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Abstract

Understanding the valuation of uncertainty lies at the heart of finance. While
foundational pricing frameworks focus extensively on uncertainty over payoff
magnitudes (outcome risk), the timing at which payoffs arrive is also stochastic
across a broad range of financial settings. I prove that the pricing of timing risk
differs conceptually from that of outcome risk and characterize its pricing both
when systematic and when idiosyncratic. Using only a no-arbitrage assump-
tion, I show that timing risk’s higher order moments affect price even when risk
is purely idiosyncratic, a property not shared by outcome risk. I further show
that for time, uncertainty can reasonably be valued higher or lower than cer-
tainty, unlike for outcomes; and timing risk features an asymmetry not present
in outcome risk. These differences between outcome and timing risk survive
diversification. I prove that the price of idiosyncratic timing risk is fully deter-

mined by the risk-free term structure. Finally, I decompose all priced risk into
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outcome and timing components and formalize systematic timing risk. Three
sample applications illustrate the the financial relevance of separating timing
and outcome risk. First, unlike for outcome risk, the risk-adjusted discount
rate for projects that include timing risk includes idiosyncratic risk, contrary to
commonly taught intuition. Second, incorporating timing risk changes biotech
valuations relative to standard industry benchmarks. Third, a simple applica-
tion in option markets illustrates the theoretical co-movements. These results

inform understanding of valuation and risk premia across financial settings.



1 Introduction

A central theme in finance is the valuation of future uncertain cash flows. In this
paper, I consider uncertainty along two dimensions. One is uncertainty about out-
comes. For example, consider a biotech company with a clinical trial underway. Here,
the uncertainty is whether the drug will have a successful treatment effect relative to
a placebo. Or consider the more mundane case of a European call option. Here, the
uncertainty is about the future stock price on the option expiration date relative to
the option strike.

Many economically important uncertainties are not only about outcomes but their
timing. For example, in climate change (Giglio et al., 2021) uncertainty is not just
about outcomes - the size of the consumption loss due to climate events - but also
about timing: when a climate shock will hit. Similarly, corporate decisions in inno-
vative firms (Eisfeldt and Papanikolaou, 2014) include outcome risk — whether the
innovation succeeds — and timing risk — how long it will take to succeed and be
adopted.

My study focuses on timing risk. Using a fairly minimal foundation of no-
arbitrage, I analyze whether or not timing matters as a distinct dimension of un-
certainty, and develop its implications for valuation. Because the analysis uses only
no-arbitrage, it is similar in spirit to Hansen and Jagannathan (1991) or Modligliani
and Miller (1958): baseline implications that arise from the law of one price. The
analysis leads to several interesting results.

First, the effects of timing risk are distinct from those of outcome risk. Both
risks are priced given non-zero covariance with the stochastic discount factor (SDF).
However, the higher order moments of timing risk impact prices even when risk is
purely idiosyncratic. The higher order moments of outcome risk, of course, do not
matter in this case.

Second, the risk pecking order can change with timing risk. Certainty is always
valued weakly higher than uncertainty for outcome risk. However, certainty can be
valued higher, lower, or the same as, uncertainty for timing risk. I show that and
which prevails depends both on the sign of the shock and the risk-free term structure.

Third, I show that the price of idiosyncratic timing risk can be fully characterized
through the term structure of risk-free rates. Fourth and finally, I show that all priced

risk can be fully decomposed into systematic outcome risk and systematic timing risk.



Three sample applications illustrate the the financial relevance of separating tim-
ing and outcome risk. First, I show that the risk-adjusted discount rate for timing risk
changes with the project’s idiosyncratic risk, unlike for outcomes; this runs counter to
the typical intuition of risk-adjusted discount rates reflecting systematic risk (Myers
and Turnbull, 1977; Berk and van Binsbergen, 2016). Second, as a practical example,
incorporating timing risk changes benchmark industry biotech valuations; by 16% for
typical numbers in the biotech space. Third, an application in option markets, con-
sidering two option classes that are contractually identical except that one includes
timing risk, illustrates the predicted theoretical co-movements. Together, the theory
and sample applications suggest that timing risk may deserve its own consideration
in financial markets.

These results suggest a departure from the standard pedagogical treatment of
time and states. The textbook convention often treats time as another state, either
implicitly through recursive one-period-ahead techniques (Duffie, 2001) or explicitly
by aggregating risks across states and periods (Cochrane, 2014). While efficient, this
approach does not fully capture the wedge between timing and outcome risk. By
disentangling these two forces, this paper identifies pricing dynamics that may not be
readily apparent otherwise.

First, for assets with purely idiosyncratic outcome risk, one of the foundational
results for pricing is that only the first moment matters for valuation: higher-order
moments of the payoff do not affect price (Berk and DeMarzo, 2011). This is typically
illustrated via diversification removing idiosyncratic risk. In contrast to this usual
intuition, I show in Theorem 1 that higher-order moments of timing risk do affect
price even when risk is purely idiosyncratic. This effect on price is not a risk premium
but is a higher order effect unique to the dimension of timing relative to outcomes.
Intuitively, timing “states” have embedded curvature not present in outcome states.
Second, the pricing of certainty vs. uncertainty behaves differently for time than
outcomes. In the outcome case, certainty is typically always priced weakly above
uncertainty (Berk and DeMarzo, 2011; Maggiori, 2017). In the timing case, Theorem 2
proves that increasing timing risk can raise, lower, or leave unchanged the value
relative to certain timing. Corollary 1 further proves a model-free asymmetry in the
timing domain which need not be present for outcomes: for any stochastic discount
factor, if uncertainty is valued higher than certainty for positive shocks, then it must

be valued below certainty for negative timing shocks, and vice versa.



These conceptual differences — higher order moments, directionality, and asymme-
try — survive diversification. Theorems 3 and Theorem 4 construct pseudo risk-free
assets constructed from outcome risk vs. timing risk and prove that the pseudo risk-
free timing portfolios continue to be priced with higher order moments, directionality,
and asymmetry, in contrast to pseudo risk-free outcome portfolios.

Given these conceptual differences between timing and outcome risk, a natural
question is what does characterize the pricing of uncertain timing? Theorem 5 proves
that, for idiosyncratic timing risk, valuation is characterized entirely by the risk-free
term structure. Precisely, the value of any claim with an idiosyncratic stopping time
can be written as the value of a portfolio of zero-coupon bonds with weights equal
to the stopping-time probabilities. Consequently, the effect of any SDF on timing
dispersion is identical to its effect on zero-coupon bond pricing. This result might
seem surprising because some models aim to change the pricing of uncertainty without
moving risk-free rates, or vice versa (ex. Wachter (2013); Farhi and Maggiori (2018)).
However, the theorem implies that — unlike for outcome risk — such distortions must
operate on timing risk and risk-free rates in exactly the same way.

Many assets and financial settings have both outcome and timing risk. Theorem
6 provides a novel decomposition of priced risk — the covariance of the asset’s pay-
offs with the SDF — into systematic outcome risk and systematic timing risk. This
decomposition holds as an identity. Intuitively, systematic outcome risk is the co-
variance of the SDF with the asset payoffs conditional on the asset paying off, e.g.
its stopping time being hit; this corresponds to the usual notion of systematic risk
in macro-finance and asset pricing (Xu, 2021). Systematic timing risk, in contrast,
measures whether the asset tends to pay off at times at which the SDF is higher or
lower.

Three applications illustrate the theory. First, the standard taught intuition in
corporate finance is that risk-adjusted discount rates adjust for systematic risk. This
is certainly true for outcomes; but as I show, in the timing risk case, risk-adjusted
discount rates reflect idiosyncratic risk as well.

Second, perhaps because of the taught intuition, industry norms which apply
risk-adjusted net present value adjust for systematic risk and then use expected cash
flows; biotech provides an illustrative example. However, this approach does not take
idiosyncratic timing risk into account. I find that using the entire timing distribution

of clinical trials for biotech, rather than the expected length of the trial, changes the



valuation of the average biotech firm by 16%.

Third, a simple application in options illustrates the directionality and co-movements
predicted by the no-arbitrage theory. While American call options can be exercised
at any time, European call options can be exercised only at expiry. As a result, the
American options feature timing risk for the short side, and timing flexibility for the
long side, which are not present in otherwise identical European options. An appli-
cation of the theory to otherwise identical American vs. European options illustrates
the differences between timing and outcome risk, and the characterization theorems.

The paper contributes to a number of literatures. First, the paper contributes to
a deeper understanding of different types of uncertainty and their impact. While a
large literature has studied uncertainty at different fixed durations (van Binsbergen,
2025), this paper studies the pricing when duration is uncertain.

Second, because the paper uses only a no-arbitrage assumption, it nests all pric-
ing kernels. In particular, its assumptions mirror the so-called model-free results of
Hansen and Jagannathan (1991) and Giglio et al. (2016) in assuming only the law of
one price, thereby sidestepping an active debate over which stochastic discount factor
to use (Maggiori, 2022; Kacperczyk, 2026). The reliance on minimal assumptions al-
lows the paper’s results to apply to a wide variety of settings. In particular, the results
apply regardless of whether the SDF is friction-based (Krishnamurthy, 2010; Mag-
giori, 2017), production-based (Belo, 2010), preference-based (Doepke and Schneider,
2017), belief-based (Schneider and Piazzesi, 2015; Wachter, 2013), or otherwise — so
long as no-arbitrage holds.

Third, the paper contributes to literatures on markets that include timing risk by
formalizing it and developing results on precisely when and how timing risk differs
from outcome risk. Such markets include settings with real options (Berk, 1999),
investment decisions (Graham, 2022), and debt markets(Krishnamurthy, 2010).

Within the sample applications, innovation firms have been studied by Eisfeldt
and Papanikolaou (2014); here, I find that incorporating timing risk is relevant to
the valuation of biotech firms. Risk-adjusted discount rates are taught and used
throughout finance (Graham et al., 2017), and I show that timing risk embodies
a slightly different intuition than traditional outcome risk for these risk-adjusted
rates. The options I study to illustrate the theoretical co-movements have previously
been studied in Stein (1989) and Fleming and Whaley (1994), among others; the

contribution is to empirically illustrate the difference between timing and outcome



valuation in derivatives markets (Atkeson et al., 2015).

While the paper studies time, it is conceptually distinct from other literatures on
time-related concepts such as the elasticity of intertemporal substitution (Wachter,
2002) and resolution period effects (Epstein et al., 2014). One way to see this is that
the results hold for any pricing approach, no matter its parametrization or resolution
properties.

While decomposing risk has not historically been a pricing focus, the topic of un-
certain timing has been studied in biology (Kacelnik and Bateson, 1996) and experi-
mental and decision theory (Chesson and Viscusi (2003), Onay and Onculer (2007),
DeJarnette et al. (2020) on expected utility, additive utility, and Epstein-Zin, respec-
tively). The paper’s no-arbitrage approach nests utility models as special cases, and
studies pricing implications.

In addition to deepening the conceptual understanding of different components
risk, there are many settings in which timing risk is relevant. These include but
not limited to, corporate decisions; climate disasters; labor decisions; what makes an
asset safe; distressed debt; policy implementation timelines; and so on. These varied
economic settings provide ample avenues for applications of the pricing of timing vs.
outcome risk in future work.

The paper proceeds as follows. Section 2 develops the theory, including conceptual
differences between the pricing of timing vs. outcome risk, and a characterization
of the pricing of idiosyncratic and systematic timing risk. Section 3.3 illustrates
the findings of the theory in real-world market data. Section 3.4 discusses possible
applications across economics. Section 4 concludes. All proofs are located in the

appendix, with proof intuition discussed in the text.

2 Theory

I start by formalizing the set up to study timing vs. outcome risk, using the standard
stochastic discount factor (SDF) framework (Duffie, 2001). I formalize outcome risk
in the usual way, and timing risk as a stopping time. The only assumption used for the
theoretical results is no arbitrage; no arbitrage in turn implies existence of a stochastic
discount factor, regardless of whether the market is complete or incomplete (Berk and
DeMarzo, 2011). For any given stochastic discount factor, all theorems derived in this

paper must hold.



Definition 1 (The Stochastic Discount Factor Framework).

There exists a probability space (2, {F;}ier, P), where Q is a set of states, {F;} a
filtration, T C R™ is a set of times, and P a probability measure. In this frame-
work, assets are adapted processes: X = (X1, Xs,...) where each X, is a random
variable measurable with respect to F,. We say that a stochastic discount factor
M, = { My} exists if, for all assets, the time t price of asset X is given by
Prices(X) = Ep,[> ) Mip Xv).

Definition 2 (Assets with Pure Uncertain Outcomes).
An asset with pure uncertain outcomes X 1is one which has non-zero payoffs at only

one timet € T.

Definition 3 (Stopping Time).
Given the filtered probability space (U, {Fi}ier, P) from Definition 1, a stopping time
is a random variable T : Q@ — T such that for every t € T, the event {w € Q: 7(w) <
t} is in the filtration F.
Say that T is a non-trivial stopping time if there are at least two distinct times it
takes on with positive probability: 3ty # to € T' such that P(T =t,), P(T = t3) > 0.
The expected time of T is given by Ep|T].

Definition 4 (Assets with Pure Uncertain Timing).
An asset with pure uncertain timing X is one whose payoff process is entirely char-

acterized by some nontrivial stopping time 7. In particular,

ct+a ift=r1(w)
c if t # 7(w)

Xi(w) =

for some c,a € R.

Example 1. Suppose that the state space at time 0 is {G, B}, standing for good and
bad. The state space at time 1 is then {(G,G),(G,B),(B,G),(B, B)}; at time 2 is
{(G,G,G6),(G,G,B),(G,B,G),(G,B,B),(B,G,G),(B,G,B),(B,B,G),(B,B,B)};
etc.

An example of an asset with pure uncertain timing on this state space is one that
pays out $1 the first time the state space hits good only. This asset takes on a payoff
value of 1 whenever the state is (B, ..., B,G), and 0 in all other states.

—

any number of times
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An example of an asset with pure uncertain outcomes on this state space is one
that pays out $5 (in state B) or 310 (in state G) at time 1, and 0 in all other times

and states.

Definition 5 (Systematic vs. Idiosyncratic Risk).
The time-t' systematic risk of an asset X from the perspective of period t < t' is given
by Cov(M;_y, Xy ).

An asset has purely idiosyncratic risk from the perspective of period t if its time-t’

systematic risk is equal to zero at all times t' > t.

Definition 6 (Assets with Uncertain Timing and Outcomes).
An asset with uncertain timing and outcomes is characterized by a baseline payoff

c € R, a stopping time 7, and a random shock'Y : Q@ — R. The payoff process is
Xi(w) =c+ 1y—ry - Y(w), tefl.

This nests:

e Pure uncertain timing: Y (w) = a € R (constant shock);

e Pure uncertain outcomes: T(w) = t* (fized time) and ¢ = 0.

Remark 1 (Arbitrary Correlation Between Outcome and Timing Risk). For assets
with uncertain timing and outcomes, any correlation structure between outcome risk
Y and time risk T is permitted by Definition 6; for example, it may be the case that
the distribution of Y|T =ty differs from that of Y|T = ts.

Definition 7 (Valuation).
Under Definition 1, the valuation of asset X at time t is given by Price,(X) =
Ep [y My Xy].

Consider an asset with pure uncertain timing X which has associated stopping

time 7. When E,[t] € T, define its certain-time equivalent,

ct+a ift=E,1]

Xi(w) = _
c if t # E,[7]

Say that certain timing is valued higher (resp. lower) than uncertain timing if, for
any asset with pure uncertain timing, its valuation is lower (resp. higher) than the

valuation of its certain-time equivalent.



Definition 2 is the standard one period definition of an asset (Berk and DeMarzo,
2011). Definition 5 is the standard conceptualization of systematic risk and idiosyn-
cratic risk across multiple periods (Berk and DeMarzo, 2011). Definitions 4 and 7
extend to the pricing setting definitions used in the decision theory literature of time
lotteries and risk aversion over them (DeJarnette et al. (2020), also earlier studied in
Chesson and Viscusi (2003) and Onay and Onculer (2007)). The present framework
applies for any SDF'; formalizes uncertainty as random variables through the use of
stopping times; and allows assets to take on non-zero values away from these stopping
times. Definition 6 combines uncertain outcomes and uncertain timing and will be
used for the decomposition results.

All of the above definitions will play a role in analyzing the valuation of timing

vs. outcome risk.

2.1 No-Arbitrage Assumption

The theoretical results of this paper rely only on the existence of a stochastic discount
factor. From foundational pricing theory, an SDF exists if and only if no arbitrage
holds. This short section reproduces this result for completeness to make transparent
the reliance of the theory only on a no-arbitrage assumption.

To apply the First Fundamental Theorem of Asset Pricing (e.g. no arbitrage if
and only if there exists a stochastic discount factor that prices all assets), pick an
arbitrary time t; collapse future states relative to t, {2y = St/}tzzt and time T into a
single space Z = Upery>S'. When the cardinality of S and of T is discrete, so too
is the cardinality of Z;. As above, assets are random variables defined on this space:
Ay CH{f: Z; — R}. Assume standard portfolio formation: if asset a and asset b are
in the set of assets, so too is the portfolio va + (1 — )b for any v € (0, 1).

Assumption (No-Arbitrage). There exists no portfolio whose price is below zero and

whose payoffs are almost everywhere positive.

Lemma 1 (Fundamental Theorem of Asset Pricing (Berk and DeMarzo, 2011)). If
no-arbitrage holds, then there exists a stochastic discount factor My > 0 that prices
all assets: Pr(X) = E[M(2)X(z)] for any asset X, € A;.

Given the fundamental theorem, we can un-collapse back out to states over time
simply by re-stating the expectation: Pr(X) = E[M;X;] = E[Zt’eT,t’>t My Xy pr].

10



Formally,

E[M, X] = ZP(Z)Mt(Z)Xt(Z)

zZEZ

- Y pEOMEXE)

’
ZEUt’eT,t’gtSt

= Y > plwr)Mi(we) Xi(wr)

vET >t e85

=E[ Y MewXeswl,

teT,t' >t

exactly as in Definition 1.

No-arbitrage is the only assumption used throughout the paper. Given Lemma
1, the theorems can, and do, directly assume the existence of a stochastic discount
factor that prices all assets. In the case that there are multiple admissible SDFs,
as can occur for incomplete markets (Berk and DeMarzo, 2011), the theory holds
for each SDF within the set. The theory therefore applies for both complete and
incomplete markets: in the former case, for the unique SDF, and in the latter case,
for any SDF within the permissible SDF set.

2.2 The Price of Timing Risk vs. Outcome Risk
2.2.1 Idiosyncratic Risk and Higher-Order Moments

Theorem 1 shows that for idiosyncratic risk, assets with uncertain timing are funda-
mentally different than assets with uncertain outcomes.

In particular, a foundational pricing result is that, for an asset with idiosyncratic
risk and uncertain outcomes, its higher order moments are not priced. The intuition

is straightforward and illustrated in Remark 2.

Remark 2 (Idiosyncratic Risk for Assets with Uncertain Outcomes (Berk and De-
Marzo, 2011)). With idiosyncratic risk, given SDF M and asset A with pure uncertain
outcomes paying off at time t', Price;(A) = Ep,[M;yAv] = Ep,[My—v|Ep,[Av]. In
particular the higher order moments of the asset such as Varp,[Ay] do not affect the

price.

Theorem 1, in contrast, shows that the higher order moments of the stopping time

11



for an asset with uncertain timing do affect the price, regardless of which SDF one

uses.

Theorem 1 (Higher Order Moments for Uncertain Timing). Consider an asset with
pure uncertain timing, with associated stopping time T which has purely idiosyncratic

risk. The higher order moments of T affect the valuation of the asset.

FIGURE 1: Pricing Assets with Uncertain Timing with Purely Idiosyncratic Risk
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Note: These figures plot the price of two assets for two sample SDFs. In each figure, the curve corresponding to the
price of zero-coupon bonds arising from the SDF is shown. In Figures la, this curve is convex, and in Figure 1b, it is
concave. In each figure, the price of two assets is shown. The asset whose price is depicted by a purple square pays
out $1 at time 1 with 50% probability and at time 3 with 50% probability. The asset whose price is depicted by an
orange circle pays out $1 at time 1 with 66.6% probability and at time 4 with 33.3% probability. Both assets are
assumed to have purely idiosyncratic risk. For Theorem 1, observe that both assets have an expected stopping time
of 2 (thus lining up on the z axis), yet their prices differ regardless of the SDF used. For Theorem 5, observe that
E[Mop—s¢] is exactly the price of a zero coupon bond maturing in ¢ periods; then re-interpret the probabilities on the
line as a portfolio.

The intuition is as follows. When an asset with uncertain outcomes has purely
idiosyncratic risk, its price as discussed in Remark 2 becomes an expectation of the
SDF times an expectation of the asset payoff. When the asset has uncertain timing,
the price is similarly an expectation of the SDF, but that expectation is taken over
time. If the SDF has any curvature - as shown for example in Figure 1 - this expecta-
tion embeds nonlinearity in it. Because of the nonlinearity, the higher order moments
of the stopping time affect valuation.

To illustrate, Figure 1 plots the valuation of two assets with purely idiosyncratic
risk. One pays out $1 at Time 1 with 1/2 probability and at Time 3 with 1/2
probability. The other pays out $1 at Time 1 with 2/3 probability and at Time 4
with 1/3 probability. Both have an expected stopping time value of 2. But they have
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different higher order moments: the variance of stopping time of the former asset is
1, and of the latter asset 2. Because of this difference in the higher order moments
of the stopping time, they are priced differently for any SDF, whenever the SDF has
curvature in time. Figure 1 shows the different pricing for an SDFs with different
types of curvature, illustrating that the valuation is different regardless of the SDF
used, except in the special (and typically unused) case where the SDF is linear in
time (Berk and DeMarzo, 2011; Maggiori, 2022).

2.2.2 Directionality and Asymmetry

With outcomes, certainty is always weakly better than uncertainty (Berk and De-
Marzo, 2011), as illustrated formally in Remark 2. With timing, however, uncertainty
can reasonably be valued higher, lower, or the same as, certain-time equivalents.
Theorem 2 proves that which direction occurs is characterized by the risk-free term
structure. Corollary 1 proves that any SDF must feature an asymmetry: if certainty
is valued higher than uncertainty for positive shocks, then it must be valued lower
than uncertainty for negative shocks, and vice versa.

The intuition is that when the yield curve is strongly convex, the value of possibly
receiving a positive payment at some point later in the future is much less than the
value of receiving it at the expected stopping time. The intuition flips for negative
payments, since the corresponding pain becomes concentrated at near horizons. The
sign intuition resembles that seen in utility functions for gains and losses (Onay and
Onculer, 2007), but here applies for any stochastic discount factor, proven through
the risk-free term structure. The proof intuition is similar to that used for convexity

in bonds (Berk and DeMarzo, 2011), but here applies for a dimension of uncertainty.

Definition 8 (Risk-Free Term Structure).
Given the discount function m(T) := Price,(ZCBr) representing the time-t price

of a zero coupon bond with maturity T, the yield to maturity (or spot rate) y(T) is

defined by: m(T) = e~ 7D Equivalently, y(T) = —"721).

Theorem 2 (Certainty and Uncertainty). Consider any asset with uncertain timing
with associated stopping time T and payoffs (c,c + a) which has purely idiosyncratic
risk. Let y(T) denote the yield to maturity at time T .

Then uncertain timing has a higher (resp. lower) valuation than certain timing

13



fora >0 (resp. a <0) if and only if
(y(T)+T-y(T))*>2y(T)+T-y'(T) foralTeT

In particular, uncertainty can be valued higher, lower, or the same as, certainty.

The proof intuition is depicted in Figure 2. The directionality - whether the asset
price lies above or below the black curve at the expected stopping time - depends on

the curvature of the risk-free term structure.

Corollary 1 (Asymmetry). Any SDF that has a higher valuation for uncertain timing
than certain-time equivalents for positive shocks must have a higher valuation for
certain-time equivalents than uncertain timing for negative shocks. Any SDF that
has a higher valuation for certain-time equivalents than uncertain timing for positive
shocks must have a higher valuation for uncertain timing than certain-time equivalents

for negative shocks.

The intuition is shown in Figure 2. For example, compare Figures 2a and 2c.
These both depict the same SDF. In the former, the payoff is positive (e.g. receiving
$1 in ¢ periods for each zero-coupon bond). Similarly the asset payoffs are positive: for
example the purple square depicts receiving $1 in period 1 with 50% probability and
in period 3 with 50% probability. When considering an asset with uncertain timing
which has negative payoffs, e.g. losing $1 in period 1 with 50% probability and losing
it in period 3 with 50% probability, the relevant zero coupon-bond comparison also
becomes negative: losing $1 at each possible maturity ¢. As a result, the SDF curve
gets flipped over the z-axis. Because of this flipping, if the curve was convex when

positive, it becomes concave when negative, and vice versa.

Remark 3 (Yield Curve Translation). Uncertain timing is always valued higher (resp.

lower) than certain timing for positive (resp. negative) shocks when:

o The yield curve is flat and nonzero: y = 0,y" =0,y # 0.
e The yield curve is downward sloping and weakly convex: 3y’ < 0,y” < 0.

e The yield curve does not rise too steeply: 2y'(t) < Ty"(t).

14



FIGURE 2: Certainty vs. Uncertainty and Asymmetry
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Note: These figures plot the price of gaining (subfigures 2a and 2b) and losing (subfigures 2c and 2d) $1 of purely
idiosyncratic risk, for two sample SDFs (the same sample SDFs as in Figure 1). Observe that, for losing $1, the
expected SDF curve flips over the z-axis (subfigures 2a and 2c show the flip for sample SDF 1; and subfigures 2b
and 2d for sample SDF 2). The top two figures also depict, as a filled purple square, the price of an asset with
uncertain timing with purely idiosyncratic risk which pays $1 in period 1 with 50% probability and in period 3 with
50% probability. The bottom two figures depict, as a hollow purple square, for each sample SDF, the price of an asset
with uncertain timing with purely idiosyncratic risk which pays (-$1) in period 1 with 50% probability and in period
3 with 50% probability. For Theorem 2, observe that whether certainty is preferred to uncertainty is visually whether
the purple square is below or above the black line; and that depending on the SDF, either direction can occur. For
Corollary 1, observe that whenever the filled purple square is above the black line, the hollow purple square is below
the black line, and vice versa; e.g., compare subfigures 2a and 2c. Similarly compare subfigures 2b and 2d. Because
of the flipping over the z-axis, for any SDF, a higher valuation for certainty for positive shocks must be coupled with
a higher valuation of uncertainty for negative shocks, and vice versa.
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2.2.3 Diversification

For assets with uncertain outcomes, diversification pools assets with uncorrelated
risks, improving the risk profile without affecting returns (Berk and DeMarzo, 2011).
A natural question is whether the price impact of an asset with uncertain timing can
be neutralized by holding a pool of such assets.

Theorems 3 and 4 seek to answer this question. Theorem 3 considers independent
stopping times and shows that in the limit, flows become predictable, removing un-
certainty. But pooling does not eliminate the impact of higher-order moments, even
when each asset has purely idiosyncratic risk. The higher order impact is no longer
due to risk — because flows become predictable — but rather due to the predictable
flow’s dispersion.

A natural next question is whether the time vs. outcome gap vanishes when the
portfolio is chosen to smooth any shocks, for example as with perfectly negatively
correlated assets. Theorem 4 shows that the difference in pricing time vs. pricing
outcomes remains even with perfectly deterministic and smoothed payments through
diversification. In particular, the higher-order moment and asymmetry results that
applied for individual assets continue to hold even after a synthetic risk-free asset is

created.

Independent Stopping Times. Theorem 3 treats the case with infinitely many
independent stopping times and shows that while payments are now deterministic, the

conceptual differences highlighted earlier in the paper for individual assets continue
to hold.

Theorem 3 (Diversification of Idiosyncratic Uncertain Timing: Independent Stop-
ping Times). Consider a set of N assets Ay, .., A, with uncertain timing which have
payoffs (ci,ai)ie{m,,_,n} and associated stopping times Ti,..,T,. FEach asset A; has
purely idiosyncratic risk. The stopping times are assumed to be independent of each
other. In addition, the limits¢ = lim,_,o % Yorcanda(t') = lim, e % Yowa; P =

t') are assumed to be well-defined.
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Define the equally weighted portfolio P™ as

Pt(’) = E;AE/) = E;Ci + E;ail{nzt’}'

N J/
D -

baseline timing shock at t'

(a) The payoff stream becomes deterministic in the limit.

(b) For any SDF {My_; }er, the price of the portfolio Pt(,n) is equivalent to the price

of an appropriately selected portfolio of zero-coupon bonds.

(¢) The higher order moments of the dispersion across time, although now deter-

ministic, affect valuation.

Perfect Smoothing. We now study what happens with perfectly negatively corre-
lated stopping times, so that payments are deterministic and smooth. For example,
suppose that asset A; pays out $1 at time 1 and at time 3 with 50% probability each,
and asset A, does the same but is perfectly negatively correlated with asset A;. Then
holding a portfolio of 1/2 A; and 1/2 Ay gives a payoff of $0.5 at time 1 and $0.5
at time 3 deterministically: a synthetic risk-free asset. Does this perfect negative
correlation change the time vs. outcomes results of the earlier theorems?

It turns out that time and outcomes continue to differ. Whereas for outcomes, a
synthetic risk-free asset created by combining two assets with identical payoffs and
perfect negative correlation, is valued identically to the deterministic asset that pays
the expected payoff, in the time dimension this is no longer the case. That is, the
valuation of synthetic risk-free assets can differ from the valuation of a true risk-free
asset paying at the expected stopping time.

Similarly, as in Theorem 3, the higher order moments of the temporal dispersion
continue to affect valuation for time although higher order moments do not matter
for diversified outcomes.

Theorem 4 proves the general case. Its statement is more general than perfect
negative correlation: it says, instead, suppose there is a way to combine assets with
uncertain timing to achieve identical and deterministically predictable payoffs at each
date. Perfect negative correlation is one way to achieve this; there may be others.

Even so, the above more nuanced time vs. outcomes differences continue to hold.
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Theorem 4 (Diversification of Assets with Uncertain Timing: Smoothing Shocks).
Let Ay, ..., A, be assets with uncertain timing with purely idiosyncratic risk, where
asset i pays c¢; at all times plus an additional a; at a random stopping time ;. Assume
further that each 1; has the same marginal distribution.

Suppose there exists a portfolio with weights p = (p1, ..., pn) such that the portfolio
deterministically pays amount ¢ at all times plus an additional s at each shock time
m S.

Then:

(a) The price of the portfolio is equivalent to the price of a portfolio of suitably

chosen zero-coupon bonds.
(b) The temporal dispersion of the shock times affects valuation.

(c) The portfolio value can be higher, lower, or equal to its certain time equivalent,
e.g. a payment of the same total amount at time B[] (plus the baseline ¢ at

all times).

(d) If the portfolio value exceeds (resp. is below) the certain-time equivalent when

the shock amount s > 0, it must be below (resp. exceed) it when s < 0.

Remark 4 (Contrast with Outcomes). Combining perfectly negatively correlated as-
sets which have uncertain outcomes and pay at the same date t creates a risk-free
asset. In particular, if Ay and As are assets with uncertain outcomes, and they have
identical cumulative distribution functions but are perfectly negatively correlated, hold-
ing a portfolio with equal portfolio weights on each of them creates a risk-free asset
whose valuation is identical to the asset that deterministically pays E[A] at time t.

By contrast, Theorem 4 shows that even when aggregate timing s made determin-
istic, for example via perfect negative correlation, the present value generally differs
from paying the same total amount once at the average time. The wedge is a curvature
effect of the SDF, not a risk premium.

In addition, the asymmetry implication of Corollary 1 remains, even though there
is no uncertainty: if the wedge is positive (resp. negative) for positive shocks (s > 0),

the wedge must be negative (resp. positive) for negative shocks (s < 0).
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2.3 How is Timing Risk Priced?
2.3.1 Timing Risk and the Risk-Free Term Structure

So far, we have shown how timing risk differs from outcome risk. A natural question is
what characterizes the pricing of uncertain timing, given these conceptual differences
from uncertain outcomes.

I show in Theorem 5 that it is possible to completely characterize the price of an
asset with uncertain timing for any SDF. The theorem proves that the price of an
asset with uncertain timing is exactly equal to the price of a portfolio of zero-coupon
bonds with portfolio weights equal to the asset’s stopping time probabilities.

The theorem indicates a tight linkage between bond pricing results and timing risk.
For example, by leveraging this result, known results for the pricing of bonds can be
directly applied to price assets with uncertain timing which have purely idiosyncratic

risk.

Theorem 5 (Risk-Free Term Structure Characterization). Consider an asset X with
pure uncertain timing, associated stopping time T, parameters (c,a), and purely id-

tosyncratic risk from time t. Define:
e ZCBy = a zero coupon bond paying $1 at time t' and $0 otherwise
o Portfolio, =3 ,., P(t=t) - ZCBy

Then:

Price,(X) =c- Z Price,(ZCBy) + a - Price,(Port folio,)

t'>t

The intuition behind Theorem 5 is as follows. When writing out the price of
an asset with uncertain timing which has purely idiosyncratic risk, the covariance
between the SDF and the asset vanishes by virtue of the risk being idiosyncratic.
What is left is a weighted sum over the expected value of the SDF at each point in
time, where the weightage on the time is exactly the stopping time probability.

The crucial observation is that probabilities, like portfolio weights, sum to unity.
This parallel admits a natural relabeling under which the pricing equation reduces
to that of a portfolio of suitably chosen zero-coupon bonds. Figure 1 illustrates the

intuition behind this equivalence.
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2.3.2 Systematic Timing Risk

Many real-world assets have both uncertain timing and uncertain outcomes. For such
assets, this section introduces a novel decomposition of systematic risk into systematic
outcome risk and systematic timing risk.

These two components, formalized in Theorem 6 and Corollary 2, can be intu-
itively described as follows. Systematic outcome risk is what is typically thought of
when discussing systematic risk (Berk and DeMarzo, 2011): conditional on the asset’s
stopping time being hit at time ¢, the covariance of the level of the SDF with the
level of the asset payout. Systematic timing risk measures whether the asset is more
likely to pay out at times when the SDF is higher or lower.

Systematic timing risk is computed at each date ¢ by first computing the number
of times at which the asset’s stopping time takes on a non-zero probability; call this
number N. Then create N mega-states: one for each time that the stopping time
can take on with non-zero probability. Compute the conditional SDF in each of these
mega-states. Compute the conditional asset payoff in each of these mega-states, then
set the conditional amount to zero in all states except the one in which the asset
pays out at time t. The probability-weighted covariance of these two series — the
conditional SDFs against the conditional shock payoffs — is systematic timing risk.
Intuitively, it measures whether, in the cases where the asset actually pays at ¢, the
expected conditional discount factor at ¢ tends to be higher or lower than its average
across all possible paying dates.

The proof intuition of Theorem 6 is a direct application of the law of total covari-
ance. One appealing property of this decomposition is that, unlike typical decompo-
sitions used in the literature, which rely on a first-order Taylor approximation (Giglio

et al., 2016), the decomposition shown here is complete.

Theorem 6 (Time-t Systematic Risk Decomposition). Consider an asset with un-
certain timing and outcomes as in Definition 6. At each time t, the systematic risk

decomposes as:

Cov(Myt, X¢) = P(1 =1) - Cov(My_,Y | 7= t),+ Cov (E[Mo— | 7], 1p=ry - E[Y | 7])

Vv Vv
Systematic Outcome Risk at t Systematic Timing Risk at t

Corollary 2 (Overall Systematic Risk Decomposition). Let the asset pay the shock
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Y at the (random) date 7. Then

J/

Cov <Z 1{T:t}M0*>t7 Y> = Z]P)(T = t) . COV(MQ%t, Y ’ T = t)
t t

TV
Total systematic outcome risk

Z 1 - Mot
t

~
Total systematic timing risk

T

+ Cov (E

E[Y | T]>7

where the first term exactly corresponds to the sum of similar terms in Theorem 6
and the second term s a probability weighted covariance over two random variables,

where the probability weights are given by the stopping time 7’s probabilities.

Remark 5 (Special Cases of the Systematic Risk Decomposition). Two special cases

of the systematic risk decomposition are:

1. Pure systematic timing risk. IfY = a (constant), then for everyt, Cov(Mo_, Y |

T =1) = Cov(Mos,a | 7 =1t) =0, so the outcome component vanishes and all

systematic risk is timing risk.

2. Pure systematic outcome risk. If P(t =t*) = 1 (deterministic timing), then the
timing term Cov(E[Mo_; | 7], 1i7=nE[Y | 7]) is zero, and only Cov(Mo_y+,Y |

T =1t*) = Cov(Mo_+, Y) remains.

Example 2 (Numerical Example: Systematic Risk Decomposition). Let Q) = {GG,GB, BG, BB},
T = {1,2}, and P be as in the table below. Consider an asset with baseline ¢ = 2,

stopping time 7, and shock'Y , with payoff
Xi(w) = e+ Lpg=r@wpY (W),  te{l,2},

and stochastic discount factors My(w) = My_y(w).

State w P(w) 7(w) Yw) ¢ Xi(w) Xaw) M(w) Msy(w)

GG 0.30 1 183.0 2.0 15.0 2.0 0.90 0.85
GB 0.50 1 5.0 2.0 7.0 2.0 0.94 0.91
BG 0.25 2 2.0 2.0 20 4.0 0.96 0.93
BB 0.15 2 0.0 2.0 20 2.0 0.97 0.95
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We compute the time-1 systematic risk decomposition.
For systematic outcome risk, we calculate the covariance of the SDF with the
shock, conditional on paying at time 1. Since P(GG |7 =1)=P(GB|7=1)=0.5:

E[M, |7=1=092, E[Y|r=1=9.0,

Cov(M,Y [ 7=1)=(0.90-13-0.540.94-5-0.5) — 0.92-9 = —0.08.

Thus systematic outcome risk att = 11is P(r = 1) Cov(My,Y | 7 =1) = 0.6(—0.08) =
—0.048.

For systematic timing risk, partition states by 7. The conditional means are:
E[M; | 7=1]=0.92, E[M,|7=2]=0096375 E[Y|r=1]=9.0, E[Y|7=2]=1.25.
Since the shock has not arrived at time 1 in 7 = 2 states, these contribute zero to X :
Cov(E[M; | 7], 1oy E[Y | 7]) = 4.968 — 0.9375 - 5.4 = —0.0945.
Total systematic risk at time 1 is Cov(My, X7) = (—0.048) + (—0.0945) = —0.1425.

2.3.3 Market-Clearing Prices

For financial products such as options, corporate bonds, and debt, one side often has
time flexibility of payment while the other side holds the uncertain timing. How does
being long uncertain timing versus short uncertain timing clear in equilibrium?

In these cases, the distribution of uncertain timing may arise probabilistically
from an optimization problem on the side that has timing flexibility. But given that
induced distribution, the value of flexibility to the long side must in equilibrium equal
the cost of timing risk to the short side. If the long side has the flexibility to exercise
at times when the SDF is systematically higher or lower (Theorem 6), then they must
pay for that.

If the long side is using that flexibility idiosyncratically — for example due to
idiosyncratic liquidity shocks or constraints — one of the takeaways of this paper’s
results is that such idiosyncracies do not zero out in their effect on price. Instead,

the value of idiosyncratic timing risk co-varies with the risk-free term structure.
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3 Sample Applications

3.1 Risk-Adjusted Valuation

Standard corporate finance teaching says that to adjust net present value for risk,
adjust the discount rate. A typical intuition, through the lens of the capital asset
pricing model, is that the discount rate reflects the project’s systematic risk: the risk
free rate plus a systematic risk adjustment (Berk and DeMarzo, 2011; Brealey et al.,
2020). Consequently, textbooks teach that when two projects within the same firm
have different systematic risk, or when the systematic risk changes over time, different
adjusted discount rates should be used.

This is surely correct for outcome risk, but when the project has timing risk,
the idiosyncratic risk, that is, the variance, skewness, etc. of the project’s stopping
time, also affects the discount rate. As a result, the widely taught intuition of Myers
and Turnbull (1977) — that the discount rate used should only be changed if the
systematic risk changes — while correct for outcome risk, is incomplete for timing
risk. For projects with timing risk, the risk-adjusted discount rate can also change if
the amount of idiosyncratic risk changes. Corollary 3 states and proves this formally.

The proof is nearly a direct application of Theorems 1 and 5.

Corollary 3. Consider any asset X and its risk-adjusted discount rate r,, defined
such that y 2, % = E > 20 Moo Xy

When asset X has pure uncertain outcomes, e.q. it pays off at some timet', r, is a
function of the risk-free rate from 0 to t' plus an adjustment for the asset’s systematic
risk.

However, when asset X has pure uncertain timing, r, is a function of the zero-
coupon bond portfolio with maturities where the asset pays out with positive probability
with portfolio weights equal to the physical stopping time probabilities, plus an adjust-
ment for the asset’s systematic risk. In particular, the higher order moments of the
stopping time, even when risk is purely idiosyncratic, affect the risk-adjusted discount

rate.

Example 3. Consider Brealey et al. (2020) Chapter 9’s Project A, which has cash
flows of 100 million in years 1, 2, and 3, and a CAPM-computed risk-adjusted dis-
count rate of 12%.
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Add now idiosyncratic timing risk: suppose that the cash flows in years 2 and 3
can arrive two years early or two years late, with equal probability. Solve for the new

risk-adjusted rate r as:

100, 1/100 , 100, 1 100 100 23: 100
112 "o \1q20 "1 ) Tl T (1+r)

=1

Solving gives r = 11.07%. Adding idiosyncratic timing risk changed the risk-
adjusted discount rate by 93 basis points, or 0.93/12 % 100 = 7.8% relative to the

original systematic risk-based discount rate.

3.2 Innovation Firms

(A) Phase I (B) Phase II (c) Phase III
FIGURE 3: Empirical Phase Completion Times for Clinical Trials

Note: This figure plots, in years, the density of empirical completion times of each phase for all trials registered with
clinicaltrials.gov. Data is taken from the AACT registry publicly provided by clinicaltrials.gov. To match the date
range in DiMasi et al. (2016), data includes all trials from 1990 to 2013. The mean completion time of each phase is
depicted as a vertical brown line.

Follow the risk-adjusted net present value method and in particular the usual
taught intuition to adjust for risk using systematic risk through the CAPM (Berk
and DeMarzo, 2011; Brealey et al., 2020), the industry standard in biotech is to
obtain a risk-adjusted discount rate through the CAPM, then apply expected values
to obtain a baseline valuation (Chandra and Mazumdar, 2024). DiMasi et al. (2016)
describes the average biotech startup and Chandra and Mazumdar (2024), using these
numbers, illustrate a typical industry benchmark valuation for this average biotech
startup; the numbers are reproduced in Table 1, and the baseline valuation obtained
is $45.8M. Observe, however, that this takes expected cash flows and expected time
of each phase into account.

However, what the baseline valuation does not include is uncertainty in how long
it will take to complete each phase. Instead, it uses mean times. From a prior where

outcome risk is similar to timing risk, and risk is treated as idiosyncratic, this approach
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Real Revenue (3M) Time to Next Stage (Yrs) Discount Rate Probability of Occurrence

Phase 1 -20.8 2 10.5%
Phase I1 -53.8 3 10.5%
Phase III -240 3 10.5%
NDA Submission -2.4 2 10.5%
Approval 2838 - 10.5%

100.0%
59.5%
21.1%
13.1%
11.8%

TABLE 1: Biotech Valuation Illustration

Note: The first four rows (Phase I - NDA Submission) are taken directly from Chandra and Mazumdar (2024) Table
3, which in turn uses the average actual time and cost of biotech trials from DiMasi et al. (2016). The final row comes
from Equation (1) of Chandra and Mazumdar (2024), computing the value at approval of the biotech startup given
their assumptions on revenue and sales. Note that the time to next stage after approval is not applicable, beyond
Chandra and Mazumdar (2024) assuming 10 years of sales.

may seem reasonable (Section 2.2); however, as Theorem 1 shows, the dispersion of
timing affects value even when risk is purely idiosyncratic.

Augmenting the the valuation table using the empirical range obtained from clin-
icaltrials.gov (which approximately matches DiMasi et al. (2016) on the mean time
for each phase) gives the empirical distribution over phase times reported in Figure
3. Notice that the empirical distributions at all phases are quite dispersed. Theorem
2 and Remark 3 therefore predict that taking timing risk into account should am-
plify both revenue and costs, since uncertainty in time raises value for positive shocks
(revenue) and lowers value for negative shocks (costs).

Holding all else fixed and recomputing with timing risk changes the valuation from
$45.8M to $53.0M, a difference of 16%. This decomposes as a +$8.24 adjustment from
revenues being more timing dispersed and a —$1.03 adjustment from costs being more
timing dispersed, amplifying both revenues and costs as the theory predicts; and since
the present discounted values of revenues are higher in the industry standard example
than the costs (as would typically be the case for viable biotech startups), amplifying

revenues by more than costs.

3.3 Theoretical Co-Movements Illustrated

This next section provides an empirical illustration of the theoretical co-movements
predicted by the theory. While using the relatively clean setting of option markets,
the options that are cleanest in which to demonstrate the theoretical co-movements
end up having short maturities, expiring in no more than seven days. As a result,

while the application illustrates the directionality and timing vs. outcome differences
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predicted by the theory, the magnitudes, because they take a week into account rather
than months as in the prior examples, will naturally be lower.

In a cash-settled option with contractual strike price K, if the long side chooses
to exercise, they receive S — K dollars, where S is the value of the underlying. In
European options, the long side can exercise only at the expiry of the option. In
American options, the long side can exercise at any time up to and including expiry.
As a result, there is an uncertain timing inherent in American options — timing
flexibility for the long side, timing risk for the short side, which must be priced
identically in equilibrium — which is not present in European options.

A clean illustration, as a laboratory, for the pricing of uncertain timing, is therefore
to compare otherwise identical American and European options, observe the amount
of timing risk in the American option, and check whether this timing risk affects price
as per the theoretical predictions of the paper. This exercise is not a repudiation of
canonical option pricing theory, but rather as an interpretation of the pricing of an
American option that conceptually separates out timing from outcome risk.

The theory developed in the paper should apply for all options. However, it is
cleanest to see in call options without dividends. The reason is that in such cases,
frictionless markets (Merton, 1973) predict no early exercise and therefore no price
difference. An empirical early exercise distribution, arising for example from wide
bid-ask spread (Figlewski, 2022) or idiosyncratic behavior (Poteshman and Serbin,
2003), can truly be attributed to timing risk. From the perspective of the short side,
whether or not that early exercise is optimal, it is timing risk they have to bear. On
the other hand, in settings where early exercise is optimal, the empirical distribution
of early exercise may be less cleanly interpreted as a timing risk distribution, since
‘timing risk” would have to be measured relative to an optimality baseline which may
be fragile and depend on expectations about dividends, etc.

To implement the clean laboratory, I use traded options that are contract-wise
identical except for that one is American and one European. While most assets have
only one option type associated with them, the Chicago Board Options Exchange
(CBOE), one of the world’s largest options exchanges, offers both American and Eu-
ropean options on the S&P 100, which are identical on all contractual terms including
multiplier, settlement details, strike price intervals, and platform rules; in their filing
with the Securities and Exchange commission, CBOE explicitly says that the con-

tracts are identical except for one being American and one being European (Securities
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and Exchange Commission, 2007; CBOE, 2024b,c).!

Appendix C.2 details the data construction and early exercise imputation; as
specified, I restrict to call options without dividend-relevant dates in their lifetimes,
and otherwise implement standard data-cleaning measures for options. Early exercise

is imputed using a combination of open interest and volume, following the literature
(Barraclough and Whaley, 2012).

3.3.1 Systematic Timing and Outcome Risk Using Theorem 6

We first determine whether early exercise constitutes systematic outcome risk, sys-
tematic timing risk, both, or neither, using Theorem 6. The answer is not obvious. On
the one hand, prior work finds that early exercise outside of the frictionless prediction
can be due to person- or institution-specific factors (Poteshman and Serbin, 2003),
which may be idiosyncratic. On the other hand, other work connects early exercise to
bid-ask spreads (Figlewski, 2022), which, if liquidity correlates with intermediary fric-
tions (Krishnamurthy, 2003; Maggiori, 2017), may be systematic. Theorem 6 allows
us to answer this question precisely and to categorize each type of risk. Appendix C.3
details how to apply Theorem 6 empirically in this setting — it is a straightforward
procedure — which may also be useful for empirically measuring systematic timing
risk in other markets where timing is relevant.

Table 2 presents the results. Systematic outcome risk is statistically indistinguish-
able from zero regardless of whether the CAPM or Fama-French SDFs is used. Sys-
tematic timing risk is similarly statistically indistinguishable from zero regardless of
whether the CAPM or Fama-French SDF is used. The results formalize the intuition
from the options literature which finds that early exercise empirically is dependent on

liquidity, short sale constraints, or irrationality; and provides quantitative evidence

IThere also exist both American and European options on the S&P 500; in particular, American-
style contracts on SPDR and European-style contracts on the S&P 500 index. However, these differ
in at least three ways that OEX and XEO do not. First, the most liquid of the S&P 500 options,
SPY and SPX, have different contract sizes. In contrast, OEX and XEO have the same contract
size. Second, all S&P 500 index options have different CBOE trading fees than SPY, meaning that
even after matching on contract size, one would not be able to differentiate fees from pricing premia
(CBOE, 2024a). This is because it is not possible to see participant identity in the data, and the
fees differ by participant type. In contrast, OEX and XEO have the same CBOE trading fees for all
participants. Third, SPY versus SPX (and other S&P 500 index options) settle 15 minutes apart;
that difference in settlement time can contribute to what is known as a wildcard premium (Fleming
and Whaley, 1994), further affecting pricing. In contrast, OEX and XEO have the same settlement
time.
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against the hypothesis of early exercise due to systematic intermediary constraints.

TABLE 2: Early Exercise Constitutes Idiosyncratic Risk, Both in Outcomes and
Timing: Applying Theorem 6 and Corollary 2

Systematic Outcome Risk Systematic Timing Risk

CAPM SDF 1.01 -1.66
(1.10) (1.42)
Fama-French SDF -0.77 -1.49
(2.32) (1.97)

* < 0.1, ¥p < 0.05, ***p < 0.01.

Note: This table computes total systematic outcome risk and systematic timing risk per Theorem 6 and Corollary
2, using the explicit step-by-step procedure of detailed in Appendix C.3. The SDFs, computed based on a one year
rolling basis, are derived from either the CAPM or the Fama-French three factor model; results are reported for both.
Point estimates and standard errors are computed using 1000 bootstrap iterations where each draw is taken at the
date level. Since both the SDF and the early exercise outcome distribution are computed in levels, the units in the
table represent dollars per contract.

3.3.2 Higher Order Timing Moments and Pricing: An Empirical Illus-

tration of Theorem 1

Because Section 3.3.1 shows that early exercise risk is purely idiosyncratic, the pricing
results for idiosyncratic risk apply here. Standard theory (Berk and DeMarzo, 2011)
predicts that higher moments of idiosyncratic outcome risk are not priced, whereas
Theorem 1 predicts that higher moments of idiosyncratic timing risk are priced.

Since the American and European options are otherwise identical — differing only
in the fact that the American can be exercised early — to compute a price measure
of early exercise, I use Price(American);; — Price(European);;, where the price is
computed as the midpoint quote, at the same minute, for the same strike price and
expiry of an American option vs. an otherwise identical European one.

To compute timing and outcome moments, I use the realized mean and standard
deviation of early-exercise timing and, conditional on exercise, the realized mean and
standard deviation of payoff to the short side, respectively.

Table 3 regresses this price difference on timing- and outcome-risk moments, in-
cluding liquidity and moneyness controls, with standard errors are clustered by day.
The textbook prediction for outcome risk holds: higher moments are not priced, as
outcome variance is insignificant throughout. Average outcome risk is marginally sig-
nificant (p < 0.1) and economically small (about -0.002 per contract), implying that

outcome risk plays little role in the American premium for these short-dated options.
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By contrast, timing risk does correlate with price. Both the mean and vari-
ance of early-exercise timing are statistically significant (p < 0.05) predictors of the
American-FEuropean price gap. A one-day earlier expected exercise lowers the pre-
mium by about $6 to $7.67 per contract, consistent with earlier exercise making the
American more like a shorter-dated European and therefore less valuable.

Timing dispersion is also priced in the direction predicted by theory (Theorem
2). For contracts where early exercise is always bad for the short side, greater timing
uncertainty raises the American premium: a one-percentage-point increase in timing
standard deviation increases the price gap by about $0.19 (p < 0.05). For contracts
where early exercise is always good for the short side, theory predicts the opposite
sign; there are only a handful of these cases in the data, which makes sense because
one would not typically expect the long side to exercise for a negative payoff, and so
the test is not sufficiently powered to detect significance. Nevertheless, the sign goes
in the direction predicted by the theory: it is always negative across specifications.

Overall, Table 3 supports Theorem 1: higher moments of outcome risk are not
priced, but higher moments of timing risk are. Quantitatively, timing uncertainty
matters about half as much as expected timing. Using conditional sample averages,
timing standard deviation implies roughly a $5.13 higher American premium for the
average standard deviation of early exercise timing conditional on early exercise oc-
curring being 27 percentage points; versus $9.60 to $12.27 from expected exercise

occurring 1.6 days early.

3.3.3 Risk-Free Term Structure and Pricing: An Empirical Illustration

of Theorem 5

Thus far, Theorem 6 suggests that early exercise risk is purely idiosyncratic in both
timing and outcomes. Taking that result as given, Theorem 1 provides a framework
in which higher moments of timing risk, but not outcome risk, may be priced, while
Theorem 2 helps interpret the signs of the estimated coefficients.

I next turn to Theorem 5, which suggests that the value of idiosyncratic timing
risk should vary with the short rate. A simple way to illustrate this prediction is
to regress the contract-level American-European price difference on the log short
rate. The intuition is that, under the theorem, the American-European spread can
be represented as the difference between a portfolio of shorter-duration zero-coupon

bonds and a portfolio of longer-duration zero-coupon bonds (see Appendix C.4 for
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TABLE 3: Theorem 1 Empirical Illustration: Higher Order Moments of Time Affect
Price for Purely Idiosyncratic Risk

Price(Am) — Price(Eur)

(1) (2) 3)
Timing Risk Mean ST.67FF -6.24%F _6.00%*
(1.90)  (2.93) (2.95)

Timing Risk Standard Deviation x T{All Negative Shocks} 0.19*%*  0.19%*  0.18%*
(0.08)  (0.08)  (0.08)

Timing Risk Standard Deviation x 1{All Positive Shocks}  -0.09 -0.09  -0.09
(0.09)  (0.09)  (0.09)

Outcome Risk Mean -0.00*  -0.00*  -0.00%*
(0.00)  (0.00)  (0.00)
Outcome Risk Standard Deviation -0.02 -0.02 -0.02
(0.02)  (0.02)  (0.02)
Moneyness Controls N Y Y
Liquidity Controls N N Y
R? 0.02 0.02 0.04
N 4181 4181 4181

*p < 0.1, ¥p < 0.05, ***p < 0.01

Note: Standard errors, in parentheses, are clustered at the date level. The dependent variable is the midpoint quote of
an American option minus the midpoint quote of a European option observed at the same time, with the same strike
price, underlying, and all other contract specifications, as described in Section C.2.1. This midpoint difference is multi-
plied by 100 to convert from index points to dollar units. The early exercise timing distribution for each contract is im-
puted as described in Section C.2.2. The timing risk mean is calculated as follows. We first calculate the average num-
ber of days to early exercise conditional on early exercise occurring. We then compute the timing risk mean as the dif-
ference between the number of days to expiry and this calculation: 1{early exercise occurs with positive probability}
(days to expiry - avg. days to early exercise conditional on early exercise occurring. Therefore, a zero indicates no
difference in days to expiry and average days to early exercise, while the more positive timing mean gets, the earlier
that early exercise (conditional on its occurring) happens on average. The timing risk standard deviation is the
standard deviation of the number of trading days until early exercise, conditional on early exercise. The indicator for
all negative shocks takes on a value of 1 if, for the contract, at all days where the American contract is exercised with
positive probability, the payoff to the short side on that day of early exercise is negative (e.g. if the strike price of the
option is lower than the value of the underlying). The indicator for all positive shocks takes on a value of 1 if, for the
contract, at all days where the American contract is exercised with positive probability, the payoff to the short side on
that day of early exercise is positive (e.g. if the strike price of the option is higher than the value of the underlying).
Timing standard deviation is interacted with each of these indicators to study the sign predictions of Theorem 2.
The outcome risk mean is the realized average dollar payoff to the short side conditional on early exercise, formed
as a weighted average across possible early exercise days using the imputed exercise-timing weights. The outcome
risk standard deviation is formed analogously: it is the empirical standard deviation of the dollar payoff to the short
side conditional on early exercise. All regressions include a control for days to expiry and an indicator for whether a
timing distribution (e.g at least two dates with early exercise mass) exists for the contract at hand. The moneyness
control is the amount of dollars the option is in the money. The liquidity control is percentage difference in bid-ask
spreads between the two contracts: the bid-ask spread (in dollars) of the American, minus the bid-ask spread of the
European, all over the bid ask spread of the American.

the equations). Since longer-duration bonds are more sensitive to interest rates (Berk
and DeMarzo, 2011), an increase in the short rate should, all else equal, increase
this spread. Table B.2 in Appendix C.5 is consistent with that prediction: among

contracts with empirical early exercise, a one-unit increase in the log three-month
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Treasury rate is associated with a $4.15-$4.69 increase in the American-European
price difference (p < 0.1 across specifications). Replacing the three-month Treasury
with the one-month Treasury yields very similar results (Appendix C.7).

I then try for a more direct illustration of the theorem by constructing the real-
ized zero-coupon-bond equivalent implied by observed early exercise. Regressing the
American-European price difference on this realized ZCB-equivalent produces the
predicted sign, although not the one-for-one magnitude implied by the theorem: a $1
increase in realized present-value loss to the short side is associated with only about
a $0.01 increase in the spread. One possible reason is that the theorem is stated in
expectations, whereas the realized ZCB-equivalent is an ex post object.

To approximate the ex ante quantity in the theorem, Table 4 uses a 60%/40%
train-test split. In the training sample, realized ZCB-equivalents are projected on
time-t observables only — moneyness, the short rate, and days to expiry — and the
fitted coefficients are then used to form an out-of-sample proxy for expected ZCB-
equivalents in the test sample. Regressions of the American-European price difference
on this expectation proxy yield coefficients of about 0.7 (p < 0.1 across specifications),
both with and without separate controls for liquidity and moneyness. These estimates
are statistically indistinguishable from -1, the sign and magnitude suggested by the
theorem.?

The economic magnitudes are also suggestive. The expectation proxy alone ex-
plains about 9% of out-of-sample variation in the American premium, while liquidity
and moneyness controls add only 3 percentage points of explainatory power. Taken
together, these results suggestively illustrate the co-movement of idiosyncratic timing

risk with expected zero-coupon-bond equivalents.

3.4 Potential Avenues for Future Work

Understanding the components risk and its pricing is important across financial and
economic settings. Below is a non-exhaustive set of economic settings in which un-

derstanding the price of timing risk may be relevant.

Climate Disasters. Both the impact as well as the timing of climate disasters are

uncertain. It may be helpful to understand the timing component of climate risk as

2The relevant benchmark is -1, rather than 1, because a more negative expected ZCB-equivalent
corresponds to a larger expected loss to the short side.
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TABLE 4: Out-of-Sample Expected ZCB-Portfolio-Equivalent Coefficients
Price(Am) — Price(Eur)
(1) (2) (3)
Expected ZCB-Portfolio Equivalent -0.71%* -0.72** -0.71**
(0.36) (0.37) (0.37)

Moneyness Controls N Y Y
Liquidity Controls N N Y
R? 0.09 0.11 0.12
N 1673 1673 1673

< 0.1, **p < 0.05, *p < 0.01.

Note: Standard errors, in parentheses, are computed via 1000 bootstrap iterations, with draws taken at the date level.
The dependent variable is the midpoint quote of an American option minus the midpoint quote of a European option
observed at the same time, with the same strike price, underlying, and all other contract specifications, as described in
Section C.2.1. This midpoint difference is multiplied by 100 to convert from index points to dollars per contract. The
full sample is split into 60% train and 40% test, by dates: the train sample contains all data until 3/15/2017 and the
test sample is all data after that. Within the train sample, the realized ZCB portfolio equivalent difference between
the American and European is regressed on short rate, the moneyness ratio (underlying/strike) times an indicator
for being in the money, the moneyness ratio times an indicator for being out of the money, an indicator for being
in the money, and dummies for the number of days to expiry. The coefficients on these variables obtained from this
regression in the training set are used to construct contemporaneous expectations for the zero-coupon-bond portfolio
equivalent in the training set. This contemporaneous expectation is the main regressor. The moneyness control is the
amount of dollars the option is in the money. The liquidity control is percentage difference in bid-ask spreads between
the two contracts: the bid-ask spread (in dollars) of the American, minus the bid-ask spread of the European, all over
the bid ask spread of the American. The reported R? is the out-of-sample R? on the entire test set.

distinct from the outcome component. For example, climate policy shocks can have

both timing and outcome components.

Mortgages. In mortgages, prepayment risk is uncertainty over the time at which
the mortgage will be paid back. In the literature, prepayment is often predicted using
projected interest rates, but part of the pricing of MBS appears to reflect something
beyond interest rates (Scharfstein and Sundaram, 2016; Chen et al., 2020). It may be
interesting to explore idiosyncratic risk at the aggregate level in MBS and the extent

to which this affects prices.

Labor Search. Once unemployed, the time until finding employment is uncertain,
in addition to the wage once employed. Canonical search and matching models in
labor employ outcome uncertainty but on the time dimension, only consider the
expected time rather than taking the full distribution of timing risk into account
(Mortensen and Pissarides, 1994). The results in this paper suggest that the full

distribution of timing risk may affect optimal search and valuation of unemployment.
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Private Equity. The time of capital call for private equity is uncertain, as studied
through an additive utility model in Gourier et al. (2024); however, this approach
embeds strong directional assumptions. It may be interesting to study valuation of

uncertain timing in private equity in a more general and model-free way.

Policy Decisions. A number of policy decisions involve uncertainty both over
the outcome and over the timeline of implementation. For example, infrastructure
projects often include delays, as does the passage of legislation. A pricing of uncertain

timing may therefore be relevant in policy contexts.

Safe Assets. Safe assets are typically thought to be so because of their lack of
outcome risk (Krishnamurthy, 2010). Timing risk may also play a role in the definition

and pricing of safe assets.

4 Conclusion

Using only a no-arbitrage assumption, I showed how the valuation of timing risk and
outcome risk conceptually differ. For example, higher order moments of timing risk
affect prices, while higher order moments of outcome risk do not; and any SDF that
prices all assets must feature a sign-based asymmetry for timing risk that need not
be present for outcome risk. These differences survive diversification. I characterized
the pricing of both idiosyncratic and systematic timing risk, including formalizing the
systematic timing vs. outcome risk in any asset or economic setting. Three sample
applications, ranging from practices used in industry to discount rate intuition, to
market data from options, illustrated the findings of several theorems. The conceptual
or empirical application of the theory developed here may be interesting to study

across economic settings.
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