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Abstract

This paper develops a theory of two-sided spatial sorting where heterogeneous workers

and firms choose locations and match randomly within local labor markets. Spatial disparities

arise endogenously across ex ante homogeneous locations. Productive workers and firms co-

locate in cities due to production complementarities, making cities with high-quality search

pools densely populated. Although spatial sorting improves allocative efficiency by facilitating

positive assortative matching, concentration in cities is inefficiently high. Since workers and

firms embody productivity, relocating them can mitigate congestion without reducing output.

Estimation using German administrative data shows that two-sided sorting is quantitatively

important, explaining two-thirds of cross-city wage disparities, and that place-based policies

that subsidize firms in low-income regions improve welfare.
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1. Introduction

More productive workers tend to be employed by more productive firms (e.g., Card et al., 2013). This positive

assortative matching (PAM) arises naturally from complementarities in production. However, search is costly,

and thus the degree of sorting is shaped by the process in which workers and firms match with one another.

In reality, geography plays a crucial role in determining the potential pool of matches, as workers and firms

primarily search locally. Moreover, the quality of local pools—determined by the types of workers and firms

present—varies across regions as suggested by substantial spatial wage differentials. How does the presence

of geography influence the pattern of assortative matching? Can such a sorting pattern account for spatial

disparities in the data? What are the implications for efficiency?

Answering these questions requires a framework in which both worker and firm sorting across space arise

endogenously. Although a growing literature has emphasized how worker heterogeneity or firm heterogeneity

shapes spatial outcomes, the interaction between the two margins remains unexplored.1 Capturing it requires

both a theory that explicitly models their interplay and a tractable quantitative framework that can be taken

to the data.

This paper fills this gap by proposing a new theory of two-sided sorting. First, I show that two-sided

sorting leads to PAM and generates spatial disparities: productive workers and firms colocate in cities

characterized by high population density and wages. Second, I show that congestion in cities stemming from

better matching opportunities is inefficient. Since output depends solely on worker and firm productivity,

jointly relocating workers and firms can reduce congestion without lowering output. This result is in stark

contrast with those from benchmark models that abstract from either worker or firm sorting, which are widely

used in the literature to explain spatial disparities. Third, I extend the baseline theory to a quantitative model

and calibrate it to a moment that directly captures the interaction between worker and firm sorting, and show

that two-sided sorting is quantitatively important. Finally, I show that place-based policies improve welfare

under two-sided sorting, yet the same policies may reduce welfare in the absence of worker or firm sorting,

underscoring the policy relevance of the two-sided sorting.

I begin the analysis by developing a parsimonious theory of spatial sorting of heterogeneous workers and

heterogeneous firms across ex ante homogeneous locations. A key feature of the model is that the matching

between workers and firms occurs through their location decisions. In this model, the type and number of

1 See Diamond and Gaubert (2022) for a detailed review.
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both workers and firms across regions are endogenously determined. In each local labor market, workers

and firms engage in random matching under search frictions, and upon matching, bargain over the match

surplus. The attractiveness of local labor markets increases in the productivity and number of agents on the

other side of the market. In contrast, the concentration of agents on the same side increases local congestion

costs: housing rents for workers and business operating costs for firms.

I show that PAM arises across space and that locations with more productive workers and firms become

densely populated. For example, more workers are drawn to locations with either more productive firms or

a higher job arrival rate, until housing rents rise enough to offset the gains from better local labor markets.

A similar mechanism applies to firms. In particular, due to worker-firm complementarity, highly productive

workers and firms benefit more from these labor markets and thus are willing to pay higher local congestion

costs. Importantly, assortative matching is primarily driven by productivity, rather than by the probability of

matching. The intuition is that the probability of matching, which depends on the relative number of workers

and firms, may attract one side of the market but not both at the same time, whereas productivity may benefit

both workers and firms. As a result, worker sorting sustains firm sorting, and vice versa, which implies that

two-sided sorting alone—without location heterogeneity arising from local TFP differences or agglomeration

forces—can explain the spatial disparities observed in the data.

I then evaluate the efficiency of the decentralized equilibrium and demonstrate that it features excessive

concentration in dense areas. The key insight is that productivity is embodied in workers and firms; what

matters is who produces, not where production takes place. Thus, concentration in denser areas is not

desirable because it would only raise total congestion costs. However, in equilibrium, less productive workers

overvalue the benefits of choosing denser locations. They do not internalize their negative impact on local

firms that could have hired more productive workers if they had not chosen these locations. Similarly, less

productive firms choose denser locations than is socially optimal, and these externalities lead to excessive

congestion costs. I show that the government can restore efficiency by taxing workers and firms choosing

dense areas.

The importance of geography in shaping matching outcomes stems from its role in determining the

types of potential partners, as screening is imperfect within local labor markets due to random matching. To

illustrate this, I consider an alternative environment with neoclassical local labor markets, following Becker

(1973). In contrast to the baseline, geography in this setting has no economic meaning. Specifically, the

matching between workers and firms replicates the outcome of an economy with a single, nationwide labor
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market. Moreover, population density is uniform across space, and the equilibrium is efficient. The key

difference from the baseline is that without random matching, workers and firms can selectively choose their

partners within each local market. As a result, location decisions no longer directly influence the matching

process. I confirm that introducing directed search—where agents can target specific types of partners within

a local market—yields qualitatively identical results, and again, leaves no meaningful role for geography.

In the final part of the theory, I show that two-sided sorting yields distinct normative implications

compared to alternative explanations of spatial disparities. To this end, I extend the baseline model to

incorporate additional sources of spatial disparities: exogenous local TFP and agglomeration forces. This

extended model nests alternative mechanisms commonly studied in the literature, such as one-sided sorting. I

show that these mechanisms and the two-sided sorting mechanism are equivalent in matching cross-sectional

data. In contrast, I find that efficiency implications crucially depend on the nature of two-sided sorting,

highlighting the importance of incorporating it into policy analysis. For example, unlike the baseline, when

productivity is partly embodied in locations, spatial concentration in more productive areas is socially optimal.

To quantify the importance of two-sided sorting, I extend the baseline theory along two dimensions.

First, I incorporate location fundamentals—local TFP and amenities—to match rich spatial heterogeneity

across locations. Second, I introduce two forms of sorting frictions: idiosyncratic preference shocks in

location decisions, which generate non-degenerate equilibrium distributions of workers and firms across

space, and migration costs, which give rise to a migration network. Importantly, these extensions preserve

the key interaction between worker and firm sorting while maintaining tractability and introducing additional

structure that is essential for the estimation strategy described below.

I estimate the model using German administrative data. The key identification challenge is decomposing

the sources of spatial disparities into worker, firm, and location components—in particular, separating

firm from location effects. I address this by exploiting variation in firm sorting in response to changes in

worker sorting. I first provide reduced-form evidence using worker and firm fixed effects, instrumenting

for changes in local workforce composition based on domestic migrants to address endogeneity concerns

arising from location-specific factros such as local TFP shocks. The estimates show that a 10% increase in

worker productivity in the local search pool leads to an 8% increase in the fixed effects of new jobs in the

same location. I then estimate the structural model by targeting this moment to identify the key parameter

governing firm sorting, while matching additional moments to discipline the remaining parameters. The
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estimates imply that two-sided sorting is quantitatively important for spatial disparities, with worker, firm,

and location fundamentals each contributing to a similar extent.

Using the estimated model, I evaluate the effects of place-based policy interventions. I consider firm

subsidies targeted at low-income regions. The policy improves welfare by reducing the concentration of

economic activity in cities and thereby lowering congestion costs. Crucially, because both workers and firms

relocate jointly, aggregate output remains largely unaffected. In contrast, the same policy reduces welfare in

a benchmark one-sided sorting model in which firms are homogeneous while workers remain heterogeneous.

In this model, firm heterogeneity is attributed to local TFP, which exhibits much greater variation than under

two-sided sorting. Following the policy, workers relocate to areas with substantially lower local TFP, reducing

aggregate output enough to outweigh the gains from reduced congestion. This stark contrast between the two

models reflects a defining feature of two-sided sorting: a larger share of local productivity is endogenously

determined by the sorting of workers and firms, and is therefore responsive to policy intervention.

Related literature. A large literature on two-sided matching shows that complementarity in payoffs serves

as the key source of assortative matching in different environments, such as competitive neoclassical markets

(e.g., Becker, 1973); game theoretic environments (e.g., Roth and Sotomayor, 1990); and markets with search

frictions (e.g., Shimer and Smith, 2000; Eeckhout and Kircher, 2010; Smith, 2006; Shi, 2001). This paper

also characterizes assortative matching arising from complementarity, but the matching process differs in two

important respects. First, assortative matching is facilitated through location decisions. Locations serve as

platforms: workers and firms determine their potential pool of matches by selecting a location, but within that

location, their search is no longer directed. Hence, search is neither fully random nor fully directed.2 Second,

I endogenize the density of workers and firms across space. Consequently, the model characterizes not only

the types but also the measures of agents in each location.3

Within the literature on two-sided matching, this paper builds on studies that adopt a search framework.

In a seminal paper, Becker (1973) shows that supermodular production leads to a competitive equilibrium

that exhibits PAM. Subsequent studies show that under search frictions, it is more difficult to obtain PAM as

an equilibrium outcome. With random search, equilibrium no longer exhibits perfect assortative matching.

2 This aspect of search resembles the environment in Menzio (2007), where heterogeneous firms can communicate using
nonbinding contractual messages prior to homogeneous workers’ application.

3 More general models endogenize the number of agents of a match, but often under specific assumptions that limit applicability
in my context. For example, values are assumed to depend only on agent types and to be independent of the number of agents. If
worker and firm densities at each location were assumed to be exogenous, I could apply the results of Demange and Gale (1985) or
Roth and Sotomayor (1990).
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In other words, each agent type is matched with a non-degenerate distribution of partner types, rather than

a single type (e.g., Shimer and Smith, 2000; Atakan, 2016).4 With directed (competitive) search, although

perfect assortative matching is attainable, it requires stronger complementarities. Eeckhout and Kircher

(2010) characterize the condition for such complementarities, referred to as root-supermodularity of match

payoffs, which depends on the elasticity of substitution of the search technology. In this paper, I show that

when workers and firms can direct their search through location choices before engaging in random search,

supermodular production is sufficient to generate perfect PAM.

This paper also closely contributes to the literature on spatial disparities. Studies have focused on the

spatial sorting of heterogeneous workers or firms across ex ante heterogeneous locations. Heterogeneous

workers or firms value location-specific fundamentals differently, which in turn shapes their location choices.

The importance of worker sorting in spatial inequalities has been extensively studied, both empirically and

theoretically (e.g., Baum-Snow and Pavan, 2012; De la Roca et al., 2023; Diamond, 2016; Martellini, 2022).

Other work finds that the spatial sorting of firms also plays an important role (e.g., Bilal, 2023; Lindenlaub

et al., 2025). Another body of literature shows that sorting can happen across ex ante homogeneous

locations, through agglomeration forces that lead to complementarity between agent types and endogenous

city characteristics (e.g., Davis and Dingel, 2019; Behrens et al., 2014; Gaubert, 2018). I also assume that

locations are ex ante homogeneous. However, instead of agglomeration forces, the location choices of

workers and firms mutually support each other. In contrast to those papers, to the best of my knowledge, this

is the first paper to show that two-sided sorting alone can endogenously generate dense areas populated by

productive workers and firms.

A small but growing literature analyzes frictional local labor markets across space. Kline and Moretti

(2013) present a model that combines the Diamond-Mortensen-Pissarides framework (e.g., Pissarides, 2000)

and the Roback (1982) framework. Subsequent studies extend this model to account for spatial differences

in unemployment rates through firm sorting and the resulting differential separation rates (Bilal, 2023) or

through endogenous separations and on-the-job search (Kuhn et al., 2022). I also combine the standard

Diamond-Mortensen-Pissarides framework with a spatial equilibrium model but emphasize an additional

role of search frictions. In addition to generating the spatial unemployment gap, search frictions are a driving

force in generating differential population densities across space.

4 Similarly, Smith (2006) shows that when utility is non-transferable, block segregation may arise under supermodular production.
See Chade et al. (2017) for the related discussion.
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Finally, my findings are related to studies on spatial policies and spatial misallocation. Some studies

show that spatial policies can introduce distortions in the spatial distribution of economic activities (e.g.,

Albouy, 2009; Fajgelbaum et al., 2019; Hsieh and Moretti, 2019). Other studies support policy interventions

due to sources of externalities such as agglomeration forces (e.g., Fajgelbaum and Gaubert, 2020, 2025;

Rossi-Hansberg et al., 2019). These studies typically address these questions by building a quantitative spatial

model (e.g., Allen and Arkolakis, 2014; Redding, 2016) in which location fundamentals or agglomeration

forces are key factors to be considered for policy evaluation. In contrast, this paper emphasizes the sorting of

workers and firms, which in turn leads to distinct insights. Because both workers and firms can endogenously

relocate, the model predicts responses to policies that differ from those implied by other mechanisms. I also

highlight the potential for welfare improvements through the reduction of excessive spatial congestion arising

from search frictions.

The rest of the paper is organized as follows. Section 2 presents the model and characterizes an equilibrium.

Section 3 analyzes its properties and evaluates efficiency. Section 4 extends the model, estimates it, and

conducts counterfactual policy analysis. Section 5 concludes.

2. The Economy

This section presents a model of spatial disparities that originate from the sorting of heterogeneous workers

and firms. I first present the model and derive the equilibrium conditions.

2.1 Environment

Time is continuous and indexed by 𝑡. There are ex ante homogeneous locations indexed by ℓ ∈ [0, 1]. Each

location is endowed with a unit measure of land.

Workers and firms. The economy is populated by a measure 𝑀𝑤 of infinitely lived risk-neutral heterogeneous

workers. Workers differ in productivity 𝑥 ∈ [𝑥, 𝑥], drawn from the CDF 𝑄𝑤(·). I assume that 𝑄𝑤 is twice

continuously differentiable. Housing is a strict necessity, and workers rent ℎ̄ units of housing at rate 𝑟𝑡(ℓ).

They consume tradable goods 𝑔𝑡 , which serve as the numeraire, and their flow utility is given by 𝑔𝑡 . They

inelastically supply one unit of labor and discount the future at rate 𝜌. Workers choose locations in which
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to reside and work, and cannot migrate.5 If workers are employed, they earn a flow wage. If workers are

unemployed, they receive unemployment benefit 𝑏𝑥, which is financed by a lump-sum tax.

The economy is populated by a measure 𝑀 𝑓 of risk-neutral firms with a discount rate 𝜌. Firms differ in

productivity 𝑦 ∈ [𝑦, 𝑦], which is drawn from the twice continuously differentiable CDF 𝑄 𝑓 (·). I assume that

𝑦 > 𝑏. Firms choose a location to operate a business, where they remain permanently. In this model, a firm

is represented as a collection of vacant and filled positions.6 At each point in time, each firm posts 𝛿𝑣 units

of new vacancies. Also, firms demand a unit of local business services at overhead cost 𝑐𝑡(ℓ) for all 𝑡. These

costs are associated with renting office spaces, handling administrative procedures, advertising, or posting

vacancies.7

Technology. A worker and a vacancy match one-to-one in a local labor market to produce a flow 𝑥𝑦 of

tradable goods.

Search and wage. At rate 𝜆𝑡(ℓ), unemployed workers receive a job offer, become employed if they accept

an offer, and earn a flow wage. Employed workers become unemployed at rate 𝛿 when the match is separated.

At rate 𝑞𝑡(ℓ), a vacancy contacts a worker, and production begins if the match is acceptable. When this match

is separated at rate 𝛿, the position becomes vacant and reenters the search pool. A vacancy in the search pool

gets destroyed at rate 𝛿𝑣 .8

Upon matching, a flow wage 𝑤𝑡(𝑥, 𝑦, ℓ) is determined by Nash bargaining with worker’s bargaining power

𝛽. The timing of events in each local labor market is summarized in Figure 1.

Matching. Search is random and matches are created by a constant-returns-to-scale matching function

𝑀(𝑈𝑡(ℓ), 𝑉𝑡(ℓ)), where 𝑈𝑡(ℓ) is the measure of unemployed workers and 𝑉𝑡(ℓ) is the measure of vacancies.

The matching function 𝑀(·) is assumed to be strictly increasing, concave in both arguments, continuously

5 This assumption is without loss for characterizing a steady-state equilibrium in which neither workers nor firms have an incentive
to relocate. In steady state, the values of workers and firms as well as wages along the equilibrium path are unaffected by the
possibility of migration. This assumption is useful because it simplifies the exposition, making the interaction between worker and
firm sorting more transparent in their values.

6 Throughout the paper, I use the terms vacancies and jobs to denote individual positions, depending on whether a position is
unmatched or matched, respectively.

7 Business services serve as the counterpart to housing for workers, playing an equivalent role. While separating these markets is
crucial for establishing existence, other results hold even with a single local real estate market serving both workers and firms.

8 I assume, as a normalization, that the unit of vacancy posted by each firm equals the vacancy destruction rate. This ensures that
the total measure of vacancies does not mechanically decrease when the vacancy destruction rate increases. I focus on the case in
which 𝛿𝑣 is positive, although most key equations can be derived by setting 𝛿𝑣 = 0.
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unemployed
worker x
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at δ

searches again
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Figure 1. Local Labor Market: Timeline

differentiable, and 𝑀(0,𝑉) = 𝑀(𝑈, 0) = 0. Defining labor market tightness as 𝜃𝑡(ℓ) = 𝑉𝑡(ℓ)
𝑈𝑡(ℓ)

, the two

matching rates can be represented as functions of market tightness, 𝜆𝑡(ℓ) = 𝜆(𝜃𝑡(ℓ)) and 𝑞𝑡(ℓ) = 𝑞(𝜃𝑡(ℓ)).

Local suppliers and ownership. Housing 𝐻𝑡(ℓ) is competitively supplied by landowners, and the costs of

supplying 𝐻 units of housing are given by 𝐶𝑟(𝐻). In a business services market, competitive intermediaries

provide services 𝑆𝑡(ℓ) for firms, and it costs them 𝐶𝑣(𝑆) to provide 𝑆 units of service. I assume that 𝐶𝑟(·)

and 𝐶𝑣(·) are twice continuously differentiable, increasing, and convex. I further assume that 𝐶′
𝑟(·) and 𝐶′

𝑣(·)

grow sufficiently large as their arguments go to infinity.9 All workers own identical diversified portfolios of

firms, landowners, and intermediaries.

2.2 Equilibrium

I assume the economy is in steady state. Thus, all equilibrium objects are time-invariant, and I will drop

the time subscript 𝑡 from this point onward. I focus on the class of pure assignments, where there is a

one-to-one mapping between worker productivity 𝑥 and location ℓ, as well as between firm productivity 𝑦

and location ℓ. Let (𝑥(ℓ), 𝑦(ℓ)) denote the assignment of workers and firms, which represents their location

decisions.10 Because locations are ex ante homogeneous, without loss of generality, I label ℓ in a way that

𝑥(ℓ) is strictly increasing. Although non-pure assignment equilibria exist—e.g., uniform random assignment

across locations—they are not the focus of this paper. In Section 3.2, I show that the optimal assignment

is pure. Therefore, restricting attention to pure assignments does not compromise the generality of the

9 I provide the precise condition in (A.8). These boundary conditions are required to establish the existence of equilibrium. Once
existence is established, the results are independent of the degree of convexity of these functions.

10 With slight abuse of notation, I will use (𝑥, 𝑦) to indicate the productivity of each worker and firm, and (𝑥(ℓ), 𝑦(ℓ)) to denote
an assignment.
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Figure 2. Assignment of Workers and Firms: Examples

inefficiency result in this paper.11 I also show that any equilibrium consistent with the empirical pattern

in which more productive workers and firms locate in densely populated locations must involve a pure

assignment. See Proposition A.1 for details.

An assignment (𝑥(·), 𝑦(·)) pins down the sorting of workers and firms. If 𝑦(ℓ) increases in ℓ just like

𝑥(ℓ) as illustrated by 𝑦1(·) in the left panel of Figure 2, the equilibrium exhibits PAM. In contrast, if 𝑦(ℓ)

decreases in ℓ as in the case of 𝑦2(·), the equilibrium exhibits negative assortative matching.

In addition, an assignment characterizes population density 𝐿(ℓ) and firm density 𝑁(ℓ), which represent

the measure of workers and firms per unit of land. The measure of workers and firms choosing locations

between 0 and ℓ equals the measure of their types choosing these locations:

∫ ℓ

0

𝐿(ℓ′) dℓ′ = 𝑀𝑤

∫
{𝑥(ℓ′):ℓ′∈[0,ℓ]}

d𝑄𝑤(𝑥),∫ ℓ

0

𝑁(ℓ′) dℓ′ = 𝑀 𝑓

∫
{𝑦(ℓ′):ℓ′∈[0,ℓ]}

d𝑄 𝑓 (𝑦).

In other words, population (firm) density is defined as the Radon-Nikodym derivative of the measure of

workers (firms) with respect to the area of land. In particular, since 𝑥(ℓ) is increasing, the first equation

simplifies to
∫ ℓ

0
𝐿(ℓ′) dℓ′ = 𝑀𝑤𝑄𝑤(𝑥(ℓ)), and population density becomes,

𝐿(ℓ) = 𝑀𝑤𝑄
′
𝑤(𝑥(ℓ))𝑥

′(ℓ). (1)

Population density 𝐿(ℓ) is endogenously determined in equilibrium, which distinguishes this model from

the standard assignment problem.12 To illustrate, consider the two assignments, 𝑥1(·) and 𝑥2(·), in the middle

11 In addition, focusing on pure assignments implicitly assumes that all locations are occupied, which is also a property of the
optimal assignment. This paper does not address the determination of the total measure of occupied land.

12 Because population density depends on both 𝑄′
𝑤(𝑥(ℓ)) and 𝑥′(ℓ), focusing on pure assignments does not mechanically pin

down its distribution across ℓ, unlike in an economy with finitely many worker types and locations. In Section A.5, I present an
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panel of Figure 2, with corresponding population densities, 𝐿1(·) and 𝐿2(·), in the right panel. Under 𝑥2(·),

more workers are assigned to the interval [ℓ∗, 1], as reflected in the fact that 𝐿2(·) exceeds 𝐿1(·) in higher-ℓ

locations. This property relies on elastic housing supply; if housing supply were inelastic, 𝑥(·) would be

uniquely pinned down by the housing market clearing condition.

Values of workers and firms. To characterize the conditions under which a given assignment (𝑥(ℓ), 𝑦(ℓ))

constitutes a steady-state equilibrium, I consider the value of an individual worker and firm, taking as given

the location choices of all others.

As workers rent ℎ̄ units of housing and then use the remaining income to purchase tradable goods, their

flow indirect utility is given by flow income net of housing expenditure, ℎ̄𝑟(ℓ). Let 𝑉𝑢(𝑥, ℓ) denote the

value of an unemployed worker of productivity 𝑥 in location ℓ, and let 𝑉𝑒(𝑥, 𝑦, ℓ) denote the value of an

employed worker of productivity 𝑥 in location ℓ who is matched with a firm of productivity 𝑦. These values

are characterized by the following equations:

𝜌𝑉𝑢(𝑥, ℓ) = 𝑏𝑥 +Π− ℎ̄𝑟(ℓ) + 𝜆(ℓ)max{𝑉𝑒(𝑥, 𝑦(ℓ), ℓ)−𝑉𝑢(𝑥, ℓ), 0},

𝜌𝑉𝑒(𝑥, 𝑦, ℓ) = 𝑤(𝑥, 𝑦, ℓ) + Π− ℎ̄𝑟(ℓ)− 𝛿[𝑉𝑒(𝑥, 𝑦, ℓ)−𝑉𝑢(𝑥, ℓ)],

where Π is the profit from a portfolio minus the lump-sum tax used to finance unemployment benefits. At

rate 𝜆(ℓ), she receives a job offer from a firm of productivity 𝑦(ℓ) in the local market and becomes employed

if the offer is acceptable. An employed worker earns wage 𝑤(𝑥, 𝑦, ℓ) until she becomes unemployed at rate 𝛿.

Let 𝑉𝑣(𝑦, ℓ) denote the value of a vacancy (i.e., vacant position) that is posted by a firm of productivity

𝑦 in ℓ, and let 𝑉 𝑝(𝑥, 𝑦, ℓ) denote the value of a job (i.e., filled position) of productivity 𝑦 matched with a

worker of productivity 𝑥 in location ℓ. A vacancy contacts a worker at rate 𝑞(ℓ), and this position is filled

with a worker of 𝑥(ℓ) in the local search pool. It gets destroyed at rate 𝛿𝑣 , which yields no payoff to the firm.

A job yields a flow profit 𝑥𝑦 − 𝑤(𝑥, 𝑦, ℓ) to the firm until it separates at rate 𝛿, at which point the position

becomes vacant. These values solve:

𝜌𝑉𝑣(𝑦, ℓ) = 𝑞(ℓ)max{𝑉 𝑝(𝑥(ℓ), 𝑦, ℓ)−𝑉 𝑣(𝑦, ℓ), 0} − 𝛿𝑣𝑉
𝑣(𝑦, ℓ), (2)

𝜌𝑉 𝑝(𝑥, 𝑦, ℓ) = 𝑥𝑦 − 𝑤(𝑥, 𝑦, ℓ)− 𝛿[𝑉 𝑝(𝑥, 𝑦, ℓ)−𝑉 𝑣(𝑦, ℓ)].

alternative derivation of (1) by first analyzing a non-pure assignment in a finite-worker-productivity and finite-location economy,
then showing that as the numbers of worker types and locations approach infinity, the assignment becomes pure, and population
density converges to (1).
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Define the surplus of a match by 𝑆(𝑥, 𝑦, ℓ) ≡ 𝑉𝑒(𝑥, 𝑦, ℓ)− 𝑉𝑢(𝑥, ℓ) + 𝑉 𝑝(𝑥, 𝑦, ℓ)− 𝑉𝑣(𝑦, ℓ)—i.e., the

sum of the worker and job surplus. Then the bargaining problem has a well-known solution, in which a

worker and a firm receive constant shares of the surplus:

𝑉𝑒(𝑥, 𝑦, ℓ) = 𝑉𝑢(𝑥, ℓ) + 𝛽𝑆(𝑥, 𝑦, ℓ),

𝑉 𝑝(𝑥, 𝑦, ℓ) = 𝑉 𝑣(𝑦, ℓ) + (1− 𝛽)𝑆(𝑥, 𝑦, ℓ).

Section A.1 presents all derivations. The worker enjoys her reservation unemployment value 𝑉𝑢(𝑥, ℓ) plus a

share 𝛽 of the surplus, and the firm takes the remaining share of the surplus. This bargaining rule gives the

following flow wage:

𝑤(𝑥, 𝑦, ℓ) = (1− 𝛽)𝑏𝑥 + 𝛽𝑥𝑦 + (1− 𝛽)𝛽𝜆(ℓ)𝑆(𝑥, 𝑦(ℓ), ℓ)− 𝛽(1− 𝛽)𝑞(ℓ)𝑆(𝑥(ℓ), 𝑦, ℓ), (3)

where 1− 𝛽 ≡ 𝜌

𝜌+𝛿𝑣
(1− 𝛽). Wages first increase in the output of a given match, 𝑥𝑦, and in the unemployment

benefit, 𝑏𝑥. In addition, wages depend on location ℓ, which determines the threat points in the bargaining

game: when either the job arrival rate 𝜆(ℓ) or local firm productivity, 𝑦(ℓ), is higher, the value of search for

unemployed workers, 𝛽𝜆(ℓ)𝑆(𝑥, 𝑦(ℓ), ℓ), is greater, which leads to an increase in wages. In contrast, when

either the vacancy contact rate 𝑞(ℓ) or local worker productivity, 𝑥(ℓ), is higher, the value of vacancies,

(1− 𝛽)𝑞(ℓ)𝑆(𝑥(ℓ), 𝑦, ℓ), increases, which leads to lower wages.

I combine these equations and obtain the value of a worker of productivity 𝑥 when choosing location ℓ:

𝜌𝑉𝑢(𝑥, ℓ) = 𝑏𝑥 +
𝛽𝜆(ℓ)

𝜌 + 𝛽𝜆(ℓ)
(𝑦(ℓ)− 𝑏)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

≡𝐴𝑤(𝑦(ℓ),𝜆(ℓ))

𝑥 − (1− 𝛽)𝑞(ℓ)

𝜌 + 𝛽𝜆(ℓ) + (1− 𝛽)𝑞(ℓ)
𝑥(ℓ)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

≡𝐵𝑤(𝑥(ℓ), 𝜃(ℓ))

+Π− ℎ̄𝑟(ℓ), (4)

when the surplus is positive, i.e., 𝑆(𝑥, 𝑦(ℓ), ℓ) ≥ 0 or equivalently 𝑥 ≥ 𝐵𝑤(𝑥(ℓ), 𝜃(ℓ)) where 𝜌 ≡ 𝜌 + 𝛿.

Otherwise, the worker remains unemployed, and 𝜌𝑉𝑢(𝑥, ℓ) = 𝑏𝑥 +Π− ℎ̄𝑟(ℓ). I refer to the marginal return

to worker productivity in the local labor market as job opportunities, 𝐴𝑤(𝑦(ℓ), 𝜆(ℓ)), which increase in local

firm productivity 𝑦(ℓ) and the job arrival rate 𝜆(ℓ). The benefits of higher job opportunities, however, may be

partially offset by firms’ stronger bargaining position, as captured by the term 𝐵𝑤(·). This effect is stronger

with higher worker productivity 𝑥(ℓ) or lower market tightness 𝜃(ℓ). The final term represents the local
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congestion costs associated with housing expenditure. Workers choose a location that maximizes their value,

𝑉𝑢(𝑥, ℓ), and these decisions define the equilibrium assignment of workers, 𝑥(ℓ).

Next, I solve for the value of a firm of productivity 𝑦 when operating in location ℓ, denoted 𝑉𝑣(𝑦, ℓ). At

each point in time, a firm posts 𝛿𝑣 units of vacancies, which yield 𝛿𝑣𝑉
𝑣(𝑦, ℓ), and demands business services

at a cost of 𝑐(ℓ). Hence, the value of a firm equals the discounted sum of these two terms, which is given by

𝜌𝑉𝑣(𝑦, ℓ) =
𝛿𝑣

𝜌

(1− 𝛽)𝑞(ℓ)

𝜌 + (1− 𝛽)𝑞(ℓ)
𝑥(ℓ)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

≡𝐴 𝑓 (𝑥(ℓ),𝑞(ℓ))

𝑦 − 𝑏 − 𝛽𝜆(ℓ)

𝜌 + 𝛽𝜆(ℓ) + (1− 𝛽)𝑞(ℓ)
(𝑦(ℓ)− 𝑏)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

≡𝐵 𝑓 (𝑦(ℓ), 𝜃(ℓ))

− 𝑐(ℓ), (5)

when the match surplus is positive, i.e., 𝑆(𝑥(ℓ), 𝑦, ℓ) ≥ 0 or equivalently 𝑦− 𝑏 ≥ 𝐵 𝑓 (𝑦(ℓ), 𝜃(ℓ)). Otherwise,

𝜌𝑉 𝑝(𝑦, ℓ) = −𝑐(ℓ). The firm’s value has a structure similar to that of a worker. I refer to the marginal return

to firm’s productivity in the local labor market as hiring opportunities, 𝐴 𝑓 (𝑥(ℓ), 𝑞(ℓ)), which increase in

local worker productivity 𝑥(ℓ) and the vacancy contact rate 𝑞(ℓ). The term 𝐵 𝑓 (·) represents the effect of

workers’ bargaining position in firm’s value. Firms take a smaller share of the surplus when the value of job

search for workers is higher due to higher 𝑦(ℓ) or 𝜃(ℓ). Finally, the value decreases in overhead costs 𝑐(ℓ),

i.e., the local congestion costs of firms. Firms choose a location that yields the highest value, 𝑉𝑣(𝑦, ℓ), which

in turn determines the equilibrium assignment of firms 𝑦(ℓ).

Housing and business services markets. Local housing rents 𝑟(ℓ) and overhead costs 𝑐(ℓ) are determined

by market clearing conditions:

𝑟(ℓ) = 𝐶′
𝑟(ℎ̄𝐿(ℓ)), 𝑐(ℓ) = 𝐶′

𝑣(𝑁(ℓ)). (6)

These costs are increasing in 𝐿(ℓ) and 𝑁(ℓ), respectively.

Flow-balance conditions. The outflow from and inflow into unemployment, i.e., 𝜆(ℓ)𝑢(ℓ)𝐿(ℓ) and 𝛿(1 −

𝑢(ℓ))𝐿(ℓ), must balance, which determines the steady-state unemployment rate 𝑢(ℓ). Similarly, flows into

and out of the vacancy pool must be in balance. The outflows from matching and destruction, i.e., 𝑞(ℓ)𝑉(ℓ)

and 𝛿𝑣𝑉(ℓ), must equal the inflows from separation and new postings, i.e., 𝛿(1 − 𝑢(ℓ))𝐿(ℓ) and 𝛿𝑣𝑁(ℓ).

Since the outflow from matching equal the inflow from separations, it follows that the measure of vacancies
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𝑉(ℓ) equals firm density 𝑁(ℓ). The resulting flow-balance conditions are summarized as follows:

𝑢(ℓ) =
𝛿

𝛿 + 𝜆(ℓ)
, 𝑉(ℓ) = 𝑁(ℓ). (7)

Definition of equilibrium. A pure-assignment steady-state equilibrium consists of the location decisions

of workers and firms (𝑥(ℓ), 𝑦(ℓ)), population density 𝐿(ℓ), firm density 𝑁(ℓ), measure of vacancies 𝑉(ℓ),

unemployment rates 𝑢(ℓ), housing rents 𝑟(ℓ), overhead costs 𝑐(ℓ), and wages 𝑤(𝑥, 𝑦, ℓ), such that (i) workers

and firms optimally decide a location, taking the decisions of others as given, (ii) wages are determined by

Nash bargaining, (iii) the markets for housing and business services clear, and (iv) the flow-balance conditions

hold.

3. Equilibrium Analysis

In this section, I first characterize the positive properties of an equilibrium and then analyze its efficiency. I

then discuss the role of random matching, a key assumption, in shaping these results, and close this section

by comparing the two-sided sorting mechanism with alternative explanations for spatial disparities.

3.1 Spatial Sorting and Spatial Disparities

The location choices of workers and firms are interdependent because the two interact through a local labor

market. Worker’s value in (4) has increasing differences in worker productivity 𝑥 and job opportunities

𝐴𝑤(·), and firm’s value in (5) has increasing differences in firm productivity 𝑦 and hiring opportunities 𝐴 𝑓 (·).

Because I assume that 𝑥(ℓ) is increasing, job opportunities increase in ℓ in equilibrium based on the standard

result from monotone comparative statics (Topkis, 1978). By the same logic, firm productivity 𝑦(ℓ) and

hiring opportunities 𝐴 𝑓 (ℓ) should move in the same direction. However, whether 𝑦(ℓ) is increasing remains

ambiguous, since job opportunities increase in both firm productivity and the job arrival rate.

The analysis below demonstrates that 𝑦(ℓ) is indeed increasing in ℓ, and hence an equilibrium features

PAM between workers and firms across space. To illustrate, suppose instead that firm productivity 𝑦(ℓ) is

lower in a higher-ℓ location, and job opportunities are higher due to a sufficiently higher job arrival rate
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𝜆(ℓ).13 Such an allocation is consistent with workers’ incentives but violates firms’ incentives. A higher

job arrival rate requires a larger measure of firms, which increases overhead costs. At the same time, if a

higher-ℓ location is chosen by firms with lower productivity, hiring opportunities are smaller in this location.

Therefore, firms would prefer to deviate to a lower-ℓ location, which contradicts the assumption and rules

out such a non-PAM assignment.14

Importantly, the resulting PAM is self-fulfilling. The sorting of workers, represented by 𝑥(ℓ), and of

firms, represented by 𝑦(ℓ), accounts for increasing 𝐴 𝑓 (𝑥(ℓ), 𝑞(ℓ)) and 𝐴𝑤(𝑦(ℓ), 𝜆(ℓ)), respectively, which

in turn induces the sorting of the other side. In this equilibrium, productivity heterogeneity, not variation in

market tightness, is the primary driver of sorting, as it can raise both job and hiring opportunities, whereas

differences in market tightness increase one and decrease the other.

Having established that an assignment exhibits PAM, an equilibrium can be characterized by two strictly

increasing functions, 𝑥(ℓ) and 𝑦(ℓ), and the optimal location decisions satisfy the following first-order

conditions,

𝜕𝜌𝑉𝑢(𝑥, ℓ)

𝜕𝑥

∣∣∣∣
𝑥=𝑥(ℓ)

= 0,
𝜕𝜌𝑉 𝑝(𝑦, ℓ)

𝜕ℓ

∣∣∣∣
𝑦=𝑦(ℓ)

= 0, ∀𝑥, 𝑦. (8)

Then, an equilibrium assignment can be obtained by combining the above equations, the boundary conditions—

𝑥(0) = 𝑥, 𝑥(1) = 𝑥, 𝑦(0) = 𝑦, and 𝑦(1) = 𝑦—the housing and business services market clearing conditions

(6), and the steady-state flow-balance conditions (7). The existence of the solution follows from the standard

ODE theorem.15 I summarize the results in the proposition below. See Section A.2 for the proof.

Proposition 1. A pure-assignment equilibrium exists. Any pure-assignment equilibrium exhibits positive

assortative matching between workers and firms across space.

13 Search frictions generate differences in local matching rates, which make PAM non-trivial. This is a recurring finding in the
literature. Under search frictions, PAM requires a stronger degree of complementarities than supermodularity (e.g., Shimer and
Smith, 2001; Eeckhout and Kircher, 2010). In this paper, I assume a supermodular output function, but introducing the spatial
sorting of workers and firms allows the model to generate PAM.

14 The model does not make a specific prediction on spatial variation in market tightness, which depends on productivity distribution,
housing market elasticity, and so on. For example, if firm heterogeneity is much smaller than worker heterogeneity, market tightness
is likely to increase in ℓ. In this case, more productive workers (firms, respectively) prefer higher-ℓ locations mainly due to higher
𝜆(ℓ) (higher 𝑥(ℓ), respectively). This result contrasts with the mechanisms in Bilal (2023) and Kuhn et al. (2022), which predict
specific spatial patterns of market tightness. The key distinction in my model is that two-sided heterogeneity in productivity serves
as the primary driver of the sorting.

15 A model may have multiple equilibria because the values depend on both productivity and market tightness, similar to Burdett
and Coles (1997) and Borovicková and Shimer (2024).
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Next, I show that higher-ℓ locations chosen by more productive workers and firms are more densely

populated. From the workers’ first-order condition in (8),

(
𝜕

𝜕ℓ
𝐴𝑤(𝑦(ℓ), 𝜆(ℓ))

)
𝑥(ℓ)− 𝜕

𝜕ℓ

(
𝐴𝑤(𝑦(ℓ), 𝜆(ℓ))𝐵𝑤(𝑥(ℓ), 𝜃(ℓ))

)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

changes in labor market benefits

= ℎ̄
𝜕

𝜕ℓ
𝑟(ℓ).

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

changes in housing rents

(9)

When choosing a marginally higher-ℓ location, workers benefit from a local labor market with higher job

opportunities 𝐴𝑤(·). Due to greater benefits, a larger number of workers are attracted to this location, and

they need to pay higher housing rents. This result requires the vacancy destruction rate 𝛿𝑣 to be sufficiently

large so that the gain from higher job opportunities is not offset by an increase in firms’ threat point 𝐵𝑤(·).16

Screening in local labor markets is imperfect under random matching, and this imperfection is central

to generating the spatial variation in population density. Because search is random, even less productive

workers have the opportunity to be matched with productive firms, as long as they search in locations where

such firms are located. In such a case, workers earn higher wages as they enjoy a share of surplus. In

contrast, if firms could perfectly screen the workers they hire based on worker productivity, as in neoclassical

labor markets or labor markets with directed search, simply participating in a local labor market with more

productive firms would not raise wages. I characterize the equilibrium under these alternative labor market

structures in Section 3.3 and discuss the differences.

Higher-ℓ locations feature not only greater population density but also higher wages. Substituting the

equilibrium assignment (𝑥(ℓ), 𝑦(ℓ)) into (3) yields

𝑤(𝑥(ℓ), 𝑦(ℓ), ℓ) =

(
𝑏 + 𝛽

𝜌 + 𝜆(ℓ)

𝜌 + 𝛽𝜆(ℓ) + (1− 𝛽)𝑞(ℓ)
(𝑦(ℓ)− 𝑏)

)
𝑥(ℓ). (10)

Higher productivity of workers or firms raises output, and greater market tightness improves workers’

bargaining positions; both effects increase wages. Under PAM, because both workers and firms are more

productive in higher-ℓ locations, wages are correspondingly higher. For this result, the vacancy destruction

rate 𝛿𝑣 must again be large enough so that changes in workers’ and firms’ bargaining positions do not dominate

an increase in output.

The following proposition summarizes the two results. See Section A.3 for the proof.

16 Mathematically, large 𝛿𝑣 ensures that (1− 𝛽), and thus 𝐵𝑤(·), is small, so that changes in 𝐴𝑤(·)𝐵𝑤(·) are small enough.
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Proposition 2. Suppose that 𝛿𝑣 is sufficiently large. In any pure-assignment equilibrium, population density

𝐿(ℓ) and wages 𝑤(𝑥(ℓ), 𝑦(ℓ), ℓ) increase in ℓ.

Combining the results in Proposition 1 and Proposition 2, I conclude that an economy with search

frictions, where heterogeneous workers and firms sort across local labor markets, can explain key dimensions

of the spatial disparities we observe in the data. Importantly, in this economy, the urban wage premium arises

across homogeneous locations, and purely stems from the sorting mechanism.

3.2 Efficiency Properties of Equilibrium

In this section, I characterize the properties of the optimal spatial allocation and evaluate the efficiency of the

decentralized equilibrium. For expositional simplicity, I focus on the limiting case in which the discount rate

𝜌 goes to zero.17 The planner maximizes the steady-state flow net output, i.e., the total output minus total

congestion costs, which is the standard approach in the literature on frictional labor markets (e.g., Hosios,

1990; Shi, 2001; Acemoglu, 2001).18 All proofs are presented in Section A.4.

I first characterize the optimal assignment and compare it with the equilibrium assignment. As in the

literature, due to complementarity in output, the optimal assignment features PAM, despite the presence

of market tightness, which is an additional factor affecting output. The key insight is that, conditional on

population and firm densities, the planner’s problem reduces to a classic assignment problem, which admits

PAM as a solution. Lemma 1 formalizes this result.

Lemma 1. The optimal spatial allocation exhibits PAM between workers and firms.

Using Lemma 1, the planner’s problem reduces to choosing two increasing functions, 𝑥(ℓ) and 𝑦(ℓ).

Local output equals the product of employment (1 − 𝑢(ℓ))𝐿(ℓ) and the output of a match 𝑥(ℓ)𝑦(ℓ), while

congestion costs depend on worker and firm densities. The planner solves

max
𝑥(ℓ),𝑦(ℓ)

∫ 1

0

[
(1− 𝑢(ℓ))𝐿(ℓ)𝑥(ℓ)𝑦(ℓ)− 𝐶𝑟(ℎ̄𝐿(ℓ))− 𝐶𝑣(𝑁(ℓ))

]
dℓ

s.t. 𝑥′(ℓ) =
𝐿(ℓ)

𝑀𝑤𝑄
′
𝑤(𝑥(ℓ))

, 𝑦′(ℓ) =
𝑁(ℓ)

𝑀 𝑓𝑄
′
𝑓 (𝑦(ℓ))

, 𝑢(ℓ) =
𝛿

𝛿 + 𝜆(ℓ)
∀ℓ,

17 This assumption makes workers and firms infinitely patient, which aligns their location choices with the planner’s assignment
problem. If not, since location decisions precede search, workers and firms overvalue locations with higher matching rates compared
to the planner.

18 This formulation is equivalent to the problem that maximizes the total surplus when the planner can freely use transfers among
agents due to the stylized nature of the economy, e.g., risk neutrality and exogenous labor supply. I further show that the equilibrium
is Pareto inefficient in Section A.4.
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in addition to the boundary conditions on 𝑥(ℓ) and 𝑦(ℓ). Constraints determine how an assignment pins

down population density, firm density, and unemployment rates as in Section 2.2. The optimal assignment,

denoted by a superscript ∗, is characterized by two equations described below.

First, the planner spreads out workers and firms across space to reduce congestion costs. Specifically, the

planner sets the weighted sum of 𝜕
𝜕ℓ
𝐶𝑟(ℎ̄𝐿

∗(ℓ)) and 𝜕
𝜕ℓ
𝐶𝑣(𝑁

∗(ℓ)), representing changes in congestion costs,

to zero across all ℓ:

ℎ̄2𝐶′
𝑟(ℎ̄𝐿

∗(ℓ))(𝐿∗)′(ℓ)𝐿∗(ℓ) + 𝐶′
𝑣(𝑁

∗(ℓ))(𝑁∗)′(ℓ)𝑁∗(ℓ)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

changes in congestion costs of the optimal assignment

= 0 ∀ℓ. (11)

The above condition implies that the planner does not make one location strictly denser than another: changes

in population and firm densities have opposite signs, (𝐿∗)′(ℓ)(𝑁∗)′(ℓ) ≤ 0. Importantly, productivity is

embodied in workers and firms. Thus, the planner can reduce congestion costs while maintaining the total

output by relocating them from more to less congested locations.

The second condition governs how the planner adjusts market tightness, i.e., whether to increase worker

or firm density, according to productivity heterogeneity:

(1− 𝑢∗(ℓ))

1− 𝜀∗𝜆(ℓ)(1− 𝑢∗(ℓ))

(
(1− 𝜀∗𝜆(ℓ))

(𝑦∗(ℓ))′(ℓ)

𝑦∗(ℓ)
− 𝜀∗𝜆(ℓ)𝑢

∗(ℓ)
(𝑥∗(ℓ))′

𝑥∗(ℓ)

)
𝑥∗(ℓ)𝑦∗(ℓ)

=

[
𝐶′′
𝑟 (ℎ̄𝐿

∗(ℓ))ℎ̄2𝐿∗(ℓ) +
𝜀∗𝜆(ℓ)𝑢

∗(ℓ)(1− 𝑢∗(ℓ))

(1− 𝜀∗𝜆(ℓ)(1− 𝑢∗(ℓ)))3
E(ℓ)

(
1+

𝐶′′
𝑟 (ℎ̄𝐿

∗(ℓ))

𝐶′′
𝑣 (𝑁

∗(ℓ))
ℎ̄2
(
𝐿∗(ℓ)

𝑁∗(ℓ)

)2
)
𝑥∗(ℓ)𝑦∗(ℓ)

]
(𝐿∗(ℓ))′

𝐿∗(ℓ)

where 𝜀𝜆(ℓ) =
𝜆′(𝜃(ℓ))
𝜆(𝜃(ℓ)) 𝜃(ℓ) is the elasticity of the job arrival rate with respect to market tightness, and E(ℓ)

is defined as 𝜀∗𝜆(ℓ)(1− 𝜀∗𝜆(ℓ))−
(𝜆∗)′′(𝜃∗(ℓ))𝜃∗(ℓ)

(𝜆∗)′(𝜃∗(ℓ))) + 𝜀∗𝜆(ℓ)− 1. If E(ℓ) ≥ 0, e.g., under constant matching

elasticity, the sign of (𝐿∗)′(ℓ) follows that of the left-hand side, so more workers and fewer firms are allocated

to high-ℓ locations when firm productivity is more heterogeneous. By doing so, the vacancy contact rate of

highly productive firms rises, leading to greater output.

Next, I compare the planner’s solution to the decentralized equilibrium to evaluate efficiency. In

equilibrium, high-ℓ locations provide more attractive labor markets with greater 𝐴𝑤(·) and 𝐴 𝑓 (·). Thus, the

changes in congestion costs are strictly positive,

ℎ̄𝑟 ′(ℓ)𝐿(ℓ) + 𝑐′(ℓ)𝑁(ℓ) = ℎ̄2𝐶′
𝑟(ℎ̄𝐿(ℓ))𝐿

′(ℓ)𝐿(ℓ) + 𝐶′
𝑣(𝑁(ℓ))𝑁

′(ℓ)𝑁(ℓ)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

changes in congestion costs of the equilibrium assignment

> 0 ∀ℓ.
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This congestion is already suggested by Proposition 1, which shows that population density is greater in

high-ℓ locations. The above is in stark contrast to (11): in equilibrium, workers and firms are inefficiently

concentrated in high-ℓ locations.

These inefficiencies arise from externalities in frictional local markets with random matching. As in

standard search models with homogeneous agents, individuals do not internalize the impact of their matches

on others’ matching rates. More importantly, in this economy, there are additional externalities due to worker

and firm heterogeneity. When workers choose between two locations, they ignore the effect of their choice

on the quality of local search pools. To elaborate, if less productive workers choose a marginally higher-ℓ

location, they reduce local firms’ chances of hiring more productive workers. The same logic applies to firms

(e.g., Acemoglu, 2001; Shimer and Smith, 2001; Albrecht et al., 2010; Bilal, 2023).19 Because participation

in local labor markets is determined through location choices, these externalities can be addressed through

location-specific transfers. The expressions for these transfers are lengthy and are provided in the appendix;

see (A.18) and (A.19). The below proposition summarizes the results.

Proposition 3. The decentralized equilibrium is inefficient. Each worker and each firm chooses a higher-ℓ

location than the social planner would designate, given the location decisions of all others. The planner can

implement the optimal assignment by using the spatial transfers to workers and firms.

Importantly, Proposition 3 holds independent of the elasticity of matching function and the workers’

bargaining power. Because both workers and firms sort inefficiently across space, neither the standard nor the

generalized Hosios condition (e.g., Mangin and Julien, 2021) can restore efficiency. For example, increasing

workers’ bargaining power in a higher-ℓ location may lower firm inflows but increase worker inflows even

more. To see this more clearly, I turn off the externalities arising from changes in matching rates and focus

only on those arising from changes in the quality of search pools. In this case, the equilibrium is efficient if

and only if both workers and firms are homogeneous, and the planner taxes those choosing high-ℓ locations

to reduce unnecessary congestion. In particular, the magnitude of these taxes increases with heterogeneity,

measured by (𝑥∗)′(ℓ) and (𝑦∗)′(ℓ).

Corollary 1. Assume the Hosios condition, i.e., 𝜆′(𝜃)
𝜆(𝜃) 𝜃 = 1− 𝛽, and zero unemployment benefit 𝑏 = 0. Then,

an equilibrium is efficient if and only if workers and firms are homogeneous. Moreover, the spatial transfers
19 In most papers, due to externalities, the composition of jobs is inefficiently biased toward low-productivity jobs. In this paper,

because I focus on pure assignments, the distributions of workers and firms are degenerate in each ℓ. Instead, externalities arise from
choosing a higher-ℓ location than is socially optimal. The most related application is Bilal (2023) who applies this idea to the spatial
sorting model of heterogeneous firms.
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to workers and firms, 𝑡𝑤(ℓ) and 𝑡 𝑓 (ℓ), decrease in ℓ,

𝑡𝑤(ℓ) = 𝑡0𝑤 −
∫ ℓ

0

(1− 𝛽)(1− 𝑢∗(𝑡))𝑢∗(𝑡)

1− (1− 𝛽)(1− 𝑢∗(𝑡))
𝑦∗(𝑡)𝑥∗

′
(𝑡) d𝑡,

𝑡 𝑓 (ℓ) = 𝑡0𝑓 −
∫ ℓ

0

𝛽(1− 𝑢∗(𝑡))
𝐿∗(𝑡)

𝑉∗(𝑡)
𝑥∗(𝑡)𝑦∗

′
(𝑡) d𝑡,

where the constants 𝑡0𝑤 and 𝑡0𝑓 balance the government budget.

The above results offer a new way to think about the role of geography in shaping labor market outcomes.

Although PAM is facilitated by spatial sorting across local labor markets, this comes at a price in the form of

congestion costs. This discussion is reminiscent of the signaling equilibrium in Spence (1973), where more

productive workers send a costly signal to distinguish themselves from less productive ones. Workers and

firms match randomly within each local labor market, with location serving as the only source of information

about each other’s type. More productive workers and firms signal their higher productivity by choosing more

expensive locations. However, the presence of these congested areas suggests inefficiencies. Nevertheless,

PAM outperforms random matching when the output gains from complementarity exceed the additional

congestion costs.20

3.3 The Role of Random Matching in Frictional Labor Markets

To understand the role of imperfect screening under random matching, I compare the baseline to cases in

which firms can screen workers. Specifically, I consider two models with alternative labor market structures:

neoclassical labor markets and labor markets with directed search. Unlike the baseline model, these two

models fall short of explaining the spatial disparities observed in the data, in particular differential population

densities across regions. Moreover, in both cases, the resulting equilibrium is efficient.

Neoclassical local labor markets. The matching remains bilateral, that is, each firm hires only one worker,

but labor markets are now frictionless: firms can choose the type of workers they hire in each ℓ, as long

as they pay the corresponding wage. Specifically, for a given local wage schedule 𝑤(𝑥, ℓ), each firm hires

a worker of productivity 𝑥 that maximizes its profit, 𝑥𝑦 − 𝑤(𝑥, ℓ). I maintain all other assumptions. Each

20 Unlike Hoppe et al. (2009), this paper cannot identify conditions on the productivity distribution under which PAM dominates
random matching, since the result also depends on the convexity of 𝐶𝑟(·) and 𝐶𝑣(·). For example, when total housing and business
services are nearly fixed, the differences in total congestion costs between PAM and random matching become negligible, which
ensures that PAM is optimal.
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local labor market has the same environment as the seminal work by Becker (1973), except that markets

are segmented by location. The following proposition characterizes a pure assignment equilibrium. See

Section A.6 for the proof.

Proposition 4. A differentiable pure assignment equilibrium exists and is unique with the following properties:

(1) Positive assortative matching between workers and firms arises across space: firm productivity 𝑦(ℓ)

increases in ℓ just like worker productivity 𝑥(ℓ).

(2) Population density 𝐿(ℓ) is the same across ℓ.

(3) The equilibrium is efficient. Moreover, matching between workers and firms, wages by worker type, and

profits by firm type are equal to those of an economy with a single, nationwide labor market.

In the absence of search frictions, PAM arises straightforwardly in equilibrium. Given workers’ location

choices, characterized by an increasing function 𝑥(ℓ), the firm’s value has increasing differences in firm

productivity 𝑦 and location ℓ, from which PAM follows directly.

Population density is uniform across ℓ because in equilibrium wages are constant across ℓ, i.e., 𝜕
𝜕ℓ
𝑤(𝑥, ℓ) =

0, eliminating workers’ incentives to choose dense and expensive locations. Suppose, to the contrary, that
𝜕
𝜕ℓ
𝑤(𝑥, ℓ) > 0 and hence 𝑟 ′(ℓ) > 0. Because firms optimally choose the worker type 𝑥 in ℓ, the derivative of

profit with respect to 𝑥 is zero, and thus these higher wages must be compensated by lower overhead costs

𝑐′(ℓ) < 0 in equilibrium. With 𝐿′(ℓ) > 0 and 𝑁 ′(ℓ) < 0, the resulting imbalance in worker and firm densities

cannot be sustained without search frictions, leading to a contradiction.

More importantly, the third property indicates geography is economically irrelevant in this model.

Intuitively, when workers and firms can selectively match with each other without frictions, the presence of

locations does not change matching outcomes.

Directed search. In Section A.7, I consider an economy in which each local labor market is subject to search

frictions, but workers and firms engage in directed (competitive) search (e.g., Moen, 1997). In each labor

market, firms post wages specific to worker types, and workers optimally queue for firms. These decisions

determine both wages and matching rates. Specifically, I extend Eeckhout and Kircher (2010), who study

directed search under two-sided heterogeneity, by incorporating a preliminary stage in which workers and

firms select locations before competitively searching among those in the same location.

20



The key distinction from the baseline is that firms would not hire less productive workers unless doing so

yields the same surplus as hiring more productive ones in the local market. Thus, less productive workers

internalize their negative impact on the surplus of local firms.

The equilibrium exhibits the same properties as in Proposition 4. PAM between workers and firms arises,

and the equilibrium does not feature spatial concentration: workers and firms are uniformly distributed across

space. The equilibrium is efficient, as is typically the case under directed search. Finally, the introduction of

location has no effect on all outcomes. See Proposition A.2 for the formal result.

3.4 Comparing Two-Sided Sorting with Alternative Mechanisms Explaining Spatial Disparity

Although this paper shows that two-sided sorting can account for spatial disparity, the literature has demon-

strated that other mechanisms can do so as well. In this section, I distinguish the two-sided sorting mechanism

from these alternatives along both positive and normative dimensions.

While maintaining the structure of the baseline model, I introduce the two additional sources of

productivity heterogeneity in the output function: exogenous location productivity 𝐴(ℓ) and agglomeration

forces 𝐴𝑥(𝑥(ℓ)). Specifically, the output of a worker of productivity 𝑥 and a firm of productivity 𝑦 in location

ℓ is given by 𝐴(ℓ)𝑥𝑦, where local TFP 𝐴(ℓ) equals 𝐴(ℓ)𝐴𝑥(𝑥(ℓ)). I focus on agglomeration forces arising

from knowledge spillovers and assume that 𝐴𝑥(𝑥(ℓ)) increases in the quality of local workers 𝑥(ℓ).21

With these modifications, the expressions for the value of workers and firms choosing location ℓ remain

almost the same. The wage equation is also similar, except for the additional terms reflecting local TFP,

log𝑤(𝑥(ℓ), 𝑦(ℓ), ℓ) = log

(
𝑏 + 𝛽

𝜌 + 𝜆(ℓ)

𝜌 + 𝛽𝜆(ℓ) + (1− 𝛽)𝑞(ℓ)
(𝐴(ℓ)𝐴𝑥(𝑥(ℓ))𝑦(ℓ)− 𝑏)

)
𝑥(ℓ). (12)

All derivations and proofs are in Section A.8.

This extended model relates closely to several important mechanisms in the literature, depending on

the source(s) of heterogeneity. I compare the baseline two-sided sorting model to three benchmarks. First,

when the spatial disparity arises solely from exogenous location productivity 𝐴(ℓ), the model corresponds to

the no sorting model. Second, when spatial disparity arises from worker productivity 𝑥(ℓ) and exogenous

location productivity 𝐴(ℓ), it reduces to the one-sided sorting model of workers. Lastly, incorporating worker

21 Agglomeration forces can take various forms. The most commonly used assumption is that local TFP increases in population
density or city size (e.g., Kline and Moretti, 2014). Comparing this mechanism with the two-sided sorting mechanism is more
difficult because its normative implications depend heavily on the functional form.
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heterogeneity 𝑥(ℓ) alongside agglomeration forces 𝐴𝑥(𝑥(ℓ)) yields the spillovers model. The following

proposition compares these models, highlighting their similarities and differences.

Proposition 5. All models fit the observed cross-sectional spatial disparities—wages, population density, and

unemployment rates—equally well. However, they yield different optimal allocations and require different

spatial transfers to restore efficiency.

The two-sided sorting mechanism matches cross-sectional moments just as well as alternative mechanisms

because output and wage levels do not depend on where productivity is embodied. For example, in the

one-sided sorting model, higher wages arise from higher 𝐴(ℓ) rather than from higher 𝑦(ℓ), as in the two-sided

sorting model. In terms of matching data, the mapping between the two models simply involves relabeling

𝑦(ℓ) as 𝐴(ℓ). Hence, cross-sectional data alone cannot identify the underlying mechanism, which explains

why prior studies could explain the same empirical patterns using different mechanisms.

However, each model calls for different policy interventions. I first compare the two-sided sorting model

with the no sorting and one-sided sorting models, which feature exogenous location productivity. The key

property of the two-sided sorting model is that productivity is embodied in workers and firms, and thus the

planner avoids creating unnecessary congestion as shown in (11). In contrast, when locations are ex ante

heterogeneous, the location of production directly affects output. In particular, the planner assigns more

workers and firms to locations with higher 𝐴(ℓ), which creates congestion in cities, i.e., 𝐿′(ℓ) > 0 and

𝑁 ′(ℓ) > 0, even in the efficient allocation.22

Although both the two-sided sorting and spillovers models feature ex ante homogeneous locations and

thus call for no congestion in the efficient allocation,23 a key difference is that the spillovers model does not

incorporate firm heterogeneity. As a result, the planner imposes no spatial transfers on firms, while applying

them to workers more aggressively. Moreover, this distinction matters for real-world policies that explicitly

target firms. For example, place-based policies that attract high-performing firms to low-income locations

increase net output in the spillovers model, but disrupt PAM and reduce allocative efficiency in the two-sided

sorting model. In general, even when the two models share certain features, it is more efficient to design

policies that directly address firms whenever firm heterogeneity is present.
22 The equilibrium in the one-sided sorting model is inefficient because of search frictions, which are retained to make minimal

changes to the baseline model. Alternatively, one can develop a one-sided sorting model without search frictions that replicates
spatial disparity and yields an efficient equilibrium.

23 Although the two models appear similar in this section, this need not be the case. In general, efficient allocations in spillover
models crucially depend on parameterization, and spillovers may operate among worker types rather than between workers and firms
(e.g., Fajgelbaum and Gaubert, 2020; Rossi-Hansberg et al., 2019; Behrens et al., 2014).
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In sum, while different mechanisms can be equally effective in matching the cross-sectional data, the

normative implications and the corresponding policy requirements can vary significantly.
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Derivations. The derivations remain almost the same, except that the output function has an additional

component 𝐴(ℓ). For example, the surplus of a match between a worker 𝑥(ℓ) and a firm 𝑦(ℓ) in location ℓ is

given by

𝑆(𝑥(ℓ), 𝑦(ℓ), ℓ) =
1

𝜌 + 𝛽𝜆(ℓ) + (1− 𝛽)𝑞(ℓ)
(𝑦(ℓ)− 𝑏)𝐴(ℓ)𝑥(ℓ),

and wages are given by (12). The values of workers and firms choosing a location ℓ are given by

𝜌𝑉𝑢(𝑥, ℓ) =
𝛽𝜆(ℓ)

𝜌 + 𝛽𝜆(ℓ)
𝐴(ℓ)𝑦(ℓ)

(
𝑥 − (1− 𝛽)𝑞(ℓ)

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞(ℓ)
𝑥(ℓ)

)
+Π− ℎ̄𝑟(ℓ),

𝜌𝑉𝑣(𝑦, ℓ) =
1

𝜌

(1− 𝛽)𝑞(ℓ)

𝜌 + (1− 𝛽)𝑞(ℓ)
𝐴(ℓ)𝑥(ℓ)

(
𝑦 − 𝑏 − 𝛽𝜆(ℓ)

𝜌 + 𝛽𝜆(ℓ) + (1− 𝛽)𝑞(ℓ)
(𝑦(ℓ)− 𝑏)

)
− 𝑐(ℓ).

Observe that all the above equations return to those in the baseline when 𝐴(ℓ) = 1.

Matching Cross-Sectional Moments. Given unemployment rates across regions {𝑢(ℓ)}, I infer local market

tightness and thus {𝜆(ℓ), 𝑞(ℓ)}. Furthermore, given population density 𝐿(ℓ), I can compute 𝑉(ℓ).

In the no sorting model, I calibrate 𝐴(ℓ) such that (12) aligns with the cross-sectional wage data. Then,

I recover 𝑟(ℓ) = 𝐶′
𝑟(ℎ̄𝐿(ℓ)) and 𝑐(ℓ) = 𝐶′

𝑣(𝑁(ℓ)) that ensure the sorting conditions of workers and firms,

which correspond to the equalization of their values across ℓ. The spillovers model can be treated analogously

by finding 𝑥(ℓ) rather than 𝐴(ℓ).

Next, consider the one-sided sorting model. Suppose that housing rents 𝑟(ℓ) are observed. I then jointly

identify {𝑥(ℓ), 𝐴(ℓ)} as the solution to (12) and 𝜕
𝜕ℓ
𝑉𝑢(𝑥(ℓ), ℓ) = 0. I then determine 𝑐(ℓ) = 𝐶′

𝑣(𝑁(ℓ)) to

satisfy the sorting condition of firms. The two-sided sorting model can be calibrated analogously.

Planner problem. Focus on positive sorting among workers, firms, and locations, that is, 𝑥(ℓ), 𝑦(ℓ) and

𝐴(ℓ) are increasing in ℓ. The Hamiltonian can be formulated as below,

H = (1− 𝑢(ℓ))𝑥(ℓ)𝑦(ℓ)𝐴(ℓ)𝐿(ℓ)− 𝐶𝑟(ℎ̄𝐿(ℓ))− 𝐶𝑣(𝑁(ℓ)) +
𝜇𝑤(ℓ)𝐿(ℓ)

𝑀𝑤𝑞𝑤(𝑥(ℓ))
+

𝜇 𝑓 (ℓ)𝑁(ℓ)

𝑀 𝑓 𝑞 𝑓 (𝑦(ℓ))
+ 𝜇𝑢(ℓ)

(
𝑢(ℓ)− 𝛿

𝛿 + 𝜆(𝜃(ℓ))

)
,
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where I use the same notation as in Section A.4. First-order conditions are given by

0 = (1− 𝑢(ℓ))𝑥(ℓ)𝑦(ℓ)𝐴(ℓ)− ℎ̄𝐶′
𝑟(ℎ̄𝐿(ℓ)) +

𝜇𝑤(ℓ)

𝑀𝑤𝑞𝑤(𝑥(ℓ))
− 𝜇𝑢(ℓ)

𝜀𝜆(ℓ)

𝐿(ℓ)
𝑢(ℓ)(1− 𝑢(ℓ)), (𝐿)

𝜇′𝑤(ℓ) = −(1− 𝑢(ℓ))𝑦(ℓ)𝐴(ℓ)𝐿(ℓ)− (1− 𝑢(ℓ))𝑥(ℓ)𝑦(ℓ)
𝜕𝐴(ℓ)

𝜕𝑥
𝐿(ℓ) +

𝜇𝑤(ℓ)𝐿(ℓ)

𝑀𝑤𝑞
2
𝑤(𝑥(ℓ))

𝑞′𝑤(𝑥(ℓ)), (𝑥)

0 = −𝐶′
𝑣(𝑁(ℓ)) +

𝜇 𝑓 (ℓ)

𝑀 𝑓 𝑞 𝑓 (𝑦(ℓ))
+ 𝜇𝑢(ℓ)

𝜀𝜆(ℓ)

𝑁(ℓ)
𝑢(ℓ)(1− 𝑢(ℓ)), (𝑁)

𝜇′𝑓 (ℓ) = −(1− 𝑢(ℓ))𝑥(ℓ)𝐴(ℓ)𝐿(ℓ) +
𝜇 𝑓 (ℓ)𝑁(ℓ)

𝑀 𝑓 𝑞
2
𝑓 (𝑦(ℓ))

𝑞′𝑓 (𝑦(ℓ)), (y)

0 = −𝑥(ℓ)𝑦(ℓ)𝐴(ℓ)𝐿(ℓ) + 𝜇𝑢(ℓ)(1− 𝜀𝜆(ℓ)(1− 𝑢(ℓ))). (𝑢)

From now on, I omit ℓ for notational simplicity. Following the same step as in Section A.4, I obtain the below

conditions:

ℎ̄2𝐶′′
𝑟 𝐿

′ =
(1− 𝜀𝜆)(1− 𝑢)

1− 𝜀𝜆(1− 𝑢)
𝑥(𝑦𝐴)′𝐴𝑥 − 𝜀𝜆(1− 𝑢)𝑢

1− 𝜀𝜆(1− 𝑢)

𝜕𝑥𝑦𝐴

𝜕𝑥
𝑥′ +

𝑢(1− 𝑢)𝑥𝑦𝐴

(1− 𝜀𝜆(1− 𝑢))2

(
(1− 𝜀𝜆)𝜀𝜆 −

𝜆′′

𝜆′
𝜃 + 𝜀𝜆 − 1

)
𝜃′

𝜃
,

𝐶′′
𝑣 (𝑁)𝑁

′ = −(1− 𝜀𝜆)(1− 𝑢)

1− 𝜀𝜆(1− 𝑢)
𝑥𝑦′𝐴

𝐿

𝑁
+

𝜀𝜆(1− 𝑢)𝑢

1− 𝜀𝜆(1− 𝑢)

𝐿

𝑁
(𝐴𝑥)′𝑦 − 𝑢(1− 𝑢)𝑥𝑦𝐴

(1− 𝜀𝜆(1− 𝑢))2

(
(1− 𝜀𝜆)𝜀𝜆 −

𝜆′′

𝜆′
𝜃 + 𝜀𝜆 − 1

)
𝐿

𝑁

𝜃′

𝜃
.

Combining the two conditions, I obtain the first equation that characterizes the optimal allocation,

(1− 𝑢(ℓ))𝑥(ℓ)𝑦(ℓ)𝐴′(ℓ)𝐴𝑥(𝑥(ℓ))𝐿(ℓ) = 𝐶′′
𝑟 (ℎ̄𝐿(ℓ))ℎ̄

2𝐿′(ℓ)𝐿(ℓ) + 𝐶′′
𝑣 (𝑁(ℓ))𝑁

′(ℓ)𝑁(ℓ). (13)

The planner allocates more workers and firms to higher-ℓ locations with higher exogenous location productivity

𝐴(ℓ). In contrast, other factors, i.e., heterogeneity of workers and firms as well as agglomeration forces, do

not depend on the location of production, and hence, the planner spreads out workers and firms to avoid

unnecessary congestion. Next, the second equation is given by

(
□+ 𝐶′′

𝑟 ℎ̄
2𝐿
)𝐿′

𝐿
−
(
□+ 𝐶′′

𝑣𝑁
𝑁

𝐿

)
𝑁 ′

𝑁
=

1− 𝑢

1− 𝜀𝜆(1− 𝑢)

(
(1− 𝜀𝜆)𝑥𝑦

′𝐴 − 𝜀𝜆𝑢

(
𝑦𝐴 +

𝜕𝐴

𝜕𝑥

)
𝑥′
)
,

where □ = 𝑢(1−𝑢)
(1−𝜀𝜆(1−𝑢))3

(
𝜀𝜆(1− 𝜀𝜆)− 𝜆′′

𝜆′ 𝜃 + 𝜀𝜆 − 1

)
𝑥𝑦𝐴. The baseline intuition remains the same; the

planner increases 𝐿 relatively more than 𝑁 when firm heterogeneity 𝑦′ is significantly larger than that of

workers 𝑥′.
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Efficiency of the equilibrium. Derivations of the sorting conditions are explained in Section A.4. To avoid

repetition, I omit the intermediate steps and present the final expressions for 𝜌 close to zero,

𝐿ℎ̄𝑟 ′ =
𝛽𝜆

𝛿 + 𝛽𝜆
𝑥(𝐴𝑦)′𝐿 +

𝛿𝛽𝜆

(𝛿 + 𝛽𝜆)2
𝜀𝜆

𝜃′

𝜃
𝑥𝐴(𝑦 − 𝑏)𝐿,

𝑁𝑐′ =
𝑁(1− 𝛽)𝑞

𝛿 + 𝛽𝜆
(𝑥𝐴)′𝑦 − 𝛽𝜆

𝛿 + 𝛽𝜆
(1− 𝛽)(1− 𝑢)𝐴𝑥𝑦′𝐿 +

𝛿(1− 𝑢)(1− 𝛽)

𝛿 + 𝛽𝜆

(
𝛿

𝛿 + 𝛽𝜆
𝜀𝜆 − 1

)
𝜃′

𝜃
𝐴𝑥(𝑦 − 𝑏)𝐿.

To focus on the externalities arising from the sorting mechanism, I assume the Hosios condition 𝜀𝜆 = 1−𝛽

and zero unemployment benefit 𝑏 = 0. Comparing the sorting conditions and the planner’s solution yields

the spatial transfers:

𝑡𝑤(ℓ) = 𝑡0𝑤 −
∫ ℓ

0

(
𝜀𝜆(1− 𝑢)𝑢

1− 𝜀𝜆(1− 𝑢)
𝐴𝑦 + (1− 𝑢)

𝜕𝐴𝑥

𝜕𝑥
𝐴𝑦

)
𝑥′ d𝑡,

𝑡 𝑓 (ℓ) = 𝑡0𝑓 −
∫ ℓ

0

(1− 𝜀𝜆)(1− 𝑢)
𝐿

𝑁
𝐴𝑥𝑦′ d𝑡.

where 𝑡0𝑤 and 𝑡0𝑓 are constants that ensure the government budget balance. All functions are evaluated at the

optimal assignment. These transfers are consistent with those derived in Section 3.2. In addition to 𝑡𝑤(ℓ) in

the baseline, the second term in parentheses corrects externalities of workers on local TFP through spillovers.

In addition, the transfers not only depend on 𝑥 and 𝑦, but also on 𝐴.

4. Quantitative Analysis

In this section, I extend the baseline model in several dimensions to take it to the data, while preserving

the key mechanism, i.e., the interaction between worker and firm sorting. I then estimate the model using

German administrative data, exploiting spatial variation in changes in worker and firm sorting across two

periods together with an instrumental variable strategy.

4.1 Quantitative Model

I extend the baseline model in a few dimensions. I continue to focus on the steady state and the limiting case

in which 𝛿𝑣 approaches infinity.
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Location fundamentals. I introduce ex-ante heterogeneity across locations. I assume that there is a discrete

number of locations indexed by ℓ.

First, I introduce heterogeneous local TFP 𝐴(ℓ), so that the output of a worker of type 𝑥 and firm of type

𝑦 in location ℓ is given by 𝐴(ℓ)𝑥𝑦. Second, I allow locations to differ in amenities along three dimensions.

Consumption-related amenities, 𝐵𝑤(ℓ), scale the marginal utility of consumption. These amenities capture

factors such as local infrastructure, access to services, or consumption opportunities that enhance the value

of a given level of income. Non-consumption amenities, 𝐶𝑤(ℓ), enter utility additively and are independent

of income. These amenities capture factors such as climate, environmental quality, or other location-specific

characteristics that directly affect workers’ well-being in a way independent to the worker’s income. Finally,

firm amenities, 𝐶 𝑓 (ℓ), affect the firm’s flow value additively and are independent of production scale. These

amenities capture factors such as regulatory environment or administrative efficiency that affects firms’

operating conditions across locations.24 Lastly, I allow housing and business service production shifters vary

across locations. Specifically, I assume 𝐶𝑟(𝐻) = 𝐻1+𝛾𝑤

(1+𝛾𝑤)𝐻𝑤(ℓ)𝛾𝑤 and 𝐶𝑐(𝑁) =
𝑁

1+𝛾 𝑓

(1+𝛾 𝑓 )𝐻 𝑓 (ℓ)
𝛾 𝑓 , where 𝛾𝑤 and

𝛾 𝑓 denote the inverse elasticity.

Frictional sorting. I assume that location choices entail frictions in several ways.

For workers, I introduce frictions in migration. Workers, whether employed or unemployed, can migrate

only when they receive a migration shock at rate 𝛿𝑚. Upon receiving this shock, workers draw a set of

preference shocks {𝜀(ℓ)}ℓ from a Type I extreme value distribution with shape parameter 𝜈𝑤 . Workers then

choose the optimal location and start searching for a job there. With the introduction of preference shocks, a

key departure from the baseline is that the equilibrium is no longer characterized by a pure assignment. In

addition, migration is costly. Migration from ℓ′ to ℓ entails costs 𝜏ℓ′,ℓ , which may arise, for example, from

geographic distance between regions (Schwartz, 1973). Importantly, this structure generates a migration

network, in which migration flows are stronger between locations with lower 𝜏ℓ′,ℓ .

Similar to workers, I assume that firms also draw preference shocks {𝜀(ℓ)}ℓ from a Type I extreme value

distribution with shape parameter 𝜈 𝑓 .

Location decisions. Let the value functions 𝑉𝑢 and 𝑉𝑒 denote the values of unemployed and employed

workers. Then, these functions take the same form as in the baseline, except for the inclusion of the migration

24 Relative to standard models in the literature, I allow for richer forms of location heterogeneity in order to match moments related
to both workers and firms across locations.
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option value term 𝑉𝑚(𝑥, ℓ):

𝜌𝑉𝑢(𝑥, ℓ) = 𝐵𝑤(ℓ)(𝐴(ℓ)𝑏𝑥 +Π− ℎ̄𝑟(ℓ)) + 𝐶𝑤(ℓ) + 𝜆(ℓ)E[max{𝑉𝑒(𝑥, 𝑦, ℓ)−𝑉𝑢(𝑥, ℓ), 0}|ℓ] + 𝛿𝑚(𝑉
𝑚(𝑥, ℓ)−𝑉𝑢(𝑥, ℓ)),

𝜌𝑉𝑒(𝑥, 𝑦, ℓ) = 𝐵𝑤(ℓ)(𝑤(𝑥, 𝑦, ℓ) + Π− ℎ̄𝑟(ℓ)) + 𝐶𝑤(ℓ) + 𝛿(𝑉𝑢(𝑥, ℓ)−𝑉𝑒(𝑥, 𝑦, ℓ)) + 𝛿𝑚(𝑉
𝑚(𝑥, ℓ)−𝑉𝑒(𝑥, 𝑦, ℓ)),

where 𝑉𝑚(𝑥, ℓ) = E[maxℓ′{𝑉𝑢(𝑥, ℓ′) − 𝜏ℓ,ℓ′ + 𝜀(ℓ′)}], which captures the values from the migration

opportunities. With non-degenerate firm distribution within each ℓ, the option value of job search is

computed by averaging over the firm distribution.

Defining the match surplus, 𝑆(𝑥, 𝑦, ℓ) = 𝑉𝑒(𝑥, 𝑦, ℓ) − 𝑉𝑢(𝑥, ℓ) + 𝑉 𝑝(𝑥, 𝑦, ℓ) − 𝑉𝑣(𝑦, ℓ) as before, the

only change from the baseline is that 𝜌 = 𝜌+ 𝛿 increases to 𝜌 = 𝜌+ 𝛿+ 𝛿𝑚. I assume that firms generating

negative surplus for workers do not participate in the search pool. With a slight abuse of notation, E[𝑦|ℓ]

denotes the average productivity among participating firms. Accordingly, market tightness is defined as the

effective number of firms that participate in the search pool over the number of unemployed workers.

Wages have the same formula with the modified 𝜌,

log𝑤(𝑥, 𝑦, ℓ) = log 𝑥 + log

(
𝑏 + (1− 𝛽)

𝛽𝜆(ℓ)

𝜌 + 𝛽𝜆(ℓ)
(𝐴(ℓ)E[𝑦|ℓ]− 𝑏) + 𝛽(𝐴(ℓ)𝑦 − 𝑏)

)
.

Importantly, wages are log-additive in worker productivity and the remaining components relevant to firm

productivity and local TFP. Moreover, a set of assumptions—random matching, exogenous separation, and

the employment status of migrants—ensures the exogenous mobility assumption required for two-way fixed-

effects estimation.

With some algebra, following Section A.1, the values of workers and firms are given by:

𝜌𝑉𝑢(𝑥, ℓ) = 𝐵𝑤(ℓ)

(
𝑏𝑥 +

𝛽𝜆(ℓ)

𝜌 + 𝛽𝜆(ℓ)
(𝐴(ℓ)E[𝑦|ℓ]− 𝑏)

)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

≡𝐴𝑤(E[𝑦|ℓ],𝜆(ℓ),ℓ)

𝑥 + 𝐵𝑤(ℓ)Π− 𝐵𝑤(ℓ)ℎ̄𝑟(ℓ) + 𝐶𝑤(ℓ),

𝜌𝑉𝑣(𝑦, ℓ) = (1− 𝛽)𝑞(ℓ)E[𝑥|ℓ]𝐴(ℓ)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

≡𝐴 𝑓 (E[𝑥|ℓ],𝑞(ℓ))

(
𝑦 − 𝑏 − 𝛽𝜆(ℓ)

𝜌 + 𝛽𝜆(ℓ)
(E[𝑦|ℓ]− 𝑏)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

≡𝐵 𝑓 (E[𝑦|ℓ], 𝜃(ℓ),ℓ)

)
− 𝑐(ℓ) + 𝐶 𝑓 (ℓ).

The value of worker and firms remains almost the same with a few adjustments. First, with the presence of

preference shocks, workers and firms of a given type no longer concentrate in a single location, but instead

choose different locations with positive probability. As a result, in equilibrium, each location features a
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non-degenerate distribution of workers and firms. Consequently, job and hiring opportunities, 𝐴𝑤 and 𝐴 𝑓 ,

depend on the average productivity of workers and jobs within each location. Second, locations directly

affect values due to local TFP and amenities.

The location decision of workers of 𝑥 in ℓ′ is characterized by the probability that she chooses a location

in the interval [0, ℓ], 𝑚̄𝑤(ℓ|𝑥, ℓ′). Define the corresponding density 𝑚𝑤(ℓ|𝑥, ℓ′), and under the extreme value

distribution, it is given by

𝑚𝑤(ℓ|𝑥, ℓ′) =
exp(𝜈𝑤(𝑉

𝑢(𝑥, ℓ)− 𝜏ℓ′,ℓ))∑
𝑘 exp(𝜈𝑤(𝑉

𝑢(𝑥, 𝑘)− 𝜏ℓ′,𝑘))
. (14)

When the dispersion of preference shocks and migration frictions converge to zero, location choices converge

to a pure assignment characterized by a function 𝑥(ℓ), and the decision simplifies to 𝑚̄(ℓ|𝑥, ℓ′) = 1{𝑥 ≤ 𝑥(ℓ)}.

I define the probability of firm sorting analogously 𝑚̄ 𝑓 (𝑦|ℓ), and the corresponding density

𝑚 𝑓 (ℓ|𝑦) =
exp(𝜈 𝑓𝑉

𝑣(𝑦, ℓ))∑
𝑘 exp(𝜈 𝑓𝑉

𝑣(𝑦, 𝑘))
.

The key interaction between worker and firm sorting is preserved in this model. Locations with better job

opportunities attract a stochastically higher-quality distribution of workers. Specifically, if 𝐴𝑤(ℓ
′) > 𝐴𝑤(ℓ),

𝑚𝑤(ℓ
′|𝑥′, 𝑘)

𝑚𝑤(ℓ|𝑥, 𝑘)
>

𝑚𝑤(ℓ
′|𝑥, 𝑘)

𝑚𝑤(ℓ|𝑥, 𝑘)
∀𝑥′ > 𝑥, 𝑘.

which implies first-order stochastic dominance, and hence E[𝑥|ℓ′] > E[𝑥|ℓ]. Similarly, if 𝐴 𝑓 (ℓ
′) > 𝐴 𝑓 (ℓ),

𝑚 𝑓 (ℓ
′|𝑦′)

𝑚 𝑓 (ℓ|𝑦′)
>

𝑚 𝑓 (ℓ
′|𝑦)

𝑚 𝑓 (ℓ|𝑦)
∀𝑦′ > 𝑦.

These observations yield the following prediction.

Remark. An exogenous increase in worker quality E[𝑥|ℓ] at location ℓ, holding the vacancy contact rate

constant, leads to an increase in firm quality E[𝑦|ℓ].

4.2 Estimation: Reduced-Form Evidence

The key challenge in the estimation is to decompose spatial variation into the contributions of worker, firm,

and location. In particular, separating firm contribution from location contribution is difficult because, as

shown by the wage equation (12), both enter wages in a similar way. This distinction is ultimately governed
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by the firm sorting elasticity, 𝜈 𝑓 . When 𝜈 𝑓 is large, firm types vary substantially across locations, implying

that firm sorting plays an important role in generating spatial disparities. Accordingly, a key step in the

estimation is to calibrate 𝜈 𝑓 .

Before turning to the structural estimation, I present reduced-form evidence that motivates the identifica-

tion strategy. The same moments exploited in this reduced-form analysis are then directly used to identify

the model in the GMM estimation.

Data. I use linked employer-employee data (LIAB) from the Institute for Employment Research (IAB),

which is generated by linking an annual establishment survey and individual employment information. I use

257 commuting zones (CZs, Arbeitsmarktregionen) to capture Germany’s local labor markets.25,26

The dataset provides two-way fixed effects, which are estimated from a log-wage regression with additive

worker and firm fixed effects.27 These estimates are based on the IAB Employment History File (BEH),

which represents the universe of workers, subject to social security contributions, and are obtained following

the strategy of Card et al. (2013). Estimates are provided for different periods, and I focus on estimates of

2003-2010 and 2010-2017.

I also complement this dataset with regional data from the German Federal Statistical Office (GFSO)

on population. For housing rents and overhead costs, I rely on residential rental rates predicted for the

centroids of postal codes Ahlfeldt et al. (2023). The average spending share on housing is obtained from

the rent-to-income ratio of main tenant households from the same source. Finally, I obtain a replacement

rate from the Out-of-Work Benefits Dataset provided as part of the Social Policy Indicator (SPIN) database

(Nelson et al., 2020).

Measuring productivity. Local worker productivity E[𝑥|ℓ] in firms’ value represents the average worker

productivity that firms expect when posting vacancies. To construct its empirical counterpart, I focus on

workers in the local search pool; I use the average to be consistent with random matching, and include all

workers eligible for new hires, whether they were unemployed or recently switched jobs. Similarly, firm

productivity choosing a location ℓ, E[𝑦|ℓ], reflects the quality of vacancies posted in that local labor market.

25 I only observe the CZ of establishments, and thus I define the CZ of workers based on their employment locations. For the
period of unemployment, I assign CZ based on their next job, which is consistent with the timing of the model.

26 Since commuting zones are defined to contain commuting flows within their boundaries, their geographic sizes are effectively
comparable, and I therefore map 𝐿(ℓ) in the model to population in the data.

27 The dataset is provided at establishment-level. Since this paper does not distinguish between firms and establishments, both of
which are treated as collections of jobs, I use the terms firms, establishments, and jobs interchangeably throughout this section.
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Its empirical counterpart is the average productivity of newly created jobs; I focus on jobs since this paper

treats jobs as the unit of production, and include all new jobs, whether filled by incumbents or entrants.

Hence, variation in 𝑦(ℓ) partly reflects compositional shifts among incumbent establishments. To proxy

E[𝑥|ℓ] and E[𝑦|ℓ], I rely on the average of two-way fixed effects, log 𝑥(ℓ) and log 𝑦(ℓ), which correspond to

the wage components of the model. Two-way fixed effects are widely used in the literature as proxies for

worker and firm productivity (Abowd et al., 1999).28

Causal evidence of the two-sided sorting mechanism. I test the defining prediction of two-sided sorting:

worker sorting leads to firm sorting, which reveals the complementarity between worker and firm types in

their spatial sorting; local labor markets with higher worker productivity E[𝑥|ℓ] attract firms with higher

productivity E[𝑦|ℓ], conditional on the vacancy contact rate 𝑞(ℓ). It is distinctive in that firm sorting

endogenously responds to economic conditions, and in particular to worker sorting, rather than other location-

specific factors.

Because cross-sectional variation cannot identify two-sided sorting, I exploit time differences and examine

whether changes in worker sorting induce changes in firm sorting. Specifically, I estimate the following

time-differenced regression:

∆ log 𝑦(ℓ) = 𝛾0 + 𝛾1∆ log 𝑥(ℓ) +X(ℓ)′𝛾2 + 𝑢(ℓ), (15)

where ∆ denotes changes between period 𝑡 = 1 (2003-2009) and 𝑡 = 2 (2010-2016). The control vector

X(ℓ) includes changes in the job arrival rate ∆ log 𝜆(ℓ) to control for changes in the vacancy contact rate

∆ log 𝑞(ℓ), since 𝜆(ℓ) is observable and inversely related to 𝑞(ℓ). The coefficient 𝛾1 is the primary parameter

of interest, and I test whether it is positive.

A key concern is time-varying location-specific factors, such as local TFP 𝐴(ℓ), that may affect both

worker and firm sorting. In the extended model in Section 4.1, a rise in 𝐴(ℓ) attracts both more productive

workers and firms, thereby biasing the coefficient upward. Moreover, the wage equation of the extended

model implies that the estimated firm fixed effects reflect the product of 𝑦 and 𝐴(ℓ).

To address this concern, I instrument ∆ log 𝑥(ℓ) by exploiting changes in the quality of domestic migrants

arriving in ℓ, driven by changes in their origins ℓ′ rather than those in ℓ. Specifically, I construct the predicted

28 It is well acknowledged that identifying firm productivity separately from other factors is difficult (e.g., Combes et al., 2008). A
few studies discuss strategies to identify firm productivity (e.g., Gaubert, 2018; Bilal, 2023; Lindenlaub et al., 2025). However, each
strategy depends on a set of assumptions that is specific to its own context.

31



changes in migrant fixed effects using historical migration patterns between ℓ and ℓ′ and contemporaneous

outflows from ℓ′. First, I compute the predicted share of migrants originating from ℓ′ conditional on

arriving in ℓ, 𝑠̂𝑡(ℓ′|ℓ), by interacting the historical migration probability of choosing ℓ from ℓ′ in 𝑡 = 0

(1991–2002), 𝑚0(ℓ
′ → ℓ|ℓ′), with the number of out-migrants from ℓ′ to destinations other than ℓ in 𝑡 = 1, 2,

𝑂ℓ′,−ℓ,𝑡 .29 Second, I calculate the average fixed effects of migrants from ℓ′ to all destinations other than ℓ,

𝑥𝑡(ℓ
′,−ℓ). Combining these yields the predicted fixed effects of migrants as follows,

log 𝑥m, IV(ℓ) =
∑
ℓ′ ̸=ℓ

𝑠̂𝑡(ℓ
′|ℓ) log 𝑥𝑡(ℓ′,−ℓ) where 𝑠̂𝑡(ℓ

′|ℓ) = 𝑚0(ℓ
′ → ℓ|ℓ′)𝑂ℓ′,−ℓ,𝑡∑

𝑘 ̸=ℓ 𝑚0(𝑘 → ℓ|𝑘)𝑂𝑘,−ℓ,𝑡

. (16)

Finally, I construct the instrument ∆ log 𝑥IV(ℓ) by differencing the above between the two periods.

The productivity of domestic migrants is relevant to the productivity of all workers in the local search pool,

directly and indirectly. Although the migration rate is modest, migrants are disproportionately represented

among unemployed workers, and they account for about 30% of local search pools—a sizable share. In

addition, an increase in migrant productivity indirectly affects that of non-migrants in the search pool, for

example, by increasing housing rents, which may in turn push out less productive workers.

The identification assumption is that shocks to origins ℓ′ are uncorrelated with shocks to destinations ℓ.

This assumption could be violated if a single underlying factor drives both historical migration patterns

and the correlation of current shocks across locations. For example, similarity in industry composition

between two locations may have generated substantial past migration, and if it moreover exposes them to

similar industry-specific shocks today, the predicted migrant productivity will be correlated with local shocks.

Geographic proximity may generate a similar problem if workers historically migrated to nearby regions and

location-specific shocks are spatially correlated. To address this concern, I control for industry composition

and exclude variation arising from changes in nearby regions as a robustness check.

Table 1 shows the estimation results. In all specifications, I include firm fixed effects and unemployment

rates in 𝑡 = 1 as controls. The former controls for the potential time trend of firm productivity due to

regional convergence, while the latter captures the potential impact of the German Hartz reform, a major

unemployment insurance reform in the mid-2000s. This reform led to a substantial decline in unemployment

rates, particularly in regions with higher initial unemployment.

29 This approach is closely related to studies on migrants across and within countries (e.g., Burchardi et al., 2019; Altonji and
Card, 1991; Howard, 2020; Boustan et al., 2010). They primarily examine the effect of changes in the number of migrants, while I
focus on changes in productivity.
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Table 1: The Response of Firm Sorting to Changes in Worker Sorting

OLS IV IV IV IV
(1) (2) (3) (4) (5)

∆ log 𝑥(ℓ) 0.449 0.834 0.765 0.797 0.766

(0.090) (0.269) (0.219) (0.501) (0.233)

∆ log 𝑦old(ℓ) 0.438

(0.136)
Industry controls ✓
Geography controls ✓

2SLS FIRST-STAGE ESTIMATES

∆ log 𝑥IV(ℓ) 0.606 0.619 0.677 0.604

(0.185) (0.181) (0.342) (0.183)

Notes: 𝑁 = 257. Robust standard errors are shown in parentheses. Columns (2)-
(5) in the top panel report second-stage estimates, with the dependent variable
equal to the change in firm fixed effects, between 2003-2009 and 2010-2016.
All regressions include firm fixed effects and unemployment rates in the first
period. First-stage regressions in the bottom panel include the same controls as
the corresponding second-stage specification in the top panel. Each observation
is weighted by the number of workers. In Column (3), firm fixed effects are
residualized with respect to one-digit industry fixed effects. In Column (4), flows
to or from locations within 100 km are excluded when constructing ∆ log 𝑥(ℓ)
and its instrument. In Column (5), the specification additionally controls for the
average change in fixed effects of jobs matched in both periods.

Column (1) documents the coefficient from an ordinary least squares estimation. An increase in worker

productivity is associated with an increase in firm productivity in the same region. However, this result is

subject to endogeneity concerns.

In Column (2), I report the results of an instrumental variable approach. In the bottom panel, I report first-

stage regression results. I regress changes in worker productivity ∆ log 𝑥(ℓ) on the instrument ∆ log 𝑥IV(ℓ)

and the same controls as in the second stage, which yields a statistically significant positive coefficient.

The IV regression coefficient in the top panel is statistically significant and economically meaningful: an

exogenous 10% increase in worker productivity in the local search pool leads to an 8% increase in the fixed

effects of new jobs in the same location.30 To test robustness, in Column (3), I first residualize firm fixed

effects with respect to one-digit industry fixed effects before constructing the dependent variable. In Column

(4), I drop all flows to or from locations within 100 km. The coefficients of interest do not change much.

30 This coefficient estimate exceeds that obtained under OLS, which suggests that the attenuation bias due to measurement errors
may be substantial. Measurement issue is particularly important in my context. Because researchers observe the sum of changes
in worker and fixed effects—namely, changes in wages—any mismeasurement of changes in worker fixed effects mechanically
translates into mismeasurement of firm fixed effects in the opposite direction, thereby inducing a downward bias.
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Finally, I address concerns related to agglomeration forces that the instrument may not eliminate. The

literature suggests that an increase in worker productivity may endogenously raise the productivity of local

jobs (e.g., Diamond, 2016; Rossi-Hansberg et al., 2019). However, a distinction in my setting is that I focus

on workers in the search pool rather than the entire employed workforce, which reduces the likelihood that

agglomeration forces are driving the results. More importantly, unlike two-sided sorting, agglomeration

forces typically benefit not only new jobs but also existing jobs. Thus, the gap between changes in new and

preexisting jobs reflects the impact of firm sorting. Motivated by this observation, I control for ∆ log 𝑦old,

defined as the average change in firm fixed effects of existing jobs matched in both periods. about other

location-specific factors influenced by the local workforce, such as shifts in the demand for local products,

which may also bias the coefficient. The coefficient in Column (5) is 0.766, essentially identical to earlier

estimates. Moreover, I obtain a similar result when using the relative changes in firm fixed effects of new jobs

versus existing jobs, i.e., ∆ log 𝑦(ℓ)−∆log 𝑦old, as the dependent variable, instead of including ∆ log 𝑦old(ℓ)

as a control. It is reassuring that the coefficient decreases only modestly to 0.632 with a standard error of

0.238. Overall, these findings imply that changes in worker sorting generate substantial changes in firm

sorting; the two-sided sorting mechanism is sufficiently large to be economically meaningful.

In Section B.1, I provide further support for these findings. I implement a placebo exercise in which the

dependent variable is changes in firm fixed effects of existing jobs, ∆ log 𝑦old(ℓ) (Table A.1). In contrast to

Table 1, coefficients are statistically insignificant and close to zero, which indicates that most changes in the

productivity of new jobs arise from changes in firm sorting rather than those in location-specific factors.

4.3 Estimation: Model

While the reduced-form exercise provides useful evidence, interpreting the coefficients in terms of the

importance of two-sided sorting for spatial disparities remains difficult. I therefore turn to structural

estimation. The identification strategy largely follows standard approaches in the literature, but a key

distinction lies in the identification of the firm sorting elasticity, 𝜈 𝑓 , which is estimated based on the moment

exploited in the previous section.

Externally set or calibrated parameters. I first discuss the parameters that are externally calibrated, which

are summarized in the top panel of Table 2. I set the discount rate 𝜌 = 0.004, which implies an annual real

interest rate of 5%. The matching elasticity is set to 𝛼 = 0.5, the standard value in the literature.
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Table 2: Parameter Values

Parameter Target Value

Discount rate 𝜌 Interest rate 0.004
Matching elasticity 𝛼 Literature 0.5
Separation rate 𝛿 EU transition ratec 0.01
Migration rate 𝛿𝑚 CZ transition ratec 0.0062
Firm measure 𝑀 𝑓 Germany market tightness 0.0224
Matching efficiency A Market tightness 0.62
Production cost elasticity 1/𝛾𝑤 , 1/𝛾 𝑓 Housing supply elasticityd 0.4

Unemployment benefit 𝑏 Replacement ratea 0.41
Worker’s bargaining power 𝛽 Labor shareb 0.12
Worker productivity dispersion 𝜎𝑤 Std. of worker fixed effectsc 0.28
Firm productivity dispersion 𝜎 𝑓 Std. of firm fixed effectsc 0.70
Avg production shifters 𝐻𝑤 , 𝐻 𝑓 Spending shares on housing, office 4.1e+6, 6.8e+11
Firm sorting elasticity 𝜈 𝑓 E[∆ log 𝑥IV(ℓ) ·∆ log 𝐴(ℓ)] 7.47 (0.003)
Worker sorting elasticity 𝜈𝑤 Employment elasticitye 0.96

Notes: The top panel reports externally calibrated parameters and the bottom panel reports internally calibrated
parameters. Standard deviations are reported in parentheses for the firm sorting elasticity estimate. a: German Federal
Statistical Office, b: Social Policy Indicator (SPIN) database, c: LAIB, d: Caldera and Johansson (2013), Lerbs (2014).
e: Monte et al. (2018).

The migration rate 𝛿𝑚 and separation rate 𝛿 are calibrated to match, respectively, a commuting zone

transition probability and the average monthly total separation rate excluding transitions to other commuting

zones. I normalize 𝑀𝑤 = 1 and pin down 𝑀 𝑓 by targeting aggregate German market tightness 0.2 (Börschlein

et al., 2024, -NoValue-). Using a steady-state balance flow condition, I set A to match aggregate job finding

rates. Next, I calibrate both 𝛾𝑤 and 𝛾 𝑓 to match the housing rents elasticity of 0.4 (e.g., Caldera and Johansson,

2013; Lerbs, 2014). I assume the destruction rate of a vacancy, 𝛿𝑣, is sufficiently large. Specifically, I set
𝜌

𝜌+𝛿𝑣
= 0, which effectively implies that firms’ threat point in bargaining is zero.31

Structural parameters. The remaining parameters include 𝛽, 𝑏, distribution of worker and firm productivity,

migration costs, mean of production cost shifters, 𝐻𝑤 , 𝐻 𝑓 , and sorting elasticities 𝜈 𝑓 , 𝜈𝑤 . I first discuss

all except sorting elasticities which are calibrated by targeting standard moments. Results are summarized

31 This choice has three advantages. First, as stated in Proposition 1, the parameter 𝛿𝑣 needs to be sufficiently large to rationalize
the urban wage premium. Second, it sets the continuation value of a vacancy to zero, comparable to the standard assumptions such
as free entry in Pissarides (2000) or no capacity constraint in Postel-Vinay and Lindenlaub (2023), both of which are widely used for
tractability. This tractability is particularly useful for the extended model, where I map wage components to worker and firm fixed
effects. Lastly, separately identifying 𝛿𝑣 and 𝛽 is challenging.
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in the bottom panel of Table 2. Unemployment benefit 𝑏 and bargaining share 𝛽 are pinned down by

the replacement rate and labor share, respectively. I parameterize the distributions of worker and firm

productivity as log-normal, normalizing the means and estimating the standard deviations to match those of

worker and firm fixed effects, which are 0.28 and 0.37, respectively. Migration costs are parameterized as

𝜏ℓ′,ℓ = exp(𝜏1𝑑ℓ′,ℓ + 𝜏2𝑑ℓ′,ℓ). Equation (14) yields the following gravity-like estimation equation:

log𝑚(ℓ|𝑥, ℓ′) = −(𝜏1𝑑ℓ′,ℓ + 𝜏2𝑑ℓ′,ℓ) + FE(𝑥, ℓ) + FE(𝑥, ℓ′),

where 𝜏𝑘 = 𝜈𝑤𝜏𝑘 for 𝑘 = 1, 2. I estimate (𝜏1, 𝜏2) via PPML regression, using quintile-group worker AKM

fixed effects to construct FE(𝑥, ℓ) in practice. Finally, I choose 𝐻𝑤 , 𝐻 𝑓 to match the average spending shares

on housing and office space of 0.272 and 0.10, respectively.

Sorting elasticities. Firm sorting elasticity 𝜈 𝑓 should capture how much firm sorting responds to worker

sorting. For the identification, I rely on the strategy in Section 4.2 and construct GMM moment condition

∆ log 𝐴(ℓ) ⊥ℓ ∆ log 𝑥m,IV.

The intuition is as follows. If 𝜈 𝑓 is too high, firms respond too sensitively to an increase in 𝑥IV, so that

matching the observed change in firm fixed effects requires inferring ∆ log 𝐴(ℓ) < 0, generating spurious

negative correlation. Conversely, if 𝜈 𝑓 is too small, the implied change in ∆ log 𝑦 is insufficient, so that

matching the observed change in firm fixed effects requires inferring ∆ log 𝐴(ℓ) > 0, generating a spurious

positive correlation.

The worker migration elasticity 𝜈𝑤 is instead disciplined by external evidence, as a larger literature

exists on this parameter. Specifically, I target an employment migration elasticity of 2 (Monte et al., 2018,

-NoValue-). To compute the model-implied elasticity, I introduce a 1% wage increase in each commuting

zone, compute the resulting worker responses, and take the average across locations.

Structural residuals. The structural residuals (𝐴(ℓ), 𝐵𝑤(ℓ), 𝐶𝑤(ℓ), 𝐶 𝑓 (ℓ)) are chosen to match firm fixed

effects, worker fixed effects, population density, and job-finding rates, respectively. The mapping is unique,

with each moment identifying exactly one residual.
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Figure 3. Spatial Wage Inequality: Decomposition

Estimation strategy. The model is exactly identified and estimation proceeds sequentially. In the first step, I

fix all structural parameters except sorting elasticities and compute the structural residuals that match the data.

In the second step, I search over 𝜈 𝑓 by checking the GMM moment condition and over 𝜈𝑤 by targeting the

migration elasticity. They can be solved separately because, conditional on the cross-sectional distribution

of economic outcomes, each sorting elasticity enters only the respective agent’s location decision and does

not affect that of the other side. I then verify that all remaining moments are matched, which helps the

identification of the remaining structural parameters.

Estimation results. Based on the estimated firm sorting elasticity parameter, 𝜈 𝑓 = 7.47, I compute a firm

migration elasticity by increasing profits in each CZ and measuring the resulting response in firm sorting.

Averaging across locations, a one percentage increase in profits leads to a 4.3% increase in the number

of jobs. This estimate is somewhat larger than those reported in the literature (e.g., Moretti and Wilson,

2017; Fajgelbaum et al., 2019, -NoValue-), though comparable in magnitude. One potential explanation is

that my estimate is identified from the response of firm quality to changes in worker quality, whereas the

existing literature typically identifies firm responses—usually along the extensive margin, such as the number

of jobs—from variation in tax policies or other locally-induced shocks. The estimated elasticity therefore

captures a related but not identical object.

Figure Figure 3 plots the estimated productivity of workers, firms, and locations across regions. Pro-

ductivity varies substantially across locations for all three components. A Shapley variance decomposition

indicates that workers, firms, and local TFP account for 27%, 36%, and 35% of spatial wage inequality,

respectively, suggesting that all three are comparably important sources. Furthermore, a variance-covariance

decomposition reveals that sorting amplifies spatial wage dispersion by 50%.
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Figure 4. Impact of Place-Based Policy on Spatial Allocation

4.4 Policy Evaluation

Spatial policies. Many real-world policies influence the location decisions of workers and firms. Examples

include place-based policies, variations in local government tax systems, and discrepancies in the stringency

of housing regulations.

Among these, place-based policies are perhaps the most prominent instrument for reducing regional

inequality. They are widely used across countries—EU regional programs alone disburse up to =C40 billion

annually. Germany is no exception. The Gemeinschaftsaufgabe Regionalförderung (GRW), in place since

1969, provides subsidies to firms in economically lagging regions and has been the subject of numerous

studies, yet a consensus on its aggregate effects remains elusive (e.g., Brachert et al., 2019, -NoValue-).

I revisit this question through the lens of the estimated model, which explicitly incorporates the interaction

between worker and firm sorting. Motivated by the GRW, I consider the following counterfactual: a profit

subsidy equivalent to 0.03 percent of GDP directed to firms in the bottom 20 percent of commuting zones by

income, financed by a lump-sum tax on firms.

Results. Following the policy change, workers and firms relocate toward the subsidized low-income regions.

The left panel of Figure 4 shows that the number of firms in subsidized regions increases by up to 0.01%.

Importantly, the inflow of workers is even larger, as the improvement in firm productivity in targeted areas

attracts disproportionately more.

Although workers and firms relocate toward regions with lower local TFP, aggregate output changes by

less than 1 basis point, reflecting the fact that the majority of productivity is embodied in workers and firms

rather than in locations themselves. In contrast, congestion in dense areas is relieved, reducing aggregate

congestion costs by 15 basis points.
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Aggregate welfare, measured as the utilitarian planner’s unweighted average of worker values, increases

by 0.5 basis points, consistent with Proposition 3. In the estimated model, firm subsidies in low-income

regions act as implicit spatial transfers and improve welfare.

The right panel of Figure 4 plots changes in local average wages across space. Wages rise substantially

in subsidized regions, primarily driven by the inflow of more productive firms, indicating that the policy

succeeds in its primary goal of reducing spatial inequality. Notably, this comes without the efficiency cost

that is the typical concern with place-based policies. Aggregate efficiency improves alongside the reduction

in inequality. Crucially, both results are driven by the two-sided sorting mechanism—because a large share

of productivity is embodied in workers and firms that sort across space, it is inherently policy-responsive in a

way that location-specific TFP is not.

Comparison with one-sided sorting. I now examine the importance of incorporating both worker and firm

sorting by comparing the two-sided sorting model with the benchmark one-sided sorting model. In the

one-sided sorting model, heterogeneous workers sort across locations with exogenous location productivity

𝐴(ℓ), while firms are homogeneous. The estimated 𝐴(ℓ) is set equal to the product of firm and location

productivity 𝐴(ℓ)𝑦(ℓ) from the two-sided sorting model, ensuring that both models reproduce identical

cross-sectional wages in the baseline, as implied by Section 3.4. Firm amenities are recalibrated accordingly,

while worker amenities remain unchanged.

Following the same policy, workers and firms relocate toward low-income regions, as shown in the left

panel of Figure 5. A key difference from the two-sided sorting model, however, is that firms move more

aggressively than workers. Since workers do not benefit from improvements in firm productivity in targeted

regions, they have relatively less incentive to relocate compared to the two-sided sorting case.

Failing to account for firm sorting leads to an overly pessimistic policy assessment. While workers and

firms still relocate toward lower-income locations, workers now produce substantially less output due to lower

local TFP in the targeted regions. The right panel of Figure 5 reports changes in output, housing and office

production costs, and net GDP for both models. In the one-sided sorting model, aggregate output falls by 3

basis points. This output loss is large enough to outweigh the gains from reduced congestion costs, so that

aggregate welfare decreases by 0.05 basis points—a qualitatively different conclusion from the two-sided

sorting case. This contrast underscores that the sorting mechanism is not merely a quantitative refinement

but can overturn the qualitative implications of place-based policy evaluation.
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Figure 5. Impact of Place-Based Policy under One-Sided Sorting

Notes: The left panel plots changes in spatial allocation of workers and firms following the place-based
policy under the one-sided sorting model. The right panel compares changes in output, housing and office
production costs, and net GDP between the one-sided and two-sided sorting models.

5. Conclusion

In this paper, I show that when heterogeneous workers and firms match through their location choices,

productive workers and firms self-select into cities, thereby giving rise to PAM. The interaction between

worker and firm sorting—absent exogenous heterogeneity across locations—endogenously generates spatial

disparities in productivity, income, and population density. Furthermore, I highlight that two-sided sorting

presents distinctive policy implications, as both workers and firms—who embody productivity—can relocate

in response to government policy. I further estimate the model using the key prediction that firm sorting

responds to worker sorting, and show that two-sided sorting is quantitatively important for both explaining

spatial disparities and evaluating place-based policies.
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Appendix

A. Omitted Proofs

A.1 Derivations

The match surplus of workers and vacancies solves

𝜌(𝑉𝑒(𝑥, 𝑦, ℓ)−𝑉𝑢(𝑥, ℓ)) = 𝑤(𝑥, 𝑦, ℓ)− 𝑏𝑥 − 𝜆(ℓ)max{𝑉𝑒(𝑥, 𝑦(ℓ), ℓ)−𝑉𝑢(𝑥, ℓ), 0}, (A.1)

𝜌(𝑉 𝑝(𝑥, 𝑦, ℓ)−𝑉 𝑣(𝑦, ℓ)) = 𝑥𝑦 − 𝑤(𝑥, 𝑦, ℓ)− 𝑞(ℓ)max{𝑉 𝑝(𝑥(ℓ), 𝑦, ℓ)−𝑉 𝑣(𝑦, ℓ), 0}+ 𝛿𝑣𝑉
𝑣(𝑦, ℓ),

where 𝜌 ≡ 𝜌 + 𝛿. Consider the case that 𝑉𝑒(𝑥, 𝑦(ℓ), ℓ) ≥ 𝑉𝑢(𝑥, ℓ) and 𝑉 𝑝(𝑥(ℓ), 𝑦, ℓ) ≥ 𝑉 𝑣(𝑦, ℓ). Combining the two

gives the HJB equation for the joint surplus, 𝑆(𝑥, 𝑦, ℓ) ≡ 𝑉𝑒(𝑥, 𝑦, ℓ)−𝑉𝑢(𝑥, ℓ) +𝑉 𝑝(𝑥, 𝑦, ℓ)−𝑉 𝑣(𝑦, ℓ),

𝜌𝑆(𝑥, 𝑦, ℓ) = 𝑥𝑦 − 𝜆(ℓ)[𝑉𝑒(𝑥, 𝑦(ℓ), ℓ)−𝑉𝑢(𝑥, ℓ)]− 𝑞(ℓ)[𝑉 𝑝(𝑥(ℓ), 𝑦, ℓ)−𝑉 𝑣(𝑦, ℓ)] + 𝛿𝑣𝑉
𝑣(𝑦, ℓ)

= 𝑥𝑦 − 𝑏𝑥 − 𝛽𝜆(ℓ)𝑆(𝑥, 𝑦(ℓ), ℓ)− (1− 𝛽)𝑞(ℓ)𝑆(𝑥(ℓ), 𝑦, ℓ), (A.2)

where I define 1− 𝛽 ≡ 𝜌

𝜌+𝛿𝑣
(1− 𝛽) to simplify the notation. To obtain the second line, I use the bargaining solution

and 𝛿𝑣𝑉
𝑣(𝑦, ℓ) = 𝛿𝑣

𝜌+𝛿𝑣
𝑞(ℓ)(𝑉 𝑝(𝑥(ℓ), 𝑦, ℓ) − 𝑉 𝑣(𝑦, ℓ)) derived from (2). Distinguishing the productivity of workers

and firms of a given match (𝑥, 𝑦) from local worker and firm productivity (𝑥(ℓ), 𝑦(ℓ)) is important for characterizing

equilibrium conditions. When 𝑥 = 𝑥(ℓ) and 𝑦 = 𝑦(ℓ), the surplus simplifies to

𝑆(𝑥(ℓ), 𝑦(ℓ), ℓ) =
1

𝜌 + 𝛽𝜆(ℓ) + (1− 𝛽)𝑞(ℓ)
(𝑥(ℓ)𝑦(ℓ)− 𝑏𝑥(ℓ)). (A.3)

I define four terms, 𝐴𝑤 , 𝐴 𝑓 , 𝐵𝑤 , and 𝐵 𝑓 , which will be referred to frequently in the proofs:

𝐴𝑤(𝑦(ℓ), 𝜆(ℓ)) =
𝛽𝜆(ℓ)

𝜌 + 𝛽𝜆(ℓ)
(𝑦(ℓ)− 𝑏), 𝐵𝑤(𝑥(ℓ), 𝜃(ℓ)) =

(1− 𝛽)𝑞(ℓ)

𝜌 + 𝛽𝜆(ℓ) + (1− 𝛽)𝑞(ℓ)
𝑥(ℓ),

𝐴 𝑓 (𝑥(ℓ), 𝑞(ℓ)) =
(1− 𝛽)𝑞(ℓ)

𝜌 + (1− 𝛽)𝑞(ℓ)
𝑥(ℓ), 𝐵 𝑓 (𝑦(ℓ), 𝜃(ℓ)) =

𝛽𝜆(ℓ)

𝜌 + 𝛽𝜆(ℓ) + (1− 𝛽)𝑞(ℓ)
(𝑦(ℓ)− 𝑏).

Plugging (A.3) into (A.2), I obtain the following expressions,

𝛽𝜆(ℓ)𝑆(𝑥, 𝑦(ℓ), ℓ) = 𝐴𝑤(𝑦(ℓ), 𝜆(ℓ))(𝑥 − 𝐵𝑤(𝑥(ℓ), 𝜃(ℓ))),

(1− 𝛽)𝑞(ℓ)𝑆(𝑥(ℓ), 𝑦, ℓ) = 𝐴 𝑓 (𝑥(ℓ), 𝑞(ℓ))(𝑦 − 𝑏 − 𝐵 𝑓 (𝑦(ℓ), 𝜃(ℓ))).
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Plugging these expressions into (A.1), I can solve for wages,

𝑤(𝑥, 𝑦, ℓ) = 𝑏𝑥 + 𝛽(𝑦 − 𝑏)𝑥 + (1− 𝛽)𝛽𝜆(ℓ)𝑆(𝑥, 𝑦(ℓ), ℓ)− 𝛽(1− 𝛽)𝑞(ℓ)𝑆(𝑥(ℓ), 𝑦, ℓ)

= (1− 𝛽)𝑏𝑥 + 𝛽𝑥𝑦 + (1− 𝛽)𝐴𝑤(·)(𝑥 − 𝐵𝑤(·))− 𝛽𝐴 𝑓 (·)(𝑦 − 𝑏 − 𝐵 𝑓 (·)).

In equilibrium, with 𝑥 = 𝑥(ℓ) and 𝑦 = 𝑦(ℓ), the above simplifies to

𝑤(𝑥(ℓ), 𝑦(ℓ), ℓ) =

(
𝑏 + 𝛽(𝑦(ℓ)− 𝑏) + 𝛽

(1− 𝛽)𝜆(ℓ)− (1− 𝛽)𝑞(ℓ)

𝜌 + 𝛽𝜆(ℓ) + (1− 𝛽)𝑞(ℓ)
(𝑦(ℓ)− 𝑏)

)
𝑥(ℓ). (A.4)

Finally, I can solve for the value of workers and firms when choosing ℓ. The value of workers choosing location ℓ

simply equals the value of unemployed workers, 𝑉𝑢(𝑥, ℓ).

𝜌𝑉𝑢(𝑥, ℓ) = 𝑏𝑥 + 𝛽𝜆(ℓ)max{𝑆(𝑥, 𝑦(ℓ), ℓ), 0}+Π− ℎ̄𝑟(ℓ)

= 𝑏𝑥 +max{𝐴𝑤(𝑦(ℓ), 𝜆(ℓ))(𝑥 − 𝐵𝑤(𝑥(ℓ), 𝜃(ℓ))), 0}+Π− ℎ̄𝑟(ℓ),

where I allow the possibility that the surplus is negative, or equivalently 𝑥 < 𝐵𝑤(·), which happens when 𝑥 is significantly

smaller than 𝑥(ℓ). Similarly, the value of vacancy is given by

𝜌𝑉 𝑣(𝑦, ℓ) =
𝜌

𝜌 + 𝛿𝑣
(1− 𝛽)𝑞(ℓ)max{𝑆(𝑥(ℓ), 𝑦, ℓ), 0} = max{𝐴 𝑓 (𝑥(ℓ), 𝑞(ℓ))(𝑦 − 𝑏 − 𝐵 𝑓 (𝑦(ℓ), 𝜃(ℓ))), 0}.

When firms operate their business in ℓ, at each point in time, they post 𝛿𝑣 units of vacancies and pay overhead costs.

The former yields a value of 𝛿𝑣𝑉 𝑣(𝑦, ℓ) while the latter costs 𝑐(ℓ). The value of firms choosing ℓ equals the discounted

sum of the two:

𝜌𝑉 𝑣(𝑦, ℓ) = 𝜌

∫ ∞

0

𝑒−𝜌𝑡(𝛿𝑣𝑉
𝑣(𝑦, ℓ)− 𝑐(ℓ)) d𝑡 = 𝛿𝑣𝑉

𝑣(𝑦, ℓ)− 𝑐(ℓ)

=
𝛿𝑣

𝜌
max{𝐴 𝑓 (𝑥(ℓ), 𝑞(ℓ))(𝑦 − 𝑏 − 𝐵 𝑓 (𝑦(ℓ), 𝜃(ℓ))), 0} − 𝑐(ℓ).

In addition, for reference, I define the elasticity of the job arrival rate and the vacancy contact rate:

𝜀𝜆(𝜃) ≡
𝜆′(𝜃)

𝜆(𝜃)
𝜃, 𝜀𝑞(𝜃) ≡

𝑞′(𝜃)

𝑞(𝜃)
𝜃,

which satisfy 𝜀𝜆(𝜃)− 𝜀𝑞(𝜃) = 1, 0 < 𝜀𝜆(𝜃) < 1, and −1 < 𝜀𝑞(𝜃) < 0.
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A.2 Proof of Proposition 1

I first show that a pure assignment equilibrium, if it exists, exhibits PAM, and then prove existence.

PAM between workers and firms. I prove that any pure assignment equilibrium must feature positive assortative

matching by contradiction. Suppose there exist two locations ℓ′ < ℓ′′ and two types of workers and firms such that

𝑥(ℓ′′) > 𝑥(ℓ′) but 𝑦(ℓ′′) < 𝑦(ℓ′).

The location choices of workers imply that 𝐴𝑤(ℓ
′′) > 𝐴𝑤(ℓ

′).32 Given that firm types are worse in ℓ′′, for 𝐴𝑤(·)

to be larger in ℓ′′, the job arrival rate must be sufficiently higher, 𝜆(ℓ′′) > 𝜆(ℓ′), which implies that 𝑞(ℓ′) > 𝑞(ℓ′′).

In addition, the location choices of firms imply 𝐴 𝑓 (ℓ
′) > 𝐴 𝑓 (ℓ

′′). Combining these two, I conclude that 𝐵𝑤(·) =

𝜌+(1−𝛽)𝑞(·)
𝜌+𝛽𝜆(·)+(1−𝛽)𝑞(·) 𝐴 𝑓 (·) is larger in ℓ′. Denoting U(𝑥, ℓ) ≡ 𝐴𝑤(ℓ)(𝑥− 𝐵𝑤(ℓ)), the discussion so far implies that U(𝑥, ℓ)

is supermodular and log-submodular in (𝑥, ℓ), which yields

U(𝑥(ℓ′′), ℓ′) + U(𝑥(ℓ′), ℓ′′) < U(𝑥(ℓ′), ℓ′) + U(𝑥(ℓ′′), ℓ′′) < U(𝑥(ℓ′), ℓ′) + U(𝑥(ℓ′′), ℓ′)
U(𝑥(ℓ′), ℓ′)

U(𝑥(ℓ′), ℓ′′),

⇒ U(𝑥(ℓ′), ℓ′)
(
U(𝑥(ℓ′′), ℓ′)
U(𝑥(ℓ′), ℓ′)

− 1

)
< U(𝑥(ℓ′), ℓ′′)

(
U(𝑥(ℓ′′), ℓ′)
U(𝑥(ℓ′), ℓ′)

− 1

)
.

Since U(𝑥(ℓ′), ℓ′) < U(𝑥(ℓ′′), ℓ′), the above inequality implies that U(𝑥(ℓ′), ℓ′) < U(𝑥(ℓ′), ℓ′′). The sorting condition

of workers, 𝑉𝑢(𝑥(ℓ′), ℓ′) ≥ 𝑉𝑢(𝑥(ℓ′), ℓ′′), implies 𝑟(ℓ′′) > 𝑟(ℓ′).

Similarly, 𝐵 𝑓 (·) = 𝜌+𝛽𝜆(·)
𝜌+𝛽𝜆(·)+(1−𝛽)𝑞(·) 𝐴𝑤(·) is larger in ℓ′′ due to 𝐴𝑤(ℓ

′′) > 𝐴𝑤(ℓ
′) and 𝜆(ℓ′′) > 𝜆(ℓ′), which

implies that 𝐴 𝑓 (ℓ)(𝑦−𝑏−𝐵 𝑓 (ℓ)) is submodular and log-supermodular in (ℓ, 𝑦), and increasing in 𝑦. Following the same

logic, 𝐴 𝑓 (·)(𝑦(ℓ′′)− 𝑏− 𝐵 𝑓 (·)) is smaller in ℓ′′. Therefore, the firm sorting condition, 𝑉 𝑝(𝑦(ℓ′′), ℓ′′) ≥ 𝑉 𝑝(𝑦(ℓ′′), ℓ′),

gives 𝑐(ℓ′) > 𝑐(ℓ′′).

As production costs of housing and business services are convex, two inequalities involving 𝑟(·) and 𝑐(·) lead to

𝐿(ℓ′′) > 𝐿(ℓ′) and 𝑁(ℓ′′) < 𝑁(ℓ′), which together imply 𝑁(ℓ′)
𝐿(ℓ′) >

𝑁(ℓ′′)
𝐿(ℓ′′) . Note that in steady state, a higher firm density

to worker density ratio, 𝑁(ℓ)
𝐿(ℓ) , leads to a higher 𝜃(ℓ). To see this, plug (7) into the definition of the market tightness

to obtain 𝜃(ℓ) 𝛿
𝛿+𝜆(𝜃(ℓ)) = 𝑁(ℓ)

𝐿(ℓ) , and then check that the left-hand side increases in 𝜃(ℓ) as 1 − 𝜆(ℓ)
𝛿+𝜆(ℓ)𝜀𝜆(𝜃(ℓ)) ≥ 0.

However, this contradicts 𝜆(ℓ′′) > 𝜆(ℓ′). Thus, I conclude that workers and firms positively sort across space.

Existence. I show the existence of a pure assignment equilibrium in steps. In the first step, I write the sorting conditions

of workers and firms as an ordinary differential equation problem (ODE). In the second step, I show that there exists a

solution to ODE that satisfies all remaining equilibrium conditions.

Step 1-(i) From the discussion above, the equilibrium is characterized by two strictly increasing functions, 𝑥(ℓ)

and 𝑦(ℓ). I will find an equilibrium assignment that is twice continuously differentiable. Define 𝑧(ℓ) = (𝑥(ℓ), 𝑦(ℓ)),

32 To simplify the notation, I index the terms—𝐴𝑤(·), 𝐵𝑤(·), 𝐴 𝑓 (·), 𝐵 𝑓 (·)—by ℓ in the proofs, unless this creates ambiguity.
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𝑧′(ℓ) = (𝑥′(ℓ), 𝑦′(ℓ)), and 𝑧′′(ℓ) = (𝑥′′(ℓ), 𝑦′′(ℓ)). Then, the following first-order conditions should hold:

𝑓𝑤(𝑧(·), 𝑧′(·), 𝑧′′(·)) ≡𝐴′(ℓ)𝑥(ℓ)− (𝐴𝑤(ℓ)𝐵𝑤(ℓ))
′ − ℎ̄2𝐶′′

𝑟 (ℎ̄𝐿(ℓ))𝐿
′(ℓ) = 0,

𝑓 𝑓 (𝑧(·), 𝑧′(·), 𝑧′′(·)) ≡𝐴′
𝑓 (ℓ)(𝑦(ℓ)− 𝑏)− (𝐴 𝑓 (ℓ)𝐵 𝑓 (ℓ))

′ − 𝜌

𝛿𝑣
𝐶′′
𝑣 (𝑁(ℓ))𝑁

′(ℓ) = 0,

in addition to steady-state flow-balance conditions (7). Housing and business services market clearing conditions (6)

are imposed above.

I stack the two conditions, 𝑓 (·) ≡ ( 𝑓𝑤(·), 𝑓 𝑓 (·))′ = 0 ∈ R2. If 𝐷𝑧′′ 𝑓 is continuous and det𝐷𝑧′′ 𝑓 (𝑧, 𝑧
′, 𝑧′′) ̸= 0,

then there exists a unique continuously differentiable function 𝑔(·) such that 𝑧′′(ℓ) = 𝑔(𝑧(ℓ), 𝑧′(ℓ)) by Implicit Function

Theorem. From now on, I omit location index ℓ unless it creates any confusion.

To check the condition on 𝐷𝑧′′ 𝑓 (𝑧, 𝑧
′, 𝑧′′), I first obtain several useful expressions,

𝐴′
𝑤(ℓ) = 𝐴𝑤(ℓ)

(
𝜀𝜆(𝜃)

𝜃′

𝜃

𝜌

𝜌 + 𝛽𝜆
+

𝑦′

𝑦 − 𝑏

)
, (A.5)

𝐵′
𝑤(ℓ) = 𝐵𝑤(ℓ)

(
−

−𝜌 𝜃′

𝜃
𝜀𝑞(𝜃) + 𝛽𝜆/𝜃

𝜌 + 𝛽𝜆(𝜃) + (1− 𝛽)𝑞
+

𝑥′

𝑥

)
, (A.6)

𝐴′
𝑓 (ℓ) = 𝐴 𝑓 (ℓ)

(
𝜀𝑞(𝜃)

𝜃′

𝜃

𝜌

𝜌 + (1− 𝛽)𝑞
+

𝑥′

𝑥

)
,

𝐵′
𝑓 (ℓ) = 𝐵 𝑓 (ℓ)

(
𝜌𝜀𝜆(𝜃)

𝜃′

𝜃
+ (1− 𝛽)𝑞/𝜃

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞
+

𝑦′

𝑦 − 𝑏

)
,

𝜃′(ℓ)

𝜃(ℓ)
= 𝜁(𝑧, 𝑧′)

(
𝑁 ′

𝑁
− 𝐿′

𝐿

)
where 𝜁(𝑧, 𝑧′) =

𝜆 + 𝛿

−𝜀𝑞(𝜃)𝜆 + 𝛿
> 0. (A.7)

Plugging the above expressions into 𝑓 (·), I obtain the following:

𝑓𝑤(·) =
𝐴𝑤𝑥

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞

(
(𝜌 + 𝛽𝜆)

𝑦′

𝑦 − 𝑏
− (1− 𝛽)𝑞

𝑥′

𝑥

+ 𝜌
𝜃′

𝜃

(
𝜀𝜆(𝜃) +

(1− 𝛽)𝑞

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞
(−𝜀𝑞(𝜃))

)
− (1− 𝛽)𝑞

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞
𝛽
𝜆

𝜃

)
− ℎ̄2𝐶′′

𝑟 𝐿
′,

𝑓 𝑓 (·) =
𝐴 𝑓 (𝑦 − 𝑏)

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞

(
(𝜌 + (1− 𝛽)𝑞)

𝑥′

𝑥
− 𝛽𝜆

𝑦′

𝑦 − 𝑏

− 𝜌
𝜃′

𝜃

(
−𝜀𝑞(𝜃) +

𝛽𝜆

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞
𝜀𝜆(𝜃)

)
− 𝛽𝜆

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞
(1− 𝛽)

𝑞

𝜃

)
− 𝜌

𝛿𝑣
𝐶′′
𝑣 𝑁

′.

Differentiating the above with respect to 𝑧′′, I obtain 𝐷𝑧′′ 𝑓 :

𝐷𝑧′′ 𝑓 =

(
𝜕 𝑓𝑤
𝜕𝑥′′

,
𝜕 𝑓𝑤
𝜕𝑦′′

𝜕 𝑓 𝑓
𝜕𝑥′′

,
𝜕 𝑓 𝑓
𝜕𝑦′′

)
=

(
−𝑎𝑤𝑏𝑤 − ℎ̄2𝑀𝑤𝑞𝑤𝐶

′′
𝑟 𝑎 𝑓 𝑏𝑤

𝑎𝑤𝑏 𝑓 −𝑎 𝑓 𝑏 𝑓 − 𝜌

𝛿𝑣
𝑀 𝑓 𝑞 𝑓𝐶

′′
𝑣

)
,
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where 𝑞𝑤 and 𝑞 𝑓 represent the PDFs of worker and firm distributions, respectively; 𝑎𝑤 = 𝜌𝜁
𝑀𝑤𝑞𝑤

𝐿
; 𝑎 𝑓 = 𝜌𝜁

𝑀𝑤𝑞 𝑓

𝑁
;

𝑏𝑤 = 𝐴𝑤 𝑥

𝜌+𝛽𝜆+(1−𝛽)𝑞

(
𝜀𝜆 − (1−𝛽)𝑞

𝜌+𝛽𝜆+(1−𝛽)𝑞
𝜀𝑞

)
; and 𝑏 𝑓 =

𝐴 𝑓 (𝑦−𝑏)

𝜌+𝛽𝜆+(1−𝛽)𝑞

(
−𝜀𝑞 +

𝛽𝜆

𝜌+𝛽𝜆+(1−𝛽)𝑞
𝜀𝜆

)
.

Observe that 𝐷𝑧′′ 𝑓 is continuous under the regularity conditions imposed on 𝐶𝑟 , 𝐶𝑣 , 𝑄𝑤 , 𝑄 𝑓 , 𝜆, and 𝑞. Also, the

determinant of the matrix is strictly positive, i.e., ℎ̄2𝐶′′
𝑟

𝜌

𝛿𝑣
𝐶′′
𝑣 + 𝑎 𝑓 𝑏 𝑓 ℎ̄

2𝐶′′
𝑟 + 𝑎𝑤𝑏𝑤

𝜌

𝛿𝑣
𝐶′′
𝑣 > 0, given that 𝐶′′

𝑟 , 𝐶
′′
𝑣 > 0.

Step 1-(ii) From the previous step, I have established that 𝑔(·) is a continuous function defined on [𝑥, 𝑥]× [𝑦, 𝑦]×

(0,∞)2. To exploit the ODE theorem, I modify 𝑔(·) and obtain a Lipschitz continuous function 𝑔(·) defined on R4.

First, I extend the support of 𝑔(·) to include the boundaries in which min{𝑥′(ℓ), 𝑦′(ℓ)} = 0. In particular, I assign

the limiting values of 𝑔(·) at these boundaries. To find these values, fix (𝑥(ℓ), 𝑦(ℓ), 𝑥′(ℓ)), and consider {𝑦′𝑛(ℓ)}𝑛 that

converge to 0. Then, the condition 𝑓𝑤(·) = 0 implies that

[ 𝑓𝑤] 𝑥(𝑦 − 𝑏)
𝛽

1− 𝛽

𝜆𝑛

𝑞𝑛
𝜌

(
𝑁 ′

𝑛

𝑁𝑛

− 𝐿′
𝑛

𝐿

)
− ℎ̄2𝐶′′

𝑟 (ℎ̄𝐿)𝐿
′ → 0 ⇒ 𝑁 ′

𝑛 − 𝐶𝑤𝐿
′
𝑛 → 0 for some 𝐶𝑤 > 0,

where I use 𝑁𝑛 → 0, 𝜆𝑛 → 0, 𝑞𝑛 → ∞, 𝑢𝑛 → 1, and 𝜃′
𝑛

𝜃𝑛
→ 𝑁 ′

𝑛

𝑁𝑛
− 𝐿′

𝑛

𝐿
. Next, the condition 𝑓 𝑓 (·) = 0 simplifies to

[ 𝑓 𝑓 ] 𝑥(𝑦 − 𝑏)

(
𝑥′

𝑥
− 𝜌

(1− 𝛽)𝑞𝑛
(−𝜀𝑞)

(
𝑁 ′

𝑛

𝑁𝑛

− 𝐿′
𝑛

𝐿

)
− 𝛽

1− 𝛽

)
− 𝜌

𝛿𝑣
𝐶′′
𝑣 (𝑁𝑛)𝑁

′
𝑛 → 0,

⇒ − 1

𝑞𝑛

(
𝑁 ′

𝑛

𝑁𝑛

− 𝐿′
𝑛

𝐿

)
− 𝐶 𝑓𝐶

′′
𝑣 (𝑁𝑛)𝑁

′
𝑛 + 𝐷 𝑓 → 0 for some 𝐶 𝑓 > 0, 𝐷 𝑓 ∈ R.

Plugging in the result from [ 𝑓𝑤] above, I conclude that −𝑁 ′
𝑛

(
1

𝑞𝑛𝑁𝑛
+ 1

𝑞𝑛
𝐶 𝑓𝐶

′′
𝑣 (𝑁𝑛)

)
+ 𝐷 𝑓 → 0. Because 𝑞𝑛𝑁𝑛 =

𝑀(𝑈𝑛, 𝑁𝑛) goes to zero, the parenthesis diverges. Thus, 𝑁 ′
𝑛 should converge to zero, and so does 𝐿′

𝑛. In sum, I

conclude that lim𝑦′→0 𝑔(·) =
(
− 𝑞′

𝑤(𝑥)(𝑥′)2

𝑞𝑤(𝑥) , 0

)
. An analogous derivation yields lim𝑥′→0 𝑔(·) =

(
0,− 𝑞′

𝑓 (𝑦)(𝑦
′)2

𝑞 𝑓 (𝑦)

)
.

Next, I construct a compact set 𝑍 that is sufficiently large to contain the equilibrium 𝑧(ℓ) and 𝑧′(ℓ), as will be

shown below. Since 𝐶′
𝑟(·) and 𝐶′

𝑣(·) grow sufficiently large, I can find a finite constant 𝐿̄, and given this value, a finite

constant 𝑁 , such that

ℎ̄𝐶′
𝑟(ℎ̄𝐿̄) = 𝑥𝑦 + ℎ̄𝐶′

𝑟(ℎ̄𝑀𝑤), and 𝐶′
𝑣(𝑁) =

1− 𝛽

𝜌
𝑞

(
𝑀 𝑓

𝐿̄

)
𝑥(𝑦 − 𝑏) + 𝐶′

𝑣(𝑀 𝑓 ), (A.8)

and, correspondingly, define 𝑥′ = 𝐿
𝑀𝑤𝑞𝑤(𝑥) and 𝑦′ = 𝑁

𝑀 𝑓 𝑞 𝑓 (𝑦)
. Define an auxiliary set 𝑍 ≡ [𝑥, 𝑥]×[𝑦, 𝑦]×[0, 𝑥′]×[0, 𝑦′],

and then find (𝑥′′, 𝑦′′) ≡ sup(𝑧,𝑧′)∈𝑍 𝑔(·), which are finite since 𝑔(·) is continuous and 𝑍 is compact. Finally, I define

𝑍 ≡ [𝑥,max{𝑥, 𝑥 + (𝑥′ + 𝑥′′)}]× [𝑦,max{𝑦, 𝑦 + (𝑦′ + 𝑦′′)}]× [0, 𝑥′ + 𝑥′′]× [0, 𝑦′ + 𝑦′′].

Lastly, I construct 𝑔(·). To extend 𝑓 (·) = 0 beyond the support of 𝑥 and 𝑦, I extend 𝑞𝑤(·) and 𝑞 𝑓 (·) to R by

assigning boundary values whenever 𝑥 or 𝑦 is outside its support. For (𝑧, 𝑧′) ∈ 𝑍 , I set 𝑔(𝑧, 𝑧′) = 𝑔(𝑧, 𝑧′). For

(𝑧, 𝑧′) /∈ 𝑍 , I define 𝑔(𝑧, 𝑧′) = 𝑔(𝑧̂, 𝑧̂′), where (𝑧̂, 𝑧̂′) is chosen among the boundary of 𝑍 such that each component

corresponds to the closest value in 𝑍 .
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Step 1-(iii) From Step 1-(ii), I can represent the sorting conditions 𝑓 (·) = 0 as the system of differential equations

given by 𝑧′′ = 𝑔(𝑧, 𝑧′), which is Lipschitz continuous. Then, for a given initial condition (𝑥, 𝑦, 𝑥′(0), 𝑦′(0)), the solution

(𝑥(ℓ), 𝑦(ℓ)) uniquely exists from the standard ODE theorem.

Importantly, for any initial values (𝑧(0), 𝑧′(0)) ∈ 𝑍 , the solution to the ODE problem (𝑥(ℓ), 𝑦(ℓ), 𝑥′(ℓ), 𝑦′(ℓ)) lies

in 𝑍 for all ℓ ∈ [0, 1]. To see this, observe that 𝑥′′(ℓ) = 0 when 𝑥′(ℓ) = 0, which ensures 𝑥′(ℓ) ≥ 0 and 𝑥(ℓ) ≥ 𝑥. The

same is true for firms. The upper bounds of 𝑍 do not bind by construction.

Step 2 In this step, I show that there exists a solution of the ODE problem that satisfies the two terminal boundary

conditions: 𝑥(1) = 𝑥 and 𝑦(1) = 𝑦.

Define two real-valued functionsP𝑤 ,P 𝑓 : [0, 𝐿̄]×[0, 𝑁] → R. Specifically, letP𝑤(𝑧
′(0)) = 1

𝑀𝑤

∫ 1

0
𝐿(𝑠; 𝑧′(0)) d𝑠−

1 and P 𝑓 (𝑧
′(0)) = 1

𝑀 𝑓

∫ 1

0
𝑁(𝑠; 𝑧′(0)) d𝑠 − 1 where (𝐿(ℓ), 𝑁(ℓ)) is given by the solution to ODE defined above. I

specify 𝑧′(0) to emphasize that the solution depends on this initial point. The initial point 𝑧(0) = (𝑥, 𝑦) is always

chosen to satisfy the initial boundary conditions.

Observe that P𝑤 and P 𝑓 are continuous. Lipschitz continuity of 𝑔(·) ensures that the solution (𝑧, 𝑧′) is continuous

in the initial point, 𝑧′(0), at each ℓ. Observe that P𝑤 = 1
𝑀𝑤

∫ 1

0
𝑀𝑤𝑞𝑤(𝑡) d𝑡 − 1 by change of variables, where the

extended 𝑞𝑤 is bounded by construction. Then, by the Dominated Convergence Theorem, P𝑤 is continuous. Similarly,

P 𝑓 is continuous.

Step 2-(i) shows that P𝑤(0, 𝑁) < 0 ∀𝑁 ∈ [0, 𝑁] and P 𝑓 (𝐿, 0) < 0 ∀𝐿 ∈ [0, 𝐿̄]. Step 2-(ii) shows P𝑤(𝐿̄, 𝑁) >

0 ∀𝑁 ∈ [0, 𝑁] and P 𝑓 (𝐿, 𝑁) > 0 ∀𝐿 ∈ [0, 𝐿̄]. Then, by Pointcaré-Miranda theorem (multivariable version of

intermediate value theorem), there exists (𝑥′(0), 𝑦′(0)) ∈ (0, 𝑥′)× (0, 𝑦′) that gives P𝑤 = P 𝑓 = 0.

Step 2-(i) Find the solution (𝑧(ℓ), 𝑧′(ℓ)) given the initial point (𝑥, 𝑦, 0, 𝑦′(0)) ∈ 𝑍 . From Step 1-(ii), 𝑥′′(0) = 0,

which implies that 𝑥′(ℓ) remains zero, so that 𝑥(ℓ) = 𝑥 for all ℓ. Thus, P𝑤(0, 𝑁) < 0 for all 0 ≤ 𝑁 ≤ 𝑁 . Similarly,

P 𝑓 (𝐿, 0) < 0 for all 0 ≤ 𝐿 ≤ 𝐿̄.

Step 2-(ii) Consider the solution given the initial point (𝑥, 𝑦, 𝑥′, 𝑦′(0)) ∈ 𝑍 . Since the solution (𝑧(ℓ), 𝑧′(ℓ)) ∈ 𝑍

for all ℓ, the sorting conditions of workers and firms are satisfied, which ensures that each worker and firm chooses ℓ

that maximizes their value. Note that at this point, although I allow 𝑥(ℓ) > 𝑥 or 𝑦(ℓ) > 𝑦, the problem outside of the

original support of 𝑥 and 𝑦 is well-defined due to the construction of 𝑔(·).

The worker’s value, evaluated at the solution, satisfies 𝜌𝑉𝑢(𝑥, 0) ≥ 𝜌𝑉𝑢(𝑥, ℓ) for all ℓ. Observe that 𝜌𝑉𝑢(𝑥, ℓ) ≥

𝑏𝑥 − ℎ̄𝐶′
𝑟(ℎ̄𝐿(ℓ)) and 𝜌𝑉𝑢(𝑥, 0) ≤ 𝑏𝑥 + 𝑥𝑦 − ℎ̄𝐶′

𝑟(ℎ̄𝐿̄), together implying

ℎ̄𝐶′
𝑟(ℎ̄𝐿(ℓ)) ≥ ℎ̄𝐶′

𝑟(ℎ̄𝐿̄)− 𝑥𝑦 = ℎ̄𝐶′
𝑟(ℎ̄𝑀𝑤),

where the last equality comes from (A.8). Thus, 𝐿(ℓ) ≥ 𝑀𝑤 for all ℓ, and I conclude that P𝑤(𝐿̄, 𝑁) > 0 for all

0 ≤ 𝑁 ≤ 𝑁 . Similarly, the solution also satisfies 𝜌𝑉 𝑣(𝑦, 0) ≥ 𝜌𝑉 𝑣(𝑦, ℓ). Observe that 𝜌𝑉 𝑣(𝑦, ℓ) ≥ −𝐶′
𝑣(𝑁(ℓ)) and
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𝜌𝑉 𝑣(𝑦, 0) ≤ 𝐴 𝑓 (0)(𝑦 − 𝑏)− 𝐶′
𝑣(𝑁), which together imply

𝐶′
𝑣(𝑁(ℓ)) ≥ 𝐶′

𝑣(𝑁)−
𝛿𝑣

𝛿𝑣 + 𝜌

(1− 𝛽)𝑞(0)

𝜌 + (1− 𝛽)𝑞(0)
𝑥(𝑦 − 𝑏) ≥ 𝐶′

𝑣(𝑁)−
(1− 𝛽)

𝜌
𝑞

(
𝑀 𝑓

𝐿̄

)
𝑥(𝑦 − 𝑏) = 𝐶′

𝑣(𝑀 𝑓 ),

where I use 𝑞(0) = 𝑞

(
𝑁(0)

𝑢(0)𝐿(0)

)
≤ 𝑞

(
𝑀 𝑓

𝐿

)
for the second inequality and (A.8) for the last equality. Thus, 𝑁(ℓ) ≥ 𝑀 𝑓

for all ℓ, and I conclude that P 𝑓 (𝐿, 𝑁) > 0 for all 0 ≤ 𝐿 ≤ 𝐿̄.

Step 2-(iii) I confirm that the solution to ODE problem is indeed an equilibrium. Let (𝑥(ℓ), 𝑦(ℓ), 𝑥′(ℓ), 𝑦′(ℓ)) be

the solution to ODE such that P𝑤 = P 𝑓 = 0. The condition P𝑤 = P 𝑓 = 0 ensures that 𝑥(1) = 𝑥 and 𝑦(1) = 𝑦, so

the boundary conditions are satisfied. Note that wage determination, housing and business services market clearing

conditions, and the flow-balance conditions are already imposed.

Next, both 𝑥′(ℓ) and 𝑦′(ℓ) are strictly positive for all ℓ, so that (𝑧(ℓ), 𝑧′(ℓ)) is entirely obtained from the sorting

conditions of the model, rather than the extended ODE problem. To show this, suppose, to the contrary, that there

exists ℓ∗ < 1 such that 𝑥′(ℓ∗) = 𝐿(ℓ∗) = 0. Then, from Step 1-(ii), 𝑥′′(ℓ) = 𝐿(ℓ) = 𝐿′(ℓ) = 0 for all ℓ ≥ ℓ∗. Near

ℓ∗, 𝜆(ℓ) is bounded above. If not, workers of 𝑥 would deviate to a higher ℓ close to ℓ∗ where they can gain from both

labor and housing markets. Thus, 𝑦′′(ℓ) = 𝑁(ℓ) = 𝑁 ′(ℓ) = 0 for all ℓ ≥ ℓ∗. From the continuity of the solution,

𝑥′(ℓ), 𝑦′(ℓ), 𝑥′′(ℓ), and 𝑦′′(ℓ) converge to zero when ℓ → ℓ∗. To rule out the deviation of firms, 𝑞(ℓ) is also bounded

above near ℓ∗. Based on these results, the following limits should hold when ℓ → ℓ∗,

[ 𝑓𝑤] 𝜌𝜁

(
𝑁 ′

𝑁
− 𝐿′

𝐿

)(
𝜀𝜆(𝜃)−

(1− 𝛽)𝑞

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞
𝜀𝑞

)
− (1− 𝛽)𝑞

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞
𝛽
𝜆

𝜃
− 𝐶𝑤𝜆𝐶

′′
𝑟 (ℎ̄𝐿)𝐿

𝐿′

𝐿
→ 0,

[ 𝑓 𝑓 ] − 𝜌𝜁

(
𝑁 ′

𝑁
− 𝐿′

𝐿

)(
−𝜀𝑞(𝜃) +

𝛽𝜆

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞
𝜀𝜆

)
− 𝛽𝜆

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞
(1− 𝛽)

𝑞

𝜃
− 𝐶 𝑓𝐶

′′
𝑣 (𝑁)𝑁

𝑁 ′

𝑁
→ 0,

for some 𝐶𝑤 > 0, 𝐶 𝑓 > 0. As 𝐿 goes to zero, so does 𝐶′′
𝑟 (ℎ̄𝐿)𝐿. To see this, observe that 𝐶′

𝑟(𝜀) − 𝐶′
𝑟(0) =∫ 𝜀

0
𝐶′′
𝑟 (𝐻)𝐻 · 1

𝐻
d𝐻 > 0.5(lim𝐻→0 𝐶

′′
𝑟 (𝐻)𝐻)

∫ 𝜀

0
1
𝐻
d𝐻 when 𝜀 is sufficiently small. Since the left-hand side converges

to zero from 𝐶𝑟 ∈ C2, this inequality implies that the term in parentheses on the right-hand side should converge to

zero. The same is true for 𝐶′′
𝑣 (𝑁)𝑁 . Then the above equations simplify to

(
𝑁 ′

𝑁
− 𝐿′

𝐿

)
− 𝐷𝑤 → 0, −

(
𝑁 ′

𝑁
− 𝐿′

𝐿

)
− 𝐷 𝑓 → 0,

where 𝐷𝑤 and 𝐷 𝑓 are strictly positive and bounded constants. It is easy to verify that the two equations cannot hold at

the same time, which leads to a contradiction. Analogous reasoning implies that 𝑦′(ℓ) is strictly positive for all ℓ.

Lastly, (𝑥(ℓ), 𝑦(ℓ), 𝑥′(ℓ), 𝑦′(ℓ)) ∈ 𝑍 for all ℓ by construction. Moreover, since 𝑥(ℓ) ≤ 𝑥, 𝑦(ℓ) ≤ 𝑦, 𝐿(ℓ) > 0, and

𝑁(ℓ) > 0, the solution to ODE problem satisfies the original problem in Step 1-(i) and thus the first-order conditions in

(8). Note that 𝑥′(ℓ), 𝑦′(ℓ) > 0 ensure 𝐴′
𝑤(ℓ), 𝐴

′
𝑓 (ℓ) > 0, which implies that the value functions of workers and firms

are supermodular in (𝑥, ℓ) and (𝑦, ℓ), respectively. Therefore, the solution to (8) attains the global maximum.
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Note that while the assignment is uniquely determined by a given initial condition, multiple equilibria may exist if

there are multiple initial conditions that satisfy the boundary conditions.

A.3 Proof of Proposition 2

Population density. I first show that population density strictly increases in ℓ if 𝛿𝑣 is sufficiently large. When benefits

of labor market rise in ℓ, housing rents and consequently population density also increase in ℓ. Otherwise, all workers

would strictly prefer higher-ℓ locations. It suffices to show that, for a sufficiently small 1− 𝛽,

𝐴′
𝑤(ℓ)𝑥(ℓ) > 𝐴′

𝑤(ℓ)𝐵𝑤(ℓ) + 𝐴𝑤(ℓ)𝐵
′
𝑤(ℓ) ∀ℓ.

Suppose, to the contrary, that there exists a sequence {1− 𝛽𝑛, ℓ𝑛}𝑛 such that 1− 𝛽𝑛 → 0 and

𝐴′
𝑤(ℓ𝑛; 𝛽𝑛)𝑥(ℓ𝑛; 𝛽𝑛) ≤ 𝐴′

𝑤(ℓ𝑛; 𝛽𝑛)𝐵𝑤(ℓ𝑛; 𝛽𝑛) + 𝐴𝑤(ℓ𝑛; 𝛽𝑛)𝐵
′
𝑤(ℓ𝑛; 𝛽𝑛),

where I index each function with 𝛽𝑛 to emphasize that each term is a function of an equilibrium assignment given 𝛽𝑛. In

the limit, since 𝐵𝑤(ℓ𝑛; 𝛽𝑛) = 0 and also 𝐵′
𝑤(ℓ𝑛; 𝛽𝑛) = 0 from (A.6), the above inequality implies lim 𝐴′

𝑤(ℓ𝑛; 𝛽𝑛) ≤ 0.

From (A.5), this yields

lim
𝑛

(
𝜀𝜆(𝜃(ℓ𝑛; 𝛽𝑛))

𝜃′(ℓ𝑛; 𝛽𝑛)

𝜃(ℓ𝑛; 𝛽𝑛)

𝜌

𝜌 + 𝛽𝜆(ℓ𝑛; 𝛽𝑛)
+

𝑦′(ℓ𝑛; 𝛽𝑛)

𝑦(ℓ𝑛; 𝛽𝑛)− 𝑏

)
= 0,

where I rule out the negative sign as 𝐴′
𝑤(·) > 0 under PAM. Given that 𝑦′(ℓ𝑛; 𝛽𝑛) > 0, there exists 𝑛 ∈ N such that

𝜃′(ℓ𝑛; 𝛽𝑛) < 0 for all 𝑛 ≥ 𝑛. Then, from (A.7), 𝑁 ′(ℓ𝑛; 𝛽𝑛) < 0, implying 𝑐′(ℓ𝑛; 𝛽𝑛) < 0 for all 𝑛 ≥ 𝑛. To ensure that

the firm sorting condition holds,

𝐴′
𝑓 (ℓ𝑛; 𝛽𝑛)(𝑦(ℓ𝑛; 𝛽𝑛)− 𝑏) < 𝐴′

𝑓 (ℓ𝑛; 𝛽𝑛)𝐵 𝑓 (ℓ𝑛; 𝛽𝑛) + 𝐴 𝑓 (ℓ𝑛; 𝛽𝑛)𝐵
′
𝑓 (ℓ𝑛; 𝛽𝑛) ∀𝑛 ≥ 𝑛.

As 1− 𝛽𝑛 goes to zero, 𝐵′
𝑓 (·) converges to 𝐴𝑤(·)𝐴′

𝑤(·), and in turn, the second term on the right-hand side vanishes.

Since 𝑦 − 𝑏 > 𝐵 𝑓 , there exists 𝑛∗ ≥ 𝑛, such that 𝐴′
𝑓 (ℓ𝑛∗ ; 𝛽𝑛∗) < 0. However, this is not possible as both 𝑥′(ℓ𝑛∗ ; 𝛽𝑛∗)

and 𝑞′(ℓ𝑛∗ ; 𝛽𝑛∗) are strictly positive. Contradiction.

Wage. Next, I show that wages strictly increase in ℓ if 𝛿𝑣 is sufficiently large. From (10), it suffices to show

(
𝛽

𝜌 + 𝜆(ℓ)

𝜌 + 𝛽𝜆(ℓ) + (1− 𝛽)𝑞(ℓ)
(𝑦(ℓ)− 𝑏)

)′

≥ 0 ∀ℓ.
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When 𝜆′(ℓ) ≥ 0, it is easy to verify that the above holds when 1− 𝛽 is close to zero. To consider the case 𝜆′(ℓ) < 0, I

rewrite the above as

(
𝐴𝑤(ℓ)

𝜌 + 𝛽𝜆(ℓ)

𝜌 + 𝛽𝜆(ℓ) + (1− 𝛽)𝑞(ℓ)
+

𝛽𝜌

𝜌 + 𝛽𝜆(ℓ) + (1− 𝛽)𝑞(ℓ)
(𝑦(ℓ)− 𝑏)

)′

≥ 0 ∀ℓ.

When 1− 𝛽 is close to zero, the first term converges to 𝐴𝑤(ℓ), which is increasing in ℓ in equilibrium. Moreover, the

second term increases in ℓ as 𝜆′(ℓ) < 0 and 𝑦′(ℓ) > 0.

Discussions on a non-pure assignment equilibrium. Beyond a pure assignment equilibrium which is the focus of

this paper, an alternative equilibrium with non-pure assignment exists in which multiple worker or firm types coexist

within a given location ℓ. For example, an economy in which all workers and firms randomly choose location ℓ is one

mixed equilibrium. However, the proposition below shows that a non-pure assignment equilibrium does not exhibit

equilibrium properties consistent with the data, as opposed to a pure assignment equilibrium as shown in Proposition 2.

Proposition A.1. If the productivity of workers E[𝑥|ℓ], the productivity of firms E[𝑦|ℓ], and population density 𝐿(ℓ)

strictly increase in ℓ, an equilibrium allocation is pure.

Proof. When there are multiple types of workers and firms in a given ℓ, due to random matching, workers’ job

opportunities 𝐴𝑤(E[𝑦|ℓ], 𝜆(ℓ)) depend on the average firm productivity, E[𝑦|ℓ], instead of 𝑦(ℓ). Similarly, firms’ hiring

opportunities 𝐴 𝑓 (E[𝑥|ℓ], 𝑞(ℓ)), are determined by average worker types E[𝑥|ℓ]. Aside from these modifications, the

value functions have the same expression as in (4) and (5).

I proceed by contradiction. Suppose that there exists a mixed equilibrium where E[𝑥|ℓ],E[𝑦|ℓ], and 𝐿(ℓ) strictly

increase in ℓ. Then, I can choose two locations and either the productivity of workers or firms choosing two locations

with positive probabilities.

First, consider an equilibrium with workers of 𝑥∗ who choose both ℓ′ < ℓ′′. Job opportunities must be equal in

two locations, 𝐴𝑤(ℓ
′) = 𝐴𝑤(ℓ

′′). If not, all workers of 𝑥 > 𝑥∗ choose ℓ > ℓ′′ while others of 𝑥 < 𝑥∗ choose ℓ < ℓ′

in equilibrium, and [ℓ′, ℓ′′] are only chosen by workers of 𝑥∗, which is not possible due to the continuity of 𝑄𝑤(·).

Because workers of 𝑥∗ choose both locations, they are indifferent between the two:

𝐴𝑤(ℓ
′)𝑥∗ − 𝐴𝑤(ℓ

′)𝐵𝑤(ℓ
′)− ℎ̄𝑟(ℓ′) = 𝐴𝑤(ℓ

′′)𝑥∗ − 𝐴𝑤(ℓ
′′)𝐵𝑤(ℓ

′′)− ℎ̄𝑟(ℓ′′).

Because 𝑟(ℓ′′) > 𝑟(ℓ′) from the assumption on population density, for the above equality to hold, 𝐵𝑤(ℓ
′′) < 𝐵𝑤(ℓ

′).

Given that E[𝑥|ℓ′′] > E[𝑥|ℓ′], to ensure this inequality, it must be that 𝜃(ℓ′) < 𝜃(ℓ′′). As a result, 𝜆(ℓ′) < 𝜆(ℓ′′), leading

to 𝐴𝑤(ℓ
′) < 𝐴(ℓ′′) since firm productivity is also higher in ℓ′′. Contradiction.

Second, suppose that there are firms of 𝑦∗ that choose both ℓ′ < ℓ′′. Following the same step, it must be

𝐴 𝑓 (ℓ
′) = 𝐴 𝑓 (ℓ

′′) and the indifference condition for 𝑦∗ implies that 𝐴 𝑓 (ℓ
′)𝐵 𝑓 (ℓ

′) > 𝐴 𝑓 (ℓ
′′)𝐵 𝑓 (ℓ

′′) if and only if and

53



𝑐(ℓ′) < 𝑐(ℓ′′). Consider the case of 𝜃(ℓ′′) > 𝜃(ℓ′). Then, 𝐴 𝑓 𝐵 𝑓 =
𝜌+𝛽𝜆

𝜌+𝛽𝜆+(1−𝛽)𝑞
𝐴𝑤 is weakly greater in ℓ′′ as 𝐴𝑤(·)

is also higher in ℓ′′ as implied by workers’ sorting. Moreover, since 𝐿(·) is greater in ℓ′′, so does 𝑉(·), implying

𝑐(ℓ′′) > 𝑐(ℓ′); this cannot be true in equilibrium. As a result, market tightness is smaller in ℓ′′, implying 𝑞(ℓ′) ≤ 𝑞(ℓ′′).

Combined with the assumption E[𝑥|ℓ′] < E[𝑥|ℓ′′], 𝐴 𝑓 (ℓ
′) < 𝐴 𝑓 (ℓ

′′). Contradiction.

A.4 Proofs of Section 3.2

Proof of Lemma 1. The planner chooses a (potentially non-pure) assignment, represented by the share of workers of

𝑥 assigned to locations below ℓ, denoted by 𝑚̄𝑤(ℓ|𝑥), and the share of firms of 𝑦 assigned to locations below ℓ, denoted

by 𝑚̄ 𝑓 (ℓ|𝑦), that solves the following problem:

max
𝑚̄𝑤(·),𝑚̄ 𝑓 (·)

∫ 1

0

[
E[𝑥|ℓ]E[𝑦|ℓ](1− 𝑢(ℓ))𝐿(ℓ)− 𝐶𝑟(ℎ̄𝐿(ℓ))− 𝐶𝑣(𝑁(ℓ))

]
dℓ (A.9)

s.t.

∫ ℓ

0

𝐿(ℓ′)

𝑀𝑤

dℓ′ =

∫ 𝑥

𝑥

𝑚̄𝑤(ℓ|𝑥) d𝑄𝑤(𝑥),

∫ ℓ

0

𝑁(ℓ′)

𝑀 𝑓

dℓ′ =

∫ 𝑦

𝑦

𝑚̄ 𝑓 (ℓ|𝑦) d𝑄 𝑓 (𝑦), 𝑢(ℓ) =
𝛿

𝛿 + 𝜆(ℓ)
, ∀ℓ.

I first show that the optimal allocation is PAM, i.e., the assignment is pure and strictly increasing. Suppose that

the optimal assignment is characterized with (E[𝑥|ℓ],E[𝑦|ℓ], 𝐿(ℓ), 𝑁(ℓ), 𝑢(ℓ)). Without loss of generality, suppose

that (1− 𝑢(ℓ))𝐿(ℓ)E[𝑦|ℓ] increases in ℓ. Consider a new problem where the planner assigns workers given the firm

assignment while maintaining population densities across ℓ, with the objective of maximizing (A.9). In other words, a

new worker assignment 𝑚̄𝑤1(ℓ|𝑥) must satisfy
∫ 𝑥

𝑥
𝑚̄𝑤1(ℓ|𝑥) d𝑄𝑤(𝑥) =

∫ ℓ

0

𝐿(ℓ′)
𝑀𝑤

dℓ′. The solution to this problem must

coincide with the assignment in the original problem. Since this is a standard linear assignment problem, the optimal

solution must be an extreme point of the feasible set, i.e., a pure assignment. Moreover, because of the complementarity

between (1−𝑢(ℓ))𝐿(ℓ)E[𝑦|ℓ] and E[𝑥|ℓ], the optimal pure worker assignment 𝑥(ℓ) should be increasing in ℓ. Applying

the same logic, the optimal pure firm assignment 𝑦(ℓ) should be increasing in (1− 𝑢(ℓ))𝑥(ℓ)𝐿(ℓ).

Next, I establish that not only 𝑥(ℓ) but also 𝑦(ℓ) increases in ℓ. Suppose, for contradiction, that there exist two

locations ℓ, ℓ′ such that 𝑥(ℓ) < 𝑥(ℓ′) but 𝑦(ℓ) > 𝑦(ℓ′). The latter condition implies

(1− 𝑢(ℓ′))𝑥(ℓ′)𝐿(ℓ′) ≤ (1− 𝑢(ℓ))𝑥(ℓ)𝐿(ℓ) ⇒ (1− 𝑢(ℓ′))𝐿(ℓ′)

(1− 𝑢(ℓ))𝐿(ℓ)
≤ 𝑥(ℓ)

𝑥(ℓ′)
< 1.

However, by the assumption that (1− 𝑢(ℓ))𝑦(ℓ)𝐿(ℓ) increases in ℓ, it follows that

(1− 𝑢(ℓ′))𝑦(ℓ′)𝐿(ℓ′) ≥ (1− 𝑢(ℓ))𝑦(ℓ)𝐿(ℓ) ⇒ (1− 𝑢(ℓ′))𝐿(ℓ′)

(1− 𝑢(ℓ))𝐿(ℓ)
≥ 𝑦(ℓ′)

𝑦(ℓ)
> 1,

which contradicts the first inequality.
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Optimal allocation. Given that the optimal allocation is PAM, the planner’s problem becomes finding two increasing

functions, 𝑥(ℓ) and 𝑦(ℓ), and can be formulated by the following Hamiltonian:

H = (1− 𝑢(ℓ))𝑦(ℓ)𝑥(ℓ)𝐿(ℓ)− 𝐶𝑟(ℎ̄𝐿(ℓ))− 𝐶𝑣(𝑁(ℓ)) +
𝜇𝑤(ℓ)𝐿(ℓ)

𝑀𝑤𝑞𝑤(𝑥(ℓ))
+

𝜇 𝑓 (ℓ)𝑁(ℓ)

𝑀 𝑓 𝑞 𝑓 (𝑦(ℓ))
+ 𝜇𝑢(ℓ)

(
𝑢(ℓ)− 𝛿

𝛿 + 𝜆(𝜃(ℓ))

)
,

where 𝜇𝑤 and 𝜇 𝑓 are co-state variables of 𝑥 and 𝑦, respectively, and 𝜇𝑢 is the multiplier of unemployment rates. The

market tightness is defined as before, 𝜃(ℓ) = 𝑉(ℓ)
𝑢(ℓ)𝐿(ℓ) . I omit the superscript ∗, which denotes the optimal assignment,

in the appendix while retaining it in the main draft.

First-order conditions regarding the allocation of workers are given by,

0 = (1− 𝑢(ℓ))𝑦(ℓ)𝑥(ℓ)− ℎ̄𝐶′
𝑟(ℎ̄𝐿(ℓ)) +

𝜇𝑤(ℓ)

𝑀𝑤𝑞𝑤(𝑥(ℓ))
− 𝜇𝑢(ℓ)

𝜀𝜆(𝜃(ℓ))

𝐿(ℓ)
𝑢(ℓ)(1− 𝑢(ℓ)), (𝐿)

𝜇′𝑤(ℓ) = −(1− 𝑢(ℓ))𝑦(ℓ)𝐿(ℓ) +
𝜇𝑤(ℓ)𝐿(ℓ)

𝑀𝑤𝑞
2
𝑤(𝑥(ℓ))

𝑞′𝑤(𝑥(ℓ)). (𝑥)

Similarly, first-order conditions of firm allocation are given by,

0 = −𝐶′
𝑣(𝑁(ℓ)) +

𝜇 𝑓 (ℓ)

𝑀 𝑓 𝑞 𝑓 (𝑦(ℓ))
+ 𝜇𝑢(ℓ)

𝜀𝜆(𝜃(ℓ))

𝑁(ℓ)
𝑢(ℓ)(1− 𝑢(ℓ)), (𝑁)

𝜇′𝑓 (ℓ) = −(1− 𝑢(ℓ))𝑥(ℓ)𝐿(ℓ) +
𝜇 𝑓 (ℓ)𝑁(ℓ)

𝑀 𝑓 𝑞
2
𝑓 (𝑦(ℓ))

𝑞′𝑓 (𝑦(ℓ)). (y)

Finally, the constraint on unemployment rates leads to

0 = −𝑦(ℓ)𝑥(ℓ)𝐿(ℓ) + 𝜇𝑢(ℓ)(1− 𝜀𝜆(𝜃(ℓ))(1− 𝑢(ℓ))). (𝑢)

From now on, I omit ℓ for notational simplicity unless it causes any confusion. Differentiating the condition (𝐿)

with respect to ℓ and substituting the conditions (𝑥) and (𝑢) yields

𝐶′′
𝑟 ℎ̄

2𝐿′ =
(1− 𝑢)(1− 𝜀𝜆)

1− 𝜀𝜆(1− 𝑢)
𝑦′𝑥 − 𝜀𝜆𝑢(1− 𝑢)

1− 𝜀𝜆(1− 𝑢)
𝑥′𝑦 − (1− 𝜀𝜆)𝑥𝑦

(1− 𝜀𝜆(1− 𝑢))2
𝑢′ − 𝑢(1− 𝑢)𝑥𝑦

(1− 𝜀𝜆(1− 𝑢))2
𝜕𝜀𝜆

𝜕ℓ

=
(1− 𝑢)(1− 𝜀𝜆)

1− 𝜀𝜆(1− 𝑢)
𝑦′𝑥 − 𝜀𝜆𝑢(1− 𝑢)

1− 𝜀𝜆(1− 𝑢)
𝑥′𝑦 +

𝑢(1− 𝑢)𝑥𝑦

(1− 𝜀𝜆(1− 𝑢))2

(
(1− 𝜀𝜆)𝜀𝜆 −

𝜆′′

𝜆′
𝜃 + 𝜀𝜆 − 1

)
𝜃′

𝜃
, (A.10)

where I use 1+ 𝜕
𝜕𝑢

(
𝜀𝜆(1−𝑢)𝑢

1−𝜀𝜆(1−𝑢)

)
= 1−𝜀𝜆

(1−𝜀𝜆(1−𝑢))2 for the first line. For the second line, I use 𝜕𝑢
𝜕ℓ

1
𝑢
= −(1− 𝑢)𝜀𝜆

𝜕𝜃
𝜕ℓ

1
𝜃

and
𝜕𝜀𝜆
𝜕ℓ

1
𝜀𝜆

=
(

𝜆′′(𝜃)
𝜆′(𝜃) 𝜃 − 𝜀𝜆 + 1

)
𝜕𝜃
𝜕ℓ

1
𝜃
. Similarly, by differentiating the condition (𝑁) with respect to ℓ, and plugging in
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the conditions (𝑦) and (𝑢), I obtain

𝐶′′
𝑣 𝑁

′ =− (1− 𝜀𝜆)(1− 𝑢)

1− 𝜀𝜆(1− 𝑢)
𝑥𝑦′

𝐿

𝑁
+

𝜀𝜆(1− 𝑢)𝑢

1− 𝜀𝜆(1− 𝑢)

𝐿

𝑁
𝑥′𝑦 − 𝑢(1− 𝑢)𝑥𝑦

(1− 𝜀𝜆(1− 𝑢))2

(
(1− 𝜀𝜆)𝜀𝜆 −

𝜆′′

𝜆′
𝜃 + 𝜀𝜆 − 1

)
𝐿

𝑁

𝜃′

𝜃
(A.11)

Multiply (A.10) by 𝐿(ℓ) and (A.11) by 𝑁(ℓ) respectively, and then sum them up to obtain the first equation that

characterizes the optimal assignment:

𝐶′′
𝑟 (ℎ̄𝐿(ℓ))ℎ̄

2𝐿′(ℓ)𝐿(ℓ) + 𝐶′′
𝑣 (𝑁(ℓ))𝑁

′(ℓ)𝑁(ℓ) = 0, (A.12)

where I use 𝜃′

𝜃
= 1

1−𝜀𝜆(1−𝑢)

(
𝑁 ′

𝑁
− 𝐿′

𝐿

)
. Furthermore, by rearranging (A.10) and then plugging in (A.12), I obtain the

second equation:

(1− 𝑢)

1− 𝜀𝜆(1− 𝑢)

(
(1− 𝜀𝜆)

𝑦′

𝑦
− 𝜀𝜆𝑢

𝑥′

𝑥

)
𝑥𝑦

=

[
𝐶′′
𝑟 ℎ̄

2𝐿 +
𝜀𝜆𝑢(1− 𝑢)

(1− 𝜀𝜆(1− 𝑢))3

(
𝜀𝜆(1− 𝜀𝜆)−

𝜆′′𝜃

𝜆′
+ 𝜀𝜆 − 1

)
𝑥𝑦

(
1+

𝐶′′
𝑟

𝐶′′
𝑣

ℎ̄2
(
𝐿

𝑁

)2
)]

𝐿′

𝐿
(A.13)

where I use 𝐿′

𝐿
− 𝑁 ′

𝑁
= 𝐿′

𝐿

(
1+

𝐶′′
𝑟

𝐶′′
𝑣
ℎ̄2
(
𝐿
𝑁

)2). In sum, the optimal allocation {𝑥(ℓ), 𝑦(ℓ)} is characterized by (A.12)

and (A.13), together with boundary conditions.

Proof of Proposition 3. Recall that worker and firm sorting conditions, 𝑓𝑤 = 𝑓 𝑓 = 0, are given by (Section A.2),

[ 𝑓𝑤]
𝜕

𝜕ℓ

(
𝛽𝜆(ℓ)

𝜌 + 𝛽𝜆(ℓ)
(𝑦(ℓ)− 𝑏)

(
𝑥 − (1− 𝛽)𝑞

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞
𝑥(ℓ)

))
= ℎ̄𝑟 ′(ℓ),

[ 𝑓 𝑓 ]
𝜕

𝜕ℓ

(
𝛿𝑣

𝜌 + 𝛿𝑣
𝑥(ℓ)

(1− 𝛽)𝑞(ℓ)

𝜌 + (1− 𝛽)𝑞(ℓ)

(
𝑦 − 𝑏 − 𝛽𝜆

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞
(𝑦(ℓ)− 𝑏)

))
= 𝑐′(ℓ).

To compare these conditions to those of the optimal assignment, I multiply [ 𝑓𝑤] and [ 𝑓 𝑓 ] by 𝐿(ℓ) and 𝑁(ℓ), respectively.

The expression is relatively long, and thus I proceed in steps. I omit ℓ from now on. First, I gather the terms related to

market tightness in [ 𝑓𝑤] (omitting 𝑥(ℓ)(𝑦(ℓ)− 𝑏)),

𝐿

[(
𝛽𝜆

𝜌 + 𝛽𝜆

)′
𝜌 + 𝛽𝜆

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞
− 𝛽𝜆

𝜌 + 𝛽𝜆

(
(1− 𝛽)𝑞

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞

)′]

=
𝛽𝜆(ℓ)𝐿(ℓ)

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞

[
1

𝜌 + 𝛽𝜆

(
𝜌 +

(1− 𝛽)𝛽𝜆𝑞

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞

)
𝜀𝜆 −

(1− 𝛽)𝑞

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞
𝜀𝑞

]
𝜃′

𝜃
≡ Θ𝑤 .
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Next, I gather the terms related to market tightness in [ 𝑓 𝑓 ] (omitting 𝑥(ℓ)(𝑦(ℓ)− 𝑏)),

𝑁
𝛿𝑣

𝜌 + 𝛿𝑣

[(
(1− 𝛽)𝑞(ℓ)

𝜌 + (1− 𝛽)𝑞(ℓ)

)′
𝜌 + (1− 𝛽)𝑞

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞
− (1− 𝛽)𝑞(ℓ)

𝜌 + (1− 𝛽)𝑞

(
𝛽𝜆

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞

)′]
=

𝛿𝑣
𝜌+𝛿𝑣

(1− 𝛽)𝑞𝑁(ℓ)

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞

[
1

𝜌 + (1− 𝛽)𝑞

(
𝜌 +

(1− 𝛽)𝛽𝑞𝜆

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞

)
𝜀𝑞 −

𝛽𝜆

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞
𝜀𝜆

]
𝜃′

𝜃
≡ Θ 𝑓 .

Combining the above with the remaining terms, [ 𝑓𝑤] multiplied by 𝐿(ℓ) and [ 𝑓 𝑓 ] multiplied by 𝑁(ℓ) are given by

ℎ̄𝑟 ′𝐿 =− (1− 𝛽)𝑞

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞

𝛽𝜆

𝜌 + 𝛽𝜆
𝑥′(𝑦 − 𝑏)𝐿 +

𝛽𝜆

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞
𝑦′𝑥𝐿 +Θ𝑤 ,

𝑐′𝑁 =
(1− 𝛽)𝑞

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞

𝛿𝑣

𝜌
𝑥′(𝑦 − 𝑏)𝑁 − 𝛿𝑣

𝜌 + 𝛿𝑣

(1− 𝛽)𝑞

𝜌 + (1− 𝛽)𝑞(ℓ)

𝛽𝜆(ℓ)

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞
𝑦′𝑥𝑁 +Θ 𝑓 .

In particular, when 𝜌 converges to 0, so does 1− 𝛽 = 𝜌

𝜌+𝛿𝑣
(1− 𝛽), so the above expressions simplify to

𝐿ℎ̄𝑟 ′ =
𝛽𝜆

𝛿 + 𝛽𝜆
𝑥𝑦′𝐿 +

𝛿

𝛿 + 𝛽𝜆

𝛽𝜆

𝛿 + 𝛽𝜆
𝜀𝜆

𝜃′

𝜃
𝑥(𝑦 − 𝑏)𝐿, (A.14)

𝑁𝑐′ =
𝑁(1− 𝛽)𝑞

𝛿 + 𝛽𝜆
𝑥′(𝑦 − 𝑏)− 𝛽𝜆

𝛿 + 𝛽𝜆
(1− 𝛽)(1− 𝑢)𝑥𝑦′𝐿 +

𝛿(1− 𝑢)(1− 𝛽)

𝛿 + 𝛽𝜆

(
𝛿

𝛿 + 𝛽𝜆
𝜀𝜆 − 1

)
𝜃′

𝜃
𝑥(𝑦 − 𝑏)𝐿, (A.15)

where I use 𝑁 = 𝑉 = 𝜃𝑢𝐿 and 𝜀𝑞 = 𝜀𝜆 − 1.

To prove the inefficiency of the equilibrium, I will show that

ℎ̄2𝐶′′
𝑟 (ℎ̄𝐿(ℓ))𝐿(ℓ)𝐿

′(ℓ) + 𝐶′′
𝑣 (𝑁(ℓ))𝑁

′(ℓ)𝑁(ℓ) > 0, (A.16)

which violates (A.12). I consider four cases, depending on the sign of 𝐿′(ℓ) and 𝑁 ′(ℓ). First, if both 𝐿′(ℓ) and 𝑁 ′(ℓ)

are strictly positive, (A.16) immediately follows. Next, consider the opposite case, 𝐿′(ℓ) ≤ 0 and 𝑁 ′(ℓ) ≤ 0. From

(A.14), 𝜃′(ℓ) < 0. Moreover, adding (A.14) multiplied with (1− 𝛽)(1− 𝑢) and (A.15), I obtain

(1− 𝛽)(1− 𝑢)ℎ̄2𝐶′′
𝑟 𝐿𝐿

′ + 𝐶′′
𝑣 𝑁

′𝑁 = 𝑁
(1− 𝛽)𝑞

𝛿 + 𝛽𝜆
𝑥′(𝑦 − 𝑏) +

𝛿(1− 𝛽)(1− 𝑢)

𝛿 + 𝛽𝜆
(𝜀𝜆 − 1)

𝜃′

𝜃
𝑥(𝑦 − 𝑏)𝐿. (A.17)

The left-hand side is negative from the assumption while the right-hand side is positive. Hence, this case cannot be an

equilibrium.

Third, consider the case that 𝐿′(ℓ) > 0, 𝑁 ′(ℓ) ≤ 0, which leads to 𝜃′(ℓ) < 0. Again, using (A.17),

ℎ̄2𝐶′′
𝑟 𝐿𝐿

′ + 𝐶′′
𝑣 𝑁

′𝑁 > (1− 𝛽)(1− 𝑢)ℎ̄2𝐶′′
𝑟 𝐿𝐿

′ + 𝐶′′
𝑣 𝑁

′𝑁

= 𝑁
(1− 𝛽)𝑞

𝛿 + 𝛽𝜆
𝑥′(𝑦 − 𝑏) +

𝛿

𝛿 + 𝛽𝜆
(1− 𝛽)(1− 𝑢)(𝜀𝜆 − 1)

𝜃′

𝜃
𝑥(𝑦 − 𝑏)𝐿 > 0.
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The final case, 𝐿′(ℓ) ≤ 0 and 𝑁 ′(ℓ) > 0, implies 𝜃′(ℓ) > 0, which contradicts (A.14), and cannot be an equilibrium.

The planner can correct externalities by using spatial transfers. To compute spatial transfers, I will compare the

worker and firm sorting conditions to the planner’s the counterparts. Rearranging (A.14) yields

ℎ̄𝑟 ′(ℓ) =
𝛽(1− 𝑢)

𝑢 + 𝛽(1− 𝑢)
𝑦′𝑥 +

𝑢(1− 𝑢)𝜀𝜆𝛽

(𝑢 + 𝛽(1− 𝑢))2
𝜃′

𝜃
𝑥(𝑦 − 𝑏).

When the terms in the planner’s condition (A.10) but absent from the above are imposed as marginal changes in spatial

transfers, workers internalize their externalities and hence their decisions coincide with those of the planner. Integrating

these terms yields the following spatial transfer schedule to workers:

𝑡𝑤(ℓ) = 𝑡0𝑤 +

∫ ℓ

0

[
(1− 𝑢)

(
1− 𝜀𝜆

1− 𝜀𝜆(1− 𝑢)
− 𝛽

𝑢 + 𝛽(1− 𝑢)

)
𝑦′𝑥 − 𝜀𝜆(1− 𝑢)𝑢

1− 𝜀𝜆(1− 𝑢)
𝑥′𝑦 − 𝑢(1− 𝑢)𝛽𝜀𝜆

(𝑢 + 𝛽(1− 𝑢))2
𝑥(𝑦 − 𝑏)

𝜃′

𝜃

+
𝑢(1− 𝑢)

(1− 𝜀𝜆(1− 𝑢))2

(
(1− 𝜀𝜆)𝜀𝜆 −

𝜆′′

𝜆′
𝜃 + 𝜀𝜆 − 1

)
𝑥𝑦

𝜃′

𝜃

]
d𝑡, (A.18)

where 𝑡0𝑤 is a constant that ensures the budget balance of the government. All functions (𝑥, 𝑦, 𝑢, 𝜀𝜆, 𝜃) are evaluated at

the optimal assignment.

Under the Hosios condition 𝜀𝜆 = 1 − 𝛽 and zero unemployment benefit 𝑏 = 0, among the integrands, the first

term—externalities from 𝑦′𝑥—and the last two terms—related to inefficiencies from the market tightness—disappear.

The role of the Hosios condition related to matching rates is standard, which is well studied under homogeneous agents.

In addition, under worker and firm heterogeneity, this condition ensures that there are no externalities arising from

heterogeneous firm types in worker sorting. Workers internalize the impact of firm heterogeneity because their match

surplus depends on 𝑦(ℓ). The Hoisos condition ensures that this marginal benefit is equal to the counterpart evaluated

by the planner. See Corollary 1 for simplified 𝑡𝑤(ℓ). Even under the Hosios condition, externalities arise from workers’

negative impact on local firms, whose value depends on the average worker productivity in the local market. This

intuition can be confirmed by observing that the second term is equal to − 𝑁
𝐿

𝜕𝜌𝑉𝑣

𝜕𝑥
𝑥′ after some rearrangement.

Similarly, I will assess the firm sorting condition. Rearranging (A.15) yields

𝑐′ =
(1− 𝛽)(1− 𝑢)𝑢

𝑢 + 𝛽(1− 𝑢)

𝐿

𝑁
𝑥′(𝑦 − 𝑏)− (1− 𝛽)𝛽(1− 𝑢2)

𝑢 + 𝛽(1− 𝑢)

𝐿

𝑁
𝑦′𝑥 +

𝑢(1− 𝑢)(1− 𝛽)

𝑢 + 𝛽(1− 𝑢)

(
𝑢

𝑢 + 𝛽(1− 𝑢)
𝜀𝜆 − 1

)
𝐿

𝑁
𝑥(𝑦 − 𝑏)

𝜃′

𝜃
.
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Analogous to the above discussion, by comparing this to (A.11), I obtain the spatial transfer for firms:

𝑡 𝑓 (ℓ) = 𝑡0𝑓 +

∫ ℓ

0

[
(1− 𝑢)

(
(1− 𝛽)𝛽(1− 𝑢)

𝑢 + 𝛽(1− 𝑢)
− 1− 𝜀𝜆

1− 𝜀𝜆(1− 𝑢)

)
𝑥𝑦′ + (1− 𝑢)𝑢

(
𝜀𝜆

1− 𝜀𝜆(1− 𝑢)
𝑦 − (1− 𝛽)

𝑢 + 𝛽(1− 𝑢)
(𝑦 − 𝑏)

)
𝑥′

+
𝑢(1− 𝑢)

(1− 𝜀𝜆(1− 𝑢))2

(
𝜆′′

𝜆′
𝜃 − 𝜀𝜆 + 1− 𝜀𝜆(1− 𝜀𝜆)

)
𝑥𝑦

𝜃′

𝜃

− 𝑢(1− 𝑢)(1− 𝛽)

(𝑢 + 𝛽(1− 𝑢))2
(𝑢𝜀𝜆 − 𝑢 − 𝛽(1− 𝑢))𝑥(𝑦 − 𝑏)

𝜃′

𝜃

]
𝐿

𝑁
d𝑡, (A.19)

where 𝑡0𝑓 is a constant that ensures the budget balance of the government. All functions (𝑥, 𝑦, 𝑢, 𝜀𝜆, 𝜃, 𝐿, 𝑁) are evaluated

at the optimal assignment.

Under the Hosios condition and zero unemployment benefit, the transfer simplifies to 𝑡 𝑓 (ℓ) in Corollary 1. On the

one hand, firms do not internalize that local firms in higher-ℓ locations are more productive, as are workers. On the

other hand, they take into account that higher 𝑦(ℓ) increases the threat point of workers in wage bargaining, leading to

a decrease in their values. The firm spatial transfer confirms that the former is always larger than the latter, so firms

choose higher-ℓ than the optimal level.

Note that 𝑡′𝑤(ℓ) is zero if and only if 𝑥′(ℓ) = 0, and 𝑡′𝑓 (ℓ) is zero if and only if 𝑦′(ℓ) = 0. Thus, an equilibrium is

efficient and requires no spatial transfers, if and only if workers and firms are homogeneous, 𝑥′(ℓ) = 𝑦′(ℓ) = 0.

Pareto Inefficiency. In Proposition 3, I show that any pure-assignment PAM equilibrium does not maximize the net

output. To further establish its Pareto inefficiency, I consider a planner who maximizes a weighted sum of unemployed

workers’ value,33

max
𝑥(ℓ),𝑦(ℓ)

∫ 1

0

𝑎(𝑥(ℓ))𝜌𝑉𝑢(𝑥(ℓ), 𝑦(ℓ), ℓ)𝐿(ℓ) dℓ

subject to constraints in the original problem, where 𝑎(𝑥) denotes a weight for workers of 𝑥 such that
∫ 𝑥

𝑥
𝑎(𝑥) d𝑄𝑤(𝑥) = 1.

By substituting the expression for Π, which includes the profits of landowners, intermediaries, firms, and taxes collected

for unemployment benefits, and then rearranging the terms, I decompose the welfare into the net output and additional

components to leverage the previous results,

∫ 1

0

(𝑎(𝑥(ℓ))− 1)

(
𝑏𝑥(ℓ) +

𝛽𝜆(ℓ)

𝛿 + 𝛽𝜆(ℓ)
𝑥(ℓ)(𝑦(ℓ)− 𝑏)− ℎ̄𝑟(ℓ)

)
𝐿(ℓ) dℓ + 𝑌 − 𝐶,

where 𝑌 −𝐶 is the net output—the objective function of the original problem. I continue to impose 𝜌 → 0. If 𝑎(𝑥) = 1

for all 𝑥, the expression simplifies to 𝑌 − 𝐶, which implies that the utilitarian planner’s welfare coincides with net

33 I focus on the value of unemployed workers to align the planner’s problem with the problem of workers who select ℓ that
maximizes their unemployment values.
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output. For notational simplicity, I omit ℓ from this point onward. The Hamiltonian of this problem is given by

H𝑃 = H+ (𝑎 − 1)

(
𝑏𝑥 +

𝛽𝜆

𝛿 + 𝛽𝜆
𝑥(𝑦 − 𝑏)− ℎ̄𝑟

)
𝐿,

where H is the Hamiltonian of the original problem. The planner’s optimal choices satisfy the first-order conditions,

0 =
𝜕H
𝜕𝐿

+ (𝑎 − 1)

(
𝑏𝑥 +

𝛽𝜆

𝛿 + 𝛽𝜆
𝑥(𝑦 − 𝑏)− ℎ̄𝑟

)
, (𝐿)

𝜇′𝑤(ℓ) = −𝜕H
𝜕𝑥

− (𝑎 − 1)

(
𝑏 +

𝛽𝜆

𝛿 + 𝛽𝜆
(𝑦 − 𝑏)

)
𝐿 − 𝑎′

(
𝑏𝑥 +

𝛽𝜆

𝛿 + 𝛽𝜆
𝑥(𝑦 − 𝑏)− ℎ̄𝑟

)
𝐿, (𝑥)

0 =
𝜕H
𝜕𝑁

, (𝑁)

𝜇′𝑓 (ℓ) = −𝜕H
𝜕𝑦

− (𝑎 − 1)
𝛽𝜆

𝛿 + 𝛽𝜆
𝑥𝐿. (𝑦)

Differentiating (𝐿) and (𝑁) with respect to ℓ, and plugging in (𝑥) and (𝑦), respectively, I obtain the following results,

0 =
𝜕

𝜕ℓ

𝜕H
𝜕𝐿

+ (𝑎 − 1)𝑥
𝜕

𝜕ℓ

(
𝑏 +

𝛽𝜆

𝛿 + 𝛽𝜆
(𝑦 − 𝑏)

)
− 𝜕

𝜕ℓ
((𝑎 − 1)ℎ̄𝑟),

0 =
𝜕

𝜕ℓ

𝜕H
𝜕𝑁

− (𝑎 − 1)
𝛽𝜆

𝛿 + 𝛽𝜆
𝑥
𝐿

𝑁
𝑦′.

Multiplying the above equations by 𝐿 and 𝑁 , respectively, and summing them yields a modified version of (A.12),

ℎ̄2𝐶′′
𝑟 𝐿

′𝐿 + 𝐶′′
𝑣 𝑁

′𝑁 = −𝑎′ ℎ̄𝐶′
𝑟𝐿 + (𝑎 − 1)

(
𝛽𝜆𝛿

(𝛽𝜆 + 𝛿)2
𝜀𝜆

𝜃′

𝜃
𝑥(𝑦 − 𝑏)− ℎ̄2𝐶′′

𝑟 𝐿
′
)
𝐿.

In contrast to (A.12), this expression is not necessarily zero. The planner may prefer concentration in high ℓ while

reducing congestion in low ℓ, for example, if 𝑎′(𝑥(ℓ)) < 0, favoring low 𝑥 workers.

To complete the proof, I proceed by contradiction. Suppose that the decentralized equilibrium is Pareto efficient.

Observe that the first term in the parenthesis on the right-hand side is equal to the partial derivative of 𝜌𝑉𝑢(𝑥, 𝑦(ℓ), ℓ)

with respect to changes in market tightness. Substituting the workers’ first-order condition, 𝑓𝑤 = 0, yields

−(𝑎(𝑥(ℓ))− 1)
𝜕𝜌𝑉𝑢(𝑥(ℓ), 𝑦(ℓ), ℓ)

𝜕𝑦
𝑦′(ℓ)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

>0

− 𝑎′(𝑥)𝑥′(ℓ)ℎ̄𝑟(ℓ)𝐿(ℓ)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

>0

= 𝐿(ℓ)ℎ̄𝑟 ′(ℓ) + 𝑁(ℓ)𝑐′(ℓ) > 0.

From the previous results, the right-hand side is positive in equilibrium. If 𝑎(𝑥(ℓ))− 1 > 0, the equation can hold only

if 𝑎′(𝑥(ℓ)) < 0. Given that
∫
𝑥
𝑎(𝑥) d𝑄𝑤(𝑥) = 1, it follows that 𝑎(𝑥) = 1 for all 𝑥. Recall that under 𝑎(𝑥) = 1, the

objective function simplifies to net output, identical to that of the original problem. Therefore, the conditions satisfy

(A.12), and the right-hand side should be zero. Contradiction.
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Figure A.1. Population Density in a Finite-Type, Finite-Location Economy

A.5 Population Density

In this section, I consider population density in a discrete economy with a finite number of worker types and locations,

and then show that its formula converges to (1) as the numbers of types and locations grow to infinity. In a discrete

economy, population density is conventionally defined as a measure of workers per unit of land. Let 𝑚̄(ℓ|𝑥) be the

probability that a type 𝑥 worker chooses a location less than or equal to ℓ. For example, under a pure assignment 𝑥(ℓ),

𝑚̄(ℓ|𝑥(ℓ0)) = 1{ℓ ≥ ℓ0}. Note that, unlike the baseline, pure assignments in a discrete economy restrict population

density to match the probability mass function of each worker type. I focus on a weakly increasing allocation 𝑚̄(ℓ|𝑥),

which means that for any 𝑥′ < 𝑥′′, either 𝑚̄(ℓ|𝑥′) > 𝑚̄(ℓ|𝑥′′) or 𝑚̄(ℓ|𝑥′) = 𝑚̄(ℓ|𝑥′′) = 1.

Step 1 Consider an economy with a finite number of worker types and locations. Consider a finite number of worker

types {𝑥1, ..., 𝑥𝑀} with the CDF 𝑄𝑤 , with a positive measure for each type. Choose 𝑥 smaller than 𝑥1 with 𝑄𝑤(𝑥) = 0.

Also, let 𝑚̄(ℓ|𝑥) = 1 for all ℓ to simplify the notation.

Consider a finite number of locations {ℓ1, ..., ℓ𝑁}, where ℓ𝑛 = 𝑛/𝑁 . Assume that the land distribution is uniform

with total measure of one, i.e., the measure of land in each location ℓ𝑛 is given by ℓ𝑛 − ℓ𝑛−1. This assumption is without

loss of generality under ex ante homogeneous locations.

I introduce an auxiliary function and a sequence, 𝑄𝑤(·) and {𝑥𝑛}𝑛. First, define a (strictly) increasing 𝑄𝑤(·) on

[𝑥, 𝑥] such that (1) 𝑄𝑤(𝑥𝑖) = 𝑄𝑤(𝑥𝑖) for all 𝑖, and (2) linearly increasing in 𝑥 ∈ (𝑥𝑖−1, 𝑥𝑖) for all 𝑖. Next, for {𝑥𝑛}𝑛,

I first find 𝑗(𝑛) ≡ max{ 𝑗 |𝑚̄(ℓ𝑛|𝑥 𝑗) = 1}, i.e., the best type among workers who locate only in {ℓ1, ..., ℓ𝑛}. Then, I

define 𝑥𝑛 = 𝑥 𝑗(𝑛) + 𝑚̄(ℓ𝑛|𝑥 𝑗(𝑛)+1)(𝑥 𝑗(𝑛)+1 − 𝑥 𝑗(𝑛)). Figure A.1 provides an illustrative example of how 𝑄𝑤(·) and

{𝑥𝑛}𝑛 are related to their counterparts, 𝑄𝑤(·) and {𝑥𝑛}𝑛.

The total measure of workers in {ℓ1, ..., ℓ𝑛} equals 𝑄𝑤(𝑥𝑛), which comprises 𝑄𝑤(𝑥 𝑗(𝑛)), the measure of workers of

𝑥1, ..., 𝑥 𝑗(𝑛), and 𝑚̄(ℓ𝑛|𝑥 𝑗(𝑛)+1)(𝑄𝑤(𝑥 𝑗(𝑛)+1)−𝑄𝑤(𝑥 𝑗(𝑛))), a fraction of the measure of 𝑥 𝑗(𝑛)+1. Thus,
∑𝑛

𝑘=1 𝐿(ℓ𝑘) =

𝑄𝑤(𝑥𝑛), and in turn, population density equals

𝐿(ℓ𝑛) = 𝑀𝑤

𝑄𝑤(𝑥𝑛)−𝑄𝑤(𝑥𝑛−1)

ℓ𝑛 − ℓ𝑛−1

.
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Step 2 Let the number of worker types go to infinity, and the distribution of workers 𝑄𝑤 ∈ C is strictly increasing.

Then, 𝑄𝑤 = 𝑄𝑤 for all 𝑥 ∈ [𝑥, 𝑥]. Moreover, I can find the cutoff types 𝑥(ℓ𝑛) such that all workers of 𝑥 ≤ 𝑥(ℓ𝑛) choose

ℓ ≤ ℓ𝑛, and others choose ℓ > ℓ𝑛. In other words, workers of 𝑥 ∈ (𝑥(ℓ𝑖−1), 𝑥(ℓ𝑖)] sort into location ℓ𝑖 . By the continuity

of 𝑄𝑤(𝑥), 𝑥𝑛 = 𝑥 𝑗(𝑛) = 𝑥(ℓ𝑛), and population density becomes

𝐿(ℓ𝑛) = 𝑀𝑤

𝑄𝑤(𝑥(ℓ𝑛))−𝑄𝑤(𝑥(ℓ𝑛−1))

ℓ𝑛 − ℓ𝑛−1

= 𝑀𝑤

𝑄𝑤(𝑥(ℓ𝑛))−𝑄𝑤(𝑥(ℓ𝑛−1))

𝑥(ℓ𝑛)− 𝑥(ℓ𝑛−1)

𝑥(ℓ𝑛)− 𝑥(ℓ𝑛−1)

ℓ𝑛 − ℓ𝑛−1

.

Step 3 Let the number of locations go to infinity, so that ℓ is uniformly distributed on [0, 1]. As ℓ𝑛 − ℓ𝑛−1

converges to zero, two terms in 𝐿(ℓ𝑛) become derivatives, and the population density in the limit coincides with (1),

i.e., 𝐿(ℓ) = 𝑀𝑤𝑄
′
𝑤(𝑥(ℓ))𝑥

′(ℓ).

A.6 Neoclassical Local Labor Markets: Proof of Proposition 4

All assumptions from the baseline model are maintained, except that the labor market is now frictionless and competitive

in each location. Workers of productivity 𝑥 choose a location ℓ that maximizes 𝑤(𝑥, ℓ)− ℎ̄𝑟(ℓ). Firms of productivity 𝑦

choose a location ℓ that maximizes profits,𝑉 𝑣(𝑦, ℓ) = 𝑥(ℓ)𝑦−𝑤(𝑥(ℓ), ℓ)−𝑐(ℓ). Equilibrium wages 𝑤(𝑥, ℓ) in ℓ equate

the local demand and supply of type-𝑥 workers. I focus on a differentiable pure assignment equilibrium (𝑥(ℓ), 𝑦(ℓ)), in

which an assignment and wages are differentiable.

I first show that an equilibrium exhibits PAM. Consider two locations, ℓ′ and ℓ′′. The location choice of firms

implies that 𝑉 𝑣(𝑦(ℓ′′), ℓ′′) ≥ 𝑉 𝑣(𝑦(ℓ′′),′ ℓ) and 𝑉 𝑣(𝑦(ℓ′), ℓ′) ≥ 𝑉 𝑣(𝑦(ℓ′), ℓ′′). Combining two inequalities yields

𝑥(ℓ′′)(𝑦(ℓ′′)− 𝑦(ℓ′)) ≥ 𝑥(ℓ′)(𝑦(ℓ′′)− 𝑦(ℓ′)).

Thus, 𝑦(ℓ′′) > 𝑦(ℓ′) implies 𝑥(ℓ′′) > 𝑥(ℓ′). Without loss of generality, I assume both 𝑥(ℓ) and 𝑦(ℓ) are increasing in ℓ.

I focus on the case in which the total measures of workers and firms are the same, i.e., 𝑀𝑤 = 𝑀 𝑓 . First, worker

and firm densities in each ℓ should be equal in equilibrium, i.e., 𝐿(ℓ) = 𝑁(ℓ). To show by contradiction, assume that

there exists ℓ′ such that 𝐿(ℓ′) > 𝑁(ℓ′). Then, there must exist another ℓ′′ such that 𝐿(ℓ′′) < 𝑁(ℓ′′). If 𝐿(ℓ′) < 𝐿(ℓ′′),

then 𝑁(ℓ′′) > 𝑁(ℓ′), and firms in ℓ′′, that fail to hire workers, deviate to ℓ′, where overhead costs are lower and workers

are available. Conversely, if 𝐿(ℓ′) > 𝐿(ℓ′′), then unemployed workers in ℓ′ deviate to ℓ′′ with lower housing rents and

better employment opportunities.

Under (𝑥(ℓ), 𝑦(ℓ)), for local labor market clearing, it is optimal for firms of 𝑦(ℓ) to hire 𝑥(ℓ),

𝜕

𝜕𝑥
(𝑥𝑦(ℓ)− 𝑤(𝑥, ℓ)) = 0 ⇒ 𝑦(ℓ) =

𝜕𝑤(𝑥(ℓ), ℓ)

𝜕𝑥
. (A.20)
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Moreover, the firm sorting condition reads to

0 =
𝜕𝑥(ℓ)

𝜕ℓ
𝑦(ℓ)−

(
𝜕𝑤(𝑥(ℓ), ℓ)

𝜕𝑥

𝜕𝑥(ℓ)

𝜕ℓ
+

𝜕𝑤(𝑥, ℓ)

𝜕ℓ

)
− 𝑐′(ℓ)

=
𝜕𝑥(ℓ)

𝜕ℓ
𝑦(ℓ)−

(
𝑦(ℓ)

𝜕𝑥(ℓ)

𝜕ℓ
+ ℎ̄𝑟 ′(ℓ)

)
− 𝑐′(ℓ) = −(ℎ̄𝑟 ′(ℓ) + 𝑐′(ℓ)),

where I use (A.20) and the worker sorting condition, 𝜕𝑤(𝑥(ℓ),ℓ)
𝜕ℓ

= ℎ̄𝑟 ′(ℓ), in the second line. As 𝐿(ℓ) = 𝑁(ℓ), in

equilibrium, the signs of 𝑟 ′(ℓ) and 𝑐′(ℓ) must be the same, and thus 𝑟 ′(ℓ) should be zero for all ℓ. This implies that

population density is uniform across locations, i.e., 𝐿′(ℓ) = 0.

An equilibrium wage is given by

𝑤(𝑥(ℓ), ℓ) = 𝑤(𝑥, 0) +

∫ ℓ

0

(
𝜕𝑤(𝑥, ℓ)

𝜕𝑥

𝜕𝑥(ℓ)

𝜕ℓ
+

𝜕𝑤(𝑥, ℓ)

𝜕ℓ

)
dℓ = 𝑤(𝑥, 0) +

∫ 𝑥(ℓ)

𝑥

𝑦(𝑄−1
𝑤 (𝑥)) d𝑥,

where I use the change of variable 𝑥′(ℓ) dℓ = d𝑥 and 𝑄𝑤(𝑥(ℓ)) = ℓ. This wage is exactly the same as the wage of

the economy with a single integrated labor market. The presence of segregated local labor markets does not affect

equilibrium matching, wages, and profits. Given this observation, it follows that the equilibrium is efficient.

Finally, an equilibrium wage 𝑤(𝑥, ℓ) is unique, and it does not vary across ℓ. For a location ℓ to be the optimal

choice for a worker of 𝑥(ℓ) and a firm of 𝑦(ℓ), the following conditions must hold.

𝑤(𝑥(ℓ), ℓ)− 𝑟(ℓ) ≥ 𝑤(𝑥(ℓ), ℓ′)− 𝑟(ℓ′) ⇒ 𝑤(𝑥(ℓ), ℓ) ≥ 𝑤(𝑥(ℓ), ℓ′) ∀ℓ′,

𝑥(ℓ)𝑦(ℓ)− 𝑤(𝑥(ℓ), ℓ)− 𝑐(ℓ) ≥ 𝑥(ℓ)𝑦(ℓ)− 𝑤(𝑥(ℓ), ℓ′)− 𝑐(ℓ′) ⇒ 𝑤(𝑥(ℓ), ℓ) ≤ 𝑤(𝑥(ℓ), ℓ′) ∀ℓ′,

which together imply that 𝑤(𝑥(ℓ), ℓ) = 𝑤(𝑥(ℓ), ℓ′) for all ℓ, ℓ′.

A.7 Local Labor Market with Directed Search

In this section, I consider the directed (competitive) search model (e.g., Moen, 1997). In each local labor market,

workers and firms engage in directed search following Eeckhout and Kircher (2010). The key distinction from their

framework is that workers and firms first choose locations, then engage in search there. Upon choosing locations, both

workers and firms demand a unit of housing at local rents 𝑟(ℓ), prior to entering local labor markets. Unlike the baseline

model, I assume that workers and firms share a common local housing market.34

I focus on a differentiable pure assignment, (𝑥(ℓ), 𝑦(ℓ)). Let 𝑉𝑢(𝑥, 𝑦(ℓ), ℓ) and 𝑉 𝑣(𝑥(ℓ), 𝑦, ℓ) denote the values of

workers of productivity 𝑥 and firms of productivity 𝑦 from participating in the local labor market at location ℓ. For

further details on the labor market environment, see Eeckhout and Kircher (2010). The model is static, and if workers

34 This assumption ensures the efficiency of pure assignment. If not, the planner would prefer a non-pure assignment to equalize
worker and firm densities across space and thereby reduce congestion costs, while preserving the match between workers and firms.
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or firms fail to match, their value is zero. The value of ℓ to a worker and a firm, 𝑉𝑢(𝑥, ℓ) and 𝑉 𝑣(𝑦, ℓ), are given by the

labor market value net of housing rents,

𝑉𝑢(𝑥, ℓ) = 𝑉𝑢(𝑥, 𝑦(ℓ), ℓ)− 𝑟(ℓ) where 𝑉𝑢(𝑥, 𝑦(ℓ), ℓ) = max𝜆(𝜃)𝑤,

𝑉 𝑣(𝑦, ℓ) = 𝑉 𝑣(𝑥(ℓ), 𝑦, ℓ)− 𝑟(ℓ) where 𝑉 𝑣(𝑥(ℓ), 𝑦, ℓ) = max 𝑞(𝜃)( 𝑓 (𝑥, 𝑦)− 𝑤),

where 𝜃 denotes market tightness, 𝜆(𝜃) the job arrival rate, 𝑞(𝜃) the vacancy contact rate, 𝑤 the wage, and 𝑓 (𝑥, 𝑦) the

output.

Workers choose market tightness 𝜃(𝑥, ℓ) subject to 𝑉 𝑣(𝑥(ℓ), 𝑦(ℓ), ℓ) = 𝑞(𝜃(𝑥, ℓ))( 𝑓 (𝑥, 𝑦(ℓ)) − 𝑤(𝑥(ℓ), 𝑦(ℓ), ℓ)).

Substituting this condition into workers’ labor market value 𝑉𝑢(𝑥, 𝑦(ℓ), ℓ) yields the first-order condition,

max
𝜃

𝜆(𝜃(𝑥, ℓ)) 𝑓 (𝑥, 𝑦(ℓ))− 𝜃(𝑥, ℓ)𝑉 𝑣(𝑥(ℓ), 𝑦(ℓ), ℓ) ⇒ 𝜆′(𝜃(𝑥, ℓ)) 𝑓 (𝑥, 𝑦(ℓ)) = 𝑉 𝑣(𝑥(ℓ), 𝑦(ℓ), ℓ).

Similarly, firms choose 𝜃(𝑦, ℓ) subject to 𝑉𝑢(𝑥(ℓ), 𝑦(ℓ), ℓ) = 𝜆(𝜃(𝑦, ℓ))𝑤(𝑥(ℓ), 𝑦(ℓ), ℓ). Substituting into the firm’s

labor market value 𝑉 𝑣(𝑥(ℓ), 𝑦, ℓ), gives the following first-order condition,

max
𝜃

𝑞(𝜃)

(
𝑓 (𝑥(ℓ), 𝑦)− 𝑉𝑢(𝑥(ℓ), 𝑦(ℓ), ℓ)

𝜆(𝜃(𝑦, ℓ))

)
⇒ 𝑞′(𝜃(𝑦, ℓ)) 𝑓 (𝑥(ℓ), 𝑦) +

1

𝜃(𝑦, ℓ)2
𝑉𝑢(𝑥(ℓ), 𝑦(ℓ), ℓ) = 0.

The sorting conditions of workers and firms are given by

𝑟 ′(ℓ) = 𝜆(𝜃(𝑥(ℓ), ℓ)) 𝑓𝑦(𝑥(ℓ), 𝑦(ℓ))𝑦
′(ℓ)− 𝜃(𝑥(ℓ), ℓ)

𝜕

𝜕ℓ
𝑉 𝑣(𝑥(ℓ), 𝑦(ℓ), ℓ),

𝜃(𝑦(ℓ), ℓ)𝑟 ′(ℓ) = 𝜆(𝜃(𝑦(ℓ), ℓ)) 𝑓𝑥(𝑥(ℓ), 𝑦(ℓ))𝑥
′(ℓ)− 𝜕

𝜕ℓ
𝑉𝑢(𝑥(ℓ), 𝑦(ℓ), ℓ).

Summing these two expressions yields

𝑟 ′(ℓ) + 𝜃(ℓ)𝑟 ′(ℓ) = 𝜆(𝜃(ℓ))( 𝑓𝑥𝑥
′(ℓ) + 𝑓𝑦𝑦

′(ℓ))− (𝜃(ℓ)(𝑉 𝑣)′(ℓ) + (𝑉𝑢)′(ℓ)) = 𝜃′(ℓ)(𝑉 𝑣(ℓ)− 𝜆′(𝜃) 𝑓 (ℓ)) = 0,

where I simplify notation by indexing all equilibrium objects by ℓ. The first equality uses the two conditions for the

market tightness, which together imply that 𝜃(ℓ)𝑉 𝑣(ℓ) + 𝑉𝑢(ℓ) = 𝜆(ℓ) 𝑓 (𝑥(ℓ), 𝑦(ℓ)). Differentiating the both sides

with respect to ℓ, I obtain 𝜃′(ℓ)𝑉 𝑣(ℓ)− 𝜆′(𝜃)𝜃′(ℓ) 𝑓 (ℓ) = 𝜆(𝜃(ℓ))( 𝑓𝑥𝑥
′(ℓ) + 𝑓𝑦𝑦

′(ℓ))− 𝜃(ℓ)(𝑉 𝑣)′(ℓ)− (𝑉𝑢)′(ℓ). The

second equality follows from the first-order condition for 𝜃(𝑥, ℓ). From the above equation, it follows that 𝑟 ′(ℓ) = 0, and

thus workers and firms are uniformly distributed across space. That is, the equilibrium features no spatial congestion.

Since rents are uniform across space, the problem faced by workers and firms is identical to the one analyzed in

Eeckhout and Kircher (2010), where agents match in a nationwide labor market. Accordingly, the same condition
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guarantees PAM,

𝑓𝑥𝑦 𝑓

𝑓𝑥 𝑓𝑦
≥ sup

𝜃

𝜆′(𝜃)(𝜆′(𝜃)𝜃 − 𝜆(𝜃))

𝜃𝜆(𝜃)𝜆′′(𝜃)
. (A.21)

Moreover, the matching between workers and firms remains unchanged, and the efficiency result continues to hold. As

in Proposition 4, locations have no economic content even in the presence of search frictions as long as workers (firms)

can condition their search on firm (worker) types in each local labor market.

Proposition A.2. Suppose that (A.21) holds. If a differentiable pure assignment equilibrium exists, then the equilibrium

exhibits the following properties:

1 Positive assortative matching (PAM) between workers and firms arises across space: firm productivity 𝑦(ℓ)

increases in ℓ just like worker productivity 𝑥(ℓ).

2 Workers and firms are uniformly distributed across space.

3 The equilibrium is efficient. Moreover, matching between workers and firms, the wage of each worker type, and

the values of workers and firms from labor market are equal to those of an economy with a single, nationwide

labor market.

A.8 Model with Additional Sources of Productivity Heterogeneity: Proof of Proposition 5

Derivations. The derivations remain almost the same, except that the output function has an additional component

𝐴(ℓ). For example, the surplus of a match between a worker 𝑥(ℓ) and a firm 𝑦(ℓ) in location ℓ is given by

𝑆(𝑥(ℓ), 𝑦(ℓ), ℓ) =
1

𝜌 + 𝛽𝜆(ℓ) + (1− 𝛽)𝑞(ℓ)
(𝐴(ℓ)𝑦(ℓ)− 𝑏)𝑥(ℓ),

and wages are given by (12). The values of workers and firms choosing a location ℓ are given by

𝜌𝑉𝑢(𝑥, ℓ) = 𝑏𝑥 +
𝛽𝜆(ℓ)

𝜌 + 𝛽𝜆(ℓ)
(𝐴(ℓ)𝑦(ℓ)− 𝑏)

(
𝑥 − (1− 𝛽)𝑞(ℓ)

𝜌 + 𝛽𝜆 + (1− 𝛽)𝑞(ℓ)
𝑥(ℓ)

)
− ℎ̄𝑟(ℓ) + Π,

𝜌𝑉 𝑣(𝑦, ℓ) =
1

𝜌

(1− 𝛽)𝑞(ℓ)

𝜌 + (1− 𝛽)𝑞(ℓ)
𝑥(ℓ)

(
𝐴(ℓ)𝑦 − 𝑏 − 𝛽𝜆(ℓ)

𝜌 + 𝛽𝜆(ℓ) + (1− 𝛽)𝑞(ℓ)
(𝐴(ℓ)𝑦(ℓ)− 𝑏)

)
− 𝑐(ℓ).

Observe that all the above equations return to those in the baseline when 𝐴(ℓ) = 1.

Matching Cross-Sectional Moments. Given unemployment rates across regions {𝑢(ℓ)}, I infer local market tightness

and thus {𝜆(ℓ), 𝑞(ℓ)}. Furthermore, given population density 𝐿(ℓ), I can compute 𝑉(ℓ).

In the no sorting model, I calibrate 𝐴(ℓ) such that (12) aligns with the cross-sectional wage data. Then, I recover

𝑟(ℓ) = 𝐶′
𝑟(ℎ̄𝐿(ℓ)) and 𝑐(ℓ) = 𝐶′

𝑣(𝑁(ℓ)) that ensure the sorting conditions of workers and firms, which correspond to
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the equalization of their values across ℓ. The spillovers model can be treated analogously by finding 𝑥(ℓ) rather than

𝐴(ℓ).

Next, consider the one-sided sorting model. Suppose that housing rents 𝑟(ℓ) are observed. I then jointly identify

{𝑥(ℓ), 𝐴(ℓ)} as the solution to (12) and 𝜕
𝜕ℓ
𝑉𝑢(𝑥(ℓ), ℓ) = 0. I then determine 𝑐(ℓ) = 𝐶′

𝑣(𝑁(ℓ)) to satisfy the sorting

condition of firms. The two-sided sorting model can be calibrated analogously.

Planner problem. Focus on positive sorting among workers, firms, and locations, that is, 𝑥(ℓ), 𝑦(ℓ) and 𝐴(ℓ) are

increasing in ℓ. The Hamiltonian can be formulated as below,

H = (1− 𝑢(ℓ))𝑥(ℓ)𝑦(ℓ)𝐴(ℓ)𝐿(ℓ)− 𝐶𝑟(ℎ̄𝐿(ℓ))− 𝐶𝑣(𝑁(ℓ)) +
𝜇𝑤(ℓ)𝐿(ℓ)

𝑀𝑤𝑞𝑤(𝑥(ℓ))
+

𝜇 𝑓 (ℓ)𝑁(ℓ)

𝑀 𝑓 𝑞 𝑓 (𝑦(ℓ))
+ 𝜇𝑢(ℓ)

(
𝑢(ℓ)− 𝛿

𝛿 + 𝜆(𝜃(ℓ))

)
,

where I use the same notation as in Section A.4. First-order conditions are given by

0 = (1− 𝑢(ℓ))𝑥(ℓ)𝑦(ℓ)𝐴(ℓ)− ℎ̄𝐶′
𝑟(ℎ̄𝐿(ℓ)) +

𝜇𝑤(ℓ)

𝑀𝑤𝑞𝑤(𝑥(ℓ))
− 𝜇𝑢(ℓ)

𝜀𝜆(ℓ)

𝐿(ℓ)
𝑢(ℓ)(1− 𝑢(ℓ)), (𝐿)

𝜇′𝑤(ℓ) = −(1− 𝑢(ℓ))𝑦(ℓ)𝐴(ℓ)𝐿(ℓ)− (1− 𝑢(ℓ))𝑥(ℓ)𝑦(ℓ)
𝜕𝐴(ℓ)

𝜕𝑥
𝐿(ℓ) +

𝜇𝑤(ℓ)𝐿(ℓ)

𝑀𝑤𝑞
2
𝑤(𝑥(ℓ))

𝑞′𝑤(𝑥(ℓ)), (𝑥)

0 = −𝐶′
𝑣(𝑁(ℓ)) +

𝜇 𝑓 (ℓ)

𝑀 𝑓 𝑞 𝑓 (𝑦(ℓ))
+ 𝜇𝑢(ℓ)

𝜀𝜆(ℓ)

𝑁(ℓ)
𝑢(ℓ)(1− 𝑢(ℓ)), (𝑁)

𝜇′𝑓 (ℓ) = −(1− 𝑢(ℓ))𝑥(ℓ)𝐴(ℓ)𝐿(ℓ) +
𝜇 𝑓 (ℓ)𝑁(ℓ)

𝑀 𝑓 𝑞
2
𝑓 (𝑦(ℓ))

𝑞′𝑓 (𝑦(ℓ)), (y)

0 = −𝑥(ℓ)𝑦(ℓ)𝐴(ℓ)𝐿(ℓ) + 𝜇𝑢(ℓ)(1− 𝜀𝜆(ℓ)(1− 𝑢(ℓ))). (𝑢)

From now on, I omit ℓ for notational simplicity. Following the same step as in Section A.4, I obtain the below conditions:

ℎ̄2𝐶′′
𝑟 𝐿

′ =
(1− 𝜀𝜆)(1− 𝑢)

1− 𝜀𝜆(1− 𝑢)
𝑥(𝑦𝐴)′𝐴𝑥 − 𝜀𝜆(1− 𝑢)𝑢

1− 𝜀𝜆(1− 𝑢)

𝜕𝑥𝑦𝐴

𝜕𝑥
𝑥′ +

𝑢(1− 𝑢)𝑥𝑦𝐴

(1− 𝜀𝜆(1− 𝑢))2

(
(1− 𝜀𝜆)𝜀𝜆 −

𝜆′′

𝜆′
𝜃 + 𝜀𝜆 − 1

)
𝜃′

𝜃
,

𝐶′′
𝑣 (𝑁)𝑁

′ = − (1− 𝜀𝜆)(1− 𝑢)

1− 𝜀𝜆(1− 𝑢)
𝑥𝑦′𝐴

𝐿

𝑁
+

𝜀𝜆(1− 𝑢)𝑢

1− 𝜀𝜆(1− 𝑢)

𝐿

𝑁
(𝐴𝑥)′𝑦 − 𝑢(1− 𝑢)𝑥𝑦𝐴

(1− 𝜀𝜆(1− 𝑢))2

(
(1− 𝜀𝜆)𝜀𝜆 −

𝜆′′

𝜆′
𝜃 + 𝜀𝜆 − 1

)
𝐿

𝑁

𝜃′

𝜃
.

Combining the two conditions, I obtain the first equation that characterizes the optimal allocation,

(1− 𝑢(ℓ))𝑥(ℓ)𝑦(ℓ)𝐴′(ℓ)𝐴𝑥(𝑥(ℓ))𝐿(ℓ) = 𝐶′′
𝑟 (ℎ̄𝐿(ℓ))ℎ̄

2𝐿′(ℓ)𝐿(ℓ) + 𝐶′′
𝑣 (𝑁(ℓ))𝑁

′(ℓ)𝑁(ℓ). (A.22)

The planner allocates more workers and firms to higher-ℓ locations with higher exogenous location productivity 𝐴(ℓ).

In contrast, other factors, i.e., heterogeneity of workers and firms as well as agglomeration forces, do not depend on the

location of production, and hence, the planner spreads out workers and firms to avoid unnecessary congestion. Next,
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the second equation is given by

(
□+ 𝐶′′

𝑟 ℎ̄
2𝐿
)𝐿′

𝐿
−
(
□+ 𝐶′′

𝑣 𝑁
𝑁

𝐿

)
𝑁 ′

𝑁
=

1− 𝑢

1− 𝜀𝜆(1− 𝑢)

(
(1− 𝜀𝜆)𝑥𝑦

′𝐴 − 𝜀𝜆𝑢

(
𝑦𝐴 +

𝜕𝐴

𝜕𝑥

)
𝑥′
)
,

where □ = 𝑢(1−𝑢)
(1−𝜀𝜆(1−𝑢))3

(
𝜀𝜆(1− 𝜀𝜆)− 𝜆′′

𝜆′ 𝜃 + 𝜀𝜆 − 1

)
𝑥𝑦𝐴. The baseline intuition remains the same; the planner

increases 𝐿 relatively more than 𝑁 when firm heterogeneity 𝑦′ is significantly larger than that of workers 𝑥′.

Efficiency of the equilibrium. Derivations of the sorting conditions are explained in Section A.4. To avoid repetition,

I omit the intermediate steps and present the final expressions for 𝜌 close to zero,

𝐿ℎ̄𝑟 ′ =
𝛽𝜆

𝛿 + 𝛽𝜆
𝑥(𝐴𝑦)′𝐿 +

𝛿𝛽𝜆

(𝛿 + 𝛽𝜆)2
𝜀𝜆

𝜃′

𝜃
𝑥𝐴(𝑦 − 𝑏)𝐿,

𝑁𝑐′ =
𝑁(1− 𝛽)𝑞

𝛿 + 𝛽𝜆
(𝑥𝐴)′𝑦 − 𝛽𝜆

𝛿 + 𝛽𝜆
(1− 𝛽)(1− 𝑢)𝐴𝑥𝑦′𝐿 +

𝛿(1− 𝑢)(1− 𝛽)

𝛿 + 𝛽𝜆

(
𝛿

𝛿 + 𝛽𝜆
𝜀𝜆 − 1

)
𝜃′

𝜃
𝐴𝑥(𝑦 − 𝑏)𝐿.

To focus on the externalities arising from the sorting mechanism, I assume the Hosios condition 𝜀𝜆 = 1− 𝛽 and

zero unemployment benefit 𝑏 = 0. Comparing the sorting conditions and the planner’s solution yields the spatial

transfers:

𝑡𝑤(ℓ) = 𝑡0𝑤 −
∫ ℓ

0

(
𝜀𝜆(1− 𝑢)𝑢

1− 𝜀𝜆(1− 𝑢)
𝐴𝑦 + (1− 𝑢)

𝜕𝐴𝑥

𝜕𝑥
𝐴𝑦

)
𝑥′ d𝑡,

𝑡 𝑓 (ℓ) = 𝑡0𝑓 −
∫ ℓ

0

(1− 𝜀𝜆)(1− 𝑢)
𝐿

𝑁
𝐴𝑥𝑦′ d𝑡.

where 𝑡0𝑤 and 𝑡0𝑓 are constants that ensure the government budget balance. All functions are evaluated at the optimal

assignment. These transfers are consistent with those derived in Section 3.2. In addition to 𝑡𝑤(ℓ) in the baseline, the

second term in parentheses corrects externalities of workers on local TFP through spillovers. In addition, the transfers

not only depend on 𝑥 and 𝑦, but also on 𝐴.

B. Empirical Evidence of Two-Sided Sorting

B.1 Additional Results

I conduct a robustness check by regressing changes in the fixed effects of existing jobs, which are jobs operated in both

periods, ∆ log 𝑦old(ℓ). If an increase in worker productivity were to raise the productivity of both new and existing

jobs equally, it would suggest that the observed effects are primarily driven by location-specific factors. I present the

results in Table A.1, following the same specifications except that Column (5) is omitted. None of the coefficients is

statistically significant, and all are close to zero. This stark contrast with the findings in Table 1 indicates that firm
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Table A.1: The Changes in the Productivity of Existing Jobs to Changes in Worker Sorting

OLS IV IV IV
(1) (2) (3) (4)

∆ log 𝑥(ℓ) 0.012 0.155 0.094 −0.027

(0.040) (0.132) (0.128) (0.195)
Industry controls ✓
Geography controls ✓

2SLS FIRST-STAGE ESTIMATES

∆ log 𝑥IV(ℓ) 0.606 0.619 0.677

(0.185) (0.181) (0.342)

Notes: 𝑁 = 257. Robust standard errors are shown in parentheses.
Columns (2)-(5) in the top panel report second-stage estimates, with
the dependent variable equal to the change in firm fixed effects of
existing jobs, between 2003-2009 and 2010-2016. All regressions
include firm fixed effects and unemployment rates in the first period.
First-stage regressions in the bottom panel include the same controls
as the corresponding second-stage specification in the top panel.
Each observation is weighted by the number of workers. In Col-
umn (3), firm fixed effects are residualized with respect to one-digit
industry fixed effects. In Column (4), flows to or from locations
within 100 km are excluded when constructing ∆ log 𝑥(ℓ) and its
instrument.

sorting is the main channel behind the earlier results. Going a step further, the near-zero coefficients indicate that

instrumented changes in worker productivity are uncorrelated with location-specific shocks, thereby confirming the

validity of my instrument.
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