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Abstract

We develop an analytic theory of downward nominal wage rigidity under in-

complete employment contracts—worker effort is discretionary and not con-

tractible. Our theory is grounded on well-known facts about firms’ wage-

setting behavior and can quantitatively replicate several empirical regularities

of wage dynamics. Employed workers’ aversion to nominal wage cuts induces

firms to optimally freeze wages following moderately negative shocks, ren-

dering nominal increases partially irreversible. We derive closed-form solu-

tions to the value function and the resulting “Ss” wage policy of the firm, and

formally establish both optimality and uniqueness. Our framework provides

novel predictions about path dependence and hysteresis of wage adjustments,

it can be quantitatively evaluated to perform counterfactual analyses, and it

is portable to be integrated into existing workhorse macroeconomic models

with or without heterogeneous agents. In ongoing work, we are exploring the

general-equilibrium implications of the inherent asymmetry and irreversibility

generated by our model for the dynamics of wages and unemployment.
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I. Introduction

Downward nominal wage rigidity is considered a fundamental friction in macroeconomics,

explaining cyclical fluctuations in unemployment (e.g. Schmitt-Grohé and Uribe, 2016; Dupraz,

Nakamura, and Steinsson, 2025) and justifying the role of stabilization policy (e.g. Erceg, Hen-

derson, and Levin, 2000; Christiano, Eichenbaum, and Evans, 2005; Benigno and Ricci, 2011).

Accordingly, understanding its sources and implications has been a research priority for decades.
Empirical explanations of downward nominal wage rigidity emphasizemanagers’ concerns that

wage cuts will damage morale and productivity; see, e.g., the seminal work of Bewley (1999)

and the survey by Howitt (2002). As long as workers are able to respond to pay cuts by with-

holding effort (i.e. under incomplete employment contracts), downward adjustments become

effectively costly.
1
While the existing macroeconomic literature frequently cites this evidence

as motivation, the resulting models typically rely on complete contracts with exogenous ad-

justment frictions—either time-dependent or state-dependent—to generate wage rigidity and

to study its aggregate implications.
2
As much as these approaches provide many valuable in-

sights, a more complete and nuanced account of aggregate wage dynamics calls for a theory of

wage-setting behavior that more closely captures the incomplete and relational nature of labor

markets. In this paper, we fill this gap by developing a parsimonious analytical model of down-

ward nominal wage rigidity under incomplete employment contracts that yields closed-form

solutions and thus is readily portable to the analysis of aggregate fluctuations.

In our framework employment contracts are incomplete, meaning that workers’ produc-

tivity (effort) is discretionary and not contractible. Firms have monopsony power over wage

setting, but recognize that nominal wage cuts can be costly to implement as they trigger a dis-

proportionate reduction in worker effort.
3
This asymmetric effort response is the fundamental

friction in our model, inducing firms to optimally freeze wages following moderately negative

shocks and to dampen wage cuts following large negative shocks, rendering nominal increases

1
These explanations are based on robust findings from a large number of surveys to compensation managers

(see, e.g., the pioneering work of Blinder and Choi (1990); Campbell and Kamlani (1997); Bewley (1999) and the

more recent evidence in Du Caju et al. (2015); Bertheau et al. (2025)), and align well with recent advances in behav-

ioral and experimental economics on fairness and reciprocity in labor relations (see the surveys by Bewley (2007)

and Fehr, Goette, and Zehnder (2009)). Employees perceive wage cuts as particularly unfair, and the negative reci-

procity in response to unfair treatment is typically more pronounced than the positive reciprocity response to a

wage “gift”. Employers that are aware of these patterns hesitate to cut their existing workers’ wages (see Dickson

and Fongoni (2019) for a micro-foundation of workers’ asymmetric reciprocity based on reference-dependent pref-

erences and loss aversion). In addition, Fongoni, Schaefer, and Singleton (2025) provide quantitative observational

evidence that compensation managers’ beliefs about contract incompleteness reduces the likelihood of nominal

wage cuts to job stayers.

2
For instance, in Benigno and Ricci (2011) and Dupraz, Nakamura, and Steinsson (2025) wage cuts are assumed

to be infeasible; in the recent papers by Elsby et al. (2025) and Blanco and Drenik (2023), wage rigidity arises due

to exogenous renegotiation costs; while in Gertler and Trigari (2009) and Blanco et al. (2025), wages are rigid

due to staggered contracts à la Calvo (1983). Notable exceptions are Elsby (2009) and Fongoni (2024), in which

downward wage rigidity arises endogenously as an optimal “inaction” policy of firms, anticipating their workers’

disproportionate drop in effort. As we explain in detail below, we substantially extend this latter class of models

and embed them into a general equilibrium framework.

3
In the microeconomic literature, workers’ aversion to nominal wage cuts has been linked to loss aversion,

where current wages serve as the reference “fair” wage for evaluating new contracts (see, e.g., Dickson and

Fongoni, 2019; Sliwka and Werner, 2017, and the references therein.).
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partially irreversible. Within this framework, which builds on the work of Elsby (2009) and Fon-

goni (2024), we make three key contributions. First, we recast this class of models in continuous

time and derive fully analytical (closed-form) solutions to the wage policy and value function of

the firm, formally establishing both optimality and uniqueness of the resulting “Ss” policy. Sec-

ond, we show how the model can be calibrated to replicate key empirical regularities of wage

dynamics, while also providing novel predictions—such as path dependence and hysteresis in

wage adjustments—thereby serving as a rigorous framework for quantitative counterfactual

analyses.
4
Finally (work in progress), we exploit the portability of our framework to embed it

into a benchmark general-equilibrium model with heterogeneous agents, in order to study the

aggregate and distributional implications of its inherent asymmetry and irreversibility for wage

and unemployment dynamics.

Our model is parsimonious in capturing the main rationale behind employers’ tendency to

avoid nominal wage cuts, enabling a transparent economic interpretation of the fundamental

frictions that generate downward nominal wage rigidity and related implications. At the same

time, it is also sufficiently rich to quantitatively replicate several empirical regularities of wage

cyclicality and the distribution of wage changes in the data.
5
In fact, the workers’ effort func-

tion introduces three important parameters, which underlie the net costs of wage adjustments

to firms: the sensitivity of effort to wage changes, the relative sensitivity to wage cuts, and a

curvature parameter. We show that these can be jointly calibrated to achieve the probability

of no annual wage change, the average rent-sharing elasticity, and the average labor share of

income as observed in the data. As such, the model generates an empirically plausible spike

at zero together with a missing mass of positive wage changes (see, e.g., Grigsby, Hurst, and

Yildirmaz, 2021; Stüber and Beissinger, 2012), as well as more dampened wage decreases (see,

e.g., Holden and Wulfsberg, 2009, 2014). A key advantage of our micro-founded approach—

relative to existing, reduced-form models of nominal wage adjustments—is that it provides a

clear and meaningful mapping between the magnitude of frictions required to replicate em-

pirical wage dynamics and other, directly observable labor market characteristics, such as rent

sharing and the labor share. Moreover, we are able to precisely disentangle the contribution

4
The notions of path dependence and hysteresis are inherently tied in the structure proposed in our study.

Path dependence means that the current value of the exogenous state is not enough to characterize the position

of the system in a given point in time. Put simply, whether a lower realization of the state results in a wage

cut or a wage freeze will depend on its value relative to the state in the previous period via its relation to the

current wage level. This notion is also in line with how path dependence is defined in the literature on investment

dynamics under capital irreversibility; see e.g. Baley and Blanco (2026). Specifically, wage increases beget future

wage increases and wage cuts beget future wage cuts. As will become clearer below, our framework generates

hysteresis in wage dynamics: transitory shocks can leave wages permanently higher; see Quach (2025) for recent

evidence of wage hysteresis.

5
The empirical literature on downward nominal wage rigidity has mainly focused on job stayers. For up-to-

date surveys of this extensive literature see Elsby and Solon (2019) and ?Appendix A.1]Jo2025. To avoid concerns

about measurement error in studies using household survey data (see, e.g., Barattieri, Basu, and Gottschalk, 2014,

and references therein), we take as the main reference the empirical regularities reported in Grigsby, Hurst, and

Yildirmaz (2021), who use comprehensive administrative payroll data covering millions of US workers. Grigsby,

Hurst, and Yildirmaz (2021), Gertler, Huckfeldt, and Trigari (2020) and Hazell and Taska (2025) show that these

regularities, namely the asymmetry in wage adjustments and their relatively low cyclicality, are also features of

the wage paid to new hires—i.e. the hiring wage.
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of incomplete employment contracts to the probability of no annual wage change, relative to a

standard reservation wage constraint—a decomposition that has eluded both the empirical and

theoretical literature.

An important innovation of our model is the recasting, in continuous time, of the discrete-

time models of Elsby (2009) and Fongoni (2024). This approach enables us to employ recent ad-

vances inmathematical methods of stochastic impulse control problems involving time-varying

free boundaries to: i) provide fully analytical (closed form) solutions to both the wage policy

and value function of the firm; and ii) formally establish both optimality and uniqueness of the

firm’s Ss policy. This formulation expresses the firm’s problem as a choice of a sequence of

intervention times—when to adjust the wage—and a sequence of optimal impulse controls—by

how much to adjust the wage. The time-varying free boundaries capture the shock thresholds

governing the firm’s inaction region (range of rigidity) over time. These results place our con-

tribution beyond the literature on wage dynamics. In fact, this class of wage-setting models—

which share notable similarities with the literature on “kinked adjustment costs” and optimal Ss

policies (e.g., Bertola and Caballero, 1990)
6
—present technical challenges that have perhaps re-

duced their tractability and application to more standard macroeconomic frameworks, despite

their solid microfoundations and empirical appeal.
7
In contrast, our approach yields a model

that is highly tractable and portable to other macroeconomic environments, while also offering

substantial gains in computational efficiency.

In ongoing work, we are embedding our framework into an otherwise standard general equi-

libriummodel of the economywith search frictions and capital accumulation (as in, for instance,

Gertler and Trigari, 2009). Our framework will feature: random search, heterogeneous job

matches, endogenous job creation and destruction by firms, endogenous acceptance and quit-

ting of jobs by workers, and investment in capital. By performing state-of-the-art quantitative

analyses, our approach allows for the exploration of counterfactual scenarios by varying the

strength of workers’ discretionary effort responses. This enables us to disentangle the effects of

contract incompleteness and costly wage cuts on hiring, layoffs, and wage and unemployment

dynamics. The resulting analysis will provide a substantial contribution to the literature on

labor market dynamics, by exploring both the micro and macroeconomic implications of path

dependent downward nominal wage rigidity under incomplete employment contracts. As such,

our approach provides a complementary view to existing theories of labor market dynamics

that are grounded on complete employment contracts—i.e. where workers’ productivity is both

observable and contractible and wages are determined by bargaining (for recent discussions of

this literature, see Elsby et al. (2025) and Blanco et al. (2025)).

6
See also Caballero and Engel (1999) and Elsby, Michaels, and Ratner (2019) for applications on the dynamics

of investment and employment respectively. We discuss the relation of our model to this literature more in detail

below.

7
Namely, these models require shocks to follow a geometric random walk to obtain closed-form solutions for

the optimal policy, and numerical methods to solve for the threshold functions governing the relevant range of

inaction, i.e. the range of wage rigidity (see Elsby, 2009; Fongoni, 2024). Moreover, optimality of the resulting

Ss policy is typically hard to establish, while a formal proof of its uniqueness has to date been elusive (see, for

instance Caballero and Engel, 1999, footnote 14, p. 791).
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The remainder of the paper is organized as follows. After a discussion of the related literature

below, Section II presents our baselinemodel of optimal wage setting under incomplete employ-

ment contracts, while III explores its qualitative and quantitative properties for wage dynam-

ics. Section IV (work in progress) embeds this framework into an otherwise standard general

equilibrium model. Section V provides some preliminary concluding remarks. All proofs and

detailed derivations are contained in Appendix A.

Related literature. This paper relates and contributes to three main strands of literature.

Our model is most closely related to the discrete-time wage-setting model developed by Elsby

(2009) and further extended by Fongoni (2024). Elsby (2009) studies a partial-equilibrium model

of firm wage-setting behavior where worker effort is endogenous to the wage such that wage

cuts are particularly costly to implement. The model generates downward nominal wage rigid-

ity and is used to show that a forward-looking firm will compress both wage cuts and wage

increases, implying that downward nominal wage rigidity has no effect on aggregate wage

growth in the long run. Fongoni (2024) builds on the asymmetric reference-dependent reci-

procity model developed by Dickson and Fongoni (2019), and extends this framework by con-

sidering the role of both new hires and incumbent workers in an otherwise standard search

and matching framework à la Pissarides (1985). The model aligns with evidence on hiring

and incumbents’ wage cyclicality, and formally demonstrates that when effort is endogenous,

hiring wage cyclicality has no first-order effect on job creation and is therefore irrelevant for

unemployment volatility.
8
Both papers study representative one-worker-one-firm employment

relationships which are assumed to be mutually advantageous, therefore abstracting from en-

dogenous layoff decisions by firms or participation constraints by workers. As explained above,

the approach we take in this paper substantially extends this class of models by formally estab-

lishing optimality and uniqueness of the optimal wage policy of the firm, as well as deriving

fully analytical (closed-form) solutions to both the wage policy and value function of the firm.

These results pave the way to build a richer model including heterogeneous job-match produc-

tivity, and workers’ and firms’ participation decisions, in a general equilibrium framework.

Our paper is also complementary to the recent theoretical literature considering the role of

frictions impeding wage adjustments—under complete employment contracts—on the dynamics

of labor markets. Elsby et al. (2025) develop a labor market model where wage adjustments

occur sporadically due to the presence of renegotiation costs and show that this is consistent

with job separations being bilaterally efficient.
9
Blanco et al. (2025) study an equilibrium labor

market model with staggered wage contracts à la Calvo (1983) and show that the presence

of wage rigidity can lead to endogenous, inefficient layoffs and quits. These papers provide

8
In a recent paper, Fongoni (2025) further explores the implications of this framework when new hires are

concerned about pay inequality within the firm, showing that the downward rigidity in the wage of job stayers

spills over to the hiring wage with fundamental implications for the cyclical behavior of unemployment. However,

for analytical tractability, the model is solved under perfect foresight where the only sources of disturbance are

unanticipated, temporary, and persistent shocks to the firm’s value of output.

9
See also Blanco and Drenik (2023) for a model of wage rigidity under Nash bargaining due to renegotiation

costs.
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many valuable insights on the consequences of frictions to wage adjustments for the dynamics

of labor markets, but remain agnostic about the sources of these frictions. Our contribution to

this literature is to i) develop a general equilibriummodel of the labor market under incomplete

employment contracts; and ii) explore the implications of one of the main sources of downward

nominal wage rigidity as established in the empirical literature, that is, the role of workers’

discretionary effort and aversion to nominal wage cuts.

Finally, conceptually and structurally, our analysis shares a theoretical lineage with the lit-

erature on (partially) irreversible investment under uncertainty.
10
This body of work typically

attributes infrequent factor adjustments to two sets of assumptions: (i) The presence of non-

convex or “kinked” adjustment cost technologies (e.g., Bertola andCaballero, 1990; Bentolila and

Bertola, 1990; Caballero, Engel, and Haltiwanger, 1997); (ii) The presence of a wedge between

the acquisition and resale price of inputs (e.g., Abel and Eberly, 1994, 1996; Abel et al., 1996; Ba-

ley and Blanco, 2026).
11
Our framework can be viewed as an incomplete-contract labor market

isomorphism of these classic investment mechanisms. In a nutshell, the interaction between

workers’ reference dependence, aversion to wage cuts, and stochastic productivity generates

sluggish wage dynamics—regions of inaction followed by asymmetric responses—effectively

treating wage adjustments as partially irreversible investment. In our setting the firm inher-

its a “stock” of wage entitlements embodied in the current reference wage and chooses wage

adjustments that determine the value of that stock tomorrow. Hence the reference wage func-

tions as a stock variable—analogous to physical capital—while the wage deviation from that

reference point functions as a flow variable—analogous to positive or negative investment. The

asymmetry in workers’ reference-dependent effort is the “friction” that induces partial irre-

versibility and forces the firm to treat wage setting as a long-term commitment rather than a

spot adjustment to productivity. Absent this friction, we obtain the case of full reversibility

where the firm adjusts wages continuously in line with productivity shocks. Equivalently, this

asymmetry creates a discrepancy between the cost of creating worker effort (wage hikes) and

the value recovered from dismantling it (wage cuts). Just as a wedge between the purchase and

resale price of capital generates inertia in investment, the wedge between worker gratitude and

resentment generates inertia in wages. Therefore the firm is compelled to buffer productivity

fluctuations in both directions: it avoids wage cuts to escape the immediate penalty of loss

aversion (downward rigidity), while simultaneously delaying wage hikes to minimize the risk

of future lock-in (upward rigidity).

10
See Dixit and Pindyck (1994) and Stokey (2009) for systematic treatments of using option pricing and stochas-

tic control methods to characterize optimal behavior in these settings.

11
Many studies additionally assume fixed or sunk costs which, notably, we abstain from in order to keep things

as transparent as possible. Incorporating them is straightforward and would pose no complications in our setting.
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II. A Model of Wage Setting under Incomplete Contracts

We develop a parsimonious partial-equilibrium model of wage setting within the context of

a firm–worker employment relationship. The employment contract is incomplete, i.e., work-

ers’ effort is discretionary and non-contractible. The output/revenue of firms is determined by

workers’ endogenous effort, and firms set nominal wages unilaterally in every period. Workers

are reference dependent, i.e., their effort depends on the evaluation of their current wage con-

tract relative to an endogenous reference point that updates only when the firms resets pay. In

addition, each firm-worker match productivity evolves stochastically over time, which gener-

ates a non-trivial intertemporal tradeoff between current profits and the future cost (benefit) of

raising (lowering) the worker’s reference wage. This structure turns the firm’s problem into an

analytic stochastic impulse-control problem with free boundaries, which we fully characterize

and solve in closed form for the value and policy functions.

II.1. Environment

The model is set in continuous time t≥0 under an infinite horizon and common knowledge

of all primitives. We assume a constant inflation rate π ∈ R; hence the price level at time t

is governed by dPt = πPtdt for some initial condition P0 > 0. We consider an employment

relationship between a price-taking firm and a worker. Nominal revenue is generated by a

linear technology Yt = Ztft, where Zt ∈ R++ is an idiosyncratic “match productivity” and

ft = f(Wt, Rt) ∈ R+ denotes the effort exerted by the worker. Effort depends on the nominal

wage Wt ∈ W ⊂ R+ in relation to a reference wage Rt ∈ R ⊂ R+, which is taken as

given by both the worker and the firm. The properties of ft, as well as the evolution of Rt, are

crucial features of the model and are spelled out in detail in the next section. The employment

contract is incomplete, meaning that effort is discretionary and not contractible, and the wage

is set unilaterally by the firm. The state vector (Rt, Zt) takes values in X = R×Z .

We work on a filtered probability space (Ω,F , {Ft}t≥0,P) satisfying the usual conditions

of right-continuity and completeness. The firm’s control variables are the nominal wage Wt,

chosen from the space of square-integrable Ft-adapted processes, as well as a sequence of in-

tervention times τ0 < τ1 < . . . τ̃ , together with a layoff/termination time τ̃ .

Given an initial z0 ≜ Z0/P0, real idiosyncratic match productivity is subject to exogenous

shocks and evolves according to a geometric Brownian motion,

dzt = µztdt+ σztdBt, (1)

with drift µ ∈ R, volatility σ ∈ R+, and Bt denoting a standard Wiener process (Brownian

motion). The stochastic nature of zt is the sole source of uncertainty for the firm. Accordingly,

revenue per unit of effort Zt follows a geometric Brownian motion with the same diffusion and

an inflation-augmented drift,

dZt = (µ+ π)Ztdt+ σZtdBt. (2)
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The process {Zt} encapsulates all exogenous determinants of the match’s nominal revenue

capacity per unit of effort, conflating idiosyncratic real factors with aggregate nominal trends.

The real drift parameter µ captures the expected “life-cycle” profile of the match’s productivity,

which may be interpreted as the rate of job-specific human capital accumulation or returns to

tenure as the worker gains experience and organizational knowledge. The volatility parameter

σ captures idiosyncratic shocks to the firm’s specific demand or production technology. The

composite drift (µ+ π) thus governs the expected growth of the firm’s nominal ability to pay,

driven by the internal accumulation of real skills and the external rise in the general price level.

II.2. Worker

The behavior of the worker is characterized by three elements: a law of motion for the evo-

lution of their reference wage; an effort function capturing the worker’s discretionary effort

choice in reduced form; and a reservation wage governing their decision to quit the employ-

ment relationship.

Reference wage formation. A central premise of our theory is that workers are reference

dependent. Here we assume that a worker’s reference wage is anchored to the wage level of

their last employment contract, reflecting a form of reference wage adaption.
12
Specifically, let

{τi}∞i=1 be a strictly increasing sequence of intervention times at which the firm sets a wageWτi

distinct from the prevailing reference wage, and let {Wτi}∞i=1 be the corresponding sequence of

chosen wages. Given an initial reference point Rs, the reference wage Rt evolves according to:

Rt =

Rs, for t ∈ [s, τ1]

Wτi , for t ∈ (τi, τi+1], ∀i = 1, 2, . . .
(3)

The law of motion (3) implies the reference wage may evolve endogenously as a discrete jump
process rather than a continuous one. This has important implications for our subsequent solu-

tion method and for optimal wage setting. Note that at each intervention time τi, by definition,

Wτi ̸= Rτi , since Rt is fixed at the moment of adjustment and updates only an instant dt later.

Between intervention times the reference wage remains constant and equal to the wage set at

the last adjustment. Moreover, the integral representation of (3) clarifies that Rt is essentially

a (cumulative) stock variable, evolving through discrete “investments” equal to the difference

between the prevailing wage and the existing reference point.
13

12
This assumption is consistent with a substantial body of evidence documented in the literature on adaptation

in social psychology (see, e.g., Baucells and Sarin, 2010; Baucells, Weber, and Welfens, 2011; Baucells and Sarin,

2013), reference wage formation in behavioral economics (see, e.g., Bewley, 2007; Kahneman, Knetsch, and Thaler,

1986; Kahneman and Thaler, 1991; Sliwka and Werner, 2017), and contracts as reference points in the literature

on incomplete contracts (see, e.g., Bartling and Schmidt, 2015; Fehr, Hart, and Zehnder, 2011; Herz and Taubinsky,

2013).

13
In particular, letting dNt denote the differential of the counting process associated with intervention times,
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Discretionary effort. The worker’s effort is characterized by an asymmetric reference-
dependent effort function f : W ×R → R. We assume the following functional form:

f(Wt, Rt;λ) = ē+
η

1− γ

 (W 1−γ
t −R1−γ

t ), ifWt ≥ Rt,

λ(W 1−γ
t −R1−γ

t ), ifWt < Rt,
(4)

where ē > 0 denotes “normal effort”; η > 0 parametrizes the sensitivity of effort to wage

changes relative to the reference wage; γ ∈ (0, 1) governs the concavity of the effort func-

tion with respect to the wage; and λ ≥ 1 determines the relative strength of effort to wage

changes below the reference wage.
14

Combined with our assumption on the law of motion of

the reference wage, the effort function (4) postulates a positive wage-effort relationship such

that worker effort only responds to wage changes—otherwise constant and equal to ē—and

that if λ > 1, these responses are asymmetric. The decrease in effort below ē resulting from

a wage cut will be greater than its increase above ē resulting from an equivalent-sized wage

increase. These properties reflect the well-established facts that, under incomplete employ-

ment contracts, workers’ aversion to wage cuts lead to disproportionally low morale and labor

productivity, making wage cuts costly to implement; see, for instance, Bewley (1999) and the

survey in Bewley (2007).

Reservation wage. Denote by E(Rt,Wt) the value of the employment relationship to a

worker with reference wage Rt who is paid the wageWt, and by U their reservation value, i.e.,

the value of unemployment or of being employed elsewhere. The worker will prefer to remain

employed as long as E(Rt,Wt) ≥ U . As such, we define the worker’s reservation wage as

W (Rt) ≜ {Wt : E(Rt,Wt) = U} (5)

II.3. Firm

The firm is risk neutral and discounts the future at a constant rate ρ > 0. In addition to

endogenous separation—layoff or quit—the employment relationship can also terminate exoge-

nously at the Poisson rate δ > 0. With constant inflation, the effective discount rate for valuing

nominal flows is thus ρ+ δ + π.

Rt has the equivalent integral form:

Rt = Rs +
∑

s<τi<t

(Wτi −Rτi) = Rs +

∫ t−

s

(Wu −Ru)dNu.

14
The functional form (4) is from Fongoni (2024). Other labor market models that study the implications of a

kinked, reduced-form effort function in the spirit of the one we consider here are those of Elsby (2009), Eliaz and

Spiegler (2014), and Kaur (2019). Dickson and Fongoni (2019) show how an asymmetric reference-dependent effort

function such as the one in (4) can be derived more generally from a worker’s optimal choice; see also Sliwka and

Werner (2017) for an alternative approach.
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Wage setting problem. The nominal flow profit of the firm at time t is given by

Π(W,R,Z) = Ztf(Wt, Rt;λ)−Wt. (6)

At each given time s, the firm seeks to maximize the expected present-discounted value of its

flow profits by choosing an admissible sequence of wages:

J (R,Z) = sup
W∈W

E

[∫ ∞

s

e−(ρ+δ+π)(t−s)Π(W,R,Z)dt
∣∣Fs

]
, (7)

where the expectation is taken conditional on the information set at time s, given some initial

state vector (Rs, Zs). To ensure that the firm’s optimization problem is well-posed and that its

expected present value remains finite as time goes to infinity, we henceforth assume that the

following parameter condition holds:

ρ+ δ + π >
µ+ π

γ
+

1

2

σ2(1− γ)

γ2
. (8)

This is a typical “no-bubble” condition requiring the firm’s effective discount rate to be suf-

ficiently high to dominate the amplified growth rate of its own value, which is driven by both

stochastic productivity trends and the option value of volatility. As we will see later on, this is

indeed the appropriate condition to ensure that the transversality condition is satisfied under

any realized productivity path. We also need to consider appropriate boundary conditions to

render the problem well defined, which we do below.

Reservation productivity. In addition to the exogenous separation rate, a match can ter-

minate whenever the worker decides to quit, or the firm decides to lay off the worker. From the

firm side, this occurs exactly when the value of the firm is equal to its outside option, which

is normalized to zero. We define the productivity cutoff below which the firm will optimally

decide to lay off the worker as

Z layoff (rt) ≜ {Zt : J (Rt, Zt) = 0}. (9)

At the same time, the firm knows that any wage below the reservation wageW (Rt) will result

in the worker quitting. Hence for any given wage Ŵ (Wt, Zt) set by the firm, we can define the

productivity cutoff below which the worker will quit as

Zquit(rt) ≜ {Zt : Ŵ (Rt, Zt) = W (Rt)}. (10)

The productivity threshold at which the firm-worker match is de facto terminated is then

Z(rt) ≜ max{Zquit(Rt), Z
layoff (Rt)}. (11)
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II.4. Recursive formulation

One may be tempted to proceed by setting up a Hamilton-Jacobi-Bellman (HJB) equation

over the entire state space, effectively treating the above as a typical stochastic optimal control

problem. But in fact, it is not. The reason is that the law of motion for the reference wage is

not a continuous process governed by a continuous control, but rather a jump process driven

by discrete impulses at optimally chosen times. To show this more formally, let us first define

the impulse payoff function G : W × X → R,

G(W,R,Z) ≜ Π(W,R,Z)− Π(R,R,Z) = Z (f(W,R;λ)− ē)− (W −R). (12)

The function G(.) quantifies the net payoff of an intervention, i.e., the instantaneous change

in firm’s flow profit elicited by setting a wage Wt distinct from the reference Rt. Given a re-

alization of Zt, this payoff amounts to the revenue gain/loss driven by worker’s reciprocity

(Zt (f(Wt, Rt;λ)− ē), minus the corresponding increase/decrease in the wage bill (Wt −Rt).

We may then rewrite the value function (7) as

J (R,Z) = sup
{τi,Wτi}i≥1

E

[∫ ∞

s

e−(ρ+δ+π)(t−s)Π(Rt, Rt, Zt)dt+
∞∑
i=1

e−(ρ+δ+π)(τi−s)G(Wτi , Rτi , Zτi)
∣∣Fs

]
.

Now the supremum is taken over all intervention times τi ∈ [0,∞] with respect to the filtra-

tion Ft, as well as over admissible wage policies chosen at τi. This expression shows how the

value function is properly defined by optimizing over the timing and magnitude of wage ad-

justments, incorporating the constant part of the flow profit between intervention times and

the instantaneous profit difference G(.) after each intervention.

The next step is crucial. It is useful to introduce the non-local intervention operator M:

MJ (R,Z) ≜ sup
W∈W

{G(W,R,Z) + J (W,Z)}. (13)

Intuitively,MJ (R,Z) represents the maximum value the firm can attain if it chooses to inter-

vene at the current state (R,Z). This value consists of two components: the immediate impulse

payoffG(W,R,Z) from a wage adjustment, and the continuation value J(W,Z) encompassing

the firm’s future prospects starting from the new reference state R = W . By maximizing over

W , the operator characterizes the optimal wage policy that balances the immediate cost/benefit

of an adjustment against the future impact of a lower/higher reference wage.

Equipped with this formulation along with the recursive structure of the problem, we can

invoke the dynamic programming principle to express the firm’s value function as

J (R,Z) = sup
τ≥0

E

[∫ τ

s

e−(ρ+δ+π)(t−s)Π(R,R,Z)dt+ e−(ρ+δ+π)(τ−s)MJ (R,Z)
∣∣Fs

]
. (14)

It is now even more clear that the firm will attain its maximum value by recursively choosing
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a sequence of Ft-adapted optimal intervention times—when to adjust the wage—as well as a

sequence of optimal impulse controls—by how much to adjust the wage. This is why the above

formulation is instructive to illustrate the nature of the problem, namely, a stochastic impulse
control problem involving free boundaries.

To be more precise, the value function J must satisfy the following conditions for all (R,Z):

(i) The value of being in any state is at least as high as the value attained by optimally in-

tervening; i.e., J ≥ MJ . (ii) J satisfies a HJB inequality over the entire state space; i.e.,

(ρ+ δ + π)J (R,Z)− (µ+ π)ZJZ(R,Z)− 1
2
σ2Z2JZZ(R,Z)− Π(R,R,Z) ≥ 0. (iii) Impor-

tantly, optimality requires that the two previous conditions must hold with complementarity,

hence at least one of the inequalities in (i) or (ii) must hold with equality.

It turns out that equation (14) is the integral form of a quasi-variational inequality that the

value function has to satisfy for all t. The classical reference for both theory and a range of

applications of quasi-variational inequalities is the foundational work of Bensoussan and Lions

(1984); see also Bardi and Capuzzo-Dolcetta (1997), Pham (2009), andØksendal and Sulem (2019)

for more recent textbook treatments of related problems.

Denote the infinitesimal generator of the nominal productivity process by LJ ≜ (µ +

π)ZJZ + 1
2
σ2Z2JZZ . The firm’s value function must satisfy the following Hamilton-Jacobi-

Bellman quasi-variational inequality (HJBQVI) along with two boundary conditions:

min
{
(ρ+ δ + π)J (R,Z)− LJ(R,Z)− Π(R,R,Z), J (R,Z)−MJ (R,Z)

}
= 0, (15)

lim
T→∞

E
[
e−(ρ+δ+π)(T−s)J (Rτ∧T , Zτ∧T ) | Fs

]
= 0, (16)

for all Rt < W (Rt), J (R,Z) = 0. (17)

The first term of the HJBQVI (15) can be interpreted as the “cost of inaction” at state (R,Z),

and the second term represents the “cost of intervention” at the same state (R,Z). The HJBQVI

succintly formalizes the fact that, at the optimum, both costs are non-negative and at least one

must be zero. In the inaction region the cost of inaction is zero while the cost of adjustment is

positive, whereas in the intervention region the cost of intervention is zero while the cost of

inaction is positive.

Equation (16) is a standard transversality condition (TVC): a minimally sufficient boundary

condition that the value function has to satisfy at the optimum, as well as a tool to identify it

among potential solutions. The TVC requires that there is no residual discounted value at in-

finity along non-terminated paths. Technically, the TVC is required in our verification theorem

in order to remove the terminal term after applying Itô’s lemma and optional sampling to the

process e−(ρ+δ+π)(t−s)J (R,Z) on [s, τ ∧ T ]. The TVC holds trivially on paths where τ < ∞
since J (R,Z) = 0 at and after termination. When Pr(τ = ∞) > 0, it amounts to the mild

requirement that the discounted J (RT , ZT ) vanishes in expectation as T → ∞, which in our

case is ensured under growth conditions granted by the parameter condition (8).

Finally, equation (17) is a simple boundary condition stating that if the firm offers a wage
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strictly lower than the worker’s reservation wage W (Rt), the worker quits and the match is

dissolved (its value is normalized to zero).

II.5. Solution

Inaction region and wage rigidity. Building on the structure of the HJBQVI, we now dis-

sect the optimal intervention induced by theM(.) operator. To proceed formally we introduce

the set I , which we call the inaction region, I =
{
(R,Z) ∈ X : J (R,Z) > MJ (R,Z)

}
, as

well as its complement set A, which we call the action region, A =
{
(R,Z) ∈ X : J (R,Z) =

MJ (R,Z)
}
.15 The sets above partition the state space accordingly: in the inaction region it

is optimal for the firm to maintain the current wage contract, while in the action region it is

optimal to adjust the wage immediately. This partition highlights the possibility of a non-trivial

inaction region, but under what circumstances is it optimal for the firm to pursue inaction? The

following proposition provides the condition underwhichwage rigidity arises as optimal policy.

PROPOSITION 1: There exists a non-trivial inaction region, i.e., I is a non-empty open set with
positive Lebesgue measure, if and only if λ > 1.

Proposition 1 establishes that asymmetric reciprocity is necessary and sufficient for the ex-

istence of a non-trivial inaction region. As this is the condition that generates the empirically

relevant case of nominal downward wage rigidity along with interesting wage dynamics, we

henceforth retain the assumption λ > 1.

Optimal wage policy. The optimal policy is determined by maximizing the value of the

intervention operator defined in (13). Conditional on intervening, the firm chooses a new wage

to optimize the sum of the immediate impulse payoff and the continuation value. The neces-

sary first-order condition (FOC) that characterizes the optimal wage policy in the action region

(W̃t ̸= Rt) thus corresponds to

ZtfW (W,R;λ)︸ ︷︷ ︸
current

marginal benefit

− 1︸︷︷︸
current

marginal cost

+ JR(W,Z)︸ ︷︷ ︸
future

marginal cost

= 0, forW ̸= R, (18)

where fW (W,R;λ) ≜ ∂f(W,R;λ)
∂W

, and JR(W,Z) ≜
∂J(R,Z)

∂R

∣∣
W=R

represents the shadow price of

the current reference wage R evaluated at the new reference wage W , thereby capturing the

intertemporal marginal cost of the firm’s action.
16
The first-order condition (18) for an interior

15
It is perhapsmore common to encounter the equivalent terms “continuation” region and “intervention” region

in the mathematics or applied probability literature. Nevertheless, we choose the terms “inaction” and “action” as

they are more frequently used in economics, see e.g., Stokey (2009).

16
Note that JR(W,Z) does not hinge on a separate envelope condition, but is simply the result of applying the

chain rule:
d

dW J (W,R) = ∂J (R,Z)
∂R

∣∣
W=R

dW
dW + ∂J (R,Z)

∂Z

∣∣
W=R

dZ
dW = JR(W,Z), since dZ

dW = 0.
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optimum thus translates to

W̃ (R,Z) =

(
Zη

1− JR(W̃ , Z)

)1/γ

, for W̃ > R, (19)

W̃ (R,Z) =

(
Zλη

1− JR(W̃ , Z)

)1/γ

, for W̃ < R. (20)

These equations characterize the optimal wage as an implicit function of the state, and they are

economically meaningful only if they define a wage policy within the set of admissible actions.

Clearly, the term 1 − JR(W̃ , Z) must be strictly positive to ensure the optimal wage is both

real and strictly positive. The following lemma proves that this is indeed the case and that the

firm’s value function is strictly decreasing in the worker’s current reference wage.

LEMMA 1: The firm’s value function in the inaction region is strictly decreasing in the reference
wage, i.e., JR(W,Z)<0,∀(R,Z)∈X. Therefore, any interior optimal impulse control results in a
strictly positive wage schedule, W̃ (R,Z) > 0.

Within the inaction region the firm keeps the nominal wage at the prevailing reference wage

and the value function solves the corresponding HJB equation, which is a linear second-order

PDE in (R,Z) and thus remains highly tractable. The next proposition provides the general

solution in closed form. This result is critical because it serves as the core building block for

the candidate value function used in the verification theorem, which is essential for obtaining

the optimal value and policy functions.

PROPOSITION 2: The value function in the inaction region (W̃t = Rt) admits the general solution

J (R,Z) =
Zē

ρ+ δ − µ
− R

ρ+ δ + π
+ Ω1Z

β1R1−γβ1 + Ω2Z
β2R1−γβ2 , (21)

where Ω1,Ω2 are real constants to be determined, and β1 > 1, β2 < 0 are the roots of the charac-
teristic quadratic equation 1

2
σ2β(β − 1) + (µ+ π)β − (ρ+ δ + π) = 0 given by

β1,2 =
−(µ+ π − 1

2
σ2)±

√
(µ+ π − 1

2
σ2)2 + 2σ2(ρ+ δ + π)

σ2
(22)

Equation (21) reveals that the inaction-region value consists of two fundamental parts. The

first two terms (the particular solution) capture the present value of flow profits when the wage

is held fixed at Rt. The two remaining terms (the homogeneous solution) capture the option

value created by diffusive productivity and the possibility of future wage adjustments. As we

show right below, the constants Ω1 and Ω2 are pinned down in closed form by the FOCs for

the optimal wage, and their values are such that the smooth-pasting conditions at the free
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boundaries are always satisfied for any Rt.

Now that J (R,Z) in the inaction region is known, we can calculate JR(W̃ , Z) showing up

in the denominator of (19)–(20) and characterize the wage setting decision of the firm. In fact,

we derive the optimal wage policy in closed form together with the productivity thresholds

(free boundaries) that separate the upward/downward action regions from the inaction region.

This is achieved analytically because the representation of J (R,Z) embeds a useful scaling

invariance: the marginal value JR(W̃ , Z) is homogeneous of degree zero in (W̃ γ, Z); see proof

of Proposition 2 for details. We summarize these findings below.

PROPOSITION 3: If Zt > Z(Rt), the interior (non-layoff) optimal wage policy for every t ≥ s

must take the form

W̃ (Rt, Zt) = max
{
Ŵ (Rt, Zt),W (Rt)

}
, (23)

Ŵ (Rt, Zt) =


(Zt/U)

1/γ > Rt, if Zt > ZU(Rt),

Rt, if Zt ∈ [ZL(Rt), ZU(Rt)] ,

(Zt/L)
1/γ < Rt, if Zt < ZL(Rt),

(24)

where U and L are real constants to be determined. The productivity thresholds (free boundaries)
are determined by the value-matching conditions for all Rt, and are given by

ZU(Rt) = URγ
t and ZL(Rt) = LRγ

t . (25)

The constants Ω1,Ω2 in the value function (21) are determined by the first-order conditions for the
optimal wage, ensuring that the smooth-pasting conditions at the free boundaries are satisfied for
all Rt, and are given by

Ω1 =
Uβ2

(
1+ρ+δ+π
ρ+δ+π

− ηλL
)
− Lβ2

(
1+ρ+δ+π
ρ+δ+π

− ηU
)

(1− γβ1) (Lβ1Uβ2 − Uβ1Lβ2)
, (26)

Ω2 =
Lβ1

(
1+ρ+δ+π
ρ+δ+π

− ηU
)
− Uβ1

(
1+ρ+δ+π
ρ+δ+π

− ηλL
)

(1− γβ2) (Lβ1Uβ2 − Uβ1Lβ2)
. (27)

If Zt ≤ Z(Rt) = Z layoff (Rt), the firm will lay off the worker, while if Zt ≤ Z(Rt) = Zquit(Rt)

the worker will quit.

Proposition 3 establishes that the firm’s interior (non-layoff) optimal wage-setting policy

is a state-dependent trigger policy characterized by two free boundaries, i.e., an “S, s” rule

with two time-varying thresholds. The optimal wage exhibits a three-region structure: when

productivity is sufficiently high (Zt > ZU(Rt)), the firm raises the wage to (Zt/U)
1/γ

; when

productivity is sufficiently low (Zt < ZL(Rt)), the firm cuts the wage to (Zt/L)
1/γ

; and when

productivity lies in the intermediate “range of rigidity” [ZL(Rt), ZU(Rt)], the firm optimally
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freezes the wage at the reference level Rt. The latter is exactly the inaction region delineated

in Proposition 1, which is nonempty if and only if λ > 1 reflecting that the benefit of wage cuts

is offset by the cost of asymmetric reciprocity.

It is critical to note that the free boundaries ZL(R) and ZU(R) scale with the reference wage

non-linearly (modulated by the curvature parameter γ), implying that the width of the inaction

region grows or shrinks with the wage level. Accordingly, downward wage rigidity is far from

a static phenomenon but rather evolves dynamically throughout the employment relationship.

Since past wage increases become embedded in the worker’s current reference wage through

adaptation, the firm’s reluctance to cut wages applies at any wage level the firm-worker match

reaches, not merely at its initial level. Consequently, moderate productivity declines will likely

trigger wage freezes rather than cuts, as the firm optimally tolerates compressed profit margins

to avoid the disproportionate effort loss from negative reciprocity.

Another important feature of the wage policy is the role of the worker’s reservation wage

W (Rt) as a binding constraint in relatively low productivity states. Whenever the interior so-

lution Ŵ (Rt, Zt) falls below W (Rt), the firm sets the wage exactly at the reservation wage

instead of allowing the worker to quit, provided the match continues to generate positive sur-

plus (if J (Rt, Zt) > 0). In this region, the wage is determined by the worker’s outside option

and not by the first-order condition, but the firm’s willingness to pay it reflects genuine eco-

nomic surplus from the match. Only when productivity falls below the threshold Z(Rt) (where

J (Rt, Zt) ≤ 0) does separation occur through layoff or quit. In that sense, the optimal wage-

setting behavior of the firm insulates the model from the critique put forth by Barro (1977).

Let the candidate optimal policy W̃ (R,Z) be given by Proposition 3. Henceforth we consider

the following candidate value function:

J̃ (R,Z) = G(W̃ , R, Z) + J (W̃ , Z) =



J U(R,Z; W̃ ), if Zt > ZU(R)

J (R,Z), if Zt ∈ [ZL(R), ZU(R)] ,

J L(R,Z; W̃ ), if Zt ∈ (Z(R), ZL(R) ) ,

0 (layoff) if Zt ≤ Z(R),

(28)

J U(R,Z; W̃ ) ≜
ηZ

1− γ

(
W̃ 1−γ −R 1−γ

)
− (W̃ −R) +

Zē

ρ+ δ − µ
− W̃

ρ+ δ + π

+ Ω1Z
β1W̃ 1−γβ1 + Ω2Z

β2W̃ 1−γβ2 , (29)

J (R,Z) ≜
Zē

ρ+ δ − µ
− R

ρ+ δ + π
+ Ω1Z

β1R1−γβ1 + Ω2Z
β2R1−γβ2

(30)

J L(R,Z; W̃ ) ≜
ληZ

1− γ

(
W̃ 1−γ −R 1−γ

)
− (W̃ −R) +

Zē

ρ+ δ − µ
− W̃

ρ+ δ + π

+ Ω1Z
β1W̃ 1−γβ1 + Ω2Z

β2W̃ 1−γβ2 . (31)
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The next step is one of the most crucial in establishing that our candidate value function is

indeed the true value function of the problem. Below we prove that (28) is the unique viscosity

solution of the HJBQVI, as well as a classical solution of the HJBQVI almost everywhere on the

state space, and identify the necessary and sufficient conditions that pin down the constants

U and L. The notion of viscosity solutions is essential and far from a mere technicality: it is

the appropriate weak solution concept for degenerate elliptic partial differential equations in

this setting given that classical (twice) differentiability fails at the free boundaries ZU(R) and

ZL(R), as well as at the layoff boundary Z(R); see e.g. Bensoussan and Lions (1984), Bardi and

Capuzzo-Dolcetta (1997), Crandall, Ishii, and Lions (1992), and Fleming and Soner (2006).

PROPOSITION 4: The candidate value function (28) is:

1) A classical solution of the HJBQVI (15) almost everywhere on X;

2) A viscosity solution of the HJBQVI (15) everywhere on X;

3) The unique viscosity solution of the HJBQVI (15) everywhere on X;

if and only if U ≥ 1 + ρ+ δ + π

(ρ+ δ − µ)η
and L ≤ 1 + ρ+ δ + π

(ρ+ δ − µ)ηλ
.

Proposition 4 reveals that our candidate value function is indeed the unique viscosity so-

lution to the HJBQVI under the simple necessary and sufficient conditions that U and L are

greater/less than a deterministic constant. We remind the reader that we have not yet derived

the optimal values of U and L, but we will do so shortly and show that they always satisfy

the above conditions. Armed with this uniqueness result we can now proceed with a formal

verification procedure. In what follows we apply a step-by-step verification-theorem argument

to prove that the viscosity solution identified right above coincides with the firm’s true value

function, and that the associated policy is indeed optimal and unique.

PROPOSITION 5: For every t ≥ s, the value function J (R,Z) of the firm employing a worker
with reference wage R and nominal idiosyncratic match productivity Z is given by (28), and the
unique optimal wage policy is given by (23), if and only if

U =

1+ρ+δ+π
ρ+δ+π

[
β1(β2 − 1)xβ1 − β2(β1 − 1)xβ2 + (β1 − β2)x

β1+β2

]
η (β1 − 1)(β2 − 1)

(
xβ1 − xβ2

) > U∗, (32)

L =

1+ρ+δ+π
ρ+δ+π

[
β1(β2 − 1)xβ1 − β2(β1 − 1)xβ2 + (β1 − β2)x

β1+β2

]
x η(β1 − 1)(β2 − 1)

(
xβ1 − xβ2

) <
U∗

λ
, (33)

where x ≜ U/L solves equation (A115) in the Appendix and admits the analytic representation

x = 1 +
∞∑
n=1

αn(λ− 1)n/3, αn =
1

n!

[
dn−1

dεn−1

[(
F (1 + ε)− 1

ε3

)−n/3
]∣∣∣∣∣

ε=0

, (34)
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and where U = L = U∗ =
1 + ρ+ δ + π

(ρ+ δ − µ)η
when λ = 1.

Proposition 5 concludes the full characterization of the firm’s problem. The solution deliv-

ers closed-form expressions for both the value function and the wage policy across the entire

state space, conditional on the worker’s reservation wage W (Rt) and the separation thresh-

old Z(Rt). The verification procedure confirms that the candidate viscosity solution to the

HJBQVI satisfies the transversality condition and coincides with the firm’s true value function,

thereby establishing that the solution characterized in Proposition 4 is indeed optimal and that

the associated policy W̃ (R,Z) maximizes the firm’s expected discounted profits. Importantly,

the constants U and L are uniquely and unconditionally determined by the model’s primitives.

The asymmetry in worker reciprocity manifests directly in the ratio x = U/L > 1, capturing

why downward rigidity arises: the firm requires a proportionally larger productivity decline

to justify a wage cut than the increase needed for a wage raise. It is evident from the analytic

representation that higher values of λ lead to the optimal U being larger and the optimal L

being smaller, which means that the range of inaction expands for any given reference wage

R, making the occurrence of wage rigidity more likely in expectation. Of course, when λ = 1,

the inaction region disappears (U = L = U∗) and trivially collapses to a singleton.

Figure 1 illustrates the value function of the firm J (R,Z) and its partition into four dis-

tinct regions across the state space of reference wage R and nominal productivity Z . The lay-

off region occupies the low-productivity/high-reference-wage part where the match generates

negative surplus and separation is optimal. The downward action and upward action regions

surround the inaction region with the time-varying boundaries ZL(R) and ZU(R) clearly vis-

ible as curves that scale with Rγ
. The value function is smooth within and across (up to the

first derivative) each region, consistent with the smooth-pasting conditions that pin down the

constants Ω1 and Ω2. Notably, J (R,Z) is strictly decreasing in R for any given Z—the same

realization of Z may result in upward action, inaction, downward action, or layoff depending

on how high the current R is—and strictly increasing in Z for any given R, reflecting both the

contemporaneous and option value of higher productivity.

III. Wage Dynamics

This section explores the dynamic implications of the firm’s optimal wage-setting policy in

partial equilibrium. We begin by deriving a series of results that delineate some qualitative

properties of wage dynamics, providing analytical insights into how the model’s structural

parameters shapewage rigidity, adjustment patterns, and rent-sharing elasticities. We then turn

to our framework’s quantitative performance, calibrating the model using a simulated panel of

heterogeneous agents to match key empirical moments from the distribution of nominal wage

changes and evaluating its ability to replicate additional untargeted statistics.
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Figure 1: The Firm’s Value Function
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Notes: The figure depicts the value function of a firm J (R,Z) employing a worker with

reference wage R and nominal match productivity Z . The parametrization follows the

baseline calibration reported in Table 1.

III.1. Qualitative implications

We begin by characterizing how the extent of nominal wage rigidity—captured by the width

of the inaction region—responds to the model’s structural parameters. This comparative-statics

exercise lays out the primitives that determine the range of wage rigidity and provides testable

predictions for how this range varies across different economic environments.

COROLLARY 1: Let x ≜ ZU(Rt)/ZL(Rt) = U/L denote the width of the inaction region captur-
ing the range of nominal wage rigidity. We have that:
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— x is strictly increasing in the reciprocity asymmetry parameter λ;

— x is strictly decreasing in the discount rate ρ;

— x is strictly decreasing in the separation rate δ;

— x is invariant to the effort sensitivity parameter η;

— x is invariant to the curvature parameter γ.

Corollary 1 reveals how the range of nominal wage rigidity changes according to the model’s

state and primitives. The reciprocity asymmetry λ is the main parameter that amplifies the

range of rigidity by lowering the downward threshold L disproportionately more relative to

the upward threshold U , making wage cuts more costly and thus widening the inaction region.

Conversely, a higher discount rate ρ or separation rate δ reduces the present value of future

reference wage costs, which naturally tilts the firm’s trade-off toward more frequent adjust-

ment. In contrast, the invariance of x to the effort sensitivity parameter η and the curvature

parameter γ arises because these parameters affect the level mapping between productivity and

wages, but not the relative spacing between the two adjustment thresholds: they shift the two

margins proportionately, so their effects cancel in the ratio U/L.

While Corollary 1 characterized the width of the inaction region and its comparative statics,

the following result characterizes the dynamics of wages when the firm does choose to adjust.

The width of the inaction region determines the frequency of wage adjustments, while the

stochastic process governing wages in the action region determines the magnitude and volatil-

ity of those adjustments. We continue by showing that the optimal wage dynamics in the action

region inherit the stochastic properties of Zt, but with modified drift and volatility due to the

non-linear transformation induced by the optimality conditions.

COROLLARY 2: The firm’s optimal wage policy in the action region (Zt /∈ [ZL(R), ZU(R)] and
W̃t > W (R)) follows a geometric Brownian motion with modified drift and volatility:

dW̃t

W̃t

=

(
µ+ π

γ
+

1

2

σ2(1− γ)

γ2

)
dt+

σ

γ
dBt, (35)

with the corresponding integral representation:

W̃t = W̃τi exp

{
1

γ

(
µ+ π − σ2

2

)
(t− τi) +

σ

γ
(Bt −Bτi)

}
, for t ∈ (τi, τi+1], (36)

where τi denotes the most recent intervention time, and W̃τi = (Zτi/U)
1/γ if Zτi > ZU(Rτi) or

W̃τi = (Zτi/L)
1/γ if Zτi < ZL(Rτi). Under full reversibility (λ = 1), the inaction region vanishes

(U = L) and the wage follows (35)–(36) continuously for all t ≥ 0 and Zt > Z(Rt).

There are several useful insights to be drawn from Corollary 2. First, the effort sensitivity

parameter η affects only the level of optimal wages but not their growth rates or volatility. This
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is evident from η entering the solution (36) only through the initial condition W̃τ0 , but does

not appear in the differential form (35). Higher effort sensitivity leads to proportionally higher

wages at all times, but leaves percentage wage changes unaffected. At the same time, η remains

important as it determines the level of the value function and thus affects both the endogenous

layoff threshold Z layoff (Rt) and as the state-space where the reservation wage binds.

Second, while η acts as a scaling parameter, the curvature parameter γ plays a fundamen-

tally different role as it shapes the transmission of productivity shocks into wage dynamics.

Specifically, it governs the elasticity of the wage with respect to productivity, 1/γ, and thereby

determines both the drift and volatility of wage changes, since γ captures the concavity of the

effort function—how rapidly the marginal effort response to wage increases diminishes. When

γ is small (high curvature), effort exhibits sharply diminishing returns to wages, so the firm

must adjust wages more aggressively in response to productivity shocks to maintain optimal

effort incentives. Conversely, when γ → 1, effort responds nearly linearly to wages and the

optimal wage inherits the exact stochastic properties of productivity.

Finally, notice that the drift term in (35) is exactly the right-hand side of the parameter con-

dition (8) which ensures the TVC is satisfied. This coincidence is not accidental: along non-

terminated paths, the firm’s value is asymptotically dominated by its fastest-growing compo-

nent (upward adjustment region), which is proportional to W̃t. The transversality condition

therefore requires the firm’s effective discount rate (ρ+δ+π) to exceed thismaximal expected
growth rate E[dW̃t/W̃t] =

µ+π
γ

+ 1
2
σ2(1−γ)

γ2 , so that the discounted continuation value vanishes

in expectation as t→ ∞. See Step 2 in the proof of Proposition 5 for more details.

The next result characterizes the firm’s wage-setting behavior over finite time intervals of

length ∆ > 0. Here we work with the firm’s fundamental state variable, Xt ≜ Zt/R
γ
t , which

evolves as a geometric Brownian motion over each time interval since the reference wage re-

mains constant until the next (potential) adjustment. This yields analytical and intuitive ex-

pressions for state-dependent adjustment probabilities that depend on the current stateXt, the

boundaries of the inaction region, and the primitives of the productivity process.

PROPOSITION 6: Define the firm’s state variableXt ≜ Zt/R
γ
t for any t ≥ 0. Over a time interval

of length ∆ > 0, the optimal (non-layoff) wage evolves according to:

Ŵt+∆(Xt) =


WU > Ŵt with probability θU(Xt,∆),

Ŵt with probability 1− θU(Xt,∆)− θL(Xt,∆),

WL < Ŵt with probability θL(Xt,∆),

(37)
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where the state-dependent adjustment probabilities are given by

θU(x,∆) = Φ

(
ln(x/U) + (µ+ π − σ2/2)∆

σ
√
∆

)
, (38)

θL(x,∆) = Φ

(
ln(L/x)− (µ+ π − σ2/2)∆

σ
√
∆

)
, (39)

the reset wages areWU =
(

Zt+∆

U

)1/γ
and WL =

(
Zt+∆

L

)1/γ
, and Φ(·) denotes the standard Gaus-

sian cumulative distribution function.

Proposition 6 reveals a rich state-dependent structure in the evolution of wage adjustments

and further demonstrates the presence of path dependence and hysteresis in wage dynamics.

In our setting, the implied adjustment probabilities are endogenous functions of economic fun-

damentals and thus inherently time-varying. Firms that are currently raising wages because

of high productivity relative to reference wages (Xt > U ) are much more likely to raise wages

again in the next period; those with low relative productivity (Xt < L) are much more likely to

cut wages again next period; and those currently in the inaction region (L < Xt < U) should

be expecting to keep wages frozen in the near future. As a result, two workers with identi-

cal productivity trajectories but sufficiently different initial reference wages may exhibit wildly

dissimilar wage levels and adjustment patterns over time. These features contrast sharply with

time-dependent (Calvo-type) frameworks used in many macroeconomic models in which the

implied hazard functions are constant.

Figure 2 plots the firm’s wage policy for three values for the parameter λ = {1.17, 1.03, 1.00}
under the same simulated path for nominal productivity Zt. The top panel illustrates how the

degree of asymmetric reciprocity shapes wage dynamics along identical productivity paths;

the underlying R0 = 0.5 is such that in all three cases the initial optimal wages are numer-

ically identical. The benchmark case of full reversibility (λ = 1.0) exhibits continuous wage

adjustments that exactly track nominal productivity fluctuations. In stark contrast, the case

of strong asymmetry (λ = 1.17) generates pronounced downward nominal wage rigidity. De-

spite a sustained productivity decline lasting nearly 60 months, the wage remains completely

frozen throughout as the threshold ZL(Rt) is sufficiently low that even large productivity de-

clines fail to breach it. Wages only adjust upward once productivity recovers strongly enough

to exceed ZU(Rt). Crucially, this upward adjustment is itself compressed relative to the fric-

tionless case, illustrating the model’s property of upward wage compression. The intermediate

case (λ = 1.03) exhibits moderate downward nominal wage rigidity. The wage then remains

frozen until productivity falls sufficiently far below the respective threshold ZL(Rt) to trigger

a downward adjustment, but the resulting cut is substantially smaller in magnitude than the

concurrent decline in Zt and attenuated relative to the full-reversibility benchmark. This illus-

trates the model’s property of downward wage compression. Notably, all three policies converge
to similar wage levels by the end of the simulation as productivity trends upward, but the paths

differ dramatically—this is precisely the asymmetry that variations in λ are designed to capture.
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Figure 2: Wage Dynamics Under Different Values for λ
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Notes: The figure depicts the firm’s wage policy under three different values for the parameter

governing workers’ negative reciprocity to nominal wage cuts, λ = {1.45, 1.2, 1.0}. All wage
policies use the same simulated path for nominal productivity (dashed line, Z0 = 1.0), as well
as the same initial reference wage: R0 = 0.5 in the top panel, R0 = 0.8 in the bottom panel.

Apart from the different values of λ, the rest of the parametrization follows the baseline

calibration reported in Table 1.
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The bottom panel of Figure 2 reveals an additional dimension of the model’s implications for

path dependence. Here we consider a higher initial reference wage, R0 = 0.8, so that the three

optimal policies now start from different initial wage levels. Given the state-dependent nature

of wage setting, R0 is a state variable that influences not only the initial wage level but also the

entire subsequent wage trajectory. Under strong asymmetric reciprocity (λ = 1.17) the wage

remains almost completely rigid for approximately 100 months, absorbing nearly all produc-

tivity fluctuations within the inaction region until a sufficiently large positive shock triggers

an upward adjustment. Under the intermediate case (λ = 1.03) the initial wage is higher, as

the elevated R0 shifts the entire inaction region upward. The wage implements modest ad-

justments in both directions as productivity fluctuates, but each adjustment is again attenuated

relative to the frictionless benchmark. Taken together, the two panels illustrate that R0 is not

merely an initial condition but a persistent determinant of wage dynamics. Workers facing

identical productivity trajectories but different initial reference wages will exhibit persistently

different wage levels and dynamics. This feature captures the empirical regularity that wages

display substantial and persistent dispersion even among observably similar workers, and that

the frequency and magnitude of wage adjustments vary considerably in ways that are difficult

to attribute to contemporaneous productivity differences alone.

We now turn to yet another element our model can speak to: the elasticities of wages with

respect to key firm-level outcomes. These quantities provide a direct link between our the-

oretical framework and the empirical literature on “rent-sharing elasticities”, which typically

estimates reduced-form relationships between wages and measures of firm performance such

as productivity, output, or profits; see the comprehensive survey of Card et al. (2018).

COROLLARY 3: For any given (Rt, Zt) such that Zt is not in the inaction region [ZL(R), ZU(R)],
for a given firm-specific labor (wage) share of output sL = Wt

Yt
, and worker’s elasticity of effort

with respect to the wage given by

εf,W =


ηW 1−γ

t

f(Wt,Rt)
, ifWt ≥ Rt

ληW 1−γ
t

f(Wt,Rt)
, ifWt < Rt,

(40)

the instantaneous wage elasticities with respect to productivity (εW,Z), firm output (εW,Y ), and
firm profits (εW,Π) are given by:

εW,Z =
d logWt

d logZt

=
1

γ
(41)

εW,Y =
d logWt

d log Yt
=

1

γ + εf,W
(42)

εW,Π =
d logWt

d log Πt

=
1− sL

γ + εf,W − sL
(43)

Therefore we have that εW,Π < εW,Y < εW,Z for all t when εf,W > 0.
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Corollary 3 clarifies that there is a certain hierarchy in the magnitude of rent-sharing elastic-

ities embedded in our framework. The wage elasticity with respect to productivity εW,Z = 1/γ

is indeed the most fundamental elasticity implied by our model. Nevertheless, we should con-

sider alternative notions of rent-sharing elasticities from an empirical standpoint, as the true

productivity process of a firm-worker match can rarely be observed in actual data. When we

calculate the elasticity with respect to output εW,Y , the denominator increases by εf,W because

output depends not only on Zt but also on endogenous effort, which itself responds to wage

changes. This effectively creates a feedback loop: productivity increases raise the optimal wage,

which in turn boosts effort and amplifies the output response, thereby attenuating the wage-

output elasticity. Accordingly, the elasticity with respect to profits εW,Π is even lower because

profits are a residual after wage payments—determined by the current burden of the wage bill

relative to output—making them more sensitive to wage changes than output. The ranking

εW,Π < εW,Y < εW,Z thus reflects the progressive compounding of endogenous responses as

we move from the exogenous productivity shocks to the firm’s bottom line.

These results speak directly to the extensive empirical literature on rent-sharing elasticities,

which documents substantial heterogeneity in estimated elasticities depending on the measure

of “quasi-rent” per worker used. Most empirical studies regress observed worker wages either

on value-added per worker or on profits per worker (plus a number of controls together with

worker and time fixed effects). Our theoretical prediction is consistent with the typical find-

ing that output-based elasticities exceed (often by a lot) profit-based elasticities; see Card et al.

(2018) and the numerous references therein. Our framework also provides a structural interpre-

tation of this inherent heterogeneity. Specifically, the different magnitudes of estimated elas-

ticities are not merely alternative empirical specifications but rather reflect distinct economic

objects that should theoretically differ due to the endogeneity of effort.

III.2. Quantitative implications

We now assess the model’s quantitative performance by calibrating it to match key empir-

ical moments of the wage change distribution along with additional relevant moments. The

calibration exercise serves two purposes: first, to demonstrate that our parsimonious theoreti-

cal framework can quantitatively account for salient features of observed wage dynamics; and

second, to explore the model’s predictions for additional statistics not directly targeted in the

calibration, thereby providing a test of its internal consistency and empirical relevance.

The model economy is calibrated to US data. The length of a period is taken to be one month

and the results are based on a simulated panel of 100, 000 firm-worker matches per period over

a time span of 120 months (10 years). The calibration strategy lies on the side of parsimony:

we reduce the number of degrees of freedom by preassigning values to three conventional and

well-accepted parameters in the literature, and normalize the values of two more. The model

is then disciplined via the joint calibration of five parameters targeting five relevant moments

that are sufficiently informative about the calibrated parameters.
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The set of parameters that are assigned standard values is the following. The annual time

discount rate is chosen to be ρ = 0.04 and the annual inflation rate is π = 0.02.. The exogenous

annual separation rate is set to δ = 0.40 consistent with observed annual job separation rates

(Shimer, 2005). We also normalize ē = 1.0 andW = 0.00.

Table 1 summarizes the calibration output and resulting parameter values. The five targeted

moments (at annual frequency) are drawn from and consistent with empirical evidence on job-

stayers’ wage dynamics. The first three targeted moments—the probability of no wage change

(33.2%), themedian unconditional wage change (2.4%), and the standard deviation of uncondi-

tional wage changes (6.3%)—are taken directly from Grigsby, Hurst, and Yildirmaz (2021), who

document these statistics using comprehensive administrative payroll data from ADP covering

millions of US workers. These moments capture the essential features of wage rigidity: a sub-

stantial mass of workers experiencing no nominal wage adjustment over a 12-month period,

modest median wage growth consistent with low inflation and moderate productivity growth,

and considerable dispersion in wage changes reflecting heterogeneity in firm-level shocks. The

fourth targeted moment, an average rent-sharing elasticity 8% (with respect to firm profits as a

measure of quasi-rent per worker), is consistent with the empirical literature surveyed by Card

et al. (2018), which typically estimates rent-sharing elasticities in the range of 5−15% depend-

ing on the measure of quasi-rents per worker and estimation strategy. Moreover, this choice

falls between the estimates of around 4% by Juhn et al. (2018) and the IV estimate of around

16% by Barth et al. (2016), both for the US economy. Finally, we target an average labor share

of 60%, a standard value in macroeconomic calibrations.

To be consistent with the empirical rent-sharing literature, we estimate the elasticity of

wages with respect to firm profit using the two-way fixed effects estimator:

logWit = αi + αt + β log Πit + εit, (44)

where Πit ≡ Zitf(Wit, Rit) − Wit is per-worker profit, αi and αt are worker and time fixed

effects respectively, and the coefficient β identifies the rent-sharing elasticity.

The calibration jointly determines five structural parameters: the reciprocity asymmetry λ,

the productivity drift µ and volatility σ, the effort curvature γ, and the effort sensitivity η. The

reciprocity asymmetry λ = 1.17 is the key parameter governing downward wage rigidity and

is identified primarily by the spike at zero in the wage change distribution. The productivity

parameters µ = 0.02 and σ = 0.09 (both annualized) are highly informative of the central

tendency and dispersion of wage changes. The curvature parameter γ = 0.80 and the effort

sensitivity η = 17.3 primarily determine the average rent-sharing elasticity and pin down the

average labor share, consistent with the findings of Corollary 3.

Table 2 reports additional statistics generated by the calibrated model at monthly frequency,

providing a more granular view of wage dynamics and a test of the model’s ability to plau-

sibly capture untargeted moments. The selection of these moments is inspired by Table 4 in

Grigsby, Hurst, and Yildirmaz (2021). The model generates a median unconditional monthly
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wage change of zero, consistent with the high degree of wage rigidity observed in the data,

while the mean unconditional change of 0.4% reflects the positive drift in productivity and in-

flation. The standard deviation of 1.3% at monthly frequency is consistent with the annualized

value of 6.3% when accounting for the time aggregation of idiosyncratic shocks. Notably, the

model produces substantial positive skewness (3.5) and excess kurtosis (17.9) in the uncon-

ditional wage change distribution, capturing the empirical regularity that wage changes are

characterized by a large mass at zero combined with fat tails particularly on the positive side.

Conditional on any wage change occurring, the model generates strongly positive mean and

median changes, along with lower skewness and kurtosis, reflecting a less asymmetric distribu-

tion once the mass point at zero is removed. The model also successfully captures the inherent

asymmetry between positive and negative wage changes: conditional on a positive change, the

mean and median are 2.5% and 2.1%, while conditional on a negative change they are −2.1%

and −1.7%, with the magnitudes being roughly comparable whereas wage cuts occur far less

frequently than wage increases due to the asymmetric reciprocity parameter λ > 1.

Figure 3 illustrates the model’s predicted distribution of wage changes under the baseline

calibration (λ = 1.17) and the full-reversibility counterfactual (λ = 1.00), for both annual

(top panel) and monthly (bottom panel) time periods. Under full reversibility, both distribu-

tions are Gaussian centered at the drift of the wage percentage growth process shown in (35),

with the monthly distribution being considerably narrower due to the shorter aggregation win-

dow. Under the baseline calibration, both distributions instead exhibit a pronounced spike at

zero and are strongly right-skewed with an extensive missing mass of downward adjustments.

The two distributions differ in one additional respect. At the monthly horizon, the calibrated

distribution exhibits strictly lower density than the flexible benchmark at every non-zero bin:

mass that would otherwise be spread across small monthly adjustments is absorbed entirely

into the zero spike, with no compensating redistribution elsewhere. At the annual horizon,

by contrast, the calibrated case displays higher density than the flexible benchmark for small

non-zero changes and lower density for larger ones. This reflects a compounding effect: in the

fully flexible case small monthly movements accumulate into moderate annual changes, spread-

ing mass away from zero; under DNWR, extended spells of inaction followed by compressed

upward adjustments produce annual changes that are either zero or relatively small, thereby

concentrating mass near zero at the expense of the moderate- or large-change region. This

comparison highlights the central role of asymmetric reciprocity in generating the distinctive

features of observed wage change distributions. The model’s ability to replicate these features

with a parsimonious set of structural parameters—and to generate realistic predictions for un-

targeted moments—provides further support for the theoretical mechanism at the heart of our

analysis.

IV. Macroeconomic Implications

WORK IN PROGRESS
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V. Conclusion

We have developed an analytically tractable theory of downward nominal wage rigidity

grounded in the incomplete and relational nature of employment contracts. Our framework

yields closed-form solutions to the firm’s value function and associated “Ss” wage policy, with

formal proofs of both optimality and uniqueness rigorously established—results that have eluded

previous work in this class of models. Moreover, the model’s parsimony does not come at the

expense of empirical realism. Calibrated to match key moments from the distribution of wage

changes, our simulations replicate the pronounced spike at zero, the missing mass of small

positive adjustments, and the dampened response to negative shocks observed in data.

Beyond matching established facts, our framework generates novel predictions about the

dynamic consequences of asymmetric reciprocity. Downward rigidity during negative shocks

necessarily induces upward rigidity during subsequent recoveries, aswages remain elevated rel-

ative to productivity. This creates path dependence and hysteresis: the current state alone does

not determine wage adjustment; rather, the history of shocks matters through its effect on the

gap between current wages and worker reference points. These predictions align with recent

empirical evidence on wage hysteresis and suggest that transitory shocks can have persistent—

or even permanent—effects on wage levels.

The continuous-time formulation we employ offers substantial gains in tractability relative

to discrete-time predecessors, and almost eliminates the need for numerical solutions, which

can be challenging and often imprecise. By recasting the firm’s problem as a stochastic im-

pulse control problem with time-varying free boundaries, we leverage mathematical advances

to derive fully analytical solutions. This portability is crucial: our framework can be read-

ily embedded into existing workhorse macroeconomic models, whether representative-agent

or heterogeneous-agent, to explore the aggregate implications of contract incompleteness for

wage and unemployment dynamics.

Our ongoing work aims to integrate this wage-setting framework into a general-equilibrium

model with heterogeneous agents, search frictions, endogenous job creation and destruction,

and capital accumulation. This extension will allow us to quantify how the strength of work-

ers’ discretionary effort responses shapes hiring, layoffs, and the cyclical behavior of wages and

unemployment. By providing a structural lens through which to interpret observed wage rigid-

ity, our approach offers a complementary perspective to theories based on complete contracts

and bargaining. Incorporating these microfoundations into quantitative macroeconomic mod-

els represents, in our opinion, an important step toward a more complete and nuanced account

of wage and unemployment dynamics in general equilibrium.
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Table 1: Partial-Eqilibrium Model Calibration Summary

Targeted Moments (annual freqency) Model Data Data Source

Probability of no wage change (%) 33.2 33.2 Grigsby et al. (2021)

Median unconditional wage change (%) 2.4 2.4 Grigsby et al. (2021)

Std. dev. of unconditional wage change (%) 6.3 6.3 Grigsby et al. (2021)

Average rent-sharing elasticity (%) 8.0 8.0 See evidence discussed

Average labor share of income (%) 60 60 Standard

Calibrated Parameters Value Comment

Relative sensitivity of effort to wage cuts λ 1.17 See discussion in text

Real productivity drift µ (annual) 0.02 See discussion in text

Real productivity volatility σ (annual) 0.09 See discussion in text

Effort function curvature parameter γ 0.80 See discussion in text

Sensitivity of effort to wage changes η 17.3 See discussion in text

Assigned Parameters Value Comment

Time discount rate ρ (annual) 0.04 Standard

Exogenous job separation rate δ (annual) 0.40 40% annual separation rate

Inflation rate π (annual) 0.02 2% annual inflation rate

Workers’ normal effort ē 1.00 Normalization

Workers’ reservation wageW 0.00 Normalization

Notes: The results are based on a simulated panel of 100, 000 firm-worker matches per period

over a time span of 120 months (10 years), after discarding a burn-in panel of the same size.
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Table 2: Partial-Eqilibrium Model Calibration; Additional Statistics

Moments (monthly freqency) Model

Mean unconditional wage change (%) 0.4

Median unconditional wage change (%) 0.0

Std. dev. of unconditional wage change (%) 1.3

Skewness of unconditional wage change 3.5

Kurtosis of unconditional wage change 17.9

Mean conditional wage change (%) 2.4

Median conditional wage change (%) 2.0

Std. dev. of conditional wage change (%) 2.1

Skewness of conditional wage change 0.7

Kurtosis of conditional wage change 4.7

Mean wage change conditional on positive (%) 2.5

Median wage change conditional on positive (%) 2.1

Std. dev. of wage change conditional on positive (%) 1.9

Skewness of wage change conditional on positive 1.1

Kurtosis of wage change conditional on positive 4.3

Mean wage change conditional on negative (%) −2.1

Median wage change conditional on negative (%) −1.7

Std. dev. of wage change conditional on negative (%) 1.6

Skewness of wage change conditional on negative −1.1

Kurtosis of wage change conditional on negative 4.2

Notes: The results are based on a simulated panel of 100, 000 firm-worker matches per period

over a time span of 120 months (10 years), after discarding a burn-in panel of the same size.
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Figure 3: The Model’s Distribution of Annual Wage Changes

-30 -25 -20 -15 -10 -5 0 5 10 15 20 25 30

Annual wage change (percent)

0

5

10

15

20

25

30

35
D

en
sit

y

_ = 1.17
_ = 1.00

-30 -25 -20 -15 -10 -5 0 5 10 15 20 25 30

Monthly wage change (percent)

0

5

10

15

20

25

30

35

D
en

sit
y

_ = 1.17
_ = 1.00

Notes: The figure depicts the simulated distribution of annual wage changes (top panel) and

monthly wage changes (bottom panel) under the baseline model calibration reported in

Table 1 (λ = 1.17), as well as for the counterfactual simulation under λ = 1.00. The results
are based on a simulated panel of 100, 000 firm-worker matches per period over a time span of

120 months (10 years), after discarding a burn-in panel of the same size.
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Appendix A: Proofs and Derivations

Proof of Proposition 1. Throughout the proof we assume standard HJBQVI regularity con-

ditions; that is, on the interior of I and A, J is C1
in both state variables so JR is continuous.

These conditions are indeed satisfied by the value function as proved in propositions to follow.

We also work at interior points where feasibility is slack (away from the layoff or quit region)

so that small wage deviations are admissible. We prove necessity and sufficiency in turn.

(⇒) If the inaction region I is non-trivial, then λ > 1.

We proceed by contradiction. Assume that the inaction region is non-trivial, meaning that I is

a non-empty open set and thus has positive Lebesgue measure. Assume λ = 1 for the sake of

contradiction. Fix (R,Z) in the interior of I . By definition of inaction, any immediate impulse

W ̸= R is not profitable, so the following one-sided conditions atW = R must hold:

M−(R,Z) ≜
∂MJ
∂W

∣∣∣
W=R−

≥ 0 and M+(R,Z) ≜
∂MJ
∂W

∣∣∣
W=R+

≤ 0.

When λ = 1, the one-sided derivatives coincide since G(.) is C1
inW atW = R, and hence

∂MJ
∂W

∣∣∣
W=R

= ηZR−γ − 1 + JR(R,Z) = 0.

At the same time,J solves theHJB equation (ρ+δ+π)J = (Zē−R)+(µ+π)ZJZ+
1
2
σ2Z2JZZ

in the inaction region. Differentiating w.r.t. R yields

(ρ+ δ + π)JR = −1 + (µ+ π)ZJRZ +
1

2
σ2Z2JRZZ .

From JR(R,Z) = 1− ηZR−γ
, we get JRZ = −ηR−γ

and JRZZ = 0. Substituting back gives

(ρ+ δ + π)
(
1− ηZR−γ

)
= −1− (µ+ π)ηZR−γ,

which cannot hold on any open set of positive Lebesgue measure. This leads to a contradiction.

The hypothesis that λ = 1 must be false, and it follows that λ > 1.

(⇐) If λ > 1, then the inaction region I is non-trivial.

Suppose that λ > 1. This introduces a concave downward kink in the functionG(.) atW = R.

For any (R,Z), the one-sided derivatives atW = R are

M+(R,Z) = ηZR−γ − 1 + JR(R,Z) and M−(R,Z) = ληZR−γ − 1 + JR(R,Z).

As we prove formally below, JR(R,Z) < 0 ∀(R,Z), hence 1−JR(R,Z) > 0, and at the same

timeM−(R,Z)−M+(R,Z) = (λ− 1)ηZR−γ > 0. Now consider the set

S ≜ {(R,Z) ∈ X : M+(R,Z) < 0 < M−(R,Z)}.
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Since M±(R,Z) are continuous and the inequalities are strict, the set S is open as the inter-

section of preimages of open rays under continuous maps. For every (R,Z) ∈ S , we have the
subgradient condition at the kink 0 ∈ [M−(R,Z),M+(R,Z)], so W = R is a local optimum

among admissible wages. This establishes that S ⊂ I , which means that the inaction region I
is a non-empty open set and thus has positive Lebesgue measure in X. ■

Proof of Lemma 1. We prove this by a direct comparison argument. Let X = {τi,Wi}i≥1

denote an admissible policy consisting of a sequence of intervention times and wage impulse

controls. The value function is the supremum of the expected present value of profits, call it

J(·, ·;X), over all admissible policies: J (R0, Z0) = supx∈X J(R0, Z0;X).

Consider two initial states, (R0, Z0) and (R0 + ϵ, Z0) for an arbitrarily small ϵ > 0. Let X∗

be the optimal policy for the firm starting in the state (R0 + ϵ, Z), so that J (R0 + ϵ, Z) =

J(R0 + ϵ, Z;X∗). Now construct a feasible, but not necessarily optimal, policy X̂ = X∗
,

for the firm starting in the state with the lower reference wage, (R0, Z0). We compare the

stream of flow profits generated by these two policies, subject to the same realization of the

productivity process Zt. Without loss of generality, assume that the realization of Z is such

that the firm is in the inaction region at Z0 (the existence of which is proved in Proposition 1)

so that P(τ ∗1 > 0) > 0 for the first stopping time τ ∗1 . For the initial inaction period, t ∈ [0, τ ∗1 ):
During this interval, the firm starting at (R0, Z0) under policy X̂ earns a flow profit of Ztē−R,
while the firm starting at (R0 + ϵ, Z0) earns Ztē − (R0 + ϵ). The profit difference is strictly

positive as ϵ > 0. For all subsequent periods, t ≥ τ ∗1 : Both firms reset their wage to the same

values thereafter, yielding identical flow profits.

The value generated by the feasible policy X̂ is therefore strictly greater than the value

from the optimal policy X∗
, as it dominates in the profit stream over a period that occurs with

positive probability: J(R0, Z0; X̂)−J(R0+ϵ, Z0;X
∗) = E

[∫ τ∗1
0
e−(ρ+δ+π)tϵ dt | F0

]
> 0. At the

same time, by definition, J (R,Z) ≥ J(R0, Z0; X̂). Combining these results yields the strict

inequality, J (R,Z) > J (R + ϵ, Z), hence J (R,Z) is strictly decreasing in R. To formally

establish the property of its derivative, we rearrange the inequality asJ (R+ϵ, Z)−J (R,Z) <

0. Dividing by ϵ > 0 and taking the right-hand limit yields:

JR(R,Z) ≜ lim
ϵ→0+

J (R + ϵ, Z)− J (R,Z)

ϵ
≤ −E

[∫ τ∗1

0

e−(ρ+δ+π)tdt
∣∣F0

]
< 0 (A1)

From the above follows that any (unconstrained) optimal wage must be strictly positive. ■

Proof of Proposition 2. The HJB equation governing the value function in the inaction region

is: (ρ + δ + π)J (R,Z) = (Zē − R) + (µ + π)ZJZ(R,Z) +
1

2
σ2Z2JZZ(R,Z). The general

solution to this linear second-order partial differential equation can be expressed as the sum of

a particular solution and a homogeneous solution:

J (R,Z) = J p(R,Z) + J h(R,Z).
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First, it is easy to see that an affine ansatz of the form J p(R,Z) = AZ −BR, where A,B > 0

are constants to be determined, yields a valid and intuitive particular solution. Calculating the

implied derivatives and matching coefficients yields

J p(R,Z) =
Zē

ρ+ δ − µ
− R

ρ+ δ + π
. (A2)

Moving on to J h(R,Z), which solves the HJB equation with the non-homogeneous terms

(Zē − R) set to zero. This is a homogeneous Cauchy-Euler linear second-order ODE in Z for

fixed R—that is, R is effectively treated as a parameter in the inaction region—whose solution

form is well known. Let β1 > 1 and β2 < 0 be the roots of the quadratic characteristic equation
1
2
σ2β(β − 1) + (µ+ π)β − (ρ+ δ + π) = 0. The homogeneous solution is then given by

J h(R,Z) = C1(R)Z
β1 + C2(R)Z

β2 , (A3)

β1,2 =
−(µ+ π − 1

2
σ2)±

√
(µ+ π − 1

2
σ2)2 + 2σ2(ρ+ δ + π)

σ2
, (A4)

where C1(R), C2(R) are arbitrary functions of R to be determined below. In sum, the general

solution to the HJB in the inaction region and its derivative with respect to R are

J (R,Z) =
Zē

ρ+ δ − µ
− R

ρ+ δ + π
+ C1(R)Z

β1 + C2(R)Z
β2 , (A5)

JR(R,Z) = − 1

ρ+ δ + π
+ C ′

1(R)Z
β1 + C ′

2(R)Z
β2 . (A6)

The current challenge is to pin down the functions C1(R) and C2(R). Recall that in the action

region the optimal wage is obtained by W̃ (R,Z) = argmaxW{G(W,R,Z) + J (W,Z)}. The
FOC can be expressed as

JR(W,Z) = 1− 1ληZW
−γ,

where 1λ = λ if W̃ < R and equal to one otherwise. The FOC reveals that JR(W,Z) must be

a specific function of ZW−γ
at all intervention points. For the general solution to be consistent

with this constraint, JR(W,Z) must inherit the same scaling properties. The rest of the proof

relies on this key observation that gives rise to an invariance property of the value function in

order to preserve the structure of the necessary FOC. Specifically, we will show that JR(W,Z)

is homogeneous of degree zero in (W γ, Z).

To establish the key homogeneity property, consider the one-parameter family of transfor-

mations Tk : (W,Z) 7→ (k1/γW,kZ), for k > 0. This transformation preserves the structure of

the effort function while scaling the state variables in a proportion determined by the curvature

parameter γ. Notice that the FOC is actually invariant under this transformation:

JR(k
1/γW, kZ) = 1− 1λη(kZ)(k

1/γW )−γ = 1− 1ληZW
−γ = JR(W,Z) (A7)

This property is necessary because the set of intervention points must be preserved under the
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transformation that leaves the FOC constraint unchanged, hence the derivative of the general

solution must also be invariant:

JR(k
1/γR, kZ) = JR(R,Z), ∀k > 0 (A8)

Applying this insight to equation (A6) yields the system of differential equations

C ′
1(R) = kβ1C ′

1(k
1/γR) and C ′

2(R) = kβ2C ′
2(k

1/γR).

It is not difficult to deduce an analytical solution to these functional equations by using a general

power-law ansatz of the form

C ′
1(R) = A1R

α1
and C ′

2(R) = A2R
α2 , (A9)

where A1, A2 are real constants depending on all of model’s parameters, and the exponents

α1, α2 are determined just below. Substituting back the ansätze gives

A1R
α1 = kβ1A1(k

1/γR)α1 = A1k
β1+α1/γRα1 ,

A2R
α2 = kβ2A2(k

1/γR)α2 = A2k
β2+α2/γRα2 .

The above need to hold for all k > 0, so it must be that

1 = kβ1+α1/γ ⇐⇒ α1 = −γβ1,
1 = kβ2+α2/γ ⇐⇒ α2 = −γβ2.

Therefore, C ′
1(R) = A1R

−γβ1
and C ′

2(R) = A2R
−γβ2

. Integrating over R yields

C1(R) =

∫
A1R

−γβ1dR =
A1

1− γβ1
R1−γβ1 +B1, (A10)

C2(R) =

∫
A2R

−γβ2dR =
A2

1− γβ2
R1−γβ2 +B2. (A11)

One can verify that the ansätze satisfy the functional equations C ′
i(R) = AiR

−γβi
, for i = 1, 2.

Setting Ω1(r) ≜
A1

1−γβ1
and Ω2 ≜

A2

1−γβ2
yields the stated result.

Finally we prove that the constants of integration B1 and B2 must both be equal to zero, by

showing that otherwise the transversality condition is violated. For geometric Brownian mo-

tion, and for any βi solving
1
2
σ2β(β − 1) + (µ+ π)β − (ρ+ δ + π) = 0, one can show that the

following discounted moment is a martingale: E
[
e−(ρ+δ+π)(t−s)Zβi

t

∣∣Fs

]
= Zβi

s , ∀ t ≥ s. This

follows either from the explicit GBM solution or from Itô’s lemma applied to Zβ
t . Hence the dis-

counted contribution of the homogeneous terms B1Z
β1
t + B2Z

β2
t is time-invariant and equals

B1Z
β1
s + B2Z

β2
s . Since the TVC limT→∞ E

[
e−(ρ+δ+π)(T−s)J (RT∧τ , ZT∧τ )

∣∣Fs

]
= 0 must hold

for all initial states (Rs, Zs), it must be that B1 = B2 = 0. ■
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Proof of Proposition 3. To derive the optimal wage policy, it is useful to define U ≜ W̃−γZ

if W̃ > R, and L ≜ W̃−γZ if W̃ < R. This allows to express JR(W,Z) (whose general form is

established in Proposition 2) as JR(W,Z) = − 1
ρ+δ+π

+ (1− γβ1)Ω1x
β1 + (1− γβ2)Ω2x

β2
, for

x = U,L. Therefore, the necessary first-order conditions for the optimal wage W̃ (R,Z) solve

(1− γβ1)Ω1U
β1 + (1− γβ2)Ω2U

β2 + ηU − 1 + ρ+ δ + π

ρ+ δ + π
= 0, for W̃ > R, (A12)

(1− γβ1)Ω1L
β1 + (1− γβ2)Ω2L

β2 + ληL− 1 + ρ+ δ + π

ρ+ δ + π
= 0, for W̃ < R. (A13)

These are non-linear algebraic equations, one for each adjustment region, whose roots are the

real constants U and L. Then, since W̃−γZ = U or W̃−γZ = L, the implied optimal wage

policy at time t takes the form

W̃ (R,Z) = (Zt/U)
1/γ, for W̃ > R, (A14)

W̃ (R,Z) = (Zt/L)
1/γ, for W̃ < R. (A15)

Consider now the boundaries of the inaction region, ZU(R) and ZL(R). These are the produc-

tivity cutoff values (for any given reference wage) where the firm is indifferent between stay-

ing in the inaction region—keeping the wage equal to R—and moving to the action region—

adjusting the wage to W̃ (R,Z). On these free boundaries, the value-matching conditions,

J (R,ZU) = MJ (R,ZU) and J (R,ZL) = MJ (R,ZL), must hold:

J (R,ZU) = J (W̃ , ZU) +G(W̃ , R, ZU), ∀R ∈ R,

J (R,ZL) = J (W̃ , ZL) +G(W̃ , R, ZL), ∀R ∈ R.

We need to substitute in the expression for J (R,Z) derived in Proposition 2 and evaluated it at

Z = ZU , ZL, as well as the corresponding expressions evaluated at W̃ (R,ZU) and W̃ (R,ZL).

After a few algebraic manipulations we get

2∑
i=1

ΩiZ
βi

U

(
Rθi −

(
ZU

U

) θi
γ

)
= K1

(
R−

(
ZU

U

)1/γ
)
+K2ZU

((
ZU

U

) 1−γ
γ

−R1−γ

)
, (A16)

2∑
i=1

ΩiZ
βi

L

(
Rθi −

(
ZL

L

) θi
γ

)
= K1

(
R−

(
ZL

L

)1/γ
)
+λK2ZL

((
ZL

L

) 1−γ
γ

−R1−γ

)
, (A17)

where θi = 1 − γβi, K1 =
1+ρ+δ+π
ρ+δ+π

, K2 =
η

1−γ
are defined as such just for notational conve-

nience. For the value-matching conditions to be satisfied for anyR ∈ R, it is clear that the free

boundaries must take the form

ZU(R) = URγ, ∀R ∈ R, (A18)

ZL(R) = LRγ, ∀R ∈ R. (A19)
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Next we show that the smooth-pasting conditions at the boundaries ZU(R) and ZL(R) are

automatically satisfied as long as the FOCs (A12) and (A13) hold. By taking the first derivative

w.r.t. Z in equations (A16) and (A17), substituting in the boundariesZU = URγ
andZL = LRγ

,

and rearranging, we obtain

(1− γβ1)Ω1U
β1 + (1− γβ2)Ω2U

β2 + ηU − 1 + ρ+ δ + π

ρ+ δ + π
= 0, for W̃ > R,

(1− γβ1)Ω1L
β1 + (1− γβ2)Ω2L

β2 + ληL− 1 + ρ+ δ + π

ρ+ δ + π
= 0, for W̃ < R.

These are exactly the same equations as in (A12) and (A13). Therefore, smooth-pasting at both

free boundaries holds—the first derivative of the value function is always continuous at ZU(r)

and ZL(r) for any R—as long as the FOCs hold.

Finally we show how to deduce unique closed-form solutions for the constants Ω1 and Ω2

by making use of the FOCs (A12) and (A13). The idea is that, for any U and L, the FOCs form a

linear 2× 2 system in Ω1 and Ω2, so we may effectively solve it using Cramer’s rule. Define the

following constants for notational convenience: K ≜ 1+ρ+δ+π
ρ+δ+π

;KL ≜ K−ηλL;KU ≜ K−ηU.
Now we can compactly express the FOC system in matrix form,(

Lβ1 Lβ2

Uβ1 Uβ2

)(
Ω1(1− γβ1)

Ω2(1− γβ2)

)
=

(
KL

KU

)
. (A20)

The coefficient matrix is non-singular because its determinant is always non-zero,

∆ ≜ det

(
Lβ1 Lβ2

Uβ1 Uβ2

)
= Lβ1Uβ2 − Uβ1Lβ2 . (A21)

since β1 ̸= β2 and U ̸= L. We next calculate the determinants of the replacement matrices:

∆1 ≜ det

(
KL Lβ2

KU Uβ2

)
= KLU

β2 −KUL
β2 , (A22)

∆2 ≜ det

(
Lβ1 KL

Uβ1 KU

)
= Lβ1KU − Uβ1KL. (A23)

There exists therefore a unique solution vector, (Ω1,Ω2), which we can obtain by Cramer’s rule:

Ω1 =
∆1

(1− γβ1)∆
=
Uβ2

(
1+ρ+δ+π
ρ+δ+π

− ηλL
)
− Lβ2

(
1+ρ+δ+π
ρ+δ+π

− ηU
)

(1− γβ1) (Lβ1Uβ2 − Uβ1Lβ2)
, (A24)

Ω2 =
∆2

(1− γβ2)∆
=
Lβ1

(
1+ρ+δ+π
ρ+δ+π

− ηU
)
− Uβ1

(
1+ρ+δ+π
ρ+δ+π

− ηλL
)

(1− γβ2) (Lβ1Uβ2 − Uβ1Lβ2)
. (A25)

■
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Proof of Proposition 4. First off we need to determine a minimally sufficient function

space for the purposes of the proof. To that end we work within the admissible class Cp of

polynomially growing continuous functions on X ; see Fleming and Soner (2006) for a rigorous

treatment. We also use the notation C2
p to denote the class of twice continuously differentiable

polynomially growing functions. For further convenience, let us define the proper degenerate-

elliptic HJB operator H(.) for any function V (R,Z) ∈ Cp as

H
(
V, Vz, Vzz

)
≜ (ρ+ δ + π)V − (µ+ π)ZVZ − 1

2
σ2Z2VZZ − (Zē−R). (A26)

The HJBQVI (15) can be compactly expressed as

min
{
H
(
J ,JZ ,JZZ

)
, J (R,Z)−MJ (R,Z)

}
= 0, ∀(R,Z) ∈ X, (A27)

where the intervention operatorM is defined in (13). Note that under the model assumptions,

M : Cp → Cp is order-preserving and pointwise continuous on Cp (the latter follows from

Berge’s maximum theorem). It is straightforward to check that the candidate value function

satisfies the following regularity conditions:

— J̃ ∈ Cp, since there exists a constant K > 0 and exponents p, q ≥ max{1/γ, β1} such

that

∣∣J̃ (R,Z)
∣∣ ≤ K (1 +Rp + Zq) ,∀(R,Z) ∈ X.

— J̃ ∈ C2
p on the interior of the inaction region, I/{ZL(R), ZU(R)}, since it solves the HJB

equationH(J̃ , J̃Z , J̃ZZ) = 0 in the classical sense, as proved in Proposition 2.

— J̃ ∈ C2
p on the interior of the action region, A/{ZL(R), ZU(R)}.

— J̃ ∈ C1
p on the free boundaries Z = ZL(R) and Z = ZU(R) for any R ≥ W ; however,

J̃ZZ is not necessarily continuously differentiable on these points.

— J̃ satisfies the value-matching and smooth-pasting conditions on both free boundaries,

as well as value matching (but not smooth pasting) on the layoff boundary.

(Part 1) We prove that the candidate value function is a classical solution of the HJBQVI

almost everywhere on X—that is, it satisfies the HJBQVI pointwise everywhere in the interior

of X, except for the free boundaries and the layoff boundary—if and only if the constants U and

L each satisfy a simple parameter condition.

To show under what conditions the HJBQVI is satisfied, we divide the domain into three sets,

(ZU(R),∞), (Z(R), ZL(R)), and (0, Z(R), and consider them separately.

(1a) Z ∈ (ZU(R),∞). By construction of the candidate value function, J U = MJ for any

R ∈ R and for any Z ∈ (ZU(R),∞). What remains to be proved is

H(J U ,J U
Z ,J U

ZZ) ≥ 0, ∀Z ∈ (ZU(R),∞),∀R ∈ R. (A28)
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To compute the derivatives we must use the envelope theorem, so we differentiate w.r.t. Z by

holdingW constant and then evaluate at the optimal wage policy W̃ :

J U
Z (R,Z; W̃ ) =

η

1− γ

(
W̃ 1−γ −R1−γ

)
+

ē

ρ+ δ − µ
+

2∑
i=1

ΩiβiZ
βi−1W̃ 1−γβi , (A29)

J U
ZZ(R,Z; W̃ ) =

2∑
i=1

Ωiβi(βi − 1)Zβi−2W̃ 1−γβi
(A30)

Plugging the above into the HJB operator, the terms Zē/(ρ+δ−µ) cancel out and theΩi-terms

vanish because βi solve
1
2
σ2β(β− 1)− (µ+π)β− (ρ+ δ+π) = 0. Substituting in the optimal

policy W̃ = (Z/U)1/γ , the resulting expression becomes

H(J U ,J U
Z ,J U

ZZ) = (ρ+ δ − µ)ηZ
W̃ 1−γ −R1−γ

1− γ
− (1 + ρ+ δ + π)(W̃ −R). (A31)

Now consider the function q(y) ≜ y1−γ
, which is increasing and concave in y. As a result,

q(W̃ )− q(R) ≥ q′(W̃ )(W̃ −R) = (1− γ)W̃−γ(W̃ −R), and therefore,

W̃ 1−γ −R1−γ

1− γ
≥ W̃−γ(W̃ −R).

Substituting back into the expression forH and using ZW̃−γ = U yields

H(J U ,J U
Z ,J U

ZZ) ≥
[
(ρ+ δ − µ)ηU − (1 + ρ+ δ + π)

]
(W̃ −R). (A32)

On the upward adjustment region Z > ZU(R), we have by construction (W̃ −R) ≥ 0. Hence

a sufficient condition forH(J U ,J U
Z ,J U

ZZ) ≥ 0 for all Z > ZU(R) and all R ∈ R is

(ρ+ δ − µ)ηU ≥ 1 + ρ+ δ + π. (A33)

It is easy to show that (A33) is also a necessary condition. Fix R > 0 and consider the Z-

sequence approaching the free boundary ZU(r) from above, Zε ≜ U (R + ε)γ, with ε ↓ 0, so

that W̃ = (Zε/U)
1/γ = R + ε and we remain in the upward adjustment region. Substituting

into the expression forH and using ZεW̃
−γ = U gives

H(J U ,J U
Z ,J U

ZZ) =
[
(ρ+ δ − µ)ηU − (1 + ρ+ δ + π)

]
ε+ 0(ε).

If (ρ+δ−µ)ηU−(1+ρ+δ+π) < 0, the right-hand side is strictly negative for some sufficiently

small ε > 0, contradicting the requirementH ≥ 0 arbitrarily close to the boundary. Therefore,

the relevant necessary and sufficient condition is

U ≥ 1 + ρ+ δ + π

(ρ+ δ − µ)η
⇐⇒ H(J U ,J U

Z ,J U
ZZ) ≥ 0, ∀Z ≥ ZU(R),∀R ∈ R. (A34)

43



(1b) Z ∈ (Z(R), ZL(R)). By construction of the candidate value function, J L = MJ for

any R ∈ R and for any Z ∈ (Z(R), ZL(R)). What remains to be proved is

H(J L,J L
Z ,J L

ZZ) ≥ 0, ∀Z ∈ (Z,ZL(R)),∀R ∈ R. (A35)

We follow exactly the same procedure as in part (1a) to derive

H(J L,J L
Z ,J L

ZZ) = (ρ+ δ − µ)ηλZ
W̃ 1−γ −R1−γ

1− γ
− (1 + ρ+ δ + π)(W̃ −R). (A36)

On the downward adjustment region we have by construction (W̃ −R) ≤ 0, so the derivations

of part (1a) should be carried out with the inequality sign reversed. Therefore, the relevant

necessary and sufficient condition is

L ≤ 1 + ρ+ δ + π

(ρ+ δ − µ)ηλ
⇐⇒ H(J L,J L

Z ,J L
ZZ) ≥ 0, ∀Z ∈ (Z,ZL(R)), ∀R ∈ R. (A37)

(1c) Z ∈ (ZL(R), ZU(R)). By construction of the candidate value function, J = J for

any Z ∈ (ZL(R), ZU(R)) and for any R ∈ R. Recall that J solves H(J ,J Z ,J ZZ) = 0 by

Proposition 2. What remains to be proved is the obstacle inequality

J ≥ MJ , ∀Z ∈ (ZL(R), ZU(R)),∀R ∈ R. (A38)

We do so by testing upward and downward impulses and propagating the boundary dominance

into the interior through the degenerate-elliptic linear operatorH(.). This technique is justified

by an optional stopping argument, or equivalently, by the weak maximum principle.

For B ∈ {U,L}, define κB ≜ 1 if B = U and κB ≜ λ if B = L; W̃B(Z) ≜ (Z/B)1/γ ;

sB ≜ W̃B

R
; and the secant-slope factor Φ(s) ≜ sγ s1−γ−1

(1−γ)(s−1)
; so that on the inaction region we

have sU ∈ (0, 1) and sL > 1, with Z = BsγRγ
. The concavity of q(y) ≜ y1−γ

and the mean

value theorem imply the useful bounds min{1, sγ} ≤ Φ(s) ≤ max{1, sγ}. Next we define the
impulse-inaction differences

∆B(R,Z) ≜ J B(R,Z; W̃B(Z))− J (R,Z), ∀B ∈ {U,L}. (A39)

By construction and value matching at the free boundaries,

∆B(R,ZB(R)) = 0 and ∆B(R,ZB′(R)) ≤ 0 ∀B′ ̸= B. (A40)

Using the envelope theorem for J B
once again, we obtain the identity

H
(
∆B

Z ,∆
B
Z ,∆

B
ZZ

)
= H

(
J B,J B

Z ,J B
ZZ

)
−H

(
J ,J Z ,J ZZ

)︸ ︷︷ ︸
=0

= R(sB − 1)
[
(ρ+ δ − µ)ηκBBΦ(sB)− (1 + ρ+ δ + π)

]
. (A41)
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Therefore, the condition

H(∆B) ≥ 0, ∀Z ∈
(
ZL(R), ZU(R)

)
(A42)

holds for both B ∈ {U,L} if and only if the following bounds hold:

(ρ+ δ − µ)ηU ≤ 1 + ρ+ δ + π and (ρ+ δ − µ)ηλL ≥ 1 + ρ+ δ + π. (A43)

Now let τ̄ be the first exit time of Zt from the interval

(
ZL(R), ZU(R)

)
. Applying Itô’s formula

to e−(ρ+δ+π)t∆B(R,Zt) up to τ̄ gives

E
[
e−(ρ+δ+π)τ∆B(R,Zτ )

]
−∆B(R,Z0) = E

∫ τ

0

e−(ρ+δ+π)s H
(
∆B

Z ,∆
B
Z ,∆

B
ZZ

)
(R,Zs)ds.

(A44)

If (A43) holds, then by (A42) the r.h.s of (A44) is≥ 0, so e−(ρ+δ+π)t∆B(R,Zt) is a submartingale

up to τ̄ . Using the boundary properties (A40) together with the optional stopping theorem, we

deduce that ∆B(R,Z0) < 0 for all interior Z0; that is,

J B(R,Z) < J (R,Z) =⇒ J >MJ , ∀Z ∈
(
ZL(R), ZU(R)

)
, ∀B ∈ {U,L}, (A45)

Conversely, suppose (A38) holds but one of the bounds in (A43) is violated. Take Z ↑ ZB(R);

then (A41) yields H(∆B) < 0 on a neighborhood of ZB(R). The r.h.s. of (A44) is then strictly

negative for points sufficiently close toZB(R), while the boundary term is≤ 0 by (A40), forcing

∆B(R,Z0) > 0 for some interior Z0—this is a contradiction to (A38). Hence the conditions

(A43) are also necessary.

Conclusion. Combining the action-side conditions from parts (1a)-(1b) with the inaction-

side conditions from part (1c), yields the sharp conditions

L =
1 + ρ+ δ + π

(ρ+ δ − µ)ηλ
and U =

1 + ρ+ δ + π

(ρ+ δ − µ)η
, (A46)

which are necessary and sufficient for the candidate value function to satisfy the HJBQVI point-

wise everywhere in the interior of X, i.e., to be a classical solution almost everywhere on X.

(Part 2) We prove that the candidate value function is a viscosity solution of the HJBQVI

everywhere onX. We henceforth assume that conditions (A46) hold. ObviouslyJ is a viscosity

solution on the interior of each region since it is a classical solution there by (Part 1), it remains

to verify the viscosity subsolution and supersolution properties at the free boundariesZB(R) =

BRγ,∀B ∈ {U,L}. We begin by reminding the reader of three relevant definitions:

� A function V ∈ Cp is a viscosity subsolution of the HJBQVI if for any (R0, Z0) ∈ X and

any Φ ∈ C2
p such that V − Φ attains a local maximum 0 at (R0, Z0), we have

min
{
H
(
Φ,Φz,Φzz

)
, V (R0, Z0)−MV (R0, Z0)

}
≤ 0.
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� A function V ∈ Cp is a viscosity supersolution of the HJBQVI if for any (R0, Z0) ∈ X and

any Φ ∈ C2
p such that V − Φ attains a local minimum 0 at (R0, Z0), we have

min
{
H
(
Φ,Φz,Φzz

)
, V (R0, Z0)−MV (R0, Z0)

}
≥ 0.

� A function V ∈ Cp is viscosity solution of the HJBQVI if it is both a viscosity subsolution

and a viscosity supersolution of the HJBQVI in X.

(2a) Subsolution property at Z = ZB(R). Fix (R0, Z0) = (R0, ZB(R0)) and consider a test

function Φ ∈ C2
p touching J from above at (R0, Z0). From the value-matching matching con-

ditions at the free boundaries, J (R,ZB(R)) = J B(R,ZB(R)) = MJ (R,ZB(R)), we have

J (R0, Z0)− (MJ )(R0, Z0) = 0, hence

min{H(Φ,ΦZ ,ΦZZ)(R0, Z0), 0} ≤ 0 (A47)

holds trivially regardless of H(Φ,ΦZ ,ΦZZ). This proves that J is a viscosity subsolution at

both Z = ZU(R) and Z = ZL(R).

(2b) Supersolution property at Z = ZB(R). Fix (R0, Z0) = (R0, ZB(R0)) and consider a test

function Φ ∈ C2
p touching J from below at (R0, Z0). As before, because of the value-matching

matching conditions at the free boundaries, the obstacle term is zero; hence it suffices to prove

H(Φ,ΦZ ,ΦZZ)(R0, Z0) ≥ 0. Let κB = +1 if B = U and κB = −1 if B = L. Choose δε > 0 so

that IB ≜
{
Z : Z0 < Z < Z0 + δε

}
if B = U, IB ≜

{
Z : Z0 − δε < Z < Z0

}
if B = L lie

inside the action region, on which J = J B
and J B

is C2
p . Pick εk ↓ 0 and define

Zk ≜ Z0 + κBεk ∈ IB, Zk → Z0 from each action side.

Since Φ touches J from below at (R0, Z0) and J is C1
across the free boundary (smooth past-

ing), the difference J (R0, Z)− Φ(R0, Z) has a one-sided local minimum 0 at Z0; hence

ΦZ(R0, Z0) = JZ(R0, Z0) = J B
Z (R0, Z0). (A48)

DefineD(Z) ≜ J B(R0, Z)−Φ(R0, Z) on IB . ThenD(Zk) ≥ 0 since Φ ≤ J and J = J B
on

the action side, and D(Z0) = 0. By Taylor’s theorem, for each k there exist points

ξk, ξ̃k ∈
(
Z0, Zk

)
if B = U, ξk, ξ̃k ∈

(
Zk, Z0

)
if B = L, such that

J B(R0, Zk) = J B(R0, Z0) + J B
Z (R0, Z0) (Zk − Z0) +

1
2
J B

ZZ(R0, ξk) (Zk − Z0)
2,

Φ(R0, Zk) = Φ(R0, Z0) + ΦZ(R0, Z0) (Zk − Z0) +
1
2
ΦZZ(R0, ξ̃k) (Zk − Z0)

2.

Subtracting and using J B(R0, Z0) = Φ(R0, Z0) and (A48), we obtain

D(Zk) =
1

2

(
J B

ZZ(R0, ξk)− ΦZZ(R0, ξ̃k)
)
(Zk − Z0)

2.
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Since D(Zk) ≥ 0 and (Zk − Z0)
2 > 0, it follows that

J B
ZZ(R0, ξk) ≥ ΦZZ(R0, ξ̃k).

Because ξk, ξ̃k → Z0 from the action side and ΦZZ is continuous, we have

ΦZZ(R0, Z0) ≤ lim inf
Z →Z0

J B
ZZ(R0, Z). (A49)

Now let ρ̂ ≜ ρ+δ+π and µ̂ ≜ µ+π. Using (A48) and (A49), as well as the degenerate ellipticity

(monotonicity) property ofH in the second derivative, i.e., ∂VZZ
H = 1

2
σ2Z2 > 0, we obtain

H(Φ,ΦZ ,ΦZZ)(R0, Z0) = ρ̂Φ(R0, Z0)− µ̂Z0ΦZ(R0, Z0) +
1

2
σ2Z2

0ΦZZ(R0, Z0)− (Z0ē−R0)

≥ lim inf
k→∞

{
ρ̂J B(R0, ξk)− µ̂ξkJ B

Z (R0, ξk)

+ 1
2
σ2ξ2k J B

ZZ(R0, ξk)− (ξkē−R0)
}

= lim inf
k→∞

H
(
J B,J B

Z ,J B
ZZ

)
(R0, ξk) ≥ 0,

where we have used continuity of J B
and J B

Z together with ξk → Z0, as well as the fact that

H(J B,J B
Z ,J B

ZZ) ≥ 0 on the action region by (Part 1). Therefore,H(Φ,ΦZ ,ΦZZ)(R0, Z0) ≥ 0.

Since the obstacle term equals zero at the free boundaries by value matching, we conclude that

min{H(Φ,ΦZ ,ΦZZ)(R0, Z0), 0} ≥ 0. (A50)

This proves that J is a viscosity supersolution at both Z = ZU(R) and Z = ZL(R).

Conclusion. We have thus proved that J̃ is both a viscosity subsolution and supersolution

at Z = ZU(R) and Z = ZL(R), as well as a classical (hence viscosity) solution in the interior

regions. Consequently, J̃ is a viscosity solution of the HJBQVI everywhere on X.

(Part 3) We prove that the viscosity solution of the HJBQVI is unique within the relevant

class Cp using a global comparison principle via the doubling-of-variables method, a key tech-

nique for establishing uniqueness of solutions to second-order PDEs. The core of the argument

follows classical references such as Crandall, Ishii, and Lions (1992).

Let u ∈ Cp be a viscosity subsolution and v ∈ Cp a viscosity supersolution of the HJBQVI

(15). As explained at the start of the proof,H(.) is continuous and degenerate elliptic. The inter-

vention operator is order-preserving, pointwise continuous, and translation-invariant; hence it

is non-expansive in the sup-norm: ∥Mu−Mv∥∞ ≤ ∥u− v∥∞, ∀u, v ∈ Cp. The purpose is to
prove u ≤ v on X. Uniqueness then follows by a global comparison principle via doubling-of-

variables/Ishii’s lemma, or equivalently, by the corresponding viscosity weak maximum prin-

ciple, which rules out any positive interior maximum of u− v and forces u = v on X.
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For any ε, α > 0, define

ψ(R,Z) ≜ R2 + Z2

Ψε,α

(
(R,Z), (R′, Z ′)

)
≜ u(R,Z)− v(R′, Z ′)− (Z − Z ′)2

2ε
− α

(
ψ(R,Z) + ψ(R′, Z ′)

)
,

Θ ≜ sup
X

(u− v) and Θε,α ≜ Ψε,α(Xε,α, Yε,α).

By polynomial growth, Ψε,α attains its maximum at Xε,α = (Rε,α, Zε,α), Yε,α = (R′
ε,α, Z

′
ε,α).

Moreover, as (ε, α) → (0, 0), standard arguments yield

Θε,α → Θ,
(Zε,α − Z ′

ε,α)
2

ε
→ 0, α

(
|Xε,α|2 + |Yε,α|2

)
→ 0. (A51)

Define the C2
supertangent/subtangent test functions as

ϕu(R,Z) ≜ v(Yε,α) +
(Z − Z ′

ε,α)
2

2ε
+ α

(
ψ(R,Z) + ψ(Yε,α)

)
, (A52)

ϕv(R
′, Z ′) ≜ u(Xε,α)−

(Zε,α − Z ′)2

2ε
− α

(
ψ(Xε,α) + ψ(R′, Z ′)

)
. (A53)

Then u− ϕu has a local maximum 0 at Xε,α and v − ϕv has a local minimum 0 at Yε,α. By the

viscosity definitions we have

min
{
H
(
u, ∂Zϕu, ∂ZZϕu

)
(Xε,α), u−Mu

(
Xε,α

)}
≤ 0, (A54)

min
{
H
(
v, ∂Zϕv, ∂ZZϕv

)
(Yε,α), v −Mv

(
Yε,α

)}
≥ 0. (A55)

To show why the subsolution is on the PDE branch at the near-maximum, suppose it is not.

Then along a subnet (ε, α) → (0, 0) there exists θ > 0 with u−Mu ≤ −θ atXε,α. Then using

the non-expansiveness and pointwise continuity ofM we have

u(Xε,α)−Mu(Xε,α) ≤ −θ =⇒ Mu(Xε,α) ≤ Mv(Xε,α) + Θ + o(1),

hence u(Xε,α)− v(Yε,α) ≤ Θ− θ + o(1),

contradicting u(Xε,α)− v(Yε,α) ≥ Θε,α → Θ by (A51). This implies that, for all small (ε, α),

H
(
u, ∂Zϕu, ∂ZZϕu

)
(Xε,α) ≤ 0, while H

(
v, ∂Zϕv, ∂ZZϕv

)
(Yε,α) ≥ 0. (A56)

By applying Ishii’s lemma to maxΨε,α, there exist symmetric 2× 2 matrices X , Y such that(
∂Rϕu, ∂Zϕu, X

)
∈ J 2,+

∗ u(Xε,α),
(
∂R′ϕv, ∂Z′ϕv, Y

)
∈ J 2,−

∗ v(Yε,α), (A57)

whereJ 2,+
∗ /J 2,−

∗ denotewhat Crandall-Ishii-Lions call the limiting second-order “superjet”/“subjet”,

48



and the following block matrix inequality holds(
X 0

0 −Y

)
≤ 3

ε

(
E −E
−E E

)
+ I4Cα, E ≜ diag(0, 1), (A58)

where the constant C depends on ψ but not on (ε, α). Also, by construction,

∂Zϕu(Xε,α) =
Zε,α − Z ′

ε,α

ε
+O(α), ∂ZZϕu(Xε,α) =

1

ε
+ 2α

∂Zϕv(Yε,α) =
Zε,α − Z ′

ε,α

ε
+O, ∂ZZϕv(Xε,α) =

1

ε
− 2α

Using (A56) along with (A57) and (A58), we obtain

H
(
u, ∂Zϕu, ∂ZZϕu

)
(Xε,α)−H

(
v, ∂Zϕv, ∂Z′Z′ϕv

)
(Yε,α) ≥ ρ̂

(
u(Xε,α)− v(Yε,α)

)
− o(1) ≤ 0,

o(1) ≤ C

[
Zε,α − Z ′

ε,α

ε
+ α

(
1 + |Xε,α|2 + |Yε,α|2

)
) + |Zε,α − Z ′

ε,α|+ |Rε,α −R′
ε,α|
]
→ 0.

This implies ρ̂Θε,α − o(1) ≤ 0. Letting (ε, α) → (0, 0) yields Θ ≤ 0, as needed.

Conclusion. We have shown supX(u − v) ≤ 0, which implies u ≤ v everywhere on X.

Therefore, the viscosity solution of the HJBQVI in Cp is unique.

Proof of Proposition 5. We go through the steps of a formal verification theorem tailored

to our problem. Fix an initial time s and (Rs, Zs), setting s = 0 w.l.o.g. Let J̃ and W̃be the

candidate value and policy functions, and for notational ease, let ρ̂ = ρ+ δ+ π and µ̂ = µ+ π.

Throughout the proof we invoke the important properties of J̃ established in Proposition 4.

For each integer n ∈ N, define the bounded stopping time τn ≜ τ̄ ∧ n, where τ̄ is the

layoff/termination time. Then {τn}n∈N is nondecreasing and either τn ↑ τ̄ < ∞ or τn ↑ ∞
almost surely. With this localization device, optional sampling applies at the bounded stopping

time t∧τn. As in the main text, {τi}i≥1 denotes an admissible sequence of impulse/intervention

times and {Wi}i≥1 the associated impulse control. All expectations are conditional on Fs. For

any t ≥ 0, define the stopped verification process

Yt∧τn ≜ e−ρ̂(t∧τn)J̃ (Rt∧τn , Zt∧τn) +

∫ t∧τn

0

e−ρ̂uΠ(Ru, Ru, Zu)du+
∑

τi≤t∧τn

e−ρ̂τiG(Wi, Rτ−i
, Zτi).

(A59)

The process Yt = Yt(W,R,Z) is a supermartingale for any admissible controlWt. The goal is

to prove that Yt is a proper martingale under the candidate impulse control W̃ . We then apply

the optional sampling theorem at t ∧ τn, and finally let t → ∞ and n → ∞, using the TVC

and the boundary condition J̃ = 0 at layoff to conclude that our candidates are indeed the true

value function and the optimal impulse control.
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Step 1: We apply the Itô-Tanaka-Meyer formula
17
to the term e−ρ̂tJ̃ of (A59) on [0, τn]:

d
(
e−ρ̂tJ̃ (R,Z)

)
=− ρ̂ e−ρ̂tJ̃ (R,Z)dt+ e−ρ̂tJ̃Z(R,Z)dZt +

1
2
e−ρ̂tJ̃ZZ(R,Z)d⟨Zt⟩

+
1

2
e−ρ̂t

[
J̃ +

Z (R,ZL(R))− J̃ −
Z (R,ZL(R))

]
dΛ

ZL(R)
t

+
1

2
e−ρ̂t

[
J̃ +

Z (R,ZU(R))− J̃ −
Z (R,ZU(R))

]
dΛ

ZU (R)
t .

(A60)

Since Zt follows a GBM, we have dZt = µ̂Ztdt + σZtdBt and d⟨Zt⟩ = σ2Z2
t dt. Also, smooth

pasting at the free boundaries implies J̃ +
Z (R,ZL(R)) = J̃ −

Z (R,ZL(R)) aswell as J̃ +
Z (R,ZU(R)) =

J̃ −
Z (R,ZU(R)), so the local-time terms vanish. Using these results along with the definition of

the generator LJ̃ ≜ µ̂ZJ̃Z + 1
2
σ2Z2J̃ZZ , equation (A60) becomes

d
(
e−ρ̂tJ̃ (R,Z)

)
= e−ρ̂t

[
−ρ̂J̃ (R,Z) + LJ̃ (R,Z)

]
dt+ e−ρ̂tJ̃Z(R,Z)σZ dBt (A61)

For any non-intervention time t < τn such that Zt ∈ I , we have

dYt = e−ρ̂t
[
−ρ̂J̃ (Rt, Zt) + LJ̃ (Rt, Zt) + Π(Rt, Rt, Zt)

]
dt+ e−ρ̂tσZtJ̃Z(Rt, Zt)dBt. (A62)

Since the candidate solves the HJB equation in the inaction region, H(J̃ , J̃Z , J̃ZZ) = 0 and

the drift in (A62) vanishes, whereas the drift is weakly negative for any other admissible policy

Wt ∈ W . Moreover, the stochastic integral of the second term in (A62) is a local martingale

when stopped at τn, and a true martingale on [0, τn] by square-integrability on the bounded

horizon, so we have E
[∫ t

0
σZsJ̃Z(Rs, Zs)dBs

]
= 0. Therefore,

E [Yt|Fs] = Ys, ∀Zt ∈ I, ∀t ̸= τi < τn, ifWt = W̃ , (A63)

E [Yt|Fs] ≤ Ys, ∀Zt ∈ I, ∀t ̸= τi < τn, ∀Wt ∈ W . (A64)

For any intervention time t = τi < τn such that Zt ∈ A, the discrete jump of Yt becomes

∆Yt = e−ρ̂t
[
MJ̃ (Wt, Zt)− J̃ (Rt, Zt)

]
. (A65)

Since the candidate solves the HJBQVI in the action region, J̃ = MJ̃ and the the bracket term

in (A65) vanishes, whereas the same term is weakly negative for any other admissible candidate

value and policy. Therefore, the discrete jump of Yt becomes

E [∆Yt|Fs] = 0, ∀Zt ∈ A, ∀t = τi < τn, ifWt = W̃ , (A66)

E [∆Yt|Fs] ≤ 0, ∀Zt ∈ A, ∀t = τi < τn, ∀Wt ∈ W . (A67)

By (A63)–(A66) and (A64)–(A67), we deduce that Yt∧τn is a local supermartingale for any admis-

sible policy, and a local martingale for the candidate policy. It is easy to show that these prop-

17
Please see the note at the end of the proof for a detailed derivation.
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erties extend beyond local arguments. The process Yt∧τn is bounded from below, and therefore

uniformly integrable. This follows from the facts that J̃ is non-negative and has polynomial

growth, the flow profit integral converges, and the jump process at intervention times is glob-

ally bounded. As a result, the process Yt∧τn is a proper supermartingale under any admissible

policyWt ∈ W , and a proper martingale under the candidate policy W̃ .

Step 2. Before we move on with the verification, we show that the candidate J̃ satisfies the

relevant transversality condition, provided that the parameter condition ρ+δ+π > µ+π
γ

+ 1−γ
2γ2 σ

2

is satisfied, which we have already assumed in (8). For analytical convenience, we rewrite

J U(Rt, Zt) in the upward adjustment region—since this is the only potentially explosive region

along non-terminated paths—by grouping terms based on Zt and Rt as

J U =(Zt/U)
1/γ XU + Zt

(
ē

ρ+ δ − µ
− η

1− γ
R1−γ

t

)
+Rt, (A68)

where XU =
η

1− γ
U + Ω1U

β1 + Ω2U
β2 − 1 + ρ+ δ + π

ρ+ δ + π
. (A69)

Recall that the TVC for the problem is given by

lim
t→∞

E
[
e−ρ̂(t−s)J (Rt∧τ̄ , Zt∧τ̄ ) | Fs

]
= 0.

where τ is a random termination (layoff or quit) stopping time. If t ∧ τ̄ = min{t, τ̄} = τ̄ <∞,

then obviously the TVC holds because the conditional expectation is guaranteed to converge

to zero given the absorbing convention J = 0 for every t > τ̄ . The case of interest is τ̄ = ∞,

which arises from the realization of someZt sequence such that the controlled state never enters

the termination set and the firm-worker match is never endogenously dissolved.

To ensure that the discounted continuation value always vanishes in expectation, we first

need to determine the dominant term in J as t → ∞. Let’s analyze the growth of each term.

The first term (Zt/U)
1/γ XU grows asymptotically as Z

1/γ
t ; the second term grows as Zt; the

third term grows at rate less than Z
1/γ
t because by the nature of reference wage formation the

magnitude of Rt is naturally constrained by Rt < (Zt/U)
1/γ

. The dominant term is Z
1/γ
t , and

thus the value function grows asymptotically at most as O(Z
1/γ
t ). Next we need to be able to

evaluate the conditional expectation of Z
1/γ
t for an arbitrary power p. Recall that the strong

SDE solution for a geometric Brownian motion starting from Zs at time s is

Zt = Zs exp

((
µ+ π − 1

2
σ2

)
(t− s) + σ(Bt −Bs)

)
.

Let τ̂ = t − s be the time elapsed. The increment of the Wiener process ∆Bτ̂ = Bt − Bs is

distributed as ∆Bτ̂ ∼ N (0, τ̂). Therefore,

E[Z1/γ
t | Fs] = E

[(
Zs exp

((
µ+ π − 1

2
σ2

)
τ̂ + σ∆Bτ̂

))1/γ

| Fs

]
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Since Zs is Fs-measurable, we can pull Z
1/γ
s out of the expectation,

E[Z1/γ
t | Fs] = Z1/γ

s E
[
exp

(
1

γ

(
µ+ π − 1

2
σ2

)
τ̂ +

1

γ
σ∆Bτ̂

)]
.

Let A = (1/γ)
(
µ+ π − 1

2
σ2
)
τ̂ and Y = (1/γ)σ∆Bτ̂ . The expectation can be rewritten as

Z
1/γ
s eAE[eY ]. The random variable Y has mean E[Y ] = (1/γ)σE[∆Bτ̂ ] = 0 and variance

Var(Y ) = ((1/γ)σ)2τ̂ . Substitute back to derive the formula for the conditional expectation:

E[Z1/γ
t | Fs] = Z1/γ

s exp

((
(1/γ)(µ+ π) +

1

2
(1/γ)((1/γ)− 1)σ2

)
τ̂

)
. (A70)

Given that J (Rt, Zt) = O(Z
1/γ
t ) and using (A70), the TVC will always hold as long as

XUZ
1/γ
s lim

t→∞
exp

((
−(ρ+ δ + π) + (1/γ)(µ+ π) +

1

2
(1/γ)((1/γ)− 1)σ2

)
τ̂

)
= 0.

For the limit to converge to zero, the exponent multiplying τ̂ must be strictly negative. This

means that the TVC along non-terminated paths holds if

ρ+ δ + π >
µ+ π

γ
+

1

2

σ2(1− γ)

γ2
.

This is exactly the condition we assumed in (8), which ensures that the maximum expected

growth rate of the value function is sufficiently low relative to the effective discount rate.

Step 3. Establishing the (super)martingale property of Yt∧τn in Step 1 is key to the verification

proof, as it is the essential precondition to use an important tool: the optional sampling theorem.

Since t ∧ τn is a bounded stopping time for each fixed n, the optional sampling theorem for

(super)martingales yields

E [Yt∧τn | Fs] = Ys = J̃ (Rs, Zs), ifWt = W̃ , (A71)

E [Yt∧τn | Fs] ≤ Ys = J̃ (Rs, Zs), ∀Wt ∈ W . (A72)

Next, we let t → ∞ while keeping n fixed. Note that τn ≤ n is bounded and t ∧ τn ↑ τn a.s.

when t → ∞, so by the right-continuity of the sample paths together with the integrability

ensured by the polynomial growth bound of J̃ , we know that

∣∣Yt∧τn∣∣ is globally bounded, and

Yt∧τn → Yτn a.s. when t→ ∞. Therefore, by the dominated convergence theorem, we have

E [Yτn|Fs] = Ys = J̃ (Rs, Zs), ifWt = W̃ , (A73)

E [Yτn|Fs] ≤ Ys = J̃ (Rs, Zs), ∀Wt ∈ W , (A74)

Finally, we take the limit n → ∞. Using the same arguments as right above, we may pass the
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limit n→ ∞ through the conditional expectations in each term of Yτn to obtain

lim
n→∞

E
[
e−ρ̂(τn−s)J̃ (Rτn , Zτn) | Fs

]
= 0,

lim
n→∞

E
[∫ τn

s

e−ρ̂(t−s)Π(Rt, Rt, Zt)dt | Fs

]
= E

[∫ ∞

s

e−ρ̂(t−s)Π(Rt, Rt, Zt)dt | Fs

]
,

lim
n→∞

E

[∑
τi≤τn

e−ρ̂(τi−s)G
(
W̃i, Rτ−i

, Zτi

)
| Fs

]
= E

[
∞∑
i=1

e−ρ̂(τi−s)G
(
W̃i, Rτ−i

, Zτi

)
| Fs

]
,

where the first equality holds because of the TVC from Step 2. Therefore, we conclude that

J̃ (Rs, Zs) = E
[∫ ∞

s

e−ρ̂(t−s)Π(Rt, Rt, Zt)dt | Fs

]
+ E

[
∞∑
i=1

e−ρ̂(τi−s)G
(
W̃i, Rτ−i

, Zτi

)
| Fs

]
= J (Rs, Zs). (A75)

This means that J̃ coincides with the value function and W̃ is indeed optimal:

J̃ (Rs, Zs; W̃ ) = sup
W∈W

J (Rs, Zs;W ) = J (Rs, Zs), ∀(Rs, Zs) ∈ X. (A76)

(Step 4) To find the optimal U and L that maximize the value function, start by rewriting

the value function in the upward action region under the optimal policy W̃ = (Z/U)(1)/γ as

J U(R,Z) = CU(R,Z) + Z1/γ φU(U ;L), (A77)

CU(R,Z) ≜ − ηZ

1− γ
R 1−γ +R +

Zē

ρ+ δ − µ
, (A78)

φU(U ;L) ≜
η

1− γ
U 1−1/γ −K U−1/γ + Ω1(L,U)U

β1−1/γ + Ω2(L,U)U
β2−1/γ. (A79)

whereK ≜ 1+ρ+δ+π
ρ+δ+π

. Since the term CU(R,Z) does not depend on U and since Z1/γ > 0, max-

imizingJ U
with respect toU is equivalent to maximizing φU with respect toU . Differentiating

φU while holding L fixed gives

φ′
U(U ;L) = −η

γ
U−1/γ +

K

γ
U−1/γ−1 + Uβ1−1/γΩ1,U +

(
β1 −

1

γ

)
Ω1U

β1−1/γ−1

+ Uβ2−1/γΩ2,U +
(
β2 −

1

γ

)
Ω2U

β2−1/γ−1, (A80)

where Ω1,U ≜ ∂Ω1

∂U
and Ω2,U ≜ ∂Ω2

∂U
. Multiplying by γU1+1/γ

yields

γU1+1/γφ′
U(U ;L) = K−ηU+(γβ1−1)Ω1U

β1+(γβ2−1)Ω2U
β2+γUβ1+1Ω1,U +γU

β2+1Ω2,U .

(A81)

Now notice that the FOC condition for the optimal wage (A12) shows up in the above equation
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(multiplied by minus one), which means that

K − ηU + (γβ1 − 1)Ω1U
β1 + (γβ2 − 1)Ω2U

β2 = 0. (A82)

Then (A81) simplifies immediately to

φ′
U(U ;L) = U−1−1/γ

(
Uβ1+1Ω1,U + Uβ2+1Ω2,U

)
. (A83)

Hence the necessary first-order condition becomes

Uβ1+1Ω1,U + Uβ2+1Ω2,U = 0. (A84)

Recall that we have obtained closed-form solutions for Ω1 and Ω2 given by (26) and (27). Direct

differentiation with respect to U gives

Ω1,U(L,U) = − Lβ2

U (1− γβ1)D(L,U)2
HU(L,U), (A85)

Ω2,U(L,U) =
Lβ1

U (1− γβ2)D(L,U)2
HU(L,U), , (A86)

where we define

D(L,U) ≜ Lβ1Uβ2 − Uβ1Lβ2 , (A87)

HU(L,U) ≜ K
[
β1L

β2Uβ1 − β2L
β1Uβ2 + (β2 − β1)U

β1+β2

]
+ η
[
(1− β1)L

β2Uβ1+1 + (β2 − 1)Lβ1Uβ2+1 − λ(β2 − β1)LU
β1+β2

]
. (A88)

Substituting (A85)–(A86) into (A84) yields the factorization

(1− γβ1)L
β1Uβ2 − (1− γβ2)L

β2Uβ1

D(L,U)2(1− γβ1)(1− γβ2)
HU(L,U) = 0. (A89)

Thus the first-order condition splits into two branches:

HU(L,U) = 0, (A90)

(1− γβ1)L
β1Uβ2 − (1− γβ2)L

β2Uβ1 = 0. (A91)

It is clear that the branch (A91) is not the relevant first-order condition because of a struc-

tural reason. If λ = 1, the relevant (nondegenerate) branch must connect continuously to the

symmetric limit U = L. Evaluating the factor in (A91) at (U = L gives

(1− γβ1)U
β1+β2 − (1− γβ2)U

β1+β2 = γ(β2 − β1)U
β1+β2 ̸= 0 (β1 ̸= β2). (A92)

Hence (A91) does not pass through the symmetric limit and therefore cannot describe the cor-
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rect condition. On the other hand, evaluating (A90) at U = L and λ = 1 gives

HU(U,U ;λ = 1) = A
[
β1U

β2Uβ1 − β2U
β1Uβ2 + (β2 − β1)U

β1+β2

]
+ η
[
(1− β1)L

β2Uβ1+1 + (β2 − 1)Uβ1Lβ2+1 − (β2 − β1)U Uβ1+β2

]
= AUβ1+β2

[
β1 − β2 + (β2 − β1)

]
+ ηUβ1+β2+1

[
(1− β1) + (β2 − 1)− (β2 − β1)

]
= 0

Therefore, the relevant first-order condition is given by (A90). We then go through the same

steps to derive the condition for the optimal L. Maximizing J L
with respect to L and repeating

the same procedure as above yields the following (relevant) first-order condition for L:

HL(L,U) = 0, (A93)

HL(L,U) ≜ K
[
β2L

β2Uβ1 − β1L
β1Uβ2 + (β1 − β2)L

β1+β2

]
+ η
[
λ(β1 − 1)Lβ1+1Uβ2 + λ(1− β2)L

β2+1Uβ1 + (β2 − β1)L
β1+β2U

]
. (A94)

Before we move on, it is also easy to show that the FOCs (A88)–(A88) characterizing the

optimal U and L that maximize J U
and J L

coincide with the FOCs that maximize the value

function in the inaction region. Differentiating J with respect to U and L, respectively, and

using the expressions we derived above yields

J U(R,Z) =
HU(L,U)

U D(L,U)2

[
− Lβ2

1− γβ1
Zβ1R 1−γβ1 +

Lβ1

1− γβ2
Zβ2R 1−γβ2

]
, (A95)

J L(R,Z) =
HL(L,U)

LD(L,U)2

[
Uβ2

1− γβ1
Zβ1R 1−γβ1 − Uβ1

1− γβ2
Zβ2R 1−γβ2

]
. (A96)

Consequently,

J U(R,Z) = 0 ⇐⇒ HU(L,U) = 0 and J L(R,Z) = 0 ⇐⇒ HL(L,U) = 0 (A97)

Next, we need to show that the FOCs above actually identify strict maxima, so that the second-

order conditions at these critical points are strictly negative. Sincemaximizing the upward/downward

action branches of the value function with respect to U and L is equivalent to maximizing the

value function in the inaction region, we shall work with J for analytical convenience. From

(A95), differentiating once more with respect to U and then evaluating at the critical point

satisfying HU(L,U) = 0 yields

J UU(R,Z) =
HU,U(L,U)

U D(L,U)2

[
− Lβ2

1− γβ1
Zβ1R 1−γβ1 +

Lβ1

1− γβ2
Zβ2R 1−γβ2

]
, (A98)

Since the bracket in (A98) is strictly positive, the sign ofJ UU coincideswith the sign ofHU,U(L,U).
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On the relevant branch HU(L,U) = 0, direct differentiation gives

HU,U(L,U) =
Lβ1Uβ2 − Lβ2Uβ1

U

[
Kβ1β2 − ηU(β1 − 1)(β2 − 1)

]
. (A99)

Given that U > L, β1 > 1, β2 < 0, we have

Lβ1Uβ2 − Lβ2Uβ1 = Lβ1+β2

[(
U

L

)β2

−
(
U

L

)β1
]
< 0.

It remains to determine the sign of the second factor in (A99). To do so, solve HU(L,U) = 0

for λ and substitute the result into HL(L,U) = 0. After rearrangement one obtains

[
Kβ1β2 − ηU(β1 − 1)(β2 − 1)

] [(U
L

)β1

−
(
U

L

)β2
]

= K

(
U

L

)β1+β2
[
β1

((
U

L

)−β2

− 1

)
+ (−β2)

(
1−

(
U

L

)−β1
)]

. (A100)

The right-hand side of (A100) is strictly positive because U/L > 1, β1 > 1,−β2 > 0, and the

factor in the square bracket on the left-hand side is also strictly positive because (U/L)β1 >

(U/L)β2
. Therefore [Kβ1β2 − ηU(β1 − 1)(β2 − 1)] > 0. Combining this with (A99) yields

HU,U(L,U) < 0, hence J UU(R,Z) < 0. (A101)

Thus the U -critical point is a strict local maximum. We next turn to L. From (A96), differenti-

ating once more with respect to L and evaluating at a point satisfying HL(L,U) = 0 yields

J LL(R,Z) =
HL,L(L,U)

LD(L,U)2

[
Uβ2

1− γβ1
Zβ1R1−γβ1 − Uβ1

1− γβ2
Zβ2R1−γβ2

]
. (A102)

The bracket in (A102) is strictly negative, therefore the sign of J LL is opposite to the sign of

HL,L(L,U). On the relevant branch HL(L,U) = 0, direct differentiation gives

HL,L(L,U) = KLβ1+β2−1

[
β1

((
U

L

)β2

− 1

)
− β2

((
U

L

)β1

− 1

)]
. (A103)

To show that the bracket in (A103) is strictly positive, note that for any x > 1, the function

β 7→ xβ−1
β

is strictly increasing, because

d

dβ

(
xβ − 1

β

)
=
xβ(β lnx− 1) + 1

β2
=
y ln y − y + 1

β2
> 0, y ≜ xβ > 0, (A104)
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where the strict inequality follows from y ln y − y + 1 > 0 for y ̸= 1, thus

(U/L)β1 − 1

β1
>

(U/L)β2 − 1

β2
. (A105)

Multiplying both sides by β1(−β2) > 0 yields

−β2

((
U

L

)β1

− 1

)
+ β1

((
U

L

)β2

− 1

)
> 0, (A106)

which is exactly the bracket in (A103). Therefore

HL,L(L,U) > 0, hence J LL(R,Z) < 0. (A107)

Thus the L-critical point is also a strict local maximum.

Moving on, we can make further progress by reducing the 2 × 2 system of coupled non-

linear equations (A88)–(A88) into a one-dimensional non-linear equation. Let’s define the ratio

x ≜ U/L ≥ 1 (equal to 1 if and only if λ = 1). Substituting U = xL into the FOCs (A88) and

(A94) and manipulating through gives two equations that are linear in L:

KMU(x) + ηLNU(x) = 0, (A108)

KML(x) + ηLNL(x) = 0, (A109)

where MU(x) ≜ β1x
β1 − β2x

β2 + (β2 − β1)x
β1+β2 , (A110)

ML(x) ≜ β2x
β1 − β1x

β2 + (β1 − β2), (A111)

NU(x) ≜ (1− β1)x
β1+1 + (β2 − 1)xβ2+1 − λ(β2 − β1)x

β1+β2 , (A112)

NL(x) ≜ (β2 − β1)x+ λ
(
(β1 − 1)xβ2 + (1− β2)x

β1

)
. (A113)

Now we want to eliminate L from (A108)–(A109) in order to get a single scalar equation for x.

We solve for L = −KMU (x)
ηNU (x)

and L = −KML(x)
ηNL(x)

and equate the two expression to get

MU(x)NL(x)−ML(x)NU(x) = 0. (A114)

Factoring out (A114) and performing further algebraic manipulations yields a (well-behaved

and numerically stable) scalar non-linear equation that pins down the ratio x:

Λ(x) ≜ x
P (x)

Q(x)
− λ = 0, (A115)

where P (x) ≜ β2(β1 − 1)xβ1 − β1(β2 − 1)xβ2 + (β2 − β1), (A116)

Q(x) ≜ β1(β2 − 1)xβ1 − β2(β1 − 1)xβ2 + (β1 − β2)x
β1+β2 . (A117)

Once x is uniquely determined by (A115), we can use (A108)–(A109) along with the identity
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U = xL to recover explicit expressions for the optimal L(x) and U(x). These are given by

U(x) =
K
[
β1(β2 − 1)xβ1 − β2(β1 − 1)xβ2 + (β1 − β2)x

β1+β2

]
η (β1 − 1)(β2 − 1)

(
xβ1 − xβ2

) , (A118)

L(x) =
K
[
β1(β2 − 1)xβ1 − β2(β1 − 1)xβ2 + (β1 − β2)x

β1+β2

]
x η(β1 − 1)(β2 − 1)

(
xβ1 − xβ2

) . (A119)

Now that we have obtained the expressions for U(x) and L(x), it is not hard to also derive in

closed-form the constant U∗
in the case of λ = 1 (so that x = 1 and U = L = U∗

). Evaluating

either (A118) or (A119) at x = 1 and simplifying gives

U∗ =
Kβ1β2

η (β1 − 1)(β2 − 1)
,

Since β1,2 solve a quadratic characteristic equation, we know by Vieta’s formulae that β1+β2 =

1− 2(µ+π)
σ2 and β1β2 = −2(ρ+δ+π)

σ2 . Using these along with the definition of K yields

U∗ =
1 + ρ+ δ + π

(ρ+ δ − µ)η
, if and only if λ = 1. (A120)

Proving that U and L are uniquely determined. In order to prove that U and L given by

the explicit expressions (A118)–(A119) are indeed uniquely determined, we need to prove that

the non-linear equation Λ(x) = 0 in (A115) has a unique solution in x ∈ [1,∞). We shall thus

show that Λ(x) is strictly increasing on x ∈ [1,∞) and crosses zero exactly once.

First, differentiate (A115) with respect to x and rearrange to get

Λ′(x) = −(β1 − 1)(β2 − 1)xβ1+β2

Q(x)2

(
β1x

β2 − β1 − β2x
β1 + β2

)(
β1x

−β1 − β1 − β2x
−β2 + β2

)
.

(A121)

To determine the sign of Λ′(x), consider the function

ϕy(β) ≜
yβ − 1

β
=

∫ y

1

tβ−1 dt, for any y > 0 with y ̸= 1. (A122)

Differentiating under the integral sign yields

∂βϕy(β) =

∫ y

1

tβ−1 log t dt > 0. (A123)

Hence ϕy is strictly increasing in β, since if y > 1 then tβ−1 log t > 0 on [1, y], and if 0 < y < 1

then tβ−1 log t < 0 on [y, 1], and the reversed orientation of the integral makes ∂βϕy(β) > 0.

Now rewrite the first bracket in (A121) as

β1x
β2 − β1 − β2x

β1 + β2 = β1β2

(
xβ2 − 1

β2
− xβ1 − 1

β1

)
= β1β2

(
ϕx(β2)− ϕx(β1)

)
. (A124)
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Since x ≥ 1, ϕx is strictly increasing, and since β1 > β2, we have ϕx(β2) − ϕx(β1) < 0. Also,

since β1β2 < 0, it holds that

β1x
β2 − β1 − β2x

β1 + β2 > 0 (A125)

So we have proved that the first bracket of Λ′(x) is positive. Now exactly the same argument

applies to the second bracket of (A121), because (1/x ∈ (0, 1]. Indeed,

β1x
−β1 − β1 − β2x

−β2 + β2 = β1β2
(
ϕ1/x(β2)− ϕ1/x(β1)

)
> 0. (A126)

Since the terms (A125) and (A126) are positive, and since (β1 − 1)(β2 − 1) < 0 so that the first

term of (A115) is positive, we conclude that

Λ′(x) > 0 ; for all x ≥ 1. (A127)

What remains is to determine the behavior of Λ(x) at the endpoints of the domain. At x = 1,

we have P (1) = Q(1) = 0 from equations (A116) and (A117). Moreover, P ′(1) = β1β2(β1−β2)
and Q′(1) = β1β2(β1 − β2). Hence the first-order Taylor expansions around x = 1 are

P (x) = β1β2(β1 − β2)(x− 1) +O
(
(x− 1)2

)
, (A128)

Q(x) = β1β2(β1 − β2)(x− 1) +O
(
(x− 1)2

)
. (A129)

Therefore,

lim
x↓1

x
P (x)

Q(x)
= 1, hence lim

x↓1
Λ(x) = 1− λ ≤ 0. (A130)

Then, as x → ∞, since β2 < 0 the lower-order terms satisfy xβ2 = o(1) and xβ1+β2 = o(xβ1).

Therefore the asymptotic dominant terms in P (.) and Q(.) are

P (x)
a∼ β2(β1 − 1)xβ1 , (A131)

Q(x)
a∼ β1(β2 − 1)xβ1 . (A132)

It follows that xP (x)
Q(x)

a∼ β2(β1−1)
β1(β2−1)

x. Since β2 < 0, β1 > 1, (β2 − 1) < 0, the coefficient
β2(β1−1)
β1(β2−1)

is

strictly positive. Therefore,

lim
x↑∞

x
P (x)

Q(x)
= ∞, hence lim

x↑∞
Λ(x) = ∞. (A133)

Since Λ is continuous and strictly increasing on [1,∞), and at the same time satisfies Λ(1) ≤ 0

and limx↑∞ Λ(x) = +∞, we can conclude that Λ(x) = 0 has exactly one solution in [1,∞).

The constants L and U are thus uniquely determined for any set of parameter configurations.

Conclusion. By going through the steps of a verification theorem, we have proved that the

candidate value function J̃ under the candidate control W̃ coincides with the value function of

the problem for any initial initial state vector. Therefore we have obtained the value function
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of the problem and the unique optimal impulse control. ■

Supplement to Proof of Proposition 5: Here we explain how to derive the simplified

version of the Itô-Tanaka-Meyer (ITM) formula we used in (A60). The tools we use to get to

the final formula (A138) can be found in stochastic calculus textbooks such as Revuz and Yor

(1999). We start by stating a general version of the ITM formula in (A134).

Let Xt be a càdlàg semimartingale and let f : R → R so that f ′
exists a.e. and is of locally

bounded variation. Then, for all t ≥ 0,

f(Xt) = f(X0) +

∫ t

0

f ′
−(Xs) dXs +

1

2

∫
R
Λa

t f
′′(da), (A134)

where f ′′(da) is the measure-valued distributional (weak) second derivative of f ; Λa
t is the local

time of Xt at level a; and f
′
− denotes the left-derivative.

Now, as in our problem, suppose f is C2
except at k finitely many points ak, where the one-

sided derivatives f ′
±(ak) exist. Using integration by parts on each smooth interval between

the points ak together with Lebesgue’s decomposition theorem for the signed measure, the

distributional derivative f ′′(da) decomposes as

f ′′(da) = f ′′(a)da+
∑
k

(
f ′
+(ak)− f ′

−(ak)
)
δak(da), (A135)

where δak is the Dirac measure on ak. The next step is to use the occupation times formula,∫
R g(a) Λ

a
t da =

∫ t

0
g(Xs) d⟨X⟩s. We apply this formula to the last term in in (A134), taking

g = f ′′
and f ′′(da) = f ′′(a)da, together with (A135), to obtain

1

2

∫
R
Λa

t f
′′(da) =

1

2

∫ t

0

f ′′(Xs) d⟨X⟩s +
1

2

∑
k

(
f ′
+(ak)− f ′

−(ak)
)
Λak

t . (A136)

Putting it all together, we get the simplified ITM formula in integral form:

f(Xt) = f(X0)+

∫ t

0

f ′(Xs) dXs+
1

2

∫ t

0

f ′′(Xs) d⟨X⟩s+
1

2

∑
k

(
f ′
+(ak)−f ′

−(ak)
)
Λak

t , (A137)

or equivalently, the simplified ITM formula in differential form:

df(Xt) = f ′(Xt) dXt +
1

2
f ′′(Xt) d⟨X⟩t +

1

2

∑
k

(
f ′
+(ak)− f ′

−(ak)
)
dΛak

t . (A138)

Proof of Proposition 6. For this proof it is more convenient to work with the fundamental

state variableXt ≜
Zt

Rγ
t

. SinceZt follows a geometric Brownianmotion andRt remains constant

up the next (potential) adjustment time, Xt also follows a geometric Brownian motion:

dXt = (µ+ π)Xtdt+ σXtdBt (A139)
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Now consider a discrete time interval of length ∆ > 0. Starting from the initial condition

Xt = x at time t, the state at time t+∆ is obtained by the strong solution to the above SDE:

Xt+∆ = Xt exp

[(
µ+ π − σ2

2

)
∆+ σ(Bt+∆ −Bt)

]
(A140)

The Wiener increment (Bt+∆ − Bt) is normally distributed with mean zero and variance ∆,

(Bt+∆ −Bt) ∼ N (0,∆), so we can rewrite it as (Bt+∆ −Bt) =
√
∆ ε, where ε ∼ N (0, 1) is a

standard normal random variable. Substituting into equation (A140) yields

Xt+∆ = Xt exp

[(
µ+ π − σ2

2

)
∆+ σ

√
∆ ε

]
(A141)

To derive the probability of an upward wage adjustment at time t + ∆, θU(x,∆), we use the

fact that adjusting upwards occurs when Xt+∆ > U . Specifically,

θU(x,∆) ≜ P (Xt+∆ > U | Xt = x)

= P
(
x · exp

[(
µ+ π − σ2

2

)
∆+ σ

√
∆ε

]
> U

)
= P

(
ε >

ln(U/x)− (µ+ π − σ2/2)∆

σ
√
∆

)
(A142)

Since ε ∼ N (0, 1), we have that P(ε > a) = 1−Φ(a) for any a ∈ R, whereΦ(·) is the standard
normal cdf. As a result

θU(x,∆) = 1− Φ

(
ln(U/x)− (µ+ π − σ2/2)∆

σ
√
∆

)
(A143)

and using the symmetry property 1−Φ(a) = Φ(−a) and the logarithm property− ln(U/x) =

ln(x/U), it follows that

θU(x,∆) = Φ

(
ln(x/U) + (µ+ π − σ2/2)∆

σ
√
∆

)
(A144)

To derive the probability of a downward wage adjustment at time t+∆, θL(x,∆), we note that

adjusting downwards occurs when Xt+∆ < L. Following the same steps as above we obtain

θL(x,∆) = Φ

(
ln(L/x)− (µ− σ2/2)∆

σ
√
∆

)
(A145)

Finally, the probability of no wage adjustment equals the probability that Xt+∆ ∈ [L,U ], thus

P(L ≤ Xt+∆ ≤ U) = 1− P(Xt+∆ < L)− P(Xt+∆ > U)

= 1− θL(x,∆)− θU(x,∆) (A146)

■
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