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Abstract

We address a question faced by empirical economists almost on a daily basis: How to
report the results from statistical analyses? We first document current practice by compil-
ing the universe of coefficient estimates and their associated standard errors from all articles
published in the American Economic Review (AER) between 2000 and 2022. We find that
the overwhelming majority of articles rely on a simple heuristic: always report a fixed num-
ber of decimal digits (most often three) for all parameter estimates and standard errors. We
construct an alternative approach to determining the number of digits to report that builds
on tests equivalence hypotheses. Specifically, we introduce the concept of a “distinct” digit,
which refers to the situation where an equivalence test rejects the null hypothesis that the
parameter estimate and the true value, both rounded at a given decimal rank, cannot be
equal. We recommend reporting digits in parameter estimates up to the first non-distinct
digit. Applying this rounding rule to our AER dataset, we find that about one-third the
digits reported would not have been printed. Our rounding heuristic is straightforward to
implement and already embedded into a widely used R package.
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1 Introduction

Empirical economists estimate coefficients from statistical models almost on a daily basis.
Because “best unbiased” estimators are usually characterized by analytical formulas, the
most “precise” coefficient estimate researchers could compute is an infinite series of digits,
which is practically impossible to reportE] Therefore, researchers must round parameter
estimates at some decimal rank.

Historically, heuristics such as reporting only two or three decimal digits could be ra-
tionalized by high computational costs and limited numerical reliability. Indeed, the same
estimator applied to the same data could produce different exact values for parameter esti-
mates depending on the software package or the computer used to perform the calculationsE]
Nowadays, however, the same estimation routine applied to the same data on different com-
puters (or on the same computer using different software packages) is expected to yield
identical estimates up to a large number of decimal digits. In this context, should empirical
researchers report their coefficient estimates with as many decimal digits as possible? If not,
is there a principled approach to rounding parameter estimates?

Choosing how many decimal digits to report for parameter estimates does not currently
appear to be a critical issue that empirical researchers face. When retrieving the universe of
coefficient and standard error estimates published in the American Economic Review (AER)
between 2000-2022 (see below), we find that the vast majority of researchers always report
two or three decimal digits in their papers, suggesting that they delegate the decision of how
to round parameter estimates to the default setting of the software routine they are using.

While it may be expedient for them not to invest too much time on this issue, it may lead
empirical economists to report either “too many” digits, perhaps fueling over-confidence in
available precision and/or hampering the credibility of reported estimates, or “too few” dig-
its, when available precision is actually high. As a striking example of this second situation,
we observe that, under current rounding heuristics, about 1% of the coefficients printed in

the AER between 2000-2022 are reported with a standard error of exactly zero.

LA parameter estimate, é, can be expressed as Ziz_oo (iAilOi, where each d; takes on values in {0,1,2,...,9}.
We call the integers i (positive or negative) “decimal ranks.”

2Tables 1 and 2 of McCullough and Vinod! (1999) provide examples of this phenomenon.



Could such shortcomings be avoided by setting a different but equally simple default
rounding heuristic in software routines? If so, even if these issues might be perceived as
minor, what would be the rationale for not fixing them?

This article proposes a general approach to rounding parameter estimates that relies on
equivalence testing (Wellek, 2010). Specifically, equivalence tests posit as a null hypothesis
the statement that the true parameter value lies outside of a given intervalﬁ Rejection of
this null hypothesis provides evidence that this parameter value lies in this interval. Our
proposal builds on the observation that the decision of whether or not to report a given digit
in a parameter estimate should be informed by the likelihood that this digit is estimated
with sufficient precision. Equivalence tests precisely address this question.

We define a given digit as “precisely estimated”, or “distinct,” if one can reject the null
hypothesis that the parameter estimate and the true value, both rounded at the decimal rank
of the considered digit, cannot be equal. To make this definition more concrete, consider
two numbers a and b and a decimal rank i. If |a — b| < 10¢, it is then possible, depending
on the exact values of a and b, that the rounded values of a and b at rank i are equal. For
example, for a = 1.250001, b = 1.349999 and ¢ = —1, the absolute difference between a and
b is very close to 107! = 0.1, and both a and b rounded at the decimal rank i = —1 are
equal to 1.3.E| Conversely, if |a — b] > 107, the rounded values of a and b at decimal rank i
are necessarily different. Therefore, the rounded values of two randomly chosen numbers a
and b at decimal rank i cannot be equal if, and only if, |a — b| > 10°. Applying this property
to the estimate 0 of a quantity 6, the null hypothesis that the rounded values of both the
estimate and the true value of a parameter rounded at decimal rank i are equal corresponds
to |é — 0] > 10°. We define the digit of decimal rank i as “distinct” if an equivalence test
rejects this hypothesis.

Loosely speaking, for each decimal digit in a parameter estimate, our procedure asks
whether the null hypothesis that this digit is one value higher or lower is rejected. For

example, for a parameter estimate equal to 1.234, can the equivalence test with the null

3Equivalence testing is often used in biostatistics determine whether two treatments are not significantly
different (Wellek, 2010]).

4Note that the difference between a and b can be made arbitrarily close to 0.1 with slightly different
choices of a and b.



hypothesis that the true value of the coefficient is 0.234 or more or 2.234 or less be rejected?
Based on the above discussion, although this test is centered on the parameter estimate,
it actually only hinges on the pre-specified length £1 of the equivalence interval. More
precisely, one could think of this test as asking the question: given a pre-specified value of
the parameter, can we reject the null hypothesis that the digit of a given decimal rank is
one value higher or lower? The pre-specified value that is least likely to reject the null is
the empirical estimate of the parameter, so that applying an equivalence test centered on
the parameter estimate makes sure that, if the null hypothesis of this test is rejected, then
the null hypothesis of any alternative test with the same interval length but centered at a
different pre-specified value would have been rejected too.

If the null hypothesis of the equivalence test of length 41 is rejected, we define the digit
“1” in 1.234 as “distinct,” that is, as likely (although not certain) to be equal to the estimated
value, in this case 1. As one continues scanning digits to the right, that is, tests equivalence
intervals of length +0.1, £0.01, etc., there will exist some decimal rank after which estimated
digits are no longer distinct. Suppose for example that the digit “2” in 1.234 is found not
to be distinct. Our proposal is then to round parameter estimates at the rank of their first
non-distinct digit, that is, to report 1.2 as the parameter estimate.

How much “precision” is lost by rounding parameter estimates at the decimal rank of
their first non-distinct digit? Figure [1] illustrates sampling uncertainty by drawing many
datasets from a known data generating process where the true value of a parameter of in-
terest is equal to 1.234 (see Section [4| for more detail). Specifically, it shows the histograms,
over one thousand data draws for two different sample sizes (T=100 and T=1,000,000), of
the digits of the parameter estimate for the decimal ranks 0 to —3. The empirical distri-
bution of the first non-digit distinct is observed to have more mass around its population
value, the subsequent digits are essentially drawn from {0, 1,2, ...,9} according to a uniform
distribution. Therefore, not reporting them, that is, reporting 1.2 when the sample size is
equal to 100 observations, boils down to truncating a tail of decimal digits that, based on
sampling uncertainty alone, essentially consists of pure statistical noise. In particular, a
parameter estimate that is statistically different from zero will by construction be reported

with at least one non-zero digit. Conversely, if a parameter estimate is found to have at least



one non-zero distinct digit, it is then statistically different from zero.
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Figure 1: Results of Monte Carlo simulations (using Model 1 of Section [4). Each row

corresponds to a different sample size (7" € {100;1,000,000}). Each column corresponds to
a given digit of the point estimate 81 of the price elasticity. Denoting B =do+0.1d_, +
0. 01d 2 +0. 001d 3+. .., the columns report respectively (from left to right) the distributions
of do, d_l, d_5 and d_3 The corresponding values of these digits in the true parameter are
respectively 1, 2, 3 and 4. See Section [4] for more detail.

Can equivalence tests be applied in a tractable way in practice?lﬂ We derive an exact
closed-form expression to characterize the decimal rank of the first non-distinct digit for the
normal linear conditional mean model, from which we derive a large sample approximation
for the decimal rank that is valid for a wide range of parameter estimates. This formula
only involves straightforward calculations from variables that are already computed by stan-
dard software packages. It can therefore be easily added to post-processing routines that

researchers typically use to generate tables of estimation results. It has for example been

included in the R package “modelsummary” (Arel-Bundockl 2022) and only requires a few

lines of code to be added to any existing software routine.

50ne brute force approach to generate Figure [1] and assess which digits to report could be to bootstrap
the estimation dataset. However, such an approach would prove very computationally intensive in many
applications.



While the practical implementation of our rounding heuristic relies on the asymptotic ap-
proximation that parameter estimates follow a normal distribution, equivalence tests provide
a statistical framework that remains valid for arbitrary distributions of parameter estimates.
For example, we derive in the Appendix the rank of the first non-distinct digit of standard
error estimates for the normal linear conditional mean model.

Contrary to most parameter estimates, however, the use value of standard errors lies in
their magnitude, not their precision. Therefore, the reporting heuristic we implemented in
the R package “modelsummary” rounds standard errors two decimal ranks after their first
non-zero digit, irrespective of their precision.

Obviously, the same reasoning could apply to coefficient estimates: a precisely estimated
digit may not always be “economically significant.” In such cases, researchers may prefer to
report coarser parameter estimates. The practical relevance of such situations is, however,
an empirical question. In order to explore it further, we retrieve all coefficient estimates and
associated standard errors printed in the AER between 2000 and 2022. We obtain a dataset
of over 90,000 coefficient estimates each with its associated standard error estimate. We find
that coefficient estimates tend to be imprecisely estimated: 60% of the digits reported for
coefficient estimates are not distinct. If empirical researchers were to adopt the rounding
rule we propose, over 33% of the published digits in our sample would not be printed. We
also provide evidence from a number of other economics journals supporting the view that
we would have obtained similar results had we chosen different publication outlets and/or
restricted attention to the main estimates of interest instead of including all the parameter
estimates reported in results tables. We therefore conclude that the rounding rule we propose
would very likely represent a significant improvement relative to the current status quo.

The rest of the paper is organized as follows. Section [2| argues that the way precision
is conveyed when reporting parameter estimates may matter, documents current practice in
economics and discusses how such practices may differ in other empirical sciences. Section
introduces our concept of a “distinct digit” and derives closed-form expressions to charac-
terize the rank of the first non-distinct digit. Section [4]illustrates with a numerical example
why researchers may consider rounding parameter estimates to the first non-distinct digit.

Finally, Section [5|studies quantitatively the extent to which current practice differs from the



rounding rule we propose. Section [0 concludes.

2 Background

2.1 Conveying Precision in Empirical Studies

Empirical results in economics are derived from identification assumptions and estimated
on small samples, making them inherently uncertain (Manski, 2011} 2019). For this reason,
detecting or failing to detect a non-zero parameter estimate has been the main focus of
statistical inference. In this context, many authors have stressed that putting too much
emphasis on statistical significance may divert researchers away from discussing economic
significance (DeLong and Lang, 1992; McCloskey and Ziliak, (1996 Ziliak and McCloskey),
2004). In addition, such an over-emphasis of “statistically significant” results have raised an
important debate about the credibility and transparency of empirical researchﬁ

As the cost of data collection has been declining, larger and larger datasets have become
available, and the statistical power to detect non-zero economic magnitudes using conven-
tional tests of statistical significance has increased dramatically. For this reason, empirical
research in economics seems likely to shift from detection to measurement. In other words,
the key question in statistical inference may no longer be “is a coefficient different from
zero?” but instead “how precise is a (non-zero) coefficient estimate?”. This change of per-
spective offers an opportunity to establish precision as a salient attribute of reported results.
Such a practice would likely reduce the emphasis put on simply obtaining statistically sig-
nificant results and highlight that uncertainty in each reported decimal digit is an essential
feature of empirical work in economics.

Although a large theoretical literature on scientific communication has developed models

to think about the relationship between the supply of scientific evidence and its influence

6See for example the essays in the symposium “Con out of Economics” of the Journal of Economic
Perspectives (Angrist and Pischke, |2010; Leamer} |2010; [Keane], |2010; [Sims|, 2010; |Nevo and Whinston), |2010;
Stock, 2010)), as well asHendry| (1980) and [Leamer| (1983]). A major concern in this literature is that journals
may not publish a random sample of the underlying distribution of possible estimation results. A widely
held view is that “statistically significant” (Franco et al., 2014; |Andrews and Kasy, 2019; Brodeur et al.|
2023) and “surprising” (DeLong and Lang} |1992)) results are more likely to be published.
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Figure 2: Possible definitions of “false positives” and “false negatives” when applying a
rounding rule (i.e., choosing the rank i) to a parameter estimate.

on policy-making[| such considerations are beyond the scope of this article. Instead, we
simply note that a rounding rule must be used in practice, and that this rule will make a
given number (the reported rounded point estimate) particularly Salientﬁ In this context,
two questions are of particular interest (see Figure . First, is this rounded number indeed
equal to the underlying population parameter (rounded at the same decimal rank)? Second,
would the next (non-reported) digit actually prove to be accurate? Loosely speaking, the first
(resp. second) question may be thought as assessing whether the reported estimate is a “false
positive” (resp. “false negative”). Of course, no rounding rule will be unambiguously better
along both dimensions under all circumstances. In order to be able to compare different

rounding heuristics, we start by documenting current practices in economics.

"This literature studies for example strategic reporting by researchers (Henry and Ottaviani, 2019) or
optimal reporting rules (Andrews and Shapirol [2021]).

8Recent work has shown that the interpretation of scientific evidence can be subject to behavioral biases.
For example, [Korting et al. (2023)) show that the chosen graphical representation influences how readers
interpret regression discontinuity graphs.



2.2 Current Practice

We retrieve all coefficient estimates and associated standard error estimates from the universe
of articles published in the American Economic Review between 2000 and 2022°] The choice
of this specific outlet is motivated by its prominence in the economics profession and the
state-of-art nature of the articles it publishes. We restrict attention to the period post-
2000 for two reasons. First, downloading full issues is not possible before 2011, making it
very time consuming to retrieve all published articles in a given year. Second, the practice
of systematically reporting coefficient estimates and standard errors in tables of empirical
results is relatively recentm We obtain a dataset of over 90,000 coefficients with their
standard error estimates.

We start by assessing whether the number of coefficient estimates reported in the Amer-
1can Economic Review has changed over the two decades we consider. Because, the number
of volumes of the journal has increased from 4 in 2000 to 12 in 2022, simply looking at the
total number of reported coefficients per year would be misleading. Instead, we normalize
the total number of reported coefficient estimates per year by the total number of printed
pages for all articles (both theoretical and empirical) published that year.

Figure [3] shows how this ratio has evolved over our period of interest. We find that on
average there is about 1.4 coeflicient estimates per printed page. This ratio increased in 2010
through 2013, but fell back down in 2014 to slightly higher than its pre-2010 average.

We next discuss how many decimal digits researchers typically reported during our sam-
ple period. As shown in Figure [} the majority of estimated coefficients are reported with
three decimal digits. If anything, this practice seems to have become more and more preva-
lent over time, mostly at the expense of reporting only two decimal digits. Although this
observation is consistent with a widespread use of the default setting of econometric or post-

processing software routines, it could be the case that reporting three decimal digits is always

YWe exclude the AEA Papers and Proceedings issues over the entire period.

10Tn their study of empirical articles published in top economics journals during the years 2015 and
2018, Brodeur et al.| (2020) note (p. 3639): “Most [test statistics in our sample] (91 percent) are reported as
coefficients and standard errors, others as t-statistics (4 percent), or p-values (5 percent).” Previous practices
were less harmonized, with papers reporting indifferently standard errors, t-statistics or z-statistics. This
absence of standardization in how results are reported would make our routine to extract coefficients and
standard errors more prone to errors and more likely to miss observations (see Appendix |C]).
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Figure 4: Evolution over time of the number of decimal digits printed for coefficient estimates.

warranted given available precision. This interpretation is, however, hard to reconcile with
the observation that the majority of tables of estimation results are found to report the same
number of decimal digits for all coefficient estimates.

When looking at the value of coefficients (see Figure in the Appendix), we observe
that units of measurements are typically chosen such that estimated coefficients have an
absolute magnitude lower than 10. In addition, we find no clear evidence that standard
errors have become either significantly smaller (e.g. due to improving empirical strategies or
increasing sample sizes) or larger (e.g. due to a more prevalent use of robust standard error
estimates) over time (see Figure in the Appendix).

Interestingly, about 1% of printed standard error estimates are equal to zero. In other



words, by relying on the default heuristic of always printing say three decimal digits, about
1% of coefficients are reported with a standard error of (0.000). This finding shows that the
current rounding heuristic sometimes leads to reporting “too few” digits. Indeed, standard
errors should, at a minimum, be printed with their first two or three non-zero digits, and a
coefficient estimate whose standard error is 107 or smaller should be reported with more
than three decimal digits.

Overall, we conclude that current rounding heuristics barely attempt to account for the

available precision of parameter estimates, if at all.

2.3 Practices in Other Empirical Siences

In natural sciences, researchers pay particular attention to “significant digits” (also called
“significant figures”) when reporting empirical results. Specifically, scientists typically report
decimal digits only up to the point where random errors in the measurement device prevent
further confidence in the precision of the digit recorded. The rationale for this practice is
that errors are inevitable in measuring a magnitude of interest. Therefore, measurements
in natural sciences only report the digits whose order of magnitude is higher than the likely
magnitude of possible idiosyncrasies in the measurement process.

By analogy, an econometric model and its associated dataset may be thought as the
measurement device employed by empirical researchers to retrieve estimates of magnitudes
of interest. We thus propose a procedure to characterize what we call “distinct digits”,
which can be seen as a way to assess the precision of the measurement device of the econo-
metrician and determine the number of digits to report in a parameter estimate. We favor
the terminology “distinct digits” over “significant digits” in order to avoid confusing our
approach with traditional significance testing in economics, which simply tests whether one
call confidently rule out that a given parameter is equal to zero.

This change in focus offers an opportunity to establish the number of distinct digits and
their values as the salient attribute of reported results. Such a practice might contribute to

reduce the emphasis put on simply obtaining statistically significant results.

10



3 Distinct Digits in Economics

This section introduces the framework we use to assess whether a given digit is “distinct”
and derives an analytical formula for the decimal rank of the first non-distinct digit in a

coefficient estimate with an asymptotically normal distribution.

3.1 Equivalence Testing versus Significance Testing

Equivalence testing asks whether an effect is small enough to be practically negligible, rather
than whether it is exactly zero, as is the case with traditional significance testing.
Let 6 denote the population quantity of interest (e.g. a regression coefficient). A standard

two-sided test of statistical significance takes the form:
H: 0=0 (the effect is zero)

K:0+#0 (the effect is not equal to zero)

Rejection of H : 6 = 0 provides evidence that 6 is non-zero.
In contrast, equivalence hypotheses reverse the roles of “null” and “alternative.” Specif-
ically, let A > 0 be a pre-specified negligible margin representing the largest magnitude

considered practically unimportant. An equivalence test takes the form:
H: |6|>A (not equivalent; effect is meaningfully large)

K: |0l <A (equivalent; effect is sufficiently small)

Equivalence is concluded only if the data provide evidence that € lies in the interval (—A, A).
Rejection of the non-equivalence null hypothesis H : |6] > A is that evidence.

Equivalence tests are routinely used in the context of drug effectiveness (Romano, 2005).
More recently, they have been advocated for in political science (Rainey}, 2014) and economics
(Fitzgerald, [2024) as the correct approach to argue for negligible effects, for which the failure
to reject a significance test provides insufficient evidence.

A common implementation of tests of equivalence, which we adopt in what follows, is the

11



two one-sided tests (TOST) approach at level ozB These tests reject the null hypothesis H

at the level « if, and only if, the following two one-sided tests reject their null hypothesis at

the level a:
Hp: 6 < —-A versus K;: 0> —-A (¢r)
and
Hy: 0> A versus Ky :0< A (Yu)

Because both tests v, and ¢y are of size «, it may seem counter-intuitive that the
resulting test is also of size a. Indeed, in standard settings, induced tests for multiple
hypothesis testing have to use a lower significance level for each individual test in order for
the overall test to remain of size aH The TOST is, however, a special case of the so-called
“Intersection-union tests” (Berger, |1982). The intuition for the lack of need to adjust the
size of individual tests to account for multiple testing is that H is rejected only if both Hp,
and Hy are rejected.

In practice, a major challenge hampering a widespread use of equivalence tests is the
choice of, and justification for, the equivalence margin A. In the case of the “distinct digit”
framework that we next introduce, a natural equivalence margin for the digit of decimal
rank ¢ is A = 10°. This choice is indeed anchored in the use of a decimal system to report

numbers.

3.2 Equivalence Tests and Distinct Digits

Consider a scalar parameter estimate 0, decomposed into an infinite series of digits

{d;}P___ . where d; multiplied by 10° for each i as

T Although several tests besides the TOST have been proposed in the literature on equivalence testing
(e.g. [Brown et al.|(1997)), we believe that the simplicity of implementing the TOST makes it ideally suited
to our purpose.

12For example, the Bonferroni bound implies a size of 17 for each of the M individual tests for an overall
size of « for the joint null hypothesis (see for example |Savin| (1984])).

130ur framework is actually more general and can be applied to any estimated magnitude, such as for
example standard error estimates. For simplicity, however, we refer to 0 as the “estimated parameter” even
though the standard error of a coefficient estimate is not, strictly speaking, a parameter of the model.

4When 6 < 0, this decomposition is preceded by a minus sign.

12



Econometric software packages report a limited number of decimal digits, so that the “printed”

value of é, which we denote with ép, is:

0

D
Z d;10°
=1

For 0, = 1.234,ig = —3, D =0,and dy = 1, d_; = 2, d_y = 3 and d_s = 4.

As discussed above, current practice among empirical researchers is to pick a default
value for i( for all reported parameter estimates, most commonly 7o = —3.

Instead, the choice of iy could be coefficient-specific and chosen according to how precisely
estimated this parameter is. Based on the above discussion (e.g., Figure , one statistically-
grounded way to make this assessment is to ask the question: can we reject with a high level
of confidence the null hypothesis that the estimate and the true value rounded at decimal
rank ¢ cannot be equal? Indeed, if this assumption can be rejected, then there is statistical
evidence that the corresponding digit is informative about the true parameter value.

For two randomly chosen real numbers a and b, we have the following lemma:

Lemma 1 For a given real number x, let us denote with |x|; the rounded value of x at the

decimal rank 1. We then have:

la—b] >10° < |al; # |b]; for all possible values of (a,b)

By lemma [T} the null hypothesis “the rounded values at decimal rank i of the estimate

and the true value cannot be equal” may be written:
Hi: 10— 6] > 10°

An alternative approach to rationalize the use of this null hypothesis goes as follows. Let
us set a pre-specified standard of precision, say 10°. Ultimately, we are interested in deter-
mining whether a parameter estimate can be confidently assessed to lie within an interval
+10° For a given guessed value 6, of the parameter, this characterization corresponds to

the following equivalence test:

H: |0 — 6y >10°  versus  K: |6 — 6] < 10°

13



Because |é — 6| is minimized for 0y = é, the value of 6, for which H is least likely to be
rejected is 0y = 0. In other words, if H is rejected for 6y = 6, then it is also rejected for any
other value of 6.

Therefore, we consider the digit of decimal rank ¢ to be “distinct” if an equivalence test

rejects the null hypothesis H'.

Definition 1 (Distinct digit) Let = Zizfoo d;10° be an estimate of the scalar population
parameter 0. We define digit d; to be distinct at the level o if the following equivalence test
; rejects the null hypothesis H' at the level a:

Hi: |0 — 0] > 10 versus ~ K': 0 € (é —10%,0 + 10i>
Equivalently, the digit of decimal rank i is defined as “distinct” if:

e the null hypothesis that the estimate and the true value rounded at decimal rank 1

cannot be equal 1s rejected at the level a.

e for any pre-specified value 0y, the null hypothesis H': |0 — 0y > 10" is rejected at the

level «.

Concretely, to assess whether the digit of rank ¢ = 0 is distinct, we simply perform the

equivalence test:
H=Y% |0 —1.234] > 1 vs. K'=0: 0 € (0.234,2.234)

Suppose that digit dy = 1 is assessed to be “distinct” according to Definition . We can

next turn to the next digit and perform the equivalence test ¥_1:
H="110-1234...| >0.1 Versus K="10e(1.134...,1.334...)

If the null hypothesis H*=~! associated with the equivalence test ¥_; is rejected as well, so
that the digit d_; = 2 is also deemed to be distinct, we can again turn to the next digit

d_y =3 and perform the equivalence test ¥_s:

H="210—1.234...] >001  versus K= 2 60 (1.224...,1.244...)

14



Intuitively, this procedure can be iterated until we fail to reject the null hypothesis for
some decimal rank ¢. In order to ensure that the procedure indeed converges, we make the

following assumption.

Assumption 1 (Monotonicity of equivalence tests) For any rank i, if ¢; rejects the

null hypothesis, then the equivalence test 11 also rejects the null hypothesis.

Note that, by a recurrence argument, Assumption (1| is equivalent to stating that if
rejects the null hypothesis, then v rejects the null hypothesis for all ' > i. This assumption
is very unlikely to prove restrictive in practice. In particular, it trivially holds for the
equivalence tests we consider in what follows. We nonetheless state it as an assumption in

order to introduce in full generality the following concept of “first non-distinct digit”.

Definition 2 (First Non-Distinct Digit) Under Assumption[l, we define the rank i*(«)
of the “first non-distinct digit” as the largest value of © such that digit d; is mot distinct at
level « according to Definition [1):

i*(a) = max{i| d; is not distinct at level o}
7

Under Assumption , it is straightforward to see that, if d; is a distinct digit, then all
dy with ¢ > i are also distinct digits. Because finite sample sizes necessarily put an upper
bound on precision, there exists a threshold rank i*(«) such that a digit d; is distinct if, and
only if, i > i*(«). We call the corresponding digit cfi*(a) the “first non-distinct digit.” One
may interpret i*(«) as a measure of “precision”: loosely speaking, digits of decimal ranks
i*(«) and below cannot be confidently identified.

It is important to note, however, that the rank of the first non-distinct digit is sensitive
to the choice of unitsE For example, in a univariate regression, converting the unit of the
explanatory variable from “meters” to “kilometers” increases the magnitude of the coefficient
estimate by 103, therefore shifting i*(a) by three. In order to obtain a notion of “precision”

that does not suffer from this limitation, we introduce the concept of the “number of sizable

distinct digits.”

15We discuss the choice of units in greater length in Appendix @
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Definition 3 (Number of sizable distinct digits) Let § = Yo d;10% be an estimate

=—00
~

of the scalar population parameter 0. Let D(0) equal the largest rank of its non-zero digits:

D(h) = maxi1 [di ”] 0} (1)

Let i*(«) equal the rank of the first non-distinct digit ofé. We define the “number of sizable

distinct digits,” v(a) as:

v(a) = max(D() — i*(a), 0)

In words, the number of sizable distinct digits is the number of digits that: (i) contribute
to measuring a non-zero parameter estimate; and (ii) can be precisely estimated from the
available data. For example, if the parameter estimate is 1.234 ..., only the first digit “1”
is precisely estimated when i*(a) = 0, while all four digits are precisely estimated when
i*(a) = —3. Because D(0) = 0 for this example, the formula in Definition [3 indeed yields

v(a) =1 in the former case, and v(a) = 4 in the latter.

3.3 Closed-form Expressions

We now derive, for the normal linear conditional mean model, an exact closed-form expression
for the rank of the first non-distinct digit of a coefficient estimate. Specifically, we consider
the textbook model:

y=XpB+e (2)

where y is a T' X 1 vector of outcome variables, § is a K x 1 vector of coefficients, X is a
T x K fixed matrix of rank K where K < T', and € is a T'x 1 random vector. The conditional
distribution of € given the matrix X is a multivariate normal 7" x 1 vector with mean zero and
covariance matrix o2Ir, where I is a T' x T identity matrix and o2 is an unknown positive
scalar. Under these assumptions, y is N'(X 3, 02Ir), where N'(i,Y) denotes a multivariate

normal distribution with mean vector p and covariance matrix Y. In addition, the ordinary

least squares estimate of 8, b = (X'X)™'X'y, is a K x 1 random vector distributed as
N(B,0%(X' X)) and, if we define s* = Ti/eK, where e = y — Xb, then SQ(?;K) is distributed

as a x? random variable with 7' — K degrees of freedom.
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Define a;, as a K x 1 vector with zeros in all elements except the k' element which is

equal to one. The inner product of a; with b, yields:

by = apb (3)

the k' element of the vector b. The standard error estimate for b, is equal to:

SE(by) = sy/a,(X'X)1ay (4)

Using these notations, we can derive the exact closed-form expression for the level o rank of

the last distinct digit for by.

Proposition 1 (Rank of the first non-distinct digit) Let t; (T — K) denote the crit-
ical value of the Student’s t-distribution with T — K degrees of freedom for the level of sig-
nificance a. For the normal linear conditional mean model, the rank of the first non-distinct

digit at level o for the estimated coefficient by 1is:

InSE(b) +Int_o(T — K)
In 10

(o) = 1-1

where [xz] denotes the ceiling of x (closest integer value from above).

Proof. See Appendix Bl =

For a given level of statistical significance «, computing the rank of the first non-distinct
digit of an estimated coefficient only requires knowledge of the number of degrees of freedom
T — K and the standard error estimate SE(by). Both quantities are readily available as
outputs of the software routines used to estimate the parameters of linear conditional mean
models. Therefore, any post-processing routine used to generate estimation results tables
can easily compute the rank of the first non-distinct digit of a coefficient estimate.

Moreover, the proof of Proposition (1| only relies on the fact that the t-statistic has a
Student’s t-distribution with 7" — K degrees of freedom. Although this property does not
hold exactly for models other than the normal linear conditional mean model, it is often a
reasonable asymptotic approximation. A convenient asymptotic lower bound for the size «

rank of the first non-distinct digit of a coefficient estimate can then be derived as follows.
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Corollary 1 (Asymptotic formula) if the t-statistic is asymptotically distributed as a
Student’s t-distribution, then a lower bound formula for the rank of the first non-distinct

digit of a coefficient estimate is:

InSE(by) +InZ;_,
In 10

i@ =] -1

where Zy_,, is the 1 — « percentile of a N'(0,1) random variable.

Proof. See Appendix [B] m

It is worth noting that our definition of distinct digits can also be applied to the stan-
dard error estimate SE (bk).lﬂ Proposition [2| in Appendix |B| derives, for the normal linear
conditional mean model, a closed-form expression for a tight lower bound of the level o rank
of the first non-distinct digit for SE(by).

Unfortunately, the asymptotic distribution of a test statistic for standard error estimates
is not generally available. However, in contrast to most coefficient estimates, the instrumental
value of standard error estimates lies in their magnitude rather than their precision. We
therefore proposes in what follows that a pragmatic rounding rule for standard error estimates
is to report a fixed number of digits after the first non-zero one, which allows to make sure

that reported standard errors are never equal to zero.

3.4 Graphical illustration

Figure [5] illustrates graphically our definition of “distinct” digits, using the asymptotic for-
mula of Corollary [II The two vertical blue bars materialize the confidence interval at the
level 2. Indeed, under an asymptotic approximation, the confidence interval of size 2« is

the interval of length 27;_,SFE(0) centered on the coefficient estimate, that is, the segment

with lower bound:
CI(0)=0— Z,_oSE(0)
and upper bound:

CT.(0) =0+ Z1_oSE(6)

16 And, more generally, to any random scalar for which one can devise a TOST equivalence test.
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From Corollary [1], the digit of rank 7 is distinct if, and only if:
Z1_oSE(9) < 107

In other words, digit 7 is distinct at the level « if, and only if, the confidence interval of size

2 is included in the interval [é — 10,0 + 10i] .

2 % 10°
do F Distinct
digits
e 2x 107!
0="> dil0’ | g | 1
—oo 2O'Zl—oz
9
d_s ) xl=1(‘r? Non-distinct
digits

Figure 5: Illustration of distinct digits in a coefficient estimate (asymptotic formula).

The intuition behind Figure [5| may be understood as follows. Consider a pre-specified
standard of precision, say 10°. The confidence interval materializes a bandwidth that contains
the parameter estimate with a very high probability (1 — 2«a). If this bandwidth is included
in an interval of size 2 x 10, that is, the distance between one digit below and one digit above
at the decimal rank i, we then have statistically evidence to be able to tell two digits apart
with a very high probability at this level of precision. In other words, the corresponding
digit may be considered as “distinct.” As the value of i decreases, the statistical evidence
needed to confidently tell two digits apart increases. Consistently, the ability to declare a
given digit as “distinct” requires tighter and tighter confidence intervals.

Figure |o| further clarifies why our definition of distinct digits hinges on the pre-specified
width of the equivalence region, not on the fact that the test that implements our definition
is in practice, similarly to confidence intervals, centered on the estimated value 6. While con-

fidence intervals are routinely displayed on graphs, they are rarely displayed in results tables.
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A rounding heuristics accounting for precision should therefore be seen as a complementary

approach to the use of confidence intervals.

4 Using Distinct Digits for Rounding Parameters

This section first uses a numerical example to illustrate the properties of “distinct” digits.

We next propose a rounding heuristic to report parameter estimates.

4.1 Numerical Example

True Data Generating Process
Consider an outcome variable g; that depends on three independent variables Xi;, Xs; and

X3¢, and an error term ¢;. We assume the true data generating process is:

3
Y = Bo + Z B Xt + € (5)
=1

where (5o, 81, 52, B3) is the vector of true parameter values. To keep things simple while still
being able to illustrate our main points, we set 51 = 1.234 and [y = B = B3 = 1.

We assume the researcher observes T draws of the vector (v, X1s, Xo, X3;), which is
indexed by t. To generate these vectors, we take T independent identically distributed
draws of X714, X9, X3¢ and €, respectively, from the following mutually independent normal

distributions:
Xlt ~ N(O, 1), th ~ N(O, 5), th ~ N(O, 10), and €t ~~ N(O, 5)
For each draw, we use the true data generation process (Equation [5)) and the above assumed

true values of the model parameters to compute a value of y;.

Estimated Models
We take the perspective of a researcher who only observes a sample of size T of the vector
(ye, X1ty Xog, X3¢) and seeks to recover an estimate of 3;. Assume the researcher estimates

and reports three models:

20



Model 1: y, = By + 51 X1 + N
Model 2: y; = By + 51 X1 + BoXor + 1oy
Model 3: y, = By + 1.X1: + BoXor + B3 Xa + 0

Note that we include different error terms—ny4, 19, and n3—in each model to account for
the omitted regressor(s). Model 1 corresponds to the simplest empirical strategy where the
researcher tries to recover (3; by regressing y; on constant and X;;. Model 2 adds Xo; as a
control variable but not X3;. Finally, model 3 corresponds to a situation where the researcher
is actually estimating the true data generating process. Note that because the X4, Xo;, X3¢
and ¢, are mutually independent for the same value of ¢ and across observations, all three
estimates of 3; are unbiased. However, because Xy; has the smallest variance among Xy,
Xoi, X3¢, and €, we expect it to be difficult to estimate [3; precisely without including Xy,

and X3 in the regression.

Monte Carlo simulations

We first embed our linear regression example into the Monte Carlo exercise sketched in
the introduction. Specifically, we fix a sample size, T', and draw from our data generating
process 1,000 datasets of this sample size. We then estimate Model 1 on each of these
datasets. Each of the 1,000 Monte Carlo runs gives us a point estimate Bl of the coefficient

of Xy;. This point estimate may be written as:
By =dy+0.1d_1 +0.01d_5 + 0.001d_5 + . . . (6)

where CZQ, d_l, d_y and d_g are integers. We recover the empirical distributions, over the
Monte Carlo draws, of these digits. We perform our numerical exercise for two different
sample sizes T', 100 and 1,000, 000. Figure hows the histograms of CZO, CZ,l, d_y and (f,g
for each value of T, where each row corresponds to a sample size (from lowest to highest)
and each column corresponds to a digit (from dy to d_s).

Conditional on a given sample size T, we find that the rank i*(«) of the last distinct
digit (v = 0.1) is assessed to be the same in all Monte Carlo runs. Figure [1| therefore uses

two different colors to distinguish estimated digits that are distinct under Definition (1] from
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digits that are not. We find that the distribution of d; is tightly centered around its true
value when the digit is distinct (i > i*(«)). The distribution of the first non-distinct digit is
much more spread out but can have more probability mass around its true value. The first
non-distinct digit therefore conveys useful information, despite not being a very accurate
estimate of the population value of the digit. The empirical distributions of decimal digits of
lower ranks assign sizable positive probabilities on all possible digit values —(0,1,2,...,9)—

and resemble pure statistical noise.

4.2 Proposed Rounding Rule

We propose to adopt the following rounding heuristic for coefficient estimates: “round pa-
rameter estimates at the rank of the first non-distinct digit, that is, i*(«)).” In other words, if
a parameter estimate is 0=1.234... , then a researcher would report this estimate as ép =1
if i*(a) = 0 and 8, = 1.23 if i*(a) = —2. Situations where i*(a) > 0 can be handled by
changing measurement units or using of scientific notation.lﬂ

The rationale for this proposal follows the conceptual framework outlined in Section [2}
It essentially builds on the question: when does the information contained in an additional
digit start vanishing? Our concept of distinct digits allows us to answer this question in a
statistically-grounded way: digits after the last distinct digit are no longer precisely esti-
mated, so that reporting more than one additional digit after it has negligible informative
value.

To illustrate how this rounding rule differs from current practice, let us first consider
a sample of size T" = 100. Panel (a) of Figure |§| shows the current mainstream approach
to report empirical results in economics. The number of digits displayed does not convey
any information about their precision. Panel (b) of Figure |§| displays the same results as
in Panel (a), but applies the rounding rule we propose for @« = 0.1, both for coefficients

and standard errors (using the closed-form expressions we derived for the normal linear

1"For example, a parameter estimate may be 451.23... while i*(a) = 1. If a researcher reports digits up to
the first non-distinct one, only “4” and “5” would be printed. However, reporting 450 does not implement
this rule because of the terminating “0.” This is because when an estimate does not have decimal digits and
ends with a zero, the reader cannot tell whether this zero is a distinct digit or not. Table[A-T]in Appendix [A]
illustrates the use of scientific notation for our example of Section
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conditional mean model). Choosing o = 0.1 instead of say a = 0.01 is a conservative
approach since the less stringent the equivalence tests, the higher the number of distinct
digits. We observe that, when statistical precision is low, our procedure tends to simplify

results tables without inducing any sizable loss of information.

Panel (a) Panel (b)
Model 1  Model 2 Model 3 Model 1 Model 2 Model 3
X 1.174 1.176 1.104 X, 1.2 1.2 1.1
(0.510) (0.468) (0.250) (0.51) (0.47) (0.25)
X5 0.864 0.945 Xo 0.9 0.9
(0.196) (0.105) (0.20) (0.10)
X3 1.074 X3 1.07
(0.069) (0.069)
Constant 1.131 1.204 1.118 Constant 1.1 1.2 1.1
(0.459) (0.422) (0.225) (0.46) (0.42) (0.23)
Observations 100 100 100 Observations 100 100 100
R2 0.051 0.209 0.777 R? 0.051 0.209 0.777

Figure 6: Different possible formats for the table of estimation results. Panel (a): current
mainstream approach in economics (the table was generated using the package “stargazer” in
R (Hlavac, 2022)); Panel (b): reporting distinct digits (v = 0.1) as well as the first (rounded)
non-distinct digit.

We next increase sample size to T' = 1, 000, 000 to illustrate what happens when precision
increases (Figure . As expected, coefficients are more precisely estimated and, therefore,
most coefficient estimates are reported with three decimal digits, as under the current pre-
vailing approach to report parameter estimates. This latter approach would, however, fail
to report informative digits, such as the fourth decimal digit of 33 in Model 3.

Figure [7| shows two alternative approaches to report standard errors. Panel (a) rounds
standard errors at the rank of their first non-distinct digit as well (as characterized in Ap-
pendix . We observe that standard errors are actually estimated with a degree of precision
that exceeds by far the second or third decimal digit. For example, rounding standard errors
to two decimal digits would imply that all reported standard errors would be 0.00! However,
reporting all precisely estimated digits in standard errors may make results tables somewhat
less reader-friendly. Because the instrumental value of standard errors lies in their magni-
tude rather than their precision, a pragmatic approach could be to report a fixed number of
digits after the first non-zero one, as shown in Panel (b) with two digits.

In summary, our proposed reporting heuristic consists in (i) rounding coefficient estimates
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Panel (a) Panel (b)

Model 1 Model 2 Model 3 Model 1 Model 2 Model 3

X, 1.237 1.235 1.234 X, 1.237 1.235 1.234
(0.004474)  (0.003875) (0.002237) (0.0045) (0.0039) (0.0022)

X5 0.999 1.000 Xo 0.999 1.000
(0.001732)  (0.0010001) (0.0017) (0.0010)

X3 1.0000 X3 1.0000
(0.0007072) (0.00071)

Constant 0.999 0.999 1.000 Constant 0.999 0.999 1.000
(0.004474)  (0.003876) (0.002238) (0.0045) (0.0039) (0.0022)
Observations 1,000,000 1,000,000 1,000,000 Observations 1,000,000 1,000,000 1,000,000

R? 0.071 0.303 0.768 R? 0.071 0.303 0.768

Figure 7: Results tables with a sample size of T' = 1,000, 000. Left panel: standard errors
rounding at the first non-distinct digit. Right panel: standard errors rounded at the decimal
rank following their first non-zero digit.

at their first non-distinct digit, using the asymptotic formula of Corollary ; and (ii) rounding
standard error estimates one or two decimal ranks after their first non-zero digit. We suggest
to use conservative (i.e., large) values of « (e.g. o = 0.1).@ Our procedure is straightforward
to implement and already embedded into the widely used R package “modelsummary” (Arel-
Bundock], [2022). This feature only requires a few lines of code and relies on readily available
magnitudes. It could therefore seamlessly be set as the default option to any routine used
to report parameter estimates. Note that our implementation accounts for the fact that
either a change of units or the use of scientific notation is warranted for large but imprecise
estimates that are different from zero. Because such situations rarely arise in practice, we
discuss this point in Appendix [D]

Finally, one may use the conceptual framework sketched in Figure [2| to assess whether,
relative to current rounding heuristics, the proposed rounding rule tends to report “too
many” (i.e. high rate of “false positives”) or “too few” (i.e. high rate of “false negatives”)
decimal digits. Table in the Appendix report the obtained results from Monte Carlo
simulations. Except for very large sample sizes, always reporting two or three decimal digits
is found to overstate available precision (high rate of “false positives”). In contrast, the
proposed heuristic rounds coefficient induces negligible loss of information (low rate of “false

negatives”) and, at the same time, makes sure that a reasonably low rate of false “positives”

18This implies reporting more digits but the sensitivity of i*(«) to « is small given the logarithm term in
the formula of Corollary
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is obtained when rounding instead at one decimal rank to the left. In other words, the
proposed rule makes it possible for readers to directly interpret the point estimate in the

manner that best fit their intended use of the estimated value.

5 Empirical Relevance

This section quantitatively assesses the extent to which the coefficient estimates printed in

published articles in economics consist of distinct digits.

5.1 Main Results

We use our dataset of printed coefficients and standard errors in the AER to compare our
proposed rounding rule to current practice. Specifically, we derive, for each coefficient esti-

mate, the decimal rank of the first non-distinct digit using Corollary [I}

1.00

0.75

Significance

0.50 alpha = 1%
— alpha =5%

— /\,__-,-\ A N2 A\_\ //\/*\/_/A\WJ alpha = 10%

0.25

Fraction of digits that would not be printed

0.00

2000 2005 2010 2015 2020

Figure 8: Fraction of the printed digits that would not have been printed if results tables
had only rounded coefficient estimates at their first non-distinct digit.

Figure |8 shows, for each year, the fraction of printed digits that would not have been
reported with our rounding heuristic for different values of a. We find that over a third of
the digits printed in published articles would not have been reported. Our framework also
allows us to identify coefficient estimates for which our reporting rule would have implied

printing more digits. We find that only about 1% of the coefficients fall into this category
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(for @ = 0.1), mainly consisting of the parameter estimates with a reported standard error
of zero.

Next, we use our dataset to compute, for each coefficient, an upper bound of its number
of sizable distinct digits (see Definition . As discussed above, this value represents the
number of digits that (i) contribute to a non-zero effect and (ii) can be precisely estimated

from the available data[™l
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60% 1
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40%1 alpha = 1%
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Oo/o' - *
0 1 2 3
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Number of sizable distinct digits

ons

Percentage of observat
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Figure 9: Distribution of the number of sizable distinct digits.

Figure [9] shows histograms for the number of sizable distinct digits for different values of
a. We find that the number of sizable distinct digits is equal to zero for the vast majority of
coefficient estimates (60% to 80% depending on the chosen level of statistical significance,
a = 0.1, 0.05, and 0.01). For these coefficient estimates, no non-zero digit is distinct,

meaning that most coefficient estimates in economics would be reported with a single non-

zero digit [P

5.2 Robustness Checks

The dataset we collected has two main limitations. First, we restricted attention to a single

outlet. Second, we retrieved all coefficient estimates and are therefore not able to infer

DFor this exercise, we drop the observations from our sample for which the printed standard error estimate
is zero (1% of coeflicients) because we cannot derive a finite value for the rank of the last distinct digit for
such observations.

2ONonetheless, our reporting rule would preserve statistical significance in the sense that, if the coefficient
estimate reported with many decimal digit is significantly different from zero at a = 5% or less, then its
reported rounded value also rejects the null hypothesis of the significance test.
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whether or not a given coefficient corresponds to the main effect of interest in the considered
studies. As a result, we cannot rule out that our finding that most coefficients have a number
of sizable distinct digits equal to zero (Figure E[) might be driven by a lack of statistical power
to precisely estimate the coefficients associated with control variables.

To address these limitations, we make use of the dataset collected by |Askarov et al.
(2023)@ In this study, the authors retrieved the estimated main effect and corresponding
standard error from over 300 meta-analysis studies. As in Askarov et al.| (2023), we restrict
the sample to general interest and field journals in economics. Specifically, we restrict atten-
tion to 15 outlets: the “top five” journals@ four general interest journalsﬂ and six top-field
journals for which we have a large number of observations.@ The resulting dataset consists
of 18,000+ pairs of coefficient and their associated standard error estimates. In contrast to
the dataset used for our main analysis, the coefficients included in this dataset correspond
to the “main effect of interest” of the different empirical studies.

We use this complementary dataset to explore (i) the validity of our main results for
these journals, and (ii) whether results for the “main effect” coefficient estimates differ from
the population of printed coefficients. This external dataset, however, comes with its own
limitations. First, only a subset of articles is considered for each outlet (the studies that
where subsequently tabulated in one of the included meta-analyses). Second, no particular
effort was made to keep track of how many digits were actually printed in the original
published article. Indeed, in contrast to our dataset where we scraped directly the pdf files
of journal issues and carefully retrieved the exact coefficients and standard errors that have
been printed, the dataset of Askarov et al. (2023) compiles figures from numerous meta-
analyses with different research objectives. As an illustration, Figure in Appendix [A]
shows that many coefficients (about 25%) are recorded with 15 decimal digits or more, and
thus do not correspond to the rounded value published in the original article.@

Figure [10| shows, for each journal, the histograms of the number of sizable distinct dig-

21Their dataset is publicly available at https://github.com/anthonydouc/Datasharing/tree/master/
Python/data/groupl| (last accessed on 15 August 2023).

22 American Economic Review, Journal of Political Economy, Quarterly Journal of Economics, Review of
Economic Studies and Econometrica.

23 Review of Economics and Statistics, European Economic Review, Economic Journal, and Journal of the
European Economic Association.

24 Journal of Development Economics, Journal of Money Credit and Banking, Journal of Public Economics,
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Figure 10: Histograms of the number of sizable distinct digits for the different journals.

its. First, we again find that, for the American Economic Review, the majority of reported
coefficients (70% to 90% depending on the chosen statistical level) do not have any non-zero
distinct digit. In other words, we do not find evidence that the main effects of interest are on
average more precisely estimated than coefficients on control variables. Second, this result
holds for virtually all outlets, which suggests similar results would have been obtained if
we had studied a different journal. Only two journals stand out for reporting, on average,
more precise coefficients, namely Econometrica and Journal of the European Economic As-
sociation. The sample size is, however, significantly smaller for these two outlets than for
most other journals, which calls for great caution when interpreting this result. Overall, we
do not find evidence that our empirical results would have been different if we had focused

attention on the main coefficients of interest and/or on a different journal.

Journal of Finance, Journal of Financial Economics and Journal of Monetary Economics.

25 A possible explanation for this observation is that sequential data manipulations using different software
may numerically introduce additional decimal digits.
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6 Conclusion

This article proposes a principled rule to round parameter estimates, building on the statis-
tical concept of “distinct digits,” which are characterized through equivalence tests. While
the currently prevailing practice is to always report either two or three decimal digits, we
suggest instead to round parameter estimates at the first non-distinct digit. We derive an
asymptotically-valid closed-form expression for the rank of the last distinct digit of a coeffi-
cient estimate for a broad range of econometric models, as well as exact results for the case
of the normal linear conditional mean model. These formulas rely on readily available in-
formation from econometric estimation packages. Therefore, our rounding approach can be
added seamlessly to any existing post-processing routine used in practice to export empirical
results. For example, the R package “modelsummary” (Arel-Bundock, 2022)) includes it as
a formatting option for reporting results.

We make two main points to support our proposal. First, our statistical framework pro-
vides guarantees that the tail of digits beyond the first non-distinct digit essentially conveys
statistical noise. As a result, our rounding rule only induces a negligible loss in precision. We
illustrate this property through Monte Carlo simulations using a simple example for which
the data generating process is known. Second, we assemble an original dataset composed of
the universe of estimated coefficients and their associated standard error estimates published
in the American Economic Review between 2000 and 2022 (over 90,000 observations). Using
this dataset, we find that current practice departs significantly from the reporting rule we
propose. In particular, we show that over a third of printed digits in coefficient estimates
would not be reported should our reporting rule be used, while only a minority of estimates
would be printed with more decimal digits. Interestingly, we observe that most coefficient
estimates have no non-zero distinct digit, which suggests that current rounding heuristics
often convey a misguided sense of precision.

We believe that rounding parameter estimates at the rank of their first non-distinct
digit would be a valuable improvement relative to current practice. In particular, it would
increase the information content of tables of parameter estimates by both avoiding to report

digits that are essentially uniformly drawn between 0 and 9, and failing to report precisely
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estimated digits. A better use of economic results in practical applications is likely to
ensue. In addition, the incentives to generate more precise estimates of important economic

parameters may increase.
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Appendices

A Supplementary Figures and Tables

A.1 Figures
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Figure A.11: Box plots of the magnitude of estimated coefficients (absolute value in logig
scale). Boxes locate the first, second and third quartiles of the distributions. Top whiskers
(resp. bottom whiskers) are drawn at a distance of 1.5 times the interquartile range above
the third quartile (resp. below the first quartile).
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Figure A.12: Box plots of the magnitude of estimated standard errors (absolute value in log;o
scale). Boxes locate the first, second and third quartiles of the distributions. Top whiskers
(resp. bottom whiskers) are drawn at a distance of 1.5 times the interquartile range above
the third quartile (resp. below the first quartile).
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Figure A.13: Histogram of the number of recorded decimal digits for the “effect size” in the
subset of the dataset of |Askarov et al.| (2023)) used in Section

A.2 Tables

Table is identical to panel (c) in Figure@ except for the fact that the units of X7, X5 and
X3 have been divided by 1,000. As a result, coefficient estimates are multiplied by 1,000.

The use of scientific notation is then required to implement the reporting rule we propose.

Table A.1: Table of results under the approach of reporting digits up to the first non-distinct
digit (o = 0.1) when the units for X;, X3 and X3 have been divided by 1,000 (e.g. moving
from metric tons to kg).

Model 1 Model 2 Model 3

X, 1.2e+03 1.2e+403 1.1e4+03
(5.1e+02)  (4.7e4+02)  (2.5e+02)
X5 9e+02 9e+02
(2.0e4+02)  (1.0e+02)
X3 1.07e+03
(69)
Constant 1.1 1.2 1.1
(0.46) (0.42) (0.23)
Observations 100 100 100
R? 0.051 0.209 0.777

Table compares, based on Monte Carlo simulations, the rate of “false positives”

and “false negatives” (as defined in Figure [2)) for the proposed rounding rule versus current
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heuristics.

Sample size T 100 1,000 10,000 100,000 1,000,000
Rounding at 2 decimal digits

False positive rate 97.9% 93.1% 81.3%  55.9% 30.6%
False negative rate 03% 0.7%  2.1% 5.0% 16.7%
Rounding at 3 decimal digits

False positive rate 99.7% 99.3% 97.9%  95.0% 83.3%
False negative rate 0% 0% 0.3% 0.3% 1.1%

Rounding at first non-distinct digit - « = 0.1

Average # of decimal digits reported 1 2 2 3 3
False positive rate 82.1% 93.1% 81.3%  95.0% 83.3%
False negative rate 21%  0.7%  2.1% 0.3% 1.1%

Table A.2: Rates of false positives and false negatives (as defined in Figure [2) for different
rounding rules for coefficient 5, of Model 3.

B Proofs and Additional Results

B.1 Proof of Proposition

Let by, = Zi’;foo d;10° be a sample estimate of the population parameter 3, the k-th element
of the vector of independent variables in a normal linear regression model.

Let i be a given integer. In order to determine if d; is a distinct digit, we apply Definition/[I],
using the TOST as our equivalence test.

First, we consider the test ;,:
Hi: By =by —10°  versus  K': By > by — 10°

For the ordinary least squares estimate of the normal linear conditional mean model, the
t-statistic has a Student’s t-distribution with 7'— K degrees of freedom, where T' is equal to
the sample size and K is equal to the number of regressors.

Therefore, the null hypothesis of our one-sided test is rejected at level « if, and only if:

by — (b — 107)
SE(by)

Z tl—a (T - K)
which may be rewritten as:
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10° —t,_o(T — K)SE(by) >0
Second, we consider the test 1);,:
Hj: By, = by, + 10° versus K}: B < by + 10°

The null hypothesis of our one-tailed test is then rejected at a level « if, and only if:

by — (b + 10%)
SE(br)

By symmetry of the Student’s t-distribution, we have t,(T — K) = —t;_(T — K) so that

< t.(T — K)

the null hypothesis is rejected at the level «v if, and only if:
10" — t1_o(T — K)SE(b) > 0
Therefore, both tests 1, and vy reject their null hypothesis if, and only if:
10" — t1_o(T — K)SE(b) > 0

This condition may be rewritten:

InSE(by) +Int,_o(T — K)
In 10

By Definition |2, the last decimal rank i'(c) such that the digit of decimal rank i is distinct

P>

is such that:

_ WSE(b) + Ity o(T — K)

i"(a) -1 In 10

<l (o)

This expression is precisely the definition of the ceiling of 22 E(b’“)inltg‘a(TfK). The rank of

the first non-distinct digit it then:

i*(a) =il () — 1

B.2 Proof of Corollary

We have:
in(@) =T

where t1_,(00) = Z1_,, the 1 — a percentile of a standard normal distribution. Therefore, if

InSE(by) +1Int;_o(T — K)
In 10

In SE(bg) + lnzfl,a(oo)1 1<

In 10 - I-1=@)

a digit d; is such that i < 4% (c), then we also have i < i*(a). Therefore, by Proposition [1]

d; is not a distinct digit at level a.
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B.3 Rank of the Last Distinct Digit for Standard Error Estimate

in the Normal Linear Regression Model

Proposition 2 (Standard error estimates) Let x2(T — K) denote the critical value of
the x? distribution with T — K > 1 degrees of freedom for the level of significance . A lower
bound for the rank of the last distinct digit at level o for the estimated standard error SE(by)

oy [lnSE(bk) +n (/s 1)

In 10 1

18 given by:

where [z denotes the ceiling of x.

Proof. Let SE(by) = ZZ’; ;10" be a standard error estimate whose (unknown) popula-

tion value is sex, and ¢ < D be a given integer.

First, we consider the test 1);,:
Hi: se;, = SE(by) —10°  versus  K'!: sep > SE(by) — 10

The null hypothesis of our one-sided test is thus rejected at the level « if, and only if:

SE(b)?
(SE(by) — 107)

T-K __( _ 100\
i oT—K) ~ SE(by)

and thus (taking the positive root@ for the right-hand side):

T-K o, 10
Xio(T = K) SE(by) ~

Second, we consider the test 1y,

(T - K)

5> X o(T — K)

that is:

Hj: sey = SE(bg) + 10° Versus Kj: sex < SE(bg) + 10°

The null hypothesis of this one-sided test is rejected at the level « if, and only if:

26Using the fact that i < D and thus that SE(by) > 10'. When SE(b;) — 10" < 0, the test 1;, becomes
irrelevant because the true standard error is known to be non-negative.
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T =K 5By + 1002 = xal(T = K)
that is:
T-K _ (1+ 10° )2
xa(IT'—K) — SE(br)
and thus:

T—-K 10 >0

"VeT—r) T sEG) ©

Therefore, both tests 1, and 1y, reject their null hypothesis if:

ToK 0 [ TeK 10
Xio(T = K) SE(by) ~ Xo(T—K)  SE(b) —

Hence, a sufficient condition for both tests to reject their null hypothesis is:

0

! ( LTk T\ K)) FSEG) -

One can however prove the following Lemma (see proof below):

Lemma 2 Forall T — K > 1 and o« we have:
1 T—-—K < T—-K 1
X2(T—K) = \| xi_o(T — K)

A sufficient condition for digit ¢ being to be non-distinct is therefore:

U Y SR (U
Xa(T = K) ~ SE(by) ~

| mSEG) +1In ( [ 1)

L= 1010

which may be rewritten:

Finally, by Definition , the decimal rank if(a) such that:

In SE(b,) + In ( K 1)

i) —1< =0

< if(a)

is thus a lower bound of the decimal rank of the last distinct digit. m
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B.4 Proof of Lemma [2

We want to show that, for all £ > 1, a:

k k
- \/ 2w S \/ ! )

1 1 -

+
\/ X2 (k) \/ X3 o (k)
k k

Because the harmonic mean is weakly lower that the geometric mean, we have:

2 (Xa<k>x%_a<k>)i

that is:

IN

T T 12

X2 (k) X5 (k)
k k

Therefore, in order to prove Lemma [2] it is sufficient to show that:

Xa(F)Xi o (k)

For all &, «, 2

<1

Let f denote the probability distribution function of the chi-squared distributionﬂ that is:

By definition of critical levels, we have:

X2 ak) 2 (k) 1
/ f(z)dx = / P flo)dr = <z —«
X3 (k) 10 2

[

Using the change of variables ¢ = z/x3 (k) (for the left term) and ¢ = 3 (k)/z (for the

middle term), we get:

2 (k) X3 (k)

[ s[5 P  g (3-0) ”

t

We then define the function A(z) for z > 0 as follows:

2TWe do not explicitly mention the number of degrees of freedom as a parameter to simplify notations.
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We have:

A(l)=0and lim A(z)=0

T—r+00

where the second equality is obtained by letting « go to zero in Equation [§ In addition:

- fE)

so that we have:

2?f(x
A'(z) > 0 if, and only if, r(z) =

Given the expression of the pdf of the chi-squared distribution, we have:

o =dten [57 (2-2)

Taking the derivative of 7(.), and using the facts that (i) the median x?% (k) of the chi-squared

2
distribution is lower than its mean k, and that (ii)
to show that:

k

77 <2 for k > 1, it is straightforward
1
2

;

Noj— )

2
k k
>0 forxell,x(k)+ (Xi(k)> —1[

2
/ = — _ _k k _
r'(x) =0 forx= (k)+“<x (k)) 1

2
k k
\ <0 forxe (Xzé(k)‘i_ (XE““)) —1,—|—oo>

Since (1) = 1, the fact that r(.) increases and then decreases implies that there exists a

=
ol )

threshold value z such that:

r(z) > 11if, and only if, z < 2
Therefore, we have:
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>0 forxell,z
Ax)=1< 11,2]
<0 forx e (&,+00)

Since A(1) = 0 and lim, o A(z) = 0, the fact that A first increases and then decreases

imply that:
For all z, A(x) >0

To complete the proof, we note that, from Equation [§ we have:

X3 (0

2w 1, Xi(k)

NICRE Ay
2

x3 (k)
2

)dt

Since A > 0 and the integrand of the right-hand-side term is non-negative, we have:
2

(k) _ Xi(k)

2

am =

and thus:

Finally, since x% (k) < k, we have:
2

XiaB)XE(R)  xT_o(B)x2(K)
k2

which completes the proof.

C Details on Data Extraction

Our input data are issues of the American Economic Review in pdf format. We use the
R package “pdftools” to convert these pdf files into a list of pages, where each pdf page is
broken down into a list of individual strings, defined as any sequence of characters preceded
and followed by a space/tab (a word, a number, etc.). These strings are spatially located on
a 2D Cartesian grid. We then apply the following three-step approach to each page in order

to extract coefficient estimates and their associated standard error estimates:
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e Step 1: Determine whether the page is likely to contain a table reporting estimation

results;

e Step 2: If it is, then locate and extract candidate coefficient estimates and their

associated standard errors estimates;
e Step 3: Clean the obtained data.

Steps 1 & 2 build on the observation that a coefficient estimate b, and its associated
standard error SE(by) are reported in a results table as by (SE(bg)) where the standard
error (SE(bg)) of coefficient by, is located directly below or directly to the right of by. The
odds of having a number directly followed (either to the right or just below) by a number
in brackets are very low in other contexts than results tables. If a page contains several
occurrences of such a pattern, it is thus very likely to display a results table. We detail

below how we implement this intuition in practice.

Step 1: Is the page likely to contain a results table?

A given page is deemed likely to contain a results table if the following conditions are met:
1. the page contains the word “Table”;

2. the page contains at least four numbers (i.e. a numeric preceded and followed by either

a tab or a space) and four numbers into brackets;

3. the page contains one of the strings (“Error”, “error”,“(SE)”) OR contains the words

“treatment” / “Treatment” and “effect” /“Effect”.

A page that does not meet these conditions is screened out. Otherwise, the routine

continues to the next step.

Step 2: Extract coefficients and standard errors
When a given page is deemed in Step 1 to be likely to contain a table of estimation results,

we run a loop on all the strings that compose it. For each string S:
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1. we test whether it is a number, that is if “as.numeric(S)” does not return NA (removing,
” o« 777 “b’? [1Ph)

when relevant, the “,” for thousands and the terminating “*”, “”, “1” “a or “c

indicating statistical significance).
2. if it is, we retrieve:

e the closest neighbor string to the right (if any within a distance of 20 units);

e the closest neighbor string below (if any within a distance of 15 units).

3. for each of the (up to) two neighbors of string S, we check whether it has the format

of a standard error, meaning;:

e it includes the regular expression “\\([0-9]*.*[0-9]*\\)”

W

e it can be converted to a number after removing “(” and “)”, along with any *

OI,6£>|<777 4(.’.77 or [43 77.

4. if one of the two neighbor strings meets this format, we store the string S and its

neighbor string as a pair (coefficient estimate, standard error).

Step 3: Data cleaning

Having applied steps 1 and 2 to all pdf pages, we perform several data cleaning steps:

1. we drop the pairs (coefficient estimate, standard error) which are the only observation
found in a given page. A manual check of the corresponding observations indeed

confirms that they are false positive.

2. several results tables report coefficients and their standard errors along with statistical
tests and their test values. We manually remove manually the latter observations we

were able to detect by inspecting the dataset (about 300 observations removed).

3. when columns in results tables are labelled as (1), (2) etc. and the above text label
is a number (e.g. a date), the resulting combination may be mistaken for a coefficient
estimate and its standard error. Similarly, a number of false positives occur when the

text around a results table includes reference to model specifications (e.g. “specification
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(1) shows that etc.”) or literature references (e.g. “according to John et al. (1900)
etc.”). We remove such outliers by manually checking observations for which the
standard error (in string format) is an integer between 1 and 10 (for specifications)
and between 1700 and 2050 (for dates). We remove about 1,100 false positives through

this procedure.

4. a number of results tables report p-values or t-values rather than standard errors. We
remove manually the occurrences of such cases we were able to detect by looking at

the obtained dataset (about 500 observations removed).

5. when (manually) identified, tables presenting summary statistics without hypothesis
testing, as well as idiosyncratic formatting (e.g. percentage points given into brackets),

are removed (about 600 observations removed).

6. finally, in all issues between the 4th issue of 2007 and the 4th issue of 2009, the “-”
sign is read as a “2” by our pdf scraper@ We manually correct the corresponding

coefficients (about 1,100 observations corrected).

Overall, our manual data cleaning corrects the value of over 1, 000 coefficients and removes
almost 3,000 false positives out of 98, 043 initial observations in the raw dataset coming out
of the scraping procedure. While we do not claim that our final dataset is completely error
free,@ our data extraction procedure is entirely automated and transparent. It can therefore

be easily replicated and improved.

D On the Choice of Units

This Appendix discusses a number of practical considerations when choosing the units of

dependent and independent variables. A common feature of these considerations is that

28The issue carries over when copy-pasting the numbers from the original, which suggests it may come
from the encoding of the pdf files rather than from our scraper.

29For example, our manual inspections revealed the existence of some false negatives. Such missed obser-
vations however correspond to situations that would be very complicated to scrape using simple automated
routines. For example, square brackets are most often used to report p-values but are sometimes used for
standard errors as well. Such estimates are not recovered by our scraping routine. We however have no
particular reason to believe that false negatives represent a large and selected population.
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they emerge from the lack of use of scientific notation. However, because the units used in
economics tend to be chosen such that parameter estimates are neither very high nor very
low (see Figure , reporting plain numbers may represent a simpler and more pragmatic
approach than scientific notation. In this section, we therefore discuss situations where the
choice of units can have an impact on the empirical exercise of Section |5 and/or on the
applicability of the reporting rule we propose.

As a starting point, it is important to note that the rank ¢ = 0 plays no particular role for
our concept of distinct digits. Equivalently, whether a given digit is a decimal digit or not is
irrelevant. However, the choice of the units of the dependent and independent variables in a
regression may matter in several ways. To discuss such situations, consider an estimate g of

a parameter:
=3 dao (9)

A

where, as before, D(6) is the largest rank for non-zero digits.

Under the reporting rule we propose, for a given parameter estimate, results tables
would print all digits whose rank lies between i*(a)) (rank of the first non-distinct digit)
and max(D(0),0). A few special cases are worth discussing.

~

First, the largest rank for non-zero digits may be negative (i.e., D(0) < 0). For example,
a coefficient may be estimated to be 0.023 (i.e., D() = —2). Although our reporting rule can
of course still be implemented, our empirical exercise of Section [5]is sensitive to the choice
of units in such situations. Indeed, even though the two zeros of the estimated coefficient
may be seen as relatively uninformative, they are considered in our empirical application as
distinct digits whenever i*(a)) < —2. For example, if i*(«a) = —3, three out of the four printed
digits of 0.023 are considered to be deemed distinct. If the unit of the explanatory variable
were to be divided by 100, the estimated coefficient would become 2.3 and only one out of
the two printed digits would be deemed distinct. From this perspective, our assessment in
Section || of the share of printed digits that are not distinct may be seen as conservative.

Another practical concern in situations where D(A) < 0 and i*(«) < 0 is that, when

researchers print an exogenously fixed number of decimal digits, they may report estimates

with too few non-zero digits. For example, they may report 0.001 when the rank of the
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first non-distinct digit is actually i*(a) = —6. Such rounding practices have been shown
to possibly generate biases in meta-analysis studies (Kranz and Pttz, [2022; |Brodeur et al.|
2022).

Finally, the rank of the first non-distinct digit may be a positive power of ten (i*(a) > 0).
For example, a parameter estimate may be 451.23... while the rank of the first non-distinct
digit is i*(«) = 1. Under our approach consisting in reporting distinct digits up to the
first non-distinct one, only “4” and “5” would be printed. However, reporting 450 does not
implement this rule because of the terminating “0.” This is because when an estimate does
not have decimal digits and ends with a zero, the reader cannot tell whether this zero is a
distinct digit or not. The use of scientific notation would then be required to implement the
reporting rules discussed abovem Our analysis of Sectionsuggests that the rank of the first
non-distinct digit is a positive number in a small minority of cases in empirical research in
economics. Therefore, changing measurement units is likely to be a more pragmatic approach

to handle these situations rather than imposing a widespread use of scientific notation.

30Table in Appendix |[A|illustrates the use of scientific notation for our example of Section
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