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Abstract

Should R&D subsidies be targeted towards certain types of technologies?
We build and calibrate a directed technical change growth model with both
capital- and labor-augmenting technological change along the balanced growth
path, circumventing the restrictions usually posed by the Uzawa steady-state
theorem. We use the model to study how directed R&D policy affects the rate
of economic growth and the labor share of income. For a given level of expendi-
ture, capital-augmenting R&D subsidies provide the largest boost to economic
growth and increase the labor share. Labor-augmenting R&D subsidies provide
the smallest boost to growth and decrease the labor share. Uniform subsidies
are an intermediate case for growth and are not distributionally neutral. In
practice, however, perfectly directing the subsidy can be difficult. Our transi-
tional analysis shows that perfect direction is neither necessary nor desirable.
The lifetime equivalent variation of the representative household is maximized
when the effective subsidy rate for capital-augmenting R&D is three times
higher than the labor-augmenting one. The full benefits take more than 100
years to materialize, requiring sustained policy commitment.
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1 Introduction

Growth theory suggests that technological progress, generally driven by purposeful
research and development (R&D), is the source of continued economic growth in
developed economies (e.g., Jones and Romer, 2010). Firms under-supply R&D in
the absence of policy intervention, because they do not internalize the benefits of
intertemporal knowledge spillovers. Thus, R&D subsidies can boost growth and affect
income distribution. How should these R&D subsidies be directed towards different
types of technology?

In neoclassical models of economic growth, there are two broad types of technical
change: labor-augmenting technical change (LATC) and capital-augmenting technical
change (KATC). Unless the production function is Cobb-Douglas, these two types of
technology have different impacts on economic growth and the labor-share of income.
Evidence of both types of technical change are readily apparent in macroeconomic
data (Greenwood et al., 1997; Grossman et al., 2017). In particular, a falling relative
price of capital—i.e., investment-specific technical change (ISTC)—is a type of KATC.

We study the trade-off between subsidizing KATC and LATC, focusing on how
directed R&D policy simultaneously shapes the rate of economic growth and the
labor share of income. To study these outcomes, we construct an endogenous growth
model with both types of technical change. We allow the elasticity of substitution
between capital and labor to be different from one, implying that technology growth
rates affect the labor share of income. We microfound the model using the task-based
framework of Irmen and Tabakovié¢ (2017), which eliminates scale effects (Jones, 2002;
Bloom et al., 2017). For the quantitative analysis, the model is calibrated to data
from the United States.

Due to the restrictions posed by the Uzawa (1961) steady-state growth theorem,
standard neoclassical growth models cannot simultaneously incorporate KATC and
endogenous labor shares in the long-run. The Uzawa theorem implies that, in a two-
factor neoclassical growth model, either (i) all technology is labor-augmenting or (ii)
the production function is Cobb-Douglas, implying that technological progress does
not affect the labor share of income (Jones and Scrimgeour, 2008; Grossman et al.,
2017). To circumvent these restrictions, we add land as a third factor of production

in the aggregate production function (Casey and Horii, 2024).



For a given level of expenditure, R&D subsidies for KATC boost economic growth
more than labor-augmenting or uniform R&D subsidies. This result follows from two
observations. First, there is a multiplier effect when KATC is subsidized. The KATC
subsidy accelerates the growth of the effective amount of capital. It leads to faster
output growth, which raises the supply of capital and, again, output. This process
continues until the economy converges to the new BGP with considerably faster ac-
cumulation of effective capital. Second, since labor has a larger factor share than
capital, firms tend to allocate more resources LATC. This means that, given the
size of the budget for subsidies, a higher portion of R&D investment costs can be
subsidized when the subsidies are targeted at capital-related technology. When the
capital-augmenting technological change accelerates, the effective capital-labor ratio
increases. Then, the R&D expenditure for LATC change also increases even without
subsidies targeted to it. Since the elasticity of substitution is less than one, these
targeted subsidies also increase the labor share of income. In our calibration, a small
KATC subsidy is roughly three times more cost-effective than an LATC subsidy per
unit of fiscal expenditure; even for a large program equal to 1% of GDP, the KATC
subsidy still delivers roughly twice the growth gain of the LATC alternative, and it
raises the labor share by nearly 12 percentage points. Together, these results sug-
gest that well-targeted subsidies can simultaneously boost growth and raise the labor
share. Our transitional analysis, however, shows that perfect direction is neither nec-
essary nor desirable: the lifetime equivalent variation of the representative household
is maximized at an effective subsidy-rate ratio of approximately 3 : 1 between KATC
and LATC.

Uniform R&D subsidies to all technologies are not necessarily neutral to factor
shares. In our baseline calibration, they slightly raise the labor share of income while
boosting growth, even when subsidies are not targeted to specific technology.!

As explained above, there is a multiplier effect from subsidizing KATC, but not
from subsidizing LATC. Therefore, the uniform subsidy affects KATC more than
LATC, resulting in a higher effective capital-labor ratio in the long run. This finding

is absent from the existing endogenous-growth literature, which typically assumes

'Our analysis concerns the distribution of income across production factors. The implications
for personal or wealth inequality, which depend on household heterogeneity not modeled here, are
left for future research.



Cobb-Douglas production and therefore abstracts from studying how R&D subsidies
affect income distribution.

While R&D subsidies are our main focus, we also consider the impacts of capi-
tal income taxation. Although the model features fully endogenous growth, capital
income taxation does not affect the rate or direction of technical change in our frame-
work, nor does it affect the pre-tax labor share of income. This is consistent with
long-run U.S. data, in which the growth rate and the labor share have been relatively
stable over long periods even as labor and capital tax rates have varied substantially
(Jones, 2016).

After reviewing the related literature in Section 2, we build the model in Sec-
tion 3. The key feature is a task-based production structure that allows firms to
direct R&D toward capital- or labor-augmenting technologies, with equilibrium dy-
namics captured by three state variables. Section 4 derives the balanced growth path
and shows analytically that KATC subsidies are more cost-effective than LATC sub-
sidies in raising growth, and that they raise the labor share when the elasticity of
substitution is below one. Section 5 calibrates the model to U.S. data, and Section 6
quantifies these effects through five policy experiments. Across scenarios and across
the degree of subsidy direction, we compute the transitional dynamics under both a

fixed-rate and a constant-budget policy design. Section 7 concludes.

2 Related literature

Our work also contributes to the literature on R&D policy and economic growth.
In this literature, it is standard to use Cobb-Douglas production functions (e.g.,
Romer, 1990; Jones and Williams, 2000; Akcigit and Kerr, 2018), which assume that
the labor share is constant and removes any fundamental difference between labor-
and capital-augmenting technology. We build on this literature by showing that the
effects of R&D policy depend on whether they target KATC or LATC and quantify
the impact of these directed subsidies. We also show that R&D policies, even those
that do not favor particular technologies, affect the labor share of income.

Our work also connects to the long literature showing that KATC (and ISTC in

particular) is an important determinant of economic growth (e.g., Greenwood et al.,



1997) and the labor share of income (Grossman and Oberfield, 2022; Hubmer, 2023).
We contribute to this literature by studying the consequences for R&D subsidies that
are directed towards KATC and showing that they can boost economic growth. Giiner
(2023) is the most closely related work. He considers a two-sector model with separate
consumption and investment goods with symmetric Cobb-Douglas production in both
sectors, which makes the model consistent with the two-factor Uzawa theorem. He
also shows that optimal subsidies favor the investment sector.? We build on this
literature by studying a model that is consistent with both KATC and non-Cobb-
Douglas production. In addition to improving quantitative realism, this allows us to
simultaneously study growth and the labor share of income. We also provide more
general conditions on when subsidizing KATC increases the rate of economic growth.

Our work is part of a growing literature that examines the relationship between
endogenous growth and the Uzawa steady-state theorem. We build on this work in two
ways. First, we present a directed technical-change growth model that converges to a
BGP that has both KATC and non-Cobb-Douglas production. Previous work focuses
on the case where the long-run production function is Cobb—Douglas (Jones, 2005;
Leon-Ledesma and Satchi, 2019) or only labor-augmenting technology occurs along
the BGP (Acemoglu, 2003; Irmen and Tabakovi¢, 2017). Grossman et al. (2017, 2021)
and Jones and Liu (2024) consider the case where one form of capital-augmenting
technical change is offset by an opposing dis-augmenting force. Second, leveraging
the unique features of our model, we study how policy affects the direction of technical
change and the labor share of income—an exercise that is not possible without capital-
augmenting technical change on the BGP and an EoS different from one.

Our work also contributes to the broader literature on the Uzawa theorem (e.g.,
Schlicht, 2006; Jones and Scrimgeour, 2008; Grossman et al., 2017). Casey and Horii
(2024) show that, with exogenous technical change, a three-factor aggregate produc-
tion function can deliver a BGP with positive capital-augmenting technical, but only
under a knife-edge restriction on technology growth rates. We embed their results into
a model with endogenous and directed technical change. We microfound the model
using an extension of the task-based framework of Irmen and Tabakovié¢ (2017), which

allows for fully endogenous growth without scale effects. This microfounded model

2See also Krusell (1998) who studies a model where all innovation happens via ISTC.



allows us to study the consequences of R&D policy, our primary goal. We also show
that the knife-edge technology constraint identified by Casey and Horii (2024) is en-
dogenously satisfied in the presence of directed technical change, implying that it
does not impose extra restrictions on a fully specified model.

Our focus is on the direction of R&D subsidies when the only market failure is
the externality from intertemporal knowledge spillovers. Several studies consider the
optimal direction of R&D subsidies to address other externalities, such as pollution
or labor market frictions (e.g., Acemoglu et al., 2012; Acemoglu and Restrepo, 2018;
Acemoglu, 2023).% In addition, a long literature studies the relationship of natural
resources scarcity and innovation (e.g., André and Smulders, 2014; Hassler et al., 2021;
Casey, 2024). While these models are usually used to study resource conservation
or climate change, we show that incorporating directed technical change and natural
resources into growth models improves their ability to overcome the Uzawa steady
state theorem, match macroeconomic data, and analyze policy question not directly

related to natural resource economics.

3 Model

In this section, we build an endogenous growth model in which firms undertake R&D
investments to improve factor-augmenting technologies. The government can subsi-
dize R&D for capital- and labor-augmenting technologies at different rates, and we

study how these directed subsidies affect growth and factor shares.

3.1 Structure

Tasks and production. There are non-overlapping generations of representative
firms, each of which exists for only one period. A representative firm performs two
types of tasks, M-tasks and N-tasks.* The number of M-tasks, as well as that of

N-tasks, determines the amount of final output.

3See Hémous and Olsen (2021) for a review.

4This setting extends Irmen and Tabakovié (2017) to incorporate a third production factor and
directed R&D subsidies. A benefit of using the model of tasks is that it can incorporate R&D activity
within a perfectly competitive economy. Another benefit is that the model is scale independent.



The M-tasks require effective capital and natural resources as inputs. The number

of M-tasks the firm can complete is given by
Mt = (AK,th)ath_aa o€ (07 1)7 (1)

where Ak, is the capital-augmenting technology of the representative firm, K; is the
capital stock, and X; represents natural resources and land. We refer to the RHS as
the aggregate amount of the capital composite, which combines effective capital and
effective natural resources with unit elasticity.” Natural resources grow exogenously
at gross rate gx, so that X; = Xj - ¢.

An N-task uses only effective labor, Ay ,L;, where Ay is the labor-augmenting

technology of the representative firm. The number of N-tasks is simply
Nt — AL,tLt' (2)

Population (and labor supply, which is inelastic) grows at gross rate g, so that
Lt = LO . gz

By performing M,; and N; tasks, the representative firm produces
}/; = F(Mt7 Nt) = F((AK,th)ath_a, AL,tLt) (3)

units of output, where F'(-) is a neoclassical production function with CRS, f'(u) > 0,
(1) <0, f/(07) = 0o, and f'(c0) = 0.5 A key feature of the production structure
(3) is that capital and natural resources enter with unit elasticity of substitution
within the capital composite M, while the elasticity between M and labor can differ
from one. Casey and Horii (2024) show that this is precisely the structure under
which capital-augmenting technological change is consistent with balanced growth
when the production function is not Cobb—Douglas. The consistency requirement is

a technology condition: the growth rates of M-tasks and N-tasks must be equal in

®We do not model R&D for the natural resource factor. We normalize Ay ; = 1 for all ¢, so that
improvements in resource productivity are captured by the exogenous growth of X;.

SWe write f(u) = F(u,1) for the intensive form, so that Fyy = f/(u) and Fy = f(u) — pf'(n),
where p = M/N. These conditions are weaker than the standard Inada conditions: we do not
require f(oo) = oo, which fails for CES production functions with elasticity of substitution below
one.



the long run, which imposes a specific relationship between the rates of KATC and
LATC. With exogenous technical change, this relationship is a knife-edge restriction
on two independent parameters (Casey and Horii, 2024). In our model, however, the
direction of R&D is chosen endogenously by firms, and we show in Section 4 that the

technology condition is satisfied as an equilibrium outcome.

R&D technology. Technical knowledge can be kept within the firm for only one
period, after which it becomes public. Thus, the representative firm at time ¢ can
freely use the technology of the period ¢ — 1 firm, {Ax 1, Ar—1}. In addition, the
period t firm can improve each of the factor-augmenting technologies through R&D.

Tasks are differentiated and require separate R&D investments.” Specifically,
to raise the capital-augmenting technology from Ag; 1 to Ak, in one M-task, the
firm must invest i (V) units of final goods, where vx; = Ax¢/Aki—1 > 1 is the
gross rate of KATC. Similarly, ¢1(y1,) is the cost of improving the labor-augmenting
technology in one N-task, where v, = Ap:/ALi-1.

We assume that the R&D cost functions v;(-), j = K, L, satisfy

V(1) =0, (1) =0, ¥¢j(y) >0, ¥j(y;)>0 forallvy>1 (4)

8 Since the firm performs M, M-tasks and N; N-tasks, the total R&D investment

costs are
RK,t = M, - wK(’YK,t)7 RL,t =Ny - wL(’YL,t)- (5)

The one-period firm structure is a modeling device for finite appropriability of
innovations. What matters for the equilibrium is that a firm can capture the returns
to its R&D investment for a limited duration—one model period of x years—after
which the knowledge diffuses to all producers. An equivalent formulation would have
longer-lived firms whose innovations are imitated after y years, or whose patents

expire after y years; the equilibrium conditions would be identical. In Section 5, we

"From the symmetry of tasks within each group (M or N) and from the convexity of the R&D
cost functions, it is always optimal to choose the same levels of Ak, and Ay ; across individual
tasks.

8The convexity of the R&D cost function, w;f > 0, can be explained by congestion in R&D
activities. When many researchers are devoted to improvements in the same task at the same time,
some of them will end up inventing the same innovation. The risk of duplication becomes more
prominent as R&D inputs increase. See Horii and Iwaisako (2007) for a simple micro foundation.



calibrate y & 4 years.

R&D subsidies and profit. The government subsidizes R&D investments at rates
sk € [0,1) and sy, € [0,1) for capital- and labor-augmenting technologies, respec-
tively. The post-subsidy costs borne by the firm are (1 — sx)Rg and (1 — s)Rp .

The representative firm maximizes profit
Ty = F(Mt, Nt) - (1 - 5K>RK,t - (1 - SL)RL,t — Ky — tht — wely (6)

with respect to { K, Xy, Ly, Ak, AL}, taking as given factor prices {r, &, w:}, lagged
technology levels {Ak; 1, Ars—1}, and the subsidy rates {sg, s}

Household. There is a representative household whose members supply labor in-

elastically. The household maximizes

U= th L) )

where C; is aggregate consumption and § € (0,1) is the discount factor. The house-
hold owns capital K; and receives factor income. The government levies taxes at rate
Tk on capital income and firm profits, and at rate 7, on labor income, and provides

a lump-sum transfer B;. The budget constraint is
KtJrl = ((1 — TK)(Tt — 5) + 1)Kt + ftXt + (1 — TL)tht + (1 — TK)T('t + Bt — Ct. (8)

9 The household also satisfies the No-Ponzi-Game condition:

K
lim a > 0. 9)

T Ty [+ (=) (re = 9)]

Government. The government runs a balanced budget:

TK(Tt — 5)Kt + 17T + TLwe Ly = SKRK,t + SLRL’t + B;. (10)

9The labor income tax 77, is not distortionary because labor supply is inelastic.



Given the tax rates {7x, 7.} and subsidy rates {sk,sr}, the transfer B, adjusts to

balance the budget in every period.

Policy instruments. To summarize, the government has four policy instruments:
R&D subsidies {sg, s} and factor income taxes {7x,7.}. We will show that R&D
subsidies affect the direction of technological change and the growth rate, whereas
factor income taxes affect the levels of capital and consumption on the BGP but not

the direction of technology or the growth rate.

3.2 R&D by Firms and the Direction of Technological Change

Now we examine the behavior of the representative firm, focusing on the role of R&D.
For convenience, we define pu, = M,;/N;, which is the relative task intensity in final

good production. It also represents the ratio of the capital composite to effective
labor. Because F(-) is CRS, we can write F'(M;, Ny)/Ny = f(u), Fyr = f'(1e), and

Fx = f(pe) = pef' (pae)-

Factor demand. The first-order conditions for factor demand are (see Appendix A.1

for derivation)!:!!

Qply

o= S (7 () = (1 = i), (1)
= L2 () — (0 = s)utm), (12)
wy = ALy (f(ue) = pief' () — (1= s£)r (), (13)

where k; = K; /N, is capital per effective labor.

R&D condition for KATC. Now, we turn to R&D, starting with the condi-

tion for improving the capital-augmenting technology Ag ;. The representative firm

0The RHS of (11) represents the net marginal product of K;. It is the product of two parts:
aM /K, the marginal product of K; in increasing M-tasks, and f'(u) — (1 — sx)¥k (7K ), the net
marginal product of an M-task after the firm’s R&D cost.

HBy substituting (11), (12), (13), (14), and (15) into (6), it can be confirmed that the firm
achieves zero profit, m; = 0. This is due to the CRS property of the firm’s problem.



chooses Vit = Ak +/Ak+—1 > 1 to maximize profit. The first-order condition is (see

Appendix A.1 for derivation)

(1= 50 |3t (re) + @ (imce) | = af (). (14)
intensi\?cfmargin extensi;ermargin

The left-hand side represents the marginal cost that the firm bears when raising
Ak It decomposes into the subsidy-adjusted cost (1 — sx) times the sum of two
R&D cost components. The first, v 0% (Vi ), is the intensive marginal R&D cost:
by intensifying R&D efforts in existing M-tasks to raise capital efficiency Ag, the
firm can decrease capital inputs by just enough to perform one additional M-task.
The second, otk (yk+), is the extensive marginal R&D cost: the saved capital is
then used to perform a new M-task, which requires its own R&D investment.!? The
right-hand side, a.f’(j;), represents the marginal benefit from KATC: an increase
in Ak, raises the number of M-tasks the firm can perform, and thereby increases
output. The coefficient a appears because capital’s share in the capital composite
M = (AgK)*X'"*is a, so a 1% increase in Ag raises M by only a%.

As we formally prove in Proposition 1 below, condition (14) has a unique solution
for vk as a function of y; and sk. Since f’(p) is decreasing in p (a higher p means
the capital composite is more abundant and hence less valuable), vk ; is a decreasing
function of ;. A higher subsidy rate sy raises yx; by reducing the effective cost of

R&D.

R&D condition for LATC. The first-order condition for Ay ; has a parallel struc-
ture (see Appendix A.1):

(1= s0) [yt () + ¥elma) | = Fle) = o m). (15)

intensive margin = extensive margin

12The extensive margin carries the weight o because dM /dAx = aM/Ax: effective capital enters
the capital composite with exponent «, so raising Ax frees only « units of the composite per unit
of technology improvement.

10



The intensive and extensive margins have the same interpretation as in the KATC
case, but applied to N-tasks.'® The right-hand side, f(p;) — e f'(p1t), is the marginal
product of an N-task: the increase in output from performing one additional N-task.

Condition (15) determines 7. as an increasing function of y,: Intuitively, a high
value of u; = M;/N; means that effective labor is relatively scarce, so the marginal

product of an N-task is high, and the firm chooses a larger ~z, ;.

Direction of technological change. We summarize the R&D conditions in the

following proposition.

Proposition 1 (Direction of Technological Change). Under assumption (4), condi-
tions (14) and (15) uniquely determine the rates of technological progress as functions

of the relative task intensity and the subsidy rates:

Y = Vi (fe; 5K, Yo = Vot SL), (16)

where Vi (1e; Sk ) 18 decreasing in iy and increasing in S, and v (p; Sr) is increasing

n iy and increasing in Sy,

Proof. Define the composite marginal R&D cost functions Vi (vx) = vk (7x) +
o xc(vie) and Wi (1) = 00 (70) + ¥e(7). Under assumption (4), Wx and W,
are strictly increasing on [1,00) with ¥;(1) = 0 and V;(co) = oco. Therefore their
inverses are well-defined, and the R&D conditions can be solved for vyx; and vz, as
functions of u; and the subsidy rates. The monotonicity properties follow from the

monotonicity of f'(u) and f(u) — pf'(p). See Appendix A.2 for the full proof. O

Equilibrium Innovation Possibility Frontier. Given the subsidy rates s =
{sk,sr}, the locus of equilibrium innovation rates (yg,vr) that firms choose as p
varies traces out what we call the Equilibrium Innovation Possibility Frontier (EIPF).
Since g (u; sk) is decreasing in pu and Ap(u;sp) is increasing in u, the EIPF is
downward-sloping in (v, v7) space.

The EIPF embodies the fundamental trade-off in the direction of technological

change. When p; is high—meaning the capital composite is abundant relative to

13Unlike (14), the extensive margin in (15) does not carry a weight . This is because Ny = Ap, ¢ Ly
is linear in Ay, ;, so dN/dA = N/A, without any exponent.

11
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Figure 1: Equilibrium Innovation Possibility Frontier. As pu, changes, the direction
of technological change (yk,~yr) moves along the EIPF curve.

effective labor—the marginal product of M-tasks (f’(u)) is low while that of N-tasks
(f(u)—pf'(p)) is high. Firms respond by investing more in LATC and less in KATC.
As Figure 1 illustrates, the DTC moves along the EIPF curve so that it enhances the

factor that is relatively scarce.

Policy shifts of the EIPF. Directed R&D subsidies shift the EIPF. An increase
in si stretches the EIPF horizontally: for a given u, the equilibrium g increases
because the effective cost of KATC R&D falls. Similarly, an increase in sy stretches
the EIPF vertically (Figure 2). Note, however, that p itself responds to the policy
change, so the new equilibrium point on the shifted EIPF differs from the old one. A
dynamic analysis is required to determine the long-run effects; this is the subject of

Section 4.

3.3 Equilibrium Dynamics

The equilibrium path of this economy is given by the sequence of output, consumption,
production factors, technologies, and R&D investments, {Y;, Cy, K¢, Xy, Ly, Akt Ars, R, Rt 1520,

which satisfy the representative firm’s optimization problem, the representative con-

12
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Figure 2: Policy shifts of the EIPF. Left: KATC subsidy sk stretches the frontier
horizontally. Right: LATC subsidy sy, stretches the frontier vertically.

sumer’s utility maximization problem, and the market clearing conditions for output
and production factors. The economy is endowed with K, Xy, and Ly at time 0, as
well as the initial levels of publicly available technologies, Ak _; and Ay, _;.

While the equilibrium involves many variables, we can analytically characterize its
dynamic path in terms of only three: relative task intensity p; = M; /Ny, the amount
of capital per effective labor k; = K;/(Ar.L:), and consumption per effective labor
¢ = Cy/(Ap+Ly). Below, we construct the equilibrium mapping from {p, ki, ¢}
to {tus1, kir1,cey1} for t > 0. The mapping and the initial conditions ug and ko,
together with the transversality condition for ¢;, will pin down the equilibrium path,

from which all variables in the model can be recovered.

Net output. It is convenient to define the net aggregate output as V; = F(M;, N;)—
Rk — Ry, which means the aggregate output minus the total (pre-subsidy) R&D

costs.!* The net output per effective labor can be written as a function of s,

Vi/Ny = f(p) — e Vi (T (s sx)) — ¥ (G (e sp)) = vl s). (17)

14The resource constraint involves pre-subsidy R&D costs, not post-subsidy costs. The subsidy is
a transfer from the government to the firm, which cancels out in the aggregate resource constraint.

13



Capital accumulation. Substituting profits (6) and the government budget (10)
into the household budget constraint (8), all tax terms, subsidies, and factor payments

cancel, yielding the aggregate resource constraint (see Appendix A.3)
Kt+1 - W —|— (1 — (S)Kt - Ct. (18)

The growth of aggregate capital can then be expressed as

Ky o(pgs) — o
= 1—0. 19
K, T + (19)

Dynamics for p.yi. The state variable u; = M;/N; measures the relative abun-
dance of the capital composite in production. Its evolution is shaped by two forces:
factor accumulation (which shifts the task ratio through capital deepening and re-
source growth) and the equilibrium R&D response (which redirects innovation to-
ward whichever factor is relatively scarce, Proposition 1). Because the R&D rates
A (e+1; S ) and 7 (413 Sz) are themselves functions of 41, the law of motion in-
volves an implicit equation in ;1. We show in Appendix A.3 that this equation can

be solved explicitly as

Hi+1 = Py (gi{ - (U(Nt; )~ +1- 5>a Ht 5 S) = (e, ke, i 8), (20)
gr K
Equation (20) has a natural two-step interpretation (see Appendix A.3 for the deriva-
tion). The argument of 'Y, which we denote u}}, is the relative task intensity that
would obtain if technologies remained at their period-t levels; it is determined by the
supply of production factors and by capital accumulation. The function F(_l)(-; s)
then describes how equilibrium R&D in period ¢ +1 transforms y;} into the realized
ti+1. Because firms direct R&D toward whichever factor is relatively scarce (Propo-
sition 1), this R&D step partially offsets the supply-side movement of p, providing a

self-correcting force in the dynamics.

The capital accumulation multiplier. An important feature of the ;11 dynam-
ics is the capital accumulation multiplier. The pre-R&D intensity py,; depends on

K11/ K, to the power «, reflecting the Cobb-Douglas structure of M-tasks. But on
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the BGP, capital grows at the same rate as output. When the KATC rate v increases
permanently, faster growth of Ax raises output growth, which accelerates capital ac-
cumulation, which further raises output growth. This geometric series means that a
permanent 1% increase in vk raises the growth rate of M-tasks by a/(1 — a)%, not
merely the a% that would follow from the direct effect of Ax on M alone. Since cap-
ital’s share in the capital composite exceeds that of natural resources (i.e., o > 1/2),
the multiplier o/(1 — «) is greater than one. This amplification is central to why
KATC subsidies are more cost-effective than LATC subsidies.

Capital and consumption dynamics. From (19), capital per effective labor

evolves as
~ v(py s) — e+ (1 —0)ky

B gLﬁL(ﬁ(Mt,kt,Ct; S); SL)

where the numerator is net saving plus undepreciated capital; division by g7, 7, ac-

kft+1 = E(Mtaktvct; S)7 (21)

counts for the growth of effective labor between periods ¢ and ¢t + 1. The household’s
Euler equation is (see Appendix A.3)

(AL,H-I Ct4+1
AL,t Ct

[%
) = B((1 — 7)) (res1 — 0) + 1). (22)

Using Ay ++1/AL: = J(fet1; s¢) and substituting the rental rate (11) gives

cr = =L (1) [ )1 o)) <o 41}

7L(Mt+1; SL i
(23)

where g1 = (e, ke, ¢y 8) and kiyy = k(g ke, ¢y 8). We write ¢y = (g, ke, €15 8, Tre ).

Equilibrium determination. The three laws of motion i, %, and ¢, together with
the initial conditions for po and kg (determined by endowments and period-0 R&D;
see Appendix A.3) and a standard transversality condition (Appendix A.3), fully
characterize the equilibrium dynamics. A key feature is that u,.; depends only on
(, ke, ¢;) and the R&D subsidies, not on 7x; the capital tax enters only through the
consumption dynamics ¢. This separation—technology direction first, then saving

decisions—carries over to the BGP and underlies the policy results of Sections 4
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and 6. In the next section, we analyze the long-run behavior of this economy by

studying the balanced growth path.

4 Long-term Analysis

4.1 The Balanced Growth Path

Having characterized the equilibrium dynamics in Section 3.3, we now study the long-
run behavior of this economy. We first derive the balanced growth path (BGP) and
show that it features a positive rate of capital-augmenting technological change as an
endogenous equilibrium outcome. We then conduct comparative statics to examine
how R&D subsidies affect the direction of technological change, the long-run growth

rate, and the cost-effectiveness of alternative policies.

Definition and intensive-form representation. A balanced growth path is an

equilibrium path on which all variables grow at constant rates.

Lemma 1 (BGP characterization). On a BGP, the normalized state variables pi, ki,

and ¢; are all constant.

Proof. See Appendix B.1. O

We denote the BGP values by p*, k*, and ¢*. Since yx: = Yx (tr; Si) and v, =
(e s1) by Proposition 1, these are also constant on the BGP: v} = Fx(u*; sk)
and v = (p*5s1)-

Determination of the direction of technological change. The BGP value of
p* is pinned down by two steady-state conditions. From the p-dynamics (20), the
condition p41/pe = 1 requires that the growth of M-tasks and N-tasks are equalized.
From the k-dynamics (21), the condition k;1/k; = 1 pins down the BGP growth

factor of the aggregate capital stock:

K . ~
— *. = q*. 24
( X, ) (1 sL)gL =g (24)
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Substituting this into the p-stationarity condition and simplifying (see Appendix B.1):

gL (5 1) = gax A (' si)™ T = g, (25)

Equation (25) equates two expressions for the aggregate growth factor g*. The left-
hand side is the growth of N-tasks: gn = g1 y;. The right-hand side is the growth of
M-tasks on the BGP: gy = gx (75)*/ (1)1

The g, expression and the capital accumulation multiplier. The exponent
a/(1 — a) on v in the gy expression is the long-run manifestation of the capital
accumulation multiplier introduced in Section 3.3. From the definition of M-tasks,
M, = (AKvth)o‘th_o‘, a one-time increase in A raises M by only a% on impact
(holding K fixed). However, on the BGP, a permanent increase in the KATC rate
Vi raises not only Ax growth but also output growth, which accelerates capital
accumulation. The resulting geometric series amplifies the growth effect: the elasticity
of gar with respect to vx is /(1 — «), not «.'6

The BGP condition (25) can be visualized by defining two curves as functions of

oz/(l—a)7

gm () = gx V(1 k) gy () = g0 (p; st). (26)

Since g is decreasing in p (Proposition 1), gy, is downward-sloping. Since 7, is in-
creasing in p, gy is upward-sloping. When these two curves intersect, the intersection

determines (u*, g*), as shown in Figure 3.

Existence and uniqueness. The monotonicity of gy, and gy guarantees that if
the two curves cross, the intersection is unique. The following proposition establishes

existence and uniqueness of the BGP.

Proposition 2 (BGP existence and uniqueness). Under assumption (4), suppose that

af'(07)>Vx(Yx)  and  lm[f(p) = pf' (1)) > V(L) (27)

U—>00

15The per capita (or per worker) growth factor is g* /g, = 7}.
6Even when vx = 1 (no KATC R&D is performed), capital still accumulates at the same rate as
output on the BGP, so gj; = gx, not g%{a. The multiplier converts the exogenous resource growth

g%{a into gx through the capital accumulation channel.
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Figure 3: Determination of p* on the BGP. The downward-sloping curve g/ (p) rep-

resents the growth of M-tasks and the upward-sloping curve gn(u) represents the
growth of N-tasks. The intersection gives the BGP values (u*, g*).

where Yx = (g1/9x) " and 7, = gx/gr. Then there exists B > 0 such that
for all B € (0,0), there is a unique BGP with u* > 0, k* > 0, ¢ > 0, and the
transversality condition (Appendiz A.3). On this BGP, both types of technological
change are strictly positive: Vi (u*; sx) > 1 and yp(u*;s) > 1.

Proof. See Appendix B.1. O

Condition (27) requires that the gy and gy curves cross at an interior point: the
first inequality prevents the economy from staying at u = 0, and the second prevents
u from diverging.!” The upper bound /3 rules out a household that is too patient:
because per-capita income grows at rate 7; on the BGP, too weak a discounting
of the future causes the present value of lifetime income to diverge, violating the

transversality condition and ruling out an equilibrium.

The technology condition and directed technological change. An important
implication of Proposition 2 is that the technology condition discussed in Section 3.1
is satisfied endogenously. As noted there, Casey and Horii (2024) show that KATC is
consistent with balanced growth under the production structure (3), but only if the

rates of KATC and LATC satisfy a specific relationship—the technology condition.

17Under the standard Inada conditions (including lim,, o [f (1) — puf’(1)] = oc), condition (27) is
automatically satisfied. For CES production functions with € < 1, this limit is finite, so the second
inequality in (27) must be verified directly at the calibrated values; we do so in Section 5.
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With exogenous technical change, this would be a knife-edge restriction: an equality
constraint on two independent parameters. The BGP condition (25) is precisely this
technology condition. In our model, firms choose the direction of R&D to maximize
profit, so the technology direction u* adjusts endogenously until (25) is satisfied.
As Figure 3 illustrates, the monotonicity of gp/(u) and gy (u) ensures that a unique
w* is selected at which M-task growth and N-task growth are equalized. Directed
technological change thus converts what would be an exogenous knife-edge restriction

into an endogenous equilibrium outcome.

Factor income shares. The factor income shares in this economy can be expressed
as functions of y; and the equilibrium R&D rates. Let e¢(p) = puf'(p)/f(1) denote
the output elasticity of M-tasks. From the R&D cost structure (5) and the equilibrium

R&D rates in Proposition 1, the firm-borne R&D expenditure shares are

(1 —sK) MwK(;)?K(,US SK))

or (1 SK) = ’
f(w)
orr(p; Sp) = (1 =) Yo (ps se) (28)
e T

where the numerators are the R&D costs per effective labor borne by the firm, and the
denominator is output per effective labor. Both depend on p through the equilibrium
R&D rates Yk (15 si) and 4 (p; s.). Using the factor demand conditions (11)—(13)
and the zero-profit condition, the capital, natural resource, and labor income shares
are

ox = alef(p) — orr (1 5K)), ox = (1—a)(ef(p) — orr (1 5x)), (29)

op=1—¢cp(p) —orp(p;sg).

These shares satisfy ox +0x + 05 +0rx +0rr, = 1 at every t, where ogr = org + 0RrL
denotes the private (post-subsidy) R&D expenditure share. The adding-up condition
reflects the zero-profit condition: the government reimburses the subsidy portion of
R&D costs, so only the firm-borne share o appears in the income decomposition.

The capital and natural resource shares maintain a constant ratio ox /oy = a/(1—a),
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reflecting the Cobb-Douglas structure of the capital composite.®

On the BGP, y; = p* is constant, so the factor income shares are also constant
and depend only on the first-stage variables. In particular, since p* determines 7j
and v, the BGP shares o}, 0%, and o} are fully determined by p* and the subsidy

rates, independently of the household parameters 5 and 6 or the capital income tax

TK .

r*, k*, and ¢* on the BGP. We now turn to the determination of the interest
rate, capital, and consumption on the BGP. Unlike the first-stage variables (u*, ¢*,
and the factor shares), these depend on household preferences and capital taxation.

On the BGP, ¢ is constant, so the Euler equation (22) reduces to a condition on
the BGP interest rate: .

(1— 1) —0) +1= ”g)e. (30)

The right-hand side is the intertemporal marginal rate of substitution: even though

consumption per effective labor is constant on the BGP, per capita consumption grows
at rate v}, so the household requires a gross return of (v;)?/3.1

The capital intensity k* is determined by the rental rate condition (11). Substi-
tuting (30) for r* and solving for k*:

(1= i) oo { ') = (L= ) b (p; 550)) }
% 14+ (1— )0

k= (31)

The numerator is the after-tax net marginal product of capital, and the denominator
is the effective discount rate. Since p* and v}, are determined in the first stage by
(25), the numerator depends on sx and 7, while the denominator also depends on
household parameters § and 6.
Consumption per effective labor is determined by the resource constraint on the
BGP:
=o' s) = (9" —1+0)k", (32)

I8For the derivation, see Appendix B.1.

9Condition (30) plays a key role in the robustness analysis of Section 5. When data moments
pin down r* — 4, v;, Tk, and ¢, varying 6 requires only 3 to adjust, and the first-stage variables (p*,
9%, Vi, v5) are unaffected.
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where v(1*;s) is the net output per effective labor defined in (17).

To summarize, the BGP variables are determined in a hierarchical fashion. In the
first stage, u*, g*, and the factor income shares are determined by the production and
R&D primitives (f, ¢;, a, gx, g) and the R&D subsidies (s, sr), independently
of household preferences and capital taxation. In the second stage, the interest rate
r* and capital intensity k* are determined by (30)—(31), bringing in (3, 0, and 7.
In the third stage, ¢* follows as a residual from (32). This separation implies that
R&D subsidies affect growth and factor shares (first stage), whereas capital income

taxation affects only the levels of £* and ¢* (second and third stages).

4.2 Comparative Statics

We now examine how the two directed R&D subsidies, sx and sy, affect the bal-
anced growth path. We present three analytical results: how each subsidy shifts the
direction of technological change and the growth rate (Proposition 3), how a uniform
subsidy tilts the technology direction (Proposition 5), and which type of subsidy
is more cost-effective in raising growth (Proposition 6). Because the direction of
technological change also affects factor income shares through Proposition 4, R&D
subsidies have distributional consequences even when they are not explicitly directed.

All proofs are in Appendix B.

Effect of directed subsidies on the direction of technological change. The

first result characterizes how directed subsidies shift ;* and g*.

Proposition 3 (Directed subsidies and technology direction). (i) An increase in sy
raises ¥, raises g*, raises vy, and lowers ;. (ii) An increase in sy, lowers p*, raises

*

g*, raises i, and lowers .

Proof. See Appendix B.2. O

Figure 4 illustrates the mechanism using the gp;—gn diagram from Section 4.1.
A KATC subsidy sk reduces the effective cost of capital-augmenting R&D, which
raises g for each p. Since gus(p) = gx Vi (1; 55)*/ =) the gas curve shifts upward,
while the gy curve is unaffected. The new intersection lies to the right and above

the original one: p* and g* both increase. Symmetrically, an LATC subsidy s, shifts
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Figure 4: Policy effects on the BGP. Left: an increase in sk shifts the gp; curve
upward, raising p* and g*. Right: an increase in sj shifts the gy curve upward,
lowering p* while raising g*.

the gy curve upward, moving the intersection to the left and above: p* falls while g*
rises.

We can confirm that both subsidies raise ¢*: directed R&D subsidies are always
growth-enhancing regardless of which type of technology they target. However, the
two subsidies have opposite effects on p*—the relative intensity of capital-composite
tasks—and hence on the direction of technological change. A KATC subsidy tilts
innovation toward the capital side, whereas an LATC subsidy tilts it toward the
labor side. This asymmetry has consequences for factor income shares, as we explore

next.

Labor share and the direction of technological change. To understand the
distributional implications of Proposition 3, we need the relationship between p*
and the labor income share ¢}. From (29), the labor share depends on p* through
both the output elasticity e(p*) and the R&D expenditure share o}, , and sy, also
affects the labor share directly through ~;. Under general functional forms, the
relationship between the direction of technological change and factor shares can be
complex. Under the CES and power-function specifications used in our calibration,
however, the intuitive result obtains unconditionally: a KATC subsidy raises the

labor share, and an LATC subsidy lowers it, with no additional parameter conditions
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beyond A > 1 and ¢ < 1.

Proposition 4 (Labor share and directed R&D subsidies). Suppose f(u) is CES with
elasticity of substitution ¢ € (0,1) and each 1;(;) is a power function of (vy; — 1)
with exponent X > 1, for j = K, L.*® For any sk, sy € [0,1):

(a) doi/dsg > 0: a KATC subsidy raises the labor share.

(b) doy/ds;, < 0: an LATC subsidy lowers the labor share.

Proof. See Appendix B.3. 0

Part (a) captures a paradox: subsidizing capital-augmenting technology raises the
labor share. The mechanism is gross complementarity. A KATC subsidy raises u*,
making M-tasks (the capital composite) relatively abundant and N-tasks (effective
labor) relatively scarce. When capital and labor are gross complements (¢ < 1), the
resulting scarcity of effective labor raises its marginal product proportionally more,
increasing the labor share.

Part (b) is the mirror image, reinforced by a second channel. An LATC subsidy
lowers p* (Proposition 3), making labor relatively abundant and reducing the gross
labor share 0¢ = o} + 0. In addition, the subsidy directly stimulates LATC R&D,
raising 7; and with it the private R&D expenditure o},; that is deducted from labor’s
gross share. Because both channels depress o}, the result requires no additional
conditions. The bottom line is striking: capital-augmenting subsidies benefit labor,

and labor-augmenting subsidies benefit capital.

Direction of uniform subsidies. Even when the subsidy is not deliberately di-

rected, it need not be neutral with respect to the technology direction.

Proposition 5 (Uniform subsidy and technology direction). Under a uniform subsidy

Sg = Sp, = S, an increase in s raises | whenever

< ;

e T )

where ey;(v;) = v Vi(7;)/V;(v;) is the elasticity of the composite marginal RED

cost.

20Tn Section 5, we parametrize the model with these functional forms and calibrate the parameters
to U.S. data.
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Proof. See Appendix B.4. O

The intuition can be seen by decomposing the growth effect of a uniform subsidy.
Holding p fixed, a uniform subsidy raises both v and vy, shifting both the gy, and gy
curves upward. The question is which curve shifts more. Each R&D channel responds
to the cost reduction in proportion to 1/ey;, but the K-side response feeds into
growth through capital accumulation, amplifying it by the multiplier a/(1 —«) > 1.2}
Whether gy or gy shifts more therefore depends on whether [a/(1 — «)] X (1/eyk)
exceeds 1/eyr, which is precisely condition (33).%2

When condition (33) holds, the gj; curve shifts more than the gy curve, so the
intersection in the gp;—gn diagram moves to the right, raising p*. Since the capital
accumulation multiplier o/(1 — «) exceeds one whenever o > 1/2, the condition is
naturally satisfied when the two R&D cost functions are not too dissimilar. A uni-
form subsidy has two competing effects on the labor share. The first is a pro-labor
effect: the directional tilt toward capital augmentation (higher p*) raises the marginal
product of effective labor relative to that of the capital composite under gross comple-
mentarity. The second is an anti-labor effect: the subsidy directly stimulates LATC
R&D, expanding the R&D cost share o, and depressing the labor share. Whether
the net effect is positive depends on whether the directional tilt is strong enough to
overcome the direct LATC stimulus. In Appendix B.6, we provide a sufficient con-
dition under which the pro-labor effect dominates at the margin, and verify that it

holds with ample margin at the calibrated values.

Cost-effectiveness of directed subsidies. We now compare the fiscal cost of
raising the BGP growth rate through each type of subsidy. Let og denote the subsidy
expenditure as a share of GDP. The cost-effectiveness of each subsidy is measured by
do%/dg*: the increase in the subsidy-to-GDP ratio required to raise the BGP growth

factor by one unit.

Proposition 6 (Cost-effectiveness of directed subsidies). Starting from sx = s;, = 0,

the KATC subsidy achieves a given increase in g* at a lower subsidy-to-GDP cost

2More precisely, holding ;1 constant, dlog gy = [a/(1—a)] x (1/ewr) x ds/(1—s) and dlog gy =
(1/ewr) x ds/(1 — s). The factor 1/ey; is the percentage increase in the R&D rate per percentage-
point reduction in the effective cost, obtained by differentiating the FOC at fixed p.

22We verify this condition at the calibrated values in Section 5.3.
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(left-hand side) than the LATC subsidy (right-hand side):

do do
5 <5 (34)
dg* Sk :variable dg* Sk :fized
s, :fized s, :variable
whenever
e *
vk (Vi) > a, (35)

epr(V7)
where ey;(7v;) = v05(7;)/05(v;) is the elasticity of the per-task RED cost.
More generally, for si,sp > 0, the KATC subsidy remains more cost-effective as

long as

Uk (Vi) <1+ Sk 1—€f(u*)) _ Y1)

(1+ St 1_5f(ﬂ*)>7 (36)

a
Vi (k) 1—skg  ep(pr) L) 1—sp ep(pr)

where 2p(11) = —puf" (1) /(1) > 0.

Proof. See Appendix B.5. O

The economic content of condition (35) can be seen by substituting the first-
order conditions af’'(u*) = Wk (vy) and f(u*) — p*f'(@*) = Vi(y;) (evaluated at
sk = s, = 0), which yields the equivalent inequality

/ % * _ * £/ *
f (u*) o fw) /L*f () (37)
Vi (V) (GACH)
The left-hand side is the marginal product of an M-task per unit of KATC R&D cost;
the right-hand side is the marginal product of an N-task per unit of LATC R&D

cost. The proposition says that the KATC subsidy is more cost-effective whenever

the task-level output gain per unit of R&D cost is higher on the K-side.?

When each v; is a power function of (v, — 1) with exponent X\, we have e; =
Av;/(v; — 1), which is decreasing in ;. If 7}, < 7}, as suggested by the data (see
Section 5), then eyx > €41, > 1 > , so condition (35) is satisfied automatically.

The general condition (36) extends the result to economies with existing subsi-

dies. When sx = s; = 0, it reduces to condition (35). For larger programs, the

ZThe threshold in (35) is « rather than one because the firm’s FOC equates Wy to af’(u), not
f'(n): the marginal product of an M-task enters the KATC R&D decision scaled by «, so even when
R&D cost elasticities are symmetric (45 = €41,), the K-side ratio in (37) exceeds the L-side ratio
by a factor of 1/a. This makes condition (35) easy to satisfy.
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cost-effectiveness advantage of KATC subsidies diminishes as a growing share of sub-
sidy expenditure goes toward R&D that firms would have undertaken at lower rates.
If subsidy rates become sufficiently large, condition (36) can be violated and the
KATC advantage disappears; this is especially likely when the subsidy mix is heavily
tilted toward KATC, since a high sx relative to sy raises the left-hand side of (36)

disproportionately.

Long-run neutrality of capital income taxation. We also note that, in our
framework, the capital income tax 7 is neutral with respect to the BGP growth
rate and the direction of technological change. From the hierarchical structure of
the BGP (end of Section 4.1), the first-stage variables u*, g%, v¥, 73, and the factor
income shares are all determined by the R&D conditions (14)—(15) and the BGP
condition (25), which do not involve 7x. The capital income tax enters only through
the Euler equation (30), so its long-run effects are confined to the levels of £* and c*.

The reason 7k is absent from the R&D conditions is that, under U.S. tax law, R&D
expenditures are deductible as a current operating expense in the year incurred (IRC
§174A), and R&D is predominantly financed from internal funds (Hall and Lerner,
2010). Physical capital expenditures, by contrast, must generally be capitalized and
recovered over multi-year depreciation schedules (57 years for equipment, up to
39 years for structures under MACRS). Our model captures this asymmetry: R&D
expenditure is paid out of pre-tax earnings in the profit function (6), so the R&D
decision is unaffected by 7x. The return on physical capital, by contrast, is subject
to Tk in the household budget constraint (8): although depreciation is excluded from
the tax base, the net return (r; — 9) is taxed, creating a wedge in the saving decision.
Along the transitional path, 7 does affect the speed of capital accumulation and
hence the dynamics of all variables; we discuss this in Section 6.2.

How much directed R&D subsidies raise the growth rate and shift the labor share
depends on parameter values, which we now estimate by matching U.S. macroeco-

nomic data.
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5 Calibration

5.1 Functional Forms and Data

Functional forms. We adopt the CES specification for the aggregate production

function and power-function R&D costs:

e=11z-71

e—1
F(My,N,)=B|nM,* +(1—-n)N,* , >0, ne(0,1), (38)

Uk (k) = 2x (v — 1), vr(ye) = zo(y — 1) A>1 (39)

The CES form nests Cobb-Douglas (¢ = 1) as a special case. The power-function
R&D cost satisfies condition (4) and is a standard assumption in the endogenous
growth literature (Acemoglu et al., 2018). We allow the cost level parameters zx and

zr, to differ across technologies but assume the same degree of convexity A for both.

Parameters and the period length. With these functional forms, the model has
15 parameters: 12 structural parameters—B, €, 1, a, A, zk, 21, 3, 0, 9, 9., gx—=and
3 policy parameters—sg, Sz, Ti. To calibrate the model, we also need to determine
the period length x, measured in years.

The period length carries an important economic meaning. As described in Sec-
tion 3.1, technical knowledge can be kept within the firm for only one period, after
which it becomes public. Thus y represents the duration for which a firm can mo-
nopolize the benefit from its R&D investments.

Moreover, x plays a central role in the calibration because the model’s one-period
quantities must be mapped to annual data. Throughout this section, we use a super-
script a to denote annualized rates: for example, v;* = 1.86% is the annualized growth
rate of per-capita output on the BGP, while the corresponding per-period variable
v = (1 4+ ~;*)X is the growth factor over one model period of x years. Similarly, 6
and [* denote the annualized depreciation rate and discount rate, respectively. All
per-period variables used in the model-—growth factors, depreciation rates, discount
factors, and R&D cost parameters—depend on x through such compounding rela-
tionships (see Appendix C.1 for the full list of conversion formulas). As we show in

Section 5.2, y is not set exogenously but is itself pinned down by the data through
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an equilibrium condition.

Exogenous parameters. The parameter A governs the convexity of the R&D cost
function. Two lines of empirical evidence support quadratic costs (A = 2) as the
baseline. First, the empirical literature on the elasticity of patents with respect
to R&D expenditures finds values around 0.5, which implies quadratic curvature
of the underlying cost function (Griliches, 1990; Hall and Ziedonis, 2001; Blundell
et al., 2002). Second, studies of the impact of R&D tax credits on firm-level R&D
expenditure find a tax price elasticity of approximately unity, which again corresponds
to a quadratic cost function (Hall, 1993; Bloom et al., 2002; Wilson, 2009). Both
Acemoglu et al. (2018) and Akcigit and Kerr (2018) adopt quadratic R&D costs
based on these estimates. We also examine A = 3/2 and A = 5/2 as alternate values
to confirm the robustness of the results.

We set 6§ = 1 (log utility) as the baseline and examine 0 € {1/2,3/2} as alter-
nate values. Indeed, the predictions for growth and the direction of technological
change are completely invariant to § when the model is recalibrated to the same data
moments.

We also assume that the pre-policy capital income tax rate is 75 = 15%, a con-
servative benchmark based on the U.S. long-term capital gains tax rate.?* We ver-
ify robustness at 7x = 23.8% (20% federal capital gains plus the 3.8% Net Invest-
ment Income Tax) in Section 5.3. We also assume that there are no R&D subsidies
(s = s, = 0) at the baseline. Note that this does not ignore the tax deductibility
of R&D: as discussed in Section 4.2, R&D expenditure is deducted from the firm’s
pre-tax revenue in the profit function (6), consistent with its treatment as a current
operating expense under U.S. tax law. Table 1 summarizes the exogenous parameter

values.

Target moments. Including x, 5 of the 16 unknowns are set exogenously (Table 1).
The remaining 11 are pinned down by 9 empirical moments from U.S. data, the BGP

technology condition g); = gy, and the factor share adding-up condition o, + 0% +

24Tn the model, the return r encompasses capital gains, dividends, and interest payments, so the
effective rate on total capital income may be higher.
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Table 1: Exogenous parameters

Parameter Symbol Baseline Alternatives

R&D cost convexity A 2 3/2,5/2

CRRA parameter 0 1 1/2,3/2

KATC R&D subsidy  sg 0% Varied in Section 6
LATC R&D subsidy s, 0% Varied in Section 6
Capital income tax  7x 15% 23.8%; varied in Section 6

Table 2: Target moments

Moment Variable Value  Source / method
Capital-output ratio (K/Y)* 2.9 BEA/FRED, 19602019 mean
Labor income share or, 62.5% BEA/FRED, 1960-2020 mean
Private R&D expenditure share  oF 2.7%  BEA/FRED, 1960-2020 mean
Depreciation / GDP (OK/Y)*t 14%  BEA/FRED, 19602020 mean
Per-capita growth rate 0 1.86%  Log-linear est., 1960-2024
Relative investment price decline ~;? 0.80%  Log-linear est., 1960-2020

Net return on capital (r*—6)® 4% McGrattan et al. (2003)
Population growth rate 97 1.02%  Log-linear est., 19602020

K-L elasticity of substitution EoSkr, 0.6 (0.8) Oberfield & Raval (2014)

fSince depreciation § K and output Y are both flow variables measured over the same period, the
period length scales both equally and their ratio does not require annualization. The same applies

to 0}, ok, and EoSkr.

0% + 0% = 1, yielding an exactly identified system.?> Table 2 lists the 9 moments;
all except the elasticity of substitution are constructed from Bureau of Economic
Analysis (BEA) data accessed through FRED (Federal Reserve Bank of St. Louis).

Per-capita growth and the consumption deflator. On the BGP, the per-capita
growth rate of consumption equals 7;%, the annualized rate of LATC. In standard
macroeconomic practice, real GDP growth is measured using the GDP deflator, and
most calibration exercises equate this with the growth rate of final output in the

model. However, the GDP deflator incorporates the prices of both consumption

25 Among the 11 unknowns, gx is not directly targeted but recovered from the BGP technology
condition (equation 25). In addition, not all income shares are independent observables: oy is
inferred from the return, capital-output, and depreciation moments, while % and « are jointly
recovered from the adding-up condition and the production structure o}, /o% = a/(1 — @). See the
“untargeted moments” discussion below.
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goods and investment goods. Since the model’s output is denominated in consump-
tion units, it does not reflect the decline in the relative price of investment. Using
the GDP deflator to measure real output growth would therefore confound two dis-
tinct phenomena: the growth of real output measured in consumption units, and the
cheapening of investment goods due to KATC.

To obtain a measure consistent with the model’s accounting, we deflate nominal
GDP by the Personal Consumption Expenditure (PCE) price index rather than the
GDP deflator. Log-linear estimation over 1960-2024 yields v;* = 1.86%. The ability
to make this distinction is an advantage of our framework: because we explicitly
model the decline in the relative price of investment through endogenous KATC, we
can correctly separate consumption-good output growth from the investment price
effect.

Measuring KATC from relative investment prices. In our model, the resource
constraint (18) measures output, consumption, and investment in the same unit (the
consumption good). One unit of the consumption good can be converted into one
unit of physical capital K, which represents Ay efficiency units of effective capital.
As a result, the price of one efficiency unit of capital in terms of the consumption
good is 1/Af, and this price declines at rate v;¢ per year as Ax grows. We measure
¢ from the ratio of the BEA investment price deflator to the consumption price
deflator, applying log-linear estimation over 1960-2020, which yields ;¢ = 0.80% per
year.

All growth-rate moments are estimated by log-linear estimation (OLS of logy on
time), which uses all data points and reduces sensitivity to endpoint outliers. Level

moments are arithmetic averages over the indicated sample period.

The elasticity of substitution between capital and labor. The ninth moment,
the elasticity of substitution between capital and labor (EoSk; ), determines the CES
parameter €. Oberfield and Raval (2021) estimate this elasticity using micro-level
variation in capital shares across U.S. manufacturing plants, obtaining a value of
approximately 0.6; Antras et al. (2004) report a similar estimate using aggregate time-
series methods. A meta-regression analysis of 77 U.S. studies finds that the long-run

aggregate elasticity lies in the range 0.45-0.87, with substantial heterogeneity driven
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by modeling choices for technological dynamics (Knoblach et al., 2020). Our baseline
of EoSk, = 0.6 sits near the center of this range; we also examine EoSg = 0.8, near
the upper end, as a robustness check in Section 5.3. Because of the nested production

structure, ¢ differs from EoSg; we explain this mapping in Section 5.2.

5.2 Parameter Estimation

Overview of the calibration procedure. Given the 5 exogenous parameters
(Table 1) and 9 target moments (Table 2), we determine the 11 remaining unknowns—
B, e, n, «a, 2z, 21, 0, B8, g1, gx, and the period length y. Most parameters can be
expressed as closed-form functions of y and the target moments. The key step is
therefore pinning down Y.

The period length y is determined first, by an equilibrium condition that links the
R&D share to the other moments (described below). Note that several intermediate
quantities—such as a(y) and o (x)—depend on x and are used in this condition.
Once y is pinned down, the remaining parameters are determined sequentially: (i) gr,
and other per-period growth factors from the annualization formulas (e.g., g, =
(1 + ¢9)%); (ii) k*, f(u*), and p* from the normalization; (iii) 0 and r* from the
depreciation and return targets; (iv) 8 from the Euler equation; (v) gx from the
BGP technology condition (25); (vi) €7(p*) from the factor share and R&D first-
order conditions; (vii) € from the elasticity of substitution condition; (viii) n from the
definition of €; (ix) B from the production function; (x) zx and z;, from the R&D

first-order conditions. The complete derivation of each step is in Appendix C.1.

Determination of the period length. By substituting the R&D first-order con-
ditions into the factor share equations, we can express the R&D expenditure share
as a function of factor shares, technology growth rates, and the R&D cost curvature

(see Appendix C.1 for the derivation):

o Tk k-1 o -1 (40)
f A k) A ()

~
0h(X): KATC R&D share 0% (x): LATC R&D share
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The right-hand side decomposes the aggregate R&D share into its capital- and labor-
augmenting components, both of which depend on the period length x through the
per-period growth factors i (x) = (1 + )X and 77 (x) = (1 +~;4)X, and (for the
KATC component) the capital share o (x).%

Since a longer period implies larger per-period innovation rates and hence higher
R&D expenditure shares, the right-hand side of (40) is strictly increasing in y, while
the left-hand side is fixed at o}, = 2.7%. The period length is therefore uniquely

pinned down; at the baseline, x ~ 4.10 years.

The elasticity of substitution between capital and labor. The CES parame-
ter e governs the elasticity of substitution between M-tasks and N-tasks. However, the
empirically estimated elasticity of substitution between capital and labor, EoSk,, dif-
fers from € because of the nested production structure: capital enters M-tasks through
the Cobb-Douglas capital composite (Ax K)*X'~ with exponent o < 1. As shown
in Casey and Horii (2024), the relationship between the two is

1+ B
KF *
EoSk 1 = LE, , where K _ acs () . (41)
1 KFK—l—O( +<1_a> LFL 1—€f(/ub>
9 LFL

When o = 1, M-tasks consist solely of effective capital and this formula reduces to
EoSkr, = . When a < 1, the presence of natural resources in the capital composite
dampens the substitutability between K and L, so EoSk; < . We target EoSk =
0.6 and solve for ¢ from (41). At the calibrated values (o = 0.757, e¢(u*) = 0.352),
we obtain € = 0.554.

Baseline calibration. The system is exactly identified: each unknown is uniquely
determined and all 9 target moments are matched exactly by construction. Table 3
summarizes the calibrated parameter values under the baseline specification (A = 2,
0=1).

The calibrated model generates a per-capita output growth rate of gg. = 7;* =
1.86% and an aggregate output growth rate of ¢ = 2.90%. The BGP values of the

26The capital share o} (x) is itself a function of x because it is inferred from the return and
depreciation targets: o (x) = [(1.04)X — 1] - (2.9/x) + 0.14.
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Table 3: Calibrated parameters (baseline: A =2, § = 1)

Parameter Symbol Value Annualized
Period length X 4.10 —
Share of K in M « 0.757 —
Depreciation rate ) 0.198 5.24%
Discount factor I5; 0.939 1.54%
KATC R&D cost 2K 7.03 28.8
LATC R&D cost Zr 15.1 62.1
CES elasticity (M vs. N) ¢ 0.554 —
CES distribution n 0.510 —
TFP constant B 2.90 0.707
Natural resource growth  gx 1.016 0.38%

The Value column reports per-period quantities. The Annualized column shows the corresponding
annualized rates or the per-year equivalents 2} = x*"!z; and B* = B/x. Parameters that do not

depend on y (such as «, ¢, and 7) have no separate annualized form.
state variables are p* = 2.24, k* = 2.9, and ¢* = 3.06 (in per-effective-labor units).

Untargeted moments. In addition to the 9 targeted moments, the calibrated
model implies values for the capital income share and the natural resource income
share. Since o] = 62.5% and o}, = 2.7% are targeted, the non-labor, non-R&D
income 1 — 0} — oy = 34.8% is split into o}, = 26.3% and o% = 8.5% by the
calibrated o = 0.757. The implied o% is consistent with Caselli and Feyrer (2007),
who estimate the share of all non-reproducible factors at about 8% for the U.S.

The implied ¢% = 0.38% is derived from the BGP technology condition (25),
not set directly. To assess its plausibility, we decompose X into its components.
Valentinyi and Herrendorf (2008) estimate that land accounts for about 5% of GDP,
which represents roughly five-eighths of the Caselli-Feyrer non-reproducible share.
The remaining three-eighths is attributable to fossil fuels and other natural resources,
whose physical consumption in the U.S. has grown at roughly 1% per year over 1960—
2019.2" Since the supply of land is essentially fixed, the weighted growth rate of
the composite resource is approximately (1.01)%/® — 1 ~ 0.37%, which is close to our

calibrated value. Table 4 summarizes these untargeted implications.

27"Computed from the U.S. Energy Information Administration, Monthly Energy Review, Table 1.3
(Primary Energy Consumption by Source).
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Table 4: Untargeted moments

Moment Symbol Value Annualized
Capital income share o 26.3% —
Natural resource share  o% 8.5% —

Natural resource growth ¢gx —1 1.56% 0.38%

5.3 Long-Run Implications

Saddle-path stability and convergence speed. The BGP is saddle-path stable
for all parameter configurations considered in this section (Table 5): the linearized
dynamics around (u*, k*, c*) have exactly two stable eigenvalues and one unstable
eigenvalue, as required for a well-determined equilibrium with two predetermined
variables (i, k) and one jump variable (c).

The two stable eigenvalues reveal two distinct time scales of convergence with
important policy implications. The slow mode (half-life ~ 93 years) governs the
adjustment of the technology direction u; since vg, vz, and the factor income shares
are all determined by pu in the first stage (Section 4.1), this mode sets the pace at
which growth and income distribution converge to their new long-run values. The
fast mode (half-life &~ 5 years) governs the Ramsey-type adjustment of k& and ¢, which
track p’s slow movement closely. The full growth and distributional benefits of R&D
subsidies therefore materialize only over more than 100 years—a point we quantify

through the transitional dynamics in Section 6.2

Quantitative comparative statics. We now evaluate the analytical conditions at
the calibrated values to assess the quantitative policy implications.

The key question for policy design is how much growth each type of R&D subsidy
delivers per unit of fiscal cost. Proposition 4 requires no parameter conditions beyond
A > 1 and € < 1, both of which hold by assumption. The sufficient conditions for
Propositions 5 and 6 are also satisfied with ample margin.?® As a result, all the
qualitative predictions of Section 4.2 are confirmed: KATC subsidies raise the labor

share while LATC subsidies lower it (Proposition 4); a uniform subsidy tilts the

28See Appendix C.2 for the eigenvalue computation and eigenvector decomposition.
2Condition (33) requires ey /e < /(1 — a); at the calibrated values, 2.26 < 3.11. Condi-
tion (35) requires ey i /ey > a; we obtain 2.26 > 0.757.
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Table 5: Saddle-path stability and convergence speed across parameter configurations

Half-life (years)
Configuration 6 A Tk EoSkp Slow (u) Fast (k) Stability

Baseline 1 2 15% 0.6 93.3 5.2 Saddle
0=1/2 1/2 90.2 3.8 Saddle
0=3/2 3/2 93.3 6.3 Saddle
A=3/2 3/2 50.7 48  Saddle
A=15/2 5/2 136.1 5.5 Saddle
T = 23.8% 23.8% 93.3 5.5 Saddle
EoSxr,=0.8 0.8 100.4 6.0 Saddle

Blank entries denote baseline values (6 = 1, A = 2, 7x = 15%, EoSk, = 0.6). Each row varies only
the parameter indicated in its label; all others are held at baseline. Half-life = x In2/[ln \;|, where
A; is the eigenvalue of the linearized system. Slow: technology direction u. Fast: capital intensity k

and consumption c. Eigenvalues are reported in Appendix C.2.

technology direction toward KATC (Proposition 5); and the KATC subsidy is more
cost-effective (Proposition 6). The marginal cost-effectiveness ratio—the growth gain

per unit of fiscal cost from a KATC subsidy relative to an LATC subsidy—is

dg®/dos|s,  0.376

= ~ 2.92. 42
dg*/dosl|s,  0.129 (42)

That is, a marginal KATC subsidy raises the per-capita growth rate roughly three

times as much as a marginal LATC subsidy per unit of fiscal expenditure.

Robustness to the R&D cost convexity parameter. Among the exogenous
parameters, A is the only one to which the quantitative results are sensitive—6 and
T do not affect any first-stage variable (see below). We examine A € {3/2,2,5/2},
re-calibrating all other parameters to match the same 9 data moments for each .
All qualitative conclusions survive: both directed subsidies raise the BGP growth
rate, with KATC having a larger effect; KATC subsidies raise the labor share while
LATC subsidies lower it; and a uniform subsidy tilts the technology direction toward
KATC. Saddle-path stability is maintained for all A (Table 5), and the sufficient
conditions hold with ample margin throughout. The only dimension in which A
matters is the absolute magnitude of policy effects: a lower A makes the R&D cost

function less convex, amplifying firms’ innovation response to subsidies. Importantly,
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however, the marginal cost-effectiveness ratio of KATC over LATC is highly stable
at approximately 3 (ranging from 2.88 to 2.97 across A). The full set of recalibrated
parameters is reported in Table C.3 (Appendix C.3).

Robustness to # and 7. By the hierarchical structure of the BGP (Section 4.1),
0 and Tk enter only through the Euler equation (30) and do not affect any first-stage
variable. When either parameter changes, only 5 adjusts to match the interest rate
target, so the growth rate, factor shares, cost-effectiveness ratios, and all comparative
statics results are ezactly the same for 0 € {1/2,1,3/2} and for 7% = 23.8%.%° The
only policy-relevant difference at 75 = 23.8% is the after-tax return, which falls from
3.40% to 3.05% at the baseline, and the tax rate in S5, which rises from 30.4% to
40.8%.

Robustness to the elasticity of substitution. We now recalibrate the model
to EoSkr, = 0.8, near the upper end of the empirical range discussed in Section 5.1,
keeping all other target moments unchanged. Because EoSk , enters only at the final
stage of the calibration—when the CES parameters (g, 7, B) are determined from the
production function (Appendix C.1)—all other calibrated quantities are completely
unaffected, and all growth effects of R&D subsidies are essentially invariant to EoSkr,.
Quantitatively, a 1%-of-GDP KATC subsidy raises per-capita growth by +0.79 per-
centage points at EoSk; = 0.8, compared with +0.81 pp at the baseline, and the
marginal cost-effectiveness ratio of KATC over LATC subsidies remains at 2.92. The
distributional effects, by contrast, depend on EoS g, because factor income shares are
governed by the curvature of the CES production function; we discuss the quantitative

implications in Section 6.

6 Policy Experiments

The calibrated model allows us to quantify the effects of alternative R&D policies.
We consider five policy scenarios—KATC subsidy, LATC subsidy, uniform subsidy,

30Under policy changes, § and 7x do affect the levels of k* and ¢* (and hence K/Y') through
the savings response, but these level differences do not affect the growth rate, the direction of
technological change, or the ranking of policies.
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Table 6: Five policy scenarios (BGP fiscal shares, % of GDP)

#  Scenario 05K o T or

— Baseline (no intervention) 0 0 0 1.85
S1  KATC subsidy .00 0 100 (1.28)
S2  LATC subsidy 0  1.00 1.00 (2.11)
S3  Uniform subsidy (0.15) (0.85) 1.00 (1.95)
S4  Capital tax reduction 0 0 0 0.85

S5 KATC subsidy + tax increase  1.00 0 1.00  2.85
Values in parentheses are equilibrium outcomes, not scenario-defining targets. o¢y: KATC subsidy
expenditure / GDP. 0%, : LATC subsidy expenditure / GDP. 0 = 0§y + 0%.: total subsidy
expenditure / GDP. o: capital tax revenue / GDP. S4 foregoes 1% of GDP in tax revenue relative
to baseline (o7: 1.85% — 0.85%). S5 finances S1’s subsidy by raising 7x from 15% to 30.4%.

capital tax reduction, and budget-neutral KATC subsidy—each calibrated to the
same fiscal cost of 1% of GDP. We first compare their long-run balanced growth

paths and then examine the transitional dynamics from one BGP to another.

6.1 Five Scenarios

Scenario definitions. We consider five policy scenarios, summarized in Table 6.
All scenarios impose the same long-run fiscal burden: the total subsidy expenditure
equals 1% of GDP on the new BGP. The capital tax reduction (S4) is calibrated so
that the revenue foregone also equals 1% of GDP, and the budget-neutral scenario
(S5) finances the KATC subsidy by raising the capital income tax rate.

The budget composition in Table 6 reflects the large baseline size difference be-
tween the two R&D sectors: K-augmenting R&D accounts for only about 16% of
total R&D spending, while L-augmenting accounts for 84%.

Long-run outcomes. Table 7 summarizes the key BGP outcomes. The KATC
subsidy (S1) is the most effective growth policy, raising per-capita growth by 0.81
percentage points—roughly twice the effect of the LATC subsidy (S2, +0.41 pp) and
50% more than the uniform subsidy (S3, +0.53 pp). While Proposition 6 predicts
a marginal cost-effectiveness ratio of approximately 3, the discrete advantage for a
1%-0of-GDP budget is approximately 2. This gap arises because the KATC sector

accounts for only 16% of baseline R&D spending, so the subsidy rate sy must reach
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Table 7: Balanced growth path comparison across policy scenarios

S1 S2 S3 S4 SH
Variable Baseline KATC LATC Uniform Tax cut KATC+tax
sk (%) 0 74.4 0 22.8 0 74.4
st (%) 0 0 27.6 22.8 0 0
Tx (%) 15.0 15.0 15.0 15.0 7.2 30.4
9pe (%) 1.86 2.67  2.27 2.39 1.86 2.67
Agpe (PP) — 4081 +0.41 +0.53 0 +0.81
or (%) 62.5 74.3  59.5 62.8 62.5 74.3
ar (%) 10.5 7.3 12.0 11.0 10.9 6.5
or (%) 2.70 4.15 3.15 3.39 2.70 4.15
w 2.24 510 1.95 2.35 2.24 5.10
K/Y 2.90 1.60  2.93 2.62 3.02 1.44
(1—7x)(r—9)* (%) 3.40 4.20 3.81 3.93 3.42 4.14

sk, sp: R&D subsidy rates. T capital income tax rate. gg.: annualized per-capita growth rate.
oy =1 —7K)(0} —0K/Y): after-tax, after-depreciation capital income / GDP. (1 — 7x)(r — §)%:
after-tax net return on capital. ¢},: private (post-subsidy) R&D expenditure / GDP. K/Y:

annualized capital-output ratio.

74% to allocate 1% of GDP; at such a high rate, most of the subsidy expenditure
goes toward R&D that firms would have undertaken even without the subsidy, and
only the additional R&D induced at the margin generates extra growth. Neverthe-
less, a twofold growth advantage for the same fiscal cost represents a substantial
policy gain. The capital tax reduction (S4) has zero long-run growth effect, while
the budget-neutral KATC subsidy (S5) achieves the same growth as S1, confirming
that capital taxation is growth-neutral (Section 4.1). On the distributional side, the
KATC subsidy raises the labor share by nearly 12 pp while the LATC subsidy low-
ers it by 3 pp (Proposition 4), and even the uniform subsidy is not distributionally
neutral (Proposition 5). Appendix C.4 confirms that these rankings are robust to
the choice of the R&D cost convexity parameter A\. At EoSg; = 0.8, the growth
effects and policy rankings are virtually unchanged, but the distributional effects are
substantially attenuated: the labor share response to KATC and LATC subsidies is
roughly halved, and the small positive labor share effect of the uniform subsidy re-
verses sign (Appendix C.4). We explore the mechanisms behind these results through

the transitional dynamics below.

38



6.2 Transitional Dynamics
6.2.1 Scenario 1: KATC Subsidy

We begin with the fized-rate design in which the KATC subsidy rate is set perma-
nently to sx = 0.744 from period 0 onward. Figure 5 reveals the layered multiplier
mechanism through which the subsidy raises long-run growth. The fixed-rate tran-
sition path (dashed curves) displays two distinct effects, both governed by the slow
adjustment of y; (half-life ~ 93 years; Section 5.3).

Direct effect: the KATC rate spike and its gradual decay. The KATC subsidy
triggers an immediate burst of capital-augmenting innovation: 7% spikes from 0.80%
to approximately 2.6% at impact (panel a). As pu, rises and f'(u) falls, the profitability
of KATC R&D declines, and ~% gradually decays toward its new BGP value of
1.06%. The speed of this decay is set by p’s adjustment (the slow eigenvalue), not
by the capital accumulation process. In the p-dynamics (A.1), the term (Kyyq/K)®
exceeds its BGP value whenever k; is tracking a moving target k*(u,), amplifying
the rise of p; (panel b) beyond what the R&D incentive alone would produce. This
capital-accumulation reinforcement persists throughout the transition: as long as j
is rising and k*(p) is shifting, the feedback from capital deepening continues to push
4 upward.

Induced effect: the rise of labor-augmenting innovation. As pu, rises, the marginal
product of N-tasks increases, making labor-augmenting R&D more profitable. Firms
respond by increasing LATC investment even without any change in s;: ¢ gradually
rises from 1.86% toward 2.67% (panel c¢). This induced response is slower than the
direct effect because «y; depends on f(u) — pf'(p), which requires p to accumulate
a substantial shift before the LATC profitability change becomes appreciable. Since
per-capita growth equals 7v;* on the BGP, the induced LATC acceleration is the engine
of the permanent growth gain.

The growth path. Panel (d) makes the direct—induced sequence visible. At impact,
per-capita growth jumps to about 2.35%, driven by the vy spike. It then dips to about
2.05% as the initial v, surge subsides while 7;, has not yet risen appreciably. From
this trough, growth recovers monotonically over roughly 200 years toward the new

BGP of 2.67%, propelled by the slow rise of 7. The dip-then-recovery is the signature
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Figure 5: Scenario 1: KATC subsidy—mechanism. (a) 4% spikes from 0.80% to
~2.6% at impact, then declines to the new BGP of 1.06%. (b) p, rises from 2.24

toward 5.10. (c¢) ~¢ rises from 1.86% toward 2.67%, induced by higher 1. (d) Per-
capita growth jumps, dips, then recovers toward 2.67%.

of the induced effect taking over from the direct effect.!

The KATC subsidy produces a dramatic redistribution: the labor income share
rises from 62.5% to 74.3%, a nearly 12 percentage point increase (Figure 6, panel a).
This is the distributional paradox established in Proposition 4: under gross com-
plementarity, subsidizing capital-augmenting technology raises the labor share by
making effective labor relatively scarcer and hence more valuable. The capital share
falls from 26.3% to 16.3% (panel b). The large magnitude reflects the mutually re-
inforcing nature of the two transition channels: the direct KATC stimulus and the

capital-accumulation feedback both push p upward, compounding the distributional

31The initial spike in 7% (panel a) reflects the profit incentive to exploit the new subsidy imme-
diately. As py rises and f/(u) falls, the KATC rate gradually declines toward its new BGP value
73¢ = 1.06%, which is still above the baseline of 0.80%.
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Figure 6: Scenario 1: KATC subsidy—distributional effects. (a) o, rises from 62.5%
to 74.3%. (b) ok falls from 26.3% to 16.3%. (c) Net capital share declines more

moderately because lower K/Y reduces depreciation. (d) og rises from 2.7% to
4.15%, primarily from induced LATC R&D.

shift over the slow convergence of ;.32

The net capital income share o — 6 K/Y (panel c) declines less steeply than the
gross capital share because the fall in K/Y from 2.90 to 1.60 reduces the deprecia-
tion burden (6K/Y falls from 14.0% to 7.7%). The private R&D expenditure share
(panel d) rises from 2.7% to 4.15%, with the increase primarily driven by the induced
expansion of LATC R&D (¢} nearly doubles from 0.093 to 0.197).

Fiscal cost and the constant-budget alternative. Even under the fixed-rate

design, the transition is slow: the full growth and distributional effects take roughly

32The KATC subsidy achieves both faster growth and a more equal factor income distribution,
avoiding the usual growth—equity trade-off. This property is specific to the case € < 1 and would be
reversed if M-tasks and N-tasks were gross substitutes (some macro-level estimates using long-run
trends yield o > 1; see, e.g., Karabarbounis and Neiman, 2014).
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200 years to materialize, governed by the a 93-year half-life of pu; (Section 5.3).
A further complication is fiscal. On the new BGP, p* is high and KATC R&D is
correspondingly modest (7;¢ = 1.06%), so a subsidy rate of 74% costs only 1% of
GDP. At time 0, however, pq is still low and the high subsidy rate elicits a much
larger KATC response (7% ~ 2.6%), pushing fiscal expenditure to approximately
three times its long-run level before it gradually declines as p; rises. Such a sharp
spike in government expenditure may not be tolerated fiscally or politically.

We therefore also consider a constant-budget design in which the subsidy rate
adjusts each period to hold fiscal expenditure at exactly 1% of GDP (solid curves in
all figures; see Appendix D.2 for the algorithm). Under this design, sx starts well
below its long-run value and rises only as p; increases. The initial KATC stimulus is
therefore much weaker than under the fixed-rate path. On top of the inherently slow
adjustment of p;, the budget constraint delays the onset of the R&D stimulus itself,
stretching the transition over several centuries (Figure 5, panel d). Measured by the
lifetime equivalent variation (LEV; Appendix D.3), the constant-budget path delivers
an LEV gain of 70.6% —a substantial return on a policy that costs only 1% of GDP
at all times. Even though both paths converge to the same BGP, the fixed-rate LEV
is much higher (120.6%). This large difference reflects the faster realization of R&D

benefits when the budget constraint is more flexible.

6.2.2 Scenario 2: LATC Subsidy

The LATC subsidy (s, = 0.276) directly stimulates labor-augmenting innovation:
v¢ rises immediately, overshooting the new BGP temporarily (Figure 7, panel a).
Meanwhile, p,; falls from 2.24 to 1.95 (panel b)—the economy shifts toward more
labor-intensive techniques, the opposite direction from S1.

The transition is the mirror image of S1. The direct effect is the v, spike (panel a):
as uy falls and f(u) — pf’(p) declines, the profitability of LATC R&D gradually falls,
and ¢ decays toward its new BGP value. The induced effect raises 7§ from 0.80%
to 0.93% (panel c¢) as the lower pu; increases f’(u) and makes KATC R&D more
profitable. A notable asymmetry with S1 arises through the capital-accumulation
feedback. Higher effective labor raises output, saving, and capital accumulation,

so (Kiy1/Ky)® exceeds its BGP value throughout the transition, exerting upward
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Figure 7: Scenario 2: LATC subsidy. (a) 7§ rises immediately, overshooting the new
BGP temporarily. (b) y, falls from 2.24 to 1.95. (c) v% is induced upward from 0.80%
t0 0.93%. (d) Growth rises to 2.27%.

pressure on pu—the opposite direction from the direct effect. This persistent buffering
explains why p falls by only 13% (from 2.24 to 1.95) and why o, declines by only 3
percentage points—far less than the 12 percentage point shift under S1, where the
same feedback reinforces rather than buffers the direct effect.

The LATC subsidy reduces the labor share from 62.5% to 59.5%. This is the mirror
image of S1’s “distribution paradox”: subsidizing labor-augmenting technology hurts
the labor share under gross complementarity. The LATC subsidy delivers less growth
(+0.41 pp vs +0.81 pp) while worsening income distribution—an unambiguously
inferior outcome on both dimensions compared to S1.

The roughly 2x growth advantage of S1 over S2 (0.81 pp vs 0.41 pp per 1% GDP)
arises from two reinforcing mechanisms. The first is a “narrow and thick” allocation

effect. K-augmenting R&D accounts for only 16% of baseline R&D spending, so a 1%
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GDP budget concentrated on the small KATC sector produces a much larger shift in
vk and p* than the same budget spread across the LATC sector.

The second is the capital accumulation multiplier (Section 3.3), which amplifies
the K-side response by a factor of a/(1—a) ~ 3.1. Moreover, the capital-accumulation
feedback reinforces the direct effect under S1 (both push g upward) but buffers it
under S2 (the two forces partially cancel), contributing to the large distributional
asymmetry (|Acop| of 12 pp under S1 vs 3 pp under S2).

Unlike S1, the LATC subsidy does not produce fiscal front-loading: the moderate
long-run rate (s} &~ 28%) does not elicit an outsized R&D response at the initial 1y,
and the fiscal cost stays near 1% of GDP throughout the transition. The convergence
speed is accordingly similar under both designs, and the constant-budget and fixed-
rate paths are nearly indistinguishable. The LEV is 66.0% (constant-budget) versus
68.7% (fixed-rate)—a substantial LEV gain, but more modest than S1’s 70.6% under

the same constant-budget constraint.

6.2.3 Scenario 3: Uniform Subsidy

The uniform subsidy (sx = s = 0.228) appears to be a direction-neutral policy, but
it is not. The new p* = 2.35 exceeds the baseline p* = 2.24 (Figure 8, panel b),
as predicted by Proposition 5: the capital accumulation multiplier /(1 — o) &~ 3.1
amplifies the K-side response disproportionately.

The most striking feature of S3 is the non-monotonic path of the labor share
(panel ¢). While the long-run change is small (+0.3 pp, from 62.5% to 62.8%), the
transition path reveals a meaningful temporary decline of approximately 1 percentage
point, lasting roughly 30 years, before reversing and converging to the new BGP.

This dip-then-recovery pattern arises because the two components of the subsidy
affect 1 at different speeds. In the short-to-medium term (0-40 years), the LATC
component dominates: it accounts for ~85% of the subsidy budget and its direct effect
on 7y, is immediate and large, pushing p; downward and—under ¢ < 1—lowering the
labor share. In the long term (40+ years), the KATC component’s multiplier effect
catches up: the a/(1—a) & 3.1 amplification in (25) means that even a modest initial

boost to vx eventually generates a large upward shift in p*. As u,; reverses and rises
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Figure 8: Scenario 3: Uniform subsidy. (a) Growth rises gradually to 2.39%. (b)
initially dips, then reverses and converges from below to u* = 2.35. (¢) o exhibits
non-monotonic dynamics: a ~1 pp dip for ~30 years before rising to 62.8%. (d) Net
capital share also shows non-monotonic behavior.

above baseline toward p* = 2.35, the labor share recovers.

The constant-budget and fixed-rate paths are again nearly identical, as the mod-
erate subsidy rate (s &~ 23%) keeps the fiscal cost close to 1% of GDP throughout the
transition. The LEV is 79.4% (constant-budget) versus 77.8% (fixed-rate).

6.2.4 Scenario 4: Capital Tax Reduction

Scenario 4 provides the most visually striking confirmation of the model’s theoretical

structure. The capital tax rate is nearly halved (from 15.0% to 7.2%), at a fiscal cost

33This non-monotonic labor share path under uniform subsidies has not, to our knowledge, been
discussed in the prior literature. It illustrates the slow adjustment of u; (Section 5.3) and suggests
that policymakers who adopt uniform R&D subsidies expecting distributional neutrality may face
unexpected political opposition during the first several decades of the transition.
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of 1% of GDP. The result: zero long-run growth effect (Figure 9). This is consistent
with the empirical observation by Jones (2016) that long-run growth rates have been
remarkably stable across countries despite large variation in capital tax policies. The
structural explanation is that 7x does not enter the first-stage R&D conditions that
determine p*, ¢g*, and the factor income shares (Section 4.1); only £* and c¢* shift,
leaving the long-run growth rate unchanged regardless of the tax level.

In panel (a), the old and new steady-state lines overlap—the per-capita growth
rate returns to 1.86% after a tiny transitory spike. The only permanent effect is
on the capital-output ratio, which rises modestly from 2.90 to 3.02 (panel b). The
labor share and factor income distribution are virtually unchanged in the long run
(panels ¢, d).

S4 thus isolates the fast eigenvalue mode identified in Section 5.3: the only adjust-
ment is the Ramsey-type savings response that moves k; toward the new £*, with the
bulk of the adjustment occurring within ~5 years (panel b). The technology direction
1 is temporarily perturbed but returns to pu* once capital accumulation stabilizes.

A perhaps surprising finding is that the capital tax cut delivers remarkably little
benefit even to capital owners: capital deepening raises the depreciation burden and
reduces the gross return, almost entirely offsetting the lower tax rate. The after-tax
net return rises by only 0.03 percentage points despite the near-halving of 7x, and
even a uniform R&D subsidy (S3) delivers both higher growth and a higher net capital
income share than the tax cut (Table 7).

The constant-budget and fixed-rate paths coincide exactly, because the capital tax
rate required to forgo 1% of GDP in revenue is nearly independent of the technology
state p;. The LEV is almost zero (0.9%) under both designs, suggesting that the
capital income tax cut does not benefit the representative household even in the

transition.

6.2.5 Scenario 5: Budget-Neutral KATC Subsidy

Scenario 5 combines the KATC subsidy of S1 with a capital tax increase (7x: 15%
— 30.4%) that finances it. The result (Figure 10) confirms the fiscal equivalence
property: all growth-related BGP values—u*, g ., v, 71", op—are exactly identical

to S1. The transition paths for these variables are also nearly identical (panels a,
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Figure 9: Scenario 4: Capital tax reduction. (a) Growth shows a tiny transitory spike,
then returns to 1.86%—old and new BGP lines overlap. (b) The only permanent effect
is K/Y rising from 2.90 to 3.02. (c) Labor share is virtually unchanged. (d) Net
capital share increases only marginally despite the near-halving of the tax rate.

b), because the S4 isolation experiment shows that the capital tax channel shifts
i by only ~0.05 (about 2% of the baseline p* = 2.24), negligible compared to the
R&D-driven shift of Ap* = 2.86 under S1.

The principal difference from S1 lies on the capital side. The after-tax return
(1 —7x)(r — 0)* drops sharply at impact—from the baseline 3.40% to approximately
2.7% (panel d). The after-tax return then recovers through two channels. First,
the lower after-tax return reduces saving, and K/Y declines from 2.90 toward 1.44
(panel c¢); the resulting capital scarcity raises the gross return r. Second, as p; rises
and Ax improves, each unit of capital becomes more productive, further raising r.
The first channel, driven by the fast mode, accounts for the bulk of the early recovery;
the second, governed by the slow movement of y;, continues long after K /Y has largely

stabilized. The after-tax return recovers past the baseline after roughly 20-25 years.
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Figure 10: Scenario 5: Budget-neutral KATC subsidy. (a) Growth path is nearly
identical to S1, rising to 2.67%. (b) Labor share is nearly identical to S1, rising to
74.3%. (c) K/Y falls from 2.90 to 1.44, driven by the fast mode. (d) After-tax return
initially drops sharply, then recovers to 4.14%.

On the new BGP, it converges to 4.14%, only 6 basis points below S1’s 4.20%.3*

A notable feature of S5 is the “depreciation dividend.” With K/Y falling to 1.44
(half the baseline), the depreciation share of GDP drops from 14.0% to 6.9%. This
7.1 percentage point reduction in depreciation costs exceeds the 1% GDP cost of the
R&D subsidy by a factor of seven. The saved resources flow into consumption: the
consumption—output ratio C'/Y rises from 0.745 to 0.823, the highest of all scenarios.

Remarkably, financing the KATC subsidy through a capital tax increase rather
than new spending delivers nearly the same LEV gain as S1: the constant-budget
LEV is 67.6%, compared with 70.6% for S1, despite the fact that S5 requires no net

34The near-convergence of after-tax returns across S1 and S5 follows from the Euler equation (30):
in steady state, the after-tax return is pinned by the growth rate and preference parameters, both
of which are identical across S1 and S5. The tax increase is almost entirely offset by the rise in the
gross return.
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fiscal outlay while S1 costs 1% of GDP. The fixed-rate LEV is 117.4%, and the gap
between the two designs is almost the same magnitude as in S1, reflecting the same
budget-constrained delay of the initial KATC stimulus.

A common theme across the R&D subsidy scenarios is the slow convergence of the
technology direction p; (half-life & 90 years), which governs the pace at which growth
rates and factor shares adjust. R&D subsidies must therefore be viewed as long-term
commitments: the full growth benefits materialize only after several decades, or even
centuries when the budget is less flexible, and premature withdrawal would strand

the economy on a suboptimal transition path.

6.3 Incompletely Directed Subsidies

The preceding experiments assume that the government can perfectly direct subsidies
toward either KATC or LATC R&D. In practice, classifying R&D activities as purely
capital- or labor-augmenting is difficult. To assess how much targeting precision
matters, we parameterize the degree of direction by p = sk /(sxg + sp) € [0,1], the
fraction of total R&D subsidy directed toward KATC, and compute the BGP for
each p while holding the total fiscal cost at 1% of GDP. At p = 0 only LATC R&D is
subsidized (S2), at p = 1/2 both types receive equal subsidy rates (S3, the uniform
benchmark), and at p =1 only KATC R&D is subsidized (S1).

Figure 11 reports the results. Panels (a) and (b) show that both per-capita growth
and the labor share increase monotonically in p, confirming numerically the compara-
tive statics of Proposition 3: every incremental shift of the subsidy mix toward KATC
raises both the BGP growth rate and the labor share. Panel (c) reveals the cost of
full direction: because the KATC R&D base is small relative to the LATC base,
concentrating the 1% GDP budget on KATC alone (p = 1) requires a subsidy rate of
sk ~ 74%. Such a high rate creates two problems. First, under the fixed-rate design,
the high subsidy rate elicits an outsized R&D response during the transition, pushing
fiscal expenditure to roughly three times its long-run level (Section 6.2.1). Imposing
a constant-budget constraint resolves the fiscal spike but forces the initial subsidy
rate well below s}, severely weakening the early R&D stimulus and stretching the
transition over several centuries. Second, at such a high rate, most of the subsidy

expenditure goes toward R&D that firms would have undertaken without the subsidy,
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and the marginal cost-effectiveness of the KATC subsidy deteriorates (Proposition 6,
condition (36)).

Welfare comparison across p. Panel (d) reports the lifetime equivalent variation
(LEV) over the 350-year transition path for each p, comparing the fixed-rate (dashed)
and constant-budget (solid) policy designs (Appendix D.3). Under the fixed-rate de-
sign, the LEV increases monotonically in p, reaching 120.6% at p = 1: without a bud-
get constraint, concentrating subsidies on the small KATC sector always strengthens
the initial R&D stimulus, and the fiscal “overshoot” early in the transition raises the
representative household’s lifetime consumption rather than penalizing it. Under the
constant-budget design, however, the LEV is non-monotonic: it peaks at p ~ 0.75
(LEV =~ 87%) and declines toward p = 1, where it falls to 70.6%.

The decline of the constant-budget LEV from p = 0.75 to p = 1 in panel (d)
is a direct consequence of the two problems identified above. Reducing p below 1
lowers the required sj:, which simultaneously eases the budget constraint—allowing
a stronger initial R&D stimulus and faster convergence—and restores fiscal efficiency
by shifting expenditure toward the steeper part of the R&D cost curve. At p ~ 0.75
(a subsidy-rate ratio of sk : s &~ 3 : 1), the LEV gain from faster convergence and
improved cost-effectiveness just offsets the lower long-run growth rate, producing the
LEV peak.

A separate consideration is that, in practice, many R&D projects simultaneously
advance both capital- and labor-augmenting capabilities, making a clean classifica-
tion into KATC or LATC inherently difficult. Perfectly directed subsidies (p = 1)
are therefore not only suboptimal under a constant budget, but also difficult to im-
plement. Fortunately, perfect direction is not required: under the constant-budget
design, the LEV-maximizing allocation corresponds to an effective subsidy-rate ratio
of s @ s, =3 :1 (LEV =~ 87%), well above the uniform benchmark (p = 1/2,
LEV = 79%). Even a policy that only partially tilts R&D subsidies toward capital-

augmenting technologies captures the bulk of the achievable gains.
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Figure 11: Incompletely directed subsidies. Horizontal axis: p = sk /(sx + s1). (a)-
(b) Long-run BGP growth rate and labor share; dashed lines mark the no-subsidy
baseline. (c¢) Subsidy rates sx and sp. (d) LEV over the 350-year transition; solid =
constant-budget (peaks at p ~ 0.75), dashed = fixed-rate (monotonically increasing).

7 Conclusion

This paper builds a directed technical change model with both capital- and labor-
augmenting technological change along the balanced growth path, circumventing the
Uzawa steady-state theorem through a three-factor production structure. The main
message is that R&D subsidies tilted toward capital-augmenting technologies can
simultaneously accelerate growth and raise the labor share of income. In our calibra-
tion, a small KATC subsidy is roughly three times more cost-effective than an LATC
subsidy; even for a large program equal to 1% of GDP, it delivers roughly twice the
growth gain and raises the labor share by nearly 12 percentage points. Capital income
taxation, by contrast, has no long-run effect on growth or the direction of technolog-

ical change in our framework, because R&D is paid out of pre-tax firm earnings and
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its optimality conditions do not involve 7.

An important caveat is that the transition to the new balanced growth path is
slow: in our simulations, it takes roughly 90 years for the technology ratio u; to close
half the gap to its new long-run value, so realizing the full benefits of R&D policy
requires sustained commitment spanning more than a century.

In practice, perfect targeting is neither required nor, under a realistic budget
constraint, even desirable. Our analysis of the transitional dynamics shows that
the lifetime equivalent variation (LEV) is maximized when the effective subsidy-rate
ratio between KATC and LATC R&D is approximately 3 : 1, rather than at full
KATC direction. The practical lesson is clear: a policy that tilts R&D subsidies
toward capital-augmenting technologies—even when the two types cannot be perfectly
separated—captures the bulk of the potential gains in both growth and the labor

share.
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A Derivations for the Model

A.1 First-Order Conditions

FOC for K;. The firm maximizes (6) with respect to K;. The first-order condition
om /0Ky = 0 gives Fyy - M —(1- SK)CldR—;(? — 7 = 0. Since M; = (AgK,)* X},
we have dM,;/dK; = Oth/Kt = ap/k. The R&D cost contribution is dRy/dK; =
(dM;/dKy) - Y (vre) = alpe/k)Yi (k). Substituting and using Fyy = f'(we):

re=2 () — (1= s)r (k). O

FOC for X,. Similarly, dM;/dX, = (1 — a)M;/X,, and & = S=2Y (' () — (1 —
sk (k). O

FOC for Lt' Since Nt = ALﬂth, we have dNt/st = AL#/ and dRL’t/st =
Apabp (o) we = Ay (f () — pef' () — (1 = sp)p(yey)). O

FOC for Ak,;. From Om/0Ak;=0: 82—; = (1—SK)dRKt The LHS is 8F/8AKt =

f'(pe)-aMy/Agcy. The RHS is 77+ dRKt = diﬂiitwK(’YK,t)‘i‘Mt'AK’t_lwK(’YK,t) AKf [ ¥k (k) +
Vi1 Vi (7it)] - Canceling Mt/AK,t3 af'(u) = (1= sk) [a¥r (k) + v Vi (V)| =

(1—SK) \IIK(’YK,t) ]

FOC for AL,t' From a’ﬂ't/aAL,t = (0: The LHS is [f(,l,bt) - /Ltf/(/ubt)] : Lt. The
RHS is Zﬁii = L [@/)L(WL,t) + Vi WL(VL,t)}- Canceling Lz f(pe) — puf (1) = (1 —
sr) WL(’YL,t) + YLt WL(’YL,t)} = (1 —s2)Yr(vLe) ]

Zero profit. Substituting (11), (12), (13), (14), and (15) into (6), one can verify
that m; = 0 due to the CRS property.

A.2 Proof of Proposition 1

Properties of Uy and U;. For Vg(vx) = vk (vk) + avr(vk): Yi(l) =
1 ¢k(1) + apg(l) = 0 (from (4)); Uk (oco) = oo (since ¥} > 0 for v > 1); and
Ve (vi) = (14 @)Yk (vx) + v (vx) > 0 for v > 1. Therefore W is a strictly
increasing bijection from [1,00) to [0,00), and W} exists with U, > 0. The same

argument applies to ¥y with « replaced by 1.
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Existence and uniqueness. From (14): vg; = U (“f_—g’?) = Vi (; Sk ). Since
f'(p) is decreasing in p (concavity and Inada conditions) and W' is increasing,
i (15 sk ) is decreasing in p. Since af’(1)/(1 — sk) is increasing in sk, Vi (4; Sk) is
increasing in Sg.

Similarly: vz, = ;" (%W) = L (ue; sp). Since f(u) — pf'(p) is increas-
ing in p, 7 (u; sg) is increasing in g and in sp. O

EIPF: limiting behavior. When u — 0: f'(u) — oo (Inada) = Yk (u; sx) — 00;
f() = pf'(p) = 0= 7r(p;sr) = 1. When g — oo: f'(u) = 0 = x(p;8x) — 1;
f(w) = pf'(p) = 00 = (s s) — oo.

A.3 Derivation of Equilibrium Dynamics

Resource constraint. Substituting the profit m; and the government transfer B;
into the household budget (8): the profit tax terms cancel, (1 — 7x)m; + T = 7y
capital income terms yield [(1 —7x)(r —0) + 1] K; — r K + 7 (1 — ) Ky = (1 — 0) Ky
resource income: &X; — & X; = 0; wage income: (1 — 7p)wyLy — wy Ly + 1w Ly = 0;
R&D costs: —(1 — sg)Rix — sk Rk = —Rk and similarly —Ry. Therefore: K, 11 =
F(My,N;)—Rxs—Rp:+(1-0)K;—Cy =V, + (1= 90)K; — Cp. O

Dynamics of p;;;. The growth factor of 1 is ps1/pe = (Mev1 /M) /(Niejp1 /Ny).

By using (1), (2), and (19), its value in equilibrium can be written as

Lo N (g s) —c “
Pat1 Agx ' <’7K(Mt+1;3K) (M+1_5)> ) (A1)
Kt gL (fe41; 5) ke

Both sides depend on 41, so we decompose the dynamics into two steps. Define the

pre-R&D relative factor intensity:

A K )O‘ 11—« 1—a ( . S) . a
pre __ ( Kt4Yi+1 t+1 _ 9x (U Mt Ct )

= Aot Y1-6) A2

lut—l-l ALﬂthJ,_l gL k:t H/t ( )

The post-R&D value of py41 is related to py} by

re ;V\L(:u I;SL) —
fiy1 = At—+aﬂt+1 = D'(pe415 ). (A.3)

'7K<,ut+1§ SK)
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Proposition 1 implies that I'(y; s) is strictly increasing with lim, o I'(¢) = 0 and
lim,, o I'(12) = 00. Therefore T(=V is well-defined, and inverting gives equation (20).
U

Euler equation. The Lagrangian FOCs yield: )\, = 3/(C;/L;) 7", At = A [(1—
TK)(rt+1—§)+1}. Combining and using C;/L; = Ap s (Apser) ™0 = ﬁ[(l—TK)(rtH—
0) + 1](ALp1c41) 7% This gives equation (22). Rearranging with Ay, /AL, =
1 (pe+1; sp) and substituting (11) for 7,4 gives equation (23). O

Initial conditions. Given endowments {Kjy, Xo, Lo, Ax—1,Ar 1}, the pre-R&D
relative factor intensity at t = 0 is: pf© = AreoaKo) X070 ey o = LEV (P s),

Ap,—1Lo
and ko = Ko/ (Y (p0; 51) - A1 - Lo).

Transversality condition. From the Euler equation and the NPG condition, the

transversality condition in terms of the normalized state variables is:
1-0
hm (Bgr)" (H Vi (pe; sp ) cr'kr = 0. (A4)

B BGP and Comparative Statics Proofs

We introduce auxiliary notation used throughout this appendix. For given BGP

values (u*, 75,7} ), define

2a—1)/(1—a) qr,

(1= s0) WL(77)’

a  gx (1)

K= T e (L sk) W)

oL =

b =agx+p dr.
(B.1)

These coefficients measure the sensitivity of the BGP growth factor to changes in the

KATC and LATC rates, respectively. Since W} > 0 for v; > 1 (Appendix A.2), ¢,

¢r,, and ® are strictly positive.

B.1 Balanced Growth Path

Proof of Lemma 1. On a BGP, all growth factors are constant. From (21),

kiv1/ke = 1 requires K;11/K; = 7p(ts1;S1) 9o, which must be constant. Since
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gr is a parameter and 7y (-;sz) is strictly monotone (Proposition 1), constancy of
1 (pes1; Sp) requires p; to be constant. With u, = p*, equations (21) and (23) then

imply that k; and ¢; are also constant. [J

Derivation of the BGP condition. With pu;, = p* constant, the stationarity
of ky gives (Ky11/Ky)* = Ar(p*; 1) g = g*. Substituting this into the u-dynamics
stationarity condition g, 1/p; = 1 from (A.1) and simplifying yields (25).

Proof of Proposition 2: existence and uniqueness. Condition (27) is a suf-
ficient condition for the existence of a BGP. It is stated in terms of the primitives
(f,¢;,a,9x,gr) only and does not involve the subsidy rates (sg, s). This is because
s; > 0 reduces the effective R&D cost (1 — s;)¥; in each FOC, thereby raising 7; for
every p; hence any sk, sy € [0,1) only relaxes the endpoint inequalities, and (27) at
s = sp, = 0 is sufficient for all subsidy levels.

Define the two curves in (26). By Proposition 1, g () is strictly decreasing in
and gy (u) is strictly increasing.

Endpoints. As pu — 0%: the KATC FOC gives 5 (07;s5) = U (af'(07)/(1 —
sk)). Since Wy is strictly increasing with Wi (1) = 0, the first inequality of (27)
ensures that 7, (0%; sx) > 7 and hence gy (0%) > g, = gn(01). As p — oo: since
f'(00) =0, Y (005 sK) = 1 and gpr(00) = gx. The second inequality of (27) ensures
gn(00) > gx = gm(0).

By the intermediate value theorem and the strict monotonicity of both curves,
a unique intersection pu* exists, satisfying (25) with ¢* > max{gx,gr}. Since both
Fr (15 si) and 4 (u*;sp) exceed 1 at the intersection, both types of technological
change are strictly positive.

Capital and consumption. Given p* and ¢g*, k* is determined by (31). The numer-
ator is positive because f'(u*) > (1 — sk)¥k(75) (which follows from the fact that
the net marginal product of an M-task, f'(u) — (1 — sk )k (7K ), must be positive for
factor prices to be positive). The denominator is (v;)?/8 — 1 + (1 — 7x)6, which is
positive for all 8 below 8 = (75)?/(1 — (1 — 7x)d). Since u* does not depend on f3
(it is determined by (25)), 3 is an explicit function of the first-stage variables. Given
k* > 0, ¢* in (32) is the residual of net output over gross investment and is positive

when f is sufficiently small.
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Transversality condition. On the BGP, the transversality condition (A.4) reduces
to limy oo (Bgr (Vi) =) Tc*=%k* = 0, which holds if and only if Bgr(v;)!=% < 1. This
is satisfied for all 8 € (0, 3) after tightening 3 if necessary. O

Factor income shares. From the factor demand conditions (11)-(13), the zero-
profit condition, and the definitions of e;(u) = pf'(1)/ f (1) and op; in (28), one can
verify (29) by direct computation. Since p* is constant on the BGP, all factor shares
are constant and determined solely by p* and the subsidy rates, independently of 3,
0, and 7. [

B.2 Proof of Proposition 3

We use the total differential method. Differentiating the first-order conditions (14),
(15), and the BGP condition (25) simultaneously:

af’(p)dp = =V (vr) dsk + (1 — sk) Vi (i) dyi, (B.2)
—uf"(p)dp = =V (vr) dsy, + (1 — sp) O (v) dyi, (B.3)
grdyrL = ﬁ gx Vgail)/(lia) dVk- (B.4)

Solving (B.2) and (B.3) for dyx and dryr, substituting into (B.4), and using the
notation in (B.1):
1
dp = IS (P Wr(vL)dsy — ¢x Vi (vk) dsk) - (B.5)
Since f”(p) < 0and ® > 0: (i) dsg > 0, ds, =0 = du > 0; (ii) dsg =0, ds;, > 0 =
du < 0.
For the growth effect, substituting dv, from (B.3) into dg = g dvy. and simplify-

ing:
_ oxdr
P

for either dsx > 0 or dsg, > 0. The effects on v} and v} follow from (B.2)—(B.3) and
the sign of du. U

dg

(aWp(yn)dsy, + pVk(vr)dsk) >0 (B.6)



B.3 Proof of Proposition 4

From (29) and (28), the labor share can be written as

. X €¢L(VZ)
of = (1—gp(u?)) - —2 L B.7
L ( f( )) 1 +5¢L(/7L) ( )
Eag(ﬂ*) =w(v¥)
= L

where ey, = v% /¢ = Ay/(vL — 1) for the power-function specification. The
factor 0 =1 — g;(u*) is the gross labor share, inclusive of LATC R&D expenditure
(06 = o} + okp); it is increasing in p* since € is decreasing in p when ¢ < 1. The
factor w is the fraction of gross labor income retained after LATC R&D costs; it is
decreasing in v since €y, is decreasing in 7y,.

We prove parts (a) and (b) by computing the total derivatives doj /dsyk and
doy /dsy, directly. The signs du*/dskx > 0 and dp*/ds;, < 0 and the formula (B.5) are
established in Proposition 3. What remains is to derive do} /du* and the direct effect

of s, on v at fixed p.

Derivatives of ¢¢', w, and the direct channel. Recall from Proposition 6 the
notation e (p) = —pf"(n)/ f'(1) > 0; for CES, ey = (1—¢¢)(1—¢)/e. Differentiating
0 =1 —e(u) using the CES property dey/du = —;(1 —e4)(1 —€)/(ep):

do¢ /
L _ErEr . (B.8)
dp It

Differentiating w(yr,) = eyr/(1 + €yr) with ey = Ayp/(yr — 1):

dw 1
W' = = — < 0. B.9
) = . = T e =1 (B.9)

Finally, differentiating the LATC first-order condition (1—s7)V () = f(u) —pf' (1)
with respect to sp, holding p fixed:

(i3 I 27 7% B

= > 0. B.10
asL pifixed (1 - SL) \IJ/L<7L) EWL ( )




This direct channel—sy, raises 7} for given p—does not arise in Proposition 3, because

there 7 adjusts only through .

Proof of (a): do}/dskx > 0. Since sk enters only the KATC first-order condition,
it affects o7 only through p*:

* G
doj | dof

dsig | du

0
-w+ag-w'-ai;

dp*
sy, :fixed dSK ‘

From (B.5), du*/dskx > 0, and du*/dsk contains the factor 1/f”(u) o< 1/ in its
denominator. The bracket involves (B.8) and 071 /0pls, fixea, both proportional to
ep. In the product, e cancels between the numerator (from the bracket) and the
denominator (from du*/dsg), leaving only e-free factors. All remaining quantities—
er, w, f'(1), ¢, Yk, ®, (1—ey)—are strictly positive for ¢ € (0,1) and A > 1. Hence
doy /dsg > 0. O

Proof of (b): doj/ds; < 0. Unlike sk, the subsidy s, affects o} both through p*
and directly through ~7:

G
doj, _ | dof ¢ o+ O v &, O
5 | ~w+0L-w'—a g —i—aL-w'—a .
SL H H sy, -fixed SL SL wfixed
u—;gth direct channel

The bracket in the p-path is the same positive expression as in part (a). Multiplied by
dp*/dsy, < 0 (Proposition 3), the py-path is negative (again with €4 cancelling). The
direct channel is negative because o > 0, w’ < 0 from (B.9), and 971,/ ufixea > 0

from (B.10). Since both terms are strictly negative, do} /ds;, < 0. O

B.4 Proof of Proposition 5
Set s = s = s and dsg = ds;, = ds in (B.5):

ds
dp = m(¢L V() — ok Vi (k).



Since f”(u) <0 and ® > 0, du > 0 if and only if px Vi (vx) > ¢ V(7). Using the
BGP condition g* = gxﬁé/(l_a) = gryr to simplify the ratio ¢x/¢r, and the FOCs
to substitute ¥y = af'/(1 —s) and Uy, = (f — puf’)/(1 — s), the condition reduces to
e S 7, which rearranges to (33). O

1-a  ewr(7k) evr (7]

B.5 Proof of Proposition 6

We reparametrize the BGP equilibrium by the common growth factor g. On the
BGP, v. = g/gr and vk = (g/gx)'~*/® are determined by g alone.

K-subsidy path (s; fixed). Holding s, fixed, the LATC first-order condition
(1 —sp)Vr(g/gr) = f(r) — pf'(n) implicitly defines u = ur(g). Differentiating:
wi(g) = —1/(por f"(1)) > 0. The KATC first-order condition af’(ur(g)) = (1 —

si)Wk(7x(g)) then pins down sk = s (g) with sy (9) = @/ (1 ¢xdr Vi (k) > 0.
The subsidy expenditure per effective labor is e (g) = sx(g) pur(g) Vx(vx(9)) +
sp¥r(v(g)). Differentiating and simplifying:

dgloscer ™ Gxcor Ui T—sic o Wi ou pnf"(n) | L= s1 00 V)

de P ¢_K+ sk M Vg Sk YK s, 1 g (B.11)

L-subsidy path (sx fixed). By the symmetric argument, p = px(g) is defined
by the KATC FOC with p/(g) = 1/(a ¢k f"(1n)) < 0, and s, = sp(g) with s} (g) =
®/(aprdr V(7)) > 0. Differentiating e(™(g):

de 1 & o s, 1 Y Sk Y Sk Uk

- == ot _\p_'L+ = _\I]—,K ——. (B.12)

Glsitix. o orodr VW 1—sp ¢ ¥V 1—sg ox Vi  aor f"(1)

sy:var.
Comparison. Subtracting (B.12) from (B.11):
de _ de _ ¢ {w_K_lﬂ_s_K Vi (B.13)
dglswcyer. dg s oxén [Vi oWy po f(u) '
s, :fix. Sp,:var.

Since ®/(pxe¢r) > 0, the KATC subsidy achieves lower de/dg when the bracketed

expression is negative.



Condition at sx = s;, = 0. When sg = 0, the last term in the bracket vanishes
and the condition reduces to ¥k /Wi < (1/a)(¢r/Vy). Using Vg /9 = a+eyx and
U/ =1+ eypr, this is equivalent to ey /ey > @, giving condition (35).

The rewritten form (37) follows by substituting the FOCs ¥ = a.f'/(1 — sk ) and
Uy =(f—puf")/(1—sL), evaluated at s = s, = 0.

Conversion to the subsidy-to-GDP metric. Since og = ¢/f(u), dos/dg =
(1/f(w)(de/dg — e f'(u) (du/dg)/ f(1)). At sk = s, = 0, e = 0, so dog/dg =
(1/f(n)) de/dg and condition (35) applies directly to the og metric as stated in (34).

For the general case sk, sr > 0, the additional term —ef’/(f?) - du/dg modifies
the comparison. The third term in the bracket of (B.13) is replaced by (sgt¢x —
ef'/f)- (=1/(paf")). Substituting e = sxux + spir, using the FOCs to express
Uy /f and W /(f — pf'), and defining ep(p) = —pf”(p)/f () > 0, the condition
Ao’/ dg*|svar. < Ao’ /dg*|s, var. ecomes (36). O

B.6 Uniform Subsidy and the Labor Share

Lemma 2 (Uniform subsidy and the labor share). Under the maintained assumptions
of Proposition 4 and condition (33), if

1 —
AN = 1) (1f‘a ;lf( - 1) > (v — 1) (1+ 1?@ Eq’égwgf)), (B.14)

then a marginal uniform subsidy (dsx = dsg, = ds) raises the labor share: do} /ds|uniform >
0.

Proof. Setting dsig = dsy = ds in the results of Proposition 4:

do} dof 0 dp* dp? 0
O-L fd ﬂ.w_i_gg.w/.l '(/.,L _i_i)_’_o-g.w/,l i
ds uniform d/i 8,u s, :fixed dSK dSL aSL p:fixed
,u—;;th direct LAT‘C? channel<0
(B.15)

The bracket in the p-path is strictly positive (as shown in the proof of part a of
Proposition 4). From (B.5), du*/dsx +dp* /ds;, = (o Vx — oY1)/ (ep f'P@), which
is positive under condition (33). Hence the p-path is positive, while the direct channel

is negative. We need to show that the u-path dominates.

A-9



Substituting (B.8), (B.9), and (B.5) into (B.15), the p-cancellation applies to
both the p-path and the bracket, giving

ddz (1 c ) gfw+(1_€f)ﬁlw,|;§,_LK (67 EVL 1 +w, YL
-\ TS o cwp(l—ep) \1= B ' '
ds uniform 1 + T—a W O EyK EVL
N -~ 7 d. t
oeth irec

Since (1—¢y) > 0, the sign depends on the bracketed expression. Dividing the p-path

by || - v1/ewr, the condition do} /ds|uniform > 0 reduces to

5fw/|wl‘+(1_€f>ﬁa$<.5\11L_( a s@L_1>>1
o E\I/L(lfsf) — )

I+ e o \l-acux

For the power-function specification, w/|w'| = eyry(y — 1) = Ay?. Substituting

and simplifying, the left-hand side factors as

A =D +Ne-1)  Zie-1
=1 ]+ go serloeg) &

l-a  ereuk

The first factor depends only on 7} and A. Since (Ay, — 1)((L+ M)y —1)/(7p —1) >
AA—=1)/(yr — 1) for all v, > 1 and A > 1, the inequality holds whenever (B.14) is
satisfied. U

All quantities in (B.14) are determined before EoSk, enters the calibration (Sec-
tion 5.2), so the condition is independent of . The left-hand side of (B.14) is a
product of the R&D cost convexity margin A(A — 1) and the excess of the K-side
multiplier over the L-side (condition 33). The right-hand side is small because it

contains the per-period LATC innovation rate v; — 1 ~ 0.079.

Numerical verification. At the baseline (A = 2), the left-hand side of (B.14)
equals 0.903 and the right-hand side equals 0.288, giving a margin of 3.13x. At
A = 3/2 and A = 5/2; the margins are 1.54x and 5.03x, respectively. Since all

quantities are e-invariant, these margins apply identically at EoSgy = 0.8.
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Table C.1: Conversion between annualized and per-period variables

Quantity Annualized — per-period Per-period — annualized
Growth factor v = (14+~%)X e =X —1

Discount factor /3 g=(1+p%"x pe=p"tx -1
Depreciation & §=1—(1-06%x 5% =1—(1—8)Yx

R&D cost z; zj =25 /X! 28 = x 1z

TFP B B=y-B" B* = B/y
Capital-output ratio (K/Y)* = (K/Y)*/x (K/Y)*=x-(K/Y)*

The following quantities do not depend on x: o7, 05, 0k, &, 1, €, 0, A, (K/Y)*.

C Calibration and Robustness

C.1 Calibration Details

This subsection provides the complete derivation of the calibration procedure summa-
rized in Section 5.2. We first present the formulas for converting between annualized

and per-period variables, then derive each calibrated parameter step by step.

Normalization. We normalize the initial technology levels and factor endowments

at t = —1 (the last period before the model begins) as follows:
AK,fl = AL,fl =X 1=L_=1, Y,l/x =1L

The last condition says that annualized output equals one in the initial period.
Since Y1 = F(M_1,N_y) = N_ f(u*) = f(u*), this implies f(pu*) = x. Simi-
larly, K_1/(Y_1/x) = (K/Y)* = 2.9 with Y_;/x = 1 gives K_; = 2.9, so k* =
K_ /(AL -1L_1) =29,

Conversion between annualized and per-period variables. One model pe-
riod spans y years. Throughout, a superscript a denotes annualized net rates and
unadorned symbols denote per-period gross factors (or levels). Table C.1 lists the
conversion formulas.

The growth factor formula follows from compounding: if the annualized growth
rate is 7%, then the growth factor over x years is (1 +~*)X. The depreciation formula

reflects survival compounding: the fraction of capital surviving one year is (1 — §%),

A-11



so the fraction surviving x years is (1 — %)X = 1 — §. The R&D cost scaling follows
from g (vx) = zx (7K — 1)*: when the period is x times longer, v — 1 &~ x - 7% is
approximately y times larger, so the cost scales as x*; to keep the annualized cost
comparable, zx must scale as 1/x*~!. The TFP scaling follows from f(u*) = x and
the fact that the CES aggregate within f does not depend on y, so B scales linearly
with x.

Step 1: Exogenous parameters. The following parameters are set exogenously:
6 =1 (log utility), A = 2 (quadratic R&D cost), 7x = 0.15 (capital income tax),
sk = s = 0 (no R&D subsidies at baseline), and ¢¢ = 1.02% (population growth

rate).

Step 2: Period length x. The period length is determined by the R&D share
condition (40). We derive this condition by eliminating zx and z; from the factor
share equations.

From (29), the capital share satisfies 0}/ = (") — 0, Where o = (1 —
sk ) vk (vy)/ f(i*). Substituting the R&D first-order condition (14), which implies
(1 —sk)zr = af' (1) /¥ K body(Vic, A @), We can express oj in terms of o, a, Vi,
and X alone.® Here Wi poay(7, A\, @) = Vi (7)/2x = aly — D + A (y — DML s
the zx-free part of the composite marginal R&D cost, obtained by substituting the
power-function specification (39) into the definition of ¥x. Summing the KATC and
LATC components yields the R&D share condition (40).

All per-period quantities in (40) depend on x: 75 (x) = (1 + %)X, vi(x) =
(1+~7%)%, and oj(x) = [(1.04)X — 1] - 2.9/x + 0.14 (the last expression is derived in
Step 3 below). Since the left-hand side o}, = 2.7% is fixed by data and the right-hand
side is strictly increasing in y, there is a unique solution, obtained numerically as

X ~ 4.10 years.

35The key simplification is ¥body (7 A) /¥ K body (7, A @) = (v — 1)/(a(y — 1) + ), which, after
substitution, yields ofx = (05 /A) (v —1)/75%. A parallel derivation gives o5, = (o5 /A)(vi—1)/7}.-
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Step 3: Capital share o}, capital-composite share o, and resource share o%.

The capital income share is the sum of the net return to capital and depreciation:

o = (r*—23)- (g) + (67K) = [(1.04)x — 1] - % +0.14, (C.1)

where r* — § = (14 0.04)X — 1 is the per-period net return (from the annualization
formula in Table C.1), (K/Y)* = (K/Y)*/x = 2.9/x is the per-period capital-
output ratio, and (0K/Y)* = 0.14 does not require annualization. Note that oJ is
not targeted directly but inferred from the return, capital-output, and depreciation
targets.

From (29), the income shares satisfy o} /0% = a/(1—a) and 0} +0% = 1—0] —05.
Solving:

*

o * * *
Q:ﬁ, O'X:(l—Oé)<1—O'L—O'R). (02)

Step 4: k*, f(u*), 0, and r*. The normalization yields k* = (K/Y)* = 2.9 and
f(u*) = x as described above. The depreciation rate follows from the target 6 K/Y:

E)Y 014 0.4y

_ (5
0= (£ 29/x 29

(C.3)

The gross interest rate follows: r* = [(1.04)X — 1] + 4.
Step 5: p*. From the normalization, M_; = (AK7_1K_1)O‘X:C“ =K% and N_; =
AL7_1L_1 = 1. Thus:

,u* = M,l/N,1 = k¥ = 2.9% (C4)

Step 6: [ from the Euler equation. On the BGP, the Euler equation (30) gives:

_ (1)’
C T T (C5)

where (r* —§) = (1.04)X — 1 is the per-period net return. Note that 5 depends on @

and Tg, but this does not affect u*, g*, or any first-stage variable.
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Step 7: gx from the BGP technology condition. The natural resource growth
factor gx is not directly targeted by data. Instead, it is derived from the BGP
condition (25), which equates the growth of M-tasks and N-tasks:
*a/(l—a)
Tk
Step 8: ¢;(u*) from the factor shares and R&D first-order conditions. The
output elasticity of M-tasks at the BGP is obtained by eliminating 2z from the capital

share equation. From (29), o /o = ep(n*) — 0. Substituting the expression for

ori derived in Step 2 and solving for e:

er(pt) = "f (% + 1) . (C.7)

The derivation uses the identity®® o} = (05 /@) - Abody/ VK body-
Step 9: f/(u*). From the definition e(p) = pf'(p)/ f(1e):

) = 2, ©8)

Step 10: zx and z; from the R&D first-order conditions. Solving (14) and

(15) for zx and z;, at the baseline (sx = s, = 0):

e — a f'(p) _ a f'(1*) (C.9)
\I]K,body(fﬁ(v )\7 Oé) Oé(’)/;{ - 1)/\ + 7;{)‘(7;{ - 1))\717 ‘
L, = A =) ) =) (C.10)

Viboay(V7,A) (v =DM +11A0 = DA
With subsidies sk, s, > 0, the right-hand sides are divided by (1 — sx) and (1 — s1),

respectively.

Step 11: ¢ from the elasticity of substitution condition. As described in

Section 5.2, the CES parameter ¢ differs from EoSgk; due to the nested production

36This is the same identity used in Step 2. For the power-function specification ¥z (v) = zx (7 —
1), we have ¢ /U = (v — DY /[a(y = DX + Ay = D} = (v = D/[a(y = 1) + Al
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structure. Solving (41) for e:

(1—(1—a)ep(u) EoSiy — (1 —a) (1 —ef(p))

€= (C.11)

Step 12: 7 from the definition of ¢;. The CES intensive form (38) has the
elasticity () = np=/¢ /[n =D/ + (1 —n)]. Solving for n:

1
n= .
e—1 ]_
()
er(pr)

Step 13: B from the production function. The normalization f(u*) = x and
the CES form (38) give:

(C.12)

€
e—1

B=x[n()= +1-n) (C.13)

C.2 Local Stability Analysis

The dynamical system (20)—(23) defines a mapping (pts41, kev1, cer1) = (i, E, ) (e, ke, ).
We evaluate the 3 x 3 Jacobian matrix numerically at the BGP (u*, k*, ¢*) using a
finite-difference approximation.®”

For the baseline calibration (A = 2, § = 1), the Jacobian is

1.2305  0.4733 —0.2806
J=1-0.1568 0.7217 —0.1917 |,
—0.4860 —0.8630 1.3075

with eigenvalues 0.970, 0.581, and 1.710. Since p; and k; are predetermined and ¢; is a
jump variable, saddle-path stability requires exactly two stable eigenvalues (|A;| < 1)
and one unstable eigenvalue (]A\;| > 1). This condition is satisfied: the two stable
eigenvalues govern convergence of the state variables, while the unstable eigenvalue

pins down the unique initial consumption ¢y on the convergent saddle path.

3"We use the ND function from the Mathematica NumericalCalculus package with step scale
104
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Since one model period spans x years, a per-period eigenvalue \; corresponds to an
annual convergence rate of |In\;|/x and a half-life of xIn2/|1n \;|. The two stable
eigenvalues thus correspond to half-lives of approximately 93 years (slow, ~ 0.97)
and 5 years (fast, ~ 0.58). The normalized eigenvectors in the (u,k,c) space are
(1.00 —0.59 —0.06) for the slow mode and (—0.301.000.98) for the fast mode. The
slow mode thus loads almost entirely on pu, while the fast mode loads jointly on k&
and c. Because the separation in time scales is large (a factor of roughly 19 in half-
lives), k; tracks its instantaneous target k*(u;) closely, and the observed convergence
speed of K/Y, factor shares, and growth rates is governed by u’s slow dynamics, as

discussed in Section 5.3.

Sensitivity to 0, \, 7, and EoSg;. The slow half-life is nearly invariant to 6,
T, and EoSky, confirming that these parameters do not substantively affect the
first-stage dynamics governing the technology direction. The R&D cost convexity A
is the key determinant: lower convexity (A = 3/2) roughly halves the slow half-life
to 51 years, while higher convexity (A = 5/2) extends it to 136 years. The fast
mode remains in the range of 4-6 years throughout. Table C.2 reports the underlying

eigenvalues.

Table C.2: Eigenvalues of the linearized system

Configuration Stable (slow) Stable (fast) Unstable

Baseline 0.970 0.581 1.710
0=1/2 0.969 0.474 2.097
0=23/2 0.970 0.635 1.561
A=3/2 0.959 0.641 1.504
A=5/2 0.974 0.524 1.924
T = 23.8% 0.970 0.594 1.670
EoSkr=0.8 0.972 0.624 1.624

C.3 Robustness: Calibrated Parameters

Table C.3 reports the calibrated parameters under each alternative specification con-
sidered in Section 5.3. All calibrations match the same 9 empirical moments listed
in Table 2. The baseline column (A = 2, 0 = 1, 7 = 15%, EoSgz = 0.6) is shown
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Table C.3: Calibrated parameters under alternative specifications

Parameter Baseline A=3/2 A=5/2 0=1/2 60=3/2 7x=23.8% EoSkr=0.8

X (years) 4.10 3.06 5.17

a 0.757 0.750 0.765

0® 5.24% 5.09%  5.40%

Be 1.54% 1.53%  1.55%  2.48% 0.61% 1.21%

2% 28.8 2.60 318.7

24 621 874  436.8

€ 0.554 0.552 0.556 0.768
n 0.510 0.509 0.410
B 0.707 0.710 0.705 0.736
9% 0.38% 047%  0.27%

Blank entries denote values identical to the baseline. When 6 or 7k varies, only 8 adjusts (through

the Euler equation); all other parameters are unchanged. When A varies, most parameters change

because the period length  is re-determined; the R&D cost parameters 2§ and z{ absorb the bulk

of the adjustment. When EoSg, varies, only the CES parameters (e,7, B) change, because EoSk,
enters the calibration only at the final stage (Section 5.2).

on the left; each subsequent column varies only the indicated parameter, and blank
entries denote values identical to the baseline.

The most notable feature is that the R&D cost parameters 2§ and z{ vary by two
orders of magnitude across A, while all other parameters change by less than 2%. This
is because z; and A enter the R&D cost function 1;(7;) = z;(vy; — 1)* multiplicatively
with A in the exponent: a change in the curvature A is absorbed almost entirely by the
level z;, leaving the equilibrium R&D rates v} and v} (and hence all other calibrated

quantities) nearly unchanged.

C.4 Robustness: Policy Scenarios

Table C.4 reports the policy scenario results across the three values of A\ and the
alternative EoSg; = 0.8 calibration. The five scenarios are defined in Section 6.1;
each allocates a budget equal to 1% of GDP to R&D subsidies or tax reductions.
The key qualitative results are robust across all specifications: (i) the ranking
KATC > Uniform > LATC > Tax reduction holds for growth effects; (ii) the KATC
subsidy delivers roughly twice the growth effect of the LATC subsidy for the same 1%
GDP budget (growth ratio 1.90-2.04 across \A); (iii) KATC subsidies raise the labor

share while LATC subsidies lower it; (iv) tax reductions have zero growth effect.
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Table C.4: Policy scenario results across A and EoSgy, (1% of GDP budget)

Baseline A=3/2 A=5/2 EoSkr=0.8

. a * a * a * a *
Scenario 9pe 9L Ype 91  Y9pc %L Ypc L

Baseline 1.86 62.5 — — —

S1. KATC subsidy 2.67 743 3.37 720 241 753 265 67.8
S2. LATC subsidy 227 595 2,60 594 215 59.6 227 60.8
S3. Uniform subsidy  2.39 62.8 2.80 62.2 2.23 63.1 239 624

S4. Tax reduction 1.86 62.5 — — —
S5. KATC + tax 2.67 74.3 3.37 72.0 241 753 265 67.8
Growth ratio (S1/S2) 1.98 2.04 1.90 1.93

All values in percentages. gp.: per-capita growth rate. o7: BGP labor income share. Growth ratio:
Agh.(S1)/Agg.(S2) for the same 1% GDP budget. The gap between this discrete ratio (~ 2) and
the marginal cost-effectiveness ratio of ~ 3 (Proposition 6) is explained in Section 5.3. Baseline
uses A = 2, EoSk, = 0.6; the EoSk 7, = 0.8 column uses A = 2. “—" indicates values identical to
baseline. Since 6 and 7x do not affect any first-stage variable, all entries are also invariant to these

parameters.

The parameter A\ affects the absolute magnitude of policy effects. A lower A\ makes
the R&D cost function less convex, so firms’ innovation choices are more responsive
to subsidies: the KATC growth gain ranges from +0.55 percentage points (A = 5/2)
to +1.51 percentage points (A = 3/2). This amplification applies symmetrically to
all subsidy types, preserving the relative rankings and cost-effectiveness ratios.

The parameter EoSg, affects the distributional effects but leaves growth effects
essentially unchanged. Comparing the A = 2 and EoSk; = 0.8 columns, the growth
rates are nearly identical (e.g., 2.67% vs 2.65% for KATC), while the labor share
responses are roughly halved: the KATC subsidy raises ¢} by +5.3 pp (vs +11.8 pp
at the baseline), and the LATC subsidy lowers it by —1.7 pp (vs —3.0 pp). Most
strikingly, the uniform subsidy’s labor share effect reverses sign, from +0.3 pp to
—0.1 pp. This sensitivity reflects the nonlinear dependence of distributional effects
on the CES curvature: the marginal effect do} /ds|uniform is positive and e-invariant
(Appendix B.6), but higher-order terms become adverse when ¢ is closer to unity. In
the Cobb—Douglas limit (¢ — 1), distributional effects vanish entirely while growth

effects survive.
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D Computational Algorithm for Transition Dynam-
ics

This appendix describes the shooting algorithm used to compute the transition dy-
namics in Section 6.2. We first describe the algorithm for the fixed-rate policy (where
Sk, Sp, Tk are fixed at their new steady-state values for all ¢ > 0), then explain
how it is modified for the constant-budget policy (where rates adjust each period to

maintain fiscal expenditure at 1% of GDP).

D.1 Fixed-Rate Transition

The algorithm relies on the mapping I'(y; s) defined in Appendix A.3 (equation (A.3)),
which links the pre-R&D relative factor intensity pP™ to the post-R&D value p
through the equilibrium R&D rates 7k and 7;. Its inverse 'Y appears in the

law of motion for u; (20) and is used throughout the computation.

Step 1: Compute the new BGP. Given the new policy parameters (sg, sr, Tk ),
compute the new balanced growth path (u*, k*, ¢*) following Section 4.1: p* and g*
from (25), k* from (31), and ¢* from (32).

Step 2: Compute initial conditions. At ¢t = 0, the economy transitions from
the old BGP (ulg, ki, ¢q) to the new policy regime. The initial state (jo, ko) is
determined as follows. Under the old BGP, capital grows at rate g, so K1 /Ko = ¢l
The pre-R&D intensity at ¢ = 0 is computed from (A.2):

e (Gh)Y 9% " .
ppe = ==X (D.1)
gL

po =TV (g™ s), (D.2)
V(5145 Sold) — Cojg + (1 —0) kg

ko = —
g VL (po; st)

(D.3)

Step 3: Shooting (bisection over c¢y). Search for ¢y € [0, cpax] Where cpax =

v(po; 8) + (1 — §) ko, such that the forward-iterated path { (i, kt, c;) }2_y converges to
(u*, k*, c*).
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For each candidate ¢y, iterate (pey1, ki1, cie1) = (1, %, ¢)(put, ke, ¢y) forward using
the three laws of motion (20), (21), and (23). The bisection classifies each path: if k; <
0 (overshooting consumption), decrease cg; if ¢; < 0 (undershooting consumption),
increase ¢y. Each path is iterated for 7" = 400 years (400/x periods) and is required
to reach the neighborhood of the new steady state. Only the first 350 years are
retained; the tail is discarded because the divergent component of the saddle path,
though exponentially small, is amplified over time and may contaminate the later

periods.

Precision requirement. Due to the saddle-path instability, the algorithm requires
approximately 200 digits of working precision to resolve ¢y with sufficient accuracy

over 400-year paths.

D.2 Constant-Budget Transition

Under the fixed-rate policy, holding the subsidy and tax rates constant causes the
fiscal cost to deviate from 1% of GDP during the transition (see the footnote in
Section 6.2). Under the constant-budget policy, the policy instruments adjust each
period to maintain the fiscal target specified in Table 6: for Scenarios 1-3 the subsidy
rates adjust to keep og = 1% of GDP, for Scenario 4 the tax rate adjusts to keep
the revenue reduction at 1% of GDP relative to the old BGP, and for Scenario 5
both the subsidy rate and the tax rate adjust. The shooting algorithm is identical to
Section D.1 except that the policy rates and hence p;41 (and, for S4-S5, 7k ;1 1) must

be determined endogenously at each step.

Simultaneous determination of s;,; and pu;,;. Under the fixed-rate policy, the
subsidy rates s = (sk,sr) are constant, so the period-(t4+1) R&D rates yxiy1 =
Tic(pesrs sic) and o1 = 71 (pes; 51) (equations (14)-(15)) depend only on i 1.
Under the constant-budget policy, the subsidy rates s;;; are themselves endogenous,
which changes the equilibrium R&D rates Vi1 = Vx(fei1; Ske1) and Yo 1 =
Ar(ftt+1; Spe+1), and hence pgyq through the I' mapping (A.3). Therefore the subsidy
rates and the technology state must be determined simultaneously. The key observa-

pre

tion is that py); from (A.2) depends only on (fu, ki, ¢;) and the current-period rates
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St, not on sy, ;. Define the subsidy expenditure share of GDP as

s 1t (T (s sxc)) + s (o (s se))

os(u; sk, sp) = m , (D.4)
and the capital tax revenue share of GDP as
v o1k ) = 7 () — o) (D.5)
f(w)

where ok (1) is the capital income share (29).

Subsidy rates and j;4;1 (simultaneous). In each subsidy scenario, only one de-

gree of freedom remains (see below), so given p;} the budget constraint
s (D (s sie), sea) = 1% (D.6)

is a single-variable root-finding problem. Its solution determines s;;;, from which

i1 = DY (5 si41) follows immediately, and then ki from (21).

Tax rate and c¢;,; (sequential). Unlike the subsidy rates, the capital tax rate
Ti++1 does not require simultaneous determination: it does not affect p;41 or kypq,
and enters only through the Euler equation (23). For Scenarios 4 and 5, 7x ;41
is therefore determined from the tax-revenue target o, (fii1, kit1; Trpr1) = o8t

before evaluating c;,1.>® For S1-S3, 7k is constant and ¢, is computed directly.

Scenario-specific budget constraints.

¢ (Incompletely) directed subsidies (Section 6.3): for a fixed p = sk /(sx +
sp) € 10,1], find s and sp ;s such that sk : spr = p: (1—p) and os(ws; Sk, Spt) =

1%.

e S1 (KATC), S2 (LATC), and S3 (uniform) are special cases with p =1, 0, and
1/2, respectively.

38Because o, is not monotone in 7x (Laffer curve), two tax rates may achieve the same target
revenue. We select the lower root and impose an upper bound 7x ;41 < Tk where Tx is the revenue-
maximizing rate.
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e S4 (Tax cut): no subsidy; ofaeet = g4 — 1% (Table 6).3

e S5 (Subsidy + tax): sk from the subsidy constraint (as p = 1); ofree =
oo +1%.%

D.3 Welfare Comparison: Lifetime Equivalent Variation

To compare welfare across policy scenarios, we compute the lifetime equivalent varia-
tion (LEV). The LEV ) is the constant proportional increase in per-capita consump-
tion along the baseline path that yields the same lifetime utility as the policy path.
From the household objective (7), the defining equation is

T ase polic
ZLtﬂtu(1+)\ i ) ZLtﬁt (C y), (D.7)
t=0

where u(z) = (2179 — 1) /(1 — 9).%°
For 6 =1 (log utility), equation (D.7) admits the closed-form solution

policy __ rrbase
A = exp v = v -1, (D.8)
Dm0 L B

where U = "] L; f*log(Cy/L;). For general 6, the LEV is computed numerically
from (D.7).

39The household objective (7) is defined over an infinite horizon. Because the transition path is
computed over a finite horizon for computational reasons (Section D.1), we evaluate the LEV over
the first T' = 350 years of the simulated path. The discounting (8 < 1) and the near-convergence to
the new BGP ensure that the truncation error is negligible.
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