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Abstract

This paper studies how to design trading mechanisms when traders can manipulate mar-
ket outcomes either by influencing the price they face or by shaping what other traders
learn from market activity. A direct-mechanism benchmark isolates two design require-
ments: efficient trade requires an endogenous marginal trader, and manipulation-resistance
requires individual price-taking. We then develop implementable mechanisms that satisfy
these principles under different informational environments. In a private-values setting, a
median-price mechanism is weakly dominant-strategy truthful, self-financing, and ex post
efficient: the trader who can move the clearing price does not trade. In an interdependent-
values setting, one-shot median pricing remains allocatively efficient but is informationally
incomplete. We therefore propose a sequential mechanism in which bids are disclosed se-
quentially. This controlled disclosure improves information aggregation without restoring
profitable manipulation. The paper provides a mechanism-design perspective on allocative
efficiency, price discovery, and benchmark formation in financial markets, with applications

to closing auctions, dark pools, and Limit Order Books.
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1 Introduction

Financial markets are designed to allocate assets to those who value them most and to pro-
duce prices that aggregate dispersed information about fundamentals (O’Hara, 2003). Market
microstructure has made substantial progress in explaining how well these functions are per-
formed in the presence of trading frictions, asymmetric information, and strategic interaction.
The usual approach takes the trading protocol as given—a limit order book, a dealer market,
a call auction, or a dark pool—and studies how equilibrium behavior unfolds within that in-
stitutional environment, or how targeted changes in rules and parameters affect market quality
(Glosten and Milgrom, 1985; Kyle, 1985). This perspective is natural when the mechanism itself
is treated as a primitive and the main question is how traders respond to it.

This approach becomes less informative when the mechanism is not merely the environment
in which strategic behavior takes place, but the source of the distortion itself. The resulting
inefficiencies are then not incidental departures from an otherwise well-functioning institution.
They are equilibrium outcomes induced by the price-formation and information-release rules.
This concern appears across several market mechanisms. In continuous limit order books, the
ability to revise and cancel orders creates scope for speed races and for manipulative order
activity that moves beliefs without committing to trade (Budish, Cramton, and Shim, 2015;
Williams and Skrzypacz, 2020). In dark pools, executions are tied to prices formed in lit markets,
creating latency-arbitrage opportunities and cross-venue benchmark-manipulation channels when
reference prices are stale or can be strategically influenced (Zhu, 2014; Aquilina, Foley, O’Neill,
and Ruf, 2024). In closing auctions investors have an incentive to influence the equilibrium
price through strategically chosen orders and quantities (Comerton-Forde and Putning, 2011;
Jegadeesh and Wu, 2022).

These environments differ in institutional details, but they share two common vulnerabilities.
First, the trading rules may allow a participant to affect the price that governs his own allocation
or that enters other economically relevant payoffs. Second, the rules may allow a participant
to shape what other traders learn from market activity. The first vulnerability compromises

price-taking behavior; the second compromises information revelation. Once these distortions are



embedded in the design of the trading protocol, the standard normative microstructure approach
reaches its natural limit. Structural fragilities cannot be fully repaired by finer monitoring,
greater transparency, or incremental adjustments to existing rules. The question becomes one
of mechanism design: how should a market determine who trades, at what price, and with
what degree of information disclosure so that trade remains allocatively efficient, prices remain
informative, but manipulation is not privately profitable in equilibrium?

We therefore return to first principles. We propose a direct-mechanism benchmark that dis-
ciplines our analysis. The benchmark isolates two design principles. Efficient allocation requires
an endogenous cutoff separating buyers from sellers: the marginal trader must be determined by
the realized profile of values, and in our environment it corresponds to the trader with the median
valuation. Incentive compatibility requires individual price-taking: no trader should be able to
affect the price at which he himself trades. The benchmark delivers these principles cleanly,
but it is not directly implementable as a market protocol because it can require the venue to
know investors’ valuation functions and need not be self-financing. The objective of this paper
is to translate these principles into implementable trading rules that respect informational and
budget balance constraints.

We begin with a private-information environment in which traders’ valuations are not affected
by what others know. Each participant holds a private valuation for the traded asset. In this
setting, given a finite number of market participants the central problem is direct strategic
influence over the trading price. In this setting, we propose the Median Price Trading (MPT)
mechanism. Each trader submits a single price. Traders who submit prices above the median
buy one unit from traders who submit prices below the median, all at the median submitted
price; the median trader does not trade. The mechanism endogenously separates buyers from
sellers and implements the first-best allocation. The key intuition is mechanism-design in spirit:
the only trader who can move the clearing price is precisely the trader whose payoff does not
depend on that price, because he does not trade. As a result, unilateral attempts to manipulate
the price cannot increase profits. MPT thus implements allocative efficiency while shutting down
the most direct price-influence channel.

We then move to a richer environment in which traders’ valuations are interdependent, which



introduces the learning mechanism. Each trader’s evaluation depends not only on his own signal,
but also on other traders’ signals, and signals are affiliated in the sense of Milgrom and Weber
(1982, 2000). This environment is closer to real-world trading in which order flow and prices
convey information. Here, allocative efficiency and price discovery are jointly at stake because
the mechanism reallocates assets and aggregates information through what it reveals. The forces
that motivate the paper become sharper: a trader is able to improve his profit, by influencing
others’ evaluations before trading.

In this interdependent-values setting, MPT remains strong on the allocation margin and
retains the no-manipulation logic. However, MPT reveals only a single statistic—the median
price—so most private information remains hidden. A venue can then be allocatively efficient and
yet informationally thin, leaving traders exposed to ex-post regret once additional information
is revealed (or lack of price discovery if information is not revealed). Improving information
aggregation requires that information be released in a controlled and sequential manner, but
sequentiality also creates a new danger: belief manipulation becomes tempting precisely because
later traders learn from earlier actions.

This motivates our Sequential Trading Mechanism (STM). The first round mirrors MPT and
endogenously determines who is a buyer and who is a seller. Trade then unfolds through a
sequence of second-price buy and procurement auctions. After each round, the buyer and seller
exit and their bids are disclosed, while transaction prices are not. The sequencing is the key
design choice: a trader’s action becomes informative to others only after it can no longer affect
the terms at which that trader trades. It is not trivial to reconcile the manipulation-free property
with information efficiency. The former requires that traders do not care about influencing other
traders with their actions; the latter requires traders’ actions to be visible to others so that the
information implied by those actions can be used by other traders to better assess their valuation
of the asset. The mechanism therefore separates information revelation from price manipulation.
In equilibrium, traders with the most extreme signals trade earlier (when less information has
been revealed) and traders closer to the margin trade later (after more information has been
aggregated), generating an endogenous spread that compensates the venue for implementing

incentive compatibility under learning.



Our proposed mechanisms clearly show a new trade-off. In one-shot settings, the price cannot
be manipulated, there is a fast execution and price impact is zero at the cost, however, of little
information. A slower sequential market releases more information and reduces ex-post regret,
but it does so at the cost of a larger pre-trade price impact. The paper thus connects the
design of auctions to a core market-quality question in finance: how should a venue balance
depth, information aggregation, and exposure to manipulation when order flow itself may be
informative? This is what we discuss in the last section where we connect our mechanisms to
the existing market institutions. For dark pools, the MPT speaks to the problems created by
external benchmark pricing, stale references, and cross-venue manipulation. For closing auctions,
both mechanisms speak to finite-trader benchmark formation, strategic price influence, and the
tension between efficient execution and informative closing prices. For continuous limit order
books, they provide a more cautious but still suggestive lesson: when order flow is informative and
strategic cancellations or speed races are first-order, auction-based mechanisms may dominate
continuous trading, especially in thin markets or during periods of elevated uncertainty. The
point is not that one venue should mechanically replace all others. It is that mechanism design
can be used to identify which trading rules are structurally aligned with allocative efficiency and

price discovery, and which trading rules invite traders to work against both.

Literature review. This paper contributes to three strands of literature. First, it contributes
to the literature on manipulation and strategic distortion in financial markets. A large theo-
retical literature studies how traders can profit by moving prices or by affecting the beliefs of
others through their market actions or public messages (Vila, 1989; Allen and Gorton, 1991;
Benabou and Laroque, 1992; Van Bommel, 2003; Williams and Skrzypacz, 2020). Empirical
work shows that these concerns are not confined to a single venue or asset class. They arise
in closing-price manipulation, pump-and-dump schemes, spoofing episodes, and other forms of
strategic trading that exploit the institutional details of price formation (Aggarwal and Wu, 2006;
Comerton-Forde and Putning, 2011; Brogaard, Li, and Yang, 2022; Colla, Distaso, and Vitale,
2024; Tremacoldi-Rossi, 2024). Our contribution is different in emphasis. Rather than treating

manipulation primarily as a surveillance or enforcement problem, we study how trading rules



can make manipulation unprofitable in equilibrium. The central object is therefore not a specific
manipulative strategy, but the mechanism that gives that strategy value. In that sense, the
paper provides general design lessons—and practical guardrails—for trading mechanisms more
broadly: it identifies which features of a market’s price-formation and information-release rules
create vulnerability to strategic price influence.

Second, and following directly from that first contribution, the paper contributes to the
debate on alternatives to continuous limit order book markets (Budish et al., 2015; Lehar and
Parlour, 2021; Foley, O’Neill, and Putnins, 2023; Malinova and Park, 2023; Budish, Cramton,
Kyle, Lee, and Malec, 2023). Following Budish et al. (2015), a growing literature has studied
whether periodic or auction-based trading mechanisms can improve on continuous trading by
mitigating speed races and related frictions. Our results speak to that debate through a different
mechanism-design channel. We show that auction-based trading can address vulnerabilities that
go beyond the speed race itself, namely the ability of traders to exploit the price-formation
process or the market’s informational channel (Glosten, 1994). In an environment in which
valuations depend on both private information and what traders learn from market outcomes,
our mechanisms show how price formation can be internalized and how information disclosure
can be disciplined so as to reduce manipulation incentives. At the same time, the paper shows
that the fast—slow trade-off in sequential markets persists in this richer environment. Consistent
with Du and Zhu (2017), slowing the market improves information aggregation but can increase
per-round price impact. More broadly, the results suggest that auction-based mechanisms may
be particularly valuable where the benefits of immediacy are limited and the risks of manipulation
or informational distortion are acute.

Third, the paper contributes to the growing literature that brings mechanism design into mar-
ket microstructure and exchange design (Du and Zhu, 2017; Andreyanov and Sadzik, 2021; Chen,
2025). Compared to these works, we adopt a classic environment in auction design (interdepen-

dent values) to study problems of adverse selection and hence potential market manipulation.!

1Quoting Du and Zhu (2017), “adverse selection” refers to situations in which different traders hold different
pieces of information about the same asset; in our context, “adverse selection” can be read as “interdependent
values.” Accordingly, modeling interdependent values to study learning dynamics in financial markets is both
natural and standard



Therefore, we complement this literature by focusing on an environment in which learning from
others’ signals is central. Overall, our paper contributes to the broader agenda of integrating

market microstructure and mechanism design.

2 General setting and definitions

Let N be an odd integer.? In what follows, we use the following notation: given any vector
Y = {y,...,yn} € RN let Y_; := {y1, %2, -, ¥i_1,Yis1,---,yn} € RY"L and for any given
integer [ € {1,2,..., N}, we will denote with y' the i-th lowest element of Y. Let M = (N +1)/2,
so that yM is the median element of Y, y' is the smallest one, and y” is the largest one. So for
example y; refers to the variable for the generic trader i, whereas 3° is the i-th smallest entry of
vector Y. We can now describe the fundamentals of the economy.

There is an odd number N of risk neutral traders. Each trader is interested in trading at

most one unit of the asset.

Private signals and valuations FEach trader i receives a private signal x; € [z,Z] about
his valuation for the asset. Let X := [z,7]" and let X := {z1,75,...,25} € X denote a
signal profile. Signals are drawn from a continuous distribution on & such that the probability
of receiving two identical signals is nil. Trader ¢’s valuation is denoted v; = v(x;, X_;) where
v : X — R is the valuation function, x; is the trader i’s private signal, and X_; is the collection

of the other traders’ private signals. Given a signal profile X € A we denote
vi(X) = v(x;, X_;).

We make three assumptions on v(-):

A.1 A trader’s valuation is strictly increasing in his signal:

ov(x;, X_)
&xi

2Appendix D.1 characterizes the equilibria when N is even.

> 0.




A.2 A trader’s valuation is more sensitive to his own signal than to any other trader’s signal:

ov (i, X ;) - ov(w;, X_;)
ox; - &vj

V) # .

A.3 A trader’s valuation is symmetric in the other trader’s signals in the sense that the order

of the remaining signals does not impact the valuation.?

This valuation function setting is the same as in Milgrom and Weber (2000). Assumption A.1
that the traders’ evaluation function is strictly increasing in their own signal implies a positive
private value part, even if potentially small, in the evaluation of each trader. Therefore, while
our model covers the pure private value setting, it rules out the common value framework. Yet,
due to risk neutrality, the pure common value case implies no gains from trade and therefore the

no-trade theorem of Milgrom and Stokey (1982).

Assumptions A.1-A.3 imply that v(-) satisfies the private signal ordering as defined below:*

Definition 1. We say that v(-) satisfies the private signal ordering if for any X € X and i,j

such that x; > x;, one has v; > v;.

As it is standard in the financial economics literature, we assume that each trader is interested
in buying or selling at most one unit of the asset (e.g., Budish et al. (2015), Ernst, Spatt, and

Sun (2022)). So we can define a generic trading profile as follows.

Trading profiles We define a trading profile as {(q;,#;)}¥,, where ¢; € {—1,0,1} specifies
whether a trader ¢ sells, does not trade or buys, the asset, and ¢; € R is a transfer of cash made

to trader 7, where a negative t; implies a negative cash flow for trader . We require that the

3For example, if there are three traders, 1,2,3, the valuation of the trader 1 is such that v(xq,{z2,23}) =
v(w1, {73, 22}).
To see this take z; > z;. Note that v; = v(z;, {z;, X_;;}) = v(zj, {z;, X_ij}) + [ Wdz,

and similarly vy = ’U(.Tj,{.lii,X_i,j}) = U(JEj,{JUj,X_i,j}) + f;; Wdz Thus v — VvV =
ffJ <8v(z’{z§’zx’i’j}) fav(zj’{g’zx’i'j}))dz that is positive because for any j # i, Ov(ws, X_;)/0x; >

811(.%1', X_l)/ﬁa:]



financial asset can neither be created nor destroyed, that is:

Z%ZU-

We denote with 7 the set of all trading profiles. A trading profile T" € T is said to be self-financed
if

> <0,
-
That is, the sum of the cash spent by traders is not inferior to the sum of cash received by
traders. Thus a self-financed trading profile does not require cash inflow from a non-trader, say
the market infrastructure, but the market infrastructure can receive some net cash from the
traders.
We say that trading T € T is ex-post regret-free given X, if after knowing all traders’ signals

X, no trader ¢ would be strictly better-off withdrawing his trade. That is:
g v(w, X i) +1,>0,Vi (1)

Social Welfare Given this simple setting, if trader i sells to trader j at price p, then the value

created by this trade, given X, is equal to
vi =1

Note that the trading price p at which the trade occurs is irrelevant to determine the value
created by a deal, as the transaction price p is a mere transfer from the buyer to the seller.
It is straightforward to see that trading profile that maximize ex-post social welfare must be

ex-post allocation efficient as defined below.

Definition 2. A trading profile is ex-post allocation efficient given X, if each trader with v; > v™

M M

buys one unit of the asset from one trader with v; < v*, where v™ is the median valuation.
Because Y, q; = 0, and N is an odd number, the trader with the median valuation v™ does not

trade.



Thus, for a given realization of the private signals X, the ex-post maximum social welfare is

equal to

WA X) = > uX) - > p(X)=0 (2)

v (X)>vM(X) vi(X)<vM(X)

Direct mechanism We define a direct mechanism as a mapping from the set of possible
private signals profiles X into the set of trading profiles 7. Namely a direct mechanism associates
to any given signal profile X € X and each trader i a transaction ¢;(X) € {—1,0,1} such that
>-:¢i(X) =0, and a monetary transfer ¢;(X). As standard since Myerson (1979), the mechanism
function as follows: each trader privately observes his private signal, and is asked to report a
signal to the direct mechanism. The mechanism then realizes a transaction profile based on
what traders reported. An incentive compatible direct mechanism is such that each trader has
an incentive to report his true signal. Furthermore the direct mechanism is individually rational
if no trader expects to lose from the resulting trading profile. We focus on ex-post mechanisms,
that guarantee that no matter what a trader believes about the other trader’s signals, each trader
i) reports his true signal and ii) he is sure not to lose from the resulting transaction.

Formally, we say that trading mechanism is ex-post incentive compatible (ex-post IC, hence-

forth) if for each trader ¢, any given signal profile of the other traders X _;,
Gi(ws, Xa)v(ws, X ) + ta(wi, X i) > qi(g, Xg)v(ws, X o) + 2}, X ), and Vg, 25 € [2,7] (3)

This condition guarantees that each trader wants to truthfully report his signal to the mechanism
no matter what he believes the realization of the other traders’ signals to be.

We say that the trading mechanism is ex-post individually rational (ex-post IR, henceforth)
if for each trader ¢

¢(X)v(x;, X)) +t:(X) >0, and VX € X (4)

That is, for any given realization of X € X', the trading profile induced by the trading mechanism

is ex-post regret-free, in the sense of (1), given X.

10



2.1 The direct mechanism benchmark

In this section we propose an ex-post mechanism that always leads to ex-post efficient allocations.
Fix any trader ¢ and a signal profile X_; € X_; for all other traders. In order to ensure the ex-post

IC constraints (3) for trader 4, the transfer to trade ¢ must satisfy

iy, X_g) = ti(a), X)), Vag, @) € A, (5)

In words, a trading mechanism is ex-post incentive compatible only if a trader’s monetary transfer
related to a specific trading position does not depend on what he reports to the mechanism,
although it can depend on what the other traders report, i.e., on X_;. Thus, rewriting the
transfer to trader ¢ as only function of what the other traders report, the ex-post IC condition

(3) becomes:

Gi(wi, X_3)v + (X 25) > g5, X))y + (X ) (6)

To achieve an ex-post efficient allocation it must be that for any given realization X, all (N —1)/2
traders whose valuation v; > v™ purchase from the (N — 1)/2 whose valuation v; < v™. Hence

we have that a trading direct mechanism leads to an ex-post efficient allocation if and only if

;

—1lify; <M

¢i(X)=1q0if v, = M (7)

1ify; >vM
\

Now consider any ex-post mechanism leading to an ex-post efficient allocation. If for signals
profile realization X, trader i buys, it must have valuation v; > v™. Because v; = v(x;, X_;)
and the function v(-) satisfies the private signal ordering, the trader i also has a private signal z;
strictly larger than the median private signal . Thus for a given signal profile X with median

M

M each trader ¢ whose x; > ™ has ¢;(X) = 1. Taking into account ex-post IR condition (5),

one has

v(xi, X_) + (X)) > 0 Va; > M

11



As v(-) satisfies the private signal ordering, necessary and sufficient condition for the above IR

constraint to be satisfied for all z; > z™, is
ti(X) > —v(@", X ;) (8)

By symmetry, it follows that an ex-post mechanism that leads to an ex-post efficient allocation
must offer to a trader i whose x; < 2™ to sell the asset for a price #;(X) > v(z™, X _;).

Thus we have

Proposition 1. A direct mechanism where q; satisfies

(
(=1L v(@M X)) if 2y < 2™

(¢i(X), t:(X)) = € (0,0) if z; = a™ (9)

(1, —v(z™ X ) if 2y > M
\

s an ex-post mechanism leading to an ex-post efficient allocation.

The proof of the proposition is in Appendix A.1. The proposition should be read as an allocation
characterization: ex post efficiency holds if and only if agents with valuations above (below) the
median are assigned to buy (sell), with the median agent not trading. Intuitively, this median-
cutoff rule maximizes realized surplus by assigning trade to the agents with the highest gains
from trade subject to feasibility. Moreover, ex post incentive compatibility requires transfers
to be independent of an agent’s own report; this condition is necessary but not sufficient on
its own, since agents could still gain by misreporting to cross the median cutoff and change
roles. Incentive compatibility is achieved by designing payments so that the median type is the
marginal (indifferent) trader, i.e., no type benefits from deviating across the cutoff.

The proposed direct mechanism, however, has two important limitations that undermine its
direct implementability. First, it is assumed that the mechanism knows the evaluation function
v : X — R of market participants: traders submit their own signals x; and the mechanism
defines a specific price t;(X’) = v(z'", X_;) for each trader. Second, the proposed mechanism is

not necessarily self-financed. To see this consider the following example with N = 3 and suppose

12



X is such that 7y < z9 < z3. Then ™ = z,, trader 1 sells for a price of t;(X) = v(xy, (72, 73))
whereas trader 3 buys for t3(X) = —v(xs, (z2,21)). Now, it is natural to assume that valuation
function v(-) is non-decreasing in all its arguments, then ¢, (X) > —t3(X) implying that the seller
sells for a price that is larger or equal than what the buyer pays. This result is reminiscent of
the Myerson and Satterthwaite (1983) theorem which shows that, in a bilateral framework, it
cannot exist an ex-post efficient budget-compatible mechanism.’

Proposition 1 isolates the basic difficulty of benchmark price formation in financial markets.
Efficiency requires the venue to trade against the marginal valuation, but manipulation-proofness
requires that this marginal valuation not be chosen by a trader who benefits from moving it.
The direct mechanism achieves the right allocation, but at the cost of informational demands
and possible budget imbalance that make it implausible as a real trading protocol. The remain-
ing sections ask whether actual market rules can replicate these same design principles without
requiring the venue to know investors’ payoffs or inject capital into the market. We first consider
the baseline private value framework and show a simple implementation of the direct mechanism
that we call the median price trading rule and is ex-post IC, ex-post IR and self-financed. Then,

we move to the case of interdependent valuations where we study the tradeoff between ex-post

regret and trading volume.

3 Median Price Trading Protocol with Private Values

Consider a simple setting where each trader perfectly knows his own valuation for the asset.
Namely we assume v(z;, X_;) = ;.

The first best social welfare in (2) boils down to

Wo= 3" m— > ;>0 (10)

x;>cM x;<zM

5By contrast, if traders’ valuations are weakly decreasing functions of the other trader’s signal, the proposed
ex-post mechanism is also self-financed. However, assuming valuations decrease in other traders’ signals is difficult
to reconcile with the assumption that valuations are strictly increasing in own signals.

13



Below we describe a simple trading mechanism that achieves W*.

Median Price Trading (MPT) protocol Trading occurs as follows.

First, each trader ¢+ submits a price p; € R to the trading platform. Prices are submitted
simultaneously, that is, when trader ¢ submits his price, he does not observe the other traders’
prices.

Second, the trading platform orders prices from the highest to the lowest and determines
the median price p™ so that there are (N — 1)/2 traders who submitted a price above p™ and
(N —1)/2 traders who submitted a price below p™.

Third, any given trader i buys for p* if he submitted p; > pM, sells for p if he submitted

p; < pM, and does not trade if he submitted p; = p™. Therefore, trader i’s realized payoff is

pM —x;  ifp<pM

Q0 if p; = pM (11)

z—pM  ifp > pM

Proposition 2. Within the private value setting, in the Median Price Trading mechanism each
trader 1 submitting p; = x; is an equilibrium wn a weakly dominant strateqy. Transaction price
is pM = oM This trading mechanism is ex-post efficient, ex-post incentive compatible, ex-post
individually rational and ex-post budget balance compatible. Moreover, the mechanism attains

the first best social optimum and hence maximizes trading volume.

The proof of the proposition is in Appendix B.1. As truthful reporting is an ex-post equi-
librium in the MPT implies that each agent’s belief about other agents’ valuations plays no
role in determining the equilibrium play and outcome. For this reason, we did not make any
assumption on traders private valuations distributions.® Most importantly, in this pure private
valuation setting the mechanism leads to a regret-free outcome. That is, because each trader

already knows his own valuation for the asset (z;), there is no room for learning from the bids

SWe only assume that valuations are drawn from a continuous distribution. This reflects the idea that the
probability of two traders having the exact same valuation for the asset is nil, and making thus tie-breaking rules
irrelevant.

14



of the other traders; therefore, as long as he does not pay more than z; for the asset or does
not sell the asset for less than z;, he has no regret when trading. As we show in Section 4, this

property is not satisfied when traders’ valuations are interdependent.

For double auctions, where buyers’ and sellers’ roles are predefined, Rustichini, Satterthwaite,
and Williams (1994) show that the Myerson and Satterthwaite (1983) theorem does not hold
if the number of agents tends to infinity - the price impact of each trader is close to zero.
Proposition 1 shows that when market participants do not have predefined roles as buyers or
seller in the mechanism, it is possible to design a mechanism that is efficient, incentive compatible,
individually rational, and budget balance compatible by having three or more traders active in
the market. We thus show that absent predefined roles for market participants, the Myerson
and Satterthwaite (1983) theorem does not hold even with just three traders.

It is important to compare the MPT mechanism and its properties with other trading mech-
anism. The MPT mechanism and standard Walrasian Double auction mechanism lead to the
same outcome if i) there is an infinite number of traders, and ii) the population is perfectly
divided between buyers and sellers (Reny and Perry (2006)). With atomistic traders, in virtue
of the strictly increasing truthfully reporting bidding strategy p; = z;, the median signal is the
price that clears the Walrasian auction when the mass of buyers equals the mass of sellers.

However both conditions i) and ii) are necessary for the equivalence between the outcomes
of the two trading mechanism. Walrasian auction caps potential trading in case of inbalance on
one side (buyers or sellers) of the market. By contrast, the median mechanism systematically
maximizes aggregate gain from trade as it is more agnostic on the role of potential traders,
capturing the idea that many market participants decide their trading direction according to
market conditions. Also, having atomistic traders in the Walrasian Double auction is necessary
to ensure that no trader can impact the equilibrium price through his order. With finitely
many traders, each trader has incentive to misreport in the hope of tilting the price in his favor
(buyers underbid and sellers overbid respectively), the worst-case cost of misreporting is to not
be executed, leading to a nil payoff. In the MPT system there is no incentive to misreport or to

manipulate the trading price. By changing his own price an individual can change the sign of
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his trade, and potentially realize a negative payoff, but not the price at which he can buy or sell
the asset. The median trader can change the trading price but, as he does not trade, he has no
incentive to manipulate it. As in a second price auction, the trading price is not determined by
the agents who eventually trade but by an agent that is eventually excluded from the transaction.
This feature makes the MPT price manipulation free.”

A potential concern is that, unlike standard trading platforms where participants submit buy
or sell orders, the MPT mechanism requires agents to submit only a price without specifying
direction. However, in many financial markets participants are not exogenously committed to
being buyers or sellers; rather, their trading direction is endogenous to their information and to
prevailing prices. The MPT mechanism captures this feature directly: direction is determined by
the ranking of submitted prices, so agents with sufficiently high valuations become buyers and
those with sufficiently low valuations become sellers. Agents whose valuations are close to the
clearing price may trade in either direction, but ex-post individual rationality guarantees that
any realized trade yields non-negative surplus. Thus, the absence of exogenously specified trading
roles is not a restriction but a deliberate modeling choice that reflects the endogenous direction of
trade in many financial environments. Finally, Appendix D.2 develops a multi-quantity extension
of the mechanism that allows traders to submit demand for multiple units. The extension
improves the institutional realism of the framework while leaving the main economic conclusions

unchanged in qualitative terms.

4 Interdependent Values

In the previous section we assumed that each trader’s valuation coincides with his private signal.
As a result, trader ¢ knows his own valuation exactly, and any information about other traders’

valuations that he may infer from the trading outcome is payoff-irrelevant. In this section, we

"McAfee (1992) proposes a direct mechanism in a private-values setting where truthful reporting is a dominant
strategy, assuming other agents also report truthfully. Unlike our approach, his mechanism relies on (i) an
exogenously given market structure with distinct buyers and sellers, and (ii) a crossing condition, requiring that
buyers’ and sellers’ valuations intersect for trading to occur. As a result, allocative efficiency crucially depends on
the distribution of agent types, its expected value is difficult to characterize analytically, and the realized number
of trades may substantially deviate from the efficient benchmark.
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turn to the more demanding case, and the one more closely aligned with financial markets, in
which traders update their valuations from prices and order flow. This gives rise to the central
tension of the paper. A well-designed venue should enable prices to aggregate information,
but it should not enable traders to profit by distorting the information that prices convey. In
this environment, order flow serves a dual purpose: it reallocates the asset across investors and
simultaneously communicates information. For this reason, venue design is central. A market
that reveals too little information may leave traders vulnerable to ex post regret, while a market
that reveals too much information too early may encourage the manipulation of beliefs and,
ultimately, prices.

We model this tension using the standard interdependent-values environment with affiliated sig-
nals (Milgrom and Weber, 1982, 2000). The assumption is natural in financial markets: investors
process different information sets, but their signals are correlated because they concern the same
asset and the same aggregate shocks. Specifically, we assume that each trader’s evaluation is
interdependent: not only does it depend on the trader’s own signal but also on the realization of
other traders’ signals. Within our setting this implies restricting assumption A.2 to the case

ov(x;, X_3) S ov(x;, X_;)
8q;i - an

> 0,7 # 1.

Meaning that traders have an incentive to learn other traders’ signals to update their own valu-
ation. In line with the auction theory literature, we assume that trader signals X are positively
affiliated, so that the realization of a trader’s signal may provide information about the realiza-
tion of the other traders’ signals.® More specifically, in this section, we adopt the interdependent
values setting introduced by Milgrom and Weber (1982), which consists of two ingredients: valu-
ation functions mapping multiple signals into the asset evaluations of each trader, and affiliation
of signals. This provides a powerful and rather general setting for characterizing how learning
impacts trading strategies and, hence, the mapping between traders’ strategies and equilibrium
prices in financial markets. Consequently, this setting is well suited for studying adverse selec-

tion—i.e., asymmetric information across traders about the asset’s fundamental value (Du and

8For a non-exhaustive list of papers using affiliation see Persico (2000), Bergin (2001), Reny and Perry (2006)
and Mezzetti, Peke¢, and Tsetlin (2008).
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Figure 1: Positive Affiliation
X/

This figure reports an example with 2-dimensional signal vectors X and X’ in the [1,2]? domain. Affiliation
implies that the product of the weights associated with the points on the line (1,1) and (2,2) (where signals are
similar, e.g., either high or low) exceeds the product of the weights associated with the off-diagonal points, e.g.,
(1,2) and (2,1) where one value is high and the other is low. Essentially, there is a higher probability to extract
points along the red diagonal segment than off-diagonal.

Zhu, 2017).

Signals affiliation We assume that signals X are positively affiliated drawn from an unspeci-
fied continuous probability distribution f bounded in the interval [z, Z]. Formally, given two
different vectors of signals, X and X', let X V X’ denote the component-wise maximum and

X A X' denote the component-wise minimum. Then, X and X' are positively affiliated if:

FX VXX AX) = F(X)F(X) (12)

The condition expressed in equation (12) implies that the random variables are positively corre-
lated. Intuitively, affiliation implies that it is more likely to observe either all signals low or all
signals high than dispersed signals. Figure 1 reports an example with a two-dimension setting
where signals have the same support. Equation (12) implies that, in this example, it is more
likely that the realization of the two signals lies close to the positively sloped diagonal - between

f(1,1) and f(2,2)) - rather than far from it.

In terms of learning, this environment is particularly interesting when equation (12) is satisfied
with inequality: it formalizes the assumption that a trader with signal z; thinks other traders

will have similar private values.’ Economically, the positive affiliation structure captures the idea

9In the limit, when the condition is satisfied with equality, it encompasses independent signals so that all the
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that market participants tend to have a similar view on a stock even though each comes to the
market with different private information. This framework captures environments with market
participants relying on different techniques to extract signals (Dugast and Foucault (2018)): in
the case of a positive news, all traders come to the market with a different opinion, although all

traders are likely to agree on the positive nature of the shock.

An essential property of affiliation is that, as v(-) is an increasing function, one has that for any
integer L < N, the function G(Y) defined as G(Y) := E[v(X)|{X;}, = Y], is an increasing
function in its arguments.'® This implies that public information preserves evaluation ranks. For
example take any set of traders who privately know their own private signals. If these traders
updates their belief based on some public additional information, then the trader with highest
private signal x; has the highest expected valuation conditional on the new public information.
Hence, conditionally on the same information set, the valuation function and the expectation on
the evaluation are order-preserving.
Compared to the private value setting of Section 3, the interdependent valuation case presents two
complications for the design of an ex-post efficient and incentive compatible trading protocol:
First, the possibility of ex-post regret if traders signals are disclosed once trading is over.!!
Second, the possibility of manipulation, when the protocol involves traders moving sequentially:
a trader’s action can affect the beliefs, and thus the actions, of those trading afterwards.!?

In what follows, we study first the Median Price Trading mechanism which is robust to poten-
tial market manipulation; however, in this mechanism no information is released and therefore
the potential ex-post regret is maximum. We subsequently propose a sequential trading mecha-

nism balancing information release and trading volume.

results established in this section have general validity as they hold for the benchmark i.i.d. setup.

10See Theorem 5 in Milgrom and Weber (1982).

HEx-post regret can emerge even in a simultaneous move setting if after knowing the trading outcome, an
agent might regret the trade he executed (or the one he did not). A classical example is the well-known Winner’s
Curse in auctions.

12See for example Calcagno and Lovo (2006) for belief manipulation, and Avery and Zemsky (1998) for rational
herding behavior
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4.1 Median Price Trading Mechanism

We can now describe the equilibrium in the median price mechanism when traders have interde-
pendent valuations. It is important to note that, in this framework, market participants face two
layers of uncertainty. The first, which is also present in the private value setting, concerns the
endogenous equilibrium price at which they will eventually trade. The second, unique to the in-
terdependent value framework, relates to the uncertainty in their valuations: without knowledge
of the other N — 1 signals, each market participant can only conjecture the asset’s value.

Within this setting, participants in the Median Price Trading protocol face maximum un-
certainty because each participant forms his expectation based on only one of the N dispersed
signals. In the previous private value setup, each market participant was indifferent to the other
N —1 signals, as their valuation was assumed to be equal to their private signal. For this reason,
the equilibrium strategy was belief-free in the sense that it did not depend on what a trader
believed about the other traders’ signals.

However, this is no longer the case when values are interdependent. Each trader now has an
equilibrium bidding function that incorporates both their own signal (the known element) and
their belief about the signals received by the other traders. Formally, let’s define the function
g :R? = R, as follows:

g(z,y) = Elv(z, X_i)|z; = z,2M =y (13)

This function g(x,y) is the expected value of the asset given trader i private signal z; = =z,
conditional on the median signal being 2 = y. Note that because v(-) is increasing in all its

arguments, g(x,y) is increasing in both arguments. Then we have

Proposition 3. Within the interdependent value setting, in the Median Price Trading protocol
each trader i submitting p; = g(x;, x;) is an equilibrium that brings to the first best social optimum.

Transaction price is p™M = g(z™,2™), and the equilibrium trading profile is self-financed.

Proposition 3 shows that MPT is robust on the allocation margin even when valuations are
interdependent (the proof of the proposition is in Appendix C.1). Intuitively, in equilibrium

each trader bids a price, p; = g(x;, z;), that is a function only of his own signal, and is equal to
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the expected value of the asset conditional on his own signal z; and on the median signal
being equal to x;. This trading strategy ensures that market participants expected gain from
trade is positive. This outcome is consistent with equilibrium bidding in auction mechanisms
in which the price is set by market participants that are excluded from trading, Milgrom and
Stokey (1982).

We now investigate the effect of pre-trade transparency of this mechanism and consider a slightly
modified framework in which the trading platform announces the median execution price, p, af-
ter all traders have submitted their prices. The trading platform then allows market participants
to choose either to execute at the median price or to refrain from trading. This new mechanism
is reminiscent of the quasi-dark periodic auction trading system introduced in Europe in 2015,
where market participants only observe the indicative auction price, Johann, Putnins, Sagade,
and Westheide (2019).'* We show that enhancing pre-trade transparency by announcing the

execution price does not alter the equilibrium auction outcome:

Corollary 1. Announcing the median price before or after the trade does not alter the trading

decistons of market participants.

The corollary directly follows from the proof of Proposition 3, where bidding decisions were
taken conjecturing traders knew the median price. According to the current market design of
periodic auctions, each auction closes according to the standard walrasian pricing rule. Corollary
1 suggests that substituting the current pricing rule with the MPT mechanism would enhance

the robustness of the periodic auctions mechanisms with regards to manipulation.

Although pre-trade transparency enhances the realism of our proposed mechanism and in-
creases the information set available to market participants, it does not eliminate potential
ex-post regret. Intuitively, if all private signals were disclosed after the trade, some traders
might regret their trading decision. For example, the announced median price p™ could result

from having signals above the median x; > 2 close to the upper bound Z and signals below the

13 As part of MiFID II, European trading venues created call auction phases. During the two-minute call phase,
traders submit orders that are collected but not immediately executed and potentially deleted. Differently from
lit sessions, traders have only aggregated information on the current order situation: they know the indicative
price/volume at which they would trade if the auction ended immediately.
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median z; < 2 close to 2. Conversely, it could result from signals above the median x; > 2™
being close to # and signals below the median z; < z* being close to the lower bound z.
Clearly, if traders’ signals were publicly disclosed after the trade, all traders’ valuations would
be higher in the former case than in the latter case. In the former case, some sellers might regret
their trade, whereas in the latter case, some buyers might regret their decision.

Overall, this section shows that the paper’s central design principle — a trader should not affect
the price at which he trades — remains powerful in the presence of learning. But the proposition
also clarifies the limit of one-shot benchmark formation. A single clearing price can implement
the efficient crossing of orders without fully aggregating the information dispersed across traders.
In finance terms, an auction can print a benchmark that is manipulation-proof and self-financing
and yet still be informationally incomplete. This is the sense in which the close, dark pools,
and other batch venues face not only an allocation problem but an information-design problem.
Corollary 1 reinforces this interpretation. Announcing the indicative price before execution does
not overturn the equilibrium. That is relevant for actual closing and periodic auctions, where
venues disseminate indicative prices and imbalances prior to uncrossing. The result suggests that
the key issue is not transparency per se, but the structure of transparency: which statistics are
released, when they are released, and whether traders can still exploit that information before
their own executions are locked in. In the next section, we analyze mechanisms that permit the
venue to release information gradually while maintaining the no-manipulation property. The
setting is particularly relevant for financial markets, where price discovery and execution are

intrinsically linked, yet full pre-trade transparency would invite strategic trading.

4.2  Multi Round Market - Sequential Trading

In this section, we propose a sequential trading protocol with two primary objectives. First,
to ensure that each investor has no incentive to manipulate other investors’ beliefs. Second,
conditional on achieving the first objective, to minimize ex-post regret, there should be trading
transparency along the whole process.

The protocol consists of % rounds. In the first round, traders are divided into two groups:
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one group of % buyers and another group of % sellers. In each of the subsequent rounds, a
buyer purchases one unit from a seller and then both the buyer and the seller exit the market.
Thus by the end of the final round, N — 3 traders have exchanged % units of the asset.

The no-manipulation property is ensured by guaranteeing that the price at which a trader
trades the asset does not depend on his own actions throughout the entire trading process. Given
this constraint, transparency property is achieved by disclosing, at the beginning of each round,

all relevant actions taken by those who have already traded and hence exited the market.

Sequential Trading Mechanism (STM) protocol

e In the starting round, ¢ = 0, each trader ¢ simultaneously submits a price p; to the trading
platform. Let P € {R*}" denote the initial price profile. The (N — 1)/2 traders who
submitted a price p; higher than the median price p are potential buyers, and the (N—1)/2
traders who submitted a price p; lower than the median price are potential sellers. The
trader who submits the median price exits the game, and the trading platform reveals his

price.
e In each following round, ¢ > 1:

— Each potential buyer who is still active at ¢ submits a bid b;;, simultaneously, each
potential seller who is still active at ¢ submits an ask a;;. Bids and asks are only

observed by the trading platform.

— The potential buyer (seller) who submitted the highest (resp. lowest) bid, is delivered
(resp. delivers) one unit of the asset from (resp. to) the trading platform and pays
(resp. is paid) the trading platform an amount equal to the highest (resp. lowest)

among his competing buyers’ (resp. seller’s) bids, that we denote b, (resp. a).
— Round ¢’s buyer and seller exit the game and their bids are disclosed to all traders.

e The trading mechanism stops when there are only one buyer and one seller left, or at the

first ¢ such that

> (b —d,) <0 (14)



That is, trading stops if it would require the trading platform to inject its own cash on top

of what it has accumulated from previous trades.

In this protocol in the very first round the median trader is excluded. Then there are at most
T = (N —1)/2 — 1 trading rounds, and in each trading round ¢ € {1,...,T} there is an equal
number N, := T — t 4+ 2 of active potential buyers and active potential sellers. Denoting with
B, € R and A, € RM the bid and ask vectors of time ¢ active buyers and sellers, one has that

= b and the seller sells for @, = a?, the rest of the traders are

time ¢ buyer buys for price b,
informed of the best bid and ask quotes (b)*,a}). Thus the publicly available information at the
beginning of each period ¢ = {1,...T} is H; = (pM, { (b2, @1)}r<t)-

The sequential trading mechanism proposed here can be decomposed into a pre-trading phase
in which market participants market side is determined by their initial bid that is based only on
their private signal (as for the Median Price Trading Protocol) and on a sequence of second-price
auctions in which market participants define their bidding with information gradually released
from realized trades. Notably, the announced prices (from which market participants extract
the private signals) are the winning bids; hence, they provide information about the signals of
traders who just traded and exited the game. Transaction prices, a; and l;t, are not revealed
because - as noted in Milgrom and Weber (1982) - otherwise the mechanism would release
signals of market participants still active in the market thus incentivizing potential manipulation
behavior. Moreover, the trading mechanism stops when either the budget balance compatibility
condition is not met, or when, with only one trader on each side of the market, the second-
price auction would no longer be feasible. The second price auction in each room ensures that
(i) market participants bid competitively, (ii) the market prices are endogenously determined
without relying on external price setters or trading venues knowing the evaluation function.
Consequently, after the median signal is released, a market spread naturally rises as buyers
and sellers trade iteratively at their different marginal valuations. Therefore, the market venue
cashes in the spread as compensation for facilitating trades. It is important to note that this

trading mechanism requires a third active party that crosses the spread, providing an economic

foundation of intermediaries in financial markets. In contrast to standard market microstructure
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theory that considers the bid-ask spread as remuneration for liquidity provision in virtue of
asymmetric and inventory costs, in our framework, the market maker gains the spread to ensure
an efficient price to market participants. In other words, we theoretically motivate the bid-ask
spread as compensation for guaranteeing truthful information disclosure. Finally, in order to
preserve competitive bidding, we show in Appendix C.4 that the sequential mechanism cannot
be refined to give the last two traders a chance to trade.

We focus on symmetric equilibria: For any given trader ¢ with signal z; = x we denote with py(z)
the price he submits in the starting round, and with b;(x, H;) (and a.(x, H;)) the equilibrium
bid (ask) made by trader i if he is an active buyer i (active seller) in trading round ¢. For each
trader i, denote the ordered set of the remaining (N — 1) signals as Y_; where "' is the largest

and y', the smallest signal.

Proposition 4. The above mechanism has the following symmetric equilibrium bidding strategies

of buyers and sellers respectively :

o At the last round T, each active buyer (sellers) i bids the expectation of v; conditional on
the information disclosed in previous rounds, his own signal x; and the highest (lowest) of

the other still active buyers’ (sellers’) signal being equal to x;. Formally

bT(% HT) = E[Vi|HT>ZEi = ?Jﬂ_T = x} (15)

aT(x, HT) = E[Vi\HT>$i = ?J: - 55] (16)

e [or any round t < T each active buyer (active seller) bids the expectation of the buying
(selling) price he would pay (be paid) in next period conditional H; and on the highest

(lowest) of his competing buyers’ (competing sellers’) signal being equal to his own signal.

bz, H) = E[l;tJrl’Htvxi =z,yN =1 (17)

ar(z, H;) = FElag|Hy 2 =2,yL,; = 7] (18)

)

o At round 0, any monotone function of private signals is an equilibrium strateqy, hence
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without loss of generality, traders submit pg = x;

The proof of the proposition is in Appendix C.2. In the last trade, each buyer (seller) uses the
available public information and bids as if his own signal were just high (low) enough to win -
hence by conjecturing that his own signal were just equal to the other remain extreme buyer’s
(seller’s) signal. For any round ¢ < T, traders anticipate other future opportunities to trade in
case they lose the current bidding round: they bid the price they expect to pay (receive) in the
next round. Conditional on their own signal being just high (low) enough to win the current
trading round, this price makes them indifferent between executing in the current or in the next
round. Finally, at time 0, as there is no trade but only positioning, traders send their private
signal to the market venue. In general, traders misreport when this allows them to trade at more
advantageous price. Note that because no trader action has any impact on the price at which
he trades, traders do not misreport neither in the first round, when there is only buyer-seller

positioning, nor in the following trading rounds.
Corollary 2. The trading dynamic in equilibrium is the following:

o The expected price paid (received) by buyers (sellers) increases (decreases) over trading
rounds, hence the expected revenue made by the trading venue, b, — ag, also increases over

rounds

e Traders with more extreme private signals trade first, those with less extreme signals gather

information and trade later

The proof of the Corollary is in Appendix C.3, where we show that the expected buy (sell) price
at t + 1 conditional on winning the auction at ¢ is greater (smaller) than the price actually paid
(sold) at t. The reason is that if a buyer (seller) wins the auction at time ¢, his signal is larger
(smaller) than any other signal in the market. Therefore, upon execution, his revealed signal will
cause an upward (downward) update of the expectation of the buyer (seller) holding the largest
(smallest) signal among the remaining buyers (sellers). As this is the trader who will set the

execution price tomorrow, the expected buy (sell) price will increase (decrease).!* Intuitively, the

14This result is consistent with Milgrom and Weber (2000) and Mezzetti et al. (2008) who show that in a
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more information the price reveals, the larger the expected difference between the price at which
traders buy and the one at which they sell, which is a measure of price impact. Because this
expected spread is increasing over trading rounds, traders do not have an incentive to postpone
their trading over time.

The equilibrium has a clear market-design interpretation. Traders with the strongest sig-
nals in absolute terms (more distant from the median signal) trade first because they are least
dependent on learning from others; traders closer to the margin wait and trade after more in-
formation has been revealed. The mechanism thus endogenously matches execution urgency to
informational needs. In Figure 2, we graphically report a potential trading path of the sequential
mechanism with 21 initial traders. In the next corollary, we qualify the profits of the trading

venue:

Corollary 3. In each trading round, the profit of the trading venue is positive. The mechanism

stops when a second price auction among buyers and sellers is no longer feasible.

In each trading round ¢, the market venue sells at the second highest bid (5,5 = by(2N~t Hy))
among buyers and buys at the second lowest ask among sellers (a; = a;(z'™!, H;)). Due to
the increasing nature of the valuation function on its own signal (yy_; > y;+1) and considering
that all buyers (sellers) have private signals above (below) the median, it follows that B; > A,.
Therefore, the trading venue has an incentive to market making in each round until there is only
one trader left on each side of the market.

It is therefore important to note that the profits earned by the trading venues do not derive
from compensation for inventory or adverse selection risks. It is the endogenous payment required
to sustain truthful revelation when valuations depend on information dispersed across market
participants. The more information market participants need to have before trading, the more
they need to compensate through the execution schedule.

From the two above properties, it follows that a sequential mechanism optimizes the trade-off

standard sequential auction with multiple buyers with interdependent valuations and a single seller, prices are
subject to an upward drift. The key property that buy (selling) prices follow a sub (super) martingale is due
to the common component of traders’ valuation. In the special case of private values, the bid and ask prices
define martingale processes. In case traders are subject to a convex execution cost, the upward drift is partially
mitigated if not reversed depending on valuation functions and execution costs (Mezzetti, 2011).
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Figure 2: Dynamic of the Sequential Trading Game

These plots report possible dynamics of the sequential trading game for N = 21. In the left plot, in virtue of
Corollary 2, we report the expected buy and sell price over trading rounds. In the right plot, we report the signals
revealed after each trading round. The red dashed line reports the median signal X “3* = 11. The only signals
not revealed are the closest to the median, X1 =10 and X5+ = 12.
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between high trading volume and low potential ex-post regret. Compared to the Median Price
Mechanism, volume decreases by one unit, but potential ex-post regret significantly decreases.
In both mechanisms, the median trader does not trade as his price is instrumentally used to sep-
arate buyers and sellers. In the sequential mechanism, also the traders adjacent to the median do
not trade to guarantee competitive prices iteratively, hence one extra unit of volume is lost. In
terms of welfare, however, the loss is minimal as the traders excluded from trading are the clos-

est to the median and therefore those generating the lowest gains from trade (v(xM*1)—v (2 -1)).

In terms of ex-post regret, the sequential mechanism substantially improves compared to the
MPT. Traders with a signal far from the median trade first with less information: these traders,
holding stronger signal, prefer to trade with less available information in order to execute at
more competitive prices. Given their own strong signal and the competitive price at which they
trade, they are naturally less exposed to regret their trades ex-post. Moreover, as the trading

game progresses, the traders closer to the median signal (the ones more exposed to ex-post regret
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in the MPT mechanism) have less uncertainty as public information increases (at the cost of less
competitive execution prices), thus naturally reducing potential ex-post regret. Overall, the ex-
post regret reduces as the sequential mechanism mediates the needs and structural differences
between impatient traders (by offering competitive execution prices) and patient traders (by
providing more information).

The trade-off between the expected spread and pre-trade information crucially depends on
the number of shares traded in each round. In the baseline specification, one share is traded per
round. The next corollary characterizes how equilibrium outcomes change when n € 1, N — 1/2
units of the asset is exchanged in each round. That is if n units are traded in every round,
each auction is (n + 1) price auction. For example, on the buyers side, each of the n— highest
bidders purchase one asset and each pays the (n + 1) highest bid. For n = N —1/2, we are

back to the MPT mechanism with a single round of trading occurring at the median bid.

Corollary 4. By decreasing (increasing) the speed of the STM—that is, by decreasing (increas-
ing) the number of units traded per round—the average number of signals available before trading

increases (decreases), while the spread increases (decreases).

Corollary 4 highlights a design trade-off for the social planner in choosing the number of
units traded per period.'® A faster market (higher number of shares traded per round) decreases
spreads, while a slower market (smaller number of shares traded per round) improves information
aggregation and reduces ex-post regret. Intuitively, the fewer traders the market maker needs
to incentivize to reveal the signals, the lower the rents he can extract. Following Budish et al.
(2015), subsequent work has sought “a richer understanding of the costs of lengthening the time
between auctions.” Du and Zhu (2017) show that increasing trading frequency allows investors
to adjust more quickly to news but reduces per-auction depth because traders anticipate future
opportunities; in extensions with heterogeneous speeds, fast (slow) traders prefer short (long)
auction durations. We complement this literature by endogenizing information release: market
participants release information by trading rather than taking arrivals as exogenous. Consistent

with Du and Zhu (2017), we find that slowing the market (intended as more auctions held to

15 Appendix C.5 provides an analytical discussion of the Corollary.
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allocate K shares among N traders) increases the informativeness of trading but can raise per-
auction price impact.'6 Finally, our results echo Jagannathan (2022), who shows that lengthening
the interval between batch auctions makes markets less prone to crashes.

In Appendix C.6, we propose a simple sequential mechanism that minimizes ex post regret at
the expense of trading volume. In the next section, we discuss how our mechanisms connect with

existing trading mechanisms.

5 Discussion

How do the Median Price Trading and Sequential Trading mechanisms compare with the trading
mechanisms used in practice? Our new mechanisms isolate which institutional features invite
strategic distortion and which features prevent it. In other words, the paper speaks not to one
venue alone but to a class of markets in which the execution price is economically valuable and

market activity is informative.

Closing auctions. Closing auctions are the clearest application because they combine one-
shot execution with benchmark formation. The closing price is not merely the price at which
the final trade occurs; it is a reference price used for valuation, performance measurement, index
replication, and settlement. That is precisely the environment in which finite-trader price-taking
becomes fragile. MPT addresses that fragility directly. It internalizes the benchmark inside
the venue and assigns price-setting power to the trader who does not trade. The mechanism
is therefore best interpreted as a benchmark-forming auction that preserves allocative efficiency
without rewarding traders for moving the benchmark they face.

MPT provides a mechanism-design response to this finite-trader benchmark problem. The
efficient allocation requires an endogenous cutoff—the marginal trader—and MPT implements

it through the median separation of buyers and sellers. At the same time, the no-manipulation

16The results are consistent with Du and Zhu (2017), as they define Trading frequency as the number of
double auctions per unit of clock time. Hence, keeping constant clock time, increasing the number of auctions
implies faster markets. In an environment close to Du and Zhu (2017), Paul, Thibaut, and Mathieu (2021)
estimate optimal auction durations on the order of minutes and find that continuous limit-order books are mildly
sub-optimal in terms of price discovery.
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requirement is satisfied because price-setting power is assigned to the trader who does not trade.
This is the sense in which MPT addresses a foundational closing-auction concern: it yields
an internally formed benchmark while preventing participants from profiting by moving the
benchmark price they face.

In information-rich closing environments, however, allocative efficiency is only part of the ob-
jective. The closing print is often treated as a public signal, so informational efficiency matters
as well. Our interdependent-values analysis clarifies why one-shot benchmark formation can be
informationally incomplete even when it is allocatively efficient and manipulation-free: reveal-
ing only a single clearing statistic can leave substantial private information unaggregated. This
is where STM becomes relevant as a design for controlled disclosure. Its central lesson is not
that real-world closing auctions should be replaced one-for-one by our sequential protocol, but
that the timing of transparency is itself a mechanism-design choice. Information that is released
while a trader can still affect his own terms of trade invites strategic signaling; information
that is released only after a trader is committed can improve price discovery without rewarding
manipulation. This principle maps naturally into the design of indicative-price dissemination,
imbalance publication, and late-order flexibility in auction windows: the question is not “trans-
parency versus opacity,” but “which statistics are released when, and with what commitment

from the traders who generate them.”

Dark pools and crossing venues. Dark pools have been created so traders could potentially
trade large quantities with a minimum price impact. Most of dark pools in Europe and in the
U.S. follow a derivative pricing rule: the execution price generally relies on pricing information
sourced from lit venues.!” Given their low transparency, the difficulty of monitoring, and the
reliance on outside trading prices, the literature has established three channels through which
dark pools can reduce market participants’ welfare. First, the execution price may not be set

consistently with the reference price in the lit market.'® Second, given the proliferation of co-

1"Traditional dark pools match customer orders using either the midpoint of the national (European) best bid
and offer (NBBO or EBBO), or the volume-weighted average price (VWAP) of the primary market, Zhu (2014).
18Tn June 2014, the Financial Industry Regulatory Authority (FINRA), which oversees securities firms in the
U.S., accused Goldman Sachs’ SIGMA X dark pool of executing nearly 400,000 trades between July 29, 2011,
and August 9, 2011, at prices lower than those available on public exchanges. Although Goldman Sachs did not
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located and sophisticated traders, large "slow" institutional traders are exposed to stale quote
costs (Securities, Commission, et al. (2015) and Aquilina et al. (2024)): the execution price in
the dark pool may rely on an old, outdated, reference price derived from the lit venues, creating
latency arbitrage opportunities. This is a concern especially for high priced-liquid stocks, when
all stale trading involves high frequency traders.'® Third, traders can potentially manipulate the
reference price in the dark pool by submitting orders in the lit market. This may be a concern
especially for illiquid stocks and during periods of market turmoil.

MPT directly isolates and removes these vulnerabilities by internalizing benchmark forma-
tion. In MPT the execution price is a function of the submitted prices inside the venue—the
median—rather than an externally supplied benchmark. This eliminates the cross-venue ma-
nipulation channel by construction: trading in a lit market cannot move the dark execution
price because the mechanism does not import that price. It also neutralizes latency-arbitrage
logic because execution does not hinge on being faster than the reference-price updating process
in a different venue. Most importantly, it makes manipulation of the execution price privately
unprofitable even when the set of participants is finite. The reason is the price-taking principle
embedded in the design: the only trader who can affect the median is the median agent, and
he does not trade, so he does not benefit from moving the price. The point of the comparison
is the design principle: if a venue relies on an external benchmark, then the mechanism inher-
its the external venue’s informational fragility and becomes vulnerable to cross-venue strategic
behavior. A mechanism that determines the benchmark internally and that decouples price-
setting power from trading incentives can mitigate these vulnerabilities at their source. Nor is
the endogenous determination of trade direction in MPT obviously at odds with dark-pool par-
ticipation. Empirical evidence suggests that a meaningful share of dark-pool activity, especially
by some high-frequency traders, is opportunistic rather than tied to a fixed ex ante need to buy
or sell (Aquilina et al., 2024). Read in that light, the mechanism’s endogenous sorting of buyers

and sellers is not an artificial feature, but one that matches an important component of trading

admit wrongdoing, they agreed to settle FINRA’s allegations by paying an $800, 000 penalty.

19 Aquilina et al. (2024) observe both a positive correlation between stale trading and market capitalization,
and a weak correlation between stale trading and nominal stock prices. Hence, the stale trading social cost is
likely to be higher for highly liquid, high-volume stocks, as HF Ts can rapidly and almost freely balance in lit
markets any position they assume in a dark pool.
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observed in these venues.

Continuous limit order books. Continuous limit order books remain the dominant trading
protocol for many instruments, largely because they provide immediacy and continuous adjust-
ment. Yet the same features that make continuous markets attractive also create well-understood
fragilities. When orders can be posted and cancelled at high frequency, the order book becomes
not only a trading device but also a communication device: strategic traders can submit orders
to move beliefs and then cancel them, a logic formalized by Williams and Skrzypacz (2020) and
empirically shown in Brogaard et al. (2022). At the same time, continuous time priority and
rapid updating create incentives for speed races that can dissipate rents and shape market qual-
ity (Budish et al., 2015; Foucault, Hombert, and Rogu, 2016). These concerns are fundamental
because they arise from equilibrium incentives created by the protocol, not from rare deviations.

Our sequential mechanism clarifies a design route to mitigate these equilibrium incentives:
ensure that no trader can affect the price at which he trades and ensure that information becomes
public only after the trader who generated it can no longer exploit it. STM implements this via
second-price formats, exit after trade, and post-trade disclosure of bids. The mechanism therefore
targets belief manipulation by severing the link between “being informative” and “having future
strategic leverage.” It also eliminates the speed advantage inherent in continuous time priority
because trading occurs in discrete rounds with well-defined participation and without order-
cancellation races.

At the same time, the comparison with continuous limit order books must be made with cau-
tion. Our baseline environment abstracts from several features that are central to the economic
role of continuous trading, including inventory management, repeated position adjustment, and
the provision of immediacy through standing limit orders. These considerations help explain why
continuous markets exist and why observed bid-ask spreads reflect not only adverse selection and
strategic trading incentives, but also compensation for inventory risk and immediacy provision.
For that reason, our results should not be read as a general case against limit order books.

The more appropriate implication is comparative. The relative advantage of a continuous

limit order book is greatest when immediacy is especially valuable and when the informational
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and manipulative vulnerabilities of continuous trading are limited. By contrast, the case for the
Sequential Trading Mechanism is stronger in environments in which immediacy is less important,
liquidity is thin, or uncertainty is high—precisely the settings in which continuous trading is more
exposed to strategic order placement, cancellation-based distortions, and price manipulation.
In such markets, an auction-based mechanism may offer larger marginal benefits because it
internalizes price formation, disciplines the release of information, and reduces the scope for

traders to exploit the trading process itself.

6 Conclusion

This paper studies a basic problem in financial market design: how to allocate assets and
form prices when traders may profit both from trading on information and from influencing
the mechanism that aggregates it. The paper’s central point is that these distortions are often
not external frictions layered on top of a neutral institution. They are equilibrium outcomes
generated by the rules of price formation and information release.

Our analysis isolates two core design requirements. Efficient trade requires an endogenous
marginal trader who separates buyers from sellers. Manipulation-resistance requires individual
price-taking: no trader should be able to affect the price at which he trades. In the private-values
environment, the Median Price Trading mechanism translates those principles into a simple, self-
financing market rule. In the interdependent-values environment, the paper shows why efficient
one-shot crossing is not enough. A venue may remain allocatively efficient and yet leave too much
information unaggregated. The Sequential Trading Mechanism addresses that second problem
by releasing information only after the trader who generated it has exited and can no longer
exploit the beliefs of others.

The broader implication is methodological and economic rather than venue-specific. Mech-
anism design provides a disciplined way to evaluate and redesign trading rules when the mech-
anism, not merely the environment, creates opportunities for distortion. Dark pools, closing
auctions, and continuous limit order books are three prominent settings in which these issues

arise, but the core logic is more general: whenever a venue must both allocate assets and release
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information, the structure of price formation and the timing of information release are first-order
design choices.

Our paper suggests a different way to think about manipulation. Some forms of strategic
behavior are best treated not as pathologies to be policed ez-post, but as outcomes to be designed
away ex-ante. The mechanisms in this paper do not solve every market-design problem. They
do, however, show how to start from first principles and build trading rules that align private

incentives more closely with allocative efficiency and informative price formation.
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Appendices

A Appendix Section 2

A.1 Proof of Proposition 1

Let first prove that the mechanism is ex-post IC. Take a trader with z; > 2, if he truthfully
reports x; or any other 2 > 2™ his payoff is ¢;(X)v;(z;, X ;) —t;(X) = v;(zs, X ;) —v; (2™, X ;) >
0, where the inequality follows from z; > ™. If instead, he reports 2} = 2™, he does not
trade and gets 0. If he reports 2} < z™, then he sells for v;(z™, X_;), realizing payoff of
vizar, X)) — vi(2%, X_;) < 0. Hence truthfully reporting his signal is a best response. A

symmetric argument applies for a trader whose x; < . Consider now the median signal trader,
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i.e. the one with x; = ™. If he reports any 2} € (¢~ zM*1), he remains the median trader and

does not trade getting 0. If he reports 2} < =1, then the resulting action profile X’ = {z, X _;}

has a median signal 2/ = 2M-1 < 2™ _ Trader i sells for t;(X") = v;(2'", X_;) realizing a payoff

of v;(a"™, X_;) — vi(x;, X_;) < 0, where the inequality follows from z; = #™ > 2M-1 = /™ A

M+1 " Thus, the mechanism is ex-post IC for

symmetric argument applies if he reported z} > x
each trader.

Ex-post IR is guaranteed by the fact that each seller (buyer) values the asset v;(z;, X_;) and
Mo

sells for (buys for) t;(X) = v;(z™, X_;) whenever z; < ™ (resp x; > x™) that is larger (resp.

smaller) than his own valuation.

B Appendix Section 3

B.1 Proof of Proposition 2

We first show that for any given trader ¢, bidding p; = x; is weakly optimal even ex-post i.e.,
after knowing the other trader’s prices. Thus, bidding p; = x; is optimal for trader i no matter
his beliefs about the other trader’s valuations or strategies.

Fix trader i and an arbitrary price profile P_; € RY~! for all other traders. Let p™* and
pM~ be the (N — 1)/2-th highest, and the (N — 1)/2-th lowest price among the other traders

prices P_;, respectively. Note that p™~ < pM*, and there is no price by i’s competitor between

pM~ and pM*. Depending on p;, the overall median price for the N traders is:

If trader 7 sets p; > pM*, then the median price is p™ = p™*, and trader i buys for pM+ and

realizes z; — pM+.

If trader i sets p; € [p™~pM*], then the overall median price is p = p;, and trader i does

not trade and realizes 0.

M

If trader @ sets p; < p™~, then the median price is p™ = p™~, and trader ¢ sells for p~ and

realizes pM— — ;.
Thus if z; > pM* (x; < pM7), then all p; > pM+ (resp. p; < p™~) provide the same strictly

M+

positive payoff of z; — pM* (resp. pM~ — x;), whereas any price p; < pM* (resp. p; > p")
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provides either 0 (for p; € [pM=pM+]) or pM~ — 2; < 0 (resp. z; — p™T < 0) for p; < pM~ (resp.

p; > pMT). Thus setting p; = x; is a best response to P_;. %

The above reasoning also proves that the mechanism is ex-post incentive compatible as traders
set p; = x; no matter their belief about the other trader’s types profile X _;.

The mechanism is ez-post efficient as the buyers have all an evaluation above the median
and sellers all below the median, and the resulting trades lead to the first best social welfare
The mechanism is ex-post individually rational as buyers know their own valuations, they learn
nothing from trade so they have no regret to have traded and their ex-post payoff is non-negative.
In case of buyers (sellers) the ex-post gains are strictly positive and in case of the price setter the
gain is zero. The mechanism is ex-post budget balance compatible as there is one single clearing
price that cancels out in aggregate. The mechanism maximizes volume if the probability of

extracting two equal signals is nil: in this case the mechanism leads to % trades.

C Appendix Section 4

C.1 Proof of Proposition 3

Note first that because v(-) is non-decreasing in all its arguments and strictly increasing in
at least one argument, the function g(z,x) is invertible. Namely let ¢(z) be the inverse of the
bidding function, that is, the x such that g(z,z) = z. Note that ¢(z) is increasing in z.

Fix trader i and suppose he expects each other trader j to set price p; = g(x;,x;). Let
pM = g(x™, 2M) denote the trading price, i.e., the median price, if trader i submits p; = g(z;, ;).
There are three scenarios, depending on whether by setting p; = g(z;, x;) trader i is a buyer, a
seller, or does not trade.

Consider first the case p; > p™. That is, by submitting his price, trader i buys for p* and

20For example let N =5 and P_; = {4,7,10,20}, then PM~ = 7 and pM* = 10. If trader i sets p; < 7, then
the trading price is p™ = 7, and trader i sells for 7. If 7 < p; < 10, the trading price is p™ = p;, and trader i
does no trade. If p; > 10, then trader i buys and pays the trading price of p™ = 10.
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his payoff is

Elv(zi, X_)|zg, o™ = pM] = pM = g(z, 0(p™)) — g(6(p™), o(p™)) (19)

That is positive because p; > p™ implies z; > ¢(p™), and g(-) is strictly increasing in its first
argument. Now suppose that instead trader i deviates to p; = ¢(%,%) # g(;,z;), and let p™

denote the resulting median price. Then:

o if p; > pM, then pM = pM, as the price submitted by trader i does not change the median
price as it can only impacts the ordering among the (N — 1)/2 prices above the median.

Trader i keeps buying for p* and his payoff remains g(z;, ¢(p™)) — g(o(p™), ¢(p™)) > 0.

o if p; < pM, then either trader i becomes the median price trader, hence does not trade
and gets 0, or trader ¢ becomes a seller. In the latter case the new median price becomes

pM < pM | and trader i sells at this price with a resulting payoff of

M — Blo(zi, X_) |z, o™ = M) = g(6(™), o(5™)) — g(i, o (5™)) < 0

where the inequality follows from g(z;, z;) = p; > pM > pM = g(QS(pM), gb(pM)) Therefore,
it follows that xz; > ¢(p™), and so g(é(p™), p(pM)) < g(z;, #(p™)). Hence if trader i

expects to be a buyer, then setting p; = g(x;, x;) is a best response.

Second, consider the case p; < p™. That is when playing the prescribed price p;, the trader i

sells for p™ and his expected payoff is

P = Elv(z, X_i)|z, o™ = pM] = g(6(p™), 6(p")) — g(ai, 6(p™)) > 0

where the inequality follows form p; < p™ that implies z; < ¢(p™). Now suppose that instead

trader 7 deviates to p; = g(7, ) # g(x;, 7;), and let p* denote the resulting median price. Then:

o if p; < pM, there is no change in the median price, trader i keeps selling for p™ and get

the same strictly positive payoff as when setting p; = g(z ;).
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e if p; > p™, then ecither trader i becomes the median price trader, hence does not trade
and gets 0, or trader 7 becomes a buyer. In the latter case the new median price becomes

pM > pM and trader i buys at this price with a resulting expected payoff of

Elv(zs, X_3)|vs, 0™ = pM] = M = gl(zs, 0(5™M)) — g(0(3™), (™)) < 0

where the inequality follows from g(z;, z;) = p; < pM < pM = g(o(p™), #(p™)). Therefore,
it follows that xz; < ¢(p™), and so g(d(p™), p(pM)) > g(z;, #(p™)). Hence if trader i

expects to be a seller, then setting p; = g(x;, x;) is a best response.

Finally, consider p; = p. That is, when playing the prescribed price, trader i is the median
price trader, he does not trade, and gets 0. If he deviates to some p; # g(z;, z;) but remains the
median trader, he does not trade and still gets 0. Suppose instead that the deviation brings a

new median price ™ > pM™, then it must be that p; > p™, trader ¢ buys and realizes a payoff of

Elv(zy, X_i) |z, o™ = pM] = ™ = glas, 9(3™)) — g(o(p™), ¢(5")) < 0

where the inequality follows from g(z;, x;) = p™ < pM = g(¢(p™), #(p™)), implying ¢(p™) > z;
and hence g(¢(p™), (p™)) < g(zs, o(p™M)). If instead the deviation brings a new median price

pM < pM | then it must be that p; < pM, trader i sells and realizes a payoff of

M — Elo(z, X_) |z, o™ = pM] = g(o(5™M), 6 (™)) — g(2:, 6 (™)) < 0

where the inequality follows from the fact that g(z;, z;) = p™ > pM = g(é(p™), ¢(p*)) implying
d(pM) < x; and so g(o(p™M), d(p™)) < g(z;, #(p™)). Thus even when the trader expects to be
the median price trader, setting p;(x;, z;) is the best response.

Note that the resulting outcome is ex-post allocation efficient as it leads to the first best
allocation. Also, the mechanism is ex-post budget balance compatible as there is one single
clearing price that cancels out in aggregate. The mechanism maximizes volume as the probability

of extracting two equal signals is zero, and hence, the probability of having N distinct values is
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1. Therefore, the mechanism determines % trades.
The mechanism is ex-interim individually rational as the expected payoff of all market par-
ticipants is non-negative. Namely, traders expect to profit from trade ex-ante, and once they

know the trading price, they do not expect to lose by bidding p; = g(x;, ;).

C.2 Proof of Proposition 4

The proof of the equilibrium strategies is by backward induction.
The bidding equilibrium strategies for buyers and sellers in each period ¢t = {1,...T'} is an exten-
sion of Mezzetti et al. (2008): their paper defines the equilibrium bidding strategy of a sequential
T round second price auction with bidding announcement. We extend their framework by con-
sidering a second price auction on each side of the market with common information set and

showing that at time ¢t = 0, truthful reporting is weakly dominating.

The proof shows by backward induction that truthful reporting is a weak dominant strategy
(1) in the last trading round, (ii) in a generic first round trading, and (iii) in the first "separating"

round.

C.2.1 The last trading period T'.

In the last period of the trading game 7' = (N —1)/2 — 1, there are two bidders in each room
that compete in a second price auction style. Information Hrp is publicly available to all active
traders. This includes the bids of all traders who already traded, and the fact that the bidders
in the buyers’ (sellers’) room have signals larger (lower) than the median trader signal and lower
(larger) than all other traders who already purchased (sold) the asset in the previous rounds. At
this stage the game in the buyers room reduces to a classic second price bid auction with public
information available to all active traders, and the equilibrium bidding strategy is standard as it
directly follows from Milgrom and Weber (1982), that is, active bidder i bids the expected value
of the asset conditional on Hr, and on the highest of his competing bidder’s type being equal to

x;. Symmetric result applies to the sellers’ room. Thus equations (15) and (16).
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C.2.2 The intermediate trading periods 1 <t < T.

Consider the bid auction. In a symmetric equilibrium, at any given round ¢, a trader’s strategy
only depends on his private signal x; and the public information H;. Namely let b, (z, H;) denote
the equilibrium bidding strategy of an active buyer i at time ¢ with signal z; = x. Let V;(z, H;)
denote an active trader expected equilibrium continuation payoff at the beginning of period t.
This can be seen as the probability of buying the asset by the end of the game times the expected
profit from trade. Namely

Vi(z, Hy) = I/Vt(x, Hy)  (ve(x, H) — Py(z, Hy)) (20)

S/

Vv Vv
Probability of buying Profit conditional on buying

where W (x, Hy) is the equilibrium probability of buying the asset between t and the last trad-
ing round given x; = z, and H;. The variables v,(z, H;) and P,(z, H;) are the equilibrium
expected value of the asset and the expected payment, respectively, when these expectations are
conditional on x; = x, H;, and buying the asset between round ¢ and the last trading round.

For any given active trader i at ¢, let §”, * denote the highest private signal among this trader’s
competitors in round ¢, and let f;(-) denote the density of gjf; ! conditional on all information
available to trader ¢ at the beginning of round ¢, that is, x; = x and H;.

Fix a time t > 0, ¢t < T, consider a trader i facing other traders who use strategy b,(-), 7 > 0.

The trader’s best response at ¢t given z; = x and the public history H; solves:

ng[gg}/ (Elvi|z; = x, Hy, 577" = y]—bi(y, Ht))ft(y)dy+/ Vi (z, {Hy, 557 = y}) fi(y)dy (21)

where the objective function is trader i’s expected payoff in round ¢ from making a bid equal to
bi(z, Hy). Namely, the first integral reflects the trader’s expected payoff when buying the asset
at t, and the second integral is the continuation expected payoff in case he does not buy the
asset at t. Note that at the end of each round, the trading protocol discloses the bid of the
winning trader. Because equilibrium bids are monotonic in signals, this also discloses time ¢

buyer’s signal. Thus if trader i does not buy at ¢, the buyer will be his competitor with the
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highest signal and thus the public history at ¢t + 1 is Hyq = {Ht, giot = y}. This explains the
argument of V;,1(+) in equation (21).

In equilibrium, the first order condition requires that the derivative of the objective function
with respect to z is equal to zero for z = z. Simplifying and rearranging, the f.o.c. can be

written as follows

bi(x, 1) = Ely|Hyzi = 2,957 = o] = Viga (2, {H;, 52" = 2 })

= E|Hyx =25 = 2]
W (2, {Hy, 977 = 2 D) (v (2, { Hy, 977 = 2}) — Po(x, {H,, 5771 = 2 })
= ElnlHy =l = o] = vle {Ho g5 = o) + Pole, {He 55 = o)
= Blu|Hya = 2,57 = 2] — By {Hyyxy = 2,577 = 2} + Po(a, {H,, 757" = 2})

= Pu(z,{H, 7 ;" =z}).

where the second equality comes from the definition of V;(-) in (20). The third equality follows
from Wiy (z, {Ht,gT;t = x}) = 1 because if at time t trader i’s competitor with the highest
type has §°," = x = x;, then it must be that at time ¢ + 1 it is trader 4 who has the highest
type x; = x, and hence he is certain to win the auction and buy the asset in round ¢ + 1.2! This
also implies that conditioning on {3:Z =ux, Hy, gf;t = x}, the expected value of the asset upon
winning, v,(z, {Ht,gf;t = x}), is equal to Ely|,z; = x, Hy,§*; " = x]. Thus, the fourth and
fifth equalities.

To guarantee the first order condition identifies a maximum, we now show that the objective
function in (21) is quasi-concave. Let II(z, z|H;) denote the objective function in (21) shall a

trader of type z; = x behave as if his type was z. Namely:

Mz, 2| H,) = / Bl Hov s = 2,577 = yl=by(y, H)fi(y)dy+ / Vi (s {Ho 57 = y W Ay
(22)

It is sufficient to show that % > 0.

21Ties in types are excluded from the continuous distribution assumption of types.
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Note that

Oll(x, z| Hy)

Oz :ft<z) ((E[VZ|‘TZ :x7Ht>gTi_t :Z] _bt(szt)) _W+1(xv{HtagT;t :Z}) ) (23)

and so

O*(x,2|Hy)  (OEWw|ei =2, Hy gl =2 Vi (v {H, 55" = 2}) fi(2)
020z N ox ox ¢

Define VtH(x, y|H;1+1) as the payoff a trader of type x; = x is expected to make if starting

from period t + 1 on, the trader behaves as if his type was y instead of x. This is

Viri (2, ylHivr) == maz, Wiy (y, H) (v (2, Hisr) — Puly, Hipt))

Because the trading game has a finite number 7" of rounds and the last round is a standard
second-price auction (for which truthful bidding is an equilibrium), a backward-induction argu-
ment implies that in every subgame starting at ¢+ 1 it is optimal for a trader of type x to report
truthfully from ¢ + 1 onward. In other words, the maximizer y*(x, H;;1) in the expression above
satisfies y*(z, Hyyy) = .22
In equilibrium it must be optimal for the trader to choose y* = x, that implies the first
Wir (z9|Hi1) = 0 must be satisfied. Therefore the envelope theorem for

yr=a

Vigr(w, Hyp1) = Viga (2, y* (), Hyyq) is equal to:

order condition

d AV (2, y* (), Hipr) | AV (2,97 (@), His) | dy*(2)

—V Hi) =

dx (2, Hea) dx * dy*(z) L
-0

Only vy, (x, Hiy1) = Elv; | ©; = x, Hi41] depends directly on x, so

22Gtart with the two-period version of the game. In the last period, by construction , truthful reporting is an
equilibrium bidding strategy. Hence, in the two-period game, when choosing their first-round bid, y*(x, Hr—2) = x
holds. Hence also in the first round truthful reporting is an equilibrium strategy. Now consider the three-period
game. The subgame starting in period 2 is exactly the two-period environment just analyzed, so traders bid
truthfully from period 2 onward. Therefore, when choosing bids in period 1 of the three-period game, traders
again know that y*(z, Hy41) = . The argument continues iteratively for any finite game.
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SO
Vi1 (z,y | Hiya)
ox

OB | xi = x, Hy1]
Ox

= Wt+1(3/7 Ht+1)

Evaluating at y = y*(x, Hyyq) = x and at Hy . = {H;, 7, " = 2} yields

Vi (2, {Hy, y27" = 2}) OBE[v; | @ =, Hy, 5" " = 2]

o = Wi (o, {H,, 377 = 2}) o 2
Substituting (24) into the expression for the cross-partial, we obtain
Ol(z,z | H OFv; | s = o, H, 5" = 2] .
<8z (%l 2 - or (1 — Wit (ZE, {H,, yfi t— z}))ft(z)
Thus substituting this last equality in equation (23), we obtain:
O*1(z, z|H, OFvi|v; = o, Hy, g' 7t = = o
éz@x‘ - - ( < O t ](1 — Wi (z, {H,, 577" = 2}) | fi(2)
. . . L. 3E[V¢|xi=:p,Ht,gT.7t:z]
For z > z, the above expression is strictly positive because ram— >0, fily) >0

and Wi (x, {Ht,gf;t = z}) is less than 1. For z < = we have W 4(x, {Ht,gf;t = z}) = 1.

11 H,
AS 9 ($7§| t)

3 is weakly decreasing in z, the profit function is quasi-concave and hence the f.o.c.

identifies a global maximum.?3

So we have shown that it is optimal for a trader that is active in the buyers room at time
t to make a bid equal to P,(z, Ht+1)|Ht+1:{Ht7g2:;t:x}, that is what the trader expects to pay if
he buys between ¢ + 1 and the last round given H,; and gf;t = x. The event gf;t = x however
implies that at round ¢ 4+ 1 trader 7 is the highest bidder with probability 1, implying the trader
is certain to win in round ¢ + 1 and pay the highest of his competitors’ bids at t+1. So we

have that P, (z,, Ht,gff; "= 1) is equal to the expectation of the highest bid from time ¢ + 1

ZFormally, fix a type x and define g(z; 2) := OIl(x, z | Hy)/dz. By the first-order condition we have g(z;z) = 0
for all z. Moreover, from the expression for the cross-partial above, 8?I(z, z | Hy) /(92 dx) > 0 whenever z > x
and = 0 whenever z < x. For any z > =z,

2 9211 H,
9(z;2) — g(a;2) = / Efg’gz't)dé >0,

so, since g(z;z) = 0, it follows that g(z;2) < 0. Hence, for a given x, Il(x, z | H;) is strictly decreasing in z for

all z > x, while for z < z the cross-partial is zero and thus g(z; z) = g(z;2) = 0, so Il(x, z | Hy) is flat to the left
of z.
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competitors of trader 7, given that the strongest competitor type is equal to z. Hence we have

bt(x’ Ht) - Pw(l’, Ht’gT'_t = [E) = E[l;t+1|Ht7'ri =7z, gT—t = l’]

—1 —1
A symmetric argument applies for the ask auction.

C.2.3 The t =0 period.

To see that by(z) = x is an equilibrium, we show that if trader i expects all other traders to
truthfully report their own signal at round ¢ = 0, and then follow the strategies described above
at t > 0, then it is a best response for trader i to truthfully report his own signal at ¢ = 0.
Suppose trader i draws the median signal 2, if he/she reports truthfully, the payoff is 0.
Suppose he reports by > x; and ends up in the buyers room. Then he knows that i) he will be
the buyer with the smallest signal in the room, and ii) because the median report disclosed by
the mechanism is larger than true median signal, all bidders’ valuation , but his own valuation,
will be biased upward. This implies that he is certain not to win any of the bid auctions and thus
his expected payoff from deviation is nil. A symmetric argument applies if he by misreporting
he ends up in the seller’s room. Suppose trader ¢ draws a signal x; larger than the median signal
x; > XM, By truthfully reporting he will enter the buyer’s room. Misreporting leads to two
possible scenarios. If his report is larger than X he will not change his own payoff as only
the median signal is reported at the end of the round. Thus misreporting has no effect on the
trading dynamic and on his own payoff. If his report is not greater than X, the trader will
have a zero payoff as will be either out of the game at the end of ¢y or will be the trader in
the sellers’ room with the highest signal and hence will not trade. A symmetric result applies
considering a bidder whose truthful report would lead him to the sellers room. (by outbidding
there is a higher probability of finishing in the buyer room/ being median, by under-bidding no

change in his/her payoftf).
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C.3 Proof of Corollary 2

We prove the statement by showing that, at time ¢, the expected bid paid at time £+ 1 conditional
on the previous bid , E[by1)b], is higher than the realized previous price paid, b, (conversely,
the expected ask received conditional on the previous ask, E[a,.1|d], is smaller than the realized
previous price received, @;). Hence by tower property rules follow that: E[b ] > Elb,] and

E[&t—i—l] < E[&t]

Buyer room. The expression Elbq|b] is equal to E[bq (XN~t1)| XNt = zN~] as condi-
tioning on b, implies that active traders can extract the signal from the price and hence know

XN—t — N-t

N7t The condition XV~ = 2Vt is equivalent to condition on Y ~* > N7t =

Y N=t=! Therefore, we can write:
Elba(XVTTHIXYT = 2N = b (XNTTHIYET > 2N = v
By the equilibrium submission strategy, the realized price at time t is:
by = by(z"7") = Elby (XYY X = 2] YT = X))

as the bid setter in stage ¢ (x¥~!) bids the expected price in the next round, conditional on
his signal being just enough to win the current bid stage. Hence by the properties of affiliation

Elbyi|by] > b2

Seller room. Equivalently, the ask price at t+ 1 conditional on the previous ask is F[a;,1|a;] =
Elag 1 (X)X = 21, The condition X' = 2! is equivalent to condition on Y'}' =

' > Y. Tt follows that:

E[&t+1(Xt+2)‘Xt+l — ',L,tJrl} — E[dt+1(Xt+2)‘Y£;-l — $t+l > Y_tz]

24Consider, for example, the first two bids by and by. Observing by is equivalent to know XV—1 = zN=1 (the
second largest signal among all traders). This is equivalent to say that the generic trader ¢, knows that, among
his competitors, there is one signal (X*V) higher than zV=!. On the other hand, at time ¢ = 1, the trader with
the second largest signal (XV~1) bids the expected next round execution price, conditioning his signal to be
equal to the largest signal among all his competitors.
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The realized price at time t is obtained by bidding: a; = Elas,1(X"™)|Y?, = 2 = X*™]. Hence
by the properties of affiliation Fla, 1|a;] < a.

As the inequalities are valid for any possible realizations of b, and d;, we can write:
Elby] = / Elbys1|by]db, > / bydb, = E[b;] (25)
and similarly Efa; 1] < Efa).

C.4 Properties Sequential Trading Game

Corollary 5.

1. In our proposed sequential trading game, it cannot be ensured trading in the last round

2. In an interdependent environment, sequential trading mechanisms cannot ensure a single

last clearing price

To prove the corollary, we first provide an important result on budget compatibility for sequential

games:

Lemma 1. In a sequential trading game with interdependent environment, ensuring expected
budget balance compatibility in the last trading round is a necessary condition to ensure global

expected budget balance compatibility

Proof Suppose a sequential trading game is not expected budget balance compatibility in the
last trading round (Elar] > Elbr]). This condition automatically implies that the mechanism
is also not expected budget balance compatibility in the previous rounds, as for any ¢ < T the
following relationship holds:

Ela,) > Elar] > Elbr] > Elb]

due to the equilibrium price property E[by1] > Elb)] and Elay1] < Ela,]. In general, due to the
weakly increasing (decreasing) nature over rounds of buying (selling) prices, if a trading round
is not expected budget balance compatibility, all the previous rounds are not expected budget

balance compatibility.
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Proof Corollary 5.1 In an environment with two traders, with predefined roles and partial
uncertainty in their opponent evaluation, the Myerson—Satterthwaite theorem applies. Therefore,
as the last round trading prices are not budget compatible (ar > I;T), I Lemma 1 implies global

no expected budget balance compatibility.

Proof Corollary 5.2 Consider first a trading mechanism for which buyers and sellers trade
at different prices up to 7" — 1 but in the last trading round T there is a single clearing price.
Consider the last two periods, as we want a mechanism that satisfies both incentive and budget

compatibility, we have the following conditions:

A~

Elbr_1] < Elby] = Elar] < Elar_1]

Elbr_1] > Elar_]

where the first condition follows from El[b,1] > E[b] and Ela;4,] < FEla,] and the second

condition ensures budget balance compatibility. The unique solution is given by:

Elby_1] = Elar_i]

This reasoning applies recursively for any previous round 1 < t < T — 1, hence to enforce in

expectation budget balance and incentive compatibility, it must hold the following condition

This condition, the expected price does not change over rounds (hence with information release),
is possible only in the case of a private value environment (see Milgrom and Weber 1982), leading

to an internal contradiction.

Finally, consider a trading mechanism in which in every round there is a single clearing price
(think of a repeated MPT game, for example). In this case, the game satisfies budget compat-

ibility by construction as buyers and sellers trade at the same price in each round, also in this
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case it must hold that E[p;] = E[pr|. Indeed if the condition were such that E[p;] > E[pr]

(E[p:) < E[pr|) buyers (sellers) would have an incentive to misreport at time ¢.

C.5 Speed of the Sequential Mechanism.

Given N traders, the sequential trading mechanism (STM) ensures that N — 3 traders trade
(the traders who do not trade are the median trader and the two adjacent traders). In our
baseline model, we have shown results for an STM in which only one unit is traded at a time.
However, the proof and equilibrium strategies do not change if multiple units are traded in each

round. Formally, let the number of traded stocks be

so that the STM satisfies ) 7, = K, where 7 is the number of stocks traded in round 7.

A natural question is what happens when we change the number of stocks traded in each
round. Suppose that in each round the same number of stocks is traded. Formally, define the
number of stocks traded per round as k € Nt such that % € N*, and hence the general number
of trading rounds as % In the main body of the text, we consider k = 1 and hence the number
of traded stocks is equal to the number of trading rounds (K = ¥ — 1 =1T)).

The average number of bids known to traders before trading in round ¢ € [1, %) is then

KEL(1 4 2k1)

HH = l—OK/k = K—Fk+1, (26)

where [ = 0 corresponds to the first round of trading, when only the median signal is revealed.
As the STM is incentive compatible, traders are able to extract from each bid the signal and
decrease price uncertainty.

Equation (26) implies that when k& = 1 (our baseline case), the average number of signals
available before trading is maximized. More generally, # H is strictly decreasing in k. Hence, by

slowing down the market (smaller k), information precision increases. 2°

25If the number of units traded per round is not constant, it is generally impossible to obtain a closed-form
solution for arbitrary N, as the result depends on the exact allocation of trades. However, the STM mechanism
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At the opposite extreme, when k£ = K, the STM becomes equivalent to a standard K-double

auction, in which traders on both sides bid

b=EV|X;=2;, XM =2, s=E[V|X;=x, X" =2z],

respectively. In this case, the spread is minimal because equilibrium prices are

l;: E[V | ){'Z — $M+1,XM+1 — SE‘M+1]7 ps — E[V | Xz — XM_I,XM_I — IM—I].

Generally speaking, as k increases, the STM becomes a k-sequential double-price auction. The

spread decreases in k, because the marginal buyer and seller are closer together in signal space.

C.6 Two-Rounds Market - Minimization Ex Post Regret

In this section, we consider a simultaneous game that minimizes ex-post regret but at the cost of
substantially reducing trading volume. To contemporaneously maximize the ex-ante information
set of market participants and ensure incentive compatibility, in this mechanism only two market

participants can trade. We formally define the trading mechanism:

Single Trading (ST) mechanism

e In the starting round, ¢ = 0, each trader ¢ simultaneously submits a price p;. Let P €
{R*}*" denote the initial ordered price profile. The mechanism publicly discloses all traders’
prices, except the two highest and the smallest bids. The N — 4 traders whose price has

been disclosed cannot trade.

e The two traders with the largest (smallest) bid at ¢ = 0 run a second price buy (sell)
auction. The market sells at b and buys at a, with b > G and pockets the difference.

Trading always occur.

The mechanism minimizes ex-post regret by exacerbating two features of the baseline design.

First, only agents with the strongest incentives to trade are active: the lowest-valuation agent

and its equilibrium do not rely on this simplifying assumption.
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(seller) and the highest-valuation agent (buyer). By Assumption A.2, these two types are ex
post least likely to regret their trading decisions. Second, when deciding whether to trade,
each observes the signals of all traders except the signal of its competitor and the top two on
the opposite side of the market. Therefore, out of the IV fragmented signals, each active trader
conditions on N — 3 signals. This is, ex ante, the largest information set consistent with incentive
compatibility and budget balance. Full disclosure of all N signals would induce the highest- and
lowest-valuation agents to profitably misreport so as to manipulate both the clearing price and
the counterparty’s beliefs. Retaining the second price auction type ensures the mechanism can
rely on competitive bidding for price formation. Equilibrium bidding then follows the standard
logic of second-price auctions with interdependent values (Milgrom and Weber, 1982).

It is interesting to study what happens when instead of releasing N — 4 signals, the market
releases N — 2 signals: hence in the second round, when actual trading happens, there is no
competitive bidding to determine the trading prices. In this case, the market has to rely on
excluded traders to provide potential trading prices as we assume the market does not know
traders’ evaluation function. Therefore, the market has to subsidize at least one excluded trader

to provide quotes, leading to our next corollary:

Corollary 6. In the ST mechanism, the lack of competitive bidding in the last stage implies only

expected budget compatibility.

Intuitively, as the market needs to pay the price maker independently of whether trading
happens or not (otherwise, the trader would have an incentive to misreport to increase the
likelihood of trading) and trading under this regime is only in probability as active traders’
information sets differ from the ones who set the price. Therefore, conditional on trading, the

trading venue can incur in some loss.

Proof. In case N — 2 signals are released at t = 0, the price maker has to submit a bid, i), and
ask price, a, such that the bid (ask) uses as private signal the highest (smallest) signal revealed
as private value to ensure incentive compatibility at time ¢ = 0.

The price maker can for example submit a bid (ask) equal to the expected value of the asset

of the trader with the highest (smallest) signal revealed:
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o b= v(zN L, {xl}f\ij , Bzt {Il}f\;l]a E[zN] {xi}Nil])

=2

o i =o(a? {15 B {15, BV {1} 5)

Clearly these bids ensure incentive compatibility in the two stage game and b > & in virtue

of the order preserving property. However, the valuations of the traders still in game are:
A N—1 A N—1 N
o EN[{z'} L 1 = v {a'} L, Blat [{2'},10,])

o B {a}"] = v(a!, (o'}, BlaN | {2} 201))

=1

The two traders still in actions are using N — 1 signals to determine the expected missing
private value (their own private signal still not revealed and N — 2 known signals). As the

N-1

expected value of conditional on public information (E[z™|{z'};_;

]) may be bigger than the
actual realized value 2V (known only to the potential buyer), it may happen that the suggested
bid is larger than the potential buyer expected value (similar reasoning applies to the sell side).
As an example, consider 5 traders: by the argued equilibrium we have that the proposed bid
is b = v(xt {x3,x2,E[x1| {z'}_,), B[] {x"}fzg]}), whereas the expected value of the active
potential buyer is v(z®, {:c4, 23,22, Bl {27}, }) depending on the specific signal distribution
and evaluation function it may happen that the potential buyer refrains from trading.
Alternative price schedule that ensure interim incentive compatibility have similar problems.
As firstly noticed in Milgrom and Weber (1982), when the information set across traders differ,

characterize equilibria that ensure both incentive compatibility and truthful reporting becomes

challenging.

D Extensions

D.1 Number of Traders is Even

In this Appendix, we relax the assumption that the number of traders (V) is necessarily odd.
When N is even, let 2~ and ™" denote the lower and upper median values, respectively—i.e.,

the two central order statistics in the sorted profile.
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Lemma 2. In a MPT mechanism with private values and an even number of traders, buyers

buy at M and sellers at 2™~ .

Proof Consider the buyers’ side. Suppose the trader with signal 2" deviates and bids Z
such that # > z™"*1. By changing his position in the order, the trader incurs a loss equal to

ML _ MY~ 0. The argument on the sellers’ side follows by symmetry. The presence of a

bid-ask spread, ™" > 2™ when the number of traders is even, is consistent with the logic
that 2" and 2™~ represent, respectively, the lower- and upper-bound marginal valuations for
buyers and sellers. This immediately follows from the fact that no single value divides the two

sides of the market evenly when N is even.

Suppose instead that trading venue defines a unique equilibrium price

M=oz 4 (1— )™, with a € (0,1).

M+

In this case, for certain values of «, the trader with valuation x may have an incentive to

participate as a buyer, since the resulting payoff

MM >0

can be strictly positive. This occurs in particular when o — 0, as p}f — 2™ . Conversely, as

Mt+1

a—1,p >z , and the payoff becomes negative, removing the incentive to deviate.

A symmetric argument applies on the sellers’ side. Consider a trader with valuation z~

who may have an incentive to misreport in order to sell at a price
= az™M 4 (1 —a)z™ L

The incentive to misreport increases as a — 1, since py! — ™ " which may exceed the trader’s
true valuation. As these conditions have to be simultaneously satisfied, it is impossible to define

a single clearing price.

o6



Lemma 3. In a MPT mechanism with interdependent values and an even number of traders,

buyers buy at g(z™ ", 2M") and sellers at g(x™, z™ ).

Proof The proof follows immediately from the private value case.

Lemma 4. In the sequential game with an even number of traders, both ™" and 2™~ are

announced at t = 0.

Proof Consider the evolution of the game backwards. After the signals ™" and 2™ are
announced, the protocol sorts traders into two rooms, each with an equal number of agents,
ensuring that buyers and sellers can be matched. Within each room, buyers and sellers compete
in a second-price auction. Therefore, a trader’s payoff depends only on the number of rounds in
which they are eligible to participate, not on ™" and 2™ .

=+ - . . .
M™ and 2™~ have no incentive to misreport.

At time t = 0, traders with signals different from x
Any deviation results in a zero payoff—either because they are excluded at t = 0 or because
they are reassigned to the opposite room, where they do not trade in equilibrium. In contrast,
truthful reporting guarantees a weakly positive payoff.

A trader with signal exactly equal to ™" or 2™~ obtains a payoff of zero regardless of their

report at t = 0: either they are excluded from trading at ¢ = 0, or - if they remain in the game

- they are always outbid (underbid) in the trading rounds.

Lemma 5. The Two-Rounds Market is not affected by the number of traders

Proof Since the buy (sell) price corresponds to a second price auction on both sides, the
number of revealed signals—whether odd or even—does not alter the strategic structure of the

game.

D.2 Multi-Quantity Median Price Trading (MQ-MPT)

In this Appendix, we relax the unit-trade restriction and allow traders to submit multiunit

demand with decreasing marginal values. The mechanism extends the baseline Median Price
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Trading logic by combining (i) a median-based split into buyer and seller rooms and (ii) a

multiunit allocation and pricing rule within each room.

General setting. Consistent with the baseline trading environment, we assume there are N
(odd) traders and each trader ¢ receives a private signal z; € [z, 7] drawn from a continuous

distribution. Differently from the baseline model, trader ¢’s valuation for ¢ units is

v(@i, q) = ;i Z f(0),
=1

where z; is the private signal and f(-) is a non-negative and non-increasing function. We stan-
dardize f(1) = 1 so that bidding for one quantity is equal to the private signal itself. The
function captures the concepts that players have a decreasing marginal utility by increasing the
number of stocks they own.

It follows that the valuation function is bounded by:
q
wi <wvlwiq) =y fl) < wig
=1

the lower-bound follows from the non-negative assumption (VI > 2, f(I) = 0), whereas the
upper-bound follows from the non-increasing assumption (VI > 2, f(I) = 1). Both bounds can
be handled by the MPT mechanism proposed in the main body of the paper. The lower-bound
is our classic environment as any marginal quantity after the first one has zero evaluation. The
upper bound is a risk neutral environment where instead of trading 1 unit, players submit orders

of ¢ units.

The Multi—-Quantity Median Price Trading (MQ-MPT) protocol. We propose a two-
stage mechanism in which traders (i) first are split among buyers and sellers, (ii) each trader can
N

submit orders of up to g = T’l — 1 units:

e In the starting round, ¢ = 0, each trader ¢ simultaneously submits a price p; to the trading

platform. Traders reporting above the median are assigned to the buyer room; those below
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are assigned to the seller room. Each room therefore contains g 4+ 1 traders. The trader

who submits the median price exits the game.

e In the second round, ¢ = 1, within each room, each trader reports a valuation vector for
q units. The trading venue allocates the ¢ units to the traders with the highest (smallest)
marginal ¢ evaluations. Winning bidders pay the relevant displaced (competing) marginal

bids (equivalently, the externality pricing rule).

o Let PP denote total payments collected from buyers and P total transfers paid to sellers.
Trade is executed whenever total payments collected from buyers exceed: total transfers

to sellers is PB > PS5,

Reminiscent of the proposed mechanisms for interdependent values, the market venue cashes
in the difference between buyers’ and sellers’ total payments. Economically, this profit is the
wedge between the demand-side and supply—side marginal externality prices. Because scarcity
and strategic displacement are priced separately in the two rooms, these shadow prices need not
coincide. So consistent with our analysis on the main text, when the marginal valuation that
separates buyers and sellers is not unique, a natural spread arises and the market maker steps
in to ensure incentive compatibility. The multiunit extension requires an additional restriction:
tradable quantity must be bounded relative to market size. This condition is novel and necessary

to ensure a truthful equilibrium.

Proposition 5. Consider a private-values environment with N traders and let the order size
available to traders be q = % — 1. In the Multi-Quantity Median Price Trading mechanism

(MQ-MPT), truthful reporting of the (marginal) valuation vector at stage t =1,

P = (zi,2if(2),... 2 f(q))

1s a weakly dominant strateqy for each trader i. Moreover, trade always occurs and the resulting
allocation is ex post efficient. The mechanism is ex post incentive compatible, ex post individually

rational, and ex post budget balanced.
Proof. The proof is by backward induction.
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-Att=1.

-Att=0.

In each trading room, the Vickrey multi object auction has a truthful reporting equilibrium

with an efficient allocation (Krishna, 2009).

Traders anticipate that truthful reporting is an equilibrium outcome in the next round.
Hence, any trader with a signal equal or below the median knows that, by overbidding,
may be assigned to the buyer room. By inflating the price submitted at ¢ = 0, however,
each trader enters a room formed by ¢ = % — 1 traders with strictly higher initial
signals. Since truthful reporting remains an equilibrium strategy in stage 1, exactly ¢ units
are allocated to the ¢ highest bids. Therefore, overbidding at stage 0 yields zero trading
probability: by construction there are at least ¢ bids above the deviator’s highest bid, so

the mis-reporting trader cannot win any unit. An analogous argument applies to deviations

into the seller room.

As the marginal function is common across agents, i.e. f;(¢) = f(¢) for all ¢ and ¢, with
f(¢) > 0 and non—increasing and every trader assigned to the buyer room has a strictly
larger signal than every trader assigned to the seller room, it follows that
. B =S
minT =" > maxa; =7 (Sep)
Since bids in stage 1 are truthful and marginal values take the form z;f(¢), this implies

the point-wise dominance condition

Now recall that each room contains ¢ + 1 traders and exactly ¢ units are allocated. In a
g—unit VCG (multi—unit Vickrey) auction with ¢+ 1 participants, it follows that the player
with the smallest (highest) signal in the buyer (seller) room never trades in equilibrium.
Since payments in the VCG auction are computed from competing marginal bids (replace-
ment bids in the relevant counterfactual allocations), the marginal bids of the excluded

trader in each room can, at best, enter as pricing bids; if they do not enter, this implies
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that the pricing bids used are even larger on the buyer side (and even smaller on the seller

side). Therefore, the following condition holds

PP > aPf()> ) T = PP
=1 =1

The venue’s clearing condition is always satisfied and trade occurs with certainty. There-
fore, once players are within each trading room, there is no incentive to misreport their

valuation vector to influence trading.?®
[ |

As probability of trading is endogenous, differently from the standard environment, where
N sellers can buy ¢ quantity from a fixed and inelastic supplier, we here need to impose two
conditions. First, analogous to the mechanisms proposed in the main text, the mechanism
separates buyers from sellers as otherwise players would have the incentive to influence the other
side of the market. Second, the mechanism imposes a bound on the tradable quantity in each
room, limiting it to strictly fewer units than the number of traders in each room. This condition
is crucial for incentive compatibility along two dimensions: room selection at stage t = 0, and
quantity reporting at stage t = 1.

The condition eliminates profitable manipulations of the initial split at ¢ = 0. If a trader
misreports at ¢ = 0 to change role, then—under truthful stage—t = 1 reporting—there are ¢
traders with higher (smaller) relevant marginal values who exhaust the ¢ available trades, so the

deviator does not trade.?” Moreover, trading ¢ units with ¢ + 1 traders in each room facilitates

26The mechanism allows to consider heterogeneous function across traders, namely f;, conditional that the
decay on marginal utilities for player with higher signals is not faster than for players with smaller signals (
zifi(0) > x;f;(£), Va; > x;). This condition is necessary and sufficient to ensure point-wise dominance.
Therefore, if either a buyer or the median player were trying to misreport to enter the seller room, the player
would always face ¢ traders with z; f;(¢) marginal values lower than him. Therefore, the mis-reporting trader
would never trade, making his deviation not profitable. In the buyer room, the condition is always satisfied due
to the non increasing assumption of f.

2TSuppose there are 7 traders and the marginal evaluation function f is such that we have the following
evaluation matrix:

7 35 1.75

6 3 15

5 25 1.25 (27)
4 2 1
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clearing. It implies that total payments collected from buyers exceed total transfers to sellers
(PB > P%). Therefore, trade occurs with certainty and in each room market participants do not
have incentive to strategic bid shading to satisfy the clearing condition.

The analysis highlights a simple thickness—manipulation tradeoff. When the market is thick
(many participants), relatively large quantities can be accommodated without creating profitable
incentives to distort the market, because competition on each side is sufficient to absorb the order
while preserving truthful behavior. By contrast, in thin markets (few participants), large orders
relative to the number of traders amplify market power and create scope for manipulation (e.g.
via misreporting to affect the room composition or clearing condition). In such environments,
imposing tighter quantity caps—or, more generally, restricting order size relative to market
depth—can be necessary to preserve incentive compatibility and robust clearing.

The thickness—manipulation tradeoff highlighted by the mechanism is closely related to stan-
dard insights in market microstructure. In liquid markets with substantial depth, large orders
can be absorbed by a sufficiently competitive set of counter-parties, so that no single trader
can profitably distort prices or allocations through strategic misreporting. By contrast, in thin
markets where participation is limited, large orders relative to market depth generate substan-
tial price impact and create scope for manipulation, as traders may benefit from repositioning
themselves across sides of the market or from influencing the clearing condition. This provides a
mechanism-design rationale for the order-size limits, and liquidity safeguards commonly observed

in practice, especially in closing auctions and other batch trading environments.

Now consider the median trader. If three units were traded, he would have an incentive to misreport 5 > 5 at
to (thereby making x5 = 5 the median trader). In the second round, even though he would then bid truthfully
24 = 4 (by incentive compatibility of the Vickrey mechanism), he would obtain strictly positive profit. Indeed,
the highest bid vector is b = {7,6,4}. Therefore, excluding trader 4, the highest competing bid vector is
pbs* = {7,6,3.5}. Since 4 > 3.5 (while 2 < 6), trader 4 can buy one unit and pays 3.5, yielding a strictly
positive payoff. By contrast, if only two units are traded, the highest bid vector is b = {7,6}, which eliminates
any incentive to misreport at ty. A similar argument applies to the seller room
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