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Abstract

We develop a new method to efficiently solve a class of non-convex constrained
optimization problems that frequently arise in economics. The optimal solution to
these problems often involves randomization. To employ a Lagrangian framework, we
prove that the value of the saddle point that characterizes the optimal random solution
is the same as the value of the dual of the deterministic problem. Our algorithm solves
the dual of the deterministic problem via sub-gradient descent. We prove that the
optimal random solution can be directly obtained from the deterministic optima that
are computed along the iterations. We argue that for many non-convex economic
problems, the performance of our method is orders of magnitude faster than existing
methods, in particular than linear programming. To illustrate our method, we solve
for optimal income taxes in the Mirrleesian model with multi-dimensional types. We
show that heterogeneity in productivity and Frisch elasticity can make randomization

welfare improving relative to the optimal deterministic tax schedule.
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1 Introduction

Many interesting economic questions can be formulated as non-convex optimization problems
— prominent examples include contracting problems under moral hazard (Mirrlees (1999)),
problems of optimal taxation (Mirrlees (1971), Cremer et al. (2001)), models of optimal fiscal
policy (Aiyagari et al. (2002)), or models of macro-prudential regulation (Davila and Korinek
(2018)). In these environments, standard first-order conditions generally fail to characterize
globally optimal solutions. Moreover, in the presence of non-convexities, random policies
often outperform deterministic solutions (see, e.g. Myerson (1982); Prescott and Townsend
(1984b); Stiglitz (1982); Citanna and Tvede (2024)).

In this paper, we develop a new, efficient, and general method to solve for optimal
lottery solutions! in a wide class of models with non-convexities. Our method is based on
several key theoretical insights. First, we show that the lottery solution assigns positive
probability only to the deterministic allocations that maximize the Lagrangian. Second, we
show that this implies that the value of the saddle point of the Lagrangian of the lottery
system must be the same as the value of the dual of the deterministic problem. This will
be the same as the value of the primal problem if and only if no lottery solution yields a
higher value than the deterministic solution. Using the Lagrangian dual to solve constrained
optimization problems is a very common approach in applied mathematics (see, e.g., Boyd
and Vandenberghe (2004)). By reformulating the primal optimization problem into the
Lagrangian dual problem, a difficult non-convex problem can oftentimes be turned into a
simpler problem that can be efficiently solved (see, e.g. Lemaréchal (2001)). For economic
applications, the key problem is to formalize under which conditions the solution to the
dual problem can be interpreted as a lottery solution to the original problem. We use sub-
gradient descent to solve the dual problem iteratively. Our third theoretical insight is that
the frequency of different optimal points along the iterations approximates the probability
distribution of the optimal lottery solution. As in fictitious play for normal form games (see,
e.g., Fudenberg and Levine (1998)), the (weighted) empirical distribution of past actions
converges to the optimal distribution in the lottery solution.

In the economic literature, Prescott and Townsend (1984b) already emphasizes that the
lottery approach transforms the original problem into a convex problem by replacing de-
terministic assignments with probability distributions. This reformulation linearizes the
constraints in the probability space and, after discretizing all possible actions, linear pro-

gramming can be employed to find optimal solutions. However, this convexification comes

!Throughout the paper, we use the terms “lottery solution” and “randomized solution” interchangeably
to refer to the optimal, possibly random, solution of a non-linear programming problem.



at the cost of dramatically increasing the dimensionality of the problem. As a result, linear
programming methods, while theoretically applicable, face a severe intractability in the di-
mensionality of the choice variables. Although it is possible to construct examples where our
Lagrangian method faces the same curse of dimensionality, we argue that economic prob-
lems typically impose additional structure on the mathematical problem that allows us to
partially overcome the curse.

To illustrate our method and its advantages over existing methods, we first consider a
simple textbook principal agent problem (see, e.g. Salanié (2005, Chapter 5)). We use this
simple example to illustrate the advantages of our methods over linear programming and to
give an intuitive explanation for our method.

Our main application studies optimal taxation with multi-dimensional hidden types.
We consider a setting with standard preferences over consumption and leisure, allowing
for heterogeneity in both productivity and labor supply elasticity. Since the Lagrangian
decomposes across types, the complexity of our algorithm increases linearly in the number
of types. This is in stark contrast to global constrained optimization methods for non-
convex problems that are generally known to be NP-hard (e.g. Sahni (1974)). The lottery
relaxation together with the decomposability property make the problem feasible. Using an
example from Judd et al. (2017), we illustrate the efficiency of our method and clarify the
roles that lotteries play in the optimal solution. We also show that the welfare gains from
lotteries depend crucially on details of the calibration of preferences and in some cases can be
substantial. We then consider a more complicated example where the production function is
strictly concave over different types of labor and where there are skill complementarities. In
this example, the problem only becomes decomposable after some variables are eliminated
using first order conditions. This is impossible when using linear programming methods,
where the number of variables increases exponentially with the number of sectors.

The remainder of the paper is organized as follows. After reviewing the existing literature
in Section 2, we describe the setup, introduce the algorithm, and state our theorems in Section
3. In Section 4 we discuss the computational performance of our algorithm and compare it
with existing methods. In Section 5, we illustrate the algorithm using a textbook principal-
agent problem. In Sections 6, we apply the method to a standard optimal tax problem.
Section 7 concludes. The proofs are collected in the Appendix A. In Online Appendix B, we
provide worst-case complexity bounds for our method and compare them to bounds from
linear programming. In Online Appendix C, we demonstrate how to handle a version of the

tax problem with complementarities in production.



2 Related Literature

The seminal work by Myerson (1982) established that allowing lotteries can improve both
welfare and make the model more tractable. Prescott and Townsend (Prescott and Townsend
(1984a), Prescott and Townsend (1984b)) first laid out the question of whether constrained
optimal allocations could be decentralized through linear prices, explicitly linking the prob-
lem of mechanism design to the description of a competitive market.

Although sufficient conditions for the optimality of deterministic contracts have been
established (e.g., Strausz (2006); Hellwig (2007)), they are typically restrictive. Gauthier
and Laroque (2014) provides simple sufficient conditions for lotteries to be part of an optimal
contract. Since their analysis is local, these conditions are not necessary.

More generally, lotteries may arise in constrained optimal allocations whenever non-
convexities are present, as shown in applications ranging from stochastic tax schedules to
labor market welfare programs (e.g., Weiss (1976); Brito et al. (1995); Gauthier and Laroque
(2014); Arnott and Stiglitz (1988); Chang and Wildasin (1986); Pavoni and Violante (2007);
Armstrong et al. (2010); Pavoni et al. (2016)). Despite the theoretical justification, the prac-
tical use of lottery solutions has been limited by computational complexity. By introducing
an efficient and scalable solution method, our work enables quantitative analysis of models
previously considered infeasible and opens the door to studying optimal policy designs that
incorporate lotteries.? Most of the existing approaches for solving lottery problems in models
with private information focus on improving linear programming techniques. For example,
Prescott (2004) exploits the block-triangular structure of the constraint matrix and applies
Dantzig-Wolfe decomposition to reduce memory and computational cost, while Doepke and
Townsend (2006) proposes additional simplifications tailored to specific environments. An
alternative approach by Su and Judd (2007), based on mathematical programming with
equilibrium constraints (MPEC), improves accuracy in small-scale moral hazard problems.
Our method advances the literature by introducing a novel solution method that transcends
the linear programming framework, enabling the analysis of more complex and computation-
ally demanding models that were previously infeasible. Our Lagrangian iteration method
offers significant computational advantages compared to traditional linear programming ap-
proaches.

Our application contributes to the literature on optimal tax design under private infor-

20One may argue that most contracts used in practice do not involve lotteries. However, as Prescott
(1999) argues, there are no economic arguments to exclude contracts that involve a lottery. Then it is a
quantitative question to explore under which conditions lotteries can lead to large welfare gains. To address
this question, one needs to be able to compute optimal contracts with lotteries. This is precisely where an
efficient and scalable method like ours can play an important role.



mation. Previous work has shown that lotteries can arise in optimal tax schedules with
one-dimensional heterogeneity (e.g. Weiss (1976), Brito et al. (1995), Gauthier and Laroque
(2014)). More recent studies, such as Judd et al. (2017), Moser and Olea de Souza e Silva
(2019), and Boerma et al. (2022), analyze optimal deterministic tax systems with multidi-
mensional types. Our framework allows for a fully nonlinear analysis of optimal taxation
with multidimensional heterogeneity and reveals that lotteries naturally arise for a range of
parameter values.

It is established in convex analysis that the Lagrangian dual problem corresponds to
the closed convexification of the perturbed primal problem (see Theorem 2.2 and Lemma
2.1 in Bi (2020), and Chapter XII in Urruty and Lemaréchal (1993)). In this paper, we
demonstrate that the lottery relaxation provides a means of achieving this convexification
and therefore provide economic foundations for convexification.

Lastly, our method builds on the subgradient descent literature for nondifferentiable
convex optimization (Bertsekas, 2009; Shor, 2012; Nedic and Bertsekas, 2001), and combines
it with a key theoretical insight: the value of the saddle point characterizing the optimal
lottery equals the value of the dual of the deterministic problem. This connection allows us
to construct the optimal lottery from the sequence of deterministic solutions generated along
the Lagrangian iterations. The approach is related in spirit to algorithms used to compute
mixed-strategy equilibria in mean-field games (e.g., Shen et al., 2023), but is tailored to the

structure of constrained planning problems.

3 Lagrangian Iteration

This section introduces a general class of non-convex planning problems and presents an
algorithm for computing the optimal lottery. We begin by stating the environment and con-
straints in Section 3.1. We then establish a key connection between the lottery problem and
the deterministic Lagrangian in Section 3.2, which motivates our approach and provides the
basis for the algorithm. Next, Section 3.3 presents the algorithm and Section 3.4 proves its
convergence properties. Readers primarily interested in the method and its implementation

may focus on Sections 3.1 and 3.3.

3.1 General Setup

In this section, we present a general constrained maximization problem that subsumes many
planning problems considered in economics. Let A denote a finite set of actions, and let

C be a n-dimensional box of consumption vectors in some FEuclidean space R™. The payoff



function f : A x C — R is continuous. In the deterministic problem, the social planner
allocates action and consumption to solve the following optimization problem:
Jax fla, o),
s.t. gi(a,c) <0 ie{l,...,m}, (3.1)
hj(a,c) <0 je{l,... .t}

where the functions g¢;(.),s = 1,...,m, and h;(.),j = 1,...,¢ are assumed to be continuous
in ¢.? and in the rest of the paper we refer to (3.1) as the deterministic problem. A central
challenge in such problems arises from the fact that the set of allocations that satisfy the
constraints is generally non-convex. This non-convexity makes it computationally challeng-
ing to solve the problem. In examples where the set C' can also be taken to be approximated
by a finite set, an optimal solution can obviously be found by searching over all elements in
A x C but the computational costs of this method increase exponentially in the dimension
of A x C.

Motivated by these difficulties, economists have explored the concept of lottery solutions,
where the planner chooses a probability distribution over actions and consumption rather
than a deterministic allocation (Prescott and Townsend, 1984a; Myerson, 1982; Arnott and
Stiglitz, 1988). This approach offers a way to relax the non-convexities and can improve the
value of the objective function. In this setting, instead of selecting a deterministic action-
consumption pair from A x C as in (3.1), the social planner chooses a probability distribution
over the set of possible outcomes, Ax C. The economic model then dictates which constraints
can be relaxed to having to hold only in expectations and which constraints have to hold for
each realization of the lottery. In our abstract formulation, assume that the g—constraints
can be relaxed while the h—constraints have to hold for each realization of a € A.

Formally, let P(A x C) denote the set of Borel probability measures over A x C. An
element of P(A x (') is denoted by z(a,dc), which specifies the probability of choosing an
action a € A and allocating consumption ¢ € C'. Here, we assume that the variable a is
discrete and the variable ¢ is continuous. The objective of the social planner in the lottery

problem is to maximize the expected payoff, which can be written as:

Z /cec f(a,c)x(a,dc).

a€cA

The g-constraints from the original maximization problem is now assumed to hold in expec-

3The reason why we distinguish between g-constraints and h-constraints and why A is assumed to be
finite will become clear in the following when we describe the lottery problem,



tations, i.e.

Z/ gi(a,c)x(a,dc) <0 Vie{l,...,m}.

acA
In economic models, one typical justification for this assumption is that there is a large
number of identical agents and the g—constraints describe resource constraint. In contrast,
we assume that the h-constraints have to be satisfied for each action a that has positive
probability, i.e. for each action, a, in the support of x, the h-constraints must be satisfied in

expectation over consumptions.

/ hi(a,c)xz(a,dc) <0 Vje{l,... (}.
ceC

Note that allowing for continuous actions a € A would lead to measure-theoretic problems
since classic measure theory defines marginal integration and addresses problems in terms
of almost every a € A when A is continuous, rather than considering every a € A, which is
required in our problem.

Thus, the lottery optimization problem for the social planner can be written as follows.

iz, 3 [ fooetand)
s.t. Z/ gi(a,c)x(a,dc) <0 Vie{l,...,m}, (3.2)

acA

/ hj(a,c)z(a,dc) <0 Vaec A je{l,... [}
ceC

Note that in this formulation, we do not require that the marginal distributions of x €
P(Ax () across the components A and C' to be independent. This requirement is, of course,
an important part of the definition of a mixed strategy Nash equilibrium, where allowing for
correlation significantly alters the set of equilibria; see Aumann (1974). In a social planning
framework, it seems that not allowing for correlation would artificially restrict the set of
possible contracts (see also Myerson (1982) for a discussion in the context of the principal-
agent problem). In the examples below, correlation is never used in the optimal solution,

but this is a result and not an assumption.

3.2 A Lagrange Approach

The essence of our method is to establish a connection between the deterministic system

(3.1) and the lottery system (3.2). Given Lagrange parameters ), y, we define the Lagrangian



function in the probability space P(A x C) as

L(x; A7) =

f(a,c)x(a,dc) —Z)\ Z/ gi(a,c)x(a,dc) — ZZ%“/ (a,c)x(a,dc),

acA Vc€C j=1 acA
(3.3)
We define the Lagrangian function in the pure strategy space A x C' as
m ¢
‘C(aa C; >\7 7) = f(aa C) - Z )‘igi(a’7 C) - Z P)/j,ah]'(aﬁ C)‘ (34)
i=1 j=1

The main result of this subsection is that under the assumption that Slater’s conditions

holds, we have the following equivalence

max min L(z; M\, y) = min max L(a,c;\,7), (3.5)
:DEP(AXC) (A,V)ERTXRﬂAl ()\ )ERmXRE‘Al a€A,ceC

bridging the gap between the lottery problem (the left-hand side) and the dual of the deter-
ministic problem (the right-hand side).

3.2.1 Prerequisites for a Lagrange approach

One well-known problem in solving the deterministic problem (3.1) lies in the fact that
standard constraint qualifications, which are necessary for applying optimization methods
from numerical analysis, often fail to hold at the solution (see, e.g., Su and Judd (2007) or
Judd et al. (2017)). We therefore first demonstrate the validity of the Lagrange Multiplier
Method for the lottery system (3.2). This is a linear programming problem in P(A x C') and
hence a convex optimization problem in P(A x C). According to the Karush-Kuhn-Tucker
Theorem, a convex optimization problem that satisfies Slater’s conditions can be solved by
the Lagrange Multiplier Method (see Theorem 1 in Section 8.3 in Luenberger (1997) for

details).* The definition of the condition is as follows.

Definition 3.1 (Slater’s condition) We say that Slater’s condition holds for the lottery sys-
tem (3.2), if the feasible set to (3.2) includes one inner point, i.e., there exists v € P(Ax C)

such that
Z/ gi(a,c)x(a,dc) <0, Vie{l,--- ,m},

acA

4Because the decision variable is a probability measure, (3.2) is an infinite-dimensional linear program.
In finite dimensions, strong duality for linear programs can be established without Slater-type conditions.
In infinite dimensions, a constraint qualification is typically invoked to ensure existence of multipliers.



and

/ hi(a, e(a,de) <0, Vje{l,-- 0}, ac A
ceC

Note here both inequalities must hold strictly.

It is standard to show (see, e.g. Theorem 1 in section 8.3 in Luenberger (1997)°) that
Slater’s condition implies that the solution of problem (3.2) z* € P(A x C) exists, and that
there exist Lagrangian multipliers \;,~j, > 0 (i € {1,--- ,m}, j € {1,--- I}, a € A) such

that =* is the maximizer of L(z;A\*,~*). Generally, it is difficult to verify whether Slater’s

condition holds in (3.2). However, if we relax the constraints in (3.2) to

Z/Ecgi(a,c)x(a,dc) <e Vie{l,---,m}, (3.6)

a€A

and
/ hj(a,c)z(a,dc) <e, Vje{l,---,l},acA, (3.7)
ceC

for some € > 0, then any feasible measure z € P(A x C) for the original lottery system
(3.2) will strictly satisfy these two relaxed constraints. We therefore consider the following

relaxed system.

max a,c)x(a,dc) s.t. (3.6) and (3.7 3.8
o, 2 [ Fofande) s (3.0) and (3 (38)

The Slater’s condition for (3.8) is then satisfied when there is at least one feasible point
for the original lottery system (3.2). We denote z¢ as the optimal solution to (3.8). The
following theorem shows that x¢ will converge to z*, which is the optimal solution to the

original lottery system (3.2).

Theorem 3.1 Assume that there exists at least one feasible point for the original lottery

problem (3.2), hence for any € > 0, the solution to the relazed lottery problem (3.8) ewists,

n *weak converges in the

denoted as x¢. Then we can choose a sequence {€,} — 0, s.t. «
finite Borel measures space on A x C, denoted as M(A x C), to some z* € P(A x C) C

M(A x C) asn — oo, i.e. for any ¢ € C°(A x C), we have

Z/eccp(a,c)xe”(@, dc) — Z

a€A a€A

/ o(a,c)x*(a,dc), asn — oo.
ceC

®We need to verify the existence of the maximizer of the Lagrangian in order to apply the Theorem in
Luenberger (1997). This follows directly from the fact that P(A x C') is compact with respect to the *-weak
topology. The existence of the maximizer can then be deduced by the standard compactness argument.



Furthermore, x* is an optimal solution to (3.2).

Theorem 3.1 ensures that the Lagrange Multiplier Method is a valid numerical approach
to solve the system (3.2). In the remainder of this paper, we will always assume that the
Lagrangian multipliers to system (3.2) exist. It is straightforward to modify our methods to

compute a solution to the e-relaxed problem for cases where this assumption fails.

3.2.2 The Relation between the Lottery Problem and the Deterministic Prob-

lem

In order to understand why (3.5) holds, we first establish that for given A,~ the optimal
solutions to the maximization of L(.; A,v) and L(.; \,7) have the same value in the following

theorem.

Theorem 3.2 Given A > 0, v > 0. Let L and L be defined as in (3.3) and (3.4) respectively.
Then we have

e Lz A7) = max L{a,c)7). (3.9)

Furthermore, if we define Z = argmaxqea cec L(a,c; A, 7), then

" € arg xeg&)ﬁc) L(z; N, 7)

if and only if the measure of Z¢ with respect to x* is zero, i.e.
z*(Z°) = 0. (3.10)

As in mixed strategy Nash equilibrium, an optimal solution only put weights on different

actions that yield the same value of the objective function. But this implies directly that

min max L(xz; A =min max L(a,c;\, ).
Ay zeP(AXC) ( ’ 77) Ay a€A,ceC ( B ,’7)

But since the lottery problem is convex and strong duality holds, this implies that the lottery
problem and the dual problem of the deterministic problem are essentially the same problem.
To formalize this, it is useful to explicitly define what we mean by the solution to the dual

problem.

Definition 3.2 We define the dual problem of the deterministic problem (3.1) as

inf max L(a,c; N\, ), (3.11)

(>\77)6RT XRﬁAI aeA, CEC

10



where L is defined in (3.4). If the infimum is attained at (\*,~v*), then we call (\*,7*) a
solution to the dual problem (3.11).

The following theorem shows that these two problems share the same Lagrangian multipliers

and the same optimal value.

Theorem 3.3 We assume that x* is the solution to system (3.2), and the Lagrangian mul-
tipliers corresponding to x* exist, denoted as (\*,7*) € R™ x RUAI. Then (\*,~*) is the

solution to the dual problem of the deterministic problem, i.e.

max L(a,c; \*,v") = inf max L(a,c; \,7v), (3.12)

a€A,ceC (A 'y)E]RmX]R{ZIA‘ ac€A,ceC

where L is defined in (3.4). Furthermore, the optimal objective value of the dual problem
(3.11) is the same as the optimal objective value of the lottery problem (3.2), i,e

inf max L(a,c; N\, y) = Z f(a,c)z*(a,dc). (3.13)

(A7)eRT xRIAl a€A, c€C wea JeeC

The theorems imply the following corollary that gives general conditions for nondegen-

erate lotteries to be optimal.

Corollary 3.1 The Lagrangian function in P(A x C), L, admits a nondegenerate lottery

mazimizer and no deterministic maximizer if and only if one of the following holds.

1. The Lagrangian function in A x C, L, has at least two different mazximal points at the

optimal \*,~*, and none of these points are feasible.

2. The deterministic saddle point problem does not satisfy strong duality, i.e.

sup inf L(a,c; N, 7y) # inf sup L(a,c; N\, 7).

a€A, ceC (Ay)eRT xR (AmeRT xR aeA, ceC

3.3 The Lagrangian iteration algorithm

We utilize the results above to construct an algorithm for solving the lottery problem. Theo-
rem 3.2 implies that for given (A, ) the Lagrangian optimization problem in the probability
space P(A x C), maxyepaxcy L(z; A, ) can be simplified to the Lagrangian optimization
problem in the pure strategy space A x C' and Theorem 3.3 shows how the optimal \*, ~*

can be obtained from the deterministic problem: We define

V(A7) = max L(a,c;\,7), (3.14)

a€A, ceC

11



and minimize V (-) via sub-gradient descent.

Definition 3.3 (Sub-gradient) We consider a convex function F : R x Rﬁm — R. For

any (A,y) € R x RﬂA|, the sub-gradient of F' at the point (\,7) is defined as

OF(\,7) = {d € R" x RI F(X,7) > F(\,7)+ (N = A7/ =) -d, ¥(N,7) € R x R},

Lemma 3.1 The dual function V defined in (3.14) is a convex function. Furthermore, for

any (A,7v) € R x RﬂAl and for any (ay,cy) that mazimize L(a,c; A, 7), i.e.

(CL)\, C/\) € arg aeri}jaé}éc’ C(CL, G, )\7 7)7

the following is a negative sub-gradient of V' at (\,7).

A)‘z :gi(ahac)\% (RS {17 7m}a
(AN, Ay) =4 Avja = hiar,0), J€{L,+ 0}, a=ay; (3.15)
APY]',CL:O? je{la"'7£}7a7éa)\.

Assuming that the Lagrangian multipliers at the k-th iteration are denoted as \* and ~*,

we first solve the unconstrained optimization problem in A x C'

k k .
(a%,¢) € arg max L{a,c;A,7).

We then update the multipliers using the projected sub-gradient descent method:
M = max{\F + pFgi(a®, ), 0}, Vi e {1,--- ,m};

Vf’;rkl = max{fygl‘ﬁ,ak + /Lkhj(akack>70}7 Vje {17 e 7£};

and
’yj]'izl = ’ij,(p vj € {17 T 76}7 a % ak'

These updates follow the negative subgradient of the dual function, with a projection onto
the nonnegative orthant to enforce the non-negativity of multipliers as required by the KKT
conditions. Intuitively, when a constraint is violated, its associated multiplier increases,
tightening the penalty; when satisfied, the multiplier relaxes.

Finally, we collect all these pure strategies (a”,c¥) during the iterations to construct an

12



approximated lottery solution as

2N = ZN 8(ak ck)- (3.16)
Zk 1 k=1

It seems surprising at first that the empirical frequencies of different actions along the itera-
tions converge to the optimal probabilities. The key to understanding this construction lies

in the proof of Proposition A.1, where it is shown that for every constraint ¢ and iteration n

)\”+1>)\1+Z,ukgza )= A+ <Zu)2/ gi(a,c)x™(a,dc),

a€A

which directly implies that

>\n+1 )\1
Z/ gi(a,c)z"(a,dc) <

acA Zk llu

The updating rule for the Lagrangian multipliers can be regarded as estimating the con-
tribution to the constraints for accumulating (a*, ¢*) as a new point in the support of the

optimal lottery with the weight . We formally present the full algorithm in Algorithm 1.

It is important to note that there are ¢|A| Lagrange multipliers associated with the con-
straints related to unobserved actions, as the system (3.2) requires the incentive constraints
to be satisfied for all a € A. However, in each iteration, we update only ¢ of these multipliers,
specifically those corresponding to the form 7. .

A key part of the algorithm consists of the maximization problem

(a¥, ") e arg Imax L(a,c; A, ~%).
Since it is assumed that the set A is finite, the feasibility of the algorithm is based on solving
max.cc £(a, c; \¥,v¥) for a given action @ € A. This is generally a nonconvex problem, and
in the worst-case scenario, one needs to discretize the set C' and search over all A x C. In
this case, the algorithm’s computational efficiency is comparable to linear programming (see
Appendix B). However, a central claim of this paper is that in typical economic applications

this maximization problem can be solved relatively efficiently.

13



Algorithm 1: Lagrangian Iteration Algorithm
Given )‘zl(l S {17 m}) ’yja(ae‘A .] < {]' }) M M y e ER—H N€N+'
For k=1:N
Step 1. Solve the Lagrangian problem.

(a*,c*) € arg max L(a, c; \*, 7).

acA,ceC

Step 2. Update the Lagrangian multipliers.
M = max{\F + pFg;(a", "), 0}, Vi € {1, m}.
Pyk;}l = max{’yj o pEhy(a" )03, V5 e {1, 0}

s
’y]k’—H _,yj»fl’ \V/.] S {17 ,E},a%ak.

End
Step 3. Construct the lottery solution.

Tr = Zﬂéakck
Zkl k=1

where 8 o) is the d—measure at the point (a*, c").

3.4 Theoretical Properties of the Algorithm

In this section, we establish that, under appropriate conditions on the learning rates ;*, the
lottery solution v generated by Algorithm 1 provides an approximation to the optimal lot-
tery solution, with a precise definition of “approximation” to follow. From our results above
and general convergence results for subgradient algorithms (see, e.g. Nedic and Bertsekas
(2001)), we can expect our algorithm to have the following convergence properties. The
Lagrangian multiplier (\*, v*) during iterations converges to the optimal Lagrange multi-
plier, (A*,+*); the value of the objective function for the constructed lottery converges to
the optimal value of the objective function; and the constructed lotteries 2™ converge to the
optimal lottery. These results will be established formally in this section.

For any ¢ > 0, we first define the e-optimal solution to the system (3.2), to describe a
probability measure on A x C', that approximately satisfies all the constraints, and approx-

imately attains the maximal objective function value with error e.

Definition 3.4 (e-optimal solution) We denote by x* the optimal solution to system (3.2).
We call 7¢ € P(A x C) an e-optimal solution to system (3.2), if it satisfies the relaxed
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constraints (3.6) and (3.7) and if

Z f(a,c)i(a,dc) — Z f(a,c)x*(a,dc) > —e.

acA Vel acA Y e€C

Note that z¢ is different from the solution to the relaxed system (3.8), since we do
not require ¢ to exactly attain the maximal objective function value among all feasible
probability measures for (3.8). However, property 3 in this definition actually implies that
Z¢ can be regarded as an approximate optimal solution to (3.8) and we have the following

analog to Theorem 3.1.

Theorem 3.4 We denote ¢ as an e-optimal solution to the system (3.2). Then we can

choose a sequence {e,} — 0, s.t. T *weak converges in the finite Borel measures space on

A x C, denoted as M(A x C), to some &* € P(Ax C) C M(Ax C), as n — o0, i.e. for
any ¢ € CY(A x C), we have

Z/CGCSD(G )3 (a, dc) —>Z/ o(a, &) (a, dc), as n — oo.

acA a€A

Furthermore, T* is an optimal solution to (3.2).

We now examine the property of the lottery solution ¥ generated by Algorithm 1 and

have the following result.

Theorem 3.5 We assume that the sequence (u*)32, satisfies

St —oo, and Y Y
k=1 k=1

Let x* be the solution to system (3.2), and the corresponding Lagrangian multipliers to x*
exist. Then for any € > 0, there exists N € N, such that when n > N, x™ obtained in

Algorithm 1 is an e—optimal solution to system (3.2).

Theorem 3.5 demonstrates that (under the appropriate assumptions on the learning rates
1), the lottery we constructed by the algorithm is an approximation of the optimal lottery.
The final theoretical result derives a bound on the number of iterations needed to obtain

a given accuracy of the solution. We let A = (X;)icq1,..my and v = (Vj.0)jef1, 0}, aca- We

ZV—}-ZZVN.

j=1 acA

define the function
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Suppose that all the assumptions in Theorem 3.5 hold, then (A*, v*) converges and hence
remains bounded during the iterations in Algorithm 1. Additionally, we assume there exist
two constants M > 0,A > 0 such that |g;(a,c)| < M, |h;(a,c)] < M and [[(A\¥, 7)o +
A(A',4Y) < A throughout the iterations. We use the symbol 2 to denote greater than or
equal to a constant multiple. The following proposition provides a rough estimate of the

number of iterations required to obtain an e-solution.

Proposition 3.1 We take all the assumptions in Theorem 3.5. Additionally, we assume
that there exist two constants M > 0, A > 0 such that ||gillcc < M (i =1, ,m), ||hj]lec <
MG = 1,---.0), and |(\*,7")]lec + AL AY) < A throughout the iterations. We take
pF ~ k=240 for 0 < p < 1. For e > 0, when

M AN\ I-p
. (":A) (m—i—ﬁ)lflp, p<1
nN

(%+7)\/77L+e
e c , p=1,

(3.17)

the ™ obtained from Algorithm 1 is an e-optimal solution.

From Equation (3.17) it appears as if the learning rate parameter p should be set relatively
close to zero. However, by Proposition 2.8 in Nedic and Bertsekas (2001), if we additionally
assume that the dual problem is strongly convex in a neighborhood of the optimal Lagrangian
multipliers, then for any ¢ > 0, we can select a learning rate satisfying u* ~ O(1/k) (i.e.

with p close to 1) such that when

M?*(m + ()

nz R

(3.18)

€

it follows that dist((A",~7"), A*) < e.

In general, it is important to point out that sub-gradient descent is generally much less
efficient than gradient descent applied to convex and smooth problems. In the latter case,
the algorithm can be refined by using line-search or other methods and, in general, the
number of iterations needed to achieve precision € is of the order % or even \/ig (see Shor
(2012)). If the optimal solution is deterministic, our problem becomes smooth (at least in a
neighborhood of the optimal solution) and there are more efficient ways to find the optimal
solution. In this paper, we focus mainly on the more difficult problem, where the optimal

solution involves lotteries.
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4 Computational Performance

4.1 Computational Performance without Additional Structure

It is well established since at least Sahni (1974) that without any further assumptions,
the maximization problem (3.1) to solve for a deterministic solution is not computationally
tractable. Linear programming methods are typically used to solve for a lottery solution
to (3.1), but little is gained in terms of computational efficiency without any additional
structure. To be precise, to use linear programming, we first need to discretize the set C'

into a finite grid C. This transforms (3.2) into a finite-dimensional problem:

max Z Z fla,c)z(a,c),

ZeP(AxC)

a€A ceC
s.t. ZAZgi(a,C)i(a,c) <0 (e{l,---,m}), (4.1)
a€A ccC
> hila,e)i(a,c) <0 (j€{L,-+- ,(}, a € A).
ceC

This formulation constitutes a standard linear programming problem, where Z is a vector of
dimension |A||C|, and the number of inequality constraints is £|A| + m. The deterministic
problem can be approximately solved by exhaustive search over A x C, while using linear
programming to obtain the lottery solution means to solve a linear program with |A||C]
variables — this is generally obviously more computationally intensive than grid-search. In
applications where a very fine discretization of C' is needed to obtain an economically mean-
ingful solution, both methods are not tractable. Furthermore, if C'is a high dimensional set,
and one wants to maintain the same number of grid points along each dimension of C', both
methods’ complexity is obviously exponential in the dimension of C. This is true even if the
complexity of linear programming is polynomial in the number of variables.

For the abstract mathematical problem, our Lagrangian algorithm performs better in
terms of the worst case complexity compared to linear programming. The number of itera-
tions needed to obtain a given accuracy ¢ is bounded in Proposition 3.1 and does not depend
on the number of variables, but increases polynomially in the number of constraints. The
overall complexity of our algorithm can then be obtained by combining the required number
of iterations (Proposition 3.1), and a straightforward estimate of the complexity of the grid
search in Step 1 — see Theorem B.1 and Section B.2 (for comparison to linear programming)
in Online Appendix B for details. However, without further structure, our algorithm does
not perform significantly better in practical computations. For finite C, the grid search in

Step 1 of Algorithm 1 suffers from the same curse of dimensionality as linear programming
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and exhaustive search for a deterministic solution.

One of the key insights of this paper is that typical economic problems contain addi-
tional structure which stems from the standard assumption that the utility- and production-
functions are concave and that helps overcome the curse of dimensionality for the Step 1 of

our algorithm.

4.2 Computational Performance with Additional Structure

Two key structures that arise in many economic problems and can significantly improve the
efficiency of our algorithm are decomposability and partial concavity. Both will be formally
defined later in this section, but we provide some intuition here.

Decomposability allows a high-dimensional consumption set C' to be decomposed into
lower-dimensional components C' = x%_,Cy, with all related functions that are additively
separable across these components. This structure enables us to drastically reduce the scale
of grid search in Step 1 of our algorithm. While linear programming can also exploit decom-
posability to reduce dimensionality, the mechanism is less direct—an illustration is provided
in the moral hazard example of Section 5. Importantly, decomposability does not improve
efficiency if one attempts to apply grid-search to (3.1) to solve for a deterministic solution.

Partially concavity refers to the property that the Lagrangian of problem (3.1) is pseudo-
concave in some dimensions of C'. This permits a first-order approach for those dimensions in
Step 1, avoiding the need for discretization. Unlike grid search or linear programming—which
require full discretization—partial concavity can be leveraged only within our algorithm,
allowing some dimensions to be handled in continuous form.

The applicability of different methods to the two structures can be illustrated by the
following table:

Lagrangian Iteration LP Deterministic Solution

Decomposibility v v X
Partial Concavity v X X

Table 1: Applicability of different methods to the two structures

4.2.1 Decomposability

To further discuss decomposability, we first give the formal definition.
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Definition 4.1 We call an economic decomposable, if there exists Cy,---,Cy, s.t. C =

x4_,Cy, and for any ¢ = (c1,- -+ ,cq), we have
d d

f(a,@:ka(G,Ck gi(a,c) Zgzkack V1l <i<m), Zhjkack Vi<j<d).
k=1 k=1

Decomposability is a common structure in multi-agent models; we illustrate it with specific
examples from principal-agent problems in Section 5 and optimal taxation problems in Sec-
tion 6. If an economic problem is decomposable, then given the Lagrange multipliers A > 0,

v > 0, the Lagrangian function defined in (3.4) can be further simplified as

¢
La,c; N\, y) = Z:/\,gZ (a,c) Zymh](a c

d m d d
= fila,cr) = > N girla,cr) Z%, Zh]kack
k=1 i=1 k=1 Jj=1
d m
= fr(a, cx) Z i9ik(a, ) Z%‘,ahj,k(a,ck)
k=1 i=1 f
d
= Zﬁk(a,ck; A, ).
k=1

In Step 1 of each iteration of our algorithm, we need to solve the problem

) = A 4.2
(a%,¢") = arg max L{a,c;A,7), (4.2)
for given A > 0, v > 0. Without decomposability (or any other simplifying structure), this
would require a grid search of size |A||C| = |A| (szl ]C’k]>, where Cj, is a discretization of
Cy, and C is the corresponding discretization of C' = x%_, Cj.
With decomposability, however, the maximization problem (4.2) simplifies dramatically.

Using the decomposition L(a,c; A, 7y) = ZZ=1 L (a,ck; A\, 7y), we obtain

(@) = arg, s 3 Lulascuih )

acA,ceC

(4.3)
= arg maxz max Ly (a, cg; A, ),

acA c,€Cy,

which requires only a grid search of scale |A] (ZZ:1 |C’k|> — a substantial reduction when

19



d>1.
We do not know any way to take advantage of decomposability in finding deterministic
solution. However, similar complexity reduction can be achieved for linear programming,

though in a less direct manner. We discuss this in detail in Appendix B.2.1.

4.2.2 Partially Concavity

Partially concavity is a stronger structure than decomposability. It allows us to handle Step
1 of our algorithm without discretizing the consumption set C, by instead employing a first-
order approach for certain dimensions. To lay the groundwork for further discussion, we first

provide a formal definition of partially concavity.

Definition 4.2 We call an economic partially concave, if there exists Cy, Cy, s.t. C =
Co x C1, and for any X > 0,7 > 0,a € A, ¢y € Cy, the Lagrangian L(a, (co,c1); \,7y) 1is

6

continuously differentiable and pseudo-concave® in cy.

A sufficient condition for this property is obviously that for all a € A, ¢y € Cy the
objective function f and the constraints —g, —h of the original problem (3.1) are concave in
c1. As we will illustrate in a simple example in Section 5 this is not a necessary condition.
In Online Appendix B.1.1 we give a more general sufficient condition for a partially concave
problem, and derive the worst case complexity of our method for this case. Intuitively, partial
concavity is a natural feature of many economic problems since many economic problems
are likely to be convex in some variables. More specific examples will be discussed in Section
5 and Section 6.

If the economic problem is partially concave, the computational burden can be reduced
by using methods from convex optimization to solve for ¢; in Step 1 of every iteration of our
Lagrangian algorithm. Specifically, for a partially concave problem, Step 1 can be written
as

(a*,c*) = arg max L(a,c;\,7)

a€A, ceC

(4.4)

=arg max = max L(a, (co,c1); A7),

for given A > 0, v > 0. The maximization problem (4.4) thus decomposes into two subprob-

lems:

6Following Mangasarian (1965) we say a differentiable function f: X C R® — R is pseudo-concave if

zye X Dof(z)-(x—y)>0= f(z) > f(y)
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1. For each a € A and ¢y € Cj, solve

ci(a,co) = arg max L(a, (co,c1); A, 7). (4.5)
a1 eCy
2. Solve
* co) = 4 A7) 4.
((l ) CO) arg ae[{‘r’lg)}éco ,C(CL, (COa l (CL, CO)), ) 7) ( 6)

Because L is pseudo-concave in ¢;, abstracting from boundary solutions, the subproblem
(4.5) can be solved by the first-order condition:

Vclﬁ(a, (co, i (a, co)); A, 7) =0. (4.7)

The first-order condition (4.7) is typically analytically solvable or easily solved numerically,
eliminating the need to discretize C; and perform a grid search. This not only improves
efficiency, but also reduces memory usage. Depending on the dimension of ¢! this reduction
can be substantial.

Partial concavity is an analytical property of the continuous economic problem. It cannot
be effectively exploited by linear programming or grid-search methods for finding a determin-
istic solution, as these approaches require discretizing the problem first and thus abandon its
analytical structure. In the remainder of the paper, we then consider economic applications

and illustrate how these two properties play key roles for the tractability of our method.

5 Application to a Textbook Principal-Agent Problem

In this section, we illustrate our method as well as its advantages over the conventional linear
programming approach using a textbook principal agent problem with moral hazard (e.g., in
Salanié (2005, Section 5.2)). The agent can take unobserved actions a € A, which influence
the probability distribution of their output ¢ € @ through conditional probabilities p(q|a).
The action set A and the output set () are finite sets. The total amount of consumption
goods available to the social planner is the sum of the outputs of all agents. An agent has
utility u(e,a) from action a and consumption ¢ € C, where the consumption set C' is a
closed interval. For a given output ¢ and a given consumption contract ¢(q), the principal
has utility v(¢ — ¢(q)). In the deterministic solution, the principal’s goal is to allocate an

action and a consumption contract {a,c(q)} for different states of output to each agent to
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maximize her expected utility:

maXZp gla)o(q — c(q)), (5.1)

subject to the participation constraint and incentive compatibility constraint:
Z (qla)u(c(q), a) = U;
Zp qla) ca) > plglayu(c(q), a), Va € A.

q

(5.2)

Comparing this problem to the general form (3.1), the function f(a,c) is defined as
f(a,c) =3, v(g—c(q))p(gla). The participation constraint function is gi(a,c) = >~ u(c(q), a)p(gla)—
U. The incentive constraint functions are ha(a, c) = > p(gla)u(c(q), a)—3_, p(qla)u(c(q), a), Va €
A.

Lottery Solutions. We now consider the lottery solution for the moral hazard prob-
lem (see, e.g. Arnott and Stiglitz (1988)). Instead of choosing a deterministic action
and outcome-contingent consumption contract {a, c(q)}, the planner chooses a probabilistic
allocation over actions and consumption contracts. Mathematically, the problem is for-
mulated in the space P(A x CI9). An element z € P(A x Cl9¢) can be expressed as

r =xz(a,c) =z(a,c(q), - ,c(qgq))- The objective function (5.1) becomes
;/ e x(a, d@%p(qla)v(q—cw))- (5.3)

The participation constraint in (5.2) is assumed to only hold in expectations,

> / x(a,de) > plgla)ulc(q),a) > U, (5.4)

acA JceCIfl qeQ

and the incentive constraints in (5.2) become

/CECQ #(a, dc) zq:P(QM)U(c(q), a) > /cecm z(a, dc) %:P(QW)U(C(Q),&), V(a,a) € A x A.
(5.5)

The interpretation is that the principal randomizes over actions and compensation sched-
ules, commits to a possibly random compensation schedule to each agent and announces a

recommended action to the agent. The agent undertakes the recommended action if the
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expected payoff is weakly larger than for all other actions, taking the random compensa-
tion schedule as given. The agent commits to participate before he observes the realization
of the lottery over recommended actions. The incentive constraint has to hold for each
recommended action.

We note that the economy is decomposable as in Definition 4.1; hence we can define
m € P(C x Q x A) such that n(dc, q,a) = z(a,dc)p(gla), and then the planner’s objective

function (5.3) can be written as

Z /W(dc, q,a)v(q — c), (5.6)

while the participation constraint (5.4) and the incentive constraint (5.5) become

3 / r(de, ¢, a)uc,a) > U, (5.7)

ga v €

plqla) .
and ;/Cw(dc, q,a)u(c,a) > g/cﬂ(dc,q,a)p(qm)u(c, a), ¥Y(a,a)e Ax A  (5.8)

respectively.
To apply the Lagrangian iteration algorithm, note that the deterministic Lagrangian can

be written as

(a,¢: 0, 7) Zp gla)v(q — ¢(q Z%az la)u(c(q), @) — plgla)u(c(q), a)) (5.9)

acA

MU =Y plala)u(c(q), a)). (5.10)

It is easy to see that the problem is decomposable in outcomes ¢ € ) and that we can

write

La,c; N\, y) = ZE a,c(q); A, 7).

qe@
For the discretized version of the problem with finite C'; decomposability implies that for a
given a, A, one needs to consider |Q||C| possible ¢ instead of |C|/?l points. However, under
mild assumptions on fundamentals, the problem becomes partially convex and one does not
need to discretize the set C' at all. The following lemma provides sufficient conditions for

partially concavity in this setting.

Lemma 5.1 Suppose v(.) is C?, concave and increasing and for each a € A, u(.,a) is C?
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concave and increasing. Also assume that for each a € A, 8“écc’a) = C(a)t/(c) for a decreasing
function @ (.). Then the economy is partially concave, i.e. the Lagrangian L(a,c;\,7) is

continuously differentiable and pseudo-concave in c.

5.1 A numerical example

We adopt the parameterization following Example 1 in Prescott (1998).” The consumption
set is C' = [0, 2], the output set is @ = {0.5,1.5}, and the action set is A = 0.05: Aa : 1.95,
where Aa = 0.025. The agents’ utility function is defined as u(a,c) = v/c + 0.84/2 — a and

the principal is risk neutral. The relationship between output and action is given by:

1—(1—a)2

p(g=15]a)= S

LD ifa>1.

ifa<l,

Clearly, the assumptions in Lemma 5.1 are satisfied, and the problem is partially con-
cave. Therefore, in each Step 1 of our algorithm, the optimal consumption c*(a, ¢, \*,+*) is
determined by the first-order condition (FOC):

: -1 Bla,q,\")
F ) 7Aka k = { max ) Nt (— )
c(a,q %) =min ¢ ¢ (a') A(a.q. )

where

A(a,¢,7%) = plala) = > &, (p(ala) — p(gla)) , Bla, g, \*) = Xp(gla),

acA

when A(a, g¢,7*) > 0; and the optimal consumption is determined by
Ck(au q, )‘ka Vk) = Cmin,

when A(a, ¢,+*) < 0. Thus, we can analytically determine the optimal consumption for each
iteration using the FOC.

To solve this problem with linear programming, Prescott (1998) discretizes the set C' to
C'=0:0.01: 2, and obtains the following solution:

7(a = 0.050) = 0.0924, 7(a = 1.075) = 0.9076

"The formulation of the principal agent problem in Prescott (1998) is slightly non-standard in that he
maximizes the agent’s expected utility subject to the resource constraint. However, it is easy to see that
if we set the outside option U to the maximizing value in Prescott (1998), his problem is mathematically
equivalent to our framework.
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m(c=120]¢=0.5,a=0.05) =1, 7(c=1.19 | ¢ = 1.5,a = 0.05) = 1.
7(c=054]q=05a=1.075) = 0.5311, 7(c = 0.55 | ¢ = 0.5,a = 1.075) = 0.4689.
7(c=140|q=15a=1.075) = 1.

In this solution, the expected utility of the agent is approximately 1.8950. We use our
algorithm with U = 1.8950 and continuous c¢. We choose the initial Lagrangian multipliers

as A = 0.5 and v* = 0. The learning rate is chosen as
1
k
= 0T
<k + |Aa\2)

The total number of iterations, N, is chosen from the relation N o« ¢ ~ as de-

1
Aa’
rived from the condition (3.18) and we take 100/Aa = 4000 iterations. The trajectories of
Neoak cF and V(AF,4*) are shown in Figure 1. The action a* oscillates between 0.050 and
1.075 during iterations. Notably, there exists a relationship between A\* and a*: when A* is
below a certain threshold, indicating that the principal places smaller emphasis on satisfy-
ing the participation constraint, the resulting action a* stabilizes around 1.075. Conversely,
when \¥ exceeds this threshold, reflecting an increased focus on the participation constraint,
a* stabilizes around 0.050. We use the results from rounds 3750 to 4000 to construct a

lottery 7. The resulting lottery is:
4000
"1,
#(a = 0.050) = =m0 Lai=00s0 ;7.
> k—z7s0 M*

This value is close to the solution obtained from linear programming, where 7(a = 0.050) =

0.0924. When a* = 0.050, the consumption contract approximates c*(¢ = 0.5) = c*(q¢ =
1.5) = 1.20; and when a* = 1.075, the consumption contract approximates c¢*(¢ = 0.5) = 0.55
and c*(q¢ = 1.5) = 1.40. These results are highly consistent with those obtained with linear

programming.

5.2 Efficiency and comparison with linear programming

In this textbook example, the Lagrangian iteration method exhibits highly efficient compu-
tational performance not only by exploiting the low dimensionality but also the decompos-

ability and partial concavity of the problem.® In our small numerical example, our method

8As Prescott (1998) and Su and Judd (2007) point out, the decomposability in ¢(g) also simplifies the
linear programming approach and the number of variables can be taken to be roughly |Q||C||A| (instead
of |C|I9lA| in the general problem). However, the linear programming approach cannot exploit partial
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Results from Lagrangian lterations
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Figure 1: Relation between Lagrangian multipliers A\¥, optimal actions a*, optimal consump-
tions ¥, value of the dual function V(A¥,v*) and Iteration Rounds when Aa = 0.025

takes only 0.05 seconds to run 4000 Lagrangian iterations to obtain the approximate lottery
solution, while the linear programming method takes 1.69 seconds’ using the optimization
toolbox in MATLAB. As shown in the last sub-figure of Figure 1, the dual function V (\*, 4*)
(defined in (3.14)) rapidly converges to the minimum V' (A\*,v*) &~ 0 within the first few hun-
dreds of iterations. The subsequent iterations serve primarily to build lotteries and do not
require large learning rates. A careful design of learning rates can therefore improve compu-
tational efficiency in practical applications.

It is clear that a finer discretization of C' would dramatically increase the running time of

concavity and the size of the problem still grows dramatically in |C|, |@Q| and |A|.
9This CPU time accounts solely for the LP solver runtime, excluding the matrix construction time.
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linear programming, but this does not affect our method since we do not need to discretize
C'. Slightly more surprising is the fact that using a larger set of possible actions slows down
the linear programming approach dramatically while having only modest effects on the run-
time of our algorithm. To demonstrate this, we vary Aa and perform 100/Aa iterations for
each specification. The computational time for each choice of Aa is presented in Table 2.
In addition, the table provides the sizes of the corresponding linear programming problems,

highlighting the direct implications on memory requirements.

Aa Iterations CPU time Size of LP
#Vars #Equality Cons #Inequality Cons
0.2 500 0.006 4020 21 91
0.1 1000 0.01 8040 41 381
0.05 2000 0.02 15678 79 1483
0.025 4000 0.05 30954 155 5853
0.0125 8000 0.16 61506 307 23257
0.00625 16000 0.98 122610 611 92721

Table 2: Computational Performance for Different Aa. “# Vars” refers to the number of
variables in the LP method, “# Equality Cons” refers to the number of equality constraints,
and “# Inequality Cons” refers to the number of inequality constraints, excluding the non-
negativity constraints.

Although the linear programming solver can also handle the problem with Aa = 0.0125
within 12.93 seconds, it cannot solve the finer grid case of Aa = 0.00625 on a regular laptop
due to exceeding memory limits. In contrast, our Lagrangian iteration method remains
computationally efficient and requires significantly less memory. Furthermore, Figure 2
below illustrates the trajectories of A\¥, a*, ¢* and V/(\* 4*) for Aa = 0.00625. In this case,
a’ oscillates between 1.0625 and 0.05, which differs from the case when Aa = 0.025, where
a* oscillates between 1.075 and 0.05. The discretization of the action set has a significant

effect on the optimal solution.

6 Mirrleesian optimal taxation with multidimensional

types

Following Mirrlees (1971), there is now a large literature on optimal income taxation. An
important question is how the classical results change if one considers economies where
taxpayers differ across several dimensions (see, e.g. Judd et al. (2017), Bergstrom and Dodds
(2021)). Solving these models is computationally challenging since there is no justification

for the so-called first order approach in the multidimensional case (see Judd et al. (2017)
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Results from Lagrangian lterations
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Figure 2: Relation between Lagrangian multipliers

and Boerma et al. (2022)). We show that our Lagrangian approach often makes the multi-
dimensional problem tractable. Following Weiss (1976), Brito et al. (1995) or Hellwig (2007),
we deviate from the classical setting in Saez (2001) and examine optimal taxation in an
economy with a continuum of identical agents within each type where the planner can offer
random tax-schedules that an agent must commit to prior to observing the randomized
outcome and deciding how much labor to supply.

There are finitely many types of agents § € O, a finite set, and a continuum of identical
agents within each type. A type is characterized by a preference parameter, n and a pro-
ductivity parameters w. Each agent of type 6 = (1, w) has preferences over consumption (c)
and effort (a), which we represent by a continuous utility function @,(c, a). Each agent has
type-specific productivity w and, given effort a, an agent of type 0 = (n,w) receives a wage
w and has income y = wa. While income is observable, the agent’s effort and preferences

are not. We assume that each a € [0, ayay] - unlike above we want to think of a to be a
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continuous variable. It is useful to write the indirect utility function over consumption and

income as

up(c,y) = ug(c, w%,)) (6.1)

A deterministic allocation is therefore (g, yg)osco € C X Y, where C' C RI®l is compact and
Y = Xpeol0, Woamax] C RI® is a |©|-dimensional box.

The planner chooses a lottery over (cy, ¥p)geo to solve

max ug(co, x(de, dy), 6.2
N (Z euge)) (de, dy) (6.2

S.t./ (ua(co, yg) — ug(cor,yer)))x(de, dy) > 0 for all 6,6 € ©. (6.3)
(cy)eCxY
co— Y Yo | x(de,dy) <0. (6.4)
oo (B0

The assumption of expected utility implies that the IC-constraint (6.3) only has to hold
in expectations. Since we assume a continuum of agents within each type the resource
constraints for consumption and for labor-supply only have to hold in expectations and
they are combined into a single constraint (6.4). This problem is equivalent to the optimal
taxation problem where the planner chooses a possibly stochastic income tax schedule Ty(y)
for each type 6. After each agent reports her type é, the planner uses a public randomization
device to observe signal s which then implies a tax schedule T' s,é<-) for reported type 6. For
simplicity and without loss of generality, we think of the tax schedule as being characterized
by an income level §(s,0) and being of the form Ta(y) =y ify #y(s, 0) and Ty(y) =T, if
y = 7y(s, é) (see, e.g., Brito et al. (1995) or Hellwig (2007)). This ensures that by reporting
type 0 an agent commits to earning an income y(s, é) and obtaining consumption c(s, 9) =
(s, 0) — Tsyé whenever the public signal is s

It is easy to verify that this problem fits directly into our general setup. Moreover, our
algorithm can be applied even when the number of agents becomes large. The reason for
this is that the problem is decomposable as described in Section 4 and the Lagrangian to

the deterministic problem can be written as

Lc,y, A7) = Zue(ceayo Z oo (ug(co, yo) — uo(cor, yor)) — Zce - Zye

0cO 0,0’cO 0cO 0cO
= E £0<697y97)\7’7>7
0cO
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where A = (Ag ¢ )g0rco and

Lo(co,yo \7) =1+ D Xog)ualco, o) — > Moot (co, yo) — V(co — yp)-
0'€6,0'4£0 0'c6,0'£0

In Step 1 of Algorithm 1, one therefore has to solve |©| maximization problems in two
variables. The computational costs in Step 1 increase linearly in the number of types. The
number of constraints increases polynomially, and therefore Proposition 3.1 implies that the
number of iterations needed increases polynomially.

Note that the fact that the problem is decomposable can also be exploited when using
linear programming to solve the problem. The probability that one needs to assign to (¢, y)
can be decomposed into independent probabilities for each (cg,yp). Suppose that for each 6,
the set of feasible (cy,yg) is discretized into M points. Instead of solving a linear program
with M1®! variables that would become very quickly infeasible, one can solve a linear program
with M|©] variables that remains feasible for moderate M. In contrast, a simple exhaustive
search for the optimal deterministic solution is clearly infeasible, since one needs to search

in M®l dimensional space.

6.1 Lottery solution in a calibrated example

To investigate optimal lotteries in this setting, we follow Judd et al. (2017)!° and assume

that for each type 6 = (n,w) € O, the utility function is given by

1
F+1

—~
€ k=
~

Unw) (¢, y) = log(c) — (6.5)

+1

3=

To understand how lotteries can improve upon this deterministic solution for this specific
utility function, it is useful to consider a relaxed problem with partial incentive constraints

as follows:
/ (uo(co, yo) — to(car, yor)) (de, dy) > 0 for all 6,6 with np > nyr. (6.6
(c,y)eCXY

This constraint ensures that agents with lower Frisch elasticities will never pretend to be
those with higher elasticities. If any.y is sufficiently large, the planner can always circumvent

all other IC-constraints with lotteries. With very low probability, a given type is required to

10To the best of our knowledge, this is the only paper that solved the deterministic Mirrleesian problem
for multi-dimensional types without additional simplifying assumptions. We use their deterministic optimal
solutions to show the possible welfare gains from lotteries.
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earn a large income. A type with the same productivity but lower n will never want to imitate
the higher 7 type because the higher curvature in his utility over labor implies much higher
disutility from the lottery. Without an upper bound on labor supply, the optimal value for
the planner problem (6.2) subject to (6.4) and (6.6) can approximate arbitrarily well that of

the original problem if we allow for lotteries. The following proposition formalizes this.

Proposition 6.1 The mazimum objective value for the planner problem (6.2) subject to
(6.4) and (6.3), and the maximum objective value for the planner problem (6.2) subject to
(6.4) and (6.6) have the same limit as Gmax —> 0.

Following Section 5.1 in Judd et al. (2017), we choose five values of wy € {1,2,3,4,5}
and five values of 1y € {%, %, %, %, 1}, resulting in 25 distinct types indexed by (wg,n) and
600 incentive compatibility constraints. It is useful to first consider the “first best ”solution
where the planner faces no incentive constraints. In this case, consumption is constant across
all types and income increases with productivity w. For effort-levels above one, it is optimal
for the planner to require less effort for lower 7-types while for effort-levels below one, the
planner requires more effort for lower 7 types. Columns 2 and 3 of Table 3 show the optimal
deterministic solution compared to the first best solution. It is interesting to note that in the
deterministic solution there is a large variation in consumption and a lot of “bunching” where
different types receive the same allocation.

To understand how lotteries can improve upon this deterministic solution, it is useful to

note the following.

Proposition 6.2 There exists a such that for all anm.x > a the optimal lottery solution
requires lotteries for all agents (w,n) with n # %. In these solutions, lotteries always require

these agents to earn income amaxw with some positive probability my.

The fourth column of Table 3 shows the optimal allocation in the limit. Compared to the
deterministic solution, we observe that there is no bunching and that consumption across
types is notably smoother. For types with productivity w € {1,2,3} the average required
income is quite similar to the first best solution. In that solution, lower 1 types have to work
more, and lotteries can be used to prevent them from imitating higher n types. For high
productivity types, this is no longer the case; income is decreasing in 7 for w = 4 and almost
constant for w = 5 while in the first-best it is now increasing in n*!. The high 1 high w types
have an incentive to mimic the high 7 low w types that have lower income (hence lower a).
Although lotteries discourage low 7 types from doing so, the high 7 types’ IC constraint can

only be satisfied if they are not required to earn too high an income.

1 This is due to the fact, that high productivity agents work more than one unit and the objective function
is maximized if high 5 (low curvurture) agents work more. For a < 1 it is the other way around.
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Type Deterministic solution First Best Omax = 00 Omax = 1.2 Amax = 0.8
(w,n) (¢,y) (c,y) (c, Ey) (c, Ey) (c, Ey)
1,1 1.68, 0.42 3.17,0.32  1.93, 0.38 (L) 1.70, 0.43 1.52, 0.52
1, % 1.77, 0.62 3.17,0.56  2.00, 0.63 (L) 1.79, 0.62 1.62, 0.69
1, % 1.79, 0.65 3.17,0.68 2.03, 0.72 (L) 1.80, 0.65 1.63, 0.71 (L)
1, % 1.83, 0.77 3.17,0.79 2.04, 0.82 (L) 1.84, 0.77 1.66, 0.80
1, é 1.86, 0.86 3.17, 0.87 2.05, 0.88 1.88, 0.86 1.66, 0.80
2,1 1.86, 0.86 3.17,1.26  2.21, 1.10 (L) 1.88, 0.86 1.78, 1.08
2, % 2.03, 1.39 3.17,1.59 2.28,1.48 (L) 2.05, 1.39 (L) 2.00, 1.60
2, % 2.07, 1.50 3.17,1.72  2.29, 1.67 (L) 2.08, 1.49 2.00, 1.60
2,1 2.16, 1.74 3.17,1.82  2.30, 1.87 (L) 2.18, 1.75 2.00, 1.60
2, z 2.2, 1.83 3.17, 1.89 2.30, 1.92 2.22,1.84 2.00, 1.60
3,1 2.2, 1.83 3.17,2.84 2.77,2.29 (L) 2.46, 2.50 (L) 2.39, 2.40
3, % 2.47, 2.49 3.17,2.92 2.74,2.62 (L) 2.61, 2.66 (L) 2.39, 2.40
3,1 2.47, 2.49 3.17,2.95 2.68, 2.77 (L) 2.62,2.69 (L) 2.39, 2.40
3, % 2.55, 2.68 3.17,2.97 2.61, 2.91 (L) 2.69, 2.85 2.39, 2.40
3, % 2.62, 2.85 3.17, 2.98 2.56, 2.99 2.71, 2.88 2.39, 2.40
4,1 3.36, 4.00 3.17,5.06 3.62,3.72 (L) 3.18, 3.52 (L) 2.75, 3.20
4, % 3.36, 4.00 3.17,4.5  3.42,3.92 (L) 3.36, 4.02 (L) 2.75, 3.20
4, % 3.36, 4.00 3.17,4.32  3.26, 4.01 (L) 3.36, 4.03 2.75, 3.20
4, % 3.36, 4.00 3.17,4.19 3.06, 4.06 (L) 3.36, 4.03 2.75, 3.20
4, é 3.36, 4.00 3.17, 4.12 2.91, 4.09 3.36, 4.03 2.75, 3.20
5,1 4.87, 5.87 317,79 4.76, 5.25 (L) 4.81, 5.85 2.91, 2.52 (L)
5, % 4.49, 5.57 3.17,6.28 4.38, 5.34 (L) 4.47, 5.57 3.03, 4.00
5, % 4.34, 5.44 3.17, 5.82  4.08, 5.35 (L) 4.32, 5.44 3.03, 4.00
5, i 4.11, 5.25 3.17,5.48 3.71, 5.31 (L) 4.10, 5.25 3.03, 4.00
5, z 4.00, 5.14 3.17, 5.29 3.39, 5.25 3.98, 5.14 3.03, 4.00

Table 3: Optimal deterministic solution versus first best versus optimal lottery solutions for
different values of ayay. (L) indicate lotteries. Deterministic solutions are from Judd et al.

(2017).
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With smaller values of @, things become much more complicated, and statements
can only be made for specific examples. We use our algorithm to compute the optimal
solutions for a,., = 1.2. Since we assume that utility for consumption is identical across
all agents, each Lagrangian Ly(., yg, A,y) is pseudo-concave in consumption, and this can be
determined via the first order conditions. Step 1 of the Algorithm 1 therefore reduces to
|©| one-dimensional grid searches, and the example can be solved in about 3 minutes using
2 x 10° Lagrangian iterations'?.

As a simple check, we also compute (the almost trivial) solution for the very tight con-
straint ap., = 0.8. With the additional constraint a < 1.2 the optimal first-best solution
would also change and with the constraint a < 0.8 both the first-best and the (second-best)
deterministic solution change. Here, we want to focus on comparing the lottery solutions for
the three cases. The last two columns in Table 3 show that there is no clear pattern on who
receives lotteries and who does not. For ay.. = 1.2 no type with w = 1,5 faces a lottery.
For w = 3 we still observe three lotteries relaxing the IC constraints across different 7. For
w = 4, similar to the deterministic solution we obtain bunching. Many lotteries “disappear”
as amax decreases. For apmax = 0.8 the upper bound is almost always binding in which case
lotteries obviously become irrelevant. Interestingly, two types who did not face lotteries in
the amax = 1.2 case now face lotteries. Agent (5,1) needs to be offered to work less in order
not to imitate lower w types. This can only be achieved efficiently if he does so randomly,
deterring all agents with w = 5 and 7 < 1 to imitate him. For the a,,.. = 1.2 case this
problem did not occur because the planner wanted him to work more (since effort was above
one!) and compensated him with more consumption. Agent (1,1/3) faces a lottery that
prevents him from being bundled with agents (1,1/5) and (1,1/8).

6.2 Welfare gain from randomization

We now examine under which conditions the use of lotteries can lead to significant welfare
gains. In order to make welfare comparisons economically meaningful, we denote welfare
differences in terms of the Hicksian “compensating variation in resources” relative to the

full-information (first-best) problem. Formally, let A" (m) denote the highest level of social

12We take the optimal deterministic allocations from Judd et al. (2017) as a benchmark and compare
them to our optimal lottery solutions, choosing the initial Lagrangian multipliers as v' = 0.5 and A! = 0.
The learning rate is chosen as

1<k <10

1
uk _ J (k+1000)0-:6 >
108 < k <2 x 106,

1
(k+1000)0°8 >

and we use the last 10° iteration rounds to construct the lottery solution.
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welfare that can be achieved in the full information setup when the economy has m fewer

units of total resources, defined by:

AY(m) = max / ug(cy, x(dc, dy), 6.7
- [ (Z auy@)) (de. dy) (6.7

s.t. / (Z co — Zyg) x(de, dy) < —m. (6.8)
(c,y)ECXY P P

The function A" (m) is monotonic and decreases in m. Let u’ denote the optimal welfare
of the lottery problem, and let «” denote the optimal welfare of the deterministic problem.
For each of i € {L, D}, define m’ as the loss of resources in the full information problem
that produces the same welfare level as u’; that is, A" (m?) = u’. We then report welfare
losses, WL, i = L, D, as the relative compensating variation in resources.

In our example, the deterministic mechanism yields a welfare loss of 7.16% relative to
the first best full-information benchmark. As can be expected, potential welfare gains from
lotteries depend crucially on a,.y. For an.e = 1.2, allowing for lotteries reduces this loss to
6.91%"'3, implying a relative welfare gain of approximately 3.49%. In the limit ., — oo,
the welfare losses from asymmetric information shrink to 5.21% under the optimal lottery
mechanism. This implies that 27.23% of the welfare loss from asymmetric information can

be eliminated through lotteries and that the welfare gains from lotteries can be very large.

7 Conclusion

In this paper, we develop a new method to compute lottery solutions in non-convex economies.
Using a Lagrangian framework and iteratively decoupling optimization and complementary
slackness conditions, our method provides a computationally efficient and memory-scalable
approach to high-dimensional problems.

Our method has broad potential applications, since non-convexities are pervasive through-
out economic theory. For example, Shen et al. (2025) extends our approach to recursive
contract and proposes a general method for dynamic problems that directly addresses the

long-standing critique that recursive contracts can mishandle non-convexities.

13We use the smallest dual value observed during the iterations for this estimation. The lottery constructed
above yields a slightly lower loss of 6.88%, as some incentive constraints are slightly violated, with a maximum
error of 7.6 x 104
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Appendices

A  Proofs
A.1 Proof of Lemma 3.1
Given (A7) € RT x Rﬂw. For any (X,7') € RT x Rﬂw, we have

V(N,7)= max L(a,c; N,

acA, ceC

¢
= max f(a,c) g Aigi(a,c) E " hia,c
a€cA, CGCf Zgz - Vi ]( ’ )
flax, cx) § Aigi(ax, ) E %a i(ax, c)

f(ax, e) Z Aigi(ax, c) Z%’,ahj(am ax) + N = A9 =7) - (=(AX AY))
j=1

= V(/\afy) + (>‘ - >‘a’7 - 7) ' (_(A)‘a A’Y)) :
(A1)

For any (A},71), (A5, 73) € RT x RﬂAl and 0 < u < 1, such that

(A.1) implies that

pV (A7) + (1= )V (A5, 7)
> (VA7) + (A7) — (A7) - (=(AX AY)))

+ (1 =) (VA7) + (A7) = (A7) - (—(AX, AY)))
=V (A7),

implying that V' is convex. Furthermore, by the definition of a sub-gradient we know from

(A.1) that (AX, Ay) is a negative sub-gradient of V" at (\, 7).

A.2 Proof of Theorem 3.1

For any € > 0, we know that z¢ € P(A x C) C M(A x C), and hence

Z/ |xadc|—2/ “(a,dc) =1,

a€cA a€A
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which is uniformly bounded with respective to €. According to Alaoglu’s theorem, we can
choose a sequence {¢,} — 0, such that z» *-weak converges to some z* € M(A x C), i.e

for any ¢(a,c) € C°(A x C), we have
Z v(a,c)z™(a,dc) — Z/ (a,dc). (A.2)
acA Y acA

Next, we prove that z* is the optimal solution to system (3.2).
We take p; =1 in (A.2), and obtain

Z/ x*(a,dc) =1,
acA ceC

implying that z* € P(A x C).
We take @9 = g; for some i € {1,--- ,m} in (A.2), and obtain

> / » gi(a,c)x*(a, de)

a€A

= lim Z/ gi(a, c)x™(a,dc)
ceC

< lim ¢, = 0.

en—0

Similarly, for j € {1,--- ,¢},d’ € A, we take

hi(d,c), a=d;
p(a,c) = ,
0, otherwise.

we can prove that
/ hi(d',c)x*(d’, de) < 0.
ceC

Therefore x* satisfy all the constraints in (3.2) and is a feasible probability measure to (3.2).
To show that z* is an optimal solution to system (3.2), it then suffices to show that for

any x € P(A x (), which is a feasible measure to (3.2), we have

Z fla,c)x adc>z f(a,c)z(a,dc). (A.3)

acA ceC acA ceC

We prove (A.3) by contradiction. If (A.3) does not hold, then we can find z € P(A x C),
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such that 7 satisfy all the constraints in (3.2) and

Z f(a,c)z*(a,dc) Z f(a,c)z(a,dc). (A.4)

acA Vel acA v e€C

By the continuity of f and the *-weak convergence of z», we know that

Z/ f(a,c)z*(a,dc) = lim f(a,c)z(a,dc),
ceC

aGA En_>0 ceC

and hence we can find €,, > 0, such that

fla,c)x(a,dec) < Z f(a,c)z(a,dc)
acA el acA Y c€C
according to (A.4). However, we know that ¥ is a feasible probability measure for (3.2) and
hence a feasible probability measure for (3.8) with € = ¢,. This contradicts the fact that z

is the optimal solution to (3.8) with € = ¢,. Therefore, we finish the proof.

A.3 Proof of Theorem 3.2

We first prove (3.9). By direct computation, we have

L(z; A, 7)

:Z f(a,c)x(a,dc) — Z/\zz gi(a, c)x(a, dc) — ZZVJ, / (a, c)z(a, dc)

acA Y c€C acA v CE j=1 acA

= Z / ( C) — Z /\,-gi(a, C) - Z ’Yj,ahj (a’a C)) ZL’(CL, dC)

acA
::Z/ L(a,c; N\, v)x(a,dc)
acA ceC

<
LEEA AT

(A.5)

Hence

L(z; \,7y) < L A
P A S B A )

On the other hand, if (a*, ¢*) € arg max,ea ccc L(a, c; A, y), then

L(é(a*,c*);)‘a’Y) aeHA}%}e{cﬁ(a G /\77)
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implying that

L(xz; A,7y) > L(a,c;\,7).
(e HENT 2 Bt 66 0)

Hence we can conclude that (3.9) holds.
Now we prove (3.10). According to (A.5), we know that

L(z™ A, y) = Z/ L(a,c; A, v)z"(a, de),

acA v c€C
and hence
0= LAy = max  Lid7)
= L(a5 A7) — max L{a,c)7)
— QGZA - L(a,c; A, v)x*(a,dc) — aemA%CL(% A7)
> / (Eleeiy) = max Lla.ci) ) a.do).

Therefore, x* € arg maxzep(axcy L(x; A, v) if and only if L(a, ¢; A, 7) = maxaeacec L(a, c; A, 7)

a.s. with respect to probability =*, which is equivalent to (a,c) € Z a.s. with respect to x*.

A.4 Proof of Theorem 3.3

We note that the equality (3.9) in Theorem 3.2 holds for any (), ) € R} x RﬂAl. Therefore,
(3.9) in Theorem 3.2 further yields that

inf max L(z;\,7y) = inf max_L(a,c; A, 7), (A.6)
()\,’Y)ERTXRﬂAl $E’P(A><C) ()\,'Y)ERiLXRﬂAl ac€A,ceC

where L is defined in (3.3). According to (3.9) and (A.6), L(a,c;\,7) in (3.12) and (3.13)
can be replaced to L(x; \,7v), i.e. to prove Theorem 3.3 it suffices to show that

L(x; N\, v") = inf L(z; N\, ), A7
Ieg%i)ic) <:C " ) (A,V)G%%XRQA‘ :L‘E;DIE%);C) (z fy) ( )
and
inf max L(z;\,7y) = fla,c)z*(a,dc). (A.8)
(A7)€RT R4 2€P(AXC) QEZ; ceC

We first prove (A.8). Since z* satisfies all the constraints in (3.2), for any A > 0, v > 0,
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we know that

m

Z)\ Z/ gi(a,c)z*(a,dc) —I—ZZ%G/ i(a,c)z*(a,de) <0,

a€A j=1 a€A

and hence
L(z"; X, 7)

:Z f(a,c)x*(a,dc) —Z)\ Z/ gi(a,c)z*(a,dc) — ZZ%CL/ (a,c)z*(a,dc)

acA Y c€C ac€A j=1 acA

> Z f(a,c)x*(a,dc).
acA /€l

(A.9)
Since (A, v) is arbitrary chosen in R™ x R4l the inequality (A.9) yields

inf L(z*; M\, 7y) > Z f(a,c)z*(a,dc),
(A)eRrrp xRY 1 Jeec

and further

max inf L(z; A7) > inf (%N, y) > f(a,c)x*(a,dc).
2€P(AXC) () 5)eRm xR (A )GRWXRMAI anA ceC

(A.10)
Due to the general inf-sup inequality, (A.10) implies that

inf max  L(z; A\, 7)
O\, ’Y)ERmXRelA‘ z€P(AXC)

(Inf-sup Inequality) > xeg%i};C) N y)e]g}”foelA‘ L(z; M\, ) (A.11)

(A.10) > Z f(a,c)x*(a,dc).

acA ceC

On the other hand, since (\*,7*) is the Lagrangian multipliers corresponding to z*, we have

AT * A.12
L™\ ") = xeg%i}io)L@A”) (A.12)
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implying that

inf max L(z; A7)
()\ ’Y)ERmXRelA‘ lGP(AXC)

< max L(xz; N\, v") (A.13)
z€P(AxC)

=L(z"; A", 7").

Due to the complementary conditions satisfied by the Lagrangian multipliers, we have

L(z* A", 7)
_Z f(a,c)x*(a,dc) — Z/\*Z/ gi(a,c)z*(a,dc) — ZZ%CL/ h;(a,c)x*(a, dc)
acA v c€C acA j=1 acA
:Z f(a,c)x*(a,dc).
acA ceC
(A.14)
We combine (A.13) and (A.14) to obtain
inf max L(xz; A\, 7) < Z f(a,c)z*(a,dc). (A.15)

(A, V)GRmellA\ z€P(AXC) ey ceC

The equality (A.8) is then deduced from (A.11) and (A.15). Furthermore, the equality (A.7)
can be implied directly from (A.8), (A.12), and (A.14). We can then combine (A.7) and
(A.8) to finish the proof.

A.5 Proof of Theorem 3.4

Following the same steps in the proof for Theorem 3.1, we can choose a sequence {€,}> ; — 0,
such that z°» *-weak converges to some * € M(A x ('), and * satisfy all the constraints
in the lottery system (3.2). We suppose that =* is an optimal solution to (3.2), it suffices to
show that

Z f(a,c)z*(a,dc) Z f(a,c)z*(a,dc). (A.16)

aca /€l acA Y el

Indeed, by property 3 in the definition of an e—optimal solution, we know that

Z f(a,c)z™(a,dc) > Z f(a,c)x*(a,dc) — €. (A.17)

acA Jc€C acA Y c€C

The inequality (A.16) can then be directly obtained by taking limits on both sides of (A.17)
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A.6 Proof of Theorem 3.5

The Theorem follows from the following two propositions

Proposition A.1 We assume that the sequence (u*)32, satisfies

>
k=1

We assume that (\¥,v*) converges to some (X\*,~*) when k — oo and z* is the solution to
system (3.2). Then for any € > 0, there exists N € N, such that when n > N, z" is an

e-optimal solution to system (3.2).

Proof We first prove that property 1 of definition 3.4 holds, i.e.
Z/ gi(a,c)x(a,dec) <e, forie{l,---,m}.
acA ceC

For i € {1,...,m}, we have

n

Z /eC’ gi(a’v C) (CL dC) Zk 11 Z ,U/kgi(aka Ck)'

a€A

by the definition of =™ that

By the updating rule for \;, written
MY — max{\F + P gi(a®, F), 0} > AP 4 pFgi(a®, ¥, k=1,--- n,

we know that . .
SONTE NN+ pFgi(ab, M)
k=1 k=1

which can be simplified as

AL > Al —|—Z,ukgl a®, ") = Al (Z k) gZ a,c)x™(a, dc).
acA Ve

k=1 k=1

Hence
n+1 )\1

Z/cecgi(a,c)x (a,dc) < Zk i (A.18)

acA
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Property 1 is then implied by the fact that A?™' — A* (which leads to the fact that the
numerator A" — Al is bounded) and >7,_, p¥ — 0.

We then prove that property 2 of definition 3.4 holds. The spirit of the proof is the same
as that for property 1. For j € {1,--- ,l},a € A, we have

1
hi(a,c)z"(a,dc) = =—— wrhia, ),
o) = ot 0 e )

=11 {k:ak=a}
by the definition of 2. By the updating rule of v; ., we have
B zadat e =ohot (S [ oo
{k:ak=a}

Hence " .
n
fyj a 7]' a

/cec hj(a,c)z"(a,dc) < ST uk’ : (A.19)

Property 2 holds by the fact that v}, — ~;, and >, u* — oo.
Now we prove property 3 of definition 3.4 holds, i.e.

Z f(a,c)x™(a,dc) > Z fla,c)x*(a,dc) — e, (A.20)

acA ceC acA ceC

where z* is the optimal solution of (3.2). The proof for property 3 can be divided into two
steps.
Step 1. We define the sets

A ={ie{1,2..,m}, A >0}, Al :={(j,a) € {1,--- .1} x A,~}, > 0}.
Af = {ie {1,2.,m} A\ =0}, Ay == {(j,a) € {1,-- 1} x A, 7}, = 0}.

In this step, we prove that when i € AY, we have

Z /ec gi(a,c)z"(a,dc) — 0, (A.21)

acA

and when (j,a) € A?, we have

/ hj(a,c)z"(a,dc) — 0. (A.22)
ceC
Before we prove (A.21) and (A.22), we first interpret these two formulas. Since we have
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already proven the property 1 and property 2 of definition 3.4 hold, we now have

Z/ gi(a,c)x™(a,dc) <e, Vie{l,--- ,m},
ceC

acA

and

/ hi(a,c)z"(a,dc) <€, VY(j,a)e{l,--- {} xA.
ceC

These two formulas (A.21) and (A.22) further state that the complementary conditions

A*Z/ gi(a,c)z"(a,dc) =0, Vie{l,---,m},

acA

and

’Y;a/ C’h’j(a’ c)$"(a,dc) = 07 \V/(],CL) € {17 e 76} X A7
ce

are approximately satisfied when n is sufficiently large, which in a way implies that when
i € A{ or (j,a) € A", the corresponding constraints are active.

Now we prove (A.21). For every i € A, according to the fact that A — A¥ > 0, we know
that there exists IV; € Ny, such that when n > N;, we have A\ > 0. Then by the updating

rule of \?, when n > N; we have
0 < M = max{\F + ¥ g;(a*, ¥), 0},

and thus
AP = A" iR gi(a®, cF),  Vn > N
Therefore

n

N; 1 N-ZNik Ni+k  Ni+k

k=1
Ni+n N;
=N ) phglah ) =Y pfgldt, )
k=1 k=1
Ni+n N;
=AMt (Z ,uk> Z/ gi(a, )zt (a, dc) — (Z ,uk> Z/ gi(a,c)z™Ni(a,dc), ¥n > 0.
k=1 acA 7 c€C k=1 acA 7 c€C
Hence
Ni+n+1
Z/ gi(a,c)zN " (a, dc) = A N Z]/\;fnﬂ Z/ gi(a,c)x™(a,dc). (A.23)
acA Y c€C k=1 M acA JcE
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Since X — Af (hence AN — ANi is bounded) and Zlk\fslrn p* — oo, the right hand side
of (A.23) converges to 0 as n — oo, and we have finished the claim (A.21). The proof for
(A.22) is the same as the one for (A.21) so we omit the details here.

Step 2.  We then utilize these claims (A.21) and (A.22) to prove (A.20). By the

definition of =", we have

f(a,c)x"(a,dc) Zk o k;,u fa®, c* (A.24)

acA ceC

By the fact that

(akc)eargaergi}ec fla,c) — Z)\gzac ZZ%G (a,c),

j=1 acA
we have ,
—Z)\fgi(@k Z%ﬁh
o = (A.25)
—Z)\fgi(ac Z%a ), foralla € A,ce C.

The key of the proof is to utilize the inequality (A.25) for each 1 < k < n and give a lower
bound for the right hand side of (A.24). To be precise, for any a € A, ¢ € C, we have

Zk 1Mk Z,u H @yt
m l
S ZM (f ()= Ngiah, F) =Y AF ey, )
i=1 j=1

k=1 M
l
+Z)‘fgl(akack) + ZV]]?,akhj(akack)> <A26)
m V4
—Z kz:u (f )_Z)‘fgi(avc)_zfﬁ,ahj(ac
k=1H i—1 j=1
¢
+ Z Negi(a¥, c®) + Z f}/]]-i;akh/j(ak, ck)>
i=1 j=1

We utilize the relations \f = (A} — A7)+ A and 7%, = (7§, —77,) +7}, to simplify the terms
ST AR gi(aF, c*) and ijl ’ymkhj(ak,ck) in the brackets on the right hand side of (A.26),
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and have
Zk 1r“k ZM ft al
m 4
_Z - Zu (f ) =Y Mgila,c) = > AF.hjla,c
k=1 H i=1 Jj=1
¢
- Z N gi(a®, cF) + Z 7;7akhj(ak, )
¢
+Z >‘k gz CL C Z '7] ak 'YJ a,’“ (ak,ck)>
=f(a,c) — Zkl k;”’ Z;)\kglac S kZ“ Z%a
1

Y
+Z>\*Z/ gi(a,c)z"(a,dc) —I—ZZVN/ j(a,c)z"(a,dc)
j=1 acA
n L
S Zu (Z A;")Lqi(a’“,ck)> + %Zuk (Z(vﬁiak — 7y a0 hy(a”, ck)) :
21 M i=1 21 1 k=1 j=1

(A.27)
We further define that

IIZf((l,C - n kZ'u Z)‘kgla c n kZ'u Z%a a, C

k=1 M ,,u

I = ZA*Z/ gia, 0)x adc+22%a/ j(a, c)a"(a, dc),

a€A j=1 acA

and

STk Z“ (Z A?)gz’(ak7ck>> + ﬁ D i (Ve = Vi )i, )

k=1 M =1 1

The inequality (A.27) can then be written as

> Mkz,ufa K>+ 1+ I (A.28)
k=1

Next we give lower bound estimation of I3, I, and Iy respectively. For I3, By the facts that
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Af— X\r and %’fa — 7} 4> together with the boundedness of g; and h;, we know that

m ¢

> OF = Agi(ak F) + D (v — Vi) hy(aF F) = 0, (A.29)

i=1 j=1

Since Y oo, u¥ = oo, (A.29) yields

I = zkmz“ (Z A;»*)gi(akc) —

" ZM (Z Vs = Vaa)i(a, ¢, d)) 0.
k=1 H acA
Hence, for any € > 0, there exists N; € N, such that when n > Ny,

I > —%. (A.30)

Next, we consider the lower bound of I5. By the formulas (A.21) and (A.22) proven in step

1, we have
I, = ZA*Z/ gi(a,c)z"(a,dc) +ZZ%G/ j(a,c)z"(a,dc)
j=1 acA
_Z)\*Z/ gi(a,c)x"(a,dc) + Z ’y]a/ z"(a, dc)
i€A]  a€A (j,a)eAr
— 0.

Therefore there exists Ny € N, ; such that when n > N5, we have

I > —%. (A.31)

We combine (A.28), (A.30) and (A.31) and see that when n > max{/Ny, N2}, we have

k
Eufac
Zklkkl

=f(a.¢) - kZu > Moa.o) - S kZu Zm
Zk 1M —1 M

k=1 =1

We multiply 2*(a, dc) to both sides of (A.32) and integral on A x C. The inequality (A.32)
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then implies

Zkl“kzﬂf
2> | @ data,do) - 5 kZﬂ ZAkZ/ 9i(a, c)z"(a, de)

acA v c€C acA
= kzﬂ ZZ%/ (0. 0)a* (0, de) — ¢
—1’u j=1 acA
>Z f(a,c)z*(a,dc) — e,
acA ceC

where the last inequality holds by the fact that z* satisfy all the constraints in (3.2). Hence
we prove the property 3 and finish the proof for Proposition A.1. 0

Proposition A.2 We assume that the sequence (%), satisfies

f:,uk =00, and f:(,ukf < 00.
k=1 k=1

Let x* be the solution to system (3.2), and corresponding Lagrangian multipliers to x=* ex-
ist. Then (\*,4%) generated by Algorithm 1 converge to some (\*,7*), where (\*,~*) is a

mainimizer of the dual problem

inf V(A7) := max L(a,c;\,7),

L] A| a€A, ceC
(Am)erRT xR

where L is defined in (3.4).

Proof We define the set of minimizers to the dual problem as

A;k = {(A*7ry*) c RT X RﬂA|7 V()‘*vly*) = ll'lf 04| V()‘7ry>} : <A33>

(A)ERT xR

(3.12) in Theorem 3.3 implies that A* is a non-empty set. Furthermore, for any (\,v) €
R x RﬁA‘, according to Lemma 3.1, (AX, A7) defined in (3.15) is a negative sub-gradient
of V(A,7), and

m ¢
AN A3 = lgilan, )P + D [hi(ax, )]
i=1 j=1
is uniformly bounded due to the continuity of the constraints g;, h;, and the compactness of
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the consumption set C' and the action set A. The theorem therefore follows from Proposition

2.7 in Nedic and Bertsekas (2001). O

A.7 Proof of Proposition 3.1

The proof can be divided into two steps. At the first step, we show the properties of the

lottery solution x™ generated from Algorithm 1 as follows:

A
i d ; A34
aezA g gi(a,c)z"(a,dc) < Zk R ( )
A
/cec h;(a,c)z"(a,dc) < ST 1uk’ (A.35)
and
Z f(a,c)z"(a,dc) > Z f(a, o)z (a,dec) — Mm+0) s (W)° +A. (A.36)

2 k=t P
wen JeeC e JeeC k=1

At the second step, we show that we can choose i* satisfying the condition p* ~ k’%(lﬂ’),
such that when (3.17) holds, " is an e-optimal solution.
Step 1. According to (A.18) and (A.19) in the proof of Proposition A.1, we have:

)\"+1 )\1 pNan A
<= <=
Zk» 1 pk Zkzl 2 Zk:1 2

> /CGC gi(a, ¢)z"(a,de) <

a€A

and

+1 1 +1 A
’ng - ’70,,]' < ’YZLI] A

/CEC hita, ), de) < Dt M T e b = D het M
Therefore, (A.34) and (A.35) hold.
It then remains to show that (A.36) holds in this step. The proof for (A.36) can be
further divided into three sub-steps. First we show that

f(a,c)z"(a,dc)

acA ceC

> [ fla,0)z"(a,de) (A.37)

acA ceC

Zk T kzzuk/\kgla c* Sk Y arhi(a®, c).

i=1 k=1 k: j=1 k=1

,_.
E‘
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Then, we give an estimate of the term

S e ) s S ) (A
k=1 T o k=17""j=1 k=1
in the right hand side of (A.37). Finally, we conclude (A.36).

1-1. Show that (A.37) holds. According to (A.24) and (A.26) in the proof of Proposition
A1, for every a € A, c € C, we have'

f(a, )z (a,dc)

acA ceC

m ¢
25 kzu( R BIOEE D ANIERD AT RS S AT
k=1 H i1 et

—f(GC E kZZMkAkglac n kZZM 7](1
k=1 1" T = —1M j=1 k=1
Z kZZ“kAkW c* S kZZMk%akh a* C)
k=11 T j=1 k=1
(A.39)
We multiply z*(a, dc) to both sides in (A.39) and integral on A x C' and have
f(a,c)z"(a,dc)
acA ceC
22 f(a,c)z*(a,dc) — 5 kz,u Z)\kZ/ gi(a,c)x*(a,dc)
acA v c€C k=1 H i= a€A
(A.40)
s zzm/ by o) a. o)
k=1 7=1 acA
Z kzzuk)‘kg%a c* S kZZM YViarhi(a®, cb).
L k=11 =1 k=1

Since x*(a, dc) satisfies all the constraints in (3.2), i.e

> [ sord) <o [ blade(ed) <o
ceC ceC

acA

“There will be a slightly abuse of notations here. The (a,c) in the first line just means the variable of
integration; and the (a,c) in the rest refers to the arbitrary chosen a € A, ¢ € C.
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we thus obtain the estimate (A.37) from (A.40).

1-2. Estimate the term (A.38). Recall that (A.38) is

Zk L kzz'uk)‘kgza c* S7 kzzﬂk%a’“h a C)

i=1 k=1 7=1 k=1

By direct computation, we have

A(/\kJrl 7k+1> . A()\k,’)/k)

m ¢
(Z INF (AEFT ) 4 ZQ% " ( jk;“,} - ak)) (Z (A gt Z (%kjkl = ak>2> :

i=1 7j=1
(A.41)
We recall that the updating rules for \;, written
ML = max{\F + pFgi(a®, cF), 0},
can be rewritten as
ML NE = kb gi(a, ), (A.42)

for some 0 < 7F < 1, where 7 < 1 if and only if g;(a*, ¢*) < 0 and A¥™ = 0. Similarly, there
exists 0 < T]kak < 1, such that

'y]k;r,} — e = wFTE hi(a, ), (A.43)

where Tjkak < 1 if and only if hj(a*,c*) < 0 and vk’ﬂ 0. Therefore we can utilize (A.42)
and (A.43) to simplify the right hand side of (A.41) and obtain
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A()\k+1 7k+1) o A()\k,’yk>
<Z2u mFgi(a¥, cF /\k—I—ZQ,u akh a*,c )%ak>

+ (Z(u’f)Q(Tf)zgf(ak,ck) + ) (W) h ck))

i=1 j=1

N . (A.44)
—out (Z gi(a®, F)NE + Z hy(a”, cﬂﬁ’“’“)
— ok (Z(l ) gi(a*, ¢ A’%Z L= )hi(a*,c Wm’“)

=1

+ (Z(uk)Q(n’“)zgf(a’“,ck) + ) (W) h ck)) :

i—1 j=1
Furthermore, when 1 — 7% > 0 | we know that )\f“ = 0, and according to (A.42), we have
M= —pFrkg (¥, ). (A.45)
Similarly, when 1 — Tﬁak > 0, we have the following equality according to (A.43)
Viar = —HT)hy(a", ). (A.46)

We utilize the equality (A.45) and the equality (A.46) to obtain

— 2k (Z(l — 71 gi(a, NP +Z 1 —7- L (a”, ck)vjak>

=1 j=1

—2(pk)? (Z(l — kg2 (d, —I—Z 1—7' 'k JakhQ( )) .

=1

(A.47)
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We combine (A.44) and (A.47), then we have

AN AR — AN, 7’“)

=24k (Zg,a & )\k—l—Zh a ,C %ak>
— 2" (Z(l—T}gz(a & /\k+z 1—7' o)hi(a, Ck)%a>

=1 j=1

m 14
+ (Z(Mk)Q(Tf)Zg?(ak»Ck) + Y (1) (7)) ))

i=1 j=1

=24k <Zg’ ak, " )\k + Zh a e 73 ak>
m 4
(Z 7' gZ ak, ok Z 1 —7' k akh?(a’“,c’“))

i=1

m 14
+ (Z(Mk)g(Tf)Zg?(ak»ck) + Y (1) (7 )5 )) :

i=1 Jj=1

=24k (Z a®, F)NF 4 Z h;( a, 73 ak>
m 14
(Z - T 7— gz ak ck) + 2(2 - T]{fak)Tf,akh?(ak7 Ck)) )

i=1

which implies that

m J4
2 (Z gi(a*, N+ hy(a¥, C’“)vj’iak>
i=1 j=1

= (AL A7) = AN A9)) (A.48)

m y4
(Z ~ )bt ) +Z@—Tmfakh?<a'ff’“>)'

=1
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We add up equality (A.48) for k = 1,--- ,n. After some direct computation, we have an
estimate to (A.38) as

D) SC I R o SET R

i=1 k=1 =11 j=1 k=1
A )\n—&—l n+1 — A )\1 1
ATy 2 J Y (A.49)
2Zk:1ﬂ
S () (a2 = Trhg(ab, ) + S (2 = 70 h (b, )

2 22:1 Mk

1-3. We then utilize the estimate (A.49) to derive (A.36). We combine (A.37) and
(A.49) and obtain

f(a,c)z"(a,dc)

a€A ceC
A(}\n+1 ,yn+1) —A()\l ’71)
> f(a,¢)a* (0, de) + =2 ’
2 ) )T (A.50)
S () (72— )R (A, &) 4 05y (2 = mh )T (et ) )
2> oy pF '

By the fact that |g;| < M, |h;| < M, the estimate (A.50) further implies

Z f(a,c)z"(a,dc)

acA ceC
. M2(m+0) S0 (uF)2 + AN, 4
>N [ fla,e)a*(a,de) — ( )%kz}l(u )k (AL, 1)
acA ceC ey
2 n kN2 _
> [ faet(ade) - M EO 2 07+ A
acA ceC Zk:l 1

Therefore, we have shown that (A.36) holds.

Step 2. Choosing u* = where 0 < p < 1, gives:

1
M/mEtks(+e)’

- nZ , o p<l1
E ,uk ~ Ml\/m+f P (A51)
ogn _
M /m—‘rﬁ’ /) - 17
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and
1
D)~ (A.52)
k=1
Thus, for any € > 0, when (3.17) holds, i.e.

we can implement (A.51) and (A.52) to (A.34),(A.35) and (A.36), and hence obtain:

2 / i gi(a,c)z"(a,de) < ¢

acA

/ hj(a,c)x™(a,dc) < €
ceC

and

f(a,c)z"(a,dc)

acA Y c€C

acA ceC

> Z f(a,c)z*(a,dc) — e.

after some straightforward computation.

A.8 Proof of Lemma 5.1

For all ¢ € @ the partial derivative of the Lagrangian with respect to ¢(q) can be written as

0L (a, c; A7)
dc(q)

acA

If for a given a € A the term in the brackets is positive, the derivative is negative and
the function is strictly differentiably monotone and hence (since one-dimensional) pseudo-
concave. If the term in the brackets is negative the partial derivative is decreasing in ¢(q)

and hence the Lagrangian is concave (and therefore quasi-concave).

A.9 Proof of Proposition 6.1

To prove the proposition we first need the following results that is interesting in itself. It

shows that if the original IC constraint 6.3 is replaced by 6.6, the optimal solution never
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involves lotteries.

Proposition A.3 We consider the planner problem (6.2) subject to (6.4) and (6.6) with
the consumption set C' = Xpegl€, Cmax|, the output set Y = Xpep|0, Gmazwy], and the utility
function defined by (6.5). Assume that the Slater’s condition holds, then the optimal solution

to the planner problem does not involve lotteries.

To proceed in the proofs of the propositions, we will need the following technical lemma.
Lemma A.1 Giveni€ {1,--- N}, and 1 <p; <--- < pn. We consider the function

Z aypﬂ—ayp”rza YT + agy,

j=i+1
where a; > 0, Vj #i. and ag > 0. Then one of the following holds:
1. f; admits a unique mazimal point in the interval [0, wpGmax]-

2. fi admits two maximal points in the interval [0, wpamax], and one equals Wpamay-

Furthermore, when a;;y = -+ = ay = 0, then f admits a unique maximal point in the

interval [0, WpAmax) -

Proof If a; <0, then f;(y) is strictly increasing in the interval [0, wp,¢nax] and has a unique
maximal point y* = wplpax.

If a; > 0, we define pg = 1, and it is straightforward to have

N i—1
) =Y apy ™ —apy” ™+ apiy
Jj=i+1 Jj=0
and
N
fi'(y) = Z a;p;(p; — V)y" ™" — aipi(pi — 1)y~ 2+ Za’jpj -
j=it1
N P 1 i—1
= api(p; — Dy + F——(fly) = >y Z iy’ + > ap,
J=itl J=0 j=i+1
i—1 N
pi—1fily ._ _
~ AW Y apipi—p)yP T+ Y agi(p — pi)yt R
4 J=0 j=i+1
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Therefore,

{ﬂ@ﬂﬂ_ﬁ%ﬁ_@%—bﬂ@)

- ypi -1 ypz

ypifl
N 1—1 A 53
aﬂ[§aﬁ@—WWW—§a%m—mww (A.53)
j=i+1 j=0
-1
=y 6i(y).

Since ag > 0, g;(y) is strictly increasing in y, and ¢;(0) = —oo. Therefore, f/(y)/y?~! is
whether

1. strictly decreasing, or

2. strictly decreasing in [0, 7] for some § € [0, wplmay] and then strictly increasing in

[377 whgmax] .

We take y = 0 in f/(y) and obtain f/(0) = a9 > 0. By the continuity of f/(y), there exists

d > 0, such that when y € [0,6], f'(y) > 0.
fiw)

9 ypifl

For case 1, if for any y € [J, wplmax] > 0, then f/(y) > 0, f;(y) is strictly increasing

s.p. fiWo) _

then f/(yo) = 0, fl(yo) > 0 for y < yo, and f/(yo) < 0 for y > yo, hence f;(y) has a unique

maximal point y* = y,.

and has a unique maximal point y* = wplnax; if there exists yo € [, Wy lmax]

For case 2, since f/(y)/yPi~! first decreases and then increases, f!(y) may have 0, 1 or 2
zeros in [0, wylmax]- The schematic diagram of f/(y)/y?* ! is shown in Figure 3. The case that
fi(y) has 0 or 1 zeros is discussed in case 1. When f/(y) has two zeros 0 < y; < ya < Wplmax,
fi(y) is increasing in [0, 4], decreasing in [y, 2], and increasing again in [ya, wplnax], and
hence has two local maximum y; and wylyay. When f;(y1) = fi(wplmax), fi has two maximal
point with one equals wy,l.x; otherwise f;(y) has a unique maximal point.

When a;1 1 = --- = ay = 0, (A.53) yields that f/(y)/y?i~! is strictly decreasing, and

hence f;(y) has a unique maximal point. Therefore, we finish the proof. O

Proof (Proof of Proposition A.3) To simplify notation, we denote types slightly differently
and let © = H = UY,{h = (i,h_,)|h_, € H;}, and for any h = (i,h_,) € O, n, = n;.
Suppose that 0 < ny < --- < n;. We define

Un = —— On , Vheeo.
n 1
U}hh <77_h + 1
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f(y) /yPi"!

Figure 3: Schematic diagram of fpl(y)l

Then the deterministic problem for (6.2) subject to (6.4) and (6.6) can be written

-~
max (log(ch) — Uny," ) ,
ceC,yeYy hell

U ! SO |
s.t.log(c) — Gnyy" > log(ew) — Dnypl 5 Vh=(i,h_y) b = (j,h.,) € H, st. i < j, (A%

thZZCh;

heH heH

and the Lagrangian function of problem (A.54) has the structure

‘C(va;)‘nu): Z - wh“‘z Z whAhh’ Z Z wh’Ah’ nyrl_F

(i,h—n)eH j>i h’ j=i W_ €H;

—_

11—

~ o+l
Z U | Yy pwnyn |+ L A, p) (A.55)

1 L1
1= —Bri(Ny,' + ZBh] ' A pwnyn |+ L A, ),
he

T

where b’ = (j, "), B j(A) >0, V1 < j <i—1, and L(c; A\, 1) is independent on y € Y. It
is then straightforward to verify that the minimizer of

VA p) = max L(c,y; A )

ceCyeC

satisfies pu* > 0 (when g = 0, we can take ¢, = cpax and y, = 0 to attain L(c,y; A, 0)

higher than the objective value of the optimal lottery solution). For any h € H, according to

Lemma A.1 with p; = ni +1,p;, = ni +1(V1<j<i-—1), a; = Bpi(\), aj = By ;(A*)(V1 <
i j
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j<i—1)a; =0Vi+1 < j < N)and ap = p*wp,, we know that the maximal yj is
unique. The uniqueness of maximal ¢} is straightforward since £°(c; \*, u*) has the form
> n Xnlogey — Yyep, where Y, > 0 for any h. Hence according to Result 1 of Corollary 3.1,
the optimal solution to the planner problem (6.2) subject to (6.4) and (6.6) does not involve
lotteries. U

We introduce an additional Lemma needed for the proof of Proposition 6.1.

Lemma A.2 There exists a > 0, s.t. when am.x > a, the solution to the planner problem

(6.2) subject to (6.4) and (6.6) remains invariant with respect t0 Amax.

Proof We denote vs(amax) as the maximal objective value of the planner problem (6.2)
subject to (6.4) and (6.6). According to Proposition A.3, for any ay., > 0, the solution to
the planner problem (6.2) subject to (6.4) and (6.6) does no involve lottery in labor supply.
We arbitrarily take a ¢ > 0. Since

up(Ch, Yn) < up(Cmax, 0), Yh € H,cp, € [€, Cmax), Yn € [0, Whamax],

and

lim wp(cp,yn) = —o00, Vh € H,cp, € [€, Cmax), Yn > 0.

Yp—>0O0

there exists a(h) > 0, s.t. when y, > a(h)wy,

un(ch, yn) + Z WU (Crr s Ynr ) < <U2(Q) - Z Up (Cmax; 0)) + Z Whr Uy (Cmax; 0) = v2(a).

W #£h W #h W #h

Therefore, for any ama, > @, the solution (¢(@max),y(@max)) to the planner problem (6.2)
subject to (6.4) and (6.6) satisfies yp(amax) < a(h)w,. We take @ = maxyey a(h). Then for
any amax > @, the solution to the planner problem (6.2) subject to (6.4) and (6.3), remains

invariant to the solution to the problem with a,,., = a. Hence we finish the proof. O

Proof of Proposition 6.1

We denote v;(amax) as the maximal objective value of the planner problem (6.2) subject
to (6.4) and (6.3); and vy(amax) as the maximal objective value of the planner problem
(6.2) subject to (6.4) and (6.6). Since (6.6) involves less constraints than (6.3), we know

V1 (Gmax) < Vo(@max) for any apmax > 0. According to Lemma A.2, we have vg(amax) = v2(a)
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for any a,.c > a. Hence, to prove this lemma, it then suffices to show that

hm (%) (a/max> — U1 (amax)
Amax—>+00

= lim (U2<amax) — U1 (amax)>+
Amax—>+00

= lim (v2(@) — v1(Gmax))+ = 0.
Amax—+00

Step 1. The Slater’s condition implies that, there exists M > 0, s.t. for any an.x > a,
the Lagrangian multipliers for the planner problem (6.2) subject to (6.4) and (6.3) satisfies
max{maxp pem Aj, s £} < M.

To be precise, for an.. = a, according to the Slater’s condition, there exists a probability
distribution p € P(C'xY), s.t. p satisfies all the constraints in (6.4) and (6.3) strictly. Hence,
there exists M > 0, such that when max{maxy, pre g Anp, u} > M, we have L(p; A, 1) > vo(a),
where L denotes the Lagrangian function of the planner problem (6.2) subject to (6.4) and
(6.3). Since max, L(p; A\,v) > L(p; A\, v) > v3(@) > v1(@max) = max, L(p; \*, 1*), we know
that (A, ) # (X%, p*). Therefore, max{max, pen A}, 5, p*} < M.

Step 2. We show that, for any € > 0, there exists a(e) > a, such that when @y, > a(e),
the Lagrangian multipliers of the planner problem (6.2) subject to (6.4) and (6.3) satisfies
My < € Vh,h' € H, st np < np.

Suppose H = UN . {h = (i,h_y)|h—, € H;}, and for any h = (i,h_,) € H, n, = n;.
Suppose that 0 < ny < --- < n;. We first define the set

g = {((h7h,) S H27 s.t. mp < nh’} = {(h = (i’h—ﬂ)7h/ = (.]7 hl—n)) < qu s.t. 1> .]}

Assume that for a planner problem (6.2) subject to (6.4) and (6.3) with amyax > 0, there
exists some Lagrangian multipliers A}, ,» > €, (h = (i,h_), " = (j,h_,)) € G. We consider
the Lagrangian function of the deterministic problem for (6.2) subject to (6.4) and (6.3),

7 T\ * 7 * #—Fl
Lle,y; Nopt) = | = [ wnthn + D hndiw =D D> i | ul +

h'eH k=t ther

7 %4—1 * c * ok
Sl DD s |t i wnyn| + LV (e yons AT )

k#i \h',€Hy

Y * i-i_l * CY—h R
= 1) Bkt A wrwnyn |+ LV (e yon A 1),
k=1
where h' = (k,h.,), LY (c,y_p; A", ") is independent on yp, B ;(\*) > ethy~ for some
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h* = (j,h”,), and By x(\*) > 0, Vk # i. According to Step 1, the Lagrangian multipliers
A*, p* are bounded, hence there exists M > 0 that is independent on \*, u*, s.t. |Bp x(A*)] <
M, wpp* < M and LY (¢, y_p; A, 1) |ezemaey_n=0 > —M. Therefore

max_ L(c,y; A", u")

ceCyeY
+
ma Bhni(A)y* + pw - M
thO’LUh)C(Lmax] Z hk . hyh] <A56)
Sl

41
> max [e¢h/*yh — My," } — M — o0 as y, — .

YhE[0,wpamax]

On the other hand,
max_ L(c,y; A", 1*) = v1(amax) < v2(a). (A.57)

ceCyeYy

Hence there exists some a(M, e, h,h') > 0, 8.t. Gmax < Gep . Since the set G is finite, we
can define

a(e) = a(M. e h. ).
ale) (ﬂggga( NN

Therefore, when aya, > a(€), the Lagrangian multipliers should satisfy A}, ,» < €, V(h, h') € G.
Step 3. We denote (¢, y) the solution to the planner problem (6.2) subject to (6.4) and (6.6)
with ana > a. It is straightforward to check that, for any € > 0, there exists § > 0, such

that when max, nyeg Aj, 5y < 0,
L(E7 ga /\*)M*> 2 L(Ea ga )‘**7 M**) — € Z U2<(_l> -6

where
Moy (B R) € G;

)\;:fh/ =
0, (h,h') € G.

According to Step 2, there exists a(d) > 0, such that when ap., > a(d), the Lagrangian
multipliers of the planner problem (6.2) subject to (6.4) and (6.3) satisfy max, nyeg Aj, 5 < 9.
Hence

V1 (Omax) = CEIICl%}ecyﬁ(C y; N ) > L(6, g N yT) > va(a) — e,

implying that
(v2(@) — v1(amax))+ < €

Since € is arbitrary, we can conclude that lim,_, o0 (v2(@) — v1(@max))+ = 0 and finish the

proof. O
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A.10 Proof of Proposition 6.2

To prove the proposition we first need the following result. It shows that for every a.x > 0,
whenever the optimal solution of some agent h involves lottery, the lottery requires the agent

to earn income a.,wy, with some positive probability 7.

Proposition A.4 We consider the planner problem (6.2) subject to (6.4) and (6.3) with
the consumption set C' = Xpegl€, Cmax|, the output set Y = Xpep|0, Gmazwy], and the utility
function defined by (6.5). Assume that the Slater’s condition holds, then the optimal solution
to the planner problem does not involve lotteries in consumption. If the optimal solution
requires lottery for agent 0, then the lottery requires this agent to earn income amawy with

some positive probability .

Proof Similarly as in (A.55), we have the Lagrangian as

+ + 41
L(e,y; \*, u1") Z Z B, (X*)y — Bri(A")y +ZB’%J Ny + prwpyn | +L(c; N, 1),

=i+1
\ - 7

I

where Bh’j()\*) > O(Vj # 1) and ap = p*wy, > 0. According to Lemma A.1, if / has multiple
maximizers yh < yh , then y = maxWp. Hence according to Result 1 of Corollary 3.1, we

can conclude this proposition. O

To prove the proposition, it then suffices to show that the optimal solution for agents

with 7 # 1/8 requires lotteries. To show this, we will need the following lemma.

Lemma A.3 Assume that (¢,y) is the solution to the planner problem (6.2) subject to (6.4)
and (6.6) as amax — 00, as defined in Lemma A.2.> When there exists h,h' satisfying
N < N such that

wh(Chy Un) — wn(Chr, gnr) <0,

then there exists a, s.t. when amax > @, the optimal solution for agent h' in the planner

problem (6.2) subject to (6.4) and (6.3) requires lottery.

Proof We prove by contradiction. If not, then there exists h,h' satisfying n, < n, and

ay . — 00, S.t.

wh(Chy Un) — wn(Chr, gnr) <0,

15 According to Proposition A.3, the optimal solution to the problem with partial incentive constraints is
always deterministic, and hence unique, implying the uniqueness of (¢, 7).

64



and the optimal solution with an.x = al,. for agent h' does not involve lottery. Assume
that the Lagrangian multipliers for amax = al. is (A", ). According to Stepl and Step2 of
the proof for Proposition 6.1, (A", ") is bounded and A}, — 0 for h,h' € H s.t. mp < np.

Therefore, up to a subsequence, (A", u") — (A", u*) s.t. A, = 0 for h, ' € H satisfying
Np < M. Then for any aya. > 0, we have

max L(c,y; A, ") = lim max L(c,y; A", u"
c€CYEX peH[0,amaxwh] ( Y H ) n—00 c€CLYE X pe 1 [0,amaxwh] ( Y a )
< lim max Lc,y; \*, ")

n—00 c€CLYEX pe g [0,a% 1 Wh]

= nh_{{.lo U2 (a&ax) )

where vy(al, ) is defined as in Lemma A.2. On the other hand, we have

max L(e,y; A", 1*) >inf max Le,y; A%, u1")
c€CyeX he [0,amaxwh] Ap c€CYEX pe  [0,amaxwp]
:U2(amax)-

Therefore, according to Lemma A.2 there exists a; > 0, s.t. when ay.x > ar,

max Lc,y; N 1) = ve(ay) = lim wva(anp,, )
c€CyEX e [0,amaxwp) n—00
Hence A\*, u* is the Lagrangian multipliers for the planner problem (6.2) subject to (6.4) and
(6.3), and

arg max o Lc,y; X, p1") = (€,7)-
ceCyeRy

n
max*

We define y}, as the optimal income for agent h' with an.x = a Since the total welfare
is va(@y1) when n is sufficiently large, vy}, is bounded by some g;. By continuity, v}, — ¥ .
Assume that ¢} is the optimal consumption, y;' is in the support of the optimal solution,
then by continuity we have lim,, o, ¢ = ", liminf, ,o, y* > 7. It is then directly to verify

that the incentive constraint for h and A’ does not hold when ap,x = .. asn —oco. 0O

The proposition is finally obtained by the fact that the solution to the planner problem
(6.2) subject to (6.4) and (6.3) violates all the constraints that are not included.

65



B Worst case complexity bounds (online only)

B.1 Lagrangian iteration

Proposition 3.1 provides bounds on the total number of iterations needed to obtain a desired
accuracy. Next, we consider the computational complexity of each iteration. We discretize
the set C' into the same finite grid C' as in the linear programming approach. For each

iteration, we first solve the problem

a€A,ceC

m l
(a*,c*) € arg max [f(a, c) — Z MNegi(a,c) — Zijahj(a, c)] : (B.1)

The computation of this optimization problem involves evaluating the Lagrangian function
at |A|]C’ | points, with each evaluation requiring O(m + ¢) computations. Thus, the com-
plexity of finding the maximum point of the Lagrangian function is O (|A| 1C|(m + E)) . The
complexity of updating the Lagrange multipliers is O (m + ¢). Therefore, the complexity for
each iteration is:

0 <|A||é|(m + e)) . (B.2)

Combining (3.17) and (B.2), we have the theorem for the overall computational complex-

ity for finding an e-optimal lottery solution as follows:

Theorem B.1 We take all the assumptions in Theorem 3.5. Additionally, we assume there
exist two constants M > 0,A > 0 such that ||gillec < M (i =1,--- ,m), ||hillee < M (j =
1,--,0), and ||(\*,7F)||loo + AL, A1) < A throughout the iterations. We take p* ~ k=20+)
for 0 < p < 1. Then for e > 0, the overall computational complexity for finding an e-optimal

lottery solution is

MiA = A 1
O ( ) (\AHC!(mM)””)), p<1

(M 4L RyvmFe (
€

(B.3)

P

Ofe |A||C’|(m+€))), p=1.

Proof The overall complexity (B.3) can be directly obtained by multiplying (3.17) and
(B.2). O

B.1.1 Estimate for Partial First-order Approach

As indicated above, a crucial part of our algorithm consists of solving the maximization

problem in Step 1. So far, our complexity analysis assumed that this is done by discretizing C

66



and simple grid-search. However, as explained in Section 4, in many economic applications,
the subproblem (B.1) exhibits specific structural properties that allow for more efficient
solution methods. For example, in the moral hazard problem with a utility function that

is separable in action a and consumption ¢, the subproblem(B.1) satisfies the following

properties
d
f(a,c) =ug(a —i—Zur a)wy(c,), Ya€ A, c=(ci, - ,cq) € CCR?
r=1
d
hi(a,c) =vjo(a —1—20 awy(c,), Vje{l,--- £},ac€A c=(ci, - ,cq) €C CRY
r=1
(B.4)
where C' = X;‘le[cnmin,cnmax}, for some strictly increasing and strictly concave functions
w,(c,)'%. The following Lemma implies that, with the separable property (B.4), and the

assumption that the resource constraints are strictly increasing and weakly convex with
respect to each c¢,, the first-order approach for ¢ can be implemented without the need to

grid the set C for solving the subproblem (B.1), further enhancing the algorithm’s efficiency.

Lemma B.1 Given A > 0(\ > 0 and there exists i € {1,--- ,m} such that X\; > 0),y > 0.
We assume that the separable property (B.4) holds and that the resource constraints g;(a,c)
are strictly increasing and weakly convex with respect to each c.. For any a € A, we consider

the following system:

Ala, v, r)wp(e) = Y Nigmgila, ¢),  Ala,r,7) > 0;
Cr = Cr,min, A(CL,T, 7) S 07

where

¢
Ala,v,7) = u,(a Z Yj.aVir(

If (B.5) admits a solution c(a) € C for any a € A, then the solution (a*,c*) to the subproblem
(B.1) should satisfy ¢* = c(a®).

Proof With the property (B.4), the subproblem (B.1) can be written as

(a*,c*) € arg max L(a,c;\,7) := Ap(a,v,0) + ZA(a rw,(c,) Z)\Zgz a,c). (B.6)

acA,ceC

16This property holds because each consumption ¢, appears in f and h in a single, specifically concave
form. See Section 5 for more details. The case there is more specific, as wy = -+ - = w|q.
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We define the function on ¢ as
Fle;a*, N y) = La, 5\, 7).

Then (B.6) yields that ¢* is the maximizer of F, given a*, A, and 7. It is direct to show that

OF (c;a*, N\,y)  OL(a* ¢ A\, y) . 0 “ 0 .
acr - acr - A(a 7’77 7") 8CT wr(cr) ; )‘Z 8cr gl(a 70)' (B7)

When A(a*,~,r) < 0, the right-hand side of (B.7) is negative, implying that F is strictly
decreasing with respect to ¢,, and hence ¢ = ¢,.(a*) = ¢ min.

We then define ¢ := (¢;)refaar rr)>01 and € := (¢r)refa(aryr)<0y, and hence ¢ = (¢, ¢).
According to the discussion above, we know that ¢* = ¢(a*) = (Crmin)refa(a®yr)<0}- BY
the fact that ¢* maximizes F(c;a*, \,7), it is then straightforward to show that ¢* should

maximize F(¢,¢%;a*, A, ), or equivalently, ¢* should maximize
Z A(a*, v, r)w,(¢) Z)\ZgZ a*, ¢, c) (B.8)
re{A(a*y,r)>0} O

which is a strictly concave function in ¢. Therefore, the following first order condition to

(B.é;),
a Y, 7 c U)T CT’ 7 c lh a 3 C, C 1 a 9 77 r () 9

r

admits at most one solution ¢(a*). From the assumption we know that (¢(a*),¢*) € C, then

we have ¢* = (¢(a*),¢*). Hence, we have shown that (a*, ¢*) satisfies the system (B.7).

If all assumptions in Lemma B.1 hold, then (B.5) can be applied for solving the subprob-
lem (B.1). To be precise, the subproblem (B.1) can be solved by the following three-step

procedure:
1. Computing A(a,v,r) for alla € A and r € {1,--- ,d};

2. Determining c(a) for all a € A by

Ala, 7, 1) gewe(er(a)) = 37 Aige-gila, cla),  Ala,r,7) > 0;

(B.9)
Cr = Crmin, Aa,r,~v) <0.

3. Determining optimal a € A for the subproblem (B.1) with ¢ = ¢(a).
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If additionally each g; is linear with respective to ¢'7, then > 1", /\i%gi(a, c(a)) = B(a,r,\)
is independent on ¢ and (B.9) can be solved by

-1
Wy B(a,r,\ .
o= (%) (52), Alrq) >0

Cr = Cy min, A(CL, T, ’7) < 0.

It is directly to check that the complexity for this three-step procedure is

O [ de|A] +dm|A| +d(m + 0)|A] | ~ O (d(m + 0)|A]), (B.10)
L S 2 S ——
STEP1 STEP2 STEP3

where d is the dimension of the consumption space C'.
We combine (B.10) and proposition 3.1 to obtain the complexity estimate for the first-

order approach as following:

Theorem B.2 We take all the assumptions in Theorem 3.5. Additionally, we assume there
exist two constants M > 0,A > 0 such that ||gillec < M (i =1,--- ,m), [|hillee < M (j =
L+, 0), and ||\, 7)o + AAL A1) < A throughout the iterations. Also, we assume that
each g; is linear with respective to c. We take u* ~ 2040 for 0 < p < 1. Then fore >0,

the overall computational complexity for finding an e-optimal lottery solution is

Mo\ T
O (ﬂjA) pd]A\(eré)Hl—lp), p<1;

(M 1 R)vm+e
@) (e e d|A|(m—|—€)> , p=1

(B.11)

where d 1s dimension of the consumption space C'.

Proof The overall complexity (B.11) can be directly obtained by multiplying (3.17) and
(B.10). O

Remark B.1 By using the first-order approach, we can replace \O| in Theorem B.1 by d in

the complexity estimate.

17"This assumption holds for a broad class of problems, including the moral hazard problem discussed in
the next section, where the resource constraint is imposed on the total consumption amount, see Section 5
for details. In general, equation (B.9) can be solved using standard methods, such as Newton’s method. In
this context, the complexity of solving the nonlinear equation (B.9) for a given a € A is polynomial in d and
m, which is still significantly more efficient than discretizing the consumption set. The resulting complexity
analysis would follow a structure similar to Theorem B.2, where \C’ | is replaced by an expression in terms of
d. For simplicity, we omit a rigorous analysis of these cases.

69



B.2 Comparison to Existing Methods

In the literature, the most commonly used method for solving the lottery problem (3.2) is
to formulate it as linear program and to use standard algorithms for linear programming
(Prescott and Townsend, 1984a; Prescott, 2004). To use linear programming, we first need

to discretize the set C' into a finite grid C'. This transforms (3.2) into a finite-dimensional

max ZZfac

FeP(AxC) e

st Y Y gila,0)i(a,¢) <0 (i € {1,--- ,m}), (B.12)

a€A Ceé

Zh a,c)(a,c) <0 (je{l,---,l},acA).

ceC

problem:

This formulation constitutes a standard linear programming problem, where Z is a vector
of dimension |A] |é |, and the number of inequality constraints is £|A|+m. According to clas-
sical theory on interior-point algorithms for linear programming (Nocedal and Wright, 2006),
the computational complexity of solving this problem is O <log(1/5) (JAJ|C| + ¢ A| + m)3'5> :
where § denotes the error for complementary conditions in interior-point algorithms.!®

Comparing the complexity of our approach in Theorem B.1 to that of the linear pro-

gramming method, we see that in the case that |C| ~ |A| ~ ¢ > m,
AIC|(m + 0T ~ AP 5 < A" ~ (|A[IC] + L] A] + m)>S,

for p close to 0. Considering the fact that Algorithm 1 actually needs less iterations than the
estimation in Proposition 3.1, the Lagrangian iteration algorithm can perform significantly
better than using linear programming directly when facing problems with large |A| and |C’ |
and the required accuracy € is not very stringent.

We note that for a problem that is discretized from a continuous problem, the scales |A|
and |C' | are chosen in relation to €, such that the exact solution to the discretized problem is
an e-optimal solution to the continuous problem. Therefore, the complexity term involving

2
Y 4R+1

€, specifically , cannot be neglected when analyzing the overall complexity of

our methods. However, for problems with high-dimensional action and consumption sets,

18Tn Prescott and Townsend (1984a); Prescott (2004), the Dantzig-Wolfe decomposition is employed to
enhance the linear programming algorithm, addressing both efficiency and memory concerns. However,
this algorithm requires the computation of extreme points of the linear constraints and the construction of
iterations based on these extreme points. This suggests that the method effectively relies on an extended
version of the simplex algorithm, which lacks well-established theoretical complexity results. Consequently,
to provide a theoretical comparison of computational complexity, we focus on traditional interior-point
methods.
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this complexity term is small compared to the term we analyzed earlier, namely
A||C)(m + €)' F 7.

For instance, consider a problem with a d-dimensional action set and a d-dimensional
consumption set, i.e., A = x%L,A; and C = x%,C;. A typical choice would be |A] =

d ~ ~ a
[T, 1A ~ (1)2 and |C] =TT, [Ci| ~ (1)2. ™ Therefore, when d is large,

M R = d
THA+T\ 1\:2
<—> <(z) =

and the complexity for our methods is smaller than the complexity for the linear program-
ming method. Furthermore, for problems satisfying assumptions in Theorem (B.2), such as
the moral hazard problems, the first-order approach for ¢ can be implemented without the
need to grid the set C', further improving the algorithm’s efficiency by a factor of approxi-

mately %, where d is the dimension of C.

Memory Advantage In practical computation, another advantage of the Lagrangian it-
eration algorithm is that the memory needed is significantly reduced. Using linear program-
ming, we need memory for an element z € P(A x C') together with a series of constraints con-
cerning this element, while in the Lagrangian iteration algorithm, we only need the memory
for saving m + ¢|A| Lagrange multipliers \*, 7% and the memory for solving a deterministic

optimization sub-problem in each iteration.

YHeuristically, we define the function f(z1,...,2q4) = -2 Zizl x% over the domain [—1,1]¢. The maxi-
mum value of f should be 0. If we choose h = ﬁ and evaluate f on the discrete set {(2k+1)h: =N —1 <

k<N }d7 the maximum value of f should be —h2. Thus, to achieve an e-optimal solution, we select h ~ /e,
d
leading to the number of points [{(2k + 1)h: =N —1 <k < N}¥| ~ (1)2.
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B.2.1 Decomposabiliy in linear programming

For a decomposable problem, the linear programming formulation (B.12) can be equivalently

rewritten as

d
max ZZ Z fr(a, cr)zr(a, cr),

(ikeP(AXCk)%gkgd a€A k=1 ¢ ey

s.t. ZZ Z ng(CL,Ck)i’k(CL,Ck) <0 (Z € {17 e 7m})7

acA k=1 Ckeék <B13)
d

SN hjrla,c)inla ) <0 (jE{L,- 0}, a€ A),

k=1 C/QECA']C

Y diac) ==Y dala,cq) = 7(a), (a € A).

c1€é’1 cdeé’d

where the joint distribution &(a, ¢) is recovered as &(a, ¢) = 7(a) [[t_, #x(ckla). A concrete

illustration of a similar reformulation is given in Section 5.

C Production Complementarities

We now introduce non-linear production and complementarities between different types of
workers into our example from Section 6. Each productivity type w € €2 now corresponds
to a different occupation of the worker. There is a representative firm that takes the labor
supply of different occupations [ = (I,,)weq as given and produces the consumption good
according to a strictly concave production function f(I). Wages differ across occupations
(Wy)wen and are assumed to be exogenously given (they might be disconnected from the
marginal product of labor due to the imperfectly competitive labor market, or, if they equal
to the marginal product, the planner does not take this dependence into account when setting
taxes and hence determining labor supply in different sectors). It is assumed that they satisfy
Y e wyl, < f(I). An agent of type 6 = (n,w) who supplies ay units of labor receives an
income yp = agw,, that is observable and taxable. The type is not observable, and the
planner cannot tax different occupations differently — the latter assumption is motivated by
existing labor-income tax schemes in most OECD countries, Boerma et al. (2022) allow for
occupation-specific taxation and discuss institutional details. For simplicity, we assume that
the planner can tax profits 100 percent and ignore the important question of optimal capital

taxation.
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The planner chooses a lottery over (cgy, ¥p)geco to solve

max ug(co, yg) | x(de,dy), C.1
8850 ey (St et c

S.t./ (ua(co, yg) — ug(cor,yer)))x(de, dy) > 0 for all 6,6 € ©. (C.2)
(e,y)ECXY

/( Decya (Z co — f([)) x(de, dy,dl) <0 (C.3)
C,Y,L)eC XY X 0

— y — _
lo — x(de, dy, dl) <0 for all w € 2, C.4
[c,y,l)GCXYXL ( Z w@) ( ) ( )

O:wyp=w

where L is a compact subset of R, For non-concave production functions this formulation is
obviously a bit strange since the lotteries cannot be interpreted in an economic meaningful
way unless one also assumes that there is a continuum of identical producers. However,
since we focus on a strictly concave production function it is never optimal to randomize
over [ and our algorithm can be applied. In fact, the property of partial concavity ensures
that the problem remains decomposable. The reason for this is that the Lagrangian to the

deterministic problem can be written as

Lie,y,l,\y,v) = Zue(%yo Z oo (to(co, Yo) — uo(cors yor)) — Zce

0cO 0,6'co 0cO
7 Yo
- E Vo(ly — E =)
We
weN O:wyp=w

Since f is concave the Lagrangian is concave in [ and we must have that at the optimal

solution

’y%(l):waorallwefl

and hence we can write [(v,v) and f(I) = f(%) for some function f(.) that often can be

solved for analytically.?’ We can then write

£<C7yagv/\7r>/7 V) = 259(697:%97 )\7’77 V)a

0cO

290ne typical example is that f is the Cobb-Douglas production function.
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with

Lo(co,yo, M 1,v) = (14 D> Ao )ug(co, yo) —
0'c6,0'40

Fiwi) L) w
Z Ao gter (Co, Yo) — (CO ] ) - ZV“’G(m we)'

0/€0,0'#0 weN

The problem becomes decomposable after taking advantage of partial concavity.

In linear programming, on the other hand, the problem can only be partially decom-
posed. While one can decompose the probabilities across agents, one cannot separate out
the probabilities over different [,,. The problem therefore quickly becomes intractable as |(|

grows beyond 2.

A numerical example To illustrate our method, we take |Q2] = 5 and vary the number of
different 7 types from 2 to 7. Let uy(.) be defined as in (6.5) and let the production function
be

w

f(l_) = ZHwEQ (l_w)

Suppose w € {0.05,0.1,0.15,0.2,0.25}, and consider 4 different specifications for 7y: n' =
(L,1/7), 1P = (1,174, /1/7), * = (1,1/3,1/5,1/7) and * = (1,1/2,1/3,1/4,1/5,1/6,1/7).

Without loss of generality, we choose Z = 3. Each agent can work at most am.x = 1. In this

(C.5)

example, we specify the equilibrium wages w* = {w] },cq to be at their competitive level
but assume that the planner takes wages as exogenously given?!.
For the Lagrangian Iteration Algorithm, the initial Lagrangian multipliers are chosen by

A=0,v=1, v =1. For each optimization problem, the learning rate is

2
k_ ) TR

2
(1+]©]2)0-8>

Table 4 shows how running times increase in the number of types. Following our theo-

retical analysis above, we obviously need to increase the number of iterations as the number

21To compute the wages, we use a simple fixed point iteration algorithm as following for finding the
equilibrium wages. We use Algorithm 1 with less iterations to solve the optimization problem (6.2) to (C.4),
and obtain an optimal lottery z*(w') € P(C' x Y x L). Then we update w' as

t+1_ﬁ

= S ().

w

We iterate over ¢ until ||w! — w!~!| lies below some tol > 0 In this example, we choose the initial w® =
{0.3,0.4,0.5,0.6,0.7}, tol = 10~*, and iteration rounds K = 8 x 10* x (|©]|/5)2.
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|©| Tterations (x10°) CPU time (s) Max. constraint violation

10 6 14 1.8 x 107°
15 14.5 38 2.6 x 107°
20 28 93 3.3x 1074
35 73.5 ATT7 1.4 x 1074

Table 4: Computational Performance for Different number of types |©] .

of constraints increases. For the case of 35 types (i.e. 7 different n-types and 5 occupations),
to keep the maximal constraint violation relatively low we need to increase the number of
iterations quadratically in the number of agents. The table confirms that in many cases the
bottleneck of our algorithm is not only the global optimization problem in Step 1, but also

the number of iterations needed in the sub-gradient descent method.
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Expected Income

Figure 4: Relation between tax and expected income. The support of lotteries is indicated
by red triangles.

For the case of five occupations and seven preference types, Figure 4 plots the relation
between expected income and tax across all 35 types. Two types are offered lotteries, and
their taxes are a bit lower on average. The tax schedule in this example is remarkably close

to linear?? but its slope is much smaller than one (as it would be in the first best).

22Note that taxes are always negative. Since capital is taxed fully, the revenue guarantees negative income
taxes.
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