVA
assumption breaches.

The causal effect estimation of milk deals on store sales obtained from DeepCPNet is
compared to the traditional econometric causal models Causallmpact, ArCo and DiD.

In the CSC method, true impacts on treated entities are unobservable. Thus, we assess
model accuracy using control unit errors—stores without milk deals. This yields higher
errors for treated units (Table III), indicating that milk deals likely to boost sales. Notably,
control stores near treated ones showed similar or greater errors, hinting at spillover ef-
fects from promotions. Such consumer shifts towards stores with better deals, implying
competitive influence, will be detailed in ATE estimation discussions.

Given the likelihood of spillover effects affecting some control stores, the point forecast-
ing performance is more accurately assessed using the error metrics for the “control-out"
series. In this regard, DeepCPNet surpasses all benchmark models, demonstrating superior
performance in terms of RMSE and WRMSPE error metrics, as shown in Table III.

Comparing forecasts to actual data (Fig. A.6), the first week shows a significant impact
on treated stores, aligning with spillover effects in nearby control stores (plot A). Plot
(B) reveals a sales drop in these control stores initially. Control stores outside the treated
area show minimal impact (plot C). Our analysis thus concentrates on the first two weeks’

impact of milk deals on sales, elaborated in Table III’s last four columns.
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TABLE III

RESULTS FOR THE POINT FORECASTING BY GROUP OF STORES AND THE CAUSAL EFFECTS FOR THE FIRST
TWO WEEKS OF TREATMENT BY GROUP OF STORES - REAL-WORLD APPLICATION.

RMSE ‘WRMSPE Average Effect (ATT/ATEc) p-values®
MODEL (for point forecasting) Week 1 2 Weeks | Week 1 2 Weeks
DeepCPNet 39.463 0.153 40.88 (+14.5%) 13.37 (+4.9%) | 7.3e-07  7.0e-04
Causallmpact | 25.326 0.092 -30.61 (-10.8%) -23.67 (-8.7%) | 0.2470 0.2320
Treated Units
ArCo 36.032 0.131 -13.15 (-4.7%) -24.20 (-8.9%) | 0.4704 0.3876
DiD - - 24.09 (+8.6%) 25.99 (+10.1%) | 0.4210 0.2356
DeepCPNet 35.513 0.147 -39.09 (-19.6%) -40.27 (-19.1%) | 0.5059 0.2951
. b Causallmpact | 55.329 0.230 | -101.13 (-50.7%) -70.59 (-33.5%) | 0.0252 0.0247
Control Units - IN
ArCo 69.493 0.288 | -100.73 (-50.5%) -88.20 (-42.8%) | 0.0045 0.0004
DiD - - | -103.83 (-53.1%) -59.05(-28.2%) | 0.0168 0.0762
DeepCPNet 28.581 0.145 -9.63 (-4.3%) -23.76(-12.5%) | 0.9359 0.3870
.| Causallmpact | 49.998 0.256 -29.21(-12.9%) -52.54 (-27.5%) | 0.2882 0.2368
Control Units - OUT®
ArCo 37.081 0.190 0.43 (+0.2%) -31.92(-16.7%) | 0.9329 0.1154
DiD - - | 103.83 (+46.9%) 59.05 (+31.1%) | 0.0168 0.0762

“ p-values refers to the zero effect test for the null hypothesis, i.e., Hy : ATT /AT Ecty = 0.
b Control Units - IN stands for the control stores localised in the same region as the treated stores.

¢ Control Units - OUT stands for the control stores outside the treated region.

In Table I1I, benchmarks missed sales growth in stores offering milk deals, unlike Deep-
CPNet, which detected a 15% sales increase in the first week, supported by its p-values.
Benchmarks struggled due to using post-intervention data from spillover-affected controls,
skewing results for unaffected control units. DeepCPNet accurately captured the null effect
for these "control-out" units with higher p-values, a difference highlighted in Fig. 2. Plot
(B) shows DeepCPNet’s precise reflection of the positive effect in treated stores’ first week,
while plot (C) indicates the spillover effect’s impact on "control-in" stores, contrasted with
the minimal deviation in "control-out" stores (plot A).

In section A.6 in the online appendix, we discuss the estimation of CATE by splitting the

sample.

6. CONCLUSIONS

While numerous methods assess policy effects, identifying treatment effects is hard,
especially with spillovers beyond the primary target. This limits baseline Counterfac-

tual Synthetic Control (CSC) models’ utility in analyzing impactful policies. Our novel
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(A) Control-Out stores i model (B) Treated stores model (C) Control-In stores model

FIGURE 2.—Density distribution of the estimated ATE by the group of stores and per model for the first week
of treatment. The dashed line represents the mean ATT/ATE for all series of the group.

GFM-DNN-based engine for counterfactual prediction overcomes this by using a synthetic
control approach to learn from nonlinearly related and unrelated time series at different
scales. It effectively discerns complex patterns and accurately estimates the ATE even with
spillover effects where the SUTVA isn’t fully met.

Recent research employing neural network forecasting for causal effect estimation has
not incorporated GFM in policy evaluation contexts, where post-intervention data may dis-
tort ATE estimates. To the best of our knowledge, our study represents the inaugural ef-
fort to address this literature gap, theoretically and empirically. Our approach facilitates a
more sophisticated analysis of intervention effects, better mirroring real-world conditions
by easing some rigid assumptions typical of traditional methods. This innovation marks a
significant advancement in our field. In our empirical analysis, we explore the effects of a
prevalent marketing tactic—substantially discounting a product, in this case, milk, as part
of a loss leader strategy. Our findings suggest that if our methodology is absent, one might
erroneously conclude that this approach does not effectively boost sales.

In this paper, we have expanded on recent formal advancements regarding the con-
sistency of local ReLU or smooth feedforward network estimators (Farrell et al., 2021,
Fabozzi et al., 2019, Fallahgoul et al., 2024), extending these findings to Global Forecast-
ing Methods for Feedforward Neural Network (GFM-FFNN) estimators. Our work sig-
nificantly contributes to the burgeoning integration of global deep learning methodologies
within theoretical and practical research, particularly in empirical causality investigations
in social sciences, including economics.

The findings of this study are currently confined to scenarios involving single interven-

tions. We plan to extend this to a staggered adaption design. Another promising avenue for
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further investigation is extending the consistency proof to neural network classes beyond
Feedforward Neural Networks (FFNN), such as Long Short-Term Memory (LSTM) net-
works. Given their demonstrated efficacy in time series forecasting, particularly in captur-
ing time-variation features, LSTMs may offer more accurate forecasting of counterfactuals,

thus broadening the scope.
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