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Abstract

We study the economic implications, over time and space, of the aggregate and
local risks arising from climate change. We develop a dynamic spatial model of the
U.S. economy disaggregated at the county level that features costly forward-looking
migration and capital investment decisions, aggregate risk due to uncertain warming
trajectories, and local risk due to uncertain exposure to extreme weather. We achieve
tractability by leveraging the ‘Master Equation” representation of the economy. We
estimate structural elasticities and damage functions by matching reduced-form esti-
mates linking population, income, and investment to coastal storms and heat waves.
Counterfactual exercises show that local risk generates sizable welfare losses for cap-
italists in exposed coastal areas and in the aggregate, while raising capital through
a precautionary savings mechanism. By contrast, the real option embedded in capi-
tal investments implies that aggregate risk leads to modest capital depletion in some
southern coastal counties and negligible aggregate welfare losses.
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1 Introduction

Risk is a central feature of weather and climate patterns. Even with all the advances in
weather and climate forecasting, there is substantial uncertainty about how many storms
will hit Miami next year or about how extreme and frequent heat waves will be in Hous-
ton. This uncertainty is further aggravated by climate change and the uncertainty about
the resulting global long-term temperature paths, due to geoscientific and policy uncer-
tainties. The consequences of the local and aggregate risk embedded in the evolution
of the world’s climate are a central feature of the impact of climate change at the local,
country-wide, and global levels. In this paper, we study the economic implications of
climate risk in the United States over time and across space.

Faced with climate risk, households and businesses will not wait passively for it to
resolve, but instead take preemptive actions to adapt as best they can. By moving out of
high-risk locations and redeploying capital in low-risk locations, workers and investors
may limit their exposure to climate change risk more than if they were confined to staying
in place. How does climate change risk reshape economic activity when workers and
capital can reallocate across space?

In this paper, we answer this question by developing a dynamic spatial model of
the United States economy with local and aggregate climate risk. We use a fine spatial
resolution at the 3,143-county level to capture climate change impacts and adaptation.
Our framework incorporates costly forward-looking migration, capital investment deci-
sions, and multiple dimensions of risk: local realizations of damaging extreme weather
and aggregate warming paths are both uncertain. The analysis remains computationally
tractable despite aggregate risk in warming trajectories and the high-dimensional state
space by leveraging the ‘Master Equation” representation of the economy. We estimate
structural elasticities and damage functions by matching reduced-form estimates linking
population, income, and investment to coastal storms and heat waves. Counterfactual
exercises indicate that, in the U.S., changes in local risk due to climate change are an or-
der of magnitude larger than the effect of aggregate risk, and substantially amplify the
impact of climate change relative to a deterministic scenario.

Our starting point is a framework with forward-looking dynamic migration and in-



vestment decisions at a high level of spatial resolution as in Bilal and Rossi-Hansberg
(2025). As in Caliendo et al. (2019), forward-looking risk-averse workers decide where
to live and work. They earn an equilibrium wage in their location, which they use to
consume and lease housing at equilibrium rents. They receive random preference shocks
for locations that motivate them to migrate, subject to bilateral migration costs. We en-
rich this environment along several dimensions. As in Kleinman et al. (2023), risk-averse
local capitalists own the capital stock in the location where they live and face a dynamic
consumption-investment decision that accounts for the future expected path of the econ-
omy and its climate. Capitalists rent out their capital stock to developers who use it to
produce housing and commercial structures. Local firms produce consumption goods
using labor and commercial structures. The evolution of the local paths of capital de-
preciation rates, productivities, and amenities depends on climate change with hetero-
geneous local exposures: as global mean temperatures rise, the frequency of storms and
heat waves changes over time.

We introduce aggregate and local risk in this environment. The path of global mean
temperature is not known with certainty. Instead, it is subject to aggregate shocks. Thus,
local capital depreciation rates, productivities, and amenities fluctuate in tandem with
aggregate shocks. In addition, we allow local exposures of capital depreciation rates,
productivities, and amenities themselves to be risky. This local risk reflects idiosyncratic
realizations of rare weather extremes. Local risk in capital depreciation generates local
risk premia relative to an economy in which capital is a safe asset.'

The resulting environment is a heterogeneous agent framework with a high-dimensional
state space—population and capital in every county—rich interdependencies between de-
cisions and prices in all locations, and aggregate risk. To make progress, we leverage the
‘Master Equation” methodology from Bilal (2023). Specifically, we use the ‘Second-order
Approximation to the Master Equation” (SAME), which consists of an analytic second-
order perturbation around a long-run deterministic steady-state. It allows us to solve
efficiently for quantitative general equilibrium counterfactuals in heterogeneous agent

models and capture the effects of aggregate risk, by solving a simple set of matrix and

!In future drafts, we plan to incorporate two additional components of local risk: scientific uncertainty
in how storms and heat waves change, location by location, and estimation uncertainty in climate impacts.



three-dimensional tensor Sylvester equations.

Equipped with our solution method, which allows us to compute an equilibrium of
the model quickly, we estimate the central parameters of our framework: the migration
elasticity, capitalist risk-aversion, which controls the investment elasticity, and the dam-
age functions that map global temperature changes into local changes in capital depre-
ciation rates, productivity, and amenities. We use the storm and heat wave probability
data for each county collected in Bilal and Rossi-Hansberg (2025). Specifically, we mea-
sure how their frequency changes with global mean temperature in each county. We also
obtain reduced-form estimates of these weather extremes on population, income, and in-
vestment from Bilal and Rossi-Hansberg (2025), with the associated standard errors. We
obtain expert elicitations of the distribution of global mean temperature paths for the next
century from the Intergovernmental Panel on Climate Change (IPCC).

We target the reduced-form impulse response functions to quantify our framework.
We jointly estimate the migration elasticity and capitalist risk aversion, along with the
magnitude of shocks corresponding to a single extreme event realization. Given a guess
for the migration elasticity and capitalist risk aversion, and a standard calibration of the
rest of the model parameters, we can invert the model in steady state and obtain all the
local characteristics, including local productivities, amenities, and the level of local capital
investment costs.

We then leverage a key property of the SAME: impulse response functions are quadratic
in the magnitude of shocks. Therefore, conditional on the two elasticities, it suffices to
evaluate two impulse response functions for the target outcomes per extreme event—
investment for storms and income per capita for heat waves—and compare them with
the data. The magnitude of the underlying capital depreciation or productivity shock
then solves a standard scalar quadratic equation. This observation sidesteps an addi-
tional numerical search over the magnitude of the shocks.

Next, we estimate the migration elasticity and capital risk-aversion with a method of
simulated moments in an outer loop. We target the relative impulse response functions
of employment and income to heat waves, and the relative impulse response function of
investment to income to storms. We leverage the computational efficiency of our solution

method to propose global identification guarantees.



Storms and heat waves have large effects on capital depreciation, productivity, and
amenities. Through the lens of our model, storms generate a 12% capital depreciation
shock, while heat waves generate a 2.5% productivity shock together with a 2.4% amenity
shock.? The resulting structural damage functions imply that the southeastern Atlantic
coast should expect a 1 to 3 p.p. increase in the annual capital depreciation rate for ev-
ery 1°C increase in global mean temperatures because of rising storm activity. Southern
Florida should expect a 5% reduction in productivity, and a 1.6% reduction in amenities,
for every 1°C increase in global mean temperature.

We are left with converting our estimates of the impact of a single extreme event into
a damage function that maps global mean temperature to productivity, amenity, and cap-
ital depreciation losses. We interact damages from a given event with changes in the em-
pirical probability of that event for each location in response to changes in temperature
to obtain the average effect of rising temperature. We combine the same objects to con-
struct how local volatilities in capital depreciation, productivity, and amenities depend
on global mean temperature.

We use the quantified model to evaluate the social cost of climate change risk in the
U.S. economy. Our first exercise isolates the role of local and aggregate risk associated
with climate change by removing level effects in temperatures. For now, we focus on
capital depreciation risk, but we will incorporate productivity and amenity risk in the
future.

Capital depreciation risk due to coastal storms reduces the value of capital on the
southeastern Atlantic coast of the United States. A precautionary motive partly offsets
this reduction in the value of capital, leading to rising capital stocks on the coast. Workers
respond to higher capital stocks by moving in, thereby increasing the overall exposure of
the economy to climate risk. On net, local capitalists in these regions lose from rising local
risk. They lose up to 25% in consumption-equivalent welfare terms for changes in local
risk corresponding to two degrees Celsius of long-run warming. Workers benefit by up
to 0.3% from changes in local capital depreciation risk because of the precautionary effect

and rising capital stocks.

2We obtain a lower capital depreciation effect than Bilal and Rossi-Hansberg (2025) because capitalists
are risk-averse instead of risk-neutral but do not face adjustment costs.



Aggregate capital depreciation risk due to uncertainty in long-run warming has the
opposite effect and is weaker in magnitude. To understand this result, recall that local
risk from idiosyncratic extreme weather realizations surprises capitalists. Thus, they can-
not react to it on impact, leading to their precautionary savings response. In contrast,
aggregate risk due to long-run warming uncertainty leads to persistent deviations in cap-
ital returns around their mean. Capitalists can then intertemporally arbitrage these return
differentials to their advantage, by investing more if warming is less severe than expected
and consuming more otherwise. This leads to a convex return function that can yield ben-
efits from aggregate risk. Thus, capitalists consume more, accumulate less capital, and
benefit from aggregate risk relative to local risk.

Workers do not benefit similarly from aggregate warming risk for two reasons. First,
they dislike lower capital stocks. Second, they cannot arbitrage intertemporally as easily
as capitalists. Migration decisions are infrequent and subject to bilateral migration fric-
tions. Thus, workers on the southeastern Atlantic coast lose up to 0.6% due to aggregate
capital depreciation risk. In preliminary results, we find that these losses grow moder-
ately larger once we incorporate productivity and amenity risk.

Our second exercise compares the magnitude of welfare losses from a median climate
change scenario—a gradual increase of global mean temperature from 1°C to 4°C above
pre-industrial levels by 2100, consistent with the IPCC’s business-as-usual scenario—with
the associated cost of risk.

We find that local risk substantially magnifies aggregate welfare losses for capital-
ists early in the transition. Deterministic warming creates winners and losers among
capitalists by pushing workers out of the Southeast and into the rest of the U.S. These
gains and losses partly offset initially. By contrast, local risk—uncertain extreme weather
realizations—leads to less migration because of the precautionary savings effect, which
retains workers on the coast and thus generates fewer winners among capitalists. Quanti-
tatively, local risk unambiguously magnifies aggregate capitalist welfare losses from less
than 1% to over 5%. By the end of the century, deterministic warming leads to aggregate
capitalist losses of just under 20%, while local risk adds an additional 8%.

Perhaps surprisingly, aggregate climate change risk—uncertain warming trajectories—

appears to have negligible aggregate welfare effects relative to local risk. This is partly



due to the real-option nature of capital returns. It is also due to the fact that aggregate
climate change risk is intermediated by the expected capital depreciation rate due to
warming, which is bounded by the relatively low baseline hazard of extreme weather.
By contrast, local risk directly changes the hazard of extreme weather realizations. There-
fore, aggregate risk is always quantitatively less important than local risk as long as the
hazard of extreme weather remains low, as in our counterfactuals.

The methodology that allows us to reach these conclusions is related to the literature
on mean-field games. Together, the elements of our framework constitute a heterogeneous-
agent environment with aggregate shocks, in which the full distribution of workers and
capital across counties matters for the economy’s evolution. Standard solution methods
are not well-suited for the dimensionality of this framework. To make progress, we lever-
age the ‘Master Equation’ representation of the economy (Bilal, 2023), itself introduced in
the mathematics of mean field games literature (Cardaliaguet et al., 2019): the state space
representation of our framework in which the distribution is a state variable. We take
analytic Second-order Approximations of the Master Equation in aggregate temperature
shocks and in the underlying distribution around the final deterministic steady-state to
obtain low-dimensional Bellman equations for the directional derivatives of individual
value functions with respect to the underlying distribution and aggregate shocks.>

Our paper is also related to the literature on dynamic spatial models (Desmet et al.,
2018; Caliendo et al., 2019; Kleinman et al., 2023), an active part of which focuses on
climate change (Desmet and Rossi-Hansberg, 2015; Desmet et al., 2021; Cruz and Rossi-
Hansberg, 2023; Conte et al., 2022; Cruz, 2021; Balboni, 2021; Bilal and Rossi-Hansberg,
2025). Relative to these papers that focus on perfect foresight transitions or first-order
perturbations that feature certainty equivalence, our methodology allows us to introduce
aggregate and local risk and compute counterfactuals at a high level of spatial resolution.

Our computation method also lets us estimate the two key elasticities, the climate damage

3Sequence-space first-order perturbation approaches as in Auclert et al. (2021) and Bilal and Goyal
(2025) are not well-suited for our purposes: they stop at first order and thus abstract from risk. In addi-
tion, it can be a challenge to even construct and store the Jacobian in a spatial framework with complex
interdependencies. A parallel and nascent literature uses neural networks to propose global solutions (Sun,
2025). While this approach sidesteps perturbations, it necessarily relies on functional form extrapolation
and lacks convergence guarantees given the challenges associated with training the network on an infinite-
dimensional state space.



functions, local and aggregate risk exposures, by precisely matching the model results
with empirical reduced-form local responses.

Of course, the main contribution of our paper is to evaluate the economic losses from
climate change risk at the aggregate and local levels, accounting for the economy’s abil-
ity to adapt by reallocating activity across space. An active literature assesses the role of
climate change risk in representative agent models (Weitzman, 2009; Weitzman, 2014; Cai
and Lontzek, 2019; Barnett et al., 2020; Bremer and Ploeg, 2021; Olijslagers and Wijnber-
gen, 2024). By contrast, our methodology enables us to introduce a fine level of spatial
disaggregation into our framework, thereby accounting for adaptation and connecting
our damage functions and risk exposure to the data. Sun (2025) is perhaps the only pa-
per that shares our focus on risk in a spatial economy, but does not study the relative
importance of aggregate and local risk.

The rest of this paper is organized as follows. Section 2 outlines the framework. Sec-
tion 3 describes our solution method. Section 4 details our quantification. Section 5

presents our results. Section 6 concludes.

2 A Dynamic Spatial Framework with Local and Aggregate
Risk

This section presents the setup of our dynamic spatial model with aggregate and local
risk. We model an economy with many locations and two types of agents: workers and
capitalists. Workers can move subject to mobility costs and earn a wage, which they
consume each period. Capitalists are fixed in a location, earn returns on their risky capital

investments, and face a dynamic consumption-savings decision.

2.1 Agents and preferences

There is a unit mass of infinitely-lived workers who choose in which locationi € {1, ..., 7}

to live. Workers have Constant Relative Risk Aversion (CRRA) preferences u(Cj;) =
clT—1

—=—- Cit denotes a Cobb-Douglas aggregator of amenities in the worker’s current res-

idential location, Aj;, a freely traded final good, ¢, used as the numeraire, and housing,



1—
hj;. Namely, Cj; = Ay (%) g (%)ﬁ , where B denotes the share of housing in expen-

diture. Workers discount the future at rate p. Workers are allowed to move at rate y,
in which case they draw extreme-value distributed idiosyncratic preference shocks for
potential destinations, with dispersion parameter v. If they move, they pay a bilateral
moving cost T;;. We define the long-run (A;) and time-varying (a;;) components of ameni-
ties in location i as A;; = A;e”it.

Each location is populated by a unit measure of capitalists. They are immobile and

have CRRA preferences u“P(C) = Cl{fgl over the final consumption good, with a possi-

bly different risk-aversion parameter { from workers. They do not consume housing.

2.2 Technology

Workers in location i are employed by a representative firm that produces the final good
using commercial structures and labor and faces constant returns to scale. Locations are
endowed with a local productivity Z;; and a local stock of land L;. A representative firm
is endowed with a production function for the final good given by Y;; = Z;S%(NEF)1%,
where S;; denotes local commercial structures and Niltj the local number of workers em-
ployed in final good production. We denote by N;; the total number of workers in location
i at time t. We define the long-run (Z;) and time-varying (x;;) components of productivity
as Zj = Zekit,

In every location, there is an equilibrium capital stock Kj;. Capital can be combined
with land L; and construction labor Ni}f to produce buildings B;; according to the produc-
tion function By = LY (NE)PK:.~“~?. Buildings B; can be costlessly repurposed between
residential housing and commercial structures, so that B;; = S;; + Hj;. Denote by r;; the
common rental rate of buildings to firms and workers. Land rents are aggregated into a
national portfolio and rebated to workers in proportion to their wages.

Capitalists decide how much to invest in their location. Their only financial asset is
their own capital stock, which is not mobile across locations. We denote by R;; the return

on a unit of capital. The local capital stock depreciates by dA;; over a time interval of



length dt, where:
dAiy = Ajpdt + Zipd Wi, 1)

and dW;; is a standard Brownian motion. In our baseline, we assume it is i.i.d. across
locations, but plan to incorporate spatial correlation in the future. We define the long-run
(A;) and time-varying (J;;) components of the average capital depreciation rate by A;; =
A; + 6;;. While our Brownian motion specification remains agnostic at this stage, it also
corresponds to the capital depreciation process that arises when infrequent storms occur
at some hazard rate and destroy part of the capital stock. We detail this microfoundation

in Appendix C, as it guides our estimation strategy.

2.3 Climate change

The path of global mean temperatures, T, is exogenous. Going forward, the vast majority
of carbon emissions is expected to stem from developing economies and is thus largely
exogenous to U.S. economic activity. Global mean temperatures, measured relative to a
baseline level TB—for instance, the pre-industrial level—satisty: T, — T8 = e(atzt + Tt).
The path T; is deterministic and corresponds to a central climate scenario. The station-
ary stochastic process z; captures uncertainty around the central warming scenario. We

denote by A(z) its infinitesimal generator, the continuous-time equivalent of its transition

matrix. We later assume that z follows a continuous-time AR(1) process dz; = —0z; + dW;.
In this case, the operator A(z) is given by: A(z)[V] = —92%—‘; + %%27‘2/. The deterministic

path o} scales the shock and encapsulates the amount of uncertainty in future carbon
emissions. For instance, when o; is constant, the ex-ante variance of global temperature
around its deterministic path is constant over time. When o; scales with T}, the variance
of global temperature increases proportionally with the level of temperature itself. € is a
scaling factor used to define the second-order approximation in our solution method.
Local productivity yx;;, amenities a;;, average capital depreciation é;; and capital depre-

ciation volatility £;; depend on time through the path of global mean temperatures. We



parameterize these shifters through the following functions:

Xit = Xi <Tt - TB) aj = a; (Tt - TB>

5y =0, (:_rt _ TB) AN 3 (:_rt _ TB) , )

where X;(0) = @;(0) = 5;(0). By contrast, %;(0) > 0 as we allow for volatility in our
baseline equilibrium.
We specify these damage functions as follows and without loss of generality given our

solution method:

. T2 . TZ
RAT) = T+ 22 7,(T) = 0T+ 2
< 5 T? 5
5i(T) = 6T+ =5 %i(T) = eZiv/ 0+ T, (3)

where the microfoundation for the capital depreciation process in Appendix C indicates
that we must include the additional € in the definition of ¥; and that excess temperatures
enter inside a square root. ¢; > 0 denotes baseline volatility absent any warming. The re-

strictions from the microfoundation ensure that local risk is a second-order contribution.

2.4 Static equilibrium

We turn to the static equilibrium of our framework. The maximization problem of firms
implies that the wage w;; in location i satisfies the firm's first-order condition w; = (1 —
a)Zit(Sit/ NiIt) )%. Similarly, the rental rate for structures satisfies r;; = aZ;;(S;;/ Nilt3 )~(1-a),
since depreciation is not covered by the users of buildings. The optimal choice of labor
in building production implies @r;;B;;/ N}f = wj;. Local demand for housing by workers
implies that Bw;;N;; = r;;Hj;.

We determine equilibrium prices and quantities as functions of the local capital stock
Kj; and local number of workers N;;. We show that labor is allocated to goods and build-
ings production in constant shares: N}; = xNj; and Hj; = yBj;, where x,y are combina-
tions of parameters described in equation (19), Appendix A.1. Using these shares and

the production function of buildings, the wage and the rental rate of buildings become:

10



Wi = wiZy LY (K9 ON@ 1) and 1y = r;gZyL; 1Y (KL~ @N®-1)=(1-0) where
wjo, Tjp are combinations of parameters and local fundamentals expressed in Appendix
Al

Profit maximization by developers implies that the rental rate of capital satisfies: R;; =
Ro,'eXifK;‘PN;f = R;(xit, Kit, Njt), where Ry; is a location-specific constant that depends on
the permanent component of productivity and available land, and ¢ and ¢ are combina-
tions of parameters detailed in Appendix A.1.

We can now solve for consumption given prices. Consumption by workers in location
i is equal to the real wage. It satisfies ¢;; = wit/rﬁ = cpe1=Pxin <K1.1t_“’_‘o/Ni1t_‘o>g,
where cy; is a location-specific constant, and ¢ a combination of parameters detailed in

Appendix A.1. Finally, flow utility of workers in location i at time ¢ is u (Aitwit/ rﬁ) =

4
u (Col‘e”““l_ﬁ)x“ <K1‘1[“’*‘D/Nil[‘o> ) = U;(ait, Xit, Kit, Nit), where Co; = Ajcp;-

2.5 Migration decisions

Workers solve a forward-looking dynamic migration decision problem. We denote by V};
the value of being located in i at time t. V}; satisfies the Hamilton-Jacobi-Bellman (HJB)

equation given by

1 o E|dV;
pVie = Ui(ait, Xit, Kit, Nig) + p {; log (ZEV(V]" T’f)> — Vit} + %, (4)
J

where we used standard discrete choice results. The second term on the left-hand side

represents the continuation value from migration, which we denote by M;[V]. Namely,

M[V]=u {%log (Ze"(vjt%‘)> — Vl-t} .
]

The last term in the worker’s HJB equation represents the continuation value from changes
in the aggregate state, where the notation d denotes the time increment due to changes

in aggregates only and not due to individual migration. Standard discrete choice results

11



then imply migration shares as a function of the vector of values V; given by

v(Vii—T)
mij(Ve) = ‘ (5)

Yk eV V=) "
The population distribution evolves according to the Kolmogorov Forward (KF) equation

d;\ft =u (me‘(Vt)th - Nit) = P‘((m*(Vt) — Id)Nt> ” (6)
k i

where (-); denotes the i entry of the vector inside the parenthesis. In equation (6), m
denotes the matrix of migration shares m;;(V;). m* denotes the matrix transpose of the
matrix m. We also denote by M*(V) = p(m*(V) — Id) a matrix that collects migration
shares and the identity matrix, so that (6) becomes, in matrix notation, % = M*(V)N;.
We denote M(V) = u(m(V) —1d)) the transpose of M*(V) for future reference.

2.6 Investment decisions

Capitalists solve a forward-looking dynamic investment decision problem. We denote
Pit(K) the value of being located in i at time ¢ and holding K units of local capital. The

level of capital evolves according to the law of motion:
dKip = (L — 8iKip)dt — i Kid Wiy, (7)

where [;; denotes local investment. The capitalist budget constraint is C;; + I;; = R Kj;.

The capitalist HJB equation is then

pPi(K) = max -7

cl=¢ -1 0Py letKZ * Py dPjs
(R = o)k - 0+ SR gy [T

The first term in the capitalist HJB is the flow utility from consumption. The second term
is the continuation value from net investment. Net investment is given by returns on
capital, minus expenditures on average capital depreciation and consumption. Net in-
vestment is valued at the marginal value E%. The third term represents the continuation

value from capital depreciation risk. It depends on the local variance of capital deprecia-

12



PPy
oK?

in the capitalists” HJB is the continuation value from changes in the aggregate state.

N
We show in Appendix A.2 that P;(K) = w, where Q;; satisfies

tion ¥2K? and is valued through the concavity of the value function The final term

- _ >3
0Qir = Q}t Ver(—0) |Ri— Ay - Qitl/g - % T, (8)

dO.
Qi + E¢ { Qlt} :
While not strictly necessary for our solution method, this expression simplifies exposition
and allows us to work with the value of capital Q;; rather than with the entire value
function Pj;(K). Finally, investment decisions satisfy I;; = ( R — Q;l/ 4 ) K;;.
For numerical accuracy, we will use log capital Kj; = log Kj; in our solution method.

The KF equation for log capital is given by
-1/¢ z
it = [ Rit — Q"7 — D — 7” dt — i dWi. )

-1/C —_A

2
We denote by E; [%} = Ry — Q; it — % the drift of log capital for future refer-

ence.

2.7 Deterministic Steady-state

In the deterministic steady-state at baseline temperatures, € = 0. All time derivatives are

equal to zero. The HJB equation of workers (4) and capitalist capitalists (8) become

PV = Ui(0,0, K5, Ni*) + My[V™], and QF =pt  (10)

The steady-state population distribution N** = {N*}; and capital distribution K** =
{K?*}; satisfy

0 = M*(V*)N*, and R = p+ A (11)

Appendix B describes a simple algorithm to solve for the steady-state that leverages equa-
tions (10)-(11).

13



3 Solution Method

3.1 Strategy

Our economy is a dynamic general equilibrium economy in which the distributions of
workers Ny = {N;;}; and capital Ky = {Kj;}; are aggregate state variables that determine
local prices. The distribution of workers and capital evolves slowly according to the laws
of motions (6) and (9). These laws of motion in turn depend on the values of workers
given by the HJB equations (4) and (8). We solve this dynamic fixed point problem by
leveraging the ‘Master Equation’ representation of the economy.

The Master Equation approach is structured in two steps. In the first step, we merge
the individual decision problems with the laws of motion of the population and capital
distributions into a single Bellman equation: the Master Equation. The Master Equation
is a state-space representation of the equilibrium. The second step consists in taking a
local perturbation of the Master Equation in the scale parameter € around a deterministic

steady-state of the economy.

3.2 The Master Equation

We start with the Master Equation for workers. We combine the HJB equation (4) with the
laws of motion (6) and (9) and use a simple change of variables. We index value functions
by the population and capital distributions instead of calendar time alone. The core idea
is that the population and capital distributions are no more than large-dimensional state
variables from the perspective of any given worker. Of course, we need to keep calendar
time as a separate index because of climate change embedded in the deterministic path
T;.

Specifically, we change variables by writing Vi; = Vi (24, Ny, Kt) and Qjr = Qs (2, N, Kt),
where now the time subscript ¢ only captures dependence on deterministic temperature.
Recall that Ny = {Nj;}; denotes the vector of population across locations at time f, and
Kt = {Kjt}; similarly denotes the log capital distribution. Using this change of variables,

we use the chain rule to express the continuation value from changes in aggregate states

14



as

d V't 8 V: t aV; t it aKc; it t
Ej; | — o A(ze)[Vie]) + 1 ’IE ] 122, 12
it |: dt a f Zt ZaN]t dt Z Z ]t ( )
v ~~ J )
change change in z; change in Nt. mean change in Ky volat1hty in Ky
in Ty chain rule and chain rule chain rule

+ Ito correction

The last three components of (12) encode how workers’ values change with the popula-
tion and capital distributions across locations. When workers reallocate across locations
in equilibrium or when the distribution of capital shifts in equilibrium, the distribution
of local wages, building rental rates, and capital rental rates changes. These changes in
these three price distributions affect residents of location i.

Importantly, the continuation value from changes in the capital distribution contains
two components. The first component captures how expected change in (log) capital K
across all locations j affect the value function of residents of location 7, and therefore de-
pends on the expected change in log capital E; [%] = Ri — Ql._tl/ ¢ Ay — 271% The
second component captures how residents of location i value capital depreciation volatil-
ity in all locations j. This component therefore depends on the local variance of the local
log capital process X2.

We then use the laws of motion of the population and capital distributions (6) and (9)
to express the time change of population and capital in (12). After this substitution into
the continuation value (12), we obtain the Master Equation for workers. We omit the full

dependence of the value function and its derivatives on (/C, N, t, €) on the right-hand-side
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for brevity, and we also omit the direct dependence of aj;, xjt, At on €(0rz + T;), and so

oVit(zt, Nt, Kt) = U; (aitrXitz N;, Ki) + MV (13)
- N~——
Y continuation value
flow payoff from own migration
Vit /1 s aV;
+ Z IN (M*(Vi)N; + A(ze) [Vie] + a3

J/

continuation values from aggregate changes in population, z and ¢

aVzt

+ Za {Jt_ Q)" = i - }+ Za/cz

-

continuation values from aggregate changes in capital distribution

J/

The Master Equation for workers depends on the value of capitalists Q because the latter
affects investment, capital accumulation, prices, and, ultimately, worker welfare.

A similar logic delivers the Master Equation for capitalists, which is given by

gz‘zt

0Qir(ze, N, Kit) = Q5 Ve + (1= 0) | Ry — Ay — Q¢ — Qir (14)

(. J

flow payoff + continuation values from own investment

DG (OON), A+

J/

continuation values from aggreg;rte Changes in population, z and ¢
d Q it -1/¢ t 920
_ _ ] zt
+ Z ] it —Q jt A +5 Z ) ]CZ

—~
continuation values from aggregate changes in capital distribution

J/

We omit the equilibrium definition, since it is standard. The main advantage of the Master
Equations (13)—(14) is that they deliver a parsimonious characterization of the economy’s

general equilibrium. The derivations above establish our first result.

Proposition 1. (Equilibrium)
A solution (V, Q) to the Master Equations (13)-(14) together with a solution to the population and
capital distributions {N¢, K¢ }+ to the KF equations (6) and (9) is an equilibrium of our economy.
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3.3 Expansion of the Master Equation

Although the Master Equations (13)—(14) provide a parsimonious characterization of equi-
librium, they are difficult to solve numerically because they depend on high-dimensional
distributions. As a result, standard global methods quickly run into the curse of dimen-
sionality. We instead follow Bilal (2023) and adopt an analytic second-order perturbation.
In particular, we seek a solution to (13)—(14) when the scale parameter € is sufficiently
small. Namely, we define n as the vector of scaled deviations from steady-state for the
population distribution, and k the vector of scaled deviations from steady-state for the

log capital distribution, such that:
N = N** +en, and KK = K* + ¢k.

To state our strategy as compactly as possible, we define xj as the tensor product with
respect to index k. It takes as argument a tensor-a three-dimensional array—and a matrix
or vector, and returns the summation along the kth index of the tensor and the first index
of the associated matrix. As such, it generalizes matrix products. For instance, for a tensor
Vij¢ and a vector nj, the (i, £) entry of V xa n is }_; Vijyn;. Similarly, the ih entry of the term
of V Xon Xzkis},, Vijmijky.

We then seek a solution of the form for workers, in vector notation:

Vi(z, N* 4+ en,K* +€k) — V> =€ { Vix +viz+ vtT} (15)
xe{nk}
2
€
+ E{ VXY 50 x x5 Y+ Z (VtX’T + sz(’Z)x + 0 + th'Zzz + vtT’T + ZUtZ'Tz}.
{xyye{nk} xe{nk}

For completeness, we spell out the expanded expression in Appendix G.1. Similarly, we

seek a solution for the value of capital:

Qi(z, N* +en,K* +ek) — Q¥ =€ { Z Qxx+qtzz+th} (16)
xe{nk}

2
: 6_{ Y Q% xaxxay+ 1 (QF42Q)x 47, +af 2 4! +2th'TZ}.
{xy}e{nk} xe{nk}
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Rather than solving for the full equilibrium objects V and Q in the Master Equations,
the perturbation approach reduces the problem to a finite set of coefficients that we collect
into two groups. The first group consists of the first order directional derivatives Vlﬁ\] ,
Vi;(, v%, and v}, of the worker value function with respect to the population and capital
distributions, temperature shocks, and temperature trends, and their counterparts for
capitalists. These directional derivatives constitute the FAME.

The second group of coefficients contains the second-order directional derivatives—or
Hessian—of the value function with respect to the population and capital distributions,
temperature shocks, and temperature trends. These Hessians include three-dimensional
arrays—or tensors—Vi]]i’N , ViI;;K, V;}QK, and Vf;;N , which correspond to the second-order
directional derivatives of the worker’s value function with respect to the population and
capital distributions, and include the capitalists” counterparts as well. These tensors or
Viﬁ-\g’z, Vii’z, Vi;\l{’T, and VftT and the capi-
talist counterparts represent second-order cross directional derivatives of the value func-

symmetric by construction. Next, the matrices

tion with respect to the population distribution, capital distribution, temperature shocks,

and temperature trends. Similarly, vﬁ’z and vz;’T and the capitalist counterparts are the
second-order derivatives of values with respect to temperature shocks and temperature
trends, with vi’T denoting the cross derivative. Finally, 7;; and its capitalist counterpart
represent the ex-ante valuation of risk arising from the second-order continuation value
of aggregate temperature shocks. These second-order directional derivatives constitute
the SAME.

Of course, we still need obtain restrictions on the first- and second-order directional
derivatives. To that end, we substitute the second-order Taylor expansions (15)-(16) into
the Master Equations (13)—(14) and obtain a system of restrictions that determines the
directional derivatives. The restrictions on the first-order derivatives are the FAME, and

the restrictions on the second-order derivatives is the SAME.

34 The FAME

We first characterize the FAME as it is a necessary step before evaluating the effect of risk

in the SAME. To that end, we collect the matrices VN, VK VN VK and time-dependent
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T VA
vectors v;‘r, th, ns, kt into the matrix and vectors: V¢ = < Ve Ve ), vtT = <ZfT ), th = (Zfz )
t t
and p; = (/).
Proposition 2. (FAME)

V4 satisfies the generalized Sylvester matrix equation and v}, p; satisfy the ordinary differential

equation systems:

a T
oV? = D? + MV¥ + VIM* + VIPV?  pvT = DT + (M + V'P)v] %
Z _ Z dp\. Z thZ dp: _ T Z * d
ovi = Df + (M + VP)vj T i D; +P(v; +vize) + (M +PV?)py,

where the matrices D, M, P and vectors D], DZ, D! only depend on parameters, steady-state

objects, and Ty, 0y and are specified in Appendix G.
Proof. See Appendix G. O

The first equation in Proposition 2 is the deterministic FAME and characterizes the di-
rectional derivatives VN, VK VN VK a5 the solution to a nonlinear Sylvester matrix equa-
tion. The right-hand side of the deterministic FAME features four terms, each mapping to
a distinct economic force. First, the direct price impact matrix D? captures how marginal
changes in the population and capital distributions shift equilibrium prices and therefore
flow payoffs for workers and capitalists.

The second term MV? encodes the partial equilibrium option value of migration and
investment, as workers expect to migrate and capitalists expect to change their consump-
tion and savings in response to changes in valuations across all locations. To first order,
it suffices to evaluate these option values using steady-state decision rules embedded in
the matrix M.

The third term V?M* captures a first general equilibrium force. When assessing the ef-
fect of an additional worker in location j, agents in location i must account for the fact that
this marginal entrant will migrate or invest over time, which affects future population and
capital distributions and thus future payoffs. The FAME reveals that these expectations
are summarized by the same steady-state migration and investment matrices collected in
M*.
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The fourth term V?PV¥ captures a second general equilibrium force. It reflects how the
marginal entrant changes the law of motion for the population and capital distributions
because all other agents react to the resulting price changes.

The structure of the trend FAME mirrors the structure of the deterministic FAME. The
direct impact component, D/, which depends linearly on global mean temperature TP
and the damage coefficients a;, x;, J;, and then propagates this impact through analogous
partial and general equilibrium channels.

These first-order results imply three practical properties that come directly from the
local perturbation. First, the deterministic FAME is finite-dimensional. Second, all inputs
to the FAME can be constructed from steady-state objects. Third, the system is block-
recursive: the deterministic FAME can be solved first, the trend and stochastic impulse
values can then be obtained conditional on V¥, and finally the equilibrium path of alloca-
tions p; can be computed by forward iteration given the impulse values. This structure
delivers a straightforward computational algorithm, which follows Bilal (2023) and Bilal
and Rossi-Hansberg (2025).

As a first order perturbation, the FAME features certainty equivalence and thus cannot
capture the effect of local and aggregate risk. To incorporate risk into our analysis, we

therefore proceed to a second-order approximation.

3.5 The SAME

The restrictions of the Hessian of the value functions constitute the SAME. As a second-

order perturbation, it incorporates the effect of local and aggregate risk. We collect the

tensors YNN, PNK PKN PEK QNN QNK QKN QKK in the tensor T = (V, Q). We col-

lect the matrices VNT, VKT ON.T QKT jn the matrix VtT = <gx; g;;), and similarly
XY

V,;Z = (gﬁii gii > For all pairs X,Y € {Z, T}, we collect Vf(’Y = <:§w > Finally, we
t

define v; = (%)

Proposition 3. (SAME)
T = (V, Q) satisfies the linear symmetric tensor Sylvester equation, V| satisfies the linear

Sylvester ordinary differential equation system, for all pairs X € {Z,T},Y € {Z,T} vi"*,%;
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satisfy the linear ordinary differential equation systems:

- ov;

T =T+T x1@+T x20+7T x30 thT:DZ+q>VtT+VtT®+a—;
~ BVX’Y . ~ PN 07,
v = DF + ov v+ =L PO = d; + ©0; + 5,0 + 3,

where the tensor T, the matrices f)tT , [N)tX'Y, H, F and the vector dA,g only depend on parameters,
steady-state objects, and Ty and oy and are specified in Appendix H together with the law of motion
for population and capital, and where ® = M + VP, ® = H + V“F.

Proof. See Appendix H. O

The SAME has a similar structure to the FAME, albeit in higher dimensions. The equa-
tion that determines the tensor 7 is the deterministic SAME. Its solution 7" encodes how
value functions change through second-order effects when the distributions of popula-
tion and capital move. The deterministic SAME is a linear tensor Sylvester equation, with
four components.

The first component of the deterministic SAME is the impact represented by the tensor
T. As a second-order object, it encapsulates multiple forces. It contains the direct second-
order derivatives of workers” and capitalists” flow payoffs with respect to capital and
population. It also contains indirect second-order effects that arise as the product of first-
order changes. For instance, it includes the square of first-order changes in the value
of locating in particular destination due to shifts in population and capital distributions.
This squared term enters because the option value of migration is itself nonlinear.

The second component of the deterministic SAME T x; & captures a similar force
to the FAME. Workers expect to migrate, and capitalists expect to save. Therefore, the
evaluate future second-order benefits from migration and savings using steady-state de-
cision rules embedded in ®. The third and fourth components of the SAME, T x, ® +
T x3 O, reflect second-order counterparts of similar general equilibrium forces to the
FAME. When contemplating an additional worker in a given location, agents expect this
worker to migrate and affect all other agents” decisions, thereby changing the distribu-
tion of population and capital in the future. These components embed how workers and

capitalists account for these general equilibrium effects. These two components have the
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same structure because, by construction, the deterministic SAME is symmetric in its last
two coordinates.

The matrices in V!, V# and the vectors in Vf’y for X,Y € {Z, T} capture cross effects
between changes in the distribution and aggregate shocks. As for the FAME, the SAME is
block-recursive and the cross SAME depend on the solution 7 to the deterministic SAME.
Crucially, VtZ’Z encodes the nonlinear valuation of aggregate shocks z;, which is the central
determinant of the valuation of aggregate risk. By contrast, VtT T embeds the valuation of
local risk through local volatilities.

The vectors in §] contain the ex-ante valuation of aggregate and local risk. This com-
ponent is generically different from zero. Workers and capitalists expect baseline local
volatility, even absent warming. They also expect aggregate shocks to occur, even when

they turn out not to. The valuation of risk ] is unique to the SAME and is the focus of

counterfactuals. To that end, we next turn to the quantification of the model.

4 Model Estimation

4.1 Data

We assemble three types of data. First, we compile economic information at the county-
year level from multiple sources. Employment, wages, and related statistics are drawn
from the Bureau of Economic Analysis, while investment data at five-year intervals come
from the Census of Manufactures. These datasets cover the period from 1960 to 2019.

Second, we construct a detailed weather dataset. We use daily data on surface tem-
perature, wind speed, and precipitation on a 0.5° by 0.5° grid beginning in 1901 from the
Inter-Sectoral Impact Model Intercomparison Project (ISMIP). These reanalysis data com-
bine historical station-level weather observations with climate model outputs to generate
high-resolution weather series. We aggregate this information to build a dataset of annual
weather extremes for each U.S. county and year.

Third, to quantify our model in a way that captures the economic impact of climate
change, we draw on the reduced-form estimates in Bilal and Rossi-Hansberg (2025). Us-

ing a distributed lag specification that controls for a rich set of possible confounders in
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the same data as we use for quantification, they estimate the causal effects of storms and
heat waves on observables at multiple horizons: income, employment and investment.

We use these reduced-form impulse response functions as targets in our estimation.

4.2 Baseline Parameters

We start by determining baseline preference and production parameters. Importantly, we
estimate the migration elasticity of workers and the relative risk aversion of capitalists
in Section 4.4. Throughout the rest of the paper, we interpret an interval [t,f + 1) as one
year.

We first determine preference parameters. We use a pure rate of time preference p =
0.02, which is standard in the climate change literature (Rennert et al., 2022). We set
the housing expenditure share for workers to the common value of § = 0.3 according
to (Davis and Ortalo-Magne, 2011). For now, we set worker risk aversion parameter to
v = 1. We plan to relax this assumption in future iterations of this paper and estimate it
internally. We set the rate of migration opportunities to u = 2.30 so that 90% of workers
have the option to migrate within a year.

We calibrate the parameters in the production functions for goods and buildings to
standard values. In the model, the share of commercial structures in goods production
captures both capital and physical structures in the data. Standard estimates place these
shares at 0.3 and 0.1, respectively, so we set « = 0.4. To determine the labor share @
in building production, we use the labor share in the structures production sector, de-

noted by x, from BEA input-output tables. This yields x = 0.95, which in turn implies
(1—a)(1—x)
ax+(1—a)p
we rely on standard estimates from the real estate literature. For a representative urban

0 = = 0.05. Finally, to calibrate the land share w in building production,
property, land accounts for roughly 35 percent of total property value, with the remaining
65 percent corresponding to the building structure (Davis et al., 2021). We therefore set
w = 0.35.

At baseline, we impose a common capital depreciation rate across counties, setting
A; = A = 0.08. In future work, we plan to use our investment data to estimate location-
specific baseline depreciation rates. Of course, climate change affects depreciation hetero-

geneously across locations. These location-specific effects are precisely the local damage
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functions we estimate below.
Finally, we set mean-reversion in global mean temperature shocks 6 = 1, so that the

long-run variance of z; is exactly 1.

4.3 Inversion of Fundamentals

Our second step is to estimate time-invariant fundamentals for each location, taking as
given estimates of the migration elasticity v and the investment elasticity .

We use 2012 data for wages w;, employment N;, and migration flows m;; for every
pair of counties 7, j. We interpret 2012 as the initial stead-state of the economy. We use a
recursive scheme to recover the time-invariant fundamentals in every location, Z;, A;, and
T;j. The following proposition shows that, given the observed data, these fundamentals

can be uniquely recovered. We provide a formal proof in Appendix E.

Proposition 4. (Inversion of fundamentals)
Given data w;, N;, m;, there exists a unique set of vectors of fundamentals, (Z;, A;), and a unique

symmetric migration cost matrix, Tj;.

The proof of Proposition 4 is constructive and therefore delivers an algorithm to re-
cover the fundamentals. It extends standard inversion results from static environments
to our fully forward-looking dynamic setting. Because we invert migration costs non-

parametrically, however, we can recover only their symmetric component.*

4.4 Migration Elasticity and Capitalist Preferences

Our inversion result is derived conditional on the migration elasticity v and the capital-
ists” coefficient of relative risk aversion . We estimate those internally using the reduced-
form estimates of the impact of extreme events on economic activity of Bilal and Rossi-
Hansberg (2025). We nest our inversion procedure in an outer loop in which we search
over candidate values for v and (.

To conduct our estimation exercise, we parameterize the effects of storms and heat

waves in the model. Consistent with the reduced-form estimates, we assume that storms

4Without symmetry, migration costs are not separately identified from local amenities. If, instead, we
imposed that migration costs depend on a distance metric, this dependence could be estimated flexibly.
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generate only a capital depreciation shock in coastal counties, with scalar magnitude
reapdep  Heat waves, by contrast, generate both a productivity shock and an amenity
shock in warm counties. We denote the magnitude of the productivity shock by I'Pd
and the magnitude of the amenity shock by yTProd.>

For now, we exploit a key property of the FAME to estimate the migration and invest-
ment elasticities without having to pin down the magnitude of the underlying shocks.
By construction, the response of the economy is linear in shock size. As a result, relative
impulse responses are invariant to the magnitude of a common shock. For example, the
impulse response of employment relative to that of income per capita following a produc-
tivity shock does not depend on the size of the productivity shock itself. Therefore, once
we target relative impulse responses, we can normalize the shock magnitude arbitrarily.
This property allows us to estimate v, {, and 7 independently of the magnitudes of the
underlying shocks, I'"?P dep 4pnd TProd,

In future iterations of this paper, we plan to use the SAME to estimate these elastic-
ities. Importantly, under the SAME, the impulse responses of employment relative to
income per capita following a productivity shock vary quadratically with the magnitude
of the shock. Therefore, unlike in the FAME, relative impulse responses no longer iso-
late the elasticities from the size of the shocks. In principle, the three parameters and
the shock magnitudes must therefore be estimated jointly. In practice, we exploit the
quadratic property of the SAME. It implies that it suffices to evaluate two impulse re-
sponse functions for the target outcomes per extreme event— investment for storms and
income per capita for heat waves—and compare them with the data. The magnitude of
the underlying capital depreciation or productivity shock then solves a standard scalar
quadratic equation. This observation sidesteps an additional numerical search over the
magnitude of the shocks. We do not expect the estimation using the SAME to materially
differ from the FAME because the first-order approximation tends to be highly accurate
for the realized shocks in sample.

We estimate the elasticities by indirect inference. Our procedure is conceptually close
to a standard grid search, although we implement it differently to improve computa-

tional efficiency. In the first step, we generate candidate parameter vectors (v, {,7) using

5We set the persistence of the productivity shock, ¥P™9, to match a half-life of 5 years.
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a Sobol sequence. Relative to a standard tensor-product grid, this approach provides a
more efficient coverage of the multivariate parameter space. We choose the bounds of the
parameter space to be sufficiently broad to encompass a wide range of plausible values,
including our point estimates.

In the second step, we invert fundamentals as described in Appendix E and solve for
the steady state following Section 2.7 and Appendix B. We then compute the FAME of
the economy around that steady state. Next, we simulate the dynamic response of the
full economy to two shocks: a 1% transitory productivity shock accompanied by a 7%
amenity shock, and a 1% capital depreciation shock. A 1% normalization is sufficient
because the FAME is linear and our estimation is based on relative responses, a point to
which we return below. We use these simulated responses to construct model counter-
parts to the event-study estimates in Bilal and Rossi-Hansberg (2025). To incorporate the
empirical spatial correlation of storms, we weight locations by their observed frequency
of extreme events. Finally, we use these model-implied event-study estimates to build the
target moments that identify (v, , 7).

In a third step, we find the parameter vector (v, ,#) among our set that best matches
the data. Then, starting from this parameter vector, we use a standard minimum distance
solver to adjust the parameters and close any remaining discrepancy relative to the data.

Although we estimate the three parameters (v, , ) jointly, we briefly discuss how
we select each moment to provide intuition for identification. The gravity structure of
migration implies that the migration elasticity v is identified by the response of local em-
ployment relative to that of income per capita, holding amenities fixed. Accordingly, we
use the response of employment relative to income per capita following a capital depre-
ciation shock, which does not affect amenities.

To inform the amenity-productivity ratio 77, we use the cumulative impulse response
of employment relative to that of income per capita ten years after a productivity-amenity
shock. We match this moment to its empirical counterpart following a heat wave in warm
counties. Intuitively, if employment responds strongly relative to income per capita, hold-
ing the migration elasticity v fixed, then amenities must constitute an important compo-
nent of the overall effect of heat waves.

The capitalist preference parameter  is informed by the cumulative impulse response
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Figure 1: Identification of migration elast., amenity-productivity ratio, and capitalist IES.
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Note: Blue dots: 5,000 model simulations sequencing parameter vectors (v, 1, {) using a Sobol sequence in the cube [0.01,0.5] x
[0,3] x [1,10]. Dashed dark blue line: moment in the model when only the parameter on the x-axis varies, holding other parameters
at their point estimate. Horizontal solid orange line: moment in the data. Vertical dashed black line: parameter estimate.

of investment relative to employment ten years after a capital depreciation shock. Intu-
itively, the employment response captures the overall size of the shock, while the response
of investment relative to employment reflects intertemporal substitution in capitalists’
consumption and saving decisions. Hence, if investment responds strongly relative to
employment, capitalists must be more willing to shift consumption across time, which
corresponds to a lower value of {. We target the corresponding empirical moment using
the response to storms in coastal counties.

We invert fundamentals and solve for the model’s steady state, the FAME, and the
associated impulse responses for 500 candidate triplets (v, {, 7). For each triplet, we com-
pute the model-implied target moments and compare them with their empirical counter-
parts. Figure 1 summarizes the results of this exercise. After identifying the triplet among
the 500 candidates that delivers the best fit, we refine the estimates using a Newton search
to eliminate the remaining discrepancy between model and data moments.®

Panel 1(a) plots the cumulative response of employment relative to income per capita

%To cover the parameter space efficiently, we aggregate counties into 100 clusters for this exercise. We
form these clusters using a k-means algorithm based on latitude, longitude, population, income, and coastal
status. The results change only slightly when we increase the number of clusters.
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following a capital depreciation shock. Each blue dot corresponds to the model-implied
relative cumulative response for a given parameter triplet (v,7,{). To highlight identi-
fication, we order the results on the x-axis by the migration elasticity v. The scatterplot
reveals a clear positive relationship: across all possible values of (7, {), higher values of
v are associated with a stronger response of employment relative to income per capita,
which illustrates multivariate identification. The same pattern is present when we hold
(n7,{) fixed at their point estimates, in which case the moment continues to rise with v,
illustrating univariate identification. The orange horizontal line corresponds to the em-
pirical moment for storms in coastal counties.

Panel 1(b) plots the cumulative response of employment relative to income per capita
following a productivity-amenity shock against the productivity-amenity ratio #. While
there is more residual dispersion that depends on other parameters, the model produces
an upward-sloping relationship on average.

Finally, Panel 1(c) plots the cumulative response of investment relative to employment
following a capital depreciation shock against the inverse of the capitalist coefficient of
relative risk aversion. The figure highlights that this parameter is a central driver of the
investment response relative to employment.

Our indirect inference approach implies that the migration elasticity is v = 0.28, which
is similar to the value in the county-level specification in Bilal and Rossi-Hansberg (2025)
and moderately higher than the value of 0.2 reported by Caliendo et al. (2019) in their
state-level specification. We also find that amenities respond 1 = 0.95 times as much as
productivity following a heat wave. This value exceeds the estimate reported by Cruz
and Rossi-Hansberg (2023) for the world as a whole, suggesting that, relative to the rest
of the world, production in the U.S. may be more resilient than amenities following such
a shock. Finally, our estimate of the capitalist coefficient of relative risk aversion, { =
4.2, lies within the relatively wide range of values commonly reported in the literature

between 1 and 10.

4.5 Damage Functions and Local Risk Exposures

With the migration and investment elasticities in hand, we turn to estimating the damage

functions for productivity, amenities, and capital depreciation yx;, 4;,J; and local capital
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Figure 2: Heat waves: impulse responses in model and in data.
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Note: Impulse responses for income per capita (a), employment (b), and investment (c) after a 1-in-20-years heat wave in a warm
county. For (a) we use the response of wages, w;;, in the model and income per capita in the data. Solid line: model. Dashed line

with circle markers: data point estimate. Shaded area: data 95% confidence band. The 10-year cumulative impulse responses for

income per capita (a) and employment (b) are targeted. The impulse response for investment (c) is untargeted.

depreciation risk exposures ;. We proceed in two steps. First, we estimate common eco-
nomic damages from a given realization of storms T'?% 9¢P and heat waves TP™¢. Second,
we interact these damages from single events with local changes in the probability that
these events occur as global mean temperatures rise.

In the first step, we estimate the economic damages associated with a given realiza-
tion of storms, I'®P 4¢P, and heat waves, TP"4, by matching the magnitude of cumulative
impulse responses. This step exploits the linearity of the FAME. In particular, it implies
CIR10,0,6

: = where CIR;y,s denotes the observed
Cr10,9,5,7 [

that the size of shock s is given by I'* =
10-year cumulative response of variable v to shock s in the data, and ciryj, ; » denotes
the corresponding 10-year cumulative response in the model evaluated at the estimated
parameter triplet 7.

For heat waves in warm counties, we target the response of income per capita. Since
the estimated model matches the response of employment relative to income per capita
exactly in Figure 1, the model also matches exactly the cumulative responses of both em-
ployment and income per capita at the 10-year horizon. For storms in coastal counties,
we target the cumulative effect on employment ten years after the shock. Because the
estimated model matches the response of investment relative to employment exactly in

Figure 1, the model also matches exactly the cumulative response of investment at that
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Figure 3: Storms: impulse responses model and in data.
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Note: Impulse responses for income per capita (a), employment (b), and investment (c) after a 1-in-50-years storm in a coastal
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horizon.

Figure 2 compares the impulse responses of income per capita, employment, and in-
vestment following heat waves in warm counties. The model replicates the path of em-
ployment, and income per capita to heat waves. The response of investment, which is not
directly targeted, is also close to its empirical counterpart. For all outcomes, the model-
implied responses lie within the 95% confidence interval around the empirical estimates
for nearly all horizons.

Our impulse-response matching exercise implies that a 1-in-20-year heat wave induces
a negative productivity shock of [P™4 = 2.5% in a warm county, along with a yTP¢ =
2.4% decline in local amenities. While economically meaningful, this effect is smaller than
the local impacts estimated for the world as a whole, including developing countries.”

Figure 3 compares the impulse responses of income per capita, employment, and in-
vestment following storms in coastal counties. As in the previous figure, the data are
shown by circles and a dotted line, while the model is shown by the solid line. The figure
shows that the model provides a reasonably good account of the full time path of employ-

ment and investment, remaining within the 95% confidence interval for most horizons.

"For instance, Cruz and Rossi-Hansberg (2023) find that, in the warmest locations, a 1°C increase in
winter temperatures can lower productivity by more than 15%.
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The fit is weaker for income per capita, as the model predicts a response that is too rapid
relative to the data.

Our impulse-response matching exercise implies that a 1-in-50-year storm generates a
capital depreciation shock of 10 percent, I'**P dep — 129%, in a coastal county. While sizable,
this estimate is smaller than the 30% value reported in Bilal and Rossi-Hansberg (2025).
This discrepancy arises because of different structure of the capitalist problem. When
capitalists are risk-averse, shifting consumption intertemporally is more costly. A smaller
capital depreciation shock results in larger changes in investment, thereby rationalizing
the same empirical impulse response function.

We now turn to the second step of the estimation strategy, which consists of con-
structing damage functions that vary with global mean temperature. This part of the
analysis closely follows Bilal and Rossi-Hansberg (2025), but we include it here for com-
pleteness. We combine our estimated shock magnitudes, (I 4¢P, TProd yTProd) yyith
long-run changes in the probability of the corresponding extreme events.

To estimate how the probability of extreme events evolves across locations, we use the
historical record starting in 1901. For each location i and event type e € storm, heat, we
regress changes in the probability of the event, pf,, on changes in global mean tempera-

ture, T, over the period 1901 to 2019:
dpi, = cst+ g5 dT; + €j. (17)

Equation (17) delivers a statistical downscaling, a standard approach in the climate sci-
ence and economics literature (Cruz and Rossi-Hansberg, 2023), which links local event
probabilities to global mean temperature.

We then construct the damage functions as follows:

rod

: P , rp
6; = 1{i coastal }g$'o™ <P dP  », — 1{i warm}gheat pprod’ a; = 1{i warm}gheat Wz,lJPrO T

rod

where 1P™4 denotes the mean-reversion coefficient of productivity following heat waves.?

Finally, we obtain local capital depreciation risk exposures by leveraging a central restric-

8We divide by yP™4 in order to cumulate the lagged effects of heat waves and convert our estimate into
the effect of a permanent increase in exposure to extreme heat.
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Figure 4: Damage functions from heat and storms in the United States.
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Note: Effect of a 1°C increase in global temperature on productivity and annual capital depreciation rates across counties in the U.S.
Panel (a): coefficients x; such that dlog Z;; = x;dT;. Panel (b): negative of coefficients J; such that dA;; = 6;,dT;.

tion from our microfoundation in Appendix C: £? = 1%.

Figure 4 maps the estimated damage functions across U.S. counties. Panel 4(a) shows
the effect of a 1°C increase in global mean temperature on productivity in each county.
These effects are highly heterogeneous across space. We estimate productivity losses
above 8 percent in southern Florida, where the frequency of heat waves rises particu-
larly quickly. Similar losses are prevalent across much of the southern United States. In
contrast, northern Texas and Oklahoma experience modest gains, consistent with a his-
torical decline in heat wave exposure in those locations. By assumption, amenity changes
are proportional to productivity changes, so we omit a separate map for amenities.

Panel 4(b) illustrates the impact of a 1°C increase in global mean temperatures on cap-
ital depreciation for every county in the U.S. The impact is highly heterogeneous across
space and only imperfectly correlated with the one for heat waves. Storms increase capi-
tal depreciation rates substantially in the South-Eastern Atlantic coast. In Louisiana and
North and South Carolina, a 1°C increase in global temperature increases the capital de-
preciation rate by more than 2 p.p. This effect amounts to more than a 6 p.p. increase
for a warming scenario of 3°C , more than doubling the baseline capital depreciation rate.
These capital depreciation effects are substantial, but affect a much smaller fraction of
counties than heat waves. Local risk exposures ¥? and the baseline level of local risk ¢;

are proportional to average capital depreciation exposures J; and baseline storm proba-
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bilities, so that we omit a separate map. Through the lens of our structural model, we can

compare the relative importance of these channels.

5 The Impact of Climate Risk in the United States

5.1 Setup

We evaluate the effects of aggregate and local risk on economic activity across the United
States. We start the economy in the stochastic steady state in which there is background
local risk @;. We take 2025 as the year in which agents learn the warming path T; and the
paths of aggregate and local risk, oy and Xj;.

We consider a warming scenario in which T; rises gradually by 2°C by 2100 and re-
mains constant thereafter. We set 0; = T;/4 to impose a constant relative uncertainty
around our central warming path. We choose the factor 1/4 as it corresponds almost
exactly to the IPCC’s “high confidence” range of plausible additional 2100 warming real-
izations: 1°C to 3°C . Through the lens of our framework, the 95% confidence interval of
2100 global temperature is then T; &= 1.960¢, which corresponds to a 1.0-3.0°C range.

To highlight the role of capital depreciation, we focus only on the effects of storms, so
we set the damage functions x; = 4; = 0. We plan to incorporate the effect of productivity

and amenities in future iterations of this paper.

5.2 Local and Aggregate Risk in the Long Run

We first study the long-run effects of local and aggregate risk. To do so, we set as base-
line an economy already subject to a 2°C increase in temperature, but with no local or
aggregate risk. That is, we set 0; = 0 and X;; = 0 for all i and {. We then compute new
stochastic steady states in which we first introduce local climate risk by setting %;; > 0,
and then aggregate risk by setting o; > 0.

Figure 5 displays the effects of local risk on capitalists and the capital stock. Panel
5(a) reveals that local risk leads to substantial welfare losses for capitalists in southern
coastal locations. In coastal South Carolina or Louisiana, capitalists lose up to 25% in

consumption-equivalent terms from the increase in local risk. These losses are driven by
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a stark reduction in the value of capital: as global mean temperatures rise, storms become
more frequent. As they are a binomial stochastic process in our microfoundation, the local
volatility of the capital depreciation process rises steeply. This volatility renders capital
less valuable and thus hurts capitalists.

Panel 5(b) illustrates how capitalists adapt to local capital depreciation risk. Subject to
more risk, they build precautionary savings that translate into more capital accumulation
on exposed coasts.” Naturally, these precautionary savings offset only a small fraction of
the losses associated with falling values of capital.

Panel 5(c) shows that workers benefit modestly from local capital depreciation risk
throughout the United States, but particularly on the southeastern coast. In our current
quantification, workers have logarithmic utility, which implies that they are risk-neutral
with respect to proportional risk. Thus, they do not experience any direct disutility of
proportional fluctuations in real wages and the capital stock. By contrast, they benefit
from the additional capital driven by the precautionary motives of capitalists. Panel 5(d)
shows that this force indeed pulls workers away from inland locations and into coastal
regions. In future work we plan to consider settings in which the risk aversion of workers
is different from unity, rendering them more sensitive to local risk.

Aggregate risk has opposite implications for welfare and allocations, with magnitudes
that are more moderate. Figure 6 illustrates the effect of aggregate risk on the capitalist
and worker welfare across U.S. counties, and capital stocks and population. Panel 6(a)
shows that capitalists benefit from aggregate risk throughout the country. The reason is
that, unlike local risk, aggregate climate risk leads to predictable average capital depre-
ciation before making investment decisions. Thus, capitalists can respond to aggregate
shocks and arbitrage return differentials over time. Namely, they can invest when the cli-
mate evolution is more benign, and consume when the negative climate trends are more
harmful to their investments in their home locations. In effect, capital returns are convex
in aggregate climate risk, implying that capitalists can gain from increases in this form of
risk. Ultimately, capitalists more exposed to climate risk experience welfare gains of up

to 3% in consumption-equivalent terms. Faced with effectively higher returns, capitalists

90f course, if capitalists had other assets at their disposal to save, they would direct part of their pre-
cautionary savings there. Introducing a portfolio problem together with irreversible investment in physical
capital is, however, beyond the scope of this paper.
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Figure 5: Effect of Local Risk on Capitalists and Workers.
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Note: Effect of local risk on capitalists in an economy already exposed to a 2°C increase in global temperature. Panel (a): change

in capitalist welfare relative to the deterministic steady state. Panel (b): change in capital stock relative to the deterministic steady
state. Panel (c): change in worker welfare relative to the deterministic steady state. Panel (d): change in population relative to the
deterministic steady state.

can afford to hold less capital and consume more. Panel 6(b) shows that the capital stock
decreases modestly in coastal counties in the southeast region.

Workers lose from the decline in capital stocks across the U.S. Panel 6(c) exhibits nega-
tive though small welfare declines. Panel 6(d) shows that workers move out from south-
eastern coastal locations that lose the most capital.

Quantitatively, the effects from aggregate climate risk are an order of magnitude smaller
than the effects of local climate risk—regardless of their signs. This may appear surpris-
ing given the nontrivial uncertainty surrounding possible warming paths. Yet, aggre-

gate climate change risk is intermediated by the expected capital depreciation rate due to

warming, which is bounded by the relatively low baseline hazard of extreme weather: the
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Figure 6: Effect of Aggregate Climate Risk on Capitalists and Workers.
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Note: Effect of aggregate risk on capitalists in an economy already exposed to a 2°C increase in global temperature. Panel (a): change
in capital stock relative to the deterministic steady state. Panel (b): change in capitalist welfare relative to the deterministic steady
state.

local variance of capital depreciation due to aggregate climate risk is (6;01)> = 62T7/16.
By contrast, local risk directly changes the hazard of extreme weather realizations, with
local variance X2T? = §;T? /T 4¢P, As the baseline damage function &; < 1 is less than
unity, damages associated with storms [P 4¢P < 1 are also less than unity, and the likely
range of warming represents a fraction of the central scenario, aggregate risk is always

quantitatively less important than local risk.

5.3 Local and Aggregate Risk Over Time

We now compare the effects of local and aggregate risk to the deterministic impact of

warming along a transition to a warmer world. We allow for the full impact of tempera-
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ture change, including its effect on mean capital depreciation. We set 2025 as our baseline
stochastic steady state with background local risk and study the transition to a new steady
state associated with a 2°C increase in temperature by 2100. Throughout the transition,
local and aggregate risk evolve over time as described in Section 5.1.

Figure 7 displays transitional dynamics under three configurations. The first config-
uration examines an increase in temperature but no risk at all. The second configuration
assesses the effect of temperature increases with aggregate risk only. The third configura-
tion considers temperature increases with both aggregate and local risk.

Panel 7(a) depict capitalist welfare. Deterministic warming creates winners and losers
among capitalists by pushing workers out of the Southeast and into the rest of the U.S.
These gains and losses partly offset initially, leading to capitalist welfare losses below 1%.
Consistent with the results from Section 5.2, aggregate risk contributes little to capitalist
welfare losses. By contrast, local risk—uncertain extreme weather realizations—leads to
less migration because of the precautionary effect which retains workers on the coast, and
thus yields fewer winners among capitalists. Quantitatively, local risk unambiguously
magnifies aggregate capitalist welfare losses from less than 1% to over 5% on impact. By
the end of the century, deterministic warming leads to aggregate capitalists losses just
under 20%, while local risk contributes an additional 8% in losses.

Panel 7(b) displays worker welfare during the transition. Workers experience more
moderate welfare losses of 0.7% in the long run in consumption-equivalent terms follow-
ing a 2°C increase in temperature, because a smaller share of their income is dependent
on capital. Introducing aggregate risk leaves the welfare effects largely unchanged. Local
risk mitigates these welfare losses by 0.1 p.p. in the long run due to the excess capital
accumulation from precautionary savings.

Figure 7(c) shows the path of the aggregate capital stock. Warming leads to capital de-
preciation and a lower capital stock at all horizons. By 2100, the U.S. economy experiences
a decline in aggregate capital of slightly less than 2%. Aggregate risk has a negligible ef-
fect on the capital stock, consistent with Figure 6. By contrast, local risk has a larger effect,

offsetting 0.3 p.p. of the decline in the long run.
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Figure 7: Effect of Local and Aggregate Risk in a Warming World.
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Note: Effect of aggregate local and aggregate risk during the transition towards a a 2°C increase in global temperature by 2100. Panel
(a): change in aggregate capitalist welfare relative to the 2025 deterministic steady state. Panel (b): change in aggregate workers
welfare relative to the 2025 deterministic steady state. Panel (c): change in capital stock relative to the 2025 deterministic steady state.

6 Conclusion

A distinctive feature of climate change is that it exacerbates aggregate and local risk. On
the one hand, we are uncertain about its aggregate severity and, therefore, about how it
will affect specific regions. On the other hand, global warming will increase the variability
of local weather patterns. These two forms of climate-induced risk are distinct and affect
agents and regions differentially. The former, which we refer to as aggregate risk, involves
uncertainty about long-term climate paths, allowing local investors to react and invest
conditionally on realizations. The latter, which we dubbed local risk, is realized ex post
and implies capital destruction that unequivocally harms investors. This distinction is
essential for understanding the magnitude of the effects of each type of risk, its effect
on capitalists and workers, and its impact on the distribution of economic activity across
counties in the U.S. Local risk concentrates economic activity in the locations that are more
severely affected by climate change, as capitalists invest more for precautionary savings
purposes, and the additional capital attracts workers. In contrast, aggregate risk has less
harmful effects on capitalists and reduces capital in the worst-affected locations, driving
workers out. Overall, we show that local risk leads to effects an order of magnitude larger,
and thus its consequences should be more salient to policymakers. Of course, the impacts
of climate risk are all in addition to the average negative consequences of climate change
across locations.

Our paper is among the first to study climate risk in a dynamic spatial economy with

labor mobility and forward-looking capital investments, given the methodological com-
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plexity of such analysis. Of course, the model we propose can be extended in several
ways. Particularly important is, perhaps, to expand the investment opportunities of lo-
cal capitalists and to incorporate non-reversibilities in investment. Our framework forces
local capitalists either to consume or to invest in the capital of their home location. They
cannot invest in a national bond or in capital in other locations. The lack of alternative
investment options likely accentuates the importance of the precautionary savings mech-
anism. Our modeling of capital as reversible implies that capitalists can always disinvest
and consume if climate paths turn out to be more harmful than expected, accentuating
the real option mechanism for aggregate risk. Incorporating these realistic features of the
investment problem faced by local capitalists is, therefore, a promising avenue for future

work. The current paper can serve as the foundation to do so.
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APPENDIX

A Setup

A1 Static Equilibrium

Final good production. The wage w;; in location i satisfies the firm’s first-order condi-
tion w; = (1 —a)Ziy(Si/ Nf; )%. Neither renters nor firms cover depreciation, so that the

rental rate for structures satisfies r;y = aZ;;(S;;/N& y—(1-a),

Buildings production. The optimal choice of labor in building production implies @r;B;; /N =

Wit.
Housing demand. Local demand for housing clears the housing market fw;;N;; = r;;Hj;.

Equilibrium prices. We now solve for equilibrium prices and quantities as functions of

the local capital stock Kj; and local number of workers Nj;. Combining labor demand in
Bjt

= (1—a) Sit Housing demand
it

final good and building production, we obtain @« NP
rewrites (1 — zx)Nit% = aHj.
it

We look for shares x, y such that
Nj =xNit , Hy = yBy (18)

and so Ng = (1 —x)Nj; and S;y = (1 — y)Bj;. Substituting into the previous equations,

we obtain
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These two equations imply'”

 (1-a)(1—-wp) L (I—a)+aw o 1—Bw
= a@ + (1 —a) 'y_ﬁoc+(1—oc)ﬁ = y_aoc+(1—oc)ﬁ' (19)
Using these shares, we express the wage and the rental rate as
wip = (1—a)a®E""Zi(Bje/Ni)*
rie = @B Zi(Bip/Ny) "1 (20)
where
- (12t 1=®p
==0 lx)zqut(l—tx)

Before proceeding, it is useful to substitute out buildings and express prices in terms of

capital:

wp = (- @)1 1) Z L (Kl ONg )

riy = IXDLEl—a (1 _ x)—(l—tx)(DZitLi*w(lf”‘) (Kilt—w—(DNi(f—l) —(1—a) (21)
Rental rate of capital. We also need the rental rate of capital:

Ri = (1-w—a)(1-x)%K, T LENGry
= (1-w—@)a"E7%(1 — x)"®Z, LL*K, P Ni-aFe@ (22)

We obtain:

Ry = (1-w-@)a 8" (1 - x)*ZLy" it K PN

NV
EROi

RoieXit K, * N
= Ri(xit, Kit, Nit) (23)

19Multiplying both equations leads to y(1 — x) = @B which can then be substituted into either of of the
equations.
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whereg =w+o+(1-w—-®@)(1—a)and p =1 — a + acw.

Consumption and flow utility. We also express total consumption (real wage) in loca-
tion i as
Wit

it
(1—a)a*E27%(1 — x)mzitL?m(K}fw*wafil)a

— —w(l—u —w— — 'B
e @(1 = x) - 1m0z, L0 (K remaNg 1) -]

= (1—a)a®-PE-E(1 — x)@iz] PLetgll @y 0]

1-w
Nit

K.lfwfco 4

where ¢ = a + B(1 — a). With consumption at hand, we express the flow utility in location

1—w—©@ ¢
= (1-a)at A (1 — x)98Z] PL% Fh (L)

i at time ¢:

w;s K.l_“’_‘o ¢
u (Ait_;;> = u | Coer (1Pl ( Zl\t]l_@ ) = Ui(ais, Xit, Kit, Nit), — (25)
Tit '

where Cy; = A;Cy;.

A.2 Capitalists

We guess and verify that:

+ Py C=ciK (26)
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Under this guess: Qj; x = QiK% and Qitkk = —( QiK1 Substituting the guess into
the HJB:

A-CK1-¢ 1 - 52 ) K¢ 10,
ta 7 +PP1t rnax? Ry — BAyp) — c]QuK ¢ — %QitKl ¢4 — glEt { thztl VE,
Identifying components:
- 1 ¥2 dO;
int = rncaxcl 4 + (1 — C) [(Rit — Ait) — C] Qit . g( Zg) it ta +]Et { gzt]
— 1 dPig o 1
pPzt— 1_C+]Et|:dt:| = Plt— p(l_g)
So we get the FOC:

_ 1 I 1
ct=Q = c=0Q,; e = E:Rit_CZRit_Qlt /¢

where we have used that I = R;;K — Cj;.
Substitute back into the HJB:

_ ¥2 dQ;
pQir = Q) o+ (1-0) | R — b — Q¢ — % Qit + E [ fft”}
y2 dO:
—@Ql Yer(1-9) Rit_Ait_% Qit—HEt{ thZt].
With log utility ¢ = 1, we obtain:
1
Qi =1 Qir(K) = EIOgK/

and so proportional risk ¥;; does not matter as income and substitution effects cancel out.

B Steady State Computation

Solving for steady-state values is relatively straightforward:
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. Start by using (10) to solve for Q?* and the consumption rate:
(@) Ve=p=ec

. Given Q?, then use (11) to solve for the equilibrium capital as a function of popula-

tion:

ssyp\ /P
K — (ROi(Ni )1[)) — Ki(N§S) (27)

. Substitute (27) into (10) to obtain

PV = UGN, N 4+ MV 29

. Alternate on (28) and (11) to jointly solve the equilibrium values V** and population
N?*:
1

(a) Start from a uniform guess for N7* (or any other guess)
(b) Solve (28) for V?*
(c) Update N;* by solving (11) given V*

(d) Keep iterating on (b-c) until both N7* and V** have converged.

C Microfoundation of the capital depreciation process

C.0.1 Microfoundation

We lay out a simple microfoundation starting from Poisson capital depreciation shocks for

the diffusion process for capital depreciation. Suppose that there are infrequent depreci-

ation shocks of magnitude 1 — D < 1. They arise with some Poisson rate that depends

on the global mean temperature relative to the pre-industrial level. D is the amount of

capital that is destroyed by the shock. We denote excess temperature by T = T — T5. We

omit i subscripts for now.
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The law of motion of local capital follows a drift-compound Poisson process: ’%t =

Iﬂ—idt + dA;, where dA; = Ayt + Dd]J;, where J; € {0,1} indicates whether a Poisson
shock hits at all. A(T) denotes the Poisson intensity of these Poisson shocks and depends
on global mean excess temperature. D is a single scalar that denotes the size of the shock
when it occurs. This law of motion implies that when a Poisson shock of magnitude D
hits, capital jumps from K; to DK; < K;. We are interested in the structure of the generator

associated with the Poisson destruction part:
PIVI(K) = M(T)(V((1 = D)K) = V(K)) (29)

We assume that D is small.!! Using a second-order expansion in D: V((1 — D)K) —
V(K) = —V/(K)KD + V" (K)K?D?. Substituting into (29):

K?V"(K)

DIV](K) = —KV'(K)AM(T)D + =

A(T)D?

So, holding D fixed, the generator indeed has the same functional for than that of a Brow-
nian motion. Consistent with the small D expansion, we posit that depreciation shocks

are also small:
D = /e x D,

where € is the same scale parameter as the one that we use for the FAME/SAME. As will
become clear below, scaling the shocks with /€ is necessary to keep volatility second

order.

C.1 Drift and volatility formulas

We now revert to the full notation, where everything depends on T — T*. We posit that

the arrival rate is:

— _Pi1_(F_TP
M(T = TF) = pgle)emna ",

'We work with the generator, which is the dual of the law of motion, so as to take an expansion in the
space of functions rather than in a space of stochastic processes.
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for a constants p;; > 0 and a function p;,(e) = pioe” as € — 0, for a constant 7 < 1. This
formulation imposes that the baseline rate A;(0) = p;,(€) is small too. It also ensures that
A; > 0. This property allows us to use a small noise expansion at baseline. Then, to first

order in € because 77 < 1:

M(T = T") = Pigle) + pn(T - T").

We only need to consider the first order in €, because the second order in € will be multi-
plied by /€ below, and so is higher order than the SAME. Recall that T — T” = ¢(T + 0z),
so that:

Ajp = ?io(é‘) + pile(Tt + O'tZt)).
Substituting into the drift and volatility equations, we obtain:

5it = 61/25(?1'0(6) + Pile(Tt + O'tZt)) = 61/2—1—7731' + €3/2(5i(Tt + 0}21}))

—2
Y2 =D (Pi0€1+’7 + 2pi (Ty + orzt)) = ¥? (191.€1+17 + (T + (TtZt)),
where we defined A; = Dpjo, and
6 = Dpan i = Dy/pil 8 = I,

Since A; is isomorphic to a shift in the baseline local capital depreciation rate A; we ab-

stract from it from now on. We summarize the findings from the microfoundation as:

5 = €325, (0vze + T)) 52 = 52 (191-(—:”’7 + 2oz + Tt)>. (30)

We address two final observations related to the powers of €. First, although the FAME
is stated as a first-order perturbation in €, the leading capital depreciation terms scale in
€3/2 in the microfoundation. In fact, this discrepancy is immaterial because the FAME
is additive in productivity, amenity and capital depreciation damages. Therefore, it is

entirely internally consistent to solve the FAME as stated, and incorporate the capital
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depreciation components to leading order up to €¥/2. Therefore, to simplify notation
and without loss of generality in the derivations below and in the main text we use the
reduced-form diffusion specification in which é;; scales with e.

Second, and similarly, although the SAME is stated as a second-order perturbation in
€, baseline volatility 9;e! " is technically of a somewhat lower order. This property is,
again, immaterial. Because the SAME is additive, it is entirely internally consistent to
solve the SAME as stated, and incorporate baseline volatility to leading order up to €.
Therefore, to simplify notation and without loss of generality in the derivations below
and in the main text we use the reduced-form diffusion specification in which baseline
volatility scales with €? instead of €!*7.

Finally, in the derivations below we introduce additional notation that allows us to
separate idiosyncratic capital risk from aggregate risk associated with rising global tem-

peratures. Specifically, we denote

Z?t = 522? (1% + ozt + gt) , (31)

where ¢; is a deterministic function of calendar time. Note that this specification nests the

previous one as a special case when ¢; = T;.

D Data description

D.1 Economic data

Our economic dataset combines county-year information from several sources. Popula-
tion data come from the BEA, which constructs annual county population estimates by
interpolating between decennial Census counts and later replaces them with official in-
tercensal figures as those become available. For income, we use BEA personal income per
capita, a broad measure that includes labor income, transfers, employer contributions, in-
terest income, and various imputed components. To capture labor earnings more directly,
we also use BEA salary income. Employment is likewise taken from the BEA and reflects

both full-time and part-time jobs.
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To measure investment, we use county-level manufacturing capital expenditures from
the Census of Manufacturers for 1958 to 1992 and from the Economic Censuses for 1997 to
2012. The earlier Census of Manufacturers reports are available through the ICPSR 2896
digitization project, while the later Economic Census data are released at five-year inter-
vals. Because these investment data are not observed annually, we linearly interpolate
values between Census years before estimating the event studies. Finally, we collect data
on local public spending from the Government Finance Database, which harmonizes in-
formation from the Census of Governments. We use total local government expenditures

as a control variable and interpolate these data between Census years as well.

D.2 ISIMIP3a data

Our climate data come from the Inter-Sectoral Impact Model Intercomparison Project
(ISIMIP), which develops datasets designed to study the effects of climate change on
both natural and socioeconomic systems. We use the high-frequency observed climate
dataset from ISIMIP simulation round 3a, which covers 1901 to 2019 on a 0.5° x 0.5° grid.
This product combines two underlying datasets: the Global Soil Wetness Project Phase 3
(GSWP3) for 1901 to 1978 (Kim, 2017), and the WATCH Forcing Data methodology ap-
plied to the ERAS reanalysis dataset (W5ES) for 1979 to 2019 (Lange, 2021a). Both datasets
are constructed by blending numerical weather prediction models with station-based at-
mospheric observations (Mengel et al., 2021).

The historical GSWP3 component ultimately builds on the Twentieth Century Reanal-
ysis Project (20CR), which spans 1871 to 2008 at a 2° spatial resolution and 6-hour fre-
quency. In 20CR, atmospheric conditions are first generated using NOAA’s NCEP Global
Forecast System and then updated using observed and derived surface and sea-level pres-
sure data through an Extended Kalman Filter assimilation procedure (Cucchi, 2020). The
lower-boundary inputs for these simulations are based on sea surface temperature and
sea-ice concentration from the UK Met Office HadISST1.1 dataset (Rayner, 2003), interpo-
lated from monthly to daily frequency. The pressure observations used in the assimilation
stage come from version 2 of the International Surface Pressure Databank (Cram, 2015),
which compiles records from a wide range of meteorological agencies.

GSWP3 is obtained from 20CR through dynamic downscaling and bias correction of
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selected variables. The original 2° fields are first downscaled to roughly 0.5° resolution for
1901 to 2010 at a 3-hour frequency using spectral nudging within a Global Spectral Model
(Yoshimura and Kanamitsu, 2008). The resulting series are then bilinearly interpolated
to a regular 0.5° grid and further bias-adjusted using observational reference datasets. In
particular, precipitation is corrected using the Global Precipitation Climatology Centre
Full Data Monthly Product Version 7 (Schneider, 2014), windspeed using the Climatic
Research Unit CL2.0 dataset (New et al., 2002), and temperature, pressure, and humidity
using the Climatic Research Unit TS3.23 dataset (Harris, 2014).

The more recent W5E5 component is based on the European Centre for Medium-
Range Weather Forecasts reanalysis dataset ERA5 (Hersbach, 2020). ERA5 begins with
numerical weather predictions generated by the ECMWEF Integrated Forecasting System
Cycle 4112 and then assimilates observational data through a two-part procedure: an in-
cremental 4D-Var method for atmospheric variables and ozone (Courtier et al., 1994), and
a land data assimilation system that combines optimal interpolation methods for tem-
perature, relative humidity, and snow with a Simplified Extended Kalman Filter for soil
moisture. Across 1979 to 2019, this assimilation system incorporates roughly 96 billion
observations from a wide range of conventional and satellite sources worldwide. The
resulting ERA5 product has hourly frequency and a spatial resolution of about 31 kilome-
ters.

To construct the forcing dataset used in ISIMIP, ERA5 is then bias-corrected and aggre-
gated to a 0.5° grid following the WATCH framework for land-surface and global hydro-
logical modeling. This produces the WFDES dataset (Cucchi, 2020). The bias adjustments
are designed to align monthly moments with observed data, using the Climatic Research
Unit TS4.03 dataset (Harris, 2020) for surface air temperature, shortwave radiation, rain-
fall, and snowfall, and the Global Precipitation Climatology Centre Full Data Monthly
Product Version 2018 (Schneider, 2018) for rainfall and snowfall. W5E5, the ISIMIP in-
put dataset, is then formed by combining WFDES5 over land with ERA5 over the ocean
(Lange, 2021a).

Because the older 20CR-based data and the bias-correction procedures underlying
GSWP3 are known to contain artifacts and spurious trends, and because ERA5 relies on

a much larger observational base, the ISIMIP3a authors view W5ES5 as the more realistic
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dataset. To extend W5ED5 back to 1901, the earlier GSWP3 series are homogenized to en-
sure a smooth transition at the 1978-1979 break. Specifically, over the common 1979 to
2004 reference period, GSWP3 is quantile-mapped to the corresponding W5ES5 distribu-
tions (Lange, 2019; Lange, 2021b). The final GSWP3-W5E5 dataset therefore preserves the
long-run trends present in GSWP3, coincides exactly with W5E5 from 1979 onward, and
differs from the original GSWP3 series for 1901 to 1978.

D.3 Extreme event indicators

Storms—TFor comparison with our residualized percentiles, the 99t

percentile of the un-
residualized distribution of daily maximum windspeed for the years 1901-1910 is 10 me-
ters per second (m/s). The largest windspeed is 18 m/s. Recall that these measures are
daily averages, and thus allow for much faster gusts in small time windows. Similarly, the
99th percentile of the un-residualized distribution of daily maximum precipitation for the

years 1901-1910 is 100 millimeters per day (mm/d). The maximum is above 220 mm/d.

E Steady-state inversion

We recover an estimate of the stock of buildings B; and housing H; from the constant

shares rule (18)-(19) and the buildings production function as before:
@
B; = L?’((l - x)Ni> K;~“~® , H; = yB;

The wage equation (20) then delivers an estimate of fundamental productivity in county

i as before:

(4%
(1—a)arE~(B;/N;)"

Z; =

From there we construct Co; = (1 — a)a*-PE-¢(1 — Jc)“’éZil_’BL;‘)C and Ry = (1 —w —
@)a*E (1 — x)*?Z;L¥* as before.
We recover migration costs as before. We construct migration shares as m;; = %

The equation for migration shares (5) implies that X;; = logm;; —logm;; = v(V; = V;) —
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VT = Yj — Y; + € after imposing the normalization 7; = 0. We exploit that X;; + X;; =

€jj + €ji. We assume symmetric migration costs 7;; = Tj;, which we then recover as

Xi]' -+ in

T = 2v

We are left with estimating local amenities, which is now slightly different from before.
We proceed in two steps. The first step consists in recovering local valuations from the
steady-state population distribution. Defining X; = ¢"Vi and Ty; = e V%, equation (11)

implies, together with a normalization of values:

X; = S Nkal ZX =1 (32)
k ZJ Ty X;

The system of equations (32) satisfies the gross substitutes property, and so has at most
one solution. A simple iterative method delivers the solution to equation (32), and we
recover V; = Llog (X;).

With an estimate of local valuations V; at hand, the second step consists in inverting

the HJB (4) to recover amenities. In particular, we obtain flow utility as:
U; = pV; — M;[V].

From there, we recover amenities as:
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F Additional Figures

Figure 8: Effect of Local and Aggregate Risk on Workers
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Note: Effect of local and aggregate risk on workers in an economy already exposed to a 2°C increase in global temperature. Panels
(a) and (b) report the effects of local risk, while panels (c) and (d) report the effects of aggregate risk. Panel (a): change in population
relative to the deterministic steady state. Panel (b): change in workers welfare relative to the deterministic steady state. Panel (c):

change in population relative to the deterministic steady state. Panel (d): change in workers welfare relative to the deterministic
steady state.
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G Master Equation and FAME

G.1 Master Equation Expansion

The worker value expansion is:
Vit (z, N* + en, K% + ek) — V*
{Z 1+ ZV';(kj +vl~th+vi7;}
%{ZZ”?%W+ZZWWhh+zzu?%h+zzmﬁ%m
HRL Yz 2V - 2 Vi oy 2V
+ Ui + 05 222 4 UZ;’T + 205’%}.
The capital value expansion is:
Qit(z, N* + en, K% + k) — V*

{ZQW+ZQk+%m%}
+%{Zzgfjﬁ e+ L Ok + D@t + L0

+22Q1]t 7’1]2—|—22Q1]t kz+2ZQz]t n]+2ZQZI§tTk
]

Z2,7_2 Z,T
+q1t+qzt Z +q1t +2qit Z}'

53

(33)

(34)



G.2 Flow payoffs
G.2.1 Workers

The flow payoffs become, to first order,

SS

€ i

M/(CfS)C?S . ((ail + (1 — [3))(1'1) (O'tZ + Tt) —+ (:f(l —w — (,’D)kl — 6(1 — LD)%)

with #/(C) = C~7. In vector notation,

U — U

- vec (111'1 + (1 — ,B)Xil) (Utz + Tt)

— diag (u’(C§S)C§S)

FE(l—w—@)k— &1 - co)diag(l/NfS>n]

= Duxk+Dunn+dur (oiz + Tt), (35)

where we have defined:

dur = vee(u (CF)CF* (an + (1~ )x) )
Dux = ¢(1—w — @)diag (v (CF)CF*),  Dun = —¢(1 - @)diag(u'(CF)CF*/N}*).
(36)

Alternatively, we could have written e~ !(U; — U*) = dyzoiz + dyrT; + Dyxk —
Dynn, with dyz = dyr for completion. Nevertheless, to avoid coding mistakes, we

just keep the vector dy;r for the derivations.

G.2.2 Capitalists

We include the flow payoff from the return to capital and the continuation value from

investment. To first order and in vector notation, we obtain

¥z |
[(CQl Ve (1 C){Rit —Ajp — %}Qit) — (C(Q?S)Pl/y +(1-— C){(Rfs A O}Qit>]
= DQ}Ck + Donn + dQT (O'tZ +T3) + Doo [QNTZ + QKk + thZ + th]
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where

Dok = —(1 - €)<Pdiag<R?SQ?s>, Doy = (1 —{)ydiag (R?SQfS/NZ.SS>,

Dog =0, dor = (1 - C)Vec<(R§gSXi1 - 51’1)st'5)- (37)

where once again we ommit the vector dgz, which is equal to drr, to simplify the code.

Also note that now the matrices Dk, Doy do not correspond to the derivatives of the
interest rate anymore. Note also that the term corresponding to the steady-state capital
drift times the change in Q drops out because the capital drift is zero in steady-state.

Finally, there might have been a sign typo in how Dgy entered the FAME, and a typo
in the sign of Drx. We need to check the code (it was present in the ACC code too).

We will also change the sign convention for how drr enters the FAME to avoid excess
minus signs.

Other than these changes (and correcting the signs!), we can simply plug in these new
equations into our existing code.

For use below, we also define the derivative of the interest rate alone:
Dri = —¢diag (Rfs>, Dgry = 1[Jdiag(Rf~S/Niss> dgrr = vec (RfSXﬂ).

G.3 Continuation value from migration

The continuation value from migration becomes

M[V] = M[V¥]

- ~ MVNn + MVXk + Moz + Mo}, (38)

where henceforth M denotes the steady-state matrix M (V).

Continuation value from aggregate shocks. We impose z to follow an AR(1) process

with mean-reversion parameter 0 and unit variance. Therefore, the continuation values
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become

G.4 Population distribution

To linearize the law of motion of population, first note that

amj,- . { —ijim]-k if 17'é k

Vi vm(1—my) if i=k
and so
om;;
M;(V+dV) = Mi(V)+ y; avi Vi
= Mj(V) + pm{ Vi — [m-av] }
Then
M (V+dV)[N¥] = M (V)[N®]+uv Zm]-,-{dv,- — [m- dv]].}N;S
)
= M;(V)[N"] + vp| (diag(mN**) — m*diag(N*)m ) - dVL
= M (V)[N*]+(G-dV)
where

G = vy(diag(m*Nss)—m*diag(NSS)m) (39)
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G.5 Continuation value from changes in population distribution

We can then move on to the continuation value from changes in the population distribu-

tion. In vector notation,

I
oV;
e’ (Z N, (M*(V)N)j> ~ VNM*n+ VNG(VNn+ VEk+ 0z +0])  (40)
joo i=1
Similarly,

I
. (ﬂ—%www») ~ QUM+ QYG(Vin+ Vit ofz+of) (D)
j J i=1

G.6 Capital distribution
The log capital LoM becomes to first order:

dk
d—tt = DR;th + DRNT’lt + dIT(O'tZ + Tt) + DIQ [QNnt =+ Qka + thZ + qﬂ’

where the Ito correction drops out to first order, and where:

) st -1-1/¢
dZT = vec (RI-SSXﬂ — 51'1) DZQ = dlag (%

There are two changes relative to what we had before: (1) the definition of Dzg,dz7 has
changed (also note the change of sign in the definition/how they enter the LoM), and (2)
two new terms enter, Drick + Dryn, that we will need to keep track of in the continuation

values.
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G.7 Continuation value from changes in capital distribution

All the Ito correction terms are second order, so we can ignore them in the FAME. We

obtain
'L g;g} {Rm,Ni, i) = Qi = e - ?}
~ YL VE{Drcke + Danm + dr (012 + ) + Dro[QVne + Q% + a2 +q7] }
j
— VK{DIQ [QNn + Q%+ g%z + th] + Dgick + Drnn + (032 + Tt)dIT} (42)
Similarly,

_ 00Q; _ b
el ) 8/% {Ri(Xit/ Ni, Ki) — thl/g — Ajt — 7]}
]
~ QK{DIQ [QNn + Qfk +qfz + th] + Dgrick + Dryit + (012 + Tt)dIT} (43)

G.8 Expansion of prices and investment
For estimation, it is also useful to collect the expansion of prices along any transition. We

have, in level changes:

Wy = Dynne + Dokt + dopr (0226 + T)
R\t = DRNnt + DR;th + dRT(O'tZt + Tt)
I; = Dyyny + Dk + d1oQt + dyr(0ze + T)

where:

Dyn = —a(1 — w)diag(w;*/N;°) Dyx = (1 — w — @)diag(w}®) der = vee(xiwi®)
Djy = diag(K;*)Dgrn Djx = diag(Ki®)Dry + diag(l®) Djo = diag(K;*)Dzg
d[T = diag(KfS)dRT,
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and Dy, Dric, drt are defined in Section G.2.2.

G.9 FAME in vector notation
G.9.1 Workers

Thus, the linearized master equation for the worker value becomes, in vector notation,

v 9ol

N K z T
o(V¥n+Vik+vfz+v; ) — TR

flow payoff
= bu;gk + Dynn + (U'tZ + Tt) du]t

continuation value from migration
o\

+ M(VNn+ V& +vfz +0f)

c.v. from climate shocks

~ =

— 0zv?

+ VM4 VNG(VVn+ Vi + vfz + of)

continuation value from changes in the population distribution

+ V¥{Dro [QVn+ Q%+ g7z +qf | + Dreck+ Drwn + (12 + Ti)dzr |

NV
continuation value from changes in the capital distribution

Identifying coefficients and unknowns in bold notation,

oVN = Dyy + MVN + VNM* + VEDgy + VNGVN 4 VED QN

oVK = Dyx + MVK + VDR + VNGV + VD Q¥
ovZ
(P + G)Utz — a_tt = dyro: + Mvtz + VNG’UtZ + VKDIthZ + VKdITO't
ool
p’l){ — a—; = dyrT:+ MU;T + VNGU'{ + VKDIQq'tT + VKdITTt
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G.9.2 Capitalists

Similarly, the linearized master equation for capitalists becomes, in vector notation,
ag?  oq!
N K V4 T qt 9t
p(QTn+ Q% +aiz+ar) — - — 5 -
flow payoff + own continuation value

= DQ;Ck + DQNTl + dQT ((TtZ + Tt) + DQQ [QNTZ + QKk + thZ + l]ﬂ

c.v. from climate shocks
~
- bzqf

+ QVNM* n+ QNG (VNn + VEk + vfz + of)

J/

continuation value from changes in the population distribution

+ QK{DIQ [QNTZ + Q%k + gfz + th] + Dgrick + Drnn + (012 + Tt)dIT}

J/

TV
continuation value from changes in the capital distribution

Identifying coefficients and with unknowns in bold notation,

QN = Doy +QNM* + Q¥Dry + DgoQN + QNGVN 4 QXD QN

pQX = Dgr + Q*Dric + DgoQX + QNGVX + Q¥D7 Q¥
d Z
(o+0)af — AL — dgror+ QVGof + Q¥Drgaf + QKdrrer
) T
oqf — % = dorT; + QNGof + Q¥Drogf + QXdzrTi

We can collect terms and solve for a stacked system step by step.

G.10 Deterministic FAME

vN vk} [Dun Dux M 0 VN yK VN yK M* 0
N K o D D T 0 D N K + N K D D
QY Q on Dok oo/ \QY Q QY Q RN Dri

VN vK\ (G 0 VN yK
QN QK 0 Do/ \QN QK &

We recognize a nonlinear Sylvester equation which we can easily solve by iterating on it.

P
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G.11 Stochastic FAME: z

Once we have the solution VN, VK QN QK we can solve for vtz and th. Define the vector

¥ and the matrix & as:

d vKd M+ VNG VKD
¥ _ ur + IT , O — + 70 (45)
dor + Qfdzr QNG QfDzg

Then, v# and g7 satisfy a linear Sylvester equation:

(0+6 Y % p 4
p+ ) 7z = ot + z + 7 Ts ( 6)
dt q qt

where Dr is a matrix that discretizes the time derivative. We solve for p = (v7; %) by

iterating back in time:

P = ((p+0)d —®) o,
-1
pr = ((1 + (0 + 0)dt) — dt <1>) (mm Yo dt)

G.12 Trend FAME: T;

Finally, we solve for the time-dependent piece. v/ and g/ satisfy:

0 o w10 (%) 4 (%) ps (47)
= ¢ T
qr qr qr

This is, again, a linear Sylvester equation that we solve iteratively for p = (vf;q[) by

iterating backward in time:

Po = (old — @) YT
pr = <(1 +p dt) — dt QD) - <Pt+dt + YT, dt)
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G.13 Linearized KFEs

To obtain the linearized laws of motions given T; and a sequence z;, we simply use the
same terms as those in the “continuation value from changes in the population/capital
distribution” from the FAMESs, since those correspond precisely to the linearization of the
KFE. Let k; be the vector of capital stocks across locations at time ¢, and n; be the vector of

populations across locations at time t. Then, in vector notation, the linearized KFE’s are:

% = M*nf + G(Van + VKkt + UtZZt + U?)

dk

d_tt = Dzg [QN”t + Qfkt + gz + lﬂ + Drnnt + Dricks + (01z¢ + T)dzr - (48)
H SAME

Written in matrix form:

v = VVn 4+ VR + vtz + 0], (49)

1 VEN xan xok + VK x5k xo k

VN’K X3k Xon+

Uy = X3Mn Xon—+
+2VNZnz 4 2V kz 4 2V T 4 2V Tk
+0 + o772+ o) T+ 200 Tz 4 oF,

and

g1 = QVn+ Q% +4qf +4qf (50)
g2 = QNN sz xon+ QNK sz k xon+ QXN x3n xo k+ QXK x5k x0 k
+2QN%nz + 208%kz 4 2QNTn + 208 Tk
a7 g 2q0 2 g

where x3 and x; are the 3-node and 2-node tensor products, respectively, which we

defined earlier.

N,K KN
1% 1%

Importantly, from (??), we notice that the tensors and are symmetric in their

last two coordinates. Similarly, the expression (??) implies that QNX and QXN are also
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symmetric in their last two coordinates.

H.1 Flow payoffs

H.1.1 Workers

We start with the utility function. For the second-order effect of the distribution, we have:

2u,|  C0-@)CE g0 - @ (GF) G + 1+ - @) (CF)|
s N |
Pu, | CU-@-w-a)Cr |u (CF) G +u (G
K 10N | s N® '
P - w- e [ (6) & (@)

For the cross effect of the distribution and the aggregate shocks, we have:

aZUit B azuit B _Gg(l — C’O) (ﬂﬂ + (1 — ,3))(1'1)6?5 [l/l” (6155> élss + Zzll <6;ss>}
3(0vz)9Nj; | g5 9TrdNit |sg NS '

azuit aZUit ~ss |, [ ~ss\ ss I ~ss
30200 | g5~ 9Tk o~ U T @ @ an + (1= )G ' (C) Gl (C1))-

Finally, for the second-order effect of the aggregate shocks, we have:

92U
a((TtZt)z

Uy

U,
ss  O(Ty)? ss

= 62{“” (éfs) (éfs)z (ai + (1= B)xin)* + 1/ <€fs> C® ((ﬂil +(1=B)xn) +ap+(1-p)
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Putting all the terms together, we have:

ut _ uSS

~ e{Dunn +Dyxk +dyr (iz+ T;) } <— first-order term
2
€
+ ?{]DUNN X3n Xon+ Dynk Xzk Xon—+ Dyxn X3 Xok+ Dyxxe X3k sz}

+ e2Dyyerk (01z + Ty) + €2 Dynrn (01z + Tp)
e? 2 2
+ 5 durr [(Utz) +(Tt) +2(0'tZ)Tt} ,

where Dynn, Dukcn, Dunk, and Dygc are diagonal tensors defined as:

Dyunn = ¢(1 — w)diag; (

Duy = Dusc = —&(1 - @)(1 —  — )disg, (Elss [u// (5155) éfs +u (éfs)} ) |

Css [5(1 — o) (E;S) G+ (1+&(1—a)) (6)} )
(NF*)2 '

N
1

Duxx =[¢(1 —w - ‘9)]2 diagy (és [“” (éfs) Gt (CNT?S)D ’

where diag; is the 3-dimensional diagonal operator; and Dy, Dyx, Duz, and dyr are

defined as in section 4. The remaining objects are defined as follows:

Dy = —#(1— o)disg (<a,-1 + (1= pxa) G Eﬁ (@) & +w (&) ) |

Dur = ¢(1 - w - @)diag ((an + (1 - Bx) G [u” (G°) & +w/ (7)),

durr = vec <u" (&) (&) (an + (1-p) Xﬂ)z) +vec (' (C7) G ((an + (1= Bxn)* +an +(1-
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H.1.2 Capitalists

= _ 1-1/¢ 7¥2 )
We let Q;; = CQ,, +(1-20) {Rit — Ay — T}Qit: to be the flow pay-off for the capi-

talists. First, for the second-order effect of the distribution, we have:

Q| _ ¥y -1 -0QFRY
ING o B (N$5)2 ’
9*Qjt _ Yp(1 —Q)QFRF
OKiONy|ss N5 ’
aZQit — 4)2(1 o C)QS-SRSS.
aICZZt o 1 1

Second, for the cross-effect of the distribution and the aggregate shocks, we have:

9*Qyy _9%Qy B . RS
azglf o azélt o o s
3(012)0Kst | s 0Ti0Kit |ss —ep(1—)Q* xnR{*.

Third, the coefficients of the second-order effect of the aggregate shocks are given by:

02Qy Q|  9*Qy

. = 2(1-0)QF [Rfs (Xiz1 +Xz'2> - 51’2] :

Forth, coefficients for the capital depreciation coming from the Brownian motion:

0Q;;

o2

— —62 (1 — g)ngss

2
SS

65



Finally, the terms involving Qj:

20.
S| = -o-0r?
2_. S'S
| = Y= D
27, el
% Ss B a%%it s = e(1 - Q)[R xi1 — -

Putting all the terms together, we have that:

_ _ _ _ e2 _ _
Qi—Q; ~ Qin (eni) + Qi (eki) + Qi (e%' + 5‘721') + Qirz + QirTy

1— 1— _

+ EQ:’,NN (en;)* + EQz’,ICIC (ek;)* + Qi nic (en;) (ek;)
1— €2 2

+5Qio | €71 + 7 i

+ Q‘,NT (en;) oyz + Q‘,NT (en;) Ty

+ Q; it (€ki) oz + Q; ket (€k;) Ty
— €2 — €2 — €2
+ Qion (E‘hi + 3%‘) ni+ Qiok <€q1i + EQZz) ki+ Qior <€q1i + E%‘) (0rz + Ty)

1~ 1— — —
+ EQi,TT(UfZ)Z + EQi,TT(Tt)z +Qirr(o2) T + Qi x X6t
where @i,xy denote the cross partial derivative of Q; with respect to X and Y, eval-

uated at steady state. Now, before writing all terms in matrix notation, we work on the

quadratic term g3 :
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g1 = )2 Q)f st”]nerZZQqQ ks +ZZQ Qisnjks +ZZQ1]QN1< s
] S

+ <qitz>2 + (%) + Zqitzqit
—i—ZZQ n]qltz+22Q1] njq;-";

+2 Z Qikjaiiz +2 Z Qlik;dit-
) )
First, note that:

[ N,N N,N
ZZQ n]ns = _(Q X3 1 Xp ”]i/ with Ql]s Qf}]Qg

ZZQU isn]‘ks = QN’K X3k X2 n]i, with QSISK Q st’
jos )

ZZQ{?Q%’C]’”S = | QN x3n %, k]i, with (ijsN QEQN
- i

ZZQl QRkiks = |QFK x5k xo k|, with Q< = QKQK
] L i ] ]

j

On the other hand:

Z Qz] qztzn] [diag(th)Qan] ’ 2 Ql] qltn] [dlag(q;r)QNn} iy

Z Sqfizk; = |diag(af)Q"kz] Z Sqik; = |diag(al QK]
J j

where diag is the diagonal operator. Putting all terms together, we get:

g = QNN xgnxon + Q¥ xzkxon + QN xgn xak + QY x5k xak
+(gf - a0)7” + af -af +20a7 -af)z
+ 2diag(q7)QNnz + 2diag(g})QNn
+2diag(th)Qan + 2diag(th)QKn
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where the operator - denotes the inner product between two vectors. Then, to the leading

order, we get:

Qi — @SS € {DQNn + Dok +dor (012 + Tt)}
2
+%DQQ{QN'N X3 Xon+ ONK sk xon+ QN xan xok+ OFK x5k xok
+2QN%nz + 2Q84kz 4+ 2QN Tn + 208 Tk
+a+a7" 2+ 0]+ 200 Tz 4

2
€
+7{1DQNN X3 1 ><27’l+]DQICIC X3k X2k+1DQNIC X3 N sz—{—]DQ;CN ><3k><21’l}

€2

2

Dooo {(QN'N xsnxon + QNE xskxon + QN xan xok + QK x5k x0k

+(qf -99)2% + qf -qf +20f -9f)z

+ 2diag(q7)QNnz + 2diag(q])QNn

+ 2diag(q7)Q%kz + 2diag(q;‘r)QKk}
+ ez{DQNTn lo1z + Tt] + Dotk [0z + Ti }
+e2{ <]DQQN X1 QN) Xo M X331+ (]DQQN X1 QK> X2k x3n+ (Dogn X1 9f)nz + (Doon X
—|—€2{ <]DQQIC X1 QN> Xo N X3k + (]DQQ,C X1 QK> X2k x3k+ (Dook *1 qtz)kz+ (Dook *1
+ €’ Door [QNn + Q¥k + gfz + qf | [z + T]

€2 €2
+ ?dQTT [(Utz)z + (Tp)* + 2<(7tZ)Tt} + EZZdQZTQt

where Donn, Doien, Donk, Dok, Doon and Doox are diagonal tensors defined as:

55 RSS
Dowy = (6~ 1)(1 - Odiags (s ), Do = ¢2(1— {)dings (QFR),

1DQNIC = ]DQICN = _1#4)(1 - g)diagB < Ii\]'ssi ) ’
) R3® Z .
Doon = (1 — {)¢pdiag;, (N—lss) Dgokx = —(1 — {)¢pdiags (R*)
1

Moreover, X2 is a diagonal matrix with components le, and Dgyc, Don, Dgg, and dgr
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are defined as in section 4. The remaining matrices are and vectors:

Dooo = +~diag ((2) %), Dagr = (1 - {)diag (R*x1 — bn)
SSRSS
Dont = ¢(1 — {)diag <X:1 QNSS ) , Doxr = —¢(1 — {)diag (x1Q;°R;*),
dorr = (1 —{)vec (Qf-s <Rfs (Xﬂ +Xz'2> — 51’2)) , dosr = _(1—2_C)Cvec (QF)-

Grouping terms according to their order and using Do = 0 gives the final expression:

Qi - @fs ~ € {Dgkk +Donn+dor (0tz+ 1)} «— first-order term
2

€

+ E {DQNN+QN’N X1 DQQQ+DQQN X1 QN} X3n Xon
¢’ NK

+E{1DQICN+(Q’ x1Dggo + Dogn x1 Q% | xak xa 7

2

€

+§{DQN}C—FQK’NX1DQQQ+]DQQK ><1Q }x3n ><2
2
€

+—{]DQICIC+Q X1 Dggo +Dogk X1 Q" ¢ Xzk x2k

: ‘)

+é? :DQQleag 97)QN + (DQNT + DoorQ ) ot + Doon X1 qtz} nz
qf )QN + (DQNT+DQQTQ ) T; + Doon X1 ‘hT] n

+ €2 :DQQleag qf)Q% + (Dokr + DoorQX)or + Dook: X1 Qtz} kz

‘)

a1) Q% + (Doxr +DaorQ*) Ti + Dook 147 | k

+ 62 :DQQleag

+€2 _DQQleag

é D Z . 2Z\ 1+ 9D Z d 2] .2
+ 2 QQQ(qt qt)+ QQTYr 0 +dQTrT0} | 2
2

- E [DQQQ(‘? -q{) +2Dgorqi Tt + dorr(Th) }

+é? [DQQththT + DQQT(thTt + QIUt) + dQTT(TtTt] z

62 2
+ ?Z dQZTgt-
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H.2 Continuation Value from Migration

We have that:
M;(Ve) = M;(V*) = VM (V) (V = V) + %(V — V) TH M) (V) (V = V™),

where V[M;](:) and H [M,] (+) are the gradient and the Hessian of M, respectively. We
have that, up to a second order, V — V% = ev; + %202, with v and v, defined in (??) and

(??). Therefore, omitting the dependence on V**, we can write the expression above as:

2 2

2 1
Mi(Vy) = M;(V*) = e [Mvq]; + % [Mo,]; + E(evl + %vz)TH [M;] (V) (evy + %vz).

In matrix form:

Mo, = MVNn + MVXk + Mo?z + Mo!,
Moy = M|{VNN xanxon+ VK xak xon+ VEN xan xok+ VEK <k x0 k
+2VNZnz 4 2V %kz + 2VN T 4 2VE Tk 4+ 5 4 07422 ol T 4 205 2 4 o> z+thT]
= VPNN s o M xgnxon+ VNK i M xskxon+ VON xi M xgn xok+ VEK i M x5k x5k
+2MVN%nz + 2MVS%kz 4+ 2MVN T 4+ 2MVE Tk 4 Moy + MoP#22 + Mo T + 2Mo? Tz
+Mvt’ z-l—Mvt’

On the other hand, the Hessian matrix is given by:

H M) (V) = [—ama"g)}hk

To ease notation, we omit the dependence of the migration probabilities on the steady-

state vector V*°. Then, we have that:

2 2 2

€ € €

(v + ivz)TH [M;] (V) (ev1 + 302) = uv [Z m(€vyx + —Uzk =YY mymy(evyy + EUQh)(evlk
k nok

Note that the second-order terms in v, will drop out of the approximation when raised to
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a higher power or if multiplied by v1. Thus, we have that:

2 2

€ €
(€vy + 302)TH [(M;] (V) (evy + 702) = e*uv Zmikv%k — Ezmihmikvlhvlk ,
k h k

which in matrix notation is:

2 2

€ €
(evy + 302)TH [M] (V**)(ev1 + Evz) = ?uvm(vy - v1) — uvM X3 (v1) X3 (v1),
where M is a tensor defined as M, = —m;m;,. We can use the expression for g1 - g1 in

the previous section to expand the term m (v - v1):

m(vy - v1) =VNN 1 m xan xon+ VK xim xak xon+ VEN xym xzn xok 4+ VEK xqm x5k x0k
—|—m<vtz-vtz)zz+m<vtT~vtT> +2m (v?-v?)z
+ 2mdiag(v?)VNnz + 2mdiag(vf )VNn
+ 2mdiag(v?)VEnz + 2mdiag(v])VEn,

where the tensors VNN, WNK WKN and VKK are defined as:

N,N _ /NN N,K _ y/Ny/K K,N _ y/Ky/N K,K __ y7/Ky/K
VN = VY VR = vVE v = v v = v

We can use Lemmas 1 and 3 in the appendix jointly with the fact that M is symmetric in

its last two coordinates to expand the term M X3 v; X5 v1 as:

M X3 (v1) X3 (v1) = (IM x5 VN ><2VN> X31 Xo 1+ (IM x5 VK ><7_VN> X3k Xomn
+ (M x5 VN XZVK) X311 Xo k+ (M x5 VK ><2VK> X3k Xk
+2<11\/I X, VN ><3th> nz—|—2<11\/[ X, VN ><3vtT>n
+2<11\/I xp VK x3th>kz—|—2<M x, VK ><3vtT>k

+ M ><3v,;Z xzthzz+M ><3vtT XZU;‘r—l—ZM ><3vtZ xzv;‘rz.
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Gathering all the terms gives:

M(Vi) = M(V*) = & (MVNn + MV¥k + Mofz + Mo + M)
2
+%[VN'N X1 M x3n xon+ VYNK i Mxskxon+ VON x{ M xgn xok+ VEK 51 M x3k x0k
+2MVNZnz 4+ 2MVS%kz 4 2MVN T 4+ 2MVS Tk + Mo, + Mo??22 + Mol T + 2Mo? T 2
+ Mvtz’zz + MU?’T}

+ €2ﬂ [WN,N

x1m X3n Xo 4+ VNE 5 m xsk xon+ VEN xym xan xok+ VEK s m x5k xak
+m<vtz-vtz)zz—l—m(v?v?>—|—2m<vtz-vtT)z
+ 2mdiag(v?)VNnz 4 2mdiag(v} ) VNn + 2mdiag(v? ) VEnz + 2mdiag(vtT)VKn}
e*pv N N K N
+T[<MX3V Xy V >X3HX21’[—|—<MX3V X2V >X3k><21’l
+ (M X3VN XzVK) X3n Xo k+ <M X3VK XzVK> X3k Xk
+2<1M o VN ><3th> nz—i—Z(M o VN ><3vtT>n—|—2<1M x5 VK ><3th) kz+2<]1\/1 o VK

+ M ><3vtZ xzvtzzz—HM ><3v;[ xzv;‘r—i—ZIM ><3vtZ xzvth]
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We obtain the final expression grouping terms according to their order:

M(V}) = M(V¥) =€ (MVN 1+ MVKk + MoZz + MoT ) ¢ first-order term

_|_

YNN X1 M+ uv (\/N'N x1m+ M x5 VN x, VN>] X351 Xp 1

+

[PNK X1 M+ uv (\/N'K x1m+ M x3 VK x, VN>] X3k X1

+
mw Nl mN Nl mw Nl ml\)

_VK’N X1 M+ uv (WK’N xX1m—+ M X3 yN X9 VK>] X311 Xok

+§ -V ><1M+yv(\/KK><1m—|—lM x5 VK ><2VK> X3k X2k

]
+ €2 MVNZ+y1/<md1ag(v VN+Mx2VNx3th>}nz
|

)

+ €2 MVNT+yv(md1agv )VN+1M><2VN><3U;[> n
)
)

(
+ €2 MVKZ-i—pw(mdlag(v VK+M><2VK><3th)}kz
+ €2 VNT—I—yv(mdlag(v VK+MX2VKX3U;>}I€
5 e

+;[MU;FT+W/(

+ €2 [Mth'T+yv <m(vtz-vt)+ﬂ\/[ X307 xzvtTﬂz

m( )+ M ><3vt xzvtzﬂzz

m ( +Il\/[><3vtT><2zth>]

€ >,Z e T
—+ §Mvt z + EMUt

2

€ _
—+ EMUt

H.3 Continuation Value from Changes in Population Distribution

H.3.1 Workers

The continuation value for workers from changes in the population distribution is given

by:

aV;
V;axj (;mkj(V)Nk - Nj>

We will approximate individual terms and then take the product. First, applying the
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chain rule to (??), (??) and (??), we get that:

aV;

_ N, € N,N N,N N,K K,N N,Z N, T
aN; Vil 3 (sz’js ns+ ) Vi ni+ ) Vi ks + ) Vil ki 4 2V 7z 4 2V ) :
s j s j

Now, fixing j and k, we work on the term my;Ny — N;. First, we start approximating
mk]-:
* * * 1 * *
M]'k(VSS +dv) = Mjk(VSS) +V [Mjk} (Vss)dov + Edl) H [Mjk] (Vss)do

Recall that we have already derived the gradient component in the previous section,

which we now define as a tensor:

omy | —vmgmg,  ifj#h
oV l/mkj(l — mkj) ifj=h
Therefore,
E)M]*k — MMy lf] 75 h B
v, . =G
" mkj(1 - mkj) ifj=n
This implies that,
<V [Mjk} (Vss)dv>jk = G x3dv
2 .
On the other hand, for the Hessian, we have that H [M;kk] = V—aav,:g?/s' Now,
azmk'
] _ .2 '
azy, = VMM (2mi = 1) forh #
a2mkf - P . .
WV, V21 M orh#sandh,s # |
azmk'
] .2 ‘
av,av; VT (2m;—1)  forh # ]
82mk-
] .2 5
2V = vomy; (1 — 3my; + 2mk].>
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Hence, define:
H azm]'k
kjhs — VW/

a four-dimensional tensor. Using these expressions, one obtains:
(dv*H [ ]*k} dv)jk = H X4 dv x3dv,

where the tensor product with respect to the fourth coordinate, x4, is defined as analo-

gously to x3 in Section ??. Then, to the leading order (where the Oth order term drops out

in steady-state):

1
(M(V)*N)] = Z <M]*k + G]'k. X3 dv + E]ij" X4 dv X3 d?)) (Nk + eny),
k

- (([}j.. X2 N)dv +e(M*n);
+ €Gjee X3dv Xp 1+ % (Hjees X2 N) x3dv X, do,
= €{<G]'.. X2 N) U1+ (M*I’l)]}

2
= GM]' + €2N', (51)

1 1
+e? {E (GJ-" X N) 02+Gj.. X301 XN+ = (]Hjno X2 N) X301 XZUl}

where we drop 3rd-order terms to get to the second and third lines. Note that:

M :M*n+(G XzN)’Ul,
= M*n+ (G x, N) (VNn—i—VKk—i—thz—i—vtT),

= FNn + FX + fZz + £,
with
FN = M* + (G xa N) VY, fZ = (G xa N)vf,
FX = (@ x, N) VK, ff = (G xaN)ol.
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Thus, again, to the leading order:

Vi (M (V)N =

oy (0 ()

J
€
]Z {Viﬁ“ +5 (; Vi + )y Virns + D Vi + D VN, + 2V 2 + 2vl.§jfT> }
X {e./\/l]- + (—:2]\/]} ,
=y {vi¥ + Savi} {em; + e
]

Focusing on the second-order terms, we start by expanding the term involving d); and

M]
2
VWi x M= (VNN xan4+ VNN s n 4 DNK s k4 VRN o k4 2V NZy L oy NT) Ay
2 =] ] t t
]

Expanding term by term, we get:

(VN’N X3 1’[) M = YNN X9 N X3Mn XN+ YNN X0 Ja X3k Xomn

+ (VN'N xzftz> nz -+ (VN'N xzftT> n.

(VN’N X2 7’[) M = VN’N X3 FN X3Mn X1+ VN’N X3 FK ><3k Xon

+ (VN'N ><3ftz> nz + (VN'N ><3ftT> n.

(vaK ><3k> M = VNK SO BN ok o 4+ YNK s, FK sea k xo k

+ (VK o f7 )k (VK o fT ) ke

(VK’N X2 k> M = VK’N X3 PN X3n sz—{— VK’N X3 PK ><3k sz

+ (VN 3 ) ke (VN s ) ke
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2VNZIM =2 (VtN'ZFan + VNZFKz 4 UNZ 222 VtN’thTz> .
ZVtN,TM —9 (VtN,TFNn + VtN,TFKk + VtN’TftZZ 4 VtN,TftT> '

Now we work on the term involving VN and NV:

1 1
ZW;VGZM:eZ{E(G xq VN ><2N> vy + G x1 VN x50 ><2n+§<1H xq VN ><2N> X3 U1 xzvl},
j
, (1 1
=€ 5X02+YX301X211+§ZX3Z)1X201 ,
with the matrix X and the tensors Y and Z defined as

X=Gx1VNx,N, Y=Gx; VN,  Z=Hx;VNx,N,

and we denote Y™ as the tensor resulting when transposing the last two coordinates of Y.

Expanding each individual term, we get:

Xvp, = (VN'N X1 X) X3M XN+ <VN'K X1 X> X3k Xon
+ <VK'N X1 X) X3 1 Xok+ (VK'K X1 X) X3k X2k
+2XVN#nz 4+ 2XVS%kz 4 2XVNTn 42XV Tk
+ Xo; + thz’zz2 + thT’T + ZXUtZ’Tz + thz’zz + thZ’T.

For the second term, we get:

Y X301 Xon =Y X3 <VNn—i—VKk—|—thz+vtT> Xo 1

= (Y ><3VN> X3n Xzﬂ—F(Y ><3VK) ><3k><2n—i—<Y ><37JtZ> nz—{—(Y X3U?>n
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For the last term, we use the results from the previous section to write:

Zxzv1 X201 = Z X3 VN xo VN xan xon+ 7 x3 VK xo VN x5k xon
+Zx3 VN xo VE xan xo k+ Z x3 VE x, VE x5k x0 k
+2(Z Xy VN ><3th> nz+2(Z Xy VN ><3vtT)n
+2(Z xy VK x3th>kz+2<Z Xy VK ><3vtT>k

+ 7 ><3vtZ xzvtzzz—i—Z ><3v;‘r xzv;‘r+ZZ ><3vtZ xzvth

Collecting all terms, we get:

-

INIRPNIRPNIFRPNY -,

E
S

(M*(V)N);

J

=

VN’N XzFN—l—VN’N XgFN+VN’NX1X+Y* szN+Y X3VN—|—Z ><3VN XzVN} X3Mn Xon

PNN s FKp PNK SO PN PNK S X+ Y x5 VR4 Z x5 VK ><2VN} X3k Xon

= A

PNN s FK 4 PRN s FN L PEN S X+ Y %0 VR Z x5 VN x5 VK} X3 1 Xo k

+ o+ o+

{VN'K Xy FK £ PEN 5 PR L PRE S X+ 7 x5 VE %, VK} X3k Xy k

_|_

1 1

EVN’N x5 f7 + EVN'N x3 fE + VNZEN 4 XUNZ LY x30f + 7 xo VN xgvtz] nz
1 1

+ EVN’N X2ftT+ EVN/N X3ftT+ ‘/tN,TFN_i_X‘/tN,T_i_Y X3UtT+Z szN X3v'tT:| n

1 1
+ EVNIK xo fZ + EVK'N x3 f£ + VNZER 4 XVEZ 4 7 x5 VE x5 th} kz

1 1
i EVN,K o fT + 5VI(,N %3 T+ VNTEK 4 XVKT 17 5, VK ><3vtT] K

1
+ = 2UNZFZ 4 XvP P+ 7 ><3vZ oAb
2 t t t t t

1
+3 [meTftT + X0l 4+ 7 x5 07 %, vtT]

T+ [VtN'thT + VNT 7 4 XoPT 47 x30F %o zﬂ z

1 1
+ EXUtZ’ZZ + EthZ’T

1
i)
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H.3.2 Capitalists

For capitalists, the continuation value from changes in the population distribution is

given by:

Z 0Q; (;Tnkj(v)Nk - Nj)

Similarly to the workers case, (??), (2?), and (??) imply that:

9Q;
aQ - Q (; QII;]SNnS + 2 Qz]s n] + Z Ql]S k + Z QSSNk + zQz]t z+ 2Qz]t )

Following the derivations for the worker’s case, we get that to the leading order:

9Q; ., 1«
;aN]- (M*(V)N); =

J
X {eMj+62/\/}},

=Y {Q) + 509} {eM;+€2;}
J

Z{Q{.]VJFZ (ZijSNnS+ZijSNn]+ZijSKk +2Q55Nk +2Q1]t z+2Ql]t )}

First, the term dQ; X M is analogous to the worker’s case. Second, we get that:
1 1
ZQN ZN =€ {E <G X1 QN ><2N> v + G X4 QN X301 ><2n+§ <IH X1 QN ><2N> X301 xzvl},
, (1 1
=€ 5502+PX301X21’1—|—§RX3?)1X201 ,
with the matrix S and the tensors P and R defined as
S=Gx1QVxaN, P=Gx;QV, R=Hx;QVx,N.

We denote by P* the tensor one obtains by transposing the last two coordinates of

IP. Collecting all terms, the second-order term of the capitalist’s continuation value from
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changes in the population distribution is given by:
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Nl’_‘
~[~]
QU

Z| O

+ o+ 4
NIHNIHNU—‘[\HH 3]

+

- (M(V)N);

N
{QNNX K4 ONK s, PN 4 VN'KX15+]P><3VK+]R><3VK><2VN}><3k><2n
{QNNx FK £ QKN » FN 4 YKN o g L Pp* ><2VK+]R><3VN><2VK} 31 Xo k
{QN’K XQFK—FQK’N X3FK+VK’KX15+RX3VK szK} X3k><2k

1
EQN'N ><2ftZ + EQN'N ><3ftZ+QiV'ZFN+SVtN'Z+P X3 vtz + R X» yN X3 th} nz

:1 1

EQN'N xzftT+§QN'N ><3ftT—|-Qf\]’TFN—|—SVtN'T+]P ><3vtT+]R x, VN ><3vtT} n
1 1

EQN'K xzftz + EQK'N ><3ftZ + QﬁV’ZFK-I—SVtK'Z + R X, yK X3 vtz} kz

1 1
zQN’K xa fif + EQK’N X3 i+ QX+ SV + Rxp VK X3UtT} k

Z V4

1
+ = [ZQf]’thZ + Sth’Z + R X301 X205 } z°

2
1
+ 5 [ZQi\]'TftT + SUtT'T + R X3 U; X9 U?}

_|_

N,Z (T N,T (7 Z,T z T
t ft +Qt ft +Svt +]R><3Ut szt}z

1 1
ESth’Zz + ESth'T

1,
T (S

H.4 Continuation Value from Changes in the Capital Distribution
H.4.1 Workers

Worker’s continuation value from changes in the capital distribution is given by:

2
Z _ —1/C_A. _E
a]C ]t ]t Jt 2

We first work on approximating the law of motion for capital. Up to second-order we
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get:

‘Z;t = Dgyckt + Drnme + dz7(01z + Tp) + Dzogu s, (52)
+ S{DRNN X3 1y Xa gy + Drnke X3 ke Xy + Drieny X3 1 X2 1 + Drice X3 ke X2 ki
+ 2Dgntne (012 + Tp) + 2Drcrke (012 + Tp) + drrr(oiz 4+ Tp)? + 2dryres
+ Dig42,+ + Digo (91t - q1,¢) },
where:

R¥ 2 P
Dryn = ¢( — 1)diagg ( ( N;S)2> , Drix = ¢°diagy (R®),  Dryk = Drin = —¢ypdiag, < N ,
1

1

i Ry . 1+ .. _1_
Drnr = ydiag (Xﬂ N;5> ’ Drir = —¢diag (xi1R}’), Dzoo = — 7 Cdlag ((Qfs) 4 2) ,
1
dzrr = vec (()(11 + xi2)R?® — (512) drsr = _51,

where 1 is a vector with ones in all of its entries. Now, turning to the value, we we

have that:

Wi
K,

1]s 1s] 1s] 1js ijt ijt

=Vj+5 (ZVKKk +ZVKKk +ZVNKnS+ZVKNnS—|—2VKZz+2VKT>.

~\~
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Hence, we get:

/¢ ZZ
2 (100 )
= Y (V& +53Vi) [Drek + Dran + dzr(0iz + Ti) + Dromi),
j

€ €
+) (Vé( + Eaj‘/i> <§ []DRNN Xz n Xpny + Dryg X3 ke Xo 1y +Drien X3 1 X2 1+ Drice X3 ke
j

+ 2Dgrntt (012 4+ Ti) + 2Dgicrki (012 + Ti) + dzrr(ovz + Tp)? + X2drs s
+Diog2,t + Dioo (g1t - f]l,t)L)

= Y Vi [Drick + Drynt + dzr(0iz + Ti) + DIth]
]
+ E Za]Vl [DRICk + DRNTZ + dIT(O}Z + Tt) + DIqu]]'
j

K
+ EZVZ']' [DRNN X3 ng Xp iy + Dryge X3kt Xo 1y +Drieny X3 1 X2 1y + Dricic X3 ke X2 k¢
j

+ 2DgnTH (012 + Tp) 4+ 2Dgicrki (032 + Tt) + dzrr(ovz + Ti)? + Z2dzs 16
+ D12+ + Dioo (g1 - lh,t)L_,

where we drop the terms with an order higher than two. The first-order term is given by
the first line:

Z [Drick + Dran + dzr(0iz + Ty) + Dzoqi ], = VX {DRICk +Drnn +dzr(0tz + Tt) + Dzoq }
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Working on the second line, we get that

) 9V [Drick + Drnn + dzr(0vz 4+ Ti) + DZQQl]j
j

= ; (; Vilfs'Kks + ;V};Kks + ;V};?Kns + ;Vf;s’an + 2Vi§.<t’zz + 2V£T>

X (Dgrick 4+ Dryn 4 dz7(0rz + Tp) + DZqu)]’

= (VK'K X o DR,C> X3k X2k + <VK'K X3 DR;C> X3k X2k + (VN'K X3 DR,C) X3k Xon
n (vKrN Xy DR;C) X311 X3k +2VE?Dyickz + 2V Drck

+ (VK’K X DRN> X3k Xon+ (VK’K X3 DRN> X3n Xk + (VN’K X3 DRN> X3Mn Xon
+ <VK'N X9 DRN) X3 Xo N+ 2VtK’ZDRan + 2VtK’TDRNn

+ (VKfK X5 dIT) k(opz 4+ Ty) + (VK'K X3 dIT) k(owz + Tp) + <VN'K X3 dIT) n(oiz + Tp)
+ <VK'N X1 dIT) n(owz + Tp) + 2V %drrz(oz + T) + 2V drr(ovz + To)

+ (VK'K X DIQ> X3k x2q1 + (VK'K X3 DZQ) X341 X2k + (VN’K X3 DIQ) X341 X2 1

+ <VK’N Xo DIQ> X3n Xpqq+ 2VtK'ZDIquz + ZVtK'TDIqu.

We work on expanding the last two lines which involve the term g;. Define the matri-
ces:
DN = DIQQN, DK = DIQQK, DtZ = DIthZ, DtT = DIquT
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Using this notation, expanding each of the sub-terms gives:
<VK’K X9 DIQ) X3 k X241 = (VK’K X9 DN> X3 k Xo N+ (VK’K X2 DK> X3 k X2 k

n (vKrK o th) kz + (vaK X2 DE) k.

(VK'K X3 DIQ) X341 X2k = (VK'K X3 DN) Xanxpk+ (VK,K %3 DK) sk k

+
~—~

VKK 5 th) kz + (VKfK X3 D,T) k.

(VN’K X3 DIQ) X341 X1 = (VN’K X3 DN) X3M1 XN+ (VN’K X3 DK> ><3k Xon

_|_
/N

PNK DE) nz + (VNfK X3 D}) 7
(VK’N ><2DIQ> X3 Xp g1 = (VK'N X DN> X3Mn Xon+ (VK’N ) DK> X31n Xok

VEN %0 th) nz + (VK’N X2 DtT> n.

_|_
N /N

2V, Dromz = 2 (VS DNnz + Vi DXz + V[ D22 + v D7)

2V Drog =2 (V" DVn + VT DXk + v/ DFz + VD )

Finally, we work on the last line of the initial expansion.

ZViﬂDRNN x3n Xpn+Dgrynk X3k xpn+Dgren X3n Xok+Dreg X3k X2k
j

+ 2DgrntH(03z + T}) + 2Dgricrk (012 4 Tp) + drrr(orz + Ti)? + Z2d7src:
+Diog2,+ +Droo(q1 - lh,t)]],,

= (lDRNN X1 VK) X3M1 Xon+ (]DRNIC X1 VK) X3k Xon+ (DRICN X1 VK) X3 1 Xok
+ (]DRICIC X1 VK) X3k Xok+ 2VKDRNTTZt(U'tZ + Tt) + 2VKDR]CTkt(0'tZ + Tt)
+ VRdzrr(owz + Tp)? + VEE2dzsrer + VEDiogar + VEDigo (91 - 914)

Then, the term involving second-order shocks can be expressed as:

VKdITT(O'tZt + Tt)z = VKdITT(O'tZ)Z + VKdITT(Tt)z + ZVKdITTO'tZTt.
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Define the matrix A = VXDz(. By expanding the term involving g, we obtain:

Agy = (QN'N X1 A) X3 X1+ (QN'K X1 A) X3k Xom
+ (QK'N X1 A) X3 1 Xk + (QK'K X1 A) X3k Xok
+2AQN#nz 4+ 2AQNTn
+2AQNkz +2AQK Tk
+ AT, + AP P2+ Ag T+ 2407 2 + Agy

Now, define the matrix B = VXDzn. We expand the term involving q; - q; as:

B(g1-q1) = (QN'N X1 B) X3 M Xo N+ (QN'K X1 B> X3k xom
+ (QK'N X1 B) X3 1 Xok+ (QK’K X1 B) X3k X2k
+B(qf a7 ) 2 +B (af -a ) +2B (q7 -] ) 2
+ 2Bdiag(q7)QNnz + 2Bdiag(q{ )QNn
+ 2Bdiag(q7)Q¥kz + 2Bdiag(q} ) QXk.

By collecting all terms, we construct the second-order approximation of the worker’s
continuation value from changes in capital distribution. Given that VXK is symmetric in

the last two coordinates, we obtain:
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L8

Vv, _ ¥
Za,cl (R]t—Q /¢ — Ay — 7”) :eVK{DR,CkJrDRNn+dIT(atz+Tt)+DIQ QNn+QKk+thz+qﬂ }

% VNK 3 Dri + VEN X, Dry 4 VNK x5 DN 4+ VEN 5, DV + Dy x1 VE+ OV 5 A+ QNN xq B} X317 Xo 1
+ % { VN 3 D+ VEK 3 Dy + VEK 5t DN 4 YK i DK 4 Dy 31 VK + QVK 5y A+ QY 1 B xak o
+%{VKN x2 Diic + VK x5 Dy + VEK 3 DN VRN 53 DK+ Doy 1 VE + Q5N sy A4+ QN xy BY g xk
+ % {VEK %2 Diic + VEK 3 Dic + VK 3 DK VKK 55 DK 4 Dere x3 VE + QK 1 A+ Q8K 1 B xak ok
T [V Dy + % (WK s dgp + VEN xa drr) 07 + VK 3 DF + VN x5 DF| 4 VDN + VEDgyroy + QY + Bdiag(qf
| VET DRy + % (WK xg dgp + VEN xa drr) T+ VK x5 DI 4+ VRN 5 D | 4+ VSTDN + VEDRye Ti + AQM + Bdiag(q]
+ [V Drec + % (VK xadrr + VRK s drr) 07 + VK o DE 4+ VK x5 DF | + VEZDX 4 VeDgicror + AQF? + Bdiag(g7 )€
+ |V Drec + % (VRK o dgr + VRK g dar ) T+ VK o DI 4 VK s DI | 4 VSTDR 4 VEDgir Th + AQFT + Bdiag(q] )
+ % 2V{?dzror + 2V DF + VRdrrro? + Aqf” + B (af -qf )| 22
+ % [ZVtK’TdITTt + 2V DI + VRdzrr(Th)? + Ag" + B <%T ' thﬂ

+ [VtK'ZdITTt + VtK'TdITO't —+ VtK’ZDtT + VtK’TD;Z —+ VKdITT(TtTt + Ath'T + B <th . q?)} z

1
+ > [VKZZdIZTQt + Aqu]

1. _
+ > [Aq,]




H.4.2 Capitalists

Capitalists continuation value from changes in the capital distribution is:

The derivative of the capitalists” value with respect to capital is given by

an

- Q (Z szs ks + Z le] ks + Z st] s + Z QzljanS + 2Q1]t z+ ZQz]t >

J/

Eani

Following the derivations for the worker’s case, up to second order, we get that

2
an 01 _ A, i
xR
= Z QZ] DRICk -+ DRNn -+ dIT(U'tZ -+ Tt) -+ DZqu}]’
j
€
+t5 Y 9;Q; [Drick + Dryn + dzr(0vz 4+ Ti) + DIQLML-
J

€ K
+ EZQif []DRNN X3 np X np + Dryie X3 ke Xo 1y + Drieny X3 1 X g + Drice X3 ke X2 ki
J

+ 2DgntHt (012 + Tp) + 2Dgicrki (012 + Ti) + dzrr(ovz + T)? + X2drs s

+Dig2 + Drgo(4u - fh,t)L-
Defining the matrices
D= QKDIQ, E = QKDIQQ,

we can make the analogous derivations as in the worker’s case to get that, up to the
second order, the capitalist’s continuation value from changes in the capital distribution

is given by:
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68

2

an (R]t — Q_l/é Aj — %) = eQK{DRick-I-DRNTl-i-dIT(CTtZ—I-Tt) + D10 QNn‘i-QKk‘f"JtZZ"‘%T} }

%{ K3 Dy + QXN x5 Dry + ONVK x5 DN + QKN 5, DN 4 Dy x1 QK + ONN x; D + QNN xlE} X31 X1
+%{QNK x3 Dpic + QN %3 Dry + Q5K %3 DN 4 QNK 53 DX + Dy x1 QF + QK x4 D+ QN %y E} X3k xan
+ % {QKN x2 Dric + Q5K x3 Dy + Q5K x3 DN + Q5N 55 DX + Dy x1 QX 4+ Q5N x1 D+ QN x4 E} X3n Xz k
+ % { Q%K 53 D + QK 53 Diic + QK 3 DX 4+ QXK 53 DX 4 Dce x1 QF + QX 1 D+ QK xy B} sk xak
+ | Q@D + 2 1(QVF s dzr + QN xadrr) o + QK x3 DF + QXN x5 DF] + QDN + Q*Diwron + DQI + Ediag(g
4 —foTDRN +% ( Kxgdzr + QN %, dn) Ty + QNK 3 DI + QKN x, Dt} +Qf"DN + Q*DgnrTi + DQ}Y'" + Ediag(q
+ :Qf’ZDR/c + % (QKK xpdzr + QXK x5 dIT) o1 + Q5K %, DE + 98K x5 Dﬂ + QF“DX + Q¥Dgyeror + DQI + Ediag(g?)
+[QFTDRi + 5 [ (@K xadrr + QXK s drr) T+ QXK 3 DT + QK x5 DF| + QFTDX + Q¥Dr Ty + DO + Ediag(47)

+ % [ZQf’ZdZTUt +2Q.Df + QXdzrro? + Dgi + E (%Z : Qtz)} 2*

+ % 20 dzr T + 20" DT + Q¥ dzrr(Ti)2 + gl +E (qf - 47 )|

+ [Qf’ZdITTt + Q" dzror + QF“Df + QF'DF + Q¥dzrrei Ty + Dgf" + E <th : q?)} z
+ % [QKszIZTQt + Dgy;

1.
+ 5 [Dg,]




I Continuation Value from Climate Shocks

Recall that we impose z to follow an AR(1) process with mean-reversion parameter 6 and

unit variance.

I.1 Workers

Omitting the first-order terms, we have the following;:

A@Y] = S AG

= < {A@ RV nz] + ARV ] + A2 + AR)207 7))

2
€
= —€%0 {VtN’ZnZ + VK7 - 0f 722 4 th'Tz} + ?vtz,z‘

I.2 Capitalists

Similarly, ignoring the first-order terms, we have that:

2

A@R)[Q] = SAE) ]

= {A@)RQYnz) + AR08 Ke] + A@)g 42 + A(2) 297 2]}

2
€
= —¢20 { }N’an + Qf’zkz + th’Zzz + th’Tz} + eqZ’Z.

J SAME

J.1 SAME in matrix notation

Due to the length of the equations, we omit the full expression of the linearized master
equation. Applying the method of identifying coefficients, we get the following equations

for the second-order terms:
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J.1.1 Workers

Block 1: N & K

pVVN = Dynn + nv (\/N'N 11+ M x3 VN x; VN) FY* 5o VN +Y x5 VN 4+ Z x5 VN x, VN
+Dryn x1 VE+ QYN xq B
F VNN s (M A X))+ VN sy EN L PN s BN L PNE s Dy + DY) 4+ VEN 5, (Driy +
+ONNx A

pVNE = Dyni + uv (\/N'K 1 m 4+ M x3 VE x, VN) LY x5 VK47 x5 VE x, VN
+ Dryie x1 VE+ QN x4 B
VNN s FK 4 PNK s (M4 X) 4+ VYK i N 4 VVE s (Drie + D) 4+ VEK 5, (Dryy + I
+ QN,K X1 A

pVEN = Dyen + i (\/K'N 1 m 4+ M x3 VN %, VK> F Y X VE 47 55 VN x, VK
+ Dricy X1 VE+ Q5N x1 B
+vN,N XzFK+vK,N Xl (M+X) +vK,N XgFN+vK’N XZ (DR]C+DK) +vK,K X3 (DRN+E
+ 0NN % A

va'K = Dyxrx + pv (WK’K x1m+ M X3 VK %, VK> + 7 X3 VK %, VK

+ Dricx x1 VE+ Q% <1 B
+ vI(,I( ><1 (M+X) + vl(,K XZ (DRIC + DK) _'_ vI(,I( ><3 (DR]C + DK) _|_ vN,K XZFK + vl(,N x31:
+ 05 %1 A
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Block 2: N & 0:z, and T;

yNZ

Nz Vi

= Dunrot + pv (mdiag(th)VN + M xp VN x5 th> +Y X307 +Z xo VN x307

+ VKDRNTO't + Bdlag(th)QN
1 \
+5 [vaN xa ff + VNN xa fE+ VNV 53 DE + VN %, DE + (vaK xzdrr + VN xpdzr

+ (M4 X) VN7 4 VIZEN £ AQNA + VY (Dry + DN)

yNT

N, T ;
pvt - tat

= DyntT: + v (mdiag(vtT)VN—i—]M xo VN x5 vf) +Y x30] +7 x2 VN x30]

+ VEDgn1T; + Bdiag(qf ) QN
1
+ E [VN'N XzftT + VN'N XsftT + VN’K X3 D; + VK’N X9 DtT + (VN'K X3 dzr + VK’N X2 dIT)

+(M+X) VT4 VETEN + AQYT + VST (Drw + DY)

Block 3: K & 0z, and T;

VK,Z

d
K,z t

= Dyxro: + uv (m diag(vf)VE + M x, VK x5 th> + 7 x5 VK x3 0% + VRDgicror 4+ Bdiag(q7)QK

1
+5 [VN’K o ff + VN x5 ff + V5 5, D + VK 53 DF + (VK’K o dzr + VK x5 dIT) U't}
+ (M4 X) VS 1 vNAER L AQK 7 4 v (Dri + DY)
VKT _ thK'T

p t at
= DucrTi + v (m diag(o] ) VX + M x2 VK x30] ) + 2 x5 V€ x5 0] + V¥Dyier T; + Bdiag(g] ) Q¥

1
+ 5 [VN,K ><2ftT + VKN X3ftT + YKK X DtT + YKK X3 D;[ + (vK,K %y dgr + PKK X3 dIT) Tt}

+ (M+X) VT VTR 4 AQET + v (Dgye 4+ DX)
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Block 4: (032)?, (T;)?, and (0:z) T;

7,7
v}

ot
= dyrro? + pv (m(vtz - 0Z) + M X307 X th> + 7 x30% x, 07 + B (qtz . th> + VRdzrro

+2 [V,ZV'thZ + VL (DtZ + dzmﬂ

+ (M4 X) 0% + Agh”

(p+ 29)vtz’z —

= dUTT(Tt)z —+ nv (m (Z); . U?) + M X3 Z)I X2 U?) +7Z X3 U; X2 Z); + B (%T . q;) + VKdITT(Tt)Z
+2 [VtN'TftT + VT (DtT + dITTt>]
+ (M + X) vtT’T+Ath’T

Z,T
9y,

ot
= durrorT + pv (m (o7 o) + M xgof Xﬂ)f) +Z x30¢ x20{ +B (qtz ' ‘7tT> + VRdzrro

(o+0)0"

+ VAT VT 4 VEE (DF + dpn ) + VT (DF + drror)
+(M+ X))o/ + Agl"
Block 6: legt

) X
poF — S = VEE2drsrei + (M + X)of + Ag}

Block 7: Constant

. Jdo _ _
Pvt—a—fzth’ZJr(MﬂLX)UﬁLAflt

93



J.1.2 Capitalists

Block 1: N & K

pON N = Doy + QNN x1Dgog + Doon X1 QY +P* 2 VN + P x3 VN + R x3 VN x, VN
+Dryn x1 QF + QNN <1 E
+ QNN Xy D4+ QNN sy PN 4+ QNN sz PN 4+ QN x5 (Dry + DN) + Q%N x; (Dry + D)
+ VN %S

pON = Doy + QN x1 Doog + Daon x1 QX +P x5 VE+ R x5 VE x, VN
+ Dy x1 QX+ QN <1 E
+ QNN g FX 4+ QN 5y D+ QN xo FN + QN5 x5 (Dgic + DX) + Q%% x; (Dgy + D)
+ VS

p Q"N = Donic + QN x1 Dgog + Dogic X1 QN +P* x2 VK + R x5 VN x, VK
+ Dgrien x1 QX + QN x1 E
+ ONN 5 FR 4 OFN 5y D OFN x5 FN 4 9N 5, (Drgc + DX) + Q5K x5 (Dgy + DV)
+ VEN %S

p Q" =Doxx + QFF x1 Dogo + Daor x1 QX + R x5 VE x, VK
+ Drickc x1 Q5+ Qx4 E
+ OKK 5y D+ OFK 5 (Dge + DK) + OFK s (Drxc + DX) + ONK xp FK 4 QKN 55 FK
+ VKK g
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Block 2: N & 0:z, and T;

N,Z
(0 +0)QN% - 2~
ot
7

= Dggodiag(4f) QN + (DQNT + DQQTQN> 0t + Doon X197 + P x30f + R x2 VN x5 0f

+ Q" Drnror + Ediag(q7) QN
1
5 [ QYN xa fF + QNN s fE + QYK w3 DF 4+ QN 3 DF + (@YK x3dzr + QN x2 dgr ) o

+DON* 4+ QNZFN 4 svN 7 4 0% (Dpy + DN)

N,T QYT
T

= Dggodiag(q{ )Q™ + <DQNT + DQQTQN> Ti + Doon X141 + P x30] + R x2 VN x5 0]

+ Q"DrnrT: + Ediag(q/ ) QY
1
5 [ @YY xa T+ QVN s fT + QNK x3 Df + QN %2 D + (QVK xadzr + QN xdzr ) T

+DONT 4+ QNTEN 4 svNT 4 QT (Dgy + DN)

Block 3: K & 07z, and T;

aQK,Z
9 K,Z _ t
= Dpgodiag(q{) Q" + (Dokr + DoorQX) et + Dok X197 + R x2 VE x5 0f
+ QKDR;CTO} -+ Ediag(th)QK
1
+5 [QN’K xo fE+ QKN x5 fE + Q8K %, D + QXK x3 D + (QK’K xodrr + Q%K x5 dIT) Ut]

+ DO + QX + 5V, + Q* (Dp + D)
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E)QK'T
K,T t

= Dggodiag(g{ ) Q" + (DQICT + DQQTQK> Ti +Dook X14f +R x2 VE x50/
+ QXDgicrT; + Ediag(q} ) QX
1
+ 5 [QN’K xo ff 4+ QKN x5 I 4 9K K ., DI + XK x5 DI + <QK’K xodrr + QKK x4 dIT) Tt}

+ DO + QNTFK 4 sV 4+ QT (D + DX)
Block 4: (0}2)2, (Tt)z, and (U'tZ)Tt

a T,T

Z,Z qt

(p+20)q:" — —;

= Dpoo(qf - 9f) + 2Doorqf 0t + dorro? + R X3 0f X2 0f + E (th . th> + QRdzpro?
+2[QNfZ + QI (DF +dzrt)|

+ Dqtz’z + Svtz’z

T,T ath'T

= Dooo(4t -4 ) +2Doqrdi Tt + dorr(Ti)* + R X3 0f x20f +E (%T : q?) +Q"dzrr(Ti)?
+2 QN AT + Q" (DT +drrTy)|

+ Dth’T + SvtT’T

Z,T
(o+0)g7" — aqa—tt

= Dot i +Door(qf Ti + qf 1) + dorroi Ty + R X3 0f x20f +E (qtz : th> + QRdzrror
+ QN AT+ QN 4+ @ (DT + dar i) + Q" (DF + daror)

+ Dy + St
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Block 6: Z?gt

) z
oqr — % = Ydgrrer + Q¥E2dzzres + Dy + Sor

Block 7: Constant

. 0q - -
o1, — =t =4a;” + D, + 5o

J.2 Deterministic SAME

We stack the deterministic tensors as follows:

5 716
1 2: 6
ez
o | e v 8 7 YN =1 pNK =3 PN
3 44 Q¥ =5 Q¥ =6 QN

X3
which we will represent as:

vN,N VN,K QN’N QN,K

T =
vK,N vK,K QK,N QK,K
”fron’;},)anel” “back panel”
Define the tensor T as:

N,N N,K N,N N,K

Ty = WO WO QO QO
o K,N KK KN KK

WO WO QO QO

with \/é\] N , Wé\] ’K, V(If’N , \/g’K, Qé\[ N , (Qé\] ’K, Qg’N and (Qg’K defined as:
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VYN = Dynn + pv (\\/NfN w1 m 4+ M x3 VN %, VN) FY X0 VN £V x5 VN 4+ 7 53 VN x5 VN £ D xq VE

+QNY %1 B

VY = Duic + v (VK xym 4 M s VE O VV) 3 x5 VE 47 x3 VE o VN 4 D x1 VE+ QYK x4 B
VEN = Duien + v (VEN x4+ M s VN 5 VE) 37 % VK47 x3 VN o VK + Dioy x1 VE+ Q5N 1 B

VEK = Dyyege + pv (WK'K w1+ M x5 VK %, VK> 7 %3 VE 5, VK £ Dpicxe xq VE + QKK ;B

"N =Donn + QYN x1 Dogg + Doon X1 QN +P* xa VN + P x3 VN + R x3 VN %, VN 4 Dpyy x1 QX + Q¥ x.
VK = Donk + QVF x1 Dogo + Dogn x1 QX+ P x3 VE+ R x5 VE x5 VN + Dy x1 QX + QMK 5 E
"N = Doren + QN x1 Dogg + Daore X1 QN + P* x2 VE+ R x5 VN x3 VE 4+ Dreeny x1 QF + Q5N x1 E
OK’KEDQICK+QK’K><1DQQQ+DQQIC x1 QX+ R x3 VE 5 VE 4+ Driexe x1 QK + QFK <1 E

Recall from the FAME notation that we define the matrix ® as:

M+X A
S D

Moreover, define the matrix ® as:

FN FK

O =
Dgy + DN Dgg + DX

With this notation, the deterministic SAME equations take the form:
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va,N

va,K

va,N

va,K

— YN pQN N = QN

+ VNN S (M +X)+ 9NN % A +ONN oy D+ VYN xS

+ VNN o FN 4 VSN 5, (Dry + DV) + QM oa PN 4 O 55 (Dryv + DY)
+ VNN x3 FN 4 VYK x5 (Dry + DV) + QNN x5 FN 4 QN 55 (Dgy + DV)
e pQYK = Uy

F VN (M4 X) + ONE % A + QM DV s

+ VNVE 5, FN 4 YK 5 (Dry + DY) + N %y FN + O%F x; (Dry + DV)
+ VNN i3 FE 4 VK 5 Dy + DX) + QNN x5 FX 4+ QM x5 (Dpgc + D)
_ kN pQIN — N

FVEN s (M4 X) + Q5N % A + Q5 DV s

+ VNN 5 FR 4 VN 5, (Drie + DX) + QNN ey X+ 95N ;) (Dree + DX)
+ VEN g PN 4 V5 x5 (Dpyy + DY) + QN xg FN 4 O x5 (Dry + DV)
= VKK pQ K = vt

FVRE ) (M4 X) + QXK 5 A + O D+ VxS

+ Vx5 (Dric + D) + VIV %, FR + Q% x5 (Dric + DX) + QN x, FX
+ VK 3 (Drec + DX) + VN x5 FX + Qx5 (Dre + DF) + Q%Y s FE

which can be written compactly as a tensor equation for 7 as:

0T =Tog+T x1P+T %20+ T x30 (53)
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J.3 Cross SAME: 7;z, T;, N & K

Define the matrices:

Vé\i’z = Dunto: + pv (m diag(vf)VN + M x, VN x3 th> +Y x30f +Z xo VN x307

+ VEDgnrot + Bdiag(q/)QN

45 [V sy f7 4 VNN s 7 4 VVK s D 4+ VN 5y D + (WK s dgr 4+ VN o )
V(Ift’z = Duiror + nv (m diag (v )VE + M x, VK x5 th> + 7 x5 VK x50 + VEDgicror + Bdiag(q7)Q

+ % [VN’K xo f2 4+ VEN x5 f7 + VK 5y DE 4 VEK 3 DE + (VK’K X drr + VEK x5 dIT> 1o
Q)# = Dgpodiag(gZ)QN + (DQNT + DQQTQN) 0t + Dogn X1 4% + P x30% + R x3 VN x5 07

+ Q*Drnrot + Ediag(qf) QN

+ % [QN’N x2 fE+ QNN x5 ff + QMK x3 Df + Q5N %, Df + <QN’K xzdzr + QN %, dIT:
Qy” = Dogodiag(77) QX + (Doir + DoorQX)or + Dogr: X197 + R %2 VE x5 vf

+ Q"Dgiror + Ediag(g7) Q"

1
+ 5 [QN’K xo fE + QKN x5 fZ + QKK x) D + QKK x5 DZ + (QK’K xodz + QXK x5 dIT)
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Similarly, define the matrices:

Vé\i'T = DuntT; + nv (mdiag(vtT)VN + M X, vN X3 UtT> +Y X3 v? +7Z X yN X3 Z)?

+ VEDgnTT; + Bdiag(q7 ) QN
1

X = YN.N XzftT + PNN X3ftT + PNK X3 DtT + YKN N DtT + (vN,K x3d7T + YKN X9 dIT> ]

Vgth = DuxrT; + pv (m diag(v] )VE + M x, VK x3 v?) + 7 %3 VK x50 + VEDgierTi + Bdiag(gf ) Q

1 -
4+ = [pNK ><2ftT + VKN X3ftT + PKK DtT + VKK g DtT + (VK,K x5 dgp + VKK ><3dIT> T,

2
Q)" = Dogodiag(qf )QN + (DQNT + DQQTQN> Ty + Doon X19F + P x30] + R x VN x5 0]

+ QXDrnT; + Ediag(q{ )QN

+ % [QN’N xo fi + QNN x5 I + OVE x5 DI + Q%N x, Df + (QN’K xzdzr + Q5N x, dIT)
Qy' = Dgoodiag(q{)Q" + <DQICT + DQQTQK) T + Dogk %147 + R x2 VE x30f

+ Q*DgicrT: + Ediag(qf ) QF

1 ,
+5 [ @V xa fT + QN s fT + QK 3 DI + @K x3 DT + ( QXK sz dgr + Q% x3 dgr )

NZ yKZ ANZ AKZ yNT KT AN,T KT opeoco.
Then, V,"*, V,"", Q,", Q,7, vV, , V,7,0Q," ,and Q,"" satisfy:

VtN'Z VtK'Z vNZ yKZ VtN'Z VtK'Z VtN'Z VtK'Z
(o +96) = o L N + 0
QY QF” Qy” Qp” QY o QY QF*
N,Z K,Z
(s, N ) o G4
QNZ Kk
, VtN,T VtK,T _ V(IJ\;,T V(I)<t,T o VtN,T VtK,T . VtN,T VtK,T o
N, T K,T N,T K,T N,T K, T N,T K, T
Qt Qt QOt QOt Qt Qt Qt Qt
yNT  yKT
+ tN,T tK,T D%
QNT Qg

where D7 is the matrix that discretizes the time derivative.
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J.4 Stochastic SAME: (0;2)?, T7, (01z) Ty

Define the vectors

vé’z = dyrro? + uv (m(vtz - 0Z) + M X307 X th) + 7 x30% xo0F + B (th : th> + VRdzrro?
2 [V 4V (0F 4

Vgt’T = durr(Ty)? + uv (m (o] -o]) + M x3 0! x; v?) + 7 x30f xy0l +B (th . th) + VRdzrr(Ty)?

+2 |V T+ VT (D] + dar Th)|
Vo = durroi Ty + pv (m (07 01 ) + M x30f X2 Uf) +7Z %30 x20{ + B (th ' th> +Vidzrror Ty
+ VMR VI R v (DtT + dZTTt> + VT (th + dITUt>
vor = VTl dzsrer,
a0 =Dooo (%Z ' th> +2Dorqr 0t +dorrof + R X3 vf x20f +E (%Z - th> +Q%dzrro7
+2| QN f7 + Q1 (DF +dzrar)|
a0 = Dooa(dl - a) +2Dord! Tr +dorr(T)? + R x3 0] x20f +E (4] -] ) + Q dzrr(T))?

+2| QN7 + Q" (D +drrT)

a5;" = Doqo(q? - 9f) + Door (g7 Ti + qf 0t) + dorroi T + R x30f xa 0] +E (qtz : qf) + QXdzrrao: Ty
+ QAT+ QM 7+ Q7 (DF + dar™y) + QT (DF + dzrar)

Q. = (Z?dgrr + Q¥Z2dzyr)ct.
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zz zZ . TT TT .ZT ZT .%Z LT LZ T o eeofo.
Then, v, g7, v, , q," , 07,9, 07", v, q;" and v, satisty:

z,Z 7.7 zz 7,7
v v v v
(o +20) rzz - %tz +@ tzz + tzz Dr
q:” Qo¢ q:’ q:”
T,T T,T T,T T,T
Uy Vor Uy Uy ¥
el rr | =\ rr) T ¢ rr| T\ rr Dr
qt 9o¢ qt q:
Z,T 7T Z,T Z,T
v v v v
(o +96) tZT - %tT +@ tZT + tZT Dr
q: Qo¢ q: q¢’
) b3 r r
Uy Vot Uy (47
Pl =] = b3 +0 T + ) Dr
qt Jor N qt
J.5 Constant SAME
Given vtz,z and th’Z , the vectors 7; and g, satisfy:
_ zZ,Z _ .
v vy v v
0 7t _ tZ S 4P 7t n 7t D:
qt qt qt qt

J.6 Linearized KFEs

On the one hand, the law of motion for the population is given by (51). Noticing that

% = %%, G X3 N = G, and defining the tensor I = H X, N, we obtain the following

expression:

di’lt -

€
E = M*Ylt + le,t + E {GUZ,t +2G X3 U1+ X2 Nt + I x3 U1, X2 vl,t} (55)
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On the other hand, the law of motion for capital is given by (52). Just for convenience, we

will write the same expression here:

dk
= = Dricks + Drwme + dzr (o2 + To) + Dz g,
€
+ E{IDRNN X3 1 Xone+ Drnk X3 ke Xo e+ Driew X 1 X2 i+ Drcke X3 ke X2 ki

+ 2Dgntt (012 4+ Tp) + 2Dgicrki (012 + Ti) + dzrr(ovz + Tp)? + X2drsr(oiz + Tp)

+Drog2+ +Dioo(q1,e - 91,t) },

J.7 Approximation of Prices

J.7.1 Wages

From equation (21) we have that:

wip = (1 — a)a®E (1 — x)P¥Z;Le"eXit (K9P NE )",

_ ; 1—w—@n7@—1\&
= wj et (K N7~

Therefore, up to second order:

wy — WS

€

= Dynn + Dka + dwT (O'tZ + Tt)

€
+§{DWNN X3 1 Xon+ Dy,Nk ><3k><2n—|—]DwKN X3 1 X2k+DwKK X3k sz}

+e€ {DwNTn ((TtZ + Tt) + Dyxrk (U'tZ + Tt)}
€
+ EdwTT (Utz + Tt)z .

where Dy, Duwkk, Dunk, Dwkn, Dunt, Dwkr, and dwrr are given by

SS

. wSS . Y
Dynn = a(1 — @) [a(1 — @) + 1] diag, (W) Dwnr = —a(1 — @)diag (XilN_;s>
i 1

Dykkx = (1 — @ —w) [a(1 — @ — w) — 1] diag, (w}®) Dwkr = a(1 — @ — w)diag (xiw;®)
SS

: w;
]DwNK = ]DWKN = —062(1 — (D)(l —w — (D)dlag3 (N_ZSS) dWTT = vec (?U?s()clzl +X1'2)> .
i
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The matrices DN, Dyi and the vector d,,r are defined as in Section G.8.

J.7.2 Capital’s Rental Rate

The return to capital is given by equation (23):

Rit = RpieX K, *NY¥
Hence, up to a second-order:

Ry — R
_ = DRNTI + DRKk + dRT ((TtZ + Tt)

€
+ E{DRNN X3n X n+Dryk X3k Xa 1+ Driy X371 X2k + Drrx X3k X2k}
€
+e€ {DRNTn (U'tZ + Tt) + Dgrirk (O'fZ + Tt)} + EdRTT (O'tZ —+ Tt)z,
where DrnT, DrrT and drr are defined in Section G.2.2. Moreover, Drnn, DrNK,

Drxn, Drxx, DrnT and Drgr are defined as in Section H.1.2. Finally, define the vector

dRTT as:
drrT = Vvec (st's (xh + Xz‘2)> .

J.7.3 Investment

Investment is given by

-1
Iy = <Rit —Qy /€> Kit-
Hence, up to a second-order:

I — I

= Dinn + Dk + Diogq1 + dir(orz + Tp)

€
+§{DINN x3n xon+ Dy X3k Xon+ Dy x3n Xok+ Dk X3k X2k},
+€ {D[NTH(O}Z + Tf) + DI;CTk(O'tZ + Tt)} ,

€

> {]DUCQ X341 X2k +Djox X3k X291 +Dirgg2 +Dioo X341 X2 g1 +dirr(0iz + Tt)z}

+
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where:

Dinn = ¢( — 1)diag, (K?SRfS/(NfS)2> , Dixn = Dinke = (1 — ¢)diags (RFK;®/N;*)

. . 1.. 1
Dk = (¢ —2)diag; (RIKS®) + diag, () Dixg = Digr = >diags ((Q) ¢ 'K7")

4
1 1.. _1_
Digg = — [z + 11 Zdlaga. ((Q,S'S) ¢ ZKfS> d;rr = vec ((Xz% + Xiz)RszfS>
Dint = ydiag (xinKi°R;*/N;®), Dixr = (1 — ¢)diag (xn Ki°R}")

K Consumption equivalent welfare

K.1 Workers

For any period 7, we compute consumption equivalent welfare change between the steady-

state SS and any counterfactual IRF path as wj., such that
p— —r IRF ~IRF IRF
E., /T o p(t-7) {u((l + wiT)A;’ft)Cf(i)) + Gf(st)t}dt — E, /T p—P(t=7) {u(Ai(t),tCi(t),t) + ei(t)t}dt

where €;; denotes the preference shock for the current (chosen) location. We use general

CRRA utility u(C) = Cllj; L. We denote by:

£ = E, / e ez, dt

the present value of preference shocks.

106



Then:
Ee [0 {u (1 i) Ay Gy ) + iy

((1+ wir) Az, C )17 1
= IET e_p(t_r) " Z(t) l(t) + €§S dt
- 11— i(t)t

1—
As, Cs

_ o i(t) it © 1
= (1+wi)' ”ET/T e Pl ol (i_(y dt+1Er/T e P! T){_T,),+€?(St)t}dt

SS SS 1_7
Az Cr) -1

— \1—7v * —p(t—1) ( (5) i s 1 88 - 1 ss
= (1 +wir) ]ET/T ¢ 1= Ab+ €l T = ~ Gt (T Sy T
S 1/ S U ) G .
S N R T
Then:
IRF 1 __ ¢©ss
(14 wg)i-1 = S i o avaEr
1T - 1 1 7
iS:L’S o(1—y) gﬁ? VIS:(S + p(I1—y) gls‘ﬁ

To compute £72, we use the identify:

ss _ 17C,SS ss
Vvi‘r - VViT +¢&

it/
where VZ.(;’SS is the value excluding taste shocks and is defined by:

VeSS = Eq /T e Pt A3, Ciy ).

Vig,ss satisfies the Bellman equation:

PVitC'SS — < A?SC?S> +uY mlg;‘/jf,ss
j

Hence, we can easily calculate Vf’ss (as we were doing previously). Subtituting into the
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welfare formula:

AVIRF
1+wi) " =1+ - TR Gy T ——
Vir + o(1=7) + Vir - ViT
AVIRF
=1+ —=5s - 1
=y
which implies:
1
AVIRF =
Wit = [ 14 == -1
Vit o
When shocks are small, to a first order
1 dvi pdVir
Wit ¥ 1 Css 1 CsSs” (56)
1=V + o5y T+p(l=7)V;

Crucially, we need V¢ in the denominator.

K.2 Capitalists

We define the capitalist’s consumption equivalent welfare analogously as in the workers
case. For any period 7, we compute consumption equivalent welfare change between the

steady-state SS and any counterfactual IRF path as w;.", such that

E. / e TP (14 Wi )Gy )t = Ex / e PU=Ty P (CIRT ).

Using u“F(c) = Cll_fgl, we obtain:

1
1-¢

4

cap p(1— C)PiITRF +1
Wiz = — SS
p(l C)Pi’[ + 1

where
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pis = [ et a,

1T T

PIRE = [ eetotucor (It )ar,

Hence, for small shocks, we get:

o PP
T p(1-0)PS +1
Using the definition of P;; from (26) we get that:

cap __ 1 dQlRF dKiT

1T

T
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