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Abstract: We investigate the informational efficiency of Brazil’s FX futures
market using a large-scale order-book dataset spanning 888 trading days and over
8 billion tick-by-tick observations from 2016 to 2019. We develop an algorithm
to reconstruct the limit order book environment and examine efficiency along two
dimensions: liquidity provision and price discovery dynamics, with a particular focus
on PTAX windows. Deploying econometric and spectral methods, our results suggest
stable spreads and a structural decline in price impact after 2017. We also show that
the volatility increases observed in 2018 and 2019 mainly reflect microstructure noise
and the first three daily PTAX windows are associated with higher volatility. Across
price discovery methods, we find frequent shifts between quoting sides, suggesting
that informed and uninformed traders intermittently shape price formation.
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1 Introduction

How efficient is Brazil’s FX futures market? More specifically, how is information incorpo-
rated into prices at high frequencies, and how does this process respond to the institutional
features of this market? These questions are particularly relevant given the scale and in-
stitutional structure of USD/BRL trading. The global foreign exchange market is the
largest financial market in the world, with average daily OTC turnover reaching USD
9.6 trillion according to the most recent BIS Triennial Central Bank Survey, conducted
in April 2025 and released in September 2025. Within this landscape, the Brazilian real
(BRL) accounts for USD 90 billion in average daily turnover, of which USD 15 billion
correspond to spot transactions (BIS Triennial Survey 2025, Table 3). Prior evidence
indicates that, in Brazil, the futures segment plays a leading role in price discovery for
the USD/BRL exchange rate (e.g., (Garcia et al., 2015)), distinguishing it from the pre-
dominantly decentralized OTC structure observed in major currency pairs. The economic
magnitude of this centralized market is substantial: in April 2025, the most liquid USD
futures contract at B3 (WDOK25) registered BRL 145.4 billion in trading volume in a
single day—approximately USD 25 billion in notional turnover—exceeding total global
BRL spot activity and representing nearly 30% of total global OTC BRL turnover. This
combination of global relevance, centralized trade, and market depth makes the Brazilian
FX futures market a natural setting for examining informational efficiency:.
Understanding whether this market is efficient requires a framework for how informa-
tion is incorporated into prices. Financial markets are populated by agents with hetero-
geneous information sets. In the classical sense of (Fama, 1970), market efficiency refers
to the extent to which prices fully and promptly reflect available information. At high fre-
quencies, however, this notion becomes operational: efficiency depends on how quickly and
symmetrically information is incorporated into transaction prices and quotes as trading
unfolds. Order flow conveys private signals, liquidity providers update quotes, and prices
adjust as dispersed information is aggregated. PTAX fixing windows are institutionally
important because the Central Bank of Brazil computes the benchmark BRL/USD rate

from quotes submitted by a limited set of accredited FX dealers in four intraday windows,



a setting in which information may be incorporated unevenly around the fixing periods.
Against this background, we ask two central questions. First, how has the efficiency of
the Brazilian FX futures market evolved in recent years, particularly in terms of liquidity
conditions and price discovery dynamics? Second, do institutional features specific to this
market—most notably PTAX fixing windows' and the interaction between spot and fu-
tures—systematically affect short-term price formation within the limit order book? This
paper addresses these questions by reconstructing the USD /BRL futures limit order book
from tick-by-tick data and examining liquidity provision and quote-level price discovery,
with particular attention to PTAX fixing windows.

Our empirical analysis is based on an unusually large high-frequency dataset from
the Brazilian FX futures market, comprising more than 8 billion observations spanning
from April 25" 2016 to December 12" 2019, when B3 discontinued access to these records
through its FTP server?. This tick-by-tick dataset allows us to reconstruct the order book
and to jointly examine liquidity and price discovery dynamics over a period marked by
substantial macroeconomic and political fluctuations in Brazil.

Prior studies on emerging markets document mixed evidence regarding informational
leadership between spot and futures markets (e.g., (De Boyrie et al. 2012)), (Kumar,
2018)). However, this literature typically relies on transaction data and parametric time-
domain models such as vector error correction frameworks (VECMs), and does not directly
exploit the informational content embedded in the limit order book. As a result, relatively
little is known about how quoting behavior itself contributes to price discovery, or whether
informational advantages are systematically concentrated on one side of the book.

More broadly, this study contributes to the literature on price discovery and liquidity
measurement. Seminal contributions such as (Hasbrouck, 1995)), (Baillie et al., [2002),
and (de Jong}, [2002) develop econometric frameworks to quantify informational leadership

across trading venues and instruments. These approaches have been widely applied to eq-

'PTAX is the main BRL/USD reference rate and the settlement benchmark for the B3 standard USD
futures contract (DOL, USD 50,000) and mini USD futures contract (WDO, USD 10,000).

2The historical tick-by-tick data were previously made available through B3’s web-facing FTP server,
which functioned as a public access channel. This server was later discontinued as part of changes in B3’s
data distribution.



uity markets ((Booth et al., 1999); (Chakravarty et al.,|2004))) and commodities ((Garbade
and Silber, |1983); (Figuerola-Ferretti and Gonzalo| 2010))). In foreign exchange markets,
(Cabrera et al., 2009) and (Osler et al., [2011)) examine whether spot or futures markets
dominate in incorporating new information, often documenting spot market leadership
for major developed currency pairs. We extend this literature by shifting the focus from
venue-level dominance to quote-level informational dynamics within a centralized futures
limit order book in an emerging market setting.

To address our research questions, we reconstruct the limit order book from raw tick-
by-tick data and extract best quotes and order flow measures at high frequency. We
then assess liquidity and price discovery using both econometric and spectral approaches.
Liquidity is evaluated using dynamic models of spreads, price impact, and efficient price
volatility, incorporating PTAX window effects via lead—lag structures. Price discovery is
evaluated using traditional VECM-based measures—Information Share and Component
Share—alongside a spectral framework based on the Cross Wavelet Transform, which pro-
vides a continuous time—frequency measure of lead—lag dynamics. An appendix presents
a restricted VAR simulation to assess the behavior of these metrics.

Our contribution lies in combining quote-level data with complementary parametric
and spectral tools to characterize price discovery within a centralized FX futures limit
order book. While recent studies incorporate wavelet methods in commodity and exchange
rate settings ((Joseph et al., 2015); (Nigatu and Adjemian, 2020); (Kumar et al., 2016);
(Ghosh and Chaudhuri, 2017))), none apply them to price discovery in FX futures markets.
We also build on the empirical literature on the Brazilian FX market ((Sung, 2021);
(Garcia et al [2015)); (Laurini et al., 2008); (Ferreira et al., 2025); (Ferreira et al., [2019))),
which studies the Brazilian FX market from microstructure and institutional perspectives,
often using high-frequency data, and we extend it by using quote-level information from
the limit order book and continuous measures of price discovery.

Our results indicate that overall market efficiency remains stable throughout the sam-
ple period, accompanied by gradual improvements in liquidity conditions. Bid—ask spreads

remain broadly stable, with only limited and short-lived effects associated with PTAX



fixing windows, occasionally displaying temporary spikes on specific days. Price impact
measures suggest a structural shift beginning in 2017, consistent with a deepening of lig-
uidity. PTAX windows exert negligible effects on price impact, both contemporaneously
and in the surrounding intervals.

The volatility decomposition reveals that a substantial portion of the elevated volatility
observed in 2018 and 2019 is attributable to microstructure noise rather than movements
in the efficient price. At the same time, the first three PTAX windows of the day are
associated with a statistically significant increase in efficient price volatility. Finally,
both parametric and spectral measures of price discovery point to a diffuse informational
structure within the limit order book, with no persistent asymmetry between the bid and
ask sides, either during PTAX windows or in adjacent intervals.

These findings have implications for researchers, policymakers, and market partici-
pants. By shifting the focus from transaction-based measures to quote-level dynamics,
we provide a market-wide perspective on liquidity provision derived from high-frequency
quote-level data and informational leadership in FX markets, particularly in a floating
exchange rate regime where short-term distortions may inform intervention strategies and
risk management decisions.

The remainder of the paper is organized as follows. Section 2 presents the methodolog-
ical framework for LOB construction. Section 3 describes the econometric and spectral
models deployed in the analysis. Section 4 presents the dataset and the results. Section
5 concludes with implications for liquidity and price discovery and suggestions for future

research.

2 Framework

LOB. We start by providing the definition of our limit order book (LOB). As in (Gould
et al., [2013)), we define an order as a vector © = (p,, w,, t,) where p, is the price, w, is the
quantity and ¢, is the time the order was submitted. If = is a sell (buy) order, then the
agent commits to sell (buy) up to w, (—w,) units of the traded asset at a price no less (no

greater) than p,. The prices and quantities are discretized by two resolution parameters:



the lot size, ¢, and the tick size, w.

We can now characterize an active buy order®. Consider:
e A given buy order, y = (py, wy, t,).

e A set X containing all sell orders = (p;,w,, t;) such that ¢, <t and p, < p,. X

comprises all sell orders that could be matched with y up to ¢

e A set Z containing all buy orders z = (p,,w,, t,) such that ¢, < t, and 3z € X (p, <
p.). Z comprises all buy orders that could be matched with at least one order in X

and were submitted before y, i.e., orders positioned ahead of y in the priority queue.

We say y is an active buy order at time t if it satisfies:

D lwl = D lwl <lwl (1)

zeX z2€Z

Total Consumable Sell Volume ~ Prioritized Buy Volume

In other words, this inequality states that a buy order is active if there is no order
in the sell side that crosses its price and was not matched yet by a previous buy order.
From this definition, we denote £(t) as the set containing all active orders (LOB) at time
t, and the subsets A(t) and B(t) as, respectively, the sell side and the buy side.

From this environment we derive the variables used to examine the liquidity and price
discovery dynamics. The first price level on both sides of the LOB makes up the bid-
ask spread, s(t) = a(t) — b(t), where a(t) = mIenjl(lt) p. stands for the best (lowest) active
sell order and b(t) = mnelggf) p. is the best (highest) active buy order at ¢. Also from the
first level, we derive the mid-price p(t), which is the arithmetic average between bid and

ask. Finally, the order flow imbalance, OFI(k), corresponds to the net difference between

buyer-initiated and seller-initiated executed orders in the time interval? &:

OF](k) - Z |w$|>\$7 (2)

tp€k

3The same characterization applies to an active sell order by reversing the price inequality
4To an alternative definition of OFI, based on consecutive orders instead of intervals, see (Wang et al.l
2021))



(
1,w, < 0Ap; > b(t) i.e., buyer-initiated

Az =4 —1,w, > 0Ap, < a(t) ie., seller-initiated (3)

0, (we <OAp <b(t))V (wy > 0Ap, > a(t)) ie., not executed.

\

Spread Algorithm. Once we define our framework, we build an algorithm to extract
the best bid and ask quotes from the raw order data. To do so, we represent L(t) as
a binary tree (Glur, 2025). Binary trees are data structures used to model hierarchical
relations between variables and implement search and sort operations on them. Among
other features, binary trees have nodes that act as categories. In our case, the first node
(root) of L(t) is the book side, i.e. A(t) and B(t). For each book side we have a set of
child nodes, corresponding to the price levels throughout the day. Finally, a price level
in a specific book side has leaves (nodes with no child nodes) corresponding to the order.
In each leaf we store its time, status and quantity.

With this structure, we can, for each new order, recover a snapshot of the order book
at that given time. We start by initializing the binary tree as an empty tree. Then we
order the raw data by the order time entry and sequentially search and sort within the
binary tree to put, edit or remove the orders. Due to computational costs and to the
fact that our analysis covers only the first level of the book, we restrict the set of orders
to those that also belong to the trade book at any time. As in Castro (2017)), we found
some orders crossing the spread and we dealt with it imposing that these spread violating
orders are executed (or partially executed conditional to the liquidity) at the time they
arrive. Another practical correction was to identify the time at which the pre-opening
phase (opening call, before continuous trading) happens and remove the orders entered
before it. To do so, we used the trade book and found many trades between two non-
aggressor orders at the beginning of the day. We marked the timestamp of these trades
and removed orders entered before it.

Considering the status taxonomy available at the time, we group order statuses into

three categories according to their equivalent operation within the tree (input, update,



and remove). New orders are simply inserted into the respective book side, queued by
price level. Modified and partially executed orders have their leaves updated according
to what changed-price or quantity. Finally, canceled, executed, and expired orders have
their leaves removed from the tree. For two or more observations of £(t) at the same ¢
(at the millisecond aggregation), we preserve the last one. In this sense, the bid, ask, and
bid-ask series are b(t), a(t), and a(t) — b(t) for each ¢ in this binary tree. The pseudocode

below describes how the algorithm is deployed.

3 Empirical Strategy

Liquidity Indexes. For the liquidity analysis, we rely on the indices from (Evans and
Lyons, 2002)), (Mancini et al| 2013) and (Zhang et al), 2005). We use these metrics
to estimate autoregressive models and assess the distributional aspects of their parame-
ters. These estimators allow us to investigate whether there is evidence of asymmetric
information incorporation across trading sides around PTAX fixing windows.

The first metric is the bid-ask spread and we draw insights from (Roll, [1984) regard-
ing its interpretation. A high spread indicates the presence of informed traders and, in
response to this increase in risk, there is a decrease in liquidity. Considering the cointegra-
tion dynamics between bid and ask, we can assume that 5(t) is stationary. Additionally,
given that the PTAX window effect may be lagged, contemporaneous, or leading, we need
to address the detection of this moment. Therefore, we can use the following model to

detect the impact of PTAX fixing windows on the spread:

I 4
S5t =77+ 51+ Z Z BiiDijt, (4)

j=—1i=1
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LVt € {to+7,....to + 1}
j<0

0, cc

’
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Diji=47=0 ; (5)

0, cc

’

LVte{ti+1,...,t1+35}
ji>0

0, cc

\ \

where t; stands for the first period where the i-th window is active and ¢; the last one.
The index j < 0 (j > 0) represents the j periods before (after) the beginning (end) of the
windows. After estimating (5) for a grid J = {—[, ..., [}, we pick the optimal j* and j%
as those with the lowest Bayesian Information Criterion (BIC). Then we estimate (4), for
fixed j = {j*,0, 1}, in a daily subsample.

In the same sense, microstructure models of price impact (Evans and Lyons, 2002)),
especially those designed for high-frequency or tick-by-tick data (Cont et al., 2013)) can
be used to examine liquidity and price discovery. In this study, we use the order flow
imbalance and an interaction with PTAX fixing windows to explain the log return on the

mid-price:

l 4
Alnpt =7 + ,OOFIt + Z Z Bi,jDi,j,tOFIt- (6)

j=—1i=1
Additionally, for a robustness check, we estimate an AR (1) of OFI and use the residuals

(u) as a proxy to unexpected order flow. Such as:

l 4
Alnpt = ’7 -+ ﬁut + Z Z ﬂi,jDi,j,tut' (7)

j=—1 i=1

The idea behind (7) and (8) is to verify the different market reactions to predictable
and unpredictable order flows. The predictable order flow accounts for intraday pat-
terns, liquidity-motivated trades, and eventual inventory effects. On the other hand, the

unpredictable order flow focuses on information-driven trades.



The other liquidity measure is an adaptation of (Zhang et al., [2005)’s volatility es-
timator. As in (Mancini et al., 2013), we use the two-scale realized volatility (TSRV)
estimator as a proxy for efficient price volatility. The TSRV works as a smoother that fil-
ters the microstructure noise and, therefore, can be employed with the traditional realized
volatility (RV) estimator to decompose volatility into efficient price fluctuations (TSRV)
and microstructure-related activity.

In our approach, we use TSRV to isolate the microstructure component and analyze
its autoregressive dynamics. First, we estimate RV over a grid of frequencies and evaluate
its convergence. As in (Zhang et al. |2005), the divergence of RV across different time
scales indicates the presence of microstructure noise. Next, we define the two time scales
used in TSRV as the highest frequency used in RV and the highest coarse aggregation that
yields a stable estimator (i.e., the first aggregation that reaches a plateau when taking
TSRV as a function of coarse approximations). After that, we construct MN as follows
(Zhang et all [2005). Consider X; = log P,. For a given time window of length W, the

realized volatility at fine grid f is described as:

RV =3 (X, — X, ) (8)

iew
To construct the coarse approximation, denote K > 2 as a number that separate two
consecutive observations. In the subgrid averaging, instead of taking the return between
two immediate observations, each subgrid contains the returns of two observations that
occured in a K time interval. Then we define the subgrid Gy = {tx, ty1x, thrx, ...} and

compute to k=1, ..., K:

th(k) = Z(th+jK - th+(j—1)K>2' (9)

jeEw
Finally, we take an average in the subgrid and use K to weight this average with the

fine grid RV:

K 1 & 1
TSRV, = —— <[— > RV - —RVt(f)> . (10)
k=1



Once we are able to isolate the part of price variance accounted for by microstructure
dynamics, we can define our model to test whether there is any efficient price dynamics

regarding PTAX fixing around its windows. We have:

4
TSRV, =7+ pT'SRV,1 + Y _ B;Diy. (11)
=1

Price Discovery. To investigate price discovery between quote sides, we use the main
parametric measures from (Hasbrouck, 1995) and (Booth et al., [1999), respectively the
information share (IS) and the component share (CS). In addition, we propose a nonpara-
metric estimator, using spectral methods as in (Nigatu and Adjemian|, 2020) and (Kumar
et al., 2016]), to handle eventual nonlinearities in the cointegration pattern between the
quotes.

Both IS and CS derive from the error-correction representation (ECM) from (Engle and
Granger), [1987al), used to model series that, despite being non-stationary, are integrated of
the same order and posse a stationary relantioship as a linear combination. So we denote
Pt = (Pat, Pot)’, the vector of log-prices representing the bid (pp:) and ask (p,:) quotes.

By the error-correction formulation, we have:

q
Apy = af'pi1 + Z LjAp—j + e, (12)

j=1
where o = (ag, o) and 8 = (5., Bp) are, respectively, the error-correction and cointegra-
tion vectors and €; = (€q, €51) is the innovation process. We can interpret o as a measure
of speed of adjustment to the equilibrium and /3 as the equilibrium relationship itself -
with = (1, —1) when the bid-ask spread is a stationary series. We also assume that € is
iid with variance €.

Given the ECM, we can rewrite it as a vector moving average (VMA), to retrieve the

price vector as a sum of lagged innovations. Denote L as the lag operator, we have:

t
Ap,=> Ve, =U(L)e, (13)
s=0

11
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15 = Jaur (14)
i
5= Uy + by’ 15)

where the IS accounts for the contribution of a quote to the efficient price and the CS the
contribution of a quote to the permanent component of the efficient price.

In order to construct our espectral price discovery estimator, it may be useful to
provide a quick introduction to wavelet transforms. Below we briefly address the main
mathematical objetcs used to develop the estimator.

A wavelet is a function that can be compressed or stretched by its scale parameter
a and moved along the timeline by its location or translation parameter 7 (Daubechies,

1994)). For a time series x;, we can denote its CWT as W, (a, 7), which can be written as:

W, (a,7) —/:::r;t%zb* (t;T) dt, (16)

where 9(t) stands for the mother wavelet and * denotes the complex conjugate. °
Naturally, as we are dealing with discrete time series, we are interested in the case
where ¢t € {1,2,...,n}. Considering an uniform time step dt, the discretized version of (1)

is (Torrence and Compo, 1998]):

Wola) = 57 S (M=), (17

As it can be seen in (8), the WT coefficients form a m x n matrix where m stands
for the number of scales. In addition, considering that the data arrive at a unitary time
interval, which yields §; = 1, and that our smallest scale would precisely this unit, what

gives us ag = 1, the j-th scale is defined as (Torrence and Compo) [1998):

5

To be considered a mother wavelet, a function must satisfy (Farge] [1992)) two admissibility conditions
: (i) it must have zero mean, [*_t(t)dt = 0; (ii) and unit energy, [~ [[v(t)|[*dt = 1.

12



a; = ao2’, 6, = log, (n—ét) m~!. (18)

Qo

Once our 9 (t) are complex-valued, our W, , may also be divided into a real part and
an imaginary part. Let us denote them, respectively, as R{W,, .(a)} and J{W, .(a)}.
Then, the power spectrum of W, ,(a) can be defined as ||W,,.(a)||?, which shows how
the energy of the signal z; is distributed among the different frequencies and at different
moments.

The Cross Wavelet Transform (XWT) can be employed to assess how two signals
interact in the time-frequency domain and to evaluate the lead-lag relationship between
them (Torrence and Compo, [1998)). Keeping our previous notation, we can denote an
XWT between the signals x; and y, as W, 4y, so W, .y = W W5 - Although this
formulation (Torrence and Compo, 1998) has been extensively used, it leads to a bias
that underestimates the small-scale (high-frequency) phenomena. For that reason, our
XWT, and the corresponding power spectrum, is estimated based on (Veleda et al.,[2012)),
adding a normalization by scales that yields W, ., = (meW;’y)?/ 2

To help us weigh the information each scale provides about the relation between two
series, we use the wavelet coherence defined below (Torrence and Compo) [1998]). This
measure can be understood as a time-frequency correlation, which indicates (normalized

to span between 0 and 1) the degree of similarity in the oscillatory patterns.

. IS0 Wy (a)
Bl®) = ST @ )25 (0 Wy ()

(19)

Naturally, to R,(a) present some information about the signals, it must be the case
that 3(x,y)S(x)S(y) # S(xy), otherwise R,(a) = 1 for all a. To achieve it, S is a
smoothing operator defined as convolution with a Gaussian in time and a rectangular
window in scale (Aguiar-Conraria et al., |2008)).

Finally, following (Torrence and Compo, 1998)) and (Aguiar-Conraria and Soares|, 2010))

formulation of phase ¢ between two signals x; and y; to the scale a, we have:

13



(20)

60y (a) = tan™" <M> |

AWy (a) }

With ¢,, € [—m, 7] and 4 possible cases: (i) if ¢,, € (0,7), then the series move in
phase, but y, leads; (ii) if ¢, € (—3,0), then the series move in phase, but x; leads; (iii)
if ¢, € (5, 7), then they move in anti-phase and z; leads; (iv) if ¢,, € (—7, —%), then
they move in anti-phase and y; leads

Since ¢ is precisely a measure of lead-lag, we can use it in a microstructure approach
as a proxy for the informational flow coming from the most informed venue to the least
informed one. In that sense, in a bivariate problem like ours, we may count, across

frequencies, the periods in which x leads in a given time period ¢:

I[x(a7t) _ 1a if ¢x,y(a7t) € [_%70) U(%’ﬂ-] ' (21)

0, cc
Considering a time interval K and using the wavelet coherent as a weight to trans-
late frequency information into time information, we define our espectral price discovery

estimator to the quote x as:

m n

EPD, = 1,(K) =Y _ Y 1.,R(a). (22)

a=ag t=1

4 Data and Results

Data. Our high-frequency data comprise all the bid and ask quotes from WDO (USD
forward mini-contract) from April 25, 2016 to December 12, 2019, providing a total sample
of 888 days. Considering the liquidity accumulated at short-term forward contracts, we
fixed the maturity to the lowest one, which occurs on the first business day of each month.
On the lasting trading day preceding the expiration date, the agents may rollover the
contract, but these operations takes place at a different product and would not produce
any significant distiortio in our analysis.

From an operational perspective, once the algorithm was executed, we had 257 million

14



quotes observations and 18 million OFI observations. After that, we proceed to clean
the pre-processed data and arrive at a dataset that encompasses 25 million observations
at 1-second aggregation. Figure 1 depicts some intraday and historical series for our

reconstructed LOB

u

(b) Daily Standard Deviation of Order Flow
(a) Daily Average Mid-Quote Imbalance

aaaaaaaaaaaaaaaaaaaaa

LALMM b otcsnin bk b nhum‘mw

(c) Intraday Average Log-return of Mid-Quote (d) Intraday Average Bid-Ask Spread

Figure 1: Historical and intraday time series for mid-quote, order flow imbalance, log-
return and bid-ask spread

Subfigure (a) shows the mid-quote daily average throughout the whole sample, exhibit-
ing the non-stationary trend in the series and the respective BRL depreciation against
USD. Subfigure (b) presents the OFI’s daily standard deviation, highlighting the increase
in variability in the liquidity provision. It can also be noted a monthly clustering in its
dispersion due to the expiration date of each contract. The intraday plots are built taking
the cross-sectional average of each second across the 888 trading days - at this point, with
no outlier removed. The subfigure (c) shows the log-return of mid-quote and allows us to
identify an increase in price dispersion, therefore in returns, next to the closing call. The
intraday dynamics of spread, in subfigure (c) also represent this narrowing in liquidity

towards the end of the day. ©

Liquidity Indexes. To track whether information flows associated with PTAX windows

arrive before, during, or after each window, we estimate a grid of models that include

SFor other descriptive statistics, check table Al.
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dummies representing the PTAX window as lagged or led. Figure 2 presents the trade-off
between model complexity and log-likelihood for each frequency. For the spread, we see
that the addition of lagged and leading information more than compensates the inclusion
of new parameters. Therefore, all four frequencies peak at the most distant points from

the 7 = 0.

BIC Across Aggregations as a Function of j
30s 1min

jllag ! lead) : )  lag / tead)
Smin 10min

BIC

| (lag [ lead) ) ) | llag /ead)

Figure 2: Bayesian Information Criterion Across Aggregations as a Function of j

Figure 3 reports the results to the autoregressive parameter of an AR(1) at the spread
level using the dummies with j = 0. For most of the sample, the spread presented a low
persistence, with low half-life and an equilibrium value close to the tick-size - consistent
with a highly liquid market. Few days, though, presented statistically non-signficant
estimates, probably related to less directional trading sessions.

Autoregressive Coefficient to the Baseline Model (j=0)

Estimate

\
! l u. .I |i il : I 1] e LidhT
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Figure 3: Autoregressive Coefficient to the Baseline AR(1) Model (j=0) to the Spread
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For the sake of brevity, the further results are mainly reported at the highest aggre-
gation (30 seconds). Figures 4, 5, 6 and 7 show the time distribution of the dummy
coefficients in an augmented AR(1) of spread. The unit is the level of spread, the first
graph of each figure presents the results to the dummy that encompasses 20 minutes be-
fore the beginning of the window, the second one the dummy that represents being at the
window and the third one the dummy that encompasses 20 minutes after the end of the

window.

PTAX 1 Dummy Coefficient

Estimate

Estimate

Estimate

Date

® St @ Notsigrifcant

Figure 4: First PTAX Dummy Coefficient Across j

For most of the sample, the first PTAX seems to play no constant role in the widening
of the spread. With mostly statistically non-significant estimates, the first window only

occasionally produces a short-lived positive pressure on the liquidity.
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Figure 5: Second PTAX Dummy Coefficient Across j

The second PTAX show a similar pattern to the first one: mostly non-different than
zero; approximately same spikes; and occasional positive pressure on liquidity. However,
the impact of the second PTAX shows higher variance than the first one. A limitation
worthy to be mentioned is that part of the performance that may be attributed to the
first and second PTAX can, in fact, be caused by external events such as the openning of

foreign markets (mainly the American one).
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PTAX 3 Dummy Coefficient
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Figure 6: Third PTAX Dummy Coefficient Across j

In contrast to the previous ones, the third PTAX shows not only more persistence
across different timing to the same day, but also, in some days, the liquidity pressure is

higher after the end of the window.
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PTAX 4 Dummy Coefficient
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Figure 7: Fourth PTAX Dummy Coefficient Across j

The fourth PTAX displays the smallest impact amongst the other ones. Taking into
account that it releases the last spot price of the day, we should expect some effect in
increasing liquidity.

Figure 8 presents the BIC results to the grid of models to price impact. Differently
than the spread results, there seems to be no information being accumulated before the
beginning of the window or after the end of it. The frequencies diverge with the highest

frequencies picking low |j| while the lowest frequencies pick higher ones.
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BIC Across Aggregations as a Function of j
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Figure 8: BIC vs j across aggregation frequencies

Figure 9 reports the results to the OFI parameter of the price impact regressions in
BPS per billion. From April 2017 to the beginning of 2017 there is a downward trend
that stabilizes at the beginning of 2017. The results also demonstrate a jump structure
that has diminished its depth. This dynamics can be interpreted as an improvement in
liquidity provision.

OFI Price Impact Coefficient to the Baseline Model (j=0)
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Figure 9: OFI Price Impact Coefficient to the Baseline Model (j=0)

Due to lack of dynamics and statistical significance, we omit the results from 5 = 40.
As previously mentioned, the results onwards are reported in the highest aggregation
frequency (30 seconds). The coefficients below correspond to the interaction between the
contemporary OFI and the price variation. It can be interpreted as BPS in price per

billion of flow at the given window.
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Figure 10: PTAX 1 Dummy Coefficient to Previous and Contemporaneous Effects

The PTAX 1 coefficients display no pattern regards its price impact, being mainly
around zero throughout the whole sample. The few positives spikes before the window

tend to vanish before the end of window.
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Figure 11: PTAX 2 Dummy Coefficient to Previous and Contemporaneous Effects

PTAX 2 coefficient seems to do not have any systematic impact on the price elasticity
to the order flow. At that frequency, the PTAX 2 does widen the spread, but its impact

on liquidity does not alter the short-term impact of order flow in prices.
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Figure 12: PTAX 3 Dummy Coefficient to Previous and Contemporaneous Effects

PTAX 3 shows some short-lived positive spikes until the beginning of 2017. From
that moment, the estimates remain stable and almost equal to zero at both pre and post
windows.
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Figure 13: PTAX 4 Dummy Coefficient to Previous and Contemporaneous Effects

PTAX 4 is the only window that, in some moment, showed persistent effects in im-
proving liquidity. From 2018 onwards, there was several trading days where being at the
last PTAX windows improved liquidity.

In order to establish a common ground between the two volatility estimators used
in this work, we may first define the coarse aggregation frequency for the TSRV to be
combined with our highest frequency (1 second). Our convergence benchmark was a 1%
variation over 3 consecutive coarse frequencies. We estimated the TSRV for 240 coarse-
frequency candidates, picked the daily optimal coarse frequency by the previous criterion

and, among the daily optimal coarse frequencies, chose the most frequent one. Figure
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14 shows the convergence structure of both TSRV and RV. The plots allow us to see
that a substantial portion of the volatility, from 2018 to the end of the sample, was due
to microstructural activity and noise and was not properly attributed to efficient-price

fundamentals.

Figure 14: Volatility Estimators’ Surfaces

Given the volatility series constructed by the TSRV estimator, we can then test
whether any of the PTAX windows are associated with higher or lower variance of the
efficient price. To do so, we estimate an AR(1) for the TSRV, augmented with dummies
representing the contemporaneous effect of the i-th PTAX window on volatility. Table 1
reports that the first 3 PTAX windows are associated with higher volatility. These results

also show that the effect of the PTAX window decreases monotonically during the day.

Table 1: AR(1) Coefficients to log(TSRV)

Variable Coefficient Standard Error t p-value
Intercept -6.7347 0.1777 -37.91 < 10710
log(TSRV,_1) 0.5196 0.0126 41.08 < 10716
PTAX 1 0.1893 0.0207 9.15 577 x 10720
PTAX 2 0.1766 0.0248 7.11  1.14 x 10712
PTAX 3 0.0606 0.0260 2.33 0.0196
PTAX 4 -0.0010 0.0290 -0.03 0.973
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Price Discovery. To analyze the price discovery dynamics, we decompose the estimates
into two approaches. First we estimate, at the highest available frequency, the price
discovery metrics for daily subsamples. Finally, to investigate whether there is a particular
asymmetry around the PTAX windows, we estimate the metrics again for 10-minute

subsamples.
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Figure 15: Daily Price Discovery Metrics for 4 Frequency Aggregations - Whole Sample

Figure 15 presents the time series of the bid contribution to the price discovery as
measures by IS, CS and our spectral estimator. As it can be seen, the three estimators
present short-run reversals, with no persistence dominance of any side of the book. While
IS and CS present more variance and correlation between each other, the wavelet metric
seems smoother and more stable. Overall, the series fluctuate around 50% all the time,
suggesting that the quote leadership vanishes quickly and presents no pattern out of

intraday scope.
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Figure 16: 10-minute Interval Histograms to PTAX Windows

Figure 16 display the histograms corresponding to the 10-minute intervals before,
during and after each PTAX windows, showing the distribution (by the bid side) of the
IS, CS and wavelet metrics. CS and Wavelet are both centered close to 0.5, differing only
by the heaviness of the tails. However, there is a strong skewness from IS pointing to a
strictly dominance of ask side through these intervals. As explored in the simulation in the
appendix, the IS and CS present high variance among frequency variations and, therefore,
we should not consider this as evidence of ask dominance - especially considering that the

IS itself suggests no dominance in daily subsamples.

5 Final Remarks

This paper examined the efficiency of Brazil’s FX futures market from an informational
point of view. We used a large-scale order-book dataset with over 8 billion observations
and developed an algorithm to extract theoretically relevant time series from the raw
data, such as best quotes, bid-ask spread, and order flow imbalance. Given the economic
relevance and rich institutional design of this market, we addressed two central ques-
tions: how liquidity conditions evolved over the period and how price discovery dynamics
performed. Additionally, we examined the impact of PTAX windows in these channels.
Our results suggest that overall market efficiency remained stable throughout the pe-

riod, with slight improvements in liquidity provision. Stable spreads, decreasing price
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impact, and small PTAX effects on the price elasticity to OFI provide evidence in this
sense. However, we showed that a large portion of the increase in volatility seen in 2018
and 2019 was due to microstructure noise instead of variation in the efficient price. More-
over, despite the short-lived duration, we presented evidence that PTAX windows produce
an increase in intraday volatility—suggesting that there are still institutional improvements
to be made in market design.

Regarding price-formation leadership, both parametric and spectral measures point to
a diffuse and time-varying structure of price discovery. There is no persistent dominance
of either side of the book, and leadership alternates with short-run reversals both in daily
subsamples and in intervals surrounding PTAX windows. A central contribution of this
paper is to characterize information flows within the limit order book, across quoting sides
and around PTAX fixing windows, using quote-level data and complementary parametric
and spectral measures.

Taken together, the evidence suggests that Brazil’s FX futures market operates in a
highly liquid trading environment with efficient informational flow. In addition, institu-
tional features such as PTAX windows affect volatility levels at specific moments but do
not generate systematic distortions in liquidity or price discovery. We believe that future
research may extend this framework with an analysis of regime shifting and delve deeper

into the leadership duration of the price discovery process.
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A Appendix

A.1 Descriptive Statistics and Tests

Table 2 presents distributional aspects of the extracted time series. The following descrip-

tive statistics regard the cleaned version of the series at 1-second aggregation.
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Table 2: Descriptive Statistics

Variable Min Q1 Median Mean Q3 Max Variance Skewness Kurtosis
Best bid 3.0 3242.00 3478.50 3557.64 3860.50 4277.23 1.19e+05 0.3084 1.6471
Best ask 3047.5 3242.50 3479.00 3558.25 3861.00 4295.00 1.19e+05 0.3084 1.6467
Bid-ask Spread 0.5 0.50 0.50  0.6168 0.50  3246.00 2.94e+00 427.2363 7.04e+05
Buyer-Initiated Volume (contract) 0.0 0.00 0.00 12.8486 4.00 7325.00 3.02e+03  14.0731 466.3832
Seller-Initiated Volume (contract) 0.0 0.00 0.00 12.9040 4.00 11804.00 3.00e+03  15.0490 678.5598
Order Flow Imbalance (contract) — -9844.0 -1.00 0.00 -0.0555 1.00  6439.00 4.18e+03 -0.3178  296.4710
Mid-quote 1626.0 3242.25 3478.75 3557.95 3860.75  4285.00 1.19¢+05 0.3084 1.6466

A.2 Unexpected Price Impact

Figure 17 shows the Bayesian Information Criterion to a grid of shifts in the PTAX
window dummies replacing the OFI by its AR(1) residual as a proxy of unexpected order

flow. As a robustness check, it presents similar dynamics as the original specification.
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Figure 17

Figures 18 to 22 report the temporal dynamics to each parameter presented in the pa-
per, but to the unexpected price impact functional form. As it can be seen, the parameters

from the latter specification follow the same dynamics as the former one.
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A.3 Wavelet Analysis

Parametrization. As previously shown, a WT depends on the selected mother wavelet
(wavelet function). In this sense, Li et al.| (2009)) the selection of the mother wavelet
interferes with the accuracy and efficiency of the transformation, and this selection is case-
dependent. Surveying the literature, most the applications of WTs use mother wavelets
based on previous works. So far, we have not been able to find WTs” applications in
economics or finance that test their parametrisation.

Some metrics can be used to assess the fit of a wavelet function to the original signal:
(1) signal-to-noise ratio (SNR) Matz et al. (2009); Agarwal et al.|(2017); (ii) mean squared
error (MSE) |Agarwal et al.| (2017)); (iii) Shannon entropy of wavelet coefficients (EWC)

Li et al.|(2009). While the first two are usually employed to analyze discrete WTs, the
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EWC can be used for both CWTs and DW'Ts and is defined as:

EWC(a) i W z ( i ) (23)
a) = m n n m n °
=1 (X e 2oim wa ) Dot Dier Wi )

In this framework [Li et al.| (2009)), the higher the energy concentrated at scale a, the
lower the EWC. Therefore, for a fixed m, we select the wavelet function which achieves
the minimum EWC compared to the others. For a m grid, we choose the pair (m,(t))
that presents the global minimum EWC.

In our particular case, we define our m grid as {80,81,...,100} for n > 80 and
{0.08n,0.081n, ...,0.1n} otherwise. We test the main complex-valued wavelet functions:
Morlet, ,,(t), and Paul, ¥,,(t). The reason for excluding real-valued functions is their
lack of phase content, which makes them useful mainly for detecting jumps and discontinu-
ities but not for interpreting lead-lag relationships. Their functional forms and respective

e-folding time are:

Un(t) = 7 ee 5 g,u(a) = V2a, (24)
mo ;Mo _ 54— (mo+1)
y(t) = 2mogmom (1 — it) +1 (@) = a 25)

m(2my)! V2
where w and m( are nondimensional time parameters set in such a way that the admissi-
bility conditions are sustained.
The intuition behind testing these two specific functions is also to understand what
feature of the series carries the most significant information. This is accomplished con-
sidering that Morlet, with its sinusoidal formulation, gives us more frequency resolution,

while Paul, considering its single peak, tends to highlight time resolution.

Simulation. We are interested in understanding how a wavelet-based metric behaves
in front of different scenarios and comparing it to usual price discovery metrics. Be-
cause analytical solutions are hard to obtain, we simulate series that closely resemble our
data in such a way that they capture the most usual dynamics. We use assumptions
that are reasonable and consistent with the observed patterns. Therefore, assume three

hypotheses:
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e H1 - Bid and ask quotes follow a vector autoregressive structure (VAR);
e H2 - Bid and ask quotes are non-stationary;
e H3 - There is a long-run equilibrium between these quotes, i.e they are CI(1,1)

H1 comes from the intuitive idea that if a good has different prices, they must relate.
H2 is a consequence of the efficient price being a martingale and, consequently, non-
stationary. H3 comes as a consequence of (Roll, 1984) definition that the bid-ask spread
corresponds to a small region where the efficient price varies - thus the quotes should not
drift way in the long-run.

Suppose b; and a; represent, respectively, the best bid and ask quotes in the FX futures

market. Assume that the data generating process follows this dynamics V¢t € {1,2,...,n}:

b = pubi_1 + dpas_1 +9° + 6?7 (26)

ar = Pai—1 + 0abi—1 + 7" + €. (27)

where ¢; ~ N(0,0?) are iid for i = {a, b}.

Given H3 and (Engle and Granger, 1987b)’s representation theorem, we can write our
system as a Vector Error Correction Model (VECM), where 8 = (f3,, Bp) is the cointegra-
tion vector and o = (ay, o) represents the speed of adjustment. In other words, quotes

react to a deviation from the long-run equilibrium converging to the mid-quote:

Aby = ap(Lati—1 — Bobe—1) + G?, (28)

Aa; = ag(Baat—1 — Bpbi—1) + €. (29)

Rewriting and normalizing 8 and «, we have (8,, ;) = (1, (1;—:’“)) and (g, qp) =

(5a, zl(f—‘ib))). For a; — Byby ~ CI(1,1), it must be the case that p, > —1 and §,d, +

p2 < 1. These restrictions follow from the root conditions of our primitive system’s
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characteristic equation, which also imposes that one of our autoregressive parameters

must be endogenously defined based on our previous normalisation:

(1 - pa) — 040p
(1 - pa) .

Py = (30)

Given the VECM, we can map the econometric measures of price discovery from the
primitive system. Denote ) as the variance-covariance matrix of the innovative process
(€:) of both quotes. Additionally, from our hypotheses of the quotes being (1), consider Z;
from the vector moving average (VMA) representation, A f* = Z;(L)el, where L represents
the lag operator. Then, the information share (IS) and component share (CS) for the i-th
quote can be written as:

To visualize how phase analysis captures lead-lag relations, we use our model to simu-
late three scenarios: (b = a) bid causes ask, (a = b) ask causes bid and (b < a) bid and
ask have feedback effects. To do so, we denote d; as the observed variance of the proxy
for the innovation process of the i-th quote. Define the total variance of the innovation
process as ¢ = g, + d,. Therefore, as Table 2 displays, each causation scenario is based
on the portion of the total variance that each quote conveys. Additionally, Table 3 shows
the fixed VAR parameters used to simulate the series.

Table 3: Innovation Process Parameters

Parameter/Scenario a =0 b=a a<b
o 0.756 0.256  0.56
o8 0.256 0.756  0.56

Source: Own elaboration
Notes: Variance parameters of ¢, and ¢, as a function
of the total variance of actual series

Table 4: Simulation Parameters

Yo W Pa P 0o Op
0O 0 05 05 05 0.5

Source: Own elaboration
Notes: Simulation parameters based on equa-
tions (1) and (2)

As previously mentioned, to assess the direction of causality using a conventional
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econometric approach, we use IS (Hasbrouck, 1995) and CS (Booth et al., |1999). We
follow (SCHWERT), [1989) in the lag definition as [12 x ({25)3].

The main way to extract anticipation and, therefore, to unveil price discovery within
the wavelet framework is through phase content. In this sense, we construct our price
discovery metrics using the previous definition of lead-lag intervals in ¢,,(a). Denoting
our frequency aggregations by ¢,,, we count the time points where ¢,, € [0,7] and
attribute them to the ask side; otherwise (¢, € [—m,0)), to the bid side. The percentage
of points to each quote corresponds to its price discovery value. The rationale is to create
an interval measure, which can be understood in the same way as IS and CS, and also
employed continuously, tracking the lead-lag dynamics at each time step.

Tables 4 and 5 present the results by minute and second aggregation, respectively.

Table 5: Price Discovery - simulated Series (by Minute)

. a=b b= a b & a
Metrics
Ask Bid Ask Bid Ask Bid
Infosﬁizlon 84.73% 15.26% 48.07% 51.93% 27.30% 72.70%
Cogf;ient 57.56% 42.44% 62.68% 37.32% 40.49% 59.51%
Coherence 1 goor 08 09%  98.57% T1.43% 56.78% 43.22%
Weighting
DL.mear 69.05% 30.95% 35.71% 64.29% 58.80% 41.20%
1scount
Quartile
Threshold (25) 66.02% 34.98% 47.80% 52.20% 57.15% 42.85%
Quartile
Threshold (50) 71.79% 28.21% 31.87% 68.13% 56.41% 43.59%
Quartile

Threshold (75) 75.26% 24.73% 29.30% 70.70% 59.89% 40.11%

Source: Own elaboration
Notes: Results of price discovery metrics for simulated series by minute.

As shown in Tables 4 and 5, IS and CS show considerable sensitivity to sample size and
internal inconsistency with each other, with IS outperforming CS in accuracy. Analyzing
the proposed frequency aggregation methods, we see that Coherence Weighting tends to
be more reliable, being less sensitive to sample size. The probability of falsely assuming

an asymmetry in the price formation seems to diminish asymptotically for both VEC and
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Table 6: Price Discovery - simulated Series (by Second)

. a=>b b= a b < a
Metrics
Ask Bid Ask Bid Ask Bid
Infosrﬁzjglon 73.12% 26.87% 26.92% 73.08% 50.25% 49.75%
Cogfa‘fm 48.71% 51.13% 51.24% 48.76% 50.41% 49.59%
Coherence o) o/ o0 9501 28.77%  71.93% 50.48% 49.52%
Weighting
Linear 65.38% 34.62% 34.54% 65.56% 50.46% 49.54%
Discount
Quartile
Threshold (25) 56.82% 43.18% 42.81% 57.19% 50.63% 49.37%
Quartile
Threshold (50) 68.85% 31.15% 31.49% 68.51% 50.40% 49.60%
Quartile

Threshold (75) 72.57% 27.43% 2797% 72.03% 50.40% 49.60%

Source: Own elaboration
Notes: Results of price discovery metrics for simulated series by second.

wavelet metrics, especially for the former. In addition, one may note that the CS diverged
considerably from the IS in the larger sample. Taking a look at the transition from a = b
to b = a in Table 4, we observe, at minute aggregation, more dispersed errors between
VEC and wavelet methods. The transition is smoother at the second aggregation, as
shown in Table 5, and the difference between VEC and wavelet methods decreases.
Naturally, we must be conservative in extrapolating this efficiency, given that we use
only two observed moments in our simulation, and some more complex dynamics can be
hidden in higher-order moments. Moreover, we must highlight that we are simulating a

constant direction, i.e. no structural breaks in the innovation process.
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A.4 Spread Algorithm

Algorithm 1: Reconstruction of the Bid—Ask Spread from Order and Trade Raw

Data

Input: Order Data O = {y;}, Trade Data N
Output: Time series {b(t),a(t), s(t)}
1 1: Identify auction time t 4. = mingep ty
2 2: Remove trades n € N with ¢, = tauc
3 3: Remove orders y € O with t, < tauc
4 4: Restrict O to orders whose Sequential Order Number (SON) appears in N
5 5: Sort O by submission time
6 6: Initialize empty limit order book L(t) = {A(t), B(t)}
7 7: for each order y = (py,wy, ty, sidey, status,) € O do
8 if status = New then
9 Insert y into A or B using price—time priority

10 else if status = Modified then

11 Remove previous instance and reinsert with updated attributes
12 else if status = Partially Frecuted then

13 Update remaining quantity

14 else if status € { Canceled, Ezecuted, Expired} then

15 Remove y from the book

16 Compute b(t) = max,cp) pe and a(t) = minge 44) Po

17 while b(t) > a(t) do

18 Let Lp and L4 be the queues at b(t) and a(t)

19 ¢ =min{},cp, wels Dger, [wel}

20 Execute ¢* using price—time priority; remove exhausted orders/levels
21 Update b(t), a(t)

22 end

23 Record snapshot (t,,b(ty), a(ty), s(ty) = a(ty) — b(ty))
24 end
25 30: Deduplicate snapshots by timestamp (keep last observation)

26 31: Return reconstructed spread series
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