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Abstract

We develop a method to compute global solutions to continuous-time het-
erogeneous agent (HACT) models with aggregate risk, non-stationarity, and
financial constraints. When the cross-sectional distribution evolves stochasti-
cally, the associated master equation describing equilibrium becomes second
order. First, we provide a heuristic derivation of this second-order master
equation and show how its distributional derivatives can be approximated us-
ing a polynomial chaos expansion, thereby transforming it into a standard,
albeit high-dimensional, partial differential equation (PDE). Second, building
on the Deep BSDE approach for high-dimensional PDEs, we develop a general-
equilibrium extension — GE-Deep BSDE — that jointly solves for value func-
tions, equilibrium prices, and distributional consistency using multi-objective
deep learning. Applying the method to a two-asset model, we show that while
total factor productivity shocks fail to generate sufficient risk premia, stochastic
capital depreciation with collateral constraints produces endogenous risk and
helps reconcile microeconomic wealth dispersion with macro-finance evidence.
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1 Introduction

Heterogeneous-agent models have become central to modern macroeconomics. They
are particularly well suited for studying distributional dynamics, but their broader ap-
plicability has long been constrained by computational difficulties. Continuous-time
formulations, as in Achdou, Han, Lasry, Lions, and Moll (2022), have substantially
reduced these barriers by leveraging efficient finite-difference methods. Incorporating
aggregate risk, however, remains a considerable obstacle. In the presence of aggre-
gate shocks, the cross-sectional distribution of households evolves stochastically and
becomes an infinite-dimensional state variable that influences equilibrium prices and
individual policy functions, giving rise to a severe curse of dimensionality.

Although there has been significant progress in computing models with aggregate
risk using local approximations around the steady state,' this approach is less suitable
for models with aggregate nonlinearities. More recently, a growing literature has
tackled the curse of dimensionality of global solutions by applying machine learning

2 These methods, however, abstract from non-stationary settings and

techniques.
financial constraints. As a result, analyzing heterogeneous agent models that combine
aggregate nonlinearities, non-stationarity, and financial constraints with business-
cycle risk remains a major challenge.” Non-stationarity, for example, is intrinsic to
climate-economic models where temperature is an upward-trending state variable,
while aggregate nonlinearities and financial frictions play an important role in macro-
finance models that generate endogenously arising crises dynamics.

This paper addresses these challenges by introducing a novel computational method
that delivers global solutions to a broad class of continuous-time heterogeneous agent
models with aggregate risk. Our approach accommodates non-stationary dynam-
ics, handles nontrivial borrowing constraints and market clearing conditions, and
high-dimensional state spaces. It is based on the master equation, which combines
the Hamilton—Jacobi-Bellman (HJB) and Kolmogorov forward equations (KFE) to
ensure consistency between individual decision-making and the evolution of the cross-

sectional distribution. We solve this equation using machine-learning techniques. We

LA non-exhaustive list includes Ahn et al. (2018); Boppart et al. (2018); Bayer and Luetticke
(2020); Auclert et al. (2021); Bilal (2023).

2See Gu et al. (2024); Gopalakrishna et al. (2024); Huang (2024); Payne et al. (2024); Yang et al.
(2025).

3Moll (2024) even names the difficulty of solving heterogeneous agent models with aggregate risk
as one reason to move away from rational expectations.



illustrate this method with a two-asset HACT model with aggregate risk, featuring a
one-period zero-coupon bond and illiquid capital. Kaplan, Moll, and Violante (2018)
show that this environment generates an empirically realistic wealth distribution.
However, despite its success in matching microeconomic moments, the model fails to
reproduce key macro-finance facts: when aggregate risk takes the form of total factor
productivity shocks, the equity premium is too low. We show that this disconnect
is alleviated when aggregate risk instead enters through stochastic capital deprecia-
tion combined with a collateral constraint. In this setting, capital is not only illiquid
but also risky, and the collateral constraint generates endogenous risk in the spirit of
Brunnermeier and Sannikov (2014).

Introducing aggregate risk through stochastic capital depreciation substantially
increases the theoretical complexity of the model in two aspects: The master equation
becomes second order because the law of motion of the wealth distribution is itself
stochastic, and, the equation features distributional derivatives that are difficult to
approximate numerically. Thus, our first contribution is of a theoretical nature and
tackles these two challenges. First, we provide a heuristic derivation of the second-
order master equation, guided by the rigorous theory of mean-field games developed
by Cardaliaguet, Delarue, Lasry, and Lions (2019); Carmona and Delarue (2018a,b).
Our objective is to make this derivation accessible to economists familiar with the
basics of continuous-time stochastic processes. While Bilal (2023) carefully derives the
master equation for models with deterministic KFEs, we are the first to do so when the
KFE is stochastic. The key step is an extension of [t6’s lemma: whereas the classical
result characterizes the dynamics of functions of stochastic processes, its extension
characterizes the dynamics of functions defined over both stochastic processes and
stochastic distributions. Second, we show how the distributional derivatives appearing
in the master equation can be approximated using standard derivatives on the real
line. To this end, we represent the cross-sectional distribution via a polynomial
chaos expansion, an approach first introduced in a discrete-time heterogeneous-agent
setting by Proehl (2025a). This projection transforms the distributional derivatives
into derivatives with respect to a finite-dimensional vector of projection coefficients,
thereby reducing the master equation to a standard, albeit high-dimensional, partial
differential equation (PDE).

Our second contribution is computational. We develop a numerical method to

solve the master equation jointly with the market-clearing conditions. The approach



builds on the Deep BSDE method of E, Han, and Jentzen (2017); Han, Jentzen, and E
(2018), which is designed to solve high-dimensional partial differential equations. The
method reformulates the PDE as a system of laws of motion for the state variables,
the value function, and its first and second derivatives, which are simulated forward
from unknown initial conditions. These initial objects, i.e., the value function and its
slope and curvature, are recovered by minimizing violations of the terminal boundary
condition implied by the simulated terminal values. In this sense, Deep BSDE can
be viewed as a shooting algorithm that approximates unknown functions with neural
networks and updates them via stochastic gradient descent. In our setting, the value
function’s slope and curvature also determine agents’ optimal policies, placing the al-
gorithm in the class of reinforcement-learning methods. In general equilibrium (GE),
prices such as bond returns must be determined jointly with agents’ policies, and
equilibrium requires consistency between individual decision rules and the evolution
of the cross-sectional distribution. We incorporate these features by extending the
Deep BSDE framework in two ways. First, we expand the set of unknown functions
to include equilibrium prices. Second, we discipline these additional neural networks
by penalizing market-clearing violations and distributional inconsistency in the loss
function. We employ multi-objective deep learning techniques to ensure stable con-
vergence. We refer to the resulting algorithm as the GE-Deep BSDE method.
Related Literature. This paper contributes to multiple strands of literature,
foremost among them the development of numerical algorithms for solving heteroge-
neous agent models with aggregate risk. Traditional approaches address the challenge
of an infinite-dimensional state space by either relying on a bounded-rationality ap-
proach to reduce dimensionality (see Den Haan, 2010, for an overview), or on local
perturbations around a stationary equilibrium as in, e.g., Reiter (2009); Ahn, Kaplan,
Moll, Winberry, and Wolf (2018); Boppart, Krusell, and Mitman (2018); Bayer and
Luetticke (2020); Auclert, Bardéczy, Rognlie, and Straub (2021). Grid-based meth-
ods solving the rational expectations equilibrium globally suffer from the course of
dimensionality. To overcome this limitation, a growing body of research — including
this paper — leverages grid-free, simulation-based deep learning as a powerful tool for
tackling (very) high-dimensional optimization problems, see e.g., Scheidegger and Bil-
ionis (2019); Maliar, Maliar, and Winant (2021); Azinovic, Gaegauf, and Scheidegger
(2022). Another class of methods employs neural networks under bounded-rationality

to approximate the perceived law of motion of aggregate variables more flexibly as in



Fernandez-Villaverde, Hurtado, and Nuno (2023), or to parametrize a mapping from
a finite-agent discretization to a lower-dimensional finite-moment representation of
the cross section as in Han, Yang, and E (2021).

More specifically, our method belongs to the class of algorithms for models posed
in continuous time. Popularized in macroeconomics by Achdou et al. (2022), their
analytical tractability has not only been exploited in a local perturbation method as
in Bilal (2023), but it also forms the basis of several global solution methods — either
using value function iteration with adaptive-sparse grids as in Schaab (2020), or using
deep learning. More concretely, the recursive equilibrium in these models satisfies a
fundamental necessary condition on the value function: an infinite-dimensional, non-
standard PDE known as the master equation. Within the deep learning literature on
solving this equation, two main approaches have emerged. The first employs tech-
niques from Sirignano and Spiliopoulos (2018) and Raissi, Perdikaris, and Karniadakis
(2019), where a neural network approximates the value function by minimizing the
mean-squared error of the PDE and its boundary conditions, see e.g., Gopalakrishna
(2021); Duarte, Duarte, and Silva (2024); Fan, Qiao, Jiao, Gu, Li, and Lu (2024); Gu,
Lauriere, Merkel, and Payne (2024); Gopalakrishna, Payne, and Gu (2024); Payne,
Rebei, and Yang (2024). The second approach, which we adopt in this paper, employs
reinforcement learning. To the best of our knowledge, this approach has so far only
been adopted in the macroeconomic literature by Han, Yang, and E (2021) in discrete
time, and Huang (2024) in continuous time for models with full information rational
expectations. Yang, Wang, Schaab, and Moll (2025) use reinforcement learning to
solve models with bounded rationality. Our method goes beyond these methods as
we accommodate non-stationarity and financial frictions. More broadly, Pham and
Warin (2022, 2023) use an adaption of the Deep BSDE method proposed in Huré,
Pham, and Warin (2020) to solve mean-field games, though without applications to
mMacroeconomics.

Finally, this paper contributes to the macroeconomic literature that employs poly-
nomial chaos expansions as a numerical tool. While its application for parameter
sensitivity analysis is closest to its origin in engineering and physics as in Harenberg,
Marelli, Sudret, and Winschel (2019); Fehrle, Heiberger, and Huber (2025), Proehl
(2025a) uses it as a discretization scheme for heterogeneous agent models. Our ap-
proach is the first, to our knowledge, to integrate this discretization scheme into a

deep learning framework for solving HACT models.



Outline. The paper proceeds as follows. The next section introduces our exam-
ple model with stochastic capital depreciation and a general model setting nesting a
range of applications. For this general model, Section 3 derives the master equation,
which we then approximate using polynomial chaos in Section 4. In Section 5, we
describe how a global solution of the approximated master equation can be computed
using an adaption of the Deep BSDE method. The last section explores the economic

insights from our example model.

2 A General HACT Model Setup

Before stating our fully general model framework, we introduce a well-known bench-
mark model: the two-asset economy in Krusell and Smith (1997) with illiquidity in
productive capital as in Kaplan et al. (2018). We adjust this benchmark model to
better illustrate the advantages of our solution method. Instead of introducing the
aggregate risk through a total factor productivity shock as in Bilal (2023); Ahn et al.
(2018), we model it as an aggregate stochastic depreciation shock that affects the
households’ capital stock directly.

2.1 An Example Model

Firm. Individual households hold capital and rent it to a perfectly competitive
representative firm aggregating to capital supply K;. Households also provide one
unit of labor each with an exogenously given individual labor productivity aggregating
to labor supply L;. The firm produces F(L;, K;) — d K; units of a single good after
accounting for deterministic firm-level capital depreciation at a rate 6 > 0. The firm
optimally pays an aggregate rental rate r, and wage rate w; to households given by
the marginal productivities net of depreciation.

Household Problem. There is a continuum of households with measure one.
Each household ¢ has idiosyncratic labor productivity e earning the wage rate w;.
This labor income is consumed and saved in a liquid and an illiquid asset. The
liquid bond pays the risk-free rate r* on household #’s bond holdings bi. Household
i’s capital holdings k¢! are illiquid as they are subject to convex adjustment costs
() = olei| + 11]ei|¥2 per unit of in- or divestment ¢ with 1y, 11 > 0 and 9y > 1.

Furthermore, households incur aggregate depreciation shocks B¢ proportional to



their capital holdings. Log-labor productivity 2! follows an idiosyncratic Ornstein-
Uhlenbeck process which is correlated with the aggregate shocks ByY by w € [—1, 1].
Households have CRRA-preferences. Furthermore, they face a borrowing constraint
ki > 0 and a collateral constraint b > b — ¢;k! where b < 0 is constant and ¢; € [0, 1]

is a deterministic process. Overall, the household problem reads

< )
max E, / e Pttt (1)
{ehaitzo  LJo (1 =)

s.t. dzi = ko (Z — 20)dt + V1 — w20.dB; + wo.dB?,
dki = (rf + (kidt + klogdBy?,
b = {wiet + birt — k(g + W (i) = i } dt,
b, > b— ¢k,

where Bi? denotes the idiosyncratic Brownian innovations that are i.i.d. across house-
holds. Note that the law of motion of capital automatically ensures k! > 0 due to its
geometric Brownian motion structure.

Brunnermeier and Sannikov (2014) argue within a representative agent framework
that, at the aggregate level, whether aggregate shocks affect the capital stock through
stochastic depreciation or total factor productivity (TFP) is equivalent. We show in
this paper that this equivalence breaks down in our heterogeneous agent economy.
Although both approaches result in risky returns on capital, stochastic depreciation
adds an additional layer of risk as the value of capital stock becomes risky. One
can interpret this as households basing their decisions on their capital’s market value
rather than its book value. However, this modeling choice implies a stochastic law of
motion of the cross-sectional distribution,* a case that has not yet been considered in
the existing HACT macroeconomics literature (e.g. Kaplan et al., 2018; Ahn et al.,
2018; Bilal, 2023; Gu et al., 2024). This choice, therefore, illustrates the generality of
our modeling framework. In addition, we model the collateral constraint parameter ¢;
as a deterministic process. This serves as an illustration of a policy experiment. To the
best of our knowledge, we are the first to compute a transition along a deterministic
time trend in a heterogeneous-agent economy with aggregate risk.

Market Clearing. In equilibrium, the labor, capital and bond market must

4The Kolmogorov forward equation in our framework is a stochastic differential equation rather
than an ordinary differential equation.



clear, i.e.,

w; =Fp, </ e*dMy(z, k,b),/det(z,k‘,b)) (2)
e =Fp (/ e*dM,(z, k:,b),/det(z,k, b)) )
0 :/bth(z, k,b),

where { M, };>¢ denotes the cross-sectional distribution of household-specific variables.
In equilibrium, the distribution’s law of motion must be consistent with the house-
holds’ optimal choices.

Treatment of the Collateral Constraint. To enable the computation of the
constrained problem, we substitute the state variable of bond holdings b with the
slackness of the constraint e, = b + ¢k — b. Thus, the collateral constraint is
equivalent to e; > 0. Furthermore, we substitute the dynamics db! with the dynamics
of the substitute state’

, . Td . . 4 , .
de! = {wtezf + b;rf + ki [%@ + ¢trf — (1= )iy — \Il(/,ft)} — cé}dt + ¢ikjodByY

which follows from It6’s lemma. The household optimization problem in (1) is equiv-

alent to

oo 31—y
max [Eg [/ ept(ct)dt} (3)
{citi}izo 0 (1-7)
s.t. dzf = K, (2 — 20)dt + /1 — w?0,dB} + wo.dByY,
dki = (r} + )kidt + kjoxdB{?,
del = {wtezt + (€8 + ekl — b)rd + ki [dt@ + gt — (1 — )il — \I/(L%):| — cg} dt
+ ¢ikiokdBY

el > 0.

Lastly, the bond market clearing condition adjusts to 0 = [(e + ¢k — bYdMy(z, k,e).
It is well known (see Achdou et al., 2022) that the state constraint of this rewritten

problem can be transformed into state boundary conditions. These conditions restrict

5If the deterministic process ¢; has jumps, then ftt:jAA: ki%qﬁtdt should be interpreted as ki. Ag;-

when At — 0 with the process changing by A¢y = ¢« — ¢«— at the jump time point ¢*.



the optimal controls in the constrained region to ensure that the volatility of de! is

zero and its drift is nonnegative whenever ¢! = 0, i.e.,

0= lim ¢ykior (4)

e;—0

0 = lim min < 0, w,e® + bir? + ki | —¢p + ¢pprF — (1 — ¢)1y* — ¥ (Lt’ ) -
ei—0 dt
where the asterisk denotes the optimal controls.
Optimal Controls. Denote the value function by V (¢, 21, ki, el) = e Pt J (¢, 22, ki, et).
We drop function arguments for notational convenience and denote function deriva-

tives by a subscript, e.g. Jyi = -2 J. In the unconstrained region, standard dynamic

ok
programming arguments yield the first-order conditions for the optimal controls

0=c* — (L)% (5)
0=Jr — (1= + ¥, (147)) Je.

Note that households’ optimal investment policies feature an inaction region which is
due to the cost function’s linear term. Households only adjust their holdings of illiquid
capital if the absolute difference between their marginal rate of substitution between
both assets and the cost of capital 1 — ¢; is higher than the minimum marginal cost

1o of doing so,°

G ) A S (A
0 if %_(1_¢t)§¢0

1
S(SEREE)TT -

The inaction region widens with the minimum marginal cost ¢y. The collateral con-
straint directly reduces the cost of capital by the fraction ¢, that may serve as collat-
eral. Thus, the collateral constraint cushions the negative effect of adjustment costs
when investing and amplifies it when divesting. Overall, portfolio choice theory tells
us that households’ illiquid capital demand consists of (i) their myopic diversification
demand stemming from aggregate risk, (i) their hedging demand due to idiosyncratic

labor income risk, and (744) a tolerated deviation from the sum of the former two due

6This is a well-established result, see e.g., Constantinides (1986) or Davis and Norman (1990).



to adjustment costs.”

State Boundary Conditions. Given the optimal controls, we can derive the
state boundary conditions from (4). If ox > 0 and ¢; > 0, we need that lim,;_, & = 0.
Given the dynamics of k! in (3), this implies a restriction on ;" which translates into

a boundary condition for Ji: due to (5), i.e.®

lim )" = —00 < lim Jy = —o0. (6)
e;—0 e;—0
This boundary condition illustrates that the collateral constraint imposes an addi-
tional risk that becomes larger the closer an agent is to the boundary. The agent faces
rollover risk for their liquid bond debt due to the riskiness of the collateral. Agents
hedge this risk with the illiquid asset. This additional (negative) hedging demand
starts to dominate any other motive for holding the illiquid asset the closer the agent

is to the boundary. Furthermore, the state boundary condition implies at e = 0 that

At <wet +brt s Ju > (wtezti + T)rf)

When negative shocks move an agent closer to the constraint, the agent not only
reduces consumption and borrowing, but also starts selling capital even though it
is illiquid. Thus, a collateral constraint amplifies the price impact of a large or
persistent negative aggregate shock due to the fire-sale boundary condition in (6).
This amplification effect occurs only because the aggregate shock enters the capital
dynamics directly. The effect would not exist if o = 0 and the aggregate risk entered

through an aggregate TFP process.

"In the special case without convex costs and labor income risk (z, 1,0, = 0), Davis and Norman
(1990) prove that the optimal risky wealth share {k{/(ki+bi)};>0 when risky wealth is illiquid follows
a reflected diffusion inside a y-dependent wedge around the optimal risky wealth share when it is
liquid, i.e., without adjustment costs. Furthermore, Isaenko (2005) considers convex adjustment
costs in a finite-horizon, complete-market model without intermediate consumption concluding that
the shape of the inaction region is independent of the degree of convexity ¥y — 1 > 0.

8The capital dynamics result in log(k?) = log(kg) + fg(rf + 5% — 02 /2)ds + o Bf"Y which gives
rise to the state boundary condition. Note that total investment of the constrained agents vanishes
because lim,;_,q ¢; "k ~ limy;_, & log(k}) = 0.
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2.2 The General Framework

Time is continuous t € [0,00). The economy is populated by a continuum of agents
i € [0,1]. All stochastic processes are defined on a generic filtered probability space
(Q, %, Fi>0,P). Aggregate risk is modeled by an aggregate d*9-dimensional Brownian
motion {B;“};>0. Agent i’s idiosyncratic risk is given by a d*-dimensional Brownian
motion {Bj};>o that is i.i.d. across agents ¢ € [0,1]. We assume that the entries of

the vectors B;Y and B! are pairwise independent for any i € [0, 1].”

2.2.1 The Agent’s Optimization Problem

At any instant ¢ > 0, agent ¢ € [0, 1] controls their N*-dimensional vector of agent-
specific state variables z with an NY-dimensional vector of controls y; to maximize
their flow utility u(y}, x!) which is discounted at the constant rate p. The state vector
zi = [22"° €] contains N® < N constrained states with e! > 0 for any ¢ > 0. Agents
optimize while observing an N“-dimensional vector of aggregate state variables a.
Furthermore, all agents have access to N" market instruments whose prices have
potentially risky relative returns r;. When optimizing, agents take these returns as
given. They are treated as known equilibrium functions r; = r(t, a;). Overall, agent

i € [0, 1] optimizes

max Eq [/ e "u (y;, x)) dt (7)
0

{vitezo
s.t. drl = p (t, Yl xl ay, rt) dt + o™ (t, Yl xt,ay, Tt) dB! + o (t, Yl xt,ay, 7“,5) dB}*
day = n (t,ap, ) dt + C (t, a,re) dBy?
el >0Vt >0

Where :u(tv yzzh ZE%, G, rt) € RNI7 Uo<t7 y},a J:ia Gy, Tt) € RNZXdO fOI’ 0 € {Zdu ag}7 T/(t7 Gy, Tt) S

RN and ((t,a;, ;) € RV The states’ aggregate and idiosyncratic covariance

9Nevertheless, correlation between the aggregate and idiosyncratic risk can be introduced through
a covariance matrix as is illustrated in our example model in Section 2.1.
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matrices are defined as

R . L T L
e <t,yl,$z7yl ,.Z"L ,a,7“> =0 (t,yl’l'Z?a,’I“) o° (t,yl ,l’l ,CL,T') e RN XN (8)
yza (t, yi, J;i, a, 7“) =g (t7 yi7 xi7 a, 7’) C(t, a, T)T c RNoxN®
Yt a,r) =C(t, a,7)((t, a, r)T e RVOXN®

Example. In our example model, the aggregate and idiosyncratic Brownian motions
are both one-dimensional. Households choose consumption and investment, that is,
v = lehul"
no aggregate variables as, i.e., 0 = ag = n(t,a;,r¢) = ((t,as, 7). The return vector

features both assetsry = [r¥ r2|T. This implies the drift vector and dispersion matrices

The agent-specific state variables are x¢ = (2L, ki, el]T and there are

Ko (Z — 2%)
1t yp, @h, ag, i) = (rf + k]
\wiet + (e} — gk + ) 1} + ki [y + durf — (1— du)id — U(1))] — ¢
[V1 = w20, wo,
o'l (t,yi,xi,at,n) = 0 , % (t,yi,wi}at,n) = | kiok
[0 PikioK

Remark. Similarly to the collateral constraint in our example model, models with a
non-trivial state constraint can typically be transformed to fit our general setting by

substituting the distance to the binding constraint as a state variable.

2.2.2 The Agent’s Optimality Conditions

Agent 4’s optimization problem can be solved by dynamic programming.'® Define the

value function by

V(ta l‘i, at) = Imax Et |:/ e "u (y;a IL‘;) d8:| ' (9)
t

{yé}SZt

The Hamilton-Jacobi-Bellman (HJB) equation is stated in terms of the indirect utility
function J(¢,z%,a) = "'V (¢, 2", a) such that

0 = max {u (v',2") — pJ(t, 2", a) +
i

E; [dJ(t, 2", a)]

10See for instance Bjork (2009, Chapter 19).
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where the last term represents the drift term of 1t0’s formula applied to the function
J. To fully state the HJB equation and the related boundary conditions, we de-
note the respective partial differential equations using operators. We first define the
HJB operator HZ/B[J y¢ r|(t, 2, a) mapping the functions [J,y’, 7] into a function of
(t,z%,a) by

Ne N=T N@
HIIBLJ i 7] =u— pJ + J, + 231 Ja, M + zzl i fn, + % Z;l Jana, Sp - (11)
Ne N® Ne
+ Z Z JI%z;/ Zzn/ + Z Z Jzilan/ Efzcrlb’
n,n'=1 oe{id,ag} n=1n'=1

where the subscripts of J denote its derivatives. Function arguments have been
dropped for notational convenience. The covariance matrices are given in (8).

We define the state boundary condition to guarantee that the state constraint
e! > 0 holds at all times. This means that the drift of €} in (7) at the boundary e} = 0

must be nonnegative and the dispersion terms must vanish. Let
del = (t, yi,at, ay, rt) dt + v* (t, yi,xt, ay, 7}) dB} + v (t,yi, xl, at,rt) dB;".
At the boundary e} = 0, it must hold that

0 <t (typ [0, 0, @, )

0 =% (t, e [0, 0], ay, rt) =% (t, e [0, 0], ay, rt) )

As the drift and volatility depend either explicitly or implicitly on the optimal con-
trols, these conditions ultimately translate into constraints on the optimal controls.
We define the operator for the state boundary condition H5B¢ [y, r](¢, "¢, a) map-

ping the functions [y, r] into a function of (¢, 2"%¢, a) by

Ne

Ne
ML) = T 3 min (0,60)] + 30 S SRy v (12)
n=1

n=1 oe{id,ag}

with X2 as in (8). Setting this state boundary condition to zero ensures that each of
its terms vanishes.

Since we consider an infinite horizon problem, the HJB equation does not feature

13



a terminal boundary condition like the bequest function would constitute in a finite
horizon setting. Nevertheless, our numerical algorithm relies on a restriction at the
end of the time horizon. Thus, we consider the transversality condition.'! Define the
operator for the terminal boundary condition by H72¢[.J](z*, a) mapping the function
J into a function of (z*,a) such that
HTBC[J, y'l(z",a) = lim E [e PTI(T, zt, ar ‘mo =2’ ay = a] (13)
T—c0
where z%. is the state occurring at time 7' when starting at a specific initial value and

following the control 3. Overall, the HJB equation and its boundary conditions are

given by
0 =max {H"P[1 ¢, r|(t, 2", a)} (14)
yl
:/HTBC[J7 yl](x’, CL) — IHSBC’[J7 yz" 7,] (t, Ii’uc, a>‘
The optimal controls y** feature the same function arguments as the operator
HIEB such that yi* = y*[J,r](t, !, a;). This notation signifies that, given [J, 7], the
agents’ optimal choices are functions of time and the state variables y**(¢, i, a;). The

w-th element of the optimal control vector y** = [yi*, ..., yse]", w € {1,..., N¥},

satisfies the first-order condition

0 :a%%mm 7]t 41, 0) (15)
N* N@
a_ u—i—Zsz,un—i—— Z S T B0 A Jua, S
Yu n,n'=1oe{id,ag} ! n=1n/=1

Therefore, taking the returns r as given, the indirect utility function J[r|(¢,z}, a;)
and the optimal control function y"*[r](¢, 2%, a;) are jointly determined by the HJB
equation and boundary conditions in (14) and the first-order condition in (15). To

simplify the our numerical algorithm, we make the following assumption.

Assumption 1 (Optimal controls in closed form). Denote the spatial gradient of
the indirect utility function by DJ = [Jx vooor gt s Jary ooy Jaya] . Let D2J denote

The
the corresponding Hessian matriz collecting all second-order spatial derivatives. Let

HSee e.g. Duffie (2001, p.213) for an explanation.
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MY[DJ, D*J,r|(t, 2%, a) denote an operator mapping the returns, the gradient and
the Hessian into a real-valued NY-dimensional function of (t,z% a). Assume that the

first-order conditions in (15) are given in closed form such that
Y r)(t, 2t a)) = MY[DJ, D*J,r](t, 2%, a;). (16)

Example. Households in our example model take wages wy, returns [r?, r¥] and the

collateral policy ¢y as given. The HJB equation and boundary conditions are given by

0=—pJ+ (cl—)fy + i+ k. (2—2Y) T+ (rf + Ll’*> k' Jyi + {wtez + (eZ — Pk + b) rf
Td . ) . 1 .
+k [dtgbt + pprk — (1 — @) — xlf(w*)] — c} Ji + 3 (02 Tz + (k)05 Jyani)

1 . . ) .
+ 5@%)%(]6@)20'%(,]6%1' +wo ko i +wodiktor i + (;St(kl)QO'%(Jkiei
0= lim J(T,2' k', e
T—o0

0 = lim {gbf(ki)QU%( + ’min (0, [wtezi + (" — ¢k + D) r

e'—0
+k' [Zéf)t + gy — (1 — y)i* — \I’(LZ*):| - c”]) ‘} .

The first-order conditions correspond to (5) such that the optimal controls satisfy

Assumption 1 with

(17)

2=

A =(Ju)”

i <max{0, Jy — (L= + wo)Jei}> = <max{0, (1= ¢ — o) Jos — Jki}y;—l
VripaJei P1pa e '

2.2.3 Aggregate Quantities

The optimally controlled states xi* differ across agents due to the idiosyncratic
risk, which we summarize by the cross-sectional cumulative distribution function
M; : RY" — [0,1]."2 Naturally, the cross-sectional density m; is given by M;(z) =
fxi s my(x")dz'. Market clearing aggregates the agents’ states and choices according

to this distribution. The relative returns r* clear markets such that

0= HMC[T‘*, yi’*](t, M, a), (18)

12Note that we use the notation M, interchangeably to denote the c.d.f. and a Borel-measure in
P(RN") as these are equivalent representations of the cross-sectional distribution in our framework.
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where HMC[r, 4|(t, M, a) is the market-clearing operator mapping the functions [r, 3]
into a function of (¢, M,a). We assume that the market clearing conditions have the

following structure.

Assumption 2 (Market Clearing Regularity). Suppose that there are as many market-
clearing conditions as market instruments. Let M7 [y](t, M*,..., MN" a) denote an
operator mapping the controls y' into a real-valued function of (t, M*, ..., MN" a)
where M™ denotes the n-th marginal distribution M™(z,) = Ox” [ m(zn, z_n)dz_ndz,.
Assume that the n-th market clearing condition 0 = HMC[r y|(t, M, a) adheres to one

of the following two equations.

(i) Eaxplicit market clearing: r5 = MT(t, M*, ..., M™" a), i.e., returns only depend

on the current states, not the optimal controls
(i) Implicit market clearing: 0 = M [y'](t, M, ..., MN" a)

Remark. With this assumption, we limit market clearing conditions to depend on the
marginal distributions of the state variables. Thus, agents solely have to forecast the
evolutions of these marginal distributions to determine prices such that the dependency

structure of the joint distribution M is superfluous for price determination.

The assumption implies that, given a law of motion of the cross-sectional distribu-
tion consistent with the agents’ optimal control function y**(¢, x%, a;), the equilibrium

. . x
return is a function r; = r*(t, M}, ..., MM a;).

Example. The first two market clearing conditions of our example model in (2)
explicitly define the wage and rental rate [wy, 7] to clear the labor and capital market,
whereas, the last condition implicitly defines the bond return r° to clear the bond
market. All three conditions solely depend on the marginal distributions since we can

rewrite them by

Iy (feszz fdek ))—wt
Hy ' Clr g1t M) = | Fre ([ e*dM7(z), [ kdMF(k)) — 5 —rk
[ edMg(e) — ¢y [ kdMF(k) +
Note that agent i’s bond holdings are given by b = e} — ¢.ki + b.

The cross-sectional distribution M; must be consistent with the agents’ optimal

choices. Agent i’s optimally controlled state ) is defined by its dynamics in (7)
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where, taking 7 as given, yi = y"*[r|(t, 27", a;) solves (15). The cross-sectional c.d.f.
consistent with this optimally controlled state is given by M,(z) = P(z/* < z). The
consistent law of motion of the corresponding density equals the Kolmogorov forward

equation®®

dmy(z) =) {— ain [t (6, 42 [ (8, 2, @), @, ag, 1) Mg ()] (19)

n=1

NOC
1 Z Z: 82 o 1%
+§ m [Enn’ (tay ’ [rt](t7x7at>7‘r7at7n) mt(m)] dt

n'=1 oe{id,ag}

Nx

0 4

_ Z o (009 (t,y"*[ri] (¢, 2, ar), @, ag, 7)) my ()] dB}?
n=1 n

for any x € RY". The Kolmogorov forward equation is stochastic, i.e., it features
a stochastic integral. This follows from the aggregate Brownian shock that directly
enters the dynamics of 2. Because this shock is the same for all agents, it does not
wash out when taking the cross-sectional average. We refer to this property as direct
aggregate risk (69 > 0). This paper therefore generalizes the work of Bilal (2023) and
Gu et al. (2024) which focuses on models with indirect aggregate risk (¢ > 0,0% = 0).
In that case, aggregate Brownian shocks only affect the dynamics of aggregate states
such that the Kolmogorov forward equation has a stochastic drift but no stochastic
integral. In addition, the framework in this paper allows for controlled volatility in

agent-specific states which is important for asset pricing applications.'*

3 Deriving the Master Equation

A recursive equilibrium in this model combines (i) agent optimality, (i7) a consistent
law of motion of the cross-sectional distribution and (iii) market clearing. The master
equation combines (i) and (ii) so that equilibrium can be fully described by a set of
equations 0 = H[J,y"*,r*]. This section derives the master equation in a heuristic

manner. The goal is to make the rigorous derivations in Cardaliaguet et al. (2019)

13This corresponds to Equation (2.4) in Carmona and Delarue (2018b) who derive it in Subsection
2.1.2 on p. 110-112. In Cardaliaguet et al. (2019), this equation corresponds to Equation (4.2).

4To the best of our knowledge, Huang (2024) is the only other work to consider controlled
volatility in a HA setting.
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and Carmona and Delarue (2018a,b) accessible for a wider quantitative economics
audience and offer a recipe to apply the methodology in various contexts.

Each agent is assumed infinitesimal, so that the deviation of a single agent from the
optimal policy function y**(¢, %, a;) does not change the cross-sectional distribution
or the returns. Thus, in deriving the first-order condition for the optimal controls ytz*
in (15), it suffices for agents to assume that the value function J solely depends on
(t, 2, a;). The dependency on ¢ summarizes any deterministic time variation and the
time variation induced by the evolution of the cross-sectional distribution in (19) and
changes in the returns determined through market clearing in (18). Incorporating the
consistent law of motion into the HJB equation is, therefore, achieved by substituting
t with [¢t, M;] in the value function J(t, My, i, a;).

The master equation then results from adjusting the HJB equation in (10) accord-
ingly. The substitution of ¢ with [t, M;] affects the term E,[dJ]/dt. Normally, 1t6’s

formula delivers the dynamics of dJ(t,x%, a;) such that'®

dJ =Jdt + (J:) dat 4 (J,) " day

1 . , .
+3 [(dx))" Jpigiday + (day)” Juaday] + (da)" Jyigday.
Substituting ¢ with [t, M;] requires the extension of this formula with distributional
derivatives. However, the cross-sectional c.d.f. M; is not a standard It6 process such
that one cannot simply apply It0’s formula to derive the dynamics of dJ (¢, My, x¢, a;)."°
To derive the term E[dJ (¢, M;(x), !, a;)]/dt in the HIB equation (10), we first need

to define the derivatives of the function J w.r.t. the distribution M,.

15We use matrix-vector notation here to highlight that It6’s formula can be interpreted as a second-
order Taylor approximation, i.e., DJ = [J,:, J,]T denotes the spatial gradient and the corresponding
Jpigi Jzia:|
Jria Jaa |’

16For instance, while the standard Ité process of the aggregate state a; is a real vector at any
fixed time point ¢, the distribution M;(x) is a real-valued function instead. The distribution M;(z)
and, similarly, the density m;(z) are generalized stochastic processes with a larger index set (¢, z) €
[0,00) x RN". Generalized stochastic processes are called random fields which have been introduced
in economics by Proehl (2025b) in the context of the discrete-time heterogeneous-agent RBC model
as in Krusell and Smith (1998).

Hessian matrix is D?J = [
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3.1 Distributional Derivatives

Definition 3 (Distributional Derivatives (see Cardaliaguet et al., 2019, Definitions
2.2.1, 2.2.2 and Section 2.2.2)). Consider a function f: P(RY") — R. The distribu-
tional derivative of f w.r.t. M 1is defined by the Riesz representation given by
M M — M) — f(M
jig LTSI 2D _ [ @) (@) = m()) da

s—0 S RN®

where m = %M and m' = %M’ denote the respective densities. The intrinsic distri-

butional derivative is defined by

feom[M](z) := infM[M](:)s), Vne{l,...,N"}.

0

The second-order derivatives are similarly defined by

fjy S M SO = M))(@) = JulM)@) [ o) (@) — miel)) de

s—0 S RN®

and o2
fxnx;,MM[MKx?ml) = meM[MKZ',m,), Vn,n' € {1,...,N"}.

The first-order derivative fy/[M](x) is an operator mapping the c.d.f. M into
a real-valued function of x. This should be interpreted as the change of f if the
density m(.) = LM(.) only changes at the outcome z and nowhere else. Thus,
fu[M](x) can be interpreted as the change in the function f when the number of
agents that currently observe the outcome z changes. Similarly, the second-order
derivative evaluates how f changes when the density m(.) changes at = and z’ but
nowhere else. Hence, fy[M](x,2') can be interpreted as the change in the function
f when the two groups of agents who observe the outcome z and z’, respectively,
both change in size.

Cardaliaguet et al. (2019) not only define the derivative of a function f w.r.t.
M but also the intrinsic derivative which offers yet another interpretation of dis-
tributional derivatives. The c.d.f. My(z) = P(z! < x) essentially counts how
many agents ¢ € [0,1] observe a state z! lower than or equal to z at time ¢, i.e.,

x! is the random variable of possible outcomes that any agent could have at time
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t.'7 More generally, any distribution function is a function of its corresponding

random variable M = P(z' < .) =: L(z') such that we can rewrite a function
f(M) = f(L(z") =: f(z').'"® The Fréchet derivative of f w.r.t. the random vari-
able x' delivers an alternative definition of distributional derivatives, see Carmona
and Delarue (2018a, Definition 5.22) or Cardaliaguet et al. (2019, Equation (A.5)).
Furthermore, Cardaliaguet et al. (2019, Proposition A.1.2) show that this alterna-
tive definition coincides with the intrinsic distributional derivative given in Definition
3. Therefore, f., n[M](x) can be interpreted as the change in the function f when
all agents currently observing the state x = [x,,x_,| switch to a different outcome
T = [Tn, -] in the n-th element of the state vector. Similarly, f;,. vm[M](z,2')
can be interpreted as the change in the function f when all agents that currently
observe z switch to some & = [Z,,z_,] and all agents that currently observe 2z’ switch
to some ¥’ = [7/,,2" ]

—n/

3.2 Distributional Dynamics

Given the distributional derivatives, we can now derive the evolution of a function
f(M;) over time. Fix two distributions M and M’ and define the function g : R — R
by g(v) = f(M +v(M’' — M)). Due to Definition 3, we obtain

d% (v)= [ |, fulM +o(M" = M)|(2) (' (z) — m(x)) do
Cfl—;g@) = | M oM = M)z, 2!) (' (@) = m(a')) (' (@) = m(a) da'de.
The second-order Taylor approximation g(1) = g(0) + L g(0) + 1L, 4(0) results in
FQE) = f(M) = | fulM)() (m' () = m()) d
+ % | e Tt M @) (' (@) = () (o () — () da'd

17 As an Ito process, the agent-specific state in (7) is a square-integrable stochastic process implying
that 2¢ for a fixed time point ¢ is a square-integrable random variable, i.e., 2t € L(Q, F;, P; RNI).

18The fact that functions of distributions can be rewritten as functions of random variables has
also been exploited in Proehl (2025b) in a discrete-time context. We refer to this paper for a detailed
account of this correspondence.
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Evaluating this equation at the specific distributions M = M; and M’ = M, 4 and
taking the limit of dt — 0 yields

df (M) = far[Mi)(x)dmy (z)d (20)

RN®

+ 1 T [My](z, 2")dmy (2" ) dmy (z)da’ da.

2 R2NZT

Alternatively, we can express this expansion in terms of intrinsic distributional deriva-

tives.

Proposition 4 (It6’s Formula for Distributions). Equation (20) is equivalent to
{Z oM@ (65 (2 00), 2,00 m) muadde (21)

+ - Z Z / fowamt [Mi)(2) S0, (t, @, x)my(z)da

n,n'=1 oe{id,ag}

+ Z Jonar iena[Me) (0, ) 2007 (8, @, x’)mt(x)mt(x’)dxd:c’} dt

2N®
nn’ 1/R

NCC
+ Z { fenrt[My](x)09 (t, Yt w, a0), @, ay, rt) mt(x)da:} dB;"*
RN®

n=1

with the optimally controlled covariance function for o € {id, ag}
S0t @, a') = o (6, y" [ (2, ar), @, ag, ) 0° (6, y" [r] (8,2 ar), 2 at,'rt)T. (22)

The mechanics behind the proof of this equivalence is illustrated most clearly in
the model in which aggregate risk enters through TFP as in Bilal (2023).

Example 5 (Case Without Direct Aggregate Risk as in Bilal (2023); Krusell and
Smith (1998)). This model translates into our general set up with N* = 2, d'¢ =

9This follows from Theorem 4.14 in Carmona and Delarue (2018b) and Theorem A.l in
Cardaliaguet et al. (2019).
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d¥=1,(>0 and 0* = 0. The household problem reads

max [Eg {/OO eptmdt}
{eiye=o Lo (1—7)

s.t. dzi = k,(Z — 2))dt + 0.dB;,
dk! = {wtez’% + kel — c;} dt,
da; = kq(a — ay)dt + 0,dB}Y,
ki >0,

where {e" };>¢ is the total factor productivity entering the production function. The

aggregate wage and return are given by

v o €Mz, k)dkdz e 5
T T hm(z, k) dkdz

[ kmy(z, k)dkdz )“

— (1= a)e™
wy = (1 —aje (fezmt(z,k)dk:dz

k

Denote the idiosyncratic variables by x = [z, k| and returns by r = [r*, w| in line with

the notation of our general setup. Then, the Kolmogorov forward equation reads

2

dmy(z) = {Z % [—Mn (Ci’*['f’tKI" a),x, rt) mt(x)] + %% [agmt(:c)} } dt.

As this law of motion does not contain a stochastic integral, the second-order term in
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(20) is obsolete such that

df (M) = fu[Mi)(x)dmy (z)dx

RN®

= { - Jar[M)(z) Z dLln [—pn () (2, ap), @, 1) my(2)] da

b [ AlM@) S [oPm(a) dx} at
= {/}R Z % [fM[Mt](:L‘)] Hn, (CiV*[Tt](xa at); Z, 7"t> mt(l‘)dl’

v [ 4o Ll o)

- {/R Z Swana[Mi]() i, (Ci’*[ﬁ}(fﬂ, a), T, Tt) my(z)dz

where the third equality results from integration by parts and the last equality follows
from Definition 5.

The typical approach to the master equation in economics is to use the represen-
tation in terms of distributional derivatives (see Schaab, 2020; Bilal, 2023; Gu et al.,
2024). The example illustrates that this requires the computation of derivatives of the
drift and dispersion terms which can be numerically cumbersome. Instead, we use
the intrinsic distributional derivatives which are simply multiplied with the state’s

drift and covariance terms.

3.3 The Master Equation

The master equation results from adjusting the last term of the HJB equation in (10),
i.e., By[dJ]/dt. To derive dJ(t, My, xi, a;), the standard It6 formula is combined with

It0’s formula for distributions given in (21) resulting in*"

dJ (t7 Mt7 xiu at) :dAt,xi,a (ta Mt7 .Ti, at) + dAM (t7 Mt7 ZE;:, at) (23)
+ dAM,:):i,a <t7 Mt7 [Ei, at) .

20This follows from Theorem 4.17 in Carmona and Delarue (2018b).
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The first term summarizes the variation stemming from ¢ and the state processes
{x} a;}y>0. The other two terms account for the dependence on the distribution
{My(2) }450 zerve. The term dAy; results from the expansion in (21), whereas, the
term d.Ayy i , takes the interaction of the distribution {M;(x)} >0 zerve With the state

processes {x}, a; }4>¢ into account yielding
dAM zta (t Mtv xév at) =

{ Z / Jui o o [My] (23,27, ap) 5097 (¢, of, ) my(a)da
RN®

n,n/=1
) Jaran i [M] (m t $t,at) o (t yt o, at,rt) my(x )dzx} dt
with X%* as in (22) and ¥** as in (8). Collecting the drift terms E,[dJ]/dt yields

the master operator. We define it by HM[J, y¢,r](t, M, 2%, a) mapping the functions
[J,y%, 7] into a function of (¢, M, z',a) such that

HM [y r)(t, M2t a) = w—pJ + J, (24)
Nﬂ')
+ Z/ o, [ M] (x;t,aci, a) Ihn (t, T a,r) m(z)dz
RN?

+5 Z Z / Joonmt [ M] (238, 2%, a) 0% (¢, z, x)m(z)dz

n,n'=1 oe{id,ag}

t3 Z /QNI wnat, i1 [ M] (z,2'st, 2, a) S097 (¢, x, 2" )ym(z)m(2) duda’

nn’ 1
+ - Z Z/ Ja enmt[M] (z3t, 2% a) B2, (¢, 4", x,a,7) m(z)dx
n=1n'=1
+ = Z / Jai 2, [ M] (x t,x’ a) Yo (t,xi,x) m(z)dz
nn’ 1
Ne N®
+ Z Jo, M (tya,7) + Z Jai (t,yi,xi, a, r Z Jana,, S (t,0,7)
n=1 n=1 n,n'=

v Ne N
+%Z Z J”Z]sz,txx ZZJIW,ZM ty'x' a,r)

n,n’'=1 oe{id,ag} n=1 n/=1
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with the covariance matrices ¥ as in (8) and X-* as in (22). When inserting the
optimal controls 3** that solve the first-order conditions in (15), the master equation
sets the master operator to zero. Overall, we can now define the equilibrium as

follows.

Definition 6 (Recursive Equilibrium). The recursive equilibrium of this heteroge-
. 1% *
neous agent economy is a set of controls {y;" }i>0ei0], returns {r{}i>0 and cross-

sectional distributions {M;}i>o such that the following conditions hold.

(i) Given the returns {r}}i=0, agents choose their controls y™* = y»*(t, M, z',a) to

optimize their indirect utility function J(t, M,z a) such that

O :aiyiHHJB[Jﬂ yi7*7 T*](ta M7 xia G), ne {1? T 7Ny}’ (25)
0 =HM[J, 5", 1*](t, M, 2", a) (26)
0 :,HTBC[J’ yi,*] M, :L‘i, a) (27)
0 =HSECLJ, y™* ]t M, 2", ), (28)

with HAB as in (11), HM as in (24), HTBC as in (13) and H5PC as in (12).

(1) Given the controls {yz’*}tz(],ie[o,l], the returns ;i = r*(t, M*,... . M™" a) clear
markets such that

0= ’HMC[T*, yi’*}(t, M, a). (29)

4 Approximating the Equilibrium Conditions

Given Assumption 2, the equilibrium returns are determined by the marginal distri-
butions only, that is, r* = r*(¢t, M',..., MN" a). Therefore, we conjecture and nu-
merically verify that the optimal controls of agents yi™* = y"*(t, M, ..., MN" 2% a)
and their value function J(t, M*, ..., MN" 2% a) solely depend on the marginal distri-
butions as well. To approximate the equilibrium conditions (25)-(29), we first simplify
the master equation in (26) in accordance with our conjecture. The simplified master
equation remains a non-standard PDE due to the marginal distributional derivatives.
Thus, in a second step, we propose an approximation of the marginal distributional
derivatives. Importantly, this allows us to approximate the simplified master equation
with a standard PDE.

25



4.1 Simplifying the Master Equation

Sklar’s theorem?! tells us that any joint distribution function can be rewritten as
a joint distribution function of uniform variables, i.e., My(z) = Ci(u,) where the
uniform variable u, = [M}(x1), ..., M}N" (xy<)] consists of the marginal distributions
M} (x,) = [ my(z)dr_, with z = [2,,2_,]. The distribution C; is called a copula.
By differentiation, the joint density can be rewritten using the copula density and the

marginal densities such that

my(x) = co(u) -ml (1) ... -mN (zne). (30)
Therefore, we can separate the joint density into the marginal densities and the
dependency structure. The joint density changes due to changes in the copula and/or
changes in each marginal density. The distributional derivative f;; can, hence, be

further refined with the corresponding partial distributional derivatives.

Definition 7 (Partial Distributional Derivatives). Consider a function f : P(RN") —
R with the total distributional derivative fy[M](x) as defined in Definition 3. Set
u, = [MY(2),..., MY (2n:)] and let

M(z) = /ng m(z)dz = /29 clu) -mh(z) - .o m (e )dz,

where ¢ denotes the copula density and M™(x,) = m"(z,)dz, denotes the n-th

marginal distribution of M € P(RN"). Then, the partial distributional derivatives

2n<Tp

w.r.t. the copula and the marginal distributions are defined by

fuM]()(m/ (z) — m(x))dx

RN®

:ﬁm{ﬁﬂm@ﬂdwa—chHImﬂ%>

+memm@wm—wmnmmIIW@%m
n=1 j#n.j=1

21See for instance Jaworski et al. (2010, Theorem 1.4.1).
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The second-order derivatives are defined by

Frona[M](, ") (m (") — m(a"))da’

RN?

- / {fcc[M] (2,2") (¢ (uar) = e (ug)) [ [ m"(27)

+23" fanclM] (e, ) (m? (@) = mI () e () [T ()
j=1 k#j,k=1

+ 3 e M), a) (m (@) =m0 (@) ) e () ] mk(x;)}dx/.

nj=1 k£ k=1

The intrinsic derivatives are given as before, i.e., f, o[M](x) = %fc[M] (x) and

fennii [M](z;) = a%nfMj[M](xj) etc. for anymn,j € {1,...,N*}.

Remark. Note that spliting the joint distribution into marginals and dependency
structure results in zero intrinsic derwatives for the marginals, i.e., fu vi[M](z;) =
0 whenever n # j and fo,o mic[M](z,2}) = 0 whenever n’ # j. Furthermore,

Senar i 0t [M](zy, 2;) = 0 whenever n # k and n' # j.

Similarly to Section 3, the master equation can be derived in terms of the partial
distributional derivatives. This extended master equation can then be simplified with

the following conjecture.

Assumption 8 (Dependency Conjecture). We conjecture that the agents’ equilibrium
value function solely depends on the marginal distributions and not on the dependency
structure given by the copula, i.e., we assume that all partial distributional derivatives

of the agents’ value function w.r.t. the copula are zero.

We argue that this assumption is reasonable because returns only depend on the
marginal distributions due to Assumption 2. Ultimately, agents forecast the evolution

of returns to optimize their controls for which the dependency structure is irrelevant.

Theorem 9 (Simplified Master Equation). Set * = [z,,2_,] € RY" for some
n € {1,...,N*}. Denote the conditional cross-sectional expectation E[f(x)|zx,] =
[ f(x) mrﬁgii)da:,n by f(z,). Given Assumption 8, the master equation operator in

(2/) solely relies on the partial distributional derivatives w.r.t. the marginal distribu-
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tions. It reads
HM [T,y r](t, M, 2" a) = u — pJ + J, (31)

Nﬁf
+ Z/ S i [M ] (xn; t,a’, a) T (t,yi, T, Q, r) m"™(z,)dz,

+ = Z Z T vn [ M ] (:En;t,xi,a)T%(t,xn,xn)m”(:vn)dazn

n=1 oe{id,ag}

NL
1 - /
+ 5 E / St 2 v [ M] (2, 2hyst, 2" a) SMEE 2, al Y™ (2], )m" (@, ) d, diy,
R2 O n

+ = Z Z / anz, v [M] (5 t, 37, a) EZ%* (t, 2 ) M" (2 )iy

nln’l

T3 Z / 2 ’Mn (x”l; t, xi’ (I) Zi;]%*(t? jS’ xn’)mn/ (l'n’)dQTn’

nn’ 1
Na Ne
+ Z o, M (t,a,7) + Z Joifin (8, Y 2 a,7) Z Jana, S (t,a,7)
n=1 n=1 nn’ 1
Ne Ne N
+%Z Z VR vl () ZZJML,EW t,y' 2, a,r)
n,n'=1oe{id,ag} n=1n'=1

with the covariance matrices 3 as in (8) and X% as in (22), (43) and (44).

Remark. Although the simplified master equation operator solely depends on the par-
tial distributional derivatives w.r.t. the marginal distributions, the equation overall
does rely on the dependency structure of the joint distribution because the copula den-

sity features in the conditional expectations
NZL‘
Flaw) = Blf (@l = [ fortw) [ wiede.
- j#n,j=1

Thus, approximating the copula density is still a significant step in the numerical
method. The details of its practical implementation can be found in Section 1.2 of the

online appendizx.
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4.2 Approximating the Marginal Distributional Derivatives

The distributional terms in the simplified master equation in (31) feature the intrin-
sic partial distributional derivatives w.r.t. the marginal distributions. Each marginal
distribution M}* = P(x},, < .) =: L(z},,) can be written as a function of the marginal
random variable.?” Furthermore, any square-integrable random variable can be repre-
sented by projecting it onto a family of stochastic orthogonal polynomials, a method
called polynomial chaos. This discretization technique has first been used in the con-
text of heterogeneous agent models by Proehl (2025a). At a fixed time point ¢, the

state 2 , can be represented as

T, =Y 0h.6"(6) (32)
v=0

where £, € L>®(Q, X, P;R) is a continuous random variable for which all moments are
finite and grow slowly enough.?® The corresponding family of orthogonal polynomials
{p"}22, satisfies

Lo’ = [ (60" (€ (€6, (33)

such that ¥ > 0 for any v € {0,1,...}. The projection coefficients {¢}, ,}52, are
defined by

v 1 v n 1 v )
Ghu= i [ 0 €lami @n)de, = 5 [ w0 (€@)PE <5)  (3)
R R
with &(z,) = (M5)~1(M™(z,)). The second equality illustrates that the projection
coefficients map the random variable 7, , into R, i.e., we can write ¢}, = [z}, ].

Overall, we can represent the marginal distributions

M- L) — (2 wz,tw(@) (Pl )

by a function g of projection coefficients defined as in (34). Hence, any function of

a marginal distribution is a function of the corresponding projection coefficients, i.e.,

22 As an It6 process, the agent-specific state in (7) is a square-integrable stochastic process implying
that xfut for a fixed time point ¢ is a square-integrable random variable, i.e., xﬁlyt € L3(Q, F;,P;R).

23See Ernst et al. (2012, Theorem 3.4) for the exact requirements on £ to ensure convergence of
the sequence in (32).
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F(M™) = f( lzl], ..., ¢®[z"]). Tt follows that the intrinsic marginal distributional

derivatives can be stated in terms of the derivatives w.r.t. the projection coefficients.

Lemma 10. When the state random variables x

n’

n € {1,...,N*}, are represented

by polynomial chaos as in (32), the intrinsic marginal distributional derivatives of a
function f(M", ..., MN") = f({p"32,, ..., {o% }52,) are given by

e M)(2) = 3 o LD

with &(x,) = (M*)"Y(M™(x,,)) and b° as in (33). The higher-order derivatives are
given by

Numerically, the polynomial chaos expansion in (32) will be truncated at V,, mean-
ing that we set {¢}, }osv, = 0.2* Overall, using Proposition 10, we can approximate

24Proehl (2025a) showed in a discrete-time framework that, when increasing the truncation order
V, of the polynomial projection, the policy function of the truncated representation converges to
the true policy function exponentially.
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the simplified master equation operator in (31) by’

HM [T, 98 r)(t, M, 2%, a) = u— pJ + J; (35)
N Vp

—i—ZZ s0”/(#’ E(@n)) fin (6. Y's Tnsa,7) M (wn)dy,
n=1v=0

+3 Z Z Z ¢"/¢5 (zn) mén(é( )))Enﬁ(t,xn,wn)m”(xn)d:zn

n=1oe{id,ag} v=0
Vi Vi

N#
—I-* Z ZZ g(;"Lpl/ ' (&(xn)) qﬁ” (§( )) o St T, T )m",(x'n,)m"(a:n)dx;,da:n

bopv'
nn’ 1 v=0v'=0

N&¢ N=ZT !

T3 Z Z Z a""a : / gbv x" 2]7\1/{’* (tal‘n’) mn’ (xn’)d.%'n’

nln’ 1v=0

V1 T

+7 Z Z anO//qsv xn xM*(tJj xn)m”/(ﬂzn/)dazn/

nn’ 1v=0

Na

—i—ZJannntar +Z ,untyxar +72Jana,m,(tar)
n,n’/=1

+%Z Z Jxm;,ZO* tx:z ZZsza,nn tyxar)

n,n/=1 oe{id,ag} n=1ln'=1

with &(x,) = (M%)~1(M"(x,)) and the covariance matrices ¥ as in (8) and X-* as
n (22), (43) and (44).

Remark. FEquation (35) illustrates the advantages of approzimating the marginal dis-
tributions with polynomial chaos. This approrimation substitutes the cross-sectional
distribution M in the state space with the (3.~ V,,)-dimensional real vector of pro-
jection coefficients [SOZ"]ne{l,...,Nﬂc},vne{o,...,vn}- Therefore, the distributional derivatives
can be approximated with standard derivatives of a real-valued function. Hence, we
approzimate the master equation with a standard, yet high-dimensional, partial dif-

ferential equation.

The seed random variables &,, n € {1,..., N*}, in the Polynomial Chaos rep-
resentation (32) are set exogenously. This choice presents a trade-off between the

complexity of the corresponding polynomials and the speed of convergence of the se-

25To simplify notation we drop the distinction between a function of projection coefficients f and
a function of the distribution f.
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ries in (32). For instance, one can choose &, to equal a standard random variable, e.g.,
a standard normal.?® Although the truncation error in (32) typically only becomes
small at higher-order polynomials in that case, the family of polynomials is standard
and does not need to be constructed separately. Alternatively, one can tailor &, to
a distribution close to the one expected in the model. In that case, truncating (32)
at lower order already achieves a good approximation but the family of polynomi-
als needs to be constructed separately. The latter is the method chosen in Proehl
(2025a) as this paper relies on a tensor-grid discretization of the state space. In con-
trast, we choose the former approach because our numerical method relies on neural
nets and thus, suffers less from the curse of dimensionality. We outline the details of
the practical implementation of the polynomial chaos approximation in Section 1.1

of the online appendix.

5 Solving for the Approximated Equilibrium

The recursive equilibrium is computed by solving the first-order conditions for the
optimal controls, the approximated master equation, its corresponding terminal and
state boundary conditions, and market clearing. Assumptions 1 and 2 deliver the
optimal controls y** and the returns associated with the explicit market clearing

conditions r*¢*

in closed form. Thus, we can reduce the number of equations by
inserting these closed-form solutions directly into the approximated master equation
and its boundary conditions. Overall, the main equation to be solved is the approx-
imated master equation in (35). Previous work in computational economics using
the master equation like Gu et al. (2024); Han et al. (2021); Huang (2024) directly
approximates the indirect utility function and often relies on automated differentia-
tion to obtain its derivatives. Since our master equation is of second order and high
dimension, this approach is infeasible. Instead, we base our solution method on the
Deep BSDE method. It was first developed by E et al. (2017); Han et al. (2018) to
solve high-dimensional first-order PDEs and has been extended by Beck et al. (2019)
to accommodate second-order PDEs. This method can be interpreted as a shooting

algorithm that is best illustrated in the model without direct aggregate risk as in

26Xiu and Karniadakis (2002) present the possible standard distributions.
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Example 5.7

Example (Case Without Direct Aggregate Risk as in Bilal (2023); Krusell and Smith
(1998)). The household problem provides us with the dynamics for the agent-specific
and aggregate variables [dz!, da;]. Given these, the cross-sectional distribution can
[rk wy] are explicitly defined given the distribution’s approzimation. All of these vari-
ables can be simulated forward given their initial values. Additionally, one can de-
rive the dynamics for agent i’s indirect utility Y = J(t, [0y ne{1,2} on€{0,...Va}» Ths Ot
and marginal utility Z; = DJ (L, [0} ] ne(1,2}0n {0, Vi) T4s t) . The terminal boundary
condition pins down the terminal values of these but the initial values [Yy, Z| are
unknown. The essential idea behind the Deep BSDE method is to approximate the
initial utility and its marginal, then simulate forward to evaluate the terminal bound-
ary condition and repeat this step until the approvimation of [Y{, Zi] minimizes the

error in the terminal condition.

This illustration distills the main idea of the method but abstracts important
details which will be presented in the following. Let us first summarize the standard

Deep BSDE method before we explain how to adapt it to our equilibrium setting.

5.1 The Deep BSDE Method

The Deep BSDE method exploits that PDEs are closely related to backward stochastic
differential equations (BSDE). Similar to the state dynamics in (7), the indirect utility
function J as well as its gradient DJ can be represented by stochastic differential
equations. The difference lies in the direction. The state dynamics move forward
given the initial state whereas the dynamics of J and DJ move backwards given
the terminal boundary condition in (27). Given this system of forward backward
stochastic differential equations (FBSDE), the Deep BSDE method approximates the
unknown functions with neural nets that are solved for by a reinforcement learning

algorithm. Let me summarize both steps in more detail.

1. FBSDE system: Define the state space of distributional projection coefficients,

agent-specific and aggregate states by X} = ([¢)"]ne(1,...N}one{0,...Va}» Ths Gt)-

27Although the method minimizes the error in the terminal boundary condition, Niisken and
Richter (2021) show that this error measure is equivalent to a measure of the cumulative value
function error along the transition path. Thus, the Deep BSDE method goes beyond a pure shooting
method which also explains its superior convergence properties.
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Define the stochastic processes of the indirect utility Y, = J(t, X}), its gradi-
ent Z; = DJ(t, X}) and Hessian I} = D?J(t, X}).*® Lastly, define the process
Al = A[DJ](t, X}) by the infinitesimal generator mapping the gradient into a
function of (¢, X}).?” Cheridito et al. (2007) show that a PDE like the approxi-
mated master equation in (35) is equivalent to a system of FBSDEs containing
the dynamics [dX}, dY;', dZ}] where the last two components constitute the back-
ward equations which depend on the unknowns [Y{, Z{, {T'}is0, { AL }iso]. If the
unknowns were given, the FBSDE system could be discretized with a forward

scheme and easily simulated.

2. Reinforcement learning algorithm: The unknowns of the FBSDE system are
given by functions
Yo =9"(X(),  Zy=97(Xp),
Ii=98 (¢, X7), Al =94, X})
that are approximated by neural nets. Given a preliminary approximation,
the FBSDE system is simulated forward to evaluate the loss function. The
loss is defined by the mean-square error of the PDE’s terminal condition in the
simulated data. The neural net approximation of the unknowns is then updated
using stochastic gradient descent. This step is repeated until the loss function

is minimized.

5.2 General Equilibrium Extension: The GE-Deep BSDE
Method

The standard Deep BSDE method has been designed to solve high-dimensional PDEs.
However, our equilibrium problem presents additional complications. Thus, we ex-
tend the standard method to accommodate the cross-sectional interaction of our
heterogeneous agent model, the state boundary condition that takes care of the state
constraint, and the implicit market clearing equation defining the remaining returns.
We introduce these adjustments following the two steps of the standard Deep BSDE
method.

ZHere, DJ = [JX{:,...,JX;VX]T with N¥ = Z;V;VJ + N* + N The Hessian contains all

second-order derivatives w.r.t. X°.
29This process is defined precisely in Proposition 11.
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5.2.1 The System of FBSDEs

Let us first derive the system of forward backward stochastic differential equations in

our setting.*’

Proposition 11 (System of FBSDEs). Define the aggregate state process by a vector

..........

vector X; = ([@0lne i, . N*}one{0,...Va}s Ths ). Suppose that Assumptions 1 and 2

777777777

[ *,ex ok Am

hold. Denote the equilibrium returns by ri = [r r "] where v is given by

Assumption 2 (i). Suppose that the implicit returns are given by a function ri™™ =
rm(t, X&), Then, a solution to the approximated master equation with terminal

boundary condition

0 =HY"[T,y™" 1*](t, X*) = HY [J, MY[DJ, D*J,r*],r"](t, X)
0 =H"PC[J,y"(XT) = HPOLT, MY[DJ, D*J,r])(X)

with HM as in (35) and HTBC as in (13) is equivalent to a solution of the system of
FBSDEs for the processes { X}, Y}, Zt }1>o defined as follows. The forward equation of

the optimally controlled state dynamics is given by the initial data X} and dynamics

----------

1 % * n
e = { [ 0" o) (0 ) ), (30

. / 08 (600)) e P () 0 (),

1 — ,
b6 o) T (i st i,
R

with y* = MY[Y;, Ty, 7] and &(x,) = (M&)"Y(M™(z,)) and the covariance ma-
triv X% as in (22). The backward equations are given by the terminal condition

limz o Eole "TYi] = 0 and the dynamics

dY) = — f(t, X},Y/, Z;,T))dt + (Z})" dX] (37)
dZ} =Ajdt + TjdX]

30Proposition 11 follows directly from Cheridito et al. (2007, Theorem 4.10) so that we omit the
proof.
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with )
N .
o E[dX!

F XY ZLTY) = up = pY) + ) Z;L,t%

n=1
where B[.]/dt delivers the drift of the process and ul denotes the utility given the
agent-specific state X;. The equivalence between PDE and FBSDE yields

Y =J(t, Xj)
Z; =DJ(t, X})
It =D%J(t, X})

X . .
.0 L1 e o2 E[dX},dxi ]
Al :EDJ(t, X))+ 3 n;1 WDJ@, X7 y ,

where E[.]/dt collects the cross-variation of the two processes.

Remark. This result effectively translates the consistent law of motion of the cross-
sectional density in (19) into the consistent law of motion of projection coefficients

that discretize the cross-sectional distribution in (36).

To simulate the system of FBSDEs [dX], dY}, dZ}], we descretize it with a forward
Euler-Murayama scheme following Andersson et al. (2023); Huang et al. (2025). How-
ever, we have to adjust this scheme slightly because our problem features an infinite
instead of a finite horizon. We follow Friedl et al. (2023) and adopt the transforma-
tion of Traeger (2014) who maps the infinite time horizon ¢ € [0,00) into a finite
time interval through 7(¢) = 1 — exp(—vt) € [0,1) with v > 0. The Euler-Murayame
scheme is then applied w.r.t. the finite time interval using the inverse transformation
t(r) = —log(l — 7)/v. An equispaced grid 7, = &, d € {0,1,...,D — 1} hence
translates into a temporal discretization t; = t(74). In addition, we approximate
the terminal time point with tp = 7(1 — ¢) with ¢ > 0. Note that, given some ini-
tial data {X, Yy, Z(}, a set of simulated data {X} ,Y}", Z] }acqo,1,..,py represents the
time series of states, utility and marginal utility for one agent. The details of the

discretization scheme can be found in Section 2 of the online appendix.

5.2.2 The Reinforcement Learning Algorithm

The reinforcement learning algorithm approximates a set of unknown functions with

neural nets. This approximation is found by minimizing a loss function using stochas-
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tic gradient descent on simulated data from the FBSDE system. We adapt the stan-
dard procedure of the Deep BSDE method along multiple dimensions.

Unknown Functions. We extend the set of unknown functions to be approxi-
mated. In addition to the unknowns [Yy, Z¢, {T%}i>0, { Al }i>0), we also approximate
the implicit equilibrium returns {r;""™},o. Furthermore, note that the simulated data
of {Zi 17" }4=0 from Proposition 11 and the approximated unknowns {I';, 75" },=0
directly deliver y**(t, X}) = MY[Z}, T r](t, X}) due to Assumption 1, i.e., agent ¢’s
simulated trajectory of optimal controls. However, to simulate the projection coeffi-
cients of the consistent cross-sectional distribution in (36), we need to compute the
expectation across all agents’ optimal controls. For that sole purpose, we also approxi-
mate {Z; };>0 as an unknown function.?® Overall, the functions that are approximated

with neural nets consist of

Y()i — 19Y0 (X(Z]>7 Z(Z) - 1920<X6)7 Ffﬁ = ﬁr(t’ XZ)’
AL =9t X]), Z= 071, X)), =01, XP).

Simulation. Given an empirically calibrated initial state X and the approx-
imated initial values [9¥°(X{),9%0(X{)], the discretized version of the FBSDE sys-
tem [dX},dY} dZ}] from Proposition 11 is simulated forward. The approximated
functions ¥' and 94 define the dynamics dZ; in (37) whereas the functions ¥'
and 9" feature in the law of motions of [dX},dY}] due to the optimal controls
Yt = MY[ZE Nt XT), e, 07 (t, X)) and the direct dependence of dX? on rf =
[r% 97 (t, X2)]. The approximated function 9% features in the dynamics of the pro-
jection coefficients in (36) as we integrate over the optimal control as a function of z,
ie., yt = MYWZ(t x), 0" (t, ), 1", 0" (t, X)) .

We use the simulation of the FBSDE system to enforce the state boundary con-
dition. The simulated data serves as the training data for the approximated solution
and hence, all equilibrium conditions should hold at all times. If the simulated data of
the constrained state e! > 0 violate the constraint at some time point ¢4, we modify
the simulated data around that time point to enforce the constraint and then con-
tinue the simulation with the modified data. This includes not only setting eid/ >0

but also modifying the optimal controls [yfdf_l ) yfdf] and the gradient [Z ,Z] | such

3In  fact, we do mnot mneed to approximate the full gradient DJ =
[[Tpun lneqa,..., Nm},vne{o)“,yﬂ},Jmi,Ja]T with an additional unknown function but only J,: be-
cause the optimal controls solely depend on the derivatives w.r.t. the agent-specific states.
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that the drift and volatility of deid, are nonnegative and vanish, respectively.

Example. In our example model, the state boundary is enforced as follows. Choose
a small e > 0. Set k:id/ = ¢ to let the wvolatility of the constrained state vanish.*
Set L;’;_l to exactly the value that results in k’zd, = € in the discretized FBSDE. Set
the simulated marginal utility J, to a large value, i.e., Z'

Nty 1
X7 Y,

tgr? Tty

= 1/e. Recompute
Zfd,] with these new values at ty_1. If the constrained state is still in vi-

y i % J— i:* — 3 i7* ZZ‘ 7,0
olation ey , < 0, set e; = e. Furthermore, set ¢;, = min{c; ,, wy e + brtd,} and

7

_ ) Zz 1.0 \— ; )
nerty =max{Zy . (wg, e +bry )77} which corresponds to Jei.

Similarly to enforcing the state boundary in the simulated data, we also enforce
the market clearing condition. The zeroth-order projection coefficient ¢0 is the cross-
sectional mean of the state variable z¢. When market clearing is implicit, the simu-

lated zeroth-order coefficients are corrected to satisfy the market clearing equation.

Example. In our example, we approzimate the states [exp(2?), k', €'] with polynomial
chaos. Thus, the corresponding aggregates are given by the zeroth-order projection
coefficients [p%:, ¢V, ©°]. These are simulated within the FBSDE system. The simu-
lated return on capital and the wage are then calculated by inserting these projection
coefficients into the corresponding marginal productivity. We enforce the implicit

market clearing for the bond by correcting the simulated value of ©° accordingly, i.e.,

) = —b+ ).

Lastly, we modify the sampling in order to enable the approximation of the termi-
nal boundary condition. Denote the simulated terminal value by Y2 = Eq[e ”'PY/ |.
We sample the various agent 4’s initial states X from the initial cross-sectional dis-
tribution using quasi-Monte Carlo sampling. To compute the expectation in Y. we
duplicate all agent ¢’s initial states X multiple times and compute the correspond-
ing Yt"D for different trajectories of the exogenous shocks. The simulated terminal
value Y is then calculated as the corresponding Monte Carlo average. We simulate
Z%, = Eole "0 Z] | equivalently.

Loss Function and Gradient Descent. Originally, the Deep BSDE method

defines the loss by the mean-square error of the PDE’s terminal condition in the

32We do not set kid, = 0 because agents avoid the fire-sale boundary at all cost in equilibrium. In
our model, zero capital is an absorbing state, i.e., capital would stay at zero forever. As capital is
log-normal, this is a zero probability event.
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simulated data which reads } Zfil (Y —0)2. Tt has been shown that this loss function
may lead to convergence issues by Niisken and Richter (2021) when the FBSDE system
is high-dimensional and by Huang et al. (2025) when the FBSDE system is strongly
coupled. Both properties apply to our setting. Thus, we follow Niisken and Richter
(2021); Huang et al. (2025) and use the variance of the terminal condition for both Y
and its gradient Z! to improve convergence. This yields a loss function with multiple
components: the empirical variances 727 S°r_ (Y — Yoo)? and 75 o0 (71 — Z..)?
where Y., and Z., denote the empirical averages across i. The loss resulting from the
terminal condition disciplines the approximation of the traditional unknown functions
[9Y0, 9Z0 YT 9¥4]. As we added two more unknowns to be approximated by neural
nets, we need to extend the loss function to discipline the two additional functions
[WZ,97]. We add the mean-square error of 97 compared to the simulated Z; as a
third component and the mean-square error of the implicit market clearing equation

0= M’“[yz"*] as a fourth component. The total loss function consists of

S (v - Y2
% Zf:l 25:1 (ﬁz(tda thd) - ng)

L SR (M i)

To summarize, the first two components evaluate individual optimality, the third
component evaluates the cross-sectional distribution’s consistency with individual
optimality, and, the last component evaluates market clearing. Minimizing the loss
function, therefore, balances multiple objectives. Applying stochastic gradient de-
scent to a simple weighted average of these multiple objectives generally does not
converge, because the gradients of the different objectives may point in conflicting
descent directions. To avoid these issues, we apply the correlation-reduced stochastic
multi-objective gradient manipulation (CR-MOGM) by Zhou et al. (2022) in addi-
tion to projecting conflicting gradients (PCGrad) according to Yu et al. (2020). This
approach adjusts the weights of the different loss components when computing the
stochastic gradient descent step to find a Pareto optimum that balances all objectives.
Chen et al. (2025) provide a comprehensive survey on multi-objective deep learning.

Apart from the modifications described, we closely follow Beck et al. (2019) to
implement the neural net approximation and the mini-batch stochastic gradient de-

scent to minimize the loss function. The details of this implementation can be found
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in Section 3 of the online appendix.

6 Economic Insights

This is work in progress. We are currently finalizing the implementation and expect

results in late Spring 2026.

Appendix A Proofs

A.1 Proof of Proposition 4

Proof. Note that the Kolmogorov forward equation in (19) states the distributional

dynamics in the form of dm,(z) = Zn | For 2 dDP(x) with
dD:L (JJ) = {_:un (t7 yi’*[rt] (t7 z, at)7 T, ay, 7ﬁt) mt(x> (38)
+3 Z Z t y [Tt](t7x7 CLt>,ZE,CLt,Tt) mt(x)] dt
=1 oe{id, ag}

- O-?Lg (t7 yl’*[rt] (tu x, at)a €, ag, Tt) mt(l’)dBfg_

Therefore, we can apply integration by parts in (20) once in the first term and twice in
the second term so that the dynamics of f(M;) can be stated in terms of the intrinsic

distributional derivatives

arom=— [ Z Foura M) (2)dD} () (39)

1 ,
T3 / Z Fonet aint [Mi)(, ')A D} (2)d DY (2/)da' dv.
2 R2NE n!

’—1

Inserting the definition of dD}'(z) yields the appropriate expansion in (21). Note
that the term containing f, ..a[M](7) = 8:1: ~ fan v[My](x) results from applying
integration by parts once more to the second drift term of dD}(z) in (38). O

40



A.2 Proof of Theorem 9

Proof. Recall from (20), that the distributional terms in the master equation result

from the expansion

df (M) = e fu[Mi](z)dmy(z)dx

1
+5 Farne [ M) (z, 2" dmy (2" dmy (z)da’ dee.
2 R2NZT
with dmy(z) as in the Kolmogorov forward equation in (19). Given (30), the joint

distribution’s dynamics are given by
N® .
dmy(x) = dey(u Hmt (x;) +det () - ce(u) - H my(x;). (40)
i#n,i=1

The last N* summands can be determined by computing the Kolmogorov forward

equation of the marginal distributions dm} (x,,) f dmy(z)dz_, resulting in

dmt xn H mt SL’J (41)
Jj#n,j=1
0 .
N {_aZL’ (Et ['u” (tv yL*[Tt](t? z, at)? T, at, Tt) | xn} mt(x))
1 82 0,%
—1—5 Z 92 (B¢ [Z07 (¢, x,x)| xp] my(2)) p dt
oe{id,ag}
0 .
- 895 (Et [O-zg (tu y%*[rt](t? z, at)a €, ag, Tt) } xn} mt(«r)) dB;lg
0 L% 1 0 [com
:a—xn —n (t,yz’ ,xn,at,rt) my(x) + 3 Z Tn [En’n (t, Tn, Tp) mt(gj)] dt

oe{id,ag}
_O__gzg (ta ?/27*7 Tn,y A, Tt) my ($)ngg:|

0 marg,n
= 87 th & (xn)
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with X%* as in (22). In light of (40) and (19), we obtain the copula dynamics

dey(u) - | [ mi(ay) (42)

N®
9 A .
:Z O [{_ (,U/n (tayz’*[rt](uxaa’t)wrvatart) - :u_’rl (tayz’ amnaahrt)) mt(x)

+ % Z 9 [(EZ: (t,x,x) — ﬁ(t,ﬁn@n)) mt(x)]

X
oc{id,ag} "

—l—Z Z (t,x,x) my(x)] p dt

n'=1 oe{id, ag}

- <O_ag (tayl’*[rt] (tu z, a’t)wr’ at77ﬂt> - Uﬂ (t yt 71:717 ahrt)) mt(x)dBfg}
N=

Z

copn )

Overall, we can rewrite the Kolmogorov forward equation using (40)-(42) such that

Nz

a cop,n marg,n
dmy(z) = 207 [dDSP" () 4+ dD ™ (,,)] .
n=1 n
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To derive the master equation in terms of partial distributional derivatives, insert
Definition 7 into (20) to obtain

df (M) :/W {fc[ ) - de(u Hmt ()
+ZfM"[M]( n) - dmy (z,) H m (; }

n=1 J#na 1
1 il
+ 5/}1@1\” {fco[]\/[](x,a: - deg(ug) Hmt - deg(ug) kl_[lmt xy)
N N® . N
+2 Z Fapw e IM)(@,2,) - dmy () - eo(ua) - [ mi(@)) - dey(ua) - T mf (ze)
i#n’ =1 k=1
NI .
+ Z Faw g (M) (2, 2y) - dmif' (2,) - e(ug) - [ md (2))
n,n'=1 j#n! j=1
dm} () - c(ug) H my (o }d:):'dx.
k#n,k=1
WA ol 0
[ {fc[M](w) 2 D) + Z M) - 5 ;nafg’"m)} s
1 N
- _dDCOP’n
* 2 /Rmvz {fCC Z: Z 8%
Nfl:

/ 0 marg,n’ /s 0 cop,n
+22fM"/C[M](x’xn) 8 / dD & n’)'28$ th > (ZL’)
n=1 n

n

0 marg,n’ 0 marg,n
+ Z fM” M" ﬂfn, n)aT//th & (SE;L/) ax th & (xn)}dx’dx,

nn/=1
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where the last equality follows from inserting (41)-(42). Integration by parts delivers

the following expansion
Z {fanc[M)(@)ADEP" () + fapan [M)(2)dD}™"5" (@)} da

{ Jouat ,cclM) (@, a")dD}*™ (a/)dDi™" (x)

+ fwnx’ ,M”’C[M] (, 2}, ) D™ (], )dD;*P" (x)
1 /
o ety atn [M(n, 27, )d D" (7, )d D arg’n(mn)} dx'dzx.

Note that the cross-variations define the following covariance matrices
dDSP™ (')A DEP™ (2) 1

dt my (2" )ymy(z)
— (aff (t, Yt 2, ), 2, ay, rt) — (t Yl ay, rt)>
: (0-29 <t> yi,* [rt] (ta z, at)a T, ag, rt) - O—_gg (ta y?*v Ty Gty rt))
D™ (2, )dD;P" ()

dt my (2" )ymy(z)

_U (t7 xn ) Aty Tt) (Ugg (tv yi7*[rt](t7 T, at)? T, Gy, rt) - O-_gbg (tv yi,*v T, Qt, rt))

ADME (2! A DM (1, 1
dt my(z")ymy(z)

SO (4, ) = (43)

SMO* @, al)) =

nn' » P

ZM*(? n,l’;l) =

__"ag ik o/ ~_ag (2
=0, (t,yt ,xn,,at,rt) On (t,yt ,xn,at,rt).
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Inserting the definitions of D;°®" and D;"®" and using integration by parts once

more, this allows us to rewrite the expansion as

df(Mt) =
Z RN® {_fxnC[M] (ﬁ) (Pm <t7yi,*[rt](t, x, at), X, ay, Tt) — T (t, yz‘,*’xm 0. Tt))
+35 06{%9} Fenwac M) (55 (0., 2) — S (20, 2,)

n—1
+ Z Z fmn/xnC[M](I)E:n*’ <t7 Z, ZL‘) + f:vnM" [M] (mn)m (ta y?*u Ly Ay, rt)

'=1o0€e{id,ag}
1 SoF

oc{id,ag}

1 / C,x /
ZZI/ | 3t el )5 )

+ fxnm/ ,M"/C[M] (SL’, 'T;L/)ZnMnC’}’* (ta z, x;«/)

1
+—fznw, o an [M] (2, 27, )EM (t, T, T, )} my (2 ymy(x)da' dz dt

+ Z { f:cn K ) <Uzg (t,yi’*[rt](t,x,at),:ﬂ,at,rt) _O'_gg (tay?*vl‘naatart>> mt(x)dx

RN®

+ Fanain [M] ()08 (t, Y, ay, ) mt(x)dx} dB;"?

RN®

Asin (23), the master equation combines the standard It6 terms and the distributional
terms of the expansion in the previous equation as well as the cross-terms of the former

two. Define the additional covariance matrices

Ei;?’*(t, o', x) =00 (6 y"* [r(t 2, ar), 2", ag, 1) (44)
. <JZ‘? (t,y" [r(t, @, ap), @, ag, 1) —a_y(t,yf’*,xn/,at,rtw
Einl\,/[* (t, 2, z) =009 (t,y"*[r](t, 2", ar), 2", ag, 1) o (t, T
Zzg}* (t,x) =C (t,as, 1) <aa/g (t,yi’*[n] (t,x,a4), x, at,rt) — a_ff’ (t, T at,’r’t)>

22%7* (t7 Ty ) _C (t Gy, Tt) (t yt 73771’7 g, Tt)
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Then, the cross term in (23) is given by
dAM,mi,a (ta Mt7 .CE;, at) =

N.fC
]. i xt ¥ 7
3 {nnz,l /RNI Jxmn,C[Mt] (x;t,xt, at) Znnc, (t,z", x)my(x)dx
+ Z / Syi o apn [Mi] (zit, 2}, ar) Ei;l\,/[’*(t,xi,xn/)mt(x)dx
+ Z Z / Jame,, M) (w38, 28, a) S05° (8, ) my () da

No NT
+ Z Z /]RNZ Janiﬂnan/ [Mt] (I‘n/; t; Ii) at) EZ]T\;{’* (t, ZL’n/) mt(gj)da;} dt.

n=1n/=1

Combining all the terms of dJ according to (23) and collecting its drift delivers the
master equation in terms of partial distributional derivatives. Setting all partial
derivatives w.r.t. the copula J_ o[M;] = 0 inline with Assumption 8 delivers the

simplifies master equation and concludes the proof. O

A.3 Proof of Lemma 10

Before we proceed to the proof of this lemma, let us introduce two more concepts from
the mean field game literature that are relevant here. As an It6 process, the agent-
specific state in (7) is a square-integrable stochastic process implying that, for a fixed
time point ¢, x! is a square-integrable random variable, i.e., xi € L*(Q, F;, P;RY").
The space of square-integrable random variables is a Hilbert space such that the
derivative of a function of the random variable f(x?) is given by the standard Fréchet

derivative.

Definition 12 (Distributional Derivatives II (see Carmona and Delarue, 2018a, Defi-
nition 5.22)). The Fréchet derivative of a function f : L*(Q2, F;,P;RY") — R is given
by the the total derivative fu[z'](x) = SN foi [2')(z) with the partial derwatives
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given by*?

_flat s —ah)) = f(a)
| . . —
lim - Z Py J') (@) (@, = 2a) |
where the expectation is taken over x,x’ € L*(Q, Fi,P;RN") where x has the same
distribution as x* and 2’ has the same distribution as ' . The second-order derivative

1s similarly defined by

s—0 S

b Jlet 4 s — a)](@) = fule)(@) e Z fo (o 2, —:m]

=E*" Z fﬂcl xi, ﬂﬁn',xn)(iﬂl _jn)] )

Ln,n/=1

where the expectation is taken over 7,7 € L*(Q, Fi,P;RN") where T has the same

. . . N ~ . . . -/
distribution as x* and T’ has the same distribution as x* .

There is a direct link between the intrinsic partial distributional derivatives w.r.t.

the distribution M and derivatives w.r.t. the corresponding random variable z°.

Proposition 13 (Cardaliaguet et al. (2019, Proposition A.1.2)). With the distribu-
tion M(z) = P(x* < x), we can rewrite a function of the distribution in terms of
the random variable, i.e., f(M) = f(z'). If f is differentiable w.r.t. the distribution,
then it is differentiable w.r.t. the corresponding random wvariable and the intrinsic
distributional derivatives equal f. ap[M](z) = fx% [2%)(z). Similarly, the second-order

derivatives agree fo, . v M](z,2") = f%xi/[xi](x,x’).

Corollary 14. Given Definition 7 of the partial distributional derivatives, the previ-

ous result can be restated by
foi [2)() =fanna[M] ()
=func[M](z) + Z Fonazn [M]) ()
=fonc[M)(@) + fo,nm [M](2,)

33The equation to define f,: is equivalent to Cardaliaguet et al. (2019, Equation (A.5)).
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because f, yp[M|(zw) = 0 when n' # n. For our indirect utility function, the
equality further simplifies to jx; [2°)(z) = Jp, pn [M](2) because Assumption 8 holds.

Similarly, the second-order derivatives read

f:cgloc;, [xz](x7 ZL’,) :fxnm;l,MM[M] (xa l‘/)
:fmnxil,CC’[M] (x,x’) + fmna:’n,M"C[M](wm l’l)
+ fmnz;,CM”l [M](.’L‘, x;z/) + fxnx;,M"M"/ [M] (In, x;ﬂ)

Given Assumption 8, this implies that jmmz/[:rl] (x,2") = Ty wr e an [M (@, 23,0).

Proof of Lemma 10. Consider the polynomial chaos representation (32) of the n-th
element of the random variable z¢ € L?(Q, F;, P; RN"). The corresponding projection
coefficient given in (34) defines a function ¢° : L?(Q, 7, P; R) — R with

(e = 5 [ @t ()P} < ) = E [107(6,)]

where £(z,) = (M)"Y(M™(z,)) and b as in (33). Its Fréchet derivative accord-
ing to Definition 12 reads ¢, (2] (x,) = ¢°(&(x,))/bY. Tts second-order derivative
IS O3 0 [2'](xn, 2))) = 0. Let us now consider a function of projection coefficients

FUHE Y0 - {0%e 122). Any ¥ = @¥(zh), v € {0,1,...}, such that the distribu-
tional derivative in Definition 12 of the function f is

o0

P @) = S Frs - o [o Z Toi (e

v=0

The second-order derivative follows accordingly

Fest [0 (@n, ) = Y oy pur - 00 2] (@) - @ ') ()
v,0'=0

-y b’;"bi'w (Ewn))0” (€C).

v,0'=0

The equivalence of Proposition 13 and Corollary 14 delivers the first- and second-order

48



derivatives of the lemma. Lastly,

0 0 =

Jenwndin [M](In) :8_%fmnM" [M](xn) = a_xnfxz [l‘z] (xn)

S f@ﬁ v a
= ; o 9 (E(2n)) 56 ()
where 0/0x,&(x,,) is the derivative of the quantile function which, due to the inverse
function theorem, equals one over the density evaluated at the quantile for continuous

distributions, i.e.,

O ey (e )) = — O ey = @)
This concludes the proof. O
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