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ABSTRACT. We introduce a framework for studying the equilibrium effects of machine learn-
ing. Agents process information using a |Chow and Liuf (1968) tree, a widely-used machine
learning procedure that admits a closed-form solution. We apply the model to an asset
market with dispersed information based on [Hellwig| (1980). The price mechanism fails to
aggregate the information extracted by the algorithm, even approximately. While there are
partial equilibrium benefits from access to algorithms, the price aggregates less informa-
tion and more slowly than the rational equilibrium. Equilibrium typically features diverse

world-models, demands, and utilities, even with ex ante identical agents.
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1. INTRODUCTION

The large and increasing amount of information available in the economy makes behaving
as a good Bayesian would difficult. One increasingly common solution is to rely on machine
learning algorithms to process this information. While machine learning excels at prediction,
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it operates as a “black box,” and agents often do not understand why their algorithms
generate the forecasts they do. Despite this, algorithmic trading systems, robo-advisors, and
automated market makers now account for a substantial share of financial market activity. As
more and more of the economy relies on these algorithms, their use may affect endogenous,
informative variables like prices. This can lead to a feedback loop: the information that
the algorithm extracts from endogenous variables affects their distribution which affects
the information extracted. This paper seeks to understand the consequences for how much
information the price aggregates in equilibrium.

We develop a framework for analyzing competitive equilibria when agents form beliefs
using a machine learning algorithm. Agents form beliefs using the |Chow and Liu (1968)
Tree (CLT) algorithm. It approximates the true probability distribution with one that
factorizes according to a tree-structured Bayesian network, and finds the distribution that
minimizes the Kullback-Leibler divergence from the truth. CLT is used in statistics and
machine learning for dimensionality reduction, classification, and as a foundation for more
complex dependence structures (Jiao et al.; 2013). Unlike neural networks or random forests,
CLT has a closed-form solution, making it amenable to equilibrium analysis while preserving
essential features of machine learning: model selection, parsimony, and the potential for
misspecification when agents face high-dimensional data.

We embed the algorithm in the canonical asset market setting of Hellwig (1980)). Risk-
averse traders trade a safe asset and a risky asset with unknown supply in a competitive
market. The equilibrium price adjusts to clear the market. They can, in principle, learn
about the return of the risky asset from both private information and the price. Traders
form beliefs using a CLT tree calibrated to the equilibrium price distribution rather than

Bayes rule.
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The competitive equilibrium under machine learning has markedly different properties
than the Bayesian one. In |Grossman (1976)), equilibrium prices fully reveal private infor-
mation, but traders demands are measurable with respect to the equilibrium price alone.
Hellwig (1980) showed that uncertain supply prevents full revelation but preserves approwi-
mate efficiency: as uncertainty about supply vanishes, prices reveal all private information.
We show that even approximate informational efficiency is impossible, regardless of how
small noise trading becomes.

Bayesian updating is computationally very demanding. CLT simplifies the computation
by approximating a complex joint probability distribution with a simpler one. This solves
the key computational difficulty, the curse of dimensionality. While a full joint distribution
over many variables requires tracking an enormous number of parameters (exponential in
the number of variables for discrete data, or a full covariance matrix for Gaussian data), a
tree-structured distribution requires only tracking pairwise relationships along the branches
of the tree.

Several features make this algorithm attractive as a model of machine learning. First, it
is computationally efficient, running in polynomial time. Second, it produces sparse models:
a small subset of relationships suffices for prediction. Third, and crucially for our purposes,
the optimal tree has a closed-form characterization, enabling equilibrium analysis. Fourth,
the algorithm is non-parametric in the sense that it does not require the analyst to specify
a functional form for relationships. The main limitation relative to richer machine learning
methods is that CLTs restrict each variable to have at most one “parent” in the dependence
structure, precluding the deeper architectures of neural networks. Finding optimal higher-
order trees is NP-hard (Chickering), [1996)), which provides a computational justification for
focusing on first-order trees.

We embed this algorithm in the canonical model of learning from an endogenous price.
Traders each observe private signals about the value of a risky asset and submit demands for
the asset after observing the market-clearing price. Traders have CARA utility over terminal
wealth, and market clearing requires aggregate demand equal to a random supply. Each

trader’s algorithm processes training data consisting of all variables the trader eventually
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observes: the realized asset value, the market price, and the trader’s private signals. Given
their equilibrium joint distribution, the algorithm constructs a CLT for it. The trader then
uses the CLT, her private information, and the public price to update her beliefs, and submits
the demand that maximizes expected utility.

A CLT equilibrium consists of a distribution of prices as well as (a distribution over) trees
for each trader so that the following three conditions hold. First, each trader’s demand
must maximize utility given her tree and information. Second, each trader’s tree must be a
Chow-Liu Tree, that is, the best approximation to the equilibrium distribution of feedback.
Third, the market must clear for every realization of signals, price, and supply shock.

The tree selected by the algorithm determines how the trader’s demand responds to in-
formation. When more traders use trees that link a private signal to the fundamental value,
they trade more aggressively on that signal, so the price must be more responsive to it.
Ceteris paribus, the price becomes more correlated with it as well as with the underlying
value. This changes the quality of the approximation that each tree yields, feeding back into
which one the algorithm selects. In equilibrium, the distribution of the price that clears the
market for the trees in the population makes each a CLT. Our first result shows that this
feedback loop has a steady state: an equilibrium exists.

We then turn to the question of how the equilibrium differs from its rational counterpart.
The most important distinction is that the equilibrium correlation between price and funda-
mental value is bounded strictly below that in the Bayesian equilibrium. In particular, the
bound does not vanish as noise trading goes to zero. The logic runs as follows. Suppose,
toward a contradiction, that prices were approximately informationally efficient — highly cor-
related with the fundamental value, nearly revealing all private information. Then by the
data-processing inequality, the price would also be more correlated with each private signal
than the signal is with the fundamental. The Chow-Liu algorithm would then connect all
signals to the price node rather than to the value node, since those edges have higher mutual
information. But traders using such trees would condition only on price, effectively ignoring
their private signals. With no one trading on private information, the market cannot clear,

as demand would not vary with the supply shock.
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In equilibrium, this tension resolves through the distribution of trees adjusting to maintain
market clearing. Some traders must use trees that incorporate private signals, which requires
that the price not be too informative. The result is an upper bound on price informativeness
that does not depend on the level of noise trading, a stark departure from Hellwig (1980)),
where prices become arbitrarily informative as noise vanishes, and |Grossman| (1976 where
the price is a sufficient statistic for all private information in the economy.

The CLT equilibrium exhibits comparative statics that often reverse the predictions of
rational expectations models. In |Hellwig (1980), increasing the number of traders improves
price informativeness through diversification of private information; in our model, increasing
the number of traders can reduce welfare as traders increasingly rely on the (crowded) price
signal rather than diverse private information. Similarly, while |Grossman and Stiglitz (1980)
predict that higher risk aversion reduces price informativeness, in our framework higher risk
aversion can increase informativeness by shifting traders toward trees that incorporate pri-
vate signals. These reversed comparative statics suggest that conventional policy intuitions
may not apply when markets are populated by algorithmic traders using machine learning.

This finding has important implications. It suggests a non-vanishing private value of
machine learning: even in liquid markets with minimal noise, traders who deploy sophis-
ticated algorithms retain an informational advantage that is not competed away through
prices. Since training such algorithms is costly, this provides an economic rationale for the
persistent investment in algorithmic trading that we observe. The result also speaks to the
Grossman-Stiglitz paradox—the puzzle of why traders invest in information acquisition when
prices should reveal that information (Grossman and Stiglitz, [1980). In our framework, the
paradox dissolves: traders have a persistent incentive to acquire and process information
because the price never fully reveals it. In addition, ex ante identical traders may use dif-
ferent CLTs in equilibrium, leading to asymmetric reactions to the same information. With
purely public but high-dimensional information, traders may still update beliefs in response
to price changes even though prices are merely a garbling of the public signals.

Calvano et al.| (2020)); Klein| (2021)); Dolgopolov| (2024) and others show that reinforcement

learning, a different form of machine learning, leads to non-Nash outcomes in pricing games
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and the prisoners dilemmal] Methodologically, these papers are essentially experimental
with the algorithm taking the role of subjects. In contrast to these papers, we study a
general equilibrium outcome and analytically characterize the outcome. |Eliaz et al.| (2021))
is the only economics paper of which we are aware that explicitly uses CLT. They show
that the Chow-Liu tree will select the tree that gets maximally tricked. Since the algorithm
potentially introduces misspecification, our paper is also related to the recent literature on
misspecified models (e.g., Spiegler], 2016; Esponda and Pouzo, 2016; [Fudenberg et al., 2017}
Heidhues et al., 2018; Bohren and Hauser, 2021} [Frick et al., 2020). The CLT selects the
best misspecification. This makes it particularly related to papers like (Cho and Kasa; (2015))

and [Ba| (2024) that incorporate model selection and misspecification tests.

2. CHOW-LIU TREES

A directed acyclic graph (DAG) G = (N, R) is a set of nodes N and edges R C N x N with
no directed cycles. We write xRy for (z,y) € R. Consider an n-dimension random variable
X = (Xy,...,X,). An K-order dependence tree is a DAG ({1,...,n}, R), sometimes just
denoted R, with the following two properties. First, if iRy and kRj then either iRk or
kRi. Second, |R(i)| < K for every node i where R(i) = {k: kRi}. The dependence tree R

determines an approximation vg of a distribution v using the formula
n
vr(z1, ... 2) = [[ v (l“j|fCR(j))
j=1

where xy is an arbitrary constant, and vg, v are the probability density (or mass) functions
of vg and v, respectively.

Dependence trees have several computational advantages. First, the set
{vp:veA(X; x---x X))}

has lower dimension than A (X; x - -+ x A},). Second vp is fully determined by the marginal
distribution on the cliques of R (subsets of nodes on which R is complete). Third, it leads to
simple and computationally quicker updating. These capture salient and important features

'Banchio and Mantegazzal (2023)) argue this is due “spontaneous coupling”, an endogenous statistical linkage
between variables.
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of modern machine learning models. Finally, increasing the order corresponds to an increase
in the depth of the network. This increases the quality of the approximation at the cost
of decreasing the amount of dimension reduction. This captures the inherent tradeoff in
machine learning: higher predictive power requires more computation and entails a danger
of overfitting. For textbook treatments of these topics, see Chapter 5 of Hajek et al.| (1992)
or Chapter 6 of Koski and Noble| (2009).

In our analysis, we use on Chow-Liu Trees (CLT) (Chow and Liu, [1968), 1-order depen-
dence trees that best approximate the underlying distribution of variables. Let R be the set
of possible 1-order dependence trees. Formally, R* is a CLT if

. .
R e arg%pel%DKL(V||VR)7

that is, vz minimizes KL-divergence from v within that set, and where

Dir(plla) = Zp ) log <q8)

when X is discrete or

DralP|Q) = 10w (£ Pla)

when X is continuous, () < P, f is pdf of P, and g is the pdf of Q.

Chow and Liul (1968)) show that the optimal CLT can be found using a Greedy Algorithm
in finite time. The algorithm is simple. Consider undirected edges between each pair of
variables. First, calculate the mutual information between the variables related by each
edge, and order the edges according to their mutual. Start with an graph consisting of the
first two edges. Check whether adding the next edge would create a cycle. If not, then add
it to the graph. Otherwise, discard it, and proceed to the next edge. Continue until each
edge is either added or discarded. The resulting graph can be oriented to form a 1-order

dependence tree, and this tree has the lowest divergence amongst all such trees.

2.1. Normal variables and CLT. With normally distributed variables, the divergence can

be reduced to correlations.
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FIGURE 1. Possible 1-order trees with 3 variables

Lemma 1. For any normal distribution p, there exists a constant k > 0 so that
1 2
DKL<PHPR> =K+ Z §1H (1 —p(l'i,.%'j) )
(i.j)ER

for every 1-order dependence tree R.

The divergence minimizing tree is the one that maximizes correlations between linked
variables. To illustrate with 3 normal variables, every 1-order dependence tree takes form

R =1 — 5 — k. Then, the divergence can be written

Dico(PI|Pr) = 510 (1= p(i,37) o?0%] — 510 [(1 = o0, £)?) o]

—Inoy —Inoy —Inos + ; In (27e) — h(p)

where h(p) is the Shannon entropy of the distribution p. Here, k = —Ino; —Ilnoy — Inos +
3In(2me) — h(p). Inspecting the above reveals that the CLT links every pair of variables
except the pair with minimal correlation.

With the three variables v, s%, p, there are three possible 1-order dependence trees (Figure
.Suppose agent tries to predict v. On the one hand, R, leaves out the correlation between
p and s’ conditional on v, so beliefs about v overreact to s given p. However, it is precise, in
that it results in beliefs about v with relatively low variance. On the other hand, R, (and R,,
with p replacing s in what follows) leaves out the correlation between v and p. Therefore,
beliefs underreact to p given s relative to a Bayesian. However, beliefs are accurate, in the

sense Eg [v|s,p] = Efv]s].
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2.2. Higher order trees. In general, the determination of how large K should be involves
tradeoffs. First, finding best K-order tree is NP-hard for K > 2 (Chickering (1996))). There-
fore, actually calculating the optimum may not be feasible and one may have to satisfice
instead. Second, with limited (though still large) numbers of observation, the ideal K is
determined by the bias-variance tradeoff in a process called regularization. A smaller K
suffers from the potential for bias due to omitted relationships. However, larger K leads
to more variance in estimates. This is due to the risk of overfitting because of outliers. In
particular, the model must be estimated on each K + 1 tuple of variables, and for a fixed
dataset size, every particular realization of these variables occurs less often. In general, al-
gorithms trade-off the greater expressive power of deeper learning (i.e., larger K) with the
stability of estimates by using penalty functions. Our use of CLT amounts to assuming that
the dataset is such that the penalty for K > 1 is is large enough that the algorithm chooses
K =1 as optimal.

3. ASSET MARKET MODEL

There is a mass [ € {1,2,3,...} of agents indexed by ' € (0,]. Trader i’ € (: — 1,1] is
referred to as a trader of type i. Traders form a portfolio from a risky asset and a safe asset,
and are able to take arbitrarily large short and long positions provided that they satisfy the
budget constraint. The risky asset has a common value v where v ~ N(0,02). The safe
asset has a return normalized to unity. Trader ¢ € (i — 1, 4] maximizes CARA utility with
risk aversion parameter T% > (), so if she purchases = units of the risky asset at price p, her
utility is — exp (—%m(v — p))

There are I signals, one for each trader type, and all traders of type i observe s' € S* = R”.
Each s’ is a J dimensional vector with s; = v + ¢/, where ¢ ~ N(0,%') for i = 1,...,1,
where each Y is a symmetric, positive definite J x J matrix, independently of all other
variables. Trader 7/ € (i — 1,1] observes the price p of the risky asset and s*. Let UZ = E§-j
and 5= (s!,...,s!). Supply of the asset equals u, where u ~ N(0,02) with 02 > 0 and is

independent of all other variables.
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Equilibrium consists of three endogenous objects. The first two are standard: a mapping
from fundamentals to the price and a demand function for each trader that clears the market.
The remaining object is a CLT for each trader, which we describe via a distribution over
1-order dependence trees for each type i. We consider linear equilibria where the price p is
an affine function of the vector (s,u) = (51, . ,sl,u), i.e., there is an a € R!/*2 50 that

p = «a- (1,5 u). For such an «, denote by v(:|a) the distribution over all variables that

results, and for each i, v*(-|a) the distribution over (v,s!,...,s%,p). Denote the 1-order
dependence trees over N* = {s!,...,s%,v,p} including {v,z} for at least one x € N*\ {v}
by R

Definition 1. A CLT equilibrium is an o € RI7*2 and a vector ji = (,ul, . ,,u1> where p

is a distribution over R so that:

(1) for every u € Rand §€ R p=a- (1,5, u);
(2) for each trader i and tree R € R, every price p € R, and all signals s* € R,

xzé (Si,p) = argmgx—/exp (—:Zx (v —p)> VR (dv|a, sﬂp) :

(3) the distribution over trees clear the market for every (5, u) € RI/*+?
I . . .
> 2 H(R)R(s',p) = u;
=1 RER;

(4) and each trader uses a CLT: for every i,
p'(R) >0 = R € arg min Dk, (Vi(-|a)||yf%(-|a)) :
ReR?

First, the price is an affine function of the vector of signals and noise trader demand.
Second, each trader maximizes expected utility given her tree, private information s¢, and
the market price. Consequently, the demand from a trader of type ¢ who uses the tree R is

;Erlv|s’,pl —p
VGTR[U|Si7p]

2l (s’ p) =7
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following the usual formulas. This means that the total demand from all traders of that type
is

Y w(R)ag(s',p).

ReR;

Third, given the demand functions above and the distribution of trees i, the market clears
for every realization of signals and noise trader demand. Finally, i attaches support only

to trees that minimize divergence given the equilibrium distribution.

4. ANALYSIS

We begin by showing that an equilibrium exists for every economy as above. Then, we
turn to the properties of this equilibrium. In every equilibrium of every economy, even

approximate informational efficiency is impossible.
4.1. Existence. First, we show that an equilibrium exists.
Theorem 1. A CLT equilibrium exists for any collection of parameters with o2 > 0.

Given a fixed distribution of models u, there exists a unique price that clears the market.

The relative weights on different signals are determined by the ratio

oy 1 (R s € B))

Qpi ok ({R {v, sk} e R}) a,;?'r’k'

Signals receive higher weights when they are more frequently used, more precise, or utilized

by more risk-loving traders. Notably, and unlike in standard Bayesian frameworks, the
correlation between the signal and the price does not influence these weights. The resulting
price determines the correlation between the fundamental value v and the price p, as well as
between p and each signal 3; The distribution of trees adjusts endogenously so that only
the best approximations are used. This creates feedback effects on pricing and correlations.

The equilibrium balances two considerations. The more that the price responds to signals,
the higher the correlation between the two. Therefore, fewer traders’ trees use that signal,
and demand becomes less responsive to changes in the signal. Conversely, the less that the

price responds to a given signal, the lower the correlation between the two. Consequently,
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more traders’ trees link it to the value, and so demand becomes more responsive to it. In
equilibrium, the price must respond just enough so that the market clears. If the correlation
with price is too large for every signal, then all traders rely exclusively on information from
the price. If it is instead too low for enough signals, then all traders use only their private
information. Either poses difficulty for market clearing.

We prove existence of equilibrium using a nested fixed point problem. First, we charac-
terize the unique price that clears the market for a given ji via a continuous function, « ().
Then, we define a correspondence from a vector of distributions over trees to itself. The
correspondence evaluated at [ puts weight only on the trees that minimize divergence given

the price is generated by « (i) . Any fixed point of the correspondence is an equilibrium.

4.2. Equilibrium information. Replacing s* with § = 1/ (¥7) "' &', our setup is identical
to that of Hellwig (1980). In that model, all traders are Bayesian and there is a unique
equilibrium price p that reflects all private signals. In particular, the equilibrium price is

approzimately informationally efficient, in the following sense. As noise o, goes to zero,
Elvlp] — Elv}3]

That is, beliefs approach what they would be if all private signals were public. Given the

normal distribution, this is equivalent to

p(v,p)? = p(E[wl|3),v)* = p".

The limiting price is a sufficient statistic for signals and so maximizes the correlation between
the price and value.

In our setting, approximate informational efficiency fails.

Theorem 2. Fizing [ > 1, 0, and X for all i, let p* = p(E[v|s],v)?. There exists § > 0 so
that for any o, > 0, p(p,v)* < p* — & in any CLT equilibrium.

The result shows that not all private information is aggregated in the market price, even
approximately. After trading, private information still has value to a Bayesian decision

maker. Moreover, traders get at least as much uncertainty reduction from using the tree
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as a Bayesian would from the price. Put differently, traders perceive a non-negative and
sometimes strictly positive value of using the algorithm and private information relative to
just the public price. Since training a machine learning algorithm is typically costly, this
result is consistent with persistent use of them in a market.

The proof can be found in the appendix. The key step utilizes the data processing inequal-
ity. Recall that E[v|s] is a sufficient statistic for all private information, and that for pairwise
normally distributed variables, mutual information is an increasing function of correlation
squared. The data-processing inequality (Theorem 2.8.1 of (Cover and Thomas, 2006) says
that if X — Y — Z is a Markov chain, then the mutual information between X and Y
exceeds that between X and Z, with equality only if X — Z — Y is also a Markov chain.
If they are normally distributed, then mutual information is a strictly increasing function of
the squared-correlation. Therefore, p(E[v|5], s%) > p(v,s}) and p(v, E[v]5]) > p(v, s%). If the
correlation between price and v is sufficiently close to p(v, E[v[3]), then p(p,s}) > p(v,s})

and p(v,p) > p(v,st) as well. But then by Lemma 1, the unique CLT is

v p— 8
N
S
for every type of trader, so demand is invariant to private signals given the price. But then

for markets to clear, p = a,u, implying p(p,v) = 0 and p(p, 5;) = 0, a contradiction.

5. EXAMPLES

To understand the forces in the model, we consider several example economies. The first
considers information aggregation in the classic Hellwigl (1980) setup with identical precisions
and risk tolerance across traders. Then, the algorithm trades off between public information
p and single-dimensional private information s°. Our focus is on how the equilibrium differs
from Bayesian benchmarks. The second focuses on what aspects of the information get used
by the tree in a setting where all information is public. Then, the algorithm trades off

between different dimensions of the information and potentially substitutes the garbling in
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p. The general case has features of both, and the two are informative of what the general

model looks like.

5.1. Aggregation across signals. First, suppose that all traders receive a one-dimensional
signal (J = 1), that they all have the same risk aversion (r* = r for all 7), and that signals
are equally precise (X! = [¢2]). Denote by R; for j € {v,s,p} be the CLT that has two
edges involving the node j. This is the model of |Hellwig (1980), specialized so that agents

are symmetric.

Theorem 3. If [ > 1, J =1, 1" =r for all i, and X! = [0?] for all i, there is a symmetric
CLT equilibrium (o, @i). If (I? — 2I) 02 > o2, then for every i,

020202

— }:1_Mi(Rp)'

iRv — ; 1 S
HiR) mm{’ r? (02 + I0?)

If (I? — 21) 02 < o2, then for every i

. o202 .
(Ry) =min{ 1, | 5% b =1 - 1i(R,).
/J’( ) min ?,,2[([_1) ILL( p)
In the former case, p(p,v) > 1012112’02 and in the latter p(p,v) > \/%, with equality whenever

(1) > 0.

The result provides an explicit characterization of the equilibrium. The two cases obtain
because for any «,

(1P —21) o} > 02 = pv.p) > plp. 5",

£

so the inequality determines whether the CLT can contains an edge from v to both p and s!
or not. When ¢2 is large, the equilibrium price is not very informative about v nor highly
correlated with any other variables. Consequently, the algorithm selects either Ry or R, for
all traders. When o2 is small enough, the price is more correlated with v. If the algorithm
never selected the tree R, then the price would be sufficiently strongly correlated with both
s" and v that R, would be the unique CLT, a contradiction. Consequently, the distribution

of trees and price must adjust so that the algorithm finds both trees optimal.
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5.1.1. Benchmark: |Hellwig (1980). Consider first the economy where all traders are rational.

Denote the equilibrium price p" = o171 s* + al'u. This special case of [Hellwig (1980) is
explicitly solved in Theorem 6.1 of Kyle (1989) via the system of equations

b oL — 1
T
oo O (Atp(l-1)
oo+ o021+ (I —1))
1
of = alo?

Letting 7 = 0,2 + (1 + ¢(I — 1))o-2, equilibrium demand is

s

5.1.2. Benchmark: |Grossman and Stiglitz (1980) (GS). We introduce an extension of GS to
dispersed information. A trader ¢ € (i — 1,4| can either give up ¢ > 0 units of the safe asset
to see the signal s’ in addition to the price or only submit a demand that is a function of
the price.

Let 2%, (p) and x%(s’, p) be the demands maximize the utility of a type 7 trader given p and
(s', p) are observed, respectively. Equilibrium consists of a price p? = o911 Y, s' + adu and

a A € [0,1] fraction of traders that acquire the signal so that

E [~ exp (~ay(p) (v~ p)/r)] B [~ exp (~(ai(s".p)( = p) — ) /7]

with equality whenever A < 1, and so that

I = Nz (p) + Az (s, p)] = u.

)
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Defining
I (09)*(I —1) 02
YT U0 (@) + 2 (ad)2 o2
2
oV = (9)" Io?

(a9)* Io2 + I? (ad)? o2
1= 0,:2 +(1+ gOI(I — 1))0;2

U_ -2 U, _—2
T =0, +1p o,

we can determine that
z7(p,s') =rE [v —p|sl,p} h=r(1—¢"o %" —r (T — Iy O‘}) D.

and

. 0.72
ab() =Bl =il = = (= 1% ) p

S

Calculating expected utility, the indifference condition becomes

-1
— = explc/r].
and this combined with

I
(I —1)\*r* = o202 14

(1= pl)3
I *
agzaﬂ)\(l—go)#—go I
S g T
AM1=t) + 1
ad = —
v IrtA (1 — )

pins down the model for sufficiently low cost.

16

5.1.3. Comparison. The CLT Equilibrium differs from that above Hellwigl (1980) in several

ways. Denote p“*T the equilibrium price in a CLT equilibrium. In particular, for sufficiently

small o2, the p“LT is both less informative and more volatile than p”.
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FiGURE 2. Welfare and correlation in CLT equilibrium

Corollary 1. For o2 small enough, p(v,p“tT) < p(v,p") and Var(p°tT) > Var(p"). For

CLT) CLT) >

¢ small enough, the CLT equilibrium has lower p(v,p < p(v,p?) and Var(p

Var(p9).

Proof. By Theorem [3 when p(R,) > 0 the correlation p(v, p®*") is pinned at a constant

that depends only on 02, 62, and I, and in particular does not depend on 2. In the Hellwig

2
u

equilibrium, p(v,p") — p* as 02 — 0, so for o2 small enough, p(v, p“t?) < p(v,p"). The
variance comparison follows from the explicit formulas for Var(p®tT) and Var(p") in the
proof of Theorem [3|in the appendix, noting that a¢? > o while h“LT > A" for small o2.
The comparison with GS follows analogously, since p(v,p?) — p* as ¢ — 0 with o2 held fixed

at any positive value. 0

Moreover, it has significantly different comparative statics on both welfare and correlation
between price and value than either of the two. See Figures[2] [3] and [4] which plot the equi-
librium certainty equivalents of each trader by tree. In CLT these equivalents are calculated
with respect to the objective equilibrium distribution of price and the demand functions that
result from the equilibrium distribution of trees. These take the baseline parameters I = 5,
r=1,02=1,02=1, and o, = 0.01.

Notice that welfare depends on the tree that the algorithm selects, and trees that are

equally good approximations may yield different welfare (according to the true distribution
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FIGURE 4. Welfare and correlation in GS equilibrium

of price). In particular, letting Xp = z(p, s)/r, then
-1
\/(1 + Cov(Xg,v —p))* = Var(Xg)Var(v —p)

E, [=exp (Xr(v —p))] =

Utility is increasing in how correlated demand is with v —p and decreasing in its own variance
and that of p. We can show, for instance, that in equilibrium the utility of a trader using Rj
is higher than that of one using R,. For the former, Var(Xg) is smaller and Cov(Xg, v — p)
is larger. The above plots use the certainty equivalent to adjust for risk aversion.

As I goes to infinity, both CLT and Hellwig prices become perfectly correlated with the
state. However, the CLT equilibrium price converges more slowly than does the Hellwig

equilibrium.
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Corollary 2. Let p“*T(I) and p*(I) be equilibrium prices in CLT and Hellwig models, respec-
2
tively, as a function of the number of traders. Then, p (U,E[v|(si)f:1])2 —p (v,poLT(I)) =

O(I7Y) while p (U,E[U|(si){:1]>2 —p (U’ph(]))Q = O(I~3)

Proof. Let K = -+ and V(I) = K-'/317'/3. Claim that (1 — ¢)/V(I) — 1. This follows

from
1-V() (1= 1-—K3r 1 K38 o1
V(I)3 ol KI-1 I-1D)K  (I-1)
For I, the extra variance in p*/a’ conditional on v relative to E[v|3] is
N ah\? olo?
7)==« _ evu
2
By the above, ¢(I) = O(I=*3). Since p (E[v|(si);~’:1], v) = #5_102, we have
0.2
oy + 0(I) 7tz o2

I 2 h _
p (Elbl(s)). )" = (0", 0)° S+ ITo2 4 o(I) oyt 1702+ o)

203+1_10§
IS 5 S e
op + 17102 + ¢(I)

2
By Theorem , for I large, p(v, p?LT) = 0_2;?’_102 =p (]E[v|(si){:1], v) . Therefore,
I 2 crrye _ oy +1702) o) —oy ["'o? _ (71
p (Ell(s)i] v) = plo,p™")” = T T e O

5.2. Aggregation within signals. Our second main benchmark concerns high-dimensional
public information. The simplest case is captured by [ =1, J = 2, and
A o a% pPO109
s'lv ~ N [0l
pPO109 (7%
where p > 0. WLOG, o? < ¢2. This implies that p(v,s;) > p(v, s3). There are more trees

than before. Those in Figure [5]) are representative ones.
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FIGURE 5. Possible CLTs with J = 2

Theorem 4. There exists p (o,,01,02) > 0 so that the CLT equilibrium (v has

pR:{{v, 51}, {v, 521} C R}) >0

Only Zfﬁ S ﬁ(o-v,al,O-Q)-

Even when all traders observe the same signals, equilibrium features specialization when
p is large. Only when the correlation between the two dimensions, conditional on v, is
sufficiently low does any trader focus on both dimensions at the same time. When signals
are sufficiently correlated with each other, the algorithm faces a tradeoff: each the two signals
may be both strongly correlated with the value but they are also strongly correlated with
each other. The optimal tree trades off more precise beliefs by having more edges with more
accuracy in not double counting some correlated information. For certain parameters, the
algorithm may pick an edge between the value and price instead of the edges between the
signal and the value.

This contrasts sharply with the rational benchmark. There, all traders combine all avail-
able signals according to Bayes’ rule, weighting each signal by its precision relative to its
correlation with other signals. Information is fully utilized, and there is no role for either
specialization or learning from the price.

Consider now a J-dimensional signal where each dimension has the same variance and has

2

the same correlation with each other dimension. That is, (X, ;);; = 02 and (3c.;)jx = po?

for j # k and p > 0. We let J go to infinity and study the limit. Then we have

Jo?

Py = p(E | s, ysl ) = S
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The price with Bayesian trades is

Pt =Elsy,...,s5] — (1 — p5)olu
and so we have
p(U ph)Q — (p?}>20-12; — (/)?)20-12;
R ()2 (o3 + BU02) 4 okl (1l - g2

which tends to p¥ as 02 — 0.

Theorem 5. If 07 = 0 and Eleye;| = po? for all k # j, then for any J,
p(v,p“tT) < pf,

in any CLT equilibrium.

Proof. Note p% > p(v,s;)%. So p(v,p) < p(v,s;) implies that the inequality holds. If
p(v,p) > p(v,s;), then equilibrium requires that p(v,s;) > p(p,s;). Otherwise, the di-
vergence minimizing tree has no edge between v and s; for any j. This follows from the
greedy algorithm. The edges (v,p), (p, s;), and possibly (s;, s) all have more mutual infor-
mation than (v, s;), so the divergence minimizing tree either has a chain of edges between
dimensions of the signals s; (when p(s;,s;;) > p(v,p)) or has an edge between p and s;

for every j (when p(s;,s;) < p(v,p)). (A hybrid is also possible when the correlations are

21

equal.) But this tree makes market clearing impossible, or leads to p(v, p) = 0. Therefore,

1+(J=1)p 1+(J=1)p
T 03+7(J )paf o§+7(J )pag

———— = p(v,5;) 2 p(p,s;) = = p(v,p)
\ 02+ o2 ’ ’ \ 02+ olo(aglp) \/ 02+ oo,

(in any symmetric equilibrium), so

2
v

o2 1 1+({]—1),303 > P(Uap>

must hold.
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APPENDIX A. PROOFS

A.1. Proof of Lemma 1. Let E C {1,...,n} be such that R(i) = 0 if and only if i € E,
and J = {1,...,n} \ E. Slightly abusing notation, let R(j) = {R(j)} for j € J. Then we
can write the density of Pg as
= H p (%) H p ($j|37R(j)>
i€E jeJ

where p is the density of P. Then, we have

p(z)
Dict (PI|Pr) = [ pla)n = = = [ (o) p(a)de — hip)

_/p(x) (Z Inp(z;) + Zlnp (xj|xR(j))) dx — h(p)
:—Z/p x;) Inp (x;) dz; — h(p)

el

—Z//P zjwn)) (0P (25 200)) = 0p (o)) | dejdeng)

jedJ

ZE{ (1+In27)+ ;lnaﬂ — h(p)

1 2 1 1
+> H(l +1n27) + 5 lna?aé(j) (1 —p (xj,xR(j)) )] — [2 (1+1In27) + 3 In UQR(J-)”

jed

_ é B (1+ In2n) +;1nai} — h(p) + Z { ( (xgaxR(J)y)] )

jeJ

The fourth equality comes from p <x3|xR ])) =p (x],:z:R ) /p (xR ])) and the fifth comes
from the formulae for differential entropy of a normal distribution. Taking x = § (1 + In27)+

"_y 3In0? — h(p) completes the proof.

A.2. Proof of Theorem 1. Rewrite

p= ZZQS +OCUU—Z;CY;(U+€§)+OCUU—OJS (v—i—ZZae + Quu )
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for oy = 3,3, 0, &% = o', and G, = a;'a, when ay > 0. Observe 3,3, &% = 1.

Letting I be the indicator function,

>R ({sé—, v}) 0,755 4+ 1r ({p.v}) oy toy*p
o2+ ;1R ({sé-, U}) 0.7+ 1z ({p,v}) 0;?

Er[v]s',p=a-(s,u)] =

Varg(s',p) = | 0, + X1z ({8}, v}) 00 +Ir ({p,v}) 052)

-1
(&’_UEEOLU + o?iai) if as >0

0 1fas,=0

o =Var (e;)

where . is the covariance matrix for €. Therefore, we have
J
i i i —2 i
zlp(s,u) =1 Ik ({sj, U}) 08
Jj=1

+ 7' []IR {p.v}) oy lo;? — VarR(v|si,p)_1] (Z Y aksh+ ozuu)
ko
and aggregated demand equals
2'(s,u) = 3 p(R)ap(s,u) = Y jsh + 70 'p = B
R j=1
for

o S (S ()

R

="y p(R)g ({p,v}) 0,

R

g =1 S (R) (of + e ({8, 0}) o+ Le (p.0}) 052)

Note that o5 2 and (" are functions of the DM’s prediction about «, and that each 7} is a

function of only u'.



EQUILIBRIUM INFORMATION AGGREGATION UNDER MACHINE LEARNING 24
We first consider u so that p'(R) > € > 0 for all : and R. We show that there exists a()

that clears the market for any such fi. Denote v, = >, 7; > 0 and 8 = Y, 5%, noting both
depend only on o ? (which depends in turn on «) and ji. Assume o, > 0 , which must be
the case if 'y; > ( for some i and j for the market to clear. This is guaranteed by p'(R) > 0

for all 7 and R. Then, it is legitimate to write the aggregate demand as
r(s,u) =3 (fy; + Yoy, tal — Boaé-) sk + [’ypas’l — ﬁ} Q.
(]

Since x(s,u) = u, we must have

This implies that

Zi == Ji_friui ({R : {sé-,v} € R})

Adding up,
-1
(1) —zz = (Z s ({R ; {sj-,v} € R}) ai_f) =h
]
which yields
o el ol g en)
J U

o Ty St ({R:{sl v} € RY) o2

Writing out v = (Z ./> as an appropriately ordered vector,
il 5! Yt i

(3) 0yt = (S + W)

that is, o % is determined uniquely by h and v, so it is uniquely determined by ji. Since /3

and 7;) depend only on p and o 2 they are also uniquely determined by ji. Finally, notice
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that

L= |0y = B] = —hyy — fa,

pins down «, uniquely, determining a unique « (f{) that solves the above system.

On the other hand, no equilibrium exists if 7;'- =0 for all 2 and j. For then,
z(s,u) =) (’ypozs_loz; — ﬁoz;-) sh+ [Vpas_l - B} Q.

Equilibrium requires y,a;* = 8 so that aggregate demand does not depend on 53-, and also
that y,a; " # [ so that aggregate demand equals u. Clearly, this is a contradiction. This
cannot happen when p(R) > ¢ > 0 for all R, since then 7; > TiEO'iT j2 > 0.

Fix € € (O,mini ﬁ), and

M, = {(,ul,...,u[) € HARi 1 (R) > VR € Ri‘v’z'}.

Note that 7 > 0 whenever i € M., so a unique «a (fi) exists that clears the market.

Moreover, « is continuous by the implicit function theorem. We search for an e equilibrium,
p(R) > ¢ = R e arg min Dy (1 (o) i (o)
for all 7. Consider the correspondence I'" where
D) = {1 € e (R) > € = R arg pin Dicy (vVCla(@)] el la(@) |

I" has a closed graph and is non-empty and convex-valued. Since M. is compact and convex,
and each R; is finite, Kakutani implies that a fixed point exists; call it ..

Consider a sequence €y, €y,... with ¢ — 0 so that pu; = p,., converges to u*, respec-
tively. This subsequence exists because My D M, is compact. We show that the pair
(u*, a* = a(pu*)) corresponds to an equilibrium.

Let a; = a(u). Define R, = {R € R': {z,v} € R = 2 = p}, the set of trees that only

use the price to learn about v. For contradiction, suppose that p* (R;) = 1 for all 4. Then,

(a);

(at),,

’y} (u¢) — 0 for all ¢ and 7 which in turn implies — 0. But then p(p, v), p(p, s;) — 0 for

all 4, j and in particular for ¢ large, p(p,v), p <3§,p) <p (sé-, v) for all 7, j, and so ui(R') < &
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for all R € R}, a contradiction. This means that x"(R}) < 1 for some i, and therefore
5 (1*) > 0 for at least one i, j pair. Consequently, a (u*) is well-defined, and o, — a (u*) =

a*. By the above, a* clears the market for p*, and by the Berge maximum theorem, p*

attaches probability 1 to divergence minimizing trees.

A.3. Proof of Theorem 2. Fix I, 0, and ¥*. Note that

0'2 ES,U

~Nlo, |
g Sos g

where Yg is a [J x IJ matrix, ¥, ¢ = ¥y, is I.J X 1 matrix. Then

V|5~ N(Z5,35'5,02 — Y5.,55'20.5)

)

by the projection theorem, and v L 5|E[v|3]. Letting f*(5) = Xg,X5'5 = E[v|3], for any
fRUDT SR v L f(5)]f*(5), s0

I"=1(v, f*) > I(v, f)

by Theorem 2.8.1 of Cover and Thomas.

Let A = [-1, 1]”“. Any « can be rescaled to o/ € A without changing the mutual
information between any pair of variables. Consider p : A x [0,1] — R so that p(«a,0,) =
a - (§,u) in distribution, given that u ~ N (0,02) independently of the other variables and

fix any 4, 5. Let

g=(a,0,) = I(v,p(a,04)).

Then, g~'(I*) = C is closed since g is the composition of continuous functions and non-
empty since (Es,vEgl,O,au) € C for every a,. Note I(v,p(-)), I(p(-),s;), and I(v,s}) are
all continuous in («,0,). Moreover, for any (a,0,) € C, I (sj»,p(oz,au)) > I(s%,v) and
I(v,p(a,o04)) >1 (v, s;> This follows from I (v,p(a,0,,)) = I(v, f*) if and only if p (o, 0,)

is a sufficient statistic for v given 5, and for any (a*,0}) € C, I (v,p(a,04)) > I(v,s}) and
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I (sj-,p (v, au)) > I(s%,v) by Theorem 2.8.1 of Cover and Thomas. Set

G=(a,0,) — (I (v,p (e, 04)) — I(v,sé),] (sz,p(a,au)) — I(sj-,v))

Z!j

Since A x [0, 1] is compact and G (a, 0,) > 0 for all («,0,) € C, there exists ¢ > 0 so that
G (a,0,) > (c,c,...,c) for all (a,0,) € C by the Weierstraus theorem.

Since A x [0, 1] is compact, we can take G to be uniformly continuous, so there exists € > 0
so that G (a,0,) > (%, S %) for every (a,0u) € U on)eccBe (@', 0,) = O. We claim that
there exists 6* > 0 so that g (a,0,) > I* — §* implies that (a,0,) € O. If not, then for all
n €N, Jy, € Ax[0,1] so that g(y,) > I* — £ and y,, ¢ O for all n. For some y* € A x [0, 1],
Yy, — y* (after taking a subsequence). By continuity and that g(y,) < I*, g(y*) = I*. But
then y* € C' C O, so y,, € O for all n large enough, a contradiction.

Now, if (o, 0,,) is such that ¢ («, 0y,) > I* — §*, the CLT R; for i is such that {v,z} € R; if
and only if x = p. The edge with highest weight involving either v or p is {v, p}, so {v,p} €
R;. Replacing the edge {5;'-, v} with the edge {s?,p} decreases the divergence of the tree. This
creates a cycle only if there are %y, ..., k,, so that {s?, 321} e {s};mfl, s};m} , {s};m,v} € R;
or {sé,s}'ﬂ},...,{szmil,s};m} , {S};m,p} € R;. Since {v,p} € R;, {sé,v} would also create
a cycle, so the replacement does not create a cycle. Therefore, {v,p} is the only edge R;
containing v. However, this implies that Eg, [v|s’,p] = E[v|p|] for all i, which means that
demand does not depend on s‘, making market clearing impossible with ¢, > 0.

Using formulas for normal distribution, I* = —(1—p(v, f*)?) and I(v, f) = —(1—p(v, f)?),
so p(v, f)? < p(v, f*)2. In particular, since p is a function of (5,u) and u is independent
of (v,8), we have v L p|f(5), so p(v,p)* < p(v, f*)?, and there exists § > 0 so that if

p(v,p)? > p(v, f*)? — 6, then I(v,p) > I* — ¢*, and so p cannot be an equilibrium.

A.4. Proof of Theorem 3. By the above,

x(s,u) = Z (vi + o tal — BO/> s+ [vaas_l — ZB’] QL

)
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where

7 =ro? (1 W(Ry))

Suppose that p = p for all 7. Since x(s,u) = u, substituting into Equations and

gives
h= v ol
as  Ir(1—p(Ry))
) ( ISy b2 2)_1 (I—l 2, o; 2>_1
o5 = (V'S o = o o )
g r212 (1 — p(R,))?

Notice that, independent of 1 and «, we have

p(v,p) < p(p,s") = (12 — 2]) o2 <o’
If p(v,p) < p(p,s'), then u(R,) = 0, and equilibrium requires that p(v,s’) > p(v,p) since
otherwise u(R,) = 1. Now, p(v,p) < p(v,s') holds if and only if 1 — u(R,) < ,/I(ﬁ‘i%rg. So

if % > 1, u(Rs) = 1 is an equilibrium. Otherwise, 1 — u(R,) = ,/% = u(Ry)

characterizes the equilibrium.

Moreover, when 0 < pu(R,), Varg,(v|s,p) = Varg,(v|s,p) = oio rI(8)"". Denote

21,2
o5t+oz

the equilibrium price p* = afI~' Y s' + afu. From above we have

I—10.

I o,

B =

Solving for af gives ,
as — O—E

Using the above formulas for h and p(R,), we have
-1,

2 2 _
hio, = 7 e
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and therefore

Var(p) = (a317) (P02 + 10%) + (a3h)* o2
o’ 2 4o -1,
= o (I )
If p(v,p) > p(p,s'), then u(Rs) = 0. Equilibrium requires that p(v,s’) > p(p, s’) since

otherwise u(R,) = 1. Now, p(s’,p) < p(v, s') holds if and only if LUQ > (1— u(R,))>

2+I )
So if % > 1, u(R,) = 1is an equilibrium. Otherwise, 1/% = u(Ry) =1—p(R,)

characterizes the equilibrium.

Moreover, when u(R,) > 0,
Thy = Varg, (v]s,p) = (0;2 +o %+ 052)71 < (0;2 + 052)71 = Varg,(v|s,p) = Tgpl
Denote the equilibrium price p* = a2 (I7' 3 s') + a®u. Then,
2(s',p) = r(1 = p(R))o s 1 (057 ()™ = 7) p

with
7= u(Ry) TR0 + (1 — p(Ry)) TR, = 052 + 0,2+ (1 — p(Ry))o 2.

As o2 — 0, u(R,) = 1s0

_ P
o2+ 0,
Also,
2 _ 2 _
h(0?)20? = al o2 = r’(I"lo? +07) ‘Lg o2 = 021 ‘ol +o;
we r(l—p(Ry)) Vioptoptor: r N (5
SO
—2 2 1.2 2
v 95 2 12 oI 0f 0y
Var(p’) — (0;5_2 n %_2> (O’v + 102+ o To?
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Since p(v,p) > p(s',p) = p(s',v), 05> > -2, and so

-2 2 -2 -2
o lo-"+o0
1' V v > 5 2 [71 2 € v )
a?jglo ar(p’) = (0;2 + a;2> <U” tLooet o2

A.5. Proof of Theorem 4. The correlations are

2 —
g, + pPO102

(024 07)(02 + 03)

p(s, s5) = J
i _ Oy
p(Sj,U) - 0_2+0_2

V% J

Note p(si,v) > p(sh,v) and

\/ (Ug + 0%>0v - 012)

plstsh) = plsho) 4= = p= LT
For a subset I C {si,s2,p}, denote Ry = {R € R : (v,i) € R or (i,v) € RVi € I}.
Suppose that p > p, so 0 < p(s2,v) < p(s1,s2). Consider a DAG R € Ry, 5, U Ry, 5,. Let R
remove the edge {v,so} and add the edge {s1,s2}. This creates a cycle only if {sq,p} and
{s1,p} belong to R. But then v — s; — p — s — v is a cycle in R. Moreover, by Lemma ,

Dkr(v,vr) < Dip(v,vg). Therefore, u(R) = 0.
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