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1. Introduction

The empirical finance literature has established that certain assets command substantial convenience
yields—premia not accounted for by their cash flows alone (Krishnamurthy and Vissing-Jergensen,
2012; Nagel, 2016). Convenience yields vary across assets and over time, shaping the transmission
of monetary policy, fiscal capacity, and international capital flows. Yet most asset-pricing models
treat them as exogenous, while existing microfounded approaches are typically less tractable. This
paper develops a tractable microfoundation for convenience yields generated by trading frictions in

over-the-counter (OTC) markets and embeds it in canonical portfolio theory.

In our theory, investors are subject to payoff risk, stemming from fundamental variations in re-
turns, and liquidity risk. Liquidity risk arises because cash flows—such as deposit withdrawals for
banks, margin calls for hedge funds, or claim payouts for insurance companies—are unpredictable
and must be settled in an OTC market. Investors hold buffers of liquid assets to meet settlement
obligations. When liquidity needs exceed available buffers, investors must borrow cash in a fric-
tional OTC market. The interaction between portfolio-driven cash needs and OTC market frictions
generates an endogenous convenience yield that lowers the returns on liquid assets. When cash
needs correlate with asset returns, they generate an additional liquidity risk premium beyond the
standard risk premium. Thus, convenience yields reflect both a first-order effect and the covariance
between cash needs and asset payoffs. Crucially, because these yields depend endogenously on in-
vestors’ portfolios and OTC-market conditions, they vary with policy, market tightness, and trading

efficiency.

Our analysis yields a tractable derivation of convenience yields, which can be easily embedded
in standard portfolio problems. To do so, we build on the sequential OTC framework of Afonso
and Lagos (2015b), with two key innovations. First, instead of taking settlement positions as given,
here they emerge endogenously from portfolio choices. Second, we model investors who delegate
settlement trades to many small traders, following Shi (1997) and the OTC model of Atkeson, Eisfeldt
and Weill (2015). Taking limits as trader size approaches zero, we show that the OTC rates can
be solved independently of investors’ wealth. Furthermore, taking the continuous time limit yields

closed-form solutions of the entire equilibrium path of trades and rates.

Settlement frictions manifest as a piecewise linear convenience yield function that maps a set-
tlement position that each investor needs to close into a marginal cost of liquidity. This function is
kinked at zero, reflecting the asymmetry between borrowing costs (for investors with a cash deficit)
and lending returns (for investors with a cash surplus). The slopes of the convenience-yield function
are equilibrium objects that depend on bargaining power, the market tightness, and the matching

technology. The asymmetry in the convenience yield induces risk-averse behavior even under risk-



neutral preferences and implies that assets that generate volatile cash needs command higher conve-
nience yields. Moreover, when cash needs covary with asset returns—as when margin calls intensify
in downturns—an additional liquidity risk premium emerges. Thus, convenience yields reflect both

pure OTC frictions and the interaction between liquidity risk and return risk.

We show that the matching technology determines the sensitivity of OTC rates to changes in
the quantity of reserves. Under Cobb—Douglas matching, the short side of the market is exhausted
in finite trading time, at which point the convenience yield falls to zero. Yet, as market tightness
increases, the OTC rate can rise sharply. Under Leontief matching, by contrast, trading remains
active at all times. The convenience yield remains positive, and the OTC rate is relatively insensitive
to market tightness. These findings have important implications for the implementation of monetary
policy. In particular, they suggest that the transition from an abundant to a merely ample reserve
regime can lead to abrupt changes in outcomes: relatively small changes in liquidity or frictions
that have little effect on overnight rates and their dispersion in abundant regimes may have outsized

effects once reserves are merely ample.

In addition, we show that while market tightness unambiguously increases convenience yields
by steepening the convenience yield function, matching efficiency may have non-monotonic effects.
The intuition behind this non-monotonicity—perhaps a surprising result—is that higher matching
efficiency benefits the short side of the market, raising convenience yields when liquidity is scarce
but potentially lowering them when it is abundant. Furthermore, our closed-form solutions facilitate
the identification of structural OTC market parameters and shocks from observable data for trading

volumes and spreads.

Finally, we show that the interaction between portfolio choice and settlement frictions gives rise
to a pecuniary externality that leads to inefficient investment in liquid assets. Individual investors,
when choosing portfolios, fail to internalize how their cash surpluses and deficits affect aggregate
market tightness and the resulting congestion in the OTC market, which in turn determines the
convenience yields faced by all participants. This congestion externality drives a wedge between the
private and social marginal returns to holding liquid assets. We characterize the conditions under
which competitive equilibria feature over- or under-investment in liquidity. Under risk neutral-
ity, there is under-investment when aggregate cash has a stronger marginal impact on borrowing
costs than on lending returns—a situation that arises when investors in surplus outnumber those
in deficit—and over-investment in the opposite case. When markets are balanced, the competitive
equilibrium is efficient under risk neutrality but becomes inefficient under risk aversion, leading to
under-investment in liquidity. These findings have implications for liquidity regulation, indicating

that optimal policy depends critically on market conditions.



Literature Review.  Our paper is related to a large literature on portfolio choice and asset pric-
ing with liquidity frictions, such as portfolio constraints or transaction costs. Important examples
include Constantinides (1986), Basak and Cuoco (1998), Vayanos and Vila (1999), Constantinides
and Duffie (1996), Krueger and Lustig (2010), Holmstrom and Tirole (2001), Acharya and Pedersen
(2005), Lagos (2010). These studies typically treat liquidity frictions as exogenous. Our goal in this
paper is to develop a tractable framework where liquidity premia emerge endogenously and explore

the implications for asset portfolios.

Following Duffie, Garleanu and Pedersen (2005), a burgeoning literature on OTC markets has
studied environments where assets are traded in the presence of search frictions.! This literature
has identified how features of the trading environment, such as the speed of transactions and the
heterogeneity in the motives for trade, affect trading volumes and impact liquidity premia. While the
literature began with strong restrictions on portfolio holdings— namely, binary holdings—work by
Lagos and Rocheteau (2009) allows for arbitrary portfolio holdings, bringing this literature closer
to standard portfolio theory. Hugonnier, Lester and Weill (2022) consider heterogeneity in asset
selling speeds. Uslu (2019) introduces risk-averse behavior into this class of models. He shows that
trading speed affects asset values because time is discounted, a feature that depresses the option value
of selling assets when gains from trade emerge. He and Milbradt (2014) study how liquidity in an
OTC secondary market for bonds affects the issuer’s default risk. Silva, Passadore and Kargar (2023)
study portfolio problems that explicitly take into account trading times when agents want to modify
their portfolios.? In the language of Hugonnier, Lester and Weill (2025), these papers study a semi-
centralized setup, while we study a purely decentralized setup. Moreover, we focus on OTC frictions

in the market for borrowing and lending, as opposed to the sale of assets.

As stated above, the sequential OTC market is inherited from Afonso and Lagos (2015b). In a
further application, Afonso and Lagos (2015a) obtains closed-form formulas for volumes and OTC
rates that mirror those found here. Afonso and Lagos (2015a) restrict positions to binary holdings
and assume an increasing returns-to-scale matching function. Here, we show that, by working with
a large number of traders within each investor—as in Shi (1997) and Atkeson, Eisfeldt and Weill
(2015)—we can readily embed the OTC block into portfolio theory. We furthermore characterize
outcomes for a more general class of matching processes. In addition, we provide comparative statics

with respect to market tightness and matching efficiency, show how these outcomes can be mapped

IThis literature has run in parallel to the New Monetarist literature, pioneered by Kiyotaki and Wright (1993). See
Williamson and Wright (2010); Lagos, Rocheteau and Wright (2017) for recent surveys.

2In our model, time discounting plays no role, as trading occurs within a single period, although the sequence of
trades matters because it affects the terms of trade when two investors match.

3In the work of Lagos and Wright (2005), the traded object corresponds to goods, and money facilitates transactions.
Another related study is Lester, Postlewaite and Wright (2012), which considers a model where the recognizability of the
asset determines whether it is used for transactions.



to observable empirical moments, and conduct a normative analysis of investors’ portfolio choices.

Our normative analysis is related to a broad literature on the welfare properties of competitive
equilibria with financial frictions—in particular, those studies analyzing the efficiency of risk-taking
decisions. One branch of the literature studies over- or under-investment in liquid assets in Wal-
rasian markets where the risk-free rate affects the degree of enforcement and risk sharing (e.g., Jack-
lin, 1987; Bhattacharya and Gale, 1987; Farhi, Golosov and Tsyvinski, 2009; Yared, 2013; Geanako-
plos and Walsh, 2017). In contrast, we consider a setting with an OTC market where a pecuniary
externality emerges from congestion in the interbank market. The externality we study is related
to other congestion externalities in the search and matching literature. In particular, Uslu (2019)
identifies an externality where fast investors can capture a private transaction surplus larger than
their contribution to surplus creation.* In addition, Wong and Zhang (2023) shows that the degree
of search and intermediation is inefficient in the OTC market where search intensity is endogenous.
Different from these contributions, our approach compares the portfolio choices of individual in-
vestors vis-a-vis a social planner that takes as given the financial arrangements in the OTC market.
Our analysis is closest to Arseneau, Rappoport and Vardoulakis (2020), who considers a model where
firms issue long-term bonds that are retraded by risk-neutral investors in OTC markets and show
that liquidity provision is constrained ineflicient. Apart from differences in our framework, a con-
tribution of our paper is to show that risk aversion plays a central role in determining the direction

of the inefficiency.’

Finally, our earlier work (Bianchi and Bigio, 2022) used the convenience-yield function derived
here to analyze the transmission and implementation of monetary policy through the banking sys-
tem; this paper develops the theoretical foundations.® Related studies on liquidity management of fi-
nancial intermediaries include Arce, Nufio, Thaler and Thomas (2019) and Bigio and Sannikov (2019)
on optimal reserve policy in models with nominal rigidities and incomplete markets, respectively;
Lenel, Piazzesi and Schneider (2019) and Piazzesi, Rogers and Schneider (2019) on the short-rate
disconnect and on monetary transmission with nominal rigidities, respectively; Bianchi, Bigio and
Engel (2023) on exchange-rate determination in an international context; Lopez-Salido and Vissing-
Jorgensen (2023) on quantitative tightening; Bittner, Jamilov and Saidi (2025) on assortative match-
ing in the German interbank market using a similar framework; De Fiore, Hoerova and Uhlig (2018)

on the role of collateral and interbank market freezes; and Rios-Rull, Ritto, Takamura and Terajima

4In contrast, in a model with exogenous search effort, Afonso and Lagos (2015a,b) find that the competitive equilib-
rium coincides with the efficient allocation.

5A different strand of the literature analyzes pecuniary externalities that can result in excessive leverage (see e.g.
Caballero and Krishnamurthy, 2001; Lorenzoni, 2008; Bianchi, 2011; Déavila and Korinek, 2018; Amador and Bianchi,
2024).

¢In addition, we analyze the efficiency of portfolio choices.



(2024) on the credit channel in a model with productive externalities.

Roadmap. Section 2 presents the environment. Section 3 presents the main theoretical results.

Section 4 presents the applications. Section 5 concludes.

2. Environment

We present an infinite-horizon model comprising a unit mass of investors who take portfolio po-
sitions given exogenous asset returns. Assets and liabilities differ in their payoffs across states and,
crucially, in their settlement risks. This feature gives rise to a liquidity-management problem. In-
vestors are subject to idiosyncratic shocks, and trade overnight loans in an over-the-counter (OTC)

market.

Asset structure. There is a collection of assets, {a; }, where i € I={1,2, ..., I}, where an investor
takes a positive position when long and a negative position when short. Assets are real and differ in
their realized returns, as well as their settlement properties. In addition, there is a special asset, m,
which is used to settle all payoffs and represents “cash.” Investors may hold a negative position in m

during the period but must end each period with a positive cash position.

2.1 'The Portfolio and Balancing Stages

Each period consists of two stages: a portfolio stage and a balancing stage. In the portfolio stage,
investors take portfolio positions, given possible asset returns and cash-flow shocks. In the balancing
stage, investors are subject to cash-flow shocks and may face a shortage or surplus of cash. When the
investor has a cash deficit, it can borrow cash from another investor or through a backstop lender.
When it has a surplus, it can lend to another investor or hold cash and earn a cash rate. We now

describe each stage.

Portfolio Stage. In this first sub-stage, the individual investor makes portfolio holding decisions.
The investor enters the period with a given initial amount of wealth or equity e;. Equity is composed
of a portfolio of assets, {ai} ;e €ash, my, loans borrowed from other investors, f+ (which is negative

when loans are provided to other investors), and borrowing from a backstop lender, w;. That is,

e =Y Riaj + R'm, — R f, — Ry, (1)

i€l



where R; denotes the realized gross return from period ¢ — 1 to ¢, with 7, denoting the corresponding
net rates of return. We assume that ;" > R}", which captures a penalty for emergency borrowing.”
The return R{ is a weighted average rate of OTC loans, to be described below. This is the only rate

of return determined endogenously.

Starting from a given equity level, the investor chooses the dividend—interpreted as an equity
injection if negative—denoted by c;, along with a new portfolio { {di 41 }Z o M1 } We use tildes

to denote a portfolio variable chosen at the portfolio stage. The budget constraint is

¢+ Z ayq + My < ey ()
iel

Balancing stage. Investors enter the balancing stage with the portfolio {{&i 41 }Z cr s Mg } At
the beginning of the balancing stage, the investor experiences cash-flow shocks, {w!} , to each of the

assets in its portfolio

Ay = Ay, (1 —wp),
where w' € [—00, 1) follows a c.d.f. ®*(-). If i, , > 0, a positive w" shock captures a redemption
of assets—for instance, the early repayment of a loan or a callable bond—while a negative w® shock
indicates a sudden increase in assets, such as the drawing of a credit line extended by the investor.

Conversely, if di 11 < 0,apositive w® shock represents a sudden withdrawal of liabilities, whereas a

negative w’ shock corresponds to an unexpected inflow of liabilities.

Cash-flow shocks are settled with cash. After the realization of cash-flow shocks, the investor’s
cash surplus is
i
» ~ . ~ SR
s <{a225+1}z‘e]1 ) T4, {wz}ieﬂ) =t + ) :RTW{?@?H- (3)

il t+1

J/

'
settlement balance

The surplus s depends on the portfolio chosen in the portfolio stage, {{di +1}ie]l MMt }, and the
vector of cash-flow shocks. When a;,, - w* > 0, this shock represents a positive cash-flow shock;
conversely, when @], - w’ < 0, it constitutes a negative cash-flow shock. Equation (3) shows that
if the investor faces sufficiently large negative cash-flow shocks, it may end up with a cash deficit.
Implicit in this cash-flow accounting is the assumption that when settlement occurs, the return on

each asset accrues to its holder, which is taken care of by the ratio of returns in (3).

If an investor ends up with a cash deficit, it must either borrow in the OTC market or resort to

penalty borrowing. Conversely, if it has a surplus, it may lend in the OTC market or retain the cash.

7This assumption is consistent with monetary policy implementation, where the penalty rate is strictly above the
interest on reserves.



At the end of the period, cash holdings are given by:
Miy1 = § ({diﬂ}ieﬂ M1, {wz}ie]l) + fiq1 + w1 2> 0. 4)

The condition m; 1 > 0, combined with the assumption that R > R, implies that running a
cash deficit is costly. Moreover, since investors may end up with different cash positions, there are
gains from trade in the balancing stage. We assume that this money market is frictional, and operates
as an over-the-counter (OTC) market—a natural assumption given that in practice, the money market
is often decentralized: participants must search for counterparties with the opposite position. Be-
cause this market is OTC, access to funding is not guaranteed. As a result, funding deficits may be
only partially covered through the OTC market, with the remainder financed via a backstop lender.

Conversely, investors with a positive surplus may ultimately end up holding excess cash.

Given a cash position s, investors first try to transact with another investor and then resort to a
backstop lender or the cash market for any remainder deficit or surplus. We denote by {\I/;L N\ }
the fractions of positive and negative surplus, respectively, that investors trade in the OTC market.

That is, we have that

-, s ifs <0, —(1 -V, )s; ifs; <0,
fie1 = e t= and Wiy = ( st ' (5)
—‘II;rSt if St > 0, 0 if St > 0.

Substituting (5) into (4), we can write the equity at ¢ 4 1 as:

— E i o~ mo = =1 5
6t+1 = Rt+1at+1 + Rt+1mt+1 + Xt+1 <S ({at+1 }’iEH ) mt+1> > ) (6)
1€l \~ d
N ~ - convenience yield

portfolio return

where ; represents the convenience-yield function

X s ifs<0
xi(s) =3 : @
Xis ifs>0

where Y~ and x 7 are given by
— -/ m — w m — -/ m
Xe = (B, — B9+ (RY — R)(1-V,y), xi =9 (R, — R").

Notice that the convenience yield function y(s) is asymmetric: settlement deficits generate steep

marginal losses, while surpluses generate lower marginal gains. This asymmetry plays an important



role in the portfolio analysis.

Before we describe how the OTC market operates, we discuss several examples of assets that

expose investors to liquidity risk, in addition to return risk.

2.2 Interpretation and Asset-Class Examples

One interpretation of the environment is that investors are banks, in which case “cash” corresponds
to central bank reserves and backstop lending corresponds to the central bank’s discount window.
For non-bank financial institutions, cash typically takes the form of bank deposits, and liquidity
backstops are pre-negotiated credit lines with banks rather than with the central bank. The OTC
market in our model may correspond to the secured interbank market for banks or to the bilateral
repo market for non-bank institutions, although we abstract from the possibility of default and the
role of collateral here. In international contexts, cash corresponds to deposits held in the U.S. corre-
spondent banking system, liquidity support corresponds to contingent credit lines with global banks,
and the OTC market to short-term offshore funding markets such as the LIBOR market (see Bianchi
etal., 2023).

We illustrate more concretely how cash needs arise across different asset classes.

(i) Funding Outflows: A natural interpretation of our framework arises in the context of institu-
tions exposed to unpredictable funding outflows. One example is a bank whose liabilities consist of
demand deposits, d, which are subject to withdrawal shocks and potentially a reserve requirement,
p > 0, as in Bianchi and Bigio (2022). The bank holds a portfolio composed of a fully liquid asset
and a fully illiquid asset. This case maps directly into our general framework, with d = —a; and the
settlement position defined as

Rd
s(d,m,w) =m — (Ew —p(1— w)) d.
The exact formulation applies to open-ended investment funds, where a redemption shock is analo-

gous to a deposit withdrawal.

(ii) Credit Lines: A credit line specifies a multiple w of an existing loan ¢ to be drawn upon the
realization of a future state, at a pre-specified rate. The institution must then settle the exposure by

delivering cash in the amount: s(¢, m,w) = m — w.



(iii) Margin Calls: A margin call requires that, in all states where the future asset return falls below
a threshold k, the borrower must post additional collateral. If the loan amount is b, the required cash

settlement is

s(b,m) =m —max {k — R},,,0} b.

In the next section, we examine the workings of the OTC market.

3. OTC Market

This section derives the key equilibrium objects in the OTC market, { ¥;", ¥, , Ti{ 1}, that give rise to
the convenience yield function (7). In general, these objects depend on the entire distribution of cash

positions. As we show below, however, in our environment, they depend only on market tightness.

Definition 1. We define market tightness 6 as the ratio of total negative to total positive positions in the
OTC market:
S_

1 1
0= o where S~ = —/ min{s’,0}dj, ST = / max{s’, 0} dj.
0 0

3.1 Two-sided matching

The market structure consists of a sequence of over-the-counter (OTC) markets, following Afonso
and Lagos (2015b). Unlike that model, where investors trade directly, we assume that each investor
delegates its trade to a large number of traders, each handling an order of size A. Traders close cash

deficits and lend surpluses on behalf of investors.

Traders are segmented into borrowers and lenders, giving rise to a two-sided matching structure.

If 6 > 1, the short side is the side with surplus. If § < 1, the short side is the side with a deficit.

Trading occurs over /N rounds, indexed by n € N' = 1,2,..., N over a fixed time interval—
normalized to one. In each round, matches are formed according to a matching function. Once
matched, borrowers and lenders bargain over the loan rate. Upon trade, the surplus trader transfers
A cash to the deficit trader, which the corresponding investor repays at the beginning of the next
portfolio stage. If a trader does not match in a given round, she may or may not match in the subse-
quent round. A trader in deficit who remains unmatched after round N borrows at the penalty rate

R™. Traders in surplus that are unmatched by round N, obtain the cash rate R™.

We derive our analytical results in the limiting case where the order size A approaches zero,

building on Shi (1997) and Atkeson et al. (2015), and the number of trading rounds N tends to



infinity—i.e., the time within a trading round tends to zero. This limit is convenient because it avoids
the combinatorial challenges that arise when the identity of the matches matters. Here, the terms of
trade vary by round, depending on evolving surplus and deficit positions, but are independent of the

identities of the counterparties.®

Matching function. Denote {S;", S~} the aggregate mass of surplus and deficit positions after
the realization of matches in round n and where S; = S*and S; = S~. The number of matches

inround n + 1, 2,41, is given by
Zni1 = AWG(SH,S)), nel0,1,..,N—1],

where Ay is a parameter capturing the matching efficiency, indexed by the total number of rounds,
N and G : R? — R, is the matching function. The matching function satisfies the following

properties.
Assumption 1 (Matching Function). The matching function G satisfies:
i. No disposal: G (0,-) = G (-,0) = 0.
ii. Constant returns to scale: G (-, ) is homogeneous of degree one.
iti. Symmetry: G (a,b) = G (b, a), Va,b.
iv. Weak exhaustion: A\yG(S;7,S,)) <min{S;}, S, }.

v. Strictly increasing: G, (a,b) > 0, Gy, (a,b) > 0.

No disposal implies that counterparts are needed for a match. Constant returns to scale imply
that the number of matches scales proportionally with the size of the market. Symmetry assumes
that the number of matches depends on the relative scarcity of borrowers or lenders, independently
of which side is shorter. Weak exhaustion means that there cannot be more matches than the shortest

side of the market. Monotonicity in each argument implies that adding more participants to either

8The idea behind the modeling of fixed-sized order convention is that if a lender bank places lending orders that
exceed its excess reserves, there is a chance it will not be able to have the funds to transfer to the borrowing bank. If a
lending bank lacks the funds to transfer to the bank in deficit, the bank would violate a contract and face a large legal
default cost. For sufficiently high costs, no bank will ever place lending orders above the amounts they hold. Assuming
that orders are of a fixed size, investors cannot place more than 7 (s, A) = |[|s|/A] orders. Here, |z] is the floor
function understood as the largest integer not greater than x. Because investors can only place integer numbers of orders,
typically, there will be a remainder of reserves that cannot be lent or borrowed at the OTC market. These residuals can

be borrowed (lent) at the penalty rate 7% (at the cash rate ™) directly. Mathematically, this residual is ¢ (z, A) =
s—||s| /AA.

10



side results in more matches. We normalize GG (1, 1) = 1, without loss of generality, because we can

rescale the number of matches by Ay.

Finally, we note that it may be realistic to assume diminishing returns in the number of matches
as a function of one side of the market, e.g., weak concavity G, (a,b) < 0, Gy, (a,b) < 0. The results

that follow do not require this property, but it may be a desirable property in many applications.

3.2 Equilibrium

Given {SSr S }, we construct the sequence of matches for each round, z,,, by tracking the evolution
of surplus and deficit positions as follows:

St=SH,—=z, and S =S

n n n n—1

— Zp, Vn e N.

As matches take place, the surplus and deficit positions shrink in the following round.® The recursion
assumes implicitly that all matches result in trade. Accordingly, we define market tightness in round

n as S—
0, S—;; ne{0,1,2,...,N}.

and matching probabilities per round {1, ¢ } for a trader in surplus and deficit respectively as

" Lz 1
OF = = ANG(1,0,), Uy = - = ANG 1 nen,
5%—1 n—1 9”*1

By convention, ¢, ; = ¥y, = 0, given that the last trading round with matches is V. By constant

returns to scale, ¢ = 6,, 11, .

Value functions. At each match, traders bargain over a loan rate, Rﬁ, determined through Nash
bargaining. The outside options for borrowers and lenders vary by round. In a match at the N-th
round, the lender’s outside option is ™ and the borrower’s outside option is the outside borrowing
rate, R". In earlier rounds, the outside option is the expected value of entering the next round with

an unmatched position.

Now, consider an individual trader who bargains on behalf of investor j. The trader is responsible
for closing the order of size A. When bargaining, traders must form an expectation of their investor’s
equity position in each round of the OTC market. The equity position is random and depends on all

other trades delegated by the investor, which involves a complex combinatorial problem. However,

°By no exhaustion and no disposal, if at any round either side of the market is exhausted—i.e., ends at zero—no
further matches are formed.

11



as we will see, taking the limit as A — 0 circumvents that challenge. The idea is that by taking this
limit, we can resort to the law of large numbers, which renders OTC rates independent of the equity

of the investors who in a match.

Exploiting the law of large numbers, if investor j has a cash deficit, s’ < 0, the trader fore-
casts that the fraction U~ - (s’ + A) will be borrowed across all rounds at an average rate R and
(1 — U7)-(s7 + A) will be borrowed at the penalty rate. If the investor has a cash surplus, s/ > 0, the
trader expects that U (s/ — A) funds will be lent in the OTC market and that (1 — UT) (s/ — A)
of the funds will be invested at the cash rate. This forecast is rationalized below when we take the
size A — 0. Using these results together with (6), we have that the trader’s forecast of the investor’s

equity is given by

Erp = Z ap Riyy +mea Ry + xen (7 — sign(s?)A) +sign(s”) (R], — R, A

K
1€l
N

J/

g

=¢&l,(D)

where the term Sg;l (A) denotes the trader’s forecast of equity, excluding its own.°

We let V'(e) denote the value function of the investor for a given level of initial equity which we
take to be increasing and differentiable.!* For convenience, we suppress the time subscript, since we
will focus on the matching within the period. In addition, we let J;,(n; A) and J,,(n; A) denote the
value functions of trader 7 in round n when in surplus and deficit, respectively. Also, for convenience,
we suppress the dependence of .J3; on j, understanding that these refer to the values of matching for

traders with a given level of equity and a surplus position. These values satisfy
T (s A) = V(€7(A) + sign(s)A (R, — R™)).

Likewise, we let J;% (n; A) and J;; (n; A) denote the corresponding unmatched trader’s values. Re-

cursively, these values are given by
T (3 8) = B [958 K+ 12) + (1= 05) B 4 1)

The value of an unmatched trader is the probability of matching in the subsequent round times the

value of matching its position, @szzi‘fl(sj) J j/l (n + 1; A), plus the probability of not matching times the

value of going to the subsequent round with an unmatched position. If by round N the trader is

10For a discrete value A > 0, investor’s equity is a random variable that depends on the realization of trade outcomes
across rounds.

U]n section 4 this value function emerges from an investor’s problem with concave utility. As well, the formulation
allows investors to inherit a stochastic discount factor if one does not want to endow them with preferences.
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unmatched, the values are given by

JH(N;A) =V (E1(A), J;(N;A) =V (E7(A)— (R —R™A).

Bargaining problem. With these value functions, we can describe the bargaining problem. Let
us refer to the trader associated with a deficit position by j and the trader associated with a surplus

position by k. Upon a match, an OTC rate solves the following Nash-bargaining problem:

ra(8) = argmax {8, (A)” x §;(A)""}

where
S, (A) =V (&(A) — (R — R™) A) — J; (n; A),

SHA) =V (E(A) + (Rl — R™) A) — Jf(n; A).

3.3 Limit with Infinitesimal Orders

We now consider the limiting equilibrium as the order size vanishes, A — 0.12 We have the following

proposition:

Proposition 1 (Limit of Infinitesimal Trade Bargaining Problems). Let A — 0. Foralln = 1,2..,,
the OTC rate i solves

eag max (g — (=) (=) —x)
rE[r™ X, T X ]

where x,\ and x, satisfy
Xn = (7‘£+1 =) Pni1 + X (L= i), (8)
X = (P =70+ X (1= ), ©)

with terminal conditions X3 = 0 and xy = — r™.

In addition, the solution yields

Tﬁzrm#—(l—n)xg—l—nxz, n=1,2,...,N.

12For ease of notation, here we work from now on with net interest rates.
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The proposition implies that the equilibrium OTC rate in round n is obtained by solving a system
of linear difference equations. The rate equals the sum of the cash rate plus the weighted average
of the outside options, x, and it is independent of the size of the surplus of the traders who meet.
Importantly, because of the dynamic nature of the OTC market, the OTC rate depends endogenously

on market tightness.!?

At any round n, the bargained amount 7/ equals the cash rate plus a weighted average of the
expected continuation values of remaining unmatched after round n is over, x. The expected cost
of an unmatched deficit in round n, X, is in turn given by the cost of closing the deficit in the next
round, r,{ 41 — r™, multiplied by the probability of matching 1, ;, plus the expected cost of con-
tinuing unmatched by the end of round n + 1, x,,,;, multiplied by the probability 1 — %, ;. An

analogous recursion applies to ;" for surplus investors.

This recursive structure shows that the solution depends only on the round index 7, not on the
identity of the meeting counterparties. As A — 0, the trade size vanishes, so the impact of the
transaction on each investor’s equity becomes negligible, rendering the equilibrium rate independent

of the traders’ individual equity or surplus magnitudes.

We prove this result formally in Appendix A.1, but we outline the main steps here. When a trade

of size A occurs at rate r,,, the change in utility for investor j with position s’ satisfies

V(€T + sign(s?)(ry — T™)A) = V(&7 + sign(s/) 2" A)
lim _
A—0t A

V'(E7)sign(s?) (ry, — 1™ — 8,
Hence, the Nash bargaining solution can be expressed as'4
V'(ENHMV'(EF) T max [, — (r— rm)}n [(r—7™) = x;7] =

Because the derivatives with respect to equity V'(E7)"V’(E*)1=" are independent of r, these can be
factored out of the maximization. As a result, the equilibrium rate is independent of counterparties’

identities and depends only on the round index n.

Letting the total surplus from Nash bargaining be ¥, = X, — X/, we have the conventional

13]n the last round, the OTC rate is pinned down entirely by ™ and " and bargaining powers and is independent of
market tightness. Intuitively, given that there is no possibility of future matching, the OTC rate solves a static problem.

14To see this, we use that the objective is lima o+ max, { [Sn (A)/A] K [ST(A)/A] 1—n} and use the definitions
of Sand V.
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Nash rule implies

EE})S;(A) =x, — (rl —=r™) =nx,, 1121 SHA)Y = (rf —r™) —xif =1 —1n) %,

Equivalently,
=" 4 (L= n)x,, +0x s

as stated in Proposition 1.

This formulation greatly simplifies the analysis: as A — 0, the OTC rate depends only on
the round index n, and all heterogeneity across trading pairs vanishes. The equilibrium sequence
{rf}X_| can thus be computed from a system of linear recursions in {x,!, x,, }. We also have the
following corollary that confirms that the convenience-yield function (7) delivers the exact cost or

benefit of settling in the OTC market as trade size converges to zero.

Corollary 1 (Convenience-yield function and coefficients). The probability of closing deficit and sur-
plus positions in the OTC market are given by:

N N
U =1-J](1—¢,) and T =1-J] (1 -%).
n=1 n=1

The coefficients of the convenience yield function x () are the period 0 solutions of (8) and (9) which satisfy:

X =xg =T ™)+ (=0T =),

= Xo
xT=xd=vtF —rm).
where 7/ is the average of {1"7{} weighted by the trade volume for any investor.

Once we take the continuous-time limit, we obtain a closed-form expression for the convenience

yield function as a function of the initial and final market tightness.

3.4 Continuous-time limit

The time interval between rounds is 1 /N, where recall that we normalize the total time to one. Thus,
as N — 00, we can associate a round with a point in time, 7 € [0, 1. Therefore, from now on, we

index all equilibrium variables by 7 instead of by n.

Let us define
v(@)=G(6,1), A= lim AyN.
N—oo
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By constant returns to scale in the matching function, we have that

PEO) =M (0) v (0) =My (07"), (10)

where " (6) = 61y~ (). Notice that with some abuse of notation we have transformed matching
probabilities into matching rates (expected number of matches per unit time).!> These matching rates

determine the fraction of surplus/deficit that an investor will be able to patch in the OTC market:

1 1
szl—exp(—/ @DIdm), \If;zl—exp<—/ @/J;dx). (11)

where we refer to )7 = 1" (0,) and )7 = ¢~ (6,) as the matching rates as a function of time 7.

The following result characterizes the evolution of 6:

Proposition 2 (ODE for market tightness). For any given 6, the ratio of deficit to surpluses 0. satisfies

the following first-order ordinary homogeneous differential equation:

0. =X, [y (0;") —~v(0,)], 7€l0,1]. (12)

As the number of rounds increases, f is translated from a sequence into a function of time, solving
the ODE (12).16 Once we solve the ODE for tightness, we can solve for the matching intensities
Yt and ¢ inT € [0, 1]. Furthermore, with information regarding the terminal market tightness,
6 = 6,, we recover the overall matching probabilities by using the matching consistency condition:

+_§__90

- _:9—90

— 0 g = Dt
6—-1" % p—-17"°

We have, in addition, the following corollary:

Corollary 2 (Properties of market tightness). The evolution of 0 features the following properties:

i If0p =1, then 0. = 1forall 7. If 0 > 1 (0y < 1), then 0, is increasing (decreasing) over time.

15We have limy o0 N = (), where recall that ¢»,, = AnG(1,0). The overall matching probabilities, thus,
correspond to cumulative distribution functions of the event, matching between time 7 and time 1. Their corresponding
PDF are functions of the matching rates.

16The Picard-Lindelof Theorem guarantees the uniqueness of the solution of (12), as long as 7y is Lipschitz continuous.
We note that for some matching functions, v may fail to be Lipschitz continuous at # = 0 or oo, but even in that case,
uniqueness can be guaranteed by finding the path of 6 backward in time to reach the initial condition 6y and using the
fact that if 6, = 0 for any 7 remains at zero, for all 7/ > 7. Observe that the reciprocal tightness, 0~ satisfies the ODE:

07 = 207 [ (8) 7 (07)] = 2y (6) (1 - ,). 13

where the second equality follows from symmetry and homogeneity, 7y (6) = 6~ (9_1). Thus, the ODE for tightness or
its reciprocal is the same.
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ii. If 89 = 1, matching rates are v = - = A\ If 0y > 1 (0y < 1), then Y is increasing

(decreasing) and 1)~ is decreasing (increasing) with time.

iti. Take two matching functions, such that v (6) < 7 (0) V6. Then, if 0 > 1 (8 < 1), 0 rises (falls)

faster under 7.

The corollary highlights that the short side of the market becomes relatively more scarce over the
rounds, which in turn induces a higher matching rate for the short side. Similarly, we can solve for

the sequence of convenience yield coefficients:

Corollary 3 (Convenience-Yield Coefficients in the Continuous-Time Limit). The solutionto {x, x; }
is:

xiz(rw—rm)[(l—n)@by*eXp (/yl—((l—n)w;ermD;)dx) dy

X, = (" —=r") (1—/T177w;e><p (/yl—((l—n)wiJrnw;)dw) dy),

forall T = [0, 1].

and

Notice the coefficients of the convenience-yield function (7) are Y™ = x4 and x~ = X, and the
bargained OTC rate at round 7 is given by v/ = r™ + (1 — ) x= + nx; . The formula is equivalent
to a setting where one side of the market extracts all the surplus with a constant probability. To see

this, it is convenient to compute the surplus at time 7, which in this case is given by:
o= (v =) (1— HY) (1 — Ho),

where H+ = 1 — exp (f:—((l—n)zb;)dx> , H-=1-—exp (f:—(nw;)dx> :

This representation reveals two implications. First, the surplus increases over time because, as
time runs out, the option to trade in the future falls. Second, the surplus at time 7 is proportional
to the trading between the surplus in the final round, multiplied by the product of two probabili-
ties, (1 — HF)and (1 — H.). The product (1 — H) (1 — H_) is analogous to the probability that

neither side extracts any surplus in the future.’”

7Note that (1 - le 6% exp (fyl —((1=n) Yt +mvy) dm)) dy = exp (f: — (=)t +nvy) dx) corre-
sponding to the probability that an (homogeneous) Poisson event is not realized between 7 and 1. Indeed, HI and
H are the probabilities of two independent Poisson events occurring with respective intensities (1 — 1) ¥;" and ;.
Thus, H" and H correspond to a compound process in which borrowers and lenders extract all the terminal surplus
(r* — r™) with probability 1 — 7 and 7), respectively, once they match.
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We further simplify the formulas for . and X as time-varying fractions of the total surplus:
1 1
= [ aemusdn =0 =m - [ sy 14

Thus, the outside options satisfy a dynamic surplus splitting rule and are obtained as the expected

probability of extracting all the surplus in a future match.

Numerical illustrations. Figure 1 presents examples of the OTC market using Leontief and Cobb-
Douglas matching functions, for various initial conditions . The figure reports the movement of
the OTC market rate through time, plotted together with the outside options. As the trading session
ends, the outside options for the surplus (deficit) side become zero (" — r"). The outside options at

the beginning of the trading session yield the convenience yield coefficients.

3.5 Analytical Properties

In this section, we present some properties of the OTC market and liquidity-yield coefficients.

Liquidity-Yield Coefficients. While the solution for the path of market tightness depends on the
matching function and, thus, no general analytic solution may be found, the yield coefficients can be
expressed solely as a function of the initial tightness, 6, and the terminal tightness 6, in addition to

r™ and r*.18

Proposition 3 (Convenience-yield coefficients). For any matching function, the convenience yield co-

efficients are:

6 — gnoi— 0 — 6no-"
t — (pw —_pm - T — — (W _ m O

Moreover, the average OTC rate is given by:

(6/60)" — 1

™ = (8) r™ 4+ (1 — ¢ (6y) ), where ¢ (8y) = 576, 1

€ [0,1].

The average OTC rate is a weighted average of the cash rate and penalty rate. The term ¢ (6,)
acts as an endogenous bargaining rate: unlike static bargaining, this bargaining rate depends on the

evolution of outside options, as in Afonso and Lagos (2015b).

18Note, however, that 0 depends on the actual matching function.
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Figure 1: Trading Across Rounds under Different Matching Technologies.

Note: Parameter values aren = 0.5, A = 1.2, 7 — r™ = 120 bps



As a corollary, we have that the time pattern of variables in Figure 1, corresponding to Leontief

and Cobb-Douglas matching functions, holds for all matching functions:

Corollary 4 (Monotonicity Within Trading Session). For all 7 € (0,1), we have dc’lf < 0 and
- . " .
ddLTT > (0. Moreover, sign (%—;) = —sign(fp — 1).
Notice that when the OTC market is balanced, 6, = 1, the market remains balanced throughout
and, thus, matching rates are equalized: ¥ = ¢¥- = (1 —n) ¢ + n7 = A It follows that
™ =™+ (1 —n)re.

Time Dilation. The passage of time is equivalent to a reduction in efficiency, a property which
we refer to as time dilation. Let 6 (7, 0y, ) denote the value of market tightness € at time 7 given
an initial condition 6, and efficiency A, which is the solution of (12) as a function of time, initial

condition and parameters. We have that:

Corollary 5 (Time Dilation). Fix 7,7’ € [0, 1] such that 7" > 1. Then,

-7

9(7’,90,)\):9(1

,9(7,90,)\),)\(1—7)).

The same property holds for {¢+, vx T X, Tf}-

Time dilation allows us to obtain the value of market tightness at an instant 7/, by computing
first the value of market tightness at a prior instant 7. In particular, we can obtain the value at 7’ by
(i) solving the equilibrium renormalizing time by the remaining time (1 — 7), (ii) scaling efficiency
by the remaining time, and (iii) setting the initial condition to 6,. This property is useful because it
tells us that any property (e.g., monotonicity, concavity, etc.) of the equilibrium functions at some
moment in time generalizes to all times. It also reveals the recursive nature of the market and shows

that the normalization of time to the interval [0, 1] is inconsequential.

Bargaining Power. Next, we characterize how bargaining power affects outcomes.

Corollary 6 (Role of Bargaining Power). The equilibrium objects { xtoxo, 7 } are decreasing in 1. In

addition, at the extremes, we have that

i.n=1
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=Y, T =0T -, T =Y =™

An increase in borrowers’ bargaining power, 7, leads to a lower OTC rate at every round. Thus,
convenience yields are decreasing. In addition, as borrowers extract all the matching surplus, rates
go to the cash rate, and the average cost of deficits is the penalty rate multiplied by the probability

w

of matching throughout all rounds, y~ = (1 — ¥7)(r — ™). By symmetry, an analogous result

holds in the opposite extreme.

(a) Symmetry Property (b) Walrasian Limit
120 L ‘ ‘ ‘ ‘ ‘ ‘
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Figure 2: Symmetry and Walrasian Limit Properties

Note: Convenience yield coefficients as functions of 6. Parameter values are A\ = 0.8, 7 — r™ = 120 bps
in panel (a) and n = 0.5, r* — 7™ = 120 bps in panel (b).

Matching efficiency limits. We also derive the limiting properties as the market efficiency is

taken to its extreme values.

Corollary 7 (Matching efficiency limits). The OTC market equilibrium satisfies:
Walrasian: As A — oo, the OTC market converges to its Walrasian market:

1) If90:1:

Pr=0"=1, x"=0"=r")(1-n), x =0"—r")1-n),

=" 4 (1 =)™ —r™).
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iii) If 6y < 1:

Ur=6), ¥ =1, x"=x =0 7 ="
Autarkic: As A — 0, the OTC market converges to a static bargaining:

XT=0, xT == T =T (L) (0 =),

Corollary 7 shows that as efficiency increases, the OTC market rate approaches a Walrasian
limit.? In the Walrasian limit, if the market features an aggregate cash (scarcity of funds) deficit,
By > 1, the average OTC market rate converges to the borrowers’ outside option, 7. In the oppo-
site case, as fy < 1, the rate converges to 7. Likewise, the liquidity yields converge to the terminal
trading surplus (in the case of an aggregate cash deficit) and zero (otherwise). Panel (b) of Figure
2 plots the rates and convenience yields at the Walrasian limit.2® On the other hand, when match-
ing efficiency approaches zero, rates and yields converge to those of the static bargaining, and trade

volume vanishes.

Market Tightness.  Another property of interest regards how the convenience yield function

varies with market tightness. We have the following corollary:

Corollary 8 (Monotonicity in market tightness). In any OTC market equilibrium, {X+, X, 7 } are

increasing in 0.

As deficits increase, lenders charge more for their funds and can match with greater probabil-
ity. Borrowers pay higher interest rates on their OTC borrowings and are more likely to borrow at

penalty rates. Hence, YT, Y, 7/ are increasing in 6.

Next, we investigate the limit as market tightness approaches its extrema. By symmetry, it is
sufficient to discuss the limit §y, — 0.2! Understanding this limit is important because it tells how

the market behaves as the aggregate cash deficit vanishes. This limit highlights some subtle features

19The workhorse Poole (1968) model is Walrasian but it generates the downward sloping relation between liquidity
and the interbank market rate by assuming that the interbank market closes before withdrawal shocks are realized.

20n the knife-edge case where @ = 1, the average rate is an average of outside options weighted by the bargaining
power. In either case, the trading probability equals 1 for the shortest side of the market.

21See Appendix C.1.
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of the model. One might initially expect that as one side of the market vanishes—say, as 6y — 0—
the short side (i.e., borrowers) would capture the full surplus, leading rates and yield coefficients to
approach zero. However, the actual limiting behavior is more nuanced, and this intuition holds only

under specific conditions.

Whether the shortest side of the market extracts all surplus depends on whether the intensive
form of the matching function v (-) isbounded above. Lety = limy_,o~y (9~ !). Clearly, 7 is bounded
for some matching functions, e.g., for the harmonic mean, G (a,b) = (%a‘l + %b‘l) - but not for
others, e.g,, the Cobb-Douglas, G (a,b) = a'/?b'/2. This bound is critical in determining the decay
rate of # as #) vanishes: .

g =—-M as 60—0.

When the decay rate of market tightness is finite, market tightness behaves as an exponentially
decaying function for 6 close to zero. That is, the deficit side of the market approaches zero, but
remains strictly positive for all 7 as @ — 0. By contrast, if 7 is unbounded, the decay rate explodes,
so the market tightness approaches zero extremely fast as § — 0, leading to a singularity point in
the ODE where 6 actually reaches zero. Thus, 8, in that case may approach zero in finite time. This

rate of decay, in turn, governs the behavior of the OTC rates at the extrema.

Proposition 4 (Tightness Limits). The convenience-yield function and the average OTC rate have the

following limiting behavior:

i. 09 — 0:
Ut =0, U =1-e,
x" =0, X~ = (" = r)e A,
ii. 0y — oo:
Ut =1—e", T =0,
Xt =0 —rm) (1— e 0mm) X =r—=r"

1 — e~ (=mMMy

1—e M

As tightness approaches zero, the lenders’ matching probability approaches zero. Thus, ™ — 0.
However, for the deficit side, the short side of the market, whether the overall probability of matching

in the remaining rounds approaches one or remains less than one, depends on the asymptotic decay
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rate, 7. If this decay rate is finite, although the deficit side is negligible relative to the surplus side, the

matching probability converges, 1 — e =7

, a number strictly less than one. As a result x~ does not
vanish. If the asymptotic decay rate is unbounded, the matching probability does converge to one
and, in that case, Y~ will vanish. By symmetry, the opposite occurs in the limit as §; — oc. These

properties reflect on the OTC market rate.

Notice that if the asymptotic decay rate is infinite, as market tightness vanishes, the average OTC
rate approaches zero, which is akin to giving all the bargaining power to the deficit side. Instead, if the
asymptotic decay rate is finite, a trader with surplus is able to extract some surplus in the improbable
event that it gets to match. This occurs because the deficit side has a positive probability of not finding

matches when 7 is bounded. By symmetry, the opposite occurs as the market tightness explodes.

3.6 Closed-form solutions with CES Matching Functions

The properties above apply to all matching functions that satisfy Assumption 1. A special case is the

constant-elasticity of substitution (CES) class (also known as generalized means):22

Glabip) = (2am+ Lo :
a,byp) = za’ + -
0 p 2 2
If we additionally impose concavity in the arguments of the matching function, we have that p < (.23
As p — 0, the matching function converges to a Cobb-Douglas (geometric mean), G (a, b;p) =

a'/?b'/2, and for p = —o0, it converges to the Leontief matching function, min {a, b}.2¢

Figure 3 compares CES matching functions. Panel (a) plots 0 /0 as a function of 6, showing that—
except for the Cobb-Douglas case—the growth rate converges, indicating finite decay rates. Panel (b)
traces the time path 6. from a common initial condition €. Only under Cobb-Douglas does 6, reach
zero; in all other cases, tightness decays toward zero but never vanishes in finite time.?> The plots

illustrate Proposition 2: tightness decays faster for higher values of p.

Panels (c) and (d) show convenience yields as a function of log(6y). Only for the Cobb-Douglas

22Acz€1 (1989, Ch. 17) shows that if, in addition to our assumptions, we impose bisymmetry (G(G(a, b), G(c,d)) =
G(G(a,c),G(b,d))), then there exists a strictly increasing function f such that G(a,b) = f~! (M) Such
functions are called quasi-arithmetic means or Kolmogorov means. Moreover, if GG is also homogeneous of degree one,
then it must belong to the CES family (see Burai, Kiss and Szokol, 2021).

23The coefficient relates to the elasticity of substitution p > 0 in production viap = 1/ (1 — p). For p < 0, we have
217G (a, b;p) < min (a,b),so Ay < 2!/P guarantees weak exhaustion in the finite rounds case.

240ther common special cases are, p = —1, so that the matching function becomes the harmonic mean: G (a, b; p) =
2 (a,liib,l) . It is also known that for ¢ > p, G (a, b; p) < G (a, b; q).

25[ndeed, the solution to 6, may reach zero in some finite time 7 < 1 if and only if p = 0 (the matching function is
Cobb-Douglas).
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case do the convenience yield coefficients vanish (i.e,, ™ = x ) for sufficiently small 6. This under-
scores that Cobb-Douglas is a knife-edge case within the CES family with concavity in arguments
(p < 0), uniquely featuring infinite decay. Hence, it is the only specification where OTC rates and lig-
uidity premia can be fully extinguished in finite time, provided that the market is sufficiently unbal-
anced. In that sense, the Cobb-Douglas matching function can deliver full cash-satiation: all deficits
may be matched with surpluses, leading the OTC rate to ™. For other matching functions, this is
only possible if there are no investors in deficit and, consequently, there is no motive for trade.

(a) Growth rate of 6, (b) Evolution of 6,
o5

10l ==p = 0 (Cobb-Douglas)

—p=—1/4
p = —1 (Harmonic Mean)
9 BHpr=—p=-2 ’
@ p = —oo (Leontief) 0.1}
<
N
b L —— <
R
g
g 5l 0.05
S10k
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Figure 3: Comparison across CES matching functions.

Note: Parameter values are n = 0.5, A = 1.2, 7 — "™ = 120 bps in all cases.

Analytical Cases: Cobb-Douglas and Leontief. = We are not aware of general solutions to the

ODE for tightness, (12). However, when the matching function is either Cobb-Douglas or Leontief,
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the evolution of market tightness can be characterized analytically. Table 1 presents the correspond-

ing solutions—see Appendix B for the derivations.

Table 1: Analytical Formulas:

Matching Cobb-Douglas (p = 0) Leontief (p = —o0)

(1+\/0_o)e-”—(1—\/%))2 1+(900—1)e”, 0o > 1,
(1+vBo) e + (1 = Vo) °

T | {11 1+ Vb bo + (1 — fo)er™’

min /\Og(l—\/e_o)’l} | N

1_6—)\T<(1+\/%)—(1_\/%)6)\T)
NG

Note: Closed-form solutions for 6(7), stopping time 7', and deficit-side matching probability ¥~. The
surplus-side probability satisfies W+ = §y U~ for all matching functions.

0(r), 7 €[0,1] (

90<1

- min{1, 5"} (1 —e™?)

The Cobb-Douglas and Leontief cases display qualitatively distinct trading dynamics. Under
Leontief matching, the short side’s trading probabilities are exponentially distributed, independently
of the initial tightness. Thus, €, never vanishes entirely throughout the trading session. Instead, €,
follows a logistic path. In the Cobb-Douglas case, the short side of the market may vanish before the
trading time is over, if the stop time 7"in Table 1 is 7" < 1; evaluating the formula for 6, at the stop-
ping time, 7 = T, yields zero or infinity, which is consistent with the end of trade.?¢ In particular,

under Cobb-Douglas matching, market tightness features the following Walrasian thresholds:

et — 1

6 (\) = (ekﬂ)Q and 0-()) = 9+1()\) _ (iif

If the initial tightness is sufficiently unbalanced, 6y & [67(\), 0~ ()], trade will stop before the final

trading round, and OTC rates will coincide with the Walrasian limit. Equivalently, the Cobb-Douglas

)

The behavior of the yield coefficients and the average rate as a function of log (6) is depicted in

case exhibits a Walrasian efficiency threshold:

14+ /b

N (6) = log (’1_ N>

such that trade vanishes in finite time if A\ > A\*(6y).

Figure 4. Panels (a) and (b) respectively depict the outcomes as functions of the initial condition for

26The solution to 6 is associated with the hyperbolic tangent function, thereby featuring singularities.
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the Leontief and Cobb-Douglas cases. Both figures have sigmoid-like patterns, but the differences
regarding concavity and the limits as f moves to its extreme are clear. In the Cobb-Douglas case,
as market tightness becomes sufficiently unbalanced, falling outside of the interval of the Walrasian
limits, the short side of the market is fully matched. In such cases, the outcome coincides with the
Walrasian limit, and the OTC rate corresponds to the outside option of the short side. That is, if
investors in surplus exceed those in deficit, the OTC rate equals ™. Conversely, if investors in deficit

exceed those in surplus, the OTC rate equals .

(a) Leontief

(b) Cobb-Douglas
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Figure 4: Analytic solutions: OTC rates and yield coeflicients for Leontief and Cobb-Douglas
Matching Functions.

Note: The OTC rate and convenience yield coefficients are plotted as functions of the initial market tightness,
6. Both panels are calibrated using 7 = 0.5, A = 1.2, 7" — " = 120 bps.

4. Applications

We now study four applications of the framework. In Section 4.1, we introduce the microfounded
convenience yield function into a portfolio problem and show how this affects liquidity premia. In
Section 4.2, we discuss the identification of the parameters of the OTC market. In Section 4.3 we
present a normative analysis of asset portfolios. In Section 4.4 we use the framework to connect

with monetary policy implementation.
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4.1 Portfolio Choices and Convenience Yields

We now study the choice of optimal portfolios. We maintain the assumption that all returns are
exogenous, except for the R’ that is determined endogenously in the OTC market. Investor prefer-

ences are represented by
Eo Z Bru(cy),
t=0

cl=7-1
l—0

where § < 1 is the time discount factor, and u (¢) = is a CRRA utility function over the
consumption good with o > 0. As described in Section 2, each period, investors start with an initial
equity e, which depends on previous portfolio choices and the realization of returns, and choose
their portfolio decisions subject to the budget constraint (1). Below, we present the problem of the

investor in recursive form. We use X to denote an aggregate state.

Vi(e, X) = o }u(c)+5E Visa(erin, X)),
S84 ieﬂvmi“

subject to (1), (3), and (6).

In the investor’s problem, [E denotes the expectation operator with respect to the idiosyncratic lig-

uidity shock in the settlement stage in the current period and the next period’s realization of returns.

This problem satisfies aggregation: because preferences are homothetic and equity returns scale
linearly with equity, it admits a representative agent representation. Moreover, the problem admits
portfolio separation: consumption (or dividends) can be chosen independently of portfolio weights,

which themselves depend only on returns and settlement risks, not on total equity.?”

Because the problem satisfies aggregation and portfolio separation, we can solve the problem
of an investor with one unit of equity—after choosing consumption. This representative investor
chooses assets which amount to portfolio weights since remaining equity is aunit, {a'}, and cashm to
maximize the expected utility of returns, incorporating both standard asset returns and convenience

yields arising from settlement frictions:2

max | E Z Ry (X')a' + R (X)m 4 Xega <5 <{ai}ieﬂ y T, {WZH}iGH) ; 9t>
mda'},, i€l
(15)

27See Proposition 3 of Bianchi and Bigio (2022) for a full characterization.
28The weights are defined as portfolio holdings relative to a unit of equity. With abuse of notation, we denote the
weights with the same notation as the holdings.
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subject to:
Z a'+m=1,
i€l
where we make explicit the dependence of the convenience yield on the market tightness, with a

slight abuse of notation.?®

Figure 5 illustrates the forces underlying the portfolio problem. The kinked line represents x (s; 6),
which maps settlement positions s into payoffs. When s < 0 (settlement deficit), investors face a
borrowing cost xy~; when s > 0 (surplus), they earn lending returns with slope x*. The asym-
metry in the yield coefficients reflects higher penalty rates for emergency borrowing than returns
on surplus lending. The panel shows two settlement distributions arising from different portfolio
choices. The high-risk portfolio (red, dashed) generates a wider distribution of settlement needs,
with significant probability mass in deficit regions. The low-risk portfolio (blue, solid) concentrates
settlement positions at higher values. Due to the kink at zero, the high-settlement risk portfolio in-
curs expected losses even when distributions have zero mean. This captures a key result: assets that
generate volatile settlement needs command convenience yields to compensate for these expected
losses, even for risk-neutral investors.

X(5) Settlement
Distribution

High settlement risk < 7 \(\ > Low settlement risk

N Settlement position (s)
= \

4
Surplus
Region

Figure 5: Convenience yield function y(s) and settlement risk.

2Importantly, bounded solutions to the portfolio require that R*(X’) < RY for some X'—otherwise the investor
could set @ — oo and borrow at the penalty rate making infinite profits.
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Convenience yields. Let us denote x5 = %, which is equal to " if s > Oand x~ if s < 0.
Taking first-order conditions in the portfolio problem (15), and assuming strictly interior portfolio

positions, we show in Appendix C.2 that this yields

e\~ 0s Os
Ex [R] — R™ = Ex, {ng_; . 83;} ~ COVy, [Iéij [(}’gf)s—? ~ Xspat)
) first-order liquidity premium ’ Jiquidity ik premium
COVy,, [(R®)™, R (X)]
B Ex,, [(Re)_'Y]

Vv
conventional risk premium

premium

(16)

The optimal portfolio equalizes the marginal utility-weighted returns across assets, accounting
for both price risk and liquidity risk due to settlement. The left-hand side is the difference in the ex-
pected return of asset ¢ relative to cash. At an optimal solution, the representation in (16) shows that
this asset’s premium equals the sum of a convenience yield (liquidity premium) and a conventional
risk premium. Thus, the equation captures a trade-off between expected return differentials against
settlement risk and a conventional risk premium. The former emerges because asset a’ exposes the
investor to settlement risk, whereas a larger m provides liquidity. In particular, in the case of a nega-
tive cash-flow shock, the investor obtains a higher return on cash compared with that of a less liquid

asset, and vice versa. Assets that induce greater liquidity risk command a greater premium.

The liquidity premium term can be further unpacked into two terms. The first term captures how

changes in the portfolio affect the expected settlement costs.>°

In turn, the second term captures the covariance term between liquidity payofts and the discount
factor: when the investor is risk-averse, states with negative returns penalize additional settlement

costs.

We highlight that cash-flow risk induces determinate portfolios even among risk-neutral in-
vestors. Unlike standard portfolio problems where the riskiness of assets is given, here, by choosing
their cash position, investors control the amount of risk. Given the concavity of , investors must
be compensated with returns in order to hold portfolios that are more exposed to settlement risk.
In addition, the standard risk-adjustment is insufficient to price the risk associated with an asset.
Moreover, convenience yields cannot be treated as pricing factors independent of risk, because the

correlation between the riskiness of the asset and the liquidity needs must be considered.

39Note that x(s) is continuous and piecewise linear, with slope Y~ for s < 0 and x* for s > 0; hence it is differ-
entiable everywhere except at s = (0. Changing the portfolio affects, at the margin, the probability of being in deficit.
However, this does not enter the optimality condition: by Leibniz’s rule, the derivative at the threshold w* vanishes be-
cause the investor’s marginal payoff is zero at that point. This term is present under risk neutrality and is always positive.
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4.2 Comparative Statics and Parameter Identification

An important empirical question is how to identify the underlying OTC market parameters and set-
tlement risk from observable data. Our analytical formulas reveal that the average OTC rate 7/ and
the convenience yield coefficients, X, Y, depend on three key elements: market tightness #, match-
ing efficiency ), and bargaining power 7). While these parameters may not be directly observable, our
framework provides a way to link them to measurable outcomes such as the OTC rate dispersion,
the spread between the average OTC rate and the cash rate, and measures of trading volume. One
particular measure of trading volume is the ratio of penalty funding volume to OTC market funding

volume:

1 =v (6

10="5

This ratio captures market efficiency in reallocating liquidity: if I (#) = 0, the ratio indicates perfect
reallocation through the OTC market, whereas I () = oo indicates no OTC volume at all. We call
I (0) simply the relative volume.

(i) Market tightness: Consider first the role of market tightness. Recall that, as established in Corol-
lary 8, the convenience yield coefficients and the average OTC rate x*, x~, 7/ are all monotonically
increasing in market tightness . The monotonicity suggests that one can, in principle, back out

from observed rates.

We also observe that the relative funding volume is increasing in 6, given that U~ decreases with

0. However, for the Leontief case, when markets have excess liquidity (6 < 1), relative volume is

independent of 6:
TS o<1
1(6) =
1-(1—e* )01
W 0 > 1.

Thus, the relative volume will not be informative about # for matching functions close to the Leontief.

ii) Matching efficiency: Let us now turn to the comparative static with respect to the efficiency pa-

rameter \. We first proceed by establishing how the efficiency parameter affects market tightness:

Corollary 9 (Comparative statics in matching efficiency). Fix an initial market tightness 6. Then,
00, ,
sign(a—/\) = sign(fy — 1),v7 € (0,1].

The corollary establishes that if we start from a market tightness 6y > 1, then 0, is strictly in-

creasing in A at any trading round. Conversely, if f; < 1, it is strictly decreasing in \. This result is
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intuitive: higher matching efficiency accelerates the clearance of the short side of the market, which
amplifies the relative scarcity of that side and therefore increases (decreases) market tightness when
0o > 10y < 1). As a result, changes in matching efficiency affect all equilibrium objects solely
through their impact on the path of market tightness. Indeed, this is established in the following

proposition:

Proposition 5 (Comparative Statics \). Efficiency changes the equilibrium objects { xtoxo, 7 } as
follows:

i) Let 0y < 1, then 7/ is decreasing in )\, x~ is decreasing in )\, and x ™ is non-monotonic in X (first

decreasing and then increasing).

ii) Let 0y > 1, then 7/ is increasing in \, ™ is increasing in \, and x~ is non-monotonic in \ (first

increasing and then decreasing).

iii) Let 0y = 1, then x is increasing in \, and x ™ is decreasing in \.

The comparative static reveals a subtle but important insight: convenience yields may be non-
monotonic in the matching efficiency. When markets are tight (f, > 1), improving matching effi-
ciency has two opposing effects: it increases the probability that deficit investors find lenders (reduc-
ing their borrowing costs), but it also strengthens lenders’ bargaining position, raising equilibrium
rates. The net effect on x~ depends on which force dominates. This non-monotonicity implies that
higher convenience yields need not indicate market dysfunction but may instead reflect improved
matching that benefits the scarce side of the market. Figure 6 illustrates these relationships: Panel (a)
confirms our theoretical results for the Leontief case, while Panel (b) demonstrates that this pattern

extends to the Cobb-Douglas matching function.

The non-monotonicity of rates and liquidity premia with respect to efficiency implies that conve-
nience yields should not be interpreted mechanically as evidence of deteriorating market efficiency.
To see this, consider the first-order liquidity premium in equation (16) for an asset that does not ex-
pose investors to settlement risk; that is, % = 0. In that case, the premium reduces to Ex [Xs]- An
increase in this premium could be consistent with two opposite interpretations. On the one hand,
it might signal weaker OTC efficiency, leading investors to demand cash as insurance against settle-
ment obligations. On the other hand, it could reflect greater efficiency, which enhances the option
value of holding cash to exploit lending opportunities. Thus, higher observed convenience yields do

not unambiguously point to deteriorating trading efficiency.
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(a) Leontief (b) Cobb-Douglas
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Figure 6: Effects of matching efficiency

Note: Rates and convenience yield coefficients as functions of A for Leontief and Cobb-Douglas matching functions.
The OTC rate and liquidity yield coefficients are plotted as a function of \. Both panels are calibrated using 7 = 0.5,
0o = 0.75, 7 — ™ = 120 bps.

iii) OTC Rate Dispersion: The dispersion of OTC rates within each trading day—the difference be-
tween rates at the beginning and end of the trading session—provides another observable moment
for parameter identification. Recall from Corollary 4 that the equilibrium rate varies during the
trading session, according to the evolution of the tightness ¢,. Since rates change monotonically
throughout the day, increasing (decreasing) over time if # > 1 (6 < 1), we can measure dispersion
in rates.

=T

T

Q = max7r! — minrf =
T T

We obtain the following relationship between parameters and the dispersion:

Corollary 10 (Comparative StatiCS‘ Rate Dispersion). Rate dispersion features the following compar-
ative statics: (i) If 6 < 1, then 9 < 0;ii) If 0 > 1, then 9 > 0;iii) I[f0 = 1, then 8Q = 0; iv) g—(‘g >0
with equality if and only if 6 = 1.

The intuition is straightforward. Rate dispersion reflects how much the market "unwinds" during
the trading session. When the market is unbalanced (f # 1), the scarce side gets progressively better
terms as trading proceeds, creating larger rate movements. The more unbalanced the market—in
either direction—the greater the dispersion. Similarly, higher matching efficiency \ accelerates this
unwinding process, amplifying dispersion. At f# = 1, the market is balanced, and rates remain con-

stant throughout the session, yielding () = 0. Figure 7 illustrates these patterns.

iv) Relative Volumes of Market and Outside Funding: The relative volume behaves as follows:

33



Leontief Matching

(a) Varying 0 (b) Varying A
120 K L L ‘ ] L L L T T T
pY — o 120 v
|
|
— |
E 90 + } @ 90,
a ! g
[« | <
60 N
8 (L — ) ! g 01
g ! 7
& } &
Z a0l i 2 a0l |
A | A 30
|
|
\/- /
e Y B B S— 0 ‘ ‘ ‘ ‘
2 15 -1 -05 0 05 1 15 2 05 1 5 N 25 3
ln(@a) A
Cobb-Douglas
(c) Varying 0 (d) Varying A
120 K L L ‘ ] L L L 120 —— T T T
r-—r
[ P~
n 90 .
& z B
2 )
< o 7z
g 60p 9 = 60 :
7 E Z
: : ¢
.8 L & @, &
A 30 E A 30+ ’;
s ——— ‘ 0 =
2 -15 -1 05 0 05 1 15 2 05 1 15 9 25 3
11’1(6’0) A

Figure 7: Dispersion of OTC Rates as a function of {\, 6y }.

Note: The dispersion of the OTC rate is plotted as a function of A and 6 for the Leontief and Cobb-Douglas matching

functions. In all panels, n = 0.5, 7 — ™ = 120 bps. In panels (a) and (c) we set A\ = 1.2. In panels (b) and (d), we set
0y = 0.75.

Corollary 11 (Relative Volume and Matching Efficiency). The matching probability U~ is increasing

in A for all 6y # 1. Consequently, the relative volume I(6,) = 1;\{ is decreasing in \ for all 0.

These results reveal an insight for identification: the relative volume decreases monotonically
with matching efficiency, regardless of the market tightness. This contrasts sharply with convenience
yields, which can be non-monotonic in A. Combined with the observation that relative volume may
be insensitive to the tightness (when § < 1 and p small), this suggests that the relative volume is

convenient to pin down A whereas tightness should be inferred from yields.

Summing up. Our comparative-statics results suggest a possible framework for identifying the

three key parameters of the model, #, A, n, from observable data. This framework suggests focus-
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ing data collection on: (i) portfolio compositions across institutions, (ii) spreads between liquid and
illiquid assets, (iii) the level and intraday range of OTC rates, and (iv) the relative use of emergency
lending facilities, if available. We provide the sketch of the identification in the table below which

can be enriched to also infer parameters of the matching function.

Algorithm 1 An Identification Approach

Given possible observable data:
- Portfolio holdings across investors, {m, a’}, convenience yields on liquid assets: R* — R™,
an average OTC rate: 7/, rate dispersion: Q = |r/ — r{|, relative volume

Step 1: Identify matching efficiency, A
-Use I(0) to infer A

Step 2: Identify market tightness, ¢, and shock distribution, ¢
-Given )\ from Step 1:
-Use convenience yields or 7/ to infer §
-Given observed portfolios and implied 6, back out the distribution of shocks ¢

Step 3: Identify bargaining power 7
-Use the historical average of 7/ relative to r™ and 7% to infer 7

Step 4: Validation
- Check implied (6, \) aligns with observed dispersion

4.3 Normative Analysis

In this section, we study the implications of the theory for liquidity regulation. We do so by compar-
ing the decentralized portfolio choices vis-a-vis a social planner’s portfolio choices. We will show
that by affecting the tightness in the OTC market and the degree of congestion, the planner can im-

prove upon the decentralized outcome.

To illustrate the externality, we consider a simple example. We specialize the model to the case
where investors’ portfolios are composed of a liquid asset, m, an illiquid asset, b, and deposits d. In

particular, deposits are subject to withdrawal risk such that (3) is given by

() ) = m— (= pl1-)) . 17

and investors’ budget constraint is b + m = 1 + d, where we, again, normalize equity to one.

We study the individual investor’s problem next and then consider the planner’s counterpart.
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Investor’s problem As in (15), the problem becomes the following.

E b by m,_ pd , 1*U}ﬁ
mrz%?céo{ w [R'+ R(d—m)+ R™m — R'd+ x(s(w,m,d);0)]
In the example, the optimality condition (16) can be reduced to
R~ R™ =®(w)x"+ (1 - (w))x" 18
(W) X"+ ( (wW)x (18)
liquidity premium
where
risk-adjusted dfflcit probability m
5 ]Ew Re —0 > w* - —
1-P(w)=(1-d(w"))- [R(w) w]7 W= —— d
———— E, [Re (w)fg] R
deficit prob N — ~ - 4 ﬁ —p

Equation (18) says that the liquidity premium is a weighted average of the liquidity yield coeffi-
cients, ® (w*) x* + (1 — ® (w*))x . In the expression, 1 — ® (w*) is the risk-adjusted probability
of falling in a cash deficit, where w* is the threshold shock that puts investors in deficit—recall that
higher values of w represent an outflow of funds. Thus, the liquidity premium of cash over illiquid

assets is the risk-adjusted expected return of coming into the OTC market with an extra unit of cash.

In the special case of risk-neutrality, using the consistency condition of the matches, we have that
(18) becomes:

R'—R"™ =(R"—R™) (1-0(0) (1—@(w")).

liquidity premium

Constrained-efficient allocation. We assume the planner chooses the portfolio shares (d, b, m)
on behalf of investors while investors retain the choice of how much to save overall and how much
to consume. The planner takes as given all portfolio returns and the structure of the OTC market, as
encoded in the convenience yield function. Because investors are ex-ante identical, the problem can

be expressed as follows.

1
I-0o

max {B, [RY(d—m)+ R™m — R'd+x (s (w,m,d),00m,d))] "},

m>0,d>0

where s(w, m, d) is given by (17) and

m
e o] @ -
0 (m,d) _ _ f(:};: S (w7m7d> (dCU) ’ w* = _ y d
Joo 8 (w,m, d) @ (dw) LU
Rm
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The key distinction is that the planner considers how the portfolio determines # and how, in turn,
this affects the convenience yield function . Notice that because all investors are identical ex ante,

there are no redistribution considerations.

As shown in the Appendix C.3, the planner’s first-order conditions with respect to m and b yield

the following

R —R™ =& (w)x" + (1 - (w"))x +

asset premium
90 Ox*(0)
om 00 E[R¢(w)~7 |w > w*]

90 dx(6) =, Re(w)™?
omap L) 'E{S B[R(w) 7 | < o]

Ré(w)~°

- (W) -E[s~

w>w*}

w < w*} . (19)

As individual investors, the planner trades off the higher return on loans with the liquidity benefits of
cash, considering the OTC market frictions. Unlike individual investors, however, the planner inter-
nalizes the pecuniary externality arising from how portfolio choices influence trading probabilities,

as captured by the convenience yield y.3!

A key result is that the sign of the externality is ambiguous: it depends on the derivatives of
the convenience-yield coefficients. To understand whether investors over- or under-invest in liquid
assets, it is useful to consider first the limiting case with risk-neutral investors. With v — 0, given
that % < 0, % > 0, 6"6;9(9) > (), we have that the planner values cash more than individual
investors if and only if

O oo N (O) o
00 00

This inequality underscores that there is an under-investment of liquid assets when the planner per-
ceives that higher cash holdings—Ilower market tightness—raise the marginal return on liquid assets
more in deficit than in surplus. That is, when market tightness goes up, this favors investors that are
in deficit—by allowing them to borrow at a lower rate and by raising the probability of a match—
relative to investors that are in surplus—as they now must lend at a lower rate and face a lower
matching probability.

Suppose that the planner picks a portfolio with # = 1. Under the case with Cobb-Douglas

N _
matching, we know that 8X89(9) = axag(e)

. If, in addition, the shock is symmetric, ®(w*) = 0.5 and

El-s|w<w*] = E[s|w > w*].32 In this case, it follows that there is neither over- nor under-

31We highlight that with multiple assets, there is no generally Hosios (1990) condition that would render efficiency in
the competitive equilibrium.

32To see that axg 9(9) lo=1 = &(8;9(6) |g=1. Under Cobb-Douglas, we exploit the symmetry property of derivatives.
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investment of liquid assets. However, if investors were risk-averse, the risk adjustment correction
would imply that by accumulating more liquid assets, the planner would effectively provide more
insurance. Because individual investors do not internalize these benefits, the competitive equilib-
rium would feature under-accumulation of liquid assets. In addition, an allocation with a higher

probability of being in deficit ®(w*) or with a more sensitive convenience yield 6"(;9(9) implies that

the planner perceives a higher value from higher liquid holdings.

This externality has implications for prudential policy and liquidity regulation. Our results high-
light that optimal liquidity regulation need not involve minimum liquidity requirements. In fact, de-
pending on market conditions, the competitive equilibrium may feature over- or under-investment

in liquid assets.?3

4.4 Reserve Regimes and Interest-Rate Control

We have developed the framework in generic terms without specifying details of the precise market.
In this section, we present an application to the federal funds market to analyze when a Fed policy

of supplying reserves “abundantly” delivers precise control of the interbank rate.’*

We map our framework to a taxonomy of reserve regimes. Following Proposition 4, we define

the following regimes, depending on the value of 6.3

Definition 2 (Reserve Regimes). We say that reserves are:

1. Scarceif 0y > 1 (deficits exceed surpluses);
2. Plentiful if 0y < 1 (surpluses exceed deficits), comprising:
(a) Ample: discount window borrowing is strictly positive, ¥~ < 1;

(b) Abundant: discount window borrowing is zero, U~ = 1.

In a scarce regime, the aggregate excess reserves of surplus banks are insufficient to cover the po-
sitions of deficit banks. As a result, the federal funds rate necessarily exceeds the interest on reserves:

>

33We highlight that in our environment, the planner maximizes the investors’ welfare, and the net proceeds from the
trades at 7" and " are not rebated back to investors. Ismail and Zuniga (2025) study the problem in which the planner
internalizes the revenues from discount window borrowing and rebates them to banks. Their analysis focuses on the
welfare implications from an asset-demand perspective, i.e., the wedge between loan and deposit rates.

34For a policy-oriented discussion, see the Federal Reserve Bank of St. Louis 2026 primer by Jane E. Thrig and Scott
A. Wolla.

35Here we take 6 as given. For a general equilibrium analysis with endogenous reserve balances, see Bianchi and
Bigio (2022).
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As reserves become plentiful, fewer banks are in deficit and the regime becomes ample. The
spread 7/ — r™ falls but remains strictly positive: to the extent that frictions in the interbank market
persist, a positive mass of banks resort to the discount window (i.e., U~ < 1), and the anticipation

of this possibility sustains a positive spread.¢

When reserves increase further, the regime becomes abundant: no bank needs to resort to the
discount window and #/ = r™. However, the interbank is active in an abundant regime, but all
deficit positions are closed by borrowing—surplus banks lend to one another at ™. This is different
from the case where no bank holds a deficit position and, hence, no interbank trade occurs. We refer

to this latter case as satiation.

Interestingly, Leontief and Cobb-Douglas matching functions have different predictions for the
sensitivity of OTC rates to changes in the quantity of reserves. Proposition 4 shows that when 7
is finite, as in the Leontief case, abundance is achieved only asymptotically as §, — 0. In turn,
the OTC spread remains strictly positive as long as there is a strictly positive amount of banks in
deficit.’” When 7 is infinite, as in the case of Cobb-Douglas, an abundant regime can be achieved
with a finite . It follows that in an abundant regime, the short side of the market is exhausted in
finite trading time. As all deficits clear before the terminal round, the OTC rate equals the rate on
reserves 7/ = r™. Crucially, under Cobb-Douglas, as market tightness increases, starting from an
ample regime, the OTC rate can rise abruptly. This suggests that the transition from an abundant to

an ample regime is a delicate one in presence of uncertainty.

Figure 8 illustrates these features. In Panel (b), the Cobb-Douglas case exhibits a downward slop-
ing curve for rf in market tightness. For sufficiently low 6y, i.e., a high level of reserves, the curve
becomes flat as the system reaches an abundant regime. In Panel (a), the Leontief case shows that 7/

becomes flatter as 6y — 0, although the spread 7/ — 7™ does not vanish for finite . 3

To shed light on how “interest rate control” can be affected by market disruptions, Figure 8 con-
siders two values of \. Holding 6, fixed at some value #, < 1, a decrease in matching efficiency A
may push the system toward an ample regime. Moreover, the closer the economy is initially to an
ample regime, the more likely it is that a disruption in the interbank market, captured by ), leads
the central bank to lose control of the interest rate. Indeed, comparing the two panels shows that

under the Cobb-Douglas matching function, the interbank market rate is potentially more sensitive

36]n a January 2019 press release, the FOMC stated that “an ample supply of reserves ensures that control over the
level of the federal funds rate and other short-term interest rates is exercised primarily through the setting of the Federal
Reserve’s administered rates and in which active management of the supply of reserves is not required.”

37To see this, note that limg, ,o(7F — ™) = (r* — r™) . %

38This case arises more generally for CES matching functions with elasticity parameter p < 0. For all 6y > 0,
reserves are ample according to our definition. Interestingly, there may be a discontinuity at the limit y = 0 in the
yield coefficients. Since there is a chance that deficits remain unmatched under approximate abundance, but there are

no deficits at the limit where 8y = 0, there is a discontinuity in yield coefficients at the satiation point.
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Figure 8: Interbank market rate as a function of the log inverse of market tightness .

Note: Both panels are calibrated using = 0.5, A = 1.2, ™ — ™ = 120 bps as a baseline. The shock to matching
efficiency is such that A = 0.6 for Leontief and A = 1 for Cobb-Douglas. The vertical dashed lines correspond to the
level of 6 for which the reserve regime becomes abundant.

to changes in A. That is, while under Cobb-Douglas matching, the central bank may have tight con-
trol of 7/ for given \ in an abundant regime, a shock to A\ may have disproportionately larger effects
on the interbank market rate if it takes the market to an ample regime.?* Recently, Afonso, Spada,
Mertens and Williams (2026) study the optimal provision of reserves in a setting where these abrupt
changes in the interbank rate may indeed occur; our OTC model under Cobb-Douglas matching

provides the micro-foundations for this concern.

Allin all, the analysis highlights that the matching function has important implications for mone-
tary policy implementation. A large quantity of reserves does not guarantee tight interest rate control
under Leontief. Under Cobb-Douglas, the transition to ample reserves can lead to potentially large

rate movements from small changes in frictions.

5. Conclusions

We develop a tractable microfoundation for convenience yields arising from trading frictions in OTC

settlement markets and show how it can be incorporated into a canonical portfolio framework. We

39The Walrasian limit is a useful limit case. The OTC spread is zero as long as fy < 1, but rates exhibit a discontinuous
jump at the boundary of the regime. Corollary 7 characterizes the Walrasian limit as efficiency approaches infinity (A\ —
00). Thus, in the Walrasian limit, a plentiful reserve regime coincides with the abundant regime: the central bank achieves
perfect interest rate control throughout the region 6y < 1. However, in this frictionless benchmark, the OTC spread
jumps from 0 to (1 — n)(r* — ™) discretely when 6y = 1.
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further characterize how the convenience yield function depends on market tightness, bargaining
power, and matching efficiency, and show that convenience yields reflect both direct OTC frictions
and the interaction between liquidity and return risk. The framework generates closed-form ex-
pressions for rates and spreads that facilitate comparative statics and quantitative analysis. Finally,
we show that individual investors fail to internalize how their portfolio choices influence aggregate
market tightness, which leads to over- or under-investment in liquid assets, depending on the level

of tightness and the degree of risk aversion.

Our framework omits several market features that merit further study. First, we do not model
large market makers or networks (see e.g., Bech and Atalay, 2010), or the role of collateral, which
may shape both the terms and scope of OTC trades. In addition, we abstract from the multi-layered
nature of liquidity provision, in which banks provide credit lines and deposits that serve as settle-
ment instruments for non-bank financial institutions. Equipped with suitable data, our framework
can advance our understanding of the determinants of convenience yields and, more broadly, asset

prices.
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A. Proofs

A.1 Proof of Proposition 1

We begin with an auxiliary lemma showing that market tightness follows a difference equation. With

the market tightness, we obtain the matching probabilities at each round.



Lemma 1. Let 0 be the initial market tightness. Then, the ratio {0, } features the following law of motion:

(1= ANG (1/0p-1,1))

0, =0,
T 1= ANG (1, 6,1))

Vne{l,2,...,N}
and the matching probabilities can be expressed in terms of the ratio via:
UF = AWG (1,6, 1) and v, = AG (1/6,1,1).

Proof. By definition and homogeneity:

S-S — =z, (1= AvG(1/6,_1,1))
g, =0 =-n1 " _g Ay 1,2,...,N}.
St St -2z, V1= MG (1,60,-0)) ¥n € { }

where the second equality follows from the definition of z,, and uses its homogeneity property. []

The lemma shows that we can track matching probabilities in terms of the initial market tightness,
without reference to the terms of trade. It also shows that these probabilities are scale invariant. We
use these observations in what follows, as the Lemma permits us to treat trading probabilities as

€X0genous series.

The proof also makes use of the following standard result in probability, which we include for

ease of completeness:

Lemma 2 (Conditional Probability Decomposition). For any starting round n > 0, the conditional

probabilities of matching satisfy:

N k—1 N
Soowi [T a-vi)+ I[ a-vh =1
k=n+1 m=n+1 m=n+1

That is, starting from round n, the probability of matching in some future round plus the probability of

never matching equals 1.

Proof. Let P, ; = ‘Zn:n (1= 1)E) be the probability of not matching from round n + 1 through

round j, with the convention that P, ,, = 1.
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Then,

N k—1 N
dove II A=vm)= > viPu
k=n+1 m=n+1 k=n+1
N
= > [Pukr — Pasl (since P = Py (1= 0))
k=n+1
- (Pn,n - Pn,nJrl) + (Pn,n+1 - Pn,n+2> + -+ (Pn,Nfl - Pn,N)
- Pn,n - Pn,N
N
=1- J] a-vp)
m=n-+1
where we used P, ,, = 1 and the telescoping sum. The result follows by rearranging. [

Next, we describe the limit of the bargaining problem as A — 0. Recall that the trader’s estimate

of equity, excluding its own trade, is:

El(A) = Z Ay Ry + Mot Ry + X (87 — sign(s?)A).

i€l
The proof of Proposition 1 is as follows.

Proof. The Nash bargaining problem at round n with trade size A has surplus for trader with position
sl

Sf:gn(sj)(A) = V(EI(A) +sign(s?) (r] —r™)A) — J(S}gn(sj)(n; A).
Step 1: Outside option recursion. The unmatched value satisfies:
T (s Ay = DY (E7(A) + sign(s) (1L, — 1™ A) 4 (1 — i) el g g A
with terminal round, IV, values given by

JH(N; A) = V(E/(A))  (surplus traders hold cash at rate 7™),
V(E/(A) — (r" —r™)A)  (deficit traders borrow at rate ).

&

=

b
||
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Expanding the recursion forward from round n:

_ N k—1 _ o ' ‘
VRCIVESDY [ [T (1= = V(e (@A) + sign(s)(rf = )A)

k=n+1 Lm=n+1
+ | TT (1= e=60)| V(E(A) + sign(s))x ) A).
m=n-+1

By Lemma 2, this corresponds to the value of E [V (€7(A) + sign(s?)(r] — r™)A)|unmatched by n] .
Importantly, notice that the expectation assumes that the negotiated rate r/ depends only on future

rounds, an assumption that we verify below.

Now, consider the normalized difference:

sansh) V (€7 + sign(s)) (] — r™)A) — V(&)
k
A

A =2 | IT o=

k=n+1 Lm=n+1

T A) ~VED) _ 5 [

N j . i\ sign(s?) ;
| VI(ET + sign(s?)x ey TA) — V(E
+ | | (1 _@;Lgn(s )) ( ign( )XAN—I—I ) ( )
m=n+1

As A — 0, by the definition of the derivative,

I ) — V(EI(A)

— 3y .1 (edY . 4 sign(s?)
lim 3 sign(s’) - V'(€7) - X",

where

k=n+1 m=n-+1

N k—1 N
sign(sJ m sign(s? sign (s’ sign( s sign(s?
Xng(f): Z(rl]:_r)[H(1_wn~§(]))]wkg()+>€z\}g+(1) H(l_wmg(j))' (A.1)

m=n-+1

The variable Xﬁgn(sj) represents the expected financing cost/benefit conditional on being unmatched

at round n, for 4+ and — positions. The variables satisfy the following recursion:
sion(sJ sign(sJ m sign(s? sign(s?
G = g =)+ (= TG,

with terminal conditions y} = O and x = ¥ — r™

Step 2: Limiting surplus. Consider the following term:

Sﬁfgn(sj)(A) (V(Sj(A) + sign(s7) (rf — r™)A) — V(Sj(A)) — (J;}gn(sf)(n; A) — V(é’j(A)))

A B A
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Taking the A — 0 limit and substituting the result in Step 1

sign(s7)

tim S8 — sgn( VO]~ ) — )]

Step 3: Nash bargaining. The bargained rate solves:

rf(A) = arg Ill%x[S;(A)]"[S+(A)]1’".

Since multiplying the objective by a positive constant A~! doesn’t change the maximizer

Taking the limit as A — 0:

r/ = lim /(A) = lim {argH}.?}X {S;(A)r {S;(A)} 1—17} |

Ao ™ A—0 A A

By the theorem of the maximum, since the objective function is continuous in both r,, and A and the

constraint set [, 7] is bounded, we can pass limits inside the maximum operator:

_ S (A)]T[SHA)
f_ n n

Substituting the limits from Step 2, we obtain
ry, = argmax {[V/(&7 (0))"[V/(EXONI" - Dy = (ran = ™) [(rn = ™) = a7}
Since V/(£7(0)) and V’(£%(0)) are positive constants independent of -/, this reduces to:
ry, = argmax|y, = (r = ")) [(rn = ™) = X1,

where x; and y,, satisfy A.1.

Step 4: First-order condition. We now solve the maximization problem. The FOC yields:
nl(rf —r™) — xSt = (1 —n)[x; — (rf —r™)]. Therefore,

rl ="+ (1 —n)x, +nxt,
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as stated by the proposition. This justifies the assumption that outside options depend only on the

number of rounds. [

A.2 Proof of Corollary 1

Proof. The matching probabilities over /N rounds are

N N
Ut =1-J[ - and ¥~ =1-J]0 -
n=1 n=1

These represent the probability of matching at least once during the OTC stage.

Verification of y and y . We have the recursion (A.1). Solving that recursion forward, from

round 0 to round N, yields

N N
o =D (1" w*H — ) X [ - ), (12)
n=1 n=1
where we used x 3 41 = Oand xy, = 7 — r™. The first term is the OTC rates weighted by

the unconditional matching probabilities, and the second term is the terminal value weighted by the

probability of never matching, (1 — U¥),

Recall that probabilities in the expansion add up to 1: apply Lemma 2 to n = 1. Thus, we can

define the volume-weighted average rate as:

o =3 - my ¥ 1 \I]SE 79}

where the weights in the sum add up to 1. Substituting the definition of weighted rates in (A.2), we

obtain:

X¢ =0 =™ +0- (1= =0HE — ") = x T,
Xo =0 (F —r™) + (" —r™)(1-T7) = x".

Consistency of Weights Probabilities are proportional to traded amounts since z, = 1:F ST |
+ yyn—1/7_,,%

and ST | = [['21(1 — ) SE and SOV | 2, = WESE. Thus, the weights - = %’“#w

are identical for surplus and deficit sides because of the homogeneity of the matching function (see

Lemma 1), ensuring a unique 7/. ]
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A.3 Proof of Proposition 2

Consider the continuous-time limit as N — oo. Let A = 1/N denote the time between rounds,

and index continuous time by 7 € [0, 1]. We derive the ODE in the statement of the Lemma.

Proof. Step 1: Evolution of masses. In discrete time, the masses of surplus and deficit positions
evolve as:

Sf;rl = ST — AG(SH,S)).
With Ay = A/N and continuous time 7 = n/N, taking A — 0,

Si +

) - S
SF = lim =S = —AG(S], 5;).

Both sides shrink at the same absolute rate since matches clear equal amounts from each side.

Step 2: Dynamics of tightness. Define 6, = S~ /S Taking logarithms and differentiating:

0. d o d _ n
E - Eln(eT) - dT [hl(S’r) hl(ST )]
_ S8
N S- ST
_\G(S8E5T) |\ G(SE ST)
= -\ S + A S )

Using homogeneity of degree one, we obtain G(S™*, S7) = STG(1,0) = STG(0~!,1). Therefore,

T X607 1) + AL, 6,).

>

0
Using the normalized matching function, y(6) = G(1,0), and noting that G(6~*,1) = (0~ !) by

definition,

6, = —\0, 7 (6:%) — 7(6,)]

Step 3: Matching intensities. The instantaneous matching rates per unit mass are the limit as
+ —_
A = Oof /A = )\n%.“o By the calculations above,

b = (0-) and Y7 = M(07).

Note that 17 = 6,1 follows from v(6) = 6v(6~1) (by symmetry). O

40After dividing by A we interpret 1) as an intensity.
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A.4 Proof of Corollary 2

Proof. From Proposition 2, the ODE for market tightness is,

0 = _/\07[7(97_1) —7(67)]. (A.3)

1. Steady state. If 6y = 1, then v(A;') = ~(1) = ~(6,), so 6y = 0. Then, by uniqueness of
solutions to ODEs, 0, = 1 forall 7 € [0, 1].

2. Monotonicity. The sign of 8, depends on v(A=") — 7(6,). By symmetry of G,

YO = G(1L,07Y) =GO 1) = 0(197 o) _ 7(09).

Therefore,

b, = =20, | 20 50| =06, - )

Since y(#) > 0 forall @ > 0: (i) If §y > 1, then 0y > 0, s0 0, increases. (i) If 6y < 1, then fy < 0, so

0. decreases.

3. Effect of matching functions. Consider two matching functions v, 4, such that y(6) < 7(0)
for all. From the ODE (A.3): 1) If 6 > 1: 0 is larger under 7, so 6 rises faster. (ii) If § < 1: 0 is smaller
under 7, so # falls faster. O]
A.5 Proof of Corollary 3

We proceed to derive the integral form in the proposition.

Proof. Step 1: Continuous-time limit of the recursions. From the discrete-rounds recursion:

erf = f+1<7"£+1 - Tm) + (1 - 7:::+1)X7:|z:+1

we can rearrange terms to obtain X — X = ¢ [Xi,, — (r! .1 — r™)]. Dividing both sides by
A, substituting the discrete round probabilities for the corresponding intensities, and the change of
variables A = 1/N and 7 = n/N, we have

+ + +
XT+A - X7 _ T+A [X:I: _ (Tf . Tm)]
A A T+A T+A :
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Now, recall that,

+ _ _
) . Anv(4) G(S+ S G(S“r S7)
T+A _ N . non/) T Mr
L N Y [ I

T

Thus, taking A — 0, we obtain an ODE for the outside options,
Xz =0y = (=)
Step 2: Substituting the bargained rate. After the change of index from rounds to time
rf ="+ (1=n)x; +nxi

Hence, the ODE for the outside options becomes a coupled system,

Xf=vixE — A —n)x; =] = -1 —n)vf (x; —x35) (A.4)
Xr =¥ — (L =nxs — oG] =ndr (7 —x7)- (A.5)

Step 3: Solving for the joint surplus. Define ¥, = y — X as the joint surplus. Then, the
joint surplus must satisfy the following ODE,

X=Xy = XS =y + (L= )]s,
This is a linear ODE with backward solution,
1
5= Zie (- [T + 0= npuflas).

Since the terminal conditions for the outside options are x{ = 0 and x; = % — 7™, the terminal

condition for the ODE is given by 1 = r* — ™. Thus,
1
Y, =(r" —r")exp (—/ iy + (1 — n)w:]ds) : (A.6)

Step 4: Solving for individual components. Substituting the integral in (A.6) back into the
ODE system (A.4)-(A.5):

Xp ==, X7 =mr .
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Integrating from 7 to 1 and using the terminal conditions,
1 1
X; —0= / (L =)y Bydy, X7 — (1 —1™) = — / mby Lydy.
Substituting (A.6), we obtain the expression for 3,

== [ (W) esp (- / s+ (1 Duslis) dy,
= - 'ty exp (- / s+ (1 Duslic) dy].

The convenience-yield coefficients are defined as the 7 = 0 values of the integrals above: x* = \g,

and the OTCrateis 7f = ™ + (1 — n)x7 + nx7. O

To verify that our solution is consistent with the discrete case in that weighted-average rates can
be obtain from XS—L, we trace the relationship between matching intensities and probabilities in con-
tinuous time. The matching intensities )= represent the instantaneous matching rate per unit time.

These are intensities, but cannot be interpreted directly as PDFs. The probability of not matching

—FE(r)=exp | — Tids
1= P () = o (- [ vs)

where the CDF of matching by time 7is F'*(7) = 1—exp (— J. OT Ure ds) . Hence, the PDF (probability

density of matching at time 7) is,

from time O to 7 is therefore,

iT:E:iX(_Tﬂ:S>:i_iT
P = S = vt (= [ wtas) = wra - FHo)).

This confirms the hazard rate relationship, »> = f*(7)/(1—F*(7)). The volume-weighted average
rateis 7/ = fol scErldr, where the weights 57 = f*(7) /U represent the fraction of total volume

traded at time 7.

Verification: Integrating the ODE . = = [x; — (r/ — v™)] multiplied by (1 — F~(7)) and

using integration by parts, we obtain
U ) =G - (L= 8 =)

which confirms x; = U~ (7/ — r™) + (1 — ¥7)(r¥ — ™) = . Similarly for x = . This is

the same consistency condition as in the discrete rounds.
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A.6 Proof of Proposition 3

Proof. We begin establishing the result for x*. From Proposition 3, we obtained (14):

1
xi::/“a——mw;zﬂa

where the surplus satisfies:

1
S = o= ryesp (= [z + (-l
Recall that overall matching probabilities, given in (11), satisfy:

L B &

Thus, we have that
Y=Y —r™) (1 = UH(1 - v (A7)

Consider the following proposed solution with yf as a function of 6,:

6 —6m9Ln
O, = (r" — ") ——T—.
) = (= )=
If the proposal is correct, its time derivative must coincide with the term inside the integral, and we

must verify that it satisfies the terminal condition.*! Taking the derivative with respect to 7:

es —(1L—n)"6" .

= (r® — pm _ 0. A8
or (r =) 0—1 “48)
By market clearing
=
0= —0 A9
e (A9)

a condition we can use to substitute out @ from (A.8). We obtain that

-\"
SR 0
or Vg1

41An alternative proof that does not involve guess and verify can be obtained by separation of variables. We thank
Chenming Zhang for this observation.
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Using the market clearing condition W6, = WF, the denominator in the fraction becomes

0—U 0—-1+0f 6-1
1— Wt 1

We then have that

o
or

—\y—- R /Y /I
Z—(Tw—rm)(l—n)u \117)0’7(_11 L2k} (A.10)

Next, we substitute out 6. Recall from equation (13) that market tightness follows

6=—X0((67") —~(9)).

Replacing the matching intensities given in (10), v = Ay(6,) and ¢, = Ay(0;!), combined with

the market clearing condition ¢~ 6, = ¢1 we arrive at:
0 =—(A7(07") — Aoy () = ¥F (6 — 1).

Substituting this step into (A.10), we obtain

oxt

o = (=)L = ) (L= )L - W) = —(L— Ut

This matches the integrand exactly. Since the terminal condition is also satisfied (at 7 = 1,0, = 6
giving x; = 0), the formula is verified. Applying the integral to this term yields x . The result is

valid for any matching function.

To verify the formula,
_ w0 =079
= (-

we use the property that ¥, = x. — x.. Thus, we obtain that if the formula is correct:

g — g

w 0, —1
Y,=0"—=rm) 71

= (rY — ™o ———.
(7" r ) T 07_(0_ 1)

(A.11)

We now verify this formula using (A.7):

m= (= m-w) (g )

T
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Equation (A.9) implies

] 1—v; . 6-1 L 0—1
9—1—1_\Iji_9—1—1_\11;i_:>1—@7—ﬁ- (A.12)

where we used the clearing condition. Back into the equation above, we obtain

e (26

Multiplying and dividing by 6 yields the target (A.11).

A.7 Proof of Corollary 4

Proof. Part 1: Monotonicity of Y™ and y . Recall that the outside option for surplus positions is

9 — guel—n
= - [

Differentiating with respect to 7 and noting that @ is fixed we obtain

dxy (" =rm)(—n)o" 0,

dr @-1) N

dxi
dr

. +
0, < 0, so their ratio is positive, again yielding ddLTT < 0.

For 6y > 1 all terms are positive, yielding < 0. For # < 1 the denominator has# — 1 < 0 and

Likewise _
- my 60— 079"
=(r*—r —_—.
X’T 9 _ 1
Then, differentiating, B .
dx; (" —rmne" 0,

dr @G-1 gt

For both 6y > 1 and 8, < 1, the ratio (ééjl) is positive, yielding d;f > 0.

Part 2: Monotonicity of /. From Proposition 1, the OTC rate satisfies 7/ = 7™ +nx++(1—n)x;.
Differentiating and substituting Parts 1 and 2

dri  (r —rm™n(1 —n)0"0.

dr (6 — 1)p+ (=60
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07

The sign is determined by (1 — 6,) -

-0
- If6p > 1: then (1 — 6,) A )
oIf90<1:then(1—9)>0and(991) ) dd’f>0.
« 10y = 1: then (1 — 6,) = 0, 50 %% =
This completes the proof. [

As the OTC stage progresses, the value of surplus declines while the cost of deficit rises. The
direction of rate movement depends critically on market imbalance: rates decline in deficit markets

as surplus becomes scarce, and rise in surplus markets as deficits become scarce.

A.8 Proof of Corollary 5

Proof. From Lemma 2, market tightness satisfies
0, = A0, [y (071) — 7(65)].

Assume time 7 has elapsed. Consider the solution of market tightness from time 7 to 7/ with initial

condition 6. Define the rescaled time s = == for¢ € [r, 1], sothat s € [0, 1]. Then, dt = (1—7)ds.

By change of variables, the ODE for tightness becomes

do do
== = == DX — (6)]

This is the same ODE, but with efficiency parameter A\(1 — 7) and initial condition 6(0) = 6,.

At rescaled time s’ = T=F,

' — 1

0(7, 60, \) = 0 (Tl 07,00, \), A(1 — T)) .

For W+ the property follows from the market clearing condition § = 1 \I’T =60, and (A.12). For
x* the property follows from Proposition 3. All of these objects can be expressed as a function of 6;.

Thus, the property is established immediately.
]
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A.9 Proof of Corollary 6

Proof. Part 1: Monotonicity in 7. We establish that x*, x~, and 7/ are all decreasing in 7. From

the general formulas

0 — 6oL
0—1

6 — ono-m

+ w o ,m _
X" = =) PR

X =" ="
we establish the result by taking derivatives with respect to 7 (holding @, and 6 fixed)

oxt (r =r") o, 0 ox~ (rv —ormy 0
= : In | — X 8 T ) g [ =) .
an g1 Vg ), g1 0

T T

We establish that In <£>, and (6 — 1) always have the same sign: If (i) §, > 1: Market tightness

increases over time, so § > 6, > 1. Thus In (%) > (0 and (9_ — 1) > 0. Otherwise, if (i) 0y < 1:

Market tightness decreases over time, so 0 < 0. < 1. Thus, In <£) < 0O and (9_ —1) < 0. At

_ N
6y = 1: 8 = 6, = 1, so both expressions equal zero.*> Therefore, 1(9—<_"])) > (0 whenever 0y # 1,

which implies
ox™ ox~
o

The negotiated rate at time 7 is: 7/ = r™ + (1 — n)x- + nx; . Differentiating with respect to

yields a negative value,

or! n ox- oxt
T =)+ 1 -2 2 <,
) &,ﬂﬁlﬂ N5

< <0 <0

Finally, we note that the average OTC rate 7/ inherits this property since it is a weighted average of

. !
rates across all trading rounds, 88177 < 0.

Part 2: Limits. Whenn = 1

1 1
T=0"—r" 0-9 exp | — Ldr ) dy =0
XO (T' T)/(; wyep( /Z;wx l‘)y 9
1 1
— _ (pW _ ,m 1 — - _ —d d = (r% — r™(1 — 7).
v = (r r>[ /Owyexp(/ywxx) y] (" — ) (1 - T

42We can evaluate the derivative at fy = 1 using L'Hospital’s rule.
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Therefore, 7/ =™ +0-x~ +1-xT =™ Whenn = 0:
1 1
X = (r" — rm)/ Y, exp (—/ w;d:v> dy = (r* —r"™) et
0 Yy

1 1
Xo = (r" —=1") {1—/0 O‘%QXP(—/ w;da:) dy} =rY —rm

Therefore, 7/ =™ +1- x~ +0- x* =r™ + (r* —r™) =r®. O

A.10 Proof of Corollary 7

Proof. Part 1: Static limit (\ — 0). As A\ — 0, both matching intensities vanish: )X — 0. From

Proposition 3

X =" =) /01(1 — )Y, exp (— /yl[mpz +(1- n)w;]dx) dy — 0
X = (=) [1 - /01 by exp (— /yl[mﬂ; +(1- ﬁ)lﬁ;]dx) dy} =Y — ™,

Therefore, by the dilation property, all rates must equal: 7/ — ™ + (1 — 1) (7% — r™),

Part 2: Walrasian limit (A — oo). First, consider a balance market where § = 1. As A — oo,

Yy — 0as U* — 1. From the balanced market formulas, it follows immediately that
+ w m =f _ ..m w m
XT = (=™ =n), =r"+ (1= —r").

When the market is unbalanced, we must be more careful. Start with & > 1. As A — o0, the short
(surplus) side matches instantly while the long (deficit) side faces rationing. This property follows
because 0, = Ay(0,:)(0, — 1) > 0, implying that tightness explodes: 6, — co. Thus, surplus traders
match instantly: U= — 1 whereas U~ = S+ /S~ — ;.

Hence, using the consistency property (Proposition 1), we have,
g = g (=™ (= ) (1 6 ).
Recall from Proposition 3 that the bargained rate at 7 = 0 satisfies,

ro—r™ = (1—n)xg +1Xg -
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Thus, as efficiency increases to infinity,
rf = = (=) ((F =™+ (= ™) (1= 05) + (= ™).

We further know that as A — oo, trades occur faster, i.e., matching intensities explode. Hence, the
distribution of trade concentrates toward the earliest rounds, and thus the volume-weighted average

rate converges to the first-trading round rate, 7/ — 7‘0 Therefore, the limit above requires,
(rf =)A= m (= 05") = (=) (L =1 = 05) & 7 = 1",

By the dilation property, 7/ — r* V7. Thus, we conclude that when # > 1, as A\ — oo, we have
xT — ¥ — ™ When # < 1, by the symmetry property (Corollary 13), = = 0,7/ = r™. ]

A.11 Proof of Corollary 8

Proof. The proof proceeds in two stages: forward induction to establish monotonicity of market

tightness, followed by backward induction to establish monotonicity of outside options and rates.

Part 1: Forward induction on 6,,. Assume gzk > 0 for all £ < n. From the market tightness
recursion,
1—
‘9n+1 = 9 M7
11— ¢n+1

where ¢, = A\(N)G(1,6,,) and ¢, ., = A(N)G(6,,*,1). Since G is increasing in each argument,

a¢:+1
00,

%Jﬂ

= AN)Gy(1,6,) > 0, a6,

=MN)GL(0;1,1) - (=62 < 0.

Taking the derivative of 6,,,1 with respect to 6y,

aen—‘—l - aen 1 - ¢;+1 0 |i1 - 7%%11

= + 60, —
890 890 1— 'Lanrl 890 1 - ¢n+1

For 6, > 1,wehave0,, > 1foralln. The first term is positive by the inductive hypothesis. The second

. \pe . - . . oY,
term is also positive because as ¢, increases, the numerator (1 — ¢, ;) increases (since —z** < 0)

o

and the denominator (1 — ¢/, ) decreases (since —z+ > 0). Therefore, = 80"“ > 0, completlng the

induction. This establishes Part 1 and implies,

o[Ting oY,
36, > (0 and 360
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Part 2: Backward induction on outside options and rates. The terminal values are constants,
oxt OX N
+:0:>_N:0 _:rw—rm:>_N:0.
XN 90, v XN 90,

X"“ >0, 8X"+1 > 0, and

We proceed by backward induction. Assume for round n + 1 that

or!
a’é“ > 0. From the outside option recursions we obtain

(n+1 ™) A (1= )X

=ty (0
=V, ( Tpy1 =T ™)+ (1 - 77/}1:—&—1))(7:—&—1'

Analysis for x;": Differentiating with respect to 6y, we have

oxy O, 8rf+1 ox.
n o o_ n n 1 — + n+1 )
800 860 (Tn—i-l Xn+1) + ’l/}nJrl 89 + ( ) 860

From the bargaining solution, 7, ; = 7™ + x| + (1 — 1)1, which implies:

= =X = (L= 1) (X — X)) = (1= )80 >0,

where >, ;1 > 0 is the total surplus. Examining each term:

L2t (1 ) = (1)(4) > 0,

2. Yty ag’ggl > 0 (by inductive hypothesis),

3. (1—4y)- axn“ > 0 (by inductive hypothesis).
Therefore, %’;{E > (. Similarly, differentiating, we obtain

R R CHTI L o

Now, ’I“T{_H — ™ — Xna1 = 10X — Xna1) = —1Zn+1 < 0. Examining the terms:

L 25t (nZa) = (=) - (=) >0,

2. Y ”*1 > 0 (by inductive hypothesis),

3. (1—=,)- X"“ > 0 (by inductive hypothesis).
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Therefore, %XTZ > 0.

Since r{i =r"+nx;+ (1 —n)x,:

or! ox; ox.,
—= = - 1— > 0.
900~ "am, " 0,
This completes the backward induction for discrete rounds. [

Corollary 12 (Continuous-Time Limit). The monotonicity properties extend to the continuous-time
limit. For 0y > land all T € (0,1):

e
90,

X+
90,

orf
r7>0

0 .
=5 90

> 0,

Proof. As N — oo, the discrete-time equilibrium converges uniformly to the continuous-time equi-
librium on [0, 1]. Since strict inequalities are preserved under uniform convergence, the monotonic-

ity properties carry over to the continuous-time limit. O

A.12 Proof of Proposition 4

Proof. We first prove the result for § — 0 and then use symmetry to show the opposite limit. As
0 — 0,

5= MO =10~ —x(07) > —x,

where we used the no-disposal property of the matching function to establish that y(6) — 0 as
6 — 0. If ¥ < oo, matching intensities are finite, so trade is active throughout all rounds. Moreover,

0, approximately satisfies exponential decay, f, ~ #ye~*7", so that the terminal tightness satisfies
5/60 — G_A’_Y.

For surplus traders, we have

1
Ut =1-—exp <—/ )\7(07)617') —0
0

since y(f) — 0as @ — 0.

For deficit traders, if ¥ < o0,

1
U™ =1—exp (—/ )\'y(GTl)dT) ~ 1 — exp(—\7Y).
0
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If ¥ = oo, then U~ — 1 as # — 0. From Proposition 3, for finite 7,

1
) / (1= ) Sydy — 0,
0

given that 1/1; converges uniformly to zero as # — 0 and the surplus is always finite. For x~ we have

that .
X — (Y —=rm) {1 — / n)\ve_”kﬁ(l_y)dy} = (r* — Tm)e_)‘%.
0
The first limit passes limits inside the integral and uses the continuity of exp(-).

For 7 infinite, we bound Y~ above by (r® — 7™ )e~*1(%0)" noting that v(6, ) is increasing in time.

Then apply the limit as 6y — oo to find that Y~ = 0. Hence, the solution above remains valid.

For the average interbank rate, we use Proposition 3. Since 0 /0o — e ™M as 6y — 0, we have

7] n_ =2 _
(0/0)' =1 e -1
0/90—1 e~ M —1

o=

Hence,
6(1_77))"7 . 1

= (1= @) — ™) = (Y — ™). oM 1

Finally, we obtain the corresponding formulas for § — oo by symmetry. Using Corollary 13,

this is case (i) with 0 <+ 0~1, 9" <3 9=, and n <+ 1 — 7. Thus,
‘;[J+ =1- 6_>\’7, U = O’ X+ = (Tw — rm)(l _ 6_(1_77))@)’ X_ — W pm

For the average rate, since 0 /0o — eM as ) — oo,

A.13 Proof of Corollary 9

Proof. Write the ODE in Equation (12) as

éT = )\F<9T)7 to = 0o,
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where F/(§) = —0(v(6") — 7(0)). We perform a change of variables: u = A7. Then, using that
dt = Adu, we have that ¥(u) satisfies:

By existence and uniqueness of solutions, 0(7; 6y, A) = J(A7) forall 7 € [0, 1]. Differentiating with

respect to \ yields

%9(7’; 0o, \) = 7' (A1) =7 F(0(7;60, \)) .
Therefore, for 7 € (0, 1], the sign of 0\0(T; 6y, A) is the sign of F'(#) evaluated along the solution 6;.

Recall that, v(0) = 6 v(6~1). Hence

We thus obtain that sign(F'(#)) = sign(6 — 1).

Corollary 2 then implies that if 6y > 1 then (7; 6y, A) > 1forall 7 € (0, 1], and similarly if
0y < 1then O(7; 6y, \) < 1forall 7 € (0, 1]. Thus sign(F(0(7))) = sign(fy — 1) forall 7 € (0, 1],
completing the proof. [

A.14 Proof of Proposition 5

Proof. Recall that

§— Gigrn §— 1o
+ w__.m _ - _ W ,m _
X' =) e X = )

where = (6, \) is the terminal market tightness given in Table 1. Define

_ G- gt 0=

Corollary 9 allows as to establish the monotonicity of # in A which is key for the proof.
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Step 1: Derivatives with respect to §. For h* (), using the quotient rule

0 - L0 -
001 =)0+ — 0
a (6-1)2-0 '

Similarly, for h=(6), ~ _ _
hy(0) = A=

@—1)2-0
Since (§ — 1)? > 0 and # > 0, the sign of h;;t is determined by

sign(hfgt) = sign (577«9%i%_”[(1 —n)0 +1n] — 9_> :

(A.13)

Step 2: Case # > 1. We test the monotonicity of x© by evaluating condition (A.13). For that,

consider

D(0;0) = 91_’7[(1 —n)0 + n| — gt
By Corollary 2, 0 > 0, Evaluated at 6 = 6,
D(0) = 0"""[(1 —n)0 +n] — 0"

=07 =0 (O — 1) — 6"
> (-1 >0,

where the inequalities follow from 6 > 1—this implies #>~7 > §1=" and n6'~"() — 1) >

Taking the derivative

D) = (1= = (1 =) = (1= )(0" =57,

The term in parentheses is positive since 6,0 > 1. Since D() > 0and D’'() > 0 for § > 6, we

have D(0) > 0 for all § > 6. Therefore h;f > (O foralld > 6, and

Xt gy OO
W_(T —-r )h9—5>0

Next, we test the monotonicity of Y~ by evaluating condition (A.13). For that, consider

F(0;0) =07"(1 —n)§+n] — 6.
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Evaluated at § = 0,

F(0) = 077[(1 =)0 + ] — 0" = 0770 — (0 — 1)] — 6"
— Q" — no~"(0 —1) — =" < 0.

Hence, the sign is negative at 6=0.

As 6 — 0o, we have the following limit:

lim F(#) = 6"+ lim 0[(1 —n)0" — 6" — 0o > 0,

f—o00 0—o00

By continuity of § in A, F'(f) changes sign on [f, o0). Hence, ~ is non-monotonic in A as 6 > 1.

We further verify that the function changes sign only once. For that, observe that:

D) =(1—=m0"—(1—mf "= (1-n) (0" —07")>0,

where the inequality follows from 6 > 6 > 1. Thus, X changes sing only once.

Finally, we check the monotonicity of /. The average interest rate can be written as
= (0)r™ + (1 — o (0)r,

where the endogenous bargaining power is given by

(G- g
¢(0) = ifg =1,
-1 _ p—npon—1
\ _

For 6 > 1, note that ¢() = 1 — h; (6). Since we have shown that i > 0,

0¢ oht 00
- a ax Y
Therefore, ;
ot 9, . . 00, "
a—é»(r —rY) = a)\(7" r™) > 0.

Thus 7/ is increasing in A when 6 > 1.
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Step 3: Case < 1. The results for § < 1 follow by symmetry (Proposition 13).

Step 4: Case ) = 1. Whenf = 1,0 = 1forall \, so# = r™ 4 (1 — n)(r® — ™) is constant.

Using the explicit formulas,
T =UTE ™), T = (Y = ™) = U (" — 7)),

where U* = 1 — ¢, Therefore, we obtain

oxt

A o w _m) ,—A
3 (I —=n)(r r"™e " >0,

A.15 Proof of Corollary 10

Proof. When 6 > 1, the OTC rate is decreasing over time (Corollary 4), so () = r{; — r{ . When
f < 1, the rate is increasing, so () = 7’{ — T(J; . Since the terminal rate T{ is constant, all variation
in () comes from the initial rate 7“[’; . From Corollary 8, 7t is increasing in both 6 and A when 6 > 1,

and decreasing in both when # < 1. Hence, considering the time dilation property, we conclude

that for & > 1, both %—g > 0 and g—(‘g > (. For § < 1, the sign of () reverses, so %—% = —%ief <0
while % = —% > (0. When # = 1, the rate is constant over time, so () = 0 and both derivatives
vanish. O

A.16 Proof of Corollary 11

Proof. From the matching consistency condition, the deficit-side matching probability is:

= - 0
(0 —1)0y

where § = 0, denotes the terminal market tightness. Differentiating with respect to 0

oU-  (@-1)—(—6)  Oh—1

00 (0 —1)20, 0—1)%0,

Thus, OV~ /00 > 0if Oy > 1and OV~ /90 < 0if O < 1.
By Corollary 9, the terminal tightness satisfies sign(96/9)\) = sign(y — 1). Applying the chain
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rule: _

ov—  ov~ 00

ON 00 o
When 6y > 1, both terms are positive, so 0¥~ /OA > 0. When 6, < 1, both terms are negative, so
OV~ /OX > 0. Hence, U~ is increasing in A for all y # 1.

Since [ = (1 — ¥~ ) /U~ is decreasing in U™, it follows that / is decreasing in \. O
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B. Analytic Solutions in Table 1

B.1 Leontief Case

For the Leontief matching function G(a,b) = min{a, b}, we have v(0) = min{1, 6}.

Case 1: ) > 1. By Proposition 2, the ODE for market tightness becomes,

0, = =0, (71 — 1] = A6, — 1).
Solving this linear ODE with initial condition 6,
67— = 1 + (90 — 1)6)\7—.

The matching intensities are,

b = M(0:) = A

=M ==

The matching probability, ¥*, is thus,

1
\IJJr:l—eXp(—/ )\dT):l—e)‘.
0

For ¥~, we use that U~ = U™/, to conclude that:

_1—6_’\

-
0o

We can verify that the same conclusion is reached by evaluating the integral: ¥~ = 1—exp(— |, 01 W-dr).

Case 2: 6y < 1. By symmetry (Corollary 13), we have that,

9
O =14+ (07— 1) = 0. = 0 .
T + ( 0 )6 <~ 0o + (1 — 80)6”

And, also, by symmetry:
U =01 —e™), T =1-—¢"
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B.2 Cobb-Douglas Case

For the Cobb-Douglas matching function G(a,b) = a'/?b'/2, we have () = 6'/2. The ODE for
tightness specializes,
0. = —X\0-[0-Y2 — 012 = —\OY2(1 —0,).
We solve the ODE by change of variables: © = 0% Then 0, = 2ui, yielding,

2uit = —u(l — u?) = 1 = —5(1 —u?).

Separating variables,
du A

Using partial fractions, we write,

11 1 N 1
1—uw2 2\14u 1-—u)’

Thus, integrating both sides of the relationship above,

Since, the initial condition u(0) = /6, we obtain,

m(H”) — M+l (i—\/\/g—_‘;)

1—wu

We clear out u taking the exponential on both sides,

1+uT o 1+\/0_06—)\7'

l—u, 1—+/8,

Therefore, we obtain

b VI — (1= V)
T VI (1= V)

_uT_

o (B

We can verify that for 7 = 0 the initial condition holds.
Stopping time: For the Cobb-Douglas case, the asymptotic limit 7 is unbounded. Thus, trade

can vanish in finite time. The ODE is valid locally as long as trade occurs. Next, we obtain the value
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of time at which the trade stops.

Trade stops when 6, = 0 which can be reached if 6, < 1. Likewise, trade stops at the time where
6, = 0 asymptotes to infinity, (a case only relevant when 6, > 1).

When 6y < 1, note that the denominator in the formula 6, is always positive. Thus, the numer-
ator reaches zero at: 1" = % In (i—‘é%). When 6y > 1, the numerator is always positive, but the

denominator reaches zero at 1" = % In (%) . Thus, the stopping time in either case occurs when
o—1

T:min{lln 1+—\/6—0 ,1}.
A [1=+V0y

The effective stopping time is min{7’, 1}.

Matching probabilities: Matching probabilities follow from,

T
U+ =1—exp (—/ wsids) :
0

where ¢ = A0, = \u, and ¢ = \/v/0, = \u; L. We proceed with some calculations:

T T
/ vEdT = / Augds.
0 0

Leta = 1:’*/% Then:

Voo
ae ™ —1
Uy = ———.
aes + 1
To integrate, note that u, = %a[_’\s_ngio‘e_MHﬂ — %(_/\ + ai{e;:fl) Therefore,
T T —As
o[\ 21 1 _
/ —\ugds = / s + na(oze i )]ds = As +2In(ae™ + 1)5=0
0 0 S

Thus,

T ae ™+ 1
— “ds | = Amin{7, 1 2Iln | ——— )
exp ( /0 (R 3) exp ( min{7,1} + 21In ( P ))

Consequently, we have that,

AT 2
Ut =1—exp(AT) (i) :

a+1

Substituting «, we get the formula in the table.
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The formula for U™ is obtained using U~ = Ut /0y = U /u:

\as 1\ 2 1\ 2 AT 1 2
U = :(OHL ) , \If+:<a+1) —exp(—AT) (u) :

_9_0 a—1 o — a—1

Substituting back o = i—\/\/%:

U= (Q\g%f (9_10) — exp(—AT) (“ + \/9_0)6;”\/9_: (1- \/9_o>>2 <9_10)

<1+¢e—o>—<1—¢e—o>e”)2
(1+v8)—(1—Bo) )

This completes the derivation of both U and U™~ for the Cobb-Douglas case.

— 1 exp(-a7) (
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C. Additional Results

C.1 Symmetry of Convenience yield

Symmetry of the matching function carries over to the liquidity yield coefficients.

Corollary 13 (Symmetry). The OTC market satisfies: (i) r! (1,0,m,\) = (r¥ —r™)—r/ (16711 —n, \);
(i) X~ (7,0,m,\) = (r* —r™) — xT (1,07, 1 —n, \);

This symmetry states that if we can reverse the market tightness and exchange the bargaining
power of surplus and deficit sides, the surplus function is the same. For the expected cost of being
in deficit, the benefit of a surplus, and the OTC rate, the same symmetry holds relative to r* —
r"™. A similar pattern holds for the average OTC rate. This property reveals that any asymmetry in
outcomes follows from asymmetries in assumed bargaining powers or the tightness. This symmetry
property implies that we can solve the model for # < 1 and obtain solutions for # > 1, immediately.

Furthermore, as we will see, many properties change exactly at ¢ = 1, due to this property.

Proof. Step 1: Symmetry of market tightness. From the ODE in Proposition 2:

b, = M0, 17(0;") — 4(0,)]

Define, ¢, = 0 1 we have gz.ﬁT = -0 297. Substituting,

by = =02 - (=AY (dr) — (07 ")] = =N [ (67 1) — v(or)]-

This is the same ODE as for 6. Hence, if 6, solves it with initial condition 6, then 6! solves it with
initial condition 6.

Step 2: Symmetry of matching intensities. By definition,
U (0) = Xv(0) = A0y(07) = Ay (071) = (07).

Step 3: Symmetry of the spread. From Proposition 3:

0.0) = (=) exp (— [t 09+ (1= @ ).
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Using ¢ (0) = ¢~ (6~") and o~ (6) = ¢+ (67"):
S0 1—n) = (r" —r™)exp (— / [(1—=n)ys (6,1) + nw:w;lﬂds)

~ e (- 11— 0) + 005 0.)0s )

= 27(97 77)

Step 4: Symmetry of convenience yields. From the expressions in Proposition 3:

WO 1 =) = (7 — ™) / e (071)8,(071 1 — n)dy
= (v — ) / o (0,50, 7)dy
= (" =r") =x;(0,n).

Thusr X;(e_la - 77) = (rw - rm) - Xi(ea 77)
Step 5: Symmetry of the OTC rate. Using 7/ = r™ + (1 —n)x~ +nx" the symmetry follows

from the symmetry of outside options. [

C.2 Derivation of investors’ first-order condition, eq. (16)

After replacing the budget constraint (2) into the objective (15), we have the following objective:

max (EX,W{(RWG + Z(Ri(Xt) - Rm)ai + Xt+1(5({ai}i€b m; W)) ) 1_01 ) 1_U~

{ai},m i€l
The first-order condition with respect to each asset a’ and to cash m are
o' Ex|(R)7(R(X) - B+ x, £5)] =0,

mi Exu| (R)7(R" = R™ 4y, &) =0,
where R° is the investor’s total portfolio return and xs = Jx/Js is the marginal convenience yield.

Combining these two first-order conditions:
Exo| ()7 (R(X) = R™ + x( & = &) ] = 0.
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Re-arranging gives

COV ., [(R) 7, RI(X) + 30 (2 - 22) |
B EX,wKRe)_U] ‘

Ex[R/(X)] — B" = Ex.[xo(% - &) |

Expand the covariance term and collecting like terms:

EX[Rz(Xt)] — R™ = ]EX,w [Xs( Os Js )]

om ~ da’

OOV (8 — )| covi () RI(X)]

om ~ dal

EX,w[(Re)_U] EX,W[(RE)_U]

Rearranging this equation yields (16) in the text.

C.3 Derivation of planner’s first-order condition, eq. (19)

The planner’s optimal portfolio satisfies

0,

- ol i m 0s 00
a': Ew{(Re) (R—R +X$%+Xeaai>]

—of mm " 0s 06
m: K, [(Re) (R —R —I—XS%—FX@%)] =0,

where ys = 0x/0s and xy = 0x/00.

Combining these two:

B |(R) ™ (R = R4 v (25— 22) + (2% - 22))] =0

Re-arranging gives

COV,[(R)7, R+ X, (85 — 85) + xo (3% — 32)]

R'—R"™ =, [Xs(g—i - eifi) + Xe(% - aaf)} (k)]
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Expanding the covariance term and collecting like terms yields

R =R =B (85— &) + (22 - )]

C@Vw[(Re)‘”,xs(g—; - §;) + Xe(g—g - g—a)} ) C@VW[(RE)—", RZ}

B, [(R)~7] B, [(R)~7]

Rearranging and using the risk-adjusted probability measure ¢ yields (19).
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