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Abstract

We study the dynamic structure of feasibility constraints that bind intermittently.
The standard approach characterizes optimality by showing that discounted marginal
utility is a supermartingale, which restricts the process but leaves the structure of its
dynamics compressed. We formulate the problem in path space and show that the key
object is a shadow constraints value process that aggregates expected discounted future
constraint pressure. This process admits a semimartingale decomposition into a regular
component driven by Euler drift and shocks and a singular component generated by
constraint enforcement, whose dynamics we characterize. We develop these results in
a continuous-time consumption—savings model with borrowing constraints. We show
that consumption responses to income innovations (shock MPCs) can be written as the
sensitivity of expected future constraint pressure to current shocks and decompose them
into a mean-exposure component and a covariance component. The covariance term
captures a curvature-driven amplification mechanism: shocks have large effects when
they shift future asset positions toward regions where constraint curvature is high.
We then show that impulse responses satisfy an integral equation whose iterated-kernel
expansion determines a recursive propagation—feedback mechanism linking shocks, state

dynamics, and constraint enforcement interact.

*We are grateful to Joel Flynn for detailed comments.



1 Introduction

Many economic environments are shaped by feasibility constraints that bind intermittently—
households face borrowing limits, firms face financing constraints, and intermediaries face
liquidity or collateral requirements. The standard approach analyzes these models through
dynamic programming, under which the Euler equation becomes a variational inequality
and discounted marginal utility becomes a supermartingale. This characterization, however,
leaves the behavior of the model at the borrowing constraint implicit. A supermartingale is
a restriction on a process, not a description of its structure: it establishes that constraints
matter, but it does not describe how constraint enforcement enters the dynamics or how
its effects propagate over time. This paper studies the dynamic structure of constraint
enforcement and how constraints influence the dynamics of the model. Our main point is
that constraint enforcement can be analyzed as a distinct stochastic process that admits a
semimartingale decomposition into a regular component driven by Euler drift and shocks,
and a singular component generated by constraints. This decomposition allows us to isolate
the role of constraints and study how they affect model dynamics beyond the supermartingale
or variational inequality characterization, which compresses constraint enforcement into a
boundary condition.

We develop these results in a standard continuous-time income-fluctuation problem. We
formulate optimality in path space and show that the key object is a shadow value that
aggregates the expected future pressure of the borrowing constraints. Marginal utility equals
the expected discounted value of all future constraint enforcement—mnot just whether the
constraint binds today, but how likely it is to bind in the future across all time horizons.

Our first result (Proposition 1) gives the semimartingale decomposition of this shadow
constraint value. This decomposition separates three forces: a standard Euler drift, a pre-
dictable enforcement (compensator) that applies only when assets hit the boundary, and a
stochastic innovation that captures revisions in expected future constraint pressure caused
by current income shocks. This decomposition holds globally — both in the interior and at
the borrowing boundary. The constrained Euler equation is thus not determined only by a
supermartingale or a variational inequality; it has a drift—compensator—-innovation structure
that is valid both in the interior and at the borrowing boundary.

The innovation coefficient governs consumption responses to shocks. We define the shock
MPC as the instantaneous response of consumption to the income innovation and develop
its structure in three steps.

First, we introduce a smooth penalized version of the hard borrowing constraints, which

makes the problem differentiable and allows us to apply Malliavin calculus. Malliavin calcu-



lus provides a way to take derivatives of stochastic processes with respect to the underlying
shocks and, in particular, to express the coefficient on the innovation as the conditional
expectation of that derivative, so that the innovation coefficient can be interpreted as an im-
pulse response to shocks. The shock MPC can then be written as the sensitivity of discounted
future constraint pressure to the current innovation (Proposition 2 and Proposition 3). This
sensitivity depends on two objects. The first is the sensitivity of future assets to the current
shock—how the innovation propagates forward through the budget constraint. The second is
the curvature of the constraint, which is large near the borrowing boundary and small away
from it — it is a smooth representation of marginal effects of the hard constraint. Because
curvature is concentrated near the borrowing boundary, shocks matter to the extent that
they move future asset positions when the household is in regions where constraint curvature
is high. Far from the boundary, constraint curvature is negligible and shocks barely affect
expected constraint pressure; near the boundary, even small shocks generate large revisions.

Second, we show that consumption responses depend not only on average exposure to
shocks, but on whether a current shock shifts future asset holdings toward states where
the borrowing constraint is more curved. Specifically, we decompose the shock MPC into
two components (Proposition 4). The average, or the mean-exposure, component combines
expected constraint curvature with expected asset sensitivity. The covariance component
captures something subtler: whether asset sensitivities are systematically different in states
where the constraint is tighter. A household can have large average asset sensitivity and still
have a modest MPC, if that sensitivity occurs primarily in states far from the boundary.
Conversely, moderate asset sensitivity concentrated near the constraint can generate a large
MPC. This is constraint curvature-driven amplification: a shock has a large effect not because
it is large on impact, but because it moves the household into states where future constraint
curvature is large. The standard solutions contain this information implicitly but do not
separately identify this amplification channel, as they combine average exposure and state-
dependent covariance effects into a single local object.

The covariance component also admits a beta representation (Corollary 5) that sepa-
rates dispersion in future constraint curvature from the loading of asset exposure on that
dispersion. In Corollary 6 we derive a bound on the covariance component of the shock
MPCs.

These results also have a natural interpretation in terms of option-like payoffs. For
a smooth claim, average exposure provides a good approximation to the response of the
shocks. By contrast, for barrier or digital claims, sensitivities are sharply concentrated near
the strike or barrier. Responses to shocks depend not only on average exposure but also

on how exposure co-moves with the region where sensitivity is largest. The shock MPC



plays the role of the “delta” of the constraint claim with respect to the underlying innovation
process and has a similar delta spike or delta concentration behavior present in pricing
barrier or digital options. The borrowing constraint generates an analogous boundary layer
concentration: responses depend on how shocks move the household into regions where
constraint curvature is concentrated.

Third, we study the impulse responses. Specifically, we define the impulse-response
MPC as the response of consumption at future dates to the current innovation. We show
that impulse responses satisfy an integral equation (Proposition 7) jointly determining shock
propagation, asset dynamics, and constraint curvature. Proposition 8 shows that this inte-
gral equation admits an iterated-kernel expansion, and determines a recursive propagation—
feedback mechanism through constraint enforcement. The iterated kernel captures successive
rounds of feedback generated by the shock. The first term captures the direct effect of the
shock. Higher-level terms capture further rounds of feedback of the exogenous shocks: initial
responses change future states, which changes expected future constraint tightness along the
curvature kernel, which in turn generate further responses. That is, constrained dynamics
is represented through the recursive interaction between shocks and constraint enforcement
determined by the iterated kernels.

Our analysis builds on the continuous-time incomplete-markets framework of Achdou,
Han, Lasry, Lions, and Moll (2022). In that framework, discounted marginal utility is a
supermartingale and the constraint is encoded in a boundary condition on the value function.
We derive a path-space decomposition of the marginal-value process that remains well defined
globally, including at the boundary. We are able to not only state that the discounted
marginal utility is a supermartingale but also to characterize the structure of enforcement
constraint dynamics. More broadly, our analysis does not rely on the recursive formulation
of the problem and instead uses the path-space optimization as in Boerma, Riabov, and
Tsyvinski (2023).

Methodologically, the closest connection is to Borovicka, Hansen, and Scheinkman (2014)
and Borovicka and Hansen (2016), who use Malliavin calculus and Clark—Ocone represen-
tations to characterize shock elasticities in environments without borrowing constraints. In
our model, borrowing constraints generate an enforcement component absent in the un-
constrained case. This allows us to move from a representation of shock exposure to a
characterization of the effects of constraints and their dynamics.

Our paper is also related to an important paper by Farhi, Olivi, and Werning (2022),
who characterize consumption responses using stopped Euler equations and study the interior
martingale on the random interval before the constraint first binds. By contrast, we work

with the unstopped marginal-value process and its semimartingale decomposition, which



retains the entire future path of constraint enforcement. In this formulation, a shock affects
not only whether and when the first constraint binds but also the distribution of all future
binding episodes and their intensity. Our framework captures how shocks propagate through
this entire path of constraints, which is what gives rise to the covariance decomposition and
the recursive propagation—feedback mechanism.

Our covariance decomposition relates to the literature on MPCs and exposure in heterogeneous-
agent models. Kaplan and Violante (2022) describe the central role of MPCs for aggregate
dynamics and document how borrowing constraints, liquidity, and heterogeneity determine
their magnitude and dispersion. Auclert (2019) shows that aggregate responses depend on
the covariance between MPCs and balance-sheet exposures, and Patterson (2023) shows
that this covariance is quantitatively important. These results operate across households.
Our covariance term operates within a household across future states. It isolates a differ-
ent mechanism: curvature-driven amplification arising when shocks shift the distribution of
future asset positions toward states where the constraint curvature is high.

Our impulse-response kernel connects to the literature on intertemporal MPCs and
sequence-space methods. Auclert, Rognlie, and Straub (2024) show that intertemporal
MPCs summarize dynamic responses to policy, and Auclert, Bardéczy, Rognlie, and Straub
(2021) develop the sequence-space Jacobian approach for representing dynamic responses
in heterogeneous-agent models. Bilal and Goyal (2025) derive analytic continuous-time
sequence-space Jacobians. Our object is not a general-equilibrium Jacobian. Rather, it is an
individual-level stochastic forward kernel that determines the micro propagation mechanism—

through future constraint enforcement and curvature—that underlies such aggregate objects.

2 Environment

We consider a continuous-time income-fluctuation problem with borrowing constraints. Fix
a filtered probability space (§2, F, (F¢)t>0, P) supporting a one-dimensional Brownian motion
By, where (F;) is the completed filtration generated by By;. All processes are adapted to

(F:). The interest rate r > 0 is exogenous and constant.

2.1 Preferences

A household chooses an adapted consumption process ¢; > 0 to maximize expected dis-

E UOOO e "u(cy) dt} :

counted utility



where v : Ry — R is strictly increasing, strictly concave, and twice continuously differen-

tiable, and p > 0 is the discount rate. We assume p > 7.

2.2 Income

Income follows a Markov diffusion on (0, c0)

dyy = p(y:) dt + o(y) dBy,

where p, o are such that, for every yg > 0, the SDE admits a unique strong solution remaining

in (0,00) almost surely for all ¢ > 0.

2.3 Assets and borrowing constraints

Assets a; evolve as

dCLt = (rat + Y — Ct> dt,

where aq is given, subject to borrowing constraints
a >0 fort>0.

Equivalently,
t
a; (¢) = e"ag + / e (y, — c,) ds. (1)
0
2.4 Feasible allocations
A consumption process c is feasible if

¢ >0 and ac) >0 for all t > 0.

Because the asset path is uniquely determined by consumption from (1), the household’s

problem reduces to choosing ¢ subject to

a;(c) >0 for all ¢ > 0.



2.5 Household problem

The household’s optimization problem is

sup ]E[/ e "u(cy) dt}
ct>0 0
subject to

ai(c) >0 for all t > 0.

3 Optimality and the Shadow Value of Borrowing Con-

straints

We derive the first-order conditions in path space and show that optimality is characterized
by a shadow state that aggregates the expected future increments of the constraint multiplier

and determines the evolution of marginal utility.

3.1 Lagrangian formulation

Let n; be a nondecreasing adapted finite-variation process enforcing the borrowing constraint:
oo
Mo = 0, dn, > 0, / e a;(c) dn, = 0.
0

Since e ** > 0, complementary slackness is equivalent to fooo ay(c)dn, = 0.

The Lagrangian is

Lic,n) =E { /0 e rtu(ey) dt] +E { /0 e ay(e) dm} . 2)

Let ¢ = ¢+ €dc, where dc is a bounded adapted perturbation. The variation in assets is

¢
day = —/ e 95c, ds. (3)
0

Differentiating (2),

oL =E [/ e "l (¢y)dcy dt} +E [/ e P ay dnt} )
0 0



Substituting (3),

e’} [e%s) t
SL=FE [/ e "/ (¢;)d¢y dt} —E {/ e Pt (/ "5, ds> dnf} )
0 0 0

Since dn; has finite variation, we may interchange integrals:

L=E [/ dcg e P? (u’(cs) — / e~ (pm(t=s) dnt) ds] :
0 s

Because dc; is Fs-measurable and otherwise arbitrary, the first-order condition is given by

taking conditional expectations at time s:

u'(c) = By {/ e~ (P=m)(s=1) dns] )
t

Define the shadow continuation value

W, :=E, {/ e (p=r)(s—1) dns] '
t

so the optimality condition becomes

u'(cy) = Wi (4)

Equation (4) is the Euler equation — marginal utility equals the expected discounted value
of all future constrains. The shadow value process W; aggregates the entire expected future
path of constraint binding into a single continuation object that depends on the full future
evolution of the multiplier measure 77, and not only on whether the constraint binds today.

What W, prices is not simply current constraint binding, but the entire expected future
path of enforcement. This is a forward-looking shadow value of constraint feasibility: it is
high when the household expects constraint pressure to remain strong in the future, and
low when future enforcement is unlikely. This forward representation will be central for
everything that follows. It is what allows us to move from the statement that discounted
marginal utility is a supermartingale to a more explicit description of the dynamics of con-

straint enforcement and of its effects on responses to shocks.

Remark. We remark that W; > 0 almost surely. To see this, it would be helpful to consider a
variant of the problem with a finite horizon T'. In this variant, it is clear that for the optimal
plan ¢; the assets must satisfy ap(c) = 0. Otherwise, one could increase ¢; on a small

neighborhood of T" while preserving feasibility, contradicting optimality. It follows that, for



every t < T, the multiplier measure assigns positive mass to (¢,7], and hence W; > 0.
In the infinite-horizon problem, the analogous statement is that liminf, ., e "as(c) = 0.
The corresponding terminal multiplier at infinity then contributes to W, yielding the same

conclusion that W; > 0 almost surely.

3.2 Dynamics of the shadow continuation value: Semimartingale

decomposition

We now derive the semimartingale decomposition of the shadow state W;. We we that that
the process has a drift-compensator—innovation structure that is valid both in the interior
and at the borrowing boundary.

Because income remains strictly positive and the optimal consumption path is strictly
positive on every finite interval, we have u'(¢;) < oo for every finite ¢. Hence, by the Euler
equation

W, =u'(¢;) <oo  for every t < oo.

Assume Wy < o0.

Proposition 1 (Semimartingale decomposition of the shadow state). The shadow constraint

process Wy 1s a semimartingale and admits the decomposition

dW, = (p— )Wy dt — dn, + Z, dBy, (5)

for some adapted process Z;.

Proof. From the definition of W,

e*(P*r)tWt = E, {/ e~ (p=r)s dns‘| .
t

Define . .
M, = E, {/ e~ (p—m)s dns} = e_(p_r)tWt + / e (p—m)s dns.
0 0

Then M, is a martingale. By the martingale representation theorem, there exists an adapted
process Z, such that
th - Zt dBt

Differentiating
t
e—(p—r)tWt =M, _/ e~ (p=r)s dns
0



gives

d(e*='W,) = —e= " dy, + Z, dB,.

Applying It6’s product rule to

W, = 6(p*7‘)t(€*(p*r)twt)

gives
AW, = (p — r)Wy dt — dn, + €' Z, dB,.
Defining
Zt = e(pir)tzt
gives the result. O]

Combined with the Euler equation, Proposition 1 gives:
A () = (p — ) (c2) dt — dg, + Z, dB,. (6)

When the borrowing constraint is slack, dn, = 0, marginal utility follows the standard
continuous-time Euler dynamics with drift (p — r)u/(c;) dt. When the borrowing constraint
binds, the process acquires the predictable boundary-supported compensator —dn;. The
innovation term Z; dB; captures revisions in expected future constraint binding.

This decomposition separates regular and constraint-driven components of the marginal-
value dynamics. The Euler drift and the innovation term describe how marginal utility
evolves through standard intertemporal substitution and shocks. The compensator isolates
the distinct contribution of constraint feasibility itself: it is the predictable adjustment
generated by the borrowing boundary. The constrained Euler condition is therefore not only
a restriction on the sign of drift after discounting. It also identifies the specific channel

through which constraint enforcement enters the dynamics.

4 Shock MPCs

Section 3 separates the dynamics of marginal utility into three parts: an Euler drift, a
constraint compensator, and a stochastic innovation. The drift and compensator govern
the predictable evolution of consumption. The innovation Z;dB; governs the response to
shocks. This section uses the innovation coefficient to define the shock marginal propensity

to consume.



4.1 Consumption response to shocks

Start from the Euler equation
u'(cr) = Wi

In order to characterize the response of consumption to shocks, differentiate this equation
using the Malliavin derivative! with respect to the innovation at time ¢:

u"(ct) DtCt = DtWt-

Solving for the consumption response:

1
Dycy = ——D,W,.
1= (@) Wi
The response of consumption to the innovation dB; at time ¢ is determined by the sensitivity
of the shadow value of enforcement constraints, W;, to that innovation.

From Proposition 1, the shadow value satisfies the semimartingale decomposition
dVVt = (p — T)Wt dt — d'f]t + Zt dBt

Under the standard regularity conditions, the diagonal Malliavin derivative of W; coincides

with the martingale integrand:
DtVVt == Zt-

Hence,

1
u(cy)

This shows that the response of consumption to the innovation dB; is governed by the

DtCt = Zt- (7)

innovation coefficient Z; in the semimartingale decomposition of the shadow continuation

value.

4.2 Definition of shock MPC

We define the shock marginal propensity to consume as the instantaneous response of

consumption to the Brownian innovation:

MPC™* .= Dy,

n this section, we take Malliavin derivatives formally. The rigorous Mallivin differentiability is given in
the penalized formulation of Section 5. The derivative here is understood as the limit of Malliavin derivative
in Section 5.

10



Using (7) gives

1

shock
MPCt = m

The shock MPC is determined by the innovation coefficient Z; in the semimartingale decom-
position of the shadow continuation value, adjusted by the curvature of the utility function.
The innovation term Z;dB; captures revisions in expectations about future constraint binding

generated by the current shock.?

4.3 Relation to the HJB formulation

In a Markovian formulation with policy function c¢(a,y), Itd’s lemma in the interior gives

that the diffusion component of consumption satisfies
dCz(tdB) = Oyc(ay, y) o(y:) dBy.

Away from the borrowing boundary, the shock MPC coincides with the usual interior policy
derivative. Equivalently, Z;, = u"(c;) Oyc(ar, yi)o(yr).

The advantage of the path-space formulation developed here is that it remains well defined
even when the borrowing constraint becomes binding. Near the boundary the policy function
may fail to be differentiable with respect to assets or income but the shadow continuation
value W; and its martingale component Z; remain well-defined semimartingale objects. The
shock MPC is thus characterized globally, including in the boundary region.

In the HJB formulation, the borrowing constraint enters as a variational inequality, im-
plying that discounted marginal utility is a supermartingale. The decomposition derived here
gives the structure of that supermartingale by separating the innovation, which determines
the shock MPC, from the compensator, which captures the effect of the borrowing constraint
boundary. In the recursive formulation, these effects are summarized by the policy function
through its dependence on the current state. The decomposition developed here opens that
compression and isolates the constraint enforcement channel. This does not replace the HJB
as a way of solving the model, but makes explicit the mechanism through which future

constraint pressure enters the response to current shocks.

2 Alternatively, because income innovations are given by o (y;)dB;, one may normalize the response by the
—— shock

size of the income innovation and define MPC, = m%,which measures the consumption response

to a unit income innovation rather than to the Brownian noise itself.

11



5 Shock MPCs in a Penalized Problem and their Clark—

Ocone Representation

The hard borrowing constraint in Section 3 generates a multiplier measure dr, that is sin-
gular at the borrowing boundary. In order to obtain a differentiable representation of the
innovation coefficient Z;, we introduce a smooth penalized approximation that converges to
the hard-constrained problem. The key payoff of the penalized formulation is that we can
expresses the consumption response to shocks as the sensitivity of expected future constraint

pressure to the current income innovation.

5.1 Penalized household problem

The household chooses an adapted consumption process ¢; > 0 to maximize

J%(c) =E { /0 ety dt — k /O e (ay) dt]

subject to
da; = (ray + ye — ) dt, ag > 0.

The parameter x > 0 controls the intensity of the penalty, and the function ® : R — R, is a
smooth convex penalty that is close to zero when a > 0 and increases rapidly as a becomes

negative, so the penalty activates only near the borrowing boundary.

5.2 Penalized Euler equation

Let ¢ = ¢ + €dc. The variation of the asset path is

t
da; = —/ "9 e ds.
0

Differentiating the objective and interchanging integrals yields

U () = —kKE; [/ e~ (PP () ds] .
t

Define the penalized shadow continuation value

W) = —kE, {/ e~ P=D P (g) ds] .
t

12



Then the Euler equation has the same structure as before:
u' () = W

The same argument used in Section 3.2 shows that there exists an adapted process Z* such
that

dWS = (p —r)WFdt + k®'(a;)dt + ZFdB;.

This is the smooth penalized counterpart of the hard-constraint dynamics
dW, = (p — r)W,dt — dn, + Z, dB,,

in which the singular boundary term —dn, is replaced by the absolutely continuous term
kP’ (a;) dt, which penalizes low asset positions continuously rather than enforcing the con-
straint as a hard barrier. This term can also be interpreted as a shadow cost of borrowing
that increases as assets approach the boundary, making borrowing effectively more expensive

in a smooth way.

5.3 Sensitivity representation of shock MPCs

Define the tail functional
=y = —Ii/oo e~ PN (a,) ds,
t
so that the penalized shadow continuation value is
W =E[Zr).

The tail functional measures the total discounted penalty pressure that the household faces
from date ¢t onward. We can now characterize Z; — and therefore the shock MPC — as a

Malliavin derivative of this object.

Proposition 2 (Sensitivity representation of shock MPCs). The innovation coefficient in

the penalized shadow-state dynamics determines the response of consumption to shocks:

and



Consequently the shock marginal propensity to consume satisfies

Mpct:hock —

u"(cr)

Proof. From the Euler equation,
u' () = W

Taking the Malliavin derivative with respect to the innovation at time t,
U"(Ct> Dtct = DtWtR.

Hence,
1
DtCt = 7

— D,WE.
u’(cy) b

From the semimartingale decomposition

dWS = (p—r)W[dt + k®'(a,)dt + ZFdBy |,

a standard property of Malliavin calculus for Brownian semimartingales implies that the

diagonal Malliavin derivative coincides with the martingale integrand, so that
DWW =ZF,

which is the Clark—Ocone characterization of the martingale integrand. Moreover, since
Wy = E[=F] and conditional expectation commutes with the Malliavin derivative at the

diagonal, we also have
Z: — DtWtK — Et[DtE?]

]

Proposition 2 gives a characterization of the innovation coefficient Z; as a Malliavin
derivative of the tail functional =Z}. That is, Z;" measures how a current income shock
changes the expected future intensity of borrowing constraints. Because the Euler equation
links marginal utility to the shadow continuation value W}, this sensitivity determines the
consumption response to shocks. The representation says that the response to a shock is
governed by how that shock changes the expected future path of constraint feasibility. A
positive income innovation matters not only because it raises current resources, but because
it changes the expected intensity of future constraint enforcement. This is why the innovation

coefficient has the interpretation of an impulse response: it records how current shocks revise

14



the shadow value of future borrowing pressure.

The next proposition provides a more detailed representation of the shock MPC.

Proposition 3 (Constraint curvature and asset sensitivity representation of shock MPCs.).

The innovation coefficient in the penalized shadow-state dynamics admits representation

7F = —KE, { / e~ PN (a,) Dyay ds] :
t

Consequently the shock marginal propensity to consume satisfies

K

—> E, [/ e~ (PN (4,) Dya, ds} .
t t

hock
MPOtS = _u//(c

Proof. From the definition of the tail functional,
= = —/i/oo e~ PENY (g,) ds.
t
Applying the Malliavin chain rule yields
DEF = —k / h e~ PN (a,) Dyay ds.
t

Since W} = E4[Z], we have

Zf - ID)J/I/;;i — ]Et[DtEI;]
O

The expression in this Proposition shows that the shock MPC depends on the interaction
of two terms: ®”(as) and D;as. The first term, Dyas, is the Malliavin derivative of future
assets with respect to the current innovation. It measures how a shock at time t affects
assets at time s. The second term, ®”(ay), is the curvature of the penalty function evaluated
at the future asset position. This curvature determines how sensitive the shadow value of
relaxing the constraint is to small changes in assets near the borrowing boundary. When
assets are far from the borrowing boundary, the penalty curvature ®”(ay) is close to zero and
income shocks have little effect on expected future constraint pressure. As assets approach
the borrowing limit, the curvature increases and income shocks generate larger revisions in

expected constraint binding, amplifying the consumption response.

15



5.4 Convergence to the hard-constraint model

Under appropriate regularity conditions, as k — 00, the penalized model converges to the
hard-constraint model of Section 3. In this limit, the enforcement term x®’(a;)dt converges
to the multiplier measure —dn;, and the penalized innovation coefficient Z; converges to the

innovation coefficient Z; in the hard-constraint model.

6 Covariance Decomposition of Shock MPCs

Section 5 showed that the shock MPC is governed by the interaction between the curvature
of the penalized borrowing constraint and the asset sensitivity sensitivity. In this section, we
decompose that interaction into an average component (mean-curvaturexmean exposure)
and a covariance (beta) component. That is, we determine how much of the shock MPC
comes from the average levels of curvature and exposure, and how much comes from the way

they move together across future states

6.1 Covariance decomposition of shock MPCs

For each s > t, apply the conditional covariance identity
E [ XY] = E[X]E[Y] 4+ Cov (X, Y)

to

X = ®"(ay), Y = D,a,.

Then
Et[@"(as)Dtas] = Et[@”(as)] Et[DtCLs] + COVt((I)//(CLS), Dtas) .

Substituting into the representation of the shock MPC yields the following Proposition.

Proposition 4 (Covariance decomposition of shock MPCs). The penalized shock MPC' ad-

mits the decomposition

MPG* = A5 +-C.

where

g / e~ (-0, [0 (a,)] B[ Dyay] ds.
t

U”(Ct)

16



1s the average component, and

/ e~ P Covy (D (as), Dyas) ds.
¢

18 the covariance component.

The average component A} is a mean-curvature times mean-exposure approximation that
combines the expected curvature of the penalized borrowing constraint, E;[®”(a,)], and the
expected sensitivity of future assets to the current innovation, E;[D;asl, at each horizon.
This is the component that preserves average curvature and average exposure and shuts
down their state-dependent comovement.

The covariance component C;* captures the additional effect that arises because curvature
and exposure are not independent. It is nonzero whenever shocks to assets are larger in states
where the future constraint’s curvature is higher. It measures whether shock propagation
through assets is concentrated in future states where the borrowing constraint is tighter. In
particular, the covariance term isolates a mechanism that is not visible in average responses:
shocks have large effects when they move the household into states where constraint curvature
is concentrated.

A household may have a large average asset response to shocks without a large shock
MPC if those responses occur primarily in states where the borrowing constraint is slack
and ®”(as) ~ 0. Conversely, a household with moderate average asset sensitivity can have a
large shock MPC if that sensitivity is concentrated in states where the constraint curvature
is high. That is, the covariance term gives a source of state-dependent amplification that is
not present with only average effects.

This decomposition shows that the response to a shock is not governed only by average
exposure. It also depends on where that exposure is realized in the future state space. A
shock can have a modest average effect on future assets and still generate a large consumption
response if it pushes the household toward states where constraint curvature is concentrated.
Conversely, even large average exposure need not imply a large response if that exposure is
realized primarily in states far from the boundary. The covariance term isolates exactly this
state-dependent amplification mechanism.

Consider two special cases.

First, if ®”(a,) and D;a, are conditionally uncorrelated for every s > ¢, then
Ci =0,
and the shock MPC reduces to the average component. In that case all state dependence

17



works through conditional means.

Second, when the future asset response is strongest in states close to the borrowing
boundary, the covariance term becomes important. In such states ®”(ay) is large, so the co-
variance term captures the amplification created by the interaction between asset sensitivity
and local constraint curvature.

Proposition 4 shows that the shock MPC is not determined only by average asset sen-
sitivity or average curvature of the borrowing constraint. What matters is also how these
two objects move together across future states. The covariance component can be written
in a form that separates the variance of constraint curvature from the loading of exposure
on that risk.

Corollary 5. For each horizon s > t,
Covy(®"(ay), Dias) = B, Var,(®"(as)),

where

B = Cov (D" (as), Dyas)
b5 Var (@ (ay))

1s the conditional beta of asset exposure with respect to curvature, and

K

Ct = _u//(ct)

/ eI Vary (" (ay)) ds.
t

This representation separates two forces: risk arising from dispersion in future constraint
curvature, that is, Var;(®"(as)), which measures how dispersed future constraint curvature
is across states, and ff,, which measures whether asset exposure is systematically high in
states where curvature is high. The covariance term is large when both are present — when

constraint tightness risk is substantial and when asset exposure loads positively on it.

6.2 Cauchy—Schwarz bound for Covariance of Shock MPCs

The covariance component of the shock MPC can be bounded using the conditional Cauchy—

Schwarz inequality to show when the covariance term may be important.

Corollary 6 (Cauchy-Schwarz bound for Covariance). For each horizon s > t, the covari-

ance term satisfies the conditional Cauchy-Schwarz inequality

|Cove (" (as), Dyas)| < v/Var,(®”(a,)) Var,(Dyay).
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The covariance component of the shock MPC satisfies

K 00
|Cf| S m/ 67(pir)(37t) \/Vart(q)”(as)) Vart(Dtas) ds.
t

The bound identifies two conditions under which the covariance component can become
large. First, there must be substantial risk or dispersion in the curvature of the penalized
borrowing constraint across future states, measured by Var;(®”(as)). Second, the sensitiv-
ity of future assets to the current innovation must itself vary across states, captured by
Var,(Dyas). 1If either of these terms is small, the covariance component is small, and the
shock MPC is approximated by the average component A¥, that is, by the mean curvature

X mean exposure approximation.

6.3 Shock MPCs as an Option Greek for Digital and Barrier Claims

The covariance decomposition has a useful interpretation through the lens of barrier and
digital options. The shadow value W, represents the expected future value of borrowing-
constraint enforcement. In the hard-constraint formulation, this enforcement is the boundary-
supported measure dn;; in the penalized formulation, it appears through the smooth penalty
—k®'(ay). In both cases, the future enforcement value is concentrated near the borrowing
boundary.

This is analogous to barrier and digital claims in option pricing. For a smooth claim
— say a standard option — local sensitivities are diffuse across the state space, and average
exposure provides a reasonable approximation to the response. For a barrier or digital claim,
sensitivities are concentrated near the strike or barrier: ®”(as) is small when assets are far
from the borrowing limit and becomes large only in a thin neighborhood of the boundary.

This concentration of curvature shows that the response of the shadow value to shocks
depends not only on average exposure but also on how exposure covaries with the boundary
layer. The shock MPC plays the role of the “delta” of the constraint claim with respect
to the income innovation process. The covariance term captures that the state-dependent
amplification arises because the constraint’s sensitivity is concentrated in a thin boundary
layer rather than being diffuse across the state space, generating an analogue of the delta

spike familiar in digital and barrier options.
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6.4 Example: Exponential penalty and Laplace-weighted exposure

A useful example of the penalized problem is that of an exponential penalty
Q(a) =€, v > 0.

In this case,
P'(a) = —ye 1, " (a) = y*e .

Substituting into the penalized shadow continuation value gives

W) = —kE, {/ e*(ﬂ*?")(sft)q)/(as) ds] = kE, {/ e~ (p=r)(s=t) p=7as o
t t

Thus W/ is proportional to the time-integrated conditional Laplace transform of future
assets. Intuitively, the exponential weight e~7% places greater emphasis on states in which
assets are low and the borrowing constraint is close to binding.

The Clark—Ocone representation of the innovation coefficient then becomes
Z; = —5721&5 {/ e~ Pt e=ras ) ds] )
t

The shock marginal propensity to consume is then

2 00
MPCsiek = — T, [ / e~ (=0 Dy, ds].
t

u//(ct)

The exponential kernel e 7% tilts expectations toward states with low assets, so the shock
MPC depends on how current income innovations shift the future asset distribution under
an exponential tilt toward near-boundary states.

Applying the conditional covariance identity yields
Ei[e7 7% Dyas] = Ey[e 7| Ey[Dias] + Covi(e™ 7%, Dyay).

Integrating this identity over s with the same discount kernel e~~~ yields the decompo-
sition of the shock MPC into mean-exposure and Laplace-weighted covariance components.

The parameter «y controls the strength of the exponential tilt. When -y is small, the weight
e~ 7% varies slowly and the shadow value averages over a broad range of future asset states.
When ~ is large, the Laplace weight concentrates near the borrowing boundary. Standard

Laplace asymptotics (Watson’s lemma) imply that expectations of the form El[e™7f(a)]
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become increasingly dominated by the behavior of f(a) near the lower boundary as 7 — oo.
As ~ increases, the Laplace transform concentrates on the boundary layer of the borrowing
constraint.

This is the same boundary-concentration mechanism that drives the covariance term in
Section 6: shocks matter most when they shift future asset paths toward regions where the

borrowing constraint become more binding.

7 Impulse-Response MPCs

The shock MPC captures the response of consumption at time ¢ to an innovation at time
t. But income shocks affect not only current consumption but also the future path of
consumption. This section discusses the impulse-response marginal propensity to consume
(IRF MPC) which is the response of the future consumption to past income innovations.

For s > t, define the impulse-response MPC

MPC{" := Dyc,,

the Malliavin derivative of consumption at horizon s with respect to the income innovation
at time ¢, which gives how a marginal income shock at time t affects consumption at later

horizons. Setting s = ¢ in the previous expression gives the instantaneous shock MPC:
MPC;P* = MPC}F.

From the Euler equation

u'(cg) = WF

S 7

we obtain

1
Dycy = ——D,WE.
u//(cs)

Thus the IRF MPC is determined by the sensitivity of the shadow continuation value to the

innovation at time ¢.
Recall from Section 5 that

S S S

W =E(="], == —K/ e~ PN () du.
Taking the Malliavin derivative gives
DtW: - DtES[E:]
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Under the Malliavin regularity conditions, conditional expectation commutes with the Malli-

avin derivative for t < s:
DWE = DE(ZE] = Ey[ D=5

Substituting the definition of the tail functional,
DWE = —kE, { / e~ P =99" (q,) D,a, du} :

Substituting back

K - —(p—r)(u—s
MPC{" = —— o { / e P9 (a,) Dya,, du} .

The IRF MPC has the same determinants as the shock MPC. It depends on the interaction
between the curvature of the borrowing constraint, ®”(a,), and the propagation of shocks
through the household budget constrain, captured by D;a,. The difference is that the IRF

MPC measures this interaction at future horizons s rather than only at impact.

8 Recursive characterization of IRF MPCs and the Propagation-

Feedback mechanism

The covariance decomposition in Proposition 4 characterizes shock MPCs through the in-
teraction between constraint curvature ®”(a,) and the sensitivity of future assets to current
shocks D,a, at each horizon s.

The IRF representation of Section 7 shows that the impulse-response MPC satisfies

R

IRF __
MPCE =~

E, {/ e~ P W=99" (q,) Dya,, du| .

We now develop a more explicit characterization of the IRF MPCs.

From the asset accumulation equation,

as = €eag + / " (57k) (yx — cx) dk,
0
so that the Malliavin derivative satisfies

D,as = / e"(5k) (Dtyk - Dtck) dk.
t
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Substituting this expression into the IRF MPC formula yields and integral equation repre-
sentation of the IRF MPCs.

Proposition 7 (Integral equation for IRF MPCs). The IRF MPC satisfies the integral

equation

R > —(p—r)(u—s b r{u—
MPCIRF — _u”(cs)]Es [/ e P9 (g, (/t "B (Dyyy — MPCE’,;F)dk) du} :

Separating the exogenous income-propagation and the endogenous feedback components:
1 o0 u
MPCIRF — _ . E, / e~ (=) u=5) (g, / ) Doy ke ) du
) u//(cs) s .
1 - —(p—r)(u—s h r(u—
ST { / e =9 (q,,) ( /t " IMPCHF dkz) du} .

The first term is exogenous and captures the direct propagation of the income innova-

+

tion through assets and constraint curvature. The second term is the endogenous feedback
generated by future consumption responses. The IRF MPC appears on both sides of the
equation. In other words, the IRF MPC is determined as the fixed point of a mapping that
combines the propagation of income shocks through the asset dynamics with the feedback
generated by future consumption responses.

In order to clarify the structure of this mapping, define

Ls(f) = E, [/OO e~ P=99" (g, (/u ek dk) du] ,

which takes a process f and propagates it forward through the asset dynamics and constraint

curvature. The integral equation becomes

K K
u’(cy) u'(cy)

The first term feeds the income innovation through I'y. The second term feeds the en-

MPCIF = —

Fs(Dty> +

I,(MPC}™).

dogenous consumption response itself through the same map. The iterated-kernel expansion

below makes these successive rounds explicit.

Proposition 8 (Iterated kernel expansion). The integral equation admits the recursive ex-
pansion

MPCIRF = MPCL) + MPCY + MPCY) + - .

s
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The first term gives the direct propagation of the income innovation

MPCY) = — T(Dsy),

u//(cs>

The second term gives the first endogenous feedback generated by future consumption re-

sponses
MPC? = — ”“2 rs( ! F.(Dty)).
® u’(cs) u’(c.)
Written explicitly:
MPCR = — E,| / el g (g,
cw(e) L,

u 1 oo v
r(u—k —(p—r)(v—k r(v—~¢
x (/t 't )u"(ck)Ek[/k e PR G (g,) (/t 't )Dtych) dv] k) du).

Higher-order terms are generated by repeated application of the same propagation map.
The first term MPCSS) captures the direct propagation of the income innovation through
the asset dynamics when consumption initially does not respond. The higher-order terms
capture successive rounds of adjustment. The initial consumption response changes future
asset positions, which changes the expected tightness of the borrowing constraint along the
curvature kernel, which in turn feeds back into additional consumption responses. Each
round of consumption adjustment feeds into future constraint pressure and generates further

rounds of response.

9 Conclusion

We develop a path-space approach to the study of intermittently binding feasibility con-
straints and show that the shadow value of constraints process can be decomposed into
regular and constraint-enforcement components. In a continuous-time consumption—savings
model, this decomposition delivers a characterization of shock MPCs, a covariance decompo-
sition of state-dependent amplification, and an integral-equation representation of impulse
responses, with an iterated-kernel expansion of the propagation—feedback mechanism of shock

transmission.
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