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ABSTRACT. This paper proposes methods for compound selection decision problems in a
Gaussian sequence model. Inspired by Stein’s unbiased risk estimate (SURE), we introduce
ASSURE, a family of estimators for welfare, defined as the expected utility of a selection
decision rule. ASSURE enables robust evaluation of selection decisions. For empirical
Bayes decisions derived from random-effects models of unknown parameters, ASSURE esti-
mates their welfare even when the models are misspecified. Optimizing ASSURE-estimated
welfare over a pre-specified class of decision rules further borrows strength across noisy esti-
mates and yields decision rules with favorable regret properties. These regret properties are
again robust to potential misspecification of random effects models, thereby robustifying em-
pirical Bayes methods. We apply ASSURE to selecting Census tracts for economic mobility,

identifying discriminating firms, and evaluating p-value decision rules in A/B testing.
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1. Introduction

Applied researchers often face the following compound selection problem: using noisy
estimates of parameters, select units with large underlying parameters. Many such problems
can be modeled as follows: For each parallel setting « = 1,...,n, a researcher observes
a noisy estimate Y;, a standard error o;, some covariates x;, and costs k;. The estimates
(Y;, 0;) are for certain unknown parameters p;, which represent the unknown payoffs to
selection decisions. Given (Y, 0;, z;, k;), the researcher chooses thresholds ¢; and selects
all units with Y; > ¢;. They would like to set these thresholds to identify units with u; > k;
and avoid units with p; < k;.

As an example, Bergman et al. (2024) seek neighborhoods with high economic mobility to
recommend to housing voucher holders. In their context, Y; is a noisy estimate of economic
mobility of Census tract 7, p; is true economic mobility, o; is the estimated standard error of
Y;, z; collects other contextual information for a tract, and k; is the cost of selection.! For a
fixed set of thresholds, the decision maker’s utility is the average net payoff of the selection

decisions:* "
=1

n “
We would like to choose 9;., from the data to maximize expected utility. The statistical
challenge is that expected utility depends on the unknown parameters /1., and cannot be
directly optimized.

To proceed, we impose a distributional assumption, motivated by central limit theorems
for the procedure generating Y;: Conditional on (u;, 0;, z;), the estimate Y; is Gaussian with
known variance
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Following the compound decision and empirical Bayes literatures (Robbins, 1951/1985;
Efron, 2012; Walters, 2024)—for which (1.2) is a standard starting point—we call these
statistical decision problems compound selection problems.
'We assume k; is known—amounting to assuming that the decision maker knows their decision problem.
Sometimes, when p; measures net payoffs, we can assume k; = 0. In the case of Bergman et al. (2024), it
may be reasonable to imagine that the costs k; are equal to some value k that represents the economic mobility
level for which a social planner is indifferent between incentivizing a low-income family to move to a tract
with mobility k£ and not doing so.
“Compound selection problems appear in many economic applications such as the meta-analysis of
experiments (Azevedo et al., 2020), teacher value-added (Chetty et al., 2014; Kwon, 2023; Cheng et al., 2025),
identifying discrimination (Kline et al., 2022), and moving to opportunity (Chetty et al., 2026; Bergman et

al., 2024). This problem also appears in the statistical literature under the name empirical Bayes testing with
linear loss (Liang, 1988, 2000, 2004; Karunamuni, 1996).



Casting the problem as compound allows one to “borrow strength” by learning collective
structure across [i1.,, thereby improving relative to conditional empirical success rules
1(Y; > k;) that treat the decision problems separately (Manski, 2004; Stoye, 2012; Hirano
and Porter, 2009). For instance, if ;; — k; is on average negative over 7, decision makers
should favor higher thresholds and thereby stricter selections, as a randomly drawn unit
from the sample is likely to have p; < k;—a fundamental insight of Robbins (1951/1985).

Existing approaches for compound selection problems are either indirect for (1.1)—
targeting optimal estimation of y; or testing hypotheses on p;—or they rely on potentially
misspecified random-effects models for yq.,. For instance, Bergman et al. (2024) select
high-mobility Census tracts by thresholding shrinkage estimators for y;. These shrinkage
estimators can be motivated by optimal estimation of fi1.,,, a la James and Stein (1961), but
it is not obvious that better prediction necessitates better selection (Mehta, 2019; Manski,
2021). Alternatively, these shrinkage estimators can be rationalized as empirical Bayes
posterior means under a random-effects model in which y; is i.i.d. Gaussian. If the model
is correct, then screening on these shrinkage estimators is optimal. However, this Gaussian
random-effects model is often misspecified (Chen, 2026; Bonhomme and Denis, 2024;
Miiller and Watson, 2024).

This paper develops robust methods both for evaluating and for improving compound
selection decisions. First, for evaluating selection decisions, we propose a novel estima-

tor W of the expected utility—which we term compound welfare—of a given 6y, =

(0(21)y...,0(2n)):

1
W (01, p1:n) = - ZEYiNN(M,Uf)[l(Y; >0(2)  (a—ki) ] zi= (o, k).
=1 Net payoff in case selected

(1.3)
We show that T/ converges to W for fixed j;., and 21.,, where randomness solely comes
from Y; under (1.2). Thus, the validity of evaluating welfare using our estimators does
not depend on correctly specifying any model for the unknown parameters ji;.,. This
allows practitioners to robustly and accurately assess the performance of selection decisions
possibly derived from restrictive models for f.

Second, this welfare estimator also enables practitioners to improve selection decisions by
optimizing within a user-chosen class of decision rules. So long as our estimate of welfare
W is accurate, optimizing the estimated welfare leads to approximately optimal decisions
within the user’s chosen class. Such regret guarantees are again robust to misspecification, in
the sense that they are valid for fixed ., rather than relying on a model of their distribution.



Our strategy is inspired by Stein’s unbiased risk estimate (SURE, Stein, 1981). In estima-
tion contexts, SURE is an unbiased estimator of the squared error risk of given predictions
d(Y;, z;) for p;. Since it is unbiased when integrating solely over the random draws of Y7.,,,
SURE robustly evaluates prediction decisions. SURE also generates good decisions by
optimizing the estimated objective over a parametrized class of predictions (Xie et al., 2012;
Kwon, 2023; Cheng et al., 2025; Ghosh et al., 2025). Yet, SURE targets mean-squared
error prediction and is not obviously suitable for compound selection problems. Therefore,
extending SURE to selection contexts is both important and nontrivial.

Our first contribution is a new estimator W of (1.3) that extends SURE to compound
selection. We propose the following class of estimators, which we term ASSURE (Almost
SURE): For a kernel k;(y) := +k (%) define F,(y) := [Y" k() dt so that F}, (y?_‘s) isa

~ h
smooth approximation of 1(y > 4). We then define
. 1 & Y, —§6; Y, —6;
W - — Y; - ]{51 F ‘ ! - 1k ! ’ . 14
ASSURE = ;( ) ( o, ) OiKh ( o, ) (1.4)

Like SURE, ASSURE is constructed from Stein’s identity (Stein, 1981). Unlike SURE, we
apply Stein’s identity by first smoothing 1(Y" > ¢), which results in bias for ASSURE. This
smoothing is necessary, however, since an exactly unbiased estimator of welfare does not
exist (Stefanski, 1989).

Different smoothing kernels produce different bias properties for the welfare estima-
tor. We focus on two choices. First, our recommended choice of k(-) is the sinc kernel
k(z) := =22 (Stefanski and Carroll, 1990). We call the resulting estimator ASSURE*,
ASSURE* has bias exponentially vanishing in the tuning parameter 4. Under bandwidth
h = 1/+/2log n, the squared bias and variance are both O(1/n), up to log factors; thus the
ASSURE* estimator converges at near-parametric rates.

Second, an alternative smoothing uses the Gaussian kernel, which results in a wel-
fare estimator that has a natural sample-splitting interpretation: It is equivalent to a Rao—
Blackwellized version of coupled bootstrap (Oliveira et al., 2024; Chen, 2026; Ignatiadis
and Sun, 2025).> We thus call this estimator ASSURE-CB. Because the Gaussian kernel
is only a second-order kernel, it does not fully exploit the smoothness of the estimand,
resulting in slower convergence for ASSURE-CB compared to ASSURE*.
3Coupled bootstrap (Oliveira et al., 2024) is an instance of data thinning (Neufeld et al., 2024) or data
fission (Leiner et al., 2023; Lei, 2025), where independent variates are constructed by adding noise to data.
With Gaussian Y, we canlet Y;; = Y; +€Q; and Yo = Y; — %Qi for independent @; ~ N (0,0?). Then
Yi1 L Yio | pi,02. When'Y; is the sample mean of micro-data Y;, the constructed Y;q, Y;s can be viewed

as sample means on disjoint subsamples of {Y;; }j. Proposition 1 in Chen (2026) uses this coupled bootstrap
idea to estimate (1.1) for selection decisions that depend on Y;;.
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Evaluation of decision rules naturally leads to optimizing the estimated welfare within
user-selected class of decision rules D. This workflow operates with arbitrary D and is
thus versatile. In practice, these decisions classes can come from external preference for
simple decisions, such as in Kitagawa and Tetenov (2018); Sudijono et al. (2024); Crippa
(2025). They may also come from a working (empirical) Bayesian model on the parameters
p1.,—similar to Kwon (2023) and Cheng et al. (2025). A flexible class, which we call
Derose-causs following Chen (2026), is motivated by a correlated Gaussian random effects
model for 1., (Weinstein et al., 2018), which nests many linear shrinkage estimators.

Our second contribution derives statistical guarantees for ASSURE®, in the regime where
the number of parallel settings diverges (n — c0), but each setting contains a noisy estimate
(02 4 0). We show that the performance gap between the estimated optimal decision and the
population optimizer of (1.3) within D—i.e., regret—converges to zero at minimax optimal
rates, up to log factors. Applied to De; ose-causs. decisions tuned by ASSURE* would asymp-
totically match the performance of the best member of D¢, ose_gauss, and thus outperform
alternative methods for selecting from D¢, ose-gauss, Including plug-in empirical Bayes.

These favorable properties rely on the Gaussian distributional assumption (1.2), which,
though standard, assumes the central limit theorem provides a perfect approximation. To as-
sess robustness to the approximation quality, we analyze ASSURE* as an estimator of welfare
in a regime where Y; are sample means of m 1.i.d. non-Gaussian random variables (Hirano
and Porter, 2009, 2016). We consider a local asymptotic regime, where both the number
of parallel estimates n and the sample sizes for each estimate m diverge to infinity, but
the underlying parameters are within some 1/,/m neighborhood and thus have meaningful
statistical ambiguity. We find that the performance of ASSURE* degrades gracefully when
Gaussianity becomes approximate. Moreover, because ASSURE* exploits the Gaussianity
of Y}, it estimates welfare more accurately than competing approaches that only exploit the
consistency of the noisy estimates. This analysis partially addresses questions raised by
Hirano (2023) for EB and compound decision approaches.

This paper is closely related to the empirical Bayes literature (among many others, Jiang,
2020; Gu and Koenker, 2023; Walters, 2024; Kline et al., 2024; Chen, 2026). EB analyses
treat yt1.,, as random effects and integrate over their distribution, evaluating decisions through
the Bayes risk instead:

WEB(51:n) = Em;nNP[W((slanle:n)] for p11., ’ Oty K1, Tin ~ P.



EB is versatile for many decision problems—simply requiring estimating the distribution P
and computing Bayes-optimal decisions relative to the estimated P. So long as this estimated
prior is accurate for P, the resulting decision rule is approximately optimal over all decisions.

That versatility, however, depends critically on modeling the distribution of 1., well.
Failing to do so—either misspecifying how p; correlates with contextual information (Chen,
2026), how p; correlates with p; (Bonhomme and Denis, 2024), or whether p; is dis-
tributed parametrically (Gilraine et al., 2020)—could harm the selection decision. The full
Jjoint distribution of ji;., conditional on all covariates is exceedingly difficult to faithfully
model and flexibly estimate; feasible empirical Bayes models are thus usually at risk of
misspecification.*

Instead, ASSURE enables using empirical Bayes models as working approximations. A
(parametric) empirical Bayes model generates a decision rule class D through its posterior.’
Instead of plugging in an estimate P, one could choose within this D by ASSURE. Since
ASSURE’s validity does not depend on whether the EB model is correctly specified, doing
so asymptotically recovers the best decision within D. Under correct specification of the
EB model, ASSURE-based decisions do little harm. Under misspecification, if D includes
simple decision rules like d; = k;, selection via ASSURE ensures that decisions are no worse
than the simple benchmarks. In this way, ASSURE robustifies empirical Bayes by prioritizing
features of P that are most relevant for the selection problem under a given p;.,,. We present
Monte Carlo exercises in Sections 2.3 and 5 and three empirical applications in Section 6
that illustrate this point.

This paper is structured as follows. Section 2 defines the ASSURE estimators and discusses
their bias and variance. Section 3 presents several theoretical guarantees on selecting a
decision using ASSURE*, showing upper and lower bounds on regret. Section 4 presents
two extensions on complicated decision procedures and on settings where Gaussianity holds
approximately. Simulation results and empirical applications are discussed in Section 5 and
Section 6. Proofs are found in the Appendix alongside additional computational details.
Notation. We use uxv to denote convolution. We use O(-), Op(-) as the analogues of big-O
notation that ignores logarithmic factors. polylog(n) denotes logarithmic factors that are
bounded by (logn)® for some fixed C' > 0. We say f = Q(g) if g = O(f). <, > record

~J) ~

inequalities up to an absolute constant. We use [n| := {1,...,n}.

4A similar robustness concern motivates the fixed effects panel literature (Dano et al., 2025), relative to
correlated random effects.

5Empirical Bayesians solve selection problems by thresholding on the (estimated) posterior mean
Ep[u; | Yi, s, 0;] > k;. For Gaussian Y the posterior mean is monotone in Y;, so the rule is equivalent to
1(Y; > 6(z; P)). If P is parametric, then this yields a parametric class D of decision rules.

6



2. Setup and Methodology

2.1. Preliminaries and decision rules. Let Y; ~ N (p;,02),7 € [n] with known o;, known
costs k;, with known covariates ;. We treat both the contextual information z; := (x;, k;, 0;)
and the parameters y; as fixed, so all probability statements are taken over the Gaussian
draws of Y;. For simplicity, we assume that Y; are mutually independent across i.° We also
restrict attention to separable thresholds of the form 6;(Y_;) = §(z;; 5), so unit ¢’s threshold
depends on other units only through the estimated parameter 5. With this parametrization,
(1.1) and (1.3) can be rewritten as follows:

u(B) = = S > (23 8) - (i — ko), @1
i <Mi - 5(21';5)) Q2

0;

—

n

; P(Y; > 0(z; 6)

3\*—‘ 3\

z:l
These quantities are defined with respect to some parametrization of decision rules §(-; /3),
which we collect in a class D = {6 (:8):8eBC Rd}. Below, we enumerate several

practically relevant classes that fall within this framework:

Example 1. (1) Simple truncation rules: Dyyeshola = {0(2;8) =k + 5 : 5 € [-M, M]}.

(2) Thresholding t-statistics: Dygu = {0(2; 8) = k + fo : f € [-M, M]}. Such rules
nest selection via one-sided p-values (Mogstad et al., 2024), which is common in digital
experimentation (Kohavi et al., 2020) and medicine (Manski, 2019).

(3) Finite-dimensional thresholds: Dgyite = conv({é(l), . 5(7’)})

(4) Gaussian empirical Bayes models: Consider Gaussian priors on ji; | z; ~ N (mq(z;; 3), s3(zi; 5))
and generate corresponding Bayes decision rules:

o?
50(217 5 )

This produces a family of decision rule classes by parametrizing s, m as different functions

Deyose-cavss = {5(Zi§ 5) ki + (kz - mO(Zi§ B)) :BeBC Rd} . (2.3)

of 3. Table 1 names some of them.

Name my specification s% specification
Linear shrinkage Ho 72
Fay-Herriot (Fay IIT and Herriot, 1979) xip constant A

Parametric CLOSE-GAUSS (Chen, 2026; Walters, 2024) a1 + az log o; exp(by + be log ;)

TABLE 1. Examples of Gaussian empirical Bayes models

o1f (Y,...,Y,) ~N((p1, - - -, 1), X) for some known 3, then our arguments are generalizable by studying
the conditional distributions Y; | Y_; (Fithian and Lei, 2022; Luo et al., 2025, 2024).
7



2.2. ASSURE-based welfare estimators. We now turn to estimators W, (3) for I (f3) and
study their estimation error W, —W. Naturally, an estimator W, with small estimation
error is valuable for evaluating a fixed decision rule. Moreover, because W, provides an

empirical objective, practitioners can also choose 3 by optimizing Wn()

B € argmax Wn(ﬂ) 2.4)
peB

Accurate estimation of T also enables the estimated decision rule 3 to perform well—using
bounds on W — W, our subsequent theoretical results control the difference, or regret,
between the welfare of the best decision rule in D and the expected utility of B :

Regret,, = sup W (5) — E,,,.. [u(3)]. (2.5)

peB

For these two reasons, a good welfare estimator for the compound selection problem is the
focus of this paper.
The ASSURE functional form (1.4) as kernel smoothing Stein’s identity. Let F'(-) be
differentiable with derivative f(-). Fix some k,d, u € R and 0? > 0, and consider Y ~
N (11, 0?). Simple manipulations of Stein’s identity reveal that (Y —k)F(Y —§) —o? f(Y —0)
is an unbiased estimator for (1 — k)E[F (Y — 0)]:

E[(Y — k)F(Y —8) — o> f(Y — 6)] = (u — K)E[F(Y — §)]. (Stein’s identity)

On the other hand, with (2.2), estimating W (/3) reduces to estimation of a particular
function of u, which can be written as (1 — k)E[H(Y — ¢)] for the non-differentiable
H(t) :==1(t > 0):

=02 (0] = (- WERCY > o)

Accordingly, we seek a differentiable F' whose expectation approximates ®((u — d)/0):

]E[F(Y—é)]z@(“_(;):E[l(y_5>0>

. (2.6)

o o

For finding a suitable F', a natural idea is to smooth the step function H (y) := 1(y > 0)

with some kernel k,(y) = %k (%) so that the resulting function is differentiable:
y/h
Fily) == (H xki)(y) = [ k() dt.

. . . . =) -5
This leads to the proposed class of estimators in (1.4), since an% I, (3”7) = ok, (y—>

g



Choice of kernel and bandwidth. Which kernel should we choose? It turns out that the
sinc kernel for (1.4) leads to optimal estimation and regret properties, building on the de-
convolution literature (Kolmogorov, 1950; Tate, 1959; Liang, 2000; Pensky, 2017; Zhou
and Li, 2019; Stefanski and Carroll, 1990). We call this variant ASSURE*.

Choosing bandwidth h = 1/4/2Togn, ASSURE* is the following estimator:

~ 127
Wa(B) i= — 3wy yioga(Yi; 2 B) 2.7)
=1
for wp(Y;; i, B) = (Y; — k;) Csinc (Y_(SM> ~ Zisine (Y_‘SW> .28
O'Z'h, h O'Z'h

where sinc(z) = 222, Si(z) = [ #24d¢, and Csinc(x) = [* sinc(t) dt = 3 + = Si(z).
The next proposition shows that, pointwise in 3, ASSURE* achieves squared error of

order O(v/Togn/n).

Proposition 1. (1) Fix p, k, z where §(z; ) is defined. LetY ~ N (1, 0?). The bias of

ASSURE* is exponentially decreasing in 1/h: For all h > 0,

“_5(’2’6)> < |p — k|h2e @2
o

Eyun(Y:2,8) — (1 — k) (

The right-hand side converges to zero as h — 0.
(2) For h = 1/+/2logn, for fixed /3, the squared error of ASSURE * satisfies

<t (1 S (s — ki) 4 Vo8 znjai?) . 2.9)
=1

n\ni- n

E|(Wa(8) - W(8))"

In particular, under uniformly bounded second moments, the pointwise mean-squared error
is O(y/logn/n).

The choice of the sinc kernel is motivated by its bias properties. Since the kernels are
scaled so that the variances of W are O((nh)~'), bias properties of different kernels deter-
mine estimation rates for W. Figure 1 illustrates ASSURE*’s rapidly vanishing bias as a
function of h. This bias performance leads to attractive mean-squared error for ASSURE*.’

Unlike SURE, ASSURE* and the broader ASSURE family are not exactly unbiased for
welfare. This lack of exact unbiasedness is unavoidable. We formalize in Proposition B.1
an argument in Stefanski (1989) that shows unbiased estimators (that grow slower than
ev*/(297+¢%) a5 functions of Y;) do not exist. Short of an unbiased estimator, ASSURE* im-
plements the next-best through the sinc kernel (Davis, 1975; Liang, 2000; Tsybakov, 2009).

"Theorem C.7 in a working paper draft shows the rate (2.9) is exactly minimax optimal for estimating W (/3)
pointwise (Chen et al., 2026a).



Bias of ASSURE* (K=0;6=8=1;0=1)

= Eulwp(M] - (1 —K)®((1 —B)/o), h=1.00 (n=1.65)

0.20
— Euwp("] = (L= K)O((L = B)/0), h=0.50 (n=7.39)
015 | —— Eu[wy("] = (= K)O(( ~ B)/0), h = 0.33 (n = 90.02
0.10
0.05
3
@ 0.00
-0.05
-0.10
-0.15
-6 -4 -2 0 2 4 6
u

FIGURE 1. Ilustration for the bias of ASSURE*. As h decreases from 1 to
0.33, the bias of ASSURE* rapidly vanishes.

To see why the sinc kernel results in low bias, return to (2.6) and consider the case with
0 = 0,0 = 1 for simplicity. Our kernel-smoothed F}, has expectation

EYNN(M,I)[Fh(Y)] = (H % kp* @) ().

On the other hand, the target parameter is a convolution without ky, ®(u) = (H * ) ().
Thus, a low-bias kernel is one that barely smoothes the Gaussian density: kj, x ¢ ~ ¢.
The sinc kernel is exactly motivated by this approximation in frequency space:® By taking

—w?/ 2 we would like a kernel

the Fourier transform of both sides and recalling (Fy)(w) = e
such that

(F{kn})e ™2 ~ /2, for F {ks} = /R kn(t)e ™ dt.

The sinc kernel has Fourier transform F {k;} (w) = 1(Jw| < 1/h), which only truncates
the high frequency signals in ¢. Since F {p} has Gaussian tails, this truncation leaves it

essentially unchanged—allowing the bias to decay exponentially in 1/A.

Remark 1 (ASSURE-CB). Another natural kernel—though with worse bias behavior than
ASSURE*—is the Gaussian kernel k() = ¢(-). Interestingly, the resulting ASSURE-CB
estimator has an interpretation as coupled bootstrap (Oliveira et al., 2024; Leiner et al.,
2023; Ignatiadis and Sun, 2025; Chen, 2026). For Y ~ N (i, 02), we can construct two

8 large literature on Gaussian estimation and deconvolution follows similar ideas (Kolmogorov, 1950; Zhou
and Li, 2019; Pensky, 2017; Tate, 1959; Stefanski, 1989).
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independent Gaussians by adding and subtracting an independent Gaussian noise ()
Y, =Y +ohQ YQZY—%Q Q~N(0,1) = Y, L Ys. (2.10)

This coupled bootstrap procedure is a synthetic version of sample-splitting.’

With (2.10), the welfare of selection decisions based on Y; > § can be unbiasedly esti-
mated by (Y2 — k)1(Y; > §), since Y5 acts as fresh “testing data” that is independent of the
“training data” Y;. Because Y; is slightly noisier than the original estimate Y, this estimator
is biased for the welfare of 1(Y" > ).

The estimator ASSURE-CB—choosing k(-) = ¢(-) in (1.4)—is exactly the Rao—Blackwellization
of coupled bootstrap:

Y —-9¢ o Y -6
E[(n—k>1m>a>|Y]:<Y—k)<b(Uh)—hw( . )

Because the Gaussian kernel is only a second-order kernel, ASSURE-CB has O(h?) bias and
therefore converges more slowly than ASSURE*."”

2.3. Compound decisions, policy learning, and empirical Bayes. We now contextualize
our approach in the literature and compare it against a few alternatives. We also disam-
biguate our regret notion (2.5) from the regret notions in these literatures. We illustrate these
comparisons using a classic example from Robbins (1951/1985).

Example 2 (Robbins (1951/1985)). The parameters are binary, 1., € {—1,+1}", of
which pn have p; = +1 and the remaining units have p; = —1. For each unit 7, suppose
we observe Y; ~ N (p;, 1) and set k; = 0 for simplicity. Restrict decision rules to the
class §;(8) = [ in the decision problem (1.1). The welfare in this setting is equal to
W(B)=pP(1—p5)—(1—p)®(—1—p). If uy.,—or equivalently p—is known, then the
optimal decision for (1.3) sets 5* = %log 1;/’.

Treatment choice. Example 2 can be thought of as a compound version of the “testing an
innovation” problem in Manski (2009), where 1; could represent the average treatment effect
of a new treatment relative to a known status quo. Modeling this problem as compound
changes our statistical perspective relative to the treatment choice literature. That literature
often seeks decision rules that optimize for worst-case FreqRegret (e.g., in Ishihara and
If Y is a sample mean of Gaussian micro-data, Y = L Z;nzl Y(;) for Y(;) ~ N (u, mo?), then sample-split
means over Y(y), ..., ¥(,;) can be represented in the form (2.10).

1OASSURE* is O(n~1/2)-consistent for welfare, whereas ASSURE-CB is only O(n~2/5)-consistent.
Appendix D in a working paper draft of this paper provides a more formal comparison (Chen et al., 2026a).

11



Welfare difference with 1(Y; > 0) 0,020 Welfare difference with SURE / MLE
0.12 X

—=— ASSURE*

—— ASSURE*
0.015

L, 010 - SURE/MLE —— Naive 1(Y;>0)
E 0.08 —— Optimal threshold £ * 0.010 —— Optimal threshold B *
(5

=

5006 0.005

o

S 0.04

0.000

-0.005

-0.010
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

o o

FIGURE 2. Welfare comparisons of different methods for fitting decision
rules for Example 2, as a function of the proportion p of p; = +1.

Notes. We consider decision rules—ASSURE*, MLE/SURE, oracle * = %log 1;/)p’ and

1(Y; > 0)—and compare their performances. The left panel shows differences against
1(Y; > 0) and the right panel shows differences against fitting 5 with SURE/MLE. In
particular, SURE/MLE rationalizes the selection 1(Y; > () with a Gaussian random
effects model j1; ~ N (myg, s2) and fits (my, s3) through MLE or through SURE; they imply
identical selection decisions. U

Kurisu, 2022), where

1 & A Example 2 A
FreqRegret, :=E,, - S max(0,p; — k) —u(B)| = p—Eu(B)].

i=1
By contrast, our goal is asymptotically vanishing regret in (2.5), uniformly over suitable

sequences (u;, z;)_;. Specializing to Example 2, (2.5) is instead
Regret, = p® (1 — 8%) — (1 — p)® (=1 — 8*) — E[u()].

These desiderata are distinct. Our later results show that ASSURE* ensures vanishing
Regret,,, but its worst-case FreqRegret for any finite » may not be optimal. Conversely,
the empirical success rule 1(Y; > 0) achieves minimax-FreqRegret (Proposition 1, Stoye,
2012), but its regret (2.5) does not vanish: sup,, Regret, = Q(1). Thus, along many
sequences of 1., eventually ASSURE* achieves higher welfare than the empirical success
rule. Figure 2 illustrates this with Example 2: The welfare of ASSURE* closely tracks that
of the oracle 3* and exceeds that of the empirical success rule for all p % 0.5. ASSURE*
slightly underperforms the empirical success rule when p is close to 0.5.

This improvement comes from a key insight of Robbins (1951/1985). Intuitively, if n is
large, certain aggregate quantities such as % ? 1 (u; — k;)? are precisely estimable from
the data and carry information about the configuration of y,.,. For instance, the average
1 \n

~ > i1 (p; — k;) can be informative: A positive estimate provides evidence that selection

is net-beneficial on average. If we are confident that % ? 1 (u; — k;) > 0, more lenient
12



decision rules such as 1(Y; > —¢) can improve compound welfare, since any mildly negative
realizations of Y; are then more likely due to chance. This is especially stark in Example 2,
where %Zi Y, = % ® o (u; — k) = 2p — 1 is directly informative of the key quantity

p. ASSURE* precisely exploits this kind of information—even in settings without simple

statistics like p—through estimating the objective function.

Empirical Bayes (G-modeling). A popular framework for compound decision problems
is empirical Bayes, which models p; as random effects (Efron, 2012). This additional
distributional structure implies that optimal decision rules are posterior quantities involving
the estimable distribution of y;. Formally, EB methods assume that pi., | 21, ~ P. If
the distribution PP were known, then the optimal decision with respect to expected welfare
compares the posterior mean of y; to k;: Eplu; | Y;, z;] > k;. Thus, EB methods propose
estimating P and plug P into posterior decision rules.

However, this recipe hinges on modeling and estimating the entire joint distribution of
f1m | 21, well. In full generality, pi1.,, | 21., can be highly complex: 1, {t; may be correlated
(Bonhomme and Denis, 2024; Miiller and Watson, 2024); they may be flexibly predicted by
rich covariates (Chen, 2026); or y;’s randomness may simply be questionable if we observed
the entire population. Even nonparametric empirical Bayes methods necessarily make some
compromises,'' and one may be concerned that these compromises harm resulting decisions.
Moreover, it is unclear whether estimating all features of P well is necessary for a given
decision problem; perhaps different decision problems call for different ways of estimating
P. Some features of P, such as Var(y;) in Gaussian EB, might be awkward to estimate.
Unbiased estimates for Var(1;) might be negative with positive probability, often motivating
ad hoc methods for truncation or weighting (Armstrong et al., 2022; Chetty et al., 2026).

Our procedure is thus complementary to empirical Bayes. EB-style modeling for y; is
apt for generating reasonable decision rule classes D—indeed optimal ones if the model
on j; happens to be correct. (A leading family of such EB-derived decision rules is the
CLOSE-GAUSS class in Example 1.) Choosing a member of D with ASSURE attains guar-
antees for the compound selection problem directly—thus not requiring practitioners to take
the random effects model fully seriously. When the random-effects model is correct, tuning
via ASSURE does little harm. These advantages are attractive features of SURE (Ghosh et
al., 2025; Cheng et al., 2025) that ASSURE inherits.

In terms of theoretical analysis, the EB literature studies a different regret criterion that
averages over draws of 1., and benchmarks against the oracle Bayes rule (Jiang, 2020;

"Eor instance, Chen (2026) assumes 141, are mutually independent and restricts dependence on covariates
to a location-scale family.
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Soloff et al., 2024; Chen, 2026):

12 ~
EBRegret, =E j,p [zmaxm,Epm|m~]—kz~>—u<P> ,
Yilpi,zinN (niyo2) LTV =1

where w(P) = 23" 1(Eplw; | Vi, 2] > ki)(ui — ki). Compared to the regret (2.5),
EBRegret,, additionally integrates over j1., | z1., ~ P and chooses the benchmark as
1(Ep[u; | Yi, zi] > k;). When the class of decision rules D is exactly the class of Bayes
decisions, controlling (2.5) automatically controls EBRegret, :
EBRegret, =E  ,,..~P [W(P) - u(]s)} <E,,..~p [Regret,].
Yilpi,zineN (pi,02)

When the prior is misspecified, however, EBRegret ceases to be relevant. This is exactly
where ASSURE* provides value. To illustrate, in Example 2 and Figure 2, we consider using
a misspecified Gaussian prior under which y; N (myg, s2). The implied selection rule,
given by 1 (]E (i | Y] = sgS%Yi + 5%’1)1 > 0), is therefore also misspecified. An empirical
Bayesian may estimate (19, s2) by maximum likelihood.'* Figure 2 shows that this EB-
MLE/SURE approach underperforms ASSURE*. This is because the misspecification of the

prior misaligns optimal selection and estimation decisions (Manski, 2021)."

3. Theoretical Assurances

This section presents statistical guarantees for ASSURE*. Our main results are upper and
matching lower bounds for regret (2.5). We first present upper and lower bounds achieving
O(1/+/n) regret, which hold under weak assumptions. Additional assumptions on .,
allow for a faster rate by exploiting an analogue of the margin condition (Audibert and
Tsybakov, 2005).

3.1. Main regret bound. Our main result is the following (1/1/n)-regret bound. To state
the theorem, for ¢ > 1, define m, := [|m|| ,, := (% n e — ki|q)1/q‘

Theorem 1 (O(1/,/n)-regret for ASSURE*). Suppose that the class of decision rules
{6(2; pB):peBC Rd} is VC-subgraph with index V (D) and envelope function D. Let
B e argmaxgep W (B) be the optimal decision chosen by ASSURE*. If oy.,, o1.} and the en-

velope D are all uniformly bounded by an absolute constant, then for some further constant
12Interestingly, in Example 2, this yields the same selection decisions as choosing (my, s3) by SURE.
13To be sure, some of the misspecification can be remedied by nonparametric modeling (Jiang and Zhang,

2009). Even with a nonparametric empirical Bayes model, one could continue to use ASSURE to robustly
evaluate and further fine-tune decisions. We discuss an implementation in Section 4.
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C,

| 14, Mlog 1
Regret, < CV(D)(my + mj) (logn) \/ﬁog ogn

Thus, further assuming that |p; — k;|, V(D) are uniformly bounded, ASSURE* achieves
(logn)!/*/logTogn
n
enumerated in Example 1 are VC-subgraph.

regret. We check in Appendix D.1 that the leading decision rule classes

Broadly speaking, Theorem 1 follows a standard empirical risk minimization argument.
Regret can be controlled by controlling the empirical process supsc s W (B)— W (B)|, which
is manageable as D is assumed to be VC-subgraph. There are two complications in our
setup that require care. First, standard empirical risk minimization (e.g., Theorem 8.4.4 in
Vershynin (2009)) controls—in our notation—the gap W (3*) — E[WW(3)]. This is a different
quantity than (2.5) since E[W (5)] # E[u(53)]. Second, since (z;, 11;) are treated as con-
stants, the random variables Y; are independent but not identically distributed, complicating

standard i.i.d. empirical process theory.

3.2. Lower bound. Theorem 1 is unimprovable in the worst case, up to log factors.

Theorem 2 (Lower bounds for regret). Fix o; = 1 and k; = 0 for all i. Without loss
of generality, assume 6(z;;8) = f € R. Let M > 0, then over all decision rules
a;(Y1,...,Y,) €[0,1], for a constant C' = C},

C
inf su Regret (ay.,) > —,
a():ai€[0,1] ulcne[—%,l]n gret, (a1n) 2 NG
where L
Regret, (a1.,) := sup W(B; 1) — — Z/L,Emm [a;(Y,...,Y,)]. 3.0
Iﬁ'SM n =1

Here, the regret notion in Theorem 2 compares the welfare of an arbitrary randomized
selection decisions a;(Y71, ..., Y,) to the welfare of the best threshold decision restricted
to |3| < M. Since (3.1) removes constraints on the decision maker’s actions but imposes
constraints on the optimal benchmark, lower bounds of (3.1) lower bound regret.'*

Theorem 2 is derived by an application of Le Cam’s two-point method, considering cases
in which, for some h > 0, either all j; = h/\/n or all u; = —h/+/n."” In this case, the
optimal 5* is either +M or —M, meaning that 1 (+) is maximized on the boundary of the
4Since the setting in Theorem 2 does not have contextual information, the optimal separable decision rule
does take the threshold form. An analogous regret notion was considered by Polyanskiy and Wu (2021) in
their (12) for the mean square case.

SAn analogous construction is applicable to an empirical Bayes setup, which partially resolves a conjecture
regarding the tightness of Theorem 4 in Chen (2026).
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parameter space. In fact, when 5* is a local maximum, the upper and lower bounds can be

improved to O(1/n). We turn to this faster rate upper bound next.

3.3. Fast rates for ASSURE*. As the lower bound hints, the performance for ASSURE* can
be better than the O(nfl/ 2) rate predicts, when the population optimal decision is interior.
The additional assumptions needed are reminiscent of the margin condition for fast rates
in classification and treatment choice (Audibert and Tsybakov, 2005, 2007; Kitagawa and
Tetenov, 2018; Ponomarev and Semenova, 2024; Crippa, 2025).'

For simplicity, we will restrict to a case where the decision rules are parametrized by a

scalar parameter (B C R). We leave the multidimensional extension to future work.

Assumption 1. (1) (Boundedness). Fix an absolute constant B > 1. Assume that
i, ki € [=B, Bl ando; € [B~!, B|. Furthermore, assume that (-, z;) are thrice-differentiable
for each i and (-, z;) and its three derivatives are uniformly bounded by B.

(2) (Unimodality). There exists a unique local and global maximizer 3* in the interior
of B at which W (5*) > 0.

(3) (Curvature). Fix some absolute k > 0. W"(5*) < —k.

(4) (Well-separated maximum). Fix some absolute & > 0. Then SUP|—px|> W(p) <
W(p") - &
Theorem 3 (Fast Rates for ASSURE*). Suppose Assumption 1 holds. Lastly, suppose that ¢
and its derivatives 6(f3, z), 0’ (3, z), 8" (3, z) form VC-subgraph function classes D, D', D"
with indices V (D), V(D’), and V (D"), respectively. Then the regret of ASSURE* satisfies

E [W(5) —u(B)] < cllogn)’®

n
for constant C' > (0 that depends only on B, k,{ in Assumption 1 and V (D'),V(D"), B.

Theorem 3 exploits the fact that ﬂA is a local maximum, which enables the approximation
W(B) ~ W(B*) + %W/’(B*)(B — %)% Analogously Taylor approximating 0 = W’ (3)
shows that 3 — 3* = Op(|W’ — W’|); therefore, regret is approximately Op ([T’ — W'|2).
Since it can be shown that ASSURE* also estimates T/’ at O(n~'/?) rates, we obtain the rate
in Theorem 3. Appendix B.2 illustrates a class of decision rules and lower-level assumptions
on (1., for which Theorem 3 applies. The log factors in Theorem 3 are crude.

Finally, we present a lower bound for the fast rate in Theorem 3.
16There, the margin condition bounds the density of difficult examples near the optimal classification boundary.
Intuitively, with many units near the classification boundary, it is difficult to distinguish between different

candidate parameter values, meaning that the objective function lacks a cleanly separated maximizer. This
is exactly the failure mode that Theorem 2 exploits for the lower bound, which we rule out in Assumption 1.
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Theorem 4 (Fast Regret Lower Bounds). Fix o; = 1 and k; = 0. Consider decision rules
d(z;;8) = pforf € R. Let® = ©,, .« C R™ be the space of (fu1, . . ., ji,,) satisfying the
assumptions Assumptions 1(1) to 1(4) for a fixed &, k. Then there exists choices of £ and
k such that

in sup Regret, (ai.,) = Q(n™?),
a(.):aie{O,l}ulmep@ & ( L ) ( )

with Regret,, (a1.,) defined as in (3.1).
The proof of Theorem 4 lower bounds the compound regret by the Bayes regret for a
well-chosen prior and then further lower bounds the Bayes regret by Le Cam’s two point

argument.'”’

4. Extensions

This section presents two extensions. We first consider robustness to Gaussian approx-
imation. We then outline how ASSURE* can be applied to more complex decision rules via

leave-one-out cross-validation.

4.1. Robustness to Gaussianity. So far, we have operated under the Gaussian sequence
model (1.2). Gaussianity of Y; is motivated by applications where the noisy estimates are
averages of micro-data, for which the central limit theorem justifies a Gaussian approxima-
tion. However, since ASSURE methods rely on the Gaussianity of Y;,'® a reasonable worry
is whether our methods are sensitive to the quality of the Gaussian approximation.

This section thus considers Y; explicitly as averages of i.i.d. random variables, and
analyzes a feasible version of ASSURE* as an estimator of a rescaled version of welfare
a la Hirano and Porter (2009). Our focus is on welfare estimation here, but we expect
these results translate to regret control like Theorems 1 and 3. We find that the behavior
of ASSURE* degrades smoothly in the quality of the Gaussian approximation. Moreover,
because ASSURE* exploits approximate Gaussianity of Y;, it outperforms simple estimators
of welfare that do not exploit this information.
7Section 3.1 of Liang (2004) states a (n~!) lower bound for a related but distinct regret quantity, where
the decision rule is learned from data points Y7, ..., Y, and evaluated on a newly drawn decision problem
(tn+1, Ynt1). We are concerned with an “in-sample” version of Liang (2004)’s regret, motivating a distinct
proof strategy.

'8The same would be true of using SURE to tune decision rules that are nonlinear in Y;. If decision rules

are restricted to be linear in Y;, the quadratic nature of SURE implies that consistent estimation of certain
moments is sufficient.
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We consider a stylized data-generating process where the micro-data Y; bR GE’”), for
heterogeneous distributions Ggm), e Ggm) and j = 1,...,m." The decision-maker ob-
serves the sample mean of cell i, Y; := % *1Yi;. For simplicity, assume that costs are
zero k; = 0. We will consider a local asymptotic regime similar to Hirano and Porter (2009)
and Chen et al. (2026b), where the micro-data distribution GZ(- has mean le = pi/\/m
and standard deviation o;.

Let F™M(t) = P ((Y; — u™)/o; < t) be the CDF of the null {-statistic and let

0; = \/m(SZ( be a rescaled version of the threshold. This rescaling allows us to rescale the
welfare and write it as:
1 n m < m ]- - —~(m 52 — Mg
W) = 23 (Vi i) B o [1(T; > 6 = 13 B (“) L@
N ~———— iz i
scaling by /m

for E™(t) :=1— F™(t)

The welfare (4.1) is the analogue of (1.1); here, the selection probability is calculated via the
actual finite-sample distribution Gz(m) rather than its Gaussian approximation. Relative to the

(m)

parameters p, ~ in their native scale, (4.1) scales welfare by /m, accentuating differences

at the 1/4/m scale.
For fixed 9, we study the estimation performance of a feasible version of ASSURE* for
(4.1) and compare it to reasonable alternatives. Let

m
A2 1

62 = _1Z(Y —Y;)?

be the estimated sample variance and let Y; := \/ﬁ}_fl The feasible version of ASSURE*
(2.7) is then, for h = 1/4/21ogn,

Z i(Y3;0) Z Y; Csinc (Y _h5i> - %Sinc (Y;—};Sﬁ .42

Theorem 5 (ASSURE* bias with non-Gaussian micro-data). Under the preceding setup, fix
01,...,0,. Suppose Ggm) have mean p;/\/m, variance o2, and third and fourth absolute
central moments fi3 ;, 14 ;. The bias of ASSURE* satisfies

log(n)? 1
‘ ZEGm) [w \/_YMS)} (5)‘ < C( f;/ﬁ + nlogn)’

where the constant C' depends on min; o; and averages of polynomials in |1, 0y, {13 ;, f4,;-

19Extending this setup to heterogeneous cell-sizes m; is notationally cumbersome but straightforward.
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By independence and the bound Var (i, ;(Y;; 6)) = O((log n)?), we have that Var (17 (4))
O (M) . The mean-squared error of ASSURE* as an estimator of W (¢), for fixed deci-
sions, is thus

Hmhwmﬂ—oﬁﬁff+b%@3.

The (logn)*/m term reflects the fact that the Gaussianity of Y; is only approximate,
which disappears smoothly as m — oo and Y; becomes Gaussian. At this scaling, this
term also reflects the benefit of exploiting the approximate Gaussianity. To see this, we can
contrast with the mean-squared error of a simple estimator that does not use this information:
Consider an estimator that simply replaces ;; with Y;:*

N 12 _ _ m
mm@:ﬁz¢ﬁﬂm>$b.
=1

Under mild assumptions, it is not difficult to show that the bias at this scale does not vanish,”!

leaving the mean-squared error no better than 1 + 1/n :

A R 1
EM@M—Wh4M)EW%m—Wﬂ:QG+n)
Therefore, as an estimator for the welfare (4.1), ASSURE* strictly dominates these welfare

estimators whenever m > log(n)* and (m, n) — oco.

4.2. Ensembling complex decision rules. In our second extension, we discuss how AS-
SURE can enable practitioners to ensemble multiple decision rules. For instance, one
decision rule may come from a nonparametric EB model without modeling z-dependence—
in which y; | z; RN 1 for some G; modeled nonparametrically, perhaps estimated through
nonparametric maximum likelihood. Another may come from a parametric EB model
that considers contextual information—y; | z; ~ Ga(- | z;), where Go(+) is parametric
CLOSE-GAUSS and estimated via plug-in methods. Yet another method may simply try to
estimate E[Y; | z;] = E[u; | z] flexibly.

This is made tractable with leave-one-out cross-fitting. For the example above, for each

1=1,...,n,let mgj) (y, z) be a posterior mean function fitted on the data (Y_;, z_;). Let
mgj) (y, z) denote the analogous leave-one-out posterior mean for a second empirical Bayes

method. Finally, let f9 denote a regression model trained using the data (Y_;, z_;). We
may consider the class of decision rules which selects a unit whenever the ensembled

20Maximizing Wers over fixed thresholds §; = 3 results in the empirical success rule 1(Y; > 0) (Manski,
2004).
Y,L-izi

21Similar bias and mean-squared error properties apply to Wplug_in(é )= % S Y® ( L ) .
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prediction is greater than the implementation cost:

b, (Vi, 22) + bamg, (Vi 22) + b0 (z0) > ki, 43)

where the parameters 3 = (by, by, b3) are restricted to be in the unit simplex. By the mono-
tonicity of the posterior mean function for Gaussian observations, the decision (4.3) is
equivalent to Y; > densemble(21:n, Y_i; 3) for some function depsemple- ASSURE can be used
to tune the parameter [3.

To that end, let §(z1.,, Y_;; §) be some parametrized threshold that depends on all zy.,,
and other units Y_;. Following (2.7), let

SQ—MmmYaﬁv oi CQ—&%mYEBU

—— SInc
O',L'h O'ih

h

wi(Yi; B, zi, Y—i) := (Y;—k;) Csinc (

ASSURE* then estimates welfare by averaging wy, (Y;; 5, z;, Y_;) across i. Then, by the law
of iterated expectations conditioning on Y_;, we have that ASSURE* remains a low-bias

estimator for the welfare of this ensemble decision:

EW(8) := iiﬁwm; Bz, Y) = iZE [E [wn(Y5; 5, 2, Yoi) | Yol
=1 =1
N 12 pi — (21, Yoi3 B)
Nngw—mmﬁ< m ﬂ.

(Proposition 1)

The approximation in the last line is suggested by Proposition 1.

Under mild stability assumptions, ASSURE is expected to perform no worse asymptot-
ically than the constituent models since the decision class nests each model individually.
This ensemble class thus enables ASSURE to improve on or robustify any set of methods.

We defer a detailed theoretical analysis of the ensembling method for future work.

5. Simulation

To illustrate ASSURE methods as robustifying empirical Bayes, we consider a setup where
1., do come from some random effect distribution, but we misspecify this distribution. In

particular, we consider*

wi | oi ~ N(mo(logo;),0.2) mg(z) = —g + 3¢ 2(6m2) logo; € [—1.15,1.15].
(5.1)

Assume costs k; are zero. The class of decision rules we consider is
D = {5(@;6) = —ol(a+blogo;): (a,b) € RQ} .

2’The marginal distribution of log o; is drawn from A(0.5, 0.352), truncated to [—1.15,1.15].
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D is motivated by the misspecified model where we model m, as linear:

-7 2
wi | oi ~ N(a+ blogao;, sg), (5.2)
for parameters (a, b, s2). In particular, under this empirical Bayes model, since costs are
zero, the posterior decision rules are Y; > —o? %{%’g‘”, and only a = d/s? and b = b/s?

are relevant for parametrizing thresholds.
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FIGURE 3. Results from the DGP (5.1) with a misspecified prior.

Notes. We show a single draw from (5.1) with n = 1500. The lower-right panel plots
Y, against log o, for one sample with n = 1500, together with the true conditional mean
mo(log o;) and the linear empirical-Bayes mean functions implied by SURE, ASSURE*,
ASSURE-CB, and the oracle welfare (2.2) maximizer over D. The other three panels
compare each method’s implied posterior mean with the true posterior mean under the
data-generating process; the dashed line indicates the 45 degree line. ASSURE-CB produces
very similar posterior means as ASSURE* and is thus omitted. 0

For a draw of Y}, we fit decision rules over D with ASSURE*, ASSURE-CB, and by max-
imizing the oracle welfare function (2.2). We likewise fit a, 5, s2in (5.2) through SURE or
plug-in empirical Bayes.>® Table 2 shows the average utility across 1000 draws. We see from
23Plug—in estimation for (5.2) estimates a, b via OLS of Y; on a constant and log o;. It then estimates s by

taking the difference in the residual variance of this regression and the average o?.
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True posterior Oracle Plug-in
mean over D ASSURE* ASSURE-CB SURE empirical Bayes 1(Y; > 0)

Average utility 0.295 0.278 0.267 0.2668 0.227 0.228 0.201

TABLE 2. Average utility across 1000 draws from (5.1) with n = 1500.

Notes. (i, a,~Yi) are redrawn. Average utility is (1.1) averaged over 1000 draws. Plug-in empirical
Bayes fits @, b with ordinary least-squares of Y; on log o;. It then fits s3 by averaging the squared
OLS residuals and subtracting by the average of 2. U

Table 2 that ASSURE methods substantially improve on SURE or plug-in empirical Bayes.
Normalizing the performance of 1(Y; > 0) to zero and oracle over D to one, ASSURE* has
relative performance 0.857 while SURE and plug-in have relative performances only about
0.35.

To unpack why ASSURE* has good performance, it is helpful to compare results in terms
of implied EB posterior means. We thus convert the threshold estimates (a, b) into implied
a, b by fixing the prior variance at its true value s2 = 0.2. Under this normalization, the
corresponding EB coefficients are a = 0.2a, b=0.2b. Figure 3 visualizes different methods
on this empirical Bayes scale for a single draw of the data.

The bottom-right of Figure 3 shows a plot of Y; against log o; with the implied prior mean
estimates of various methods. SURE effectively fits a weighted squared-error approximation
to the true mo(log ;). On the other hand, ASSURE and oracle directly optimize for threshold
rules, thereby resulting in implied E[u | log o] estimates that have high fidelity to where the
conditional mean function mg(log o) crosses zero.

We can visualize the gain of ASSURE by plotting the implied posterior mean estimates
against the true posterior mean under (5.1) in the other three panels of Figure 3. Indeed,
SURE results in a good squared error approximation of the true posterior mean, aligning
well with the 45-degree line. However, because it does not tune parameters for the selection
objective, it incurs many false positives—where the SURE estimates of y; are positive but
true posterior mean is negative. On the other hand, tuning decision rules implied by the linear
model through the oracle objective (2.2) trades off false positives and false negatives more ef-
ficiently, resulting in higher welfare than SURE. ASSURE mimics the behavior of the oracle—
its implied posterior means are inaccurate predictions of 1, but lead to better selections.

Lastly, we can examine whether the ASSURE* objective function is made ill-behaved
by the oscillations in the sinc kernel. Figure 4 shows the objective function for ASSURE*,
ASSURE-CB, and the true welfare function (1.3) for one draw of data. Both ASSURE methods

do result in nonconvex objective function surfaces, possibly motivating sampling-based
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ASSURE* objective ASSURE-CB objective Oracle (linear) objective
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FIGURE 4. Objective function landscape of (5.1).

methods a la Chernozhukov and Hong (2003). However, it does not appear that the higher-

order sinc kernel per se results in worse optimization landscape than the Gaussian kernel.

6. Empirical Applications

We illustrate ASSURE in three empirical applications in economics: selecting census tracts
to maximize economic mobility, identifying discrimination among large firms, and selecting
innovations in experimentation programs. The first two applications show that plug-in linear-
shrinkage empirical Bayes methods can be suboptimal for welfare when the underlying
model for P is misspecified, and that ASSURE improves robustness in those settings. The
last application instead uses ASSURE to assess hypothesis-testing rules for A/B testing.

6.1. The Opportunity Atlas. We begin with the setting studied by Bergman et al. (2024),
which can be cast naturally as a compound selection problem. Their goal is to identify
high-mobility Census tracts for recommending to low-income households, using noisy
estimates from Chetty et al. (2026). Our implementation follows Chen (2026), who studies
a national version of this application using nonparametric empirical Bayes methods.

To cast this decision problem in our framework, let Y; denote the estimated economic
mobility of a Census tract 7, defined either as mean income rank or as probability of high
income for Black individuals growing up in relatively poor households in tract . Denote true
economic mobility by y;, and the estimated standard error of Y; in Chetty et al. (2026) as o;.

Bergman et al. (2024) are interested in selecting the top third of census tracts. We
interpret this targeting rule as implicitly defining a constant implementation cost k; = k. To
calibrate k£, we compute posterior means under Fay—Herriot and let k¢ajiprateq b€ their 66th
percentile. Under this calibration, an empirical Bayesian is indifferent between selecting
and not selecting the marginal tract in the top third. We fix this calibrated cost throughout.
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E[income rank | Black, 25th percentile of income]

Cost calibrated to top 33% (cost = 0.3653)
Normalized mean welfare
Mean welfare (Naive = 0 | Fay-Herriot: Plugin = 1)
CLOSE-Gauss
CLOSE-Gauss |
(covariates, mean only)
CLOSE-Gauss
(residualize against covariates) | 14 (e, 401 =ik
Fay-Herriot - d 0.896 0.922 1.000 0.935
Thresholding t-statistics -ESlo[oy£:7] 0.00781 0.00341 -0.115
ASSURE* ASSURE-CB  Plugin SURE ASSURE* ASSURE-CB  Plugin SURE

P(Top 20 | Black, 25th percentile of income)
Cost calibrated to top 33% (cost = 0.06325)

Normalized mean welfare
Mean welfare (Naive = 0 | Fay-Herriot: Plugin = 1)

CLOSE-Gauss -JGPES 1271 | 001102 | 0.01266 4.600 4.487 3.189 4.448
CLOSE-Gauss _ 001533 | 0.01467 | 0.01486 30 6.486 5.987
(w/ covariates)

(covariatgé_orr?elzz;r?gglsys) i 0.01455 | 001455 | 0.01486 6.249 5.891 5.891 -
CLOSE-Gauss 4.393 3.456 4172

(residualize against covariates) |

Fay-Herriot - 39 2.206 1.940 1.000 2.508
Linear shrinkage - 0.00079 3.616 3.579 3.292

Naive - 0.00685

Thresholding t-statistics - 0.00082 2.610 2.571
ASSURE* ASSURE-CB  Plugin SURE ASSURE* ASSURE-CB  Plugin SURE

FIGURE 5. Absolute and relative welfare for two different economic
mobility measures in Bergman et al. (2024) application.

Notes. Results are averaged over 1000 coupled-bootstrap draws. ‘“Naive” is the decision
rule that simply selects 1(Y; > k). CLOSE-GAUSS ignores covariates and models y | o;.
In addition, we consider three variants of CLOSE-GAUSS with covariates. The first variant
(CLOSE-GAUSS w/ covariates) includes covariates in both prior mean and prior variance
symmetrically as with log o;. The second variant (CLOSE-GAUSS w/ covariates, mean only)
includes covariates in the prior mean, but models the prior variance as completely constant.
The third variant (CLOSE-GAUSS, residualize against covariates) residualizes Y; linearly
against the covariates, and runs CLOSE-GAUSS on the residuals. In relative comparisons,
we normalize the performance of naive to 0 and that of plug-in Fay-Herriot to 1. U

To evaluate the performance of different selection decisions, following Chen (2026),

we employ coupled bootstrap (2.10) to mimic a 90/10 split by synthetically constructing
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a holdout sample that provides an unbiased estimate of performance on the compound
decision problem with inflated variances. We consider a few instances of decision rules
discussed in Table 1 and Example 1: (i) Linear shrinkage, (i1) Fay—Herriot, (ii1) Parametric
CLOSE-GAUSS, (iv) Parametric CLOSE-GAUSS with covariates and its variants, and (v)
Thresholding ¢-statistics. See Appendix E for implementation details.

For each class of decision rules, we then consider fitting their parameters with ASSURE*,
ASSURE-CB, SURE, and plug-in estimation. Plug-in estimation for CLOSE-GAUSS methods
involves method-of-moment estimation of the prior parameters. Plug-in estimation for
thresholding ¢-statistics simply chooses the conventional threshold g = 1.96.

Figure 5 summarizes results. The left panels report absolute welfare and the right panels re-
port welfare normalized so that the performance of 1(Y; > k) achieves zero relative welfare
and the plug-in Fay—Herriot decision achieves relative welfare equal to 1. For flexible empir-
ical Bayes models that are arguably better specified, all methods perform similarly: ASSURE
methods do not generate large improvements, though they do not appear to hurt. In those
cases, ASSURE certifies that plug-in empirical Bayes methods, though they optimize on av-
erage across ji1., ~ P, do well on a particular instance of the parameters. On the other hand,
for less flexible decision classes, ASSURE* and ASSURE-CB noticeably improve over plug-in

and SURE tuning—again illustrating the robustness gains from targeting welfare directly.

6.2. Discrimination in large firms. Kline et al. (2022) conducted a large correspondence
experiment to measure the contact gap y; between white and Black job applicants across
n = 108 large U.S. firms. Specifically, fictitious applications were sent to approximately
125 job listings per firm. The difference in callback rates between races was then averaged
across jobs within a firm to produce the estimate Y;.

Using a procedure that controls the false discovery rate at the 5% level, Kline et al. (2022)
identify 23 firms that discriminate against Black applicants. Under the “intensive-margin”
preference in their paper, using these estimates to select firms for further investigation maps
directly into utility (1.1), where k is the cost of an investigation. If we calibrate £k using the
nonparametric empirical Bayes benchmark from Kline et al. (2022), adapted from Efron
(2016), the implied value is £ = 0.025, which rationalizes the selection of 23 firms.

To illustrate the performance of ASSURE*, consider the class of linear shrinkage de-
cision rules (Table 1). With constant k, linear shrinkage implied thresholds simplify to
§(oi, o, s2) = k + afk*s—%”o =: k + 023, and thus we can let 3 := (k — my)/s2 be a scalar
parameter. Figure 6(a) shows that directly plugging in the MLE estimates for (my, s9) would
give a higher threshold and select fewer firms than ASSURE*.
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FIGURE 6. Selections from n = 108 firms studied by Kline et al. (2022)

While Kline et al. (2022) reported linear shrinkage estimates, their preferred model is
a nonparametric empirical Bayes model as shown in Figure 6(b). This is precisely due to
concerns that the parametric Gaussian prior corresponding to the linear shrinkage rule is
misspecified. For instance, the underlying distribution of true contact gaps may be skewed.
As a result, the posterior mean tends to underestimate large 11;, making the shrinkage rule
conservative. ASSURE* can partly correct for this and partially salvage linear shrinkage
rules. In a cross-validation exercise over ten splits (three waves to estimate the threshold and
two to estimate the resulting welfare), the plug-in linear shrinkage rule achieves welfare 39%
below that of thresholding based on the nonparametric EB estimates, whereas ASSURE* is

only 25% below.

6.3. Experimentation programs. In the technology industry, experimentation programs
are portfolios of A/B tests that evaluate interventions affecting a business metric of interest
(Azevedo et al., 2020; Sudijono et al., 2024; Chou et al., 2025). For experiment ¢, the
average treatment effect estimate Y; is plausibly normally distributed around the true average
treatment effect j1;, measured in terms of the business metric. We use an anonymized Netflix
dataset from (Sudijono et al., 2024), containing treatment-effect estimates and standard
deviations for 331 feature experiments. Figure 7 summarizes the data.

We consider selecting for interventions to implement in the platform as a compound
selection problem. A common ad hoc decision procedure selects via the ¢-statistic decision
class in Example 1, D = {0(z; 8) = k + o5}. Conventional practice chooses the cutoff to
be t = [ = 1.96, equivalently a two-sided p-value of 0.05. We instead use ASSURE* to
choose the threshold 3 that maximizes the expected welfare of the decision, taking k; = 0.
Figure 8 shows the ASSURE* estimate T¥/(3). By maximizing the curve W (), ASSURE*

suggests using a decision corresponding to B ~ 0.
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Experiment selection with marginals

e Selected: Y;=1.96 0]
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Standard error o;

0.02
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-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3
Observed effect Y;

FIGURE 7. Experimentation-program data with the conventional signifi-
cance threshold

Notes. The center panel plots observed treatment effects against their standard errors for
roughly 330 feature experiments. Blue points satisfy the conventional rule Y; > 1.960;, and
the dashed line traces this decision boundary. The top and right margins show the empirical
distributions of observed effects and standard errors. 0

Because the data are anonymized (both the treatment-effect estimates and their standard
deviations are obfuscated by random multiplicative factors), the optimal decision cannot
be interpreted directly. Even so, the shape of the estimated welfare curve is informative:
If implementation is nearly costless, the preferred threshold is much more lenient than the
conventional (¢ = 1.96) rule, echoing Azevedo et al. (2020); Berman and Van den Bulte
(2022); Sudijono et al. (2024).

The ASSURE welfare estimate can also be used in reverse: It lets practitioners infer the
cost level under which the conventional ¢ = 1.96 rule would be approximately optimal. To
illustrate this, Figure 9 scales the implementation cost to be « times the median estimated
treatment-effect size in the dataset. The left panel plots W(ﬁ ) for different values of «, and
the right panel plots the corresponding ASSURE-optimal threshold. As & rises, the preferred
rule becomes more conservative. The figure suggests that the conventional ¢ = 1.96 bench-

mark is consistent with implementation costs roughly twice the median treatment effect.
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Experimentation Program ASSURE* Welfare Curve
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FIGURE 8. ASSURE* welfare curve for ¢-statistic thresholds.

Notes. The solid curve plots the estimated welfare W(c) for decision rules of the form
Y; > co;. The star marks the ASSURE*-optimal threshold, while the dashed vertical line
marks the conventional benchmark ¢ = 1.96. The top axis reports the corresponding

two-sided Gaussian p-values. 0]
ASSURE* curves by cost level Optimal threshold by cost
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FIGURE 9. ASSURE* welfare and optimal thresholds by cost level.

Notes: The left panel shows estimated welfare curves for decision rules Y; > k + co;
under several constant implementation costs k. The right panel plots the resulting
ASSURE#*-optimal threshold c as costs vary, where costs are normalized as multiples of
the median estimated treatment-effect magnitude in the dataset. The dashed horizontal line
marks the conventional benchmark ¢ = 1.96.
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7. Conclusion

This paper introduces ASSURE, a data-driven approach for compound selection decisions,
closely related to SURE. In particular, ASSURE* is near-unbiased for the expected utility
of selection problems for fixed i1.,, under weak assumptions, producing robust evaluations
of the quality of selection decisions. Because it accurately estimates welfare, optimizing
ASSURE* also leads to attractive selection decisions. We present both theoretical guarantees
and practical applications illustrating these advantages.
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Appendix A. Proofs

Throughout, define
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Proof of Proposition 1. We first invoke Lemma C.2, where a calculation with the well-

known Dirichlet integral

/00 sin ax dr — lim 1/k sin ax dx
0 X hl0 Jo X
shows that
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Taking the difference,
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which has an upper bound given by

’M k| e g < h’H— k| Ooe_%“’de < 12| — k‘|6_1/(2h2).
T Jyhw m 1/h
The last line follows from the Mills ratio bound, which holds uniformly over C, . As a result,
the bias for 1}, is bounded above by (% "ol — l{:z\) h2e=1/(2M*) by letting C; = 6(z; 3).
Next, we establish the second claim pointwise in 3. Set A\, := 1/h = y/2logn and
C; := (z;; 8). Using Csinc(z) = 1/2 + 7! Si(z), write the ith summand as

1 1 ) Y- G,
wh(Yi;zi,ﬁ):}fi—ki)JrW(Yl-—ki)Si()\nl CZ)—ai)\nsinc()\nz OZ).

2 ( g; g;
Since Si is bounded, the second moment of the first two terms is bounded by a constant
multiple of E(Y; — k;)? = 02 + (u; — k;)?. For the last term, Lemma C.3 calculates

e — . 2
E Kmn sinc (AnYZ O)) ] < Ao,
g;

Var(wp, (Yi; 21, 8)) S (1 — ki)* + Ao,

where we used \,, > 1 to absorb the remaining ¢? term. By independence,
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Therefore,

The bias bound above, evaluated at h = 1/+/2logn, gives

nlogn< Z’“l )

By Jensen’s inequality, the square of this bias bound is dominated by n~'(n™* 37, (p; —

EW,(8) =W (B)| £

k;)?). Combining these displays with the bias-variance decomposition proves the claimed
pointwise mean-squared error bound. U

Proof of Theorem 1. Let 3* € argmaxg.z W (). The optimality of f for W, implies
W, (B) > W, (8*). Recalling u(8) from (2.1), we have E[u(5*)] = W (3*) and

Regret, = W (5") — E[u(B)] = Elu(5") — u(P)]
< E [u(8") = Wa(87) + Wa(B) = u(B)] < 2E

<2E

wmww—wwﬂ+mewm—wwﬂ. (A2)
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Starting from (A.2), we use the bias bound in Proposition 1(1) to obtain:

my

(A2) SE |supu(8) - W(ﬁ)l] +E [;gglw(ﬁ) ~EWOI T+ iogn

by Proposition 1

Letting Ay (3) := u(3)— W (3), A3(8) := W(B) —EW (), Propositions C.1 and C.2 prove
if 0'1.n, 07.. and the envelope D are all uniformly bounded by an absolute constant, that

Esup [A;(8)] S m o)
,Beg ! ~TR

Esup | As(3)| < CV(D)(ms +m?)

(logn)/*y/loglogn

seB Vn ’
for some constant C' that depends only on o04.,, and D. Therefore
1 1/4,/Tog1
Regret, < (A.2) < CV(D)(my + mj) (logn) ceoe ™ O
vn
Proof of Theorem 2. Fix some h > 0 and let . = (h/y/n,...,h//n) and p_ = —p;.
For any selection decision a1, ..., a,, let g, = = 37" | E, [a;(Y1,...,Y,)] and define g_

analogously. Then the regret at . is

12 h h
W(Bips) — =3 pilyyn (Vi V) = (o[ 4 M) -
\;Fig\)/[ (ﬁu/vb-i-) niZIIU’ Yiin N(MJrJn)[a( 1 )] ﬁ( (\/ﬁ—i_ ) g+>

Analogously, the regret at pi_ is

h h h h
—— | ——=-M)—g- | =—F|P|(—=+M | —-1+g_
ﬁ((ﬁ ) g) ﬁ<<ﬁ+> +g>
Thus, the maximum regret over p and g is
"o (M ar) 1 4 max( ) (A3)
— — — max(1 — . .
\/ﬁ \/ﬁ 9+, 9
Thus, for any choice of selection decisions ay.p,,
1 n
sup { sup W (B; ptrin) = — D Byt a1 [0 (Y1, - ,Yn)]} > (A3).
ul:ne[_lvl]n ‘6|<M n =1
Let o(Vy,...,Y,) = 23,a;(Y1,...,Y,) € [0,1]. When viewed as a test against

Hy:p=p_for Hy : p = py, g isits type I error and 1 — g, is its type II error. Then

max(1 — ge.g-) > SIS Ly (W 1), M (. 1))



By Pinsker’s inequality, TV (N (p, I,,), N (11—, I,)) < h. Thus,

h h 1 h h h 1
A3)> —=|P—=+M|-14+=-—=]>— - — —
( )—\/ﬁ< <\/ﬁ+ ) "2 2>—\/E<CM ) M
for cpy = ®(M) — 1/2 > 0 and the choice h = ¢;,. This completes the proof. O

Proof of Theorem 3. Decompose the regret as
Regret,, (8) = E |[W(8%) — W(B)] + E [W(B) — u(B)] .

Theorem C.2 shows that the first term is O((logn)®n~'). To handle the second term
E [W(B) - u(B)} , we use a leave-one-out stability argument. Define Y_; to be the vector
of observations without Y; and

B = argmax Y _ gn(Y}, 25, B), (A.4)
B
where
T S Cheel) B Bl )P (An(y —5(8, z))) _ o\ sine ()\n(y — 5(8, Z)))
2 T p .

are the summands in the ASSURE* estimator. We will show that for each 4, (%) only differs
from /3 by Op(1/n). To explain why this will suffice, first write

1 & A

W(B) —Bu(B) = W(B) - - 3 = k)P 2 63, 20)
+ ; i(m — ki) (P(Y; > 6(B77, 2)) = P(Y; > 6(B, 1))
Thus .
E [W(3) - u(B)] = ii(“" LE | (ul - i(zﬂ,z@)> o (uz = 5(5—@),%))
(A.5)
+ ; i(ui — ki) (P(Y; > 6(BU7, 2)) = P(Y; > 6(B,2))) . (A6)

@
Il
—

Using Lipschitzness of ® and §(-, z;), we will upper bound (A.5) by
1 S Lilpi — kil

o2

i=1 (

R - B

n
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for some constants ;. To handle (A.6), we truncate. Fix a truncation threshold F,, :=

C(logn)Y/n for C,~ constants to be chosen later.

P(Y; > (37, z->> —P(Y; > 6(3,2))

=B [P(Y; > 6(877, 2) | Vo) = P(Y; > 6(B,2) | Vo)
<E[P{Y;i - 637", 2)] < 6B, 2) — (B, )] | Y_i}]
<E[P(Y; — 6(37), )| < Li| 3 B||Y_z>}
<E[P(Y; = 6877, )| < LiB, | Yoi)| + P(B77 = B > E,)

[ (=) B 3D 2 L.E —
<E|® (5(5 ,2i) + LiEy, ,uz) _® (&5 ,2i) — LBy PJ@)]
oy

0;

+P(BC = 5| > Ey).
Using Lipschitzness again, we find that (A.6) is bounded above by

1 N Ly — ki
A.6)] < _
o<ty

i=1 i

1 & A A
Byt =3 = kilP(B70 = B > Ba). (AT)
=1
By the compactness assumption on the search space for 3, we may bound
E[|8") — 8] < MP(|3") — 3| > E,) + E,

for some constant M depending on the diameter of the search space. Therefore we may
bound E [1W(53) — u(B)} by

Theorem C.4 shows that

. ~ AM B 1 1
P(m(—%) — Bl > ogn> < O(),
Kn n

so we may take E,, = O(*%"). Thus

E[W(B) B] ?ji(EHP’Iﬁ BI>En))

< B (O (10571) *O(i» :O<loin>.

Combining this with the conclusion of Theorem C.2 gives the result. U

2 | ki (B, + BB = Bl > B,). (A8)

Z
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Proof of Theorem 4. Throughout the proof let a;., denote a vector of binary selections,
where the ith index is a;(Y1,...,Y,) € {0,1}. We will first exhibit a class of priors that
are supported on ©. Proposition B.2 verifies that a set of assumptions Assumption B.1(1)-
Assumption B.1(3) are sufficient for Assumption 1.

Consider the priors G, where G, := Rad,, is the one-dimensional Rademacher prior
with y; = +1 with probability p and y; = —1 with probability 1 — p. Let G| A be the
conditional distribution of s, conditioned on A := {min, p; < max; p; } N {|@| < C'} for
some absolute constant C’ small enough. Then G?”]A satisfies Assumption B.1(1) with
B =1 and, choosing x small enough, it satisfies Assumption B.1(3) since + ~ i1 2 =1.
Lastly, Assumption B.1(2) is implied if |7 <3 E Since p; 1s either +1 or —1, this is
in turn implied by || < C” for C” small enough

Next, observe the following inequalities:

sup Regret, (a1.,,) = Eqen 4 [Regret, (a1:0)] (A9)
H1: ne@
E e~ [Regret (aq.,)1(A
]:P)G?n(A)
E,en [Regret, (a1.,)] — Egen [Regret, (a1.,)1(A°)]
— G v (A.11)
IPG?n(A)
E e~ |Regret_(a ‘n — P on(A°
o Eagn [Regret, (1)) — P (A7) A12)

B 1 —Pgen(A°)

Observe that ]P)G]‘?” (A°) is exponentially small in n for all p in a small neighborhood of %
We will thus focus on analyzing the term E¢n [Regret,, (a1.,)] . We have

1 n
E en [Regret, (a1.,)] = Egen {sup W(p) — ﬁ ZMZE a;(Y,...,Y, )]}
p p B

> supE e W(3) — Egen [ Z,uz a; Yl,...,Y)]] .
ﬂ p
Since W(8) = £ >, 1;P(Y; > 3) and y; are independent, observe that
sup Egon W (8) = supEg, [1P(Y 2 8| w)] = Eq,Ev[jd {Eg,lu| Y] > 0}],

which follows from monotonicity of the posterior expectation in Y. This is the welfare of the
Bayes-optimal decision (see e.g. Azevedo et al. (2020)). Therefore, we have lower bounded
sup,,,. co Regret, (a1.,) by the Bayes regret of any product prior Gf?” up to some additive
errors and multiplicative factors that are exponentially close to 1 in n.
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We will finish the proof using Le Cam’s two point argument. By Lemma B.3 we may
restrict to decision rules which are monotone: a;(Y) = 1 {Y; > 51»(Y(_,~))}. For a prior G
on {—1,+1}, let mg(y) = Eglu | y] be the posterior mean, let al;(y) = 1 {mg(y) > 0}
be the Bayes optimal decision, and let R(G, a;.,,) denote the Bayes regret under the product
prior G®". We can equivalently write this Bayes regret as

R(G,ain) = = Egen [ (ag(Vi) — ai(Yin))]

=1

= % Z]EG®" m(;(Y) ( G(Y) - az(len))]

1 n
=~ Egon [Ima(Y)| 1 {ag (Vi) # a:(Yia)}] (A.13)
i=1
where (A.13) is verified by Lemma C.8.
Take
Gg = Radl/g_l/@ﬁ), G1 = Rad1/2+1/(4\/5).

By Lemma C.10, for every monotone rule a;., there is an absolute constant ¢ > 0 such that
c
R(Go, a1.n) + R(G1,a1:) > o

for all sufficiently large n. Hence
max (R(GCH al:n)a R(Gb al:n)) Z QL

n
Applying (A.12) separately under G§"™ and G?", and using Pgen(A%), Pgen(A9) = O(e™),

we obtain

sup Regret, (a;i.,) > max
/‘Ll:nea

R(Go, al:n) - PG?" (AC) R<G17 al:n) - ]P)G?n (AC)
1 - Pngn (AC) ’ ]_ - PG?” (Ac)
C
> —n) _— —1
> £ () = ),
as desired. 0]

Proof of Theorem 5. For each i, let Z; ~ N(u;, c?). Recall the definition of wy, in (2.7)
and define wy, ;(y; 0) = wy(y; 04, 6). By the triangle inequality,

M:

B ans(vin¥iss] - W)

S|

1

Zn:‘E[wm\/_Yz,é) wn i (VmYi; 67)] |

1=

.
Il

IA
3\*—‘
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S

+ - i E [wna(v/mYi; 6) — wh(Zi;6,)]|
=1

+

1 n

Y Bl (2] - W)
=1

= Tl + T2 + Tg.

The terms have distinct roles: 77 controls the effect of estimating 03, T, controls the error
from replacing the non-Gaussian sample averages by Gaussian analogues, and 73 is the
residual bias from targeting the Gaussian welfare rather than W (4).

By Lemma C.12, T} < /logn//m. By Lemma C.13, T, < (logn)?//m. The idea
for T3 is to use the Lindeberg swapping argument, defined as follows. For each 7, relabel
the micro-data as Y7, ..., Y,,, introduce Gaussian variables 71, . .., Z,, with the same mean
and variance, and define hybrid sums S, in which the first £ terms come from Z; and the

remaining m — k terms are the original Y;. Then
m—1
E [wni(Zi; 0:)] — E [wni(vmYs; 6;)| = 3 E[wni(Ski1;61) — wni(Se; 63)]
k=0

Each increment is expanded around the common background sum Sj, obtained by removing
the swapped variable. Because Y}, ; and Z;, have the same first two moments, the constant,
linear, and quadratic Taylor terms cancel after taking expectations, so only a third-order
remainder remains. Lemma C.13 shows that |w,(l3l)(x, §)| < o 2h ™ + |x|o;h 3, so one
swap costs at most P;m~%/2(h=% 4 h=3) for a polynomial P, in the moments. Summing over
the m swaps gives P;(h~* + h=3)/\/m, which is P;(logn)?//m since h = 1/1/2logn.
Finally, Lemma C.14 gives T3 < (nlogn)~' + m~/2. Combining the three bounds
proves the claim. O

Appendix B. Miscellany

We first state some straightforward computations.

Lemma B.1 (Properties of the sinc kernel). The map = — % sinc ( %) is bounded above by

Ch™!, and further has a derivative bounded uniformly by C'h~? for an absolute constant C.

Lemma B.2 (Derivatives of ¥). Let W, Ve denote the first and second partial derivatives
in C. They are given by the following formulas.

- Yi—k) <1€-—O> 1. ,(K-—C>

VoY, 2, C) = ho sinc ho + 73 sinc ho (B.1)
(Y, — ki) Y, -C . Y, -C

Vee(Yi, 2, C) = 7h2012 sinc’ ( ho: ) T sinc” ( ho: ) (B.2)
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Lemma B.3 (Reduction to monotone decision rules). Fix o1.,,, k1.,. Let a;(Y;; Y_;) € [0, 1]

be a decision rule and assume a;(-,Y_;) is not almost surely zero or almost surely one. There
exists a threshold rule a} (-;Y_;) = 1(Y; > 0;(Y_;)), where 6;(Y_;) € R, such that

By [ = ki) ai(Ye; Yoi)] S By, (s — ki)ag (Yi; Yog)]
for all j11., € R™.

Proof. Let vo(Y_;) = E,, =k, [a;(Y;; Y_;) | Y_;] € [0, 1]. Define o} (y; Y—_;) = 1(y > ¢(Y_;))
such that
Bz, (1Y 2 e(Yoi)) [ Yoi] = 90(Yos).

Note that a; (y; Y_;) is the uniformly most powerful test for Hy : u; < k; with conditional
size v0(Y_;), against Hy : p; > k;. Likewise, 1 — a(y; Y_;) is the UMP test when we swap
the null and the alternative. a;(y; Y_;) is a randomized test that has the same conditional
size vo(Y_;).

Let p; > ki, thenE,, [a;(Y;; Y2,) | Yo, < E,, [af(Yi; Yo;) | Y_] since a is weakly more
powerful than a;. Conversely, if y; < k;,thenE,,[a;(Y;; Y_;) | Y_;] > E, [af(Y; Y2) | Y4
since 1 — a* is more powerful than 1 — a;. Thus

(i — ki) Bylai(Yi Yoi) | Yoi] < (i — K)E[af (Vi Yoi) | Yo
The conclusion follows by integrating out Y_;. 0

B.1. Lack of an unbiased estimator. We present an argument that is referenced in Ste-
fanski (1989) without proof. By Lemma B.4, if an unbiased estimator for W () were to

exist, then one could unbiasedly estimate p® (“_C). This means that one could estimate

o

(/o) /o unbiasedly. Proposition B.1 then shows that () cannot be unbiasedly estimated,
at least not with estimators with reasonable tail behavior.

Lemma B.4. LetY ~ N (u,0?). Then

E[Y1{Y > c}] = o exp (— (e = C)2> + p® (,u;c) :

V2o 202

Proof of Lemma B.4. Rewrite the expression as

EY1{Y 2 c¢}] =E[(Y —p)1{Y —p 2 c— p}] + (Y 2 )
e )

u(i-e(2)

c—p




:\/C;_ﬂ_exp (—(C;Uf)2>+u<1—¢<cg“)>. 0

Proposition B.1 (Stefanski (1989)). LetY ~ N (0,1). Let f : R — R be some real-valued
function where Ey . ,1)[| f(Y)|] < oo for every pn € R. Definem : C — C asm(z) =
[ f(y)e(y — 2) dy. If m is entire, then there is some pn € R where E,,[f(Y')] # ¢(p).

Proof. Towards contradiction, suppose m(u) = E,[f(Y)] = ¢(u) over 11 € R. Since ¢(-)

is analytic, we must have m(z) = (z) over C. Let z = it, we have that for all ¢ € R,

1 p 1
ztyd 6 et /2 — / Ztyd _
/ fly y T fly V=T

Note that [ | f(y)e(y)ldy = [ |f(¥)le(y) dy = Ey o[ f(Y)]] < oo. Thus feis L'. By

the Riemann-Lebesgue lemma, the Fourier transform vanishes at infinity:
1

0= lim / e'Vdy =

[t| =00 1y V= vV Vor

This is a contradiction. O

It remains to discuss when m/(z) is entire. A sufficient condition is that f(Y") is integrable
under a slightly noisier Gaussian: Ey o142 [|f(Y)|] < co. When this is true, we can
then differentiate the real and imaginary parts of m(z) under the integral sign and verify
that the partials are continuous and satisfy the Cauchy—Riemann equations.

B.2. Example decision rule class for Theorem 3.

Example 3. Consider the class of simple threshold decision rules §(z;3) = [ with
£ € R. It is unclear whether there are interesting examples which satisfy Assumptions 1(1)
to 1(4). The following assumption gives such a class of f;.,. Fix K9 > 0, B > 0 and let
Bi= o iy s 00 = e i (e — 1)
Assumption B.1. (1) —B < min; y; < 0 and 0 < max; u; < B.
(2) Letting mp := inf(p 35 tp(t), |1
(3) & Xy 1F > ko/p(3B).
Proposition B.2. Fix constants B, k, as above. Assume o7 = 1 and Assumptions B.1(1)
to B.1(3). Then Assumptions 1(1) to 1(4) hold with k = ko and with some £ > 0 depending

only on B, k.

=2 mp

e(B)

Proof. By Assumption B.1(1), itis easy to see that Assumption 1(1) holds. Now without loss,
assume that 17 < o < -+ < i, In this setting, W(3) = 32 p;®(p; — 8), W'(8) =

— o i (i — B), and W”(8) = L3730 (8 — i) (i — 3). A result of Schonberg

(1948) shows that ¢ is a totally positive kernel and, for any sequence of ¢c; < 5 < ... < ¢,
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the number of sign changes in the vector (W' (¢y), ..., W’(c,)) is at most that in the vector
(g1, ..., pn). Note that since (pu1, ..., pt,) changes sign only once, (W'(cy),..., W' (c,))
changes sign at most once. This implies that there cannot be multiple local maximizers.

Next, we claim that Assumption B.1(2) implies that W/(—2B) > 0 and W’(2B) < 0.
If so, this would show Assumption 1(2) holds and 3* € [-2B,2B]. First, let f,(z) =
¢(x —2B). Let f, := 23" | f,(u;). Observe that

_W/ QB Z/‘I”Lf+ Hz Ner + - Z f+(ﬂz) f+(ﬁ)> (B'3)

By the mean-value theorem, we have for some &; between p;, 7@ that f (&) (i — 1) =

fi(p;) — fo(@). Plugging this into the equation above,
1 & — 1 &
n Z/%er(ﬂi) =nfi+ o Z S () (i — ).
i=1 =1

We have ! (v) = (2B — x)p(x — 2B) and f (&) > mp = inficp3p te(t) > 0. More-
over, f, < ¢(B). Thus, —W’'(2B) > —|u|¢(B) + ¢*mp > 0. We can repeat the
argument in the other direction with f_ := ¢(z + 2B). Doing so shows that —WW’'(—2B) <
[ilp(B) — ?mp < 0. This completes the claim.

Next, notice that W (5*) = £ 3, ju;(8* — i) (pi—B8*) = —+ 3 pZp(pi—5*). where the
second equality follows from the first order condition. Then boundedness, 5* € [-2B,2B],
and Assumption B.1(3) imply W"(8*) < ) ©(3B) = —ky.

Now, for 3 such that |3 — §*| < R, we have

1 n
W"(8) = (Zum )>—nZu?<pu—
=1

¢ (3B+ R)
<@2B+R)R sup |[W"(B)|—ky——rs—>
( ) \ﬂ'—a*@‘ (B)] = o ©(3B)

Notice that for y; € [—B, B|,

< B/4.

1 n
- > i B — i) (p — 5)‘ <B
=1

sup 2p(z)
Thus
BR ¢ (3B + R)

1 T3
Now by the intermediate value theorem, for some R small enough, less than kg/ B2,
W"(5) < —ko/2 for all | — B*| < R. This choice of R only depends on B and k.

By the uniqueness of local maximizer and a Taylor expansion argument, we conclude that

W"(8) < (2B + R)
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there exists § > 0 such that sup|s_g« (>, /5 W(B) < supjg_g- |-z W(8) < W(B8*) — €. This
proves Assumption 1(4). U

45



Online Appendix
for ‘“Compound Selection Decisions: An Almost SURE Approach”
Jiafeng Chen, Lihua Lei, Timothy Sudijono, Liyang Sun, and Tian Xie
July 22, 2026

Contents

Appendix C. Auxiliary results for proofs OA-1
C.1. Auxiliary results for Proposition 1 OA-1
C.2. Auxiliary results for Theorem 1 OA-3
C.3. Tail bound for regret OA-10
C.4. Auxiliary results for Theorem 3 OA-11
C.5. Auxiliary results for Theorem 4 OA-26
C.6. Auxiliary results for Theorem 5 OA-28
Appendix D. Empirical processes for i.n.i.d. data OA-31
D.1. Examples of VC classes OA-35
Appendix E.  Additional details for Section 6.1 OA-36

Appendix C. Auxiliary results for proofs

This appendix collects auxiliary lemmas and intermediate arguments organized by the

main-text proof they support.

C.1. Auxiliary results for Proposition 1.

Lemma C.1. LetY ~ N (u,0?) andw, C' be constants. Then:

¢))
)

Esinw(Y — C) -
Ecosw(Y — C) = e 27" cos(w(p —

E[Ysin(w(Y — C))] = e 27 [usin(w(p — €)) + wo? cos(w(u — C))]

= 727 [usin(w(p — C))] + 0*WE [cos(w (Y — C))].

Proof. For the first claim, observe that

1 . . 1, . , . ‘
E [Sinw(Y o C)] — ZE [ezw(YfC) . efzw(YfC):| _ Z (elwyf%o'zcﬁfzwc . efzw,uf%UQwZJrsz’)
1 1.2 2 . B . .
_ = —50%w wp—iwC _  —twputiwC
= 226 2 (6 e )

= ¢ 27 sin(w(p — C)).
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An analogous argument with cosine shows the second claim. For the third claim, use Stein’s
identity E[Y f(Y)] = pEf(Y) + o*E[f'(Y)], and then apply the first two equalities of the

lemma. O

Lemma C.2. In the proof of Proposition 1, we have, for z = (k, o),

- C 1 1 © 1 1.2
(1= 02 (F==) = S =)+ =) [ =3 sinu( — ©)/o)d
1 1 Vh'l 1. .
EW(Y,2,C) = 5(n— k) + —(u—k) [ e sin(w(u - C)/o)dw
2 T 0w
interpreted as Lebesgue integrals.
Proof. We consider the fact that for all « € R,*
/ PO g = zsign(a). (C.1)
0 z 2

=02 (") =) [Ty 020 Lo (U1 ay

LG ()

2 —oo hl0 g
1 1/h sin(w(y — C)/J) 1 —u
—W—k) Lo [ Yo ( )

The last step follows from dominated convergence theorem, noting that

/1/h sin(w(y — C)/U)dw

W

sup
h

= s%p|Si((y— C)/ho)| = K < o0

if x > C, for an absolute constant K. A similar calculation shows when x — C' < 0 the
integral is bounded above by the same uniform constant /. Thus an integrable dominating
function is given by K¢((y — p)/o)/o. Now applying Fubini’s theorem, we can switch the
order of integration and apply Lemma C.1:

1/h 1

1(/L k) hm — (/_O;sin(w(y—C)/U)i@ (y—,u) dy) dw

hl0 w o

24The integral is interpreted as an improper Riemann integral, so
1/h

0o . .
sin ax . sin ax
dz = lim dz
0 T hio Jo T

The truncated integrals fol/ 4 Sin%dx can be treated as Lebesgue integrals.
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1. Vh1
—hm —e 2
7T hi0 w

—/ 2‘” (u—k)sin(w(p — C)/o)dw.

This proves the first claim. For the second claim, note that

2

Y= k) sin(w(p — C)/o)dw

1

L e ) sin(l— ©) o)

LT o () o ()] L (22
L [y e (257 U_UCOS(M) L (=2 g

Again we may apply Fubini noting that the integral over w, being over a compact domain,

is finite, yielding

i/z /Ol/h [(y - k)sin(w(y —C)/o) o cos(w(y — o)/g)] dwi¢ <y - u) a

[, o),
=FE [W(Y — k) Si (Y];TO) — %sinc (Yh_ao)]

= E[W(Y;2,0)] ~ ().

This proves the second claim. 0

C.2. Auxiliary results for Theorem 1. To state the proofs, define the norms ||D||7 =
Ly |D(z)[P and ||D]|,, := |]D||2n. Let 5(2;) = o; and for ¢ > 1, s, := ||s|,,,. Let
(=) = e — ks andmg = ],

Proposition C.1. In the proof of Theorem 1, we have

Esup |A;1(B)| S m VD)
662 WL~ TR

Proof. We will handle this with i.n.i.d. empirical process theory applied to the function
class F = {fz : 8 € B} with fs(y, i, 2) = (1 — k)1 {y — 6(2; 5) > 0}. The class F has
a uniform envelope function given by I’ = |y — k|. Moreover, Lemma D.1 shows that F
is a VC subgraph class with index O(V(D)): in particular, y — §(/3, z) is a VC subgraph
function class ranging over 5 € B, and sois 1 {y — d(f, z) > 0}. Multiplying by the fixed
function (. — k) and applying Lemma D.1(2) gives the claim. Next, we apply Theorem D.1
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with V; = (Y, ;, 2;) and Lemma D.2,

1 n
Ezlégvll(ﬂ)l = W]EZEE \/—|A1( )| = fEsup n;{fg(nm,zi) — E[fs(Y:, pi, )1}
n 1/2
< (1 F | F,L? (12 i — kﬁ) (Theorem D.1)

AN

<= g

1 n
(n ; |t ) / \/1—|—V—1nde (Lemma D.2)

) (5 50~ )w -

(2

N
ﬁ

Lemma C.3. LetY; ~ N (u;,0?) and let A > 0. Uniformly over C' € R,

- 2
E [(Ji/\sinc ()\Y; C)) ] < Mo
a;

Consequently, for hs(y, z) := oA, sinc(Au(y — 8(2; 3))/0), supgep = iy Pihg S Anss.

Proof. By the change of variables u = \(Y; — C) /oy,

Y. — 2
E [(m)\sinc ()\ . C)) ] =0} )\/ sinc? (C Hi + )du < \o?,
ag; A

since sup,, p(z) < oo and fR sinc?(u)du < oo. Averaging over i gives the second claim. [

Lemma C4. Let py(t) = L Sl()\t) — fsgn( ) for A\ > 1. LetY; ~ N(u;,c?). Then,
Y; T) } <A YHo? + (u; — k;)?} . Consequently,

r—|

uniformly over C' € R, E
forrs(y, z) == { ()\ y=9(z:h) ZB ) 1sgn (y*‘i(f’g))] , we have
sup — > Ers(Y;, z)* < A (s34 m3).
5eB N ; B ) (82 2)

Proof. First note that [p)(t)| < 1A
and integration by parts gives

/Oosmud’ |cosa|+/°°|cosu|d <1 +/ —du-g 0> 0.

u? CL

Indeed, fort > 0, by (Cl), p/\(t) — _% f)\of sinu du,

u

/\\tl

The case ¢t < 0 follows by oddness, while the uniform boundedness follows from the
boundedness of Si.
Set
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Then (Y; — C)/o; = X; +aand Y; — k; = (u; — k;) + 0;X;. Thus it is enough to show,
uniformly over a € R,

Epy(X; 4+ a)® <A EXZ2p5(X; +a)? S A
For the first display, using the boundedness of the normal density,

1 1
2 —1
EpA(X; + a) g/R(lAAQtQ) ¢(t—a)dt§/ﬂ{<1/\)\2t2> dt <A

For the second display,
EX20r(Xi +0)* = [ (1= a)?pa(0%(t = a)dt S [ (12 + a®)pa(t)e(t - a) dt
R R

1
< 2, - — 2/ 2 —
< /Rt )\2t2g0(t a)dt+a Rp,\(t) ot —a)dt

o

It remains to bound a? [, px(t)%*¢(t — a) dt, uniformly over a. If |a| < 2, thisis < A™! by
the previous bound. If |a| > 2, split the integral over |¢| < |a|/2 and |t| > |a|/2. On the
first region, |t — a| > |a|/2, so

1
2 2 2 —a?/8 -1
t t—a)dt < /(1/\ )dt<)\ ,
a /Ma/sz( ot —a)dt < a’e A o ) A S

2
2€a/8

where the last inequality is due to that a is bounded over a € R. On the second

region, px(t)* < 24z, and hence a® [i;< 1o o o2 (1) *p(t — a) dt < A7 < A" Therefore
EX2p5(X: 4+ a) S A

uniformly in a.

Combining the preceding bounds,

Y, - C

g;

E |0 - ki )] <o 4 (- k)7

Averaging over ¢ and taking the supremum over [ gives the stated bound. U

Lemma C.5. Let . .
pa(t) == = Si(Mt) — 5sen(t),
fix M > 1, and define

Ry = {(y—k)mn (W) 1{ly — k| SM}rﬁeB}-

Suppose L, > 1 satisties D(z)/o < L,, where D is the envelope function of the decision
classD. Let0 < b < 1 and Fy(y, 2) > Cly— k|1 {|y — k| < M} for some constant C' > 0
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and is an envelope for R ;. Then

ALy
J(b,Rar | Far, L) S b\/V(D) log ‘ b,

Proof. Define

= { 1= 08t (WEED Y1y -k < ) p e )

S = {;@ — k)sen (W) ly—k <M} :fe B}.

For an arbitrary discrete probability measure (), define the reweighted measure

Fuly, 2)?
10 (0.2) = TEBT a0y ).
MIlQ,2

Let () be any such measure and 0 < 1 < 1. Since Ry, C Gar — Sy, the product cover gives

Nl Ewllg o Ry La(Q)) < N(nllFarllg 2/2, Gar, La(Q))- Nl Erll g 2/2, Surs La(@Q))-

We next construct an entropy bound for G,,. Write

1 Sy y—0(z0
aau0:2) = 2= 951 (W25 1y a1 < ).
The Gy, has the deterministic envelope Gy (y, 2) := cly — k|1{|y — k| < M} < cFy, for

some absolute constant ¢ > 0 because Si(+) is bounded. Define
Djo:={(y,2) = d(z;8)/0 : 5 € B}.

We claim that, for some absolute constants ¢ > 0 and every 0 < n < 1,

N(n”FM“Q,Q? gM7 LQ(Q)) S N (0;\777)/0-7 LQ(QFM)> . (C2)

Indeed, take any cn/\,-cover of D/o in the Lo(QF,,) metric. For any element §(-; 5) /o in

this class, let d/o be a covering element satisfying H (0(+;8) — CZ)/UHQ , < cn/ Ay, Since
Fyro

Si is Lipschitz and the truncation is independent of 3, we have for somgjuniversal constant

C >0,

9s.m (Y, 2)

1(y — k) Si (Any_ad(Z)> Y|y — k| < M}

™

Qﬂ2

Y (s 9 1/2
<C)\, (/(y — k)*1{|ly — k| < M} (W) dQ(%Z))
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~ 2 1/2
< CAy (/ Ful(y, 2)? (W) dQ(y, Z))
= O\l Purllga] (6 8) = d)/o,, < nllFwllg,

Thus the pushforward of the Ly (QF,,) cover of D /o through the map
1 d(z
dfo s —(y— k) Si ()\y <))1{] — k| < M}

is an n[| Fas || g o-cover of Gy in Lo (Q).
The class D/o is VC-subgraph with index of order V(D) and envelope D/o. Since
D/o < L, on the fixed design support, c;- > c—|[D/o||, ,. Applying Lemma D.2
n nlo ‘M

to D/o gives
e Ly

log N(n[|Farllg 20 Gar, L2(Q)) S V(D) log
For Sy, note that sgn((y — 0(z;8))/0) = 21{y > 6(z;B)} — 1. Therefore Sy, is a
VC-subgraph class with envelope F);/2 and index O(V (D)), so
e
log N(nl| Fall g o: Sars L2(Q)) S V(D) log pt

The preceding product cover implies, after changing constants, that for every 0 < n <1,

e, L
log N(n|| Farll .00 Rars L2(Q)) S V(D) log

C L V(D) log <.
n

Since A\, > 1 and L, > 1, the second term is absorbed into the first one, so

eA Ly
Sgplog N(n“FM”Q,QaRM?[Q(Q)) SJ V(D) log n )

where the supremum is over discrete probability measures (). Therefore

b
TbRar | Fur, L) = [ sup /14108 Nyl Firll g Rar, L2(Q))

b eAp Ly
S\/V(D)/O log p d

b L 1 L I L
/,/1og€A" Zdn=b [ \/loge)\ 7 1 log — du S bylog 2252,
0 i 0 U b

which gives
eAp Ly
J(b,RM | FM,LQ) Sb V(D) log b ;

Finally,
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after enlarging the absolute constant. 0
Proposition C.2. Let \,, = \/2logn
D(2) 4

4 4
L,y =1V max ——, Wy, i= My + 5y, Unp = max {az + D(z)}.
1<i<n g; ’ 1<<

Further define M := log(eL, ) {V(D)(l + 5o +mo+ ||D|, +Unn) + win} . Then, in
the proof of Theorem 1,

1/4
Esup | As(5)] SJ]M(logn) \/loglogn'
BeB vn

Proof. Write
1 1
Sni=sptma,  pa,(8) = —Si(Aat) — osgn(t).
Let

RI=BU(Mall  Pfi= YR Gufyim =Y {fth) — P}
Define

t:2) 1= (0= ks (P00 0 gy pe ),
ro(0:2) = (g — K)o, ( o 5) ) R={rs: 6 €BY,
hs(y, z) == oA, sinc ()\ny 5(2’5 ) ={hg:p € B}.

We write |G, || » = supr;](an\ We then have

n 1
E sup |As( < E (Y — 1 —E||G, ||, + E||G,|| - + E|G,, , (C.3)
sup | 42(3)| < 3B |35V = )| 4= {EIGullg + EIGull + Bl }
Ss2/v/n

We begin with ||G,||4. Since sgn((y — d(z; 8))/0) = 21{y > §(2;8)} — 1, Q is VC-
subgraph with index O(V (D)) and envelope |y —k|. Therefore Theorem D.1 and Lemma D.2

E|Gullg S /V(D)(s2 + ms). (C.4)

Moving on to ||G,, |, set M,, := n'/* and truncate 7:

re., (Y, 2) =1y, 2){|ly — k| < M,}, R, = {rsum, : B € B}.

give
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For a sufficiently large absolute constant C,
Frar, (y,2) = C(ly — k[1{ly — k| < My} + 5n)

is an envelope for Ry, satisfies ||[Fra, |5, < Sn, Frum, < C(M, + S,), and, by
Lemma C.4,

sup Prd ,, < sup Prd SASE SO Fron |15 5. (C.5)
peB peB '

Apply Lemma C.5 with [y, therein as F'p 57,. We obtain

T (A2 Ras, | Froae, La) S A 1/2\/v )log (€A Lo ). (C.6)
Applying Corollary D.1 with the localization condition (C.5) and (C.6) yields
(M, + S,)V (D) log (AL, )

E|Gullg,, <AnY2S, \/v )log (AL ) + 7 . (C.T)
Moreover, since p,,, is bounded,

Ezlelg 1n ; {(rs = raar,)(Yi, i) — Pilrs — T‘ﬂ,Mn)}' (C.8)

<E ‘172 2: {5up Irs — 130, |(Yi, zi) + P ZUP rg — TBMn‘H (C.9)

< \/ﬁ;‘ég (C.10)

Indeed, (C.10) follows from |rg —rsar, | S |y —E|1{|y — k| > M, }, E|X|1{|X]| > M, } <
E|X|*/M2, and + 7 P|Y; — ki|* S s5 +mi = wi,.
Combining (C 7) and (C.10), and substituting M,, = = nl/4, 4 gives

- (R4 + S)V(D)log(eX2L,,,) Wi
El|Gnlle S )‘nl/zsn\/v(p) 10g<6A%/2Lo',n) + vn ( ) + nf’/zx.
(C.11)

Finally, we bound ||G,||,,. Let F(y, 2) := CA,(0 + D(2)). For C large enough this is
an envelope for H, and

1Fullpe S An(s2 +ID1,),  Fu < CAnlUsn.
By Lemma C.3,

sup Ph} < A\us3 S A Full 5. (C.12)
BEB ’

0OA-9



Since sinc’ is bounded, |hg(y, 2) —hs(y, 2)| S A2]0(2; B) =6 (2; /3)|. Thus, for every discrete
probability measure () and 0 < n < 1,

N (nlFillg o 1 22(Q)) < N (e5-1Dllg, 0P La(@2) )

where (), is the marginal measure on z. By Lemma D.2,

J (Y2 H | Fy, Ly) £ 0712%/V (D) log(e,). (C.13)
Applying Corollary D.1 with (C.12) and (C.13) gives
MUV (D) log(en
Il S 3V (D) log(eh,) sz + D], + 208 OTBER) e 1y

Combining (C.3), (C.4), (C.11), and (C.14), and using V(D) > 1, \, = /2logn,
log(eL,n) > 1, gives
(log n)1/4\/10g logn -
VN

C.3. Tail bound for regret. In addition to controlling the expected welfare, empirical

Esup [A5(5)] S M
BeB

process techniques can also get high probability guarantees on the realized in-sample regret,

N

defined as the quantity u(/5*) —u(/3). We give a basic tail bound result for ASSURE* using the
1.n.i.d. extension of van der Vaart and Wellner (2023), Theorem 2.14.23 from Appendix D.

Theorem C.1. Fix 6 > 0. Under the assumptions of Theorem 1, with probability at least
1—9
N my mo + (M + s3)v/logn 2

where M is the constant in the statement of Proposition C.2. The same bound is true for
W(p*) = W(B).
Proof. The optimality of /3 for T,,(-) shows that

u(B*) — w(B) < w(B) — Wa(B*) + Wal(B) — w(B) < 2sup [u(B) — W,(B)|

BeB

Combined with the uniform bias bound on Wn from Proposition 1, we have

u(B) = u(B) < 2sup u(B) — Wa(B) — E [u(B) — Wa(B)]| + s

BeB nlogn'

Let [|Gyl| 7 := v/ supges [u(B) — Wa(8) — E [u(8) — Wa(8)]|

Here, F is the function class with members, indexed by £ € B,

fa(y, 1, 2) = (p—k)1{y > 0(2; 8)} — wn(y; z, B)
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with z = (k, 0, ) and wy, defined in (2.7). We will control the sub-Gaussian norm of ||G,, | .
Notice that an envelope function for this class is given by |u — k| + Cly — k| + \,,0, which
is in turn bounded above by

F(y,pk,0) = C(|lp— k[ + |y — p[ + A\no)

for some constant C. Applying Proposition D.1 with V; = (Y}, u;, 2;), the sub-Gaussian
norm is bounded above by a constant multiple times
| 1/2
BIGu+ (£ 30— K+ X0t SEIGue+ e
i=1
By definition of the Orlicz norm v, any random variable satisfies P(|Y| > t) <
2exp (—t2/|[Y'||3, ). Equivalently, with probability > 1 — 4, [Y'| < [[Y']|,,,\/log 2. Combin-
ing this with the bound on Equation (A.2) in Theorem 1 yields

. M(1 174, /log1 V1 [ 2
() — u(B) < m (logn) oglogn + ms + s9y/logn log 2.
nlogn vn )
from which the statement follows.
The analogous result follows for W (3*) — W (3) by first noting that

W(B") =W (B) < W(B") = Wa(8) + Wa(B) = W(5) < 2sup Wa(8) =W (B),

and then repeating the same steps of the proof. U

C.4. Auxiliary results for Theorem 3. We start with a lemma calculating the derivatives
of the average welfare. Since the computation is straightforward, we omit the proof.

Lemma C.6 (Derivatives of the welfare). Assume the decision thresholds 6 (-, Z) are smooth
foreach Z, and set T; () := (u; — 0(z;; 8))/0;. Then the derivatives of the averaged welfare
are given by

W/(B) _ _ib zn:(lul o kz) (TZ(B)) 5,(5;21)
W(3) = = 3= ) o (103) T — () T
and
W(B) =~ > kA
A= p @) TE) g ey TEATEE ) O
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Under Assumption 1(1), there exists a constant C'g that only depends on B such that

Sup (W) + W (B)| + [W"(B)] < Cs.

Theorem C.2. Under the assumptions of Theorem 3, for n large enough, we have
2(] (log n)3
vn
with probability at least 1 — %, for a constant C' depending only on B and the VC indices
of D,D'. As a result,

B [w(s) - w(@) <l

for an absolute constant C' depending only on B, , and the VC indices of D, D’.

Proof. Firstly, inspect the derivatives of the welfare from Lemma C.6. By the results of

Theorem C.1 we have with probability at least 1 —

. A my msy + (M + s2)+/logn 2
W(B)_WW)SC{nlogn—i_ Jn \/10g5},

where c is a universal constant in Theorem C.1 and M is the constant in the statement of

Proposition C.2. Substituting § = 1/n and using Assumption 1(1), we have
logn
N4
with probability at least 1 — 1/n and some absolute constant C. Let A,, be this event.
Take n large enough such that the right hand side of Eq. (C.15) is less than £. Using
Assumption 1(4), we conclude that on A, |5* — B[ < k/B. Now, Taylor expand W' around
[£* to obtain

W(B") —W(B) <CB (C.15)

W/// (6)

W/(3*) — W' (B) = =W"(B")(8" — B) — (8" — B)* (C.16)

for some 3 between B and 3*. By Lemma C.6 and the reverse triangle inequality |a — b| >

la| — |b] we have

W5 - W(B)| = W(s) W g~ g2 = i — 31~ Lo 2

where the last inequality follows from Assumption 1(3). Combining this with the Taylor

expansion in Eq. (C.16), for n large enough, on the event A,

<|w'(s) - w(5). (C.17)
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Next, by Theorem C.5, with probability at least 1 — 1/n

C C(logn)®/?
wiogn i
for a constant C' depending only on B and the VC indices of D, D’. Let A, denote this
event. Combining equations (C.17) and (C.18), we conclude that on A, N A,,, which has

W(3) =W (57)| <

log(2n) (C.18)

probability at least 1 — 2, that

2C (logn)?3
* < -
BB < kK \/n
for a C' depending only on B and V' (D), V(D’). This proves the first claim.

Next, notice that W’(3*) = 0. By Taylor expansion of W around /3*, we have
W(5) = W(B) < Cp(5 — ) + Cu(B — ).
Then for n large enough,
E[W(B) —W(B)| <E[W(B) = W(B); AN A + B [W(8°) = W(B); (A, N A,)]
S CBE (8" = B)% An N Ay
< CpC? (logn)® N E
n

K2 n

This concludes the proof. U

Theorem C.3 (Uniform bounds on the derivative bias). We have
/ / |:u2 ki | / —1/(2hn?)
W'(8) — EW, (B Z 10'(3, z:)| | he
W"(8) = EW(B)] <

l ( Zluz l<:||5~ ) ( Z|:U’z_ : ,zi)2>]el/(2h2)

With the choice of h =1/ \/2 log n and uniform upper bounds on ¢’, the bias for the first
derivative is on the order of

l n ‘.“‘z k ‘
x/@ (n =l g )
Proof of Theorem C.3. Lemma C.2 shows

=02 (M) = SRt =) [ L sl - ©) o)

2 w
1 1 Vh1l 1o .
Ev,(Y,2,C) = 5(,u —k)+ ;(u - k:)/o 56_5“) sin(w(p — C)/o)dw
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We may differentiate under the Lebesgue integral in C', which is justified by dominated
convergence theorem. This yields

R (1O - LR b costat - O o)
0

o g m™ O

d 1 —k [k
—EV,(Y,2,C) = K / e 2%’ cos(w(p — C)/o)dw
dC T o Jo
By the chain rule, we have
1 " od¥
_ d h }/'uzlv Zlaﬂ))5/(67z’b>
n i

=1

By the formulas for derivatives of ¥ in Lemma B.2 and Lemma B.1 shows, |d‘I’h] <
K,|Y — k|/o for some constant K}, depending on h. This provides a dominating integrable
function which justifies DCT, yielding %E\Dh = E<%:. Therefore,

W) - B0 < 2 (2 ) [ e ot - O
( Z'“‘ o ﬂ,z») e 1/

using the constant upper bound for cos and the Mills ratio bound.

For the second derivative, the argument is similar. For notational clarity we will write
Ve, Uee to be the first and second derivatives in C' of Wy, Applying DCT again to justify
the interchange of derivative and integral, we obtain

_ — Lp—Fk [ 1.,
a ngol <M C) -k k/ we 2¢ sin(w(pu — C)/o)dw
0

o o T o2

Lpu—Fk [yh 1,2
EVee(Y, 2, C) = A / we 2¥ sin(w(p — C)/o)dw
0

T o2
Next, notice that the second derivative of ASSURE* is given by

Wi(8) Z%C Yi, 2i,0(2 B))8' (B, 20)* + We (Vi 2, 0(255 8))0" (B, ). (C.19)

Thus, a
B9 - W) S (13 5,50 s [ et st - )
(3l B st sup [ e costet — o

The conclusion follows from bounding cos, sin above by 1 and bounding the resulting

integrals. U
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Theorem C.4. In the setting and notation of Theorem 3, we have
A A 4MB1 1
P (3@ BCD B > Og”> —0 () ,
) n
for some universal constant M > 0.
Proof of Theorem C.4. Recall the function ¥ in the ASSURE* estimator of (A.1). Let

Ve, Uee denote the first and second partial derivatives in C', given in Lemma B.2. To
control B — 5’ (=), we will apply a standard Taylor expansion using the first-order conditions

Z‘Ifc (Yi, 21, 0(B,2:))8 (B, ) = 0 (C.20)
quc L2, 0(BCD, N0 (BT, ) =0, Vi=1,...,n. (C.21)
J#i

By Taylor’s theorem applied to Y7 ; U (Y}, z;, 6(e, 2;))0' (e, z;), we have

- ii V(Y 2,008, 2))0' (5, )

A A N

— E Z\I/c 25,0 5 _i),Zj>)5/(ﬁ(_i),zj) + Ani(B— 5(_i))

1 A(—1i 10 A(—i o a(—i
= ~Wo(Y;, 2, 6377, 20))8 (B, 20) + Ana(B = B7).

where
12 ~ ~ - -
= (n > Wee(Y), 25,685, 25))8 (Biy 2)° + Ve (Y, B;)d" (Bs, Zj)) (C.22)
j=1
W) 23

for some 3; between /3 and (). By Assumption 1(1), |5’(5’(_i), z;)| < B. By Lemma B.2,
it is not difficult to show that

for some universal constant M/ > 0. Thus,
< M B)\%

S oA (C.24)

5o

By Lemma C.7 and a union bound, with probability at least 1—O(n ') we have |A,, ;| > /2

for all 7. On this event, (C.24) yields ‘ B — B (= QMB)‘" . Since A2 = 2log n, enlarging
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the absolute constant M if necessary gives

B B B(ﬂ) < 4M Blogn

This proves the theorem. U

RN

Lemma C.7. In the setting and notation of Theorem C.4, let 53; be any point between BA and
B9 and define A= W/{(Bz) Then, for n large enough,

1

PW%AEKQ)Zl—O(Q).

n
Proof. Write

5,28?4W1w)—E{WywﬂL JLﬂ:sgﬂEﬁﬁﬂﬁﬂ—WV%mL

I1], := Cp max max <|B* — B9)18* - B|) :
where C'p is a constant depending only on B. Since W is uniformly bounded by C'z and
j; lies between 3 and 37, we have ‘W”(@) — W"(B*)
triangle inequality and Assumption 1(3), |A,.;| > k — I, — II,, — I11,.

< III,. Hence, by the reverse

The three error terms are all o(1) with probability 1 — O(n~!). First, by Assumption 1(1)
and Theorem C.3, ], < (\/T + B5> = O(n~1). Second, Theorem C.6 with § = n~!
gives [,, < C M with probability at least 1 — 1 / n. Third, Theorem C.2 gives |3 — 8*| <
C (lojﬁ) with probablhty at least 1 — 2/n. Let 5(~9* maximize the leave-one-out welfare

W9, The proof of Theorem C.2 applies verbatim to W(*i), except that 4 is set to be n™2, so

(log n)?

vn
with probability at least 1 — O(n~2). Applying the union bound, we obtain that, with
probability 1 — O(n™ 1)

|B(*i) _ 5(*i)*| <C

a » (logn)? ,
13D — = < . Vi=1,....n
Vn

Moreover, W and W (= differ uniformly by O(n~!) under Assumption 1(1), hence
W) =W () =0m™).

Since W”(8*) < —k and W is uniformly bounded, there exists » > 0 such that
W"(5) < —k/2 for all |3 — §*| < r. Because O is compact and 5* is the unique global
maximizer of W,

& =W(F) = sup W(B)>0.
|B—B*|>r
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For n large enough, the bound above is smaller than &,, so |3(79* — 3*| < r. Therefore
Taylor’xs theorem gives

W(87) = W) = 5w () (900 = 57) = [

2
*

for some /3; between 3* and 3(~*. Consequently, |3(~9* — 3*| = O(n~'/?), and, by a union
bound, /11, = O ( 1051‘ ) with probability 1 — O(n ™). For n large enough, the sum of the
bounds for I,,, I1,,, and I11, is at most x/2. The conclusion follows by a union bound. [J

Theorem C.5. Under the same assumptions of Theorem 3,

1( Q% (A ¢ logn5/2 f
B (5) = W) < et (V@) + VD).

for an absolute constant C' depending on B. Moreover, fix any 6 € (0,1). Then with

probability at least 1 — 9, we have

A C logn )2/2
W(B%) — W'(B)| < (V@) )\
W5 = W) < e+ YD) + V(D)) yfin
Proof of Theorem C.5. By Assumption 1(2), W’ (6*) — 0 and by definition we have TW'() =
0. Therefore,

W/(57) = W'(B)] = [W'(B)] = [W'(B) = W,(B)] < Sup W'(8) = Wo(5)],
which can in turn be bounded above by
Sup W'(8) = EW,(5)] + Sup W,(8) — EW,(5)]. (C.25)

The first term represents the bias of the derivative of the ASSURE* estimator, which we

bounded in Theorem C.3 by, up to universal constants,

1

e P

We will focus on bounding the second term sup [W! (B) —EW!(B)| using i.n.i.d. empirical

process theory. The proof structure follows exactly the proof of Theorem 1. Recalling the

notation in Eq. (B.1), we need to bound the quantity

—-1/2

n sup

\/— Z (e (i 21, 0(23 8))0"(B, 2:) — E[Wo(Yi, 2, 6(2:5 8))6' (8, Zi)])’

where recall that U (Y], z;, C') is given by

~\, usinc ()\n (Y; — C)) + A2 sinc/ ()\n (Y; — C)) .
o] 0; ;
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Throughout this proof, let 7(!) denote the function class consisting of the functions

y—k

00y, 2) = A, ( ) sine O (y — 55 8) /o) (B, 2)  (C.26)

g

indexed by 3, and let F(® denote the function class consisting of the functions
I (. 2) = X sinc (A, (y = 3(238)) /o) 8'(8, 2). (C27)

Let [|G|| z1) = supy |ﬁ >y fél) (Y:, zi) — Efél) (Y, z;)| and define the analogous quantity
|G || 7. Finally, let F denote the sum function class ") + F®), comprised of the functions
\IIC(% 2 6(Za 6))5/<57 Z)

Using a uniform bound for sinc and sinc’ alongside Assumption 1(1), envelope functions
for 7, @) are given by

ly — K|
g

FO(y) :== BLA, - F®(y) .= BL)2.

for some absolute constant L. Propositions C.3 and C.4 bound these terms, yielding

E[[G] - < Cllogn)®* (y V(D) + V(D)) .

Combining these propositions and the bias bound, we obtain

/ It B C<logn)5/2 /
Esup [W/(3) = W (0)] < e + S8R (VD) 4\ V(D))

for an absolute constant C'. This is the first claim.

To get the second claim, we will apply Proposition D.1 with V; = (Y}, z;) using the

c(n=H
n o n .
The random variable A, |Y; — k;|/o; + )\i is easily seen to be sub-Gaussian with parameter
< A2 + M\, |y — ki /o;. This shows

envelope function

n

1/2
1
I, S BIGI + (3= (3 + X - /)

i=1

SEIG| 5+ X+ hurs S (logn)* (WD) + V(D).
We conclude by the definition of the Orlicz norm. O

Theorem C.6. Under the same assumptions of Theorem 3,
: A logn)7/?
Esup |[W)(8) — EW (B gC(i

w[171(5) ~ EW(9) < O
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for a constant C' depending only on B and the VC indices of D, D', D". Moreover, fix any
d € (0,1). Then with probability greater than 1 — 0, we have
A . logn)7/? 2
w"(3) — EW” < 0(7 log —.
sup [ (8) ~ EW(8)] < 02— lom 5
Proof of Theorem C.6. Recall that
Z\P Zj’5(57zj))6/(ﬁyzj)2+\I/C<Yjvﬁ)5u(67zj)'

J=1

LetA(B) fzz 1\I[CC(}/M2176<Z”Laﬁ>)5,(5721> andB(B) fz \I/C(}/hZi76<zi;ﬁ>>5”(672i)'
By the triangle inequality, it suffices to bound

W// l
n

o (500 408) ~ BA) + s B3) - BB
8 B

in expectation and with high probability. The argument of Theorem C.5, replacing ¢’ with
9", establishes the bound

E [sup B(5) - EB<5>|] < Cllogn)*” (€28)
B

for a constant C' depending on the VC indices of D, D”. Therefore, we will focus on bound-
ing sup; | A(8) — EA(B)].

From Lemma B.2, U is given by

P ] ;T 3 . —
Voo (Y, 2, C) = )\iMSmC/ ()\n (Yz C)) B LSIHCN <An (E C>)
0;

0; 0; i

We emulate the proofs of Theorem 1 and Theorem C.5. Throughout this proof, define the

following functions classes indexed by /3:

FO = { Oy, 2) = 222 _2’“ sinc/ ()\n (W» :Be R} (C.29)
ag g

FO .= {fél)(y, z) = )\2 k sinc’ <)\ <y—<;z,ﬁ)>> §(B,2)*: B € R} (C.30)

FO = {fg@(y, 2) = fl sinc” ()\n (W)) 5'(B,2)%: B € R} (C.31)

= {5’(/3, 22 8e R} , which is also VC-subgraph (C.32)

Let |G| z1) = supg |f Z ) él)(Yz, 2;) — Efél)(Yi, z;)| and define the analogous quan-
tity ||G|| z). Finally, let F() — F® denote the difference function class, comprised of the
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functions e (y, 2, 6(2; 3))' (B3, z)2. Using a uniform bound for sinc’ and sinc” alongside
Assumption 1(1), envelope functions for (), F2) are given by

y — k|

g

F® .= CB3)\2. (C.34)

FO .= CB3)? (C.33)

for some absolute constant C'. Furthermore notice that D2 is a VC subgraph class, by com-
posing Lemma D.1(5) and Lemma 2.6.20.viii of van der Vaart and Wellner (2023). To pro-
ceed, write supg |A(8) —EA(B)| < [|G|| za) + ||G|| z2 . Propositions C.5 and C.6 show that

E(G| z0) < Clogn)*? E||G| re < C(logn)™?

for a constant C' that depend on B and the VC indexes of D, D'2. Combining this with Eq.
(C.28) we obtain the first claim: Esupg W (3) — EW"(B)| < C’%.

To obtain the second claim, apply Proposition D.1 with V; = (Y, z;) and envelope func-
tion F) + F® = CB? (/\i - /\%Ly%‘kl> It is not hard to see that M (Y}, z;) + F3)(Y;, 2)
is sub-Gaussian with parameter at most a constant multiple times B> ()\::’L + )\%“"U;k")

Plugging this into Proposition D.1 plus the definition of the Orlicz norm yields

3 2
()‘n + )\nV2)> lo 2

sup V(5 ~ EW(9)] < (E sup IV1(5) — B (9)] + €112 :
(log )™/ log 2

NG 5

with probability at least 1 — 9. [l

<C

C.4.1. Proofs for uniform bounds for ASSURE* derivatives. The structure of the following
results are all analogous to Theorem 1.

Proposition C.3. Under the assumptions of Theorem C.5, we have
E||G 0 < Cllogn)*”* (VD) + V(D).

for a constant C' depending on B, where F) is the class of functions defined in (C.26).

Proof. Following the proof of Theorem D.1 as before with V; = (Y}, z;), we may apply

symmetrization and a maximal inequality to obtain

E (|G| yo] < E [/0" J1+1og N(e, f(l),LQ(Pn))de} , (C.35)
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with 7, 1= supg H fél) Hn We will bound the covering number in two steps. First, consider

an e-cover M, in the IL?(IP,,) metric for the function class

FO .= {fﬁ (4,2) = —An (y - k) sine (A, (y — 8(2;8)) Jo) : B € R} (C.36)

o

and a e-cover in the L*(P,) metric N, for the function class D' := {§(8,z2) : B € R}.
Moreover, take the cover such that all elements of M, are bounded above by the envelope
Ch, ’ ’ for an absolute constant C'. Take d(z ) € N, which is e-close to ¢'(5, z) and

similarly, take g(y, z) € M, which is e-close to f (y, z). By assumption, we can take the
net N, such that d(z;) < B for all i. Then

L3 (002086, 2) = o, 20z
< LS ) (8.2 A S Y (£ ) - g% )
i=1 =1
1 n Y; _ kz 4 1/2
§>\31<n§( O-:l )> 62+B2€2

where we used the envelope bound and Cauchy Schwarz on the last line. Thus, we conclude
the following relation between covering numbers:
N(C (Mbs+ B) e, FO Ly(P,)) < N(e, D', Ly(P,)) - N(e, FO Ly(P,)),  (C.37)

y—k

o2

where 7, 1= H ycr;k . We will use this notation in other proofs. Let 64 =

L4(Py,) L4(Py,)
By a Lipschitzness argument analogous to the one used to obtain Eq. (C.2), we also have

N(CX2se, FO Ly(P,)) < N(e, D, Ly(P,)). (C.38)

Putting these bounds into Eq. (C.35), we have

/"" 1+logN< € ,D,M(Pn))de
0 CX2(y (Mg + B)

n €
l+logN|—=———F—=,D LYP,) |d
/0 \l + og (O()\nﬁz; + B)a 9 ( )) E]
By change of variables and the uniform envelope function B for D, D’ we then have
ooy T AWVDIE (G2 + B)] + A/ V(D)E[Zs + B,

Using Cauchy Schwarz repeatedly and Assumption 1(1), it is not difficult to observe the
bound E||G|| r0) < CA2 <\/V(D’) + \/V(D)) for a constant C' depending on B. O

E|Gllre) SE

+E

E||G| 7o) S E[F®
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Proposition C.4. Under the assumptions of Theorem C.5, we have

E||Gllye < Cllogn)”? (\W(D) + V(D).

for a constant C' depending on B, where F?) is the class of functions defined in (C.27).

Proof. Following the proof of Theorem D.1 as before with V; = (Y}, 2;), we may apply

symmetrization and a maximal inequality to obtain

E (|G yo] < E [/O" J1+1og N(e, f(?),Lz(Pn))de} , (C.39)

with 7, := supy H f/(f) Hn We will bound the covering number in two steps. First, consider

an e-cover M, in the L?(PP,,) metric for the function class

S = {s5(y, z) 1= Asinc’ (A, (y — 6(2: ) /o) : B € R} (C.40)

and a e-cover in the L?(IP,) metric NN, for the function class D' := {¢'(83,z2) : 8 € R}.
Moreover, take the cover such that all elements of M, are bounded above by the envelope
C\? for an absolute constant C'. Take d(z) € N, which is e-close to (3, z) and similarly,
take g(y, z) € M, which is e-close to sz(y, z). By assumption, we can take the net N, such
that d(z;) < B for all i. Then

12 ,
=3 (s5(Yi 28 (8, 2) — 9, 2)d(z:))°
i=1
1 , |
N o Z s53(Y5, z)2 (8 (B, z) — d(zi))2 + - Z d(z)? (sp(Y;, z:) — g(Y5, ZZ))Q
i=1 i=1
<CMN e + B?é, (Envelope bound)

for a constant C' that only depends on 5. Thus,
N(C (X + B) &, F?, Ly(P,)) < N(e, D', La(Py)) - N(€, S, Lo(P,)) (C.41)
for some absolute constant C'. Since sinc’ is Lipschitz and o; 1 < B, we also have
N(BX}e,S,Ly(P,)) < N(e, D, Ly(Pn)).

Putting these bounds into Eq. (C.39), we have

Uio €
l+logN|[——C  pL2P,))d
/0 J +l0g <0A§(Ag+3)’ ’ (”)> 6]

/077" J 1 +log N <O(A2€+B) D ]L?(Pn)) de]

n

E[G|ro SE

+E
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By change of variables on the entropy integral, we have
|G|z SE[F®| + X302+ B)yV(D) + (A2 + B)y/V(D), (C.42)
Using the definition of the envelope F(?) and the fact that \,, > 1 for n large enough,
BIG]xe < ON, (VWD) + V(D))

which is the stated bound since \> = (logn)>/2. O

Proposition C.5. Under the setting and assumptions of Theorem C.6, we have

|G 5, < Cllogn)™* (V(D?) + V(D).

for a constant C' that depends on B, where F (1) js defined in (C.30).

Proof. Throughout this proof, C' will refer to an absolute constant which may depend on
B and will change from line to line. Following the proof of Theorem D.1 as before with
Vi = (Y;, z;), we may apply symmetrization and a maximal inequality to obtain

Mn
E(IGlz0)] <E [/O V1 +log N(e, FO), Ly(P,))de| , (C.43)

with 7, := supy H fél) Hn We will bound the covering number in two steps. First, consider
an e-cover M, in the IL?(P,,) metric for the function class F ©) in (C.29) and a e-cover in the
IL*(IP,,) metric N, for the function class D' Moreover take the cover such that all elements
of M, are bounded above by the envelope C'\2 |7
d(z) € N, which is e-close to (3, z)* and s1m11arly, take g(y, z) € M. which is e-close to
fg(o) (y, z). By assumption, we can take the net N, such that d(z;) < B? for all i. Then

1 & , 2
3 (1 (Ve z)d (8. 20) — gV z)d (=)
=1
1. 2 12 2
S Y m) (88, 20° = d(z) + - 3 d(=) (15 (Vi 2) - 9, 2)
i=1 i=1
4 = (Y - k) 2 4.2
<A, - Z — €+ B%e (Envelope bound and Cauchy—Schwarz)
i=1 Ti

1 (Y — k)2
SB%( s i k) Z)> € + Bl
1=1

Thus, we conclude the following relation between covering numbers:

N(CB (X201 + B) e, O, Ly(P,)) < N(e, D? Ly(Py)) - N(e, FO, Ly(P,)).  (C.44)
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By an argument analogous to the one used to obtain Eq. (C.2), we also have
N(CB*Xt4e, FO Ly(P,)) < N(e, D, Ly(P,)). (C.45)

To show this, take any e-cover in the IL*(IP,,) metric of the decision function space D.
Take any 0(+; 3) € D, and suppose the function d is e-close to this function. Then because

sinc’ is Lipschitz for some constant C,

190.2) =222 sine (0~ d) o)

i

<O (71z Zn: M (5(21;8) — J)2>1/2

i—1 0j

L2(Pn)

1

1 (Y — k)N 1 S\ A
< CB2N <n ; a;.l> - ; (5(21»; 8) — d) < CB2X iye.

(Cauchy—Schwarz, Assumption 1(1))

Putting these bounds into (C.43), we have

Mn €
1+ log N D, LAP,) |d
/0 J o8 (CB3/\%ﬁ4()\?Lﬁ4+B)’ LA )> 6]

in €
1 +log N D2 LAP,) | del| .
/0 J +lo8 <03(A3ﬁ4+3)’ LA >> 6}

By a change of variables argument and using the uniform envelope functions B, B? for
D, D'? we then have

E|Gllze) SE

+E

El|Glzn < EHp(l)

where F'(1) is the envelope function defined in (C.33). Using Cauchy Schwarz repeatedly

and Assumption 1(1), it is not difficult to observe the bound

BGlr < OX, (yV(D?) + V(D)

for a constant C' depending on B, as desired. U

Proposition C.6. Under the setting and assumptions of Theorem C.6, we have

E|[Gll < Cllogn)? (\V(D?) + V(D).

for a constant C' depending on the bound B, where F?) is defined in (C.31).
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Proof. Throughout this proof, C' will refer to an absolute constant which may depend on

B and will change from line to line. As before,

E 1G]] SE| [ 1+ log N(e, 7, La(P.))de]. (€46)

with 7, := supy H féZ) Hn We will bound the covering number in two steps. First, consider

an e-cover M, in the IL?(IP,,) metric for the function class
)\3
S = {SB(y, z) = sind” (N, (y —0(2;8)) Jo) : B € R} (C.47)
o

and a e-cover in the IL?(I?,) metric N, for the function class D'2. Moreover, take the cover
such that all elements of M, are bounded above by the envelope C'BA3 for an absolute con-
stant C'. Take d(z) € N, which is e-close to §’'(3, 2)? and similarly, take g(y, z) € M, which
is e-close to s3(y, z). By Assumption 1(1), we can take the net N, such that d(z;) < B? for
all 7. Then

Tll j (Sﬁ(Yz‘,Zi)(S/(ﬁ,Zi)z —g(Y3, Zz)d(zz)>2
< iisﬁ(n, 2 (88, 20)7 — d(=)) + - S d(2)? (35(Yi ) — gV 7))

—

1=

< CB2>\2€2 + B,
where we used the envelope bound on the last line. Thus,
N(CB (X + B?) ¢, F®) Ly(P,)) < N(e, D? La(P,)) - N(e, S, La(Py))  (C.48)
for some absolute constant C'. Since sinc” is Lipschitz and o; 1 < B, we also have
N(CB?*X¢,8,La(Py)) < N(e, D, Lo(Py)).

Putting these bounds into Eq. (C.46), we have

Tn €
1+log N D, L2(P
) J 100 ( ey P (”)H

" € 272
/0 \ll+logN<CB2()\%+BQ),D L2(P,) |de

Change of variables for the entropy integral gives as before

E|Gllre) S E

+E

|Gl pe SE[FO| +MO3+ B)V(D)+ (X + B V(D?).  (C49)

Using the definition of the envelope F'®), we conclude the proof. U
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C.5. Auxiliary results for Theorem 4.

Lemma C.8. In the proof of Theorem 4, we have that Bayes regret is equal to (A.13).
Proof. To see this, consider the case where m¢(Y;) > 0 so that al,(Y;) = 1. Then
ma(Ys) (ag(Yi) = ai(Yin)) = [ma(Yi)] (1 = ai(Yin)) = [ma(Yo)| 1{ag(Vi) # ai(Yin)} -
In the other case where mq(Y;) < 0 so that af,(Y;) = 0, then
ma(Ya) (ag (Vi) = ai(Yin)) = —ma(Yi)ai(Yin) = [ma(Yi)] ai(Yin)
= [ma(Yi)[1{ag(Ys) # ai(Yia)} - O
Lemma C.9. In the proof of Theorem 4, let

Go :==Radyo_1/aym), G1 = Radyja41/0aym)-

Let p, denote the marginal density of a single observation under GG;, and let p(G_Z,j ) denote the

joint density of (Yy,...,Y;_1,Yj41,...,Y,) under G™. Then, for all sufficiently large n,
Qo 1= /RH min (p,” (v-5), 06, (v-5)) dy—; > a,
where o := 1 — /2/2 > 0.

Proof. Since p(G_Z_ 7 is the (n—1)-fold product of pg,, we have o, 1 = 1-TV (p(G_Oj ) , p(G_l g )) )

By Pinsker’s inequality and tensorization of the Kullback-Leibler divergence,

SN (= n—1
TV (p(Goj)ap(Gl])) < \/2KL (pGoapG1)'
By the data processing inequality,

1 1 1 1
KL <KL (Bern (- - ) Bern 2+ —~_)).
(pGoapCh) > < ern (2 4\/ﬁ> , Bern (2 + 4\/5))

1 1

The Bernoulli KL-divergence equals ﬁ log if , which is at most 1/n for all sufficiently
27 4/n
large n. Therefore o, 1 > 1 — ”2—;1 >1-— g = q. O

Lemma C.10. In the proof of Theorem 4, let

GU = Radl/z,l/(4\/,;), Gl = Rad1/2+1/(4\/5).

Then there exists an absolute constant ¢ > 0 such that, for every monotone decision rule
a;(Yin) = 1{Y; > 6;(Y_i) },

R(GU7 al:n) + R(Gb al:n) Z

Slo
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for all sufficiently large n.
Proof. Let ¢ denote the zero of the posterior mean mg, (), and define
w(y) = min (jme, (W), [ma, W)),  qly) = min (P& (), PEI(Y)) -
Since ¢} < ¢ and a;(Y7.,) is monotone in Y;, for each fixed Y_; we have
1{ag, (Vi) # ai(Vin) b + 1 {ag,, (V) # ai(Vin) } > 1{c} < Vi < ¢}

Hence, by (A.13),

R(Go, a1.n) + R(G1,a1.0,) >

> [ ot {eh << iaty) dy

S\H

> s [ wly) i e (). s ()

1

where «,,_; is defined in Lemma C.9. By Lemma C9, a1 > @ := 1 — \/5/2 for all

sufficiently large n.

Next, write p_ := % 1 f and p = % + 7 The posterior mean under Rad, is
2y _ (1 — —
_pe—(1-p) L, 1-p
mRadp<y) - p€2y + (1 _ ) ( ) ) Cp = 5 log »
Therefore, with ¢,, := ¢& = c;;+, we have
1 1
1 >t 1m
Cy = Cn, = —Cn, cnzilogi_i.
27 4/n

Since ¢,, = arctanh (ﬁ), we have ¢, > ﬁ

For y € [—cp, ¢nl, Ime,(y)| = tanh(c, — y), |me, (y)| = tanh(y + ¢,,). For all suffi-
ciently large n we have 2¢,, < 1, and tanh(¢) > t/2 for t € [0, 1]. Hence, on [—cy, ¢,),
w(y) > 3min(c, — ¥,y + ¢n) = 3(cu — |y|). Moreover, for all sufficiently large n the
interval [—c,, ¢,] is contained in [—1, 1]. Since both p_ and p, lie in [1/4,3/4],

. 1
min (pe, (v), pa, (y)) > 190(2) forall y € [—cp, ¢,

Combining the preceding displays, we obtain

2) [en 2) [en 2
R(Go.ava) + B(Gra) 2 a2 [ wiyyay> a2 [ e~ yyay = PPz
p(2) 1
>l
=« 32 n
This proves the claim. U
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C.6. Auxiliary results for Theorem 5. Throughout this section, we fix dy,...,d,, set
h = 1/y/2logn, and let Z; ~ N (u1;,0?) independently. We record the three ingredients
used in the proof of Theorem 5.

Lemma C.11. For

z x _  [(x—0 s . z—0
F,(s;0) .—2+7T81< 7 >—hsmc< 7 >,

the map s — F,(s;0) is C'(1/h + |z|/€)-Lipschitz on [e, 00), uniformly in ¢.

Proof. Write y := (x — 0)/h. Then F,(s;0) = § + 2 Si (%) — %% Differentiating in

d o T o fx=0\ 2 . (y 1 y
o= Zon (50) (1) + o ().

Using the uniform boundedness of sin, cos, and sinc, we obtain

d 1 |z 1 |z
- . < I el B P I el }
|dst(S’5)| _C<h+ s ) _C<h+ e

on [¢,00). The mean value theorem completes the proof. 0

s gives

Lemma C.12. Under the assumptions of Theorem 5,

Viogn
R

1 _ -
ﬁ Z ’]E |:,I'Z)h7i(\/%}/;; 5i) - whﬂ'(\/ﬁyﬁ 52)H <C
i=1
Proof. Fix i and write ) = ¢;. Since
Wi (750) = Fi(64;0), wpi(7;6) = Fy(0i;6),

Lemma C.11 controls the sensitivity to variance estimation. Let A; := {&i > 0;/ V2 } By
Chebyshev’s inequality,

~9 2
0; — 0y

2 4 Var(62
P(ADSIP( >"2>saﬂ(”)

On A;, Lipschitzness gives

_ _ 1 }_/;
[ibn i (VY33 6) — wn i (vmY;; 8)| < € (h + WT ') 16, — 03]

Also, using the boundedness of Si and sinc,

(:8) — wnals )| 1(45) < € (5 + Jal ) 149,
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Therefore,

Vm 2\ (4 2
. o Q¢wnm@—@w

+0 (RO + Vi ERR(AY)).

Now E(6; — 0;)? < Var(#)) and E(Y?) = K and Var(62) < f14,;/m. Substituting these

o2 m

bounds yields Z
1/2 2 2
. _ _ w1 pi +0; [ai
B [[ons (VTR ) = wna(ViE )] £ (a.h ' ﬁ) oo

Since h = 1/4/21log n, the right-hand side is bounded by C;+/log n/+/m for a polynomial
C; in ||, 04, p145. Averaging over ¢ and absorbing the average polynomial into the constant

C proves the claim. 0J

Lemma C.13. Under the assumptions of Theorem 5,

5N > (logn)?
= B |wpi(vmY;; 6) — wni(Zi305) || < C .
L [E] [[se==
Proof. Fix ¢ and write 0 = 0;. Relabel the micro-data Y;; as Y1,...,Y,,, and let 73, ..., Z,,
be i.i.d. N (u;//m, c?). Define
1
Sy =—= 1+ 4+ 2+ Yo+ + Y,

vm

fork=0,...,m,and
1
Sllc ::ﬁ(21+---+Zk+K€+2+---+Ym),
for k = 0,...,m — 1. Then Sy = \/mYj, S,, has the same distribution as Z;, and
Yiq1 Zrs1
v v

Taylor-expanding = — wy, ;(x; §) around S, to third order, and using that Y}, and Z; are

Sp =S, + Sps1 = Sp+

independent of S;. and have matching first two moments, we obtain
1

[Eani(Si1:0) = Buoni(S:0)| £ —55 (B [V Pl @] +E [|Zeia P @)])
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where 7 lies between Sy and S}, and 7’ lies between Sy ; and 5.

Since k; = 0 under the assumptions of Theorem 5, direct differentiation gives

@, o 3 . ,fx=0 r ., r—0 Lo =0
wy; (7;6) = o) smc’( - ) + o)’ sinc’ < - ) ~ o7 sinc”’ )

so the uniform boundedness of the derivatives of sinc yields

) (230)| S 021m+0‘;23
Also,
s Delygsy, 19 < Belagsy, Bisi < VBISO S Vid - o
Finally,
3 |Mi|3 4 Nz
ElYi]” a2 M ElY, 1] S o M

and the Gaussian analogues satisfy

3 < |Mi|3 3 4 1< N? 4
E|Zk+1| ~ m3/2 + 03, E{ZkJrl] ~ W +0;.

Substituting these moment bounds into the previous display gives

|Ewp,i(Sk+4159) — Ewp ;(Sk; 0)] S (h +h” )

~ 3/2

where P, is a polynomial in ||, 0y, f13.4, fa, 0; !, Summing over k = 0,...,m — 1 yields

> P;
‘Ewh,i(Zi§ 0;) — Bwp(vV/mY5;65)| < N
Since h = 1/+/21ogn, this is bounded by C;(logn)?/,/m for another polynomial C; in
|\pil, oiy pisis pra i Averaging over ¢ proves the claim. O

(h*+ h—3) .

Lemma C.14. Under the assumptions of Theorem 5,

| SO [ (Zi: 6,)] — W<5>| <c (mign + %) .

i=1
Proof. Write

Wea(0 ii @(5 ;,uz>'
Then )
‘ X;]E wp i (Zi30;)] — W(9)| < 7112:1}3 [whi(Zi5 ;)] — Wg(5)| + |Weg(6) — W(J)].
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For the first term, Proposition 1(1) with £ = 0 gives

= (00—
B lun(2:00] - i (221

< |ui|h2e*1/(2h2).

)

Averaging over i and using h = 1/+/2logn yields

SR80 - W) S

P nlogn

For the second term, Berry—Esseen gives sup,,

F™ (z) @(I)‘ < 4%, and therefore

O () <1><x>]) < (}12 ) +

Absorbing the average polynomial into the constant C' proves the claim. U

Wie(d) = W) < (13 sy

\Mi’/i:s,i
o}

Appendix D. Empirical processes for i.n.i.d. data

The next lemma records how the VC index changes under composition for the results
in Lemma 2.6.20 of van der Vaart and Wellner (2023), alongside some additional useful
results. Throughout this section, let v, = e — 1.

Lemma D.1. Let F be a VC subgraph class with index V(F) and let g : X — R,
¢: X — ). Then

(1) g+ F ={g+ f:f € F}isaVC subgraph class with VC index equal to V' (F).

(2) gF ={gf : f € F} isa VC subgraph class with VC index < 2V (F) + 1.

(3) Let f(x) be a VC subgraph class with index V (F). Then the class of functions
1{f(z) > 0} is also VC subgraph with index at most V (F).

(4) Let G be the class of functions g(z,y) : X x Y — R such that g(z,y) = f(x) for
some f € F. Then G is VC subgraph with index equal to V (F).

(5) |F| =A{|f|: f € F} is a VC subgraph class.

Proof. Ttems (1) through (3) follow from inspecting the proofs of Lemma 2.6.20 of van der
Vaart and Wellner (2023) parts i, vi, viii in conjunction with Problem 2.6.10. For item (4),
this follows immediately by noting that the subgraphs of G shatter a set {((Y;, v:), )},
if and only if the subgraphs of F shatter {(Y;,¢;)}"_,. For item (5), notice that the subgraph
of |f| is the union of the subgraphs of f, —f. Combining Lemma 2.6.20 parts ii and iv

completes the proof. U

Lemma D.2 (VC function covering, Theorem 2.6.7 of van der Vaart and Wellner (2023)).
For a VC-subgraph class of functions with measurable envelope function F' andr > 1 we
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have for any probability measure () that
1 rV (F)
N(|Fllg, F L(Q) < KV(F)(166)" P ()
’ €
for a universal constant K and 0 < e < 1.

Following van der Vaart and Wellner (2023) (p.330), for 0 < 6 < 1, r > 1, a function
class F with envelope F', and a probability measure (), write

0
IFlly, = [IF7dQ.  JO.F|F.L) = sup [+ 108N (elFllg, 7. 1.(@Q) de.

where the supremum is over all discrete probability measures ¢ with || ]|, > 0.

Write G, to be the i.n.i.d. empirical process
1 n
—= 2 (f(V,
Vi

where Vi, ..., V, are independent random elements taking values in a common measurable
space and P f = Ef(V;). The next theorem records a uniform entropy bound from van der
Vaart and Wellner (2023) adapted to this setting. In the applications below, we will take
Vi = (Y, z) or V; = (Y;, i, 2;), depending on the function class.

Theorem D.1 (Theorem 2.14.1 of van der Vaart and Wellner (2023)). Let Vi,...,V,, be
independent random elements taking values in a common measurable space, and let F be
a measurable class of functions on this space with measurable envelope function I'. Then
forp > 1,

1/2
NGall=N, S N, F | F, L)L, < J (1, F | F, Le) <nZ|lF ||2vp>

where |[g||;, = & 37, g(Vi)? is the L (P,)-seminorm and 1, = ||| fIL, | /| F .

Proof. The proof is verbatim from van der Vaart and Wellner (2023). Denote by G¢ the sym-
metrized process given by G? f := f S € f(V;). The same argument as Theorem 2.14.1
of van der Vaart and Wellner (2023) shows that conditional on V7, ..., V,,, the sub-Gaussian

norm of the symmetrized process satisfies

G: el S [ /1 + 108 N(e, F, La(P,))de

where P, f = £ "7, f(V;) and

1 n
= =sup,|— Vi)2.
M= |[LFIl, |7 SUp n;ﬁ:f( )
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A change of variable in the integral by € < €||F'||, gives

. /I,
G2l S ||F||n/0 V1+1og N(e| Fll,., F, Ly(Py))de
The rest of the proof follows as is. 0

Theorem D.2 (Localized i.n.i.d. maximal inequality, Theorem 2.14.2 of van der Vaart
and Wellner (2023)). Let Vi, ..., V,, be independent random elements taking values in a
common measurable space, and let J be a measurable class of functions with measurable
envelope F'. Write

_ 1 _
Pf = ﬁzpifv ||FH15,2 = (PF2>1/2‘
i=1

Suppose that F < 1 and that, for some 6 € (0,1), sup;cy Pf? < 0*PF2 If | F||, > 0,
then

J((S,.; | F7 L2)
E < F|F L) (1 Fll5,.
”Gn”f ~ J(57 ‘ Y 2) < + (52\/EHFHP’2 > H HP,Q

If||F|| 55 = 0, then ||G, ||z = 0 almost surely.

Proof. Let S := E||Gy| £, o), := sup;cz P f?, 77 := P, "*. The same symmetrization and
conditional maximal inequality used in Theorem D.1 gives

J(O-TL7~F|F7L2> Tn:|>
T

n

S<E

with the convention that the integrand is zero when 7,, = 0. Since t — J(t, F | F, Lo) is

concave, Jensen’s inequality gives

\/Eo?
S S J (n"’r | F, LQ) ”FHPQ'

1E 55
Also,

Eo? < sup Pf? + n"V2E||G, || - < 6| F|%., + Cn~Y28,
feF ’

where 2 := {f?: f € F} and the last inequality follows from the contraction inequality,
because x + x” is 2-Lipschitz on [~1,1]. Let 2 := \/Eo2 /|| F|| 5 ,. If 2 < 4, the claimed
bound is immediate. If z > ¢, concavity implies

J(z, F | F,Ly) < %J(é,]—“ | F, Ly).
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Combining the preceding displays yields

J(0 F. L J(0 F. L
22§52+C’(’}_’ ’ 2)z:z§5+0(’}_’ ’ 2).
V||l p, oV |[Flp,
@ <a’+br = z<a+b)
Substituting this into the bound for S proves the theorem. U

The previous theorem is most useful when the envelope F' is bounded by some other

constant M, which may depend on n. The next corollary records this.

Corollary D.1. Under the same setting as Theorem D.2, consider a function class F with
envelope F' uniformly bounded by a constant M. Then,
MJ(6, F | F,Ly)
e | Flpy
Vi |[Fllps

where the implicit constant in < does not depend on M.

E[G,| z S J(6,F | F, L) (1 +

Proof. Apply Theorem D.2 to the class of functions F := {f/M : f € F}. Define F :=
F'/M as the envelope function for F. We obtain

J(57 f ’ F; LQ)
v
First, note covering numbers remain unchanged after scaling. For any probability measure (),

N (€], F £e(@) = N (el Fllg, 7. L4(@))

E|Gullz S JO,F | F, L)

P2

P2

Thus, B||G,| < J(6,F | F, L) (1 + T }ﬁ]}f;) 22 Multiplying by M gives the

result. O

Proposition D.1 (Orlicz norm bounds, i.n.i.d. analogue of Theorem 2.14.23 van der Vaart
and Wellner (2023)). Let Vi, ...,V, be independent random elements taking values in a
common measurable space, and let F be a class of measurable functions on this space with

measurable envelope function F'. Then

n 1/2
* 1
G5, S BIGAl+ (232 1FODIE,
=1

Proof. We recall Proposition A.1.6 of van der Vaart and Wellner (2023). Let Uy, ..., U, be

independent mean zero stochastic processes indexed by an arbitrary set 7'. Set.S,, = > ; U,.
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Then we have

1Sall 1]y, < K

)

n 1/2
* *112
NS, + (Z vl ||¢2)
=1

where || X||" is shorthand for sup, | X;|. Take U;(f) = ﬁ (f(V;) = Ef(V;)), indexed by

f € Fsothat ||S,||" = ||G,|| . Plugging this into the proposition, we obtain

9 1/2
) (D.1)
P2

HGallFl,, S E*IGallz +n" (Z sup | £(Va) = E[f ()]l

i=1

n 1/2
< EGull + 02 (Z VF (Vi) + E[quiz) ©2)
=1

Where we used the fact that if |f| < |g] then ||| f(X)]]|,,, < [[lg(X)]]|,,, for any random
variable. Using the triangle inequality for the Orlicz norm and the fact that || X{[,,, > E|X]|
and ||C|,,, < C/vIn2 for any constant C, we can bound

1E (Vi) + E[FV)llly, < 1FVilly, + IEE V)],
< FV)lly, +EFV)/VIn2 S [F(Vi)lly,.

. . . —~1/2 2 1/2
This gives a final bound by a constant multiple of E||G,, ||  +n~Y (Z?:l |1 F (V)| wg) ,
from which the desired claim holds. U

D.1. Examples of VC classes.

Lemma D.3. For fixed finite p, the decision rule classes in (1)—(3) in Example 1 are
VC-subgraph classes.

Proof. For the first class, Dyyeshold = {2+ k(z) + : € [-M, M|} Ck+{5-1: 5 € R},
where 1(z) = 1. The class {5 - 1 : § € R} is a one-dimensional vector space of measurable
functions, hence VC-subgraph by Lemma 2.6.16 of van der Vaart and Wellner (2023). By
Lemma D.1(1), adding the fixed function £ preserves the VC-subgraph property, $0 Direshold
is VC-subgraph. For the second class, Dy = {2z — k(2) + fo(2) : B € [-M,M]} C
k + {Bo: B €R}. The class {fo : 5 € R} is again a one-dimensional vector space of
measurable functions, so it is VC-subgraph by the same lemma. Another application
of Lemma D.1(1) shows that D,_y, is VC-subgraph. For the third class, let VV := span {5 M.
Because p < oo, V is a finite-dimensional vector space of measurable functions, hence
VC-subgraph by Lemma 2.6.16 of van der Vaart and Wellner (2023). Moreover, Dygyie =
conv({é(l), . 5(1’)}) C V. Any subclass of a VC-subgraph class is again VC-subgraph,
SO Dinice is VC-subgraph as well. O
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Proposition D.2 (VC-subgraph properties in Example 1). The decision threshold classes
in Table 1 are all VC-subgraph.

Proof of Proposition D.2. Let us consider the first claim. Notice that the linear shrinkage

threshold rules are contained in the function class
dap(k,0%) = k + ac’k + bo®

for a, b € R. This is the fixed function (k, 0?) — k plus a two-dimensional vector space of
functions. Combining Lemma 2.6.16 of van der Vaart and Wellner (2023) and Lemma D.1(1)
establishes that this is VC subgraph. For the second claim, notice that Fay—Herriot decisions

are contained in the function class
dbo,ﬁ(k; 0'2, LE) =k+ b00'2/{3 — O'2I/5

indexed by (bg, 3) € RP. The same argument as before establishes the claim.

Finally for the third claim, we will use the results of Onshuus and Quiroz (2015), which
discuss a connection between VC dimension and the theory of o-minimality from model
theory, a subfield of mathematical logic. See also Aschenbrenner et al. (2013) and Van den
Dries (1998) for textbook references on this topic. Consider the decision class in parametric
CLOSE-GAUSS as functions of the cost k£ and log standard deviation ¢:

fo(k, 0) = k4 e*e 702k — a) — ayl)
indexed by 5 = (a1, ag, b1, by). The subgraph sets
Sp = {(k,ﬁ, t) it <k4ee 72tk —qp — agé)}

are defined by a first-order formula in the structure (R, +,-,0, 1, <, e”), which is o-minimal:
see Fact 2 of Onshuus and Quiroz (2015) or Wilkie (1996). Theorem 2 of Onshuus and

Quiroz (2015) implies that for any set of points {z1, ..., z,} in R3, the collection of sets
Sp pick out at most O(n*) subsets of {z1, ..., x,}. Thus the function class { f3(k, )}y is
VC subgraph. U

Appendix E. Additional details for Section 6.1

We start from the replication code in Chen (2026) and follow Chen (2026) to generate the
raw data and covariates for each target variable (mean rank and top-20 probability), for the
largest 20 Commuting Zones in the US. Both Opportunity Atlas (OA, Chetty et al. (2026))
outcomes used in the paper retain n = 10,056 tracts.
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Cost calibration and target shares. Let 7 € {10, 33} denote the target top share. For each
outcome and each 7 € {10, 33}, we first fit the plug-in Fay—Herriot rule to the OA data and
denote the resulting posterior means by /. . The constant cost used in that scenario is then

k(™) = the {Ln-‘ th largest element of {me}n .
100 i=1

Equivalently, k() is the weakest Fay—Herriot posterior mean among the tracts in the cali-
brated top 7%. We then set k; = k() for every tract in that scenario.
For completeness, Figure E.1 reports the coupled-bootstrap comparisons for the stricter

top-10% calibration. The broad ranking of methods is similar to the main-text top-third
exercise.

E[income rank | Black, 25th percentile of income]
Cost calibrated to top 10% (cost = 0.3973)

Normalized mean welfare
Mean welfare (Naive = 0 | Fay-Herriot: Plugin = 1

)
CLOSE-Gauss - E 1.265 1.197
CLOSE-Gauss

CLOSE-Gauss
(covariates, mean only)

CLOSE-Gauss
(residualize against covariates) | 1408 LSS e i

24
VAN 000191 | 0.0019 0.955 0.964 1.000 0.671

Linear shrinkage - 0.00155 0.00153 0.00153 0.453 0.707

Naive - 0.00120
Thresholding t-statistics - 0Hoekk:(s) 0.00184 0.00085 0.901 0.869
ASSURE* ASSURE-CB  Plugin SURE ASSURE* ASSURE-CB  Plugin SURE

P(Top 20 | Black, 25th percentile of income)
Cost calibrated to top 10% (cost = 0.08569)

Normalized mean welfare
Mean welfare (Naive = 0 | Fay-Herriot: Plugin = 1)

CLOSE-Gauss — 0.00810 6.894 6.533 6.709
CLOSE-Gauss 01035 8.644 8.558 8.558 8.627
CLOSE-Gauss

(residualize against covariates) ’ ' . i R AR il

(covariates, mean only)

Fay-Herriot - 0.00270 0.00227 0.00139 0.00291 2121 1.754 1.000 2.295
Linear shrinkage - 0.00295 0.00218 -0.00007 0.00410 2.329 1.673 3.308
Naive - 0.00021
Thresholding t-statistics - 0.00266 0.00260 0.00048 2.089 2.033

ASSURE* ASSURE-CB  Plugin SURE ASSURE* ASSURE-CB  Plugin SURE

FIGURE E.1. Analogue of Figure 5 calibrated to selecting top 10%.

Notes. This is the analogue of Figure 5, but with costs calibrated to the weakest Fay—Herriot
posterior mean among the top 10% of tracts rather than the top third. Results are averaged
over 1000 coupled-bootstrap draws. U
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Coupled bootstrap. Fix one outcome and one target share 7. Starting from the ob-
served OA estimates {(Y;, 0y, 2;)},_,, one Monte Carlo draw generates i.i.d. perturba-
tions Q; ~ N(0,1) and forms Y;* = Y; + wo;Q;, Y™ = Y; — \/goiQi, with of" =
0iv/1+w and 0} = 0;1/1 + L. The default implementation uses w = 1/9, which mim-
ics a 90/10 train/validation split. Any decision rule fitting only sees the training sample
{(Yi“, o x;, l{;(T))}; the validation sample is used only for evaluation.

On draw b of the coupled bootstrap, if a fitted rule returns thresholds 51@ on draw b, the

reported validation welfare is W™ := 157 1 (Y;tr > 5,@)) (Yival - k:(T)> :
Decision rule classes. The coupled-bootstrap OA exercise compares rules in Example 1.
The naive rule is simply 1(Y; > k(7). The t-statistic class uses thresholds of the form
§; = k' +Bo;. The linear-shrinkage class is the constant-mean, constant-variance Gaussian-
prior class from Table 1, §; = ET 4 j—i (k(T) — ,uo) . Under constant costs, threshold-
based criteria depend on (p, 7%) only through the normalized slope 3 = ’“(27;“0, and
6; = k™) 4 Bo?. Fay—Herriot uses the conjugate-normal threshold implied by a prior mean
mo; = ;5 and a constant signal variance A.

Finally, cLose-GAuss class uses §; = k; + 8%2 (ki — myg;) , where the prior mean m; and
prior variance s, are modeled as functions of E[)1lract characteristics. In the plain cLOSE-GAUSS
specification, my; and log s3, are both linear in (1,log ;). In the covariate version they are
linear in (1, log 0;, ;). In the “mean-only” version the prior mean is linear in (1, log o;, z;)
but the signal variance is constrained to be constant across tracts. In the “prefit” version we
first regress Y; on z;, replace Y; and k; by residualized counterparts, fit the cLOSE-GAUSsS rule
using only (1,log 0;) on those residuals, and then add the fitted covariate component back
when interpreting thresholds in the original outcome scale.

Plug-in fitting. For each decision class, we may fit via plug-in:

e Naive rule. There is no statistical fit: the plug-in rule is simply &; = k(7).

e Thresholding t-statistics. There is again no estimated nuisance parameter. The plug-in
benchmark fixes §; = k(7 + 1.96 o;.

e Linear shrinkage. Plug-in estimates the prior mean by the sample average

i g
Ho,plugin = Y7 Y = ﬁ Z §/i7
=1

and the signal variance by the average residual variance proxy

1 & = 1 &

A2 2 2
7—plugin = max (TL Z(Y; - Y) - Zo-iv 6) 5
i=1 ;
truncating at a small e.
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e Fay—Herriot. Plug-in first estimates 3 by ordinary least squares in the regression of Y; on
x;. It then forms the residual variance proxy Vi = (Y;—x! ; )2—o? and sets the signal variance
equal to the cross-tract average of V;, truncated below at a numerically negligible positive
floor so that the fitted variance remains strictly positive: flplugm = max (% T Vi, e) )

® CLOSE-GAUSS With covariates, mean only. This is the same plug-in construction as Fay—
Herriot, but with the enlarged design z; = (1,logo;, «})" in place of x;. Thus 1y = zZ’B
and 3(2)2' = flpmgin, where B is the least-squares coefficient on z;.

® CLOSE-GAUSS and CLOSE-GAUSS with covariates. These classes use §; = /{:Z—i-% (ki — mo;)
with my; linear in z; and variance that is exponential-linear, up to a small variance floor
5% 82, = 5% + exp(2}7). Plug-in first estimates f3, Bpuugin € argming L S0 (V; — 2/8)2.
Writing 1hg; = 2| Bplugm, it then forms

% 1 1 &~
i=1

|

The variance parameter y is then chosen by nonlinear least squares:

n

. S A 2
Fplugin € arg min ; (Vi — s* — exp(2}y)) .

There are two additional truncation choices to prevent dividing by zero or over/underflow.
First, the exponential index z/7 is clipped to the interval [—10, 10] before exponentiation,
which rules out extremely small or large fitted signal variances. Second, the fitted prior
mean can be clipped to the observed range of the estimation sample, [min; Y;, max; Y;]; the
coupled-bootstrap OA runs leave this clipping turned off by default.

e Prefit cLose-GAuss. In this class the data are first residualized on (1, 27):

Ri=Y,—g(x:), Kk'=k" —g(z),

where § is the least-squares projection of Y; on (1,2%). Plug-in then applies the same
procedure as in the plain cLosE-GAUss class, but to (R;, oy, kX)) with design (1,log o;).

Methods for fitting decision classes. We state the fitting problem separately for each rule
class. For a generic threshold family d;(0), ASSURE* estimates (2.4). The ASSURE-CB fitter
chooses B, € argmax, Ly (Y — k)@ (%g(e)) — % (%U(e)) , with €, = n~%2. For

the Gaussian-prior classes, SURE minimizes

SURE(9) := —

n =

n
1=

() = Y+ 23 o),

1

where [;(0) = w;(0)Y; + (1 — w;(0)) me;(0) and w;(0) = ngé%;)(i)gg. Some notable imple-

mentation choices include:
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!/ .
e cLOSE-GAUSS. Let z; = (1,logo;) . For some small floor s2, this class uses

moi(B) = #B,  sp(7) = 5" +exp (27),
so the threshold rule is 0;(3, v) = k() + m (k(T) — z{-ﬁ) . Plug-in estimates (3, )
by least squares on the mean side and nonlinear least squares on the residual variance proxy;
ASSURE*, ASSURE-CB, and SURE then tune the same parameter vector.
e CLOSE-GAUSS with covariates. This class enlarges the previous design to z; = (1,1og 0y, 2})",
e Prefit cLose-Gauss. In this variant we first regress Y; on (1, ) to obtain fitted values
§(x;) and residuals R; = Y; — §(x;), kF = k™ — §(z;). We then fit the plain cLOSE-GAUSS

class to R; ~ N (; — §(z;), 0?) using only (1,log 0;) in the Gaussian-prior model:

2
R R 0; R
] = kR4 phg— + 511 ).
51 (67’7) kz §2 exp (70 " log Ui) (kz (50 /81 0og Uz))

The threshold in the original outcome scale is then §;(3,7) = §(x;) + 0%(83,7). Plug-in,
ASSURE*, ASSURE-CB, and SURE are all applied to this residualized class.

Redundant variance intercept under constant costs when fitting ASSURE. Under con-
stant costs, the thresholds on the ratio (k; — mqg;)/s3;, so the intercept in the variance
parametrization for sZ; is redundant.” In the reported implementation, the optimizer fixes
that intercept at its plug-in value and optimizes the remaining coordinates only.
Warm starts and optimizer fallback. The reported Gaussian-prior fits also use the follow-
ing convention throughout. By default, ASSURE* is initialized at the ASSURE-CB optimum
rather than at the raw plug-in fit. The ASSURE-CB fitter falls back to the plug-in fit whenever
the optimized coupled-bootstrap objective is worse than the plug-in objective, so the fitter
never accepts a numerically inferior point purely because the optimizer moved there.
Optimization heuristics. For the scalar ¢-statistic rule, both ASSURE* and ASSURE-CB
are tuned by deterministic one-dimensional grid search rather than by generic nonlinear
optimization.

For the Gaussian-prior classes, ASSURE*, ASSURE-CB, and SURE are all optimized
multiple times, with added Gaussian noise, around the plug-in fitted parameters. In the OA
analysis the default is three restarts for both ASSURE* and ASSURE-CB.

25This is exactly true if the small floor s? were zero.
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