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Abstract

I study covariate adjustment in regression discontinuity designs estimated with
data from heterogeneous groups. I demonstrate that, when groups are pooled, such
heterogeneity induces bias unless the group composition is constant across the running
variable. Standard estimators pool groups together and therefore generally suffer from
pooling bias. To address this issue, I propose a stratified RD estimator, which first
estimates the group-specific treatment effects and group shares at the treatment cut-
off and then forms a weighted average. This fully nonparametric covariate adjustment
reduces variance and worst-case bias, while converging at the minimax nonparametric
rate. Consequently, the stratified RD estimator achieves lower asymptotic worst-case
MSE than the standard local polynomial RD estimator over a common parameter
space. An application to the Head Start program shows significant reductions in MSE.
Resulting honest confidence intervals are 7% to 11% shorter than those of the standard

RD estimator in a range of scenarios.
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1 Introduction

The Regression Discontinuity Design (RDD) estimates the causal effect of policies assigned
by a discontinuous rule: units with a running variable above a cutoff receive treatment, those
below do not. Comparing units just above and below the cutoff identifies the average treat-
ment effect at the cutoff under continuity assumptions. This local comparison is intuitively
understood as approximating a randomized experiment, in the sense that covariates are bal-
anced between treatment and control units at the cutoff. In practice, estimation requires
extrapolating away from the cutoff, which introduces smoothing bias: units further away
may differ systematically in observed or unobserved covariates, even when the continuity
assumptions hold.

To partly adjust for these systematic differences, researchers intuitively consider including
predetermined covariates to improve comparability near the cutoff. This intuition draws
on standard causal reasoning for observational studies, where covariate imbalance between
treated and control units induces bias (Imbens and Rubin 2015). Yet the existing literature
on covariate adjustment in RDDs is limited to variance reduction. No theoretical results
establish that covariate adjustment systematically reduces bias. Current theory recommends
unadjusted estimators, such as the canonical local linear RD estimator, as the primary
approach, treating covariate adjustment purely as a tool for efficiency gains, with point
estimates expected to remain unaffected (Cattaneo et al. 2023).

In this paper I show that covariate adjustment can systematically reduce bias in empir-
ical RD studies with heterogeneous groups. Heterogeneous groups are defined by discrete
covariates, such as education type, sex, or region, that partition the sample into mutually
exclusive subpopulations with heterogeneous regression functions. In this setting, the base
RD estimator implicitly pools observations across heterogeneous groups. A decomposition
of its bias reveals two components: the usual smoothing bias within each group, and an
additive pooling bias term that arises whenever the composition of groups varies along the
running variable. Under a uniform asymptotic framework, I show that this pooling bias is
part of the leading term of the worst-case bias of the base RD estimators.

Building on this insight, I propose the Stratified RD estimator, which estimates group-
specific treatment effects using standard local polynomial methods within each group and
then averages them using appropriate weights to obtain an overall estimate of the treatment

effect at the cutoff. I show that stratification eliminates pooling bias and leads to a variance



reduction under appropriate bandwidth choices.! The Stratified RD estimator thus achieves
lower worst-case asymptotic MSE than the base RD estimator across a common parameter
space. As long as the researcher is willing to put an explicit bound on treatment effect
heterogeneity between groups and smoothness of the group composition along the running
variable, the Stratified RD estimator provides more efficient inference on the same target
parameter.

To illustrate the practical relevance of the proposed method, I apply the Stratified RD
estimator to data from the Head Start program (Ludwig and Miller 2007). The estimator
yields a substantial MSE reduction relative to the base RD estimator and leads to meaning-
fully shorter honest confidence intervals. The R package RDStratified (Work in Progress)

provides an implementation of the suggested estimator.

Related Literature. The seminal work by Hahn et al. (2001) established identification of
the RD parameter under continuity assumptions on the potential outcomes. They proposed
estimating it by approximating the regression functions on each side of the cutoff using local
polynomial estimators (Fan and Gijbels 1996). Because this estimation relies on extrap-
olation using observations away from the cutoff, these estimators exhibit smoothing bias.
Under MSE-optimal bandwidths, this bias is of the same asymptotic order as the standard
deviation, which distorts conventional inference.

To address this issue, two main approaches have emerged in the literature. Calonico
et al. (2014b) use pointwise asymptotic theory to characterize the leading bias of the base
RD estimator and use a bias correction to construct robust confidence intervals. In contrast,
a recent strand of literature has shifted to a uniform framework which offers precise con-
trol of the finite-sample bias by providing a worst-case upper bound valid for any function
within an assumed smoothness class (Armstrong and Kolesar 2018; Kolesar and Rothe 2018;
Armstrong and Kolesar 2020). This allows the construction of honest confidence intervals
that account for smoothing bias and guarantee nominal coverage (Li 1989). While these
approaches focus on controlling bias to ensure valid inference, this paper shows that covari-
ate adjustment reduces worst-case smoothing bias by removing the component induced by
pooling heterogeneous groups.

The existing literature on covariate adjustment in RDDs primarily establishes results on
variance reduction within the pointwise asymptotic framework (Calonico et al. 2019; Kramer
and Kreif§ 2023) with extensions to high-dimensional settings in Kreiss and Rothe (2023),

'Due to the second-step averaging over a discrete covariate space, the estimator does not suffer from
the curse of dimensionality that arises in multivariate nonparametric estimation. The asymptotic analysis
assumes a fixed number of groups, providing a good approximation in empirical settings where the number
of groups is small relative to the sample size.



Noack et al. (2023), and Arai et al. (2025). Frolich and Huber (2019) propose a fully non-
parametric multivariate approach that can also reduce variance. Although they note that
bias could in principle be removed to restore identification when covariate distributions are
discontinuous at the cutoff, they do not present results under continuous covariate distri-
butions. In contrast, this paper establishes bias reduction by adjusting for predetermined
covariates with continuous distributions, where all identifying continuity assumptions hold.
Ma and Yu (2024) directly address a potential covariate imbalance between treatment and
control groups using a balancing condition, but their results likewise center on variance reduc-
tion. Overall, the existing literature has not established systematic bias reduction through
covariate adjustment, a gap attributable to the reliance on pointwise asymptotic theory.

In particular, the pointwise asymptotic framework has two major weaknesses in this
context. First and most importantly, it does not precisely control the smoothing bias of
the underlying local polynomial estimators. As a result, the pointwise asymptotic theory
suggests that odd-order base RD estimators, such as the canonical local-linear choice, have
asymptotically negligible bias due to covariates if their distribution is sufficiently smooth
at the cutoff.? Relying on this pointwise asymptotic analysis leads to inaccurate bias ap-
proximations in finite samples, as documented in the simulation exercise in appendix J. The
simulation reports a bias term for the local linear base RD estimator due to covariates that
converges proportional to the bandwidth at empirically relevant sample sizes, even though
the pointwise theory predicts a negligible bias. This highlights the practical relevance of the
uniform asymptotic results developed in this paper.

Secondly, even if the bias due to covariates does not vanish in the asymptotic analysis,
removing it has an ambiguous effect on overall bias. This ambiguity arises because the total
smoothing bias can be decomposed into bias due to smoothing the long regression func-
tions and the additional pooling bias arising from heterogeneous groups. The net impact of
covariate adjustment therefore depends on the relative signs and magnitudes of these two
components. These problems add to a growing list of drawbacks of the pointwise asymp-
totic framework for nonparametric regression using local polynomial estimators (Tsybakov
2009; Armstrong and Kolesar 2018; Armstrong and Kolesar 2020), motivating the uniform
framework adopted in this paper.

The Stratified RD estimator is inspired by the literature on regression adjustment and
post-stratification in randomized control trials (Lin 2013; Miratrix et al. 2013; Negi and
Wooldridge 2021; Chang et al. 2024). Specifically, Negi and Wooldridge (2021) compare
the asymptotic variance of the simple difference in means, pooled regression adjustment

and full regression adjustment estimators. They find that the asymptotic variance of the

2That is at least twice continuously differentiable.



full regression adjustment estimator, which estimates separate regression functions for the
control and treatment groups, weakly dominates those of the other two estimators. Because
the Stratified RD estimator has the same structure as the full regression adjustment estimator
in the case of a discrete covariate, the results on variance reduction can be understood as
a generalization of Negi and Wooldridge (2021) from constant estimation in RCTs to local

polynomial estimation in RDDs.

2 Setup and Motivation

This section introduces the setup, notation, and estimators used throughout the paper. Let Y;
denote the outcome variable, X; the running variable, and T; := 1{X; > ¢} the discontinuous
treatment rule at the cutoff ¢, corresponding to a sharp RDD. Observed outcomes relate to
potential outcomes via the treatment rule Y; = Y;(0) + [Y;(1) — Y;(0)]7;, where Y;(0) is the
baseline outcome absent of treatment and Y;(1) — Y;(0) the treatment effect. To simplify
notation, I present the case of a single binary covariate Z; that partitions the sample into
two mutually exclusive groups. A generalization to K groups is given in appendix K. If the
covariate is predetermined and hence unaffected by treatment (Assumption 1), one would
expect the regression function of the group indicator given the running variable g(z) :=
E[Z;|X; = x| to vary smoothly® around the cutoff.

To formalize how heterogeneous groups affect estimation in RDDs, consider the long
regression function E[Y; | X; = z,7; = 2] = m(z,2) + 7(z, 2)Lz>q, where m(z,z2) =
ElY;(0) | X; = 2,Z; = 2| and 7(z,2) = E[Y;(1) = Y;(0) | X; = z,Z; = z]. The pooled
regression function, which averages over group membership, is then E[Y; | X; = z] = m(z) +
T(2)Liz>ey, with m(z) = Elm(x, Z;) | X; = 2] and 7(z) := Elr(x, Z;) | X; = x]. Groups
are heterogeneous if their regression functions differ, i.e. Am(x) :=m(z,1) —m(z,0) # 0 or
AT1(z) :==7(x,1) — 7(2,0) # 0 for some z.

The parameter of interest is the conditional average treatment effect at the cutoff, denoted
by 7. In the presence of two groups, it can be decomposed into a weighted average of
the group-specific treatment effects, 7(c, z), using the law of iterated expectations. The
appropriate weights for the canonical RD parameter are the conditional densities of each

group at the cutoff fzx(z|c).

Ti=7)= Y 7(c.2)fzx(2lc) (1)

z€{0,1}

3Formally, smoothness will be characterized by Lipschitz conditions on the regression functions or their
derivatives.



This parameter is typically estimated using the base RD estimator. The estimator fits
local polynomial regressions on the treatment and control sides, implicitly pooling observa-
tions across groups. It then reports the difference in the estimated values of the regression

function on either side of the cutoff as an estimate of 7(c).

Base RD Estimator. Formally the base RD estimator is defined to be the solution to

the following weighted least squares problem.

7(h) = ¢ argmmZKh )(Y; — S (X)) B)?

BER <

Kj(u) denotes a chosen kernel function, h the bandwidth, S,(X;) =
(T;, 1, X;, T; X, ..., X1, XIT;) T collects the necessary terms of the g-th order polynomial
of the running variable X; interacted with the treatment indicator 7; and e{ := (1,0,...)
selects the coefficient on the treatment variable.

The local polynomial regressions underlying the base RD estimator approximate the jump
at the cutoff by extrapolating the pooled regression function. This extrapolation leads to
smoothing bias, whose magnitude depends crucially on the derivatives of the pooled regres-
sion function. In the presence of heterogeneous groups, these derivatives include interactions
between group heterogeneity and changes in group composition across x. Thus, extrapola-
tion over heterogeneous groups induces pooling bias whenever the group composition varies
with the running variable.

To illustrate this mechanism, I focus on baseline outcomes and relate the pooled regression
function m(z) to the group-specific regression functions m(z, z), making the role of group
heterogeneity and composition explicit. The share of group 1 at point z is given by g(z) =

fz1x(1|z) so that the pooled regression function can be written as
m(z) =m(z,0) + Am(z)g(z), (2)

For the stylized example considered below, the leading bias of the base RD estimator depends

on the second derivative of m(z),

m"(z) = m"(z,1)g(x) + m"(z,0)(1 - g(x)) + 2Am/(x)g'(x) + Am(z)g"(x) (3)

J/

-~ -~

A B

Term (A) reflects smoothness of the group-specific regression functions, while term (B) arises
from the interaction of group heterogeneity and compositional changes. This decomposition

shows that the bias of the base RD estimator will contain two components: smoothing bias



of the long regression functions, and bias from pooling heterogeneous groups.

To avoid this pooling bias I propose the Stratified RD estimator, which stratifies the
sample by group, estimates the group-specific treatment effects 7(c, z) within each subsample,
and averages them using an estimate of the weights in equation (1). Unlike the base RD
estimator, this procedure directly targets the long regression functions and thereby prevents

pooling bias.

Stratified RD Estimator. Let 7;(h) denote the within-group RD estimator computed
for group j:

7j(h) = e arg min D En(X)(Yi = Sy(Xi) T 8) iz, (4)
=1

I estimate the group weights g(z) = fzx(1,2) and (1 — g(z)) = fzx(0,2) using a local

polynomial regression for an interior point with bandwidth h.:
g(h.) = e/ i Kn(Xi)(Lz—1y — So(X:) T B)? 5
g(h:) = e, arggenﬂg; n(Xi)(Lizmy = So(X0)TB)%, (5)

where S,(X;) = (1, X;,...X7)T. The Stratified RD estimator in the two group case is then
given by
Ts(h, hz) = 71(h)g(hz) + To(h)(1 — §(hz)). (6)

2.1 Pooling Bias: A Stylized Example

To illustrate how group heterogeneity and compositional changes generate pooling bias,
consider a stylized example in which the group-specific regression functions are constant.
Applied researchers often expect regression functions to become smoother when important
covariates are controlled for. Assuming constant group-specific regression functions is the
limiting case of this intuition: all variation in the pooled regression function is driven by
changes in group composition rather than within-group curvature. Under this assumption
the long regression functions are m(X;, Z;) = a+ 6Z; and 7(X;, Z;) = v+ 0Z;, where 3 and
0 capture group heterogeneity in baseline outcomes and treatment effects respectively. The
corresponding pooled regression functions are m(z) = a + Sg(x) and 7(x) = v + dg(z).

To estimate the pooled regression functions nonparametrically, one has to control the
smoothing bias by placing constraints on the derivatives of g(x). A standard way to enforce
smoothness is to assume that g(x) is p-times continuously differentiable and that the abso-
lute value of its p-th derivative is globally bounded by a known constant L, picked by the

researcher. For technical reasons, it will be important to consider the closure (in sup norm)



of this class of functions. This closure includes all limiting functions that can be arbitrarily
well approximated by such smooth functions and may be discontinuous on a set of measure

zero. This leads to the Holder class used in Armstrong and Kolesér (2020).

Definition 1 (Holder Class of Order p). Let f : R — R and p > 1 be an integer, then the
(integer) Hélder class of order p is defined as:

FpL) = {f : [f* V(@) = f V()| < Ll —y| Y,y € R}

I assume g(x) € Fy(L), so that L bounds the second derivative of g(x). To fully control
pooling bias in the stylized example, I additionally assume an upper bound on the hetero-

geneity between groups in baseline outcomes || < Ca,, and treatment effects |§] < Ca,.

Bias of the Base RD Estimator. Under the maintained smoothness assumptions, the
optimal polynomial order for estimation is ¢ = p — 1, which yields the canonical local linear
estimator in this example (Armstrong and Kolesér 2020). I assume the use of the uniform
kernel, which assigns equal weight to all units that fall within the bandwidth. For analytical

convenience, the base RD estimator can be written as a weighted sum of outcomes:

#h) = > wi(Xph)Y; = Y w (X W)Y,

X;>0 X;<0

Since the weights depend on the data only through the running variable X;, taking expec-
tations conditional on the sample realizations X := {X;}!", treats the weights as fixed.
Standard calculations then yield the exact finite-sample bias, which depends on the second

derivatives of the pooled regression functions:

EFMIX]—7= > wi(X;; h)/o i[m”(s) +77(s)]ds — > w_(X;;h) /X m'(s)ds  (7)

X;>0 X;<0

After plugging in the derivatives m”(x) = p¢"(x) and 7"(z) = d¢”(z), equation (7)
shows that the bias is entirely driven by group heterogeneity [, and compositional changes
along the running variable ¢”(x). To upper bound this bias, I take the supremum over
the assumed smoothness and heterogeneity bounds. Applying the results in Armstrong and
Kolesar (2020) then gives the leading-order expression for the worst-case finite sample bias,

with the o(h?) term capturing randomness in the realizations of the running variables:

Bias(7(h)) == sup E[#(h)|X] -7 = h?’L[2CA, + CAT]i + o(h?) (8)
{9(@).B.7a} 12



Equation (8) shows that the leading bias term converges at rate h? and is scaled by
the product of the bounds on compositional changes and group heterogeneity in baseline
outcomes and treatment effects. The term L[2Ca,, + Ca,] upper bounds this bias due
to pooling heterogeneous groups. This pooling bias is always present from a worst-case
perspective unless the researcher can safely assume that groups are homogeneous, Ch,, =
Char = 0, or that the composition of groups does not change across the running variable,
L=04

Bias of the Stratified RD Estimator. The general worst-case bias for the Stratified
RD estimator is established in proposition 3. Because the regression functions are assumed
constant within groups, the group-specific treatment effect estimates 7;(h) are unbiased.
Therefore, the upper bound on the bias equals the worst-case bias of the weight estimate
g multiplied with treatment effect heterogeneity. Using the worst case bound on treatment

effect heterogeneity |6| < Ca, and the smoothness assumptions on g(x) gives:
N 1
Bias (7(h, h.)) = h*L Carg + o(h?) (9)

The worst-case bias converges at rate h?, the bandwidth used for estimating the weights,
and the product L Ca, appears as in equation (8) for the base RD estimator. However, it is
important to note that the bias of the Stratified RD estimator does not suffer from bias due

to heterogeneity in baseline outcomes Cay,.

Comparison of Bias Expressions. Lastly, to compare the bias expressions in equa-
tion (8) and equation (9), it is useful to relate the bandwidth choice for the weight estimation
h. to the bandwidth used for estimating treatment effects h. Since both estimators converge
at the same rate in this setting, the theoretical analysis considers bandwidth sequences that
shrink proportionally, parameterized as h, = kh for some constant £ > 0 (Assumption 3).
Substituting h, = xh yields:

Bias(7(h)) — Bias(7s(h, kh)) = h*L CAmé +h'L CAT% (% - rﬁ) +o(h?)  (10)

As long as k < \/g , the bias of the Stratified RD estimator is weakly smaller than that of

the base RD estimator, regardless of the assumed constants Ca,, and Ca,.

41f the researcher places a smoothness assumption directly on the pooled regression function the resulting
bias expression does not contain an explicit term for pooling bias. However, as shown in equation (3) the
pooled regression function includes terms that generate pooling bias. Thus, any assumptions on the pooled
regression function implicitly make an assumption on the size of pooling bias.



In section 3, the general analysis establishes an interval of bandwidth ratios that simul-
taneously guarantee both lower worst-case bias and lower variance for the Stratified RD
estimator, with kK = \/g serving as its upper bound. Stratification under these bandwidth
choices thus reduces worst-case MSE overall by eliminating bias arising from pooling hetero-

geneous groups while simultaneously improving estimation precision.

3 General Results

This section presents the asymptotic distribution and MSE of the base RD and Stratified RD
estimators in the two-group setting. Results generalized to several groups can be found in
Appendix K. The analysis closely follows Armstrong and Kolesér (2020) and the smoothness
assumptions used in the following theorems are standard in nonparametric estimation. A
notable exception is the common parameter space ]-"f(M, C, L), which restricts the pooled
and stratified estimators to the same underlying smoothness class and thereby enables a
meaningful MSE comparison in Theorem 6. Its construction will be discussed in Section 3.4.

The pooling approach and the base RD estimator have been studied extensively in the
literature. For reasons outlined in the introduction, I rely on the existing work using the
uniform asymptotic framework. To fix ideas and establish notation, I first restate a prob-
abilistic version of the results of Armstrong and Kolesar (2020) in Theorem 1. The main

results of this paper are then presented in Theorem 2, Proposition 3 and Theorem 6.

3.1 Pooled Estimation - Base RD

The standard approach to estimate 7(c) in RDDs is to use the base RD estimator that pools
all units together, effectively ignoring the group structure. The choice of polynomial order
should depend on the smoothness assumptions made by the researcher. A common choice is
the local linear estimator which sets ¢ = 1. This is justified and optimal when the researcher
assumes the regression function to lie in a second order Holder smoothness class (p = 2).
Theorem 1 restates a probabilistic version of the results in Armstrong and Kolesar (2020),
that characterize the asymptotic bias and variance of the base-RD estimator. Their honest
inference approach assumes that the targeted regression function lies in a p-th order Holder
function class F,(Mp). This implies that the p-th derivative of the regression function is
bounded (a.e.) by a constant Mp chosen by the researcher. The subscript indicates that
the bound is chosen for the pooled regression function. The upper bound on the p-th
derivative is used to bound the bias of the nonparametric estimator by the worst-case bias

over the function class, determined by the constant Mp. I denote this worst case bias as



Bias(7(h)) := supz E[7(h)|X] — 7.

Theorem 1 (Asymptotic Worst-Case MSE - Base-RD (Armstrong and Kolesar 2020)).
Assume assumption 2 to assumption 5. Additionally require the following smoothness as-

sumption on the regression function, m(z), m(x) + 7(x) € F,(Mp).

Then
. Vb
VIr(R)IX] = —=(1+o(1)) (11)
2M
Bias(7(h)) = h” pIPBp,q(k)u +0(1)) (12)
with Vg = k‘z‘(g%*;?(t;r%’_(c)), k2 = [X ki(u)®du and B, q(k) kernel constants tabulated in

table S.1 of the online appendiz in Armstrong and Kolesdr (2020).

Theorem 1 shows that the asymptotic worst-case bias of the base RD estimator shrinks
with the bandwidth at the optimal nonparametric rate h?. The size of the bias crucially
depends on the bound Mp on the p-th derivative that the researcher assumed for the pooled
regression function. Note that this upper bound implicitly also bounds any pooling bias. If
the data stem from heterogeneous groups the smoothness bound has to be inflated accord-
ingly. The asymptotic variance, besides a kernel constant and the density of the running
variable at the cut-off, depends on the variance of the error terms in the pooled regression
model 03 (z) = V(u| X; = ). 0% (c) and 0% _(c) denote the respective right- and left-sided

limits at the cut-off.

3.2 Pooling Heterogeneous Groups
Pooling heterogeneous groups leads to pooling bias and additional variance.
Pooling Bias. As demonstrated in section 2, pooling bias occurs because group hetero-

geneity enters the pooled regression through the LIE as demonstrated in ?7. Taking the first

derivative of the pooled regression function reveals the terms responsible for pooling bias.

m!(x) =m'(x,1)g(x) + m'(z,0)(1 — g(x)) + Am(z) ¢ () (13)
I II)

For instance, in the case of the base RD estimator with local constant estimation, the

bias depends on the first derivative of the regression function. In this setting, the two

10



multiplicative terms under II) correspond to pooling bias. Here, Am(z) = [m(x, 1) —m(z,0)]
captures level differences between the two groups. The derivative of the conditional density
function ¢'(z) describes how the group composition changes along the running variable.
The product of these two terms thus represents the contribution of group heterogeneity and
compositional changes to the slope of the pooled regression function. The terms under I)
correspond to standard smoothing bias due to the slopes in the long regression functions.

The base RD framework assumes a single bound on the first derivative of the pooled
regression function (|m/(z)| < Mp), which implicitly bounds all terms together. This makes
it impossible to directly quantify the extent of pooling bias. However, for the bound to be
valid and the resulting confidence intervals to achieve nominal coverage, the upper bound
has to account for the group heterogeneity and potential compositional changes. Only when
either of the two terms, or both, are exactly zero pooling bias does not occur. This would be
the case if the groups were exactly homogeneous (Am(z) = 0) or if the group distribution
were as-if randomly assigned (¢’(z) = 0). To theoretically quantify the extent of pooling bias,
I explicitly bound the between group heterogeneity and changes in the conditional density
of groups in the common parameter space constructed in Section 3.4 .

To generally study RD estimators based on ¢-th order local polynomial estimators, one
has to look at higher order derivatives. In general, the j-th derivative of m(z) contains
multiple cross-terms that describe heterogeneity in the slopes, curvature, and higher-order

variation between groups.

m®(x) = m (z, 1)g(z) +mP (z,0)(1 — g(x)) + R;(x), (14)

with R;(z) == Y21_, (HAM® (2)gu =" (z) and Am® (z) := [m®¥(2,1) — m®¥(z,0)], and
mW(z) denoting the [-th derivative of a function. The term R;(x), is the part of the derivative
that is due heterogeneity between groups and compositional changes that induces pooling
bias for the base RD estimator.

In principle, the analysis for ¢g-th order local polynomial estimators follows immediately
from the arguments above. However, due to the increasing number of terms the presenta-
tion becomes cluttered and is therefore omitted. Formal generalizations can be found in

Appendix K.

Variance due to Pooling. Well-known arguments in the literature on covarite adjust-
ments for RCTs (Negi and Wooldridge 2021) or RDDs (Calonico et al. 2019) demonstrate
that omitted variables will be absorbed into the error term. This leads to additional vari-
ance in the error term relative to the error term of a regression function that includes the

covariates. This can be seen by relating the pooled and long regression functions.

11



Y, = [m(X;, 1) + 7(X;, )T Z; + [m(X;,0) + 7(X;, 0) T3] (1 — Z;) + e

-
Us

error for the pooled regression function. This error term now contains additional terms
that depend on the heterogeneity between groups. Let o%(X;) = V(u;|X;) the conditional

variance of the error terms wu; in the pooled regression model. Further, denote o2 (X;, Z;) =
LIE

V(eilXi, Zi), 01 (Xi) = V(ei| Xi) = E[E[e}| X, Zi|| Xi = x] = 3°_c01) 01 (%, 2) f21x (2]2) the

conditional variances of the error term e; in the long regression model.

Lemma 3.1 (Pooled and Long Variance Comparison - Law of Total Variance). Define
Am(X;) = [m(X;, 1) — m(X;,0)] and AT(X;) := [7(X;, 1) — 7(X;,0)], then

op(Xi) — 01 (Xi) 2[Am(X;) + AT(X:) TP 07 (X))

Lemma A.1 proves that the variance of the error term in the long regression model is
whenever group heterogeneity is present. This provides the foundation for the variance-

reduction properties of covariate-adjusted estimators documented in the literature.

3.3 Stratified Estimation - Stratified RD

The stratified RD estimator solves the problem of pooling heterogeneous groups by directly
targeting the long regression functions. It requires smoothness assumptions on the long
regression functions, the regression function of the covariate and a bound on treatment
effect heterogeneity. It does not require any additional bounds on baseline heterogeneity
or other cross-terms in equation (14). Optimal bandwidth choices for h and h., under
smoothness assumptions on m(z, z), 7(x, z) and g(x) target the (p — 1)-th derivative, both
scale proportional to n~ 7075, To model this T assume the supplementary bandwidth h,
to be proportional to h up to a constant h, = xh (assumption 3). Theorem 2 then gives a

characterization of the asymptotic distribution of the stratified RD estimator.

12



Theorem 2 (Asymptotic Normality of the Stratified RD Estimator). Assume assumption 2,
assumption 3, and assumption 6 to assumption 8. Further assume m(x, z), m(z, z)+7(z,2) €

Fp(Mp), g1(x) € Fp(L) and |7(x,1) — 7(x,0)| < Car Vz, then

Vnh (7s(h) — 7 — LB) % N(0, Vs)

where LB := g1 E[71(h) — 11|X, Z] + (1 — g1) E[7o(h) — 70| X, Z] + [11 — 70] E[g1 (h2) — 91(X]
denotes the leading-order bias terms and the asymptotic variance is given by Vs = Vo + 11 —
TO]Q%VQ. With Yo gwen in Lemma D.4 and V, being the asymptotic variance of the weight
estimation using a local linear estimator at an interior point using Z; as outcome (see section
3.2 in Armstrong and Kolesdr (2020)).

Proof. See appendix F.
m

The group-wise estimation and second stage averaging step avoids any pooling bias from
cross-terms in the derivative of the regression function in equation (14). The only hetero-
geneity that contributes to its leading bias is treatment effect heterogeneity. Consequently,

we get the following asymptotic worst-case bias.

Proposition 3 (Worst-Case Bias of the Stratified RD estimator). Assume assumption 2,
assumption 3, and assumption 6 to assumption 8. Further assume m(x, z), m(z, z)+7(z,2) €

Fp(Mp), g1(x) € Fp(L) and |7(x,1) — 7(x,0)] < Car Vz, then

Bias(7s(h, h.)) = sup LB (15)
{m(z,z),m(x,z)+7(x,2),91(x),AT}
2M L

—=hP LB (k) + hECa, lB““(k) + o(h?) (16)

Proof. See appendix D.V. n

The worst-case bias of the strat-RD estimator primarily depends on the constant M, and
converges at the optimal rate h?. Because the target weight g(c) is estimated the expression
contains an additional bias term, which depends on the product of the bound on treatment

effect heterogeneity and second derivative of the conditional density function Ca, L.
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3.4 Common Parameter Space

Given the results on the asymptotic MSE of the base RD and stratified RD estimator, how
do the two estimation approaches compare to each other in empirically relevant settings? In
general they target different regression function objects. Theorem 1 and Theorem 2 invoke
different smoothness assumptions, none of them implying the other. Most importantly, the
base RD estimator requires a bound on the p-th derivative of the short regression function,
while the Stratified RD estimator requires one on the long regression function. To demon-
strate the relation between the sets of assumptions I collect the regression object in broader

function classes.

Definition 2 (Base RD Smoothness Class).

m(z) + 7(x)Lz>0},
FPo(Mp) =< m(x,2) +7(x, 2)Ls0y, |m(z),m(z)+ 7(z) € Fp(Mp)
91()

Definition 3 (Stratified RD Smoothness Class).

m(z) + 7(x)Lz>o0y, m(z, z),m(z, z) + 7(x, 2) € Fp(My),
]-“ps“'“t(l\/[, C,L) =< m(z,z) +7(x, 2)Ls0, | g:(x) € Fp(L),
g1(x) 7(x,1) = 7(2,0)| < Car, V2

The function classes F5%¢ and F>'at formally collect the required smoothness assump-
tions for Theorem 1 and Theorem 2. The two function classes are overlapping but not nested.
For example, F2%¢ does not impose a bound on m’(z, z) and therefore the worst-case bias
of 7¢ is infinite over FB¢. Likewise, F°" has no bound on m/(x) and the worst-case bias
of 7 is infinite over F5"#  Consequently, it is impossible to compare the worst-case MSE of
the estimators over either of the two function classes.

To make the estimators comparable, a common parameter space, that links the bound
Mp on the pooled and M}, on the long regression function, is necessary. For the construction
of this common parameter space I apply the triangle inequality to equation (13). The
application of the triangle inequality is sensible here, since the analysis follows a worst-case
perspective as in Armstrong and Kolesar (2020). The triangle inequalitys only rules out
edge cases in which different bias terms cancel each other. Then I place constraints on the
terms in the derivatives of the pooled regression functions m(x) and 7(x). These additional
assumption taken together with the assumptions in theorem 2 then give a bound on the

pooled regression function.
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D)= Y m'(x,2)g.(x) + Am(x)g; ()] (17)

z€{0,1}

< Y ml(w,2)]g:(x) + |Am(@)]|d) ()] (18)
z€{0,1}

<M + CanL == Mp (19)

I bound all the terms individually by assuming the regression objects to satisfy the
smoothness assumptions with constants M, L, Ca,, to construct F#(M, C,L). By placing
bounds on all the individual objects we can directly control how each of the different compo-
nents contributes to the derivative. Note that since Z; is a binary variable, g,(z) is naturally
bounded between 0 and 1. Further ¢;(x) + go(x) = 1. Likewise I derive the smoothness
bound for m(z) + 7(z).

Definition 4 (Restricted Smoothness Class).

m(x, z),m(z, z) + 7(x, 2) € F1 (M),
9:(x) € FA(L),
|m(z,1) — m(z,0)| < Cam, Vo
|7(z,1) — 7(2,0)| < Car, Vz

m(z) + 7(2)Lz>0)
FEM,C,L) = m(x, 2) + 7(x, 2)Liz>0

91()

The construction of Ff(M,C,L) ensures that FP*°(Mp) C FE(M,C,L) and
FPuat (M, C,L) € FE(M,C,L). In general, one can construct such a common parame-
ter space also for higher order local polynomial estimators. Such a general parameter space
ff(M, C, L) will include additional cross-terms of the higher order derivatives. In total a
number of 2 + 2p restrictions and bounds will be necessary. To avoid notational clutter I
omit an explicit derivation for Ff(M, C,L).

3.5 Estimator Comparison

Given the common parameter space ff(M, C, L) theorem 6 proofs that the feasible strat-
ified RD estimator attains lower worst-case asymptotic MSE than the base RD estima-
tor. The base RD estimator will have additional variance if groups are not homogeneous
((Cam,Car) # (0,0)) and additional worst-case bias if groups are heterogeneous and the
conditional density of the group indicator is non-constant across the support of the running
variable L # 0).
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Proposition 4 (Leading Term Worst-Case Bias Comparison). Assume assumption 2
to assumption 8.  Additionally assume the smoothness constraints m(x),m(z) +
T(x),m(z, z),m(x, z) + 7(x, 2), g1(x), [7(x,1) — 7(2,0)] € FHM,C,L) Following assump-
tion 3 one chooses h, = kh.

Denote the leading bias terms of the asymptotic expansion as, %lead(f') =
limnﬁm@. As long as k > 0, is chosen smaller than a kernel specific constant
k < U,,(k), that depends on p and polynomial order q, then the leading terms of the bias of

the estimators can be ranked

Biaslead(ﬁq) S Biaslead(%)

or equivalently,

Bias(7s) < Bias(7) + o(hP?)

Proposition 5 (Asymptotic Variance Comparison). Let Vg denote the asymptotic vari-
ance of the base RD estimator and Vs denote the asymptotic variance of the Stratified RD
estimator respectively. For an appropriate scaling of the secondary bandwidth h, = kh (as-
sumption 3) with k > L, ,(k) the following holds:

Vs < Vg (20)

with strict inequality if there is group heterogeneity.

Proposition 4 and proposition 5 establish that the stratified estimator improves both bias
and variance. Taken together the results imply Theorem 6, where the respective bounds in
the previous results form the interval k € I, ,(k) := [L,4(k), Up4(k)]. Theorem 6 presents

the main claim of the paper: stratification reduces the overall asymptotic worst-case MSE.

Theorem 6 (Asymptotic Worst-Case MSE Comparison). Assume assumption 2 to assump-
tion 8. Additionally assume the smoothness constraints m(z), m(x)+7(z), m(x, z), m(x, z) +
7(z,2), g1 (), [T(2,1) — 7(x,0)] € FF(M,C,L). The bandwidths are chosen according to as-

sumption 3, h, = kh. Define the asymptotic worst-case MSE of the two estimators as

ANSE(# (1) : = (W Biaseaa (7 (1)’ + 2.
AMSE(75(h, b)) : = (W Biasieaa(7s(h, h2)))” + %
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Then if Kk is chosen from a kernel specific interval k € I, ,(k), that depends on the used
kernel, the order of smoothness p and polynomial order q, the asymptotic worst case MSE
of the Stratified RD estimator is uniformly smaller than that of the base RD estimator over
]:f(M, C,L).

AMSE (7s(h, h.)) < AMSE(#(h))

With strict inequality whenever groups are heterogeneous.

Remark 1 (Kernel and Polynomial Order Specific Intervals). The kernel specific intervals

for the local constant and local linear estimator using a uniform kernel are:
o [ o(uniform) = {1}

o Ipi(uniform) = [g, \/g] ~ [0.25,0.707]

Note that the interval for possible choices of x is quite conservative due the inequality
approach in the variance comparison. The MSE improvement occurs due to variance reduc-
tion by fully nonparametric covariate adjustment, as well as a reduction of the worst-case
bias compared to the base RD estimator.

Due to the nature of a worst-case analysis, one of the benefits of the stratified estimator,
namely its ability to avoid potential pooling bias, is guaranteed. Regardless of whether
pooling bias is actually present in a given study, as long as the researcher cannot a priori rule
out pooling bias we have to account for its possibility in the bias aware confidence interval. As
long as the researcher is not willing to assume full group-homogeneity or perfectly balanced
covariates across the running variable, she has to inflate the confidence intervals of the Base-
RD estimator accordingly (Armstrong and Kolesar 2020). The stratified RD estimator will
prevent pooling bias in any case. Consequently the worst-case bias is smaller and we inflate
the confidence interval less.

Lastly, corollary 7 shows that both estimators are rate-optimal over the restricted smooth-
ness class. MSE improvements are achieved by reducing worst-case bias and variance con-

stants.

Corollary 7 (Rate Optimality). As long as m(z,z) € F, and g(x) € F, lie in a Hélder
class of same order p and given bandwidth choices consistent with assumption 3, the estima-

2
tors #(h) and 7,(h, h,) achieve the mini-maz optimal rate n” 1 over the smoothness class

FE(M).
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3.6 Differing Order of Smoothness Between Outcome and Covari-

ate Regression

[Work in Progress|

In settings most relevant for empirical work, both estimators are rate optimal under the
given smoothness assumptions and MSE improvements are achieved by reducing worst-case
bias and variance constants. Special cases in which the Stratified RD estimator achieves the
mini-max rate, while the base RD estimator, and in fact any other pooling estimator, fails

to do so, are discussed in section 3.6.

4 Implementation

Given the result in theorem 6, we know that under appropriate bandwidth choices the
stratified estimator has lower asymptotic worst-case MSE than the base-RD estimator. For
the construction of theorem 6 we have assumed the stratified RD estimator to use the same
bandwidth h, as the base RD estimator, to estimate the group-specific treatment effects
7.(h). However, additional MSE improvements can be made by optimizing the bandwidths
hi, ho, h, specifically for 7g(hq, hg, h,) using a similar approach to Armstrong and Kolesar
(2020).

4.1 MSE Optimal Bandwidths

As long as the numerical optimization correctly determines the optimal bandwidths

ht, i b we know that, AMSE(7s(ht, hi, h)) < AMSE(7s(hys., khl..)). This holds,

*

because hj,,.
AMSE(7s(h}, h, b)) < AMSE(7(h;

Base

is also included in the set we are optimizing over. It follows that
)), which leads to shorter bias aware confidence
intervals in the empirical applications in section 5.

Additional reductions in asymptotic MSE are achieved, because the separate bandwidth
choices hq, hg, h, optimize the bias-variance trade-off with respect to group-specific het-
eroskedasticity and smoothness assumptions. I follow the approach in the literature, that
given bounds on the second derivatives, uses an algorithm to pick the MSE optimal band-
widths. Specifically, I adopt the procedure outlined in section 3.3.2 in Armstrong and Kolesar
(2020) to choose the MSE optimal bandwidth.
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min  AMSE(hy, ho, h.) = min Bias(%; hy, ho, h.)? + V(74; ha, ho, h.) (21)

hi,ho,hz hi1,ho,hz

= min (g1()Bias(f1, h) + go(e)Blas(fo, ho) + Ka,Blas(gs. h.))’”
1,110,z

(22)

+ g3 (e)V (713 h1) + 92(c)V (Fo; ho) + ATV (G1; he) (23)

The general strategy is to plug in the theoretical worst-case bias for Bias(7s; hy, hg, h,)?

and use a consistent pilot variance estimator V(%S;hl,ho,hz) to proxy V(7s;hi,ho,h,)
and then numerically optimize the bandwidths. Since in this problem g¢(c) is unknown, I

propose an iterative procedure.

If we approximate, Bias(7;hi,ho,h.)? ~ (gi(c)Bias(71, k1) + go(c)Bias(7, ho))2 +
(KATBias(g}l, hz))z, which drops the cross term 2 (gl(c)Bias(%l, h1) + go(c)Bias(7o, ho)) (KATBias(fh, hz)),

we get the following minimization

Jmin (g1(c)Bias(?1, ) + goe)Blas(fo, ho))” + (Ka Bas(gy, h.))” (24)
+ g1 ()V (713 h1) + g3 ()V (Fo; ho) + ATV (G1; hs) (25)
= min (g1(c)Bias(f1, hn) + go(c)Bias (%, ho))” + G2V (713 ) + G2V (Fosho)  (26)
+min (KarBias(gn, h.))” + A7V (§1; h) (27)

Now we can first pick h, to estimate §;(c) and then plug ¢;(c) into the second minimiza-
tion. This gives slightly larger bandwidths, as the approximate solution drops a cross-term
of the biases in the square.” Now one can simply plug-in the expressions for the bias and
variance of the within-group estimators into the expression in Armstrong and Kolesar (2020).
For simplicity we set K7, | = K], ;. But if the researcher has strong priors on different curva-
tures in both groups one can specify different smoothness bounds and choose the bandwidth

in each group adaptively.

Algorithm

1. First compute pilot estimates for the variance for the outcome in each group, as well

5In the empirical application this approximation works well as the bias-standard error ratio is close to
the theoretical optimum of 0.5 for local linear regression (see Armstrong and Kolesar (2020)).
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as the group dummy

2. Given the bound on the second derivative K use the procedure in Armstrong and
Kolesar (2020) to pick h. and estimate the weight §;(c)

3. Plug ¢1(c) into equation (24) and then solve numerically for h; and hy.

5 Empirical Applications

I replicate the analysis by (Barcellos and Jacobson 2015) of the effect of Medicare on financial
stress of individuals and the analysis by (Ludwig and Miller 2007) of the Head Start program
on child mortality. I pick the smoothness constants to match the bandwidth choices made
in the paper. Further, I do not use the survey weights used in the papers and rely on the
raw data provided in the replication dataset. I consider four different scenarios under which
pooling bias is responsible for a share s of the upper bound on the second derivative of the
regression function. As s increases the stratified estimator will have less worst-case bias for
fixed h. Hence for larger s the reduction in CI length using the stratified estimator is larger.
The first column in the tables with s = 0 assumes group homogeneity and reductions in CI
length are purely due to variance reduction.

The tables presenting estimates and Cls for the base-RD and stratified-RD estimators
and the reduction in CI length can be found in section 7. In the replicated studies Cls
based on the stratified RD estimator are between 3% to 11% shorter than CIs for the base
RD estimator, depending on how much of overall bias is attributed to pooling bias. This is

expressed through the ratio s.

6 Conclusion

This paper shows that the standard estimation approach for RD designs suffers from pooling
bias and increased variance if groups are heterogeneous. To prevent additional bias due to
pooling of heterogeneous groups, this paper suggests the stratified RD estimator. Since the
stratified RD estimator does not suffer from pooling bias, the bias-aware confidence intervals
have to be inflated less to guarantee uniform coverage. Additionally, the fully nonparametric
covariate adjustment results in a lower asymptotic variance. Lastly, separate bandwidth
choices for each group allow the estimator to adapt to heteroskedastic variances between the
groups further reducing MSE. Taken together, these effects lead to a meaningful reduction

in CI length making statistical inference more precise, whenever groups are heterogeneous.
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7 Tables

7.1 Barcellos and Jacobson (2015)

Table 1: Honest Cls with shared BW h

Method S Estimate (SE) ~ Max Bias t  Honest CI Length  Rel. Length
Panel A: Group Homogeneity

Base -202.06 (55.13) 25.83 0.47 [-83.15, -320.98 | 237.83 1.00

Stratified 0  -214.99 (54.60) 25.83 0.47 [-97.03, -332.94 | 235.91 0.99
Panel B: Group Heterogeneity

Stratified 0.1 23.49 0.43 [-98.79, -331.19 | 232.40 0.98

Stratified 0.2 21.14 0.39 [-100.43, -329.55 | 229.12 0.96

Stratified 0.3 18.79 0.34 [-101.93, -328.04 | 226.11 0.95

MSE optimal BW (Base RD) h=10 with effective sample size: 22006. Pooled derivative bound K_PR =1.55

Table 2: Honest Cls with optimized bandwidths h1, h0, hz

Method s Estimate (SE) Max Bias t Honest CI Length Rel. L hl hO hz
Panel A: Group Homogeneity

Base -202.06 (55.13) 25.83 0.47 [-83.15,-320.98 | 237.83 1.00 10.00 10.00

Stratified 0 -216.88 (52.65) 26.67 0.51 [-101.76,-332.00 | 230.25 097 7.75 10.50 3.5
Panel B: Group Heterogeneity

Stratified 0.1 -211.47 (51.60) 25.59 0.50 [-99.07, -323.86 | 224.79 0.95 850 10.75 3.5

Stratified 0.2 -232.35 (51.12) 24.96 0.49 [-121.31,-343.39] 222.09 093 875 11.25 3.5

Stratified 0.3 -234.37 (48.85) 24.83 0.51 [-127.49,-341.26 | 213.77 0.90 9.00 12.00 3.5

Effective sample size: 22006. Pooled derivative bound K_PR =1.55
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7.2 Ludwig and Miller (2007)

Smoothness bound K% = 0.05

Table 3: Honest Cls with shared BW h

Method Estimate (SE) Max Bias t Honest CI Length Rel. Length
Panel A: Group Homogeneity

Base -2.00 (1.04) 0.49 0.47 [0.24, -4.24 | 4.48 1.00

Stratified (s = 0) -1.94 (0.99) 0.49 0.50 [0.21, -4.09 | 4.29 0.96
Panel B: Group Heterogeneity

Stratified (s = 0.1) 0.44 0.45 [0.17, -4.05 | 4.22 0.94

Stratified (s = 0.2) 0.40 0.40 [0.14, -4.02 | 4.16 0.93

Stratified (s = 0.3) 0.35 0.36 [0.11, -3.99 | 4.10 0.91

MSE optimal BW (Base RD): 7.661 with effective sample size: 467

Table 4: Honest Cls with optimized bandwidths h1, h0, hz

Method Estimate (SE) Max Bias t Honest CI Length Rel. L.  hl hO  hz
Panel A: Group Homogeneity

Base -2.00 (1.04) 0.49 047 [0.24,-4.24 | 4.48 1.00 766 7.66 NA

Stratified (s = 0) -1.79 (0.94) 0.50 0.54 [0.29, -3.86 | 4.15 093 6.96 8.58 4.63
Panel B: Group Heterogeneity

Stratified (s = 0.1) -1.84 (0.91) 0.50 0.55 [0.18, -3.87 | 4.05 090 7.18 9.05 4.63

Stratified (s = 0.2) -1.61 (0.89) 0.51 0.58 [0.39, -3.61 | 4.00 0.89 7.57 9.76 4.63

Stratified (s = 0.3) -1.49 (0.90) 0.49 0.54 [0.50, -3.47 | 3.97 0.89 7.66 10.17 4.63
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Appendix

This appendix includes assumptions, definitions and proofs for the results presented in the
paper. Because the paper is still work in progress some proofs are only available upon
request. The theorems are proven for the case of local-linear estimation. But the results
generalize to local constant and higher order local polynomial estimation. Proofs are

available upon request.

Without loss of generality I set the cut-off ¢ = 0.

Notation

e Following the notation in Armstrong and Kolesar (2020) I define the domain of the
regression function to be X := R for the case of interior point/RD estimation and

X :=10,00) for the case of a (left) boundary point.

Bounding Constants

e Constants using M denote bounds on the p-th derivatives of a regression function of

the otucome variable Y;.
e Mp is a bound on the p-th derivative of the pooled regression function

e My is a bound on the p-th derivative of the long regression function. When necessary
M, ; denotes the bound on the p-th derivative of the long regression function for group

J. If not stated otherwise it is assumed that My ; = My, Vj
e Constants using C' denote bounds on group heterogeneity

e This heterogeneity is always a difference in the baseline regression function Am(x) :=

m(z,1)—m(x,0) and the treatment effect regression function A7 (z) := 7(z,1)—7(x,0)

e (A, is a bound on the difference in the baseline regression function between groups,
Le, |Am(z)| < Cam, Yz eX

e (. is a bound on the difference in the treatment effect regression function between

groups, i.e., |A7(z)| < Ca,, Ve e X

e In some parts of the paper it will also be necessary to apply smoothness assumption

on the p-th derivative of the difference in regression functions Am(x), Ar(x). For
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example Am(x) € Fp(Camyp) assumes Am(z) to lie in a p-th order smoothness class
with constant Ca,, . This constant gives a uniform upper bound on the p-th derivative

of the difference in regression functions, i.e. |Am® ()| < Camp, V€ X.

e L, denotes the bound on the p-th derivative of the group regression function g(x).
Since, for higher smoothness order (e.g. p > 1) bounds on all the p derivatives will be

considered I explicitly denote the order as a subscript of the bound whenever necessary.

Functionals and Worst Case Bias
I summarize the main notation used in the paper for functionals and their supremum over

the Holder classes.

Exact Finite Sample Bias

e Formally, the expectation of the base RD estimator E,, ,,1.[7(h) — 7| X] is taken under
the DGP determined by the regression functions m(x) and 7(x) for the pooled model.
The expectation of the within-group RD estimators

B [T (R) = 7 [ X]
is taken under the DGP given the long regression functions m(z, z), 7(x, z). For nota-
tional simplicity, I suppress the explicit subscripts m, m + 7 and write E[-] throughout.

e For a given estimator 7(h), the bias, conditional on the realizations of the running
variable, is a linear functional of the regression functions, Biasx : F — R and is
defined as,

Biasx(7(h);m,m+ 1) :=E[7(h) — 7 | X],

where m(z) and 7(z) are the pooled baseline and treatment effect regression functions
respectively. Similarly I denote the bias functional for the long regression functions

m(z, z), m(x, z) + 7(z, z) and the within-group estimator for group j as

Biasx z(7;(h);m,m + 1) == E[7;(h) — 7 | X, Z].

e Asymptotic Worst-Case Bias

Bias(7(h)) := sup |Bx(

m, m+1EF

(h);m,m+ 7)|,

3>
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Bias(7j(h)) == sup ‘BX,Z(%j(h);m,m—i—T)‘.
m, m+T1EF

Worst-Case Bias of Leading Terms in Linearization

Bias(7s(h)) : = sup

Fstrat

LB‘

Remark 2 (Asymptotic leading bias). As n — oo with h — 0, and under a smooth running
variable distribution fx(x), the finite-sample conditional bias is well-approximated by the
asymptotic expansion given in Armstrong and Kolesdr (2020) and does not depend on the

realized X;. Consequently, in the asymptotic worst-case bias, the subscript X can be omitted.
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A Pooled and Long Regression Models

A.I Pooled Regression Function

with m(X,) == BY,(0)X; = a], 7(X;) = E[Yi(1) — ¥i(0)|X{] and E[u|X;] = 0 by CEF
property, 0%(X;) = V(u;] X;)

A.Il Long Regression Function

Y, = [m(X;, 1) + 7(X;, V)] Z; + [m(X;,0) + 7(X;, 0)G](1 — Z;) + e (28)

with m(X;,z) = EYi|Xi,Z; = z], 7(Xs,2) = E[Y;(1) — Y;(0)|X;,Z; = 2| and
Elei|X;, Z;] = 0 by CEF property, o2(X;,Z;) = V(e Xs, Z:), 02(X;) = Vie|X;) =
Ele}|X)] = EE[e}|X;, Z)]| X; = 2] = Zze(m) o7 (r,2) fzx(z|7)

A.IITI Relating Error Terms of the Pooled and Long Regression
Function

by rearranging equation 28 we get the following relation between the pooled and long re-

gression model.

Y,

[m(XZ’ 1) + T(Xiv 1)T]Zl + [m(XH 0) + T(Xia O>Tz](1 - ZZ) + €
m(X;) + 7(Xo)T; + ([m(Xi, 1) + 7(X5, DT3)Z; 4 [m(X;,0) + 7(X3, 0)T](1 = Z) — [m(X;) + 7(Xi)T3])
m(X;) + 7(Xi)T; +£[m X, 1) = m(X;, 0)] + [7(X;, 1) — 7(X;,0)]T;) (Z; — fZ\X(l‘x)) + 63

~\~
Us

[m

(
(

=m(X;) + 7(X;)T; +£Am( )+ AT(X)T) i + €

where u; = ([m(X;, 1) — m(X;,0)] + [7(X;,1) — 7(X;,0)T3]) (Z: — fz1x(1]x)) + €; is the

error in the pooled regression model. Note that the law of total variance implies V' [u;| X;] >
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E[Vle:| X;, Z:]1X;], with strict inequality if [m(X;, 1) —m(X;,0)] + [7(X;, 1) — 7(X;,0)]T; > 0

A.IV Variance Comparison

Lemma A.1 (Pooled and Long Variance Comparison). Define Am(X;) = [m(X;,1) —
m(X;,0)] and AT(X;) = [1(X;, 1) — 7(X;,0)], then

op(Xi) =[Am(X;) + AT(X) T 07 (X;) + 07, (X3)
Proof. Note that T; := 1{X; > ¢} is just an indicator function of X.

J?D(Xi) =Var(u)| X;)

=Bluf| Xi]

=[Am(X;) + A7(X;) TP E[r?| X)) + Elef| X
=[Am(X;) + A7(X;) T E[r}| Xi] + E[B[ef] Xi, Zi| X))
=[Am(X;) + A7(X;) T Elr?| Xi] + Elo*(Xi, Z:)|X)]
=[Am(X;) + AT(X)T})?05(X;) + 02 (X;)

Line 3 follows because after squaring u? = ((Am(X;) + A7(X;)T})r; + ;) the cross-
terms cancel out. That is because of the CEF property Ele;r;|X;] = E[r; Ele:| X, Z;] | Xi] =
————

=0

0. [l

A.V Group Variable Regression Function

I assume, as usual in the covariate adjustment RD literature, that the covariates are pre-
determined in the sense that the treatment has no effect on the covariate distribution. This

gives:

with E[r;|X;] = 0 by the CEF property.
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B General Assumptions and Definitions

Assumption 1 (Predetermined covariates). The covariates are pre-determined, i.e., realized

before treatment such that their values are invariant to treatment assignment

Remark 3. The unit-level formulation of Assumption 1 implies that the distribution of

covariates is invariant to treatment, Z;(0) < Zi(1), as assumed in Calonico et al. (2019).

Assumption 2 (Kernel Function). Assume that the kernel function k is bounded with

bounded support.

Assumption 3 (Bandwidths). Assume the bandwidth sequence to satisfy

0 < liminf, h, (nM?)Y@rH) < limsup,, h,(nM?)V/P+D) < o0 as in assumption 8.1 in Arm-
strong and Kolesdr (2020). Further, assume the bandwidth choices h, and h to be propor-
tional, h, =< hZ. Specifically, assume the bandwidths to satisfy h, = xh, for an appropriate
k > 0.° The notation is as in Calonico et al. (2014a).

B.I Assumptions for the Base RD Estimator

Assumption 4 (Marginal Density). Assume the marginal (pooled) density fx(x) is contin-

uwous and bounded away from 0 and infinity

Assumption 5 (Regularity conditions on the pooled error terms). The random variables
{u;}, are independent with Elju;|*X;] < %, for some n > 0. Denote the variance
by Var(uw;|X;) := 0%(X;) and assume that the one-sided limits at the cutoff exist and are

strictly positive

o3 (0) = 1;3101012)(9(:) >0, 02(0) = 1;3%10123(31:) > 0

B.I1 Assumptions for the Within-group and Stratified RD Esti-
mators

Assumption 6 (Joint Density). Assume the joint density fx z(x,z) is continuous in x and

bounded away from 0 and infinity

Assumption 7 (Regularity conditions on the long error terms). The random wvariables

{e;} | are independent with El|e;|*™|X;, Z;] < %, for some n > 0. Denote the variance

6This is necessary to get valid comparisons between the two estimators
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by Var(e| X;, Z;) := 02(X;, Z;) and assume that the one-sided limits at the cutoff exist and

are strictly positive

02 (0,2) = lig)lai(:x,z) >0, 0%(0,2) = li%la%(:v,z) > 0 forze{0,1}
Assumption 8 (Regularity conditions on the group-indicator error terms). The random
variables {r;}!"_, are independent. Note that E[|r;]**"|X;] < %, for some n >0, holds by the
fact that Z; is binary, which implies |r;| < 1. Denote the variance by Var(r;|X;) := 0%(X;)

and assume that the one-sided limits at the cutoff exist and are strictly positive

7(0) = limod(e) > 0, o%_(0) = limo}(x) > 0
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B.II1 Definitions

I define the estimators for the right-hand side estimation using the kernel ky(v) :=
k(v)1y>01. The respective expressions for the left-hand side estimation are defined quiva-
lently using k_(v) := k(v)Ly<oy. Let mg(u) := (1,u,...,u?), denote a polynomial of u. To
simplify notation I supress the chosen polynomial order ¢ for the local polynomial estimator.
It is implicitly defined in the weights..

The definition for left boundary points follows analogously

Definition 5 (General Equivalent Kernel). For estimation of an interior point the domain
of integration is X := R. For estimation of a right boundary point the domain of integration
is X := [0, 00).

(/ mg(t)mg(t )dt) 1mq(u)k(u), (29)

Definition 6 (Base RD Local Polynomial Estimator). The local polynomial estimator takes
the form 7(h) = - >"" | k,(X;/h) given in Armstrong and Kolesdr (2020) with kn(Xi/R) =
Fon, (X3 /1) = - (Xi/ )

ko (1) =e] < - Zk+ xz/h)mq(xz/h)mq(xl/h)) mg(u)ks(u) (30)
=) (Qn,+) " mg(u)ks (u) (31)

l;:n,— is defined similarly. If k is bounded with bounded support, then under Assumption
3.1 this sequence satisfies Assumption B.4 with

i (u) =¢] (f<o> /X k+<t>mq<t>mq<t>/dt>_ ma(u)k () (32)
(Q+) Yy (w)k (1) (33)

:mki (u)1{uz0y (34)

where k% (u) is the equivalent kernel as defined above. Theorem 3.1 and equation (15) in
Armstrong and Kolesdr (2020) then follow immediately by applying Theorem B.4 with this
choice of ky,, and k.

For simplicity, I restrict the analysis to local polynomial estimators, with equal band-
width choices on both sides of the cut-off, and a kernel that is bounded and has bounded
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support (as done in Armstrong and Kolesar (2020)).

The local polynomial estimator with a bounded kernel implies that assumption B.4 hold
(Armstrong and Kolesar 2020). Assuming lemma D.1 (or lemma D.2) allows the application

of the results in theorem B.4.
Definition 7 (Within-Group Local Polynomial Estimator). For the groupwise case we have

an additional sample restriction yielding:

-1

- 1 &
Kjma(u, 2) =€) oh Z Lyz=jphy (zi/ h)mg (i /h)mg(zi/ h)’ mg(u)ky (u) =)
i=1

J

v~

=Qn,j,+

=€ (Qnjo) ' mg(w)ky (u) o)y

with the repsective equivalent kernel:

o, 2) =¢, (fx,z<o, N k+<t>mq<t>mq<t>'dt)l gk ()L oy
=, (Que) Mgk ()

1
S SN PO P
Fr(0.7) MO} FRe
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C Smoothness Classes

Following Armstrong and Kolesar (2020), let F,(M) denote the closure of the family of
p-times differentiable functions with the p-th derivative bounded by M uniformly over the

domain of the function.

Definition 8 (Holder Class of Order p).
FoM) = {f(x) = [f"7(@) = fr D (y)| < Mlz —y| Va,y}

Note for p = 1 this becomes a lipschitz class.

C.I Smoothness Classes for Base RD and Stratified RD

Definition 9 (Sharp RD Smoothness Class).

m(z) + 7(2) L0,
FPo(Mp) == m(x,2) +7(x, 2)Ls0y, |m(z),m(z)+ 7(x) € Fp(Mp)

()

Definition 10 (Stratified RD Smoothness Class).

@

m(z) + 7(x) Loy, m(z, z),m(z, z) + 7(x, 2) € Fp(My),
fgﬁat(M) = m(z, z) + 7(z, Z)]l{xzo}a g9-(z) € Fp(L),
g(x) |7(x,1) — 7(2,0)| < Car, V&

with M := (M, M!, Ma,) capturing all relevant smoothness constants.

C.I1 Restricted Hoelder Smoothness Class

The estimators analyzed in this project all require different smoothness classes, which are

not naturally comparable.

By noting that m(x), 7(x) are pooled conditional expectation functions, one can apply
the law of iterated expectations. This gives several additive terms that all contribute to the
roughness of m(z). In the spirit of a worst case bias analysis I bound these terms using the

triangle inequality to ensure that they do not cancel out.
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Definition 11 (Restricted Holder Class). Let m(z) =

Zze{m} m(x, 2)g.(z) be a pooled

CEF. Further, let M = {M" , M", May, Mh,., Mar, M, M}, M}

/

m(x) + T(‘r)]l{$20}7 m<x7 Z) + T(SE, Z>]1{1E20}7 a1 (27)

35

m(z,z) € Fo(M),

T(z,2) € Fo( M),

g:(z) € F1(Mp),

9:(x) € Fo(Myp),

m(z,1) —m(z,0) < May, Vo
7(z,1) — 7(2,0) < Ma,,Vx
m(z,1) —m(x,0) € Fi(Mj,,)
7(z,1) — 7(2,0) € Fi1(M),)
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D Estimators and Asymptotic Properties

This section reviews and presents the asymptotic properties of the Base-RD estimator, the
group-wise RD estimator, and two variants of the stratified-RD estimator, one assuming

the group-weights are known (oracle) and a feasible version that estimates the group weights.

Throughout the paper we assume assumption 2 and assumption 3. Further, for the Base-
RD estimator we additionally assume assumption 4 and assumption 5. Denote the worst
case bias over the function class F, conditional on the realizations of the running variable
X, as Bx(7(h)) := supz E[7(h)|X] — T

D.I Base-RD

Denote u; = 3, further following Armstrong and Kolesdr (2020) and k4 (v) = k(v)I{v > 0},

then we get the following definition for the gram matrix:

Q= = > oy (w)mg g a)” (35)

which equals exactly the expression I'y 1(h) in Calonico et al. (2014a). Then the local
polynomial weights are given by ky 4 (v) := €] (Qn+ ) 'my(v)k, (v). The kernel weight, gram
matrix and weights are defined similarly for the control side. The Base-RD estimator then

takes the form:

20 = >l (X /) = o (XY (30)
1 < -
=— g k(X /R)Y; (37)

with k,(v) := [knt(v) — kn—(0)]

Lemma D.1. Assume assumption 4 and that the function g(-) is bounded and has bounded
support S. A probabilistic version of assumption 3.1 in Armstrong and Kolesdr (2020)
holds, as long as n — oo, h — 0 and nh — oo
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plim n—lh ;g (7) = f(0) /SQ(U)du

I
Y
o~

@
—~
&

Y

IS

Proof. First rewrite

(B 0) - O (30) - (o (3) o=

(since nh diverges to infinity)

because V (g (51)) = E [g (XT)Q] —FE|g (XT)}z = hO(1) + h?0O(1) = hO(1), and:
£ ()] = LG e
- Sg (%)2 fx(x)dx (Compact Support)
=h | g(u)?® fx(uh)du (Change of Variable)

where the fourth to fifth line follows by using the fact that boundedness of g(-), fx(-)
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and the compactness of the area of integration allows the application of the dominated
convergence theorem to interchange limits and integration. Finally the continuity of fx ()

implies that limy,_o[fx(uh) — fx(0)] = 0. The convergence of E [g (%)}2 = h?0(1) follows

a similar argument.

Further,

n—lhég(%)] =%/Rg(%) f(z)dx

= / g(u) f(uh)du (Change of Variable, Compact Support)
s

E

— £(0) / g(u)du + / g(u) [ (uh) — F(0))du
— £(0) /S g(u)du + o(1)

where the last line follows by assuming continuity and boundedness of f(z) and applying

the dominated convergence theorem to change order of integration and limit.
O

Theorem 1 (Asymptotic Worst-Case MSE - Base-RD (Armstrong and Kolesar 2020)).
Assume assumption 2 to assumption 5. Additionally require the following smoothness as-

sumption on the regression function, m(z), m(x) + 7(x) € F,(Mp).

Then
. Vi
VIr(R)IX] = = (1+0(1)) (11)
2M
Bias(7(h)) = h? p'PBp,q(k)u +0(1)) (12)
with Vg = kg(oi*;;)i;’%’_(c)), k2 = [7 ki(u)®du and B, q(k) kernel constants tabulated in

table S.1 of the online appendiz in Armstrong and Kolesdr (2020).

Proof. Since by lemma D.1 assumptions 3.1 and 3.2 hold by hypothesis the result follows by
the arguments in Armstrong and Kolesar (2020).
O
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D.IT Within-group RD estimator

The within-group RD estimator is the base RD estimator applied to the subsample restricted
to a given group and is defined as follows. For the within-group estimation we get the

following gram matrices, that include an indicator to restrict the sum to within-group units.

. 1 <&
Qnj+ = o Z i zi—gyber (i) mg (ui)mg (u;) ' (38)
=1

Then the local polynomial weights are given by k,;(v,2) =
elT(Qn’jHr)*lml(v)k+(v)]l{zzj}. The kernel weight, gram matrix and weights are de-
fined similarly for the control side. The within-group RD estimator then takes the

form:

. 1 s -
7i(h) = nh Z[kn,j,+(Xi/h> Zi) = knj—(Xi/h, Z;)|Yi (39)
i=1
1 -
S— (X /h. 7Y 4
s 2 sl i )Y (40)

with &, ;(v) := [knj1(v) — kn—(v)] as before.

To make the within-group and stratified estimation procedures well defined, assume
assumption 6 and assumption 7. Further, denote the worst case bias Bx z(7.(h)) =
supr F[7,(h)|X,Z] — 7, which now additionally conditions on the sample realization of Z

to make the conditional expectation well-defined.

Lemma D.2 (Groupwise Assumption 3.1). Assume assumption 6 and that the function
g(+) is bounded and has bounded support S, a probabilistic version of assumption 3.1 in

Armstrong and Kolesdr (2020) holds, as long as n — oo, h — 0 and nh — oo

1 < P
— Xi/h)1z -
i LIS 5 [ gl

with d = fx z(c, z)

Proof. Analogous to the proof of lemma D.1. ]
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Lemma D.3 (Groupwise-RD Asymptotic Properties). Assume the regression function
EY|X;=2,Z; = 2| € Fsra(Mr), Vze€{0,1}. Then

VIRM)IX,Z) = Y21+ o1)), )
R (o} (e.2) +0f_(c:2))

o Fxn(c,2) ! (42)

Bias(7.(h)) = hpML]%Bp,q(k)u +0(1)), (43)

Proof. Lemma D.2 implies assumption 3.1 under assumed conditions. The result then follows

as argued in Armstrong and Kolesar (2020). O

D.IIT Stratified RD (Oracle)

The asymptotic properties of the oracle version of the stratified estimator, 7o(h) =
Y. 7:(h)g.(c), follow immediately after characterizing the properties of 7, (h) and then taking
the corresponding weighted average. Note that 7,(h) are estimated on disjoint subsamples

and are independent conditional on the sample realization of regressors (X, Z).

Lemma D.4 (Stratified RD (Oracle) - Asymptotic Properties). Assume the regression func-
tion
ElY| X, =x,7Z; = z] € Fstrat(Mp) Vz €{0,1}, then

Vo

Vlto(h)IX, 2] = — (1 +o(1)), (44)

R2(k) (Elo? (0, Z) + 02_(0, Z,)|X; = d])

Vo =-2 (0 (45)

K2(R) (0.4(0) + 02 _(0))
o fx(0) (46)
Bias(7o(h)) = g1(c)Bias(1) + go(c)Bias(7) (47)
= WMy By(1+of1) (a9

with kernel constants as before.
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Proof. Equation 47 follows by the linearity of the expectation operator, the results for
the groupwise-RD estimator, the symmetry of the function class, and by the fact that

g1(c) +go(c) = 1.

Equation 44 follows by the fact that fxz(z,z) = fzx(z|z)fxz, hence (8: 3 =

fzix(Z2)? fzx(zlz

T CONGE = fx@) . Plugging everything in yields,

V[%nya Z] = V[gl (C)%l + gO<C)7A—0’X> Z]

= g1(c)*VI[1|X, Z] + go(c)*V 70| X, Z] (71 AL 70]X, Z)
- (™ (U+(;X12)<Z = gt (%(;X()Z)(Zg) o “(1))

(by lemma D.3)
k2 (02 (e, 1) + 02 (c, 1)) k2 (0%(c,0) + 02 (c,0)) +0<1>>

= <fZ|X(1|C) f21(L|z) fx(c)

IR PR (TN
_ 1 k2 (0% (c,1) + 02 (c, 1)) 72 (02(c,0) + 02(c,0))
= fZlX(1|=T> fX(C) —|—fz‘X<O|SL’) fX<c) _|_0<1)
_ 1 (RE[(03(c,Z) + 0% (e, Z)) |Xi = ]
~ nh ( Fx(0) +o(1)
where the last line follows by the law of total expectation m

D.IV Weight Estimation

The weight estimator g(h,) is a local polynomial estimator of order ¢ at the interior point
c using Z; as outcome and bandwidth h,. The definition and results directly follows from

theorem 3.1 in Armstrong and Kolesar (2020).

Denote the estimator as,

1 -
i(h,) = k*(X;/h.)Z
9he) = S R/

Lemma D.5 (Asymptotic Properties of the Weight Estimator). Assume assumption 2,
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assumption 3, assumption 8, and assumption 6. Then

Yy

VIa(h)X) = (1 +0(1)), (19)
Bias(g(h.)) = W2 By (1) (1 + (1)), (50)

where

Vg

_BmgO0 =) / T k() du, (51)

fx(c) ’

[e.e]

and Bgf;(k) is the interior point analogue of the bias kernel constant, with L bounding the

p-th derivative of g(x) and lgg(k) the interior point analogue of the variance kernel constant.

D.V Stratified-RD (feasible)

Let 7s(h, h,) = 71(h)g1(h.)+70(1—gi(h.)) be the stratified RD estimator, a weighted average

of estimators defined above.

Theorem 2 (Asymptotic Normality of the Stratified RD Estimator). Assume assumption 2,
assumption 3, and assumption 6 to assumption 8. Further assume m(x, z), m(z, z)+7(z,2) €
Fp(Mp), g1(x) € Fp(L) and |7(x,1) — 7(x,0)| < Car Vz, then

Vnh (7(h) — 7 — LB) % N(0, Vs)

where LB := g1 E[71(h) — 11|X, Z] + (1 — g1) E[7o(h) — 70| X, Z] + [ — 70} E[g1(R2) — 91[X]
denotes the leading-order bias terms and the asymptotic variance is given by Vs = Vo + 11 —
7’0]2%)}9. With Vo given in Lemma D.4 and V, being the asymptotic variance of the weight
estimation using a local linear estimator at an interior point using Z; as outcome (see section
3.2 in Armstrong and Kolesdr (2020)).

Proof. See appendix F.
O

Since the leading bias terms LB are generally unknown we want to upper bound them
and derive the worst-case bias, given the assumptions, to construct honest confidence

intervals.
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Proposition 3 (Worst-Case Bias of the Stratified RD estimator). Assume assumption 2,
assumption 3, and assumption 6 to assumption 8. Further assume m(x, z), m(z, z)+7(z,2) €

Fp(Mp), g1(x) € Fp(L) and |7(x,1) — 7(x,0)| < Car Vz, then

Bias(7g(h, h.,)) := sup |LB| (15)
{m(z,z),m(z,2)+71(z,2),91 (z),AT}
oM, L .
=hP B, (k) + hf;CATaprqt(k:) + o(hP) (16)

Denote the asymptotic worst case bias B,(7s(h,h.)), which puts a worst-case upper

bound on the leading terms of the asymptotic bias in theorem 2.

Proof. 1 use the shorthand notation 7 — 7y := 7(¢, 1) — 7(¢,0) =: A7(c) and ¢; := g1(c), that
is the evaluation of functionals at point c. First putting everything into explicit functional

notation and note that the supremum is using the long regression function objects,
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sup |LB|
{m(z,z),m(z,2)+71(z,2),91 (x),AT(x))EFStrat }

= sup
{m(z,z),m(z,2)+7(z,2),91 (2),AT(x))EFStrat }

|1 E[71(h) — 11 |X, Z] + (1 — g1) E[7o(h) — 70| X, Z] + [11 — 0] E[g1 (h) — g1|X]|

= sup
{m(z,z),m(z,z)+7(z,2),91(z),AT(x) EFStrat}

’ngxz(%l(h);m,m + 7') + (1 — gl)BXz(%o(h);m,m + T) + [7'1 — Tg]Bx<§<hz);g)|

= sup sup
{m(z,2),m(z,2)+7(2,2)} {g1(2)}

sup |91BX,Z(7A—1(h)§ m,m+7) 4+ (1 — g1)Bx,z(To(h);m,m + 7) + [11 — 70| Bx (g(h.); 9)‘
{lAT(2)|<Car}

= sup sup
{m(z,2),m(z,2)+7(2,2)} {g1(x)}

sup |ngX,Z($1(h); m,m+ 1)+ (1 — g1)Bx,z(To(h);m,m + 7) + [11 — 70 Bx(g(h.); g)}

{lr1—70|<CA-}

= sup
{m(z,z),m(z,z)+7(z,2)}

{Slzp)} ‘ngX,Z(ﬁ(h);m, m+7) + (1 — g1)Bx,z(To(h); m,m + 7)| + CAT’BX<g(hZ);g)|
g1(x

= sup |ngX,Z(7A'1(h);m,m—|—7')—|—(1—gl)BX,Z(%O(h);m,m+T)\
{m(z,2)m(z,2)+7(z,2)}
L n
+ CATﬁthp’;(k) + o(h”)

1 1 .
=My By () + h’;C’ATL;!B;’f;(k) + o(h?)

The third line applies Lemma E.1 the principle of iterated suprema , which is valid
because the objective is bounded over Fgy.q¢. The fourth line replaces sup (|A7(2)|<Car} with
At1(c) := 1 — 19. Since the objective depends on Ar(z) only through the real-valued
evaluation A7(c) at the point ¢, and every value in [—Ca,,Ca,] is attainable by some
admissible function in Fgy.q;, the inner supremum reduces to the supremum over a real
variable over a symmetric and compact set. Likewise the two other suprema consider real
variable over a symmetric and compact set. The fifth line then follows after an application of
Lemma E.3 and Lemma E.4. The sixth and seventh line follow after plugging in the results
from Armstrong and Kolesar (2020). O
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E Supremum/Maximum of Real Numbers

Lemma E.1 (Principle of the Iterated Suprema). Let X and Y be nonempty sets and let
h:X xY — R have bounded range in R. Let F': X — R and G : Y — R be defined by

F(z) = sup{h(w,y)  y € Y}, Gly) = sup{h(s,y) : v € X}
Then the Principle of the Iterated Suprema states:
sup{h(z,y):x € X,y e Y} =sup{F(z) :z € X} =sup{G(y) :y € Y}

Or equivalently
sup h(z,y) = supsup h(z,y) = supsup h(z,y)
z,y x Y Y x

Lemma E.2 (Maximum of Univariate Convex Functions on Compact Intervals). Let T' =
[t1,t2] be a compact interval on the real line, where t; < ty. Any convex function f:T — R

attains its maximum at t1, to, or both.

Proof. Since f is a convex function on the compact interval T, it is bounded. We aim to
show that for any p € T, f(p) < max(f(t1), f(t2)).

Note that any point p € T' can be expressed as a convex combination of the endpoints ¢,
and ty. That is, p = Aty + (1 — )¢, for some A € [0, 1].

Hence, for any point p, we have:

f(p) = f(Mtr + (1 = M)ta)
< Af(t) + (L= X) f(ta) by convexity
< max(f(t), f(t2)) by A €[0,1]

Since the function value at any interior point p is less than or equal to the maximum of
the values at the endpoints, the global maximum of f on T is attained at either ¢y, ¢y, or
both. O]

Lemma E.3. Let a,b € R andt > 0. Then
sup |a+ cb| = |a] + sup |c||b] = |a| + ¢]D]

ce[—t,t] c€[—t,t]

Proof. Note that f(c) = |a + ¢b| is a convex function since for any A € [0, 1],

45



fOz+ (1 =Ny) =|a+ Az + (1 — N)y)b|
= [AMa+xb) + (1 = X)(a + yb)|
< Aa+ zb| + (1 — N)|a+yb| by triangle inequality
=AM (@) + (1= A)f(),

The function f(c) is defined and evaluated over the compact and symmetric interval
[—t,t]. Over a compact set the supremum equals its maximum. Further, by lemma E.2
any univariate convex function attains its maximum at one of the end points, which for
the symmetric sets considered here are just the negative of each other. The endpoint that
maximizes the function value depends on the signs of @ and b. Specifically, it is easy to verify

that ¢* := argmaxcc|_14 |a + cb| with

t if ab>0
c* (52)
—t if ab<0
Now with this construction of ¢* one gets that |a + ¢*b| = |a| + |c¢*b| = |a| + |¢*||b], since

a and c*b are by construction of ¢* of the same sign. Further, by construction of ¢* it is
straighforward to see that |c*| =t

Hence,

sup |a + cb| = |a| +[¢"[[b] = |a| + ¢[b] = |a[ + sup |c|[b] (53)

ce[—t,t] c€[—t,t]

]

Lemma E.4. Let a,b,c € R and r,s,t > 0. Define the cartesian product of intervals
S = [—rr] X [=s,s] x [~t,t]. Then

sup |a+cb| = sup |a|+ sup |c| sup |0 (54)
(a,b,c)eS a€[—r,r] c€[—t,t] be[—s,s]

Proof. Since clearly |a + cb| is bounded on S applying lemma E.1 one can rewrite rewrite

sup |a+cb| = sup sup | sup |a+ cb| (55)
(a,b,c)esS a€l[—r,r] \b€[—s,s] \ ce[—t,t]

Now applying lemma E.3 to the inner-most sup over ¢ one gets,
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sup |a+cb| = sup sup |a| + t|0] (56)
(a,b,c)eS a€[—r,r] \ b€[—s,9]

Clearly supye(_s  lal + t[b| = |a| + ts and finally sup,e(_,, |a| +ts = r + ts. It follows
that

sup |a+cbl=r+ts= sup |a|+ sup |c| sup |b] (57)
(a,b,c)eS a€[—r,r] ce[—tt]  beE[—s,s]
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F Asymptotic Normality of the Stratified RD Estima-

tor

Theorem 2 (Asymptotic Normality of the Stratified RD Estimator). Assume assumption 2,
assumption 3, and assumption 6 to assumption 8. Further assume m(x, z), m(z, z)+71(z,2) €

Fo(Mp), g1(x) € Fp(L) and |7(x,1) — 7(x,0)| < Car Vz, then

Vnh (7s(h) — 7 — LB) % N(0,Vs)

where LB = g1 B[y () — 71X, Z] + (1 1) Bl7o(h) — 76|, Z] + [r1 — 70] B[ (h) — 91 X
denotes the leading-order bias terms and the asymptotic variance is given by Vs = Vo + 11 —
70]2%)/9. With Vo given in Lemma D.4 and V, being the asymptotic variance of the weight
estimation using a local linear estimator at an interior point using Z; as outcome (see section
3.2 in Armstrong and Kolesdr (2020)).

Proof. See appendix F.
O

Proof Sketch: To apply the Lindeberg CLT I need to verify Lindeberg CLT Condi-

tions:
i EZ,;]=0
i 0 Var(Zi,) = i, B[22, 225 02
il Ln(e) == 3200 ElZ7 (z,,050] = 0
Steps:
1. Linearize the estimator to focus on leading terms

2. Decompose the estimator into bias and variance using the long regression model

3. Replace empirical gram matrix with its limiting matrix, in regression weights to control

weight of individual error terms

e This operation vanishes asymptotically, following arguments in Lemma.S.A.1 in
Calonico et al. (2014a)
"Often assumed that >, Var(Z;,,) =1 WLOG (see Billingsley (1995))
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4. It then suffices to show the CLT result for the expressions using the deterministic local

polynomial weights based on the limiting gram matrix
5. Verify Lindeberg Conditions

e The relevant regularity assumption on the distribution of Xj is given by lemma D.2

F.I Stratified RD Linearization

Lemma F.1. Let 75 be the statified RD estimator. Then one can write:

Ts =T+ g[" — 7]+ (1 —g)[7o— 0] + [ — 70][g — 9] + Op((nh)fé) (58)
= 7o+ [ — 10][§ — g] + 0,((nh)72) (59)

D=

where 7o s the Stratified RD Oracle estimator.

Proof. Linearizing the stratified estimator gives:

=T+ Z gz[%z - TZ] + [gz - gz]Tz + [gz - gz][%z - Tz]

Now from standard results on local polynomial regressions (Armstrong and Kolesar 2020),
and given that bandwidths are assumed to be proportional h,, < hZ, we know that [§, —g.] =
O(h?) + Op(\/%fh) and [T, — 7] = O(h?) + OP(\/LF}L)' Plugging this in and expanding the
expression [, — g.][7 — 7] = [O(h7) + O,()[O(h) + Oy(F)] = O(h) + 0,(L2) +
O,(=5). Note since the uniform framework in Armstrong and Kolesdr (2020) controls the
bias uniformly over the function class, the linearization argument also holds uniformly over

the assumed function classes.

=7t S gulf -]+ [ — gulm + o)+ 0,(—) 4 0,( )
z€{0,1} nh nh

Further, noting that go = (1 — ¢1) and go = (1 — ¢1). Plugging this in we get:
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> 5 = g:l7 = [ — gr)[m — 7]

z€(0,1)

So putting everything together and writing out the sum over both groups gives:

Tg =T+ gilf1 — 1] + gol7o — 70] + [91 — g1][m1 — 0] + O(K?") + Op(\/h%) * Op(n_lh) (60)

Plugging in the definition of the CATE 7 = ¢;71 + ¢go7o and of the Oracle estimator
To = 171 + goTo gives the final display.

7s = 7o + (g1 — g1][m — 7o) + O(h*) + Op(\/h%) - Op(n_1h> (61)

Under the assumptions on bandwidths choices in assumption 3 O(h?) + Op(\f—%) +

Op(=5) = o, (\/%7)7 which proves the claim. For notational simplicity I define ¢g; := g¢
and go := (1 — ¢) in the main text for the two group case, which gives the final display.

fs=7+g[fi — ]+ (1 —g)lfo—10] + [11 — 70][01 — 1] + Op((nh)fé) (62)
— o+ [r = olld — g1 + opl(nh) ) (63)

D=

F.II Bias and Variance Decomposition

Starting from equation (60) one can derive a standard bias-variance decomposition. Plugging
in definitions (c.f. appendix D) of groupwise RD and the local-linear weight estimator
into equation (60) and inserting the respective regression models gives the bias-variance

decomposition.
. 1
7j(h) = — > kg (Xi/h, Z:)Y;
i=1
1 - 1 -
- Z knj(Xi/h, Z;)m(X;, Z;) + — Z knj(Xi/h, Z;)e; (Long Regression Model)
i=1 i=1
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Note that bias E[7;(h)|X,Z] — 1; =

[75(h) — 73] — E[7;

Likewise

—7|X,Z] = an]X/h Z;)e;

gi(h:) = e Z%Z(Xi/hzﬂ
= thZX/h a(X ZkzX/h
) ) 1 -,
[6:1(1) = 1] = Elgr = 1 X] = - ; k2 (X /he)r;

Now subtracting the leading bias terms from equation (60):

Ts — T — QlE[ﬁ - 7'1|X7 Z] -

1 -
291E ; k?n,l(Xi/h, Zi)ei

hP

O(h*) + Op(m

F.III Replace Stochastic Local Polynomial Weights with their De-

1

)+ 0y(1)

(1-— gl)E[f'o —10|X,Z] — [11 — 1] E[01

1—91 anOX/h Z)@Z 7'1

terministic Limit

Now we replace the the empirical gram matrices in the regression weights, that depend on
the sample realization, with their limits.
asymptotic normality. In the next sections, we will show that this replacement is asymptot-
ically negligible in the sense that vnh [/%n — l;:] = op(1), where k, are the regression weights

based on the empirical gram matrices, depending on the sample realization, and k are the

regression weights based on the limit of the gram matrices.
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ZkZX/h

This helps to control the error terms to show



7A'S — T — glE[f—l — Tl‘X, Z] — (1 — gl)E[%O — To‘X Z} — [7'1 — To]E[A — gl‘X]

ZkzX/h T

1 .-
:glEZkl(X’/h’ Zz)el 1 —g1 Z/{JQ X/h Z)ez T1

+91—Z w1 (Xi/h, Z;) — I%I(Xi/hu Z;)le

+(1 —gl)nth[ o(Xs/ By Z2) — Fo( X/, Zo)]es
- Z[i%ib(Xi/hz) — k(X /h)]rs

h” 1

1
+[7’1 — To]nh

+O(h*) + O +0
() + 0yl =) + Oy
Recall that k,;(v.2) = knjs(v,2) — knj_(v,2), where ki (v,2) =

el (Qnj) 'mi(v)ky(v)l—;;. The deterministic limiting local polynomial weights is
given by, k;j(v, 2) = k; +(v,2) — k; _(v, 2),
where & 1 (v,2) := e] (Q;.+) "my (v v)k;(v)1i.—;. The expressions for the regression on the

control side are analogue. Qn,j,Jr and Qj,Jr are as defined in appendix B.
Now group the terms in line 2,3 and 4 together and collect them under R :=

Ji7m Z;‘:l[l%n71(X¢~/h, Zi)—lz:l(){i/h, Z)leit (1=g1) g Sy ko (Xi/ by Z2) = ko(Xi/ B, Z3)]es +
[ — To]%hz Yo k2 (Xi/h,) — k*(X;/h,)|r;. This gives the following expression:

7A'S — T — glE[%l — Tl‘X, Z] — (1 — gl)E[%O — To‘X Z} — [7'1 — To]E[A — gl‘X]

ZkzX/h

n

1 -
:glE;kl(Xi/h’ Ze; + (1 —g1 Z (Xi/h, Z)e; + 1

=1

h? 1

+R + O(h?) + Op(m) + Op(%)

The goal is to show that even after pre-multiplying v/nh, the replacement of the
empirical gram matrices is asymptotically negligible, in the sense that vnhR = op(1).

The terms remaining from the linearization are also asymptotically negligible under the
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assumptions on bandwidth choice as shown in lemma F.1. Note that under assumption 3,

V4 nh% == F We want to show:

vn h(fs —7—qEh —n|X,Z] — (1 — q1)E[fo — 70| X, Z] — [11 — 0] E[gr — 91]X])

\/_ Z |:glk’1 X /h Z )62 (]_ — 91)%0(Xz/h, Zl)ez —|— [7’1 — To]%lziz(Xl/hz)’l“Z} —|— OP(]_)

Under assumption 3 it is straightforward to verify vnh ( (h*) + O (
Op(l).

2+ 0p(h)) =

To verify that vVnhR = op(1), show that each element in the sum R is op(1). We will
show the result for one term \/Lnih Sk (Xi/h, Zi) — ki(Xi/h, Zi)]ei. The convergence of
the additional terms can be proofed in the same manner. Recall that the estimator includes

a regression on the treatment and control side respectively,

T i | { B X/ Z2) = By (X 0, Z0) = { o (X s Z) = By (X 0, Z0) | e

N

-~ -~

T c
We will proof the result for the term 7" and the result for C' can be proven analogously.

F.IV Random Denominator Problem - Invertibility of Gram Ma-
trix

Lemma F.2 (Limiting Gram Matrix Replacement).

Q Q+ = 0p(1)

Proof. The invertibility of the gram matrix for the Base-RD estimator is covered by Lemma
S.A.1 in Calonico et al. (2014a). Since the groupwise RD estimator is simply the Base-RD

estimator in a subsample the results follow immediately.

Basic matrix algebra shows that the expression in Calonico et al. (2014a), I';(h) :=

Qn,+ = # > it ki (Xi/h)ma (X /h)yma (Xi/h)'
By Lemma S.A.1 in Calonico et al. (2014a) and following their notation we know that
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Lo(h) = P ) + Oy =)

L'y (hy) = f(0)T4 40(1) (by continuity of the density)

where T'y = [ k(u)my (u)ms (u) du
that yields under assumption 3 on the bandwidths,

Iy (hn) = fO)T4 + 0p(1)

Lemma S.A.1 in Calonico et al. (2019) together with lemma F.3 gives:
So we have Q4 — Q4 = 0,(1) and Q;ﬁr — Q7' = 0,(1). The proof is analogous for the
group-wise regression.

]

Lemma F.3 (Continuity of Inverse). Suppose I'y is invertible and |I'4.(h,)— f(0)I'4| = 0,(1),

then Ty (hy,) is invertible with probability approaching one as n — oo and

I () = ﬁrf +0,(1) (64)

Proof. Proof follows from standard results (e.g. Horn & Johnson, Matrix Analysis, 2nd ed.
(2013) chapter 5.8) O

F.V Interchanging of Deterministic Limiting Local Polynomial
Weights

Lemma F.4 (Replacement with Deterministic Limiting Local Polynomial Weights).

\/% ZT = \/% Z[I;n,j,+(Xi/ha Zi) = ki (Xi/h, Zi)]ei = op(1) (65)

Proof. Plugging the definitions of the regression weights into equation (65) yields:
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n B 5 B 1 n . -
(ot (Xi /Py Z3) = Ky (X s Zi)ler N D el [Qn) — Qi im(Xi/ W)k (Xi/h)Liz,—jei
i=1 i=1
- - J
T1/A-1 -1
=e; | nj+ Q ‘,+] Ay Zm(Xi/h>k+(Xi/h)]l{Zi=j}ei
%,_J/\ nh i=1

op(1) ~~ -

0p(1)

-
=

=0p(1)

Noting that the matrices Qwﬁ and Qj# do not depend on i we can pull them out of
the sum. The elements of the first factor are going to zero in probability by the Lemma F.2
and the element of the second factor can be bounded in probability using standard CLT
arguments and by the fact that the kernel function is assumed to be bounded with bounded

support (assumption 2).
O

F.VI Rearranging

As we have shown above it suffices to determine the limiting distribution of the following
expression to determine the asymptotic distribution of 7¢ minus the leading terms of its bias.
Note that by assumption on the bandwidth choices v/ nhﬁ =Vnh- = % 1

nhk n

&

n

Z \/% (glél(Xi/h, Zi)e; + (1 — gl)lNCO(XZ-/h, Z)ei + [ — TO]%%Z(Xi/hZ)Ti)

N J/
-~

Zn,i

I define Z,,; here to construct a triangular array, because as the sample size n changes
the bandwidth h,, changes, leading to different distribution of the random variables Z, ;’s
(the ones outside the bandwidth h,, will be set to 0.).

F.VII Lindeberg Conditions

To apply the Lindeberg CLT I need to verify Lindeberg CLT Conditions:

i Mean Zero

%)



Proof.
E|Zn;] =E L/% <91/21(Xi/h, Z)es + (1 — g)ko(X;/h, Zi)e; + [y — TO] k¥ (X;/h)r >]
_ \/% <gliﬁ(xi/h, Z)Ele:X, Z) + (1 = g1)ko(Xi/h, Z:) Eles|X, Z]
+m— To]%/%Z(Xi /hz)E[ri|X]>] (LIE)
=0
]

ii Asymptotic Variance

S Var(Zin) = X0, BlZ2,] = o2 #

n—00
Note,
2 1 7 - 1=, 2
an = m gll{il(Xi/h, Zz)ez + (1 — gl)ko(XZ/h, ZZ)Gl + [Tl — 7'0];]{3 (Xz/hz)rz

Lemma F.5 (Asymptotic Variance).

Z E[Z2] = giVi(k)? + (1 = 1) Vo(k)® + 11 — 70]2%]/9(@2 +0(1)

(by standard results)

1
=Vo(k)* +[r — TO]2EVg(/£)2 +0(1) (by same argument as in lemma D.4)

80ften assumed that >\, Var(Z;,) =1 WLOG (see Billingsley (1995))
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Proof.

E[

22

n,t

] =F % <911¥?1(Xi/h, Zi)ei + (1 — gl)];:O(Xi/h, Zi)@i + [7-1 _ TO]%%Z(Xi/hZ)Ti) ]
1/ - , ] 2 L 2
= F o ([glkfl(Xi/h, Z)eil” + (1 — g1)ko(Xs/h, Z))ei)* + [[11 — TO]Ek (Xi/h.)r] )

1 ~ ~

1 - 1-~
+ %291161()(1‘/}% Zi)|m — TO]EkZ(Xi/hz>€iri

1 ~ 1-~
+ %2[(1 — gl)k’o(Xz/h, Zi)[Tl — To];kz(Xz/hz)eﬂ‘Z]

= @B | (X 206 + (1= 0B | oY/ Zie

+[n - TO]Q%E [%[%Z(Xi/hzmﬂ

= B | R (X e 4 (1= 0B | (X, 2

+[m - TO]Z%E ln}u [%Z(Xi/hz)riﬂ

The last three terms in equation 2 are zero due to the following reasons: Note that by

definition that ,

Fo(u, 2)ky (u, 2) = ¢, (Q(H) mg(w)ky (w)e), (QH) (ks () Loy Loy = 0 due
———

1

=0
to the mutually exclusive dummies in the regression weights. An application of the LIE
shows that E[s(X;)e;r;] = E[s(X;)r; Ele;|X;, Zi]], for any function s(X;). Further, in
—_———

=0

the last equation we plug in h = %hz.

by LIE

1 2 2

1 - 2 2
=B | Z k14 (Xi/h, Z) 0 (X, Z3)

+E

1 -
— Dk (Xi/h, ZiPoi (Xi, Z)
=1
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iii

The second line follows by plugging in ki (X;/h, Z;) = ki (Xi/h, Z;) — k1 (Xi/h, Z;)
and using the fact the linear estimators on the left and right side of the cutoff are
disjoint and hence ky o (X;/h, Z;)k1_(X;/h, Z;) = 0.

Lastly, note that in the last line we have the standard regression weights of the
groupwise-RD l;:j and local-linear estimator for an interior point 4%, multiplied by some
constants. Standard results by Armstrong and Kolesar (2020) and extensions presented
in appendix D apply, which gives the result. These typically involve a change of variable

and subsequently evaluate the limit of the expressions.

To demonstrate the mechanics, note that Theorem B.4 in the online appendix of Arm-

strong and Kolesar (2020) implies that:

1 - b
Ezkl,—&-(Xi/ha Zi)o1( X, Z:) ﬂ>fXZ(O o] +(0, 1)/ ks (u, 1) du
i=1 0

1 2 /Oo 2
—F—07,.(0,1 k (u)*du
fXZ(Oa1> L+( ) 0 q( )
1 —
_fXZ(O 1)oi+(0, 1)k2
Finally, since k; . (u,z) = = Zlm . Ky (u)l{u > 0}1(.—1}, the density terms cancel. The

results for the term involving &y _(X;/h, Z;) follow likewise.
[

Tail Negligibility (Lindeberg Condition)
Lemma F.6 (Lindeberg condition). In the given setting the Lindeberg condition,
Ln(€) :== >0 BlZ2 Ayz,.150] = 0, is satisfied.

Proof. Note that for any n > 0 1z, .15 = Lz, 1>enp < \Z:_nl” That gives
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|Zn Z,|2-H7
en
Bl Zn**")

en

n 1 n
S EIZ2 A yzmal € = D B2
=1 =1

Z2 Az, 050 <

E[Z} 1z, .050] <

Bound Y 7 | E[|Z,:|*™"] using the Lp bound in lemma L.1, with J =3 and p =2+ n:

> EllZul*]

1 (14n)

Sn_<n n/2

1
h
=1
1 1
1 (nh)n/?

1 & -
'(EZEHglkl(Xi/h,Zi)W ZE (1 — g1)ko(Xi /R, Z)) 7] + ZE 71—70 (X, /h
i=1

1
P
(Bllonks (X, 20+ (L= 900X/, Z)edP7] + Bl =l o (/)1

(14n)

The above line follows after applying the fact that |a - b]? = |a|? - |b|P and assumption 7

and assumption 8 together with the law of iterated expectation:

Ellgik:(X/h, Z;)ei ") = Ellgik1(Xi/h, Zi) [P Ellei ™| X, Zi))

Vv
<1
=n

1 5
El|g1k1(Xi/h, Z;)|*]

33|

And likewise for the other terms.
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Note that since the densities are assumed to be bounded and equivalent kernel functions
are bounded by compactness of the kernel it follows from the calculations in the proof of

lemma D.2 that the following expression converges to a constant:

Z (|911€1 (Xi/h, Z)PH 4 [(1 = g1)ko(Xi /b, Z3)PH7 + [y — 7o) = ’;?Z(Xz‘/hﬂ%n)]

=1

- 1-
/ Fxze, Dlguka(u, DI+ Fre2(e,0)[(1 = g)ko(w, 0)*7 + fx(e)l[m — 7ol —k* (u)[*"du + o(1)
=A+o(1)
where g1 1= g1(c) :== fxff(() ) is a shorthand notation.

Putting everything together one can conclude that,

1 — -
Lu(e) < 7ZE[|Zn,iI d

11 1

e (nh)?
1

11
= EnnW(A +o(1))

| /\

It follows that the Lindeberg conditions holds, L,(e) — 0 for any ¢ > 0, since W — 0

(n
as long as nh — oo for any n > 0, which allows the application of the CLT. m

Lemma F.7 (Lp-bound). Let a,b € R and p > 1. Then
a4 b <27 (Jal + ol?).

And more generally let {z1,...,z;,...,x;} € R and p > 1, then

p J

<INl

J=1

J

>

J=1
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Proof. By the triangle inequality,

la+0b| < a| + [b|
la + 0P < (\a| + ]b|)p

Express the right-hand side as

(o + oy =2 (12221

Since the function x +— z? is convex on [0, 00) for p > 1, Jensen’s inequality implies

lal + [b[\" _ lal” + [bF"
2 -2

Combining these, we obtain

lal” + 167
2

a+ 07 <27 = 2”’1<!a\p+ \bV”)-

The general version follows by induction using the two-term inequality.
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G Asymptotic Worst Case Bias Comparisons

To derive worst-case bias expressions over the common parameter space I have to introduce
additional notation for the constants that control smoothness of the regression functions
and bound heterogeneity. To keep the notation compact I collect the constants in tuples.
M collects smoothness constants on regression functions and C collects constants to
bound heterogeneity. Further, depending on the order assumed on the p-th order Holder
smoothness class [ will need more or less constants. In general M and C will contain 1 + p
constants. The, number of constants in an index is implicitly indexed through the subscript
for the function class ]-"f. Since the common parameter space is more complex additional
notation is necessary. Let M7 denote the constant for the j-th order Holder function class
of the long regression function and M? the constant for the j-th order Holder function class
of the group regression function. Further, C’im denotes the constant for the j-th order

Hélder function class of the difference of regression functions of the groups [m(x, 1)—m(z,0)].

For the case p = 1:

M = {M"' M}
C ={Cam,Car}

For the case p = 2

M = {M? MZ M.}
C= {Cin’mOAm)OAT}

For the case p = 3

M = {M37M§7M37M;}}
C - {CinmcimaCAmaCAT}

For the lower bound argument it will be useful to define a subclass that restricts
heterogeneity in a way that the regression functions of the two groups are just vertically
shifted:

For the case p = 1, the class remains as is.

C'=C (66)
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For the case p =2

C* = {CX,, = 0,Cam,Car} (67)

For the case p = 3
C* = {CR, = 0,4, = 0,Cam.Oa} (69

G.I Base RD - Worst-Case Bias Lower Bound over the Common
Parameter Space
Lemma G.1 (Lower Bound Argument for WCB of Base RD over Common Parameter

Space).

sup Elt —71X] < sup E[T — 7|X]
m(z)EFL(M,C*) m(z)€FLE(M,C)

Proof. By construction of C* it follows that F,*(M,C*) € FJ'(M,C). Clearly, the supre-
mum of a function over Ff(M,C*) cannot exceed the supremum of the function over
FFM,C). O

Proposition 8 (Base RD - Worst-Case Bias over Subclass).

LowerBound(%) - sup E[f' B T’X]
m(z)eFLE(M,C*)

Bias

LB, o (k) + (k)

= hP[2M7 + (2Cam + CAT)Mg’]p'

Proof. [Available Upon Request]

G.IT Worst-Case Bias Comparison

Proposition 4 (Leading Term Worst-Case Bias Comparison). Assume assumption 2
to assumption 8.  Additionally assume the smoothness constraints m(x),m(zx) +
T(x),m(z, z),m(x, z) + 7(x, 2), g1(x), [7(x,1) — 7(2,0)] € FF(M,C,L) Following assump-
tion 3 one chooses h, = kh.

Denote the leading bias terms of the asymptotic expansion as, Taslead(%) =

limn_)oo@. As long as k > 0, is chosen smaller than a kernel specific constant
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k < U,4(k), that depends on p and polynomial order q, then the leading terms of the bias of

the estimators can be ranked

Biaslead(ﬁq) S Biaslead (71)

or equivalently,

Bias(7s) < Bias(7) + o(hP?)

Proof. First, take the leading terms of the worst-case bias for the stratified RD and the lower

bound on the worst-case bias of base RD, BXB(7), from Proposition 3 and Proposition 8. To
1

guarantee B,(7g) < B,(7), it suffices to choose k < (ggﬂ((g)? := U, 4(k). With this choice
p,q

the following inequality holds:

LowerBound , .

Biasiead(Ts) < Bias4 (7) < Biasjeaa(7)
2M M, .. 1
TLBM(I{:) + /P Car—E By (k) < [2My + (20am + Car) M7 Bya(R)
M, .. 1
KPC A~ p' Bp’qt(k) < [(QCAm + OAT)MZ]HBILQ(]{)

KPCar M. B (k) < CarM. By (k) + 2Cam M. By (k)
Car M. [P B (k) — Byq(k)] < 2CamM. B, 4(k)

Where in the last line we plug-in assumption 3. Since all constants are greater or equal
to zero, the right hand side, 2Ca,,, M, B, ,(k), can be at lowest be zero. So to guarantee the
inequality we need to pick  such that that [x?B/"(k) — Bp4(k)] < 0. This is guaranteed

1
for any choice k < (g:ng((i))) " i=U, (k)

]

Valid choices of k will depend on the kernel constants Bp,q,B;fg, which are vary
depending on the chosen kernel, Holder class and polynomial order for the local polynomial
regression. Here I provide constants for the case p = 2,¢ = 1 and for the uniform and
triangular kernel based on table S.1 and S.2 in the online appendix of Armstrong and

Koleséar (2020).
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1. Uniform Kernel

BQJ(k’) = % and Béﬁt(k’) =1

3

So for k < \/Li we get k2BS" (k) — By (k) < 0.

2. Triangular Kernel

By(k) = 1 and By (k) = §

21 1 _
6 10
K =A/=

So for k < \/g we get k2BY" (k) — By (k) < 0.
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H Asymptotic Variance Comparison

Proposition 5 (Asymptotic Variance Comparison). Let Vg denote the asymptotic vari-
ance of the base RD estimator and Vs denote the asymptotic variance of the Stratified RD
estimator respectively. For an appropriate scaling of the secondary bandwidth h, = kh (as-
sumption 3) with k > Ly, ,(k) the following holds:

Vs < Vi (20)

with strict inequality if there is group heterogeneity.

Proof. The variance comparison is done for the local linear case (e.g. ¢ = 1). However, the
result can be easily generalized to a general ¢-th order local polynomial RD estimator.

From theorem 1 we know that the base-RD estimator has asymptotic variance:

k_% (‘7123,+(0> + 5123,—(0))
fx(c) ’

Now by plugging in lemma A.1 and noting that o%_(0) does not include a term on the

Vp = (69)

difference in treatment effects, we get:

k2 ((Am(c)® + [Am(e) + AT()]*)o(c) + 07, (c) + 07 _(c))

Vi = o (70)
2 m(c)? m(c)At(c 7(c)?o2(c k2 (07 . (c)+0i _(c
_ ki ([2Am(c)® +2A ]EX>(§)<)+A (o () | (o, (f;(; E) (71)
2 (12(am0) + §ar(0)” + dareio3(o))
=Vo + (0 (72)
2(Am(e) + $A7(c)) 03(IFE + ST ()20} (R
—Vo+ o (73)

where the second to last line follows by completing the square:

Am(e)? + [Am(e) + AT(Q)]? = 2Am(c)? + 2Am(e)Ar(c) + Ar(c)? = 2<Am(c) + %AT(@)Q +

On the other hand from theorem 2 we get that:
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1
Vs =Vo + EAT(C)ZVW

K (a3,0)+03(0) | 1RAT(c)0%(0) oo
= ~fX(C) + - () (by 77?)
1 k2AT(c)%0%(c)

fx(c)

=Vo+

where l% = f_ll ki (u)?du is the kernel constant for an interior point estimation problem.
For specific kernels (e.g. triangular) these constants are given in appendix D.3 (Armstrong

and Kolesar 2020) and hence can be easily compared.

2<Am(c) + %AT(0)> o%(c)k} +%AT(C)20%(C)I€_% B lkj%AT(CVO‘%(C)
fx(c) fx(0) £ Ix(c)

-~

>0

1 1—- 1~
> 2.2 T
> AT szx(C) <2k1 I{kl) (74)

Vs — Vs =

We want to pick x such that <%k_% — %l;%) > 0 to guarantee that Vg — Vg > 0.
]

H.I Local Linear estimation with (q=1, p=2) using standard ker-

nels

Now the tables S.1 and S.2 in Appendix D.3 of Armstrong and Kolesar (2020) give the
kernel constants that let me determine the interval for x for which the variance Vg — Vg > 0,
by choosing x such that %k_f —1k2 > 0.

1. Uniform Kernel:

For example using the uniform kernel in a local linear regression implies kernel constant
k:_% =4 and k} = % yields that the bandwidth h, = xh has to be choosen with x > }l.

2. Triangular Kernel:
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Using the triangular kernel in a local linear regression implies kernel constant k_% =4

> 5
and k% = % yields that the bandwidth A, = kh has to be choosen with x > %.

H.II MSE Comparison

Taken together the results in Proposition 4 and Proposition 5 imply the following theo-

rem, where the respective bounds in the previous results form the interval x € I,,(k) :=

Theorem 6 (Asymptotic Worst-Case MSE Comparison). Assume assumption 2 to assump-
tion 8. Additionally assume the smoothness constraints m(x), m(xz)+7(x), m(z, z), m(x, z)+
7(x,2), 91(x), [T(z, 1) — 7(2,0)] € FF(M, C,L). The bandwidths are chosen according to as-

sumption 3, h, = kh. Define the asymptotic worst-case MSE of the two estimators as

AMSE(#(h)) : = (h"Biasieaa (7(1)))” + Lz
n
AMSE(f_S(hq hz)) .= (hpBiaS]ead(%S(h’ hz)))2 + %

Then if k is chosen from a kernel specific interval k € I, ,(k), that depends on the used
kernel, the order of smoothness p and polynomial order q, the asymptotic worst case MSE
of the Stratified RD estimator is uniformly smaller than that of the base RD estimator over
ff(l\/.[, C,L).

AMSE(#s(h, h.)) < AMSE(#(h))

With strict inequality whenever groups are heterogeneous.
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I Rate Optimality

Corollary 7 (Rate Optimality). As long as m(z,2) € F, and g(x) € F, lie in a Hélder
class of same order p and given bandwidth choices consistent with assumption 3, the estima-

2p
tors 7(h) and 75(h, h,) achieve the mini-max optimal rate n~ 2+1 over the smoothness class
FR(M).

Proof. The proof follows directly by the proofs on the lower bound rate (theorem 9) and
upper bound rate (theorem 2) O

Theorem 9 (Minimax Lower Bound rate for F£). The lower bound rate for F is =

Or put differently, there exist a constant c, such that

¢ < lim inf (n%> [iqf sup E[(é —m(c))?] (75)
n=oo , | 0 meFR
—2 S ~~ -
v Ri(F5)

Proof. Construct F9 such that Y C FJ and so I can get a lower bound rate on Fy by
existing results. By defining Ky = {K/, K, Kam = 0, Ki,, = 0, Kaor = 0, K. =0, K, =
0, K% = 0}, we impose group homogeneity and create a subset Fy C FX. Within this subset

the second derivative of m(z) is:

0
m'(x) = 3 m(x,2)g.(x) + 2m' (2, 2)g (@) + m(z, 2)g" (x) Z m"(x, )
2€{0,1} Y b m

due to our assumption of the constants to be zero, which forces the regression functions

in both groups to be identical (and the fact that conditional densities sum to 1).

Hence the function class is just a collection of functions m(x) with a second derivative up-
per bounded by K]/ uniformly over x. Standard lower bound derivations, on nonparametric

regression with the p-th derivative bounded (c.f. Tsybakov (2009) p.95) give:

¢ < liminf inf sup Em[n% (é — m(c))Q}, (76)

n ) mery

F9 C FE and properties of supremum imply for every estimator 6:
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sup E[(é —m(c))?] < sup E[(é —m(c))?]

m€f20 me]-'QR

Since this holds for all § we get:

~ ~

inf sup E[n%(e—m(c))g} < inf sup E[n%(G—m(C))z}

0 mer? 0 mery

< e 2p_ A 2 c e 2 A 2
liminfinf sup E[n2+ (0 —m(c))’] < liminfinf sup E[n2+1 (0 — m(c))?]
n—oo  § mE]:g n—oo  § mEfZR

Combined with equation (76) this gives the lower bound rate for Fi*.

¢ < liminf (nT) [i%f =p E[ (6 — m(C))Q]] < lim inf <n*+) [igf s E[(6 — m(c))?]

vn Ry (FS) on R (FF)

(77)

[]
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J On Pointwise Asymptotics for Local Polynomial Es-

timators

[Work in Progress|

Higher Order Smoothness. The stylized example extends naturally to the case of higher-
order smoothness, where the regression function of the binary group variable is assumed to
satisfy, g(z) € F,(M,). In this setting, the optimal polynomial order for the baseline RD
estimator is p — 1. The derivations proceed as above, and combining them with the results

in Armstrong and Kolesar (2020) yields the worst-case bias.

. 1
Bias(7(h)) = hP M, [2Crm + CAT]HBp,q(k’)(l +0(1)) (78)
Clearly, the worst-case bias converges at the standard nonparametric rate h”. For ex-
ample, choosing p = 2 leads to the canonical local linear base RD estimator, for which the

worst-case bias converges at rate h2.

1.00 1
0.751
X 0501
ey
0.25
0.00
1.0 0.5 0.0 0.5 1.0
X

Red dashed: Worst-Case Function | Black: Smoothed (C?) Function

Figure 1: Approximation of the Worst-Case Function using a Polynomial Patch (e = 0.01)
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J.I Simulation Example

To demonstrate the effect of pooling in the stylized example considered in the main text
numerically, I carry out a simple simulation study using the following design. The regression
functions are constant within groups shifted by a constant, Y = 54+47;+¢; with e; ~ N(0, 1).
The running variable is drawn from a uniform distribution X; ~ U[—1, 1].

The distribution of the binary group variable is crucial for generating pooling bias. I
model the group variable to be distributed according to a Bernoulli distribution with varying
success probability, Z; ~ B(p(X;)). The success probability is modeled as a function of the
running variable. Note that the success probability here is just the value of the regression
function of the binary covariate, p(X;) = ¢g(X;). The varying success probability creates
covariance imbalance across the cut-off. To illustrate pooling bias for the local constant and
local linear base RD estimator, I model the group probability using two different functions
g(x) that lie in a first and second order Holder class respectively, specified below.

Lastly I draw from the distributions ny, times with n; € {1000, 2000, ...,20.000} to create
random samples {Y;, X;, Z;}7*,. Then I apply existing software implementations of the base
RD estimator (rdrobust, RDHonest) and my implementation of the Stratified RD estimator
on each sample. Bandwidths are chosen by rdrobust and RDHonest to be MSE-optimal,
shrinking with the sample size at rate h =< n~Y/®*D T repeat the simulation S = 1000
times and average the estimates to empirically calculate the bias relative to a treatment

effect of zero (7 = 0) in this example.

Local Constant Estimation. The worst case function for the RD parameter under a
Lipschitz constraint (p = 1) on the regression functions is given by f(z) = Mz +c¢. M
denotes the derivative upper bound and the function can be arbitrarily shifted up an down
by a constant ¢ which does not affect the properties of the estimator. Since g(z) is a
conditional probability, I choose ¢ such that the function still lies in [0, 1] over its domain.

The parameterized function is g(z) = 0.4x + 0.5.

Local Linear Estimation. As in Armstrong and Kolesar (2018) the worst case function
is f(z) = —%xQ sign(x). Again, one can arbitrarily shift the function by a constant without
affecting the properties of the estimator. Since, g(z) is constrained to lie in [0, 1] I choose
the constants M and c to satisfy this. Note that the worst-case function is not C?, since the
p-th order Holder class is the closure of all p times continuously differentiable functions with
upper bound M on the p-th derivative.

However, pointwise asymptotic theory assumes the regression functions to be sufficiently

often continuously differentiable. To demonstrate the contradiction to the predictions of
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pointwise asymptotic theory, I construct a function that satisfies all the assumptions in
the pointwise asymptotic framework, but still has a bias that essentially behaves as under
the worst-case function. To achieve this, I construct a polynomial patch g.(z) in an e
neighborhood around 0 that smoothes out the discontinuity in the second derivative of the
worst-case function g(z) = —sz?sign(z) + 0.5. The patch is constructed to match the
function value, first, and second derivative at the intersection points —e,e. The second
derivative of g(z) remains globally bounded by 1 over the domain of the function. The
specific patch used for the simulation is g.(z) = 15 52° — 212° — Sex +0.5.

The group regression function is then modeled as g(x) = g(x)1{|z| > e}+g.(z)1{|x| < €}.
For an illustration see fig. 1. The parametric choice for the group regression function is
twice continuously differentiable satisfying the smoothness assumptions for the pointwise
asymptotic theory. Higher order smoothness can be easily achieved by constructing a higher
degree polynomial spline patch. By choosing ¢ — 0 one can make this function arbitrarily

close in sup norm to the worst-case function g(z). In the simulation, I choose € = 0.01.

Results. Figure 2 and Figure 4 depict the exact finite sample bias of the base RD estimator
for the two data generating processes (DGPs). The graphs clearly show that pooling induces
asymptotically non-negligible bias. Under DGP1 estimated with the local constant estimator
the bias converges at rate h while as under DGP2 estimated with the local linear the bias
converges at rate h?, as predicted by the uniform framework. The Stratified RD estimator
remains unbiased in this stylized setting.

This is clearly demonstrated in Figure 3 and Figure 5. The first panel in both figures
shows that the two implementations of the base RD estimator (rdrobust, RDHonest) have
a bias term that converges with increasing sample size, while the Stratified RD estimator is
exactly unbiased. Panels two and three demonstrate that the base RD estimator also has
higher MSE and higher variance than the Stratified RD estimator. The simulation results
illustrate pooling bias and the MSE improvements achievable through stratification, which

will be generalized in the following theorems.

DGP 1 - Local Constant Estimation
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Figure 2: Finite Sample Theoretical Bias relative to Bandwidth for the base RD Estimator

Simulation Metrics (Bias, Variance, MSE)
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Figure 3: Squared Bias, Variance and MSE Relative to Sample Size
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DGP 2 - Local Linear Estimation
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Figure 4: Finite Sample Theoretical Bias relative to Bandwidth for the base RD Estimator

Simulation Metrics (Bias, Variance, MSE)
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Figure 5: Squared Bias, Variance and MSE Relative to Sample Size

5



K Generalization to Multiple Groups

[Work in Progress]
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LL Additional Lemmas

Lemma L.1 (Lp-bound). Let a,b € R andp > 1. Then
a0 < 27 (Jal? + [ol).

And more generally let {x1,...,xj,...,x;} € R and p > 1, then

p J

<INl

J=1

J

>

J=1

Proof. By the triangle inequality,

la+ 0| < |a| + [b]
la+ 0" < (la| +10])"

Express the right-hand side as

(a + 1oy =2 (12221,

Since the function x +— 2P is convex on [0, 00) for p > 1, Jensen’s inequality implies

lal + [0[\" _ lal” + [b]"
2 =2

Combining these, we obtain

la 4 b]P < 2P

p bp
|6L| _2|_| | :2p—1<|a|p+|b|p>.
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