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Abstract

We study a competitive labor market where heterogeneous workers supply
multidimensional skills to heterogeneous firms. Firms produce output by aggre-
gating employees’ skill bundles, using them as inputs in a concave production
function. A single friction—the bundling of workers’ skills—generates an equilib-
rium with workers-to-firms sorting based on comparative advantage, where each
firm has a unique optimal size and where the wage schedule is convex. Skill
prices vary across firms despite competitive wage-setting, with a markdown for
workers endowed with balanced skills. We illustrate the empirical relevance of
key assumptions and predictions using matched worker-firm data on workers’ skill
profiles.
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1 Introduction

Firms play a central role in shaping wages and the allocation of workers across the econ-
omy. High-wage workers cluster in high-wage firms, wages vary systematically across
firms, and workers sort across firms according to their comparative advantage.! De-
spite this growing empirical evidence, our theoretical understanding of how firms shape
these outcomes remains incomplete. Existing frameworks have made progress along
many important dimensions,? but they typically treat firms as collections of indepen-
dent jobs or occupations, leaving firms’ production technologies with no independent
role in determining wages or sorting. In this paper, we develop a framework in which
firms aggregate the multidimensional skills of their workers into productive inputs using
heterogeneous production functions, while workers cannot unpack and sell their skills
on separate markets.

Our framework sits at the intersection of Labor Economics and Macroeconomics,
incorporating elements from Industrial Organization (production functions) and Trade
(heterogeneous firms). We study a perfectly competitive labor market where a contin-
uum of heterogeneous workers supply multidimensional skill bundles to a continuum of
heterogeneous firms. The key constraint is bundling — the inability of workers to sep-
arate and sell their skills to different firms — hence, stand-alone markets for individual
skills do not exist. Firms produce by aggregating their workers’ skills into tasks. Their
production functions, which takes these tasks as inputs, differ in the weights placed
on each such input as well as their total factor productivity (Melitz, 2003). Because
firms can combine workers with different skill profiles to obtain any desired mix of in-
puts, whereas workers cannot split their skills across firms or markets, a fundamental
asymmetry emerges. This asymmetry, operating in an otherwise perfectly competitive
environment, generates a rich set of equilibrium outcomes: workers sort across firms
based on comparative advantage, each firm has a unique equilibrium size, wages are
convex in skills with firm-specific skill prices, and workers with balanced skill profiles
earn lower returns to their skills. These results are established as theorems in a general
equilibrium framework, using recent advances in optimal transport theory. The above
theory is fully cross-sectional and the empirical counterpart — our facts, described just
below — is also identified entirely in the cross-section, without using worker mobility.

We present five motivating empirical facts. The analysis uses Swedish administra-

tive data, providing essential links between multidimensional skill assessments, wages,

1See e.g. Kline (2025), Song, Price, Guvenen, Bloom, and von Wachter (2019), Fredriksson, Hensvik,
and Skans (2018), and Lise and Postel-Vinay (2020) for relevant evidence.

2These include characterizing sorting with multidimensional skills (Lindenlaub, 2017; Lise and
Postel-Vinay, 2020), modeling monopsonistic wage-setting and labor market power (Berger, Herken-
hoff, and Mongey, 2022; Deb, Eeckhout, Patel, and Warren, 2024), and estimating the contribution of
firms to wage inequality (Abowd, Kramarz, and Margolis, 1999; Kline, 2024).



occupations, and firms’ financial accounts. The facts establish that the key ingredients
of our framework are present in the data——crucially, the firm dimension has indepen-
dent explanatory power for worker sorting and heterogeneous skill prices, beyond their
occupational composition. First, workers sort across firms according to their compar-
ative advantage in skills. Second, firm-level skill demand is predictable from financial
accounts, which contain no direct information about their workers’ composition, consis-
tently with heterogeneous production technologies driving heterogeneous skill demand.
Third, this sorting reflects firm-level skill demand that spans occupational boundaries:
firms that employ workers with a strong comparative advantage in one skill for one oc-
cupation do so for their other occupations as well, suggesting that firm-level production
technologies shape skill demand above and beyond and above occupational boundaries.
Fourth, the skill prices paid by firms vary systematically (out-of-sample) across firms,
showing that skill price dispersion reflects genuine firm-level heterogeneity rather than
noise. Fifth, firm productivity covaries with both skill composition and skill prices, con-
sistent with non-homothetic production functions. Taken together, these facts motivate
a model where firms and their production functions play a central role in determining
not only how workers sort across the economy but also what they are paid for each unit
of skill.

The Core Mechanism. The bundling constraint creates a fundamental asym-
metry. Because firms employ a continuum of workers, a firm that needs a particular
mix of skills has the option to combine workers with different complementary special-
izations to obtain any desired aggregate input mix. A worker, however, works for one
single employer and cannot split her skills across firms. In equilibrium, “generalist”
workers, endowed with balanced skills, face competition from combinations of workers
with more specialized skills, but workers with specialized skills (“specialists”, hereafter)
do not face the reverse competition because of the bundling constraint. Equilibrium
wages must therefore be convex in skills, with workers carrying balanced skills earning
lower returns to each of their skills than the equivalent combination of specialists — a
generalist markdown arising from the bundling constraint in an otherwise perfectly com-
petitive market. All subsequent results — sorting on comparative advantage, unique
equilibrium firm sizes, firm-specific skill prices, and the link between firm productivity
and skill demand — are implications of this single asymmetry, traced through a general
equilibrium framework.

Sorting. The equilibrium assignment of workers to firms maximizes total produc-
tion in the economy. Each firm demands a uniquely defined combination of skills, but
the precise nature of sorting depends on local (in the skill dimension) supply and de-
mand conditions. When local supply is sufficient to meet local demand, firms hire

workers with a unique combination of skills — pure sorting. When local supply is in-



sufficient to meet local demand, firms combine workers with different skill sets to attain
its exact demand — bunching. Because our model has a continuum of both workers
and firms, the full distribution of skills on the supply and demand sides of the economy
determines which type of equilibrium will arise.

The Equilibrium Wage Schedule. Despite perfectly competitive wage-setting,
the law of one price fails for skills. Skill prices are determined by the employing firms’
marginal productivity of the relevant skill. As a consequence, the same skill commands
different prices depending on the employing firm’s production technology. Crucially, this
skill-price dispersion takes place between firms in the cross-section without frictions or
market imperfections beyond the bundling constraint. Firms demanding a balanced
set of skills pay lower skill prices than more specialized firms - a generalist markdown.
The equilibrium wage schedule is homogenous of degree 1—wages grow in proportion
to workers’ quality—implying that the equilibrium log-wage has an additive structure
with a person component arising from workers’ quality, and a workers-to-firm sorting
component.?

Equilibrium Outcomes and Firm’s Productivity. The existence of a unique
firm’s equilibrium size is a distinctive feature of our framework. Firm size in our model
is defined as a skill-weighted count of workers, where each skill is valued at the price
commanded by pure specialists. Importantly, our comparative statics demonstrate that
this firm’s size increases with TFP. Furthermore, when production functions are non-
homothetic, relative demand for cognitive specialists increases with firm’s TFP, if larger
firms are relatively more productive in cognitive skills. As a result, the worker-to-firm
sorting effect, mentioned just above, also increases with TFP.

Workers-to-Firms versus Workers-to-Jobs. Our workers-to-firms matching
generates strictly higher total output than a workers-to-jobs matching in any economy
with bundled skills. Indeed, our Core Mechanism allows firms to combine workers
with different skill profiles in order to achieve any desired input mix, they can exploit
complementarities across workers that a job-level assignment — where each worker’s
output is determined independently — cannot replicate. The two notions of matching
coincide only in the knife-edge case when firms and jobs coincide at the optimum, the
optimal assignment being a mass point: a formal justification for placing firms, rather
than jobs, at the center of the analysis.

Empirical relevance. Our model is fully consistent with the motivating facts it
sets out to explain. Workers and skill prices vary in relation to firms’ production func-
tions. To further validate the relevant theoretical results, we take the prediction of a

generalist markdown to our Swedish data and estimate that skill prices are approxi-

3This parallels the AKM decomposition into person and firm effects Abowd, Kramarz, and Margolis
(1999), albeit in the cross-section.



mately 20 percent lower in firms that employ a balanced mix of skills relative to more
specialized firms. Furthermore, the estimated generalist markdown is larger in markets

with less bunching of heterogeneous workers.

Related Literature. Our contribution lies at the intersection of Labor, Macro, and
borrows elements from IO and Trade. As a consequence, it connects to several strands

of the literature.

Bundling Multidimensional Skills. The study of skill bundling started with Heck-
man and Scheinkman (1987), who showed that the law of one price for skills need
not hold when skills are bundled, and in their case, aggregated at the sectoral level.
Lindenlaub (2017) provides a full characterization of assortative matching with multi-
dimensional skills in a model with jobs but no firms and thus no skill aggregation at
the firm level. In a recent contribution parallel to our own work, Edmond and Mongey
(2022) study bundling with two occupations and heterogeneous workers, deriving condi-
tions under which skill prices diverge across occupations with Skilled Biased Technical
Change (SBTC, hereafter) generating opposing inequality trends. Our approach, with
a continuum of agents, allow us to add explicit firm-level heterogeneity, TFP dispersion,
and derive an endogenous firm size. Although the two-occupations and two-skills setup
yields interesting insights, the power of the continuum, which is particularly relevant for
firms, allows us to derive general results about sorting and wage schedules in the cross-
section. As an example, bundling and bunching may take place simultaneously in our
framework due to skill-local supply and demand conditions whereas the corresponding

4 Lise

phenomena only arise due to technical change in Edmond and Mongey (2022).
and Postel-Vinay (2020) consider multidimensional skills in a search framework. Our
paper differs from all of these by placing firms — with heterogeneous concave produc-
tion functions and endogenous size — at the center of the analysis. Finally, Ohnsorge
and Trefler (2007) shows that international differences in skill bundle distributions have
important implications for trade and income distribution, in a model with jobs and no
firms.

Giving Firms Substance. To do so, we borrow elements from the heterogeneous
firms literature in Trade, our firms having heterogeneous TFP, as in Melitz (2003) as
well as heterogeneous production functions, as in IO (in particular on the estimation
side, see Ackerberg, Caves, and Frazer, 2015). This combination yields rich firm-level
consequences. Our research is also directly inspired by Eeckhout and Kircher (2018),
who separate workers’ quality from their quantity to obtain firms that are more than

collections of jobs, in a one-dimensional skill setting, however. Garicano and Rossi-

4“Unbundling” in Edmond and Mongey (2022) shares some similarities with our “bunching”. But
going from bundling to “unbundling” and vice-versa requires time-varying changes such as SBTC.



Hansberg (2006) also centers on how firm-level production operates, and information
flows within the firm, in a general equilibrium framework. Firms play a central role
in Haanwinckel (2025) and Freund (2023), where sorting is important, and in Boerma,
Tsyvinski, and Zimin (2021), where firm size is exogenous. Firms’ production functions
also matter in recent GE models of monopsonistic labor markets (Berger, Herkenhoff,
and Mongey, 2022; Deb, Eeckhout, Patel, and Warren, 2024), though without the
sorting and bundling mechanisms central to our analysis. Firms and sorting are also
central in Costinot and Vogel (2010), a contribution to Trade, with high-skill workers
having a comparative advantage in skill-intensive tasks, even though bundling plays no
role in their model.

Hedonic Models and Optimal Transport. Following Rosen (1974), hedonic models
match consumers to goods, with firms on the supply side. Our model departs from the
hedonic tradition in two ways: tasks are unobserved and production involves firm-level
aggregation of workers’ skills, which Rosen (1974) explicitly rules out. Chiappori, Mc-
Cann, and Nesheim (2010) express hedonic models as optimal transport problems (see
also Galichon, 2018). Because skills are aggregated within firms and firms choose their
size endogenously, we rely on the weak optimal transport with unnormalized kernels
(WOTUK) framework of Choné, Gozlan, and Kramarz (2023), itself an extension of
the weak optimal transport introduced by Gozlan, Roberto, Samson, and Tetali (2017).
Chiappori, McCann, and Pass (2016) connect multidimensional optimal transport to
the screening literature (Rochet and Choné, 1998), where bunching plays an impor-
tant role; we find an analogous bunching phenomenon in our competitive setting. The
discrete matching literature (Crawford, 1991; Kelso and Crawford, 1982; Hatfield and
Milgrom, 2005; Pycia, 2012; Pycia and Yenmez, 2019) provides game-theoretic foun-
dations for many-to-one matching; we work instead with a continuum of workers and

firms.

The Article Structure. Section 2 presents the motivating empirical facts and the
model setup. Section 3 derives aggregate sorting and the structure of equilibrium wages,
including the generalist markdown. Section 4 characterizes workers-to-firms sorting
patterns, distinguishing pure sorting from bunching. Section 5 establishes the log-wage
decomposition, the connection between markdowns and firm productivity under non-
homotheticity, and the workers-to-firms versus workers-to-jobs comparison. Section 6

concludes. All proofs are in the Appendices.



2 A Labor Market with Bundled Skills:
From Motivating Evidence to the Model

In Subsection 2.1, we present motivating facts on skills bundling using Swedish data
sources on workers’ multivariate skills and their employing firms. Then, in Subsec-
tion 2.2, informed by our motivating facts, we introduce our theoretical model of the
labor market where firms use their workers aggregated skills as inputs of their hetero-

geneous production functions.

2.1 Motivating evidence

This subsection uses Swedish administrative data to document five empirical facts
illustrating the market interactions between heterogeneous firms and heterogeneous
workers with bundled skills. Taken together, these facts motivate our framework in
which a continuum of workers is endowed with bundles of multidimensional skills and

a continuum of firms operate with heterogeneous production functions.

2.1.1 The data

To conserve space, we focus on the key economic insights; a detailed description of
the data and methods is provided in Figure 1 and Figure 2 notes and in the Data
Appendix H. All empirical exercises use Swedish register data on skills assessed as
part of the military conscription conducted around age 18 for nearly all Swedish males
over three decades. These data are linked to wages, occupations, and employing firms’
financial accounts. For illustrative purposes, we focus on a two-dimensional skill bun-
dle—Cognitive and Non-Cognitive skills—each measured on an integer Stanine scale
that approximates a normal distribution using 9 discrete bins (one step = 0.5 standard
deviations).? Scores are normalized relative to economy-wide peers (separately by skill).
Because scores are normalized economy-wide within each skill, the difference between
a worker’s Cognitive and Non-Cognitive scores captures his comparative advantage
across the two dimensions. The Appendix shows that roughly half of all workers have
a comparative advantage of at least one standard deviation (two Stanine steps) in one

of the two skill dimensions.

5Unlike percentile-ranked bins, which generate a uniform distribution, Stanine bins approximate
a normal distribution and are therefore of unequal size, capturing 4, 7, 12, 17, 20, 17, 12, 7, and 4
percent of the sample from lowest to highest.



2.1.2 The facts

Fact 1: Workers are sorted by comparative advantage across firms. Fig-
ure 1(a) relates workers’ comparative advantage to their allocation across firms. The
Figure presents the distribution of firm-averaged comparative advantages. The disper-
sion indicates that firms systematically differ in the comparative advantage of the work-
ers they employ. As a counterfactual contrast, the Figure also reports the distribution
implied under constant skill use across firms within occupations, which is substantially
more compressed, indicating a clear role for firms beyond occupational sorting. Fig-
ure 1(b) further confirms this pattern using a two-way fixed effects decomposition. We
estimate a model with firm and occupational fixed effects using workers’ comparative
advantage as the outcome and show that both firm and occupational effects predict
the comparative advantage of workers in held-out data. Hence, the dispersion reflects
genuine firm-level heterogeneity rather than overfitting to noise.

Fact 2: Comparative skill advantages are related to firm-level fundamen-
tals. Figure 1(c) shows that a Random Forest prediction model, trained on firms’
financial accounts, predicts firm-level comparative advantage in held-out data. Firms
with similar financial accounts — suggesting similar production technologies — employ
workers with similar skill profiles. We use 22 variables capturing costs, assets, and
related accounting items, excluding items related to wage costs, that proxy for produc-
tion technologies without any direct link to skill composition. The predictions explain
about a quarter of the variation in comparative advantage across firms and generate
a continuous distribution of predictable firm-averaged comparative advantages, consis-
tent with our modeling framework in which a continuum of heterogeneous production
functions shapes skill sorting across firms. Figure 1(d) shows that the prediction relies
on a wide set of predictors. Crucially, the predictive power of firm-side fundamentals
for workers’ skill composition indicates that the sorting patterns documented in Fact 1
reflect demand-side heterogeneity rather than supply-side composition effects.

Fact 3: Comparative advantages span occupations within firms. Figure 1(e)
shows that firms employing white-collar workers with a large cognitive comparative
advantage also tend to employ blue-collar workers with a large cognitive comparative
advantage. This pattern suggests that firms possess a common skill demand style that
spans broad occupational categories. This insight also holds at a more granular occu-
pational level, as shown in Figure 1(f). We compute each worker’s within-occupation
comparative advantage as the deviation from the occupation-wide mean and aggregate
these measures to the firm—occupation level. For each occupation within a firm, we
correlate this deviation with the corresponding measure constructed from all other oc-

cupations in the same firm. The strong positive relationship indicates that firms are



systematically heterogeneous in their relative demand for cognitive versus non-cognitive
skills and that this heterogeneity transcends occupational boundaries.

Fact 4: Skill prices vary systematically across firms. Facts 1-3 document het-
erogeneity in the quantities of skills demanded across firms. We now show that the
prices firms pay for these skills are equally heterogeneous and systematic. Figure 2(a)
shows that the returns to cognitive skills vary across firms. We estimate wage returns
to cognitive and non-cognitive skills separately for each firm on a training sample of
workers, after residualizing wages on occupation, year, age, and firm fixed effects.® We
validate the firm-specific returns on held-out workers, ensuring that the systematic dif-
ferences in skill prices we document reflect genuine firm-level heterogeneity rather than
overfitting to estimation noise. Figure 2(b) further shows that this price heterogeneity
is skill-specific rather than a general scaling of wages across firms. Ranking firms by
the difference in returns to cognitive versus non-cognitive skills using the same cross-
validation strategy, we find that some firms pay relatively more for cognitive than for
non-cognitive skills than others. Together with Facts 1-3, this relative price hetero-
geneity suggests that firms’ heterogeneous production functions generate heterogeneity
in both skill sorting and skill prices.

Fact 5: Skill quantities and skill prices covary with firm productivity. Our
final result relates sorting and price patterns to firm-level productivity. Figure 2(c)
shows that firms with higher labor productivity employ workers with a stronger cog-
nitive comparative advantage. Furthermore, Figure 2(d) shows that the difference in
wage returns between cognitive and non-cognitive skills is larger in more productive
firms. Jointly, these patterns indicate that firm-specific skill demand — in both its
quantity and price dimensions — varies systematically with firm-level productivity.
Under homothetic production, relative factor demand would not vary systematically
with productivity; the evidence instead points toward non-homothetic technologies in

which more productive firms demand a different mix of skills and pay accordingly.

The five facts, taken together, paint a consistent picture. Firms differ systematically
in which skills they demand and what they pay for them, these differences reflect firm-
level production technologies rather than occupational composition or worker supply,
and they covary with productivity in ways that point to non-homothetic technologies.
This motivates a model in which firms — through their heterogeneous production func-
tions — play the central role in shaping both the sorting of workers across the economy

and the wages they receive.

6The inclusion of firm fixed effects in the residualization ensures that the skill returns capture
within-firm price variation rather than differences in firm wage levels across firms.
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is the skill difference along the Stanine scale. Panel (a): CA averaged at the firm level, together with a counterfactual using the mean
CA by 3-digit occupation before aggregating to the firm level. Panel (b): Two-way fixed effects decomposition; both firm and occupation
fixed effects predict worker CA in held-out data. Panel (c): Random Forest prediction of firm-averaged CA using 22 variables from firms’
financial accounts, excluding wage-related items; out-of-fold R? = 0.24; predictions averaged from five firm-clustered data folds. Panel
(d): Mean impurity decrease for each predictor in the Random Forest model, normalized relative to the most important feature; a wide set
of predictors contributes to the out-of-fold fit. Panel (e): Average CA among blue- and white-collar workers within firms. Panel (f): CA
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CA within the same firm. Further details on data and methods can be found in Appendix H.
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2.2 Model

In the labor market we study, a continuum of heterogeneous workers supplies multidi-
mensional skills to a continuum of heterogeneous firms, in the spirit of the empirical
patterns illustrated above. The firms produce output by aggregating their employees’
skills into tasks, used as inputs of a concave production function. We examine how
the bundling of workers’ skills affects the equilibrium outcomes in this otherwise per-
fectly competitive world. We first describe production. Then, we define the matching
concept, the assignment of workers to firms, and the notion of competitive equilibrium
adopted to our setting.

Production: Each firm’s production process uses k > 2 tasks T' = (11, ...,T) as
intermediary inputs to produce a final output. Firms first transform workers’ skills into
tasks and then use these tasks to produce output. Firms’ production technologies are
characterized by a continuum of types denoted by ¢. A firm of type ¢ produces final
output F(T'; ¢), with a well-behaved production function F' (nonnegative, continuous
in (T, ¢), strictly concave in T, differentiable in T with partial derivatives continuous
in (T, ).

To simplify exposition, we sometimes rely on production functions where firm het-
erogeneity ¢ can be summarized by two terms — total factor productivity (z) and the
relative importance of each task in the production process («) such that F(T;¢) =
2F(T;«), where o has a dimension determined by the number of tasks.

Workers, Skills, and Tasks: FEach worker is endowed with a vector of skills
s = (s1,...,s;) of the same dimension (k) as the tasks. These skill vectors, s, belong
to a compact subset X® of Rﬁ and are distributed according to a probability measure
H"(ds) in the population of workers. We assume that there is no mass of workers with
zero skills, H*({0}) = 0.

In most of the paper, we let skills and tasks share a common scale such that skill
s produces task t = s, which implies that a worker with twice the skill-level in a given
dimension can produce twice as many tasks of that type in a given day.” This allows us
to equate skills with tasks, even though skills are worker-side characteristics and tasks
are firm-side attributes.® We consider more general skills-to-tasks relationships of the

form ¢t = g(s) in Appendix B.

"Conceptually, in relation to our empirical two-dimensional application with Cognitive and Non-
Cognitive skills measured on a scale of 1 to 9, a worker with a (4,2) skill set may be considered as able
to perform four Cognitive and two Non-Cognitive tasks during a work day.

8Choné, Gozlan, and Kramarz (2024) allow labor supply to respond to wages, thus endogenizing
the relationship between the workers’ skills and the tasks they perform. The skills-equated-to-tasks
situation obtains as a special case of their model where tasks are perfect complements in the workers’
disutility cost of work. Most of our results (e.g., generalist markdowns, sorting, uniqueness of firm
size) go through in the endogenous labor supply context.

11



Following Acemoglu and Autor (2011), and conventions in the existing literature
on skill bundling at the occupational level , our baseline specification assumes that
firms aggregate labor inputs, within task types, in a linear way. The amount of task j
produced in each firm of type ¢ is an aggregation across all workers’ s;-skills in the

firm:?

T? (¢) = /sj nP(ds;¢) for j=1,... k (1)

using nP(ds;¢) — a non-negative finite measure on X* — to denote the number of
workers with skill-bundle s hired by firms of type ¢. This is a key object in our analysis.

Remark: A standard formulation of production functions with heterogeneous work-
ers with discrete types (say high or low educated) assumes that a type-specific count of
workers can be fed into a production function as separate inputs. Our production func-
tions instead allow output to depend on the within-firm aggregate skill vector defined
by equation (1). This is the simplest and most natural extension of usual production
functions when incorporating the bundling friction and, as shown below, it will bring
useful structure to the problem.'® We discuss extensions to broader classes of pro-
duction functions in the Conclusion. When the production function displays increasing
marginal productivities of aggregate skill types,!! the marginal productivity of a worker
in one skill increases with her co-workers’ other skills. Hence complementarities across
workers result from complementarities across skill types.

Assignment: An assignment of skill bundles s to each type of firm ¢ is captured by
the labor input measures nP(ds;¢), as defined above. The assignment is endogenous,
and to be determined in general equilibrium. Similarly, N(¢) = nP(X;¢), a measure

of total employment in firms of type ¢, is also endogenously determined.!?

An assignment nP(ds; ¢) clears the labor market if the aggregate demand for each

skill-bundle s equals the aggregate supply of such bundles:

[ ntasio) 1(d0) = H(as). @)

In short form, we write the market clearing equation (2) as nPHf = H".

9We discuss alternative rich aggregation schemes in Appendix B.

10See also the taxonomy of optimal transport problems in Appendix F.

1 Formally: 9*F/0T;0T; > 0 for j # j'. In this case, the aggregate skills are gross-complements,
i.e., the demand for one skill is non-increasing in the prices of the other skills, see Theorem 4.D.3 in
Takayama (1985).

12These measures will thus endogenously define firm employment, without imposing size 1 as in
frameworks relying on probability measures.
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For any market-clearing assignment nP(ds;¢), the expected number of employees

across all firms and skills is one, without loss of generality:

/ N(¢)H (d6) = 1. (3)

It follows that the (endogenously) modified, O: employment weighted, distribution
of firms’ types H/(d¢) = N(¢)H’(d¢) is a probability measure that is absolutely
continuous with respect to the original distribution H/(d¢). In Appendix F, we formally
define the matching between workers’ skills s and firms’ technologies ¢ as a “transport
plan” and connect our framework to recent developments in optimal transport theory.

D

Optimality: A market-clearing assignment n"° is optimal if it maximizes total

output in the economy, i.e., if it solves'?

gl E ey F(/ snD<ds;¢>;¢)Hf<d¢>- (4)

nP | nPHf=Hw

As our production function F' is nonlinear in the firm-aggregate vectors of tasks 7', the
total output in the economy is also a nonlinear function of the assignment nP.14

Competitive Equilibrium: A worker’s bundle of skills cannot be sold separately,
hence firms must purchase her entire skill vector s = (sy, ..., ;). The market wage of
a worker with skill bundle s is denoted by w(s). The wage schedule w(.) determines
a specific wage for each possible value of the skill-vector, a map X* — R,. We rule
out agency problems and information asymmetries: a firm that hires a worker with
skill-bundle s obtains the vector of tasks s in return for the paid wage w(s).

Given a wage schedule w(.), a firm’s demand for skills is given by the assignment
nP(ds; ) that maximizes the firm’s profit, defined as total production (using the skill

aggregation of equation (1)) minus the wage costs:

) = mas P [sviasio) - [utvas), 5)

VEM(]Ri

where M(IR) is the set of possible skill input combinations (thus, all positive measures
on R¥).

A competitive equilibrium is defined as a combination of a market-clearing as-
signment nP(ds;¢) and a wage schedule w, such that the assignment nP(ds;¢) solves

the labor demand problem (5) for all firm types ¢.

13We show in Lemma G.1 that J°(H/, H") < c0.
4By contrast, if firms’ production instead had been the sum of each of their employees’ production,
then total output [[ F(s;¢)nP(ds;¢)H(d¢) would have been linear in nP, see Appendix G.

13



3 Aggregate Outcomes

This Section is organized in order to give us the tools necessary to examine both
between-firms and within-firms inequality in labor markets faced with a bundling fric-
tion.

In Subsection 3.1, we show the existence of competitive equilibria and derive prop-
erties of the wage schedule. In Subsection 3.2 we then show that each firm’s size is
uniquely defined in equilibrium. Then, in Subsection 3.3, we present the structure of
aggregate sorting (which will be contrasted later with individual sorting). In Subsec-
tion 3.4, we present two properties of the equilibrium wage schedule — one-homogeneity
and convexity — and how the latter generates wage markdowns for “Generalist” work-
ers endowed with a balanced set of skills. Finally, in Subsection 3.5, we provide an

empirical estimation of the Generalists” Markdown.

3.1 Competitive Equilibria with a Convex Wage Schedule
Competitive equilibria will be shown to exist under the following assumption:
Assumption 1. For all T € RY and all ¢ € X7, F(uT; ¢)/p tends to 0 as p — +oc.

Assumption 1 holds for homogenous production functions with decreasing returns
to scale, as is the case in our leading example (11). It also holds for the non-homothetic
production function used in Appendix E.2.

The bundling environment is characterized by missing markets. Firms cannot pur-
chase some amount of skills, separately for each skill type j = 1, ..., k. In particular the
notion of optimality refers to the “Primal” Problem (4), which includes the constraints

that only workers can be hired and that only skill-vectors can be traded.

Proposition 1 (Existence of equilibria with a convex wage schedule). Under Assump-
tion 1 there exist competitive equilibria (nP, w), with the wage schedule being convex
and homogenous of degree one. Any equilibrium assignment of workers to firms nP is

optimal.

To prove the existence of competitive equilibria, we prove the existence of optimal
market clearing-assignments and show that they can be decentralized by convex and
1-homogeneous wage schedules, see Appendix A.1. In the following paragraphs, we
present an intuitive proof.

Convexity and 1-Homogeneity of the Wage Schedule: The convexity and the
homogeneity of the wage schedule are direct consequences of the linear aggregation of
workers’ skills into & inputs used by to produce, as shown in equation (1). Fulfillment of

these two conditions guarantee the absence of arbitrage opportunities for firms. Indeed,
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when these properties do not hold, firms can reduce their wage bill by replacing some
workers with combinations of workers yielding the same aggregate skills.

Suppose for instance that there exist worker types s, s’, and s” such that s’ =
vs+ (1 —v)s with 0 < v < 1, w(s) = w(s’) = 1, and w(s”) > 1. Then, no firm
would want to hire type-s” workers because a combination of type-s and type-s’ workers
would deliver the same amount of intermediary inputs in return for a lower wage bill.
Specifically, diminishing demand nP(s”,¢) by € and increasing nP(s,$) by ve and
nP(s',¢) by (1 — v)e leaves the firm-aggregated vector of skills (hence the firm-level

vector of tasks) unchanged and reduces the wage bill.

Similarly, the 1-homogeneity property directly stems from the linear aggregation of
skills in the production function. Consider two workers with proportional skills s and
ps for some p > 0. These workers have the same relative skill endowments but differ in
their overall quality, embodied by the multiplicative factor u. Assume, by contradiction,
that w(ps) < pw(s). Then no firm would hire worker type s as diminishing N (s; ¢) by
e and increasing N (us; ¢) by €/u leaves the firm aggregate of skills unchanged while
reducing the wage bill. It follows that the demand for worker s is zero, a contradiction.

The reverse inequality, w(us) > pw(s), is ruled out by the same argument.

3.2 Firm Size is Uniquely Defined

We show that the firm’s aggregated skill vector TP(¢) introduced in (1) is uniquely
defined and introduce a well-defined notion of firm’s size. Hereafter, we denote by @

the set of all convex, positively one-homogenous, and non-decreasing functions w :
RY — R;.

Proposition 2 (Uniqueness of wage schedule and firm-aggregated skill vector). Suppose
Assumption 1 holds and assume furthermore that F(T'; ¢) is strictly concave inT. Then
the firm-aggregated skill vector TP(¢) = [ snP(ds; ¢) is unique among all competitive

equilibria (nP,w), and is the solution of

[(¢; w) = max F(T; ¢) — w(T), (6)

where w is any equilibrium wage schedule that is conver and homogenous of degree one.
Furthermore, the wage schedule w € ®, is uniquely defined on the support of TP, i.e.,

w(TP) is unique.

Since F' is concave and w is convex, the above problem is well-posed, with a unique
solution characterized by

Fj(TP(¢); ¢) = w;(T7(9))- (7)
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At any competitive equilibrium, the marginal productivity of each skill equals its
marginal price. When the wage schedule is locally linear, i.e., is of the form ) w;s;,
we are back to Fj(TP(¢);¢) = wj, i.e., the marginal productivity of each skill equals
its unique price. More generally, the productivity of skill j equals its implicit price
in the neighborhood of the aggregate skill 7', i.e., the partial derivative w; = dw/0s;
evaluated at that point. Figure 3 shows the tangency of the firm’s production isoquant

and the iso-wage surface.

AN

Z’F(Te,Tn; ofy) = Cst

TN(Z/, 059\/) ...........................

TN(Z, OéN) .............. .......

U 2F(Te, Tn;an) = Cst

- >
Te(Z,ay)  To(z,an) Te

Figure 3: Matching in the horizontal (skill profile) dimension: Firm (o, 2’) is more intensive in
skill N than firm (an,z), with oy > an

The Substance of Firms: Our framework distinguishes itself from the job-level
approaches dominating the labor literature because it gives substance to firms in equi-
librium.'®> We allow firms to transform their workers’ skills into tasks which are aggre-
gated and then used as inputs in firm-specific production functions. As a consequence,
a firm’s size is shown to be a uniquely-defined concept. This stands in contrast with

frameworks where firms are redundant because total production is its sum across jobs.

We define the size AP(¢) of firm type ¢ by valuing the skills it uses at the prices
assigned to pure specialist workers. These specialists only have one skill and their wage
w(e;), ¢, = (0,...,1,...,0), with 1 in the ¢th coordinate, thus reflects the price of skill

¢ in a setting without bundling constraints. Thus, the size of firm type ¢ is:

15See, however, Eeckhout and Kircher, 2018 for a firm-level exception.
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AP(g) = Zw(e»T?(ezs). (8)

Note that w(e;) is uniquely defined in equilibrium according to Proposition (2).'6

Proposition 3. Consider a production function of the form zF(T¢, Tn; an). Then the

size of the firm, AP(z, ay), increases with the firm’s total factor productivity z.

Size of Firms: An empirical illustration The measure of firm size differs from
traditional concepts based on the number of workers. To illustrate its empirical content,
we need to characterize firms’ use of skills and weight these by the skill prices of pure
specialists. As an empirical approximation, we use our Swedish skill data and estimate
within-firm returns to Cognitive (resp. non-Cognitive) skills in firms that are dominated
by Cognitive (resp. non-Cognitive) workers.!” Next, we compute the empirical coun-
terpart of size by weighting the skill sum of each firm by these wage estimates.'® The
ensuing log size distribution is more symmetric than the distribution of the log number
of employees as shown in Figure 4(a). Proposition 3 shows that size should grow with
total factor productivity and, as shown in Figure (4(b)), we find a clear association
between size and measured labor productivity in our data. In the final two panels, we
put labor productivity on the y-axis and show separately how it relates to size and log
number of employees, holding the other factor (i.e. either size or employment ) fixed,
using the approach of Cattaneo, Crump, Farrell, and Feng (2024). As is evident, size
is positively related to labor productivity, conditional on the log number of employees
(Figure 4(c)), whereas the converse is not true, suggesting that the size concept indeed

has clear economic meaning.

3.3 Aggregate Sorting

We now study how the firm-aggregated skills vector TP (¢) varies with the firm’s type ¢.
We conduct the analysis under the assumption that the production function can be
written as F(T,¢) = zF(Te, Tn; an), with ¢ = (a, 2), where z and ax reflect total

factor productivity and the relative importance of skill NV in the production process.

16f e; does not belong to the support X'* of the skill distribution H™, i.e., if no worker in the economy
is a pure specialist, we extend the wage schedule on Rﬁ using Equation (33). See also Appendix A.2.

"Details on the exact procedure are presented below.

8As we do not have skills for all workers (but, given our sample restrictions, for at least 10, and
1/4, of workers in each firm) we use the average skill of observed workers and multiply it by the full
number of workers, thus implicitly imputing the skills for remaining workers to match those of included
workers.
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Figure 4: Size, Employment, and Value-added per Worker

The firm-aggregated skill profile O (¢) is skill use, normalized by firm size:

0°(9) = TP (9)/A"(9). (9)

To simplify exposition, we concentrate on the two-skill case, and denote these skills
by C'and N to concur with our Cognitive vs. Non-cognitive skill data. In this case, any
aggregate skill profile @° can equivalently be represented by the angle #°(¢) such that
tan O° = Ty /Tc. The aggregate workers-to-firms matching can thus be represented as
TP(¢) = (AP(z,an),0P(z,ay)). We already know from Proposition 3 that the firm’s
size AP increases with total factor productivity z. We now examine whether the skill
profile 6 increases with the technological parameter ay. In the proposition below, we
rely on the definition adopted by Lindenlaub (2017) to generalize the notion of positive

assortative matching in multidimensional settings.’

19 According to this definition, the sorting exhibits positive assortative matching (PAM) if the Ja-
cobian D(Z}O(N)(AD, 6P) is a P-matrix, i.e., all the principal minors of the Jacobian are positive. The
PAM property implies that AP and 6P increase with z and ax respectively.
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Proposition 4. The firm-aggregated matching function (AP (z, an), 0P (z,an)) exhibits
positive assortative matching if and only if
0Fc 0Fy  OFN OF¢

dan OAP  Qay OAP — 0 (10)

Positive assortative matching holds in particular if the production functions have ho-

mothetic isoquants and Fx/Fo increases with ay.

Hence, when (10) holds, the aggregate skill profile 8 (¢) = arctan T /T2 increases
with the importance of non-cognitive skills in the firm production function, ay. More-
over, the aggregate sorting exhibits a PAM property a la Lindenlaub (2017) when
production functions are homothetic.? While Lindenlaub (2017) considers the match-
ing between individual workers’ and jobs’ characteristics, the PAM property in our
context applies to firms’ aggregates rather than to individual workers’ characteristics.
At the individual level, sorting patterns may be blurred by bunching, as we discuss in
Section 4.3.

Two-skill CES example Our leading example of homothetic production function

exhibits constant elasticity of substitution and decreasing returns to scale:

n/p

2F(T;a) = (2/n) [Z%T” , (11)

with Z _,0;=1,0<n<1,and p < 1. When p < 7, the production function displays
increasing marginal productivities of aggregate skill types, i.e., 9*F/9T;0T), > 0 for all
j # k. The marginal productivity of a worker in one skill increases with her co-workers’
other skills (recall Footnote 11).

With two skills, we get:

ZF(Tc, TN; CYN) = [ang + CJ(NTK;]n/p s (12)

z
n
with a¢ + ay = 1. In this case, the general workers-to-firms matching condition (7)

simplifies to: .
_ 0
[tan 67 (ay)] " = —2X wo (67(ax)) (13)

1-— any WN (QD(O{N»

The increasing function 0 (ay) implicitly defined by (13) represents the matching be-

tween workers and firms. The relative skill endowment in non-cognitive skills of the

20We examine sorting patterns under non-homotheticity in Subsection 5.2.
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workers, 0P (ay), increases with the demand intensity in that skill, ay, as illustrated

in Figure 3. Firm size AP (ay; 2) is given by (A.10) in the Appendix.

3.4 Convex Wages Imply a Generalist Markdown

As when discussing the substance of firms above, we can consider the skill vector of
pure specialists that only are endowed with one skill ¢ with a price equal to the wage
w(e;). Because w is convex and homogenous of degree one, it is sub-additive, which

implies that:
k k

w(e;s;) = Zw(ei)si. (14)

=1 =1 =1

k

w(s) =w (Z 3i6i> <

We denote the marginal return to skill ¢ by w;(s) = 0w/ds;, which we alternatively call

the implicit price of skill i. Because w is 1-homogenous, a worker with skill vector s is

paid w(s) = >, w;(s)s;, with the implicit price w;(s) = w;(@) being a function of the
worker’ skill profile 8. For pure specialists, we have w(e;) = w;(e;).

Skill Profiles and the Generalists’ Markdown We measure the overall quality

of a worker with skill vector s by valuing her skills at the prices of pure specialist

workers:

A(s) = Zw(ei)si, (15)

where w(e;) is uniquely defined in equilibrium (see Proposition 2). In what follows,
we will refer to worker’s quality as the vertical dimension of a worker’s heterogeneity.
To describe the horizontal dimension of a worker’s heterogeneity, we normalize each
worker’s skill vector by her quality, thus obtaining her skill “profile” @ = s/\(s). Hence,
by definition, skill profiles have quality equal to 1.

Figure 5 shows the case with two skills ¢ € {C, N}. The wages of the pure cognitive
and non-cognitive specialists are denoted by pc = w(1,0) and py = w(0, 1), respec-
tively. The bold dashed line represents the skill vectors of quality 1, i.e. the set of s
such that A(s) = posc + pysy = 1. The generalist worker G = (G¢, Gy) is located
above the bold dashed line and, thus, has quality A(G) > 1. By construction (see just
above), her skill profile 5 has quality A\(0g) = 1.

The sub-additivity of the wage schedule translates into a generalist markdown:

m(g) _ )‘(S) _ ZZ@U(Q)SZ > 1

Cw(s) w(s) T (16)

which depends only on the worker’s skill profile. Generalist workers are paid (weakly)
less than the equivalent combination of pure specialists. For instance, the generalist

worker G = (G¢, Gy) represented on Figure 5 is paid w(G) = weGe + wnGy = 1
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whereas she would be paid A\(G) = pcGe+pnGn > 1 should her skills be compensated
on the basis of the specialists’ prices pc and py. Thus, the generalist markdown is equal
to m(G) = m(0g) = pcGe + pnGy > 1.
Ty
N

Aggregate profiles of
.. non-cognitive firms, ¢ € dy

1/PN

Aggregate profiles of cognitive

Gn firms, ¢ € ®¢

Ge 1/pc 1/we Tc

Figure 5: The (solid) isowage lines are homothetic because the wage schedule is homogenous. The
bold dashed line represents the set of workers of quality 1. The generalist worker G = (G¢,Gy) is
paid w(G) = 1. Her skill profile is 8. The generalist markdown is m(G) = pcGe + pnGn > 1.

By construction, the minimal value of the generalist markdown is attained for pure

specialist workers. The next result examines where the markdown attains its maximum.

Lemma 1. The maximal value of the generalist markdown is attained for skill profiles

such that all implicit prices w;(0) are proportional to the pure specialist’s prices w(e;).

The above result allows to us define the “most generalist” workers in the economy;,
i.e. those with the highest generalist markdown. This is the case for the worker with
type G on Figure 5. For this worker, the marginal prices we and wy are proportional
to pc and py. Geometrically, the tangent to the isowage line at point G is parallel to
the bold dashed line that represents the workers of quality 1.

By convexity of the wage schedule, the generalist markdown increases (i.e., the wage
decreases) as € moves from the cognitive specialist’s profile (1/p¢, 0) to the most gener-

alist skill profile O and decreases as @ moves from O to the non-cognitive specialist’s
profile (0,1/pn).
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3.5 Cross-Sectional Estimates of the Generalists’ Markdown

The wage markdown implies that skill prices are lower in firms that purchase a balanced
set of skills relative to firms with a more specialized skill demand. To take this prediction
to the data, we need to estimate the wage returns to skills separately for firms with
different skill-demands. Thus, we first aggregate firms into three groups indexed by
7: Generalist firms, C-Specialized firms, and N-Specialized firms, defined as follows:
A firm j is C-specialized (resp. N-specialized) if the firm-averaged difference between
cognitive and non-cognitive skills in j is greater (lower) than 0.5 on the Stanine scale
(thus, 1/4 of the individual-level standard deviation). Otherwise, the firm is labeled as
a Generalist firm, which by definition demands a balanced set of skills. Endowed with
this definition, around half of all workers are employed in Generalist firms, whereas the
rest is split evenly across C'/N-specialized firms.

We use the following notation (local to this exercise): For 7 € {C, G, N}, the dummy
variable D7 is one if firm j is of type 7, zero otherwise. We estimate the marginal returns
of cognitive skills and non-cognitive skills for each type of firm, resulting in 6 separate
parameters denoted by ¢7 and ¢}, respectively. The model includes firm fixed effects
to account for unmodelled differences across firms and the unknown constants. Hence,

the estimated model has the following form:

MW =1+ Y. (65Ci+ oL N;) Dl + XiB + e, (17)
T7e{C,G,N}
where 1);(;) denotes the firm fixed-effect and where X include controls for 3-digit occupation-
specific year-effects as well as a third order polynomial in age. In variations, we let the
firm-effects vary across time and interact occupations with firms without altering the
estimates of interest in any meaningful way:.

Importantly, the sum ¢% + ¢S measures wage returns to C' + N-skills in generalist
firms. The corresponding returns to skills in the C' and N specialized firms, in which
there is no markdown by construction, are ¢¢ and ¢¥ respectively. The absolute
generalist markdown is the difference between ¢& + ¢¥ and ¢& + ¢%. Our estimate of

interest, the empirical counterpart of (16), is the relative markdown:

PG+ oN

" ol ")
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Note that identification does not rely on mobility. Consistent with the theory, we
estimate the markdown using cross-sectional variations in skill prices across firm types,
while these prices are estimated using within-firm variation.?!

The generalist markdown is greater than one if skill prices are lower for workers in
generalist firms when compared to the combined marginal price of skills for workers
employed in the specialized firms. Our estimates are presented in Table 1. The relative
markdown is stable at 20% across specifications that vary the fixed effects configura-
tions by controlling for firm-by year or firm-by-occupation year fixed effects (first three
columns of the Table). A possible concern is that the generalist-specialist dichotomy is
harder to detect empirically for workers with very low or very high overall skill levels
but as shown in the last two columns, the estimated markdown increases when focusing

on workers at the middle of the skill distribution.

4 Worker-Level Outcomes

To describe the way individual workers and their individual profiles match with firms,
we contrast two possible firm-specific hiring policies at equilibrium: hiring a unique
worker’s skill profile vs hiring a diversity of workers’ skill profiles. In Subsection 4.1, we
relate aggregate sorting to individual profiles. Then, in Subsection 4.2, we examine pure
sorting i.e. when all workers hired at a firm share the same profile, a profile also shared
with the firm’s and the implied Generalists’ markdown. By contrast, in Subsection 4.3,
we examine the associated diversity of skill profiles hired within a firm when Bunching
emerges with the associated locally linear wage schedule. Finally, in Subsection 4.4,
we show how the supply of Generalists versus that of Specialists determines when Pure
Sorting emerges and when Bunching takes place (using both theory and some supportive

empirical evidence).

4.1 Two Types of Local Equilibria

The results presented below detail the qualitative properties of the matching between
firms and individual workers. The results mathematically formalize the intuition that,
locally in the skill space, either the generalists’ supply dominates or the specialists’
supply dominates. In the former case (studied in Subsection 4.2), we get linear wages,
bunching, and no local generalist markdown. In the latter (studied in Subsection 4.3),

we get strictly convex wage schedules,?? no bunching, and a positive wage markdown.

21'We do include firm fixed effects, but as we are not including individual fixed effects, our estimates
are identified even without mobility.
2ZMore precisely, strictly convex iso-wage curves (recall the wage schedule is one-homogeneous.
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This dichotomy arises because of the competitive asymmetry already mentioned: spe-
cialists can compete with generalists on their turf, but the reverse is not true because
of the bundling friction — generalists cannot split themselves across markets.

We start by characterizing how the firm-aggregated skill maps relate to individual
profiles.

From aggregate to individual matching: The aggregation of skills performed
by firms, induced by their labor demand TP (¢) (the aggregate sorting map), “trans-
forms” the measure of skills which becomes different from the one available originally in
the economy. The firm’s demand is more “generalist” than the measure of skills avail-
able in the economy, H": the firm’s has an excess local demand for generalists when
the local supply has an excess of specialists.

To make this statement precise, we introduce the probability measure TP H/ on the

skill space as*

TOHI(S) = Pr(T(0) € ) = [ Txogues(d0),

for any set of skills S. In words, TP H/(S) is the probability that a firm chooses its
aggregated skill vector in S. To define how generalist a distribution of skills is, we rely
on the positively homogenous convex (phc) order introduced by Choné, Gozlan, and
Kramarz (2023).

Given two positive measures po(ds) and p(ds) in the space of skills, we say that
o is dominated by gy in the phc order if and only if puih > poh for all positively 1-
homogenous convex functions h. Intuitively, this happens when the measure of workers’
skills is more generalist under py than under p;. We apply this definition in the lemma

presented just below to g = TPH/, firm’s demand, and p; = H", workers’ supply.

Lemma 2. For any market-clearing assignment nP, the distribution of skill induced by
the firm-aggregated skill profile TP (¢) = [snP(ds; ¢) satisfies

T H <, H". (19)

Conversely, for any given map T : & — R’i such that THY <. HY, there exists a
market-clearing assignment n® such that T(¢) = [ snP(ds; ¢).

In other words, the ordering Ty H/ <, H" is not only necessary but also suffi-
cient for T" being generated by a skill-aggregation process. As already mentioned but
explained in greater detail in what follows, the ordering (19) expresses that there is a

local excess supply of specialist workers and a local excess demand for generalist ones.

23This measure may also be denoted as TgH (S), where # is the “push-forward” operator.
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Characterization of the optimal wage schedule The equilibrium wage schedule
will allow us to match the two distributions: the demand for skills on one side and
the supply for skills on the other in the most efficient way (i.e. by maximizing total
production in the economy).

We thus start by providing additional characterizations of the wage schedule, our

solution to the dual problem (see Appendix A.1):

JU(HT HY) = inf+ /ﬁ(qb; w)H' (do) + /w(S)Hw(ds), (20)
wed T,
where @, denotes the set of all convex, positively one-homogenous, and non-decreasing

functions w : Ri — Ry, and where II(¢;w) is equal to:

(5 w) = max F(T; ) — w(T). (21)
TeR%
We now offer a characterization of the competitive equilibrium that involves the

firm-aggregate skill demand TP and the wage schedule w:

Proposition 5. The equilibrium wage schedule w € ®F is characterized by the existence

of a family of positive measures (Q*(ds)) such that

(i) t = [sQ%(ds) for almost all t;

(ii) HY = QT H/;
(iii) w is linear on the support of Q' for TP H/ -almost all t,
where TP (¢) is the unique mazimizer in Problem (21).

Workers-to-Firms Sorting: The family of positive measures (Q') allows to match
the (uniquely defined) aggregate demand for skills, TP H/, with the distribution of
workers’ skill sets in the economy, H".?* If the two distributions T°H/ and H" are
equally generalist, i.e., if TP H/ =phe Y, this can be done at the level of skill profiles,
i.e., a firm with a particular need for profile 8 meets that need by employing workers
that all have individual profile @ = 8. Mathematically, this occurs when the support
of @' is included in the half-line R, ¢, i.e., in the set of skill vectors s having the same
skill profile as t, namely .

If on the contrary the demand for skills TP H7 is more generalist than the sup-
ply HY (TPH/ <. H"), then for some firm-type ¢ workers employed by ¢-firm have
different profiles, i.e., the support of Q* is larger than R ¢ for ¢t = TP(¢). In this config-

uration, complementarities across workers within the firm materialize: the productivity

2 Equation (A.13) in the Appendix connects Q* to the assignment nP.
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of workers endowed with (mostly) one skill and deprived of the other skills is enhanced
by the presence of co-workers endowed with the other, complementary, skills.

The Shape of the Wage Schedule: Also key in the above characterization
of the equilibrium: the wage schedule is linear in skills on the support of Q! for all
t = TP(¢). Because w is homogenous of degree 1, we already know that w is linear in
the vertical dimension, w(As) = Aw(s). Yet, when there is within-firm heterogeneity in

skill profiles, the wage must also be linear in this horizontal dimension.

4.2 Equilibria with Pure Sorting and Positive Markdowns

We now examine how a firm of type ¢’s achieves the aggregated skill vector TP (¢) in

the most economical way:

w(TP(¢)) = inf{/w(s) nP(ds) : nP € M(Xs),/snD(ds) - TD(¢)}, (22)

where M(X®) is the set of all positive measure on A* and w is convex and homogenous

of degree one.

In this Subsection, we focus on equilibria with pure (horizontal) sorting where the
iso-wage surfaces are strictly concave. In this case, the minimization of the wage bill
at a given aggregate skill in (22) imposes that firms with type ¢ hires only workers
with skill profile 8P (¢) = TP(¢)/AP(¢), see Figure 3. With two tasks (k = 2), the
equilibrium workers-to-firms matching and wage schedule are then linked through an
ordinary differential equation. To show this, we assume as in Proposition 4 that the
production function is homogenous of degree n < 1 and Fy/F¢ increases with ay. As
above, we represent the firm-aggregated skill vector TP as (AP, ), with AP being the
firm’s size and OP its aggregate skill profile. The equilibrium condition (7) yields in

this context
FN (OD(&N);QN) _ WN (OD(CVN))
Fo (0 (an);an)  we (8°(an))’

which implicitly defines an increasing matching map 6°(ay). We can write the equi-

(23)

librium condition for any ay as

/on(aN) AS(6)EV(d9) — /aN Z1 (@) AP (o 1) HY (dov), (24)

where AS(0) = [ AH"(dA|0) and Z/(a) = [, 2"/ H/(dz|a) are exogenous quantities
that depend on the primitive distributions HY and H®. The left-hand side of (24)
represents the total quality of workers with skill profile below 6P(ay). The right-
hand side represents the total quality of workers employed by firms with technological
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parameter below oy . Differentiating with respect to o yields the ordinary differential
equation for the matching map 6P (ay):
S(pD ) do® f f D
A2(07(an)) (07 (aw)) - = Z7 (an)h’ (an) A" (an, 1), (25)
N
where the firm’s size AP(ay, 1) is given by (A.10) with z = 1, and h/(ay) and h*(6)
are the pdf of ay and 6.

4.3 Equilibria with Bunching and Locally Linear Wages

We now turn to situations in which different firm-types hire workers with similar skill-
types. We refer to this phenomenon as bunching. When the wage schedule w is locally
linear, the minimization of the wage bill, see equation (22), is compatible with a firm

hiring employees with different skill profiles:

[t w2iasio) = ( [ snPtasian) = u(roo)

Figure 6 illustrates a case where w is linear on the non-degenerate cone lying between
the half-lines (OA) and (OB). To minimize the firm’s wage bill, the support of the
assignment measure n(ds; ¢) must be included in the cone (AOB). Because the wage
schedule w is linear on that cone, we have For instance, firms with type ¢ on Figure 6,
rather than picking employees with skills proportional to 8°(¢), i.e., along the half-line
[OM), can use skills located in the entire cone AOB. According to equation (19), the
distribution of workers’ skills H" lies closer to the boundary of the cone than the demand
distribution TQH . On Figures 6 and 7, the supply of skills is more concentrated along
the half-lines OA and OB, while the demand is more concentrated in the interior of the

cone.

Bunching in the horizontal dimension leads to many-to-many matching as illustrated
on Figure 7. Firms with different types hire workers with the same skill profile, and
workers with the same type may be employed by firms with different technologies. For
instance, firms ¢ and ¢’ on the figure, which have different technological intensities in
skill «, both hire workers with skills in the cone (AOB). In the extreme case where
workers’ skill are located only along the two rays (OA) and (OB), firms F' and F’ both
hire workers with skill profiles A and B, but in different proportions to achieve their

aggregate demand.
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Figure 6: Matching is not pure. Firms ¢ = (an,z) and ¢’ = (ay, 2’), pick their employees in the
cone (AOB). Firm ¢’ is more intensive in skill N: o/ > ax and 0P (o/y) > 0P (an).

4.4 The Determinants of Pure Sorting vs Bunching

In this Subsection, we first illustrate our previous results in a simplified economy. To do
so, we show how the shape of the equilibrium wage schedule and the degree of within-
firm heterogeneity in skill profiles depends upon the fundamentals of this simplified
economy. We also explain how the wage schedule flattens when the availability of
specialist workers (relative to generalists) increases. Then, we present more general
results — using comparative statics techniques — allowing us to compare economies with
more Generalists with economies having a larger supply of Specialists. We also present
supportive empirical evidence of our comparative statics results.

A simple economy with two tasks and three skill profiles

The distribution of workers’ types has three skill profiles 6, < 6, < 6., where
tan; = sn;/sc; is the endowment of workers j € {a, b, c} in skill N relative to skill C,
i.e., their comparative advantage in the non-cognitive skill. As shown on Figure 8,
profile b is the Generalist profile, while profiles a and ¢ correspond to cognitive specialists

and non-cognitive specialists respectively.

We start by constructing an initial balanced equilibrium where the supply and de-
mand is exactly aligned so that there is no bunching, even though the price schedule
is linear. To do so, we pick any positive numbers we and wy and construct distribu-

tions H¥ and H/ for which the linear wage schedule w(s¢, sy) = wosc +wysy prevails
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Workers’ types Firms’ types

Figure 7: Sorting with bunching: Within-firm heterogeneity in skill profiles

in equilibrium. To achieve that, we choose three values for the technological intensities
in skill N, an;j, j € {a, b, c}, such that

1_04Nc We 1_aNb

(tanf,) " < —= = ——2 (tan6,)" " < 1= awe (tanf,)" .
ONe WN ONb &Na
Firms with technical intensity ay; hire workers with profile §; = 6°(ay;). Firms
with type a, would prefer workers endowed with more skill C' relative to skill N, but
no such workers are available in the economy. In this discrete setting, the equilibrium
is achieved separately on each half-line ;R , j € {a,b, c}, separately. In this discrete
context, Equation (25) takes the form

AS(0;) b (0;) = Z7 (onj)h! () AP (o, 1),

We choose AS(6;) h*(6;) and Z/(an;)hf (an;) so that the above equation holds for all
j €{a,b,c}, i.e. so that Figure 8(a) represents the equilibrium configuration.

Next, starting from this initial equilibrium, we alter the distribution of skills in
the economy in two opposed directions. First, we slightly increase the relative number
of generalists in the economy. Specifically, we slightly increase the (quality-adjusted)

number of generalist workers , AS(6,) h*(6,). To equalize the demand and the supply of
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Figure 8: Equilibrium with three relative skill endowments in the economy

generalists, we need to reduce their wage. The equilibrium configuration is modified as
shown on Figure 8(b). The wages of the two specialist types a and ¢ remain unchanged,
as well as the behavior of ay,-firms and ay.-firms. The wage schedule, however, be-

comes non-linear, with generalist workers being subject to a wage markdown.

Second, we decrease the relative number of generalists, again starting from the
initial equilibrium of Figure 8(a), and show that bunching emerges. Specifically, we
reduce AS(6) h*(60,) by v, > 0 and simultaneously increase the number of specialists
AS(6,) h*(0,) and AS(6,) h*(6,) by v, and v, respectively, where v, > 0 and v, > 0 are
such that 1,0, = 1,0, + v.0.. Figure 8(c) shows the new equilibrium configuration.
Firms with technical intensities ay, and apy. do not change their behavior. Firms with
intensity ay, keep the same aggregate skill TP(¢) but obtain this using a different
composition of workers. They hire all workers with relative skill endowment 6,, but
also some workers of type 6, and 6. workers, specifically v, and v, efficiency units,
respectively. Hence in equilibrium ay,-firms and app-firms both hire some 6, workers,

while anp-firms and apy.-firms both hire some 6. workers. In the extreme case where
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vy = AS(6) h*(6,), there are no more f,-workers in the economy, and firms with intensity

app achieve their optimal aggregate skill 8, by mixing 6, and 6. workers.

The above example illustrates our use of the term bunching. Because there is always
perfect separation in terms of the firm’s aggregate skill mix — 0P always increases with
ay — there is no bunching of the sort studied in goods consumption: here there is full
sorting. By contrast in our setting, firms with different skill intensities (i.e. different
ay’s) display “bunching” at equilibrium when hiring identical workers to “construct”
their optimal mix of skills, 8P (ay).

Some Comparative Statics: We now extend the previous 3-types example to
general environments with continuous or discrete distribution of types. We want to
understand how equilibrium outcomes change when the distribution of skills in the

economy becomes more “specialist” (richer in Specialists). To do so, we consider two

distributions of workers’ skills H}” and H{’ such that H}’ is more "specialist” than H{ .

Lemma 3. If Hy <pn. H{’, the equilibrium output is larger in an economy with for a

more “specialist” distribution.:
JU(H! HY) < J°(H HY), (26)

where the output is given by (4).

In the limiting case where under H;’ all workers in the economy are pure special-
ists, i.e., H" =}, ([ s;HY(ds)) be,, the bundling friction disappears and we get full
efficiency. Pure specialist workers endowed with A efficiency units of skill j are paid
w(Aej) = Apj, with p; = w(e;) being the price of skill j. The wage schedule is fully
linear: w(s) = >, pjs;. All firms get their preferred skill profile 0" by mixing pure

specialists and the first-order conditions (7) are simply
F;(T"(¢): ¢) = p;-

In other words, the law of one price prevails, and hence the marginal productivities of
skills are equalized across firms.

The next proposition shows that the wage schedule gets flatter as we introduce
more specialist workers (relative to generalists) in the economy and get from HY' to
the corresponding pure specialist distribution H{" = }_; ([ s;HY(ds)) be,. To move

continuously move from H{" to H{", we define, for 0 <7 <1,
HY=(1-71)Hy +T7H?,
which increases with 7 in the sense of the positively homogenous convex order.
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Proposition 6. As the supply of pure specialist workers in the economy increases, the

weighted sum of the generalist markdown

[ mete) = 1wn )83 a0
decreases with 7.

In Appendix E.1, we numerically illustrate how the relative prevalence of specialist
workers affects the generalist markdown. We contrast two polar cases where the skill
supply comprises essentially generalist workers (scenario A) or essentially specialist
workers (scenario B). In Scenario A, the wage schedule is nonlinear, there is a pos-
itive markdown, and specialist firms have limited size because specialist workers are
expensive. In Scenario B, the wage schedule is linear (zero markdown), the law of one
price prevails, specialist firms have access to skills that are more aligned with their
technologies and are larger in size compared to Scenario A.%

An empirical illustration: To empirically illustrate these results, we define mar-
kets as combination of a location and an occupation. Next we split these markets
according to the way Generalist firms achieve a balanced set of skills on those markets.
In the first group, we focus on markets where Generalist firms are more likely to employ
a mix of specialized workers, indicating that Generalists are relatively scarce, leading to
more frequent Bunching. In a the second group, we focus on markets where Generalist
firms instead primarily employ Generalist workers, i.e workers who each has a balanced
set of skills indicating that the supply of Generalists is sufficient to satisfy the demand
without bunching. We then estimate the wage demand separately for these two types of
markets, see the first two columns of Table 2, with table notes for details. Apart from
the sample split, the estimation strategy follows Table 1 closely, using all Specialized
firms to estimate counterfactual skill prices.

Consistent with the theory, we find that the Markdown is lower on those markets
where Generalist firms are more likely to employ a mix of specialists, i.e. where there
is more “Bunching” and thus where the wage schedule is more likely to be linear. By
contrast, the markdown is larger on those markets where Generalist firms mostly employ

Generalist workers.

2>When proving Proposition 6 in the Appendix, we show more generally that the wage schedule
flattens (i.e., becomes less convex) when moving towards a more specialist distribution (not necessarily
the pure specialist distribution examined above).
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5 From Workers-to-Firms Sorting to Wage Inequality

In this Section, we first show that, in competitive labor markets with bundling, the
log wages can be decomposed into an individual quality component and a “worker-
to-firm sorting effect”. Then, worker-to-firm sorting effects and wage markdowns are
shown to depend on the employing firm’s total factor productivity when the production
function is non-homothetic. Finally, we examine how our firm-centered framework
differs from the classic job-centered matching model and as well as usual versions of the
Roy Model, and explain how our framework generates both between- and within-firms

wage inequality:.

5.1 Workers-to-Firms Sorting Effects

To discuss how our approach relates to the matched employer-employee data literature,
see Abowd, Kramarz, and Margolis (1999) and Kline (2024), we start from the generalist
markdown defined in (16), m(0) = A/w(s). This markdown can be rewritten in log-form

as

Inw(s) =InA —Inm(0), (27)

where @ is the worker’ individual skill profile and ) is her overall quality, i.e., the sum

of her skills valued using the specialists’ prices.

In the absence of bunching (see Subsection 4.2), pure sorting in the horizontal
dimension implies that the individual worker’s profile @ coincides with her employing

firm’s aggregate profile 8°(ay, z). Hence, equation

0 = 6°(ay, 2) (28)

characterizes the workers-to-firm sorting where multiple workers sharing the same @
are employed in the same firm (ay, z). The generalist log markdown, Inm(8° (o, 2)),

is thus (the opposite of ) a workers-to-firms sorting effect.

By contrast, in the presence of bunching (recall Subsection 4.3), workers employed at
the same firm may have different skill profiles Os and equation (28) does not hold. As a
result, the type of the employing firm no longer appears in the markdown equation (27).
However, when bunching is limited, within-firm heterogeneity in profiles is restricted.
In this case, individual profiles @s remain close to the firm-aggregated profiles ° (o, 2),

and hence the equation

Inw(s) ~ In X —Inm(0°(a, 2)), (29)
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where (o, z) is the type of a firm that employs workers with skill vector s, remains
approximately true.?

The Nature of Workers-to-Firms Sorting Effects:

Property (27) is reminiscent of the additive decomposition of the log-wage into a
person and a firm effect, contained in Abowd, Kramarz, and Margolis (1999) (AKM,
hereafter). The first component of (27), captured by worker’s quality (skills evaluated
using the equilibrium prices of specialists), does not need much explanation. To under-
stand what is captured within the second component requires a precise discussion. In
the pure sorting world (no bunching), multiple workers 8 = 6P (ay, z), with potentially
different qualities but an identical profile, enter into one firm (ay,z). Hence, our “
Workers-to-Firms Sorting Effect” —Inm(0°(«, 2)) is firm-specific and does not reflect
a “match effect” where the person and the firm are interacted. Can we then talk about
a “Firm-Effect”? A Firm-Effect is a component of pay that workers lose when leaving a
firm and gain when entering another one. Identification of the Firm-Effects (or AKM
firm-effects) can thus only derive from workers’ firm-to-firm mobility. As was made
clear from the outset, our framework does not generate any mobility as workers’ sorting
across firms is immediate and permanent. As a consequence, our Workers-to-Firm Sort-
ing Effects should not be thought of as Firm-Effects. Indeed, as we have demonstrated
above, markdowns — hence workers-to-firm sorting effects — are indeed identified in the

cross-section without firm-to-firm mobility within our framework.

As explained by Kline (2024) pp.156-158, “any cross-sectional distribution of wages
could be driven by worker sorting rather than firm heterogeneity”. This observation
suggests different empirical strategies to connect our model to estimated firm wage
effects. In particular, a sequence of successive static equilibria with changing supply
and /or demand conditions will alter the sorting patterns and thus generate firm-to-firm

worker mobility (see Appendix C), potentially allowing us to identify firm wage effects.

5.2 When the Production Function is Non-Homothetic

In the following, we examine the impact of non-homotheticity on the aggregate sorting

map 6P (ay, ), on the generalist markdown m(6), and on the Workers-to-Firms Sorting

Z6Notice that the markdown m(f) generally varies over linear parts of the wage schedule, such as
the facet (AB) on Figure 6. Denote by w® the constant implicit price of skill i on the facet. The
wage >, wiPs; is linear over the facet. Then the markdown

> wle)si

§) ==~
m(s) Ziu}fmsi

is constant on the facet only if the specialist prices w(e;) and the implicit prices on the facet w;“B are
proportional.
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effects — Inm(6).2” We have seen that the firm-aggregated skill vector TP can be written
as APOP, where AP is the firms’ size and P is its aggregate profile. With two skills,
the latter can be represented as 6P(¢) = arctan T /TP. We study how the sorting 6"

and the markdown m(6P) depend on total factor productivity z.

Lemma 4. If the production function F is homothetic, the aggregate skill profile 6°
does not depend on z. If on the contrary the marginal rate of technical substitution
Fo/Fn(T; @) increases with the firms’ size A, the aggregate skill profile P decreases

with z, 1i.e., more productive firms are more cognitive.

Non-Homothetic Sorting: Suggestive Evidence: To assess the presence of
no-homotheticity, we rely on Lemma 4. Ideally, we would use a measure of firm-level
TFP (z) and test if there is an empirical relationship to the skill profiles (6) of the
same firms. Unfortunately, true tfp is unobserved. However, a number of observable
variables are known to be related to z, the closest being labor productivity. We therefore
illustrate how sorting and returns to cognitive and non-cognitive skills differ across
the labor productivity distribution. The results shown in Figure 9(a) and Figure 2(c),

interpreted through the lens of Lemma 4, suggest that sorting is indeed non-homothetic
8

- more productive firms rely more on workers with stronger cognitive abilities.?
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Figure 9: Sorting is non-homothetic

Generalists’ Markdowns with Non-Homothetic Production Functions: We
now examine the generalist markdown m (0P (¢)) associated with the average skill profile
of a type-¢ firm. We want to understand how the firm’s markdown depends on its total
factor productivity z. We are particularly interested in the non-homothetic case where

the productivity ratio Fo/Fy depends on the firm’s size.

2TRecall that in the absence of bunching, 8 = 0P (ay, 2), see (28).
Z8We have verified that we get similar results if we relate sorting and skill prices to other (theory-
consistent) correlates with z, most notably number workers and the log-level of production.
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Hereafter, we say that a firm of type ¢ is cognitive if its aggregate skill profile O (¢)
is below that of the most generalist profile, 65 = arctan 8¢, and that the firm is non-
cognitive otherwise, see Figure 5.2 Let ®¢ (resp. ®y) be the set of types of cognitive

(resp. non-cognitive) firms.

Proposition 7. Suppose that for all firms ¢ the marginal rate of technical substitution
Fo/Fn(T; ¢) increases with the firms’ size A. Then, for cognitive firms ¢ € ¢ the
generalist markdown m(0P(¢)) decreases with the firm’s total factor productivity z,

while 1t increases with z for non-cognitive firms.

As a general rule, the variations of generalist markdowns with TFP depends on
fine details of the economy (technologies and skills distributions). This is confirmed by
the numerical simulations presented in Appendix E.2. In three different configurations,
we represent the opposite of the log markdown —Inm(6°(ay,2)) or “worker-to-firm
sorting effect” as a function of the technological parameter oy for two different values
of the TFP z. This quantity, which indicates how well generalist workers are paid
compared to the equivalent mix of specialists, can increase or decrease with z, or even
be non-monotonic in z, see Figure E.5.

An empirical illustration: To provide suggestive evidence on this last point,
we split the data according to the median of firm-level labor productivity and derive
separate markdown estimates. Results are presented in the last two columns of Table 2.
The resulting estimates show that the wage markdown tends to be smaller in more
productive firms. Hence, more productive generalist firms seem to pay higher wages.
The evidence shown on Figure 9 and the proof of Proposition 7 jointly suggest that
the workers employed in more productive generalist firms may have more cognitive skill
profiles, making them closer to specialist workers and hence displaying a lower generalist

markdown (a higher wage).

5.3 Workers-to-Firms Matching vs. Workers-to-Jobs Matching

As this study is among the first to consider workers-to-firms matching, it is important
to highlight the differences with the classic workers-to-jobs matching. To describe the

latter, we adopt the framework of Lindenlaub (2017) and introduce the classic objective

To(H'7) = max / F(s;6) n(ds, dg), (30)

neP(v,HT)

where P(7, H) denotes the set of all couplings between the distributions of workers’

skills and firms’ characteristics, v and H/. Contrary to (4), total output computed

29The notions of cognitive and non-cognitive skills are uniquely defined in equilibrium because the
wage schedule and the firm-aggregated skill vectors TP (¢) are unique.
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according to (30) is the sum of the output produced in each job and is linear in the
matching 7(ds, d¢) between workers and jobs.

The next proposition formalizes the intuition that workers-to-firms matching offers
more productive flexibility than workers-to-jobs matching because it allows firms to

freely combine workers to produce tasks, hence a more efficient allocation.

Proposition 8. If n® is an optimal market-clearing assignment, then the distribution

of skills induced by the equilibrium firm-aggregated skill vector, T°H', is solution to

! HY) = [ P00 (0) = max Te(H' ). (31)
From Lemma 2, we know that the distribution induced by the equilibrium firm-
aggregated skill vector, TP H/, is equally or more generalist than the distribution of
the workers’ skills, H”. According to Proposition 8, among all such distributions, TP H/
maximizes the total output that can be attained without skill aggregation, i.e., through
a “workers-to-jobs” matching such as the one studied by Lindenlaub (2017).
Workers-to-jobs matching generically yields a strictly lower optimal output in the
economy than workers-to-firms matching. The two notions of matching yield the same
output only if firms and jobs coincide at the optimum, i.e., if the optimal assignment of
workers to firms, nP(ds;¢), is the mass point located at TP(¢). This is equivalent to
saying that the positive measures Q! introduced in Proposition 5 are the mass points
at t, see (A.13). This certainly cannot happen when TP H/ is more generalist than H™
because in this case the support of Q) is larger than the half-line R*¢: firms mix workers
with different profiles (bunching). Even when TP H/ and H" are equally generalist (no
bunching), firms generally need to employ workers with different qualities to achieve
their optimal size, and hence the support of Q! is not a singleton. Hence, workers-to-

firms matching is more efficient than workers-to-jobs matching.

5.4 Wage Inequality in an Economy with Bundling

In this Subsection, we assess the sources of wage inequality in our model and then
connect our framework with Roy (1951). To this aim, we first detail components of our
equilibrium (convex and homogenous) wage schedule w that are essential to measure
inequality in this economy. Recall the implicit price of skill ¢ for workers of type s
is defined as w;(s) = Odw/ds;. Implicit prices are homogeneous of degree zero, and as
such depend on skill profiles @ = s/A but not on workers’ qualities A\. Using Euler’s

homogenous function theorem and the convexity of wages, we get, for all skill vectors s
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and s’
k k k
w(s) = Z wi(s)s; > w(s') + Z w;(s')(s; — s1) = Z w;(s')s;. (32)

Using the above property, we show in Appendix A.2 that the wage schedule can be

represented as:
w(s) = max s - Vu(TP(¢)) = s - Vw (T (4(s))), (33)

where ¢(s) is a type of firm that employs workers with type s. Figure 10 shows that
the iso-wage surfaces are the envelopes of their tangents, a familiar property in the

non-linear pricing literature (e.g., Wilson, 1993 and Laffont and Martimort, 2009).

SN

A

1/wy () SN/sc = tanf

1 cos 6 1 Sc
we(0)  w(0) we (0)

Figure 10: The set of workers paid less than one dollar is convex. The implicit prices of skills C
and N for workers with skill profile 8 are we(0) and wy (6)

Firms compensate their employees according to a wage schedule that is linear in
skills, with the price of each skill reflecting the firm’s marginal productivity. Hence,
within firms, all wage differences are explained by skill differences. Recall that employ-
ees’ skills may differ in the quality dimension A\ and/or —if bunching prevails— in the
skill profile dimension 6. Inequality from price differences occur only between firms,
and then result in the generalist markdown presented in Subsection 3.4. In case of
bunching, marginal returns of skills are uniform across “bunched” firms, for instance

firms hiring workers with profiles in the facet (AB) on Figure 6. In this sense, there is
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no between-firms inequality across firms belonging to the same bunch (an edge of the

wage schedule).

To summarize, because there is always workers-to-firms sorting based on firms’ com-
parative advantage in one skill, there will always be between-firms inequality reflecting
aspects of this sorting. If the sorting is pure at equilibrium, because the supply and
the demand are equally generalist, there will be some — potentially less — within-firms
inequality coming from the dispersion in workers’ qualities within the firm, even though
all such workers will share the same profile. When bunching emerges, with flat edges in
the equilibrium wage schedule, the share of within-firms inequality increases caused by
the variety of workers’ profiles hired in each (perfectly sorted) firm and between-firms
inequality takes place between edges where firms are bunched.

Roy Model: We now connect our contribution to Roy (1951). In such an assign-
ment model, workers decide to self-select into their preferred option among the menu of
linear wage schedules 25 w;(s})s; indexed by s’ or into their preferred firm. In such a
context, Equations (32) would be thought of as an incentive constraint expressing that
a worker with skills s prefers the linear schedule “designed for her”, i.e., chooses s’ = 5.3
Similarly, Equation (33) would represent the choice of firms by workers. By contrast,
the present paper’s modeling framework involves no supply-side decisions on workers’
side; the above two equations are purely demand-driven: it results from the structure

of our production function, in particular from the aggregation of skills within firms.

The classical Roy literature (see for instance the presentation of Heckman and Hon-
ore, 1990) assumes two skills and two sectors, with each sector using only one skill and
each skill being priced separately. Workers choosing one sector are paid for the skill
valued in that sector, their other skill being left unused. The solid line in Figure 11
shows the wage isoline w = 1 for the Roy wage schedule w(s¢, sy) = max(pcsc, pysn),
where po and py are the prices in the two sectors. This correspond to the special
case where all firms use only one of the two skills; in our baseline example, all firms
have (ac,an = 1) equal to either (1,0) or (0,1). Heckman and Scheinkman (1987),
Edmond and Mongey (2022), assumes special forms for the family of linear tariffs. For
instance, in the case of two skills, both of these papers assume two sectors with ho-
mogenous firms within each sector and a sector-specific wage schedule, in other words
they restrict attention to two-part wage schedules. Katz and Murphy (1992) assume
the law of one-price, i.e., one price per each separate skill, which corresponds to linear

wage isolines.>® Again here, our approach of the demand side in its full generality (by

300ur empirical results, presented above, illustrate that a worker is paid less if she deviates from
s’ = s and in this sense is not well “matched”.

31Linearity also obtains under full unbundling. Considering a gradual process of skill unbundling,
Choné, Gozlan, and Kramarz (2024) explain how the wage schedule changes as market for stand-alone
skills open.
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Figure 11: Shapes of isowage lines: Roy (1951): w(sc,sn) = max(pcsc,pnsn) (dashdotted);
Edmond and Mongey (2022) or Heckman and Scheinkman (1987) (dashed); Katz and Murphy (1992)
(dotted); continuum of skills (solid)

contrast with the technical restrictions present in the literature listed just above) and
no role for a supply side — beyond a bundling constraint —generates very rich results
on labor market inequality long thought to be impossible to obtain in a competitive

framework.

6 Conclusion

This paper characterizes general equilibrium wage schedules and worker-to-firm sorting
patterns in a competitive model while allowing workers to have multidimensional skills
and firms to have heterogeneous demand for these skills. We highlight one fundamental
supply-side friction, skill bundling, which prevents any individual worker from selling
her skills to different firms on stand-alone markets. On the demand side, firms produce
output by aggregating workers’ skills within heterogeneous production functions, rather
than aggregating each job’s individual output. Importantly, the supply and demand
for skill profiles can differ at any local point in the distribution of possible skill profiles.

Our general equilibrium solutions highlight a broad set of consequences arising from
the fundamental asymmetry caused by the bundling friction: When local demand for a
given mixed skill profile exceeds the supply of this particular profile, firms can rely on a

combination of more specialized workers to substitute for the shortage of workers with
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this exact skill profile. Thus, when local demand exceeds local supply, market wages
generate a flat skill-price schedule and an equilbrium with imperfect sorting of workers
to firms, a case we refer to as bunching. If, on the other hand, the local supply exceeds
the local demand for any given mixed skill profile, workers with these skills are unable
to split their skills and sell them on more specialized markets. Thus, worker skill profiles
are perfectly sorted across firms and the skill-price schedule becomes strictly convex,
resulting in a markdown whereby workers with a mixed (i.e. general) skill-profile are
paid less for their skills than more specialized workers.

We show that wages, in general, have a log-additive structure with a “person” effect,
capturing the worker’s quality, and a workers-to-firms sorting effect, arising through
the interplay of local supply and demand at the relevant market associated with the
employing firm’s skill demand. Our equilibrium solutions characterize the wages, the
sorting of workers to firms, and defines a unique size for each firm as a function of
market conditions. Our framework therefore allows for a very rich modeling of firm-
side heterogeneity, making it possible to trace out the impact of this heterogeneity
on general equilibrium outcomes. We illustrate this by allowing firms to have non-
homothetic production functions where firms’ demand for skill profiles is a function
of their total factor productivity, and show how this affects the general equilibrium
properties of the economy.

The paper is inherently theoretical, but throughout the paper, we illustrate the em-
pirical relevance of key assumptions and predictions using data on multidimensional
skills linked to data on the productivity of employing firms. We illustrate that work-
ers indeed sort across firms based on multidimensional skill bundles. We highlight the
non-random nature of this sorting—firms that employ workers with a unusually strong
comparative advantage in cognitive skills in one occupation, also do this in other occu-
pations. Furthermore, we show that we can predict, out-of-sample, the cognitive bias of
workers using firm-accounts data that do not include any direct information of worker
heterogeneity, thus supporting the assumption that sorting is caused by demand side
fundamentals. In relation to our theoretical results, we provide evidence suggesting that
returns to skills indeed are lower in firms with a balanced skill-profile (consistent with
a markdown), and that this pattern is more prevalent on markets where mix-profile
(generalist) firms are less prone to bunching. Finally, we illustrate that sorting and
wage patterns are consistent with non-homothetic production functions—more produc-
tive firms tend to hire more workers with a cognitive comparative advantage and pay
more for these skills.

The model we provide is rich and versatile, but as presented here it is completely
static and workers have no incentive to move across firms. However, this is not as

limiting as it may appear, as reasonable extensions should generate reasons for firm-to-
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firm mobility while keeping the general principles of our framework intact. Introducing
time-variation into workers’ skill profiles, while preserving the total amount of skills in
the economy, will generate direct motives for workers to move across firms. Although
this is beyond the scope of this article, modelling this kind of time-variation would
be an interesting topic for future research, in particular in light of the large empirical
literature discussing the wage impact of firm mobility summarized in Kline (2024).
Furthermore, because of the rich characterization of firm demand, mobility will also
be induced by any shock to firms’ production functions (including TFP-shocks, in the
non-homothetic case) by causing a mismatch between workers’ and firms’ skill profiles.
We provide a tentative illustration of such an extension in Appendix C, where we allow
technological shocks to make cognitive firms more productive, generating firm-to-firm
mobility at the cost of losing firm’s fixed identity.

The model is also static in terms of the technological environment we postulate.
However, the emergence of new markets (platforms) and intermediaries (temp agencies
or business-service firms) may have increased the opportunities for workers to effectively
sell their skills to multiple firms. Exploring how market equilibria change when markets
for stand-alone skills gradually open up requires a different set of mathematical tools,
and we therefore present results on this topic in a separate follow-up paper (Choné,
Gozlan, and Kramarz, 2024).

Beyond mobility and intermediaries, there are at least three natural directions to
expand the research presented in this paper. First, our bundling framework might apply
to other literatures, mis-allocation (see Hsieh and Klenow, 2009 and Sraer and Thesmar,
2023) being one prominent example. Indeed, even with competitive benchmarks, input
prices may not be uniform across firms or industries when the inputs are bundled.
Second, in the same spirit, combining bundling with other frictions or wage setting
mechanisms, e.g. using models of Random Search or introducing Nash Bargaining, will
allow the framework to speak to a richer set of phenomena. The addition of a bargaining
stage could generate an AKM equation — and a Firm-Wage effect — inducing a motive
for a profit’s pass-through (as surveyed in Kline, 2025). Finally, even though we provide
most of our results for a very flexible set of production functions, our skill-aggregation
schemes are always assuming conical aggregation of skills where production depends
on the sum of skill vectors within firms. We conjecture, however, that it is possible
to extend the model to also allow for non-conical problems, allowing the analyst to
examine an even broader class of production functions.®> Such production functions

would make it possible to incorporate costs and benefits of within-firm diversity (see

32Useful existence and duality results pointing in this direction are provided in Choné, Gozlan, and
Kramarz (2023).
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e.g. Kremer, 1993, Garicano and Rossi-Hansberg, 2006) within a general equilibrium

framework.
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SUPPLEMENTARY ONLINE APPENDIX

A Appendix

A.1 Proof of Proposition 1

The existence of optimal market clearing assignment is based on an extension of The-
orem 6.4 of Choné, Gozlan, and Kramarz (2023), see online Appendix (G). The same
result also proves the duality formula 20 and the existence of a solution to the dual prob-
lem. From this, we prove the existence a competitive equilibrium and the optimality of
equilibria.

Existence of a competitive equilibrium Consider an optimal market-clearing
assignment nP. Denote by TP(¢) the corresponding firm-aggregated skill vector. Then,

for any dual optimizer w, we have by definition of the profit function

F(TP(0)i6) ~ [ w(s)n®(ds; ) < T1(61 ). (A1)
Integrating with respect to H’/(d¢) and using n® H/ = H" yields

T H HY) = / F(T(6); ) H (d6) < / (g w) HY () + / w(s)H(ds) = I"

(A.2)
The equality J°(H/, H*) = I* shows that we must have equality in (A.1) for H/-almost

every ¢ € ¢, meaning that the optimal market-clearing assignment n® is decentralized
by the wage schedule w.

Optimality of equilibria

On the one hand, there exists a family of nonnegative finite measures nP(ds, ¢)
satisfying nPH/ = H™ that achieves the upper bound in (4), hence the existence of
an optimal assignment of workers to firms. On the other hand, there exists a convex,

1-homogeneous function w that achieves the lower bound in (20).

First, consider an equilibrium (nP w). Let us denote by T the firm-aggregated

skill vector corresponding to the assignment nP, i.e., TP(¢) = [ snP(ds; ¢). Using the
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market clearing condition n® H/ = H", we have

ro< / (s ) HY (d6) + / w(s)H"(ds)
- / F(T(6); ) H (d6) — / / w(s) nP(ds: 6)H (dg) + / w(s)H" (ds)
- / F(T(6); )Y (d9) < J(H!, H").

Because J°(H', H¥) = I*, there is equality in the first and last inequalities above,
implying that w is a dual optimizer (i.e., a solution of (20)) and that the equilibrium
assignment nP is optimal.

Qualitative properties of the optimal wage schedule We explain now in more
detail why we can restrict attention to convex, 1-homogeneous and non-decreasing wage
schedules. The firms’ problem (5) can be broken down into two subproblems that consist
respectively in finding the firm-aggregated skill vector 7" and in achieving that aggregate

vector in the most economical way. Formally

(5 w) = max F(T; ¢) — w(T), (A.3)
where Z° is the conical hull of X'%: Z% = {Zle a;Sj,ai,...ay € Ry, s1,...,8, € XS}

and

&(T) = in {/w(s) nP(ds) : nP ¢ M(Xs),/snD(ds) - T} (A4

It is easy to check that the function @ defined in (A.4) is convex and homogenous of
degree one. For any s € X*, we can take the nP(ds) as the mass point at s, thus
showing that w(s) < w(s). The map w : Z° — R, is therefore the greatest convex and
homogenous function such that w < w on X*.

By construction of w, we have: II(¢;w) = II(¢;w). Moreover, because w < w, we
have: [w(z)H"(dx) < [w(z)H"(dx). It follows that if w is a dual optimizer, i.e.,
a solution of Problem (20), so is w. Using w instead of w in (A.1) and (A.2) shows
that the optimal market-clearing assignment nP is decentralized by the convex and

positively homogenous wage schedule w.

Finally, we show that at any equilibrium the wage schedule can be assumed to
nondecreasing. Starting from any convex, 1-homogeneous wage schedule p, we consider
the modified schedule: w(t) = infys; w(t'). It is easy to see that p is convex, 1-
homogeneous, and nondecreasing, and that w < w. Under schedule w, because the

production function F(T;¢) is nondecreasing in 7', firms choose 7" > T if T is less
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costly than T'. So replacing w with w does not alter the firms’ demand behavior, which
implies: I1(¢;w) = II(¢p; w). It follows that w < w is solution to the dual problem (20).

Proof of Lemma 1 Differentiating the generalist markdown (16) with respect to s;

yields
0 Ywle)si _ wle)w(s) —wils) d wles)
O0s;  w(s) w(s)?

which is zero when the marginal returns to skill w; are proportional to the pure specialist

price w(e;).

A.2 Proof of Proposition 2

Consider two competitive equilibria (n°,w;) and (nP,ws). Let TP = [z nP(dx;¢),

1 = 1, 2 denote the corresponding firm-aggregated skill vectors. We know from the proof
of Proposition 1 that w; and ws are dual optimizers and that for any dual optimizer w
the vectors TP (¢) and TP(¢) are solutions to Problem (6) for H/-almost every ¢.
Because F' is strictly concave and w is convex, this problem is strictly concave, which
yields TP = TP £ TP. It follows that VF(TP; ¢) = Vuw(TP) = Vw; (TP) = Vuw,(TP).
By homogeneity of the wage (Euler’s identity), we have w(TP) = TP . Vw(TP). It
follows that w = w; = w, on the image of TP.

In the absence of bunching (Figure 3), all workers employed by a firm of type ¢ have
the same skill profile, i.e., their skill vector is collinear to TP(¢). By homogeneity of
the wage schedule, it follows that w(s) = s.Vw(TP(¢)). In the presence of bunching
(Figure 6), the skill vectors s of workers employed by firm ¢ belong to a linear part of
the iso-wage line w = 1 and are paid the same implicit prices w;(TP(¢)). So w(s) =
5.Vw(TP(¢)) still holds if worker with skill vector s is employed by firm of type ¢.
Because w is convex and 1-homogenous, we have w(s) > w(TP(¢')) + Vw(TP(¢)) -
(s = TP(¢")) = s - Vw(TP(¢')) for all firm type ¢, which yields

w(s) = sup s - Vw(TP(¢)). (A.5)
(b/
Because TP (¢) and Vw(TP(¢)) = VF(TP(¢)) are unique, so is the wage schedule w. [J

Notice that Proposition 2 holds for the CES production function (11) with comple-
mentary skills (p < 0) although it is not strictly concave (this function is zero if one skill
is not used). This is because the maximizer T’ of II(¢;w) is unique for all non-trivial

wage schedules w — the sole property of the production function used above.
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A.3 Proof of Proposition 3

When there are two skills C' and N, the average profile of the workers can be expressed

as the angle #° = arctan T /Tz. We change variables

1 t
TP = (T2, TY) = AP(62, 6% :AD( , > A6
(T2, TR) = AP(62,6%) = A (7 —— (4.6)

with ¢ = tan @P. The first-order conditions of the firm’s problem can be written

2Fo(To, T an) —we(Te, Ty) = 0 (A7)
2Fn(To, Tnsan) —wy(Te, Tn) = 0, (A.8)
Differentiating
8FC 8wc aFC 8wc 8AD
Fe “OND D “pD D
i OA OA 00 00 0z —0
FN Z@FN _ 8wN Z@FN _ 8wN aQD
OAP  OAD 06P 0o e
Hence
OAP zaFN B owp B 28& B owe
0 | _ 1 o> 9HP 99D HeP Fe
ooP o d 8FN awN 8FC 871)0 Ja !
b — == — —= Z— = —— N
Oz OAP  OAD OAP  OADP

where d is the determinant of

Z@Fg . 811)0 Z@Fc . 8wc Z(‘)Fg . 8wc Z&Fg o 3wc 8& %
AP QAP “ogP a0 | _ [ ToTc  0Tc T0Tny  OTw OAP 96D
Z@FN _ Owy z@FN _ Owy Z(?FN _ Owy Z@FN _ Owy 0y  OTn
OAP  OAP  ~00P  06P ol J0Tc  OIn  OTn OAP  00P

By concavity of the firm’s problem, the determinant of the first matrix on the right
hand side is positive, while simple computations using (A.6) show that the determinant
of the second matrix is positive, which yields d > 0.

The derivative of total quality with respect to total factor productivity is thus

ONP 1 [, ( OFc duwc) . ( OFy duwx
9z d |"N\Fa0 T ogp “\“9e0 ~ 90 )|

Consider the above bracketed terms. The first term Fow)y — Fywe = wewy — wywp
is positive because the wy/we increases with 82 by concavity if the iso-wage curve.
The second term FyO0Fq/00° — FoOF N /00 is positive by convexity of the production
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isoquants. It follows that the bracketed terms is positive and hence that AP increases

with z.

Homogenous production functions

Corollary A.1 (Homogenous production functions and TFP). Assume furthermore
that the production functions are homogenous of degree n < 1. Then the firm-aggregated
intermediary input TP (@), the firm’s wage bill, and the firm’s profits are proportional

to 2Y/0=1 where z denotes firm’s total factor productivity.

We know that the average skill profile @° does not depend on z. The total quality

of a firm ¢’s employees, AP(¢), is determined by maximizing its profit:
I(p;w) = max z F(ABP(a); o) — Aw(8"(a)). (A.9)

Using that F'is homogeneous of degree nn < 1, we find that the total quality of workers
employed by firm ¢ = (o, 2):

o0 o [12FO°(0):0)] ™
o) = [ et (A.10)

The firm’s aggregate skill is TP(¢) = AP(«, 2)0P(«). Using that F is homogenous of

degree n, we can write its wage bill as

1

W(T°(0) = A% 2u(0(@) = [o2F (gisa)| (A1)

The firm’s profit is

M(¢;w) = (1—n)(zn")n {F(%;c& =

— (1—n) (") 7 w(6°(a)) (A.12)

All the above quantities depend on the TFP parameter z through z/0=7.
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A.4 Proof of Proposition 4

To prove the PAM property, we first need to show 6P increases with ay. Similar

computations as above yield

6AD GFN awN 8FC 8wc 8FC
gy | 1| o mw " \Fa e “Dan
aQD o d 8FN 6wN 8FO 8wc 8FN ’
Pan ( “OAD aT) AP ~ GAD Do

Noticing that we and wy are independent of AP, we find that the derivative of the

aggregate skill profile with respect to technological intensity is

o0° 22 [O0Fc0Fy OFy OF¢

day  d [aaN NP Doy aAD]
Because d > 0, 6P increases with ay of and only if (10) holds true. If production iso-
quants are homothetic, we have FoOFy/OAP = FyOFq/OAP and hence (0F¢ /AP, 0Fy/OAP) =
—k(Fg, Fy) for some constant x > 0, which, together with Fy/F¢ increasing in oy,
guarantees that (10) holds.

Finally, we need to check that the determinant of the sorting matrix

8AD 8AD 8FN 8wN aFC 8wc 6FC
9z Oday | _ 1 “900 ~ Hop B <Z 6P 9HP Fe “Dan
06P 9P d 0Fn B owy OFc B owe r 0Fn
D2 dan < AP 8AD> “OAD  9AD ¥ “Ban

is positive. We have observed above (when proving that d > 0) that the determinant
of the first matrix at the left-hand side is positive and the determinant of the second

matrix is positive because Fly/F¢ increases with agy, which gives the desired result.

A.5 Proof of Proposition 5

Proof of Lemma 2 Consider a market-clearing assignment nP such that TP (¢) is the
firm-aggregated skill vector TP(¢) = [ snP(ds; ¢). Because any convex and positively

1-homogenous function is sub-additive, we have
[romamtas) = [nre)nao)

-/ h(/ snD<ds;¢>)Hf<d¢>
< [[noasonae) = [nemes).
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which proves T H f <phc H".

The converse property follows from the new variant of Strassen Theorem established
by CGK. Theorem 5.2 in their paper establishes that for any distribution v more “gen-
eralist” than H* in the sense that v <,,. H", there exists a market-clearing assignment
Q'(ds) such that Qv = H” and y = [ snP(ds; $) for y-almost every y. Applying this
result to the distribution v = T H/ yields the desired property, as well as the link

between the family of positive measures (Q') and the workers-to-firms assignment nP:

nP(ds; ) = QT @) (ds). (A.13)

O

Proof of Proposition 5 It is easy to see that the functional

Sw) = [T H! o) + [ wls)H(ds),
is convex in w.?® Let u denote its differential

< 4 h == lim S(w +eh) — S(w)
e—0 g

evaluated on any test function h. By the envelope theorem,
<mh>=- [ WI)H A6) + [ hs)H"(s)
where TP (¢) is the (unique) maximizer in Problem (21). In short,

= —T];Hf—l—H“’.

Because the functional S is convex, a function w € ®* minimizes S (i.e., is the dual

optimizer) if and only if

<p,h>>0 (A.14)
for all A such that w + h € ®*. This implies in particular that the two following
conditions:

<p,h>>0foral hed" (A.15a)
< p,w > > 0. (A.15b)

33This results from the fact that II(¢;w) is convex in w, for all ¢.
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Conversely, suppose that (A.15a) and (A.15b) hold and take h such that w+ h € O+,
We have
< pyh>=<p,w+h>—<pw>=< p,w+h>2>0,

which yields (A.14). So the two conditions (A.15a) and (A.15b) are equivalent to (A.14),
and hence together characterize the dual optimizer. Condition (A.15a) can be rewritten
as (19).

From the CGK version of Strassen Theorem, the inequality (19) in the sense of
the positive homogenous convex ordering is equivalent to the existence of a family of
positive measures (Q'(ds)) such that ¢t = [ sQ*(ds) for almost all t and H* = QT2 H/.
Using the latter equality and the sub-additivity of w, w(t) < [ w(s)Q'(ds), we get

/ Wt TOHY (dt) < / / w(s)Q!(ds) TR B (d) = / w(s) H"(ds).

Condition (A.15b) states that the above inequality is an equality, which is equivalent
to w being linear on the support of Q! for TgH J-almost all . Hence the desired result.
O

A.6 Proof of Proposition 6

Proof of Lemma 3 This ordering can be seen in two ways. A first way to prove (26)

is to write the objective as

b w :
Jh(H HY) = e Weg%)/F(s, ¢) w(ds, de), (A.16)
where P (v, H') denotes the set of all couplings between v and HY, see CGK. This
formulation of the primal problem gives (26). The ordering (26) can also be derived
from the dual version of the problem (Equation (20)) by noticing that [ ws(s)H'(ds) <
Jwi(s)H{"(ds), where w; is the dual optimizer for Hj’. An immediate consequence
of (31) is that for any pair of skill distributions (H{’, H{") such that HY <, H{’, i.e.,
such that H” is “more specialist” than H{’, total output is greater for H{’ than for
Hy.3 O

Proof of Proposition 6 Take two distributions H” and H}” such that Hy" <,.. H{".
By CGK'’s version of the Strassen Theorem, we know that there exists a family of
positive measures (P'(ds)) such that ¢t = [ s P'(ds) for almost all ¢ and H* = PH{.

34This is because the set {7y : v <pne H{"} is larger than the set {7 : v <pnc H{}.
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For any 7 € [0,1], we set HY = (1 — 7)Hy + 7H}’ and
V(r)=J"(H' HY).

The function V(7) is the lower bound of a family of affine functions of 7 and is thus

concave in 7. By the envelope Theorem, its derivative is given by
Vi) = [y - 1)),

where w, € ®7, is the unique minimizer of the dual problem for the distribution HY.

We can rewrite the derivative as
V'(T) = / {/ w,(s)P(ds) — wT(t)] HY(dt) > 0.

Because w, is sub-additive, the derivative V'(7) is nonnegative, confirming (26). The
above quantity is a global indicator of the non-linearity of w,. It is zero if and only
if w, is linear on the support of H{’. Because V' is concave, we know that this indicator

is non-increasing in 7:

d

= [ weras - uo| g <o

for all 7 € [0,1]. An interesting special case is P'(ds) = S.¢ 0., and HY =
> ([ s:HY(ds)) be,. In this case, we get

L mee) ~ ety )

k
LS e / L H(dt) — / w, () HY (dt) < 0,

=1

for all 7 € [0,1]. A stronger result would be that the difference [ w,(s)P'(ds) — w,(t)
is non-increasing in 7 for each t separately. This would express that w, becomes more

linear around ¢ as 7 increases from zero to one.
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A.7 Proof of Proposition 7

Proof of Lemma 4 From the proof of Proposition 4, we have

6P OFy  OFc
N (Z/d){FCaAD _FNW}'

where d > 0. It follows 6 is independent of z when the production isoquants are
homothetic and decreases with z if O(Fg/Fy)/OAP > 0. O

From Lemma 4, we know that high-z firms use relatively more cognitive skills. If
the firm is cognitive (¢ € ®¢), its aggregate skill profile gets further away from 05 and
hence the generalist markdown goes down. By contrast, if the firm is non-cognitive,

using more cognitive skills means getting closer to 8¢, hence a higher markdown.

The condition d(Fg/Fx)/OAP > 0 holds for instance for the CES function modified
in the spirit of Simonovska (2015) and Jung, Simonovska, and Weinberger (2019):3

2F(Tian) = (2/n) [ac(Te +To) +anTi]" - K, (A.17)

where ac + ay = 1 and Ty is a positive constant and the constant K ensures that
2F(0,ay) = 0. Indeed here

FC . ac |: TN :|1—p
Fy  ay |[To+Te

and hence Fg/Fy evaluated at TP = AP@P increases with AP.

A.8 Proof of Proposition 8

The inequality [ F(TP(¢);¢)H/(d¢) < max,<, gw Tr(H',~) follows immediately
from the fact that TP H/ <. H".

Conversely, consider a distribution v <., H" and a coupling 7 between v and H”.
Disintegrate the coupling as m# = HYP?. Because v <pn. H", there exists by CGK

version of Strassen theorem a family of nonnegative measure R’ such that [ sR'(ds) =t
and HY = R'y. Now define

nP(ds; ) = /t R'(ds)P?(dt)

35See Sato (1977) for a comprehensive study of non-homothetic CES function.
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The family nP is a market-clearing assignment because

nP(ds f = t(ds)P? f = t(ds = H"(ds).
/¢ (ds, ) H' (d9) /¢ /ﬁ”d ) P9 (dt) H (dg) /R(d Jy(dt) = H*(ds)

t

Also notice that

/S snP(ds; ¢) = / /t sR'(ds)P?(dt) = /t tP?(dt).

By concavity of F', it follows that
[ Fson(at.do) = [ Pty (an i (ao)

< /F (/ tp¢<dt>> HY (dg) = /F (/snD(ds;qb)) HY (dg) < JH(H! HY)

Maximizing over 7 and v shows that [ F(TP(¢); ¢)H/(d¢) > max,< , gw Tr(H',7)

B From Workers’ Skills to Firms’ Tasks (and Back)

We now propose extensions of our baseline model in two directions. We examine (i)
how the tasks performed by workers depend on their skills; (ii) how firms aggregate the

tasks performed by their employees.

Link between skills and tasks at the worker level So far, we have equated skills
and tasks, i.e., we have assumed s = t for all workers. For now, we restrict attention
to skills-to-tasks relationships of the form ¢ = g(s), where the function ¢ is exogenous
and occupation-specific.From the above analysis, we know that in the space of tasks
the “wage schedule” is convex and homogenous of degree one, i.e., w'(tc,ty) is convex
and homogenous of degree one in (t¢,ty). We also know that under the assumptions
of Proposition 4, for instance with the production function (12), the firms-to-tasks
matching is PAM, in the sense that there exists an increasing relationship between
firms’ intensities ay and task profiles ¢y /tc. However, as already mentioned, tasks are
unobserved in existing data; only workers’ skills are. It is therefore important to know
(i) whether the observed wage schedule w(s) = w'(g(s)), i.e., the wage as a function
of the observed skills, inherits the properties of w; and (ii) whether the firms-to-skills

matching inherits the properties of the firms-to-tasks matching.

To answer this question, we start from the simplest and most intuitive way to

characterize the above relationship between skills and tasks and assume that each task
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uses each of the worker’s skills in fixed quantities:

(te,tn) = g(sc, sn) = (decse + densn, dnesc + dnnsy), (B.1)

with d;; > 0. For such a linear relationship ¢ = Ds, it is straightforward to check
that wages are convex and homogenous in skills. Moreover, if det D > 0 there is an
increasing relationship between workers’ skill profiles sy/sc and task profiles ty/tc.
The same is true when the skills-to-tasks relationship is homogenous of degree v > 0,
as in (to,tn) = g(sc,sn) = (s&,S)), so that in these two cases firms-to-tasks PAM
translates into firms-to-skills PAM. The linear case of (B.1) is not econometrically
different from ¢ = s since the skill-to-task function g and the distribution of a cannot
be separately identified (tasks are unobserved in existing data). This is not so when g
is, for instance, homogenous of degree v, which would translate into a wage schedule
w(s) = w'(g(s)) that is homogenous of the same degree in s, something potentially

observable in the data.

Aggregation of workers’ tasks within firms One may consider aggregation tech-
nologies that are not additively separable in the employees’ tasks. An often used ag-

gregation scheme is CES:

- ( [ / £, nD(dt)} " [ / £, nD(dt)} 1M> | (B.2)

In our leading example (11) where the production function F'(T¢, Th) is itself CES, such
a skills-aggregation scheme leads to a two-level nested CES. For our theoretical results
to apply, we need F(T) to be concave in the assignment nP i.e., we need the modified
production function F(T¢,Ty) = F (Tcl/ 7, Ti,/ 7) to be concave in T, which obtains if
v > max(p,n).>> We can thus allow for some degree of imperfect substitution between

co-workers’ tasks.

Finally, the number of skills needs not be equal to the number of tasks. Suppose
two types of cognitive skills and two types of non-cognitive skills are used to produce
two tasks according to

T = (Tl,TQ) = (CES(Cl, N17 ﬂl), CES(CQ, NQ, /82)) .

Task 1 uses skills C; and Ny, with 3; representing the (potentially firm-specific) techni-

cal intensity in C; with an equivalent formulation holding for Task 2. The final output

36The new production function F' is quasi-concave (p/y < 1) and homogenous of degree n/y < 1.
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is then produced by combining the two tasks according to F(T'; «v). As above, the pro-
duction function can be rewritten as F (C1; Cy, Ny, No; v, By, B2), where capital letters
represent firm-aggregated quantities (for instance C; = [ sc1nP(dsct)) and (a, B1, B2)
is a firm-specific vector of technical parameters.

A distinctive feature of the setup examined in the present paper is that firm-specific
parameters interact only with firm-aggregated quantities. Using the first-order con-
ditions (7), aggregate sorting properties can be derived as in Proposition 4 noticing
that Fci /F. N, increases with 3; and Fr, | Fp, increases with a. This class of production
functions strikingly differs from settings where a firm’s set of technical characteris-
tics interact with individual workers’ characteristics, which pushes to individual rather
than aggregate sorting.®” The above formulation which connects skills and tasks, when
compared with Haanwinckel (2025) or Teulings (2005), offers more between-firms het-
erogeneity or, when compared with Eeckhout and Kircher (2018), possesses a clear

within-firm aggregation scheme.

C Technological Shocks under Bundling

In this Appendix, we study the impact of a positive productivity shock that affects
firms differently, depending on their technological profile («).

Skill-Biased Technological Change (SBTC) was seen by many as an essential driving
force of labor markets transformations (wage inequality, in particular) over the 80s and
the 90s, in the context of an increased supply of educated workers in the US.3® We
study this eighties/nineties style environment faced with such technical change in the
following.

Workers supply their skills as a bundle, the quantity being fixed, but are faced
with a SBTC shock affecting the productivity of cognitive tasks in their employing
firms, in a labor market where cognitive skills are in (relative) short supply before the
shock. Because of this SBTC shock, with or without an education shock, at the new
equilibrium, prices (wages of each skill) change, hence the sorting of workers to firms

changes, as well as the size of each firm. Following insights from Simonovska (2015),

37Choné and Kramarz (2022) considers the case where tasks are produced by interacting individual
firm and worker characteristics and are then aggregated within each firm.

38See Katz and Murphy (1992) is an important view on SBTC, see Card and DiNardo (2002) for
a thorough discussion, but Lemieux (2006) shows the role of the secular increase in education that
took place there in explaining increasing inequality without a large role for SBTC. However, Bittarello,
Kramarz, and Maitre (forthcoming) show that, in France, returns to cognitive skills decreased between
1990 and 2013 because of the increase in the supply of college-educated workers.
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the production function we use to study SBTC is non-homogenous :

n
F(T;a,z) = : [((QNTK, + ach)l/p + A) — A”} : (C.1)

n
with A = 1. The two skills are complements (p = —1) and returns to scale are decreasing
(n = .5). We assume that the technical parameter ay is uniformly distributed on

[0,1]. In this Section, cognitive skills are relatively rare: workers’ skill profiles § =
arctan s /s are distributed as a Beta(7,4) random variable on (0,7/2). There is no
heterogeneity in workers’ quality (A = 1) or in firms’ total factor productivity (z = 1).
In the following numerical simulation, we use the mirror-descent algorithms developed
in Paty, Choné, and Kramarz (2022).

Labor Share

(d) Firm’s sizes (e) Labor share

Figure C.1: Skill-biased technical change. Cognitive firms experience a positive productivity shock

We now consider a positive productivity shock that affects cognitive firms, starting
from the environment described above. The firms’ total factor productivity parameter
2z increases from z = 1 to z = 1 + (1 — ay) /2. Purely non-cognitive firms, with ay = 1,

are unaffected. Purely cognitive firms (o = 0) have z = 1.5 after the shock.

The first-order effect of this SBTC shock is, obviously, an increase in the price of
cognitive skills paid by all firms, in particular those most in demand for such skills (left
side of Figure D.1(a)). As the price of cognitive tasks increase, firms use and demand
more non-cognitive tasks, affecting sorting (Figure D.1(b)). This induced increase in
demand for non-cognitive tasks in turn impacts the price of non-cognitive skills (see

Figure D.1(a), right part). Wages are an outcome of both sorting and skill prices.
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Indeed, Figure D.1(c) shows that following the SBTC all wages — including those of non-
cognitive workers — increase because firms not only use and demand more cognitive tasks
but also non-cognitive ones. Importantly, our SBTC shock increases wage inequality.
Cognitive firms increase in size, as shown in Figure D.1(d) even though the price of
cognitive skills increases because the productivity (direct) effect of the increases in
the TFP parameter, z, dominates and outweighs the price effect. Similarly, the labor
share, defined as the payroll-to-sales ratio wL/F', decreases for the most cognitive firms
(Figure D.1(e)) even though the corresponding wage increases: essentially because firms
produce more (are more efficient), i.e., the direct effect of the increased productivity, z,

which is included within the denominator of the labor share — wL/F — dominates.

As we just saw, SBTC affects the sorting of workers to firms. Hence, to accomodate
this changing sorting, workers will move from firm-to-firm. More precisely, workers with
a skill profile § will move from firms with ab;cm(e) to firms with oc;]}ter(G). Adding

mobility costs will dampen the associated magnitude.?’

A long line of research, briefly mentioned above, tries to identify how SBTC affects
labor market outcomes, resulting potentially in increased wage inequality, in the context
of a growing supply of college-educated workers, as happened in the US over the 80s
or in France over the 90s and 2000s. In most studies, such as Katz and Murphy (1992)
or Lemieux (2006), the potential role of skills-bundling was never evoked. Recently,
Lindenlaub (2017) filled this gap by studying how bundling alters previous conclusions.
Indeed, and fully in line with what we do here, Lindenlaub (2017) focuses on Task-
Biased Technological Change (TBTC, using her words) within a Quadratic-Gaussian
model with bi-linear production function, delivering a closed-form solution to her prob-
lem. Whereas we increase the productivity of firms having a “preference” for cognitive
tasks, she models TBTC by decreasing the relative efficiency of the manual task w.r.t.
the cognitive task. In this environment, she presents sufficient conditions for wage in-
equality to increase. Her work is important for us because it shows how bundling (for
jobs in her approach) has implications that widely differ from those obtained in a fully
unbundled world. Our analysis differs from hers because we define SBTC (or TBTC) in
a world with firms (rather than jobs). Indeed, we are able to predict changes in firms’
sizes and labor shares after SBTC.

We could also contrast SBTC without and with an increase in the supply of college-
educated workers (as took place in the US or in France, as examined in Bittarello,
Kramarz, and Maitre, forthcoming), increasing as a result the supply of cognitive skills.

Hence, in comparison with our previous Figures, the price of cognitive skills will increase

39Mobility is likely to be too large without such costs when compared to year-to-year realized moves
seen in data. But estimated costs in structural analyses tend to be unrealistically large too.
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less. As a consequence, all the effects described will still exist but will be attenuated, po-
tentially resulting in an absence of impact on wage inequality (as suggested in Lemieux,
2006).10

D A Dixit-Stiglitz Environment

In the paper, we assume that the price of the final good is exogenous and normalized
to one, and quantities (output, labor demand, etc.) are determined by decreasing
returns to scale. We now present a Dixit-Stiglitz environment where firms operate
under constant returns to scale and quantities are set by monopolistic competition.*!
We then check that this environment is isomorphic to the model presented in the main

text.

For simplicity of exposition, we assume in the following that the workers’ skills are
two-dimensional. Firms indexed by («, z) produce a differentiated good under constant
returns to scale. The production function takes the form y(ay,z) = 2F(Te, Tn; an),
where F' is homogenous of degree one. A representative consumer has income I and

preferences over baskets y = (y(ay, 2)) given by

o

0ty) = [ vlex.o)7 ey )

with o > 1. Let p(ay, z) denote the price of good (ay, z). The Marshallian demand is
given by

—0

B plaw, z)
v D) = . = HF (dax, d2)

(D.1)

As in the text, we parameterize aggregate skill vectors as TP = (T, Ty) = APOP, where
AP is the aggregate quality of its employees (our notion of firm’s size) defined in (8) and
0P is the firm-aggregated skill profile defined by (9). The qualitative properties of the
wage schedule w(sc, sy), which come from the linear aggregation of skills within firms,
are the same as in our baseline environment, namely convexity and one-homogeneity.

There is monopolistic competition on the product market and firm (ay, z) chooses its

40Tt is hard, not to say impossible, to go beyond this limited observation without structurally esti-
mating our model, an endeavor beyond the purpose of the present article.
41See for instance Costinot and Vogel (2010) with one-dimensional skills.
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aggregate skill vector TP = [ snP(ds) to maximize its profit

—w(TP) = o Z_w(TD)
pla, 2)y — w(TP) y{p< v -1 } (D.2)

=y {p(amz) - %} |

(To derive the last equality above, we use the one-homogeneity of w and F' and elim-
inate A%.) For any aggregate skill profile P, the firm chooses its aggregate worker
quality AP (or equivalently its output y) under the demand equation, which yields the

standard mark-up condition

g

plan, z) = c(0; ay, 2) o—1 (D:3)
and the output
o—1 (0" an,2)7°
_ D.4
y(aN,Z) o fc(oD;OéN’Z)lfff]—[f(dozN,dz)7 ( )
where (6P)
(07 an, z) 2 F(0P; ay)

is the firm’s constant marginal cost. The firms’ profit is decreasing in the unit cost,

hence the aggregate skill profile 8P is chosen to minimize the cost:

clayn, z) = rrbin c(@;an,z) = meinﬂ. (D.5)

z F(0;ay)

From output (D.4), we obtain the resulting labor demand:

D _ y(an, 2) _,o—1 1 [ZF(OD;QN)]U—I
Alow, 2) = zF(0P;ay) =1 o fé(aN,Z)l_ng<daN7dz) w(6P)” (D.6)
and the wage bill:
w(T) = AD(aN,z)w(BD)
_ o1 1 ZF(0°;an)]7 "
- o [élan,2)"7Hf (day,dz) [ w(6P) } (D-7)

The two environments, the one presented in this Appendix and the competitive
one from the main text, have deep similarities. In fact, the Dixit-Stiglitz variant is

isomorphic to the model presented in the main text. Using the demand equation (D.1),
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we rewrite the firm’s profit (D.2) as

1-1/c

plan, 2)y —w(T) = cl/e [zF(TD; aN)} — w(TD),

where C'is a constant. We obtain expression (A.9) for the firms’ profit used in our main

1=1/7 and the one-homogenous function F with C'/7 F1=1/7

model by replacing z with 2
which is homogenous of degree n = 1 — 1/0. Equations (D.6) and (D.7) correspond
to Equations (A.10) and (A.11) after the above replacements of z and F. The labor
demand elasticity is ¢ > 1 here and 1/(1 — ) > 1 in the main text. The equilibrium
conditions (24) and (25) must be modified according to (D.6) and (D.7). Notice that
the underlying primal problem maximizes pF', the gross revenue of firms to be shared
with workers, and ignores the surplus of final consumers.

All results obtained under Bundling have their counterpart in the DS world de-
spite differences in the resulting formulas. In particular, the logic of the horizontal
matching (link between worker’s skill profiles # and firms’ technological intensity ay)
is unchanged. The determination of the aggregate profile 6 from (D.5) is the same as
in the main text, see for instance Figure 3. The analysis of bunching is also similar
as well as the AKM-like decomposition of the log-wage. Furthermore, the analysis of
unbundling, presented in our companion paper, can also be carried out within the DS

setting.

E Numerical simulations

E.1 The Relative Prevalence of Generalist and Specialist Work-

ers in the Economy

To illustrate how the presence of specialists affects the markdown, we contrast two
polar cases in our two-skill environment. In Scenario (A) the skill supply comprises
essentially generalists, whereas in Scenario (B) it comprises essentially specialists, i.e.,
workers are mostly endowed with either cognitive skills or non-cognitive skills. In both
scenarios, the production technology is CES of the form (12), with returns to scale
parameter 7 = .5 and 0 = —1 (complementary skills). The technical intensities a¢
and oy being uniformly distributed on [0,1]. All firms have the same total factor
productivity z = 1 and all workers have the same quality A = 1. In Scenario (A) skill
profiles § = arctan sy/sc¢ are distributed as a Beta(9,9) random variable, whereas in
Scenario (B) they are distributed as a Beta(.8,.8) variable.

In Figure E.2, we present for these two scenarios: (a) the generalist markdown

m(0); (b) the matching patterns 6P(ay); (c) the implicit prices (marginal product
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Figure E.1: Mostly Generalists (A) vs Mostly Specialists (B)

of each skill) we (6P (ay)) and wy (0P (an)) as a function of a; (d) the wage isolines
w(sc,sy) = 1, ie., the quantity of each skill available for one dollar; (e) the firm
sizes A%(an;1). In Scenario (A), implicit prices differ across firms, see Figure 2(a):
the specialist prices (paid by specialist firms) are pc = py ~ .92 while generalist
workers are paid we = wy = .6 for each of their skills. The markdown wage is thus
close to 50% as shown on Figure 2(b). In this scenario with many generalists, the
wage schedule is nonlinear, there is no bunching, see the nonlinear isoline wage isoline
on Figure 2(c). Specialist firms (with either low or large technical parameters as) are
forced to use workers that possess too much of the other specialist skill, see Figure 2(d).
Specialist firms cannot attain a large size because their favored employees are expensive,
Figure 2(e).

In stark contrast, bunching is pervasive under Scenario (B). The wage schedule is
linear, the law of one price applies with the two skills being paid we = wy = .62 by
all firms, see Figure 2(a). There is no markdown (Figure 2(b)) and the isolines are
flat (Figure 2(c)). The matching map that connects firms («) and workers (6) lies
closer to the 45-degree line than under Scenario (A). Because more specialist workers
are available in Scenario (B), specialist firms have access to skills that are more aligned
with their technologies (Figure 2(d)). The large supply of specialists decreases their

wage, thus allowing specialist firms to increase their size, see Figure 2(e).

E.2 Non-Homothetic Production Functions

To numerically solve for optimal workers-to-firms matching, we use, in the spirit of

Simonovska (2015) and Jung, Simonovska, and Weinberger (2019), the following non-
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Figure E.2: The Effect of Skills Supply: Mostly Generalists (A) vs Mostly Specialists (B)
homothetic CES function:
F(T;a,2) = % ([aC(TC + A + an(Ty + B)?"" — (ac A + aNBP)"/p) . (ED)
where the technical intensities in the cognitive and non-cognitive skills, ac and ay,

satisfy ac + ay = 112 Setting (T2, TY) = AP(02,0%) and using the first-order

conditions (7) as well as the 1-homogeneity of the wage, we get

Fc(AD,QD;OéN) . ac |:AD9R/ + B:|1_p . wC(HD) (E 2)

Fy(AP 00 ay)  ay |[APOR +A|  wy(6P)

The marginal product of Ty versus Ty, Fg/Fy, increases with AP for skill profiles
0° such that tan@° = TX /T2 > B/A. In this case, the marginal productivity of
Cognitive skills relative to that of Non-Cognitive skills increases with the size of firms,
hence big firms use relatively more Cognitive skills, implying that 6 decreases with z.
The “worker-to-firm sorting effect” now becomes linked to the firm’s productivity z and
becomes closer to a true “firm-effect”, see the above discussion. Furthermore, under non-

homotheticity, the “worker-to-firm sorting effect” (which captures the intensity of the

42Gato (1977)’s approach of non-homotheticity, followed for instance by Lashkari, Bauer, and Bous-
sard (2024), models production isolines and delivers the value of output as an implicit function, which
would be hard to integrate within a numerical solver. All simulations presented in the paper use the
mirror-descent algorithm of Paty, Choné, and Kramarz (2022).
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relative use of the two skills) and the total quality of the firms’ workers will be correlated.
Indeed, in our model, the strength of the correlation between individual worker quality
and the “worker-to-firm sorting effect” will vary: zero under homotheticity whereas,
under non-homotheticity, this individual-level correlation will be positive and small
when the productive firms employ many average workers but positive and large when
the productive firms employ a small number of very high-quality workers.

Our baseline simulation imposes A = 1.0 and B = 0.3 in the production function
(affecting firms’ demand). Firms are uniformly distributed with two productivity levels
(z =1 and z = 2) when the skills’ supply follows a Beta(7,4) distribution with relatively
few “Cognitive” workers. The distribution of firms and the workers’ supply are presented

in Figure E.3. In this example, the equilibrium condition can be written as

2
Oa
NS(O)R(0) = Y b (o (0 2)) AP (an (0; 20); 20) — - (0; 2), (B.3)
=1
where 2 = 1 and 2, = 2, AS(f) = 1, h*() is the density of the Beta(7,4) law, and
h'(ay) = 1. The sorting functions are denoted by 6(ay;z) for [ = 1,2 and are
determined by (E.2). We denote their inverses by an(0; z;) in (E.3).

Firms Workers

nnnnnnnn

« s os 1o
an Xc

Figure E.3: Firms (uniform with z = 1,2); Skill Supply (Beta(7,4) i.e. “shortage” of skill C)

Figure E.4 presents the resulting Sorting patterns (fn/c as a function of o), Prices
(as a function of o), and Wages (as a function of f/¢) in the top panel, when “worker-
to-firm sorting effects” (as a function of (ay, 2), Firm size, (both as functions of ay ans

z) are presented in the bottom panel.

The deficit in supply of cognitive workers drives most of the resulting patterns
described below. In Figure 4(d), more productive firms (dashed line) use relatively more
cognitive workers than less productive firms (solid line) as evidenced by the lower value
of On/c for a given an: On/c(z = 2,ay) < On/c(z = 1,an). This increased demand
makes the wage decrease in the skill profile 6y/c, and, as a consequence increasing for

workers with a comparative advantage in cognitive skills.
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As a result, in this configuration, “worker-to-firm sorting effects” (W-to-F sorting
effects, hereafter) depend on z, specifically they are larger for more productive firms
(z = 2), see Figure 4(e). Hence markdowns in more productive firms are lower (closer
to — but still above — one) than in less productive firms. The high wages commanded
by the C-specialists explain why Cognitive firms, conditional on z, are smaller than
Non-Cognitive firms. As predicted by Proposition 4, firms’ sizes AP increase with their
TFP parameter z.

Competitive wages do not depend on firms’ productivity z directly (Figure 4(b)).
However, workers employed in high-z firms will be better paid than those employed
in low-z firms because the former have a more cognitive profile (higher Oy/c (2, ay)
at given ay) and, hence, command higher wages and larger Workers-to-Firms sorting
effects.

markdown

O o

(b) Wages w(6) (¢) Markdown m(6)

Firm Effect

: F : .
(d) Sorting (e) W-to-F Sorting effects (f) Size
(—=Inm(0(an, 2)))

Figure E.4: Wages and sorting with non-homothetic production function (E.1)

In the above configuration, the Workers-to-Firms sorting effects are monotonic in
the total factor productivity z, with the variation in z being the same for all techno-
logical intensities «,,. This result is not general as Proposition 7 shows and Figure E.5
illustrates. Figures 5(a) reports again the case when both the production function and
the skill distribution are strongly asymmetric: (A, B) = (1,.3) in (E.1) and Beta(7,4).
In Figure 5(b), we make the production function almost symmetric (4, B) = (1,.9)
while keeping the skill distribution asymmetric. In Figure 5(c), we consider a sym-

metric skill distribution Beta(6,6) with the original asymmetric production function
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(A, B) = (1, .3). Comparing these three cases shows that the variations of the Workers-
to-Firm effects in the TFP parameter z depend on the details of the primitives and

complex general equilibrium effects.

Firm Effect

Firm Effect
Firm Effect

Suclzaw) R T T Guczaw
(a) Asym. supply Beta(7,4) (b) Asym. supply Beta(7,4) (¢) Sym. Supply Beta(6,6)
with (4, B) = (1,.3) with (4, B) =(1,.9) with (A, B) = (1,.3)

Figure E.5: Workers-to-Firms Effects (— Inm(f(ay, 2))) with non-homothetic production function

F Connection to optimal transport theory

In this section, we explain how our setup is related to optimal transport theory. To
fully understand how OT is connected to our contribution, a small detour is required.
Our approach requires to account for workers’ skill aggregation within firms and for
endogenous firm size. These requirements demand a new mathematical framework,
developed in Choné, Gozlan, and Kramarz (2023).

Weak optimal transport (WOT) Given two probability measures p and v, and a
cost function ¢(¢p, m) that is convex in m, Gozlan, Roberto, Samson, and Tetali (2017)

consider the problem of minimizing

wt [ c(o.utdo), (F.1)
well(p,v)

where II(y, ) is the set of all couplings 7 of 1 and v (i.e., the set of probability measures
over X x Y with marginals y and v) and p? is the (u-almost surely unique) probability
kernel such that

m(ds,d¢) = p”(ds) u(dg). (F.2)

Gozlan, Roberto, Samson, and Tetali (2017) prove existence and duality results for
Problem (F.1) under the main requirement that ¢(¢, m) is convex in m.

The problem of maximizing total output in the economy, which is given by (4), has
the same form as (F.1), with u = H/, v = H", and the transport cost defined (for any
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given g € X') by

c(¢, nP) = —F (/s nP(ds); ¢> + F(s0;0) + Vo F(s0; 8). (/s nP(ds) — so> .

The above cost function is nonnegative by concavity of F' in X. Under the equilibrium
condition (2), minimizing (F.1) is equivalent to maximizing (4) because [[ z p®(ds)u(d¢)

equals [z v(ds), which is a fixed and exogenous quantity.

Unnormalized kernels and endogenous firms’ sizes As mentioned in Section 2,
the framework developed in the present article has an important difference with the
WOT problem described above. Specifically, we do not impose that the workers-to-
firms assignments, nP(ds;¢), are probability measures, as is required in the kernel
disintegration (F.2). Accordingly, Choné, Gozlan, and Kramarz (2023) relax the as-
sumption that the kernel p® in (F.1) is a probability measure. Denoting by M())) the
set of nonnegative finite measures over ), they introduce the weak optimal transport
problem with unnormalized kernel (WOTUK) as

WOTUK(jv) & sup / F(6,0%) uldo), (F.3)
gEMV)Y JX

[ ¢ u(dg)=v
where F : X x M(Y) — R. The constraint [ ¢ u(d¢) = v expresses that the unnor-

malized kernel (¢?) transports p onto v. CGK connect the WOTUK problem (F.3) to
a WOT problem as follows. Letting

(< p,v) 2{P € l(n,v), n e P(X),n < u},

denote the set of probability measure over X’ that are absolutely continuous with respect
to u, CGK show that

V) = Ssu Ssu d—n 7T¢
WOTUK(e.r) = sup sup / F(d),du@b) >u(d<b) (F.4)

nell(Kp,v) me€ll(n,v

where 7% € P())) is the unique disintegration of 7 with respect to 7, i.e. such that
7(ds,d¢) = n(d¢g)r?(ds). At given 1, we get a WOT problem. Instead of constraining
the first marginal of m to be pu, the WOTUK problem only imposes that the first
marginal is absolutely continuous with respect to u.

In the economic setting of this paper, the kernel ¢®(ds) is the assignment of workers
to firms nP(ds; ). The modified firms’ distribution is n = H/ = N(¢)H'(d¢), where
N(¢) = dn/dp = dH' /dH!, represents the number of workers employed by firms of
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type ¢. The constraint [ ¢ u(d¢) = v is the equilibrium condition (2), with v = H"
and . = H/. Allowing ¢® or nP to be an unnormalized measure instead of a probability
measure avoids having to assume that all firms have the same size.

Introducing nP(ds; ¢) = nP(ds; ¢)/N(¢) the probability measure that describes the
distribution of workers’ types in firms ¢, we see that the matching between workers’

and firms’ types

m(ds,dg) = nP(ds; ¢)H (d¢) = n°(ds; ¢) H' (d¢) (F.5)

is a transport plan between the original skill distribution H*(ds) and the modified firm
distribution H/(d¢).

Conical WOTUK problems The specification studied in the present paper cor-
responds to a special class of WOTUK problems, which CGK call conical WOTUK

problems. It corresponds to the case where

F(z,p)=F (I,/yyp(dy)>

for some F': X x cone()y) — R, where the conical hull of ) is given by

cone(Y) < {Z)\iyi, ACsr A ER LY,y € YV, > 1}.
=1

CGK establish the existence of solutions for the dual problem, which guarantee the
existence of a competitive equilibria in our setting where a firm’s output depends on
the conical combination of its employees’ types, [y dg,(y). The combination is said to
be “conical” because the mass of ¢, is not necessarily equal to one. In other words, the
aggregate skill of the workers hired by a firm is not their average skills as in the WOT
setting, but their average skills scaled by the positive factor q.()) that represents the

number of employees.

G Existence of an optimal market-clearing assignment

To prove existence, we extend Theorem 6.4 of Choné, Gozlan, and Kramarz (2023),
hereafter CGK. Specifically, we relax their assumption that inf e ys scxs F'(us; ¢) tends
to +0o as 4 — +oo. This assumption indeed does not hold if some workers have zero
skill in some dimensions (i.e., the support of H" intersects the boundary of ]R‘i) and

the skills are complements as is the case in our baseline CES example (11) with p < 0.
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In Appendix A.1, we use new tools in optimal transport theory to prove the above
results. These tools allow us to overcome two challenges. First, contrary to the classic
OT framework, the primal problem (4) is a nonlinear function of the assignment nP.
For this reason it belongs to the class of weak optimal transport problems introduced
by Gozlan, Roberto, Samson, and Tetali (2017). Second, firms’ sizes are endogenous in
equilibrium, and thus nP(ds; ¢) is not necessarily a probability measure for all firms’
types ¢. In the terminology of Choné, Gozlan, and Kramarz (2023), assignments of
workers to firms are unnormalized kernels. The primal problem can be rewritten as
a transport problem over the set of probability distributions whose first marginal is
absolutely continuous with respect to the distribution of firms’ types, H/, recall the
discussion after (3). (Appendix F presents in greater detail the connection between

competitive matching equilibria and optimal transport theory.)

Lemma G.1. Under the reqularity assumption made at the beginning of Section 2,
the production function F satisfies Condition (A’) of CGK, i.e., there exists sequences
(Un(@))nz0 and (v, (d))nso of continuous functions on X/ and taking values respectively
in R and R? such that

F(s;¢) = inf u,(6) + va(0) s. (G.1)
Furthermore, the value of the primal problem is finite: J°(H/, HY) < oo.

Proof. Take (s,)n>0 a dense subset of X*. For each n and all s € X®, the concavity
of F yields

F(s;0) < F(Sn;0) + VsF(sp;0)(s — sp).

By assumption, the functions u,, and v,, defined as

U (¢) = F(5n;0) — VsF (sn;0)s, and v,(¢) = VF(s,;0)

are continuous in ¢. For any ¢, the function inf, u,(¢) + v,(¢) s is concave in s, is
greater than or equal to F'(s;¢), and coincides with F at all points s,. This yields the
result by continuity. Furthermore, assuming that the total skills in the economy are

finite and that X/ is compact, we have for all market-clearing assignment nP:

/F (/snD(ds;gb)) HY(d¢) < U + V/sH“’(ds) < 00,

with U = supeys tuo(¢) and V = supye ys vo(e).
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The following a priori estimate holds:

[#([sneaso) i < { )+ (o) [ snP(asio) | 1700
//sn (ds; ¢)H' (do)

= U+V/3Hw(ds),

INA
Q}\

implying that J°(H/, H") < co. [

As explained below Equation (3), one can associate to any market-clearing assign-
ment n® a probability distribution 7 on X7 x X* whose first marginal H/ is absolutely
continuous with respect to the firms’ distribution H/. Disintegrating such a distribu-
tion as m(ds,d¢) = m1(¢) q(ds; ¢), where the first marginal m is absolutely continuous

with respect to H7, one can define the functional

2wty = [ £ ([ 4 [sataso)) o

CGK introduce the set of distributions whose first marginal H/ is absolutely continuous

with respect to H/ and whose second marginal is the distribution of skills H®:
(< H  H") 2 {x e (A, H"), A € P(x7), A < H'},

with TI(u, v) denoting the set of all couplings between p and v. An assignment nP is
optimal if and only if the associated coupling 7 maximizes Z(m; H') on II(< H/, H").
The latter set, however, is generally not closed, and for this reason the existence of an
optimal assignment, which CGK call a “strong solution”, is not guaranteed. Accordingly,
they introduce a notion of weak solution. They say that a finite measure m on Xy x ]R‘fr
is a weak solution of the optimal transport problem if there exists a sequence of market-
clearing assignments np such that the total output [ F (f snP(ds; ¢); qb) H/(d¢) tends
to JU(H’, H"). They prove that weak solutions always exist (Proposition 2.4).

To investigate the existence of strong solutions, CGK show that the closure of IT(<
H', H"Y) is the set II(X/; HV) of all probability measures such that m (X/) = 1 and
my = H". Assuming that F’_(s;¢) = lim,_,o F(us; ¢)/p is a continuous function on
X7 x R, they introduce the functional

2ty = [ ([ 55 [satasio)) miao+ [[ s ontasiom(ao)
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where 7(d¢,ds) = 7,(d¢) ¢(ds; ¢) and m = 72 + 75" is the decomposition of the first
marginal 7; into absolutely continuous and singular parts with respect to H/. They
show that Z is a lower semicontinuous extension of Z on I1(X7; H*). Under Assumption
(A’) mentioned in Lemma G.1, Theorem 3.7 of CGK states that a measure 7 is a weak
solution if and only if it maximizes Z(r; H') over m € II(X/; H”). Moreover, the value
of the maximum is nothing else than J°(H/, H*). Assumption 1 states that F/_ = 0,

implying that the functional simplifies into

Tmshth) = [ F( oy sq(ds;¢>) HY (dg).

We now extend the results of CGK to prove the existence of an optimal market-
clearing assignment under weaker assumptions. We start from any weak solution 7 =
7(ds; ¢)71(de). This means that & maximizes Z(7; HY) on II(X7; HY) and Z(7; HY) =
JU(HT HY).

We set v(ds) = [ 7?(ds)7"8(d¢) and consider the assignment nP defined by

WP (d5;6) = T (0)7(ds) +5(ds).

The assignment nP clears the market because
[ P asion(@e) = s(as) + [ w<dor(as)
_ / [7(dg) + 79%(dg)] 7¢(ds) = / 7(d6)m%(ds) = H"(ds).
Since F(.; ¢) is nondecreasing on R¥ for all ¢,** it holds

F ( / snD<ds;¢>;¢) _F (%((ﬁ) [+ [ sv(dS);cb) > F (%«w / sw¢<ds>;¢) |

Integrating with respect to H/(d¢) and using the fact that 7 is a weak solution, we find

7 ([erasono) o = F (500 [satasio) #tae) = 7! 1

and hence that nP an optimal market-clearing assignment.

43 Any concave function F : Rﬁ — R, is nondecreasing. To see this, consider 77 < T3, use concavity
to write: F(TQ) = F(T1 + TQ — Tl) > tF(Tl/t) + (1 — t)F((TQ — Tl)/(l — t)) > tF(Tl), and let t go
to 1.
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H Data Appendix

H.1 Data Description

The empirical exercises presented in this paper make use of Swedish administrative data.
They connect information from the military draft that tested virtually all Swedish males
at the age of 18. We use two principal scores—capturing Cognitive and Non-Cognitive
skills—from these tests. These have been used extensively in previous research on wages
and labor market sorting (see e.g. Lindqvist and Vestman, 2011; Fredriksson, Hensvik,
and Skans, 2018; Skans, Choné, and Kramarz, 2023). A detailed description of the
data and the testing procedure is presented in Mood, Jonsson, and Bihagen (2012). We
follow Skans, Choné, and Kramarz (2023) and use the scores on their nine -step Stanine
scale throughout the paper. Our skills data cover tests administered during 1970 to
1996, with the exception of 1978 where two thirds of the data are missing, anecdotally
because of a fire. The data cover birth years 1951 to 1978.

The cognitive skills data are collected from written exams. The tests analyze the
subjects’ skills in terms of spatial ability, verbal comprehension, inductive and technical
skills. The Non-Cognitive skills are assessed during a structured 20-minute interview
with a trained psychologist. These assessments cover sub-aspects such as social matu-
rity, psychological energy, intensity and tolerance to stress. We measure both Congitive
and Non-Cognitive skills, we use the combined score reported at a nine-step Stanine
scale (see below) as this is a consistent metric available for a large set of cohorts. Using
a two-dimensional skill-vector also simplifies exposition.

The skill scores are reported at the 1-9 integer Stanine scale, built to approximate
a normal distribution by nine discrete bins. Each step corresponds to approximately
0.5 standard deviations and the mean skill is 5. In contrast to percentile ranks that
approximate a uniform distribution, Stanine bins approximate a normal distribution
and are therefore of unequal size, each capturing 4,7,12,17,20,17,12,7, 4 percent of the
sample as we move from 1 to 9. Our measure of skill endowments is thus defined w.r.t.
a worker’s economy-wide peers. Hence, the difference between Cognitive and Non-
Cognitive scores captures whether the worker is relatively stronger in one dimension
than in the other, allowing to use the score difference as a direct measure of each
worker’s comparative advantage.

We link the skills data to outcome data for those employed in the private sector for
the period 2002 to 2013. The outcome data cover information on wages, occupations,
firm identities as well as information from the firms’ financial accounts. We restrict the
data to stop at 2013 to ensure that we have consistent information about occupations
(the codes change in 2013). Because of the intersection between restrictions on outcome

years and birth cohorts, workers in the sample are aged 24 to 62. The wage and
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occupation data are from the structure of earnings statistics firm-level sample. The
data over-samples large firms and the data cover around 50 percent of all private sector
workers. We only keep firm-years with at least 10 workers with complete skills data
and drop all firm-years where we have skill information for less than 1/4 of all workers.
Wage data are Winzorized at the 1st and 99th percentile within years. The used data

have 550,000 unique individuals, 3.3 million worker-years and 30, 000 firm-years.

H.2 Details regarding subsection 2.1 (“Motivating Evidence”)

The subsection presents evidence using the difference between Cognitive and Non-
Cognitive scores as the outcome. As the scores are measured at the 1-9 scale, the
differences can in principle fall anywhere in the [1 — 9] range. However, end-point re-
sults are rare by definition and scores are mildly positively correlated (p = 0.37 in our
used sample), so very few end up in the extreme end-points of the difference distri-
bution. Figure 77 shows the resulting comparative advantage distribution, using one
observation per individual in our used worker-level sample. As the figure shows, about
half of all workers have a comparative advantage in one of the skill dimensions of at
least 1 standard deviation (2 Stanine steps). More precisely, 20 percent have the exact
same score and 17 percent (on each side) have a gap of exactly 1, and the rest have a
larger gap as illustrated by the graph.

Figure 1(a) relates workers’ comparative advantage to their sorting patterns across
firms using one observation one observation per firm in our used data. The figure shows
the distribution of firm-averaged comparative advantages. The data are thus computed
by simply taking the firm-level mean of the worker-level data used in panel a). The
distribution illustrates the firm-level heterogeneity of specific skill use. At the worker-
level, the dispersion implies that half of all workers are employed by a firm where the
average coworker has a comparative advantage in one dimension of at least 0.5 on the
Stanine scale (thus 1/4 standard deviations).

We perform two exercises to show that these patterns reflect heterogeneous firm-level
labor demand and not random noise. First, we show that firm-averaged comparative
advantages correlate across occupations within the same firm. To perform the analysis,
we first subtract the economy-wide occupational mean from the individual-level compar-
ative advantage. Next, we aggregate the ensuing residual to the occupation-times-firm
level and compute the leave-one(-occupation)-out association across occupations within
the same firm. The results presented in Figure 1 show that firms with an unusually high
cognitive advantage in one occupation, also have an unusually high cognitive advantage
in its other occupations. Hence, firms are systematically heterogeneous in their use of

cognitive vs non-cognitive skills in way that goes beyond occupational boundaries.

78



Second, we show that the firm-averaged comparative advantage is predictable from
firm-level economic fundamentals. Here, we use data from the financial accounts under
the presumption that heterogeneity in accounting data across firms is an indication
of differences in production technologies. This is a natural extension of the fact that
accounting data tend to be used for firm-level production-function estimations. We use
a fully data-driven approach using 25 different variables (all we have in this version
of the data) from the accounts as prediction features in a Random Forest model we
train to predict the average firm-level comparative advantage. The features capture
costs, revenues, assets and liabilities, but contain no information related to worker
composition. Features are Winzorized at the 1st and 99th percentile and standardized.
Because all measures are a function of size, we de-correlate them by dividing all measures
by the overall wage cost, and include the wage cost itself in log form.

We estimate the Random Forest prediction models with the firm averaged compar-
ative advantage as the outcome.** We use scikit-learn accessed via Stata with default
parameter settings. We perform 5-fold cross-validations with firm-clustered folds to
ensure that predictions are always across firms even though we use data from several
years. We illustrate the out-of-fold prediction properties in Figure 2(c). The model
explains around 20 percent of the variation in comparative advantages out-of-sample.
The clear positive slope implies that our fairly crude accounting data can be used to
learn about the demand for workers’ comparative advantages across firms. The most

relevant predictors are displayed in Figure H.1 below.

H.3 Estimation of Size and Markdown

In subsection 3.2 we estimate the size, as defined in equation 8 relying on estimates of
the price of skills in pure specialist skill segments. Furthermore, in subsections 3.5, 4.4
and 5.2 we provide estimates of the wage markdown and these also require estimates of
the returns to skills in specialized skill segments. The approach we use is outlined in
3.5 in the paper. Here, we provide some additional details.

Firms are grouped based on the average comparative advantage among its employ-
ees. We compute the average across all years of observation. We then define a Generalist
firm as having an average skill difference in the (—0.5,0.5) range. This corresponds to

a gap of 1/4 of an individual level standard deviation. Around half of all workers

44The approach can be related to the unsupervised K-means clustering of firms used in Bonhomme,
Lamadon, and Manresa (2019). The K-means puts equal weight on all explanatory features and create
K groups with similar features. The Random Forest instead creates a prediction by weighting outcomes
of firms with similar features as the focal firm. The Random Forest only pays attention to feature
combinations that help predict the outcome.
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Figure H.1: Feature importance in the Random Forest used for figure 2(c)

Note: Mean Impurity Decrease as a measure of feature importance, using Python’s skcit
built-in feature importance algorithm. Distribution across the 25 included features with labels
on the most important ones. See the text for details on the Random Forest estimation.

are working in these generalist firms. The remaining workers are either working in
N-specialized or C-specialized firms.

In subsection 3.2, size of firm j in year ¢ is computed by multiplying the number
of workers (E'mp;;) overall, i.e. including women and untested males, with the price-

weighted skill composition among those males that are tested:

Sizej = Empjt(ﬁbgéj + ¢%Nj)

where d)A% and ¢Ag refers to the skill estimates in specialized segments as explained in
Section 3.5 and C}, N; refers to the average skill-levels of workers employed by the firm.
The underlying assumption is that the skill composition of tested workers are reflective
of skills of untested workers.

Estimates displayed in Table 2 are based on splits of generalist firms across markets
and firms. We first split the generalist sample across markets, into a one sample where
bunching is more prevalent, i.e. markets where the generalist firms are more prone to re-
lying on a mix of specialists, and one sample drawn from markets where generalist firms
use more generalist workers. To achieve this split, we define a market as a combination

of a 3-digit ISCO occupation and a 3-digit NUTS region. We define generalist workers
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as those having a most a 1-Stanine step between their cognitive and non-cognitive score
(about half of the sample, as shown above). For each market, we compute the share
of generalist workers within generalist firms and then rank the markets based on this
share. We define markets in the lowest quartile as “bunching” and the highest quartile
as “no bunching”. We ignore the generalist firms in the middle range of markets to get
a clearer spread across markets. The last two columns instead split the generalist firms

by labor productivity using a simple split at the worker-weighted median.

H.4 Non-homothetic Production Functions

In subsection 5.2 we provide estimates of the relationship between firm productivity and
a) relative wage returns to the two types of skills and b) sorting patterns. Firm-years
are ranked based on labor productivity (value added per worker) using the financial
accounts and then put into decile bins. For each decile, we regress log wages on Cognitive
and Non-cognitive skills and plot the difference in estimates across these two skills.
Next, we show firm-averaged cognitive advantage across the log labor productivity

distribution.
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