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ABSTRACT. We propose methods for compound selection decisions in a Gaussian se-
quence model. Given unknown, fixed parameters u1.,, known oy.,, observations Y; ~
N (i, 02), and known costs k;, the decision maker chooses thresholds §; to maximize
LS L 1(Y; > 6;)(pi—k;). Inspired by Stein’s unbiased risk estimate (SURE), we in-
troduce a family of estimators, which we term ASSURE, for the expected utility of a
set of proposed thresholds. ASSURE enables practitioners to select thresholds within
a pre-specified class by maximizing an estimated objective, borrowing strength across
noisy estimates in compound settings. A leading member of this family, ASSURE*,
is nearly unbiased for the true expected utility and converges at near-parametric
rates. We show that ASSURE* has favorable regret properties. We apply ASSURE
to the selection of Census tracts for economic opportunity, the identification of

discriminating firms, and the analysis of p-value decision procedures in A/B testing.
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1. Introduction

In settings with many parallel noisy estimates, researchers often aim to select units
with large underlying parameters. Many such problems can be modeled as follows:
For parallel settings : = 1,...,n, a researcher observes a noisy estimate Y;, a standard
error o;, some covariate information x;, and costs k;. The estimates (Y}, 0;) are for
certain unknown parameters p;, which represent the unknown payoffs to selection
decisions. Given (Y}, 0y, 2, k;), the researcher chooses thresholds §; and selects all
units with Y; > 9;.

As an example, Bergman et al. (2024) seek neighborhoods with high economic
mobility to recommend to housing voucher holders. In their context, Y; is a noisy
estimate of economic mobility of Census tract i, y; is true economic mobility, o; is
the estimated standard error of Y, x; collects other contextual information for a tract,
and k; is the cost of selection.! For a fixed set of thresholds, the decision maker’s

utility is the total net payoff of the selection decisions, normalized by n:

n

W(O1in, fi1m) 1= %Z 1(Y; > 6) (i — ki) - (1.1)

i=1
The statistical challenge is to choose ¢;., from the data so as to maximize expected
utility. The selection rule therefore depends not only on the observed contextual infor-
mation (o;, x;, k;) but also on the noisy signal Y;. In particular, p; may exhibit hetero-
geneity that is not fully explained by the observed covariates alone, making Y; useful.?

To proceed, we impose a distributional assumption motivated by central limit
theorems for the procedure generating Y;: conditional on (u;, 0y, z;), the estimate Y;

is Gaussian with known variance

Y; | iy iy s ~ N (s, 07). (1.2)

We assume k; is known —amounting to assuming that the decision maker knows their decision
problem. Sometimes, when u; measures net payoffs, we can assume k; = 0. In the case of Bergman
et al. (2024), it may be reasonable to imagine that the costs k; are equal to some value k that
represents the economic mobility level for which a social planner is indifferent between incentivizing
a low-income family to move to a tract with mobility £ and not doing so.

>This type of problem appears in many economic applications such as the meta-analysis of
experiments (Azevedo et al., 2020), teacher value-added (Chetty et al., 2014; Kwon, 2023; Cheng
et al., 2025), identifying discrimination (Kline et al., 2022), and moving to opportunity (Chetty
et al., 2018; Bergman et al., 2024). This problem also appears in the statistical literature under
the name empirical Bayes testing with linear loss (Liang, 1988, 2000, 2004; Karunamuni, 1996).



Following the compound decision and empirical Bayes literatures (Robbins, 1951 /1985;
Efron, 2012; Walters, 2024)—for which (1.2) is a standard starting point—we call
these statistical decision problems compound selection problems.

Casting the problem as compound allows one to “borrow strength” by learning
collective structure across pi1.,, thereby improving relative to conditional empirical
success rules 1(Y; > k;) that treat the decision problems separately (Manski, 2004;
Stoye, 2012; Hirano and Porter, 2009). For instance, if p; — k; is on average negative
over 1, decision makers should favor higher thresholds, as a randomly selected unit from
the sample is likely to have u; < k;—a fundamental insight of Robbins (1951/1985).

Existing approaches for solving compound selection problems are either indirect for
(1.1)—choosing selection decisions based, e.g., on optimal mean-squared error predic-
tions for u; or on hypothesis testing (Manski, 2019)—or rely on plausibly misspecified
random effects models for yi1.,. For instance, Bergman et al. (2024) select high-mobility
Census tracts by thresholding shrinkage estimators for p;. These shrinkage estimators
are analogues of James—Stein estimators and likely improve mean-squared error for
W; relative to the raw estimates Y;, but it is not obvious that better prediction implies
better selection (Mehta, 2019; Manski, 2021). Alternatively, these shrinkage estimators
can be rationalized as empirical Bayes posterior means under a random-effects model
in which p; is i.i.d. Gaussian. If the model is correct, then screening on these shrinkage
estimators generates optimal selection decisions. However, this model is very plausibly
misspecified (Chen, forthcoming; Bonhomme and Denis, 2024; Miiller and Watson,
2024).

This paper develops robust methods both for evaluating and for generating com-
pound selection decisions. First, for evaluating selection decisions, we propose a novel
estimator W of the expected utility—which we term compound welfare—of a given

decision rule:
1 n
W (B i) = — D Byieonsueoty (1Y > 8(20)) (i = k)] 2i1= (00,20, K). - (1.3)
=1

We show that W converges to W for fixed p;., and z.,, integrating only over the
randomness in Y; under (1.2). Thus, the validity of evaluations does not depend on
correctly specifying any model for the unknown parameters.

Second, this welfare estimator enables researchers to generate selection decisions
by optimizing within a user-chosen class of decision rules. So long as our estimate of

welfare is accurate, optimizing the estimated welfare leads to approximately optimal



decisions within the user’s chosen class. Such regret guarantees are again robust to
misspecification in the sense that they are valid for fixed parameters.

Our strategy is inspired by Stein’s unbiased risk estimate (SURE, Stein, 1981). In
estimation contexts, SURE is an unbiased estimator of the squared error risk of given
predictions §(Y;, z;) for p;. Since it is unbiased solely over the random draws of Y.,
SURE robustly evaluates prediction decisions. SURE also generates good decisions
by optimizing the estimated objective over a parametrized class of predictions (Xie
et al., 2012; Kwon, 2023; Cheng et al., 2025). Since SURE targets mean-squared error
prediction, it is insufficient for compound selection problems. Therefore, extending
SURE to selection contexts is both important and nontrivial.

Our first contribution is a new estimator W of (1.3) that extends SURE to com-
pound selection. For a kernel k,(y) := +k (£), define Fj(y) = ff’é: k(t) dt so that
Fp(y — §) is a smooth approximation of 1(y > §). We propose a class of estimators,
which we term ASSURE, for Almost SURE:

a 1 — Y, — Y, —9;
W:EZ(Yi—lﬁ)Fh< - )—oikh( . ) (14)

i=1 ‘

Like SURE, ASSURE follows from Stein’s identity (Stein, 1981). Unlike SURE, an
exactly unbiased estimator of welfare does not exist due to the non-smoothness of
1(Y > §). This necessitates smoothing through Fj(y — §).

Different smoothing kernels produce different bias properties for the welfare esti-
mator. We focus on two choices. First, our leading choice of k(-) is the sinc kernel
k(z) := 222 We call the resulting estimator ASSURE*. ASSURE* has bias exponen-
tially vanishing in the tuning parameter h. Under bandwidth h = 1/y/2logn, the
squared bias and variance are both O(1/n), up to log factors; thus the ASSURE*
estimator converges at near-parametric rates.

Second, an alternative smoothing uses the Gaussian kernel, which results in a welfare
estimator that has a natural sample-splitting interpretation: It is equivalent to a Rao—
Blackwellized version of coupled bootstrap (Oliveira et al., 2024; Chen, forthcoming;
Ignatiadis and Sun, 2025).*> We thus call this estimator ASSURE-CB. Because the
3Coupled bootstrap (Oliveira et al., 2024) is an instance of data thinning (Neufeld et al., 2024) or data
fission (Leiner et al., 2023; Lei, 2025), where independent variates are constructed by adding noise to
data. With Gaussian Y, we can let Y;1 = Y; +€Q; and Y;o = Y; — %Qi for independent @Q; ~ N (0, 0?).
Then Y1 L Yio | w4, 022. When Y; is the sample mean of micro-data Y;;, the constructed Yj;,Yjs can

be viewed as sample means on disjoint subsamples of {Y;;},. Proposition 1 in Chen (forthcoming)
uses this coupled bootstrap idea to estimate (1.1) for selection decisions that depend on Y;;.



Gaussian kernel is only a second-order kernel, it does not fully exploit the smoothness
of the estimand, so ASSURE-CB converges more slowly than ASSURE*.

Evaluation of decision rules naturally leads to choosing decisions that optimize
estimated welfare, among a user-chosen class of decision rules D. This workflow
operates with arbitrary D and is thus versatile. In practice, these decisions classes
can come from external preference for simple decisions, such as in Kitagawa and
Tetenov (2018); Sudijono et al. (2024); Crippa (2025). They may also come from
a working (empirical) Bayesian model on the parameters puq.,—similar to Kwon
(2023) and Cheng et al. (2025). A flexible class, motivated by empirical Bayes (EB)
posterior means under a correlated random effects model in which p; | oy, ki, x; ~

N (m(oi, ki, 233 B), (04, ks, 235 B)) s
Derose-cavss = {(51 : 1(3! > 61) =1 {G/(O—hmia kzaﬁ)?l + b(@'»wia kuﬁ) > kl}}a

for functions a(-; 8),b(+; ) parametrized by 8 € R% This class is proposed by Wein-
stein et al. (2018) and called CLOSE-GAUSS by Chen (forthcoming); it nests screening
based on James—Stein estimators and various versions of linear shrinkage estimators.

Our second contribution derives statistical guarantees for ASSURE*, in the regime
where the number of parallel settings diverges (n — oo but max; o7 = Q(1)) and
ASSURE™* converges to true welfare. We show that the performance gap between
the estimated optimal decision and the population optimizer of (1.3) within D—i.e.,
regret—converges to zero at minimax optimal rates, up to log factors. Both the upper
and lower bounds for regret are novel analyses. Applied to Deposp-cavss, decisions
tuned by ASSURE* would asymptotically match the performance of the best member
of Derosp-cavss, and thus outperform alternative methods for tuning 8 in Deyogp-cavss-

These favorable properties rely on the Gaussian distributional assumption (1.2),
which, though standard, ignores that the central limit theorem only provides an
approximation. To assess robustness to the approximation quality, we analyze ASSURE*
as an estimator of welfare in a regime where Y; are sample means of m i.i.d. non-
Gaussian random variables (Hirano and Porter, 2009, 2016). We consider a local
asymptotic regime, where both the number of parallel estimates n and the sample
sizes for each estimate m diverge to infinity, but the underlying means are within some
1/4/m neighborhood. We find that the performance of ASSURE* degrades gracefully in
the quality of the Gaussian approximation. Moreover, because ASSURE* exploits the

Gaussianity of Y}, it estimates welfare more accurately than competing approaches that



only exploit the consistency of the noisy estimates as m — oo. This analysis partially
addresses questions raised by Hirano (2023) for EB and compound decision approaches.

This paper is closely related to the empirical Bayes literature (Jiang, 2020; Gu and
Koenker, 2023; Walters, 2024; Kline et al., 2024; Chen, forthcoming). EB analyses
treat pi., as random effects and integrate over their distribution, evaluating decisions

through the Bayes risk instead:

WEB((Sl:n) — ]E,ul;nNP[W((slzna,U/lzn)] fOI‘ Hi:n ’ O1:n, kl:na'rl:n ~ P.

EB is versatile for many decision problems by simply estimating the distribution P
and computing Bayes-optimal decisions relative to the estimated P. So long as this
estimated prior is accurate for P, the resulting decision rule is approximately optimal
over all decisions.

That versatility, however, depends critically on modeling the distribution of j.,
well. Failing to do so—either misspecifying how u; is predicted by the contextual
information (Chen, forthcoming) or how p; correlates with y; (Bonhomme and Denis,
2024)—could harm the selection decision. The full joint distribution of p;., conditional
on all covariates is exceedingly difficult to model and estimate flexibly; feasible em-
pirical Bayes models are thus usually at risk of misspecification. A similar robustness
concern motivates the fixed effects panel literature (Dano et al., 2025), relative to
correlated random effects.

ASSURE offers a robust way to use empirical Bayes models as working approxi-
mations rather than as maintained assumptions. In practice, one could choose D as
selection decision rules implied by a (parametric) empirical Bayes model.* Optimizing
within this class using ASSURE weakly improves on the empirical Bayes decisions
under an estimated prior P. When the model for P is well-specified, ASSURE-based
decisions do little harm. When such a model is badly misspecified, ASSURE-based
decisions nevertheless choose optimal decision rules within the implied class. If the
class includes simple decision rules like §; = k;, selection via ASSURE nevertheless
assures practitioners that decisions are no worse than the simple benchmarks. We
present Monte Carlo exercises in Sections 2.3 and 5 and three empirical applications
in Section 6 that illustrate this point.

4Empirical Bayesians solve selection problems by thresholding on the posterior mean
Eplu; | Yi,xs,0i] > k;. Provided the posterior mean is monotone in Y; (which is true for
Gaussian Y'), this can be inverted to a threshold decision of the form 1(Y; > é(z;,0;; P)). When
P is parametric, this defines a class of decision rules D.



This paper is structured as follows. Section 2 defines the ASSURE estimators and
discusses their bias and variance. Section 3 presents several theoretical guarantees on
selecting a decision using ASSURE*, showing upper and lower bounds on regret. Sec-
tion 4 presents two extensions on complicated decision procedures and on settings where
Gaussianity holds approximately. Simulation results and empirical applications are
discussed in Section 5 and Section 6. Proofs are found in the Appendix alongside addi-
tional computational details and an extension of our framework to Poisson observations.
Notation. We use u v to denote convolution. We use O(-), Op(-) as the analogues of
big-O notation that ignores logarithmic factors. polylog(n) denotes logarithmic factors
that are bounded by (logn)¢ for some fixed C' > 0. We say f = Q(g) if g = O(f).
<, 2 record inequalities up to an absolute constant. We use [n] :={1,...,n}.

2. Setup and Methodology

Let Y; ~ N (pi,02),4 € [n] with known o;, known costs k;, with potentially related
known covariates x;. We treat both the contextual information z; := (z;, k;, 0;) and
the parameters p; as fixed, so all probability statements are taken over the Gaussian
draws of Y;. For simplicity, we assume that Y; are mutually independent across i.°
We also restrict attention to separable thresholds of the form 6;(Y_;) = d(z;; ), so
unit 7’s threshold depends on other units only through the estimated parameter 5.

With this parametrization, (1.1) and (1.3) can be rewritten as follows.

u(B) = = S 1Y > 6z ) - (s — i) (2.1)

oF]

W) i 2 S~ B PG 2 6 ) = & DG = ke (05 ) o

This section introduces estimators W, (3) for W (3) and studies their estimation
error W,, — W. Such an estimator immediately enables the evaluation of a decision
parametrized by a fixed §. Naturally, an estimator W, with small estimation error
is valuable for evaluating decision rules.

Moreover, because W, provides an empirical objective, practitioners can also choose
B by optimizing Wn()

3 € argmax W, (3). (2.3)
BeB

If (Y1, ..., Yn) ~ N((p1, . - -, pin)’, ) for some known X, then our arguments are generalizable by
studying the conditional distributions Y; | Y_; (Fithian and Lei, 2022; Luo et al., 2025; ?)



Accurate estimation of W is also important for the estimated decision rule B to
perform well. Using bounds on W, — W, our subsequent theoretical results control
the difference, or regret, between the welfare of the best decision rule in D and the
expected utility achieved by B :

RegﬁﬁnzzzggVV(ﬁ)—-EMUJU(BH. (2.4)

For these two reasons, a good welfare estimator for the compound selection problem
is the focus of this paper.

2.1. The ASSURE estimators for welfare. We now motivate the functional form
in (1.4) through Stein’s identity. Let F(-) be differentiable with derivative f(-) and
fix some k,d, u € R and 0% > 0. Simple manipulations of Stein’s identity reveal that
(Y —k)F(Y —§) — o?f(Y — §) is an unbiased estimator for (u — k)E[F (Y — 9)]:

E[(Y — K)F(Y — 8) — o> f(Y — 6)] = (u — WE[F(Y — ). (2.5)
On the other hand, with (2.2), estimating W () reduces to estimation of the parameter
w—20
(n=0)2 (E0) = (- WERY > 9))
Accordingly, we seek a differentiable function F' whose expectation approximates

O((n—9)/0):
E[F(Y—é)}%@(u_(;):E{I(Y_5>O)] (2.6)

o o

For finding a suitable F', a natural idea is to smooth the step function H(y) := 1(y > 0)

with some kernel k;,(y) = +k (£) so that the resulting function is differentiable:

y/h

Fuly) = (H % kn)(y) = / k(t) dt.

—00

This leads to the proposed class of estimators in (1.4), since UQ%F;L (yT_‘S) = ok, (yT—a)

Which kernel should we choose? It turns out that the sinc kernel for (1.4) leads
to optimal estimation and regret properties, building on the deconvolution literature
(Kolmogorov, 1950; Tate, 1959; Liang, 2000; Pensky, 2017; Zhou and Li, 2019). We

call this variant ASSURE*—choosing bandwidth h = 1/y/2logn, ASSURE* is the



following estimator:

N 1 <&
Wn(ﬂ) = EZwl/m(Yl,zl,ﬂ) (27)
=1
for wy(Yi; zi, 8) == (Vi — k;) Csinc (%&:Mﬁ)) — %sinc (W) .

(2.8)

where sinc(z) = 222 Si(z) = [" #2dt, and Csinc(z) = [*_ sinc(t) dt = 5 + L Si(z).
The next proposition shows that, for fixed 5, ASSURE* achieves squared bias and
variance of order O(1/n).
Proposition 1 (ASSURE* has low bias). Fix u,k € R. Let 6(z;3) = 3,° then
(1) Let Y ~ N(u,c?). The bias of ASSURE* is exponentially decreasing in 1/h:

For all h > 0,

Byun(Y'(0,0,0) — (= 199 (U2 < o= ke 3,

The right-hand side converges to zero as h — 0.
(2) For h = 1/y/2Togn, the pointwise squared error of ASSURE* is O(log”n/n):

e [(19 - wie) | < (% Za>  logn (% S (66) - m) .
B - (2.9)

Figure 1 illustrates ASSURE*’s rapidly vanishing bias as a function of h :=
1/y/2logn.

Unlike SURE, ASSURE™* and the broader ASSURE family are not exactly unbiased
for welfare, and this lack of exact unbiasedness is unavoidable. We formalize in
Proposition B.1 an argument in Stefanski (1989) that shows unbiased estimators (that
grow slower than e?’/(277+¢") as functions of ¥;) do not exist. Short of an unbiased
estimator, ASSURE™ implements the next-best through the sinc kernel (Davis, 1975;
Liang, 2000; Tsybakov, 2009).

To see why the sinc kernel results in low bias, return to (2.6) and consider the case

with § = 0,0 = 1 for simplicity. Our kernel-smoothed F}, has expectation

Eynun [Fr(Y)] = (H * ki x ) (1),

SFor simplicity, we consider & (zi; 8) = B. Our regret results rely on analogous statements for general 4.



Bias of ASSURE* (K=0;6=8=1;0=1)

= Eulwp(M] - (1 —K)®((1 —B)/o), h=1.00 (n=1.65)

0.20
— Eulwp(M] = (u = K)O((u = B)/o), h=0.50 (n=7.39)
015 | E[wn(N] = (= K)O(( = B)/0), h = 0.33 (n =~ 90.02
0.10
0.05
8
“ 0.00
-0.05
-0.10
-0.15
-6 -4 -2 0 2 4 6
u

FicUrE 1. Tllustration for the bias of ASSURE*.

whereas the target parameter is a convolution without kj,, ® (1) = (H * ¢)(1). Thus,
a low-bias kernel is one that barely smoothes the Gaussian density: k; *x ¢ ~ ¢. The
sinc kernel is exactly motivated by this approximation in frequency space:” By taking

the Fourier transform of both sides, we would like a kernel for which
(f{kh})ewzﬂ ~ e/ for FA{kp} = / kn(t)e ™™ dt.
R

The sinc kernel has Fourier transform F {k;,} (w) = 1(|w| < 1/h), which only truncates
the high frequency signals in . Since ¢(+) has Gaussian tails, this truncation leaves

it essentially unchanged—allowing the bias to decay exponentially in 1/h.

2.2. Comparison with ASSURE-CB. Another natural kernel—though with worse
bias behavior than ASSURE*—is the Gaussian kernel k(-) = ¢(-). Interestingly, the
resulting ASSURE-CB estimator has an interpretation as coupled bootstrap (Oliveira
et al., 2024; Leiner et al., 2023; Ignatiadis and Sun, 2025; Chen, forthcoming). For
Y ~ N(p,0?), we can construct two independent samples by adding and subtracting
an independent Gaussian noise )

Y, =Y 4+ ohQ YZZY—%Q Q~N(0,1) = Y, L Ys. (2.10)

A large literature on Gaussian estimation and deconvolution follows similar ideas (Kolmogorov,
1950; Zhou and Li, 2019; Pensky, 2017; Tate, 1959; Stefanski, 1989).
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This coupled bootstrap procedure is a synthetic version of sample-splitting.® With
(2.10), the welfare of selection decisions based on Y; > can be unbiasedly estimated
by (Y2 — k)1(Y; > §), since Y3 acts as fresh “testing data” that is independent of the
“training data” Y;. Because Y] is slightly noisier than Y, this estimator is biased for
the welfare of 1(Y > §).

The estimator ASSURE-CB—choosing k(-) = ¢(+) in (1.4)—is exactly the Rao—

Blackwellization of coupled bootstrap:
Y -9 o (Y —90
B, ~ D1 > 0) | ¥] = (v - e (F20) - o (F20).

Because the Gaussian kernel is only a second-order kernel, ASSURE-CB has O(h?)

bias and therefore converges more slowly than ASSURE*.”

2.3. Discussion. We now contextualize our approach in the literature and compare
it against a few alternatives. We also disambiguate our regret notion (2.4) from the
regret notions in these literatures. We illustrate these comparisons using a classic
example from Robbins (1951/1985).

Example 1. The parameters are binary, py., € {—1,+1}", of which pn have p; = +1
and the remaining units have py; = —1. For each unit 7, suppose we observe
Y; ~ N (pi, 1) and set k; = 0 for simplicity. Restrict decision rules to be the class of
9;(B) = B in the decision problem (1.1). If p;.,,—or equivalently p—is known, then

the optimal decision for (1.3) sets 5* = $log %.

Treatment choice. Example 1 can be thought of as a compound version of the
“testing an innovation” problem in Manski (2009), where p; could represent the average
treatment effect of a new treatment relative to a known status quo. Modeling this
problem as compound changes our statistical perspective relative to the treatment
choice literature. That literature often seeks decision rules that optimize for worst-case

FreqRegret (e.g., in Ishihara and Kurisu, 2022), where
IS o | Example 5
FreqRegret, :=E,,, | — E max(0, u; — k;) — u(pB) Prample 1 p — Elu(p)].
n
i=1

8If Y is a sample mean of Normally distributed micro-data, ¥ = 1 E;"Zl Y(;) for Y ;) ~ N(p,m),
then sample-split means over Y{y),...,Y(,,) can be represented in the form (2.10).

YASSURE* is O(n~'/?)-consistent for welfare, whereas ASSURE-CB is only O(n~2/5)-consistent.
Appendix D provides a more formal comparison.

11



Welfare difference with 1(Y; > 0) 0,020 Welfare difference with SURE / MLE
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FIGURE 2. Welfare comparisons of different methods for fitting decision
rules for Example 1, as a function of the proportion p of u; = +1.

Notes. We consider decision rules—ASSURE*, MLE/SURE, oracle §* = %log %, and
1(Y; > 0)—and compare their performances. The left panel shows differences against
1(Y; > 0) and the right panel shows differences against fitting 8 with SURE/MLE. In
particular, SURE/MLE rationalizes the selection 1(Y; > /) with a Gaussian random
effects model p; ~ N'(myg, s3) and fits (my, s3) through MLE or through SURE; they
imply identical selection decisions. ([l

By contrast, our goal is asymptotically vanishing regret in (2.4), uniformly over

suitable sequences (p;, z;)"_,. Specializing to Example 1, (2.4) is instead
1 p 1 P -
Regret, = p® [ =1 1) —1—=p)o| =1 —1)—-E :
egret, = o (1o 2 1) = (1= )0 Flow 2~ 1) - Blu(d)

These desiderata are distinct. Our later results show that ASSURE* ensures vanish-
ing Regret,, but its worst-case FreqRegret for any finite n may not be optimal. Con-
versely, the empirical success rule 1(Y; > 0) achieves minimax-FreqRegret (Proposition
1, Stoye, 2012), but its regret (2.4) does not vanish: sup,, ~Regret, = Q(1). Thus, along
many sequences of ji1.,, eventually ASSURE* achieves higher welfare than the empirical
success rule. Figure 2 illustrates this with Example 1: The welfare of ASSURE™* closely
tracks that of the oracle 8* and exceeds that of the empirical success rule for all p % 0.5.
ASSURE* slightly underperforms the empirical success rule when p is close to 0.5.

This improvement comes from a key insight of Robbins (1951/1985). Intuitively, if

n is large, certain aggregate quantities such as + > i (pi — k;)? are precisely estimable

n
from the data and carry information about the configuration of ;.,. For instance, the
average % > i (pi—k;) can be informative: If its estimate is positive, this provides evi-
dence that the p;’s are positive on average. If we are confident that % Yooy (i—ks) >0,
less conservative decision rules such as 1{Y; > —¢} can improve the compound wel-

fare, since any mildly negative realizations of Y; are then more likely due to chance.
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This is especially stark in Example 1, where £ > Y; &= £ 37" (u; — k;) = 2p — 1 is
directly informative of the key quantity p. ASSURE™* exploits this information through
estimating the objective function.

Empirical Bayes. A popular framework for compound decision problems is empirical
Bayes, which models y; as random effects (Efron, 2012). This additional distributional
structure implies that optimal decision rules are posterior quantities involving the
estimable distribution of u;. Formally, EB methods assume that u., | 21, ~ P. If
the distribution P were known, then the optimal decision with respect to expected
welfare compares the posterior mean of p; to k;: Epp; | i, z;] > k;. However, this
additional structure hinges on modeling and estimating the distribution of u; well,
which can make subsequent procedures and guarantees less robust.'?

Our procedure is complementary to empirical Bayes. EB-style modeling for p; is
powerful at generating classes of decision rules D that are reasonable—indeed optimal
if the model on p; happens to be correct. Choosing a member of D with ASSURE
provides guarantees for the compound selection problem directly—thus not requiring
researchers to take the random effects model fully seriously. When the random-effects
model is correct, tuning via ASSURE does little harm. These advantages are attractive
features of SURE (Ghosh et al., 2025; Cheng et al., 2025) that ASSURE inherits."’

As an example decision class, following Chen (forthcoming), we use CLOSE-GAUSS
to refer to a family of models modeling p; as correlated Gaussian random effects
wi | zi ~ N(mo(zi; 8), s2(2i; 8)), where my, so are flexibly parametrized by 8.'' This
motivates using ASSURE to choose among the following threshold decision rules,
derived from inverting E[y; | Y, z;] > k; in Y] :

2

m(ki —mo(2;;8)) : B € B} : (2.11)

Formally, empirical Bayes studies a different regret criterion that averages over

Derose-cavss = {5(213 ﬁ) = Fk; +

draws of p1., and benchmarks against the oracle Bayes rule (Jiang, 2020; Soloff et al.,
2024; Chen, forthcoming):

bl

1 .
EBRegret, =E . ..~p [— Z max (0, Ep[u; | Yy, zi] — ki) — u(P)

Vil i,z N (o) | T i=1

10A similar concern—about the robustness of correlated random effect models—motivates the
literature of fixed effect nonlinear panels (Dano et al., 2025).

HThis prior is first analyzed in the empirical Bayes literature by Weinstein et al. (2018). It is also
closely related to correlated random-effects models in panel data (Chamberlain, 1984).
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where u(P) = IS W(Eplps | i, 2] > ki)(ps — ki). Relative to the regret (2.4),
EBRegret,, (i) additionally integrates over py., | 21., ~ P, (ii) chooses the benchmark as
1(Eplu; | Y, z:) > ki), and (iii) typically considers the class of posterior decision rules
indexed by an estimate of P. When the class of decision rules D is exactly the class of
posterior thresholding decisions, controlling (2.4) automatically controls EBRegret,,:
EBRegret, =E . ..~p [W(P) - u(ﬁ’)] < E,,..~p [Regret,].
YilpirzinoN (pi,02)

When the prior is misspecified, however, that benchmark can be misleading for the
fixed-parameter compound problem, which is exactly where ASSURE* can improve
on EB. To illustrate, in Example 1 and Figure 2, we consider using a misspeci-
fied normal prior where y; NN (mg, s2). The implied posterior mean, given by
Elwi | Yi] = %_%Yi + S(Q)ﬂ_ﬁ, is therefore also misspecified. An empirical Bayesian may
estimate (mo, s3) by maximum likelihood, which, interestingly, in Example 1, yields
the same selection decisions as choosing (my, s3) by SURE. The misspecification of
the prior misaligns optimal selection and estimation decisions (Manski, 2021), causing

EB-MLE/SURE to underperform ASSURE*.

3. Theoretical assurances

We now turn to statistical guarantees on ASSURE*. Our main results are upper
and matching lower bounds for regret (2.4). We first present upper and lower bounds
achieving O(1/+/n) regret, which hold under weak assumptions. Additional assump-
tions on 1., allow for a faster rate by exploiting an analogue of the margin condition
(Audibert and Tsybakov, 2005).

3.1. Main regret bound. Our main result is the following (1/y/n)-regret bound. To
state the theorem, define the norms || Db = £ 37", |D(z)[P and || D], == ||D]|,,,
and let s(z;) = oy, m(z;) = u; — ki, and v(z;) = (u; — k;)/o;. Further define, for ¢ > 1,
Sq 7= [8ll g g = llmlly, and vy = [lv]l .-

Theorem 1 (O(1/y/n)-regret for ASSURE*). Suppose that the class of decision
rules §(z; B) forms a VC subgraph class with index V(D) and envelope function D.
Let 3 = argmaxg W(ﬂ) be the optimal decision chosen by ASSURE®. Then, its
corresponding regret satisfies

my logn
Regret, <
egrenwnlogn+ vn

for M := \/V(D)(sy + ms + (1 + va)(| DI, + 1D]l,..)).
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Thus, assuming that s,, mg, 4 are bounded and the envelope function D is con-

trolled, the procedure achieves 1‘3%’ regret in general. A leading case is if all u;, k;, 0;

are bounded, collected in the following corollary.

Corollary 1. Assume that jiy.,, 01., a;é, k1., are bounded by an absolute constant
By. Let D be VC subgraph with envelope function D uniformly bounded by a constant
B,. Then, for 3 = argmaxg VV(B), we have sup,,, Regret, < 1"%.

Broadly speaking, Theorem 1 follows a standard empirical-risk-minimization argu-
ment. Regret can be controlled by controlling the empirical process supg W (8)—W (B)].
There are two complications in our setup that require care. First, standard empir-
ical risk minimization (e.g., Theorem 8.4.4 in Vershynin (2009)) controls—in our
notation—the gap W (3*) — E[W(3)]. This is a different quantity than (2.4) since
E[W (3)] # E[u(B)]. Second, since (z;, j1;) are treated as constants, the random vari-
ables Y; are independent but not identically distributed, complicating standard i.i.d.

empirical process theory.

3.2. Examples. We now enumerate several decision rule classes that are VC-subgraph,
which we check in Appendix E.1:

(1) Simple truncation rules: Dipreshold = {0(2;8) =k + 5 : 8 € [-M, M]}.

(2) Thresholding t-statistics: Dysat = {0(2;5) =k + fo: € [-M,M]}. Such
rules nest selection via one-sided p-values, common in digital experimentation (Kohavi
et al., 2020) and medicine (Manski, 2019).

(3) Finite-dimensional thresholds: Dgpite = conv({5 O ,5(p)})

(4) Gaussian empirical Bayes models:

o2

Derose-cavss = {5(21'; ﬂ) = k; + 2—Z<kz - mo(zz‘, 5)) :peBC Rd} .
s5(2i, B)
This is a family of decision rule classes by parametrizing sq, mg as different functions
of .12
Gaussian empirical Bayes models put Gaussian priors on yi; | z; ~ N (mo(z; 8), s&(zi; 8))
and generate corresponding decision rules. Particular parametrizations of my, s2 yield

important examples. We shall refer to them with different names listed in Table 1.

3.3. Lower bound. Theorem 1 is unimprovable in the worst case, up to log factors.

Theorem 2 (Matching Regret Lower Bounds). Fix o; = 1 and k; = 0 for all i.
Without loss of generality, assume 6(z;; 8) = 5 € R. Let M > 0, then over all decision
2Whether this type of decision rules is VC-subgraph is less obvious: Proposition E.2, via model

theory, shows that parametric CLOSE-GAUSS is VC-subgraph.
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Name myo specification s% specification

Linear shrinkage 140 72
Fay-Herriot (Fay III and Herriot, 1979) z,f constant A
Parametric CLOSE-GAUSS (Chen, forthcoming) aj + aglogo; exp(by + ba log ;)

TABLE 1. Examples of Gaussian empirical Bayes models where
pi | zi ~ N (mo(zi), s0(2i)?).

rules a;(Yy,...,Y,) € [0,1],

C
inf su Regret, (a1.,) > —,
a(-):aiE[O,I]ulme[EJ}n & ( ! ) \/ﬁ
where
1 n
Regret,,(a1.,) := sup W(B; 1) — - ZHiEmm la;(Y1,...,Y,)] (3.1)
|B|§M i=1

Here, C' is a constant that only depends on M.

Here, the regret notion in Theorem 2 compares the welfare of an arbitrary binary
selection decision a;(Y7,...,Y,) to the expected welfare of the best decision in the
thresholding class restricted to |3| < M. Lower bounds for this quantity thus imply
lower bounds when we allow the oracle to be more flexible than using 6 = § and
constrain the decision maker to threshold decision rules.!®> Theorem 2 is derived by
an application of Le Cam’s two-point method, considering cases in which, for some
h > 0, either p; = h/+/n for all i or y; = —h/y/n for all i.'* In this case, the optimal
B* is either +M or —M, meaning that W (-) is maximized on the boundary instead
of at a local maximum. In fact, when §* is a local maximum, the upper and lower

bounds can be improved to O(1/n). We turn to this faster rate upper bound next.

3.4. Fast rates for ASSURE*. The performance for ASSURE* can be better than
the O(n~"/?) rate predicts. The additional assumptions needed are reminiscent of the
margin condition for fast rates in classification and treatment choice (Audibert and
Tsybakov, 2005, 2007; Kitagawa and Tetenov, 2018; Ponomarev and Semenova, 2024;
Crippa, 2025). There, the margin condition bounds the density of difficult examples
near the optimal classification boundary. Intuitively, with many units near the clas-
sification boundary, it is difficult to distinguish between different candidate parameter
13Gince the setting in Theorem 2 does not have contextual information, the optimal separable
decision rule does take the threshold form. An analogous regret notion was considered by Polyanskiy
and Wu (2021) in their (12) for the mean square case.

14An analogous construction is applicable to an empirical Bayes setup, which partially resolves a
conjecture regarding the tightness of Theorem 4 in Chen (forthcoming).
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values, meaning that the objective function lacks a cleanly separated maximizer. This
is exactly the failure mode that Theorem 2 exploits for the lower bound, which we
rule out in Assumption 1.

For simplicity, we will restrict to a case where the decision rules are parametrized by

a scalar parameter (d = 1). We leave the multidimensional extension to future work.

Assumption 1. (1) (Boundedness). Fix an absolute constant B > 1. Assume
that u;, k; € [—B, B] and o; € [B™!, B]. Furthermore, assume that (-, z;) are thrice-
differentiable for each i and (-, z;) and its three derivatives are uniformly bounded by B.

(2) (Unimodality). There exists a unique local and global maximizer 3* at which
W(p*) > 0.

(3) (Curvature). Fix some absolute k > 0. W"(f*) < —k.

(4) (Well-separated maximum). Fix some absolute{ > 0. Thensupjg_g. = W(5) <
W(pr) - ¢
Theorem 3 (Fast Rates for ASSURE*). Suppose Assumption 1 holds. Furthermore,
suppose that 3 is restricted to a compact set © which includes 3*. Lastly, suppose
that the derivatives 0'(3, z), 8" (B, z) form VC-subgraph function classes D', D" with
indices V(D') and V(D"). Then the regret of ASSURE* satisfies

£ () - u(@)] < oL,

n
for constant C' > 0 that depends only on B, k,{ in Assumption 1 and V(D'),V(D"), ©.

Appendix C.4.2 illustrates a class of decision rules and lower-level assumptions
on fi1., for which Theorem 3 applies. Theorem 3 exploits the fact that B is a local
maximum, which enables the approximation W (3) &~ W (8*) + W”(8*)(6 — 5*)2. By
analogously Taylor approximating 0 = W’ (B), we can show that § — 8% = OP(|W’ —
W'|); therefore, regret is approximately Op(|W’ — W'|?). Since it can be shown that
ASSURE* also estimates W' at O(n~'/?) rates, we obtain the rate in Theorem 3.

Finally, we present a matching lower bound for the fast rate.

Theorem 4 (Fast Regret Lower Bounds). Fix 0; =1 and k; = 0. Consider decision
rules 0(z;;8) = B for B € R. Let © = ©,,,,¢ C R™ be the space of (1, .., )
satisfying the assumptions Assumptions 1(1) to 1(4) for a fixed &, k. Then there exists

choices of £ and k such that

inf sup Regret, (ar.,) = Q(n1),
a('):aie{ofl}lllanG g ( ' ) ( )

with Regret, (ay.,) defined as in (3.1).
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The intuition for Theorem 4 is to lower bound the compound regret by the Bayes
regret for a well-chosen prior and then further lower bound the Bayes regret by Le

Cam’s two point argument, building on Polyanskiy and Wu (2021)."

4. Extensions

This section presents two extensions. We first consider robustness to Gaussian
approximation. We then outline how ASSURE* can be applied to more complex

decision rules via leave-one-out cross-validation.

4.1. Robustness to Gaussianity. So far, we have operated under the Gaussian
sequence model (1.2). Gaussianity of Y; is motivated by applications where the noisy
estimates are averages of micro-data, for which the central limit theorem justifies a
Gaussian approximation. However, since ASSURE methods rely on the Gaussianity
of Y;,1% a reasonable worry is whether our construction is sensitive to the quality of
the Gaussian approximation.

This section thus considers Y; explicitly as averages of i.i.d. random variables, and
analyze a feasible version of ASSURE* as an estimator of a rescaled version of welfare
a la Hirano and Porter (2009). Our focus is on welfare estimation here, but we expect
these results to translate to regret control like Theorems 1 and 3. We find that the
behavior of ASSURE* degrades smoothly in the quality of the Gaussian approximation.
Moreover, because ASSURE* exploits approximate Gaussianity of Y;, it outperforms
simple estimators of welfare that do not exploit this information.

We consider a stylized data-generating process where the micro-data Y;; big- Ggm),
for heterogeneous distributions Ggm) . G and j=1,...,m." The decision-maker
observes the sample mean of cell 4, Y; := % Z;n:l Yi;. Assume that costs are zero
ki = 0. We will consider a local asymptotic regime similar to Hirano and Porter
(2009), where the micro-data distribution GZ(-m) has mean ugm) := 1;/+/m and standard
deviation o;. Let F™(t) be the CDF of the t-statistic, let F\™(t) := 1 — F™(t)
denote the corresponding survival function, and let 9; = \/ﬁ@(m) be a rescaled version
15Section 3.1 of Liang (2004) states a Q(n~"') lower bound for a related but distinct regret quantity,
where the decision rule is learned from data points Y7,...,Y, and evaluated on a newly drawn
decision problem (pn41,Ynt1). We are concerned with an “in-sample” version of Liang (2004)’s
regret, motivating a distinct proof strategy.
16The same would be true of using SURE to tune decision rules that are nonlinear in Y;. If decision
rules are restricted to be linear in Y;, the quadratic nature of SURE means consistent estimation

of certain moments is sufficient.
17Extending this setup to heterogeneous cell-sizes m; is notationally cumbersome but straightforward.
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of the threshold. This rescaling allows us to write:

BIL(T; > o) = £ () R0 = g (VIRCY: = ) o > 1).

g;

Importantly, we rescale the welfare function accordingly: Let

W(5>:Z%i<m-u£m>m‘m>( ) Z FO ()

—1 .
! scaling by v/m ~~
true selection prob.

The welfare (4.1) is the analogue of (1.1); here, the selection probability is calculated
via the actual finite-sample distribution Ggm) rather than its Gaussian approximation.
(m)

Relative to the parameters g,

in their native scale, (4.1) scales welfare by /m,
accentuating differences at the 1//m scale.

For fixed ¢, we study the estimation performance of a feasible version of ASSURE*
for (4.1) and compare it to alternatives. Let

m

1 _
) 2
2~ Y. V.
R : (Y i)
J=1
be the estimated sample variance and let Y; := \/mY;. The feasible version of ASSURE*
(2.7) is then

~

5 g; Y;_(Sz
thzY;,é ZYCsmc( T )—Esmc( T ) (4.2)

Theorem 5 (ASSURE™ bias with non-Gaussian micro-data). Fix dy,...,d,. Suppose

GE’") have mean y;/+/m, variance o2, and third and fourth absolute central moments

Ws.is pai- The bias of ASSURE* satisfies
log(n)? 1
<C .
- ( vm + nlogn

where the constant C' depends on averages of polynomials in ||, o, pi3,i, fha;-

%ZEGEM [tn,i(V/mYi;0)] — W (3)

By independence and the bound Var(iwy,;(Yi;8)) = O((logn)?), we expect that
Var(W(8)) = O (M) . The mean-squared error of ASSURE* as an estimator of
W (6), for fixed decisions, is thus

E[(W o W)Q] -0 (10g(n>4 + log(n)Q) )

m n
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The (logn)*/m term reflects the fact that the Gaussianity of Y; is only approximate,
which disappears smoothly as m — oco. At this scaling, this term also reflects the
benefit of exploiting the approximate Gaussianity. To see this, we can contrast with
the mean-squared error of a simple approach that does not use this information:

Consider an estimator that simply replaces p; with Y;:
. 1 — o
Wegs(6) = — V(Y > 6.
CES( ) n Zzl \/E ( 7 )

Maximizing Wegs over fixed thresholds §; = [ results in the empirical success rule
1(Y; > 0) (Manski, 2004). Under mild assumptions, it is not difficult to show that
the bias at this scale does not vanish,'® leaving the mean-squared error no better than

1+1/n:
1

Therefore, as an estimator for the welfare (4.1), ASSURE* strictly dominates these

welfare estimators whenever m > log(n)* and (m,n) — co.

4.2. Complex decisions. We discuss how ASSURE can be used to ensemble complex
decision rules. To motivate, practitioners may consider multiple methods and want to
combine them. For instance, one model may be a nonparametric EB model without
modeling z-dependence—in which p; | z; ik (G1 for some (G; modeled nonpara-
metrically, perhaps estimated through nonparametric maximum likelihood(NPMLE).
Another may be a parametric EB model that considers contextual information—
Wi | zi ~ Ga(- | z;), where G(+) is parametric CLOSE-GAUSS and estimated via plug-in
methods. Yet another method may simply try to estimate E[Y; | z;] = Elu; | ;] flexibly.

This is made tractable with leave-one-out cross-fitting. For the example above,
foreachi=1,...,n, let mgj) (y, z) be a posterior mean function fitted on the data
(Y_;, z—;). Let m(éj) (y,z) denote the analogous leave-one-out posterior mean for a
second empirical Bayes method. Finally, let f (=) denote a regression model trained
using the data (Y_;, z_;). We may consider the class of decision rules which selects

a unit whenever the ensembled prediction is greater than the implementation cost:
byms ) (Y, %) + bl ) (Vi 20) + baf () > ki, (43

where the parameters [ = (by, be, b3) are restricted to be in the unit simplex. By the

monotonicity of the posterior mean function for Gaussian observations, the decision

gq

Bgimilar bias and mean-squared error properties apply to Wplug_in(d) = % S, Y (Yif‘5> .
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(4.3) is equivalent to Y; > densemble(21:m, Y—i; ) for some function depsemple: ASSURE
can be used to tune the parameter f3.

To that end, let §(21.,, Y_;; ) be some parametrized threshold that depends on all
21., and other units Y_;. Following (2.7), let
Yi — 0(21m, Yoi; B)) O; . (Y} — (21, Yoi; 5))

— S11cC
Uih Uih

h

wp (Y3 B, 2, Y_;) == (Y;—k;) Csinc (

ASSURE™ then estimates welfare by averaging wy,(Y;; B, zi, Y_;) across i. Then, by the
law of iterated expectations conditioning on Y_;, we have that ASSURE* remains a

low-bias estimator for the welfare of this ensemble decision:

EIW(8) 1= = > Bun(¥i B2 Y-0) = - S E[E [wn(¥i 6,2, Y-0) | Yoo
i=1 1=1

+ = e [o (i

(Proposition 1)

Q

The approximation in the last line is suggested by Proposition 1.

Under mild stability assumptions, ASSURE is expected to perform no worse asymp-
totically than the constituent models since the decision class nests each model indi-
vidually. This ensemble class thus enables ASSURE to improve on or robustify any
set of methods. We defer a detailed theoretical analysis of the ensembling method

for future work.

5. Simulation

To illustrate ASSURE methods as robustifying empirical Bayes, we consider a setup
where 1., do come from some random effect distribution, but we misspecify this

distribution. In particular, we consider!”

1/ 2— 2
pi | o1 ~ N(mo(log 0,),0.2)  mo(z) = —= + 3¢ 2(512) logo, € [~1.15, 1.15].

2
(5.1)
Assume costs k; are zero. The class of decision rules we consider is
D = {6(0;;8) = —0}(a+bloga;) : (a,b) € R*}.
D is motivated by the misspecified model where we model mg as linear:
pi | i ~ N(a+ blog oy, s3), (5.2)

19The marginal distribution of log o; is drawn from A(0.5,0.35%), truncated to [—1.15,1.15].
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for parameters (a, b, s3). In particular, under this empirical Bayes model, since costs
are zero, the threshold decision rules are Y; > —o? %, and only a = a/s3 and
0

b="b /st are relevant for parametrizing thresholds.
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FIGURE 3. Results from the DGP (5.1) with a misspecified prior.

Notes. We show a single draw from (5.1) with n = 1500. The lower-right panel plots
Y; against log g; for one sample with n = 1500, together with the true conditional
mean mg(log o;), the band my(log o;) + +/0.2, and the linear empirical-Bayes mean
functions implied by SURE, ASSURE*, ASSURE-CB, and the oracle welfare (2.2)
maximizer over D. The other three panels compare each method’s implied posterior
mean with the true posterior mean under the data-generating process; the dashed
line indicates the 45 degree line. ASSURE-CB produces very similar posterior means
as ASSURE™ and is thus omitted. O

For a draw of Y, we fit decision rules over D with ASSURE*, ASSURE-CB, and by
maximizing the oracle welfare function (2.2). We likewise fit @, b, s2 in (5.2) through
SURE or plug-in empirical Bayes.?’ Table 2 shows the average utility across 1000
draws. We see from Table 2 that ASSURE methods substantially improve on SURE or
plug-in empirical Bayes. Normalizing the performance of 1(Y; > 0) to zero and oracle
20PJug-in estimation for (5.2) estimates @, b via OLS of Y; on a constant and log o;. It then estimates

s3 by taking the difference in the residual variance of this regression and the average o?2.
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True posterior Oracle Plug-in
mean over D ASSURE* ASSURE-CB SURE empirical Bayes 1(Y; > 0)

Average utility 0.295 0.278 0.267 0.2668 0.227 0.228 0.201

TABLE 2. Average utility across 1000 draws from (5.1) with n = 1500.

Notes. (u,0,Y;) are redrawn. Average utility is (1.1) averaged over 1000 draws. Plug-in
empirical Bayes fits @,b with ordinary least-squares of Y; on logo;. It then fits s3 by
averaging the squared OLS residuals and substracting by the average of 02-2. O

over D to one, ASSURE* has relative performance 0.857 while SURE and plug-in has
relative performance only about 0.35.

To unpack why ASSURE* has good performance, it is helpful to compare results
on the same empirical-Bayes scale. We thus convert the threshold estimates (a,b)
into implied a, b by fixing the prior variance at its true value s? = 0.2. Under this
normalization, the corresponding EB coefficients are a = 0.2a, b = 0.2b. Figure 3
visualizes different methods on this empirical Bayes scale for a single draw of the data.

The bottom-right of Figure 3 shows a plot of Y; against log o; with the implied prior
mean estimates of various methods. SURE effectively fits a weighted squared-error
approximation to the true mg(log ;). On the other hand, ASSURE and oracle directly
optimize for threshold rules, thereby resulting in implied E[u | log o] estimates that
have high fidelity to where mg(loga;) > 0.

We can visualize the gain of ASSURE by plotting the implied posterior mean
estimates against the true posterior mean under (5.1) in the other three panels of
Figure 3. Indeed, SURE results in a good squared error approximation of the true
posterior mean, aligning well with the 45-degree line. However, because it does not
tune parameters for the selection objective, it incurs many false positives—where the
SURE estimates of p; are positive but true posterior mean is negative. On the other
hand, tuning decision rules implied by the linear model through the oracle objective
(2.2) trades off false positives and false negatives more efficiently, resulting in higher
welfare than SURE. ASSURE mimics the behavior of the oracle—its implied posterior
means are inaccurate predictions of u;, but lead to better selections.

Lastly, we can examine whether the ASSURE* objective function is made ill-behaved
by the oscillations in the sinc kernel. Figure 4 shows the objective function for
ASSURE*, ASSURE-CB, and the true welfare function (1.3) for one draw of data.
Both ASSURE methods do result in nonconvex objective function surfaces, possibly

motivating sampling-based optimization methods a la Chernozhukov and Hong (2003).
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ASSURE* objective ASSURE-CB objective Oracle (linear) objective
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FIGURE 4. Objective function landscape of (5.1).

It does not appear that the higher-order sinc kernel per se results in worse optimization

landscape than Gaussian kernel, however.

6. Empirical Applications

We illustrate ASSURE in three empirical applications in economics: selecting census
tracts to maximize economic mobility, identifying discrimination among large firms,
and selecting innovations in experimentation programs. The first two applications
show that plug-in linear-shrinkage empirical Bayes methods can be suboptimal for
welfare when the underlying model for P is misspecified, and that ASSURE improves
robustness in those settings. The experimentation-program application instead uses
ASSURE to assess hypothesis-testing rules for A/B testing.

6.1. The Opportunity Atlas. We begin with the setting studied by Bergman et al.
(2024), which can be cast naturally as a compound selection problem. Their goal
is to identify high-mobility Census tracts to recommend to low-income households
using noisy estimates from Chetty et al. (2018). Our implementation follows Chen
(forthcoming), who studies a national version of this application using nonparametric
empirical Bayes methods.

To cast this decision problem in our framework, let Y; denote the estimated economic
mobility of a Census tract ¢, defined either as mean income rank or as probability of
high income for Black individuals growing up in relatively poor households in tract
1. Denote true economic mobility by u;, and the estimated standard error of Y; in
Chetty et al. (2018) as o;.

Bergman et al. (2024) are interested in selecting the top third of census tracts.
We interpret that targeting rule as implicitly defining a constant implementation

cost k; = k. To calibrate k, we compute posterior means under Fay-Herriot and let
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E[income rank | Black, 25th percentile of income]
Cost calibrated to top 33% (cost = 0.3653)

Normalized mean welfare
Mean welfare (Naive = 0 | Fay-Herriot: Plugin = 1)

cLosE-Gauss T 1502 1877 1282 1474
CLOSE-Gauss
(wl covariates) - 0.01053 2.194 2.195 2.242 2.255
_ CLOSE-Gauss | 0.01042 82 8 2.166
(covariates, mean only) : :
0.00933 1.485 1.341 1.091 1.212

CLOSE-Gauss
0.00901 0.896 0.922 1.000 0.935

(residualize against covariates) |
Linear shrinkage -eNo[0:%¥] 0.00837 0.421 0.395 0.372
Thresholding t-statistics -ESlo[oy£:7] 0.00781 0.00341 -0.115

Naive -
ASSURE* ASSURE-CB  Plugin SURE ASSURE* ASSURE-CB  Plugin SURE

P(Top 20 | Black, 25th percentile of income)
Cost calibrated to top 33% (cost = 0.06325)

Normalized mean welfare
Mean welfare (Naive = 0 | Fay-Herriot: Plugin = 1)

CLOSE-Gauss -| 01286 d 0.01266 4.600 3.189 4.448

CLOSE-Gauss |
(w/ covariates)

CLOSE-Gauss
(covariates, mean only) | DI S S
CLOSE-Gauss |
(residualize against covariates)

Fay-Herriot -SRIIF&] 0.00939 2.206 1.940 1.000 2.508

Linear shrinkage - 0.00079 3.616 3.579

Naive - 0.00685 -

Thresholding t-statistics - 0.00082 2.610 2.571
ASSURE* ASSURE-CB  Plugin SURE ASSURE* ASSURE-CB  Plugin SURE

FIGURE 5. Absolute and relative welfare for two different economic
mobility measures in Bergman et al. (2024) application.

Notes. Results are averaged over 1000 coupled-bootstrap draws. “Naive” is the
decision rule that simply selects 1(Y; > k). CLOSE-GAUSS ignores covariates and
models x| 0;. In addition, we consider three variants of CLOSE-GAUSS with covariates.
The first variant (CLOSE-GAUSS w/ covariates) includes covariates in both prior mean
and prior variance symmetrically as with log ;. The second variant (CLOSE-GAUSS w/
covariates, mean only) includes covariates in the prior mean, but models the prior
variance as completely constant. The third variant (CLOSE-GAUSS, residualize against
covariates) residualizes Y; linearly against the covariates, and runs CLOSE-GAUSS on
the residuals. In relative comparisons, we normalize the performance of naive to 0
and that of plug-in Fay-Herriot to 1. 0J
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Kealibratea D€ their 66th percentile. Under this calibration, an empirical Bayesian is
indifferent between selecting and not selecting the marginal tract in the top third. We
fix this calibrated cost throughout.

To evaluate the performance of different selection decisions, following Chen (forth-
coming), we employ coupled bootstrap (2.10) to mimic a 90 — 10 split by synthetically
constructing a holdout sample that provides an unbiased estimate of performance
on the compound decision problem with inflated variances; see Appendix G. We
consider a few instances of decision rules discussed in Table 1 and Section 3.2: (i)
Linear shrinkage, (ii) Fay—Herriot, (iii) Parametric CLOSE-GAUSS, (iv) Parametric
CLOSE-GAUSS with covariates and its variants, and (v) Thresholding ¢-statistics.

For each class of decision rules, we then consider fitting their parameters with
ASSURE*, ASSURE-CB, SURE, and plug-in estimation. Plug-in estimation for CLOSE-
GAUSS methods involves method-of-moment estimation of the prior parameters. Plug-
in estimation for thresholding t-statistics simply chooses the conventional threshold
g = 1.96.

Figure 5 displays results for calibrating k to select the top third. The left panels
report absolute welfare and the right panels report welfare normalized so that the
performance of 1(Y; > k) achieves zero relative welfare and the plug-in Fay—Herriot
decision achieves relative welfare equal to 1. For flexible empirical Bayes models that
are arguably better specified, all methods perform similarly: ASSURE methods do not
generate large improvements, though they do not appear to hurt. For less flexible deci-
sion classes, however, ASSURE* and ASSURE-CB noticeably improve over plug-in and

SURE tuning—again illustrating the robustness gains from targeting welfare directly.

6.2. Discrimination in large firms. Kline et al. (2022) conducted a large corre-
spondence experiment to measure the contact gap u; between white and Black job
applicants across n = 108 large U.S. firms. Specifically, fictitious applications were sent
to approximately 125 job listings per firm through five waves of the experiment. For
each job, fictitious applications were sent in pairs, one with a distinctly white-sounding
name and the other with a distinctly Black-sounding name. Other attributes in the
resume were randomized. The difference in callback rates between races was then
averaged across jobs within a firm to produce the estimate Y;.

Using a false-discovery-rate procedure at the 5% level, Kline et al. (2022) identify 23
firms that discriminate against Black applicants, and none that discriminate against
White applicants. Under the “intensive-margin” preference in their paper, using these

estimates to select firms for further investigation maps directly into utility (1.1), where
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k is the cost of an investigation. If we calibrate k using the nonparametric empirical
Bayes benchmark from Kline et al. (2022), adapted from Efron (2016), the implied
value is k£ = 0.025, which rationalizes the selection of 23 firms.

To illustrate the performance of ASSURE*, consider the class of linear shrinkage
decision rules (Table 1). With constant k, linear shrinkage implied thresholds simplify
to 8(o, po, s3) = k + Ofk;—%”o =: k + 0?3, and thus we can let 5 := (k —myg)/s2 be a
scalar parameter. Figure 6(a) shows that directly plugging in the MLE estimates for
(mo, sp) would give a higher threshold and select fewer firms than ASSURE*.

0.100 ° 0.100 o
0.075 e % ° ’/"' 0.075 o8 °
'Y 8
0.050 0y 00" e - 0.050 0g.° --
Y R E ek T
- 0.025 | ======7 © %0 o8 R 0.025 —-———--;:oe P
> % "’--gq‘ s > osg © Bt
0.000 & " 0.000 - o > o
-0.025 o Selectec; t;y ASSURE* -0.025 i
@ Selected by Plugin o Selected by ASSURE*
-0.050 | --- ASSURE* Decision Boundary -0.050 O Selected by thresholding nonparametrics EB estimates
0075 | " Plugin Decision Boundary o075 | T ASSURE* Decision Boundary
0.00 0.01 0.02 0.03 0.04 0.05 0.00 0.01 0.02 0.03 0.04 0.05
gj i
(a) ASSURE* vs. plug-in linear shrinkage (b) ASSURE* vs nonparametric EB

FIGURE 6. Selections from n = 108 firms studied by Kline et al. (2022)

While Kline et al. (2022) reported linear shrinkage estimates, their preferred model
is a nonparametric empirical Bayes model as shown in Figure 6(b). This is precisely
due to concerns that the parametric Gaussian prior for the linear shrinkage rule is
misspecified. For instance, the underlying distribution of true contact gaps may be
skewed. As a result, the posterior mean tends to underestimate large p;, making
the shrinkage rule conservative. ASSURE* can partly correct for this and partially
salvage linear shrinkage rules. In a cross-validation exercise over ten splits (three
waves to estimate the threshold and two to estimate the resulting welfare), the plug-in
linear shrinkage rule achieves welfare 39% below that of thresholding based on the

nonparametric EB estimates, whereas ASSURE* is only 25% below.

6.3. Experimentation programs. In the technology industry, experimentation
programs are large collections of A/B tests that evaluate interventions affecting a
business metric of interest (Azevedo et al., 2020; Sudijono et al., 2024; Chou et al.,
2025). For experiment i, the average treatment effect estimate Y; is plausibly nor-

mally distributed around the true average treatment effect u;, measured in terms of
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Experiment selection with marginals

-nlIIIIIL._- .
e Selected: Y;=1.960] I/
0.08 | === Boundary: 0;=Y;/1.96 /
/
/
/
S 0.06 /
S /
= /
o /
- /
g 0.04 b
c
5
(2]
0.02 S —
o ==
0.00

-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3
Observed effect Y;

FiGURE 7. Experimentation-program data with the conventional
significance threshold

Notes. The center panel plots observed treatment effects against their standard
errors for roughly 330 feature experiments. Blue points satisfy the conventional rule
Y; > 1.960;, and the dashed line traces this decision boundary. The top and right
margins show the empirical distributions of observed effects and standard errors. [J

the business metric. We use an anonymized Netflix dataset from (Sudijono et al.,
2024), containing treatment-effect estimates and standard deviations for 331 feature
experiments. Figure 7 summarizes the data.

We consider selecting for interventions to implement in the platform as a compound
selection problem. A common ad hoc decision procedure selects via the t-statistic
decision class in Section 3.2, D = {d6(z; 5) = k + o5}. Conventional practice chooses
the cutoff to be t = 8 = 1.96, equivalently a two-sided p-value of 0.05. We instead
use ASSURE™ to choose the threshold 8 that maximizes the expected welfare of the
decision, taking k; = 0. Figure 8 shows the ASSURE* estimate W (). By maximizing
the curve W (), ASSURE* suggests using a decision corresponding to 3 ~ 0.

Because the data are anonymized (both the treatment-effect estimates and their
standard deviations are obfuscated by random multiplicative factors), the optimal
decision cannot be interpreted literally. Even so, the shape of the estimated welfare

curve is informative: If implementation is nearly costless, the preferred threshold is
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Experimentation Program ASSURE* Welfare Curve
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FIGURE 8. ASSURE* welfare curve for t-statistic thresholds.

Notes. The solid curve plots the estimated welfare T (c) for decision rules of the
form Y; > co;. The star marks the ASSURE*-optimal threshold, while the dashed
vertical line marks the conventional benchmark ¢ = 1.96. The top axis reports the
corresponding two-sided Gaussian p-values. O

much more lenient than the conventional (t=1.96) rule, echoing Azevedo et al. (2020);
Berman and Van den Bulte (2022); Sudijono et al. (2024)

The ASSURE welfare estimate can also be used in reverse: It lets practitioners infer
the cost level under which the conventional t = 1.96 rule would be approximately
optimal. To illustrate this, Figure 9 scales the implementation cost to be x times the
median estimated treatment-effect size in the dataset. The left panel plots W(ﬁ) for
different values of x, and the right panel plots the corresponding ASSURE-optimal
threshold. As k rises, the preferred rule becomes more conservative. The figure
suggests that the conventional ¢ = 1.96 benchmark is consistent with implementation

costs roughly twice the median treatment effect.

7. Conclusion

This paper introduces ASSURE, a data-driven approach for compound selection
decisions, closely related to SURE. In particular, ASSURE* is near-unbiased for the ex-
pected utility of selection problems for fixed p;.,, under weak assumptions, producing

robust evaluations of the quality of selection decisions. Because it accurates estimates
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ASSURE* curves by cost level Optimal threshold by cost

-=--- Two-sided p < 0.05 default (c = 1.96)

0.00

o

-0.01
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-0.02
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o
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-0.03
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FIGURE 9. ASSURE* welfare and optimal thresholds by cost level.

Notes: The left panel shows estimated welfare curves for decision rules Y; > k + co;
under several constant implementation costs k. The right panel plots the resulting
ASSURE*-optimal threshold ¢ as costs vary, where costs are normalized as
multiples of the median estimated treatment-effect magnitude in the dataset. The
dashed horizontal line marks the conventional benchmark ¢ = 1.96.

welfare, optimizing ASSURE* also leads to attractive selection decisions. We present

both theoretical guarantees and practical applications illustrating these advantages.
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Appendix A. Proofs

Throughout, define

i Y;—C g; . Y;_C
U,(Yi; 2, C) = (Yi—ki)Csmc( s )—E&nc( ool )

1 1_./Y,-C o (Y, —C
_(}/i_ki){§+;81< o )}—Esmc( s ) (A.1)

Proof of Proposition 1. We first invoke Lemma C.2, where a calculation with the

well-known Dirichlet integral

/°° sin ax Uh gin az
0

dz = lim
T hio J, T

Z.
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shows that
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Taking the difference,
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which has an upper bound given by

|M_k| lef%wzdw S h|lu’_k| / eféoﬂdw
™ 1/ W ™ 1/h

< h2|u _ k,|6—1/2h2‘

The last line follows from the Mills ratio bound, which holds uniformly over C,o. As
a result, the bias for W), is bounded above by (2377 |u; — ki|) h2e~ V2P,

Next, we establish the second claim

ERWMn—Ww01=O(@&f),

n

pointwise in 8. Recall the Gaussian Poincaré inequality, which states that for Y ~
N(0,1), Var f(Y) < E[f'(Y)?] where f is a differentiable function. Let Y ~ N (p, 02).
Applying the Gaussian Poincaré inequality to the function f(u + oz), we find

Var f(V) < 0°E [ f’(f/ﬂ .
It is easy to verify that
1 [6(z;8) — kil
Bynly: 2 6)| S 5+
Indeed, Oywy(y; 2, B) = 0y ¥ (y; zi, (2; B)) and we can compute

Oy (y; 2, C) = yaih sinc (yaih ) + Csine <ygih ) — 5 sine (ygih >
—y_Csinc y-¢ +C_kisinc y-¢
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Recall from the definition of Csinc that it is uniformly bounded since the sine in-
tegral function is. From the calculation in Lemma H.1, it is easily seen that sinc, sinc’
are uniformly bounded as well. Finally, ysincy = %siny which is also uniformly
bounded. (A.2) follows. Now, applying the Gaussian Poincaré inequality with wy,
defined in (2.7), and using (A.2), we obtain

Var(“h/x/WO/iv Zivﬁ)) g h740-i2 + h72 ’6<Zi; 6) - k1,|2 .

Thus by independence of the data Y;, the variance of Wn(ﬁ) can be upper bounded

by a constant multiple times

s n)? (% 3 af) §8n (% S (8215 6) — k)) -

i=1 i=1

The bias-variance decomposition for mean-squared error gives the result. O

Proof of Theorem 1. The optimality of 3 for W, implies W, (3) > W, (3*) almost
surely. Recalling u(5) from (2.1), we have E[u(8*)] = W (5*) and

Regret, = W(8") — E[u(3)] = E[u(8") — u(B)]
<E [u(ﬁ*) — Wa(B") + Wa(B) — u(B)] < 2F [s%p u(B) — Wn<6>|]

< 28 [sup W/(5) — W(5)l | + 28 [sup () - W3] (A3)

Starting from (A.3), we use the bias bound in Proposition 1 to bound:

my

(A3) SE [s%p [u(8) - W<ﬁ>|] +E [sgp [W(6) - EWW} T Rlogn
——

by Proposition 1
Letting A;(8) := u(B) — W(B), Ax(8) :== W(B) — EW(B), we will next individually
bound Esupg[A;(3)], Esups |[A2(8)|. We defer the bounds for these two terms to
Propositions C.1 and C.2, which prove that
V(D)
Vn

(s2 +ma + (va+ 1)V V(D)IDI,, + [ Dll4))-

ESl;plAM)I S me

logn

NG

Es%p |A2(8)] <
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Since V(D) > 1,

1
Regret, < (A.3) S M (zi_?,
with M = /V(D)(s2 +ma + (1 +va) (| D], + | Dll,,,)) as desired. O

Proof of Theorem 2. Fix some h > 0 and let pu, = (h/\/n,...,h/\/n) and

i_ = —p,. For any selection decision ag, ..., a,, let g, = % Yo By e (Y, Y]
and define g_ analogously. Then the regret at p, is
(i) - L3 i Yol = 2= (@ (= +0r) -0
sup yH+) — = Hilloyy o N (g T ) [ Bi\ X1 - X )] = —= = -9
1Bl<M P g ety NZANRNYD !

Analogously, the regret at p_ is

() o) (e ren)

Thus, the maximum regret over py and p_ is

% (@ (% + M) — 1+ max(1 — 9+7g—)) (A.4)

Thus, for any choice of selection decisions a.p,,

1 n
sup { sup W(B? ,Ufl:n) - E Z /“LiEYLnNN(Ml:n,In)[ai(}/l? s 7Yn>]} > (A4)
i=1

Ml:ne[_lvl]n |/8|<M

Let o(Y1,...,Y,) = 2> a;i(Y,...,Y,) € [0,1]. When viewed as a test against

T on

Hy:p=p_for Hy : p= py, g isits type [ error and 1 — g, is its type II error. Then

max(1 — g..9-) > LI S Ly v (W ) N 1),

By Pinsker’s inequality, TV (N (py, I,,), N (p—, I,)) < h. Thus,

(A-4)Z%<®<%+M)—1+%—g> E%GM—g) 5M%

for cpy = ®(M) — 1/2 > 0 and the choice h = ¢);. This completes the proof. O

Proof of Theorem 3. Decompose the regret as
Regret, (3) = E [W(8) = W(3)] +E W (B) - u(B)| .

Theorem C.2 shows that the first term is O((logn)%n~!). To handle the second term

~

E |W(8) — u(3)|, we use a leave-one-out stability argument. Define Y_; to be the
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vector of observations without Y; and

A —1) __ argmaXZgn zj, 7 (A.5)
J#i
where
29 = UG 0 g (MU ZABDY g (Rly =002

are the summands in the ASSURE* estimator. We will show that for each i, B(_i)
only differs from 3 by Op(1/n). To explain why this will suffice, first write

W(3) ~ Bu(d) = W(B) ~ (s — WP(Y; = (37, 2)
1 — oy R
£ 3= k) (PO 2 03, 2)) = P(Yi = 6(53. ) )
Thus
E[W(B) - u(B)] - %Z(uz —k)E | @ ( — 0(5 zi)) y (Mi - 5<05 - ,zz)>
- (A.6)
+ %Z(ui — k) (PO 2 689, 2)) = P(Y: = 6(3,20))) .
- (A7)

Using Lipschitzness of ® and (-, z;), we will upper bound (A.6) by

1 Li|pi — i
§ Lalyi = Wl _ oo,
n ag;

i=1 t
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for some constants L;. To handle (A.7), we truncate. Fix a truncation threshold

E, := C(logn)?/n for C,~ constants to be chosen later.
P(Y; 2 6(877, 2)) —P(Y; =2 6(5, 2))
~E 'Pm > 5(3*2’% 5) | Vo) = PV 2 6(B,2) | Yoy)]
<E [P - 08, 2)| < 183, ) — 68, z0)| | Y1}
< & [P 839, 2] < LIFO — Bl | v-)]

<E [P(%; - 8(57, )| < LBy | Y)| + BB - B| > E,)

[ 3(=i) . B 3D o\ L.E —
<E|® (5(5 722) + LBy Mz) _ P (5(5 azz) L;E, Hz>]
a; a;

+P(I3°7 - B > E).

Using Lipschitzness again, we find that (A.7) is bounded above by

(ani< iy bkl ] Zml EIBB) - B> B). (A)

0;
i=1
By the compactness assumption on the search space for 8, we may bound
E[I6CY — Bl] < MP(|5") = B| > E,) + E,

for some constant M depending on the diameter of the search space. Therefore we
may bound E [W(B) - u(B)} by

n Z (1 + ) i = kil (Ba +P(B) = B > Ey)). (A.9)

Theorem C.4 shows that

sy 5 . AMBlogn 1
(18- 4> BT ) <0 (2)

so we may take £, = O(lo%). Thus

3 n

E (W) - ()] < =3 (B +BUA - 4l > B,)

1=

<r (o) o)) -o(2)

Combining this with the conclusion of Theorem C.2 gives the result. O
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Proof of Theorem 4. Throughout the proof let a;., denote a vector of binary se-
lections, where the ith index is a;(Y1,...,Y,) € {0,1}. We will first exhibit a class
of priors that are supported on ©. Proposition C.7 verifies that a set of assumptions
Assumption C.1(1)-Assumption C.1(3) are sufficient for Assumption 1.

Consider the priors G5, where G, := Rad, is the one-dimensional Rademacher prior
with p; = 41 with probability p and p; = —1 with probability 1 —p. Let G5"|A be the
conditional distribution of p., conditioned on A := {min; p; < max; p; } N {|z| < C"}
for some absolute constant C” small enough. Then G| A satisfies Assumption C.1(1)
with B = 1 and, choosing x small enough, it satisfies Assumption C.1(3) since
LS uf = 1. Lastly, Assumption C.1(2) is implied if [a| < =6
+1 or —1, this is in turn implied by 7 < C’ for C’ small enough.

@2. Since y; is either

Next, observe the following inequalities:

sup Regret, (a1.,) > Eqen 4 [Regret, (a1.,)] (A.10)
“1:7169 P
E e~ [Regret, (a1.,)1(A
_ Gf?[ gret, (a1.,)1(A)] (A.11)
E en [Regret, (a1.,)] — E,en [Regret, (a1.,)1(A°
_ Eggn [Regret,, (a1:n)] — Eggn [Regret, (a1.0)1(A%)] (A12)
E e~ |Regret, (a1.,)] — Poen(A°
S G [Regret,, (a1 )] GS’( ) (A.13)

- ]_ — PG:?TL (AC>

Observe that IP’G%an (A°) is exponentially small in 7 for all p in a small neighborhood of %

We will thus focus on analyzing the term Een [Regret, (a1.,)] . We have
1 n

Egen [Regret, (a1:n)] = Egen {s%p w(s) - - > Bl (Y, Yn)]}
i=1

> sup Egen W (B) — Egen
,B p p

1 n
n ZME [ai(Y1, ..., Ya)]
i=1

Since W(8) = £ 31" | ju;P(Y; > B8) and p; are independent, observe that

Sup EgenW(8) = sup Ec, [WP(Y > B | p)] = Eg,Ey[ul {Eg, 1| Y] > 0}],

which follows from monotonicity of the posterior expectation in Y. This is the welfare
of the Bayes-optimal decision (see e.g. Azevedo et al. (2020)). Therefore, we have
lower bounded sup,,, e Regret,,(ai.,) by the Bayes regret of any product prior G5 up

to some additive errors and multiplicative factors that are exponentially close to 1 in n.
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We will finish the proof using Le Cam’s two point argument. By Lemma B.1 we may
restrict to decision rules which are monotone: a;(Y) =1 {Y > 0;(Y(—s) } For a prior G
on {—1,+1}, let mg(y) = Eg[p | y] be the posterior mean, let aG( ) =1{ma(y) > 0}
be the Bayes optimal decision, and let R(G, ay.,) denote the Bayes regret under the

product prior G®". We can equivalently write this Bayes regret as

R G aln = - ZEG®" 22 aG )_az()/l”))]
= 5D B Il (1030~ Vi)

= —ZEg®n Ima(Yo)| 1 {ag(Yi) # ai(Yin)}] - (A.14)

where (A.14) is verified by Lemma C.5.
Take
Go = Rady /51 /4 ym); G1 = Rady /241 /(aym)-
By Lemma C.7, for every monotone rule a;., there is an absolute constant ¢ > 0 such
that
R(Gy, a1.,) + R(G1, a1.,) >

Slo

for all sufficiently large n. Hence
max (R(Goa al:n)7 R<Gla al:n)) 2 %
Applying (A.13) separately under G§" and GT", and using Pgen(A°), Pgen(A°) =

O(e™™), we obtain

sup Regret, (ai.,) > max
Hl:nee

R(G0> altn) - PGG@’” (AC) R(Gb al:n) - ]P)G?" (AC)
[—Poen(A9) 1 PBpon(AY)
> -y — () -1
> L - 0(e) = 0w,
as desired. O
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Proof of Theorem 5. For each i, let Z; ~ N (u;,0?). Recall the definition of wy, in
(2.7) and define wy, ;(y; ) = wp(y; 04, 6). By the triangle inequality,

% Z E [in,i(v/mYi; 6;)] — W(6)

1 & B )
< - ZZI |E [Ujh,i(\/ﬁ}/i; 6i) — wni(v/mY;; 51)} |

+ %Z ‘E [wh,i(\/m?i; 5%) - wh,i(Zi; 51)] |

i=1

+ % ZE [wn,i(Z; 6:)] — W (6)

= T1 —|—T2 —|—T3

The terms have distinct roles: T controls the effect of estimating a , Ty controls the
error from replacing the non-Gaussian sample averages by Gaussian analogues, and
T is the residual bias from targeting the Gaussian welfare rather than W (9).

By Lemma C.9, T1 < v/logn/y/m. By Lemma C.10, Ty < (logn)?/y/m. The broad
idea for T, is as follows. For each 7, relabel the micro-data as Y7,...,Y,,, introduce
Gaussian variables 71, ..., Z,, with the same mean and variance, and define hybrid
sums S in which the first k& terms come from Z; and the remaining m — k terms are
the original Y;. Then

m—1
E [wpi(Z5;6:)] — B [wyi(v/mY5;6:)] = > E [whi(Sks1 61) — wni(Sks 67)] -
k=0

Each increment is expanded around the common background sum S} obtained by
removing the swapped variable. Because Y;.; and Z;.; have the same first two
moments, the constant, linear, and quadratic Taylor terms cancel after taking
expectations, so only a third-order remainder remains. Lemma C.10 shows that
|w,(l3z) (2;0:)| < 0;72h™* 4 |2]o; 23, so one swap costs at most Pym~3/2(h=* + h~=3) for
a polynomial P; in the moments. Summing over the m swaps gives B;(h™*+h=3)/\/m,
which is P;(logn)?/v/m since h = 1/y/21ogn.

Finally, Lemma C.11 gives T3 < (nlogn)™' +m~'/2. Combining the three bounds

proves the claim. 0
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Appendix B. Miscellany

Lemma B.1 (Reduction to monotone decision rules). Fix oy.,, k1.,. Let a;(Yi;Y_;) €

[0, 1] be a decision rule and assume a;(-, Y_;) is not almost surely zero or almost surely
one. There exists a threshold rule a}(-;Y_;) = 1(Y; > 6;(Y-;)), where 6;(Y_;) € R,
such that
B (i = ki) ai(Yis Yoi)] < By, [(ps — Ki)ai (Yis Yoi)]
for all py., € R™.
Proof. Let
Yo(Yoi) = Epmi, ai(Yi; Yoi) | Y] € [0,1].
Define af(y; Y_;) = 1(y > ¢(Y_;)) such that
Byt [10% > e(Y-) | Vo] = 70(Y-0)

Note that af(y;Y_;) is the uniformly most powerful test for Hy : p; < k; with
conditional size vo(Y-;), against Hy : pu; > k;. Likewise, 1 — a}(y; Y_;) is the UMP test
when we swap the null and the alternative. a;(y;Y_;) is a randomized test that has

the same conditional size yo(Y_;).
Let i > ki, then

By lai(Yis Yoo) | Yoi] S By laf (Vi Yo) | Yo
since a is weakly more powerful than a,. Conversely, if p; < k;, then
By lai(Yis Yoi) | Yoi] = By, fag (Yis Yoi) | Y]
since 1 — a* is more powerful than 1 — a;. Thus
(i = ki) By [ai(Yi; Yoi) | Yool < (= ki) By, g (Yis Yoi) [ Y],
The conclusion follows by integrating out Y_;. ([l

B.1. Lack of an unbiased estimator. We present an argument that is referenced
in Stefanski (1989) without proof. By Lemma B.2, an unbiased estimator for W (03)
exists if and only if one for ¢(u) exists. The following result shows that ¢(u) cannot

be unbiasedly estimated, at least not with estimators with reasonable tail behavior.

Lemma B.2. Let Y ~ N (u,0%). Then

E[Y1{Y >c}] = \/%exp <—%> + ud (”;6) .
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Proof of Lemma B.2. Rewrite the expression as

EY1{Y > ¢} = E[(Y — p)1{Y — i > c — p}] + uP(Y > )

* 1 x? c— I
_ _r 1—a
/c— ! 27T02exp( 202>d$—|—,u( ( g ))
22\ |~ c— I
__ _r 1—a
\/27reXp< 202> C_N+M( ( o ))

)

Proposition B.1 (Stefanski (1989)). Let f : R — R be some real-valued func-
tion where Ey nu)[|f(Y)|] < oo for every u € R. Definem : C — C as m(z) =
[ fy)e(y — 2) dy. If m is entire, then there is some j1 € R where

Eulf(Y)] # o).

Proof. Towards contradiction, suppose m(u) = E,[f(Y)] = ¢(u) over 1 € R. Since ¢(-)
is analytic, we must have m(z) = p(z) over C. Let z = it, we have that for all ¢t € R,

/R f(y)ely)eVdye”* = #e“ — /R Fy)e(y)e™dy = \/%7

Note that

O

/If(y)w(y)!dy = / |F(W)le(y) dy = By x| f(Y)]] < oo.

Thus fy is L'. By the Riemann-Lebesgue lemma, the Fourier transform vanishes at

infinity:
1

0= lim / ey = —.

Jim Rf (W)e(y)e™dy Nor

This is a contradiction. O
[t remains to discuss when m(z) is entire. A sufficient condition is that f(Y') is inte-
grable under a slightly noisier Gaussian: Ey . ro1+4¢2)[|f(Y)|] < co. When this is true,

we can then differentiate the real and imaginary parts of m(z) under the integral sign
and verify that the partials are continuous and satisfy the Cauchy—Riemann equations.
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Appendix C. Auxiliary results for proofs

This appendix collects auxiliary lemmas and intermediate arguments organized by
the main-text proof they support.

C.1. Auxiliary results for Proposition 1.

Lemma C.1. Let Y ~ N (p,0?) and w, C be constants. Then:

Esinw(Y —C) =e" 20w sin(w(p — C))

Ecosw(Y —C)=e —go? cos(w(pu — C))
E[Y sin(w(Y —C))] = e 27 [sin(w(p — C)) 4+ wo? cos(w(p — C))]
= ¢ 27 [usin(w(p — O))] + 02wk [cos(w(Y — C))] .

Proof. For the first claim, observe that

1 , '
E[sinw(Y — C)] = —F [0 — ¢V =O)]

1

1 iw —702w2—sz —iw —70 202 +iwC
— — (eiwn _ o lwp

2

1 —15242 iwp—iwC —iwp+iwC
= —e 2 (e™n — e Tt

21

= e 27 sin(w(p — C)).

An analogous argument with cosine shows the second claim. For the third claim,

use Stein’s identity E[Y f(Y)] = pEf(Y) + o*E[f'(Y)], and then apply the first two
equalities of the lemma. O

Lemma C.2. In the proof of Proposition 1, we have, for z = (k,0),

(1 - B)® (%) — =0+ 2= ) [T e e - 0o

w

1/h »
Ev,(Y,z,C) = %(,u —k)+ l(,LL — k;)/o le 2" sin(w(p — C)/o)dw

™ w

interpreted as Lebesgue integrals.
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Proof. We consider the fact that for all a € R,*

/ PO g = zsign(a).
0 2

T

Then
(n—k)® (%)

~u-0 [ -0 s0<

e}

" ay
e (e () 2 (5

)

:%(ﬂ—k‘)—l-%(,u—k‘)/ool}gg 1/hsln(( )/U) i(’o(%)dy
—%(u—k) iu kl}%l// sy - C)/U) wt (y M>dy-

The last step follows from dominated convergence theorem, noting that

/”h sin(w(y — €)/o) ,

W

sup
h

W

- s%p|Si(h(y —C)/o)| =K < o0

if x > C, for an absolute constant K. A similar calculation shows when x — C' < 0
the integral is bounded above by the same uniform constant K. Thus an integrable
dominating function is given by Ko((y — p)/0)/o. Now applying Fubini’s theorem,
we can switch the order of integration and apply Lemma C.1:

1 Uhy g 1 (y—pu

St [ ([ sty - 0o (L8 dy) e
! lim v le 2v (= k) sin(w(p — C)/o)dw
Thlo J, w

2

— %/OOO ie_ “(u—k)sin(w(p — C)/o)dw

SIS

2lThe integral is interpreted as an improper Riemann integral, so
Uh gin az

o .
sin ax .
dr = lim dx.
0 xr hlO 0 X

The truncated integrals fol/ h Si“%dl‘ can be treated as Lebesgue integrals.
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This proves the first claim. For the second claim, note that

1/h |2
1/ le 2 (u— k) sin(w(p — C)/o)dw

L o () (SO ()
:%/Ol/h/:: (y—k:)m;(%) o eos (@) %90 <%) dyde.

Again we may apply Fubini noting that the integral over w, being over a compact

domain, is finite, yielding

/ / [ sm(w(y—O)/a)_Ocos(w(y_c)/a)] aol SD(y;u) a

! /_Oo /Ol/h(y =), Usin((éy_— S)/gha)] L, (y - u) "
~E E(Y —k)Si (Yh_ac> - %sinc (Y};C)l
= E[0(Y:2,C)] — 5(n— ).

This proves the second claim. O

C.2. Auxiliary results for Theorem 1.

Proposition C.1. In the proof of Theorem 1, we have

V(D)

T

Proof. We will handle this with i.n.i.d. empirical process theory applied to the function
class F = {f5: 8 € R} with fs(y,p1,2) = (u — k)1{y — d(z; 8) > 0}. The class F
has a uniform envelope function given by F' = |y — k|. Moreover, Lemma E.1 shows

that F is a VC subgraph class with index O(V(D)): in particular, y — (3, 2) is a
VC subgraph function class ranging over 3, and so is 1 {y — (3, z) > 0}. Multiplying

]ESI;p AL (B)] S ma

by the fixed function (4 — k) and applying Lemma E.1(2) gives the claim. Next, we
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apply Theorem E.1 with V; = (Y}, i;, z;) and Lemma E.2,

1 1 1 &
Esup [4:(8)] = —ESUP |A1(B)] = —=Esup —= > {fs(Yi, i, i) — E[fa(Yi, pi, )]}
P IA40) = B TolAB) = pEsp oS s e |
1 1 & V2
<—JL,F|FL) (=) |wi—ki? (Theorem E.1)
Fouriem (03
/2 :
< _
= i — ki / 14+ V(D)In —de Lemma E.2
f< Z| ) v ( )
1< Y
<\VV(D)| - i —k)? —. O
<V ><n >t >) NG
Proposition C.2. In the proof of Theorem 1, we have
lo
Elsup A2(0)| S == (52 ma o+ (1 + DYVD)(ID], + IDl).

Proof. Define the function classes G = {gg 1B e Rd} JH = {hg NS Rd} where
1 .
98y, 2) = —(y = k) Si(Auly — 0(2; 5)) /o)
hs(y, z) == oA, sinc (A, (y — 0(2: 8))/0)
for A, =1/h, = 1/v/2logn. Then:

1 1 —
Esup|A2(8)] < —=Esup |—= > 95(Y;, i, z:) — Bgs(Vi, p1i, ;)
w40 < ZEsp| 72D g5 :

NG

1 1 «
+—=Esup |— h (Y%,/M,Zi) —Eh (Yz‘;M,ZD
5 \/ﬁzl B B

n

LI}

-~

1
“E
3

.

S\lf( Ly U«?)lﬂ

We can therefore focus on bounding

E

1 n
Sup —= gﬂ(Y;v His Zi) - Egg(Y;, i, Zi)
5 \/ﬁ;
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and the analogous empirical process hg using variants of i.n.i.d. empirical process the-
ory. The function class G has a uniform envelope function G(y) = c|y—k| for some abso-
lute constant ¢, since the Si(-) function is bounded. Following the proof of Theorem E.1

with V; = (Y}, 2;), we may apply symmetrization and a maximal inequality to obtain

IR i
[ |sup 7n Z%(Yulﬁz‘,zi) —Egs(Yi, ps, )| <E [/ V1+1log N(e, G, Ly(Py))de | ,
B i1 0
(C.1)
with 7, := supg ||gs]|,,-
Now, we claim that for some constant C'
N(CAige, G, Lo(P,)) < N(e, D, Ly(P,)). (C.2)

1/4
where 7y 1= <% S ikt ) . Indeed, take any e-cover in the IL*(P,) metric of the

i=1" of
decision function space D. Take any §(-; 3) € D, and suppose the function d is e-close

to this function. Then because Si is Lipschitz for some constant C,

Ly — 1) SiOWy — d)/o)

™

H%’(% [ 2)
L2(P,)

- (% > B (50 - J)2>1/2

i=1 ¢

n 1/4 n 1/4

1 (Y; — k;)* 1 2 4

< — -~ 7 — > — |

< C\, (n ;1 p > (n 5 (5(22,5) d) ) (Cauchy—Schwarz)

S C)\nl)4€.

This shows the pushforward of the L*(P,) e-cover through the function i(y —

k) Si(An(y — ) /o) is a C\,Dye-cover in the L*(P,) seminorm.
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Returning to (C.1), using (C.2), we can bound the entropy integral in (C.1) as

/T 1og N (e, G, La(B.))de

0
" 1+ log N € D, LP,))d
<

1/ Chapal Dy,
— C)\nﬁ4||D||47n/ \/1 +log N <e||D||n74,D,L4(IP’n)>de
0

1
< (nn+CAnﬁ4||D||47n/ \/1+logN<e||DHn74,D,L4(IP’n)>de>. (C.3)
0

The last line is obtained by splitting the integral into two integrals, one over [0, 1] and
the other [1,00), if needed. The covering number for € > 1 is equal to 1, so we may
bound the integral for € € [1,7,/CA\. 04| Dll,,) by (n./CAntul| D], —1)+. Applying
the envelope function bound for G and Lemma E.2,

1 16
C.3) <G, + )\n194||D||47n/ \/1 +log V(D) + 4V (D) log Tede (C.4)
0

<Gl + Al DIy v/ V(D). (C.5)

Taking expectations over the data and applying Cauchy—Schwarz, while using that

|D][4,, is deterministic, we obtain

E[|G], + A/ V(D)(E2]) 2| D,
It remains to bound the last few terms. Applying Jensen’s inequality, we have

n 1/2

1/2 n
1 1
eiol, - (330 0) 5 (2et k) Smm
=1

=1

n 1/2 n 1/2
. 1 (Y — k;)* 1
Ei? =K (EZT> < <1+EZ(M1—I<:Z-)4/U?> S1+.

i=1 4

Thus

1 n
Esup = g (}/;7/1”57ZZ) _Eg (K)Miazi)
8 \/ﬁ; ’ ’

< (524 ma +1ogny V(D)1 + w)|1Dll,)

The argument for the function class H is similar but more straightforward. We

take the uniform envelope function H = C'o ), for some constant C, since the sinc
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function has a uniform upper bound. Following the proof of Theorem E.1 again with
Vi = (Y}, 2;), we obtain

<E Un V1 + log N (e, 7, Lo (B, ))de| |
(C.6)

with 7, := supg ||hgl|, this time. Now because the sinc(-) function is Lipschitz with

1 n
E|sup —= Y ha(Y;, 1, 2:) — Ehg(Yi, pi, 2;)
8 \/ﬁ; ’ ’

some constant C',
N(CXe,H,Ly(P,)) < N(e, D, Ly(P,)). (C.7)

Applying the same logic as before, we obtain an upper bound of

1
B, + 2D, [ 1+ los N (D, #. La(P,))d
0

S IH], + 211Dl /V (D)
< (logn) (s2 + VD)D)

Combining the pieces, we have

1
S 75 (524 ma +10gn VD14 )|, )

+ 1‘2% (s2+ VVD)IDI,) + 5

< 1‘)5;(@ Fmat (s + DVVO)(IDI, + I1Dl,,). O

C.3. Tail bound for regret. In addition to controlling the expected welfare, em-

E

sup Ay(5)
B

pirical process techniques can also get high probability guarantees on the realized

in-sample regret, defined as the quantity

~

u(B) — u(f).
We give a basic tail bound result for ASSURE* using the i.n.i.d. extension of van der
Vaart and Wellner (2023), Theorem 2.14.23 from Appendix E.
Theorem C.1. Fixd > 0. Under the assumptions above, with probability at least 1—¢

5 my M + mg + sologn 2

where M is the constant in the statement of Theorem 1. The same bound is true for

W (%) — W(p).
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Proof. The optimality of 3 for W, (-) shows that

u(B) — u(B) < u(B*) — Wa(B8") + Wa(B) — u(B) < 2s%p [u(B) — Wa(B)]
Combined with the uniform bias bound on W,, from Proposition 1, we have

(") = u(B) < 25up [u(B) = Wa(8) ~ B [u(B) = Wa(8)] | +

2m1

nlogn’
Let

A

Gl = Vitsup [u(8) = Wa(8) ~ B [u(8) = Wa(8)] |
Here, F is the function class with members

fa(y, 1, 2) = (p—k)1{y > 0(2; 8)} — wn(y; z, B)

with z = (k, 0, x) and wy, defined in (2.7). We will control the sub-Gaussian norm of
|G| £ Notice that an envelope function for this class is given by |u—k|+Cly—k|+,0,

which is in turn bounded above by
F(y, p,k,0) == Cllp = k| + [y — pl + Ano)

for some constant C. Applying Proposition E.1 with V; = (Y}, u;, 2;), the sub-Gaussian

norm is bounded above by a constant multiple times

n

1/2
1
E(|Gal| - + <5 > (wi— k) + Aiaf) SE|Goll 5 + ma + sz logn

i=1
By definition of the Orlicz norm 1y, any random variable satisfies P(|Y| > ) <
2exp <—t2 / ||Y||12p2) Equivalently, with probability > 1 — 4,

2
Y] < 1Y log =

Combining this bound with Propositions C.1 and C.2 completes the proof.

~

The analogous result follows for W (5*) — W(f) by first noting that
W(B") = W(B) < W(B") = Wa(B") + Wa(B) = W(B) < QSlﬂlp Wa(8) = W(B)],
and then repeating the same steps of the proof. O

C.4. Auxiliary results for Theorem 3. We start with a lemma calculating the
derivatives of the average welfare. Since the computation is straightforward, we omit

the proof.
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Lemma C.3 (Derivatives of the welfare). Assume the decision thresholds 6(-, Z) are
smooth for each Z, and set T;(5) := (p; — 6(zi;8))/0s. Then the derivatives of the

averaged welfare are given by

W) = = (s — ki (13) )
W(B) = = D ) o () T g e T
and
w"(B) = —% ‘ (1 — ki) A
A= o (1) 282 g ) L2002
R pACE

Under Assumption 1(1), there exists a constant Cp that only depends on B such that

Sup W/ (B) + W' (B)| + [W"(B)] < C.

Theorem C.2. Under the assumptions of Theorem 3, for n large enough, we have
2C (logn)?

Koon

with probability at least 1 — %, for a constant C depending only on B and the VC
indices of D, D’'. As a result,

<

36

B [w(sr) - w(@) < et

for an absolute constant C' depending only on B, k, and the VC indices of D, D’.

Proof. Firstly, inspect the derivatives of the welfare from Lemma C.3. By the results
of Theorem C.1 we have with probability at least 1 — §

% A my meo + (M + 82) logn 2
W(ﬁ)—W(ﬁ)SC{mognJr 7 \/10g5},
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where ¢ is a universal constant hidden in Theorem C.1 and M is the constant in the
statement of Theorem 1. Substituting § = 1/n and using Assumption 1(1), we have

W(5) — W(B) < 03% (C.8)

with probability at least 1 — 1/n and some absolute constant C. Let A, be this event.
Take n large enough such that the right hand side of Eq. (C.8) is less than £. Using
Assumption 1(4), we conclude that on A, |5* — B| < k/B. Now, Taylor expand W’

around [£* to obtain

W/// (/8)

W/(B*) = W(B) = =W"(B)(B" — B) — ——(B" — B)* (C.9)

for some (3 between B and #*. By Lemma C.3 and the reverse triangle inequality
la — b| > |a| — |b] we have

| W/// ) | .

W'(B7) = W'(B)| = [W"(5" (8" - B)°

ZﬂW“ﬁﬂ—g%W—ﬁﬂ

where the last line follows from Assumption 1(3). Combining this with the Taylor

expansion in Eq. (C.9), for n large enough, on the event A,,

- B < Wy - ). (C.10)
Next, by Theorem C.5, with probability at least 1 — 1/n
(A / C C(log n)5/2

w —W(p")| < log(2 C.11

W) = W) S e Vo (0] (€.1)

for a constant C' depending only on B and the VC indices of D, D’. Let A, denote
this event. Combining equations (C.10) and (C.11), we conclude that on A, N A,,,
which has probability at least 1 — 2, that

QC’ (logn)?
\/ﬁ

for a constant C' depending only on B and the VC indices of D, D’. This proves the

first claim.

Next, notice that W’(8*) = 0. By Taylor expansion of W around *, we have
W(B") = W(B) S Ca(B — 5 + C(B - 57)°.

56



Then for n large enough,
E (W ()~ WA <E W) = W(B) AN Au| +E [W(5) = W(B); (4n 0 A,
S CoR[(8 = A% A Ay] + BP (4,0 4,)°)
< OsC(logn)® | B

~ 2

K
This concludes the proof. O

n n

Theorem C.3 (Uniform bounds on the derivative bias). We have

! 7! 1 & ’,Ui_ki‘ ’ _ 2
W'(8) ~ EWL(8)| £ (52 o w,zm) he /2

W”(8) —EW,(8)] <

[h (%Z—‘“i;“’w’(ﬁ, : ) ( Z‘“Z_ L »)]e‘”’*

With the choice of h = 1/+/2logn and uniform upper bounds on ¢', the bias for
1 (l Zn |Nz’*ki|>

nylogn \ n £~i=1 o :

Proof of Theorem C.3. Lemma C.2 shows

the first derivative is on the order of

(1 — k)® (%) — B+ 2 [ L sinfu — €)fo)
1/h 12
EV,(Y,z,C) = %(,u —k)+ %(,u — k) /0 ie 2 sin(w(p — C)/o)dw

We may differentiate under the Lebesgue integral in C', which is justified by dominated

convergence theorem. This yields

. kgo (# — C) Y k/ e 2’ cos(w(p — C)/o)dw
0

o o T o
d 1 om— k‘ _ 1,2
%E\I/h(Y z,C) = —— /0 e cos(w(p — C)/o)dw

By the chain rule, we have

Wi(0) =+ ‘ff; (Vi 2 0(z ) (8. )

By the formulas for derivatives of ¥ in Lemma H.2 and Lemma H.1 shows, |dq’h| <

KLY — k|/o for some constant K depending on h. This provides a dominating
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integrable function which justifies DCT, yielding %E\Ifh = E‘Zl'—ch. Therefore,

W' (8) — EW/(8 ( Z’“Z Kil 5 ,2)> //he 2% cos(w(p — C) /o) dw

1 i — kil o, —1/2h2
N <H ; 75 (B,z) | he

)

using the constant upper bound for cos and the Mills ratio bound.
For the second derivative, the argument is similar. For notational clarity we will
write Ue, Yoo to be the first and second derivatives in C' of ;. Applying DCT again

to justify the interchange of derivative and integral, we obtain

2 _2 kgpl (p“ — C) _ _lﬂ —k / we_%w2 Sin(w<,u - C)/U)dw
0

o o T o2

1 —
EVeo(Y,2,C) = -1 K

T o2

1/h L s
/ we 2“ sin(w(p — C)/o)dw
0

Next, notice that the second derivative of ASSURE* is given by
. 1 <&
W2B) = 3" Wee(¥i 2 8z )0 (B, 2" + Wo(Vi, 2,00 ) (B,z). (C12)
i=1

Thus,

[EW(8) — W,(8 ( Z l'uz k |5/ B, zi) > //h we ™2 sin(w(p — C)/o)dw

+ (% ; @]5"(5, Zz)|> /00 e 2" cos(w(p — C) /o) dw

1/h
The conclusion follows from bounding cos, sin above by 1 and bounding the resulting

integrals. U

Theorem C.4. In the setting and notation of Theorem 3, we have
s oA AMBI 1
P (W“) — B> 2 vi= 1n) =0 (—) ,
KN n
for some universal constant M > 0.
Proof of Theorem C.j. Recall the function ¥ in the ASSURE™ estimator of (A.1). Let

Ve, Uee denote the first and second partial derivatives in C', given in Lemma H.2.

To control B — B(_i), we will apply a standard Taylor expansion using the first-order
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conditions

Z\yc Yi, 2,08, 2))8 (B, z) = 0 (C.13)
Z\PC L2, 0(BCD, N0 (B, ) =0, Vi=1,...,n. (C.14)
J#i

By Taylor’s theorem applied to Y\ U (Y, z;,6(e, 2;))0 (e, 2;), we have

= % Z Ve(Yi, 2, 6(8, 2))8 (B, i)

~

- _Z\I/c 2 885, )8 (B, ) + Aa(B — BC)

1 A(—i 10 A= 2 A(—i
:ﬁwc<n,zi,5<ﬂ<—%>,zi))5 (B0, 2) + Ani(B— BEY),

where

( Z\DCC ZJ’ 5%2]))5/(6172]) +\I/C(Y}’Bi)5”(ﬁ~ivzj)> (C'15>

— W (5. (C.16)

for some f3; between 3 and A", By Assumption 1(1), ](5’(,@(_“, z;)| < B. By Lemma
H.2, it is not difficult to show that
Wo (Vi 2, 6(879, ) S A2+ Md(877, 2:) < MBX,,

for some universal constant M > 0. Thus,

]\/.I'B)\2
nIAml

~

B—p

(C.17)

By Lemma C.4 and a union bound, with probability at least 1 — O(n™!) we have
|A,i| > k/2 for all i. On this event, (C.17) yields

)| _ 2MBX2
<
o KN

Y

Since \2 = 2log n, enlarging the absolute constant M if necessary gives

B—B(iz) < 4MB10g’I’L

This proves the theorem. [l

RN

59



Lemma C.4. In the setting and notation of Theorem C.4, let 3; be any point between
B and 9, and define
Api = W:,Z(Bl)
Then, for n large enough,
1
P (A > 5/2) > 1-0 (n—) |

Proof. Write

I, == sup ‘W/{(ﬁ) —-E [WT’L’(B)} ‘ . II, :=sup ‘]E [Wr’t’(ﬁ)} —W"(B)

B B

Y

111, = Cymaxmax (|6 = A0, 15" = 4]
where Cp is a constant depending only on B. Since W is uniformly bounded by Cg

and Bz lies between B and B(_i), we have
‘W”(Bz) . W”(ﬁ*)

Hence, by the reverse triangle inequality and Assumption 1(3),

<III,.

|Ayi| > k=1, — 11, — I11,.
The three error terms are all o(1) with probability 1 — O(n™!). First, by Assump-
tion 1(1) and Theorem C.3,

B3 1
I, < [———+B")—=0(n").
_(\/210gnjL >n (™)

Second, Theorem C.6 with § = n~! gives
(logn)*
Vn

I, <C

with probability at least 1 — 1/n. Third, Theorem C.2 gives

(logn)?
NG

-8 1<C

with probability at least 1 —2/n. Let 4(~9* maximize the leave-one-out welfare W ().
The proof of Theorem C.2 applies verbatim to W (=, except that § is set to be n=2, so

(logn)*
\/ﬁ

B0 - g <
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with probability at least 1 — O(n~2). Applying the union bound, we obtain that, with
probability 1 — O(n™1)

. 1
AD — = z>*y<0(ojg>, Vi=1,....n.

Moreover, W and W9 differ uniformly by O(n~!) under Assumption 1(1), hence
W(B*) =W () =0(n™).

Since W”(p*) < —k and W' is uniformly bounded, there exists > 0 such that
W"(p) < —k/2 for all | — p*| < r. Because O is compact and * is the unique global

maximizer of W,

&= W(B)— sup W(B)>0.
|B=B*|>r

For n large enough, the bound above is smaller than &,, so [3(79* — 3*| < r. Therefore
Taylor’s theorem gives

W) = W(E) = — W5 (50 - )" 2

2

K
4
for some f3; between B* and S~9*. Consequently,

B =g =0(n),

11, =0 <(lo\g/g)3)

and, by a union bound,

with probability 1 — O(n™1).
For n large enough, the sum of the bounds for I,, I1,, and 1], is at most /2.

The conclusion follows by a union bound. 0

Theorem C.5. Under the same assumptions of Theorem 3,

C C’(logn )5/2
D/
ny/logn + <\/V + \/V )

for an absolute constant C' depending on B. Moreover, fix any ¢ € (0,1). Then with

E|W'(5*) — W'(B)] <

probability at least 1 — ¢, we have

C
ny/logn

log n)>/? 2
+C(Og” (VV@) + V(D)) In.

W'(57) = W'(B)] <
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Proof of Theorem C.5. By Assumption 1(2), W/(8*) = 0 and by definition we have
W'(B) = 0. Therefore,
W'(5%) = W'(B)] = [W'(5)]
= [W'(3) = W,(B)]
< sup [W/(8) — W, (8)!
which can in turn be bounded above by

sup [W'(8) - EW,(8)| + up Wi(8) — EW,,(B)]. (C.18)

The first term represents the bias of the derivative of the ASSURE* estimator, which

we bounded in Theorem C.3 by, up to universal constants,

1 i — kil 1
SN R g ) ) e
sup (”Zl p "8, z0)l | STonn

We will focus on bounding the second term supg W (8) — EW/(3)| using i.n.i.d.
empirical process theory. The proof structure follows exactly the proof of Theorem 1.

Recalling the notation in Eq. (H.1), we need to bound the quantity

n~1/? sup

B n

=1

% Z (We(Yi, 2i,0(255 8))0"(8, zi) — E[We(Yi, 2, 0(2 8))0" (8B, Zz)])‘

where recall that U (Y;, z;, C) is given by

_)\nM sinc (/\n (Y; _ C)) + /\i sinc/ <)\n (Yl — C)) .
0 0 0

Throughout this proof, let ) denote the function class consisting of the functions

y—k

) sine O (y — 82 8)) /o) 8(8.2)  (C.19)

o

indexed by /3, and let F? denote the function class consisting of the functions
2y, 2) = A2sinc (A, (y — 8(2: 8)) /o) §'(8, 2). (C.20)

Let |G| za) = supg ]\/Lﬁ > fél)(Y;, 2i) — ]Ef/gl)(Yi, z;)| and define the analogous quan-
tity |G| s2). Finally, let F denote the sum function class FU + F® comprised of
the functions Ve (y, 2z, 0(2; 5))d (B, 2).
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Using a uniform bound for sinc and sinc¢’ alongside Assumption 1(1), envelope

functions for F, F?) are given by

FU(y) := BLA, -

|y — K|
o
F®(y) := BL)2.

for some absolute constant L. Propositions Proposition C.3 and Proposition C.4

bound these terms, yielding

E||G]l < Cllogn)*”” (VYD) +v/V(D)).

Combining these propositions and the bias bound, we obtain

! 71 B C(logn>5/2 /
Esup|W/(8) - W,(9)| < et = (VYD) + V(D))

for an absolute constant C. This is the first claim.

To get the second claim, we will apply Proposition E.1 with V; = (Y}, 2;) using the

(J(An’y_k‘ +Ag),
o

The random variable \,|Y; — k;|/o; + A2 is easily seen to be sub-Gaussian with

envelope function

parameter < A2 + A\, |u; — k;|/o;. This shows

n

1/2
1
lGll, S EICG] -+ <52 (N Ao — kzi)Z/a?))

i=1
SEGx + AL+ Aava.

< (log )™ (VV(D) + VV(D))

We conclude by the definition of the Orlicz norm. O

Theorem C.6. Under the same assumptions of Theorem 3,

(logn)™/?

NG

for a constant C depending only on B and the VC indices of D, D', D". Moreover, fix

Bsup V,/(8) ~ BIV/(9)] < €

any ¢ € (0,1). Then with probability greater than 1 — 0, we have

2y g (log n)7/2 / 2
u |/‘/ 8 — E |/‘/ 6} < - - 7 —.
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Proof of Theorem C.6. Recall that
Wii(8) : Z%C 25, 0(8, )8 (8, %)% + VoY, )" (B, 2).
Let

A(B) = % > Weo (Vi 20025 8)0'(8, 2)°

1 n
= 2 D ol 8 )8 %)
i=1
By the triangle inequality, it suffices to bound
7 (s 14(5) - BAG) +sup 15(3) - B33

in expectation and with high probability. The argument of Theorem C.5, replacing
0" with ¢”, establishes the bound

E [s%p B(S) - EB(B)\] < C(logn)*”? (C.21)

for a constant C' depending on the VC indices of D, D”. Therefore, we will focus on

bounding sup, |[A(8) — EA(B)].

From Lemma H.2, V¢ is given by

et 0) =30 (3, (L2E)) - R (3, (1))
o} ogi i Oi

We emulate the proofs of Theorems Theorem 1 and Theorem C.5. Throughout this

proof, define the following functions classes indexed by f:

FO .= {f“’)( 2) =22 ksmc (/\ ( 5;2’5))) ¥ GR} (C.22)
{f“>( 2) = Aiy;—ksmc (/\ (M» 5'(B,2)2: B € R} (C.23)

g

70 = 0 = B (0, (B ) spapser) o

D?:={0(8,2)": BeR}. (C.25)
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Let |G| za) = supg |\/Lﬁ S fﬁ(l)(Y;,zl) Ef(l)(Y ;)| and define the analogous
quantity |G|z . Finally, let FI) — F®) denote the difference function class, com-
prised of the functions ¥ce(y, 2, 0(z; 3))d' (8, 2)%. Using a uniform bound for sinc’ and
sinc” alongside Assumption 1(1), envelope functions for F, F?) are given by
|y — K|

o

)= CB\3. (C.27)

)= CB3\? .

(C.26)

for some absolute constant C'. Furthermore notice that D2 is a VC subgraph class, by
composing Lemma E.1(5) and Lemma 2.6.20.viii of van der Vaart and Wellner (2023).

To proceed, write

St;plA(ﬁ) —EAB)| < Gllze) + Gl e -

Propositions Proposition C.5 and Proposition C.6 show that
E||G o) < C(logn)>?
E[|G|| ze < C(logn)™/?

for a constant C' that depend on B and the VC indexes of D, D?2. Combining this
with Eq. (C.21) we obtain the first claim:

(logn)™?

vn

To obtain the second claim, apply Proposition E.1 with V; = (Y;,2;) and en-
velope function F) + F® = CB3 (z\f’L—i-)\fL'y;—k'). It is not hard to see that
FO(Y;, 2) + FA(Y;, z;) is sub-Gaussian with parameter at most a constant multiple
times B3 ()\i + Ai@) Plugging this into Proposition E.1 plus the definition of

the Orlicz norm yields

Esup W,/ (8) — EW;/(8)| < C
B

T 2 ~ 3 2 9
sup |[W”(8) — EW"(8)| < (Esup|wg( ) — EW"(3)| +0M) log
h 8

vn 5
7/2
(bg\/n_) log ;
n

with probability at least 1 — 9. U

<C

C.4.1. Proofs for uniform bounds for ASSURE* derivatives. The structure of the

following results are all analogous to Theorem 1.
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Proposition C.3. Under the assumptions of Theorem C.5, we have

E|G] 50 < Cllogn)*? (VYD) + v/V(D)).

for a constant C' depending on B, where F) is the class of functions defined in (C.19).

Proof. Following the proof of Theorem E.1 as before with V; = (Y}, 2;), we may apply

symmetrization and a maximal inequality to obtain

E (|Gl zm] <E Uon \/1+log N(e,]—"(l),Lz(Pn))de} , (C.28)

. We will bound the covering number in two steps. First,

,
consider an e-cover M, in the L?(P,,) metric for the function class

70 = {19002 = =0 (L5 sne =3z /o) - pe R} (C29)

o
and a e-cover in the L4(IP,) metric N, for the function class D’ := {§(8, 2) : B € R}.

Moreover, take the cover such that all elements of M, are bounded above by the

with 7, := supg Hfé )

envelope C\, ‘%’ for an absolute constant C'. Take d(z) € N, which is e-close to
d'(B, z) and similarly, take g(y, z) € M, which is e-close to fﬁ(o) (y,z). By assumption,
we can take the net N, such that d(z;) < B for all i. Then

—Z (0% 2096, 2) —gm,z»d(zi))z

Z (0) za z 5/<5722)_ z Zd Zz (flg Y;,ZJ—Q(Y;,ZJ)Q

n 1/2
1 Y; — k;)*
< (JR )
n o,

i=1 i
where we used the envelope bound and Cauchy Schwarz on the last line. Thus, we
conclude the following relation between covering numbers:
N(C (Mby + B) e, FU Ly(P,)) < N(e, D/, Ly(P,)) - N(e, FO Ly(P,)).  (C.30)
Let {4 == H yg;zk . By an argument analogous to the one used to obtain Eq. (C.2),

we also have

e,y

N(CN2lye, FO Ly(P,)) < N(e, D, Ly(P,)). (C.31)
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Putting these bounds into Eq. (C.28), we have

€

MNn
E|G 151@/ 1+1log N . D, LA(P,) | de
Gl 7 i <0A3§4(Anz&4+3) ( ))

m €
14+logN | —=—+——+—D L4P,) |d
/O \/ +log (C’()\nﬁ4+B)’ L )) 6]

Following the change of variables argument used to obtain Equation (C.5) and the

+E

uniform envelope function B for D, D’ we then have
E|Gllr0) S B FOl ) + Nov/VDIE [Ga(os + B)| + Au/ VD[4 + B

Using Cauchy Schwarz repeatedly and Assumption 1(1), it is not difficult to observe
the bound

E|Gllz0) < OX (VWD) + V(D))

for a constant C' depending on B, as desired. O

Proposition C.4. Under the assumptions of Theorem C.5, we have
E|G] 5 < Cllogn)*? (VYD) + V(D))

for a constant C' depending on B, where F is the class of functions defined in (C.20).

Proof. Following the proof of Theorem E.1 as before with V; = (Y}, z;), we may apply

symmetrization and a maximal inequality to obtain

E (|G ze)] <E Mﬁ \/1 +log N(e, }"(2),L2(Pn))de} , (C.32)

with 7, := supg H fg) ‘ . We will bound the covering number in two steps. First,

consider an e-cover M, in the L?(P,,) metric for the function class
S = {s5(y,2) = A\2sind’ (A, (y — 6(2; 8)) /o) : B € R} (C.33)
and a e-cover in the L*(P,) metric N, for the function class D' := {§'(3,z2) : § € R}.

Moreover, take the cover such that all elements of M, are bounded above by the
envelope C'A2 for an absolute constant C. Take d(z) € N, which is e-close to &'(3, )

and similarly, take g(y, z) € M, which is e-close to sg(y, z). By assumption, we can
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take the net N, such that d(z;) < B for all . Then

_Z S K?ZZ B?ZZ) _g(}/;7zl)d(zl))2
ng Vo2 (98, 2) — d() 4+ 30 () (%5 2) — 0(Y )°
=1
SC’)\ieQ + B?é,

for a constant C' that only depends on B, where we used the envelope bound on the
last line. Thus,

N(C (A2 + B) e, F? Ly(P,)) < N(, D', Ly(P,)) - N(e, S, Ly(P,,)) (C.34)
for some absolute constant C. Since sinc’ is Lipschitz and o; ' < B, we also have
N(BXe,S,Ly(P,)) < N(e, D, Ly(P,)).

Putting these bounds into Eq. (C.32), we have

Tn €
- 2
/0 \/1+logN(C)\%<)\%+B>,D,L (Pn))de]
" log N ——5  prixe,))d

Following the argument of Proposition C.2 again we then have

E|Gllze SE

+E

E|Glre SE|FP| + A (A2+ B)/V(D) + (A2 + B)y/V(D'), (C.35)
Using the definition of the envelope F'® and the fact that A, > 1 for n large enough,
E|[Gl 5w < O, (VYD) + VV(D)).,

which is the stated bound since \> < (logn)°/2. O

Proposition C.5. Under the setting and assumptions of Theorem C.6, we have

E|[Gl5 < Cllogn)*? (VV(D?) + V(D))
for a constant C' that depends on B, where F) is defined in (C.23).

Proof. Throughout this proof, C' will refer to an absolute constant which may depend

on B and will change from line to line. Following the proof of Theorem E.1 as before
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with V; = (Y, 2z;), we may apply symmetrization and a maximal inequality to obtain

Mn
E [”GH]_‘(U] S E [/ \/1 + IOg N(Q f(l),]LQ(Pn))dE s (CS6)
0

with 7, := supg Hf/g )

’ . We will bound the covering number in two steps. First,
n

consider an e-cover M, in the L?(P,) metric for the function class F® in (C.22) and
a e-cover in the L*(P,) metric N, for the function class D'2. Moreover, take the cover
such that all elements of M, are bounded above by the envelope C\2 ’ | for an
absolute constant C'. Take d(z) € N, which is e-close to §'(3,2)? and similarly, take

9(y,z) € M, which is e-close to fé,o)(y, z). By assumption, we can take the net N,
such that d(z;) < B? for all i. Then

2
—Z (79 2000 (8. 2 gm,zi)d(zi))
0) / 2
Zfﬁ Y;vzz 5(6a Zz) z Zd zz ( Y;,ZZ) _9<Yuzz)>
n 1/2
1< (Y — k)
< )\4 - ? 7 2 B4 2
S A, <n2—0§ ) €+ be
n 1/2

1o~ Y= k)

S BQ)\;41 <E Z 0_—;1> 62 + B4€2

i=1
where we used the envelope bound and Cauchy Schwarz in the second to last line.

Thus, we conclude the following relation between covering numbers:
N(CB (M2is + B) €, FV,Ly(P,)) < N(e, D%, Ly(P,)) - N(e, FV, Ly(P,)). (C.37)
By an argument analogous to the one used to obtain Eq. (C.2), we also have
N(CB*X3 e, FO 1Ly (P,)) < N(e, D, Ly(P,)). (C.38)

To show this, take any e-cover in the L*(P, ) metric of the decision function space

D. Take any 0(-; ) € D, and suppose the function d is e-close to this function. Then
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because sinc’ is Lipschitz for some constant C,

H FO (y — k)

v 2 sind (ly - d)/0)

L2(Pn)

< ON (% zn: (5/;_6’”2 (6(24:8) - J)2> "

i=1 ¢

=B (% >3 PR () - cz>2> "
cem (i) (o)

i=1
(Cauchy—Schwarz, Assumption 1(1))

< CfBZ)\3 V,€E.

Putting these bounds into Eq. (C.36), we have

€

log N D,LA(R,) | d
\/—|—0g OB3Agﬁ4(Aga4+B)’ LA )> 6]

€
1+1 N D2 1L4P,) |de| .

Following the change of variables argument leading up to Equation (C.5) and using

ElGllrm S

the uniform envelope functions B, B2 for D, D'? we then have

E|Gll 0 < E[FY H]LQ(IPn) + X \/V(D)E [04(04 + B)] + A2/ V(D?)E[iy + B,

where F'( is the envelope function defined in (C.26). Using Cauchy Schwarz repeatedly
and Assumption 1(1), it is not difficult to observe the bound

E|Glye < ON, (VV(D?) + V(D))

for a constant C' depending on B, as desired. [l

Proposition C.6. Under the setting and assumptions of Theorem C.6, we have

E|[Gllrw < Cllogn)™? (yV(D?) + V(D).

for a constant C' depending on the bound B, where F? is defined in (C.24).

70



Proof. Throughout this proof, C' will refer to an absolute constant which may depend

on B and will change from line to line. As before,

BllGlel <B| [ \itlogNeFOLEge . ca

with 7, := supg H fg) ’ . We will bound the covering number in two steps. First,

consider an e-cover M, in the L?(P,,) metric for the function class
>\3
S = {35(1/,,2) = Lsind” (N, (y — d(2;8)) Jo) : B € R} (C.40)
o

and a e-cover in the L?(P,) metric N, for the function class D'2. Moreover, take the
cover such that all elements of M, are bounded above by the envelope CBA? for an
absolute constant C. Take d(z) € N, which is e-close to §'(3, z)? and similarly, take
9(y, z) € M, which is e-close to ss(y, z). By Assumption 1(1), we can take the net N,
such that d(z;) < B? for all . Then

_z 35(Yi, )8 (8, 2)* = 9(Vi, 20)d(z))

Zsﬁ Vi (518,207 = dz))” + - S d() (s5(¥e 2) — g(¥i,2))°
i=1
< OBQ)\fieZ + B*é,
where we used the envelope bound on the last line. Thus,
N(CB (X + B e, FP Ly(P,)) < N(6,D?, Lo(P,)) - N(6, S, Lo(P,))  (C.41)
for some absolute constant C. Since sinc” is Lipschitz and o; ' < B, we also have

N(CBQ/\fLEa‘SaLQ(]P)n)) < N(67D7L2(Pn))

Putting these bounds into Eq. (C.39), we have

n €
1+log N D, L2(P
| \/ #1oN (g ™ “’)de]

/0”" \/HlOgN (CBQ( ; T B?) D'27L2(Pn))de]

Following the argument of Proposition C.2 again we then have

E|Glre SE[F@, + XN+ B)VV(D) + (X, + B)VV(D?).  (CA2)

E|Gll e SE

+E
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Using the definition of the envelope F'®), we conclude the proof. O
C.4.2. Example decision rule class for Theorem 3.

Example 2. Consider the class of simple threshold decision rules 6(z;5) = 3
with § € R. It is unclear whether there are interesting examples which satisfy
Assumptions 1(1) to 1(4). The following assumption gives such a class of py.,. Fix
ko >0,B>0andlet :=2>3" p;, 0% =130 (4 —m)2
Assumption C.1. (1) =B < min; ; < 0 and 0 < max; u; < B.

(2) Letting mp := infip 3p) t(t),

(3) % 2201 17 > Ko/ @(3B).
Proposition C.7. Fix constants B, kg as above. Assume o? = 1 and Assump-
tions C.1(1) to C.1(3). Then Assumptions 1(1) to 1(4) hold with k = k¢ and with
some & > 0 depending only on B, kqg.

Proof. By Assumption C.1(1), it is easy to see that Assumption 1(1) holds. Now with-
out loss, assume that py < ps < -+ < p,. In this setting, W(5) = %Z?:l i P (p; —
B),W'(B) = =5 3oy b — B), and W(B) = & 370, (B — pi)(ps — B). A result
of Schonberg (1948) shows that ¢ is a totally positive kernel and, for any sequence
of 1 < ¢ < ... < ¢y, the number of sign changes in the vector (W/(c;),...,W'(c,)) is
at most that in the vector (1, ..., u,). Note that since (pq, ..., it,) changes sign only
once, (W'(c1),...,W'(¢,)) changes sign at most once. This implies that there cannot
be multiple local maximizers.

Next, we claim that Assumption C.1(2) implies that W/(—2B) > 0 and W’/(2B) < 0.
If so, this would show Assumption 1(2) holds and * € [-2B,2B]. First, let
fi(z) = ¢@(x —2B). Let f, :=13"" fi(u;). Observe that

n

-W'2B) Zm p) = T4+ = ) (o) = fo() (C43)

By the mean-value theorem, we have for some & between p;, 7t that % (&)(u: — 1) =

fi(pi) — f+(@). Plugging this into the equation above,

D> pafilw) =+ S~ R
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We have [’ (z) = (2B—x)p(x—2B) and f (&) > mp = inf,cp3p) tp(t) > 0. Moreover,
7. < ¢(B). Thus,

~W'(2B) > —|filp(B) + 6*mp > 0.
We can repeat the argument in the other direction with f_ := p(z + 2B). Observe

the analogous decomposition

n

1 Zm S ) (- () — () (C.44)

=1

By the mean-value theorem again, we have for some ; between p;, 7 that f’ (&) (u; —

) = f-(p;) — f-(@). Plugging this into the equation above,

_Z/iz /~Lf + = Zf 67, 125 )2-

We have f' (z) = —(z 4+ 2B)p(x + 2B) < —mp. Moreover, f_ < o(B). Thus,
~W'(=2B) < [|p(B) — o®mp < 0.

This completes the claim.
Next, notice that

w"(s Zm pi)p(pi — 57) = —%Zu?w(u -

where the second equality follows from the first order condition. Then boundedness,
p* € [-2B,2B], and Assumption C.1(3) imply
W'(B") < ——2_(3B) = —ry.
Now, for 8 such that | — g*| < R, we have

W (B) = (me ))—%Zu?w&—
=1

<(2B+R)R sup |[W"(B)| - koT—roe>?
( ) \/3'—6*|§R| ] = 5o ©(3B)

Notice that for y; € [—B, B],

73



Thus
BR ¢ (3B + R)

1" oBB)

Now by the intermediate value theorem, for some R small enough, less than xq/B?,
W"(5) < —ko/2 for all |5 — 5*| < R. This choice of R only depends on B and . By
the uniqueness of local maximizer and a Taylor expansion argument, we conclude that
there exists £ > 0 such that

sup  W(B) < sup W(B) <W(5") ¢
|B—B*|>Ko/B |B—B*|>R

W"(B) < (2B + R)

This proves Assumption 1(4). O
C.5. Auxiliary results for Theorem 4.
Lemma C.5. In the proof of Theorem 4, we have that Bayes regret is equal to (A.14).
Proof. To see this, consider the case where mg(Y;) > 0 so that a(Y;) = 1. Then
ma(Ys) (ag(Yi) = ai(Yim)) = [ma(Yi)| (1 — ai(Yin))
= [ma(Yi)| 1{ag (Vi) # ai(Yin)} -
In the other case where mg(Y;) < 0 so that af;(Y;) = 0, then

(
ma(Ys) (ag(Yi) = ai(Yim)) = —ma(Yi)ai(Yin)
)

= |mG(}/;)| ai(}/l:n
= |ma(Yy)| 1{ag(Yi) # ai(Yia)} - O
Lemma C.6. In the proof of Theorem 4, let
Go == Rady /51 /4 ym); G1 = Rady /241 /(aym)-

Let pg, denote the marginal density of a single observation under G;, and let p(G_ij)

denote the joint density of (Y1,...,Y;_1,Yji1,...,Y,) under G¥". Then, for all suf-
ficiently large n,

onri= [ min (4 7). 9y 2

where o := 1 — \/5/2 > 0.

Proof. Since p(G_j ) is the (n — 1)-fold product of pg;,, we have

i

Op1 =1-—TV (pgoj),pglj)) )
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By Pinsker’s inequality and tensorization of the Kullback-Leibler divergence,

S (g n—1
TV (pgoj)7p(6’1])> < \/ 9 KL (pGo’pCh)'
By the data processing inequality,

1 1 1 1
KL (pa,, pg,) < KL (Bern (5 — —4\/5) , Bern (5 + —4ﬁ)) .

The Bernoulli KL-divergence equals

1
L log +4‘f
2y/n %—ﬁﬁ’

which is at most 1/n for all sufficiently large n. Therefore

—1 2
o Zl—iza.
2n 2

Qp—1 2 11—

Lemma C.7. In the proof of Theorem 4, let

Go == Radyjo_1/aym), G1 = Radyja41/(aym)-

Then there exists an absolute constant ¢ > 0 such that, for every monotone decision
rule al<}/1n) =1 {Y; > 51(Y—z)}7

R(G07 al:n) + R(Gl, alm) >

So

for all sufficiently large n.

Proof. Let ¢f denote the zero of the posterior mean mg,(y), and define
w(y) := min (jme, ()|, Ime, (W)]),  aly) := min (pg; (), v (v)) -
Since ¢} < ¢} and a;(Y1.,) is monotone in Y;, for each fixed Y_; we have
1{ag, (V) # a;i(YVim)} + 1{ag, (Vi) # a;(Yi) } > 1{c} < Y; <}

Hence, by (A.14),

n

1
R(Goy,a1.,) + R(Gy, a1.n) > - Z/ w(y;)1{c] <y <cptaly)dy
i=1 YR"

> o / " () min (pcy (), ps () dy,

5
1
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where «a,,_1 is defined in Lemma C.6. By Lemma C.6, a,,_1 > o :=1 — \/5/2 for all

sufficiently large n.

Next, write p_ := 3 — ﬁﬁ and py = 3 + ﬁ. The posterior mean under Rad, is
2y _ (1 — _
pe* — (1 —p) \ 1o 1—p
a = =t h — y = = l .
mgR dp (y) p€2y + (1 _ p) an (y Cp) Cp 2 Og p
Therefore, with ¢, :=¢;, = —¢j,, , we have
1 1
1 3t 1m
¢y = Cp, = —cp, ¢, = = log f 4{.
2 "3 —1nm
Since ¢,, = arctanh (ﬁﬁ)’ we have ¢, > ﬁﬁ
For y € [—c,, ¢,
Ima,(y)| = tanh(c, —y),  |me,(y)| = tanh(y + c,).

For all sufficiently large n we have 2¢, < 1, and tanh(t) > t/2 for t € [0,1]. Hence,

on [—¢y, ¢4,

1. 1
w(y) = 5 mln(cn — Yyt Cn) = é(cn - ’y|)
Moreover, for all sufficiently large n the interval [—c¢,, ¢,] is contained in [—1, 1]. Since

both p_ and py lie in [1/4,3/4],

©(2) for all y € [—cy, ¢l

| =

min (pGo (y)vaH (y>> >

Combining the preceding displays, we obtain

R(Gy, arn) + R(G1,a1.) > a@ / ’ w(y) dy

—Cn

This proves the claim. U

C.6. Auxiliary results for Theorem 5. Throughout this subsection, we fix 41, ..., d,,
set h = 1/y/2logn, and let Z; ~ N (p;,0?) independently. We record the three ingre-
dients used in the proof of Theorem 5.
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Lemma C.8. For

z x . [x—0 s . T —90
F,(s;9) .—5—1—;81( 7 )—Esmc( o ),

the map s — F,(s;0) is C(1/h + |z|/€)-Lipschitz on [e, 00), uniformly in 0.

Proof. Write y := (¢ — d)/h. Then
2

)= Ty T (V) - Esinl/s)
Fm(5,5)—2+ﬂ_81<8> et

Differentiating in s gives

%Fx(s;(;) = —W% sin <xs_h§) — %Sinc (%) + % Ccos (%) :

Using the uniform boundedness of sin, cos, and sinc, we obtain

1 |z 1 |z
< — M) < i
—C(h+s)—0(h+e

on [€,00). The mean value theorem completes the proof. O

d
an(S, (5)

Lemma C.9. Under the assumptions of Theorem 5,

1 < _ _ V1
ﬁ Z ‘E [wh,i(m}/z'E 52’) - wh,i(\/myi; 51)} ‘ <C ogn.
i=1

Jm

Proof. Fix ¢ and write 6 = ¢;. Since
W,i(750) = Fi(64;0), wyi(7;6) = Fy(03;6),

Lemma C.8 controls the sensitivity to variance estimation. Let A; := {Efi > 0;/ \/5}

By Chebyshev’s inequality,

. . o? 4 Var(6?)

On A;, Lipschitzness gives

_ _ 1 }71
’wh,i(\/ﬁyﬁé) - wh,z’(\/ﬁyiﬁ)‘ <C <E + [/ |> |65 — o .
Also, using the boundedness of Si and sinc,

s (0:0) = wn i) 1049 < € (5 + 1ol ) 1049
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Therefore,
E [|@n,i(v/mY;;0) — wpi(v/mYi; 6)|]
<cr| (5 + 21— ol + o | (5 + v ) 1)
<0 (VEG ot + L\ R, - o)

+0 (P07 + Vi BAR(AD ).

Now

~2 2 2
E(o— o2 < Y200 gz Lol

and Var(6?) < pa/m. Substituting these bounds yields

. - - oy 1 VI 0 4
E AR Y;,(S - iV Y;,(S < : — a : ——.
[wh’ (vm ) = whi(Vm )H ~m <Jih * o2 ) + moih

Since h = 1//21ogn, the right-hand side is bounded by C;v/logn/+/m for a polyno-
mial C; in |p;|, 04, pa;. Averaging over ¢ and absorbing the average polynomial into

the constant C' proves the claim. 0]

Lemma C.10. Under the assumptions of Theorem 5,

(logn)?
vm
Proof. Fix i and write § = §,. Relabel the micro-data Y;; as Y7,...,Y,,, and let
Ziy .oy Zpy be iid. N(u;/+/m,c?). Define
1

Spim — (Zod - Tt Yeor + -+ Vo),
k \/m( 1+ + 4k + Ye1 + +Y.,)

1 o -
=3 [E [wna Vi) — wii(Zi 0)] | < ©
=1

for k=0,...,m, and
1
S,; ::ﬁ(Zl+"'+Zk+Yk+2+"'+Ym))
for k =0,...,m — 1. Then Sy = \/mY;, S,, has the same distribution as Z;, and

Zps1

Y,
Sp =S 4+ L &H:%+Vﬁ.

Nk
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Taylor-expanding x — wy, ;(x;0) around S}, to third order, and using that Yy, and

Zi+1 are independent of S and have matching first two moments, we obtain

1 - -
[Eun(Sks1:6) = EBwni(Si:0)| S —5 (B Ve Plof(@)]] +E |1Zuaa Pl @) )

where Z lies between Sy and S5, and &’ lies between S and S}

Since k; = 0 under the assumptions of Theorem 5, direct differentiation gives

3 . T —0 T . T —0 1 T —90
w,(l32(96,5) = WSIHC’( o ) + k)P smc”( p—r > ~ smc/”( ool ),

so the uniform boundedness of the derivatives of sinc yields

i) S s+
Also,
< Balygsy, w2 Bl
and
EIS;| < \/E[(SL)2) < /i + o2

Finally, )

ElYin]® S L’:;LQ + 13, EY4] S M’ 5+ M,
and the Gaussian analogues satisfy

E|Zwnl® S lg;i +a;, ElZp] S M’ =+ 0}

Substituting these moment bounds into the previous dlsplay gives

[Ew,i(Skr1;6) — Ewpi(Sk; 6)| S

o (W),

where P, is a polynomial in ||, 0, p13.4, flai, o; . Summing over k = 0, ..., m—1 yields

‘Ewh,i(Zi;é) Ewp, ;(vmY;; 6; W+ h™ )

P,
RS
B
Since h = 1/+/2logn, this is bounded by C;(logn)?//m for another polynomial C;
in ||, 04, p34, fai. Averaging over ¢ proves the claim. O

Lemma C.11. Under the assumptions of Theorem 5,

%Xn:E [wni(Zi;6:)] = W ()| < C

1 1
(nlogn * ﬁ) '
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Proof. Write

Then
% SR [wn (2 6)] — W(8)| < % SR [wn(Zi; )] — Wal8)| + [We(6) — W (o).

i=1 i=1

For the first term, Proposition 1(1) with & = 0 gives
= (0 —
'E [Wh,i(Zi; 0:)] — 1 ® ( o a >

)

< ‘Mi’hQBfl/@hQ)'

Averaging over ¢ and using h = 1/y/2logn yields

1

< .
~ nlogn

% i E [wn,i(Zi;0:)] — We(6)

For the second term, Berry—Esseen gives

(m) M3,
7 () - o) < o

= (m < 1 lwalpsi ) 1
Fz'( )(x)_q)(x)D < (ﬁ; o3 >\/_ﬁ

sup
and therefore

(Wea(s) =W ()| < (% Z | 4] sup

1

Absorbing the average polynomial into the constant C' proves the claim. O

Appendix D. Results for ASSURE-CB

In this section, we derive the counterpart of Corollary 1 for ASSURE-CB to corrob-

orate the rate comparison in Section 2.2. Define the ASSURE-CB estimator as

Won (3,0 = =" -y o (B28) o (0]

i—1 €0; € €0;
By arguments in Section 2.2, Wep (B; €) is an unbiased estimator for a welfare function

%Z (s — ki) 1{Y; — €0:Q; > 0 (2:; 8)}

i=1

where Q; ~ N(0,1) and Q; L Y}, 2;. Define the welfare function of our interest.

W(B;e) =E =E[V.(8;¢)],

%Z(W — ki) 1{Y; > 0 (2 8)}

i=1

W(p;0) =E = E[V.(5;0)].

80



Theorem D.1 (Main regret bound for ASSURE-CB). Let ((¢) be the maximizer of
WCB(B; €), B*(€) be the maximizer of W((3;¢€) and By be the maximizer of W(3;0).
Under same conditions of Corollary 1, with €, — 0 the regret satisfies

W (8;0) — E [Va(Ben): 0)] = O3(n)),

where

1 7:% _1 n% . _1 n
V(H)Zma‘x{eia%7e (\/%ge) 7671 ( noge )}

Therefore the optimal choice of e, is €, = n~5, and then y(n) = n~5 (log n)%

Proof of Theorem D.1. The regret can be bounded by
W (80;0) — E [Va(B(en);0)| = E [Va(6o; 0) = Va(B(en); 0)]

<E [Vn(ﬁo; 0) — Wen(Bo; En)] +E [WCB(B(%); en) — Vul(Blen): 0)]

|

+ 2E {Slép (V. (B50) = E[VL(5; O)H]

+ 28%13 (W (B;€.) — W(B;0)]|.

<2E {Slép ‘WCB(6§ €n) — Va(B; 0)”

<2E {Slép ‘WCB(ﬁ; €n) — W(B; €n)

With ¢, — 0, from Proposition D.1, we have
sup W (B en) — W (5;0)] = O(e,).
From Proposition D.2, we have

E {s%p ’Wcs(ﬂ; €n) — W(B;€,)

} +E [s%p V. (8;0) — E [V, (5 O)H]

- { o(L).0 (@é <—¢1%gen>%) o ( Clon) } |

Combine the two results and we conclude the proof. 0
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Proposition D.1. Under the same assumption of Corollary 1, if we let €, — 0, then
we have

sup (W (B;en) — W(B;0)| = || D||,O(cs).

Proof. For any e, since Y; — eojw; | 2 ~ N (s, (1 + €2) 02),

W = 1 (- ko (L2,

By the mean value theorem,

W (556) — W(5:0)| = | 5w (s

e = 0]

e=€1

IR pi — 0(2i3 ) | pi — 0(zi; ) 1
= —Z(Mz‘—kz‘)SO 3 , 1+ 2)321€
s V1+eo; i (1+€f)
1
S HMMWEﬁ < €[ D]l

O

Proposition D.2. Under the same assumption as Corollary 1, if we let €, — 0, then
we have

E |:Slgp ’VAVCB(S; €n) — W(B;en)

|+ 2 [ vais:0) - E 10

— max {0 (%) .0 (6’:% (_;Egen)%) .0 (—651 (_loggn)) } .

Proof. Define D = {0 (z; 8)} and V(D) as its VC-dimension. With ¢, first we have

|

=F {s%p ‘WCB<5; en) —E [WOB(ﬁ; Gn)} ”

E {s%p ’VVCB(ﬁ; €n) — W(B;en)

1 n Y’l _ 6 i Y; - 5 i
<& (130010 (M) {(Yi—ki)@(#)m
+ LB [sup £ S o (LM) -k {‘W (M)] u
- P 2 €0 €n0;
—T17n+lT2na
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and
B [sup V(5:0) = W(E0)l| = E [sup [(5:0) ~ E [V (5:0)| = T

It suffices to bound T ,, }T 5n and T3,. By the symmetrization lemma for the
i.n.i.d case, we derive the bound as follows. Conditional on Y, Z, denote the empirical
measure of as IP,. First notice that the function class below is a VC-subgraph class:

Fi={fwa=0-ne(t2E) L

€n0

The result is from the following. First, {%} is a VC-subgraph class the VC
dimension V(D) by Lemma 2.6.18.vi of van der Vaart and Wellner (1996) from multi-
plicity. Since ¢t — ® (¢) is a monotone function, by Lemma 2.6.18.viii of van der Vaart
and Wellner (1996) and by Lemma 2.6.18.vi of van der Vaart and Wellner (1996) with
multiplicity, F; is a VC-subgraph class with the VC dimension V(D).

Since F; has an envelope function: |fs(y,2)| < |y — k|, from Theorem 2.6.7 of

van der Vaart and Wellner (1996), we have for the covering number

n
where K is a universal constant. Applying the maximal inequality similar to Theorem
2.14.1 of van der Vaart and Wellner (2023), we obtain the following:

2(V(D)-1)
N (lly = k|| yp,. Fi. La(Py)) < KV(D) (16¢)"® <_) ’

1 1
T, <E|——|y—k 1+1log N (nlly — k|lp. 5., Fi, Ly (P,))d
i SB[l Klaas, [ /1108 N (1l — Hliae, P La Ba))a)

1 1 1\ 42 :
<E|—lly— 1+1 Al =
<E|ly k||L2,pn/0 ( +og< (n) )) an

1
< Ay—=E [y = klia,]

NG

1
<A (Ellly = plleoe,] + I = Ellzo p2)

n

%Z(}/Z —Mi)2

i=1

1

1
AL b

vn

where s,, m, are defined before Theorem 1, and A, Ay, A3 are universal constants.

+ Mo = Ag (82 + mg)
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Similarly, first notice that the function class below is a VC-subgraph class:

F= {fﬁ (y,2) = o (%(ozm)}

The result is from the following. First, { %2/3)‘} is a VC subgraph class with di-
mension V(D) by multiplicity (Lemma 2.6.18.vi of van der Vaart and Wellner (1996))

and part 5 of Lemma E.1. Since t — t? is a monotone mapping for non-negative ¢, and

t — et is a monotone mapping, by Lemma 2.6.18.viii of van der Vaart and Wellner
(1996) and by Lemma 2.6.18.vi of van der Vaart and Wellner (1996) with multiplicity,
Fy is a VC-subgraph class with dimension V(D).

Since F3 is bounded |fs (y,2)| < M, from Theorem 2.6.7 of van der Vaart and

Wellner (1996), we have for the covering number

1\ 2V(®)-1)
N (M, Fo, Lo(P,)) < KV(D) (16¢)"™ <5) 7

where K is a universal constant. For the entropy defined in Appendix E,

b
J (b, Fay | M, Ly) = sup/ \/1 +log N (nM, Fa, Lo(Q))dn,
0

we have J (b, Fy | M, Ly) = O(by/log (1/b)) as b ] 0 (van der Vaart and Wellner, 2023,
before Theorem 2.14.1, p. 330)

Since Lemma D.1 shows that Ef? < b2 M?, with b, = el/? for Vf € Fs, applying
Theorem 2.14.2 in van der Vaart and Wellner (2023), we have

J(bnaFZ|M7L2) M
b2/nM

Ton S = (oo T2 | M L) (1

é _1 n - n
< Lbn log — ! llog ! < max éiV/(~loge ), (= log en) :
vn by, by vn n

For T3 ,,, define the function class
Fs={fo(y,z.pn) = (n—Kk)1{y =5 (2 8)}}.

By the additive, multiplicative and monotone composition properties of VC-subgraph
classes (van der Vaart and Wellner, 1996, Lemma 2.6.18), F3 is a VC-subgraph class
with dimension V(D). Since F3 has an envelope function: |fz (y, z, 1) < |p — k[, from
Theorem 2.6.7 of van der Vaart and Wellner (1996) and the maximal inequality similar
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to Theorem 2.14.1 of van der Vaart and Wellner (2023), we have

1 1
Ton SB |l Kluan, [ /1108 N (= Koo, T La )y

<E 1 /1 l1+log| A 1™ Eal <A !
—m - —=m
i BV R S\ n = Syn

where s,, m, are defined before Theorem 1, and A, Ay, A3 are universal constants.
As a conclusion, we have the bound:

{eé (—loge,) (—logen)}+ 1

1 1
Tl,n"i‘ —T2n+T3n < —+—max

€n ~Vn v on vn
1 e;% (—log en)% e 1 (—loge,)
< — n \ S
NmaX{O(\/ﬁ),O< NG >,O( - .
O
Lemma D.1. Under the same assumption as Corollary 1, for €, — 0, we have
1< Y; — 0(z; ) 1
E |- ) | < ——,.
sgp n;(p < €n0; )] N 27T\/§€n
Proof. We have
. {gﬁ (Vmtt)) - L g, (aizdtan)]
€n0; 2T €n0i
1|, (y—0(z0)) 2
9\ T\ ) _
N / oo eXp{ 207 [ 2 +(y— )| pdy
1 2 2 € ?
-~ 14+ = _ n
raw/mm {5z (1+3) (- g - 5gm)
2 ‘ 9
b (00as0) — ? | b
1 1 V2 1
= o (0(zi:8) = pa) | < €n, V.
Vor 1+ 2 (0“/2—1—6721 27v/2
O
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Appendix E. Empirical processes for i.n.i.d. data

The next lemma records how the VC index changes under composition for the results
in Lemma 2.6.20 of van der Vaart and Wellner (2023), alongside some additional

useful results. Throughout this section, let 1)y = ** — 1.

Lemma E.1. Let F be a VC subgraph class with index V(F) and let g : X — R,
¢: X =Y. Then
(1) g+ F ={g9+ f: f € F}isa VC subgraph class with VC index equal to V (F).
(2) gF ={gf : f € F} is a VC subgraph class with VC index < 2V (F) + 1.
(3) Let f(x) be a VC subgraph class with index V(F). Then the class of functions
1{f(x) > 0} is also VC subgraph with index at most V (F).
(4) Let G be the class of functions g(z,y) : X X Y — R such that g(x,y) = f(z)
for some f € F. Then G is VC subgraph with index equal to V(F).
(5) |Fl =A{|f|: f € F} is a VC subgraph class.

Proof. Ttems (1) through (3) follow from inspecting the proofs of Lemma 2.6.20 of
van der Vaart and Wellner (2023) parts i, vi, viii in conjunction with Problem 2.6.10.
For item (4), this follows immediately by noting that the subgraphs of G shatter a
set {((Y;,y:).t;)}., if and only if the subgraphs of F shatter {(Y;,;)};—,. For item
5, notice that the subgraph of | f| is the union of the subgraphs of f, —f. Combining

Lemma 2.6.20 parts ii and iv completes the proof. 0
Lemma E.2 (VC function covering, Theorem 2.6.7 of van der Vaart and Wellner
(2023)). For a VC-subgraph class of functions with measurable envelope function F
and r > 1 we have for any probability measure () that

rV(F)
N(el| Fllg, F. Le(@Q)) < KV(F)(160)" P (_)

€
for a universal constant K and 0 < e < 1.

Following van der Vaart and Wellner (2023) (p.330), for 0 < § <1, r > 1, a function

class F with envelope F', and a probability measure (), write

é
I, ::/|F|”dQ, I, F | F L) = Sgp/ \/1+logN<e||F||Q7T,f,LT(Q)> de,
0

where the supremum is over all discrete probability measures @ with || F ||Q . > 0.
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Write G,, to be the i.n.i.d. empirical process

Gnf = %g(f(‘/

where Vi, ...V, are independent random elements taking values in a common mea-
surable space and P;f := Ef(V;). The next theorem records a uniform entropy bound
from van der Vaart and Wellner (2023) adapted to this setting. In the applications
below, we will take V; = (Y}, z;) or V; = (Y, i, z;), depending on the function class.

Theorem E.1 (Theorem 2.14.1 of van der Vaart and Wellner (2023)). Let Vi,...,V,
be independent random elements taking values in a common measurable space, and let
F be a measurable class of functions on this space with measurable envelope function
F. Then forp > 1,

1/2
NGallFl, S 10, F [ F L), S J(LF | F, L) ( ZHF HM)

where ||g|[, = 1 371, g(Vi)* is the L*(P,,)-seminorm and ny, = ||| f]l, | #/ I |,

Proof. The proof is verbatim from van der Vaart and Wellner (2023). Denote by G?,

the symmetrized process given by

op_ LN,
an._ﬁ;elf(v

The same argument as Theorem 2.14.1 of van der Vaart and Wellner (2023) shows that

conditional on Vi, ..., V,, the sub-Gaussian norm of the symmetrized process satisfies
Mn
€Ay S [V TFToB Mo 7. LalE e

where P, f = 23" | f(V;) and

= [lllA 1l = =

A change of variable in the integral by € < €||F||, gives

m/I1E |,
NSl SUPL [ 1 o Nl Pl F. La(Pa e
< NE, T (1, F | F Lo)
The rest of the proof follows as is. O
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Proposition E.1 (Orlicz norm bounds, i.n.i.d. analogue of Theorem 2.14.23 van der
Vaart and Wellner (2023)). Let Vi,...,V, be independent random elements taking
values in a common measurable space, and let F be a class of measurable functions

on this space with measurable envelope function F'. Then

" 1/2
* k 1
Gl Flly, S ENGnll 7+ (HZ IIF(Vi)IIiQ)
=1

Proof. We recall Proposition A.1.6 of van der Vaart and Wellner (2023). Let Uy, ..., U,
be independent mean zero stochastic processes indexed by an arbitrary set T'. Set
Sp = iy U;. Then we have

n 1/2
* * *112
Sall*ll,, < K | ISall*[ly + (Z Uil ||w2> :
i=1

where || X" is shorthand for sup, |X;|. Take U;(f) = \/iﬁ (f(Vi) =Ef(V;)), indexed by

f € Fso that ||S,|" = ||G,|| . Plugging this into the proposition, we obtain

5 N\ 1/2
) (E.1)
2

n 1/2
gEW®M;+n1“(2]W@Q+EMU®NL> (E.2)

n

NGallFlly, S E*IGallz +n'/ (Z

=1

fcg\f(%) —E[f(V)]|

Where we used the fact that if |f| < |g| then [|[[f(X)|l[,, < [[lg(X)Ill,, for any ran-
dom variable. Using the triangle inequality for the Orlicz norm and the fact that
X1, > E[X| and [|C]],, < C/vIn2 for any constant C, we can bound
I1E Vi) + EIFEV)lly, < 1EVilly, + IEE V)],
< IFVA)l,, +EIP(V)]/vin2
SIEW)ly,-

This gives a final bound by a constant multiple of

" 1/2
G2 (z ||F<vi>||;) |
=1

from which the desired claim holds. O

Lemma E.3. For any constant random variable C, ||C||,, < |C|/vIn2. For any
random variable X, [| X, > E[X].
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Proof. Recall that for any random variable X,

| X1, = inf {c : Eaby (@) < 1}.

For the first claim, if C' = 0 there is nothing to prove. Otherwise, taking ¢ = |C|/v/In2,
we see that 15 (|C|/¢) < ¥5(v/In2) = 1. For the second claim, notice that for any ¢ such
that Eiy (%) < 1, convexity of ¥, and Jensen’s inequality implies that 1o (E|X|/c) <
1. The explicit form of 15 implies that E|X|/c < 1. Thus ¢ > E|X| as desired. [

E.1. Examples of VC classes.
Lemma E.4. For fixed finite p, the decision rule classes in (1)—(3) in Section 3.2 are

V(C-subgraph classes.

Proof. For the first class,
Dinreshold = {2z — k(2) + f: € [-M, M|} Ck+{p-1: 5 € R},

where 1(z) = 1. The class {f#-1: 5 € R} is a one-dimensional vector space of mea-
surable functions, hence VC-subgraph by Lemma 2.6.16 of van der Vaart and Wellner
(2023). By Lemma E.1(1), adding the fixed function k preserves the VC-subgraph
property, $0 Dipreshola 18 VC-subgraph.

For the second class,

Distat = {2+ k(2) + Bo(z) : B € [-M,M]} C k+{fo: B € R}.

The class {fo : B € R} is again a one-dimensional vector space of measurable func-
tions, so it is VC-subgraph by the same lemma. Another application of Lemma E.1(1)
shows that Dy . is VC-subgraph.
For the third class, let
) .= span {(5(1), e 75(;))} )

Because p < oo, V is a finite-dimensional vector space of measurable functions, hence
VC-subgraph by Lemma 2.6.16 of van der Vaart and Wellner (2023). Moreover,

Drtinite = conv({é(l), . ,5(1”)}) cV.

Any subclass of a VC-subgraph class is again VC-subgraph, so Dgpite is VC-subgraph

as well. O

Proposition E.2 (VC-subgraph properties in Section 3.2). The decision threshold
classes in Table 1 are all VC-subgraph.
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Proof of Proposition E.2. Let us consider the first claim. Notice that the linear shrink-

age threshold rules are contained in the function class
dap(k,0%) ==k + ac’k + bo?

for a,b € R. This is the fixed function (k,c?) — k plus a two-dimensional vector
space of functions. Combining Lemma 2.6.16 of van der Vaart and Wellner (2023)
and Lemma E.1(1) establishes that this is VC subgraph. For the second claim, notice

that Fay—Herriot decisions are contained in the function class
dpy.5(k, 0%, 1) := k + byo’k — o*2' 3

indexed by (bg, 3) € R'"*?. The same argument as before establishes the claim.
Finally for the third claim, we will use the results of Onshuus and Quiroz (2015),
which discuss a connection between VC dimension and the theory of o-minimality from
model theory, a subfield of mathematical logic. See also Aschenbrenner et al. (2013) and
Van den Dries (1998) for textbook references on this topic. Consider the decision class

in parametric CLOSE-GAUSS as functions of the cost k and log standard deviation ¢:
fo(k, 0) =k + e*e 702k — a) — aye’)
indexed by 8 = (ay, as, by, ba). The subgraph sets
Sgi={(k,(,t): t <k+e’e ™ " (k—a; —ase")}

are defined by a first-order formula in the structure (R, +,-,0,1, <,e”), which is o-
minimal: see Fact 2 of Onshuus and Quiroz (2015) or Wilkie (1996). Theorem 2 of
Onshuus and Quiroz (2015) implies that for any set of points {zy,...,z,} in R?, the
collection of sets Sz pick out at most O(n*) subsets of {z1,...,,}. Thus the function
class {fs(k, ()} 4 is VC subgraph. O

Appendix F. Other observation distributions: the Poisson case

ASSURE can be extended to settings where the observation distribution is non-
Gaussian. For certain exponential families, one can find an exactly unbiased estimate
for the welfare WW. The idea is to exploit a generalization of Stein’s identity, called
Hudson’s Lemma (Hudson, 1978), which holds for both continuous and discrete

exponential families.
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We focus on the Poisson setting as it frequently appears in empirical Bayes and
compound decisions.?? In this setting, let p; > 0 and Y; ~ Poi(p;). Associated
with each decision problem is a cost k; and auxiliary information z;.?* Consider any
integer-valued threshold 0(z;; 5) parametrized by 5. Then the estimator

n

Woa(B) i= = 30 (VL{Yi 2 8(af) + 1}~ KL (Y 2 0] (P

i=1
is the analog for the ASSURE estimator:
Proposition F.1. The Poisson ASSURE estimator Weo; (B) is unbiased for the welfare

n

W (B o) = W) = = (i — ki) P(Y: = (2 ). (F.2)

n <
=1

This follows as a direct consequence of Hudson’s Lemma, so the proof is omitted.
Under mild conditions, ASSURE achieves 1/4/n regret, which is optimal. In contrast
to the Gaussian case, the discreteness of the Poisson distribution suggests that no

fast-rate regime is available.

Theorem F.1 (Regret upper bounds for the Poisson Case). Let mg, := (£ 3%, u?)l/q

for ¢ > 1. Suppose the class of decision rules D is a VC subgraph class with index V (D).

Then ASSURE for Poisson observations has regret at most an absolute constant times

Z= VD) (s + ).

We prove the upper bound by appealing to the similar empirical process theory argu-
ments as in the Gaussian case. We suspect some of the assumptions of Theorem F.1 may

be further relaxed. This rate is the best possible, as the following lower bound shows.

Theorem F.2 (Matching Regret Lower Bounds). Fix costs k; = k > 0, and let ©

be a compact interval containing a neighborhood of k. We have

inf sup Regret, (a1.,) =€ n~?),
a(-):aiE{O,l}ulme@n & ( ! ) ( )

where Regret, (a;.,) is defined analogously to (3.1) except with p; replaced with p; — k.

228ee Chapter 6 of Efron and Hastie (2021) for an overview of classic applications of the Poisson
model to insurance claims, the missing species problems, and medical applications. See Jana et al.
(2022, 2023) for modern methods to this problem and also Montiel Olea et al. (2021) for econometric
applications.

23For example, analogous to o; in the Gaussian case, z; might include the known length ¢; of the
observation window for the Poisson outcome Y;. If the unknown parameter u; denotes the Poisson rate
per unit time, then Y; ~ Poi(u;t;). The decision rule might incorporate the observation window ¢;.
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Remark 1. Consider the case k; = k and the threshold class of decisions Y; > 9,6 € R.
An alternative empirical Bayes approach to the Poisson selection problem is to thresh-

old the Robbins estimator given by

Nyt1
— F.
¢ (F.3)

Y

iy) = (y+1)

where N, := # {i : Y; = y}. The estimator can also be used for selection by select-
ing all indices ¢ for which the Robbins estimator is greater than k. By rearranging
(Y;) > k, one can see that truncating the Robbins estimator bears a resemblance
to the ASSURE decision. However, truncating the Robbins estimator does not respect
monotonicity. The estimator (F.1) regularizes and enforces this monotonicity, giving
a more stable and intuitive alternative to decisions based on the Robbins estimator.
Related issues of the Robbins estimator have been discussed in the literature (Brown
et al., 2013; Jana et al., 2022).

F.1. Proofs for Poisson extension.

Proof of Theorem F.1. Define V(8) = £ 3" (u; — ki) 1{Y; > 0(z;; 8)} be the in-

sample welfare. The same decomposition as in Theorem 1 shows that the regret is

bounded as

A

W(s) —E[V(B)] < QE[S%p [V (B) = W(BII-

Thus it suffices to control \%E Sups \/iﬁ S fa(Ya, pi, z)| where
foly,p,2) = yl{y = 6(2 ) + 1} — p1 {y > 0(2;8)} . (F.4)

Equivalently, fg(y,p,2) = (v —p)1{y > 6(2;:8) + 1} — pl{y = d(2; 8)}. Note that
Efs(Y;, i, 2;) = 0. Let F denote this function class, indexed by /3, with envelope
function F' := y + p. By the argument of Theorem E.1 with V; = (V;, u;, 2;), we may

apply symmetrization and a maximal inequality to obtain

1 n
% Z fﬁ(Yiv Hi, Zl)
=1

with 7, := supg || fsll,. Next, let F; be the function class indexed by 8 consist-

<E [/n V1+log N6, F.La(B))de|,  (F.5)

E sup
B

ing of the functions y1 {y > §(z;5) + 1} and F» be the function class consisting of
ul{y > 6(z; 8)}. By Lemma E.1 these are VC subgraph classes with indices O(V (D)).

These have envelope functions F} := y and F; := pu, respectively. Next, note that

1OgN(€7F> LZ(Pn>) < 1OgN(€,JT"1,]L2(]P)n)) + logN(67F27L2(Pn))
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Using this and a change of variables, we arrive at

(L]
Il

"1+ log N(el|Fal,, i La(Py))de

Tin
[ VTN AL E £ IR, [
0 0
1£1lp

721,
B, [T U g N R P La(B))de

0
SIEN, + 1 EL, (L F | Fry L) + (|B2], (1, Fo | Fa, Lo)
<IN, + VYD) (IR, + 121l

Next, by Jensen’s inequality observe the bounds

n 1/2
1
E|F| < —§ 24,
||Nn_<nﬁﬁh+ﬂ>

and E||F||, < E||F|, + ||, with B, = (221, 42)"*. Combining the pieces,

=1

we have o
1 « 1"

\/_ﬁzfl?(}/;vui?Zi) rS \% V(D) (ﬁZN?‘i_/ﬁ) .
i=1 i=1

This gives the result. 0

E sup
B

Proof of Theorem F.2. We can lower bound the compound total by restricting to
two sets of parameters puq, ..., u, given by p; = zy := k + hn='/? for all i, and
pi =2 =k —hn"Y2for alli = 1,...,n. The parameter h can be chosen later. In
the first case, notice that the optimal decision is to select all indices i (take Copy = 0).

In the second case, the optimal decision is to select no indices (take Cypy = 00). Then:

1 n
RegretComp,,(©) > inf max (hn_1/2 — hn V22 E E. (a;(Y1,...,Yn)),
aq n
1=1

1 n
hn_l/Qﬁ ZEZ1 (ai(Yr, ... ’Y”))>
i=1

This can be written as

% max (EZO )

Notice that this quantity is h/y/n times the maximum of the Type I and Type II

n

1—12%(3/1,...,1/”)

n <
=1

n

%Zai(}ﬁ,...,Yn)

i=1

S

errors of the randomized test which outputs a; € {0, 1} with probability 1/n. But for

any test, the minimum total error for a binary hypothesis test by Le Cam’s lemma
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is lower bounded by

L {1~ dry (Poi)* Poi()°") ).

Now, applying Pinsker’s inequality and tensorization yields

dry (Poi(z1)®", Poi(z9)®") < —\/dKL (Poi(21)®"| Poi(zg)®")
\/7\/dKL POI Zl ‘POI(Z()))
1/2
—\/_{zlln—— zl—zo)}

But
Zlhlé — (Zl —Zo> :Zlhl (1+ il _ZO) — (21 —Zo)
20 20
—, 21 — 20 _(21_20>2+O((2_Z)3) —<Z —Z>
1 Zo 22(2) 1 0 1 0
(z1 — 20)*  z1(z1 — 20)?
- 20 - 222 o (<Zl - 20)3)
220 — 21 (21 — 2p)?
— 02 1(1 20) +O((21—Zo)3)
<0
2
-o(%):
n
Thus

drv (Poi(z1)®", Poi(z0)®") < O(h),

where h can be taken small enough so that the TV distance is less than 1/2. Then
the total risk is bounded below by Q(n~'/?) as desired. O

Appendix G. Additional details for Section 6.1

We start from the replication code in Chen (forthcoming) and follow Chen (forth-
coming) to generate the raw data and covariates for each target variable (mean rank
and top-20 probability), for the largest 20 Commuting Zones in the US. Both OA
outcomes used in the paper retain n = 10,056 tracts.

Cost calibration and target shares. Let 7 € {10,33} denote the target top share.

The main-text discussion emphasizes 7 = 33 to mirror the top-third targeting exercise

in Bergman et al. (2024), but the same implementation also generates a stricter top-10%

calibration. For each outcome and each 7 € {10, 33}, we first fit the plug-in Fay—Herriot
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rule to the observed OA data and denote the resulting posterior means by 7. Let

i
m, = |—n|.
100
The constant cost used in that scenario is then

k(™) := the m,th largest element of {mFH}jzl .

Equivalently, k(") is the weakest Fay-Herriot posterior mean among the tracts in the
calibrated top 7%. We then set k; = k(™) for every tract in that scenario.

For completeness, Figure G.1 reports the coupled-bootstrap comparisons for the
stricter top-10% calibration. The broad ranking of methods is similar to the main-text
top-third exercise: flexible cLose-causs specifications continue to dominate the naive,
linear-shrinkage, and simple threshold rules. The gains are especially pronounced for
the top-20 probability outcome, where the richer fitted rules substantially improve
both mean welfare and normalized welfare relative to plug-in benchmarking.

One coupled-bootstrap draw. Fix one outcome and one target share 7. Starting
from the observed OA estimates {(Y;, 0, z;)}.—,, one Monte Carlo draw generates i.i.d.
perturbations @; ~ N (0,1) and forms

1
Y=Yt VwoQ, Y=Y/ -0,
w

1
ol = o;V/1+w, aZal:JM/1+—.
w

The default implementation uses w = 1/9, which mimics a 90/10 train/validation split.

with

The fitted rule sees only the training sample {(Y;“, o x;, k(T))}; the validation sample
is used only for evaluation. The construction is such that ¥;** and Y;**! are conditionally
independent given (u;, 05, z;). Thus, conditional on fixed p1., and x1.,, ¥;** is an inde-
pendent noisy proxy for u; against which a training-based decision rule can be assessed.
Reported welfare in one draw. If a fitted rule returns thresholds 5§b) on draw b,

the reported validation welfare is
. 1 —
W= =31 (v > o) (v - k).
b n p i 7 ( 7 )

Proposition 1 in Chen (forthcoming) shows that this is unbiased for the utility of the
chosen rule.
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E[income rank | Black, 25th percentile of income]
Cost calibrated to top 10% (cost = 0.3973)

Normalized mean welfare
Mean welfare (Naive = 0 | Fay-Herriot: Plugin = 1)

1.434 1.265 1.197 637

2.001 2122

CLOSE-Gauss
(w/ covariates) |
CLOSE-Gauss |
(covariates, mean only)
CLOSE-Gauss |
(residualize against covariates)

Fay-Herriot - I 0.00194 - 0.955 0.964 1.000 0.671

Linear shrinkage -~ 0.00155 0.00153 0.00153 - 0.478 0.453 0.707

Naive - 0.00120

Thresholding t-statistics - eHe0kk: 0.00184 0.00085 0.901 0.869

ASSURE* ASSURE-CB  Plugin SURE ASSURE* ASSURE-CB  Plugin SURE

1.406 1.065 0.908 1.318

P(Top 20 | Black, 25th percentile of income)
Cost calibrated to top 10% (cost = 0.08569)

Normalized mean welfare
Mean welfare (Naive = 0 | Fay-Herriot: Plugin = 1)

CLOSE-Gauss -J0KEK] 0.00831 0.00789 0.00810
7 28 0.010: 8

CLOSE-Gauss

(w/ covariates) |

CLOSE-Gauss |
(covariates, mean only)

B ] . o
2.295
3.308

Fay-Herriot - 0.00270 0.00227 0.00139 0.00291 2121 1.754 1.000

Linear shrinkage - 0.00295 0.00218 -0.00007 0.00410 2.329 1.673

Naive - 0.00021
Thresholding t-statistics - 0.00266 0.00260 0.00048 2.089 2.033
ASSURE* ASSURE-CB  Plugin SURE ASSURE* ASSURE-CB  Plugin SURE

FiGURE G.1. Coupled-bootstrap comparisons for the top-10% OA
calibration.

Notes. Same layout and normalization as in Figure 5, but with costs calibrated to
the weakest Fay—Herriot posterior mean among the top 10% of tracts rather than
the top third. Results are averaged over 1000 coupled-bootstrap draws. 0

Rule classes. The coupled-bootstrap OA exercise compares rules in Section 3.2. The
naive rule is simply 1(Y; > k(™). The t-statistic class uses thresholds of the form

51' = ]{?(T) + COo;,
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so it reduces to choosing a scalar cutoff ¢. The linear-shrinkage class is the constant-

mean, constant-variance Gaussian-prior class from Table 1,
2
T 0; T

Under constant costs, threshold-based criteria depend on (pg, 72) only through the

normalized slope

L) — Lo
—= T
Fay-Herriot uses the conjugate-normal threshold implied by a prior mean mg; = 2.3

a ) 6 = k™ + ac?.

and a constant signal variance A. The broader cLose-causs class uses

o?
6 = ki + — (ki — mai)

S0i
where the prior mean mg; and prior variance s3; are modeled as functions of tract
characteristics. In the plain crose-causs specification, mg; and log s3; are both linear in
(1,log ;). In the covariate version they are linear in (1,log oy, z;). In the “mean-only”
version the prior mean is linear in (1,log oy, z;) but the signal variance is constrained
to be constant across tracts. In the prefit version we first regress Y; on x;, replace Y;
and k; by residualized counterparts, fit the crose-causs rule using only (1,logo;) on
those residuals, and then add the fitted covariate component back when interpreting
thresholds in the original outcome scale.
Plug-in fitting and regularization choices. For each decision class, we may fit
via plug-in:

e Naive rule. There is no statistical fit: the plug-in rule is simply

e Thresholding t-statistics. There is again no estimated nuisance parameter. The

plug-in benchmark fixes
6; = k') +1.96 0;,

so the conventional two-sided 5% rule is treated as the default member of this class.

e Linear shrinkage. Plug-in estimates the prior mean by the sample average

) _ 1
Ho,plugin = Y7 Y =— Z }/zﬁ

3
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and the signal variance by the average residual variance proxy

n

1 _ I
~2 _ 2 2
Tplugin — 1ax (E Z(Y; - Y) - E ZZ:; 05, 6) ’

=1

truncating at a small €. Equivalently, the implied threshold can be written as

2
o
T 7 T ~ T ~ 2
6i = k:( ) + ) (k( ) — ,UO,plugin) = k( ) + QpluginT; ,
Tplugin
where
~ o k(T) — Ho,plugin
Qplugin = ~D .
7—plugin

This is the empirical-Bayes plug-in associated with the constant-mean, constant-
variance Gaussian prior. The only regularization is the negligible positive floor on
%glugin, which guarantees a strictly positive fitted signal variance.

e Fay—Herriot. Plug-in first estimates [ by ordinary least squares in the regression
of Y; on z;. It then forms the residual variance proxy

Vi=(Yi—aif)* — o]

and sets the signal variance equal to the cross-tract average of Vi, truncated below at a

numerically negligible positive floor so that the fitted variance remains strictly positive:

1
Aplugin = Inax 5 E V;': €]l
=1

® CLOSE-GAUSS with covariates, mean only. This is the same plug-in construction
as Fay—Herriot, but with the enlarged design z; = (1,log oy, 2)" in place of x;. Thus
mOi = Z;ﬂAa §3Z = Aplugin:
where B is the least-squares coefficient on z; and Aplugin is the truncated average
residual variance proxy.
® CLOSE-GAUSS and CLOSE-GAUSS with covariates. These classes use the generic thresh-

old form )

lor;
0i = ki + — (ki — ma;)

S0i

with my; linear in the chosen design z; and

8(2)i =5+ exp(z;7).
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Plug-in first estimates the mean side by ordinary least squares,

n

A 1
uein € arg min — Y; — 2.8).
5P1g g 3 nZ( 16)

i=1

Writing 1mo; = 2} Bplugin, it then forms

Vi: (Yi_m0i>2_a‘2

77

IV

1 1 n R
2 : -10
=1 max <_n ;1 Vi, 10 ) .

The variance parameter 7 is then chosen by nonlinear least squares:

n

. 1 A 2
plugin € arg mvln n Z (Vi — 5" - exp(%’y)) :

Two regularization choices matter here. First, the exponential index z/v is clipped
to the interval [—10, 10] before exponentiation, which rules out extremely small or
large fitted signal variances. Second, the fitted prior mean can be clipped to the
observed range of the estimation sample, [min; Y;, max; Y;]; the coupled-bootstrap OA
runs leave this clipping turned off by default.

e Prefit cLose-causs. In this class the data are first residualized on (1, 27}):
R =Y — g(:), k= kD — g(x),

where ¢ is the least-squares projection of Y; on (1, z%). Plug-in then applies the same
procedure as in the plain cLose-causs class, but to (R;, 0y, kF) with design (1,log o;).
Thus the mean side is fitted by least squares on the residualized outcome, and the
variance side is fitted by the same nonlinear least-squares regression of the residual

variance proxy on the log-variance index.

Redundant variance intercept under constant costs. This convention matters
already at the level of defining the Gaussian-prior fitters. Under constant costs, the
threshold formula depends on the ratio (k; — mq;)/s2;, so one variance intercept is
redundant in the crose-causs parameterization. In the reported implementation,
the optimizer fixes that intercept at its plug-in value and optimizes the remaining
coordinates only.

Warm starts and optimizer fallback. The reported Gaussian-prior fits also use the
following convention throughout. By default, ASSURE* is initialized at the ASSURE-
CB optimum rather than at the raw plug-in fit. After obtaining the ASSURE-CB
optimum, the implementation also searches along the line segment connecting the

plug-in and ASSURE-CB solutions and keeps the point on that segment with the
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highest ASSURE* objective if it beats the direct optimizer output. Conversely, the
ASSURE-CB fitter itself falls back to the plug-in fit whenever the optimized coupled-
bootstrap objective is worse than the plug-in objective, so the fitter never accepts a
numerically inferior point purely because the optimizer moved there.

Fitters and objective functions. It is clearer to state the fitting problem separately
for each rule class. For a generic threshold family 6;(6), ASSURE* estimates (2.3).
The ASSURE-CB fitter chooses

Gy € argmas i(Yi — k) D (Y_—(S(e)) ~Ziy (Y_—(W)> ,

6 n i—1 €n0; €n0;

with €, = n7%2. For the Gaussian-prior classes, SURE minimizes

n

SURE(0) i= - 3 ((0) = Y + = Y oui(0),

where
3i(0) = wiO)Yi + (1 — w8 ma(6), i) = 00
’ s5:(0) + 7
Some notable implementation choices include:
® CLOSE-GAUSS. Let
z = (1,logo;).

For some small floor s?, this class uses
moi(B) = #B,  sg(v) = 8" +exp (217)

so the threshold rule is

0.2

5i(B,7) = k7 + m (k7 —ziB) .
Plug-in estimates (3, ) by least squares on the mean side and nonlinear least squares
on the residual variance proxy; ASSURE*, ASSURE-CB, and SURE then tune the
same parameter vector.

e CLOSE-GAUss with covariates. This class enlarges the previous design to
N/
zi = (1,log oy, ;)"
and uses the same formulas

moi(8) = 23, 3(2)1'(’7) =5 +exp (27) -
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Thus both the prior mean and the prior variance respond to logo; and the tract
covariates. Plug-in, ASSURE*, ASSURE-CB, and SURE all optimize over (3,) in this
richer family.

e Prefit cLose-causs. In this variant we first regress Y; on (1, 2}) to obtain fitted

values g(z;) and residuals
Ri=Yi—g(z:),  kf=k" —j(z).
We then fit the plain crLose-causs class to
Ry ~ N (i — (), 07)
using only (1,logo;) in the Gaussian-prior model:

o2

SR(B,y) = kIt + d kR — (By + Bilog o)) .
z(ﬁ ’7) i §2+eXp(70+7110g0i)(Z (/BO 51 OgU))

The threshold in the original outcome scale is then

Plug-in, ASSURE*, ASSURE-CB, and SURE are all applied to this residualized class.
Optimization heuristics. For the scalar ¢-statistic rule, both ASSURE* and ASSURE-

CB are tuned by deterministic one-dimensional grid search rather than by generic
nonlinear optimization. The search interval is chosen from the empirical range of
(Y; — k;)/o;, enlarged by a margin of 1, and the candidate grid always includes both
0 and 1.96. A coarse grid with 1201 points is searched first, after which the algorithm
refines on a narrower neighborhood of the best coarse point using an 801-point grid.
The value 0 is included because it nests the naive rule, while 1.96 is included because
it is the conventional two-sided benchmark.

For the Gaussian-prior classes, ASSURE*, ASSURE-CB, and SURE all use multistart
optimization around the plug-in fit. Additional starts are generated by Gaussian
perturbations around the initial point, with coordinate-specific scales chosen from the
inverse dispersion of the rule’s design matrix so that poorly scaled covariates do not
dominate the restart geometry. In the OA analysis the default is three restarts for
both ASSURE* and ASSURE-CB.

101



Appendix H. Miscellany

Lemma H.1 (Properties of the sinc kernel). The function z — % sinc (%) is bounded
above by Ch™!, and further has a derivative bounded uniformly by Ch™2 for an

absolute constant C.

Proof. The first claim follows since | sinc(y)| < 7! per our definition. For the second,

z

differentiating gives h™?sinc’ (%

) where

.y 7 COs Yy — siny
sinc’(y) = —_—
Y
An application of I’'Hopital’s rule shows that this function is zero at zero. From this
and continuity, it is not difficult to see that sinc’(y) is uniformly bounded by some

absolute constant. This gives the second claim. 0

Lemma H.2 (Derivatives of ). Let V¢, Voo denote the first and second partial

derivatives in C. They are given by the following formulas.

VoY, 2, C) = —(Y;h;ki)sinc (Yi_c> —|—isinc' (Yi_0> (H.1)

o ho; h? ho;
(Y, — ki) . Y,-C 1. Y, -C
VooV, 2,0) = hZ—af sinc’ o) " oae sinc” o (H.2)
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