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Abstract

This paper shows that regime shifts in Full-Information Rational Expectations (FIRE)
models generate predictable, regime-dependent forecast errors. The key mechanism is that
under FIRE, agents form expectations as a weighted average of regime-conditional forecasts,
so that ex-post forecast errors depend systematically on the realized sequence of regimes
relative to agents’ expectations. Hence, even in relatively large samples, forecast error pre-
dictability alone is neither sufficient to reject FIRE nor informative about alternative expec-
tations theories. We propose a regime-robust test of FIRE for models with regime shifts.
Applying the test to an estimated New Keynesian model with regime shifts in monetary pol-
icy, we find that the baseline test rejects FIRE for the 1970s and the post-2020 period but not
for intermediate subperiods. The rejection for the 1970s disappears when regime transition
probabilities are re-estimated for each subperiod using observed SPF inflation expectations,
thus allowing for changes in perceived monetary policy credibility. The interpretation is
that agents who rationally anticipated an eventual shift to hawkish policy systematically
under-predicted inflation during a dovish regime that turned out to be more persistent than
expected. The post-2020 rejection persists, providing empirical motivation to consider richer

regime structures or alternative theories of expectations formation for this episode.
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1 Introduction

Much of modern macroeconomic research operates under the assumption that agents perfectly
know the current state of the economy and form expectations rationally based on a “model-
consistent” calculation of the equilibrium. One of the hallmarks of this full-information rational
expectations (FIRE) hypothesis is that forecast errors are unpredictable. Yet, a growing body of
research based on survey expectations data shows that ex-post forecast errors are often predictable
in systematic and quantitatively important ways. This has been taken as evidence against FIRE
and has sparked a burgeoning literature introducing information frictions, departures from rational
expectations, or combinations thereof to explain observed forecast error patterns.!

In this paper, we study the predictability of ex-post forecast errors in FIRE models in the
presence of regime shifts in the parameters governing the data-generating process. Such regime
shifts, due, for example, to changes in the economic environment or the stance of fiscal and
monetary policy, are well-documented and the focus of a large literature.?

The main result of our investigation is that regime shifts in FIRE models lead to predictable,
regime-dependent forecast errors. Intuitively, agents under FIRE form expectations as a weighted
average of regime-conditional forecasts. The regime that actually realizes ex-post therefore differs
from what agents expected, resulting in a forecast error that is systematically related to informa-
tion available at the time of forecast. Over a given sample, the estimated regression coefficient
averages these regime-dependent forecast errors, so that its sign and magnitude reflect how the
frequency of realized regimes compares to agents’ expected regime persistence. If, for instance, a
high-inflation regime persists longer than agents expected, the regression will indicate systematic
under-prediction of inflation and under-reaction to news. Because regime shifts are infrequent,
convergence of sample regime frequencies to their population counterparts can be very slow, and
forecast error predictability can persist even in relatively large samples.

This result has two important implications. First, in the presence of regime shifts, predictability

of forecast errors is not a sufficient condition to reject FIRE. A researcher estimating reduced-

1See Coibion and Gorodnichenko (2015), Angeletos, Huo, and Sastry (2020), Bordalo et al. (2020), Kohlhas
and Walther (2021), and Farmer, Nakamura, and Steinsson (2023), among many others. Also see Coibion, Gorod-
nichenko, and Kamdar (2018) for a summary of the literature.

2Prominent examples include Clarida, Gali, and Gertler (2000), Leeper and Zha (2003), Stock and Watson
(2002), Cogley and Sargent (2004), Lubik and Schorfheide (2004), Boivin and Giannoni (2006), Sims and Zha
(2006), and Bianchi (2013). Also see Hamilton (2016) for a survey and references therein.



form regressions of ex-post forecast errors on current information may find significant non-zero
coefficients even if the data have been generated under FIRE. As described above, the sign of
the estimated coefficient depends on the realized regime sequence, producing waves of apparent
over- and under-reaction across subperiods. Forecast error predictability vanishes only as the
sample grows large enough for the distribution of regime realizations to converge to its population
counterpart, but regime shifts may be too infrequent for this convergence to occur in available
samples of macroeconomic forecasting data.

Second, regression estimates alone are not informative about alternative theories of expecta-
tions formation. This is because ex-post forecast errors by forward-looking agents—whether fully
informed rational or not—depend on the full sequence of regime realizations, which is generally
unobserved by the researcher. Furthermore, in richer models, forecast errors depend on the full
state vector rather than just the predictor variable used in the regression, introducing omitted
variable bias. We view this second implication as perhaps most important, since the literature has
used the sign patterns of regression estimates—under-reaction to news and over-reaction to current
realizations—to argue in favor of specific information frictions (e.g., Coibion and Gorodnichenko,
2015; Kohlhas and Walther, 2021).

Our results should be taken as neither an endorsement of FIRE nor a rejection of alternative
theories of expectations formation. Indeed, there is much empirical evidence that even sophisti-
cated market participants are subject to imperfect information and make decisions that are hard
to square with the assumption of rational expectations.®> The question, rather, is whether FIRE
constitutes an appropriate approximation for average expectations and macroeconomic dynamics,
or whether alternative theories of expectations formation provide a better fit with the data. This
is important because such alternative theories can lead to policy prescriptions that differ substan-
tially from those under FIRE.* Our results imply that to answer this question, researchers should
assess FIRE against alternative expectations processes as part of fully specified structural models
that incorporate plausible regime shifts. To that end, we propose a simulation-based regime-robust
test that computes the probability that the forecast error predictability estimated in the data was

generated from a given model under FIRE.

3See Tversky and Kahneman (1973), Kahneman and Tversky (1973), De Bondt and Thaler (1985), De Bondt
and Thaler (1989), Adam (2007), and Malmendier and Nagel (2016), among many others. Furthermore, there is
pervasive heterogeneity in the level and accuracy of forecasts across economic agents, directly contradicting the
FIRE hypothesis. See Carroll (2003); Coibion, Gorodnichenko, and Kamdar (2018); Broer et al. (2021); and Weber
et al. (2022) for examples.

4See for example Ball, Mankiw, and Reis (2005) and Paciello and Wiederholt (2014).



The rest of the paper proceeds as follows. Section 2 sets the stage by reviewing the existing
empirical evidence on the predictability of forecast errors with data for US inflation from the
Survey of Professional Forecasters (SPF). Beyond well-known results for the full sample that are
consistent with the literature, we document large changes in forecast error predictability across
subperiods: forecasters under-react to news during periods of high and volatile inflation (the 1970s
and early 2020s) and over-react during periods of disinflation (the 1980s and early 1990s). These
swings, which are associated with different regimes of inflation and monetary policy, present a
challenge for theories of forecast error predictability based on departures from FIRE alone, as such
theories imply constant over- or under-reaction.

Motivated by these findings, in Section 3 we illustrate the implications of regime shifts for
forecast error predictability in a univariate FIRE model whose coefficients switch according to a
Markov process. Agents have perfect information about the current state of the economy, including
the realized regime, and form rational expectations about the future based on full knowledge of
the environment. The simplicity of the model admits a closed-form solution of ex-post forecast
errors as a function of the current state, with the sign of this relationship depending on the future
regime realization. We derive the expected forecast error regression coefficient and show that the
sign and magnitude of the estimates depend on the sequence of regime realizations over the sample
period relative to agents’ expectations. Monte Carlo simulations confirm that waves of apparent
over- and under-reaction can be sizable and that convergence to the unconditional distribution is
slow, exceeding the available time series of survey expectations.

Section 4 generalizes the analysis to any Markov-switching FIRE model with a minimum state
variable solution, confirming that predictable forecast errors are a generic feature of any such model.
The generalized framework also reveals that forecast errors depend on the full state vector and
the entire regime path over the forecast horizon. Since the predictors in forecast error regressions
as used in literature do not span this state vector, these regressions are generally subject to
omitted variable bias. This is another reason why forecast error regression estimates do not have
a structural interpretation and are therefore not informative about the underlying expectations
data-generating process.

To move beyond a simple critique of forecast error regressions, Section 5 proposes a regime-
robust test of FIRE. The test takes a FIRE model with regime shifts as the null, simulates the

distribution of forecast error regression estimates implied by the model, and computes the sig-



nificance level at which the empirical estimates allow one to reject the null. The test is similar
in spirit to simulation-based tests by Andolfatto, Hendry, and Moran (2008) and Adam, Marcet,
and Beutel (2017), but takes into account not only finite sample uncertainty but also uncertainty
about the data-generating process and the regime path.

We illustrate the test with a simple univariate model estimated on US inflation data. The
baseline test rejects FIRE for the 1970s, but we show that this rejection reflects the assumption
that agents’ perceived regime transition probabilities were constant over time. Evidence on long-
run inflation expectations suggests that agents during the 1970s assigned substantial probability
to a return to low inflation, implying that the prevailing high-inflation regime was perceived as less
persistent than full-sample estimates suggest. When transition probabilities are tilted to reflect
this, the test no longer rejects FIRE.

Section 6 applies the regime-robust test to a New Keynesian model with Markov regime shifts
in both the response coefficients and the inflation target of the monetary policy rule, estimated
on US output growth, inflation, and the federal funds rate from 1954 to 2024. In contrast to the
univariate model, this structural framework provides a monetary policy interpretation of regime
shifts and allows us to investigate the role of changing monetary policy credibility for forecast
error predictability. The baseline test rejects FIRE for the 1970s and the post-2020 period but
not for intermediate subperiods. When we re-estimate regime transition probabilities for each
subperiod using observed SPF inflation expectations—thereby providing a disciplined measure of
changing monetary policy credibility—the model generates substantial forecast error predictability
across subperiods and the rejection for the 1970s disappears. The post-2020 episode continues to
reject, providing empirical motivation to consider richer regime structures or alternative theories
of expectations formation.

The paper is related to several literatures. As reviewed in Section 2, the paper contributes to a
large literature on the predictability of survey-based forecast errors of macro aggregates. The key
insight of our analysis is that in the presence of regime shifts, predictable forecast errors are not
a sufficient condition to reject FIRE. As already emphasized, we do not interpret this result as a
critique of alternative theories of expectations formation. Our point instead is that reduced-form
forecast error regressions on their own are not informative about alternative expectations theories
relative to FIRE.

The result shares clear parallels with an earlier asset pricing literature on tests of the efficient



markets hypothesis in the presence of so-called peso problems, i.e., anticipated changes in the
probability distribution of asset prices. See, for instance, Rietz (1988); Engel and Hamilton (1990);
Cecchetti, Lam, and Mark (1993); Kaminsky (1993); Evans and Lewis (1995a, 1995b); Bekaert,
Hodrick, and Marshall (2001); and Barro (2006).> The main differences are that we (i) show
formally that the mechanism extends to any Markov-switching FIRE model with a minimum state
variable solution, (ii) propose a regime-robust test that accounts for uncertainty about both the
DGP and the regime path, and (iii) apply the test to an estimated New Keynesian dynamic general
equilibrium model.

The paper also contributes to a recent literature that analyzes the extent to which learning in an
equilibrium context can explain salient features of survey-based forecast errors of macroeconomic
aggregates. Aside from the work by Andolfatto, Hendry, and Moran (2008) and Adam, Marcet,
and Beutel (2017) mentioned above, the paper perhaps most closely related to ours is King and Lu
(2021), who propose a model with endogenous regime shifts in monetary policy and private sector
learning to account for the rise and fall in US inflation and the concomitant dynamics of inflation
forecast errors in the SPF. Other related papers are Farmer, Nakamura, and Steinsson (2023),
who propose a model of professional forecasters who learn about low-frequency features of the
underlying data-generating process to account for various “forecast anomalies,” and Andolfatto
and Gomme (2003); Davig (2004); Schorfheide (2005); Bullard and Singh (2012); Richter and
Throckmorton (2015); and Foerster and Matthes (2022), among others, who introduce imperfect
information and learning into otherwise rational expectations DSGE models with Markov regime
shifts. The distinguishing feature of our analysis is to show that even with perfectly informed
rational agents, regime shifts can generate predictable forecast errors. Our changing credibility
interpretation, in which agents’ perceived transition probabilities vary across subperiods while
FIRE is maintained within each subperiod, shares similarities with learning models but at the
same time is distinct because agents still have access to full information up to and including the

time of forecast and remain fully rational.

5The name peso problem goes back to the empirical puzzle that forward rates on the Mexican peso traded below
the dollar exchange rate for much of the early 1970s even though the peso was pegged to the dollar. Then, in 1976,
the peso was allowed to float and depreciated by almost 50 percent. Ex-post, the forward-spot rate difference prior
to the devaluation looks like a predictable forecast error, but ex-ante it is consistent with rational expectations
under the assumption of regime shifts. See Lewis (2008) for a review.



2 Empirical Evidence about Survey-Based Forecast Errors

Starting with Mincer and Zarnowitz (1969), a large literature documents that survey-based fore-
casts of macroeconomic aggregates are often biased and that ex-post forecast errors — the difference
between actual realizations and ex-ante forecasts — are autocorrelated. See, for example, the re-
views Croushore (2010) and Coibion, Gorodnichenko, and Kamdar (2018) as well as the references
therein.

More recently, several prominent papers have expanded on this empirical evidence by estimating
linear regressions of ex-post forecast errors on information available at the time of forecast. The

two most commonly estimated regressions in the literature are

Yirh — Fryeen = 10+ 6 (Fihen — Fio1Yitn) + €14, (1)

where v — Fiy:1n denotes the ex-post forecast error about the period ¢ + h realization of some
variable of interest, y;.,, relative to its forecast based on information available as of period t;
Fiyiin — Fy_1yin denotes forecast revisions reflecting news at the time of forecast; and e, is an

error term; and

Yirh — Fiprn = 0+ Yy + €14, (2)

where y, is the current realization known at the time of forecast. Regression (1) was first proposed
by Coibion and Gorodnichenko (2015) to test whether forecasters under-react or over-react to
news, while regression (2) is estimated in Bordalo et al. (2020), Angeletos, Huo, and Sastry (2020),
and Kohlhas and Walther (2021) to test whether forecasters under-react or over-react to current
realizations.

The slope estimate o7 of regression (1) is typically found to be positive while the slope esti-
mate Jr of regression (2) is often found to be negative, although the significance and even the
sign of this latter estimate depends somewhat on data details and the sample period considered.®

This simultaneous under-reaction to news and over-reaction to current realizations has been widely

6Some studies compute forecast errors by averaging forecasts across survey participants, while other studies
use individual forecasts and estimate the two regressions with individual fixed effects. The results are typically
similar. Bordalo et al. (2020) and others, in turn, estimate regression (1) as a panel using individual forecast errors
Yern — Firyern and individual forecast revisions Fiyeqn — Fie—1Y¢4+n. They report negative as opposed to positive
estimates of §. As Angeletos, Huo, and Sastry (2020) and Kohlhas and Walther (2021) point out, however, the sign
of this estimate depends on the treatment of outliers in the individual forecast data and the sample period.



interpreted as a rejection of FIRE and has led different authors to propose new theories of expecta-
tions formation based on information rigidity (e.g., Coibion and Gorodnichenko, 2015, Angeletos,
Huo, and Sastry, 2020) and asymmetric attention (e.g., Kohlhas and Walther, 2021).

Here, we review some of this evidence and then expand on it by documenting large variations in
bias and forecast error predictability across subsamples. Our main focus is on U.S. inflation because
inflation expectations have received disproportionate attention in the literature and because U.S.
inflation and monetary policy is characterized by distinct regimes that naturally lend themselves

to our analysis. In the appendix, we provide evidence for other macro aggregates.

2.1 Data

Following Coibion and Gorodnichenko (2015) and many others, we measure inflation expectations
from the Survey of Professional Forecasters (SPF), which is a quarterly survey of a rotating panel of
professional forecasters. The inflation forecasts with the longest coverage pertain to the GDP /GNP
deflator and are available starting in 1969:4 at horizons ranging from the current quarter to four
quarters ahead. To compute current realizations and forecast errors, we use real-time data of
the GDP/GNP deflator from the Real-Time Data Research Center of the Philadelphia Fed. Our
measure of inflation is therefore consistent with what survey participants forecast and abstracts
from reclassifications and revisions not available at the time of forecast (Croushore, 2010).

Figure 1 shows quarterly year-on-year inflation and the corresponding year-on-year mean SPF
forecasts from 1971:2 to 2024:4. The shaded / non-shaded areas divide the sample into four
subperiods that are motivated by our model estimations below and broadly capture different U.S.
inflation and Federal Reserve policy regimes: (i) 1971:2-1982:2 — high and volatile inflation with low
monetary policy credibility; (ii) 1982:3-1995:4 — declining inflation with monetary policy credibility
building; (iii) 1996:1-2019:4 — low and stable inflation with established monetary policy credibility;
(iv) 2020:1-2024:4 — high and volatile inflation with established monetary policy credibility.



Figure 1: U.S. Inflation and Inflation Forecasts
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Notes: The graph shows quarterly year-on-year U.S. inflation based on real-time data of the GDP/GNP deflator and the corresponding
year-on-year mean SPF forecasts for 1971:2 to 2024:4. The dates on the horizontal axis correspond to the quarter when inflation is
realized, not the time of forecast (4 quarters earlier). The shaded / non-shaded areas correspond to the subsamples 1971:2-1982:2,
1982:3-1995:4, 1996:1-2019:4, and 2020:1-2024:4.

2.2 Bias and predictability of forecast errors

To start, we estimate regressions (1) and (2) for different forecast horizons over the full sam-
ple period 1970:2-2024:4. Instead of focusing solely on the slope coefficients as the above-cited
literature does, we also report results for the constants, which provide evidence on the average
bias in forecasts. For forecast horizons h = 1,...,4, we use annualized quarterly inflation rates.
For year-on-year inflation, denoted h = 1 — 4, we combine forecasts over horizons one through
four. Following the above-mentioned studies, we do not correct for finite sample bias and compute
HAC-robust standard errors for inference.”

Panel A of Table 1 shows the results for regression (1). The slope estimate op is positive and,

at least for short and long horizons, highly significant, confirming the main finding of Coibion and

Gorodnichenko (2015) that forecasters under-react to news. The intercept fir , in turn, is close to

7OLS coefficient estimates are biased in finite samples if the regressors are not strictly exogenous. As discussed in
Section 3, strict exogeneity is typically violated for the type of regressions in (2) and (1), independent of whether the
data-generating process contains regime shifts or not. Other studies such as Adam, Marcet, and Beutel (2017) bias-
correct their estimates in a related context. The regime-shift robust test that we propose in Section 5 automatically
takes finite sample bias into account.



Table 1: Bias and Predictability of Inflation Forecast Errors across Forecast Horizons

Forecast Horizon

1 2 3 4 1-4

Panel A: yirn — Fiyoen = po+ 6(Fyyern — Fr1Yern) + en

Intercept jir —0.01 —0.03 —0.04 —0.07 —0.03
(0.08) (0.12) (1.61) (0.19) (0.13)
Slope o7 0.49** 0.48 0.82 1.10* 1.10%**
(0.18) (0.38) (0.50) (0.42) (0.40)

Panel B: yrin — Fiyrin = 0+ yye + €y

Intercept Or —0.21 —0.28 —0.42 —0.42 —0.16
(0.13) (0.19) (0.22) (0.25) (0.22)

Slope 0.06 0.07 0.11 0.11 0.04
(0.11) (0.07) (0.08) (0.09) (0.07)

Notes:  The table reports OLS coefficient estimates of the forecast error regressions in (1)-(2) for inflation and the
corresponding HAC-robust standard errors for different forecast horizons. Sample: 1970:2-2024:4. See text for details on
the data construction. * p < 0.10, ** p < 0.05, *** p < 0.01.

zero at all forecast horizons, indicating no discernible bias over the full sample.

Panel B reports the results for regression (2). The slope estimate 7 is positive while the
intercept Or is negative, although neither of them is significantly different from zero. In other
words, there is no clear evidence of over- or under-reaction to current realizations over the full

sample.

2.3 Large variations across subperiods

As discussed in Kohlhas and Walther (2021), for shorter samples starting in the mid-1980s and
inflation measures based on the consumer price index (CPI), the slope estimate of v can be signif-
icantly negative. We now investigate the extent to which the results differ across subsamples by
estimating (1) and (2) across the four subperiods described above. Following Coibion and Gorod-
nichenko (2015) and many others in the literature, we focus on year-on-year forecasts, although
the results would be similar for the different quarterly forecasts.

Table 2 provides evidence of large differences in bias and predictability across subperiods.

During the periods of high and volatile inflation of the 1970s and the early 2020s, forecasters



systematically expect lower than realized inflation as evidenced by the positive bias, under-react
to news and over-react to current information. During the low-inflation periods of the 1980s and
early 1990s the estimates flip: forecasters systematically expect higher than realized inflation,
over-react to news and no longer over-react to current realizations. Finally, during 1990s through
the end of the 2010s, forecasters still expect higher than realized inflation, although to a lesser
extent, and there is no longer a significant association of forecast errors with either news or current

realizations.

Table 2: Bias and Predictability of Inflation Forecast Errors across Subperiods

Subsample

1970:2-1982:2  1982:3-1995:4  1996:1-2019:4  2020:1-2024:4

Panel A: Ti4+4 — Ft7rt+4 =40 + (5(Ft7rt+4 — Ft_17rt+4) + Ctiqg

Intercept O 0.31 —0.75"* —0.21** 1.39
(0.33) (0.13) (0.10) (0.82)

Slope o7 1.01** —0.40** 0.38 1.30**
(0.48) (0.18) (0.33) (0.55)

Panel B: mp gy — Fympon = 0+ Yy + €444

Intercept fir 2.50* —0.65** ~0.19 3,047
(1.08) (0.30) (0.23) (0.94)

Slope 47 —0.28* —0.01 —0.02 —0.37%*
(0.13) (0.10) (0.14) (0.11)

Notes: The table reports OLS coefficient estimates of the forecast error regressions in (1)-(2) for inflation and the corre-
sponding HAC-robust standard errors for different subsamples. The forecast horizon is always over 4 quarters. See text

for details on the data construction. * p < 0.10, ** p < 0.05, *** p < 0.01.

We view these changes in bias and predictability over subperiods as interesting new stylized facts.
On the one hand, some of the changes could be due to small sample uncertainty. On the other hand,
the association of these changes with different regimes of inflation and Fed policy making suggests that
a potentially more structural explanation related to expectation formation under regime switching may
be at work. We formally explore this possibility in what follows. Independent of the forces behind these
results, we note that large changes in over- and under-reaction to news and current realizations presents

a challenge for theories of forecast error predictability based on departures from FIRE alone, as these

10



theories imply constant over- or under-reaction.

3 Predictable Forecast Errors in a Univariate Model

This section considers predictability of forecast errors in a univariate FIRE model, first without regime
shifts and then with regime shifts. While very simple from an empirical standpoint, the model has the
advantage that the relationship between forecast errors and current information can be derived analytically

and has clear intuition.

3.1 No regime shifts

Consider an endogenous variable of interest y; governed by expectational Euler equation
Yt — 4 = B (Ewyrr1 — §) + by (3)
where ¥ is a constant mean and x; is a stochastic driving variable that evolves according to
Ty = QT + &, (4)

with &; ~ 4.i.d.(0, 0?).

For |f| <1 and ¢ < 1, the unique FIRE solution is

yt:y+a=1_1wat:y+axt. (5)

Given (4) and (5), FIRE implies that for any horizon h > 1, agents’ forecasts of z;4 conditional on

information at time t are

Eyirn = 7 + ag’z, (6)
and ex-post forecast errors are
h h
Yerh — Eeyirn = J + ad'zi + a Z " Terr — Y —adiz =a Z " Terr. (7)
T=1 T=1

In the absence of regime shifts, ex-post forecast errors under FIRE are a linear combination of i.i.d.
innovations {5t+7}’;:1 that are mean zero and unpredictable based on current realizations, y;, news as
captured by ex-ante forecast revisions, By — B¢ 1ys4n = ad’es, or any other information available at

the time of forecast.
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As reviewed in Section 4, in the absence of regime shifts, the same result of unpredictable forecast
errors holds for any linear FIRE model. The result constitutes the starting point for the above-discussed
literature documenting that ex-post forecasting errors constructed from survey data are in fact predictable,

a finding that is typically taken as evidence against FIRE.

3.2 Markov regime shifts

Suppose instead that both the mean and the response coefficient to x; of the FIRE solution in (5) switch
between two regimes s; € {1,2}; i.e.,

yt = :’jst + astxt; (8)

where

g1 if s =1 a; ifs;=1
Us, = and ag, = , 9)
7o if 54 =2 ay if 54 =2

and regime switching is governed by an exogenous Markov process with transition matrix

p_ P11 P12 7 (10)

P21 D22

where p;; = Pr(s; = j | s4—1 = 1) with 0 < p;; <1 and Z§:1 pij = 1 for both i, j = 1,2.% For the purpose
of this illustration, two common regimes for y;, and as, is sufficient, though the results easily generalize
to separate Markov processes with more than two regimes each. Also, all results carry through if we allow
for regime shifts in the persistence parameter ¢ of the exogenous variable x;. In this section, we abstract
from these generalizations to keep the example as simple as possible.

Given (8)-(10), FIRE implies that for any horizon h > 1, agents’ forecasts of y;,, conditional on
information at time ¢ (including regime realization s;) are given by

h) h) _ h h
Eiyitn = (Ps(t,}yl + Ps(t7)23/2) + <P£t7)1a1 + Ps(t7)2a2> o, (11)

where Ps(th ?; vin 18 the (s¢, s.44) element of P". Hence, agents’ expectations are a weighted average of regime-
conditional forecasts: 7; and ai¢"z; if the first regime realizes in t 4+ h, which occurs with probability

Ps(th,)l, respectively 7o and ag@”x; if the second regime realizes in t + h, which occurs with probability Ps(th;

8Returning to the expectational Euler equation in (3), suppose the parameters {3, ¢} take on different values
across the two regimes s; € {1,2}. Then under conditions described in Davig and Leeper (2007), the FIRE solution

takes the form in (9) with @ = [a1  a2]' = (I = ¢BP) " [¢1 ¢2] and 8= [501 BOJ :

12



Based on (11), we derive the following result.

PROPOSITION 1. Given the exogenous forcing process (1?) and regime-switching model (8)-(10), ex-post

forecast errors under FIRE are related to current realizations by

Yt+h — Eeyrin = 95?,)&% + ’Ygﬁ)s“rhyt + &tvhs (12)

h - - h h (—1)%+h (a1 —az) (1-P %, )"
where egt7)3t+h = (_1)St+h 1(3/1 - y2) (1 - PS(t,?‘?t+h)7 ')Cgt,)Sth = ast( : t+h> and gt-i-h =

h — .
astJrh ZT:I th T€t+7- U)Zth }Eté-t—‘rh e 0

Proof. See Appendix A.1. O

Proposition 1 establishes that in the presence of Markov regime shifts, ex-post forecasting errors are
generally different from zero and systematically related to current realization 3; even though agents have
full information and are fully rational. Intuitively, and in contrast to the case without regime shifts, the
portion of g, that is part of current information (7s,,, + as, +h¢hmt) differs from the agents’ forecast
because, as described in (11), agents’ expectations at time t are a weighted average of regime-conditional
forecasts.

The signs of Hgl,)st +n and véﬁ)st .» change with the regime realized in ¢ + h as described by the following

corollary.

COROLLARY 1. Without loss of generality, assume from hereon that 1 > o and aq > as. Then, 9£?,)st+h >

0 and ’y‘g%tw >0 if sg4n =1 and egﬁ)sm <0 and ygﬁlm <0 if sgp = 2.

Proof. See Appendix A.2. O

To understand this result, consider an agent forecasting ;15 based on time ¢ information, including
the realized regime s;. Since the agent puts non-zero probability on either the high regime (g1, a1) or the
low regime (%2, a2) occuring in ¢t + h, Eyy,1p is a weighted average of the two regimes as given by (11).
The agent therefore systematically underpredicts high regime realizations in ¢ + h.

Similar to Proposition 1, we can also derive that in the presence of Markov regime shifts, ex-post

forecast errors under FIRE are systematically predictable by news.

PROPOSITION 2. Given the environment described in Proposition 1, ex-post forecast errors under FIRE

are related to ex-ante forecast revisions by
Yirh — EtYirn = Mﬁ?}st% + 5§ﬁlt+h (Eeyten — Et—1yi4n) + Ag?:{lt+hyt—1 + &tths (13)
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" (_1)5t+h*1(a1—a2)(1—Ps(th,>5z+h)

h —1/— _ h h
where ugt,)sHh = (—1)St+h 1(1/1 - y2) (1 - Ps(t,gt+h) = egt7)5t+h7 55t75t+h = P, )
St:
(—)*th (@ —a2) (1P, ) P Ve . . o
Aﬁf}_ﬁ{im = - ( (ng t+h> =V and &4n ts defined as in Proposition 1.
¢ast_1pst_1: a
Proof. See Appendix A.3. 0

(h

Following Corollary 1, the sign of s is the same as the sign of %t,)st . for this univariate regime

St;St+h
shift model. As discussed in Section 4, however, this result does not necessarily hold for richer FIRE
models with regime shifts. Also note that equation (13) includes a lagged term. As we shall see below,
such additional variables can lead to substantial omitted variable bias in reduced-form forecast error

regressions.

3.3 Implications for reduced-form forecast error regressions

Propositions 1 and 2 have two key implications for the type of reduced-form forecast error regressions
considered in the empirical literature. First, in the presence of regime shifts, the expected regression
coefficients from estimating (1) or (2) on data generated by the regime-switching model (8)—(10) under
FIRE are generally different from zero and depend on the sequence of regime realizations over the sample
period relative to agents’ expectations. Second, because the econometrician does not observe the sequence
of realized regimes {st}tleh, the sampling distribution of regression coeflicient estimates under the null of
FIRE is non-standard and generally more disperse than implied by HAC-based standard errors used in
the literature.

To provide intuition, consider estimating a demeaned version of regression (2), yiip — Fiysrn =
Yyt +ern, on data generated by model (8)—(10) with g3 = g2 = 0, which isolates the slope coefficient from
the intercept that captures average forecast bias. As described formally in Appendix B, the expected OLS
estimate of the slope coefficient E |4p| {st}fzth ;O conditional on a given sequence of regime realizations
and agents’ regime expectations given by transition probabilities © = [p11, 22|’ can be decomposed into
a bias-corrected component and a finite-sample bias. The bias-corrected component equals a weighted
average of the regime-conditional coefficients vgi)st +n from Proposition 1, some of which are positive and
some negative. Crucially, the sign of this weighted average depends on the conditional sample frequencies
of regime realizations fi(ih) = % thl 1(sy = i|sg1n = 1) relative to agents’ expected regime persistence
pglh ). For instance, when the high-volatility regime aj is more persistent than expected ( fl(?) > pgf{)), SO
that agents assign too high a probability to transitioning out of this regime relative to what materializes,
the bias-corrected component is positive in expected value (apparent over-reaction). The opposite case

( (h) (h)

11, < py7’) generates apparent under-reaction. In both cases, agents’ forecasts are formed under the
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belief that regime change is more likely than what the sample delivers, leading to systematic forecast
errors in the direction of the less-frequently-realized regime. The finite-sample bias, in turn, is negative
whenever the forcing variable is positively autocorrelated, a standard result that is amplified by regime
shifts.

Three consequences follow. First, since the distribution of regression coefficients is model-dependent,
forecast error regression-based tests of FIRE are necessarily model-dependent. Second, the expected
value of the regression coefficient under the null of FIRE is generally different from zero in finite samples.
Third, the non-standard distribution implies that researchers using HAC-based critical values are likely
to reject FIRE too frequently. Note also that while our derivations assume a data-generating process
under FIRE, the same results would obtain under the assumption of imperfect information or departures
from rationality as long as agents form expectations over possible future regime realizations. The results
therefore imply that forecast error regressions by themselves are not informative about alternative theories
of expectations formation. We view this as an important point since the recent empirical literature has
used estimates from forecast error regressions to argue in favor of or against specific forms of information
frictions and departures from rationality (e.g., Coibion and Gorodnichenko, 2015; Angeletos, Huo, and
Sastry, 2020; or Kohlhas and Walther, 2021). As we will show in Section 4, the implications are even more
far-reaching in richer FIRE models, where forecast error regressions are additionally subject to omitted
variable bias. All of this motivates the simulation-based regime-robust test of FIRE proposed in Section
5.

The discussion raises the natural question of how large the deviations of E[47|{s;}7 ;@] from zero
are for typical sample sizes encountered in the forecast error literature. As shown formally in Appendix
B, forecast error predictability vanishes as T' — oo: with a sufficiently long sample, the conditional regime

(h)

frequencies fl-(l-h) converge to the transition probabilities p;;”, and the bias-corrected component converges
to zero. However, this convergence can be very slow when regimes are persistent, since long stretches of
a single regime are needed before the sample frequencies become representative. To assess the practical
relevance of this point, we simulate the univariate regime-shift model 10,000 times over 1,000 periods,
keeping the same sequence of regime realizations for each simulation, and compute E['?T|{st}gz“1h ; O] for
rolling windows of T' = 80 quarters—comparable to the sample lengths considered in the literature. As
shown in the appendix, E[yr|{s:};©] varies substantially across different regime sequences and is on
average negative due to the finite-sample bias, generating waves of apparent over- and under-reaction
even under the null of FIRE. For samples of this length, the effect of a single persistent regime episode
can dominate the regression estimate, making it difficult to distinguish regime-shift-induced forecast error

predictability from genuine departures from FIRE.
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4 Generalized Model

In this section, we show that ex-post predictability of forecast errors is a generic feature of any regime-
shift FIRE model with a minimum state variable (MSV) solution. We also show that forecast errors
can no longer be represented by a univariate equation. Instead, the complexity of the forecast error

representation increases with that of the underlying DGP, which has several important implications.

4.1 Environment

The MSV solution to any FIRE model with regime shifts can be expressed as
Xt = Cst + Astthl + Bstet (14)

where X; is an ny X 1 vector of model variables; € is an n. x 1 vector of innovations with E(eze;) = X, with
Y being a diagonal matrix and E(ee€, 1) = Op xp, for any h # 0; and Cs,, As,, and B, are conformable
matrices that can take on s; € {1,2} different values capturing two possible regime realizations in period
t that are governed by a Markov transition matrix P. Note that this formulation allows for regime shifts
not only in the dynamics of the different variables but also in the variables’ trends (e.g., a shift in the
inflation target; output growth trend, etc.). An n, x 1 vector of observables Y; is then mapped to the
vector of model variables as follows’

Y =Vy+ ¥ X, (15)
Proposition 3 provides an expression for the FIRE forecast of Xy}, for any forecast horizon h > 0.

PROPOSITION 3. Given the MSV solution of the model in (14), the rational expectations forecast of Xyip
conditional on the full information set available at time t, including the path of regime realization up to

period t, is given by

Bt Xiin = Mygin + Qi ernXs, (16)

where matrices My, and Q¢4 depend on the regime realized in period t, the transition matriz P, the

forecast horizon h > 0, as well as matrices As,, Bs,, and Cs,.

Proof. See Appendix A.5. O

9Adding a vector of measurement errors in (15) would not change any of the results that follow.
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Combining this expression for the FIRE forecast of X;,; with the measurement equation in (15) then

yields the FIRE forecast of the observables’ vector,

EYirn = Vo + W1 My iip + V1Q4 141Xe. (17)

4.2 Relationship of forecast errors with current information

Proposition 4 describes ex-post forecast errors about Y;1, as a function of the vector of current realizations
of the endogenous variables of the model, Xy, as well as a function of ex-ante forecast error revisions of

the vector of the endogenous variables of the model, E; X, — Ei—1 Xyyp.

PROPOSITION 4. Given state-space representation (14)-(15) and regime sequence {S¢, St41, .., St+h}, €-

post forecast errors under FIRE for any forecasting horizon h > 1 can be expressed as

Yieh —EYiih =Opipn+ Tiorn Xe+E&an (18)
—— ——

bias predictability

and
Yivh — EYepn = Qisn+ Arirn (EeXepn —EeaXogn) + A1 Xeo1 + Eigns (19)
~—— ~—— ~———
bias predictability predictability

where O i1 h, U tth, Dettrn, and Ay_1 11n depend on the ex-post realized regime path {si—1, s¢, St41, .-, St+n )}
the transition matrix P, forecasting horizon h, as well as matrices As,, Bs,, and Cs,, while the error term

Ervn is uncorrelated with Xy, (B Xpyp — Eio1Xeqn), or Xo—q.
Proof. See Appendix A.5. O

Proposition 4 has three important implications. First, it confirms that forecast error bias and ex-post
predictability (with respect to current information or ex-ante forecast revisions) are generic features of
any FIRE model with regime shifts.

Second, comparison of Proposition 4 with Propositions 1 and 2 makes clear that the relationship of
forecast errors with current information in the generalized framework differs in two key aspects from
the univariate example: (i) ex-post forecast errors in the generalized framework depend on the entire
vector X; of available information at the time of forecast and not just on the realization of the variable
that is being forecasted; and (ii) matrices I't 1y, and Ay sqp linking ex-post forecast errors to current
information X; and ex-ante forecast revisions E; X — E;—1 X;1p are contingent on the entire sequence
of regime realizations between periods t and ¢+ h, {s¢, S¢+1, ..., S+ }, and not only on the regimes realized

in periods t and t + h.
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Third and as alluded to previously in Section 3, Proposition 4 implies that the reduced-form forecast
error regressions considered in the literature will generally be subject to omitted variable bias. Specifically,

consider forecast error regressions (2) and (1) for the i'* variable in Y i.e.

Yiieh — FtYigon =0+ 7Y +eppn (20)

Yiieh — FiYigon = w4 0(FtYison — Fi—1Yiern) + €n (21)

Since I'y 414 and Ay 4y, are generally non-diagonal matrices, Y;; and FiyY; i, — Fy—1Yj 44, will not span all
the information in X, respectively in E;X;p — Ei—1 X1 and Xy_1, that fully informed rational agents
use to forecast Y; ;4. Consequently, Y;; and F;Y; 1, — Fy—1Y; 4n will be correlated with e;1j, resulting
in omitted variable bias.

This last result provides a potential explanation for the instability of estimates of v and J when
additional regressors are added, as documented in the literature. Moreover, since A;4p, # 'y in, the
expected signs of the estimates of v and d may differ from each other. In other words, a sufficiently
rich FIRE model with regime shifts may, depending on the sequence of regime realizations, generate
simultaneously negative OLS estimates of v and positive OLS estimates of §, as, for example, Coibion
and Gorodnichenko (2015), Bordalo et al. (2020), Angeletos, Huo, and Sastry (2020), and Kohlhas and
Walther (2021) have found.

Corollary 2 further explores the consequences of regime shifts for three special cases.
COROLLARY 2. Proposition 4 nests the following special cases:

1. Suppose that there are regime shifts only in the vector of constants; i.e., C1 # Co, but Ay = As and

By = By. Then, Uty = Agprn = M—1440n = Opyxn, and Oy = Qi pyn 7# Opyxa-

2. Now, suppose there are regime shifts only in the relationship between endogenous variables and
innovations; i.e., C1 = Cy and Ay = Ag, but By # Ba. Then, U'tiin = Dppon = M—1040n = Onyxng
and Oy n = Qg pyn = Opyx1-

3. Finally, suppose there are no regime shifts; i.e., C1 = Cy, Ay = Ay and By = By. Then, I'yyip, =

At = M—1t48 = Onyxngand O g p = Op x1-
Proof. See Appendix A.6. O

If only the vector of constants is subject to regime shifts, then ex-post forecast errors under FIRE
will be biased but not systematically related to current information X; or to ex-ante forecast revisions

E:Xi1n — Ei—1Xqn. If regimes apply only to the relationship between the model’s endogenous variables
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and innovations, then forecast errors under FIRE will not exhibit any ex-post predictability.!? Finally,
absent regime shifts, forecast errors under FIRE are not predictable regardless of the complexity of the
underlying DGP.

The generalized results motivate a test that does not rely on the analytical distribution of regression
coefficients a which, as we have shown, is non-standard and model-dependent & but instead simulates this

distribution from an estimated DGP.

5 A Regime-Shift Robust Test of FIRE

The results in Sections 3 and 4 imply that in the presence of regime shifts, standard statistical tests
of FIRE based on reduced-form regressions are misspecified, both because the null of unpredictability of
forecast errors is violated in finite samples, and because the usual standard errors do not take into account
the uncertainty implied by regime shifts. Moreover, as shown in Section 4, forecast error regressions
are generally subject to omitted variable bias because the variables used as predictors do not span the
information set that fully informed rational agents use. Here, we propose a new regime-shift robust test
that — given an underlying data-generating process (DGP) — allows one to assess the FIRE hypothesis
with the type of reduced-form regressions used in the literature. The test is similar in spirit to simulation-
based tests of RE models with imperfect information by Andolfatto, Hendry, and Moran (2008) or Adam,
Marcet, and Beutel (2017). Different from these tests, however, our test is applied to FIRE models with
regime shifts and takes into account not only finite sample uncertainty but also uncertainty about the
DGP and uncertainty about the regime path. We first describe the test procedure in general terms and
then illustrate it with the univariate model from Section 3. In Section ?7?, we apply the test to the

empirically more relevant case of a medium-scale DSGE model.

5.1 Test procedure

Consider a FIRE model with regime shifts whose MSV solution is given by (14), with uncertainty about
this DGP characterized by the posterior parameter distribution P(©|Z) estimated based on data Z.!
To simulate the finite sample distribution of the reduced-form regression estimates 47 and o7 under the

null of FIRE, we proceed in three steps:

190ne can easily show that this result applies if, for instance, one considered Markov regime shifts in the variance
of innovations only.

1 Given that under the null, there exists an invariant DGP, the data Z used to estimate P(©|Z) may cover
a larger period than the sample Vr used to estimate the reduced-form regressions. These data may also include
different variables than the ones used to estimate the reduced-form regressions.
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1. Draw n = 1,..., N parameter vectors O" from P(0|Z2).

T+h

T
2. For each ©", simulate k = 1, ..., K samples of observations {yf k} and {]Etyf’ le} . from the
t=

DGP defined by ©".

3. Estimate ’y;’k and S;k for each of these samples.

The resulting distributions can then be used to compute the probability that the simulated %ﬁ’k , respec-
tively 5;31"’ , are larger in absolute value than the 47, respectively 3T, estimated from observed data. This
provides a p-value for a t-test of the null of FIRE.

Several comments are in order about this procedure. First, by simulating artificial samples based on
different parameter draws of P(©|Z), the procedure incorporates uncertainty about the DGP. Second,
the simulation of artificial samples in step (ii) is non-standard because of the need to incorporate the
uncertainty about the sequence of realized regimes. We do so by drawing regime realizations {s?’k}tleh
for each sample k from the smoothed probabilities Pr(st | Z7; ©™) implied by the DGP and the data _ZT
over the sample period ¢t = 1,...T used to estimate the reduced-form regressions.'? Third, the procedure
naturally provides us with the finite sample distribution of regression coefficients 47 and 7. Hence, we

do not need to bias-correct the estimates (e.g., through bootstrapping), and we can conduct inference

without assuming normality.

5.2 Application to the univariate model

To illustrate the test, we consider the univariate FIRE model with regime shifts from Section 3 for the
case of inflation

Ty = s, + s, Tt (22)

with o = ¢zi_1 + oe;. We assume that 75, and as, each follow and independent 2-state regime switching
process with Markov transition probabilities (pT,, p3;) and (pfy, p%;)-

We estimate the parameters and transition probabilities on quarterly U.S. inflation data from 1947
to 2024 using standard Bayesian techniques.'® The posterior mode estimates identify two distinct trend

inflation regimes (71 = 1.17, T2 = 0.55) and two distinct volatility regimes (a1 = 5.26, ag = 1.59). Both

12 Alternatively, for each parameter draw ©" and simulation run &, one could draw unconditional regime realiza-
tions using the Markov transition matrix associated with ©™. However, this approach would not take into account
that the test we want to implement is conditional on a sequence of regime realizations associated with the sample
period t =1,..T.

13The estimation can be implemented either by treating x; as unobserved or by measuring z; with an observable.
Since we do not want to impose additional assumptions on the nature of x;, we treat it as unobserved and use the
Kalman and Hamilton filters as described in Kim and Nelson (1999) for estimation. See Appendix ?? for details.
Note that the data strongly prefer the univariate model with regime shifts over the alternative without regime shifts.
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regime processes are highly persistent, with transition probabilities out of each regime p{, = 0.03 and
p% = 0.02, respectively pf, = 0.02 and p5; = 0.01).!%. As shown in Figure 2, the smoothed regime
probabilities implied by these estimates and the data characterize the 1970s through the early 1980s as a
high trend inflation / high volatility episode with little estimated probability of transitioning to the low
regime. Thereafter, the estimation attributes high probability to low trend inflation / low volatility until

2020 when the process temporarily switches to low trend inflation / high volatility.

Figure 2: Smoothed regime probabilities

Posterior mode probability of a(s;) = high Posterior mode probability of 7(s;) = high
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031 . 03t _
02t . 02t .
01t K 01t .
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1970 1980 1980 2000 2010 2020 1970 1980 1990 2000 2010 2020

Notes: The two panels show the smoothed regime probabilities implied by the posterior mode estimates of the univariate model for
as, = a1 = 5.26 (left panel) and 75, = 71 = 1.17 (right panel) for the the sample 1970:2 - 2024:4.

Conditional on this estimated DGP, we perform the test for the forecast error regressions in Section
2, with forecast horizon set to h = 4. Figure 3 illustrates the test for the subsample 1970:2-1982:2 by
comparing the simulated distributions of the four regression coefficients under the null of the estimated
univariate FIRE model with regime shifts (red shaded areas) to the HAC-robust distributions under
the standard null of zero (dashed lines). The solid black lines indicate the OLS point estimates from
Table 2. Two features stand out. First, the FIRE-RS distributions are generally shifted away from zero,
reflecting the non-zero expected regression coefficients implied by regime shifts and finite-sample bias.
Second, in three out of four cases (éT, fr, and 47), the FIRE-RS distributions are more disperse than the
HAC-based distributions, illustrating the additional uncertainty that regime shifts impart on regression

coefficient estimates.

For the exogenous driving process the posterior mode estimates are ¢ = 0.66 for the persistence parameter
and o = 0.12 for the innovation standard deviation.
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Figure 3: Regime-shift robust test of FIRE for the 1970:2-1982:2 subperiod
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Notes: The different panels show the sample distributions of the OLS estimate of forecast error regressions (1) and (2) under the usual
empirical null of E [§7] = 0 and HAC-robust standard errors (dashed black lines) and under the null that the data were generated by
the univariate FIRE model with regime shifts (red shaded area). The sample under consideration is 1970:2-1982:2.

Despite the shifts and wider distributions, the OLS estimate 57 = 1.01 remains in the far right tail
of the FIRE-RS distribution, yielding a p-value of essentially zero, while 47 = —0.28 is well within the
FIRE-RS distribution with a p-value of 0.45. Hence, the regime-robust test rejects FIRE based on the

news regression but not based on the regression on current realizations. Table 3 summarizes these results.

Monetary policy credibility and regime transition probabilities

The baseline test shows that while the FIRE-RS distributions in Figure 3 are shifted and widened relative
to the standard null, they are not shifted far enough to account for the large empirical estimates — in
particular, the model generates Mean[ggf RE] = —0.13, far from the empirical 67 = 1.01. To understand
why, note that the univariate model is estimated over the full sample 1947-2024 using realized inflation
data only, under the maintained assumption that transition probabilities pj, and p7, are constant. Since
both the trend-inflation and volatility regimes were highly persistent ex post, the estimated transition

probabilities are small (pf, ~ 0.03, p, ~ 0.02). When we draw regime sequences from the smoothed
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Table 3: Regime-robust test for univariate model: 1970:2-1982:2

Typa — Fymppa = 0 + 0(Fymppa — Fr1Tiga) + €44a

0r  Mean[0ETRF]  SD[QETRE)  p(FIRE)  6p  Mean[6E/RE]  SD[6EIRE]  p(FIRE)
0.31 0.17 0.63 0.82 1.01 —0.13 0.31 0.00

Tipa — FiTipq = o+ 7 + €144

fr  Mean[if/RE]  SD[AEIRE]  p(FIRE) 47  Mean[§£/RE]  SDREIRE]  p(FIRE)
2.49 0.90 1.33 0.23  —0.28 ~0.16 0.23 0.60

Notes: The table reports the results of the regime-robust test of FIRE for the univariate model (22) for inflation over the
1970:2-1982:2 subsample. See text for details.

probabilities for the 1970:2-1982:2 subsample, the simulated conditional frequencies fl(lf) and fz(;) are
therefore close to the agents’ expected persistence pg}{) and pg;), leaving little room for forecast error
predictability under the null. This inference, however, rests on the assumption of constant transition
probabilities — an assumption that deserves scrutiny.

In Markov regime-switching models, transition probabilities play a dual role: they govern the stochas-
tic process for regime realizations, and they describe agents’ expectations about future regime transitions
based on current information. Agents’ long-run inflation forecast, for instance, equals the ergodic mean

P21

EtTitoo = Protpa 1L +

P12
p12+p21

9, which is a function of pi;o and p9; alone. Under the standard assump-
tion that these probabilities are constant, agents’ long-run expectations are therefore invariant — the
only thing that changes over time are regime realizations. This is clearly counterfactual. Long-run infla-
tion expectations varied substantially over the postwar period, as documented by, among others, Kozicki
and Tinsley (2001) and Groen and Middeldorp (2013). In the regime-switching framework, time-varying
long-run expectations imply that agents’ perceived transition probabilities changed as they obtained new
information about the conduct and credibility of monetary policy.?

Consider the 1970s specifically. Agents observing high-7 / high-a regime realizations likely expected
the economy to return to a low-inflation regime with substantial probability. Evidence from Adrian,
Crump, and Moench (2013) and Groen and Middeldorp (2013) shows that long-run inflation expectations
and inflation term premia remained relatively low throughout most of the 1970s, well below realized

inflation — consistent with agents assigning substantial weight to an eventual return to low inflation. In

5The idea that agents’ regime expectations evolve with credibility is related to the learning literature on regime
change (e.g., Andolfatto and Gomme, 2003; Foerster and Matthes, 2022). Our approach differs in that we allow
transition probabilities to vary across subperiods but maintain FIRE within each subperiod.
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terms of the model, this suggests that agents’ perceived pJ, and pJ, during the 1970s were considerably
higher than the full-sample posterior estimates of 0.02 and 0.03. Ex post, however, agents’ expectations
of a return to low inflation turned out to be wrong: the economy remained in the high-7 / high-a regime
throughout the 1970s and into the early 1980s. The realized conditional frequencies therefore satisfy
% < pfy and f{, < pYy, or equivalently, the high-inflation regime was more persistent than agents
expected. By the analytical results in Section 3 (see Appendix ?7), this gap between perceived transition
probabilities and realized regime frequencies generates under-prediction of average inflation and under-
reaction to news — precisely the patterns observed in the data for this subperiod.

To illustrate the quantitative impact of this credibility channel, we re-run the regime-robust test
for the 1970:2-1982:2 subsample with tilted transition probabilities pf, = pT, = 0.33, keeping all other
parameters at their baseline posterior mode estimates. The choice of p{, = pf, = 0.33 is admittedly
arbitrary. In Section 6, we provide a more disciplined approach based on a structural New Keynesian
model where SPF long-run inflation expectations data are used to re-estimate the transition probabilities
for each subperiod.

Table 4 reports the results. The model now generates substantially stronger forecast error pre-
dictability: Mean[gglRE] rises from —0.13 to 0.29, and the p-value of the news regression increases
from essentially 0 to 0.18. The model also generates positive bias (Mean[#5/#F] = 1.43) and negative
Mean[¥51%#F] = —0.07, both consistent with under-prediction of inflation and over-reaction to current
realizations during this subperiod. The test now fails to reject the null of FIRE for any of the regression

coefficients.

Table 4: Regime-robust test with tilted transition probabilities: 1970:2-1982:2

Topa — Fymppa = 0 + 0(Fymppa — Fr1Tiqa) + €444

Or  Mean[0E'RF]  SD[GE'RE]  p(FIRE)  6p  Mean[6E/RF]  SD[6EIRE]  p(FIRE)
0.31 1.43 0.72 0.12 1.01 0.29 0.56 0.18

Tira — Fymppa = p+ 9 + €44

fr  Mean[gf7RE]  SD[pFIRE]  p(FIRE)  4p  Mean[§£/RE]  SD[3EIRE]  p(FIRE)
2.494 1.84 1.39 0.65  —0.28 —0.07 0.24 0.38

Notes: The table reports the results of the regime-robust test of FIRE for the 1970:2-1982:2 subsample with tilted transition

probabilities p{, = pi"Q = 0.33. All other parameters are set at their baseline posterior mode estimates. See text for details.
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6 Application with a New Keynesian FIRE-RS model

We finish by assessing the extent to which a New Keynesian model with regime shifts that imposes
FIRE and fits macroeconomic dynamics reasonably well is quantitatively consistent with the reduced-
form evidence on the predictability of forecast errors discussed in Section 2. In contrast to the univariate
regime-shift model for inflation in (22), which lacks structural interpretation, the model considered here
provides a structural monetary policy interpretation of regime shifts and allows us to investigate the role
of changing monetary policy credibility for forecast error predictability.

The model we consider is based on Ireland (2007), augmented with Markov regime shifts in the
central bank’s inflation target and the interest rate response coefficients to current economic conditions.
We estimate the model with US macroeconomic aggregates using Bayesian likelihood-based techniques

and then perform the regime-shift robust test of FIRE proposed in Section 5.

6.1 Model

The economy is populated by a representative household, labor unions, intermediate firms, a final goods
producer, and a monetary policy authority. The household maximizes expected lifetime utility over
consumption and labor effort, subject to external habit formation in consumption and a standard in-
tertemporal budget constraint. Firms produce differentiated goods using labor and face quadratic price
adjustment costs a la 7, with partial indexation to both lagged inflation and the central bank’s inflation
target. Technology is labor-only, with productivity following a unit root process. The economy is subject
to four structural shocks: a preference shock, a cost-push/markup shock, a technology shock, and a mon-
etary policy shock. We refer the reader to Appendix C for the full set of model equations and instead
focus here on the monetary policy rule, which is the key ingredient for our analysis.

The central bank sets the nominal interest rate R; according to a partial-adjustment rule with a

time-varying inflation target:
Ry = ¢gRe1 + (1= ¢4) |97 (m — 77 ) + ¢5AgyAyt] + vt (23)

where R is the nominal short-term interest rate, m; is inflation, 7sr is the regime-dependent inflation
target, Ay is real output growth, and v; is an exogenous monetary policy shock.

Two features of this rule are worth highlighting. First, the interest rate smoothing coefficient qﬁg; and
the response to output growth (bﬁtay are governed by a two-state Markov process s} € {1,2} with transition

matrix P", while the inflation target 7sr is governed by a separate two-state Markov process sf € {1,2}
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with transition matrix P”". Second, to obtain identification in the estimation, the response coefficient on
the inflation gap ¢™ is constant across regimes. All regime shifts in monetary policy thus operate through
the degree of interest rate smoothing, the responsiveness to output growth, and the level of the inflation

target—but not through the central bank’s response to the inflation gap itself.

6.2 Model solution and estimation

We solve the model under FIRE and estimate the parameters, including the Markov transition probabili-
ties, with Bayesian likelihood-based techniques using quarterly US data for output growth, inflation, and
the federal funds rate from 1954:3 to 2024:4.'% See Appendix C for details on the mapping from model
variables to observables and the estimation procedure.

Table 5 reports the posterior mode estimates for the monetary policy parameters and regime transition

probabilities.

Table 5: Posterior mode estimates of monetary policy rule

T Ay

Dovish / high target regime ¢} 1 o T p‘f;’¢Ay iy
0.75 0.60 1.56 1.77 0.02 0.05
Hawkish / low target regime ¢} Mg m o 45 j25
0.48 0.10 1.56 0.72 0.03 0.02

Notes: The table reports posterior mode estimates of the monetary policy rule parameters in (23). The interest rate smoothing ¢} and

output growth response ¢iAy are governed by a Markov process with transition probability p7, (from regime ¢ to the other), while the
inflation target 7; is governed by a separate Markov process with transition probability pJ,. The inflation gap response ¢™ is constant
across regimes.

The estimates identify two distinct monetary policy regimes. The “dovish” regime (regime 1) features
a high inflation target (71 = 1.77), substantial interest rate smoothing (¢] = 0.75), and a large response
to output growth (gblAy = 0.60). Because of the high degree of smoothing, the effective response of the
interest rate to the inflation gap is only (1 — ¢])¢™ = 0.25 x 1.56 = 0.39, while the effective response
to output growth is (1 — ¢F) lAy = 0.25 x 0.60 = 0.15. The “hawkish” regime (regime 2), by contrast,
has a low inflation target (72 = 0.72), less interest rate smoothing (¢5 = 0.48), and a small response
to output growth ( QAy = 0.10). As a result, the effective response to the inflation gap more than
doubles to (1 — ¢5)¢™ = 0.52 x 1.56 = 0.81, while the effective response to output growth falls to
(1— %) 2Ay = 0.52 x 0.10 = 0.05. The dovish regime thus implies considerably more volatile equilibrium

inflation dynamics than the hawkish regime.

16For now, we refrain from using SPF or other forecast data in the estimation. However, we will return to
incorporation this information below.
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Both regime processes are estimated to be highly persistent, with transition probabilities of p}, = 0.02

and pT, = 0.05 for the dovish-to-hawkish transition, and py; = 0.03 and p3; = 0.02 for the reverse.

6.3 Regime-shift robust test of FIRE

We apply the regime-shift robust test of FIRE from Section 5 to inflation forecast errors using the
estimated New Keynesian model as the data-generating process. Specifically, we take the estimated model
and draw n = 1,...,1000 parameter vectors ©" from the estimated posterior distribution P(0|Z). Then

T+h

T
for each O™, we simulate k = 1, ..., 200 samples of observations {Trf k} and {Etﬂ?_i_l;} . conditional
t=

t=1
on realized regimes drawn from smoothed probabilities Pr(s; | O™, Z7), and estimate the forecast error
regression coefficients for each of these samples. The resulting distributions are used to compute p-values

for the null that the empirical estimates were generated by the model under FIRE.

Table 6: Test of New Keynesian FIRE-RS model

Towa — Fymipq = 0+ 0(Fymiqpa — FioaTiga) + €44

Or  Mean[§ETRE]  SD[OEIRE]  p(FIRE) 6p  Mean[6E/RE]  SD[GERE] p(FIRE)

1970:2-1982:2  0.31 -0.04 0.35 0.32 1.01 -0.24 0.15 0.00
1982:3-1995:4  -0.75 -0.19 0.39 0.15 -0.40 -0.15 0.46 0.57
1996:1-2019:4 -0.21 -0.19 0.21 0.90 0.38 -0.09 0.29 0.10
2020:1-2024:4 1.39 -0.20 0.72 0.03 1.30 -0.39 0.75 0.03

Topa — FyTppa = p+ym + €144

fr  Mean[phTBE]  SD[afIEE]  p(FIRE) Ar  Mean[4FTRE]  SDREIRE]  p(FIRE)

1970:2-1982:2  2.49 1.73 1.01 0.44 -0.28 -0.44 0.21 0.45
1982:3-1995:4  -0.65 0.25 0.83 0.27 -0.01 -0.14 0.22 0.55
1996:1-2019:4 -0.19 0.10 0.57 0.62 -0.02 -0.09 0.17 0.69
2020:1-2024:4 3.04 0.99 1.71 0.20 -0.36 -0.40 0.44 0.94

Notes: The table reports the empirical OLS estimates of the forecast error regressions in (1)—(2) for inflation across four
subperiods, together with the mean and standard deviation of the model-implied distribution of regression coefficients
under FIRE, and the associated p-value p(FIRE). The model-implied distribution is based on 200,000 simulated samples

from the estimated New Keynesian model evaluated at the posterior mode. See Section 5.1 for details.

Table 6 reports the results for each of the four subperiods from Section 2. For the forecast error
regression on forecast revisions (1), the baseline test rejects FIRE strongly in the 1970:2-1982:2 subperiod:
op = 1.01 falls far outside the model-implied distribution, which has E[651RE) = —0.24 and p(FIRE) =
0.00. The test also rejects for the 2020:1-2024:4 subperiod, where d7 = 1.30 yields p(FIRE) = 0.03. The
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two intermediate subperiods, by contrast, are broadly consistent with the model. For the forecast error
regression on current inflation (2), the results are more favorable: the model cannot be rejected for any
of the subperiods.

The rejection for the forecast error regression on forecast revisions (1) echoes the finding for the
univariate model in Section 5.2 and has the same root cause. Because the full-sample estimated regime
transition probabilities are very small (Table 5), the model implies that agents expected both the dovish
reaction-coefficient regime and the high inflation-target regime to be highly persistent. Ex post, this
expectation turns out to be approximately correct: regimes did persist. But agents’ expectations about
regime persistence are identified from the full historical sample, including the eventual regime change
in the early 1980s. Based on the information available during the 1970s, agents—including the central
bank—may well have perceived regime change as considerably more likely, consistent with the relatively
low long-run inflation expectations and inflation risk premia that prevailed throughout most of that
decade.

To formalize this idea, we re-estimate the regime transition probabilities for each subperiod using ob-
served SPF inflation expectations, keeping all other model parameters fixed at their full-sample posterior
mode estimates. This yields substantially different transition probabilities for the 1970:2-1982:2 subpe-
riod: the probability of transitioning from the dovish to the hawkish regime rises from p(f; L 0.02 to
0.34 for the reaction-coefficient process and from pT, = 0.05 to 0.37 for the inflation-target process, while
the reverse transition probabilities remain small at pg’; $5Y 0.02 and p3; = 0.01. In other words, during
the 1970s, agents perceived the dovish regime as much less persistent than what the full-sample estimates
imply—consistent with substantial credibility of the central bank’s commitment to eventually bring down
inflation.

Table 7 reports the test results with these re-estimated transition probabilities. The improvement for
the 1970:2-1982:2 subperiod is striking: for the forecast revision regression, E[SglRE] shifts from —0.24
to 0.52 and p(FIRE) rises from 0.00 to 0.24, so that the test no longer rejects FIRE. Intuitively, agents
who expected the dovish regime to end soon would have systematically under-predicted inflation and
under-reacted to news during the 1970s—precisely the pattern observed in the data—not because they
violated FIRE but because the regime turned out to be more persistent than they rationally anticipated.
Results for the other subperiods are broadly similar to the baseline, confirming that the credibility channel
primarily matters for the 1970s. The 2020:1-2024:4 subperiod continues to reject, consistent with the
possibility that the post-pandemic inflation surge involved mechanisms beyond what our model captures.

The application with the New Keynesian FIRE-RS model yields two main lessons. First, the base-

line regime-shift robust test rejects FIRE for subperiods characterized by major regime transitions—the
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Table 7: Test of New Keynesian FIRE-RS model with re-estimated probabilities

T4 — Ff,7Tf,+4 =6+ 5(E7Tt+4 - Ff,—17rt+4) + €144

&Or  Mean|[@ETRE]  SDIQETRE]  p(FIRE)  6p  Mean[dE/RE] SD[6ETRE]  p(FIRE)

1970:2-1982:2  0.31 0.64 0.36 0.37 1.01 0.52 0.42 0.24
1982:3-1995:4  -0.75 -0.09 0.40 0.10 -0.40 -0.12 0.49 0.56
1996:1-2019:4 -0.21 -0.09 0.28 0.68 0.38 -0.10 0.37 0.18
2020:1-2024:4 1.39 -0.09 0.73 0.04 1.30 -0.39 0.79 0.04

Topa — Fymepa = 0+ 7 + €144

Or  Mean[0ETRE]  SDIAERE] p(FIRE) Ar Mean[y£7RF] SD[AETRE]  p(FIRE)

1970:2-1982:2  2.49 1.35 0.84 0.16 -0.28 -0.15 0.17 0.45
1982:3-1995:4  -0.65 0.33 0.84 0.23 -0.01 -0.14 0.22 0.57
1996:1-2019:4 -0.19 0.16 0.60 0.56 -0.02 -0.09 0.17 0.71
2020:1-2024:4 3.04 1.00 1.70 0.19 -0.36 -0.37 0.44 0.99

Notes: Same as Table 6, except that the regime transition probabilities are re-estimated for each subperiod using observed
SPF inflation expectations, keeping all other model parameters fixed at their full-sample posterior mode. See text for

details.

1970:2-1982:2 and 2020:1-2024:4 episodes—but not for the intermediate subperiods. Second, account-
ing for changing monetary policy credibility by re-estimating regime transition probabilities with SPF
inflation expectations substantially improves the model’s ability to match the forecast error evidence, es-
pecially for the 1970s. This suggests that much of what appears as systematic forecast error predictability
during this period is consistent with rational agents who correctly anticipated an eventual shift to hawk-
ish policy but experienced a dovish regime that turned out to be more persistent than expected. The
post-2020 episode, by contrast, remains difficult for the model to match, providing empirical motivation

to consider richer regime structures—for example, alternative theories of expectations formation.

7 Conclusion

The present paper shows that regime shifts in FIRE models lead to predictable, regime-dependent ex-
post forecast errors. In general, in the presence of regime shifts, forecast errors become a complicated
function of the current state of the economy and the sequence of realized regimes over the entire forecast
horizon. This implies that reduced-form forecast error regressions by themselves are not informative about
alternative theories of expectations formation. Furthermore, regime shifts imply that expectations exhibit

waves of over- and under-reaction to current information across different subperiods. Using survey-based
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forecast data of inflation and output growth constructed from the SPF, we confirm the existence of such
waves.

Based on these insights, we propose a regime-shift robust test of FIRE and apply it to an estimated
New Keynesian model with regime shifts in the monetary policy interest rate rule and the inflation target,
estimated on US output growth, inflation, and interest rate data from 1954 to 2024. The baseline test
rejects FIRE for the 1970:2-1982:2 subperiod, during which the dovish monetary policy regime persisted
longer than agents—given the full-sample estimated transition probabilities—would have expected. We
show, however, that this rejection is driven by the assumption that agents’ perceived regime transition
probabilities remained constant over the entire sample. When we re-estimate these probabilities for
each subperiod using observed SPF inflation expectations—thereby allowing for changes in perceived
monetary policy credibility—the test no longer rejects FIRE for the 1970s. The intuition is that agents
who rationally anticipated an eventual shift to hawkish policy would have systematically under-predicted
inflation during a dovish regime that turned out to be more persistent than expected, generating precisely
the pattern of forecast error predictability observed in the data.

This should be taken as neither an endorsement of FIRE nor a dismissal of alternative theories of
expectations formation. The test continues to reject for the 2020:1-2024:4 subperiod, and the credibility
interpretation we develop is specific to regime shifts in monetary policy. We view our results as providing
a new empirical motivation to consider richer data-generating processes as well as alternative theories
of expectations formation that may complement regime shifts in accounting for the dynamics of forecast

errors across the full postwar sample.
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Appendix

A  Proofs

A.1 Proof of Proposition 1

The forecasting errors about y;4, for any h > 0, are given by

FEiivnh = Yern — Eeypgn

h
h R) . ik h—
= as,,, " Ty —Ps(t:)aqﬁ T+ s, E " Tepgr
T=1

h
= (a3t+h - Ps(th)a’) gbhl‘t + Asyyp, Z ¢h_7—5t+7

T=1
(h) (h) . (A-1)
= (as,,, — P, a1 — PShQag)qﬁhxt + s,y Z M Teyr

T=1

(a1 —az)(1— Ps(t]f)l)ﬁbhlft tar Y ¢ e if s =1

h o .
—(a1 —az)(1 — Ps(t,)2)¢h$t +az Z¢=1 O Teprr  if spyp =2

+ P(h% = 1. We show this through proof by induction. Clearly,

Sty

where the last equality follows from pM

st,1

Ps(tl’)l N PS'(tl’)2 = Psi,1 + P52 = 1 for any s; € {1,2}. Suppose that Ps(th)l + Ps(th)z = 1. We should prove that
Ps(:ﬁl) + Ps(:gl) = 1. We have that
pUPl(?) +p12P2(?) p11P1(£L) +p12P2(3)

P(/‘H—l) — PP(h) — ") *) o " (A2)
p21 Py + P22 Py’ po1 Py’ + paoPyy

Then, p11P1(f) +p12P2(?) +P11P1(§) +P12P2(5) = p11 +p12 = 1 and p21P1(?) +p22P2(il) +p21P1(g) +P22P2(§) =

po1 + p22 = 1, which establishes that Ps(thfl) + Ps(th;l) = 1. Finally, we use z; = 2~ to summarize the
) b St
above expression as
_ h) h h
(—1)*+ a1 — ag) (1 = Pilh,., )9 St
FEi1n = N Ry + Qsyip " Terts, (A.3)
St T=1

which is 1 in the main text.
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A.2 Proof of Corollary 1

Consider
u P(h)a B (a1 — a2)(1 — Ps(:ﬁ) if St+h = 1
St+h T S¢: -
—(a1 —a2) (1= PL)) if sy =2

One can show via proof by induction that for 0 < p11,p22 < 1, it follows that 0 < Ps(:gt% < 1 for any
s¢, St4n € {1,2}. Clearly, 1 — ps, s,,, > 0 for any s; € {1,2}. Suppose that 1 — Ps(fgﬁh > 0. We should
prove that 1 — Ps(th ;ti)h > 0. We have that

?) pnPfQ) + p12P2(g)

)

pllpl(?) +p12P2(

ph+l) — pph) — (A.4)

pzlpl(?) +p22P2(?) 17211'31(;1 +p22P2(g)

Then,

Lpu Pl —praBy) = 1pn (P By ) =Py = Py —pu (P 4Py 1) = By (1=pu)+pn (1-P1) > 0

1—puPy) —piPy =1—pu(l - P — PYY) — PY = P{ (1 — put) +puu Py > 0
1 —lepl(il) —p22P2(?) =1 —le(Pl(?) -1 +P2(§)) - Pg(?) = Pg(g)mz +p2r1(1 — Pl(il)) >0
1 —p21P1(3) —P22P2(3) =1 —pzl(Pl(g) -1+ Pg(il)) — PQ(;L) = Pg(?)pn +p12P1(?) >0

Hence,

. sign(a; — ag) if sppp =1
sign(as,,, — Ps(th)a) = )

—sign(a; —ag) if sppp =2

which is Corollary 1 in the main text.

A.3 Proof of Proposition 2

Forecast revisions can be expressed as

P(}f)a P(h_Jr:l)a
Eyesn — Beo1yprn = ¢ 5y — ¢h+1271yt—1- (A.5)
St St—1

To obtain (??), we isolate y; from (A.5) and use it to substitute y; in (12).
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A.4 Proof of Proposition 3

Full-information rational expectations about X, are given by:

E:Xivn = Ei(Cipn + ApnXivn—1 + Birnertn)

h—1 T h—1
= [ <Ct+h + Z <H At+h—7> Ciyhr+ H At+h—7-Xt>

7=1 \l=0 7=0

We will show through a proof by induction that

h—1
~ T—1
EXon = ([01 G| (P + [0 ] (P e )Y (AP @) C(P’)’H) L,
T=1
/ 1ol h—1
+ A | (Pen) (AP eL,)) X
~ C Onac g A Onx Ny
where C' = ! <1 , A= ! x , Ls, 18 & 2ny, X Ny size matrix whose s%h block of n,
O?’Lz x1 02 Onz XNy A2

rows together with the columns form an identity matrix and the rest of the elements are 0, and I, is the
sth column of a 2 x 2 identity matrix.

One can check that the expression above holds for h € {1,2}. Suppose it also holds for h = h; does it
also apply for h = h + 17

EeXihon = Ei(Con+ AnniXen) =B (B (Conn + Ani Xown) ]

= mllo oV a)Pen)Y (AP en)) GEY T L.,

=1
+ E; ([Al A2} (P'®1I,,) (Zl(P’ ® Inz)>h_1 L5t+1Xt+1>

= |lan @@y +]a (P’@Inghzl(ﬁ(zﬂ’@fm))

T=1

T—1 ~ A
c(pPH7 E¢Ls, .,

_ i . h—1
+ 1A, Ay (P’®Inw)<A(P’®Inw)> By (Tayoy A1 X1 + Ty Cri1)

- - _ h — —1 _
= o o]V L[4 a) P en)Y (AP er,) oy,

=1

r 7 ~ h
+ A A (Pl@lnx)<A(Pl®Inx>> sy Xt

response to info at time t
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7th

where the equality in the row follows from KL, , = P'I,. Therefore,

>

Migin=[C1 G (P! + |41 4] (P 1) > (AP ®1.,))
1

C(PY'IL, (A.6)

T

Quisn = [ A A2} (P I, (E(P’ ® Inm))h_l s, (A7)

Finally, we note that M; ;11 = [Cl CQ} P'Lg,.

A.5 Proof of Proposition 4

Consider the ex-post forecasting error about vector Y;;;, where h > 1:

FE =Y — EtYyn
= Uy (Coppp + Aspn Xewho1 + Begnerrn — Mypin — QuarnXy)

= \IJICS,H,h + \IllASt+h (Cst+h,1 + A5+h—1Xt+h—1 + BSt+h,16t+h—1 - Mt,t-’rh - Qt,t-‘tht) + ‘IIIBSt+h6t+h

h—1 T h
= (CstJrh + Z (H A5t+hz> Cst+hfr - Mt,t—I—h) + ¥ <H A5t+7 - Qt7t+h> Xt + erroryyp,
7=1 \l=0

=1

Oy, 1+ n=Dbias T'¢,t+n=ex-post predictability

(A.8)

h—1 T .
where erroryy, = V1) T (I1—0 Asiin_i)Bsisnr €t4h—r + V1B, €4n. We now turn to expressing ex-
post forecast errors as a function of ex-ante forecast revisions. The FIRE forecasts about the endogenous

variables vector X in periods ¢ and (¢ — 1) are given by, respectively,

Et Xiin = Mygyn + QeirnXs (A.9)
Bt 1 Xein = My 040 + Qe—144n X1 (A.10)

Hence, the ex-ante forecast revision about Xy, is given by
FRypon =B Xppn — B 1 Xpon = Mygin — My—100n + QrirnXe — Qr—1,010 X1 (A.11)

If Qi¢tp is invertible, then from (A.11), X; = Q;tﬂrh(EtXt+h — Ei 1 Xyqn) + Q;t1+th,1,t+hXt_1 —

Qt_tﬂ_h(Mt,tJrh — M;_14+n). Substituting for X; into (A.8), we can rewrite ex-post forecast errors as a
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function of ex-ante forecast revisions.

1 1
Yien — EtYiin = <@t,t+h = Doarn @y (Mgt — Mtfl,t+h)> +LearnQp oy (BeXopn — Ero1 Xi4)
N———
= iin =Att+h

(A.12)

—1
+ LearnQy oy Qe—1,04n Xe—1 + erroryyp

=Nt—1,t4n

If Q¢ 4+n is non-invertible, we proceed as follows. Let g;; and g;; denote the element located in row 4
and column j in matrices @ 45, and Qvt,l,prh, respectively. Furthermore, let m; be the element located in
row ¢ in matrix (M 44n — My—1¢+5) . The ex-ante forecast revision of any variable X; in X can be written

as:

Ng Nax
FR;tpn=EiXipin — Eio1Xippn = mi + Z 4 Xjt — Z Qi Xjt—1 (A.13)
j=1 j=1

Then, any variable Xj; in X; can be written as a function of the ex-ante forecast revision about variable

X t+n, where i is chosen such that g;; # 0, as well as X_j;, X;_1, and a constant:

FRpuen — D jan G Xjt + 225 € Xja—1 — m;

X = ” (A.14)
K2
= 1 — | gL Qi k—1 Qi k+1 Qing i1 ding.
0 0 .. R 0 O]FRt,t+h [Qik " 0 = Qik:|Xt+[q1k o Xt
Q= (k) QQ‘(rk#) Qo(ky)
m;
qik
—~—
Mqk,

It follows that vector X; can be written as a function of ex-ante forecast revisions as described below:

X; = Q FRisin — QoXi +QoXi—1 — Mg

From here, we have that X; = (I, + QQ)_I(Q_FRt’Hh + @QXt_l — Mg), and that
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Yien =EYirn = Opipn = Teprn(lng + Q@) " Mo +Tiiin(Ine + Q@) 'Q” FRypyn  (A15)
=Qt t+n =A¢ 140
+ Tion(Ine + Qo) Qg Xi—1 + erroreip

=Nt 1,t4n

A.6 Proof of Corollary 2

1. Consider the case when C7 # (o, while Ay = As = A and B; = By = B. Note that, for
Ay = Ay = A, the following is true:

~ h—1
Quisn = Uy [A A] (P' & 1I,,) <A(P’ ® IM)) Ly, = Uy AP (A.16)

Therefore, I'y 414 = Uy (Al — AP = 0n, xn,, and, given that By = By = B, we have that errory,, =
Wy Zﬁ;(l) A" Bégyp—r. Furthermore,
h—1

Mygon =01y ATC(PY'"™ Ly, # O (A.17)
T7=0

In this case, O 14, = ¥y Z?;é AT(C

St hr —é(P’)h_TLSt) # 0, x1,therefore, ex-post forecast errors

will be biased, but they will not respond to information embedded in X;.

2. Now, suppose that C; = Co = C and Ay = As = A, while By # By. Note that, given that
C1 = Cy = C, the following is true:

h—1
Myypn =01 Y AC (A.18)

=0
S0, O¢¢yn = Onyxn,, implying that ex-post forecast error are not biased. Furthermore, A; =
Ay = A implies that 'y 41y, = Op,xn,. For By # B, the error term is as defined in Section A.5.
Consequently, when the regime shifts affect only the relationship between the endogenous variables
and innovations, ex-post forecast errors are just accumulated noise, similar to the case of no regime

shifts discussed below.

3. Finally, shutting down all regime shifts in the model implies that ;4 n = On,x1, Tt e1n = Onyxny,
and erroryyp = QZE;& ATBéryp—r. Hence, in this case, forecast errors are accumulated noise

similar to the second case.
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B Univariate regime-shift model

B.1 [Illustration of forecast error predictability

Consider estimating a demeaned version of regression (2),

Yirh — Frysen = Yyt + €iqn, (B.1)

from sample {y;1n — Fiyirn, Yt }iey generated by regime-switching model (8)-(10) with constant mean set
to zero (i.e., 71 = 72 = 0).!7 The insights gained from this special case apply equally to the more general
case with regime-switching in the mean, but the analytics would be not be as straightforward. Similarly,
we could consider estimating a demeaned version of regression (1), yein— Fiyern = 0 (Foyren — Fio1Yesn)+
eryn. Different from regression (B.1), however, no closed-form solution of the type derived below exists
because forecast revisions do not span the information set that agents use to forecast y;1j. We return to
this point in Section ?? where we consider a generalized regime-switching model.

Under the assumption that forecasters are fully informed rational expectations agents (i.e., F} = Ey),
Proposition 1 implies that the relation between forecast error ys1p, — Fiyrrpn and current realization g, is
a function of agents’ future regime expectations and actual regime realizations. Hence, the ordinary least
squares (OLS) estimate 47 of regression (B.1) based on sample {y; 1, — Fyys1n, vt }iq depends on agents’
transition probabilities © = [p11, p22]” and the sequence of regime realizations {st}tT:Jrlh, both of which are
unobserved to the econometrician and have to be inferred from available information Z.'® Formally, 47

is a continuous mixture of random variables with probability density function
f GrlZ) = / / 7 (arl s} 5050) £ ({1105 T) £ (OIT) dOdsr...dsy, (B.2)

where f ({st}tT:lh |Z; @) is the joint density of the sequence of regime realizations {st}tT:Jrlh conditional on
agents’ regime expectations © and the econometrician’s information set Z, and f (0|Z) is the density of
agents’ expectations given the econometrician’s information set Z.'9 To provide further insights about

implications 2 and 3, consider E [’yT\ {st}tTJrlh ; @], the expected OLS estimate of the slope coefficient ~y

17Using demeaned data is consistent with the FIRE solution of the data-generating process in (8). This type
of equation generally arises as the result of log-linearizing optimality conditions of dynamic stochastic problems,
which by definition refer to deviations from the mean. Section ?7 considers the generalized framework that includes
regime shifts in constant terms.

18The econometrician’s information set Z includes YT+ = (yrin,vs,...y1) as well as potentially further leads
and lags of y; and other observables.

90f course, the econometrician may also be uncertain not just about agents’ regime expectations but also about
other aspects of the data-generating process. For simplicity, we abstract from this type of model uncertainty here
but will integrate in the regime-robust test of FIRE in Section 5.
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conditional on a given sequence of regime realizations and agents’ regime expectations. By Proposition

1, this expectation can be expressed as

N T+h d aix? d asﬂﬂt
E [’7T|{5t}t:1 §@} =K Z =T 5 3 %t,sﬂh +E Z Strh |- (B.3)
t=1 t=1 astxt t=1 Et 1 st
E[3%{s:}{27":0] [AT|{3t}t:1; ]

The first part, E [VT’ {st}t 1 ] is the expected bias-corrected estimate and equals a weighted average
of the different values that Vgt}st +n can take, with the weights depending on the sequence of regime
realizations {st}fzﬁh. The second part, E [AT] {st}?jlh ; @], is the finite sample bias arising from the
fact that the regressor y; = as,x¢ is not strictly exogenous with respect to forecast error innovations
St+h = s,y 22:1 " Tergr.

Applying standard time-series analysis (e.g., Hamilton, 1994), the sign of these two expectations can

be described as follows.

PROPOSITION 5. Given the environment described in Proposition 1 and assuming a1 > a2 and 0 < ¢ < 1,

then under the null hypothesis of FIRE:

1. For a finite sequence of regime realizations{st}fzﬁh characterized by conditional sample frequencies

1) = RS s = ilsn = J),
h h h h
T o] 2 g if £ 2 g0 :alpﬁl’u— ”>+a2<§> Py)
’7T|{St} < foll <g( )— (h) )
al(l—f22 )+a2(f22 —P32)
and

E [AT| {st}fj;@} <o0.

2. For T — oo, fl-(l- —>p“ for i € {1,2} and therefore f11 — g( (h)); and E |Ar]| {st}tT:Jrlh;@] — 0.
Hence

plimlE ['AyT] {st}tT:Jrlh : @] =0.
T—o0

Proof. The OLS coefficient estimate of regression vy — Fiyrrnh = VYt + €r4p is

T -1/
Ar = (Z yf) (Z Ye(Yern — Ftyt+h)> :

t=1

Assuming that the data are generated by the univariate regime-switching model under FIRE in (8)-(10),
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we can use Proposition 1 to express this estimate as

T L/ T L/
A 2 .2 h 2 .2 2,2
ryT - Z a’St‘/I"t Z ’Ygt,)sHhast:’Ut + Z a’stl‘t Z a’St ':Cté-t-l—h Y
t=1 t=1 t=1 t=1

) (- @-ag) (1P, )0
where s, s,,, =

o and §qp = as,, Zﬁzl ®"Teyr. Hence, the expected

OLS coefficient given regime sequence {st}TJrh is

T
~ T+h T+h
E[m{st}t:ﬁ} —E (Zaitﬁ) (Z%t,w al,x )!{St} i
t=1
T -1,
(Z) <Z£> [ {seh "
t=1 t=1

The first term is the expected estimate implied by the data-generating process, while the second term is
the bias arising from the fact that in finite samples, innovations €441, €¢y2, ..., €t affect not only &4
but also ZtT:l agtxf. In particular, for positive values of a;, as and ¢, realizations of &, are positively
correlated with Zthl agtx? in finite samples and thus, the bias is negative.

To make progress on the first term, note that we can rewrite it as

T
1
N T+h T+h
E {'Y%’ {St}t=+1 ] =E (Tzagtﬁ) ( Z’Y%swh as, T ) [ {si}iz + )
t=1

where 4% denotes the fact that this is effectively the bias-corrected estimate. Now, imagine repeating the
OLS regression for K samples of size T'+ h, with each sample being conditional on the same sample regime

}Ith . Then, since the stochastic process {e;} and therefore {x;} are covariance-stationary

sequence {s;
and ergodic for second moments, the sample moments will converge to the population moments as K goes

to infinity; i.e.,

K T K T T
1 P 1

KT Z Z agtxz,t’{st}thl —E KT Z Z azt$/2g,t|{5t}tT=1] = Z aiE [x%t] )

k=1 t=1 k=1 t=1 =1
and thus, equivalently?’
| KT -1 | KT -1 T -1
P
<m_, ZZagt$%,t’{8t}f1> _> ﬁ Zzagt'x%,A{st}?l] = <Z agtE [CC%]) ,
k=1 t=1 k=1 t=1 t=1

208ee, for example, Proposition 7.1 in Hamilton (1994).
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K T
2
eryst St+h Stxk‘t|{st}t 1 Z’YSt,Sth St ]

k=1 t=1

N‘»—l
N~

K T
1
ﬁ Z Z’yg?)smhau%xk tHSt}t 1 _> E

Hence, the OLS estimate converges to the linear projection coefficient (see e.g., Chapter 4.2 in Hamilton,

1994), and we can express the expected bias-corrected estimate 4¢. conditional on regime sequence {st}T+h

as

T+h Zt 178t 5t+h stE[ ] _ Z] 121 1 1271(]}1 ]:(h)(i?j)
[ riorhic ]_ Zt:laSt [#7] Zzl 3]:( )()

where the second equality makes use of the fact that under the assumption of two regimes, y§f ?st @

takes on one of four values (each with joint sample frequency f}h) (4,5)), while a2, takes on one of two
values (each with sample frequency }"}h)(')).

To analyze the properties of E [ <l {st} } define the following conditional sample transition prob-

abilities:
- . B),. .
00 _ Zha s =iosen =5) _ Ff(09)
T ; :
" > ot=1 L(st4n = J) ]-“}h) ()
where 2?21 J(zh) = 1. One can show that
f o
—lgy ifj=1
1 T 2- ffh) f(h)
Z 1(st4n = J)
t:l g0
;?W‘m ifj=2

Hence, f;h)(i, ) = f(h)]: (h )( ), and F, (h )( /) depends on fl(?)and fZ(I;)only. Substituting these expressions

1)%t+h—1 1—pM), o
together with fygﬁ)stM _ (-1) (a1— az)( t t+h)

. . N T+h .
oy in the above expression E ['yﬂ {51} 4 } , we obtain

¢h(al - (12) (h) (h) (h)
1-— — —as(1 — _
a%(l _ 2(;1)) —I—a%(l ~ 1(?)) [a ( fao ) (f1 P11 ) — a2 )(f22 p22 )]

(+)

E 3 s} ] =

ol f53))
(B.4)
Clearly, the sign of E[y|{s;}7 "] depends on the sign of g(fl(;l), fég)). The frontier in the ( 1 ,f22 ) plane

for which E[y|{s;}."] = 0 is given by
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(h)) (h) (h))

(h)q _ _ .
(h) _ o o(h)y _ a1Pyy a2(P22 2
fir' =9(f»") = @)
al(l—f22 )—CL?(Pzz f22 )

where a;1(1 — fz(;l)) > ag(p22 f22 ) for any 0 < fg(g) < 1, given that a; > as. Moreover, g(pg;)) = pg}f)

and g(1) = 1. Then, [’Y’{St}TJrh] S0 f11 = 9(f22 )-
O

Part 1 establishes that in the presence of regime shifts, the null of unpredictable forecast errors is

a knife-edge case. Generally, E [&T] {st}?jlh ; @] # 0 either because E [&%] {st}?jlh ; @] < 0 or because

[7T| {St}t 1 @} > 0 but is not exactly offset by E [AT| {St}tT 9} < 0. Intuitively, the bias-corrected
expectation E [%ﬂ {St}tzl } is a weighted average of the four possible values of v;;, two of which are pos-
itive (11 and 721) and two of which are negative (v12 and ~22) . The weights and therefore the sign
of E [7T| {St}t 1 } depend on the conditional sample frequencies f11 and f22 implied by regime re-
alizations {st}t:1 relative to what agents expect (pgl) and péQ)) as well as on the values of a; and as.
Appendix 7?7 provides further details, including a numerical illustration of the different cases. In turn,
the finite-sample bias E [AT] {st}f:ﬁh ; @] is negative as long as the forcing variable z; is positively auto-
correlated because positive €; result in both higher forecast error innovations ;14 = as, ., Zﬁ,l A Tepr
and higher Y7, a2z} and thus COV <Zta§1tzt s, ), ET L T5t+T> < 0. Such a negative finite sam-
ple bias occurs for any positively autocorrelated time series process even without regime shifts (see e.g.,
Hamilton, 1994).2! But the bias here is potentially larger because both the regressor (current realizations
y¢) and forecast error innovations are a function of regime shifts.

Part 2 establishes that as T increases, the conditional sample frequencies of regime realizations con-
verge to their population counterparts and therefore agents’ expectations. Hence, periods of over- and
under-reaction tend to cancel each other out in the limit. Similarly, the finite sample bias vanishes in the
limit. The result makes clear that forecast error predictability remains a finite sample phenomenon.

Proposition 5 raises the natural question of how large and variable deviations of E [’}T\ {st}tT:Jrlh ; @]
from zero are for typical sample sizes of forecast error data. To answer this question, we simulate the
univariate regime model (8)-(10) with constant mean for 10,000 times over 1000 periods each, keeping the

same sequence of regime realizations for each of the simulations. 2> We then compute E [’)/T\ {st}tT:Jrlh} as

well as bias-corrected E [’yT] {st}tT:ﬁh] for each rolling window sample of T' = 80 periods by Monte Carlo

21 As discussed in Section 2, the empirical literature on forecast error regressions often ignores the resulting finite-
sample bias. One exception is Adam, Marcet, and Beutel (2017) who, like us, adopt a simulation-based approach
to correct for finite-sample bias. See below for further discussion.

22For the simulation without regime shifts, we set a = 1.25 and choose ¢ = 0.9, 0. = 0.01. For the simulation
with regime shifts, we keep the exogenous forcing process unchanged and set a; = 2, ag = 0.5 with Markov transition
probabilities p11 = poo = 0.7. Similar results would obtain for other parameterizations.
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integration.??

Figure 4 reports the results. Across the different samples, E [ﬁﬂ {st}f;lh ; @} varies substantially and
is on average smaller than zero. Asshown by the difference between E [‘yﬂ {st}tT:Jrlh ; @] and E ['7%| {st}?:lh ;01,
the negative average value is due in large part by the finite sample bias, which amounts to about —0.10
for this simulation. But even with bias-correction, there are sizable swings across samples, indicating that
even for reasonably large samples, the sequence of realized regimes can differ substantially from expected

regime realizations.?*

Figure 4: Forecast error predictability across samples

Elr| Hr:llfr ", 8] over rolling windows of T' = 80 periods

.03 —L I I 1 I I 1 | |
&0 100 150 200 250 300 350 400 450

Rolling window sample [oentered)

Notes: The figure shows average OLS estimates of v across simulations for rolling windows of 80 periods with data generated from the
univariate regime-switching model (8)-(10) with constant mean set to zero. The solid line shows the rolling window average estimates
without bias-correction. The dashed line shows the rolling window average estimates with bias-correction.

The illustration yields two important insights. First, in the presence of regime shifts, forecast error

Wik A\DAPT***To correct for finite sample bias, we simulate i = 1,...,10,000 new samples of 500 periods,

preserving the original sequence of regime realizations for each of the samples. For each 40-period rolling window,
t4+39

we then compute the model-implied finite sample bias fsbi = ==t e ~Ti1150)Er 1 ~igaiesao)

S (Y —Ttst439,n)2
samples i, and subtract the average bias fsby = 211210 00 fsbi-/10,000 from the OLS estimate. Using the bias-
corrected OLS point estimates, we compute the fitted values of the regression in (?7?) as well as the standard
deviation of the regression error terms for each rolling sample of simulated data. From a normal distribution with
that standard deviation and mean 0, we generate N = 1000 i.d.d. innovations, and add those disturbances to the
fitted values to generate 1000 new datasets of the dependent variable. Preserving the regressor, we re-estimate (?7)
and bias-correct the point estimates for finite sample bias using the model-implied bias averaged across the 1000
simulations. Finally, for each rolling sample we isolate the bottom and top 5 percent bias-free estimates to compute
the 90 percent coverage bands.

24As shown in Appendix A.X, the same simulation for the univariate model without regime shifts would yield

across the different

a very different result: the bias-corrected E {’yﬂ {st}tT:lh] would be zero by definition, and E [’AyT| {st}tT:lh} would
be negative but essentially constant. Appendix A.X also shows that while finite sample bias becomes negligible for

samples of size T' > 150, deviations of E [ﬁﬂ {st}f:ﬁh} from zero can remain sizable even for much larger samples.
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predictability is not a sufficient condition to reject FIRE. Second, since the econometrician observes
neither agents’ regime expectations nor the sequence of realized regimes (i.e., p11,p22 and fi1, foo in the
simple example above), the conditional null under FIRE (i.e., E | 47| {st}?;lh ;O] ) is itself an uncertain
object. The distribution of 47 to be used for statistical inference is therefore non-standard and likely to

be more disperse than the usual HAC-based standard errors used in the literature.

C New Keynesian FIRE-RS model

C.1 Model

The model, apart from the regime switching part, is closely related to Ireland (2007). The economy is
populated by a representative household, a continuum of monopolistically competitive intermediate goods
firms, a final goods producer, and a central bank that sets monetary policy according to an interest rate

rule with a time-varying inflation target.

Household sector

The representative household maximizes expected lifetime utility:

Eo Y aq[log(Cy — 7Ci1) — Ny (C.1)
t=0

subject to the intertemporal budget constraint
P.Cy+ By/Ry < WyNy + By1 + Dy, (C.2)

where C; is consumption, N; labor supply, B; nominal bond holdings, R; the gross nominal interest rate
between ¢ and t 4+ 1, W; the nominal wage, P, is the price level, D, profits from firms, 8 € (0,1) the

discount factor, v the degree of external habit formation, and a; a preference shock following

log(at) = pglog(ai—1) + oacat- (C.3)
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The first-order conditions are:

. at a¢41
Consumption: Aj= —-——— — BVE; | =——— CA4
P TG —C B <Ct+1 - ’th> (G4)
Wy
Labor supply: a; = At? (C.5)
t
Ry
Bonds: At = 6Et |:At+1 :| (06)
1S}

where A; denotes the Lagrange multiplier on the nominal budget constraint for period t.

Firm sector

There is a continuum of monopolistically competitive firms, each producing a differentiated good with
technology
Yi(i) = ZiNy(d) (C.7)

where Z; is productivity and N¢(i) is labor used by firm i. Productivity follows a random walk with drift:
In(Z;) =In(z) + In(Zi—1) + 0.6 (C.8)

Final good producers combine intermediate goods according to:

where 6; > 1 is the elasticity of substitution between goods, following
In(6;) = (1 — pp) In(0) + pg In(0;—1) + opeg;. (C.10)

As in Rotemberg (1982), intermediate goods firms face a quadratic cost of adjusting prices:

o Py (i) 2
2 H?fl(ﬂz*)lfaPt,l(z‘)_l Y, (C.11)

(Py(i), P_1(i)) =

where ¢ > 0 governs the magnitude of the adjustment cost, ITI; = P,/ P;—1 denotes the gross inflation rate,
IT} is the central bank’s inflation target, and the parameter 1 > o > 0 denotes the degree of inflation

indexation in the adjustment cost.
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Optimal price setting by intermediate goods, after imposing symmetry across producers, yields:

Ht Ht
-1=o(5 ) - ¢[W‘1] [H(H)]

C.12
A1 i1 i Yin (C12)
+BE, TR T
Ay I (I ) I (I ) Y;
Central bank
The central bank follows an interest rate rule with a time-varying inflation target:
1I; gY
log(R:) — log(Ri—1) = pxlog o + pgy log 97 + log(vy) (C.13)

where g = Y;/Y;_1 is output growth. In Ireland (2007), the inflation target follows a unit root process:
log(I1}) = log(II;_1) — dpept — 02€2t + OnEnmt. (C.14)
In our case, the inflation target instead evolves according to a Markov process:

log(IT}) if sT =1
log(IT}) = ! ' (C.15)
log(Ily) if s7 =2

with transition matrix P™. In addition, we allow for regime switching in the monetary policy response

coefficients pr sr and pgy v, governed by a separate Markov process s; € {1,2} with transition matrix P".

Symmetric equilibrium and stationary variables

In a symmetric equilibrium, all intermediate-goods-producing firms make identical decisions, so that
Yi(i) =Yy, Ni(i) = Ny, and Pi(i) = P, for all i € [0,1]. Market clearing for bonds requires By = By—1 = 0,
which implies Y; = C; and N; = fol Ni(i)di

The real variables Y;, C;, and Ay inherit unit roots from the process for technology. However, the
transformed variables y, = Y;/Z;, ¢, = Cy/Zy, A\t = Zy Ay, and z, = Z;/Z;,—; are all stationary.

Similarly, the nominal variables II; and R; inherit non-stationarity from the inflation target IIf. The
transformed variables II;/II} = 7, R;/IIy = 7, and IIf /Il | = 7} remain stationary. For the Markov
process for the inflation target, Alog(ITy) = log(n}) = pa=(sF, sI_) where pq«(-) denotes the conditional

growth rate of the inflation target.
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C.2 Derivation of the NKPC

We loglinearize the normalized system of equations around the steady state, analogous to Ireland (2007).
In steady state, 7 = 1 (inflation equals its target on average), 7* = 1 (average inflation target growth
equals 1), z; = z (constant economic growth), and y, A, a are constants. The steady state implies
z/B = R/7, w\ =1, and 6 = O(a/\) + 1.

We derive the NKPC from the firm’s optimal pricing condition. The FOC, after imposing symmetry,

is:

o Qg Ht Ht
1= (Atzt> -0 {Hmnzﬂﬂ-a - 1] [Hmnnl—a]
Ap 1 Iiiq _ g Yi
WEt{( A ) {Hgmma 1} [H?(H:Hw] < Y, >}

Rewriting in terms of normalized variables (y; = Y:/Z;, Ay = Zy Ay, mp = 1L /10y, wf = 1L} /107 4):

= (5) ol (75) - [ (55 |
! " e (C.17)
) o (22 ) s (2] 5

In steady state, 7 =1, 7" =1, g = ¢%, and y, A, a are constants, which gives:

(C.16)

9—1:9(%). (C.18)

Loglinearizing (with hats denoting log deviations from steady state), the left-hand side gives §—1 +66,.
The first term on the right gives (6 — 1)(1 + 6; + a; — A). For the Rotemberg adjustment cost terms, the

{Trt <7f1)a - 1] [77,5 (7:::1)1 ~ fty + a7 — 1) (C.19)

* o
Et |:7Tt+1 < t+1> — 1:| ~ Et [’ﬁ't_u,_l + a(fr;;_l — ’f('t)] (020)

Tt

key approximations are:

and

where we use the fact that in steady state 7 = 7* = 1 so that [x(7*/7)* — 1] =0 and [r(7*/7)*] = 1.

Putting it together:

00, = (0 — 1) (0 4 ay — M) — ¢ (7e + a(7F — 7—1))
(C.21)

+ BOE: {1 + a(ffyy — 7o) }
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Dividing by ¢ and rearranging:

1. 0—1

20, —

o ¢
+ BE; {ﬁt+1 +aﬁf+1}

(ar — Ae) — (1 + Ba)i, — aftf + adty_y

(C.22)

Defining ¢ = (6 — 1)/¢, normalizing the cost push shock as & = (1/¢)f;, and rearranging to isolate 7;:

(14 Ba)fy = a1 + BEifiy1 + vmicy — & — o (7] — BBy, ) (C.23)

where mic; = a; — A is real marginal cost.

Note that if 7* # 1 in steady state, several terms in this loglinearization would not cancel out and

inflation dynamics implied by the NKPC would be considerably more complicated.

C.3 NKPC and long-run inflation expectations

Consider the special case of a = 0 such that the NKPC (C.34) reduces to
7y = BETti + Ymicy — é
and use the fact that 7; = logII; — log I} to expand
logIT; = log IT} + BE7ty1 + micy — é;.

Solving forward:
o0 ‘ o0 )
logIly = > B'EylogTljy; + ¢ Y _ 7By + wy

=0 j=0

where w; = — Z;‘io BIEiers;.

*

Under Ireland’s random-walk assumption for the inflation target, E;log ITy, ;

thus:

o0
logIT; = (1= B) " log Il + ¢ Y BIBymiciy; + w;
=0

where log I} = E;logIly,  are agents’ long-run inflation expectations.

(C.24)

(C.25)

(C.26)

= log II¥ for any j and

(C.27)

Under the Markov process assumption for the inflation target, E; {log I} Jrj|.s:,5} = [Pj ﬁ*} where

IT* = [log IT¥ logI3)’. Thus:

o0
log ITy =TT (84) + % Z BIEmices + w
=0
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where
[o@)

I (s0) = > R [log T}, js.] = ([1 —BP! ﬁ*) (C.29)

st
§=0 '

is the regime-dependent present-value of agents’ future inflation target expectations.

If mc; followed an AR(1) with persistence ¢, we would get
log IT; = ﬁ*(st) + a(sy)xy (C.30)

with a(s;)z; = ¥ [1 — Be] ' mic; +wy, which is the univariate type of model used in Section 3 (with added
regime shifts in the different parameters).

Long-run inflation expectations under the two formulations differ importantly. Under (C.27), E;(log ;1) =
(1—3)"logII}: long-run inflation expectations equal whatever the central bank’s inflation target is today.
This is a direct implication of the unit-root assumption and abstracts from the notion that what matters
for long-run inflation expectations is the central bank’s credibility going forward (7). Under (C.28), by

contrast:

Ei(log i1 o0) = B¢ (ﬁ*(3t+oo)>
p

P21 « 12 «
= —=  log(I}) + ———=— log(1II3). C.31
P12 + P21 g(1h) P12 + p21 g(1l2) ( )

Long-run inflation expectations are explicitly about agents’ expectations of central bank credibility as
given by the transition probabilities p12 and po;. While these probabilities are constant in standard
formulations—and thus long-run inflation expectations are constant, which is clearly counterfactual—we
can relax this by adjusting pi2 and po; to fit observed long-run inflation expectations, as described in

Section 6.
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C.4 Loglinearized system

The loglinearized equilibrium conditions are:

Lagrange multiplier: (z —v)(z — B7)A\e = v29e—1 — (2 + By
+ Bv2Eifis1 + (2 — ¥)(2 — Bypa)ar — 722 (C.32)
Euler equation: \; = E; (5\t+1 + P = T — 'ﬁ‘t+1) (C.33)

NKPC: (14 Ba)iy = af—1 + BEitpr1 +¥(a — M) — é

—a (7 — PRy 4) (C.34)
Monetary policy: 7y — f1—1 = pr s 7t + pgy,s;g}’ — T+ O (C.35)
Output growth: §; = §: — 9¢_1 + 2 (C.36)
Real interest rate: 7;" = 7y — 7y (C.37)
Inflation target change: 7} = log(Ily) — log(Ily_;) (C.38)

where 1) = (6 — 1)/¢ is proportional to the slope of the Phillips curve, mc; = a; — M is the real marginal
cost, and the inflation target log(II}) is governed by the Markov process s7. Note that the NKPC contains
the term —a(7; — BEs7f, ), which differs from Ireland (2007) where E;@f, ; = 0 under the random walk
assumption for the inflation target. Under our Markov regime-shift assumption, 7}, ; # 0 in general.

The structural shocks follow exogenous processes:

Preference shock: a; = paa¢—1 + 0acar (C.39)
Cost push shock: é; = peé;_1 + TeCet (C.40)
Technology shock: Z; = 0.¢e,+ (C.41)
Monetary policy shock: 0y = p,0i—1 + Tyt (C.42)
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C.5 Mapping the model to the data

The model is estimated on three observable series: output growth, inflation, and the nominal interest

rate. The measurement equations linking observables to model variables are:

Output growth: log(Y;) —log(Y;_1) = g7 + log(2) (C.43)
Inflation: log(Il;) = 7, + log(I1}) (C.44)
Nominal interest rate: log(R;) = 7 + log(r) + log(II}) (C.45)

where, contrary to Ireland (2007), we do not impose that r = 2/ since the additional 20 years of data in
our sample implies a substantially lower average real risk-free rate of about 0.36%, which in turn would

require 3 > 1 since output growth is about 0.5%.

C.6 Solution and estimation

The regime-dependent MSV solution of the model under FIRE is given by
Xt = Astthl + Bstet (046)

where s; now captures the joint Markov state across both the inflation target and monetary policy response
coeflicient processes. For the estimation, we map a vector of observable variables, Y;, with the endogenous
variables vector X;:

Yt = \IIO(St) + \I/lXt (047)

where Y; contains data on output growth, inflation, and the federal funds rate. Vector Wy(s;) is given by

!/

Wo(st) = [log(z) log(H:?) 7 4 log(r) + log(H:;—r) (C.48)

where log(z) is the average output growth rate, log(II%;) is the regime-dependent inflation target, and
t
7+ log(r) captures the steady-state nominal interest rate components. The sample covers U.S. quarterly

data from 1954:3 to 2024:4.
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