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1 Introduction

Risk is a central feature of weather and climate patterns. Even with all the advances in

weather and climate forecasting, there is substantial uncertainty about how many storms

will hit Miami next year or about how extreme and frequent heat waves will be in Hous-

ton. This uncertainty is further aggravated by climate change and the uncertainty about

the resulting global long-term temperature paths, due to geoscientific and policy uncer-

tainties. The consequences of the local and aggregate risk embedded in the evolution

of the world’s climate are a central feature of the impact of climate change at the local,

country-wide, and global levels. In this paper, we study the economic implications of

climate risk in the United States over time and across space.

Faced with climate risk, households and businesses will not wait passively for it to

resolve, but instead take preemptive actions to adapt as best they can. By moving out of

high-risk locations and redeploying capital in low-risk locations, workers and investors

may limit their exposure to climate change risk more than if they were confined to staying

in place. How does climate change risk reshape economic activity when workers and

capital can reallocate across space?

In this paper, we answer this question by developing a dynamic spatial model of

the United States economy with local and aggregate climate risk. We use a fine spatial

resolution at the 3,143-county level to capture climate change impacts and adaptation.

Our framework incorporates costly forward-looking migration, capital investment deci-

sions, and multiple dimensions of risk: local realizations of damaging extreme weather

and aggregate warming paths are both uncertain. The analysis remains computationally

tractable despite aggregate risk in warming trajectories and the high-dimensional state

space by leveraging the ‘Master Equation’ representation of the economy. We estimate

structural elasticities and damage functions by matching reduced-form estimates linking

population, income, and investment to coastal storms and heat waves. Counterfactual

exercises indicate that, in the U.S., changes in local risk due to climate change are an or-

der of magnitude larger than the effect of aggregate risk, and substantially amplify the

impact of climate change relative to a deterministic scenario.

Our starting point is a framework with forward-looking dynamic migration and in-
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vestment decisions at a high level of spatial resolution as in Bilal and Rossi-Hansberg

(2025). As in Caliendo et al. (2019), forward-looking risk-averse workers decide where

to live and work. They earn an equilibrium wage in their location, which they use to

consume and lease housing at equilibrium rents. They receive random preference shocks

for locations that motivate them to migrate, subject to bilateral migration costs. We en-

rich this environment along several dimensions. As in Kleinman et al. (2023), risk-averse

local capitalists own the capital stock in the location where they live and face a dynamic

consumption-investment decision that accounts for the future expected path of the econ-

omy and its climate. Capitalists rent out their capital stock to developers who use it to

produce housing and commercial structures. Local firms produce consumption goods

using labor and commercial structures. The evolution of the local paths of capital de-

preciation rates, productivities, and amenities depends on climate change with hetero-

geneous local exposures: as global mean temperatures rise, the frequency of storms and

heat waves changes over time.

We introduce aggregate and local risk in this environment. The path of global mean

temperature is not known with certainty. Instead, it is subject to aggregate shocks. Thus,

local capital depreciation rates, productivities, and amenities fluctuate in tandem with

aggregate shocks. In addition, we allow local exposures of capital depreciation rates,

productivities, and amenities themselves to be risky. This local risk reflects idiosyncratic

realizations of rare weather extremes. Local risk in capital depreciation generates local

risk premia relative to an economy in which capital is a safe asset.1

The resulting environment is a heterogeneous agent framework with a high-dimensional

state space—population and capital in every county—rich interdependencies between de-

cisions and prices in all locations, and aggregate risk. To make progress, we leverage the

‘Master Equation’ methodology from Bilal (2023). Specifically, we use the ‘Second-order

Approximation to the Master Equation’ (SAME), which consists of an analytic second-

order perturbation around a long-run deterministic steady-state. It allows us to solve

efficiently for quantitative general equilibrium counterfactuals in heterogeneous agent

models and capture the effects of aggregate risk, by solving a simple set of matrix and

1In future drafts, we plan to incorporate two additional components of local risk: scientific uncertainty
in how storms and heat waves change, location by location, and estimation uncertainty in climate impacts.
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three-dimensional tensor Sylvester equations.

Equipped with our solution method, which allows us to compute an equilibrium of

the model quickly, we estimate the central parameters of our framework: the migration

elasticity, capitalist risk-aversion, which controls the investment elasticity, and the dam-

age functions that map global temperature changes into local changes in capital depre-

ciation rates, productivity, and amenities. We use the storm and heat wave probability

data for each county collected in Bilal and Rossi-Hansberg (2025). Specifically, we mea-

sure how their frequency changes with global mean temperature in each county. We also

obtain reduced-form estimates of these weather extremes on population, income, and in-

vestment from Bilal and Rossi-Hansberg (2025), with the associated standard errors. We

obtain expert elicitations of the distribution of global mean temperature paths for the next

century from the Intergovernmental Panel on Climate Change (IPCC).

We target the reduced-form impulse response functions to quantify our framework.

We jointly estimate the migration elasticity and capitalist risk aversion, along with the

magnitude of shocks corresponding to a single extreme event realization. Given a guess

for the migration elasticity and capitalist risk aversion, and a standard calibration of the

rest of the model parameters, we can invert the model in steady state and obtain all the

local characteristics, including local productivities, amenities, and the level of local capital

investment costs.

We then leverage a key property of the SAME: impulse response functions are quadratic

in the magnitude of shocks. Therefore, conditional on the two elasticities, it suffices to

evaluate two impulse response functions for the target outcomes per extreme event—

investment for storms and income per capita for heat waves—and compare them with

the data. The magnitude of the underlying capital depreciation or productivity shock

then solves a standard scalar quadratic equation. This observation sidesteps an addi-

tional numerical search over the magnitude of the shocks.

Next, we estimate the migration elasticity and capital risk-aversion with a method of

simulated moments in an outer loop. We target the relative impulse response functions

of employment and income to heat waves, and the relative impulse response function of

investment to income to storms. We leverage the computational efficiency of our solution

method to propose global identification guarantees.

3



Storms and heat waves have large effects on capital depreciation, productivity, and

amenities. Through the lens of our model, storms generate a 12% capital depreciation

shock, while heat waves generate a 2.5% productivity shock together with a 2.4% amenity

shock.2 The resulting structural damage functions imply that the southeastern Atlantic

coast should expect a 1 to 3 p.p. increase in the annual capital depreciation rate for ev-

ery 1°C increase in global mean temperatures because of rising storm activity. Southern

Florida should expect a 5% reduction in productivity, and a 1.6% reduction in amenities,

for every 1°C increase in global mean temperature.

We are left with converting our estimates of the impact of a single extreme event into

a damage function that maps global mean temperature to productivity, amenity, and cap-

ital depreciation losses. We interact damages from a given event with changes in the em-

pirical probability of that event for each location in response to changes in temperature

to obtain the average effect of rising temperature. We combine the same objects to con-

struct how local volatilities in capital depreciation, productivity, and amenities depend

on global mean temperature.

We use the quantified model to evaluate the social cost of climate change risk in the

U.S. economy. Our first exercise isolates the role of local and aggregate risk associated

with climate change by removing level effects in temperatures. For now, we focus on

capital depreciation risk, but we will incorporate productivity and amenity risk in the

future.

Capital depreciation risk due to coastal storms reduces the value of capital on the

southeastern Atlantic coast of the United States. A precautionary motive partly offsets

this reduction in the value of capital, leading to rising capital stocks on the coast. Workers

respond to higher capital stocks by moving in, thereby increasing the overall exposure of

the economy to climate risk. On net, local capitalists in these regions lose from rising local

risk. They lose up to 25% in consumption-equivalent welfare terms for changes in local

risk corresponding to two degrees Celsius of long-run warming. Workers benefit by up

to 0.3% from changes in local capital depreciation risk because of the precautionary effect

and rising capital stocks.

2We obtain a lower capital depreciation effect than Bilal and Rossi-Hansberg (2025) because capitalists
are risk-averse instead of risk-neutral but do not face adjustment costs.
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Aggregate capital depreciation risk due to uncertainty in long-run warming has the

opposite effect and is weaker in magnitude. To understand this result, recall that local

risk from idiosyncratic extreme weather realizations surprises capitalists. Thus, they can-

not react to it on impact, leading to their precautionary savings response. In contrast,

aggregate risk due to long-run warming uncertainty leads to persistent deviations in cap-

ital returns around their mean. Capitalists can then intertemporally arbitrage these return

differentials to their advantage, by investing more if warming is less severe than expected

and consuming more otherwise. This leads to a convex return function that can yield ben-

efits from aggregate risk. Thus, capitalists consume more, accumulate less capital, and

benefit from aggregate risk relative to local risk.

Workers do not benefit similarly from aggregate warming risk for two reasons. First,

they dislike lower capital stocks. Second, they cannot arbitrage intertemporally as easily

as capitalists. Migration decisions are infrequent and subject to bilateral migration fric-

tions. Thus, workers on the southeastern Atlantic coast lose up to 0.6% due to aggregate

capital depreciation risk. In preliminary results, we find that these losses grow moder-

ately larger once we incorporate productivity and amenity risk.

Our second exercise compares the magnitude of welfare losses from a median climate

change scenario—a gradual increase of global mean temperature from 1°C to 4°C above

pre-industrial levels by 2100, consistent with the IPCC’s business-as-usual scenario—with

the associated cost of risk.

We find that local risk substantially magnifies aggregate welfare losses for capital-

ists early in the transition. Deterministic warming creates winners and losers among

capitalists by pushing workers out of the Southeast and into the rest of the U.S. These

gains and losses partly offset initially. By contrast, local risk—uncertain extreme weather

realizations—leads to less migration because of the precautionary savings effect, which

retains workers on the coast and thus generates fewer winners among capitalists. Quanti-

tatively, local risk unambiguously magnifies aggregate capitalist welfare losses from less

than 1% to over 5%. By the end of the century, deterministic warming leads to aggregate

capitalist losses of just under 20%, while local risk adds an additional 8%.

Perhaps surprisingly, aggregate climate change risk—uncertain warming trajectories—

appears to have negligible aggregate welfare effects relative to local risk. This is partly
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due to the real-option nature of capital returns. It is also due to the fact that aggregate

climate change risk is intermediated by the expected capital depreciation rate due to

warming, which is bounded by the relatively low baseline hazard of extreme weather.

By contrast, local risk directly changes the hazard of extreme weather realizations. There-

fore, aggregate risk is always quantitatively less important than local risk as long as the

hazard of extreme weather remains low, as in our counterfactuals.

The methodology that allows us to reach these conclusions is related to the literature

on mean-field games. Together, the elements of our framework constitute a heterogeneous-

agent environment with aggregate shocks, in which the full distribution of workers and

capital across counties matters for the economy’s evolution. Standard solution methods

are not well-suited for the dimensionality of this framework. To make progress, we lever-

age the ‘Master Equation’ representation of the economy (Bilal, 2023), itself introduced in

the mathematics of mean field games literature (Cardaliaguet et al., 2019): the state space

representation of our framework in which the distribution is a state variable. We take

analytic Second-order Approximations of the Master Equation in aggregate temperature

shocks and in the underlying distribution around the final deterministic steady-state to

obtain low-dimensional Bellman equations for the directional derivatives of individual

value functions with respect to the underlying distribution and aggregate shocks.3

Our paper is also related to the literature on dynamic spatial models (Desmet et al.,

2018; Caliendo et al., 2019; Kleinman et al., 2023), an active part of which focuses on

climate change (Desmet and Rossi-Hansberg, 2015; Desmet et al., 2021; Cruz and Rossi-

Hansberg, 2023; Conte et al., 2022; Cruz, 2021; Balboni, 2021; Bilal and Rossi-Hansberg,

2025). Relative to these papers that focus on perfect foresight transitions or first-order

perturbations that feature certainty equivalence, our methodology allows us to introduce

aggregate and local risk and compute counterfactuals at a high level of spatial resolution.

Our computation method also lets us estimate the two key elasticities, the climate damage

3Sequence-space first-order perturbation approaches as in Auclert et al. (2021) and Bilal and Goyal
(2025) are not well-suited for our purposes: they stop at first order and thus abstract from risk. In addi-
tion, it can be a challenge to even construct and store the Jacobian in a spatial framework with complex
interdependencies. A parallel and nascent literature uses neural networks to propose global solutions (Sun,
2025). While this approach sidesteps perturbations, it necessarily relies on functional form extrapolation
and lacks convergence guarantees given the challenges associated with training the network on an infinite-
dimensional state space.
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functions, local and aggregate risk exposures, by precisely matching the model results

with empirical reduced-form local responses.

Of course, the main contribution of our paper is to evaluate the economic losses from

climate change risk at the aggregate and local levels, accounting for the economy’s abil-

ity to adapt by reallocating activity across space. An active literature assesses the role of

climate change risk in representative agent models (Weitzman, 2009; Weitzman, 2014; Cai

and Lontzek, 2019; Barnett et al., 2020; Bremer and Ploeg, 2021; Olijslagers and Wijnber-

gen, 2024). By contrast, our methodology enables us to introduce a fine level of spatial

disaggregation into our framework, thereby accounting for adaptation and connecting

our damage functions and risk exposure to the data. Sun (2025) is perhaps the only pa-

per that shares our focus on risk in a spatial economy, but does not study the relative

importance of aggregate and local risk.

The rest of this paper is organized as follows. Section 2 outlines the framework. Sec-

tion 3 describes our solution method. Section 4 details our quantification. Section 5

presents our results. Section 6 concludes.

2 A Dynamic Spatial Framework with Local and Aggregate

Risk

This section presents the setup of our dynamic spatial model with aggregate and local

risk. We model an economy with many locations and two types of agents: workers and

capitalists. Workers can move subject to mobility costs and earn a wage, which they

consume each period. Capitalists are fixed in a location, earn returns on their risky capital

investments, and face a dynamic consumption-savings decision.

2.1 Agents and preferences

There is a unit mass of infinitely-lived workers who choose in which location i ∈ {1, ..., I}
to live. Workers have Constant Relative Risk Aversion (CRRA) preferences u(Cit) =
C1−γ

it −1
1−γ . Cit denotes a Cobb-Douglas aggregator of amenities in the worker’s current res-

idential location, Ait, a freely traded final good, cit, used as the numeraire, and housing,
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hit. Namely, Cit = Ait

(
cit

1−β

)1−β ( hit
β

)β
, where β denotes the share of housing in expen-

diture. Workers discount the future at rate ρ. Workers are allowed to move at rate µ,

in which case they draw extreme-value distributed idiosyncratic preference shocks for

potential destinations, with dispersion parameter ν. If they move, they pay a bilateral

moving cost τij. We define the long-run (Ai) and time-varying (ait) components of ameni-

ties in location i as Ait = Aieait .

Each location is populated by a unit measure of capitalists. They are immobile and

have CRRA preferences ucap(C) = C1−ζ−1
1−ζ over the final consumption good, with a possi-

bly different risk-aversion parameter ζ from workers. They do not consume housing.

2.2 Technology

Workers in location i are employed by a representative firm that produces the final good

using commercial structures and labor and faces constant returns to scale. Locations are

endowed with a local productivity Zit and a local stock of land Li. A representative firm

is endowed with a production function for the final good given by Yit = ZitSα
it(NP

it )
1−α,

where Sit denotes local commercial structures and NP
it the local number of workers em-

ployed in final good production. We denote by Nit the total number of workers in location

i at time t. We define the long-run (Zi) and time-varying (χit) components of productivity

as Zit ≡ Zieχit .

In every location, there is an equilibrium capital stock Kit. Capital can be combined

with land Li and construction labor NB
it to produce buildings Bit according to the produc-

tion function Bit = Lω
i (NB

it )
ϖK1−ω−ϖ

it . Buildings Bit can be costlessly repurposed between

residential housing and commercial structures, so that Bit = Sit + Hit. Denote by rit the

common rental rate of buildings to firms and workers. Land rents are aggregated into a

national portfolio and rebated to workers in proportion to their wages.

Capitalists decide how much to invest in their location. Their only financial asset is

their own capital stock, which is not mobile across locations. We denote by Rit the return

on a unit of capital. The local capital stock depreciates by d∆it over a time interval of
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length dt, where:

d∆it = ∆itdt + ΣitdWit, (1)

and dWit is a standard Brownian motion. In our baseline, we assume it is i.i.d. across

locations, but plan to incorporate spatial correlation in the future. We define the long-run

(∆i) and time-varying (δit) components of the average capital depreciation rate by ∆it ≡
∆i + δit. While our Brownian motion specification remains agnostic at this stage, it also

corresponds to the capital depreciation process that arises when infrequent storms occur

at some hazard rate and destroy part of the capital stock. We detail this microfoundation

in Appendix C, as it guides our estimation strategy.

2.3 Climate change

The path of global mean temperatures, Tt, is exogenous. Going forward, the vast majority

of carbon emissions is expected to stem from developing economies and is thus largely

exogenous to U.S. economic activity. Global mean temperatures, measured relative to a

baseline level TB—for instance, the pre-industrial level—satisfy: Tt − TB = ϵ
(
σtzt + Tt

)
.

The path Tt is deterministic and corresponds to a central climate scenario. The station-

ary stochastic process zt captures uncertainty around the central warming scenario. We

denote byA(z) its infinitesimal generator, the continuous-time equivalent of its transition

matrix. We later assume that z follows a continuous-time AR(1) process dzt = −θzt + dWt.

In this case, the operator A(z) is given by: A(z)[V] = −θz ∂V
∂z + 1

2
∂2V
∂z2 . The deterministic

path σt scales the shock and encapsulates the amount of uncertainty in future carbon

emissions. For instance, when σt is constant, the ex-ante variance of global temperature

around its deterministic path is constant over time. When σt scales with Tt, the variance

of global temperature increases proportionally with the level of temperature itself. ϵ is a

scaling factor used to define the second-order approximation in our solution method.

Local productivity χit, amenities ait, average capital depreciation δit and capital depre-

ciation volatility Σit depend on time through the path of global mean temperatures. We
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parameterize these shifters through the following functions:

χit = χi

(
Tt − TB

)
ait = ai

(
Tt − TB

)
δit = δi

(
Tt − TB

)
Σit = Σi

(
Tt − TB

)
, (2)

where χi(0) = ai(0) = δi(0). By contrast, Σi(0) > 0 as we allow for volatility in our

baseline equilibrium.

We specify these damage functions as follows and without loss of generality given our

solution method:

χi(T) = χiT +
χi2T2

2
ai(T) = aiT +

ai2T2

2

δi(T) = δiT +
δi2T2

2
Σi(T) = ϵΣi

√
ϑi + T, (3)

where the microfoundation for the capital depreciation process in Appendix C indicates

that we must include the additional ϵ in the definition of Σi and that excess temperatures

enter inside a square root. ϑi > 0 denotes baseline volatility absent any warming. The re-

strictions from the microfoundation ensure that local risk is a second-order contribution.

2.4 Static equilibrium

We turn to the static equilibrium of our framework. The maximization problem of firms

implies that the wage wit in location i satisfies the firm’s first-order condition wit = (1−
α)Zit(Sit/NP

it )
α. Similarly, the rental rate for structures satisfies rit = αZit(Sit/NP

it )
−(1−α),

since depreciation is not covered by the users of buildings. The optimal choice of labor

in building production implies ϖritBit/NB
it = wit. Local demand for housing by workers

implies that βwitNit = ritHit.

We determine equilibrium prices and quantities as functions of the local capital stock

Kit and local number of workers Nit. We show that labor is allocated to goods and build-

ings production in constant shares: NP
it = xNit and Hit = yBit, where x, y are combina-

tions of parameters described in equation (19), Appendix A.1. Using these shares and

the production function of buildings, the wage and the rental rate of buildings become:
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wit = wi0ZitLωα
i (K1−ω−ϖ

it Nϖ−1
it )α and rit = ri0ZitL

−ω(1−α)
i (K1−ω−ϖ

it Nϖ−1
it )−(1−α), where

wi0, ri0 are combinations of parameters and local fundamentals expressed in Appendix

A.1.

Profit maximization by developers implies that the rental rate of capital satisfies: Rit =

R0ieχit K−ϕ
it Nψ

it ≡ Ri(χit, Kit, Nit), where R0i is a location-specific constant that depends on

the permanent component of productivity and available land, and ϕ and ψ are combina-

tions of parameters detailed in Appendix A.1.

We can now solve for consumption given prices. Consumption by workers in location

i is equal to the real wage. It satisfies cit = wit/rβ
it = c0ie(1−β)χit

(
K1−ω−ϖ

it /N1−ϖ
it

)ξ
,

where c0i is a location-specific constant, and ξ a combination of parameters detailed in

Appendix A.1. Finally, flow utility of workers in location i at time t is u
(

Aitwit/rβ
it

)
=

u
(

C0ieait+(1−β)χit
(

K1−ω−ϖ
it /N1−ϖ

it

)ξ
)
≡ Ui(ait, χit, Kit, Nit), where C0i ≡ Aic0i.

2.5 Migration decisions

Workers solve a forward-looking dynamic migration decision problem. We denote by Vit

the value of being located in i at time t. Vit satisfies the Hamilton-Jacobi-Bellman (HJB)

equation given by

ρVit = Ui(ait, χit, Kit, Nit) + µ

{
1
ν

log

(
∑

j
eν(Vjt−τij)

)
−Vit

}
+

E[dVit]

dt
, (4)

where we used standard discrete choice results. The second term on the left-hand side

represents the continuation value from migration, which we denote byMi[V]. Namely,

Mi[V] ≡ µ

{
1
ν

log

(
∑

j
eν(Vjt−τij)

)
−Vit

}
.

The last term in the worker’s HJB equation represents the continuation value from changes

in the aggregate state, where the notation d denotes the time increment due to changes

in aggregates only and not due to individual migration. Standard discrete choice results
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then imply migration shares as a function of the vector of values Vt given by

mij(Vt) =
eν(Vjt−τij)

∑k eν(Vkt−τik)
. (5)

The population distribution evolves according to the Kolmogorov Forward (KF) equation

dNit

dt
= µ

(
∑
k

mki(Vt)Nkt − Nit

)
≡ µ

((
m∗(Vt)− Id

)
Nt

)
i
, (6)

where (·)i denotes the ith entry of the vector inside the parenthesis. In equation (6), m

denotes the matrix of migration shares mij(Vt). m∗ denotes the matrix transpose of the

matrix m. We also denote by M∗(V) = µ
(
m∗(V) − Id

)
a matrix that collects migration

shares and the identity matrix, so that (6) becomes, in matrix notation, dNt
dt = M∗(V)Nt.

We denote M(V) = µ(m(V)− Id)) the transpose of M∗(V) for future reference.

2.6 Investment decisions

Capitalists solve a forward-looking dynamic investment decision problem. We denote

Pit(K) the value of being located in i at time t and holding K units of local capital. The

level of capital evolves according to the law of motion:

dKit = (Iit − ∆itKit)dt− ΣitKitdWit, (7)

where Iit denotes local investment. The capitalist budget constraint is Cit + Iit = RitKit.

The capitalist HJB equation is then

ρPit(K) = max
C

C1−ζ − 1
1− ζ

+ [(Rit − ∆it)K− C]
∂Pit

∂K
+

Σ2
itK

2

2
∂2Pit

∂K2 + Et

[
dPit

dt

]
,

The first term in the capitalist HJB is the flow utility from consumption. The second term

is the continuation value from net investment. Net investment is given by returns on

capital, minus expenditures on average capital depreciation and consumption. Net in-

vestment is valued at the marginal value ∂Pit
∂K . The third term represents the continuation

value from capital depreciation risk. It depends on the local variance of capital deprecia-
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tion Σ2
itK

2 and is valued through the concavity of the value function ∂2Pit
∂K2 . The final term

in the capitalists’ HJB is the continuation value from changes in the aggregate state.

We show in Appendix A.2 that Pit(K) =
QitK1−ζ−1/ρ

1−ζ , where Qit satisfies

ρQit = Q1−1/ζ
it + (1− ζ)

[
Rit − ∆it −Q−1/ζ

it −
ζΣ2

it
2

]
Qit + Et

[
dQit

dt

]
. (8)

While not strictly necessary for our solution method, this expression simplifies exposition

and allows us to work with the value of capital Qit rather than with the entire value

function Pit(K). Finally, investment decisions satisfy Iit =
(

Rit −Q−1/ζ
it

)
Kit.

For numerical accuracy, we will use log capital Kit = log Kit in our solution method.

The KF equation for log capital is given by

dKit =

(
Rit −Q−1/ζ

it − ∆it −
Σ2

it
2

)
dt− ΣitdWit. (9)

We denote by Et

[
dKit

dt

]
= Rit − Q−1/ζ

it − ∆it −
Σ2

it
2 the drift of log capital for future refer-

ence.

2.7 Deterministic Steady-state

In the deterministic steady-state at baseline temperatures, ϵ = 0. All time derivatives are

equal to zero. The HJB equation of workers (4) and capitalist capitalists (8) become

ρVss
i = Ui(0, 0, Kss

i , Nss
i ) +Mi[Vss], and Qss

i = ρ−ζ . (10)

The steady-state population distribution Nss = {Nss
i }i and capital distribution Kss =

{Kss
i }i satisfy

0 = M∗(Vss)Nss, and Rss
i = ρ + ∆i. (11)

Appendix B describes a simple algorithm to solve for the steady-state that leverages equa-

tions (10)-(11).
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3 Solution Method

3.1 Strategy

Our economy is a dynamic general equilibrium economy in which the distributions of

workers Nt = {Nit}i and capital Kt = {Kit}i are aggregate state variables that determine

local prices. The distribution of workers and capital evolves slowly according to the laws

of motions (6) and (9). These laws of motion in turn depend on the values of workers

given by the HJB equations (4) and (8). We solve this dynamic fixed point problem by

leveraging the ‘Master Equation’ representation of the economy.

The Master Equation approach is structured in two steps. In the first step, we merge

the individual decision problems with the laws of motion of the population and capital

distributions into a single Bellman equation: the Master Equation. The Master Equation

is a state-space representation of the equilibrium. The second step consists in taking a

local perturbation of the Master Equation in the scale parameter ϵ around a deterministic

steady-state of the economy.

3.2 The Master Equation

We start with the Master Equation for workers. We combine the HJB equation (4) with the

laws of motion (6) and (9) and use a simple change of variables. We index value functions

by the population and capital distributions instead of calendar time alone. The core idea

is that the population and capital distributions are no more than large-dimensional state

variables from the perspective of any given worker. Of course, we need to keep calendar

time as a separate index because of climate change embedded in the deterministic path

Tt.

Specifically, we change variables by writing Vit = Vit(zt, Nt,Kt) and Qit = Qit(zt, Nt,Kt),

where now the time subscript t only captures dependence on deterministic temperature.

Recall that Nt = {Nit}i denotes the vector of population across locations at time t, and

Kt = {Kit}i similarly denotes the log capital distribution. Using this change of variables,

we use the chain rule to express the continuation value from changes in aggregate states
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as

Eit

[
dVit

dt

]
=

∂Vit

∂t︸︷︷︸
change

in Tt

+A(zt)[Vit]︸ ︷︷ ︸
change in zt

+∑
j

∂Vit

∂Njt

dNjt

dt︸ ︷︷ ︸
change in Nt:

chain rule

+∑
j

∂Vit

∂Kj
Et

[
dKjt

dt

]
︸ ︷︷ ︸

mean change in Kt:
and chain rule

+
1
2 ∑

j

∂2Vit

∂Kj
Σ2

jt︸ ︷︷ ︸
volatility in Kt:

chain rule
+ Ito correction

, (12)

The last three components of (12) encode how workers’ values change with the popula-

tion and capital distributions across locations. When workers reallocate across locations

in equilibrium or when the distribution of capital shifts in equilibrium, the distribution

of local wages, building rental rates, and capital rental rates changes. These changes in

these three price distributions affect residents of location i.

Importantly, the continuation value from changes in the capital distribution contains

two components. The first component captures how expected change in (log) capital Kjt

across all locations j affect the value function of residents of location i, and therefore de-

pends on the expected change in log capital Et

[
dKjt

dt

]
= Rit − Q−1/ζ

it − ∆it −
Σ2

it
2 . The

second component captures how residents of location i value capital depreciation volatil-

ity in all locations j. This component therefore depends on the local variance of the local

log capital process Σ2
it.

We then use the laws of motion of the population and capital distributions (6) and (9)

to express the time change of population and capital in (12). After this substitution into

the continuation value (12), we obtain the Master Equation for workers. We omit the full

dependence of the value function and its derivatives on (K, N, t, ϵ) on the right-hand-side
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for brevity, and we also omit the direct dependence of ait, χit, ∆it on ϵ(σtz + Tt), and so

ρVit(zt, Nt,Kt) = Ui

(
ait, χit, Ni,Ki

)
︸ ︷︷ ︸

flow payoff

+ Mi[Vt]︸ ︷︷ ︸
continuation value

from own migration

(13)

+ ∑
j

∂Vit

∂Nj

(
M∗(Vt)Nt

)
j
+A(zt)[Vit] +

∂Vi

∂t︸ ︷︷ ︸
continuation values from aggregate changes in population, z and t

+ ∑
j

∂Vit

∂Kj

{
Rjt −Q−1/ζ

jt − ∆jt −
Σ2

jt

2

}
+

1
2 ∑

j

∂2Vit

∂K2
j

Σ2
jt︸ ︷︷ ︸

continuation values from aggregate changes in capital distribution

.

The Master Equation for workers depends on the value of capitalists Q because the latter

affects investment, capital accumulation, prices, and, ultimately, worker welfare.

A similar logic delivers the Master Equation for capitalists, which is given by

ρQit(zt, Nt,Kt) = Q1−1/ζ
it + (1− ζ)

[
Rit − ∆it −Q−1/ζ

it −
ζΣ2

it
2

]
Qit︸ ︷︷ ︸

flow payoff + continuation values from own investment

(14)

+ ∑
j

∂Qit

∂Nj
(M∗(V)Nt)j +A(zt)[Qit] +

∂Qit

∂t︸ ︷︷ ︸
continuation values from aggregate changes in population, z and t

+ ∑
j

∂Qit

∂Kj

{
Rjt −Q−1/ζ

jt − ∆jt −
Σ2

jt

2

}
+

1
2 ∑

j

∂2Qit

∂K2
j

Σ2
jt︸ ︷︷ ︸

continuation values from aggregate changes in capital distribution

.

We omit the equilibrium definition, since it is standard. The main advantage of the Master

Equations (13)–(14) is that they deliver a parsimonious characterization of the economy’s

general equilibrium. The derivations above establish our first result.

Proposition 1. (Equilibrium)

A solution (V, Q) to the Master Equations (13)-(14) together with a solution to the population and

capital distributions {Nt, Kt}t to the KF equations (6) and (9) is an equilibrium of our economy.
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3.3 Expansion of the Master Equation

Although the Master Equations (13)–(14) provide a parsimonious characterization of equi-

librium, they are difficult to solve numerically because they depend on high-dimensional

distributions. As a result, standard global methods quickly run into the curse of dimen-

sionality. We instead follow Bilal (2023) and adopt an analytic second-order perturbation.

In particular, we seek a solution to (13)–(14) when the scale parameter ϵ is sufficiently

small. Namely, we define n as the vector of scaled deviations from steady-state for the

population distribution, and k the vector of scaled deviations from steady-state for the

log capital distribution, such that:

N = Nss + ϵn, and K = Kss + ϵk.

To state our strategy as compactly as possible, we define×k as the tensor product with

respect to index k. It takes as argument a tensor–a three-dimensional array—and a matrix

or vector, and returns the summation along the kth index of the tensor and the first index

of the associated matrix. As such, it generalizes matrix products. For instance, for a tensor

Vijℓ and a vector nj, the (i, ℓ) entry of V ×2 n is ∑j Vijℓnj. Similarly, the ith entry of the term

of V ×2 n×3 k is ∑j,ℓ Vijℓnjkℓ.

We then seek a solution of the form for workers, in vector notation:

Vt(z, Nss + ϵn,Kss + ϵk)−Vss = ϵ

{
∑

x∈{n,k}
Vxx + vZ

t z + vT
t

}
(15)

+
ϵ2

2

{
∑

{x,y}∈{n,k}
VX,Y ×2 x×3 y + ∑

x∈{n,k}

(
VX,T

t + zVX,Z
t
)
x + vt + vZ,Z

t z2 + vT,T
t + 2vZ,T

t z

}
.

For completeness, we spell out the expanded expression in Appendix G.1. Similarly, we

seek a solution for the value of capital:

Qt(z, Nss + ϵn,Kss + ϵk)−Qss = ϵ

{
∑

x∈{n,k}
Qxx + qZ

t z + qT
t

}
(16)

+
ϵ2

2

{
∑

{x,y}∈{n,k}
QX,Y ×2 x×3 y + ∑

x∈{n,k}

(
QX,T

t + zQX,Z
t
)
x + qt + qZ,Z

t z2 + qT,T
t + 2qZ,T

t z

}
.
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Rather than solving for the full equilibrium objects V and Q in the Master Equations,

the perturbation approach reduces the problem to a finite set of coefficients that we collect

into two groups. The first group consists of the first order directional derivatives VN
ij ,

VK
ij , vZ

it , and vT
it of the worker value function with respect to the population and capital

distributions, temperature shocks, and temperature trends, and their counterparts for

capitalists. These directional derivatives constitute the FAME.

The second group of coefficients contains the second-order directional derivatives—or

Hessian—of the value function with respect to the population and capital distributions,

temperature shocks, and temperature trends. These Hessians include three-dimensional

arrays—or tensors—VN,N
ijs , VK,K

ijs , VN,K
ijs , and VK,N

ijs , which correspond to the second-order

directional derivatives of the worker’s value function with respect to the population and

capital distributions, and include the capitalists’ counterparts as well. These tensors or

symmetric by construction. Next, the matrices VN,Z
ijt , VK,Z

ijt , VN,T
ijt , and VK,T

ijt and the capi-

talist counterparts represent second-order cross directional derivatives of the value func-

tion with respect to the population distribution, capital distribution, temperature shocks,

and temperature trends. Similarly, vZ,Z
it and vT,T

it and the capitalist counterparts are the

second-order derivatives of values with respect to temperature shocks and temperature

trends, with vZ,T
it denoting the cross derivative. Finally, vit and its capitalist counterpart

represent the ex-ante valuation of risk arising from the second-order continuation value

of aggregate temperature shocks. These second-order directional derivatives constitute

the SAME.

Of course, we still need obtain restrictions on the first- and second-order directional

derivatives. To that end, we substitute the second-order Taylor expansions (15)-(16) into

the Master Equations (13)–(14) and obtain a system of restrictions that determines the

directional derivatives. The restrictions on the first-order derivatives are the FAME, and

the restrictions on the second-order derivatives is the SAME.

3.4 The FAME

We first characterize the FAME as it is a necessary step before evaluating the effect of risk

in the SAME. To that end, we collect the matrices VN, VK, VN, VK and time-dependent
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vectors vT
t , qT

t , nt, kt into the matrix and vectors: Vd =
(

VN VK

QN QK

)
, vT

t =
(

vT
t

qT
t

)
, vZ

t =
(

vZ
t

qZ
t

)
and pt =

( nt
kt

)
.

Proposition 2. (FAME)

Vd satisfies the generalized Sylvester matrix equation and vT
t , pt satisfy the ordinary differential

equation systems:

ρVd = Dd + MVd + VdM∗ + VdPVd ρvT
t = DT

t + (M + VdP)vT
t +

∂vT
t

∂t

ρvZ
t = DZ

t + (M + VdP)vZ
t +

∂vZ
t

∂t
dpt

dt
= Dp

t + P(vT
t + vZ

t zt) + (M∗ + PVd)pt,

where the matrices Dd, M, P and vectors DT
t , DZ

t , Dp
t only depend on parameters, steady-state

objects, and Tt, σt and are specified in Appendix G.

Proof. See Appendix G.

The first equation in Proposition 2 is the deterministic FAME and characterizes the di-

rectional derivatives VN, VK, VN, VK as the solution to a nonlinear Sylvester matrix equa-

tion. The right-hand side of the deterministic FAME features four terms, each mapping to

a distinct economic force. First, the direct price impact matrix Dd captures how marginal

changes in the population and capital distributions shift equilibrium prices and therefore

flow payoffs for workers and capitalists.

The second term MVd encodes the partial equilibrium option value of migration and

investment, as workers expect to migrate and capitalists expect to change their consump-

tion and savings in response to changes in valuations across all locations. To first order,

it suffices to evaluate these option values using steady-state decision rules embedded in

the matrix M.

The third term VdM∗ captures a first general equilibrium force. When assessing the ef-

fect of an additional worker in location j, agents in location i must account for the fact that

this marginal entrant will migrate or invest over time, which affects future population and

capital distributions and thus future payoffs. The FAME reveals that these expectations

are summarized by the same steady-state migration and investment matrices collected in

M∗.
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The fourth term VdPVd captures a second general equilibrium force. It reflects how the

marginal entrant changes the law of motion for the population and capital distributions

because all other agents react to the resulting price changes.

The structure of the trend FAME mirrors the structure of the deterministic FAME. The

direct impact component, DT
t , which depends linearly on global mean temperature TD

t

and the damage coefficients ai, χi, δi, and then propagates this impact through analogous

partial and general equilibrium channels.

These first-order results imply three practical properties that come directly from the

local perturbation. First, the deterministic FAME is finite-dimensional. Second, all inputs

to the FAME can be constructed from steady-state objects. Third, the system is block-

recursive: the deterministic FAME can be solved first, the trend and stochastic impulse

values can then be obtained conditional on Vd, and finally the equilibrium path of alloca-

tions pt can be computed by forward iteration given the impulse values. This structure

delivers a straightforward computational algorithm, which follows Bilal (2023) and Bilal

and Rossi-Hansberg (2025).

As a first order perturbation, the FAME features certainty equivalence and thus cannot

capture the effect of local and aggregate risk. To incorporate risk into our analysis, we

therefore proceed to a second-order approximation.

3.5 The SAME

The restrictions of the Hessian of the value functions constitute the SAME. As a second-

order perturbation, it incorporates the effect of local and aggregate risk. We collect the

tensors VN,N,VN,K,VK,N,VK,K,QN,N,QN,K,QK,N,QK,K in the tensor T = (V ,Q). We col-

lect the matrices VN,T, VK,T, QN,T, QK,T in the matrix VT
t =

(
VN,T VK,T

QN,T QK,T

)
, and similarly

VZ
t =

(
VN,Z VK,Z

QN,Z QK,Z

)
. For all pairs X, Y ∈ {Z, T}, we collect vX,Y

t =

(
vX,Y

t
qX,Y

t

)
. Finally, we

define v̂t =
(

vt
qt

)
.

Proposition 3. (SAME)

T = (V ,Q) satisfies the linear symmetric tensor Sylvester equation, VT
t satisfies the linear

Sylvester ordinary differential equation system, for all pairs X ∈ {Z, T}, Y ∈ {Z, T} vX,X
t , v̂t
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satisfy the linear ordinary differential equation systems:

ρT = T + T ×1 Φ + T ×2 Θ + T ×3 Θ ρVT
t = D̃T

t + ΦVT
t + VT

t Θ +
∂VT

t
∂t

ρvX,Y
t = D̃X,Y

t + ΦvX,Y
t + vX,Y

t Θ +
∂vX,Y

t
∂t

ρv̂t = d̂t + Φv̂t + v̂tΘ +
∂v̂t

∂t
,

where the tensor T, the matrices D̃T
t , D̃X,Y

t , H, F and the vector d̂t only depend on parameters,

steady-state objects, and Tt and σt and are specified in Appendix H together with the law of motion

for population and capital, and where Φ = M + VdP, Θ = H + VdF.

Proof. See Appendix H.

The SAME has a similar structure to the FAME, albeit in higher dimensions. The equa-

tion that determines the tensor T is the deterministic SAME. Its solution T encodes how

value functions change through second-order effects when the distributions of popula-

tion and capital move. The deterministic SAME is a linear tensor Sylvester equation, with

four components.

The first component of the deterministic SAME is the impact represented by the tensor

T. As a second-order object, it encapsulates multiple forces. It contains the direct second-

order derivatives of workers’ and capitalists’ flow payoffs with respect to capital and

population. It also contains indirect second-order effects that arise as the product of first-

order changes. For instance, it includes the square of first-order changes in the value

of locating in particular destination due to shifts in population and capital distributions.

This squared term enters because the option value of migration is itself nonlinear.

The second component of the deterministic SAME T ×1 Φ captures a similar force

to the FAME. Workers expect to migrate, and capitalists expect to save. Therefore, the

evaluate future second-order benefits from migration and savings using steady-state de-

cision rules embedded in Φ. The third and fourth components of the SAME, T ×2 Θ +

T ×3 Θ, reflect second-order counterparts of similar general equilibrium forces to the

FAME. When contemplating an additional worker in a given location, agents expect this

worker to migrate and affect all other agents’ decisions, thereby changing the distribu-

tion of population and capital in the future. These components embed how workers and

capitalists account for these general equilibrium effects. These two components have the

21



same structure because, by construction, the deterministic SAME is symmetric in its last

two coordinates.

The matrices in VT
t , VZ

t and the vectors in vX,Y
t for X, Y ∈ {Z, T} capture cross effects

between changes in the distribution and aggregate shocks. As for the FAME, the SAME is

block-recursive and the cross SAME depend on the solution T to the deterministic SAME.

Crucially, vZ,Z
t encodes the nonlinear valuation of aggregate shocks zt, which is the central

determinant of the valuation of aggregate risk. By contrast, vT,T
t embeds the valuation of

local risk through local volatilities.

The vectors in v̂T
t contain the ex-ante valuation of aggregate and local risk. This com-

ponent is generically different from zero. Workers and capitalists expect baseline local

volatility, even absent warming. They also expect aggregate shocks to occur, even when

they turn out not to. The valuation of risk v̂T
t is unique to the SAME and is the focus of

counterfactuals. To that end, we next turn to the quantification of the model.

4 Model Estimation

4.1 Data

We assemble three types of data. First, we compile economic information at the county-

year level from multiple sources. Employment, wages, and related statistics are drawn

from the Bureau of Economic Analysis, while investment data at five-year intervals come

from the Census of Manufactures. These datasets cover the period from 1960 to 2019.

Second, we construct a detailed weather dataset. We use daily data on surface tem-

perature, wind speed, and precipitation on a 0.5◦ by 0.5◦ grid beginning in 1901 from the

Inter-Sectoral Impact Model Intercomparison Project (ISMIP). These reanalysis data com-

bine historical station-level weather observations with climate model outputs to generate

high-resolution weather series. We aggregate this information to build a dataset of annual

weather extremes for each U.S. county and year.

Third, to quantify our model in a way that captures the economic impact of climate

change, we draw on the reduced-form estimates in Bilal and Rossi-Hansberg (2025). Us-

ing a distributed lag specification that controls for a rich set of possible confounders in
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the same data as we use for quantification, they estimate the causal effects of storms and

heat waves on observables at multiple horizons: income, employment and investment.

We use these reduced-form impulse response functions as targets in our estimation.

4.2 Baseline Parameters

We start by determining baseline preference and production parameters. Importantly, we

estimate the migration elasticity of workers and the relative risk aversion of capitalists

in Section 4.4. Throughout the rest of the paper, we interpret an interval [t, t + 1) as one

year.

We first determine preference parameters. We use a pure rate of time preference ρ =

0.02, which is standard in the climate change literature (Rennert et al., 2022). We set

the housing expenditure share for workers to the common value of β = 0.3 according

to (Davis and Ortalo-Magne, 2011). For now, we set worker risk aversion parameter to

γ = 1. We plan to relax this assumption in future iterations of this paper and estimate it

internally. We set the rate of migration opportunities to µ = 2.30 so that 90% of workers

have the option to migrate within a year.

We calibrate the parameters in the production functions for goods and buildings to

standard values. In the model, the share of commercial structures in goods production

captures both capital and physical structures in the data. Standard estimates place these

shares at 0.3 and 0.1, respectively, so we set α = 0.4. To determine the labor share ϖ

in building production, we use the labor share in the structures production sector, de-

noted by x, from BEA input-output tables. This yields x = 0.95, which in turn implies

ϖ = (1−α)(1−x)
αx+(1−α)β

= 0.05. Finally, to calibrate the land share ω in building production,

we rely on standard estimates from the real estate literature. For a representative urban

property, land accounts for roughly 35 percent of total property value, with the remaining

65 percent corresponding to the building structure (Davis et al., 2021). We therefore set

ω = 0.35.

At baseline, we impose a common capital depreciation rate across counties, setting

∆i = ∆ = 0.08. In future work, we plan to use our investment data to estimate location-

specific baseline depreciation rates. Of course, climate change affects depreciation hetero-

geneously across locations. These location-specific effects are precisely the local damage
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functions we estimate below.

Finally, we set mean-reversion in global mean temperature shocks θ = 1, so that the

long-run variance of zt is exactly 1.

4.3 Inversion of Fundamentals

Our second step is to estimate time-invariant fundamentals for each location, taking as

given estimates of the migration elasticity ν and the investment elasticity ζ.

We use 2012 data for wages wi, employment Ni, and migration flows mij for every

pair of counties i, j. We interpret 2012 as the initial stead-state of the economy. We use a

recursive scheme to recover the time-invariant fundamentals in every location, Zi, Ai, and

τij. The following proposition shows that, given the observed data, these fundamentals

can be uniquely recovered. We provide a formal proof in Appendix E.

Proposition 4. (Inversion of fundamentals)

Given data wi, Ni, mij, there exists a unique set of vectors of fundamentals, (Zi, Ai), and a unique

symmetric migration cost matrix, τij.

The proof of Proposition 4 is constructive and therefore delivers an algorithm to re-

cover the fundamentals. It extends standard inversion results from static environments

to our fully forward-looking dynamic setting. Because we invert migration costs non-

parametrically, however, we can recover only their symmetric component.4

4.4 Migration Elasticity and Capitalist Preferences

Our inversion result is derived conditional on the migration elasticity ν and the capital-

ists’ coefficient of relative risk aversion ζ. We estimate those internally using the reduced-

form estimates of the impact of extreme events on economic activity of Bilal and Rossi-

Hansberg (2025). We nest our inversion procedure in an outer loop in which we search

over candidate values for ν and ζ.

To conduct our estimation exercise, we parameterize the effects of storms and heat

waves in the model. Consistent with the reduced-form estimates, we assume that storms
4Without symmetry, migration costs are not separately identified from local amenities. If, instead, we

imposed that migration costs depend on a distance metric, this dependence could be estimated flexibly.

24



generate only a capital depreciation shock in coastal counties, with scalar magnitude

Γcap dep. Heat waves, by contrast, generate both a productivity shock and an amenity

shock in warm counties. We denote the magnitude of the productivity shock by Γprod

and the magnitude of the amenity shock by ηΓprod.5

For now, we exploit a key property of the FAME to estimate the migration and invest-

ment elasticities without having to pin down the magnitude of the underlying shocks.

By construction, the response of the economy is linear in shock size. As a result, relative

impulse responses are invariant to the magnitude of a common shock. For example, the

impulse response of employment relative to that of income per capita following a produc-

tivity shock does not depend on the size of the productivity shock itself. Therefore, once

we target relative impulse responses, we can normalize the shock magnitude arbitrarily.

This property allows us to estimate ν, ζ, and η independently of the magnitudes of the

underlying shocks, Γcap dep and Γprod.

In future iterations of this paper, we plan to use the SAME to estimate these elastic-

ities. Importantly, under the SAME, the impulse responses of employment relative to

income per capita following a productivity shock vary quadratically with the magnitude

of the shock. Therefore, unlike in the FAME, relative impulse responses no longer iso-

late the elasticities from the size of the shocks. In principle, the three parameters and

the shock magnitudes must therefore be estimated jointly. In practice, we exploit the

quadratic property of the SAME. It implies that it suffices to evaluate two impulse re-

sponse functions for the target outcomes per extreme event— investment for storms and

income per capita for heat waves—and compare them with the data. The magnitude of

the underlying capital depreciation or productivity shock then solves a standard scalar

quadratic equation. This observation sidesteps an additional numerical search over the

magnitude of the shocks. We do not expect the estimation using the SAME to materially

differ from the FAME because the first-order approximation tends to be highly accurate

for the realized shocks in sample.

We estimate the elasticities by indirect inference. Our procedure is conceptually close

to a standard grid search, although we implement it differently to improve computa-

tional efficiency. In the first step, we generate candidate parameter vectors (ν, ζ, η) using

5We set the persistence of the productivity shock, ψprod, to match a half-life of 5 years.
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a Sobol sequence. Relative to a standard tensor-product grid, this approach provides a

more efficient coverage of the multivariate parameter space. We choose the bounds of the

parameter space to be sufficiently broad to encompass a wide range of plausible values,

including our point estimates.

In the second step, we invert fundamentals as described in Appendix E and solve for

the steady state following Section 2.7 and Appendix B. We then compute the FAME of

the economy around that steady state. Next, we simulate the dynamic response of the

full economy to two shocks: a 1% transitory productivity shock accompanied by a η%

amenity shock, and a 1% capital depreciation shock. A 1% normalization is sufficient

because the FAME is linear and our estimation is based on relative responses, a point to

which we return below. We use these simulated responses to construct model counter-

parts to the event-study estimates in Bilal and Rossi-Hansberg (2025). To incorporate the

empirical spatial correlation of storms, we weight locations by their observed frequency

of extreme events. Finally, we use these model-implied event-study estimates to build the

target moments that identify (ν, ζ, η).

In a third step, we find the parameter vector (ν, ζ, η) among our set that best matches

the data. Then, starting from this parameter vector, we use a standard minimum distance

solver to adjust the parameters and close any remaining discrepancy relative to the data.

Although we estimate the three parameters (ν, ζ, η) jointly, we briefly discuss how

we select each moment to provide intuition for identification. The gravity structure of

migration implies that the migration elasticity ν is identified by the response of local em-

ployment relative to that of income per capita, holding amenities fixed. Accordingly, we

use the response of employment relative to income per capita following a capital depre-

ciation shock, which does not affect amenities.

To inform the amenity-productivity ratio η, we use the cumulative impulse response

of employment relative to that of income per capita ten years after a productivity-amenity

shock. We match this moment to its empirical counterpart following a heat wave in warm

counties. Intuitively, if employment responds strongly relative to income per capita, hold-

ing the migration elasticity ν fixed, then amenities must constitute an important compo-

nent of the overall effect of heat waves.

The capitalist preference parameter ζ is informed by the cumulative impulse response
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Figure 1: Identification of migration elast., amenity-productivity ratio, and capitalist IES.
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Note: Blue dots: 5,000 model simulations sequencing parameter vectors (ν, η, ζ) using a Sobol sequence in the cube [0.01, 0.5] ×
[0, 3]× [1, 10]. Dashed dark blue line: moment in the model when only the parameter on the x-axis varies, holding other parameters
at their point estimate. Horizontal solid orange line: moment in the data. Vertical dashed black line: parameter estimate.

of investment relative to employment ten years after a capital depreciation shock. Intu-

itively, the employment response captures the overall size of the shock, while the response

of investment relative to employment reflects intertemporal substitution in capitalists’

consumption and saving decisions. Hence, if investment responds strongly relative to

employment, capitalists must be more willing to shift consumption across time, which

corresponds to a lower value of ζ. We target the corresponding empirical moment using

the response to storms in coastal counties.

We invert fundamentals and solve for the model’s steady state, the FAME, and the

associated impulse responses for 500 candidate triplets (ν, ζ, η). For each triplet, we com-

pute the model-implied target moments and compare them with their empirical counter-

parts. Figure 1 summarizes the results of this exercise. After identifying the triplet among

the 500 candidates that delivers the best fit, we refine the estimates using a Newton search

to eliminate the remaining discrepancy between model and data moments.6

Panel 1(a) plots the cumulative response of employment relative to income per capita

6To cover the parameter space efficiently, we aggregate counties into 100 clusters for this exercise. We
form these clusters using a k-means algorithm based on latitude, longitude, population, income, and coastal
status. The results change only slightly when we increase the number of clusters.
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following a capital depreciation shock. Each blue dot corresponds to the model-implied

relative cumulative response for a given parameter triplet (ν, η, ζ). To highlight identi-

fication, we order the results on the x-axis by the migration elasticity ν. The scatterplot

reveals a clear positive relationship: across all possible values of (η, ζ), higher values of

ν are associated with a stronger response of employment relative to income per capita,

which illustrates multivariate identification. The same pattern is present when we hold

(η, ζ) fixed at their point estimates, in which case the moment continues to rise with ν,

illustrating univariate identification. The orange horizontal line corresponds to the em-

pirical moment for storms in coastal counties.

Panel 1(b) plots the cumulative response of employment relative to income per capita

following a productivity-amenity shock against the productivity-amenity ratio η. While

there is more residual dispersion that depends on other parameters, the model produces

an upward-sloping relationship on average.

Finally, Panel 1(c) plots the cumulative response of investment relative to employment

following a capital depreciation shock against the inverse of the capitalist coefficient of

relative risk aversion. The figure highlights that this parameter is a central driver of the

investment response relative to employment.

Our indirect inference approach implies that the migration elasticity is ν = 0.28, which

is similar to the value in the county-level specification in Bilal and Rossi-Hansberg (2025)

and moderately higher than the value of 0.2 reported by Caliendo et al. (2019) in their

state-level specification. We also find that amenities respond η = 0.95 times as much as

productivity following a heat wave. This value exceeds the estimate reported by Cruz

and Rossi-Hansberg (2023) for the world as a whole, suggesting that, relative to the rest

of the world, production in the U.S. may be more resilient than amenities following such

a shock. Finally, our estimate of the capitalist coefficient of relative risk aversion, ζ =

4.2, lies within the relatively wide range of values commonly reported in the literature

between 1 and 10.

4.5 Damage Functions and Local Risk Exposures

With the migration and investment elasticities in hand, we turn to estimating the damage

functions for productivity, amenities, and capital depreciation χi, ai, δi and local capital
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Figure 2: Heat waves: impulse responses in model and in data.
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Note: Impulse responses for income per capita (a), employment (b), and investment (c) after a 1-in-20-years heat wave in a warm
county. For (a) we use the response of wages, wit, in the model and income per capita in the data. Solid line: model. Dashed line
with circle markers: data point estimate. Shaded area: data 95% confidence band. The 10-year cumulative impulse responses for
income per capita (a) and employment (b) are targeted. The impulse response for investment (c) is untargeted.

depreciation risk exposures Σi. We proceed in two steps. First, we estimate common eco-

nomic damages from a given realization of storms Γcap dep and heat waves Γprod. Second,

we interact these damages from single events with local changes in the probability that

these events occur as global mean temperatures rise.

In the first step, we estimate the economic damages associated with a given realiza-

tion of storms, Γcap dep, and heat waves, Γprod, by matching the magnitude of cumulative

impulse responses. This step exploits the linearity of the FAME. In particular, it implies

that the size of shock s is given by Γs =
CIR10,v,s
cir10,v,s,τ̂

, where CIR10,v,s denotes the observed

10-year cumulative response of variable v to shock s in the data, and cir10,v,s,τ̂ denotes

the corresponding 10-year cumulative response in the model evaluated at the estimated

parameter triplet τ̂.

For heat waves in warm counties, we target the response of income per capita. Since

the estimated model matches the response of employment relative to income per capita

exactly in Figure 1, the model also matches exactly the cumulative responses of both em-

ployment and income per capita at the 10-year horizon. For storms in coastal counties,

we target the cumulative effect on employment ten years after the shock. Because the

estimated model matches the response of investment relative to employment exactly in

Figure 1, the model also matches exactly the cumulative response of investment at that
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Figure 3: Storms: impulse responses model and in data.
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Note: Impulse responses for income per capita (a), employment (b), and investment (c) after a 1-in-50-years storm in a coastal
county. For (c) we use the response of wages, wit, in the model and income per capita in the data. Solid line: model. Dotted line with
circle markers: data point estimate. Shaded area: data 95% confidence band. The 10-year cumulative impulse response for income
per capita (a), employment (b), and investment (c) are targeted.

horizon.

Figure 2 compares the impulse responses of income per capita, employment, and in-

vestment following heat waves in warm counties. The model replicates the path of em-

ployment, and income per capita to heat waves. The response of investment, which is not

directly targeted, is also close to its empirical counterpart. For all outcomes, the model-

implied responses lie within the 95% confidence interval around the empirical estimates

for nearly all horizons.

Our impulse-response matching exercise implies that a 1-in-20-year heat wave induces

a negative productivity shock of Γprod = 2.5% in a warm county, along with a ηΓprod =

2.4% decline in local amenities. While economically meaningful, this effect is smaller than

the local impacts estimated for the world as a whole, including developing countries.7

Figure 3 compares the impulse responses of income per capita, employment, and in-

vestment following storms in coastal counties. As in the previous figure, the data are

shown by circles and a dotted line, while the model is shown by the solid line. The figure

shows that the model provides a reasonably good account of the full time path of employ-

ment and investment, remaining within the 95% confidence interval for most horizons.

7For instance, Cruz and Rossi-Hansberg (2023) find that, in the warmest locations, a 1°C increase in
winter temperatures can lower productivity by more than 15%.
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The fit is weaker for income per capita, as the model predicts a response that is too rapid

relative to the data.

Our impulse-response matching exercise implies that a 1-in-50-year storm generates a

capital depreciation shock of 10 percent, Γcap dep = 12%, in a coastal county. While sizable,

this estimate is smaller than the 30% value reported in Bilal and Rossi-Hansberg (2025).

This discrepancy arises because of different structure of the capitalist problem. When

capitalists are risk-averse, shifting consumption intertemporally is more costly. A smaller

capital depreciation shock results in larger changes in investment, thereby rationalizing

the same empirical impulse response function.

We now turn to the second step of the estimation strategy, which consists of con-

structing damage functions that vary with global mean temperature. This part of the

analysis closely follows Bilal and Rossi-Hansberg (2025), but we include it here for com-

pleteness. We combine our estimated shock magnitudes, (Γcap dep, Γprod, ηΓprod), with

long-run changes in the probability of the corresponding extreme events.

To estimate how the probability of extreme events evolves across locations, we use the

historical record starting in 1901. For each location i and event type e ∈ storm, heat, we

regress changes in the probability of the event, pe
it, on changes in global mean tempera-

ture, Tt, over the period 1901 to 2019:

dpe
it = cst + qe

i dTt + ϵit. (17)

Equation (17) delivers a statistical downscaling, a standard approach in the climate sci-

ence and economics literature (Cruz and Rossi-Hansberg, 2023), which links local event

probabilities to global mean temperature.

We then construct the damage functions as follows:

δi = 1{i coastal}qstorm
i Γcap dep, χi = 1{i warm}qheat

i
Γprod

ψprod , ai = 1{i warm}qheat
i

ηΓprod

ψprod ,

where ψprod denotes the mean-reversion coefficient of productivity following heat waves.8

Finally, we obtain local capital depreciation risk exposures by leveraging a central restric-

8We divide by ψprod in order to cumulate the lagged effects of heat waves and convert our estimate into
the effect of a permanent increase in exposure to extreme heat.

31



Figure 4: Damage functions from heat and storms in the United States.

(a) Change in log productivity (b) Change in annual capital depreciation

Note: Effect of a 1°C increase in global temperature on productivity and annual capital depreciation rates across counties in the U.S.
Panel (a): coefficients χi such that d log Zit = χidTt. Panel (b): negative of coefficients δi such that d∆it = δidTt.

tion from our microfoundation in Appendix C: Σ2
i = δi

Γcap dep .

Figure 4 maps the estimated damage functions across U.S. counties. Panel 4(a) shows

the effect of a 1°C increase in global mean temperature on productivity in each county.

These effects are highly heterogeneous across space. We estimate productivity losses

above 8 percent in southern Florida, where the frequency of heat waves rises particu-

larly quickly. Similar losses are prevalent across much of the southern United States. In

contrast, northern Texas and Oklahoma experience modest gains, consistent with a his-

torical decline in heat wave exposure in those locations. By assumption, amenity changes

are proportional to productivity changes, so we omit a separate map for amenities.

Panel 4(b) illustrates the impact of a 1°C increase in global mean temperatures on cap-

ital depreciation for every county in the U.S. The impact is highly heterogeneous across

space and only imperfectly correlated with the one for heat waves. Storms increase capi-

tal depreciation rates substantially in the South-Eastern Atlantic coast. In Louisiana and

North and South Carolina, a 1°C increase in global temperature increases the capital de-

preciation rate by more than 2 p.p. This effect amounts to more than a 6 p.p. increase

for a warming scenario of 3°C , more than doubling the baseline capital depreciation rate.

These capital depreciation effects are substantial, but affect a much smaller fraction of

counties than heat waves. Local risk exposures Σ2
i and the baseline level of local risk ϑi

are proportional to average capital depreciation exposures δi and baseline storm proba-
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bilities, so that we omit a separate map. Through the lens of our structural model, we can

compare the relative importance of these channels.

5 The Impact of Climate Risk in the United States

5.1 Setup

We evaluate the effects of aggregate and local risk on economic activity across the United

States. We start the economy in the stochastic steady state in which there is background

local risk ϑi. We take 2025 as the year in which agents learn the warming path Tt and the

paths of aggregate and local risk, σt and Σit.

We consider a warming scenario in which Tt rises gradually by 2°C by 2100 and re-

mains constant thereafter. We set σt = Tt/4 to impose a constant relative uncertainty

around our central warming path. We choose the factor 1/4 as it corresponds almost

exactly to the IPCC’s “high confidence” range of plausible additional 2100 warming real-

izations: 1°C to 3°C . Through the lens of our framework, the 95% confidence interval of

2100 global temperature is then Tt ± 1.96σt, which corresponds to a 1.0-3.0°C range.

To highlight the role of capital depreciation, we focus only on the effects of storms, so

we set the damage functions χi = ai = 0. We plan to incorporate the effect of productivity

and amenities in future iterations of this paper.

5.2 Local and Aggregate Risk in the Long Run

We first study the long-run effects of local and aggregate risk. To do so, we set as base-

line an economy already subject to a 2°C increase in temperature, but with no local or

aggregate risk. That is, we set σt = 0 and Σit = 0 for all i and t. We then compute new

stochastic steady states in which we first introduce local climate risk by setting Σit > 0,

and then aggregate risk by setting σt > 0.

Figure 5 displays the effects of local risk on capitalists and the capital stock. Panel

5(a) reveals that local risk leads to substantial welfare losses for capitalists in southern

coastal locations. In coastal South Carolina or Louisiana, capitalists lose up to 25% in

consumption-equivalent terms from the increase in local risk. These losses are driven by
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a stark reduction in the value of capital: as global mean temperatures rise, storms become

more frequent. As they are a binomial stochastic process in our microfoundation, the local

volatility of the capital depreciation process rises steeply. This volatility renders capital

less valuable and thus hurts capitalists.

Panel 5(b) illustrates how capitalists adapt to local capital depreciation risk. Subject to

more risk, they build precautionary savings that translate into more capital accumulation

on exposed coasts.9 Naturally, these precautionary savings offset only a small fraction of

the losses associated with falling values of capital.

Panel 5(c) shows that workers benefit modestly from local capital depreciation risk

throughout the United States, but particularly on the southeastern coast. In our current

quantification, workers have logarithmic utility, which implies that they are risk-neutral

with respect to proportional risk. Thus, they do not experience any direct disutility of

proportional fluctuations in real wages and the capital stock. By contrast, they benefit

from the additional capital driven by the precautionary motives of capitalists. Panel 5(d)

shows that this force indeed pulls workers away from inland locations and into coastal

regions. In future work we plan to consider settings in which the risk aversion of workers

is different from unity, rendering them more sensitive to local risk.

Aggregate risk has opposite implications for welfare and allocations, with magnitudes

that are more moderate. Figure 6 illustrates the effect of aggregate risk on the capitalist

and worker welfare across U.S. counties, and capital stocks and population. Panel 6(a)

shows that capitalists benefit from aggregate risk throughout the country. The reason is

that, unlike local risk, aggregate climate risk leads to predictable average capital depre-

ciation before making investment decisions. Thus, capitalists can respond to aggregate

shocks and arbitrage return differentials over time. Namely, they can invest when the cli-

mate evolution is more benign, and consume when the negative climate trends are more

harmful to their investments in their home locations. In effect, capital returns are convex

in aggregate climate risk, implying that capitalists can gain from increases in this form of

risk. Ultimately, capitalists more exposed to climate risk experience welfare gains of up

to 3% in consumption-equivalent terms. Faced with effectively higher returns, capitalists

9Of course, if capitalists had other assets at their disposal to save, they would direct part of their pre-
cautionary savings there. Introducing a portfolio problem together with irreversible investment in physical
capital is, however, beyond the scope of this paper.
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Figure 5: Effect of Local Risk on Capitalists and Workers.

(a) Capitalist Welfare (b) Capital Stock

(c) Worker Welfare (d) Population

Note: Effect of local risk on capitalists in an economy already exposed to a 2°C increase in global temperature. Panel (a): change
in capitalist welfare relative to the deterministic steady state. Panel (b): change in capital stock relative to the deterministic steady
state. Panel (c): change in worker welfare relative to the deterministic steady state. Panel (d): change in population relative to the
deterministic steady state.

can afford to hold less capital and consume more. Panel 6(b) shows that the capital stock

decreases modestly in coastal counties in the southeast region.

Workers lose from the decline in capital stocks across the U.S. Panel 6(c) exhibits nega-

tive though small welfare declines. Panel 6(d) shows that workers move out from south-

eastern coastal locations that lose the most capital.

Quantitatively, the effects from aggregate climate risk are an order of magnitude smaller

than the effects of local climate risk—regardless of their signs. This may appear surpris-

ing given the nontrivial uncertainty surrounding possible warming paths. Yet, aggre-

gate climate change risk is intermediated by the expected capital depreciation rate due to

warming, which is bounded by the relatively low baseline hazard of extreme weather: the
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Figure 6: Effect of Aggregate Climate Risk on Capitalists and Workers.

(a) Capitalist Welfare (b) Capital Stock

(c) Worker Welfare (d) Population

Note: Effect of aggregate risk on capitalists in an economy already exposed to a 2°C increase in global temperature. Panel (a): change
in capital stock relative to the deterministic steady state. Panel (b): change in capitalist welfare relative to the deterministic steady
state.

local variance of capital depreciation due to aggregate climate risk is (δiσt)2 = δ2
i T2

t /16.

By contrast, local risk directly changes the hazard of extreme weather realizations, with

local variance Σ2
i T2

t = δiT2
t /Γcap dep. As the baseline damage function δi < 1 is less than

unity, damages associated with storms Γcap dep < 1 are also less than unity, and the likely

range of warming represents a fraction of the central scenario, aggregate risk is always

quantitatively less important than local risk.

5.3 Local and Aggregate Risk Over Time

We now compare the effects of local and aggregate risk to the deterministic impact of

warming along a transition to a warmer world. We allow for the full impact of tempera-
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ture change, including its effect on mean capital depreciation. We set 2025 as our baseline

stochastic steady state with background local risk and study the transition to a new steady

state associated with a 2°C increase in temperature by 2100. Throughout the transition,

local and aggregate risk evolve over time as described in Section 5.1.

Figure 7 displays transitional dynamics under three configurations. The first config-

uration examines an increase in temperature but no risk at all. The second configuration

assesses the effect of temperature increases with aggregate risk only. The third configura-

tion considers temperature increases with both aggregate and local risk.

Panel 7(a) depict capitalist welfare. Deterministic warming creates winners and losers

among capitalists by pushing workers out of the Southeast and into the rest of the U.S.

These gains and losses partly offset initially, leading to capitalist welfare losses below 1%.

Consistent with the results from Section 5.2, aggregate risk contributes little to capitalist

welfare losses. By contrast, local risk—uncertain extreme weather realizations—leads to

less migration because of the precautionary effect which retains workers on the coast, and

thus yields fewer winners among capitalists. Quantitatively, local risk unambiguously

magnifies aggregate capitalist welfare losses from less than 1% to over 5% on impact. By

the end of the century, deterministic warming leads to aggregate capitalists losses just

under 20%, while local risk contributes an additional 8% in losses.

Panel 7(b) displays worker welfare during the transition. Workers experience more

moderate welfare losses of 0.7% in the long run in consumption-equivalent terms follow-

ing a 2°C increase in temperature, because a smaller share of their income is dependent

on capital. Introducing aggregate risk leaves the welfare effects largely unchanged. Local

risk mitigates these welfare losses by 0.1 p.p. in the long run due to the excess capital

accumulation from precautionary savings.

Figure 7(c) shows the path of the aggregate capital stock. Warming leads to capital de-

preciation and a lower capital stock at all horizons. By 2100, the U.S. economy experiences

a decline in aggregate capital of slightly less than 2%. Aggregate risk has a negligible ef-

fect on the capital stock, consistent with Figure 6. By contrast, local risk has a larger effect,

offsetting 0.3 p.p. of the decline in the long run.
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Figure 7: Effect of Local and Aggregate Risk in a Warming World.

(a) Capitalist Welfare
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Note: Effect of aggregate local and aggregate risk during the transition towards a a 2°C increase in global temperature by 2100. Panel
(a): change in aggregate capitalist welfare relative to the 2025 deterministic steady state. Panel (b): change in aggregate workers
welfare relative to the 2025 deterministic steady state. Panel (c): change in capital stock relative to the 2025 deterministic steady state.

6 Conclusion

A distinctive feature of climate change is that it exacerbates aggregate and local risk. On

the one hand, we are uncertain about its aggregate severity and, therefore, about how it

will affect specific regions. On the other hand, global warming will increase the variability

of local weather patterns. These two forms of climate-induced risk are distinct and affect

agents and regions differentially. The former, which we refer to as aggregate risk, involves

uncertainty about long-term climate paths, allowing local investors to react and invest

conditionally on realizations. The latter, which we dubbed local risk, is realized ex post

and implies capital destruction that unequivocally harms investors. This distinction is

essential for understanding the magnitude of the effects of each type of risk, its effect

on capitalists and workers, and its impact on the distribution of economic activity across

counties in the U.S. Local risk concentrates economic activity in the locations that are more

severely affected by climate change, as capitalists invest more for precautionary savings

purposes, and the additional capital attracts workers. In contrast, aggregate risk has less

harmful effects on capitalists and reduces capital in the worst-affected locations, driving

workers out. Overall, we show that local risk leads to effects an order of magnitude larger,

and thus its consequences should be more salient to policymakers. Of course, the impacts

of climate risk are all in addition to the average negative consequences of climate change

across locations.

Our paper is among the first to study climate risk in a dynamic spatial economy with

labor mobility and forward-looking capital investments, given the methodological com-
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plexity of such analysis. Of course, the model we propose can be extended in several

ways. Particularly important is, perhaps, to expand the investment opportunities of lo-

cal capitalists and to incorporate non-reversibilities in investment. Our framework forces

local capitalists either to consume or to invest in the capital of their home location. They

cannot invest in a national bond or in capital in other locations. The lack of alternative

investment options likely accentuates the importance of the precautionary savings mech-

anism. Our modeling of capital as reversible implies that capitalists can always disinvest

and consume if climate paths turn out to be more harmful than expected, accentuating

the real option mechanism for aggregate risk. Incorporating these realistic features of the

investment problem faced by local capitalists is, therefore, a promising avenue for future

work. The current paper can serve as the foundation to do so.
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APPENDIX

A Setup

A.1 Static Equilibrium

Final good production. The wage wit in location i satisfies the firm’s first-order condi-

tion wit = (1− α)Zit(Sit/NP
it )

α. Neither renters nor firms cover depreciation, so that the

rental rate for structures satisfies rit = αZit(Sit/NP
it )
−(1−α).

Buildings production. The optimal choice of labor in building production implies ϖritBit/NB
it =

wit.

Housing demand. Local demand for housing clears the housing market βwitNit = ritHit.

Equilibrium prices. We now solve for equilibrium prices and quantities as functions of

the local capital stock Kit and local number of workers Nit. Combining labor demand in

final good and building production, we obtain ϖα Bit
NB

it
= (1 − α) Sit

NP
it

. Housing demand

rewrites β(1− α)Nit
Sit
NP

it
= αHit.

We look for shares x, y such that

NP
it = xNit , Hit = yBit (18)

and so NB
it = (1− x)Nit and Sit = (1− y)Bit. Substituting into the previous equations,

we obtain

ϖα

1− α
=

(1− y)(1− x)
x

,
β(1− α)

α
=

xy
1− y

.
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These two equations imply10

x =
(1− α)(1−ϖβ)

αϖ + (1− α)
, y = β

(1− α) + αϖ

α + (1− α)β
, 1− y = α

1− βϖ

α + (1− α)β
. (19)

Using these shares, we express the wage and the rental rate as

wit = (1− α)ααΞ−αZit(Bit/Nit)
α

rit = ααΞ1−αZit(Bit/Nit)
−(1−α) (20)

where

Ξ = (1− α)
α + (1− α)β

αϖ + (1− α)

Before proceeding, it is useful to substitute out buildings and express prices in terms of

capital:

wit = (1− α)ααΞ−α(1− x)ϖαZitLωα
i (K1−ω−ϖ

it Nϖ−1
it )α

rit = ααΞ1−α(1− x)−(1−α)ϖZitL
−ω(1−α)
i (K1−ω−ϖ

it Nϖ−1
it )−(1−α) (21)

Rental rate of capital. We also need the rental rate of capital:

Rit = (1−ω−ϖ)(1− x)ϖK−(ω+ϖ)
it Lω

i Nϖ
it rit

= (1−ω−ϖ)ααΞ1−α(1− x)αϖZitLωα
i K−ϕ

it N1−α+αϖ
it (22)

We obtain:

Rit = (1−ω−ϖ)ααΞ1−α(1− x)αϖZiLωα
i︸ ︷︷ ︸

≡R0i

eχit K−ϕ
it Nψ

it

= R0ieχit K−ϕ
it Nψ

it

≡ Ri(χit, Kit, Nit) (23)

10Multiplying both equations leads to y(1− x) = ϖβ which can then be substituted into either of of the
equations.
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where ϕ = ω + ϖ + (1−ω−ϖ)(1− α) and ψ = 1− α + αϖ.

Consumption and flow utility. We also express total consumption (real wage) in loca-

tion i as

cit =
wit

rβ
it

=
(1− α)ααΞ−α(1− x)ϖαZitLωα

i (K1−ω−ϖ
it Nϖ−1

it )α[
ααΞ1−α(1− x)−(1−α)ϖZitL

−ω(1−α)
i (K1−ω−ϖ

it Nϖ−1
it )−(1−α)

]β

= (1− α)αα(1−β)Ξ−ξ(1− x)ϖξ Z1−β
it Lωξ

i K(1−ω−ϖ)ξ
it N−ξ(1−ϖ)

it

= (1− α)αα(1−β)Ξ−ξ(1− x)ϖξ Z1−β
i Lωξ

i︸ ︷︷ ︸
≡C0i

·e(1−β)χit

(
K1−ω−ϖ

it

N1−ϖ
it

)ξ

≡ c0ie(1−β)χit

(
K1−ω−ϖ

it

N1−ϖ
it

)ξ

(24)

where ξ = α+ β(1− α). With consumption at hand, we express the flow utility in location

i at time t:

u

(
Ait

wit

rβ
it

)
= u

C0ieait+(1−β)χit

(
K1−ω−ϖ

it

N1−ϖ
it

)ξ
 ≡ Ui(ait, χit, Kit, Nit), (25)

where C0i ≡ AiC0i.

A.2 Capitalists

We guess and verify that:

Qit(K) =
QitK1−ζ

1− ζ
+ Pit C = citK (26)
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Under this guess: Qit,K = QitK−ζ and Qit,KK = −ζQitK−ζ−1. Substituting the guess into

the HJB:

ρ
QitK1−ζ

1− ζ
+ ρPit = max

c

c1−ζK1−ζ − 1
1− ζ

+ [(Rit − ∆it)− c]QitK1−ζ −
ζΣ2

it
2

QitK1−ζ +
K1−ζ

1− ζ
Et

[
dQit

dt

]
+ Et

[
dPit

dt

]
Identifying components:

ρQit = max
c

c1−ζ + (1− ζ)
[
(Rit − ∆it)− c

]
Qit −

ζ(1− ζ)Σ2
it

2
Qit + Et

[
dQit

dt

]
ρPit = −

1
1− ζ

+ Et

[
dPit

dt

]
⇒ Pit = −

1
ρ(1− ζ)

So we get the FOC:

c−ζ = Qit ⇒ c = Q−1/ζ
it ⇒ I

K
= Rit − c = Rit −Q−1/ζ

it

where we have used that I = RitK− Cit.

Substitute back into the HJB:

ρQit = Q1−1/ζ
it + (1− ζ)

[
Rit − ∆it −Q−1/ζ

it −
ζΣ2

it
2

]
Qit + Et

[
dQit

dt

]

= ζQ1−1/ζ
it + (1− ζ)

[
Rit − ∆it −

ζΣ2
it

2

]
Qit + Et

[
dQit

dt

]
.

With log utility ζ = 1, we obtain:

ρQit = 1 Qit(K) =
1
ρ

log K,

and so proportional risk Σit does not matter as income and substitution effects cancel out.

B Steady State Computation

Solving for steady-state values is relatively straightforward:
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1. Start by using (10) to solve for Qss
i and the consumption rate:

(Qss
i )
−1/ζ = ρ = css

2. Given Qss
i , then use (11) to solve for the equilibrium capital as a function of popula-

tion:

Kss
i =

(
R0i(Nss

i )ψ

ρ + ∆i

)1/ϕ

≡ Ki(Nss
i ) (27)

3. Substitute (27) into (10) to obtain

ρVss
i = Ui(Ki(Nss

i ), Nss
i ) +Mi[Vss] (28)

4. Alternate on (28) and (11) to jointly solve the equilibrium values Vss
i and population

Nss
i :

(a) Start from a uniform guess for Nss
i (or any other guess)

(b) Solve (28) for Vss
i

(c) Update Nss
i by solving (11) given Vss

i

(d) Keep iterating on (b-c) until both Nss
i and Vss

i have converged.

C Microfoundation of the capital depreciation process

C.0.1 Microfoundation

We lay out a simple microfoundation starting from Poisson capital depreciation shocks for

the diffusion process for capital depreciation. Suppose that there are infrequent depreci-

ation shocks of magnitude 1− D < 1. They arise with some Poisson rate that depends

on the global mean temperature relative to the pre-industrial level. D is the amount of

capital that is destroyed by the shock. We denote excess temperature by T = T − TB. We

omit i subscripts for now.
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The law of motion of local capital follows a drift-compound Poisson process: dKt
Kt

=
It
Kt

dt + d∆t, where d∆t = ∆tdt + DdJt, where Jt ∈ {0, 1} indicates whether a Poisson

shock hits at all. λ(T) denotes the Poisson intensity of these Poisson shocks and depends

on global mean excess temperature. D is a single scalar that denotes the size of the shock

when it occurs. This law of motion implies that when a Poisson shock of magnitude D

hits, capital jumps from Kt to DKt < Kt. We are interested in the structure of the generator

associated with the Poisson destruction part:

P [V](K) = λ(T)(V((1− D)K)−V(K)) (29)

We assume that D is small.11 Using a second-order expansion in D: V((1 − D)K) −
V(K) = −V′(K)KD + 1

2V′′(K)K2D2. Substituting into (29):

D[V](K) = −KV′(K)λ(T)D +
K2V′′(K)

2
λ(T)D2

So, holding D fixed, the generator indeed has the same functional for than that of a Brow-

nian motion. Consistent with the small D expansion, we posit that depreciation shocks

are also small:

D =
√

ϵ× D,

where ϵ is the same scale parameter as the one that we use for the FAME/SAME. As will

become clear below, scaling the shocks with
√

ϵ is necessary to keep volatility second

order.

C.1 Drift and volatility formulas

We now revert to the full notation, where everything depends on T − TP. We posit that

the arrival rate is:

λi(T − TP) = pi0(ϵ)e
pi1

pi0(ϵ)
(T−TP)

.

11We work with the generator, which is the dual of the law of motion, so as to take an expansion in the
space of functions rather than in a space of stochastic processes.
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for a constants pi1 > 0 and a function pi0(ϵ) = pi0ϵη as ϵ → 0, for a constant η < 1. This

formulation imposes that the baseline rate λi(0) = pi0(ϵ) is small too. It also ensures that

λi ≥ 0. This property allows us to use a small noise expansion at baseline. Then, to first

order in ϵ because η < 1:

λi(T − TP) ≈ pi0(ϵ) + pi1(T − TP).

We only need to consider the first order in ϵ, because the second order in ϵ will be multi-

plied by
√

ϵ below, and so is higher order than the SAME. Recall that T− TP = ϵ(T + σz),

so that:

λit ≈ pi0(ϵ) + pi1ϵ(Tt + σtzt)
)
.

Substituting into the drift and volatility equations, we obtain:

δit = ϵ1/2D
(

pi0(ϵ) + pi1ϵ(Tt + σtzt)
)
≡ ϵ1/2+η∆̃i + ϵ3/2δi(Tt + σtzt)

)
Σ2

it = D2(pi0ϵ1+η + ϵ2pi1(Tt + σtzt)
)
≡ Σ2

i

(
ϑiϵ

1+η + ϵ2(Tt + σtzt)
)

,

where we defined ∆̃i = Dpi0, and

δi = Dpi1 Σi = D
√

pi1 ϑi =
pi0

pi1
.

Since ∆̃i is isomorphic to a shift in the baseline local capital depreciation rate ∆i we ab-

stract from it from now on. We summarize the findings from the microfoundation as:

δit = ϵ3/2δi(σtzt + Tt) Σ2
it = Σ2

i

(
ϑiϵ

1+η + ϵ2(σtzt + Tt)
)

. (30)

We address two final observations related to the powers of ϵ. First, although the FAME

is stated as a first-order perturbation in ϵ, the leading capital depreciation terms scale in

ϵ3/2 in the microfoundation. In fact, this discrepancy is immaterial because the FAME

is additive in productivity, amenity and capital depreciation damages. Therefore, it is

entirely internally consistent to solve the FAME as stated, and incorporate the capital
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depreciation components to leading order up to ϵ3/2. Therefore, to simplify notation

and without loss of generality in the derivations below and in the main text we use the

reduced-form diffusion specification in which δit scales with ϵ.

Second, and similarly, although the SAME is stated as a second-order perturbation in

ϵ, baseline volatility ϑiϵ
1+η is technically of a somewhat lower order. This property is,

again, immaterial. Because the SAME is additive, it is entirely internally consistent to

solve the SAME as stated, and incorporate baseline volatility to leading order up to ϵ2.

Therefore, to simplify notation and without loss of generality in the derivations below

and in the main text we use the reduced-form diffusion specification in which baseline

volatility scales with ϵ2 instead of ϵ1+η.

Finally, in the derivations below we introduce additional notation that allows us to

separate idiosyncratic capital risk from aggregate risk associated with rising global tem-

peratures. Specifically, we denote

Σ2
it = ϵ2Σ2

i

(
ϑi + σtzt + ςtςtςt

)
, (31)

where ςt is a deterministic function of calendar time. Note that this specification nests the

previous one as a special case when ςt = Tt.

D Data description

D.1 Economic data

Our economic dataset combines county-year information from several sources. Popula-

tion data come from the BEA, which constructs annual county population estimates by

interpolating between decennial Census counts and later replaces them with official in-

tercensal figures as those become available. For income, we use BEA personal income per

capita, a broad measure that includes labor income, transfers, employer contributions, in-

terest income, and various imputed components. To capture labor earnings more directly,

we also use BEA salary income. Employment is likewise taken from the BEA and reflects

both full-time and part-time jobs.
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To measure investment, we use county-level manufacturing capital expenditures from

the Census of Manufacturers for 1958 to 1992 and from the Economic Censuses for 1997 to

2012. The earlier Census of Manufacturers reports are available through the ICPSR 2896

digitization project, while the later Economic Census data are released at five-year inter-

vals. Because these investment data are not observed annually, we linearly interpolate

values between Census years before estimating the event studies. Finally, we collect data

on local public spending from the Government Finance Database, which harmonizes in-

formation from the Census of Governments. We use total local government expenditures

as a control variable and interpolate these data between Census years as well.

D.2 ISIMIP3a data

Our climate data come from the Inter-Sectoral Impact Model Intercomparison Project

(ISIMIP), which develops datasets designed to study the effects of climate change on

both natural and socioeconomic systems. We use the high-frequency observed climate

dataset from ISIMIP simulation round 3a, which covers 1901 to 2019 on a 0.5◦× 0.5◦ grid.

This product combines two underlying datasets: the Global Soil Wetness Project Phase 3

(GSWP3) for 1901 to 1978 (Kim, 2017), and the WATCH Forcing Data methodology ap-

plied to the ERA5 reanalysis dataset (W5E5) for 1979 to 2019 (Lange, 2021a). Both datasets

are constructed by blending numerical weather prediction models with station-based at-

mospheric observations (Mengel et al., 2021).

The historical GSWP3 component ultimately builds on the Twentieth Century Reanal-

ysis Project (20CR), which spans 1871 to 2008 at a 2◦ spatial resolution and 6-hour fre-

quency. In 20CR, atmospheric conditions are first generated using NOAA’s NCEP Global

Forecast System and then updated using observed and derived surface and sea-level pres-

sure data through an Extended Kalman Filter assimilation procedure (Cucchi, 2020). The

lower-boundary inputs for these simulations are based on sea surface temperature and

sea-ice concentration from the UK Met Office HadISST1.1 dataset (Rayner, 2003), interpo-

lated from monthly to daily frequency. The pressure observations used in the assimilation

stage come from version 2 of the International Surface Pressure Databank (Cram, 2015),

which compiles records from a wide range of meteorological agencies.

GSWP3 is obtained from 20CR through dynamic downscaling and bias correction of
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selected variables. The original 2◦ fields are first downscaled to roughly 0.5◦ resolution for

1901 to 2010 at a 3-hour frequency using spectral nudging within a Global Spectral Model

(Yoshimura and Kanamitsu, 2008). The resulting series are then bilinearly interpolated

to a regular 0.5◦ grid and further bias-adjusted using observational reference datasets. In

particular, precipitation is corrected using the Global Precipitation Climatology Centre

Full Data Monthly Product Version 7 (Schneider, 2014), windspeed using the Climatic

Research Unit CL2.0 dataset (New et al., 2002), and temperature, pressure, and humidity

using the Climatic Research Unit TS3.23 dataset (Harris, 2014).

The more recent W5E5 component is based on the European Centre for Medium-

Range Weather Forecasts reanalysis dataset ERA5 (Hersbach, 2020). ERA5 begins with

numerical weather predictions generated by the ECMWF Integrated Forecasting System

Cycle 41r2 and then assimilates observational data through a two-part procedure: an in-

cremental 4D-Var method for atmospheric variables and ozone (Courtier et al., 1994), and

a land data assimilation system that combines optimal interpolation methods for tem-

perature, relative humidity, and snow with a Simplified Extended Kalman Filter for soil

moisture. Across 1979 to 2019, this assimilation system incorporates roughly 96 billion

observations from a wide range of conventional and satellite sources worldwide. The

resulting ERA5 product has hourly frequency and a spatial resolution of about 31 kilome-

ters.

To construct the forcing dataset used in ISIMIP, ERA5 is then bias-corrected and aggre-

gated to a 0.5◦ grid following the WATCH framework for land-surface and global hydro-

logical modeling. This produces the WFDE5 dataset (Cucchi, 2020). The bias adjustments

are designed to align monthly moments with observed data, using the Climatic Research

Unit TS4.03 dataset (Harris, 2020) for surface air temperature, shortwave radiation, rain-

fall, and snowfall, and the Global Precipitation Climatology Centre Full Data Monthly

Product Version 2018 (Schneider, 2018) for rainfall and snowfall. W5E5, the ISIMIP in-

put dataset, is then formed by combining WFDE5 over land with ERA5 over the ocean

(Lange, 2021a).

Because the older 20CR-based data and the bias-correction procedures underlying

GSWP3 are known to contain artifacts and spurious trends, and because ERA5 relies on

a much larger observational base, the ISIMIP3a authors view W5E5 as the more realistic
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dataset. To extend W5E5 back to 1901, the earlier GSWP3 series are homogenized to en-

sure a smooth transition at the 1978–1979 break. Specifically, over the common 1979 to

2004 reference period, GSWP3 is quantile-mapped to the corresponding W5E5 distribu-

tions (Lange, 2019; Lange, 2021b). The final GSWP3-W5E5 dataset therefore preserves the

long-run trends present in GSWP3, coincides exactly with W5E5 from 1979 onward, and

differs from the original GSWP3 series for 1901 to 1978.

D.3 Extreme event indicators

Storms—For comparison with our residualized percentiles, the 99th percentile of the un-

residualized distribution of daily maximum windspeed for the years 1901-1910 is 10 me-

ters per second (m/s). The largest windspeed is 18 m/s. Recall that these measures are

daily averages, and thus allow for much faster gusts in small time windows. Similarly, the

99th percentile of the un-residualized distribution of daily maximum precipitation for the

years 1901-1910 is 100 millimeters per day (mm/d). The maximum is above 220 mm/d.

E Steady-state inversion

We recover an estimate of the stock of buildings Bi and housing Hi from the constant

shares rule (18)-(19) and the buildings production function as before:

Bi = Lω
i

(
(1− x)Ni

)ϖ
K1−ω−ϖ

i , Hi = yBi

The wage equation (20) then delivers an estimate of fundamental productivity in county

i as before:

Zi =
wi

(1− α)ααΞ−α
(

Bi/Ni
)α .

From there we construct C0i = (1− α)αα(1−β)Ξ−ξ(1− x)ϖξ Z1−β
i Lωξ

i and R0i = (1− ω −
ϖ)ααΞ1−α(1− x)αϖZiLωα

i as before.

We recover migration costs as before. We construct migration shares as mij =
mij

∑k mik
.

The equation for migration shares (5) implies that Xij ≡ log mij − log mii = ν(Vj − Vi)−
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ντij ≡ Yj − Yi + ϵij after imposing the normalization τii = 0 . We exploit that Xij + Xji =

ϵij + ϵji. We assume symmetric migration costs τij = τji, which we then recover as

τij = −
Xij + Xji

2ν
.

We are left with estimating local amenities, which is now slightly different from before.

We proceed in two steps. The first step consists in recovering local valuations from the

steady-state population distribution. Defining Xi = eνVi and Tki = e−ντki , equation (11)

implies, together with a normalization of values:

Xi =
Ni

∑k
NkTki

∑j TkjXj

, ∑
i

Xi = 1. (32)

The system of equations (32) satisfies the gross substitutes property, and so has at most

one solution. A simple iterative method delivers the solution to equation (32), and we

recover Vi =
1
ν log

(
Xi
)
.

With an estimate of local valuations Vi at hand, the second step consists in inverting

the HJB (4) to recover amenities. In particular, we obtain flow utility as:

Ui = ρVi −Mi[V].

From there, we recover amenities as:

Ai =
u−1(Ui)

c0iK
(1−ω−ϖ)ξ
i N−(1−ϖ)ξ

i

.
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F Additional Figures

Figure 8: Effect of Local and Aggregate Risk on Workers

(a) Population (b) Worker Welfare

(c) Population (d) Worker Welfare

Note: Effect of local and aggregate risk on workers in an economy already exposed to a 2°C increase in global temperature. Panels
(a) and (b) report the effects of local risk, while panels (c) and (d) report the effects of aggregate risk. Panel (a): change in population
relative to the deterministic steady state. Panel (b): change in workers welfare relative to the deterministic steady state. Panel (c):
change in population relative to the deterministic steady state. Panel (d): change in workers welfare relative to the deterministic
steady state.
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G Master Equation and FAME

G.1 Master Equation Expansion

The worker value expansion is:

Vit(z, Nss + ϵn,Kss + ϵk)−Vss
i (33)

= ϵ

{
∑

j
VN

ij nj + ∑
j

VK
ij k j + vZ

itz + vT
it

}

+
ϵ2

2

{
∑

j
∑

s
VN,N

ijs njns + ∑
j

∑
s
VK,K

ijs k jks + ∑
j

∑
s
VN,K

ijs njks + ∑
j

∑
s
VK,N

ijs k jns

+ 2 ∑
j

VN,Z
ijt njz + 2 ∑

j
VK,Z

ijt k jz + 2 ∑
j

VN,T
ijt nj + 2 ∑

j
VK,T

ijt k j

+ vit + vZ,Z
it z2 + vT,T

it + 2vZ,T
it z

}
.

The capital value expansion is:

Qit(z, Nss + ϵn,Kss + ϵk)−Vss
i (34)

= ϵ

{
∑

j
QN

ij nj + ∑
j

QK
ij k j + qZ

itz + qT
it

}

+
ϵ2

2

{
∑

j
∑

s
QN,N

ijs njns + ∑
j

∑
s
QK,K

ijs k jks + ∑
j

∑
s
QN,K

ijs njks + ∑
j

∑
s
QK,N

ijs k jns

+ 2 ∑
j

QN,Z
ijt njz + 2 ∑

j
QK,Z

ijt k jz + 2 ∑
j

QN,T
ijt nj + 2 ∑

j
QK,T

ijt k j

+ qit + qZ,Z
it z2 + qT,T

it + 2qZ,T
it z

}
.
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G.2 Flow payoffs

G.2.1 Workers

The flow payoffs become, to first order,

Uit −Uss
i

ϵ
≈ u′(Css

i )Css
i ·
((

ai1 + (1− β)χi1
)(

σtz + Tt
)
+ ξ(1−ω−ϖ)ki − ξ(1−ϖ)

ni

Nss
i

)

with u′(C) = C−γ. In vector notation,

Ut −Uss

ϵ
= diag

(
u′(Css

i )Css
i

)[
vec
(
ai1 + (1− β)χi1

)(
σtz + Tt

)
+ξ(1−ω−ϖ)k− ξ(1−ϖ)diag

(
1/Nss

i

)
n

]
≡ DUKk + DUNn + dUT (σtz + Tt) , (35)

where we have defined:

dUT = vec
(

u′(Css
i )Css

i
(
ai1 + (1− β)χi1

))
,

DUK = ξ(1−ω−ϖ)diag
(

u′(Css
i )Css

i

)
, DUN = −ξ(1−ϖ)diag

(
u′(Css

i )Css
i /Nss

i

)
.

(36)

Alternatively, we could have written ϵ−1(Ut − Uss) = dUZσtz + dUTTt + DUKk −
DUNn, with dUZ = dUT for completion. Nevertheless, to avoid coding mistakes, we

just keep the vector dUT for the derivations.

G.2.2 Capitalists

We include the flow payoff from the return to capital and the continuation value from

investment. To first order and in vector notation, we obtain

ϵ−1

[(
ζQ1−1/ζ

it + (1− ζ)
{

Rit − ∆it −
ζΣ2

it
2

}
Qit

)
−
(

ζ(Qss
i )

1−1/γ + (1− ζ)
{(

Rss
i − ∆i − 0

}
Qit

)]I
i=1

= DQKk + DQNn + dQT (σtz + Tt) + DQQ
[
QNn + QKk + qZ

t z + qT
t
]
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where

DQK = −(1− ζ)ϕdiag
(

Rss
i Qss

i

)
, DQN = (1− ζ)ψdiag

(
Rss

i Qss
i /Nss

i

)
,

DQQ = 0, dQT = (1− ζ)vec
(
(RSS

i χi1 − δi1)Qss
i

)
. (37)

where once again we ommit the vector dQZ, which is equal to dRT, to simplify the code.

Also note that now the matrices DQK, DQN do not correspond to the derivatives of the

interest rate anymore. Note also that the term corresponding to the steady-state capital

drift times the change in Q drops out because the capital drift is zero in steady-state.

Finally, there might have been a sign typo in how DRN entered the FAME, and a typo

in the sign of DRK. We need to check the code (it was present in the ACC code too).

We will also change the sign convention for how dRT enters the FAME to avoid excess

minus signs.

Other than these changes (and correcting the signs!), we can simply plug in these new

equations into our existing code.

For use below, we also define the derivative of the interest rate alone:

DRK = −ϕdiag
(

Rss
i

)
, DRN = ψdiag

(
Rss

i /Nss
i

)
dRT = vec

(
RSS

i χi1

)
.

G.3 Continuation value from migration

The continuation value from migration becomes

M[V]−M[Vss]

ϵ
≈ MVNn + MVKk + MvZ

t z + MvT
t , (38)

where henceforth M denotes the steady-state matrix M(Vss).

Continuation value from aggregate shocks. We impose z to follow an AR(1) process

with mean-reversion parameter θ and unit variance. Therefore, the continuation values
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become

A(z)[V] = A(z)[vZ
t z] = −ϵθzvZ

t ,

A(z)[Q] = A(z)[qZ
t z] = −ϵθzqZ

t .

G.4 Population distribution

To linearize the law of motion of population, first note that

∂mji

∂Vk
=

 −νmjimjk if i ̸= k

νmji(1−mji) if i = k

and so

M∗ij(V + dV) = M∗ij(V) + µ ∑
k

∂mji

∂Vk
dVk

= M∗ij(V) + µνmji

{
dVi −

[
m · dV

]
j

}
Then

M∗i (V + dV)[Nss] = M∗i (V)[Nss] + µν ∑
j

mji

{
dVi −

[
m · dV

]
j

}
Nss

j

= M∗i (V)[Nss] + νµ
[(

diag(m∗Nss)−m∗diag(Nss)m
)
· dV

]
i

≡ M∗i (V)[Nss] + (G · dV)i

where

G = νµ
(

diag(m∗Nss)−m∗diag(Nss)m
)

(39)
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G.5 Continuation value from changes in population distribution

We can then move on to the continuation value from changes in the population distribu-

tion. In vector notation,

ϵ−1

(
∑

j

∂Vi

∂Nj
(M∗(V)N)j

)I

i=1

≈ VN M∗n + VNG
(
VNn + VKk + vZ

t z + vT
t
)

(40)

Similarly,

ϵ−1

(
∑

j

∂Qi

∂Nj
(M∗(V)N)j

)I

i=1

≈ QN M∗n + QNG
(
VNn + VKk + vZ

t z + vT
t
)

(41)

G.6 Capital distribution

The log capital LoM becomes to first order:

dkt

dt
= DRKkt + DRNnt + dIT(σtz + Tt) + DIQ

[
QNnt + QKkt + qZ

t z + qT
t
]
,

where the Ito correction drops out to first order, and where:

dIT = vec
(

RSS
i χi1 − δi1

)
DIQ = diag

(
(Qss

i )
−1−1/ζ

ζ

)

There are two changes relative to what we had before: (1) the definition of DIQ, dIT has

changed (also note the change of sign in the definition/how they enter the LoM), and (2)

two new terms enter, DRKk +DRNn, that we will need to keep track of in the continuation

values.
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G.7 Continuation value from changes in capital distribution

All the Ito correction terms are second order, so we can ignore them in the FAME. We

obtain

ϵ−1 ∑
j

∂Vi

∂Kj

{
Ri(χit, Ni,Ki)−Q−1/ζ

jt − ∆jt −
Σ2

jt

2

}
≈ ∑

j
VK

ij

{
DRKkt + DRNnt + dIT(σtz + Tt) + DIQ

[
QNnt + QKkt + qZ

t z + qT
t
]}

= VK

{
DIQ

[
QNn + QKk + qZ

t z + qT
t

]
+ DRKk + DRNn +

(
σtz + Tt

)
dIT

}
(42)

Similarly,

ϵ−1 ∑
j

∂Qi

∂Kj

{
Ri(χit, Ni,Ki)−Q−1/ζ

jt − ∆jt −
Σ2

jt

2

}

≈ QK

{
DIQ

[
QNn + QKk + qZ

t z + qT
t

]
+ DRKk + DRNn +

(
σtz + Tt

)
dIT

}
(43)

G.8 Expansion of prices and investment

For estimation, it is also useful to collect the expansion of prices along any transition. We

have, in level changes:

ŵt = DwNnt + DwKkt + dwT(σtzt + Tt)

R̂t = DRNnt + DRKkt + dRT(σtzt + Tt)

Ît = DINnt + DIKkt + dIQQ̂t + dIT(σtzt + Tt)

where:

DwN = −α(1−ϖ)diag
(
wss

i /Nss
i ) DwK = α(1−ω−ϖ)diag

(
wss

i ) dwT = vec
(
χiwss

i )

DIN = diag(Kss
i )DRN DIK = diag(Kss

i )DRK + diag(Iss
i ) DIQ = diag(Kss

i )DIQ

dIT = diag(Kss
i )dRT,
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and DRN, DRK, dRT are defined in Section G.2.2.

G.9 FAME in vector notation

G.9.1 Workers

Thus, the linearized master equation for the worker value becomes, in vector notation,

ρ
(
VNn + VKk + vZ

t z + vT
t
)
− ∂vZ

t
∂t

z− ∂vT
t

∂t

=

flow payoff︷ ︸︸ ︷
DUKk + DUNn + (σtz + Tt)dUT

+

continuation value from migration︷ ︸︸ ︷
M
(
VNn + VKk + vZ

t z + vT
t
)

−
c.v. from climate shocks︷︸︸︷

θzvZ
t

+ VN M∗n + VNG
(
VNn + VKk + vZ

t z + vT
t
)︸ ︷︷ ︸

continuation value from changes in the population distribution

+ VK
{

DIQ

[
QNn + QKk + qZ

t z + qT
t

]
+ DRKk + DRNn + (σtz + Tt)dIT

}
︸ ︷︷ ︸

continuation value from changes in the capital distribution

Identifying coefficients and unknowns in bold notation,

ρVNVNVN = DUN + MVNVNVN +VNVNVN M∗ +VKVKVKDRN +VNVNVNGVNVNVN +VKVKVKDIQQNQNQN

ρVKVKVK = DUK + MVKVKVK +VKVKVKDRK +VNVNVNGVKVKVK +VKVKVKDIQQKQKQK

(ρ + θ)vZ
tvZ
tvZ
t −

∂vZ
tvZ
tvZ
t

∂t
= dUTσt + MvZ

tvZ
tvZ
t +VNVNVNGvZ

tvZ
tvZ
t +VKVKVKDIQqZ

tqZ
tqZ
t +VKVKVKdITσt

ρvT
tvT
tvT
t −

∂vT
tvT
tvT
t

∂t
= dUTTt + MvT

tvT
tvT
t +VNVNVNGvT

tvT
tvT
t +VKVKVKDIQqT

tqT
tqT
t +VKVKVKdITTt
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G.9.2 Capitalists

Similarly, the linearized master equation for capitalists becomes, in vector notation,

ρ
(
QNn + QKk + qZ

t z + qT
t
)
− ∂qZ

t
∂t
− ∂qT

t
∂t

=

flow payoff + own continuation value︷ ︸︸ ︷
DQKk + DQNn + dQT (σtz + Tt) + DQQ

[
QNn + QKk + qZ

t z + qT
t
]

−
c.v. from climate shocks︷︸︸︷

θzqZ
t

+ QN M∗n + QNG
(
VNn + VKk + vZ

t z + vT
t
)︸ ︷︷ ︸

continuation value from changes in the population distribution

+ QK
{

DIQ

[
QNn + QKk + qZ

t z + qT
t

]
+ DRKk + DRNn + (σtz + Tt)dIT

}
︸ ︷︷ ︸

continuation value from changes in the capital distribution

Identifying coefficients and with unknowns in bold notation,

ρQNQNQN = DQN +QNQNQN M∗ +QQQKDRN + DQQQNQNQN +QNQNQNGVNVNVN +QKQKQKDIQQNQNQN

ρQKQKQK = DQK +QQQKDRK + DQQQKQKQK +QNQNQNGVKVKVK +QKQKQKDIQQKQKQK

(ρ + θ)qZ
tqZ
tqZ
t −

∂qZ
tqZ
tqZ
t

∂t
= dQTσt +QNQNQNGvZ

tvZ
tvZ
t +QKQKQKDIQqZ

tqZ
tqZ
t +QKQKQKdITσt

ρqT
tqT
tqT
t −

∂qT
tqT
tqT
t

∂t
= dQTTt +QNQNQNGvT

tvT
tvT
t +QKQKQKDIQqT

tqT
tqT
t +QKQKQKdITTt

We can collect terms and solve for a stacked system step by step.

G.10 Deterministic FAME

ρ

VNVNVN VKVKVK

QNQNQN QKQKQK

 =

DUN DUK

DQN DQK

+

M 0

0 DQQ

VNVNVN VKVKVK

QNQNQN QKQKQK

+

VNVNVN VKVKVK

QNQNQN QKQKQK

 M∗ 0

DRN DRK


+

VNVNVN VKVKVK

QNQNQN QKQKQK

G 0

0 DIQ

VNVNVN VKVKVK

QNQNQN QKQKQK

 (44)

We recognize a nonlinear Sylvester equation which we can easily solve by iterating on it.
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G.11 Stochastic FAME: z

Once we have the solution VNVNVN,VKVKVK, QNQNQN, QKQKQK, we can solve for vZ
t and qZ

t . Define the vector

Ψ and the matrix Φ as:

Ψ =

dUT + VKdIT

dQT + QKdIT

 , Φ =

M + VNG VKDIQ

QNG QKDIQ

 (45)

Then, vZ
tvZ
tvZ
t and qZ

tqZ
tqZ
t satisfy a linear Sylvester equation:

(ρ + θ)

vZ
tvZ
tvZ
t

qZ
tqZ
tqZ
t

 = Ψσt + Φ

vZ
tvZ
tvZ
t

qZ
tqZ
tqZ
t

+

vZ
tvZ
tvZ
t

qZ
tqZ
tqZ
t

D∗T, (46)

where DT is a matrix that discretizes the time derivative. We solve for p = (vZ
t ; qZ

t ) by

iterating back in time:

p∞ = ((ρ + θ)Id−Φ)−1Ψσ∞

pt =
(
(1 + (ρ + θ)dt)− dt Φ

)−1(
pt+dt + Ψσt dt

)

G.12 Trend FAME: Tt

Finally, we solve for the time-dependent piece. vT
t and qT

t satisfy:

ρ

vT
tvT
tvT
t

qT
tqT
tqT
t

 = ΨTt + Φ

vT
tvT
tvT
t

qT
tqT
tqT
t

+

vT
tvT
tvT
t

qT
tqT
tqT
t

D∗T (47)

This is, again, a linear Sylvester equation that we solve iteratively for p ≡ (vT
t ; qT

t ) by

iterating backward in time:

p∞ = (ρId−Φ)−1ΨTD
∞

pt =
(
(1 + ρ dt)− dt Φ

)−1(
pt+dt + ΨTt dt

)
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G.13 Linearized KFEs

To obtain the linearized laws of motions given Tt and a sequence zt, we simply use the

same terms as those in the “continuation value from changes in the population/capital

distribution” from the FAMEs, since those correspond precisely to the linearization of the

KFE. Let kt be the vector of capital stocks across locations at time t, and nt be the vector of

populations across locations at time t. Then, in vector notation, the linearized KFE’s are:

dnt

dt
= M∗nt + G

(
VNnt + VKkt + vZ

t zt + vT
t
)

dkt

dt
= DIQ

[
QNnt + QKkt + qZ

t zt + qT
t

]
+ DRNnt + DRKkt + (σtzt + Tt)dIT (48)

H SAME

Written in matrix form:

v1 = VNn + VKk + vZ
t z + vT

t , (49)

v2 = VN,N ×3 n×2 n + VN,K ×3 k×2 n + VK,N ×3 n×2 k + VK,K ×3 k×2 k

+ 2VN,Z
t nz + 2VK,Z

t kz + 2VN,T
t n + 2VK,T

t k

+ vt + vZ,Z
t z2 + vT,T

t + 2vZ,T
t z + vΣ

t ,

and

q1 = QNn + QKk + qZ
t + qT

t (50)

q2 = QN,N ×3 n×2 n +QN,K ×3 k×2 n +QK,N ×3 n×2 k +QK,K ×3 k×2 k

+ 2QN,Z
t nz + 2QK,Z

t kz + 2QN,T
t n + 2QK,T

t k

+ qt + qZ,Z
t z2 + qT,T

t + 2qZ,T
t z + qΣ

t ,

where ×3 and ×2 are the 3-node and 2-node tensor products, respectively, which we

defined earlier.

Importantly, from (??), we notice that the tensors VN,K and VK,N are symmetric in their

last two coordinates. Similarly, the expression (??) implies that QN,K and QK,N are also
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symmetric in their last two coordinates.

H.1 Flow payoffs

H.1.1 Workers

We start with the utility function. For the second-order effect of the distribution, we have:

∂2Uit

∂N2
it

∣∣∣∣∣
SS

=
ξ(1−ϖ)C̃ss

i

[
ξ(1−ϖ)u′′

(
C̃ss

i

)
C̃ss

i + (1 + ξ(1−ϖ))u′
(

C̃ss
i

)]
(Nss

i )2 ,

∂2Uit

∂Kit∂Nit

∣∣∣∣
SS

= −
ξ2(1−ϖ)(1−ω−ϖ)C̃ss

i

[
u′′
(

C̃ss
i

)
C̃ss

i + u′
(

C̃ss
i

)]
Nss

i
,

∂2Uit

∂K2
it

∣∣∣∣∣
SS

= [ξ(1−ω−ϖ)]2 C̃ss
i

[
u′′
(

C̃ss
i

)
C̃ss

i + u′
(

C̃ss
i

)]
.

For the cross effect of the distribution and the aggregate shocks, we have:

∂2Uit

∂(σtzt)∂Nit

∣∣∣∣
SS

=
∂2Uit

∂Tt∂Nit

∣∣∣∣
SS

= −
ϵξ(1−ϖ)

(
ai1 + (1− β)χi1

)
C̃ss

i

[
u′′
(

C̃ss
i

)
C̃ss

i + u′
(

C̃ss
i

)]
Nss

i
,

∂2Uit

∂(σtzt)∂Kit

∣∣∣∣
SS

=
∂2Uit

∂Tt∂Kit

∣∣∣∣
SS

= ϵξ(1−ω−ϖ)
(
ai1 + (1− β)χi1

)
C̃ss

i

[
u′′
(

C̃ss
i

)
C̃ss

i + u′
(

C̃ss
i

)]
.

Finally, for the second-order effect of the aggregate shocks, we have:

∂2Uit

∂(σtzt)2

∣∣∣∣
SS

=
∂2Uit

∂(Tt)2

∣∣∣∣
SS

=
∂2Uit

∂(σtzt)∂Tt

∣∣∣∣
SS

= ϵ2
{

u′′
(

C̃ss
i

) (
C̃ss

i

)2
(ai1 + (1− β)χi1)

2 + u′
(

C̃ss
i

)
C̃ss

i

(
(ai1 + (1− β)χi1)

2 + ai2 + (1− β)χi2

) }
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Putting all the terms together, we have:

Ut−Uss

≈ ϵ
{

DUNn + DUKk + dUT (σtz + Tt)
}
←− first-order term

+
ϵ2

2
{
DUNN ×3 n×2 n +DUNK ×3 k×2 n +DUKN ×3 n×2 k +DUKK ×3 k×2 k

}
+ ϵ2DUKTk (σtz + Tt) + ϵ2DUNTn (σtz + Tt)

+
ϵ2

2
dUTT

[
(σtz)2 + (Tt)

2 + 2(σtz)Tt

]
,

whereDUNN,DUKN,DUNK, andDUKK are diagonal tensors defined as:

DUNN = ξ(1−ϖ)diag3

 C̃ss
i

[
ξ(1−ϖ)u′′

(
C̃ss

i

)
C̃ss

i + (1 + ξ(1−ϖ))u′
(

C̃ss
i

)]
(Nss

i )2

 ,

DUKN = DUNK = −ξ2(1−ϖ)(1−ω−ϖ)diag3

 C̃ss
i

[
u′′
(

C̃ss
i

)
C̃ss

i + u′
(

C̃ss
i

)]
Nss

i

 ,

DUKK = [ξ(1−ω−ϖ)]2 diag3

(
C̃ss

i

[
u′′
(

C̃ss
i

)
C̃ss

i + u′
(

C̃ss
i

)])
,

where diag3 is the 3-dimensional diagonal operator; and DUN, DUK, DUZ, and dUT are

defined as in section 4. The remaining objects are defined as follows:

DUNT = −ξ(1−ϖ)diag

(ai1 + (1− β)χi1
)
C̃ss

i

[
u′′
(

C̃ss
i

)
C̃ss

i + u′
(

C̃ss
i

)]
Nss

i

 ,

DUKT = ξ(1−ω−ϖ)diag
((

ai1 + (1− β)χi1
)
C̃ss

i

[
u′′
(

C̃ss
i

)
C̃ss

i + u′
(

C̃ss
i

)])
,

dUTT = vec
(

u′′
(

C̃ss
i

) (
C̃ss

i

)2
(ai1 + (1− β)χi1)

2
)
+ vec

(
u′
(

C̃ss
i

)
C̃ss

i

((
ai1 + (1− β)χi1

)2
+ ai2 + (1− β)χi2

))
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H.1.2 Capitalists

We let Qit ≡ ζQ1−1/ζ
it + (1− ζ)

{
Rit − ∆it −

ζΣ2
it

2

}
Qit, to be the flow pay-off for the capi-

talists. First, for the second-order effect of the distribution, we have:

∂2Qit

∂N2
it

∣∣∣∣∣
SS

=
ψ(ψ− 1)(1− ζ)Qss

i Rss
i

(Nss
i )2 ,

∂2Qit
∂Kit∂Nit

∣∣∣∣
SS

= −
ψϕ(1− ζ)Qss

i Rss
i

Nss
i

,

∂2Qit

∂K2
it

∣∣∣∣∣
SS

= ϕ2(1− ζ)Qss
i Rss

i .

Second, for the cross-effect of the distribution and the aggregate shocks, we have:

∂2Qit
∂(σtz)∂Nit

∣∣∣∣
SS

=
∂2Qit

∂Tt∂Nit

∣∣∣∣
SS

= ϵψ(1− ζ)Qss
i χi1

Rss
i

Nss
i

,

∂2Qit
∂(σtz)∂Kit

∣∣∣∣
SS

=
∂2Qit

∂Tt∂Kit

∣∣∣∣
SS

= −ϵϕ(1− ζ)Qss
i χi1Rss

i .

Third, the coefficients of the second-order effect of the aggregate shocks are given by:

∂2Qit
∂(σtz)2

∣∣∣∣
SS

=
∂2Qit
∂(Tt)2

∣∣∣∣
SS

=
∂2Qit

∂(σtz)∂Tt

∣∣∣∣
SS

= ϵ2(1− ζ)Qss
i

[
Rss

i

(
χ2

i1 + χi2

)
− δi2

]
.

Forth, coefficients for the capital depreciation coming from the Brownian motion:

∂Qit

∂Σ2
it

∣∣∣∣∣
SS

= −ϵ2 (1− ζ)ζ

2
Qss

i
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Finally, the terms involving Qit:

∂2Qit

∂Q2
it

∣∣∣∣∣
SS

=
1− ζ

ζ
(Qss

i )
− 1+ζ

ζ

∂2Qit
∂Kit∂Qit

∣∣∣∣
SS

= −ϕ(1− ζ)Rss
i

∂2Qit
∂Nit∂Qit

∣∣∣∣
SS

= ψ(1− ζ)
Rss

i
Nss

i

∂2Qit
∂(σtz)∂Qit

∣∣∣∣
SS

=
∂2Qit

∂Tt∂Qit

∣∣∣∣
SS

= ϵ(1− ζ)[Rss
i χi1 − δi1].

Putting all the terms together, we have that:

Qit−Qss
i ≈ Qi,N (ϵni) + Qi,K (ϵki) + Qi,Q

(
ϵq1i +

ϵ2

2
q2i

)
+ Qi,Tz + Qi,TTt

+
1
2

Qi,NN (ϵni)
2 +

1
2

Qi,KK (ϵki)
2 + Qi,NK (ϵni) (ϵki)

+
1
2

Qi,QQ

(
ϵq1i +

ϵ2

2
q2i

)2

+ Qi,NT (ϵni) σtz + Qi,NT (ϵni) Tt

+ Qi,KT (ϵki) σtz + Qi,KT (ϵki) Tt

+ Qi,QN

(
ϵq1i +

ϵ2

2
q2i

)
ni + Qi,QK

(
ϵq1i +

ϵ2

2
q2i

)
ki + Qi,QT

(
ϵq1i +

ϵ2

2
q2i

)
(σtz + Tt)

+
1
2

Qi,TT(σtz)2 +
1
2

Qi,TT(Tt)
2 + Qi,TT(σtz)Tt + Qi,ΣΣ2

i ςt,

where Qi,XY denote the cross partial derivative of Qi with respect to X and Y, eval-

uated at steady state. Now, before writing all terms in matrix notation, we work on the

quadratic term q2
1i:

66



q2
1i = ∑

j
∑

s
QN

ij QN
is njns + ∑

j
∑

s
QK

ij Q
K
isk jks + ∑

j
∑

s
QN

ij QK
isnjks + ∑

j
∑

s
QK

ij Q
N
is k jns

+
(

qZ
itz
)2

+
(

qT
it

)2
+ 2qZ

itzqT
it

+ 2 ∑
j

QN
ij njqZ

itz + 2 ∑
j

QN
ij njqT

it

+ 2 ∑
j

QK
ij k jqZ

itz + 2 ∑
j

QK
ij k jqT

it.

First, note that:

∑
j

∑
s

QN
ij QN

is njns =
[
QN,N ×3 n×2 n

]
i
, with Q

N,N
ijs = QN

ij QN
is

∑
j

∑
s

QN
ij QK

isnjks =
[
QN,K ×3 k×2 n

]
i
, with Q

N,K
ijs = QN

ij QK
is,

∑
j

∑
s

QK
ij Q

N
is k jns =

[
QK,N ×3 n×2 k

]
i
, with Q

K,N
ijs = QK

ij Q
N
is

∑
j

∑
s

QK
ij Q

K
isk jks =

[
QK,K ×3 k×2 k

]
i
, with Q

K,K
ijs = QK

ij Q
K
is

On the other hand:

∑
j

QN
ij qZ

itznj =
[
diag(qZ

t )Q
Nnz

]
, ∑

j
QN

ij qT
itnj =

[
diag(qT

t )Q
Nn
]

i
,

∑
j

QK
ij q

Z
itzk j =

[
diag(qZ

t )Q
Kkz
]

i
, ∑

j
QK

ij q
T
itk j =

[
diag(qT

t )Q
Kk
]

i
,

where diag is the diagonal operator. Putting all terms together, we get:

q1 · q1 = QN,N ×3 n×2 n + QN,K ×3 k×2 n + QK,N ×3 n×2 k + QK,K ×3 k×2 k

+ (qZ
t · qZ

t )z
2 + qT

t · qT
t + 2(qZ

t · qT
t )z

+ 2diag(qZ
t )Q

Nnz + 2diag(qT
t )Q

Nn

+ 2diag(qZ
t )Q

Knz + 2diag(qT
t )Q

Kn.
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where the operator · denotes the inner product between two vectors. Then, to the leading

order, we get:

Qt −Qss ≈ ϵ
{

DQNn + DQKk + dQT (σtz + Tt)
}

+
ϵ2

2
DQQ

{
QN,N ×3 n×2 n +QN,K ×3 k×2 n +QK,N ×3 n×2 k +QK,K ×3 k×2 k

+ 2QN,Z
t nz + 2QK,Z

t kz + 2QN,T
t n + 2QK,T

t k

+ qt + qZ,Z
t z2 + qT,T

t + 2qZ,T
t z + qΣ

t

}
+

ϵ2

2
{
DQNN ×3 n×2 n +DQKK ×3 k×2 k +DQNK ×3 n×2 k +DQKN ×3 k×2 n

}
+

ϵ2

2
DQQQ

{
QN,N ×3 n×2 n + QN,K ×3 k×2 n + QK,N ×3 n×2 k + QK,K ×3 k×2 k

+ (qZ
t · qZ

t )z
2 + qT

t · qT
t + 2(qZ

t · qT
t )z

+ 2diag(qZ
t )Q

Nnz + 2diag(qT
t )Q

Nn

+ 2diag(qZ
t )Q

Kkz + 2diag(qT
t )Q

Kk
}

+ ϵ2
{

DQNTn [σtz + Tt] + DQKTk [σtz + Tt]
}

+ ϵ2
{ (
DQQN ×1 QN

)
×2 n×3 n +

(
DQQN ×1 QK

)
×2 k×3 n + (DQQN ×1 qZ

t )nz + (DQQN ×1 qT
t )n
}

+ ϵ2
{ (
DQQK ×1 QN

)
×2 n×3 k +

(
DQQK ×1 QK

)
×2 k×3 k + (DQQK ×1 qZ

t )kz + (DQQK ×1 qT
t )k
}

+ ϵ2DQQT
[
QNn + QKk + qZ

t z + qT
t
]
[σtz + Tt]

+
ϵ2

2
dQTT

[
(σtz)2 + (Tt)

2 + 2(σtz)Tt

]
+

ϵ2

2
Σ2dQΣTςt

whereDQNN,DQKN,DQNK,DQKK,DQQN andDQQK are diagonal tensors defined as:

DQNN = ψ(ψ− 1)(1− ζ)diag3

(
Qss

i Rss
i

(Nss
i )2

)
, DQKK = ϕ2(1− ζ)diag3 (Q

ss
i Rss

i ) ,

DQNK = DQKN = −ψϕ(1− ζ)diag3

(
Qss

i Rss
i

Nss
i

)
,

DQQN = (1− ζ)ψdiag3

(
Rss

i
Nss

i

)
DQQK = −(1− ζ)ϕdiag3 (Rss

i )

Moreover, Σ2 is a diagonal matrix with components Σ2
i , and DQK, DQN, DQQ, and dQT
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are defined as in section 4. The remaining matrices are and vectors:

DQQQ =
1− ζ

ζ
diag

(
(Qss

i )
−1− 1

ζ

)
, DQQT = (1− ζ)diag (Rss

i χi1 − δi1)

DQNT = ψ(1− ζ)diag
(

χi1
Qss

i Rss
i

Nss
i

)
, DQKT = −ϕ(1− ζ)diag (χi1Qss

i Rss
i ) ,

dQTT = (1− ζ)vec
(

Qss
i

(
Rss

i

(
χ2

i1 + χi2

)
− δi2

))
, dQΣT = − (1− ζ)ζ

2
vec (Qss

i ) .

Grouping terms according to their order and using DQQ = 0 gives the final expression:

Qt −Qss
i ≈ ϵ

{
DQKk + DQNn + dQT (σtz + Tt)

}
←− first-order term

+
ϵ2

2

{
DQNN +QN,N ×1 DQQQ +DQQN ×1 QN

}
×3 n×2 n

+
ϵ2

2

{
DQKN +QN,K ×1 DQQQ +DQQN ×1 QK

}
×3 k×2 n

+
ϵ2

2

{
DQNK +QK,N ×1 DQQQ +DQQK ×1 QN

}
×3 n×2 k

+
ϵ2

2

{
DQKK +QK,K ×1 DQQQ +DQQK ×1 QK

}
×3 k×2 k

+ ϵ2
[
DQQQdiag(qZ

t )Q
N +

(
DQNT + DQQTQN

)
σt +DQQN ×1 qZ

t

]
nz

+ ϵ2
[
DQQQdiag(qT

t )Q
N +

(
DQNT + DQQTQN

)
Tt +DQQN ×1 qT

t

]
n

+ ϵ2
[
DQQQdiag(qZ

t )Q
K + (DQKT + DQQTQK)σt +DQQK ×1 qZ

t

]
kz

+ ϵ2
[
DQQQdiag(qT

t )Q
K +

(
DQKT + DQQTQK

)
Tt +DQQK ×1 qT

t

]
k

+
ϵ2

2

[
DQQQ(qZ

t · qZ
t ) + 2DQQTqZ

t σt + dQTTσ2
t

]
z2

+
ϵ2

2

[
DQQQ(qT

t · qT
t ) + 2DQQTqT

t Tt + dQTT(Tt)
2
]

+ ϵ2
[
DQQQqZ

t qT
t + DQQT(qZ

t Tt + qT
t σt) + dQTTσtTt

]
z.

+
ϵ2

2
Σ2dQΣTςt.
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H.2 Continuation Value from Migration

We have that:

Mi(Vt)−Mi(Vss) ≈ ∇[Mi](Vss)(V −Vss) +
1
2
(V −Vss)T H [Mi] (Vss)(V −Vss),

where ∇[Mi](·) and H [Mi] (·) are the gradient and the Hessian ofMi, respectively. We

have that, up to a second order, V −Vss = ϵv1 +
ϵ2

2 v2, with v1 and v2 defined in (??) and

(??). Therefore, omitting the dependence on Vss, we can write the expression above as:

Mi(Vt)−Mi(Vss) ≈ ϵ [Mv1]i +
ϵ2

2
[Mv2]i +

1
2
(ϵv1 +

ϵ2

2
v2)

T H [Mi] (Vss)(ϵv1 +
ϵ2

2
v2).

In matrix form:

Mv1 = MVNn + MVKk + MvZ
t z + MvT

t ,

Mv2 = M
[
VN,N ×3 n×2 n + VN,K ×3 k×2 n + VK,N ×3 n×2 k + VK,K ×3 k×2 k

+ 2VN,Z
t nz + 2VK,Z

t kz + 2VN,T
t n + 2VK,T

t k + vt + vZ,Z
t z2 + vT,T

t + 2vZ,T
t z + vΣ,Z

t z + vΣ,T
t

]
= VN,N ×1 M×3 n×2 n + VN,K ×1 M×3 k×2 n + VK,N ×1 M×3 n×2 k + VK,K ×1 M×3 k×2 k

+ 2MVN,Z
t nz + 2MVK,Z

t kz + 2MVN,T
t n + 2MVK,T

t k + Mvt + MvZ,Z
t z2 + MvT,T

t + 2MvZ,T
t z

+ MvΣ,Z
t z + MvΣ,T

t .

On the other hand, the Hessian matrix is given by:

H [Mi] (Vss) =

[
∂mik(Vss)

∂Vh

]
hk

.

To ease notation, we omit the dependence of the migration probabilities on the steady-

state vector Vss. Then, we have that:

(ϵv1 +
ϵ2

2
v2)

T H [Mi] (Vss)(ϵv1 +
ϵ2

2
v2) = µν

[
∑
k

mik(ϵv1k +
ϵ2

2
v2k)

2 −∑
h

∑
k

mihmik(ϵv1h +
ϵ2

2
v2h)(ϵv1k +

ϵ2

2
v2k)

]
.

Note that the second-order terms in v2 will drop out of the approximation when raised to
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a higher power or if multiplied by v1. Thus, we have that:

(ϵv1 +
ϵ2

2
v2)

T H [Mi] (Vss)(ϵv1 +
ϵ2

2
v2) = ϵ2µν

[
∑
k

mikv2
1k −∑

h
∑
k

mihmikv1hv1k

]
,

which in matrix notation is:

(ϵv1 +
ϵ2

2
v2)

T H [M] (Vss)(ϵv1 +
ϵ2

2
v2) = ϵ2µνm(v1 · v1)− ϵ2µνM×3 (v1)×2 (v1),

where M is a tensor defined as Mikh = −mikmih. We can use the expression for q1 · q1 in

the previous section to expand the term m(v1 · v1):

m(v1 · v1) =V
N,N ×1 m×3 n×2 n +VN,K ×1 m×3 k×2 n +VK,N ×1 m×3 n×2 k +VK,K ×1 m×3 k×2 k

+ m
(

vZ
t · vZ

t

)
z2 + m

(
vT

t · vT
t

)
+ 2m

(
vZ

t · vT
t

)
z

+ 2mdiag(vZ
t )V

Nnz + 2mdiag(vT
t )V

Nn

+ 2mdiag(vZ
t )V

Knz + 2mdiag(vT
t )V

Kn,

where the tensors VN,N, VN,K, VK,N, and VK,K are defined as:

V
N,N
ijs = VN

ij VN
is V

N,K
ijs = VN

ij VK
is V

K,N
ijs = VK

ij VN
is V

K,K
ijs = VK

ij VK
is

We can use Lemmas 1 and 3 in the appendix jointly with the fact that M is symmetric in

its last two coordinates to expand the termM×3 v1 ×2 v1 as:

M×3 (v1)×2 (v1) =
(
M×3 VN ×2 VN

)
×3 n×2 n +

(
M×3 VK ×2 VN

)
×3 k×2 n

+
(
M×3 VN ×2 VK

)
×3 n×2 k +

(
M×3 VK ×2 VK

)
×3 k×2 k

+ 2
(
M×2 VN ×3 vZ

t

)
nz + 2

(
M×2 VN ×3 vT

t

)
n

+ 2
(
M×2 VK ×3 vZ

t

)
kz + 2

(
M×2 VK ×3 vT

t

)
k

+M×3 vZ
t ×2 vZ

t z2 +M×3 vT
t ×2 vT

t + 2M×3 vZ
t ×2 vT

t z.
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Gathering all the terms gives:

M(Vt)−M(Vss) = ϵ
(

MVNn + MVKk + MvZ
t z + MvT

t + M
)

+
ϵ2

2

[
VN,N ×1 M×3 n×2 n + VN,K ×1 M×3 k×2 n + VK,N ×1 M×3 n×2 k + VK,K ×1 M×3 k×2 k

+ 2MVN,Z
t nz + 2MVK,Z

t kz + 2MVN,T
t n + 2MVK,T

t k + Mvt + MvZ,Z
t z2 + MvT,T

t + 2MvZ,T
t z

+ MvΣ,Z
t z + MvΣ,T

t

]
+

ϵ2µν

2

[
VN,N ×1 m×3 n×2 n +VN,K ×1 m×3 k×2 n +VK,N ×1 m×3 n×2 k +VK,K ×1 m×3 k×2 k

+ m
(

vZ
t · vZ

t

)
z2 + m

(
vT

t · vT
t

)
+ 2m

(
vZ

t · vT
t

)
z

+ 2mdiag(vZ
t )V

Nnz + 2mdiag(vT
t )V

Nn + 2mdiag(vZ
t )V

Knz + 2mdiag(vT
t )V

Kn
]

+
ϵ2µν

2

[ (
M×3 VN ×2 VN

)
×3 n×2 n +

(
M×3 VK ×2 VN

)
×3 k×2 n

+
(
M×3 VN ×2 VK

)
×3 n×2 k +

(
M×3 VK ×2 VK

)
×3 k×2 k

+ 2
(
M×2 VN ×3 vZ

t

)
nz + 2

(
M×2 VN ×3 vT

t

)
n + 2

(
M×2 VK ×3 vZ

t

)
kz + 2

(
M×2 VK ×3 vT

t

)
k

+M×3 vZ
t ×2 vZ

t z2 +M×3 vT
t ×2 vT

t + 2M×3 vZ
t ×2 vT

t z
]
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We obtain the final expression grouping terms according to their order:

M(Vt)−M(Vss) = ϵ
(

MVNn + MVKk + MvZ
t z + MvT

t

)
←− first-order term

+
ϵ2

2

[
VN,N ×1 M + µν

(
VN,N ×1 m +M×3 VN ×2 VN

)]
×3 n×2 n

+
ϵ2

2

[
VN,K ×1 M + µν

(
VN,K ×1 m +M×3 VK ×2 VN

)]
×3 k×2 n

+
ϵ2

2

[
VK,N ×1 M + µν

(
VK,N ×1 m +M×3 VN ×2 VK

)]
×3 n×2 k

+
ϵ2

2

[
VK,K ×1 M + µν

(
VK,K ×1 m +M×3 VK ×2 VK

)]
×3 k×2 k

+ ϵ2
[

MVN,Z
t + µν

(
m diag(vZ

t )V
N +M×2 VN ×3 vZ

t

)]
nz

+ ϵ2
[

MVN,T
t + µν

(
m diag(vT

t )V
N +M×2 VN ×3 vT

t

)]
n

+ ϵ2
[

MVK,Z
t + µν

(
m diag(vZ

t )V
K +M×2 VK ×3 vZ

t

)]
kz

+ ϵ2
[

MVN,T
t + µν

(
m diag(vT

t )V
K +M×2 VK ×3 vT

t

)]
k

+
ϵ2

2

[
MvZ,Z

t + µν
(

m(vZ
t · vZ

t ) +M×3 vZ
t ×2 vZ

t

)]
z2

+
ϵ2

2

[
MvT,T

t + µν
(

m (vT
t · vT

t ) +M×3 vT
t ×2 vT

t

)]
+ ϵ2

[
MvZ,T

t + µν
(

m (vZ
t · vT

t ) +M×3 vZ
t ×2 vT

t

)]
z

+
ϵ2

2
MvΣ,Z

t z +
ϵ2

2
MvΣ,T

t

+
ϵ2

2
Mvt

H.3 Continuation Value from Changes in Population Distribution

H.3.1 Workers

The continuation value for workers from changes in the population distribution is given

by:

µ ∑
j

∂Vi

∂Nj

(
∑
k

mkj(V)Nk − Nj

)
We will approximate individual terms and then take the product. First, applying the
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chain rule to (??), (??) and (??), we get that:

∂Vi

∂Nj
= VN

ij +
ϵ

2

(
∑

s
VN,N

ijs ns + ∑
j
VN,N

ijs nj + ∑
s
VN,K

ijs ks + ∑
j
VK,N

ijs k j + 2VN,Z
ijt z + 2VN,T

ijt

)
.

Now, fixing j and k, we work on the term mkjNk − Nj. First, we start approximating

mkj:

M∗jk(VSS + dv) = Mjk(VSS)
∗ +∇

[
M∗jk

]
(VSS)dv +

1
2

dv∗H
[

M∗jk
]
(VSS)dv

Recall that we have already derived the gradient component in the previous section,

which we now define as a tensor:

∂mkj

∂Vh
=

−νmkjmkh if j ̸= h

νmkj(1−mkj) if j = h

Therefore,

∂M∗jk
∂Vh

= µν

−mkjmkh if j ̸= h

mkj(1−mkj) if j = h
≡ Gjkh

This implies that, (
∇
[

M∗jk
]
(VSS)dv

)
jk
= G×3 dv

On the other hand, for the Hessian, we have that H
[

M∗jk
]
= µ

∂2mkj
∂Vh∂Vs

. Now,

∂2mkj

∂2Vh
= ν2mkjmkh (2mkh − 1) for h ̸= j

∂2mkj

∂Vh∂Vs
= ν22mkjmkhmks for h ̸= s and h, s ̸= j

∂2mkj

∂Vh∂Vj
= ν2mkjmkh

(
2mkj − 1

)
for h ̸= j

∂2mkj

∂2Vj
= ν2mkj

(
1− 3mkj + 2m2

kj

)
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Hence, define:

Hkjhs = µ
∂2mjk

∂Vh∂Vs
,

a four-dimensional tensor. Using these expressions, one obtains:

(
dv∗H

[
M∗jk

]
dv
)

jk
= H×4 dv×3 dv,

where the tensor product with respect to the fourth coordinate, ×4, is defined as analo-

gously to×3 in Section ??. Then, to the leading order (where the 0th order term drops out

in steady-state):

(M(V)∗N)j = ∑
k

(
M∗jk +Gjk• ×3 dv +

1
2
Hjk•• ×4 dv×3 dv

)
(Nk + ϵnk),

=
(
Gj•• ×2 N

)
dv + ϵ(M∗n)j

+ ϵGj•• ×3 dv×2 n +
1
2
(
Hj••• ×2 N

)
×3 dv×2 dv,

= ϵ
{(
Gj•• ×2 N

)
v1 + (M∗n)j

}
+ ϵ2

{
1
2
(
Gj•• ×2 N

)
v2 +Gj•• ×3 v1 ×2 n +

1
2
(
Hj••• ×2 N

)
×3 v1 ×2 v1

}
≡ ϵMj + ϵ2Nj, (51)

where we drop 3rd-order terms to get to the second and third lines. Note that:

M = M∗n + (G×2 N) v1,

= M∗n + (G×2 N)
(

VNn + VKk + vZ
t z + vT

t

)
,

= FNn + FKk + f Z
t z + f T

t ,

with

FN = M∗ + (G×2 N)VN, f Z
t = (G×2 N) vZ

t ,

FK = (G×2 N)VK, f T
t = (G×2 N) vT

t .
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Thus, again, to the leading order:

∑
j

∂Vi

∂Nj
(M∗(V)N)j =

∑
j

{
VN

ij +
ϵ

2

(
∑

s
VN,N

ijs ns + ∑
s
VN,N

isj ns + ∑
s
VN,K

ijs ks + ∑
s
VK,N

isj ks + 2VN,Z
ijt z + 2VN,T

ijt

)}
×
{

ϵMj + ϵ2Nj

}
,

=∑
j

{
VN

ij +
ϵ

2
∂V j

}{
ϵMj + ϵ2Nj

}

Focusing on the second-order terms, we start by expanding the term involving ∂V j and

Mj:

ϵ2

2 ∑
j

∂V j×Mj =
(
VN,N ×3 n + VN,N ×2 n + VN,K ×3 k + VK,N ×2 k + 2VN,Z

t z + 2VN,T
t

)
M

Expanding term by term, we get:

(
VN,N ×3 n

)
M = VN,N ×2 FN ×3 n×2 n + VN,N ×2 FK ×3 k×2 n

+
(
VN,N ×2 f Z

t

)
nz +

(
VN,N ×2 f T

t

)
n.

(
VN,N ×2 n

)
M = VN,N ×3 FN ×3 n×2 n + VN,N ×3 FK ×3 k×2 n

+
(
VN,N ×3 f Z

t

)
nz +

(
VN,N ×3 f T

t

)
n.

(
VN,K ×3 k

)
M = VN,K ×2 FN ×3 k×2 n + VN,K ×2 FK ×3 k×2 k

+
(
VN,K ×2 f Z

t

)
kz +

(
VN,K ×2 f T

t

)
k.

(
VK,N ×2 k

)
M = VK,N ×3 FN ×3 n×2 k + VK,N ×3 FK ×3 k×2 k

+
(
VK,N ×3 f Z

t

)
kz +

(
VK,N ×3 f T

t

)
k.
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2VN,Z
t zM = 2

(
VN,Z

t FNnz + VN,Z
t FKkz + VN,Z

t f Z
t z2 + VN,Z

t f T
t z
)

.

2VN,T
t M = 2

(
VN,T

t FNn + VN,T
t FKk + VN,T

t f Z
t z + VN,T

t f T
t

)
.

Now we work on the term involving VN and N :

∑
j

VN
ij ϵ2Nj = ϵ2

{
1
2

(
G×1 VN ×2 N

)
v2 +G×1 VN ×3 v1 ×2 n +

1
2

(
H×1 VN ×2 N

)
×3 v1 ×2 v1

}
,

= ϵ2
{

1
2

Xv2 +Y×3 v1 ×2 n +
1
2
Z×3 v1 ×2 v1

}
,

with the matrix X and the tensors Y and Z defined as

X ≡ G×1 VN ×2 N, Y ≡ G×1 VN, Z = H×1 VN ×2 N,

and we denoteY∗ as the tensor resulting when transposing the last two coordinates ofY.

Expanding each individual term, we get:

Xv2 =
(
VN,N ×1 X

)
×3 n×2 n +

(
VN,K ×1 X

)
×3 k×2 n

+
(
VK,N ×1 X

)
×3 n×2 k +

(
VK,K ×1 X

)
×3 k×2 k

+ 2XVN,Z
t nz + 2XVK,Z

t kz + 2XVN,T
t n + 2XVK,T

t k

+ Xvt + XvZ,Z
t z2 + XvT,T

t + 2XvZ,T
t z + XvΣ,Z

t z + XvΣ,T
t .

For the second term, we get:

Y×3 v1 ×2 n = Y×3

(
VNn + VKk + vZ

t z + vT
t

)
×2 n

=
(
Y×3 VN

)
×3 n×2 n +

(
Y×3 VK

)
×3 k×2 n +

(
Y×3 vZ

t

)
nz +

(
Y×3 vT

t

)
n
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For the last term, we use the results from the previous section to write:

Z×3 v1 ×2 v1 = Z×3 VN ×2 VN ×3 n×2 n +Z×3 VK ×2 VN ×3 k×2 n

+Z×3 VN ×2 VK ×3 n×2 k +Z×3 VK ×2 VK ×3 k×2 k

+ 2
(
Z×2 VN ×3 vZ

t

)
nz + 2

(
Z×2 VN ×3 vT

t

)
n

+ 2
(
Z×2 VK ×3 vZ

t

)
kz + 2

(
Z×2 VK ×3 vT

t

)
k

+Z×3 vZ
t ×2 vZ

t z2 +Z×3 vT
t ×2 vT

t + 2Z×3 vZ
t ×2 vT

t z

Collecting all terms, we get:

1
ϵ2 ∑

j

∂Vi

∂Nj
(M∗(V)N)j

=
1
2

{
VN,N ×2 FN + VN,N ×3 FN + VN,N ×1 X +Y∗ ×2 VN +Y×3 VN +Z×3 VN ×2 VN

}
×3 n×2 n

+
1
2

{
VN,N ×3 FK + VN,K ×2 FN + VN,K ×1 X +Y×3 VK +Z×3 VK ×2 VN

}
×3 k×2 n

+
1
2

{
VN,N ×2 FK + VK,N ×3 FN + VK,N ×1 X +Y∗ ×2 VK +Z×3 VN ×2 VK

}
×3 n×2 k

+
1
2

{
VN,K ×2 FK + VK,N ×3 FK + VK,K ×1 X +Z×3 VK ×2 VK

}
×3 k×2 k

+

[
1
2
VN,N ×2 f Z

t +
1
2
VN,N ×3 f Z

t + VN,Z
t FN + XVN,Z

t +Y×3 vZ
t +Z×2 VN ×3 vZ

t

]
nz

+

[
1
2
VN,N ×2 f T

t +
1
2
VN,N ×3 f T

t + VN,T
t FN + XVN,T

t +Y×3 vT
t +Z×2 VN ×3 vT

t

]
n

+

[
1
2
VN,K ×2 f Z

t +
1
2
VK,N ×3 f Z

t + VN,Z
t FK + XVK,Z

t +Z×2 VK ×3 vZ
t

]
kz

+

[
1
2
VN,K ×2 f T

t +
1
2
VK,N ×3 f T

t + VN,T
t FK + XVK,T

t +Z×2 VK ×3 vT
t

]
k

+
1
2

[
2VN,Z

t f Z
t + XvZ,Z

t +Z×3 vZ
t ×2 vZ

t

]
z2

+
1
2

[
2VN,T

t f T
t + XvT,T

t +Z×3 vT
t ×2 vT

t

]
+
[
VN,Z

t f T
t + VN,T

t f Z
t + XvZ,T

t +Z×3 vZ
t ×2 vT

t

]
z

+
1
2

XvΣ,Z
t z +

1
2

XvΣ,T
t

+

[
1
2

Xvt

]
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H.3.2 Capitalists

For capitalists, the continuation value from changes in the population distribution is

given by:

µ ∑
j

∂Qi

∂Nj

(
∑
k

mkj(V)Nk − Nj

)
Similarly to the workers case, (??), (??), and (??) imply that:

∂Qi

∂Nj
= QN

ij +
ϵ

2

(
∑

s
QN,N

ijs ns + ∑
j
QN,N

ijs nj + ∑
s
QN,K

ijs ks + ∑
j
QK,N

ijs k j + 2QN,Z
ijt z + 2QN,T

ijt

)

Following the derivations for the worker’s case, we get that to the leading order:

∑
j

∂Qi

∂Nj
(M∗(V)N)j =

∑
j

{
QN

ij +
ϵ

2

(
∑

s
QN,N

ijs ns + ∑
j
QN,N

ijs nj + ∑
s
QN,K

ijs ks + ∑
j
QK,N

ijs k j + 2QN,Z
ijt z + 2QN,T

ijt

)}
×
{

ϵMj + ϵ2Nj

}
,

=∑
j

{
QN

ij +
ϵ

2
∂Qj

}{
ϵMj + ϵ2Nj

}

First, the term ∂Qj ×Mj is analogous to the worker’s case. Second, we get that:

∑
j

QN
ij ϵ2Nj = ϵ2

{
1
2

(
G×1 QN ×2 N

)
v2 +G×1 QN ×3 v1 ×2 n +

1
2

(
H×1 QN ×2 N

)
×3 v1 ×2 v1

}
,

= ϵ2
{

1
2

Sv2 +P×3 v1 ×2 n +
1
2
R×3 v1 ×2 v1

}
,

with the matrix S and the tensors P and R defined as

S ≡ G×1 QN ×2 N, P ≡ G×1 QN, R = H×1 QN ×2 N.

We denote by P∗ the tensor one obtains by transposing the last two coordinates of

P. Collecting all terms, the second-order term of the capitalist’s continuation value from
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changes in the population distribution is given by:

80



1
ϵ2 ∑

j

∂Qi

∂Nj
(M∗(V)N)j

=
1
2

{
QN,N ×2 FN +QN,N ×3 FN + VN,N ×1 S +P∗ ×2 VN +P×3 VN +R×3 VN ×2 VN

}
×3 n×2 n

+
1
2

{
QN,N ×3 FK +QN,K ×2 FN + VN,K ×1 S +P×3 VK +R×3 VK ×2 VN

}
×3 k×2 n

+
1
2

{
QN,N ×2 FK +QK,N ×3 FN + VK,N ×1 S +P∗ ×2 VK +R×3 VN ×2 VK

}
×3 n×2 k

+
1
2

{
QN,K ×2 FK +QK,N ×3 FK + VK,K ×1 S +R×3 VK ×2 VK

}
×3 k×2 k

+

[
1
2
QN,N ×2 f Z

t +
1
2
QN,N ×3 f Z

t + QN,Z
t FN + SVN,Z

t +P×3 vZ
t +R×2 VN ×3 vZ

t

]
nz

+

[
1
2
QN,N ×2 f T

t +
1
2
QN,N ×3 f T

t + QN,T
t FN + SVN,T

t +P×3 vT
t +R×2 VN ×3 vT

t

]
n

+

[
1
2
QN,K ×2 f Z

t +
1
2
QK,N ×3 f Z

t + QN,Z
t FK + SVK,Z

t +R×2 VK ×3 vZ
t

]
kz

+

[
1
2
QN,K ×2 f T

t +
1
2
QK,N ×3 f T

t + QN,T
t FK + SVK,T

t +R×2 VK ×3 vT
t

]
k

+
1
2

[
2QN,Z

t f Z
t + SvZ,Z

t +R×3 vZ
t ×2 vZ

t

]
z2

+
1
2

[
2QN,T

t f T
t + SvT,T

t +R×3 vT
t ×2 vT

t

]
+
[

QN,Z
t f T

t + QN,T
t f Z

t + SvZ,T
t +R×3 vZ

t ×2 vT
t

]
z

+
1
2

SvΣ,Z
t z +

1
2

SvΣ,T
t

+
1
2
[Svt]

H.4 Continuation Value from Changes in the Capital Distribution

H.4.1 Workers

Worker’s continuation value from changes in the capital distribution is given by:

∑
j

∂Vi

∂Kj

(
Rjt −Q−1/ζ

jt − ∆jt −
Σ2

jt

2

)

We first work on approximating the law of motion for capital. Up to second-order we
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get:

dkt

dt
= DRKkt + DRNnt + dIT(σtz + Tt) + DIQq1,t, (52)

+
ϵ

2

{
DRNN ×3 nt ×2 nt + DRNK ×3 kt ×2 nt + DRKN ×3 nt ×2 nk + DRKK ×3 kt ×2 kt

+ 2DRNTnt(σtz + Tt) + 2DRKTkt(σtz + Tt) + dITT(σtz + Tt)
2 + Σ2dIΣTςt

+ DIQq2,t + DIQQ(q1,t · q1,t)
}

,

where:

DRNN = ψ(ψ− 1)diag3

(
Rss

i
(Nss

i )2

)
, DRKK = ϕ2diag3 (Rss

i ) , DRNK = DRKN = −ϕψdiag3

(
Rss

i
Nss

i

)
,

DRNT = ψdiag
(

χi1
Rss

i
Nss

i

)
, DRKT = −ϕdiag (χi1Rss

i ) , DIQQ = −1 + ζ

ζ
diag

(
(Qss

i )
− 1

ζ−2
)

,

dITT = vec
(
(χ2

i1 + χi2)Rss
i − δi2

)
, dIΣT = −1

2
1,

where 1 is a vector with ones in all of its entries. Now, turning to the value, we we

have that:

∂Vi

∂Kj
= VK

ij +
ϵ

2

(
∑

s
VK,K

ijs ks + ∑
s
VK,K

isj ks + ∑
s
VN,K

isj ns + ∑
s
VK,N

ijs ns + 2VK,Z
ijt z + 2VK,T

ijt

)
︸ ︷︷ ︸

≡∂jVi

.
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Hence, we get:

1
ϵ ∑

j

∂Vi

∂Kj

(
Rjt −Q−1/ζ

jt − ∆jt −
Σ2

jt

2

)
= ∑

j

(
VK

ij +
ϵ

2
∂jVi

) [
DRKk + DRNn + dIT(σtz + Tt) + DIQq1

]
j

+ ∑
j

(
VK

ij +
ϵ

2
∂jVi

) (ϵ

2

[
DRNN ×3 nt ×2 nt + DRNK ×3 kt ×2 nt + DRKN ×3 nt ×2 nk + DRKK ×3 kt ×2 kt

+ 2DRNTnt(σtz + Tt) + 2DRKTkt(σtz + Tt) + dITT(σtz + Tt)
2 + Σ2dIΣTςt

+ DIQq2,t + DIQQ(q1,t · q1,t)
]

j

)
= ∑

j
VK

ij
[
DRKk + DRNn + dIT(σtz + Tt) + DIQq1

]
j

+
ϵ

2 ∑
j

∂jVi
[
DRKk + DRNn + dIT(σtz + Tt) + DIQq1

]
j

+
ϵ

2 ∑
j

VK
ij

[
DRNN ×3 nt ×2 nt + DRNK ×3 kt ×2 nt + DRKN ×3 nt ×2 nk + DRKK ×3 kt ×2 kt

+ 2DRNTnt(σtz + Tt) + 2DRKTkt(σtz + Tt) + dITT(σtz + Tt)
2 + Σ2dIΣTςt

+ DIQq2,t + DIQQ(q1,t · q1,t)
]

j
,

where we drop the terms with an order higher than two. The first-order term is given by

the first line:

∑
j

VK
ij
[
DRKk + DRNn + dIT(σtz + Tt) + DIQq1

]
i = VK

{
DRKk+DRNn+dIT(σtz+Tt)+DIQq1

}
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Working on the second line, we get that

∑
j

∂jVi
[
DRKk + DRNn + dIT(σtz + Tt) + DIQq1

]
j

= ∑
j

(
∑

s
VK,K

ijs ks + ∑
s
VK,K

isj ks + ∑
s
VN,K

isj ns + ∑
s
VK,N

ijs ns + 2VK,Z
ijt z + 2VK,T

ijt

)
×
(
DRKk + DRNn + dIT(σtz + Tt) + DIQq1

)
j

=
(
VK,K ×2 DRK

)
×3 k×2 k +

(
VK,K ×3 DRK

)
×3 k×2 k +

(
VN,K ×3 DRK

)
×3 k×2 n

+
(
VK,N ×2 DRK

)
×3 n×2 k + 2VK,Z

t DRKkz + 2VK,T
t DRKk

+
(
VK,K ×2 DRN

)
×3 k×2 n +

(
VK,K ×3 DRN

)
×3 n×2 k +

(
VN,K ×3 DRN

)
×3 n×2 n

+
(
VK,N ×2 DRN

)
×3 n×2 n + 2VK,Z

t DRNnz + 2VK,T
t DRNn

+
(
VK,K ×2 dIT

)
k(σtz + Tt) +

(
VK,K ×3 dIT

)
k(σtz + Tt) +

(
VN,K ×3 dIT

)
n(σtz + Tt)

+
(
VK,N ×2 dIT

)
n(σtz + Tt) + 2VK,Z

t dITz(σtz + Tt) + 2VK,T
t dIT(σtz + Tt)

+
(
VK,K ×2 DIQ

)
×3 k×2 q1 +

(
VK,K ×3 DIQ

)
×3 q1 ×2 k +

(
VN,K ×3 DIQ

)
×3 q1 ×2 n

+
(
VK,N ×2 DIQ

)
×3 n×2 q1 + 2VK,Z

t DIQq1z + 2VK,T
t DIQq1.

We work on expanding the last two lines which involve the term q1. Define the matri-

ces:

DN ≡ DIQQN, DK ≡ DIQQK, DZ
t ≡ DIQqZ

t , DT
t ≡ DIQqT

t .
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Using this notation, expanding each of the sub-terms gives:

(
VK,K ×2 DIQ

)
×3 k×2 q1 =

(
VK,K ×2 DN

)
×3 k×2 n +

(
VK,K ×2 DK

)
×3 k×2 k

+
(
VK,K ×2 DZ

t

)
kz +

(
VK,K ×2 DT

t

)
k.(

VK,K ×3 DIQ

)
×3 q1 ×2 k =

(
VK,K ×3 DN

)
×3 n×2 k +

(
VK,K ×3 DK

)
×3 k×2 k

+
(
VK,K ×3 DZ

t

)
kz +

(
VK,K ×3 DT

t

)
k.(

VN,K ×3 DIQ

)
×3 q1 ×2 n =

(
VN,K ×3 DN

)
×3 n×2 n +

(
VN,K ×3 DK

)
×3 k×2 n

+
(
VN,K ×3 DZ

t

)
nz +

(
VN,K ×3 DT

t

)
n.(

VK,N ×2 DIQ

)
×3 n×2 q1 =

(
VK,N ×2 DN

)
×3 n×2 n +

(
VK,N ×2 DK

)
×3 n×2 k

+
(
VK,N ×2 DZ

t

)
nz +

(
VK,N ×2 DT

t

)
n.

2VK,Z
t DIQq1z = 2

(
VK,Z

t DNnz + VK,Z
t DKkz + VK,Z

t DZ
t z2 + VK,Z

t DT
t z
)

2VK,T
t DIQq1 = 2

(
VK,T

t DNn + VK,T
t DKk + VK,T

t DZ
t z + VK,T

t DT
t

)
Finally, we work on the last line of the initial expansion.

∑
j

VK
ij

[
DRNN ×3 n×2 n + DRNK ×3 k×2 n + DRKN ×3 n×2 k + DRKK ×3 k×2 k

+ 2DRNTn(σtz + Tt) + 2DRKTk(σtz + Tt) + dITT(σtz + Tt)
2 + Σ2dIΣTςt

+ DIQq2,t + DIQQ(q1,t · q1,t)
]

j
,

= (DRNN ×1 VK)×3 n×2 n + (DRNK ×1 VK)×3 k×2 n + (DRKN ×1 VK)×3 n×2 k

+ (DRKK ×1 VK)×3 k×2 k + 2VKDRNTnt(σtz + Tt) + 2VKDRKTkt(σtz + Tt)

+ VKdITT(σtz + Tt)
2 + VKΣ2dIΣTςt + VKDIQq2,t + VKDIQQ(q1,t · q1,t)

Then, the term involving second-order shocks can be expressed as:

VKdITT(σtzt + Tt)
2 = VKdITT(σtz)2 + VKdITT(Tt)

2 + 2VKdITTσtzTt.
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Define the matrix A ≡ VKDIQ. By expanding the term involving q2 we obtain:

Aq2 =
(
QN,N ×1 A

)
×3 n×2 n +

(
QN,K ×1 A

)
×3 k×2 n

+
(
QK,N ×1 A

)
×3 n×2 k +

(
QK,K ×1 A

)
×3 k×2 k

+ 2AQN,Z
t nz + 2AQN,T

t n

+ 2AQK,Z
t kz + 2AQK,T

t k

+ Aqt + AqZ,Z
t z2 + AqT,T

t + 2AqZ,T
t z + AqΣ

t .

Now, define the matrix B ≡ VKDIQQ. We expand the term involving q1 · q1 as:

B (q1 · q1) =
(
QN,N ×1 B

)
×3 n×2 n +

(
QN,K ×1 B

)
×3 k×2 n

+
(
QK,N ×1 B

)
×3 n×2 k +

(
QK,K ×1 B

)
×3 k×2 k

+ B
(

qZ
t · qZ

t

)
z2 + B

(
qT

t · qT
t

)
+ 2B

(
qZ

t · qT
t

)
z

+ 2Bdiag(qZ
t )Q

Nnz + 2Bdiag(qT
t )Q

Nn

+ 2Bdiag(qZ
t )Q

Kkz + 2Bdiag(qT
t )Q

Kk.

By collecting all terms, we construct the second-order approximation of the worker’s

continuation value from changes in capital distribution. Given that VK,K is symmetric in

the last two coordinates, we obtain:
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∑
j

∂Vi

∂Kj

(
Rjt −Q−1/ζ

jt − ∆jt −
Σ2

jt

2

)
= ϵVK

{
DRKk + DRNn + dIT(σtz + Tt) + DIQ

[
QNn + QKk + qZ

t z + qT
t

]}

=
1
2

{
VN,K ×3 DRN + VK,N ×2 DRN + VN,K ×3 DN + VK,N ×2 DN + DRNN ×1 VK +QN,N ×1 A +QN,N ×1 B

}
×3 n×2 n

+
1
2

{
VN,K ×3 DRK + VK,K ×2 DRN + VK,K ×2 DN + VN,K ×3 DK + DRNK ×1 VK +QN,K ×1 A +QN,K ×1 B

}
×3 k×2 n

+
1
2

{
VK,N ×2 DRK + VK,K ×3 DRN + VK,K ×3 DN + VK,N ×2 DK + DRKN ×1 VK +QK,N ×1 A +QK,N ×1 B

}
×3 n×2 k

+
1
2

{
VK,K ×2 DRK + VK,K ×3 DRK + VK,K ×2 DK + VK,K ×3 DK + DRKK ×1 VK +QK,K ×1 A +QK,K ×1 B

}
×3 k×2 k

+

[
VK,Z

t DRN +
1
2

[(
VN,K ×3 dIT + VK,N ×2 dIT

)
σt + VN,K ×3 DZ

t + VK,N ×2 DZ
t

]
+ VK,Z

t DN + VKDRNTσt + AQN,Z
t + Bdiag(qZ

t )Q
N
]

nz

+

[
VK,T

t DRN +
1
2

[(
VN,K ×3 dIT + VK,N ×2 dIT

)
Tt + VN,K ×3 DT

t + VK,N ×2 DT
t

]
+ VK,T

t DN + VKDRNTTt + AQN,T
t + Bdiag(qT

t )Q
N
]

n

+
[
VK,Z

t DRK +
1
2

[(
VK,K ×2 dIT + VK,K ×3 dIT

)
σt + VK,K ×2 DZ

t + VK,K ×3 DZ
t

]
+ VK,Z

t DK + VKDRKTσt + AQK,Z
t + Bdiag(qZ

t )Q
K
]
kz

+
[
VK,T

t DRK +
1
2

[(
VK,K ×2 dIT + VK,K ×3 dIT

)
Tt + VK,K ×2 DT

t + VK,K ×3 DT
t

]
+ VK,T

t DK + VKDRKTTt + AQK,T
t + Bdiag(qT

t )Q
K
]
k

+
1
2

[
2VK,Z

t dITσt + 2VK,Z
t DZ

t + VKdITTσ2
t + AqZ,Z

t + B
(

qZ
t · qZ

t

)]
z2

+
1
2

[
2VK,T

t dITTt + 2VK,T
t DT

t + VKdITT(Tt)
2 + AqT,T

t + B
(

qT
t · qT

t

)]
+
[
VK,Z

t dITTt + VK,T
t dITσt + VK,Z

t DT
t + VK,T

t DZ
t + VKdITTσtTt + AqZ,T

t + B
(

qZ
t · qT

t

)]
z

+
1
2

[
VKΣ2dIΣTςt + AqΣ

t

]
+

1
2
[Aqt]
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H.4.2 Capitalists

Capitalists continuation value from changes in the capital distribution is:

∑
j

∂Qi

∂Kj

(
Rjt −Q−1/ζ

jt − ∆jt −
Σ2

jt

2

)
.

The derivative of the capitalists’ value with respect to capital is given by

∂Qi

∂Kj
= QK

ij +
ϵ

2

(
∑

s
QK,K

ijs ks + ∑
s
QK,K

isj ks + ∑
s
QN,K

isj ns + ∑
s
QK,N

ijs ns + 2QK,Z
ijt z + 2QK,T

ijt

)
︸ ︷︷ ︸

≡∂jQi

Following the derivations for the worker’s case, up to second order, we get that

1
ϵ ∑

j

∂Qi

∂Kj

(
Rjt −Q−1/ζ

jt − ∆jt −
Σ2

jt

2

)
= ∑

j
QK

ij
[
DRKk + DRNn + dIT(σtz + Tt) + DIQq1

]
j

+
ϵ

2 ∑
j

∂jQi
[
DRKk + DRNn + dIT(σtz + Tt) + DIQq1

]
j

+
ϵ

2 ∑
j

QK
ij

[
DRNN ×3 nt ×2 nt + DRNK ×3 kt ×2 nt + DRKN ×3 nt ×2 nk + DRKK ×3 kt ×2 kt

+ 2DRNTnt(σtz + Tt) + 2DRKTkt(σtz + Tt) + dITT(σtz + Tt)
2 + Σ2dIΣTςt

+ DIQq2,t + DIQQ(q1,t · q1,t)
]

j
.

Defining the matrices

D ≡ QKDIQ, E ≡ QKDIQQ,

we can make the analogous derivations as in the worker’s case to get that, up to the

second order, the capitalist’s continuation value from changes in the capital distribution

is given by:
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∑
j

∂Qi

∂Kj

(
Rjt −Q−1/ζ

jt − ∆jt −
Σ2

jt

2

)
= ϵQK

{
DRKk + DRNn + dIT(σtz + Tt) + DIQ

[
QNn + QKk + qZ

t z + qT
t

]}

=
1
2

{
QN,K ×3 DRN +QK,N ×2 DRN +QN,K ×3 DN +QK,N ×2 DN + DRNN ×1 QK +QN,N ×1 D +QN,N ×1 E

}
×3 n×2 n

+
1
2

{
QN,K ×3 DRK +QK,K ×2 DRN +QK,K ×2 DN +QN,K ×3 DK + DRNK ×1 QK +QN,K ×1 D +QN,K ×1 E

}
×3 k×2 n

+
1
2

{
QK,N ×2 DRK +QK,K ×3 DRN +QK,K ×3 DN +QK,N ×2 DK + DRKN ×1 QK +QK,N ×1 D +QK,N ×1 E

}
×3 n×2 k

+
1
2

{
QK,K ×2 DRK +QK,K ×3 DRK +QK,K ×2 DK +QK,K ×3 DK + DRKK ×1 QK +QK,K ×1 D +QK,K ×1 E

}
×3 k×2 k

+

[
QK,Z

t DRN +
1
2

[(
QN,K ×3 dIT +QK,N ×2 dIT

)
σt +QN,K ×3 DZ

t +QK,N ×2 DZ
t

]
+ QK,Z

t DN + QKDRNTσt + DQN,Z
t + Ediag(qZ

t )Q
N
]

nz

+

[
QK,T

t DRN +
1
2

[(
QN,K ×3 dIT +QK,N ×2 dIT

)
Tt +QN,K ×3 DT

t +QK,N ×2 DT
t

]
+ QK,T

t DN + QKDRNTTt + DQN,T
t + Ediag(qT

t )Q
N
]

n

+
[

QK,Z
t DRK +

1
2

[(
QK,K ×2 dIT +QK,K ×3 dIT

)
σt +QK,K ×2 DZ

t +QK,K ×3 DZ
t

]
+ QK,Z

t DK + QKDRKTσt + DQK,Z
t + Ediag(qZ

t )Q
K
]
kz

+
[

QK,T
t DRK +

1
2

[(
QK,K ×2 dIT +QK,K ×3 dIT

)
Tt +QK,K ×2 DT

t +QK,K ×3 DT
t

]
+ QK,T

t DK + QKDRKTTt + DQK,T
t + Ediag(qT

t )Q
K
]
k

+
1
2

[
2QK,Z

t dITσt + 2QK,Z
t DZ

t + QKdITTσ2
t + DqZ,Z

t + E
(

qZ
t · qZ

t

)]
z2

+
1
2

[
2QK,T

t dITTt + 2QK,T
t DT

t + QKdITT(Tt)
2 + DqT,T

t + E
(

qT
t · qT

t

)]
+
[

QK,Z
t dITTt + QK,T

t dITσt + QK,Z
t DT

t + QK,T
t DZ

t + QKdITTσtTt + DqZ,T
t + E

(
qZ

t · qT
t

)]
z

+
1
2

[
QKΣ2dIΣTςt + DqΣ

t

]
+

1
2
[Dqt]
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I Continuation Value from Climate Shocks

Recall that we impose z to follow an AR(1) process with mean-reversion parameter θ and

unit variance.

I.1 Workers

Omitting the first-order terms, we have the following:

A(z)[V] =
ϵ2

2
A(z)[v2]

=
ϵ2

2

{
A(z)[2VN,Z

t nz] +A(z)[2VK,Z
t kz] +A(z)[vZ,Z

t z2] +A(z)[2vZ,T
t z]

}
= −ϵ2θ

{
VN,Z

t nz + VK,Z
t kz + vZ,Z

t z2 + vZ,T
t z

}
+

ϵ2

2
vZ,Z

t .

I.2 Capitalists

Similarly, ignoring the first-order terms, we have that:

A(z)[Q] =
ϵ2

2
A(z)[q2]

=
ϵ2

2

{
A(z)[2QN,Z

t nz] +A(z)[2QK,Z
t kz] +A(z)[qZ,Z

t z2] +A(z)[2qZ,T
t z]

}
= −ϵ2θ

{
QN,Z

t nz + QK,Z
t kz + qZ,Z

t z2 + qZ,T
t z

}
+

ϵ2

2
qZ,Z

t .

J SAME

J.1 SAME in matrix notation

Due to the length of the equations, we omit the full expression of the linearized master

equation. Applying the method of identifying coefficients, we get the following equations

for the second-order terms:
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J.1.1 Workers

Block 1: N & K

ρVN,N = DUNN + µν
(
VN,N ×1 m +M×3 VN ×2 VN

)
+Y∗ ×2 VN +Y×3 VN +Z×3 VN ×2 VN

+ DRNN ×1 VK +QN,N ×1 B

+VN,N ×1 (M + X) +VN,N ×2 FN +VN,N ×3 FN +VN,K ×3 (DRN + DN) +VK,N ×2 (DRN + DN)

+QN,N ×1 A

ρVN,K = DUNK + µν
(
VN,K ×1 m +M×3 VK ×2 VN

)
+Y×3 VK +Z×3 VK ×2 VN

+DRNK ×1 VK +QN,K ×1 B

+VN,N ×3 FK +VN,K ×1 (M + X) +VN,K ×2 FN +VN,K ×3 (DRK + DK) +VK,K ×2 (DRN + DN)

+QN,K ×1 A

ρVK,N = DUKN + µν
(
VK,N ×1 m +M×3 VN ×2 VK

)
+Y∗ ×2 VK +Z×3 VN ×2 VK

+DRKN ×1 VK +QK,N ×1 B

+VN,N ×2 FK +VK,N ×1 (M + X) +VK,N ×3 FN +VK,N ×2 (DRK + DK) +VK,K ×3 (DRN + DN)

+QK,N ×1 A

ρVK,K = DUKK + µν
(
VK,K ×1 m +M×3 VK ×2 VK

)
+Z×3 VK ×2 VK

+DRKK ×1 VK +QK,K ×1 B

+VK,K ×1 (M + X) +VK,K ×2 (DRK + DK) +VK,K ×3 (DRK + DK) +VN,K ×2 FK +VK,N ×3 FK

+QK,K ×1 A
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Block 2: N & σtz, and Tt

(ρ + θ)V N,Z
t − V N,Z

t
∂t

= DUNTσt + µν
(

m diag(vZ
t )V

N +M×2 VN ×3 vZ
t

)
+Y×3 vZ

t +Z×2 VN ×3 vZ
t

+ VKDRNTσt + Bdiag(qZ
t )Q

N

+
1
2

[
VN,N ×2 f Z

t +VN,N ×3 f Z
t +VN,K ×3 DZ

t +VK,N ×2 DZ
t +

(
VN,K ×3 dIT +VK,N ×2 dIT

)
σt

]
+ (M + X)V N,Z

t + V N,Z
t FN + AQN,Z

t + V K,Z
t (DRN + DN)

ρV N,T
t − V N,T

t
∂t

= DUNTTt + µν
(

m diag(vT
t )V

N +M×2 VN ×3 vT
t

)
+Y×3 vT

t +Z×2 VN ×3 vT
t

+ VKDRNTTt + Bdiag(qT
t )Q

N

+
1
2

[
VN,N ×2 f T

t +VN,N ×3 f T
t +VN,K ×3 DT

t +VK,N ×2 DT
t +

(
VN,K ×3 dIT +VK,N ×2 dIT

)
Tt

]
+ (M + X)V N,T

t + V N,T
t FN + AQN,T

t + V K,T
t (DRN + DN)

Block 3: K & σtz, and Tt

(ρ + θ)V K,Z
t − ∂V K,Z

t
∂t

= DUKTσt + µν
(

m diag(vZ
t )V

K +M×2 VK ×3 vZ
t

)
+Z×2 VK ×3 vZ

t + VKDRKTσt + Bdiag(qZ
t )Q

K

+
1
2

[
VN,K ×2 f Z

t +VK,N ×3 f Z
t +VK,K ×2 DZ

t +VK,K ×3 DZ
t +

(
VK,K ×2 dIT +VK,K ×3 dIT

)
σt

]
+ (M + X)V K,Z

t + V N,Z
t FK + AQK,Z

t + V K,Z
t (DRK + DK)

ρV K,T
t − ∂V K,T

t
∂t

= DUKTTt + µν
(

m diag(vT
t )V

K +M×2 VK ×3 vT
t

)
+Z×2 VK ×3 vT

t + VKDRKTTt + Bdiag(qT
t )Q

K

+
1
2

[
VN,K ×2 f T

t +VK,N ×3 f T
t +VK,K ×2 DT

t +VK,K ×3 DT
t +

(
VK,K ×2 dIT +VK,K ×3 dIT

)
Tt

]
+ (M + X)V N,T

t + V N,T
t FK + AQK,T

t + V K,T
t (DRK + DK)
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Block 4: (σtz)2, (Tt)2, and (σtz)Tt

(ρ + 2θ)vZ,Z
t − ∂vZ,Z

t
∂t

= dUTTσ2
t + µν

(
m(vZ

t · vZ
t ) +M×3 vZ

t ×2 vZ
t

)
+Z×3 vZ

t ×2 vZ
t + B

(
qZ

t · qZ
t

)
+ VKdITTσ2

t

+ 2
[
V N,Z

t f Z
t + V K,Z

t

(
DZ

t + dITσt

)]
+ (M + X) vZ,Z

t + AqZ,Z
t

ρvT ,T
t − ∂vT ,T

t
∂t

= dUTT(Tt)
2 + µν

(
m (vT

t · vT
t ) +M×3 vT

t ×2 vT
t

)
+Z×3 vT

t ×2 vT
t + B

(
qT

t · qT
t

)
+ VKdITT(Tt)

2

+ 2
[
V N,T

t f T
t + V K,T

t

(
DT

t + dITTt

)]
+ (M + X) vT ,T

t + AqT ,T
t

(ρ + θ)vZ,T
t − ∂vZ,T

t
∂t

= dUTTσtTt + µν
(

m (vZ
t · vT

t ) +M×3 vZ
t ×2 vT

t

)
+Z×3 vZ

t ×2 vT
t + B

(
qZ

t · qT
t

)
+ VKdITTσtTt

+ V N,Z
t f T

t + V N,T
t f Z

t + V K,Z
t

(
DT

t + dITTt

)
+ V K,T

t

(
DZ

t + dITσt

)
+ (M + X) vZ,T

t + AqZ,T
t

Block 6: Σ2
i ςt

ρvΣ
t −

∂vΣ
t

∂t
= VKΣ2dIΣTςt + (M + X)vΣ

t + AqΣ
t

Block 7: Constant

ρvt −
∂vt

∂t
= vZ,Z

t + (M + X) vt + Aqt
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J.1.2 Capitalists

Block 1: N & K

ρQN,N = DQNN +QN,N ×1 DQQQ +DQQN ×1 QN +P∗ ×2 VN +P×3 VN +R×3 VN ×2 VN

+ DRNN ×1 QK +QN,N ×1 E

+QN,N ×1 D +QN,N ×2 FN +QN,N ×3 FN +QN,K ×3 (DRN + DN) +QK,N ×2 (DRN + DN)

+VN,N ×1 S

ρQN,K = DQKN +QN,K ×1 DQQQ +DQQN ×1 QK +P×3 VK +R×3 VK ×2 VN

+ DRNK ×1 QK +QN,K ×1 E

+QN,N ×3 FK +QN,K ×1 D +QN,K ×2 FN +QN,K ×3 (DRK + DK) +QK,K ×2 (DRN + DN)

+VN,K ×1 S

ρQK,N = DQNK +QK,N ×1 DQQQ +DQQK ×1 QN +P∗ ×2 VK +R×3 VN ×2 VK

+ DRKN ×1 QK +QK,N ×1 E

+QN,N ×2 FK +QK,N ×1 D +QK,N ×3 FN +QK,N ×2 (DRK + DK) +QK,K ×3 (DRN + DN)

+VK,N ×1 S

ρQK,K = DQKK +QK,K ×1 DQQQ +DQQK ×1 QK +R×3 VK ×2 VK

+ DRKK ×1 QK +QK,K ×1 E

+QK,K ×1 D +QK,K ×2 (DRK + DK) +QK,K ×3 (DRK + DK) +QN,K ×2 FK +QK,N ×3 FK

+VK,K ×1 S
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Block 2: N & σtz, and Tt

(ρ + θ)QN,Z
t − QN,Z

t
∂t

= DQQQdiag(qZ
t )Q

N +
(

DQNT + DQQTQN
)

σt +DQQN ×1 qZ
t +P×3 vZ

t +R×2 VN ×3 vZ
t

+ QKDRNTσt + Ediag(qZ
t )Q

N

+
1
2

[
QN,N ×2 f Z

t +QN,N ×3 f Z
t +QN,K ×3 DZ

t +QK,N ×2 DZ
t +

(
QN,K ×3 dIT +QK,N ×2 dIT

)
σt

]
+ DQN,Z

t + QN,Z
t FN + SV N,Z

t + QK,Z
t (DRN + DN)

ρQN,T
t − QN,T

t
∂t

= DQQQdiag(qT
t )Q

N +
(

DQNT + DQQTQN
)

Tt +DQQN ×1 qT
t +P×3 vT

t +R×2 VN ×3 vT
t

+ QKDRNTTt + Ediag(qT
t )Q

N

+
1
2

[
QN,N ×2 f T

t +QN,N ×3 f T
t +QN,K ×3 DT

t +QK,N ×2 DT
t +

(
QN,K ×3 dIT +QK,N ×2 dIT

)
Tt

]
+ DQN,T

t + QN,T
t FN + SV N,T

t + QK,T
t (DRN + DN)

Block 3: K & σtz, and Tt

(ρ + θ)QK,Z
t − ∂QK,Z

t
∂t

= DQQQdiag(qZ
t )Q

K + (DQKT + DQQTQK)σt +DQQK ×1 qZ
t +R×2 VK ×3 vZ

t

+ QKDRKTσt + Ediag(qZ
t )Q

K

+
1
2

[
QN,K ×2 f Z

t +QK,N ×3 f Z
t +QK,K ×2 DZ

t +QK,K ×3 DZ
t +

(
QK,K ×2 dIT +QK,K ×3 dIT

)
σt

]
+ DQK,Z

t + QN,Z
t FK + SV K,Z

t + QK,Z
t (DRK + DK)
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ρQK,T
t − ∂QK,T

t
∂t

= DQQQdiag(qT
t )Q

K +
(

DQKT + DQQTQK
)

Tt +DQQK ×1 qT
t +R×2 VK ×3 vT

t

+ QKDRKTTt + Ediag(qT
t )Q

K

+
1
2

[
QN,K ×2 f T

t +QK,N ×3 f T
t +QK,K ×2 DT

t +QK,K ×3 DT
t +

(
QK,K ×2 dIT +QK,K ×3 dIT

)
Tt

]
+ DQK,T

t + QN,T
t FK + SV K,T

t + QK,T
t (DRK + DK)

Block 4: (σtz)2, (Tt)2, and (σtz)Tt

(ρ + 2θ)qZ,Z
t − ∂qT ,T

t
∂t

= DQQQ(qZ
t · qZ

t ) + 2DQQTqZ
t σt + dQTTσ2

t +R×3 vZ
t ×2 vZ

t + E
(

qZ
t · qZ

t

)
+ QKdITTσ2

t

+ 2
[

QN,Z
t f Z

t + QK,Z
t

(
DZ

t + dITσt

)]
+ DqZ,Z

t + SvZ,Z
t

ρqT ,T
t − ∂qT ,T

t
∂t

= DQQQ(qT
t · qT

t ) + 2DQQTqT
t Tt + dQTT(Tt)

2 +R×3 vT
t ×2 vT

t + E
(

qT
t · qT

t

)
+ QKdITT(Tt)

2

+ 2
[

QN,T
t f T

t + QK,T
t

(
DT

t + dITTt

)]
+ DqT ,T

t + SvT ,T
t

(ρ + θ)qZ,T
t − ∂qZ,T

t
∂t

= DQQQqZ
t qT

t + DQQT(qZ
t Tt + qT

t σt) + dQTTσtTt +R×3 vZ
t ×2 vT

t + E
(

qZ
t · qT

t

)
+ QKdITTσtTt

+ QN,Z
t f T

t + QN,T
t f Z

t + QK,Z
t

(
DT

t + dITTt

)
+ QK,T

t

(
DZ

t + dITσt

)
+ DqZ,T

t + SvZ,T
t
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Block 6: Σ2
i ςt

ρqΣ
t −

∂qΣ
t

∂t
= Σ2dQΣTςt + QKΣ2dIΣTςt + DqΣ

t + SvΣ
t

Block 7: Constant

ρqt −
∂qt
∂t

= qZ,Z
t + Dqt + Svt

J.2 Deterministic SAME

We stack the deterministic tensors as follows:

1
8

2

21

2

x3

x1

x2

3 4 4

5 6

6

7 VN,N = 1 VN,K = 2, VK,N = 3, VK,K = 4

QN,N = 5 QN,K = 6, QK,N = 7, QK,K = 8,

which we will represent as:

T ≡

VN,N VN,K

VK,N VK,K


︸ ︷︷ ︸

“front panel”

⊙

QN,N QN,K

QK,N QK,K


︸ ︷︷ ︸

“back panel”

Define the tensor T0 as:

T0 ≡

VN,N
0 V

N,K
0

V
K,N
0 V

K,K
0

⊙
QN,N

0 Q
N,K
0

Q
K,N
0 Q

K,K
0

 ,

with VN,N
0 , VN,K

0 , VK,N
0 , VK,K

0 ,QN,N
0 ,QN,K

0 ,QK,N
0 andQK,K

0 defined as:
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V
N,N
0 ≡ DUNN + µν

(
VN,N ×1 m +M×3 VN ×2 VN

)
+Y∗ ×2 VN +Y×3 VN +Z×3 VN ×2 VN + DRNN ×1 VK

+QN,N ×1 B

V
N,K
0 ≡ DUNK + µν

(
VN,K ×1 m +M×3 VK ×2 VN

)
+Y×3 VK +Z×3 VK ×2 VN +DRNK ×1 VK +QN,K ×1 B

V
K,N
0 ≡ DUKN + µν

(
VK,N ×1 m +M×3 VN ×2 VK

)
+Y∗ ×2 VK +Z×3 VN ×2 VK +DRKN ×1 VK +QK,N ×1 B

V
K,K
0 ≡ DUKK + µν

(
VK,K ×1 m +M×3 VK ×2 VK

)
+Z×3 VK ×2 VK +DRKK ×1 VK +QK,K ×1 B

Q
N,N
0 ≡ DQNN +QN,N ×1 DQQQ +DQQN ×1 QN +P∗ ×2 VN +P×3 VN +R×3 VN ×2 VN + DRNN ×1 QK +QN,N ×1 E

Q
N,K
0 ≡ DQNK +QN,K ×1 DQQQ +DQQN ×1 QK +P×3 VK +R×3 VK ×2 VN + DRNK ×1 QK +QN,K ×1 E

Q
K,N
0 ≡ DQKN +QK,N ×1 DQQQ +DQQK ×1 QN +P∗ ×2 VK +R×3 VN ×2 VK + DRKN ×1 QK +QK,N ×1 E

Q
K,K
0 ≡ DQKK +QK,K ×1 DQQQ +DQQK ×1 QK +R×3 VK ×2 VK + DRKK ×1 QK +QK,K ×1 E

Recall from the FAME notation that we define the matrix Φ as:

Φ ≡

M + X A

S D

 .

Moreover, define the matrix Θ as:

Θ ≡

 FN FK

DRN + DN DRK + DK

 .

With this notation, the deterministic SAME equations take the form:
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ρVN,N = VN,N
0

+VN,N ×1 (M + X) +QN,N ×1 A

+VN,N ×2 FN +VK,N ×2 (DRN + DN)

+VN,N ×3 FN +VN,K ×3 (DRN + DN)

ρVN,K = VN,K
0

+VN,K ×1 (M + X) +QN,K ×1 A

+VN,K ×2 FN +VK,K ×2 (DRN + DN)

+VN,N ×3 FK +VN,K ×3 (DRK + DK)

ρVK,N = VK,N
0

+VK,N ×1 (M + X) +QK,N ×1 A

+VN,N ×2 FK +VK,N ×2 (DRK + DK)

+VK,N ×3 FN +VK,K ×3 (DRN + DN)

ρVK,K = VK,K
0

+VK,K ×1 (M + X) +QK,K ×1 A

+VK,K ×2 (DRK + DK) +VN,K ×2 FK

+VK,K ×3 (DRK + DK) +VK,N ×3 FK

ρQN,N = QN,N
0

+QN,N ×1 D +VN,N ×1 S

+QN,N ×2 FN +QK,N ×2 (DRN + DN)

+QN,N ×3 FN +QN,K ×3 (DRN + DN)

ρQN,K = VN,K
0

+QN,K ×1 D +VN,K ×1 S

+QN,K ×2 FN +QK,K ×2 (DRN + DN)

+QN,N ×3 FK +QN,K ×3 (DRK + DK)

ρQK,N = VK,N
0

+QK,N ×1 D +VK,N ×1 S

+QN,N ×2 FK +QK,N ×2 (DRK + DK)

+QK,N ×3 FN +QK,K ×3 (DRN + DN)

ρQK,K = VK,K
0

+QK,K ×1 D +VK,K ×1 S

+QK,K ×2 (DRK + DK) +QN,K ×2 FK

+QK,K ×3 (DRK + DK) +QK,N ×3 FK

which can be written compactly as a tensor equation for T as:

ρT = T0 + T ×1 Φ + T ×2 Θ + T ×3 Θ (53)
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J.3 Cross SAME: σtz, Tt, N & K

Define the matrices:

VN,Z
0t = DUNTσt + µν

(
m diag(vZ

t )V
N +M×2 VN ×3 vZ

t

)
+Y×3 vZ

t +Z×2 VN ×3 vZ
t

+ VKDRNTσt + Bdiag(qZ
t )Q

N

+
1
2

[
VN,N ×2 f Z

t +VN,N ×3 f Z
t +VN,K ×3 DZ

t +VK,N ×2 DZ
t +

(
VN,K ×3 dIT +VK,N ×2 dIT

)
σt

]
VK,Z

0t = DUKTσt + µν
(

m diag(vZ
t )V

K +M×2 VK ×3 vZ
t

)
+Z×2 VK ×3 vZ

t + VKDRKTσt + Bdiag(qZ
t )Q

K

+
1
2

[
VN,K ×2 f Z

t +VK,N ×3 f Z
t +VK,K ×2 DZ

t +VK,K ×3 DZ
t +

(
VK,K ×2 dIT +VK,K ×3 dIT

)
σt

]
QN,Z

0t = DQQQdiag(qZ
t )Q

N +
(

DQNT + DQQTQN
)

σt +DQQN ×1 qZ
t +P×3 vZ

t +R×2 VN ×3 vZ
t

+ QKDRNTσt + Ediag(qZ
t )Q

N

+
1
2

[
QN,N ×2 f Z

t +QN,N ×3 f Z
t +QN,K ×3 DZ

t +QK,N ×2 DZ
t +

(
QN,K ×3 dIT +QK,N ×2 dIT

)
σt

]
QK,Z

0t = DQQQdiag(qZ
t )Q

K + (DQKT + DQQTQK)σt +DQQK ×1 qZ
t +R×2 VK ×3 vZ

t

+ QKDRKTσt + Ediag(qZ
t )Q

K

+
1
2

[
QN,K ×2 f Z

t +QK,N ×3 f Z
t +QK,K ×2 DZ

t +QK,K ×3 DZ
t +

(
QK,K ×2 dIT +QK,K ×3 dIT

)
σt

]
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Similarly, define the matrices:

VN,T
0t = DUNTTt + µν

(
m diag(vT

t )V
N +M×2 VN ×3 vT

t

)
+Y×3 vT

t +Z×2 VN ×3 vT
t

+ VKDRNTTt + Bdiag(qT
t )Q

N

+
1
2

[
VN,N ×2 f T

t +VN,N ×3 f T
t +VN,K ×3 DT

t +VK,N ×2 DT
t +

(
VN,K ×3 dIT +VK,N ×2 dIT

)
Tt

]
VK,T

0t = DUKTTt + µν
(

m diag(vT
t )V

K +M×2 VK ×3 vT
t

)
+Z×2 VK ×3 vT

t + VKDRKTTt + Bdiag(qT
t )Q

K

+
1
2

[
VN,K ×2 f T

t +VK,N ×3 f T
t +VK,K ×2 DT

t +VK,K ×3 DT
t +

(
VK,K ×2 dIT +VK,K ×3 dIT

)
Tt

]
QN,T

0t = DQQQdiag(qT
t )Q

N +
(

DQNT + DQQTQN
)

Tt +DQQN ×1 qT
t +P×3 vT

t +R×2 VN ×3 vT
t

+ QKDRNTTt + Ediag(qT
t )Q

N

+
1
2

[
QN,N ×2 f T

t +QN,N ×3 f T
t +QN,K ×3 DT

t +QK,N ×2 DT
t +

(
QN,K ×3 dIT +QK,N ×2 dIT

)
Tt

]
QK,T

0t = DQQQdiag(qT
t )Q

K +
(

DQKT + DQQTQK
)

Tt +DQQK ×1 qT
t +R×2 VK ×3 vT

t

+ QKDRKTTt + Ediag(qT
t )Q

K

+
1
2

[
QN,K ×2 f T

t +QK,N ×3 f T
t +QK,K ×2 DT

t +QK,K ×3 DT
t +

(
QK,K ×2 dIT +QK,K ×3 dIT

)
Tt

]
Then, V N,Z

t , V K,Z
t , QN,Z

t , QK,Z
t , V N,T

t , V K,T
t , QN,T

t , and QK,T
t satisfy:

(ρ + θ)

V N,Z
t V K,Z

t

QN,Z
t QK,Z

t

 =

VN,Z
0t VK,Z

0t

QN,Z
0t QK,Z

0t

+ Φ

V N,Z
t V K,Z

t

QN,Z
t QK,Z

t

+

V N,Z
t V K,Z

t

QN,Z
t QK,Z

t

Θ

+

V N,Z
t V K,Z

t

QN,Z
t QK,Z

t

D∗T (54)

ρ

V N,T
t V K,T

t

QN,T
t QK,T

t

 =

VN,T
0t VK,T

0t

QN,T
0t QK,T

0t

+ Φ

V N,T
t V K,T

t

QN,T
t QK,T

t

+

V N,T
t V K,T

t

QN,T
t QK,T

t

Θ

+

V N,T
t V K,T

t

QN,T
t QK,T

t

D∗T
where D∗T is the matrix that discretizes the time derivative.
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J.4 Stochastic SAME: (σtz)2, T2
t , (σtz)Tt

Define the vectors

vZ,Z
0t = dUTTσ2

t + µν
(

m(vZ
t · vZ

t ) +M×3 vZ
t ×2 vZ

t

)
+Z×3 vZ

t ×2 vZ
t + B

(
qZ

t · qZ
t

)
+ VKdITTσ2

t

+ 2
[
V N,Z

t f Z
t + V K,Z

t

(
DZ

t + dITσt

)]
vT,T

0t = dUTT(Tt)
2 + µν

(
m (vT

t · vT
t ) +M×3 vT

t ×2 vT
t

)
+Z×3 vT

t ×2 vT
t + B

(
qT

t · qT
t

)
+ VKdITT(Tt)

2

+ 2
[
V N,T

t f T
t + V K,T

t

(
DT

t + dITTt

)]
vZ,T

0t = dUTTσtTt + µν
(

m (vZ
t · vT

t ) +M×3 vZ
t ×2 vT

t

)
+Z×3 vZ

t ×2 vT
t + B

(
qZ

t · qT
t

)
+ VKdITTσtTt

+ V N,Z
t f T

t + V N,T
t f Z

t + V K,Z
t

(
DT

t + dITTt

)
+ V K,T

t

(
DZ

t + dITσt

)
vΣ

0t = VKΣ2dIΣTςt,

qZ,Z
0t = DQQQ

(
qZ

t · qZ
t

)
+ 2DQQTqZ

t σt + dQTTσ2
t +R×3 vZ

t ×2 vZ
t + E

(
qZ

t · qZ
t

)
+ QKdITTσ2

t

+ 2
[

QN,Z
t f Z

t + QK,Z
t

(
DZ

t + dITσt

)]
qT,T

0t = DQQQ(qT
t · qT

t ) + 2DQQTqT
t Tt + dQTT(Tt)

2 +R×3 vT
t ×2 vT

t + E
(

qT
t · qT

t

)
+ QKdITT(Tt)

2

+ 2
[

QN,T
t f T

t + QK,T
t

(
DT

t + dITTt

)]
qZ,T

0t = DQQQ(qZ
t · qT

t ) + DQQT(qZ
t Tt + qT

t σt) + dQTTσtTt +R×3 vZ
t ×2 vT

t + E
(

qZ
t · qT

t

)
+ QKdITTσtTt

+ QN,Z
t f T

t + QN,T
t f Z

t + QK,Z
t

(
DT

t + dITTt

)
+ QK,T

t

(
DZ

t + dITσt

)
qΣ

0t = (Σ2dQΣT + QKΣ2dIΣT)ςt.
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Then, vZ,Z
t , qZ,Z

t , vT ,T
t , qT ,T

t , vZ,T
t , qZ,T

t , vΣ,Z
t , vΣ,T

t , qΣ,Z
t and vΣ,T

t satisfy:

(ρ + 2θ)

vZ,Z
t

qZ,Z
t

 =

vZ,Z
0t

qZ,Z
0t

+ Φ

vZ,Z
t

qZ,Z
t

+

vZ,Z
t

qZ,Z
t

D∗T
ρ

vT ,T
t

qT ,T
t

 =

vT,T
0t

qT,T
0t

+ Φ

vT ,T
t

qT ,T
t

+

vT ,T
t

qT ,T
t

D∗T
(ρ + θ)

vZ,T
t

qZ,T
t

 =

vZ,T
0t

qZ,T
0t

+ Φ

vZ,T
t

qZ,T
t

+

vZ,T
t

qZ,T
t

D∗T
ρ

vΣ
t

qΣ
t

 =

vΣ
0t

qΣ
0t

+ Φ

vΣ
t

qΣ
t

+

vΣ
t

qΣ
t

D∗T

J.5 Constant SAME

Given vZ,Z
t and qZ,Z

t , the vectors vt and qt satisfy:

ρ

vt

qt

 =

vZ,Z
t

qZ,Z
t

+ Φ

vt

qt

+

vt

qt

D∗T
J.6 Linearized KFEs

On the one hand, the law of motion for the population is given by (51). Noticing that
dnit
dt = 1

ϵ
dNit
dt , G×2 N = G, and defining the tensor I ≡ H×2 N, we obtain the following

expression:

dnt

dt
= M∗nt + Gv1,t +

ϵ

2
{Gv2,t + 2G×3 v1,t ×2 nt + I×3 v1,t ×2 v1,t} (55)
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On the other hand, the law of motion for capital is given by (52). Just for convenience, we

will write the same expression here:

dkt

dt
= DRKkt + DRNnt + dIT(σtz + Tt) + DIQq1,t,

+
ϵ

2

{
DRNN ×3 nt ×2 nt + DRNK ×3 kt ×2 nt + DRKN ×3 nt ×2 nk + DRKK ×3 kt ×2 kt

+ 2DRNTnt(σtz + Tt) + 2DRKTkt(σtz + Tt) + dITT(σtz + Tt)
2 + Σ2dIΣT(σtz + Tt)

+ DIQq2,t + DIQQ(q1,t · q1,t)
}

,

J.7 Approximation of Prices

J.7.1 Wages

From equation (21) we have that:

wit = (1− α)ααΞ−α(1− x)ϖαZiLωα
i eχit(K1−ω−ϖ

it Nϖ−1
it )α,

= wi,0eχit(K1−ω−ϖ
it Nϖ−1

it )α.

Therefore, up to second order:

wt − wss

ϵ
= DwNn + DwKk + dwT (σtz + Tt)

+
ϵ

2
{DwNN ×3 n×2 n +DwNK ×3 k×2 n +DwKN ×3 n×2 k +DwKK ×3 k×2 k}

+ ϵ {DwNTn (σtz + Tt) + DwKTk (σtz + Tt)}

+
ϵ

2
dwTT (σtz + Tt)

2 .

whereDwNN,DwKK,DwNK,DwKN, DwNT, DwKT, and dWTT are given by

DwNN = α(1−ϖ) [α(1−ϖ) + 1]diag3

(
wss

i
(Nss

i )2

)
DWNT = −α(1−ϖ)diag

(
χi1

wss
i

Nss
i

)
DwKK = α(1−ϖ−ω) [α(1−ϖ−ω)− 1]diag3 (w

ss
i ) DWKT = α(1−ϖ−ω)diag (χi1wss

i )

DwNK = DWKN = −α2(1−ϖ)(1−ω−ϖ)diag3

(
wss

i
Nss

i

)
dWTT = vec

(
wss

i (χ
2
i1 + χi2)

)
.
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The matrices DwN, DwK and the vector dwT are defined as in Section G.8.

J.7.2 Capital’s Rental Rate

The return to capital is given by equation (23):

Rit = R0ieχit K−ϕ
it Nψ

it

Hence, up to a second-order:

Rt − Rss

ϵ
= DRNn + DRKk + dRT (σtz + Tt)

+
ϵ

2
{DRNN ×3 n×2 n +DRNK ×3 k×2 n +DRKN ×3 n×2 k +DRKK ×3 k×2 k}

+ ϵ {DRNTn (σtz + Tt) + DRKTk (σtz + Tt)}+
ϵ

2
dRTT (σtz + Tt)

2 ,

where DRNT, DRKT and dRT are defined in Section G.2.2. Moreover, DRNN, DRNK,

DRKN, DRKK, DRNT and DRKT are defined as in Section H.1.2. Finally, define the vector

dRTT as:

dRTT = vec
(

Rss
i (χ

2
i1 + χi2)

)
.

J.7.3 Investment

Investment is given by

Iit =
(

Rit −Q−1/ζ
it

)
Kit.

Hence, up to a second-order:

It − Iss

ϵ
= DINn + DIKk + DIQq1 + dIT(σtz + Tt)

+
ϵ

2
{DINN ×3 n×2 n +DINK ×3 k×2 n +DIKN ×3 n×2 k +DIKK ×3 k×2 k} ,

+ ϵ {DINTn(σtz + Tt) + DIKTk(σtz + Tt)} ,

+
ϵ

2

{
DIKQ ×3 q1 ×2 k +DIQK ×3 k×2 q1 + DIQq2 +DIQQ ×3 q1 ×2 q1 + dITT(σtz + Tt)

2
}
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where:

DINN = ψ(ψ− 1)diag3

(
Kss

i Rss
i /(Nss

i )2
)

, DIKN = DINK = ψ(1− ϕ)diag3 (Rss
i Kss

i /Nss
i )

DIKK = ϕ(ϕ− 2)diag3 (Rss
i Kss

i ) + diag3 (Iss
i ) DIKQ = DIQK =

1
ζ

diag3

(
(Qss

i )
− 1

ζ−1Kss
i

)
DIQQ = −

[
1
ζ
+ 1
]

1
ζ

diag3

(
(Qss

i )
− 1

ζ−2Kss
i

)
dITT = vec

(
(χ2

i1 + χi2)Rss
i Kss

i

)
DINT = ψdiag (χi1Kss

i Rss
i /Nss

i ) , DIKT = (1− ϕ)diag (χi1Kss
i Rss

i )

K Consumption equivalent welfare

K.1 Workers

For any period τ, we compute consumption equivalent welfare change between the steady-

state SS and any counterfactual IRF path as ωiτ, such that

Eτ

∫ ∞

τ
e−ρ(t−τ)

{
u
(
(1 + ωiτ)Ass

i(t)C
ss
i(t)

)
+ ϵss

i(t)t

}
dt = Eτ

∫ ∞

τ
e−ρ(t−τ)

{
u(AIRF

i(t),tC
IRF
i(t),t) + ϵIRF

i(t)t

}
dt

where ϵit denotes the preference shock for the current (chosen) location. We use general

CRRA utility u(C) = C1−γ−1
1−γ . We denote by:

E ss
iτ = Eτ

∫ ∞

τ
e−ρ(t−τ)ϵss

i(t)tdt

the present value of preference shocks.
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Then:

Eτ

∫ ∞

τ
e−ρ(t−τ)

{
u
(
(1 + ωiτ)Ass

i(t)C
ss
i(t)

)
+ ϵss

i(t)t

}
dt

= Eτ

∫ ∞

τ
e−ρ(t−τ)


(
(1 + ωiτ)Ass

i(t)C
ss
i(t)

)1−γ
− 1

1− γ
+ ϵss

i(t)t

 dt

= (1 + ωiτ)
1−γEτ

∫ ∞

τ
e−ρ(t−τ)

(
Ass

i(t)C
ss
i(t)

)1−γ

1− γ
dt + Eτ

∫ ∞

τ
e−ρ(t−τ)

{
− 1

1− γ
+ ϵss

i(t)t

}
dt

= (1 + ωiτ)
1−γEτ

∫ ∞

τ
e−ρ(t−τ)


(

Ass
i(t)C

ss
i(t)

)1−γ
− 1

1− γ
dt + ϵss

i(t)t +
1

1− γ
− ϵss

i(t)t

 dt− 1
ρ(1− γ)

+ E ss
iτ

= (1 + ωiτ)
1−γ

{
Vss

iτ +
1

ρ(1− γ)
− E ss

iτ

}
− 1

ρ(1− γ)
+ E ss

iτ

Then:

(1 + ωiτ)
1−γ =

V IRF
iτ + 1

ρ(1−γ)
− E ss

iτ

Vss
iτ + 1

ρ(1−γ)
− E ss

iτ
= 1 +

dV IRF
iτ

Vss
iτ + 1

ρ(1−γ)
− E ss

iτ
,

To compute E ss
i,τ, we use the identify:

Vss
iτ = VC,SS

iτ + E ss
i,τ,

where VC,SS
iτ is the value excluding taste shocks and is defined by:

VC,SS
iτ = Eτ

∫ ∞

τ
e−ρ(t−τ)u

(
Ass

i(t)C
ss
i(t)

)
dt.

VC,SS
iτ satisfies the Bellman equation:

ρVC,SS
it = u

(
Ass

i Css
i

)
+ µ ∑

j
mss

ij VC,SS
jt

Hence, we can easily calculate VC,SS
it (as we were doing previously). Subtituting into the
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welfare formula:

(1 + ωiτ)
1−γ = 1 +

dV IRF
iτ

Vss
iτ + 1

ρ(1−γ)
+ VC,SS

iτ −Vss
iτ

= 1 +
dV IRF

iτ

VC,SS
iτ + 1

ρ(1−γ)

which implies:

ωiτ =

1 +
dV IRF

iτ

VC,SS
iτ + 1

ρ(1−γ)

 1
1−γ

− 1

When shocks are small, to a first order

ωiτ ≈
1

1− γ

dViτ

VC,SS
iτ + 1

ρ(1−γ)

=
ρ dViτ

1 + ρ(1− γ)VC,SS
iτ

. (56)

Crucially, we need VC in the denominator.

K.2 Capitalists

We define the capitalist’s consumption equivalent welfare analogously as in the workers

case. For any period τ, we compute consumption equivalent welfare change between the

steady-state SS and any counterfactual IRF path as ω
cap
iτ , such that

Eτ

∫ ∞

τ
e−ρ(t−τ)ucap((1 + ω

cap
iτ )Css

i(t))dt = Eτ

∫ ∞

τ
e−ρ(t−τ)ucap(CIRF

i(t),t)dt.

Using ucap(c) = c1−ζ−1
1−ζ , we obtain:

ω
cap
iτ =

[
ρ(1− ζ)P IRF

iτ + 1
ρ(1− ζ)PSS

iτ + 1

] 1
1−ζ

− 1,

where

108



PSS
iτ ≡

∫ ∞

τ
e−ρ(t−τ)ucap(CSS

i(t))dt,

P IRF
iτ ≡

∫ ∞

τ
e−ρ(t−τ)ucap(CIRF

i(t),t)dt.

Hence, for small shocks, we get:

ω
cap
iτ ≈

ρdP IRF
iτ

ρ(1− ζ)PSS
iτ + 1

.

Using the definition of Pit from (26) we get that:

ω
cap
iτ ≈

1
1− ζ

dQIRF
iτ

QSS
iτ

+
dKiτ

KSS
iτ

.
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