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1 Introduction

Heterogeneous-agent models have become central to modern macroeconomics. They

are particularly well suited for studying distributional dynamics, but their broader ap-

plicability has long been constrained by computational difficulties. Continuous-time

formulations, as in Achdou, Han, Lasry, Lions, and Moll (2022), have substantially

reduced these barriers by leveraging efficient finite-difference methods. Incorporating

aggregate risk, however, remains a considerable obstacle. In the presence of aggre-

gate shocks, the cross-sectional distribution of households evolves stochastically and

becomes an infinite-dimensional state variable that influences equilibrium prices and

individual policy functions, giving rise to a severe curse of dimensionality.

Although there has been significant progress in computing models with aggregate

risk using local approximations around the steady state,1 this approach is less suitable

for models with aggregate nonlinearities. More recently, a growing literature has

tackled the curse of dimensionality of global solutions by applying machine learning

techniques.2 These methods, however, abstract from non-stationary settings and

financial constraints. As a result, analyzing heterogeneous agent models that combine

aggregate nonlinearities, non-stationarity, and financial constraints with business-

cycle risk remains a major challenge.3 Non-stationarity, for example, is intrinsic to

climate-economic models where temperature is an upward-trending state variable,

while aggregate nonlinearities and financial frictions play an important role in macro-

finance models that generate endogenously arising crises dynamics.

This paper addresses these challenges by introducing a novel computational method

that delivers global solutions to a broad class of continuous-time heterogeneous agent

models with aggregate risk. Our approach accommodates non-stationary dynam-

ics, handles nontrivial borrowing constraints and market clearing conditions, and

high-dimensional state spaces. It is based on the master equation, which combines

the Hamilton–Jacobi–Bellman (HJB) and Kolmogorov forward equations (KFE) to

ensure consistency between individual decision-making and the evolution of the cross-

sectional distribution. We solve this equation using machine-learning techniques. We

1A non-exhaustive list includes Ahn et al. (2018); Boppart et al. (2018); Bayer and Luetticke
(2020); Auclert et al. (2021); Bilal (2023).

2See Gu et al. (2024); Gopalakrishna et al. (2024); Huang (2024); Payne et al. (2024); Yang et al.
(2025).

3Moll (2024) even names the difficulty of solving heterogeneous agent models with aggregate risk
as one reason to move away from rational expectations.
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illustrate this method with a two-asset HACT model with aggregate risk, featuring a

one-period zero-coupon bond and illiquid capital. Kaplan, Moll, and Violante (2018)

show that this environment generates an empirically realistic wealth distribution.

However, despite its success in matching microeconomic moments, the model fails to

reproduce key macro-finance facts: when aggregate risk takes the form of total factor

productivity shocks, the equity premium is too low. We show that this disconnect

is alleviated when aggregate risk instead enters through stochastic capital deprecia-

tion combined with a collateral constraint. In this setting, capital is not only illiquid

but also risky, and the collateral constraint generates endogenous risk in the spirit of

Brunnermeier and Sannikov (2014).

Introducing aggregate risk through stochastic capital depreciation substantially

increases the theoretical complexity of the model in two aspects: The master equation

becomes second order because the law of motion of the wealth distribution is itself

stochastic, and, the equation features distributional derivatives that are difficult to

approximate numerically. Thus, our first contribution is of a theoretical nature and

tackles these two challenges. First, we provide a heuristic derivation of the second-

order master equation, guided by the rigorous theory of mean-field games developed

by Cardaliaguet, Delarue, Lasry, and Lions (2019); Carmona and Delarue (2018a,b).

Our objective is to make this derivation accessible to economists familiar with the

basics of continuous-time stochastic processes. While Bilal (2023) carefully derives the

master equation for models with deterministic KFEs, we are the first to do so when the

KFE is stochastic. The key step is an extension of Itô’s lemma: whereas the classical

result characterizes the dynamics of functions of stochastic processes, its extension

characterizes the dynamics of functions defined over both stochastic processes and

stochastic distributions. Second, we show how the distributional derivatives appearing

in the master equation can be approximated using standard derivatives on the real

line. To this end, we represent the cross-sectional distribution via a polynomial

chaos expansion, an approach first introduced in a discrete-time heterogeneous-agent

setting by Proehl (2025a). This projection transforms the distributional derivatives

into derivatives with respect to a finite-dimensional vector of projection coefficients,

thereby reducing the master equation to a standard, albeit high-dimensional, partial

differential equation (PDE).

Our second contribution is computational. We develop a numerical method to

solve the master equation jointly with the market-clearing conditions. The approach
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builds on the Deep BSDE method of E, Han, and Jentzen (2017); Han, Jentzen, and E

(2018), which is designed to solve high-dimensional partial differential equations. The

method reformulates the PDE as a system of laws of motion for the state variables,

the value function, and its first and second derivatives, which are simulated forward

from unknown initial conditions. These initial objects, i.e., the value function and its

slope and curvature, are recovered by minimizing violations of the terminal boundary

condition implied by the simulated terminal values. In this sense, Deep BSDE can

be viewed as a shooting algorithm that approximates unknown functions with neural

networks and updates them via stochastic gradient descent. In our setting, the value

function’s slope and curvature also determine agents’ optimal policies, placing the al-

gorithm in the class of reinforcement-learning methods. In general equilibrium (GE),

prices such as bond returns must be determined jointly with agents’ policies, and

equilibrium requires consistency between individual decision rules and the evolution

of the cross-sectional distribution. We incorporate these features by extending the

Deep BSDE framework in two ways. First, we expand the set of unknown functions

to include equilibrium prices. Second, we discipline these additional neural networks

by penalizing market-clearing violations and distributional inconsistency in the loss

function. We employ multi-objective deep learning techniques to ensure stable con-

vergence. We refer to the resulting algorithm as the GE–Deep BSDE method.

Related Literature. This paper contributes to multiple strands of literature,

foremost among them the development of numerical algorithms for solving heteroge-

neous agent models with aggregate risk. Traditional approaches address the challenge

of an infinite-dimensional state space by either relying on a bounded-rationality ap-

proach to reduce dimensionality (see Den Haan, 2010, for an overview), or on local

perturbations around a stationary equilibrium as in, e.g., Reiter (2009); Ahn, Kaplan,

Moll, Winberry, and Wolf (2018); Boppart, Krusell, and Mitman (2018); Bayer and

Luetticke (2020); Auclert, Bardóczy, Rognlie, and Straub (2021). Grid-based meth-

ods solving the rational expectations equilibrium globally suffer from the course of

dimensionality. To overcome this limitation, a growing body of research – including

this paper – leverages grid-free, simulation-based deep learning as a powerful tool for

tackling (very) high-dimensional optimization problems, see e.g., Scheidegger and Bil-

ionis (2019); Maliar, Maliar, and Winant (2021); Azinovic, Gaegauf, and Scheidegger

(2022). Another class of methods employs neural networks under bounded-rationality

to approximate the perceived law of motion of aggregate variables more flexibly as in
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Fernández-Villaverde, Hurtado, and Nuno (2023), or to parametrize a mapping from

a finite-agent discretization to a lower-dimensional finite-moment representation of

the cross section as in Han, Yang, and E (2021).

More specifically, our method belongs to the class of algorithms for models posed

in continuous time. Popularized in macroeconomics by Achdou et al. (2022), their

analytical tractability has not only been exploited in a local perturbation method as

in Bilal (2023), but it also forms the basis of several global solution methods – either

using value function iteration with adaptive-sparse grids as in Schaab (2020), or using

deep learning. More concretely, the recursive equilibrium in these models satisfies a

fundamental necessary condition on the value function: an infinite-dimensional, non-

standard PDE known as the master equation. Within the deep learning literature on

solving this equation, two main approaches have emerged. The first employs tech-

niques from Sirignano and Spiliopoulos (2018) and Raissi, Perdikaris, and Karniadakis

(2019), where a neural network approximates the value function by minimizing the

mean-squared error of the PDE and its boundary conditions, see e.g., Gopalakrishna

(2021); Duarte, Duarte, and Silva (2024); Fan, Qiao, Jiao, Gu, Li, and Lu (2024); Gu,

Laurière, Merkel, and Payne (2024); Gopalakrishna, Payne, and Gu (2024); Payne,

Rebei, and Yang (2024). The second approach, which we adopt in this paper, employs

reinforcement learning. To the best of our knowledge, this approach has so far only

been adopted in the macroeconomic literature by Han, Yang, and E (2021) in discrete

time, and Huang (2024) in continuous time for models with full information rational

expectations. Yang, Wang, Schaab, and Moll (2025) use reinforcement learning to

solve models with bounded rationality. Our method goes beyond these methods as

we accommodate non-stationarity and financial frictions. More broadly, Pham and

Warin (2022, 2023) use an adaption of the Deep BSDE method proposed in Huré,

Pham, and Warin (2020) to solve mean-field games, though without applications to

macroeconomics.

Finally, this paper contributes to the macroeconomic literature that employs poly-

nomial chaos expansions as a numerical tool. While its application for parameter

sensitivity analysis is closest to its origin in engineering and physics as in Harenberg,

Marelli, Sudret, and Winschel (2019); Fehrle, Heiberger, and Huber (2025), Proehl

(2025a) uses it as a discretization scheme for heterogeneous agent models. Our ap-

proach is the first, to our knowledge, to integrate this discretization scheme into a

deep learning framework for solving HACT models.
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Outline. The paper proceeds as follows. The next section introduces our exam-

ple model with stochastic capital depreciation and a general model setting nesting a

range of applications. For this general model, Section 3 derives the master equation,

which we then approximate using polynomial chaos in Section 4. In Section 5, we

describe how a global solution of the approximated master equation can be computed

using an adaption of the Deep BSDE method. The last section explores the economic

insights from our example model.

2 A General HACT Model Setup

Before stating our fully general model framework, we introduce a well-known bench-

mark model: the two-asset economy in Krusell and Smith (1997) with illiquidity in

productive capital as in Kaplan et al. (2018). We adjust this benchmark model to

better illustrate the advantages of our solution method. Instead of introducing the

aggregate risk through a total factor productivity shock as in Bilal (2023); Ahn et al.

(2018), we model it as an aggregate stochastic depreciation shock that affects the

households’ capital stock directly.

2.1 An Example Model

Firm. Individual households hold capital and rent it to a perfectly competitive

representative firm aggregating to capital supply Kt. Households also provide one

unit of labor each with an exogenously given individual labor productivity aggregating

to labor supply Lt. The firm produces F (Lt, Kt) − δKt units of a single good after

accounting for deterministic firm-level capital depreciation at a rate δ > 0. The firm

optimally pays an aggregate rental rate rt and wage rate wt to households given by

the marginal productivities net of depreciation.

Household Problem. There is a continuum of households with measure one.

Each household i has idiosyncratic labor productivity ez
i
t earning the wage rate wt.

This labor income is consumed and saved in a liquid and an illiquid asset. The

liquid bond pays the risk-free rate rbt on household i’s bond holdings bit. Household

i’s capital holdings kit are illiquid as they are subject to convex adjustment costs

Ψ(ιit) = ψ0|ιit| + ψ1|ιit|ψ2 per unit of in- or divestment ιit with ψ0, ψ1 > 0 and ψ2 > 1.

Furthermore, households incur aggregate depreciation shocks Bag
t proportional to
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their capital holdings. Log-labor productivity zit follows an idiosyncratic Ornstein-

Uhlenbeck process which is correlated with the aggregate shocks Bag
t by ω ∈ [−1, 1].

Households have CRRA-preferences. Furthermore, they face a borrowing constraint

kit ≥ 0 and a collateral constraint bit ≥ b−ϕtk
i
t where b ≤ 0 is constant and ϕt ∈ [0, 1]

is a deterministic process. Overall, the household problem reads

max
{cit,ιit}t≥0

E0

[∫ ∞

0

e−ρt
(cit)

1−γ

(1− γ)
dt

]
(1)

s.t. dzit = κz(z̄ − zit)dt+
√
1− ω2σzdB

i
t + ωσzdB

ag
t ,

dkit = (rkt + ιit)k
i
tdt+ kitσKdB

ag
t ,

dbit =
{
wte

zit + bitr
b
t − kit(ι

i
t +Ψ(ιit))− cit

}
dt,

bit ≥ b− ϕtk
i
t,

where Bid
t denotes the idiosyncratic Brownian innovations that are i.i.d. across house-

holds. Note that the law of motion of capital automatically ensures kit ≥ 0 due to its

geometric Brownian motion structure.

Brunnermeier and Sannikov (2014) argue within a representative agent framework

that, at the aggregate level, whether aggregate shocks affect the capital stock through

stochastic depreciation or total factor productivity (TFP) is equivalent. We show in

this paper that this equivalence breaks down in our heterogeneous agent economy.

Although both approaches result in risky returns on capital, stochastic depreciation

adds an additional layer of risk as the value of capital stock becomes risky. One

can interpret this as households basing their decisions on their capital’s market value

rather than its book value. However, this modeling choice implies a stochastic law of

motion of the cross-sectional distribution,4 a case that has not yet been considered in

the existing HACT macroeconomics literature (e.g. Kaplan et al., 2018; Ahn et al.,

2018; Bilal, 2023; Gu et al., 2024). This choice, therefore, illustrates the generality of

our modeling framework. In addition, we model the collateral constraint parameter ϕt

as a deterministic process. This serves as an illustration of a policy experiment. To the

best of our knowledge, we are the first to compute a transition along a deterministic

time trend in a heterogeneous-agent economy with aggregate risk.

Market Clearing. In equilibrium, the labor, capital and bond market must

4The Kolmogorov forward equation in our framework is a stochastic differential equation rather
than an ordinary differential equation.
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clear, i.e.,

w∗
t =FL

(∫
ezdMt(z, k, b),

∫
kdMt(z, k, b)

)
(2)

rk,∗t =FK

(∫
ezdMt(z, k, b),

∫
kdMt(z, k, b)

)
− δ

0 =

∫
bdMt(z, k, b),

where {Mt}t≥0 denotes the cross-sectional distribution of household-specific variables.

In equilibrium, the distribution’s law of motion must be consistent with the house-

holds’ optimal choices.

Treatment of the Collateral Constraint. To enable the computation of the

constrained problem, we substitute the state variable of bond holdings bit with the

slackness of the constraint et = bit + ϕtk
i
t − b̄. Thus, the collateral constraint is

equivalent to et ≥ 0. Furthermore, we substitute the dynamics dbit with the dynamics

of the substitute state5

deit =

{
wte

zit + bitr
b
t + kit

[
d

dt
ϕt + ϕtr

k
t − (1− ϕt)ι

i
t −Ψ(ιit)

]
− cit

}
dt+ ϕtk

i
tσKdB

ag
t

which follows from Itô’s lemma. The household optimization problem in (1) is equiv-

alent to

max
{cit,ιit}t≥0

E0

[∫ ∞

0
e−ρt

(cit)
1−γ

(1− γ)
dt

]
(3)

s.t. dzit = κz(z̄ − zit)dt+
√

1− ω2σzdB
i
t + ωσzdB

ag
t ,

dkit = (rkt + ιit)k
i
tdt+ kitσKdB

ag
t ,

deit =

{
wte

zit + (eit + ϕtk
i
t − b̄)rbt + kit

[
d

dt
ϕt + ϕtr

k
t − (1− ϕt)ι

i
t −Ψ(ιit)

]
− cit

}
dt

deit =+ ϕtk
i
tσKdB

ag
t

eit ≥ 0.

Lastly, the bond market clearing condition adjusts to 0 =
∫
(e+ ϕtk − b̄)dMt(z, k, e).

It is well known (see Achdou et al., 2022) that the state constraint of this rewritten

problem can be transformed into state boundary conditions. These conditions restrict

5If the deterministic process ϕt has jumps, then
∫ t∗+∆t

t∗−∆t
kit

d
dtϕtdt should be interpreted as kit∗∆ϕt∗

when ∆t→ 0 with the process changing by ∆ϕt∗ = ϕt∗ − ϕt∗− at the jump time point t∗.
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the optimal controls in the constrained region to ensure that the volatility of deit is

zero and its drift is nonnegative whenever eit = 0, i.e.,

0 = lim
eit→0

ϕtk
i
tσK (4)

0 = lim
eit→0

min

{
0, wte

zit + bitr
b
t + kit

[
d

dt
ϕt + ϕtr

k
t − (1− ϕt)ι

i,∗
t −Ψ

(
ιi,∗t
)]

− ci,∗t

}
where the asterisk denotes the optimal controls.

Optimal Controls. Denote the value function by V (t, zit, k
i
t, e

i
t) = e−ρtJ(t, zit, k

i
t, e

i
t).

We drop function arguments for notational convenience and denote function deriva-

tives by a subscript, e.g. Jki =
∂
∂ki
J . In the unconstrained region, standard dynamic

programming arguments yield the first-order conditions for the optimal controls

0 =ci,∗t − (Je)
− 1
γ (5)

0 =Jk −
(
1− ϕt +Ψι

(
ιi,∗t
))
Je.

Note that households’ optimal investment policies feature an inaction region which is

due to the cost function’s linear term. Households only adjust their holdings of illiquid

capital if the absolute difference between their marginal rate of substitution between

both assets and the cost of capital 1− ϕt is higher than the minimum marginal cost

ψ0 of doing so,6 i.e.,

ιi,∗t =



(
Jk−(1−ϕt+ψ0)Je

ψ1ψ2Je

) 1
ψ2−1

if Jk
Je

− (1− ϕt) > ψ0

0 if
∣∣∣JkJe − (1− ϕt)

∣∣∣ ≤ ψ0

−
(

(1−ϕt−ψ0)Je−Jk
ψ1ψ2Je

) 1
ψ2−1

if (1− ϕt)− Jk
Je
> ψ0.

The inaction region widens with the minimum marginal cost ψ0. The collateral con-

straint directly reduces the cost of capital by the fraction ϕt that may serve as collat-

eral. Thus, the collateral constraint cushions the negative effect of adjustment costs

when investing and amplifies it when divesting. Overall, portfolio choice theory tells

us that households’ illiquid capital demand consists of (i) their myopic diversification

demand stemming from aggregate risk, (ii) their hedging demand due to idiosyncratic

labor income risk, and (iii) a tolerated deviation from the sum of the former two due

6This is a well-established result, see e.g., Constantinides (1986) or Davis and Norman (1990).
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to adjustment costs.7

State Boundary Conditions. Given the optimal controls, we can derive the

state boundary conditions from (4). If σK > 0 and ϕt > 0, we need that limeit→0 k
i
t = 0.

Given the dynamics of kit in (3), this implies a restriction on ιi,∗t which translates into

a boundary condition for Jki due to (5), i.e.8

lim
eit→0

ιi,∗t = −∞ ⇔ lim
eit→0

Jki = −∞. (6)

This boundary condition illustrates that the collateral constraint imposes an addi-

tional risk that becomes larger the closer an agent is to the boundary. The agent faces

rollover risk for their liquid bond debt due to the riskiness of the collateral. Agents

hedge this risk with the illiquid asset. This additional (negative) hedging demand

starts to dominate any other motive for holding the illiquid asset the closer the agent

is to the boundary. Furthermore, the state boundary condition implies at eit = 0 that

ci,∗t ≤ wte
zit + brbt ⇔ Jei ≥

(
wte

zit + brbt

)−γ
.

When negative shocks move an agent closer to the constraint, the agent not only

reduces consumption and borrowing, but also starts selling capital even though it

is illiquid. Thus, a collateral constraint amplifies the price impact of a large or

persistent negative aggregate shock due to the fire-sale boundary condition in (6).

This amplification effect occurs only because the aggregate shock enters the capital

dynamics directly. The effect would not exist if σK = 0 and the aggregate risk entered

through an aggregate TFP process.

7In the special case without convex costs and labor income risk (z̄, ψ1, σz = 0), Davis and Norman
(1990) prove that the optimal risky wealth share {kit/(kit+bit)}t≥0 when risky wealth is illiquid follows
a reflected diffusion inside a ψ0-dependent wedge around the optimal risky wealth share when it is
liquid, i.e., without adjustment costs. Furthermore, Isaenko (2005) considers convex adjustment
costs in a finite-horizon, complete-market model without intermediate consumption concluding that
the shape of the inaction region is independent of the degree of convexity ψ2 − 1 > 0.

8The capital dynamics result in log(kit) = log(ki0) +
∫ t

0
(rks + ιi,∗s − σ2

K/2)ds+ σKB
ag
t which gives

rise to the state boundary condition. Note that total investment of the constrained agents vanishes
because limeit→0 ι

i,∗
t kit ≈ limki

t→0 k
i
t log(k

i
t) = 0.
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2.2 The General Framework

Time is continuous t ∈ [0,∞). The economy is populated by a continuum of agents

i ∈ [0, 1]. All stochastic processes are defined on a generic filtered probability space

(Ω,Σ,Ft≥0,P). Aggregate risk is modeled by an aggregate dag-dimensional Brownian

motion {Bag
t }t≥0. Agent i’s idiosyncratic risk is given by a did-dimensional Brownian

motion {Bi
t}t≥0 that is i.i.d. across agents i ∈ [0, 1]. We assume that the entries of

the vectors Bag
t and Bi

t are pairwise independent for any i ∈ [0, 1].9

2.2.1 The Agent’s Optimization Problem

At any instant t ≥ 0, agent i ∈ [0, 1] controls their Nx-dimensional vector of agent-

specific state variables xit with an Ny-dimensional vector of controls yit to maximize

their flow utility u(yit, x
i
t) which is discounted at the constant rate ρ. The state vector

xit = [xi,uct , eit] contains N
e ≤ Nx constrained states with eit ≥ 0 for any t ≥ 0. Agents

optimize while observing an Na-dimensional vector of aggregate state variables at.

Furthermore, all agents have access to N r market instruments whose prices have

potentially risky relative returns rt. When optimizing, agents take these returns as

given. They are treated as known equilibrium functions rt = r(t, at). Overall, agent

i ∈ [0, 1] optimizes

max
{yit}t≥0

E0

[∫ ∞

0

e−ρtu
(
yit, x

i
t

)
dt

]
(7)

s.t. dxit = µ
(
t, yit, x

i
t, at, rt

)
dt+ σid

(
t, yit, x

i
t, at, rt

)
dBi

t + σag
(
t, yit, x

i
t, at, rt

)
dBag

t

dat = η (t, at, rt) dt+ ζ (t, at, rt) dB
ag
t

eit ≥ 0∀t ≥ 0

where µ(t, yit, x
i
t, at, rt) ∈ RNx

, σo(t, yit, x
i
t, at, rt) ∈ RNx×do for o ∈ {id, ag}, η(t, at, rt) ∈

RNa
and ζ(t, at, rt) ∈ RNa×dag . The states’ aggregate and idiosyncratic covariance

9Nevertheless, correlation between the aggregate and idiosyncratic risk can be introduced through
a covariance matrix as is illustrated in our example model in Section 2.1.
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matrices are defined as

Σo
(
t, yi, xi, yi

′
, xi

′
, a, r

)
=σo

(
t, yi, xi, a, r

)
σo
(
t, yi

′
, xi

′
, a, r

)T
∈ RNx×Nx

(8)

Σxa
(
t, yi, xi, a, r

)
=σag

(
t, yi, xi, a, r

)
ζ(t, a, r)T ∈ RNx×Na

Σa(t, a, r) =ζ(t, a, r)ζ(t, a, r)T ∈ RNa×Na

.

Example. In our example model, the aggregate and idiosyncratic Brownian motions

are both one-dimensional. Households choose consumption and investment, that is,

yit = [cit, ι
i
t]
T . The agent-specific state variables are xit = [zit, k

i
t, e

i
t]
T and there are

no aggregate variables at, i.e., 0 = a0 = η(t, at, rt) = ζ(t, at, rt). The return vector

features both assets rt = [rkt , r
b
t ]
T . This implies the drift vector and dispersion matrices

µ
(
t, yit, x

i
t, at, rt

)
=

 κz(z̄ − zit)

(rkt + ιit)k
i
t

wte
zit +

(
eit − ϕtk

i
t + b

)
rbt + kit

[
d
dtϕt + ϕtr

k
t − (1− ϕt)ι

i
t −Ψ(ιit)

]
− cit



σid
(
t, yit, x

i
t, at, rt

)
=


√
1− ω2σz

0

0

 , σag
(
t, yit, x

i
t, at, rt

)
=

 ωσz

kitσK

ϕtk
i
tσK

 .
Remark. Similarly to the collateral constraint in our example model, models with a

non-trivial state constraint can typically be transformed to fit our general setting by

substituting the distance to the binding constraint as a state variable.

2.2.2 The Agent’s Optimality Conditions

Agent i’s optimization problem can be solved by dynamic programming.10 Define the

value function by

V (t, xit, at) = max
{yis}s≥t

Et
[∫ ∞

t

e−ρsu
(
yis, x

i
s

)
ds

]
. (9)

The Hamilton-Jacobi-Bellman (HJB) equation is stated in terms of the indirect utility

function J(t, xi, a) = eρtV (t, xi, a) such that

0 = max
yi

{
u
(
yi, xi

)
− ρJ(t, xi, a) +

Et [dJ(t, xi, a)]
dt

}
, (10)

10See for instance Björk (2009, Chapter 19).
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where the last term represents the drift term of Itô’s formula applied to the function

J . To fully state the HJB equation and the related boundary conditions, we de-

note the respective partial differential equations using operators. We first define the

HJB operator HHJB[J, yi, r](t, xi, a) mapping the functions [J, yi, r] into a function of

(t, xi, a) by

HHJB[J, yi, r] =u− ρJ + Jt +
Na∑
n=1

Janηn +
Nx∑
n=1

Jxinµn +
1

2

[
Na∑

n,n′=1

Janan′Σ
a
nn′ (11)

+
Nx∑

n,n′=1

∑
o∈{id,ag}

Jxinxin′
Σo
nn′ +

Nx∑
n=1

Na∑
n′=1

Jxinan′Σ
xa
nn′


where the subscripts of J denote its derivatives. Function arguments have been

dropped for notational convenience. The covariance matrices are given in (8).

We define the state boundary condition to guarantee that the state constraint

eit ≥ 0 holds at all times. This means that the drift of eit in (7) at the boundary eit = 0

must be nonnegative and the dispersion terms must vanish. Let

deit = ψ
(
t, yit, x

i
t, at, rt

)
dt+ υid

(
t, yit, x

i
t, at, rt

)
dBi

t + υag
(
t, yit, x

i
t, at, rt

)
dBag

t .

At the boundary eit = 0, it must hold that

0 ≤ψ
(
t, yit, [x

i,uc
t , 0], at, rt

)
0 =υid

(
t, yit, [x

i,uc
t , 0], at, rt

)
= υag

(
t, yit, [x

i,uc
t , 0], at, rt

)
.

As the drift and volatility depend either explicitly or implicitly on the optimal con-

trols, these conditions ultimately translate into constraints on the optimal controls.

We define the operator for the state boundary condition HSBC [yi, r](t, xi,uc, a) map-

ping the functions [yi, r] into a function of (t, xi,uc, a) by

HSBC [yi, r] = lim
ei→0

Ne∑
n=1

|min (0, ψn)|+
Ne∑
n=1

∑
o∈{id,ag}

Σo
Nx−Ne+n,Nx−Ne+n (12)

with Σo as in (8). Setting this state boundary condition to zero ensures that each of

its terms vanishes.

Since we consider an infinite horizon problem, the HJB equation does not feature

13



a terminal boundary condition like the bequest function would constitute in a finite

horizon setting. Nevertheless, our numerical algorithm relies on a restriction at the

end of the time horizon. Thus, we consider the transversality condition.11 Define the

operator for the terminal boundary condition byHTBC [J ](xi, a) mapping the function

J into a function of (xi, a) such that

HTBC [J, yi](xi, a) = lim
T→∞

E
[
e−ρTJ(T, xiT , aT )

∣∣xi0 = xi, a0 = a
]

(13)

where xiT is the state occurring at time T when starting at a specific initial value and

following the control yi. Overall, the HJB equation and its boundary conditions are

given by

0 =max
yi

{
HHJB[J, yi, r](t, xi, a)

}
(14)

=HTBC [J, yi](xi, a) = HSBC [J, yi, r](t, xi,uc, a).

The optimal controls yi,∗ feature the same function arguments as the operator

HHJB such that yi,∗t = yi,∗[J, r](t, xit, at). This notation signifies that, given [J, r], the

agents’ optimal choices are functions of time and the state variables yi,∗(t, xit, at). The

w-th element of the optimal control vector yi,∗ = [yi,∗1 , . . . , y
i,∗
Ny ]T , w ∈ {1, . . . , Ny},

satisfies the first-order condition

0 =
∂

∂yiw
HHJB[J, yi, r](t, xi, a) (15)

=
∂

∂yiw

u+
Nx∑
n=1

Jxinµn +
1

2

 Nx∑
n,n′=1

∑
o∈{id,ag}

Jxinxin′
Σo
nn′ +

Nx∑
n=1

Na∑
n′=1

Jxinan′Σ
xa
nn′

 .

Therefore, taking the returns r as given, the indirect utility function J [r](t, xit, at)

and the optimal control function yi,∗[r](t, xit, at) are jointly determined by the HJB

equation and boundary conditions in (14) and the first-order condition in (15). To

simplify the our numerical algorithm, we make the following assumption.

Assumption 1 (Optimal controls in closed form). Denote the spatial gradient of

the indirect utility function by DJ = [Jxi1 , . . . , JxiNx , Ja1 , . . . , JaNa ]
T . Let D2J denote

the corresponding Hessian matrix collecting all second-order spatial derivatives. Let

11See e.g. Duffie (2001, p.213) for an explanation.
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My[DJ,D2J, r](t, xi, a) denote an operator mapping the returns, the gradient and

the Hessian into a real-valued Ny-dimensional function of (t, xi, a). Assume that the

first-order conditions in (15) are given in closed form such that

yi,∗[r](t, xit, at) = My[DJ,D2J, r](t, xit, at). (16)

Example. Households in our example model take wages wt, returns [rbt , r
k
t ] and the

collateral policy ϕt as given. The HJB equation and boundary conditions are given by

0 =− ρJ +
(ci,∗)1−γ

1− γ
+ Jt + κz(z̄ − zi)Jzi +

(
rkt + ιi,∗

)
kiJki +

{
wte

zi +
(
ei − ϕtk

i + b
)
rbt

+ki
[
d

dt
ϕt + ϕtr

k
t − (1− ϕt)ι

i,∗ −Ψ(ιi,∗)

]
− ci,∗

}
Jei +

1

2

[
σ2zJzizi + (ki)2σ2KJkiki

]
+

1

2
ϕ2t (k

i)2σ2KJeiei + ωσzk
iσKJziki + ωσzϕtk

iσKJziei + ϕt(k
i)2σ2KJkiei

0 = lim
T→∞

J(T, zi, ki, ei)

0 = lim
ei→0

{
ϕ2t (k

i)2σ2K +
∣∣∣min

(
0,
[
wte

zi +
(
ei − ϕtk

i + b
)
rbt

lim
ei→0

+ki
[
d

dt
ϕt + ϕtr

k
t − (1− ϕt)ι

i,∗ −Ψ(ιi,∗)

]
− ci,∗

])∣∣∣∣} .
The first-order conditions correspond to (5) such that the optimal controls satisfy

Assumption 1 with

ci,∗ =(Jei)
− 1
γ (17)

ιi,∗ =

(
max {0, Jki − (1− ϕt + ψ0)Jei}

ψ1ψ2Jei

) 1
ψ2−1

−
(
max {0, (1− ϕt − ψ0)Jei − Jki}

ψ1ψ2Jei

) 1
ψ2−1

.

2.2.3 Aggregate Quantities

The optimally controlled states xi,∗t differ across agents due to the idiosyncratic

risk, which we summarize by the cross-sectional cumulative distribution function

Mt : RNx → [0, 1].12 Naturally, the cross-sectional density mt is given by Mt(x) =∫
xi≤xmt(x

i)dxi. Market clearing aggregates the agents’ states and choices according

to this distribution. The relative returns r∗ clear markets such that

0 = HMC [r∗, yi,∗](t,M, a), (18)

12Note that we use the notation Mt interchangeably to denote the c.d.f. and a Borel-measure in
P(RNx

) as these are equivalent representations of the cross-sectional distribution in our framework.
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where HMC [r, yi](t,M, a) is the market-clearing operator mapping the functions [r, yi]

into a function of (t,M, a). We assume that the market clearing conditions have the

following structure.

Assumption 2 (Market Clearing Regularity). Suppose that there are as many market-

clearing conditions as market instruments. Let Mr
n[y

i](t,M1, . . . ,MNx
, a) denote an

operator mapping the controls yi into a real-valued function of (t,M1, . . . ,MNx
, a)

where Mn denotes the n-th marginal distribution Mn(xn) =
∫ xn
0

∫
m(zn, z−n)dz−ndzn.

Assume that the n-th market clearing condition 0 = HMC
n [r, yi](t,M, a) adheres to one

of the following two equations.

(i) Explicit market clearing: r∗n = Mr
n(t,M

1, . . . ,MNx
, a), i.e., returns only depend

on the current states, not the optimal controls

(ii) Implicit market clearing: 0 = Mr
n[y

i](t,M1, . . . ,MNx
, a)

Remark. With this assumption, we limit market clearing conditions to depend on the

marginal distributions of the state variables. Thus, agents solely have to forecast the

evolutions of these marginal distributions to determine prices such that the dependency

structure of the joint distribution M is superfluous for price determination.

The assumption implies that, given a law of motion of the cross-sectional distribu-

tion consistent with the agents’ optimal control function yi,∗(t, xit, at), the equilibrium

return is a function r∗t = r∗(t,M1
t , . . . ,M

Nx

t , at).

Example. The first two market clearing conditions of our example model in (2)

explicitly define the wage and rental rate [wt, r
k
t ] to clear the labor and capital market,

whereas, the last condition implicitly defines the bond return rbt to clear the bond

market. All three conditions solely depend on the marginal distributions since we can

rewrite them by

HMC
n [r, yi](t,M) =

 FL
(∫

ezdM z
t (z),

∫
kdMk

t (k)
)
− wt

FK
(∫

ezdM z
t (z),

∫
kdMk

t (k)
)
− δ − rkt∫

edM e
t (e)− ϕt

∫
kdMk

t (k) + b

 .
Note that agent i’s bond holdings are given by bit = eit − ϕtk

i
t + b.

The cross-sectional distribution Mt must be consistent with the agents’ optimal

choices. Agent i’s optimally controlled state xi,∗t is defined by its dynamics in (7)
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where, taking rt as given, y
i
t = yi,∗[rt](t, x

i,∗
t , at) solves (15). The cross-sectional c.d.f.

consistent with this optimally controlled state is given by Mt(x) = P(xi,∗t ≤ x). The

consistent law of motion of the corresponding density equals the Kolmogorov forward

equation13

dmt(x) =
Nx∑
n=1

{
− ∂

∂xn

[
µn
(
t, yi,∗[rt](t, x, at), x, at, rt

)
mt(x)

]
(19)

+
1

2

Nx∑
n′=1

∑
o∈{id,ag}

∂2

∂xn∂xn′

[
Σo
nn′

(
t, yi,∗[rt](t, x, at), x, at, rt

)
mt(x)

] dt

−
Nx∑
n=1

∂

∂xn

[
σagn
(
t, yi,∗[rt](t, x, at), x, at, rt

)
mt(x)

]
dBag

t

for any x ∈ RNx
. The Kolmogorov forward equation is stochastic, i.e., it features

a stochastic integral. This follows from the aggregate Brownian shock that directly

enters the dynamics of xi. Because this shock is the same for all agents, it does not

wash out when taking the cross-sectional average. We refer to this property as direct

aggregate risk (σag > 0). This paper therefore generalizes the work of Bilal (2023) and

Gu et al. (2024) which focuses on models with indirect aggregate risk (ζ > 0, σag = 0).

In that case, aggregate Brownian shocks only affect the dynamics of aggregate states

such that the Kolmogorov forward equation has a stochastic drift but no stochastic

integral. In addition, the framework in this paper allows for controlled volatility in

agent-specific states which is important for asset pricing applications.14

3 Deriving the Master Equation

A recursive equilibrium in this model combines (i) agent optimality, (ii) a consistent

law of motion of the cross-sectional distribution and (iii) market clearing. The master

equation combines (i) and (ii) so that equilibrium can be fully described by a set of

equations 0 = H[J, yi,∗, r∗]. This section derives the master equation in a heuristic

manner. The goal is to make the rigorous derivations in Cardaliaguet et al. (2019)

13This corresponds to Equation (2.4) in Carmona and Delarue (2018b) who derive it in Subsection
2.1.2 on p. 110-112. In Cardaliaguet et al. (2019), this equation corresponds to Equation (4.2).

14To the best of our knowledge, Huang (2024) is the only other work to consider controlled
volatility in a HA setting.
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and Carmona and Delarue (2018a,b) accessible for a wider quantitative economics

audience and offer a recipe to apply the methodology in various contexts.

Each agent is assumed infinitesimal, so that the deviation of a single agent from the

optimal policy function yi,∗(t, xit, at) does not change the cross-sectional distribution

or the returns. Thus, in deriving the first-order condition for the optimal controls yi,∗t

in (15), it suffices for agents to assume that the value function J solely depends on

(t, xit, at). The dependency on t summarizes any deterministic time variation and the

time variation induced by the evolution of the cross-sectional distribution in (19) and

changes in the returns determined through market clearing in (18). Incorporating the

consistent law of motion into the HJB equation is, therefore, achieved by substituting

t with [t,Mt] in the value function J(t,Mt, x
i
t, at).

The master equation then results from adjusting the HJB equation in (10) accord-

ingly. The substitution of t with [t,Mt] affects the term Et[dJ ]/dt. Normally, Itô’s

formula delivers the dynamics of dJ(t, xit, at) such that15

dJ =Jtdt+ (Jxi)
Tdxit + (Ja)

Tdat

+
1

2

[
(dxit)

TJxixidx
i
t + (dat)

TJaadat
]
+ (dxit)

TJxiadat.

Substituting t with [t,Mt] requires the extension of this formula with distributional

derivatives. However, the cross-sectional c.d.f. Mt is not a standard Itô process such

that one cannot simply apply Itô’s formula to derive the dynamics of dJ(t,Mt, x
i
t, at).

16

To derive the term Et[dJ(t,Mt(x), x
i
t, at)]/dt in the HJB equation (10), we first need

to define the derivatives of the function J w.r.t. the distribution Mt.

15We use matrix-vector notation here to highlight that Itô’s formula can be interpreted as a second-
order Taylor approximation, i.e., DJ = [Jxi , Ja]

T denotes the spatial gradient and the corresponding

Hessian matrix is D2J =

[
Jxixi Jxia

Jxia Jaa

]
.

16For instance, while the standard Itô process of the aggregate state at is a real vector at any
fixed time point t, the distribution Mt(x) is a real-valued function instead. The distribution Mt(x)
and, similarly, the density mt(x) are generalized stochastic processes with a larger index set (t, x) ∈
[0,∞)×RNx

. Generalized stochastic processes are called random fields which have been introduced
in economics by Proehl (2025b) in the context of the discrete-time heterogeneous-agent RBC model
as in Krusell and Smith (1998).
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3.1 Distributional Derivatives

Definition 3 (Distributional Derivatives (see Cardaliaguet et al., 2019, Definitions

2.2.1, 2.2.2 and Section 2.2.2)). Consider a function f : P(RNx
) → R. The distribu-

tional derivative of f w.r.t. M is defined by the Riesz representation given by

lim
s→0

f(M + s(M ′ −M))− f(M)

s
=

∫
RNx

fM [M ](x) (m′(x)−m(x)) dx,

where m = d
dx
M and m′ = d

dx
M ′ denote the respective densities. The intrinsic distri-

butional derivative is defined by

fxnM [M ](x) :=
∂

∂xn
fM [M ](x), ∀n ∈ {1, . . . , Nx}.

The second-order derivatives are similarly defined by

lim
s→0

fM [M + s(M ′ −M)](x)− fM [M ](x)

s
=

∫
RNx

fMM [M ](x, x′) (m′(x′)−m(x′)) dx′

and

fxnx′n′MM [M ](x, x′) :=
∂2

∂xn∂x′n′
fMM [M ](x, x′), ∀n, n′ ∈ {1, . . . , Nx}.

The first-order derivative fM [M ](x) is an operator mapping the c.d.f. M into

a real-valued function of x. This should be interpreted as the change of f if the

density m(.) = d
dx
M(.) only changes at the outcome x and nowhere else. Thus,

fM [M ](x) can be interpreted as the change in the function f when the number of

agents that currently observe the outcome x changes. Similarly, the second-order

derivative evaluates how f changes when the density m(.) changes at x and x′ but

nowhere else. Hence, fMM [M ](x, x′) can be interpreted as the change in the function

f when the two groups of agents who observe the outcome x and x′, respectively,

both change in size.

Cardaliaguet et al. (2019) not only define the derivative of a function f w.r.t.

M but also the intrinsic derivative which offers yet another interpretation of dis-

tributional derivatives. The c.d.f. Mt(x) = P(xit ≤ x) essentially counts how

many agents i ∈ [0, 1] observe a state xit lower than or equal to x at time t, i.e.,

xit is the random variable of possible outcomes that any agent could have at time
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t.17 More generally, any distribution function is a function of its corresponding

random variable M = P(xi ≤ .) =: L(xi) such that we can rewrite a function

f(M) = f(L(xi)) =: f̃(xi).18 The Fréchet derivative of f̃ w.r.t. the random vari-

able xi delivers an alternative definition of distributional derivatives, see Carmona

and Delarue (2018a, Definition 5.22) or Cardaliaguet et al. (2019, Equation (A.5)).

Furthermore, Cardaliaguet et al. (2019, Proposition A.1.2) show that this alterna-

tive definition coincides with the intrinsic distributional derivative given in Definition

3. Therefore, fxnM [M ](x) can be interpreted as the change in the function f when

all agents currently observing the state x = [xn, x−n] switch to a different outcome

x̃ = [x̃n, x−n] in the n-th element of the state vector. Similarly, fxnx′n′MM [M ](x, x′)

can be interpreted as the change in the function f when all agents that currently

observe x switch to some x̃ = [x̃n, x−n] and all agents that currently observe x′ switch

to some x̃′ = [x̃′n′ , x′−n′ ].

3.2 Distributional Dynamics

Given the distributional derivatives, we can now derive the evolution of a function

f(Mt) over time. Fix two distributions M and M ′ and define the function g : R → R
by g(v) = f(M + v(M ′ −M)). Due to Definition 3, we obtain

d

dv
g(v) =

∫
RNx

fM [M + v(M ′ −M)](x) (m′(x)−m(x)) dx

d2

dv2
g(v) =

∫
R2Nx

fMM [M + v(M ′ −M)](x, x′) (m′(x′)−m(x′)) (m′(x)−m(x)) dx′dx.

The second-order Taylor approximation g(1) = g(0) + d
dv
g(0) + 1

2
d2

dv2
g(0) results in

f(M ′)− f(M) =

∫
RNx

fM [M ](x) (m′(x)−m(x)) dx

+
1

2

∫
R2Nx

fMM [M ](x, x′) (m′(x′)−m(x′)) (m′(x)−m(x)) dx′dx.

17As an Itô process, the agent-specific state in (7) is a square-integrable stochastic process implying
that xit for a fixed time point t is a square-integrable random variable, i.e., xit ∈ L2(Ω,Ft,P;RNx

).
18The fact that functions of distributions can be rewritten as functions of random variables has

also been exploited in Proehl (2025b) in a discrete-time context. We refer to this paper for a detailed
account of this correspondence.
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Evaluating this equation at the specific distributions M = Mt and M
′ = Mt+dt and

taking the limit of dt→ 0 yields

df(Mt) =

∫
RNx

fM [Mt](x)dmt(x)dx (20)

+
1

2

∫
R2Nx

fMM [Mt](x, x
′)dmt(x

′)dmt(x)dx
′dx.

Alternatively, we can express this expansion in terms of intrinsic distributional deriva-

tives.

Proposition 4 (Itô’s Formula for Distributions). Equation (20) is equivalent to19

df(Mt) =

{
Nx∑
n=1

∫
RNx

fxnM [Mt](x)µn
(
t, yi,∗[rt](t, x, at), x, at, rt

)
mt(x)dx (21)

+
1

2

Nx∑
n,n′=1

∑
o∈{id,ag}

∫
RNx

fxn′xnM [Mt](x)Σ
o,∗
nn′(t, x, x)mt(x)dx

+
1

2

Nx∑
n,n′=1

∫
R2Nx

fxnx′n′MM [Mt](x, x
′)Σag,∗

nn′ (t, x, x
′)mt(x)mt(x

′)dxdx′

}
dt

+
Nx∑
n=1

{∫
RNx

fxnM [Mt](x)σ
ag
n

(
t, yi,∗[rt](t, x, at), x, at, rt

)
mt(x)dx

}
dBag

t

with the optimally controlled covariance function for o ∈ {id, ag}

Σo,∗(t, x, x′) = σo
(
t, yi,∗[rt](t, x, at), x, at, rt

)
σo
(
t, yi,∗[rt](t, x

′, at), x
′, at, rt

)T
. (22)

The mechanics behind the proof of this equivalence is illustrated most clearly in

the model in which aggregate risk enters through TFP as in Bilal (2023).

Example 5 (Case Without Direct Aggregate Risk as in Bilal (2023); Krusell and

Smith (1998)). This model translates into our general set up with Nx = 2, did =

19This follows from Theorem 4.14 in Carmona and Delarue (2018b) and Theorem A.1 in
Cardaliaguet et al. (2019).
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dag = 1, ζ > 0 and σag = 0. The household problem reads

max
{cit}t≥0

E0

[∫ ∞

0

e−ρt
(cit)

1−γ

(1− γ)
dt

]
s.t. dzit = κz(z̄ − zit)dt+ σzdB

i
t,

dkit =
{
wte

zit + rkt k
i
t − cit

}
dt,

dat = κa(ā− at)dt+ σadB
ag
t ,

kit ≥ 0,

where {eat}t≥0 is the total factor productivity entering the production function. The

aggregate wage and return are given by

rkt = αeat
(∫

ezmt(z, k)dkdz∫
kmt(z, k)dkdz

)1−α

− δ

wt = (1− α)eat
( ∫

kmt(z, k)dkdz∫
ezmt(z, k)dkdz

)α
.

Denote the idiosyncratic variables by x = [z, k] and returns by r = [rk, w] in line with

the notation of our general setup. Then, the Kolmogorov forward equation reads

dmt(x) =

{
2∑

n=1

d

dxn

[
−µn

(
ci,∗[rt](x, at), x, rt

)
mt(x)

]
+

1

2

d2

dz2
[
σ2
zmt(x)

]}
dt.

As this law of motion does not contain a stochastic integral, the second-order term in
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(20) is obsolete such that

df(Mt) =

∫
RNx

fM [Mt](x)dmt(x)dx

=

{∫
R2

fM [Mt](x)
2∑

n=1

d

dxn

[
−µn

(
ci,∗[rt](x, at), x, rt

)
mt(x)

]
dx

+
1

2

∫
R2

fM [Mt](x)
d2

dz2
[
σ2
zmt(x)

]
dx

}
dt

=

{∫
R

2∑
n=1

d

dxn
[fM [Mt](x)]µn

(
ci,∗[rt](x, at), x, rt

)
mt(x)dx

+
1

2

∫
R

d2

dz2
[fM [Mt](x)]σ

2
zmt(x)dx

}
dt

=

{∫
R

2∑
n=1

fxnM [Mt](x)µn
(
ci,∗[rt](x, at), x, rt

)
mt(x)dx

+
1

2

∫
R
fzzM [Mt](x)σ

2
zmt(x)dx

}
dt

where the third equality results from integration by parts and the last equality follows

from Definition 3.

The typical approach to the master equation in economics is to use the represen-

tation in terms of distributional derivatives (see Schaab, 2020; Bilal, 2023; Gu et al.,

2024). The example illustrates that this requires the computation of derivatives of the

drift and dispersion terms which can be numerically cumbersome. Instead, we use

the intrinsic distributional derivatives which are simply multiplied with the state’s

drift and covariance terms.

3.3 The Master Equation

The master equation results from adjusting the last term of the HJB equation in (10),

i.e., Et[dJ ]/dt. To derive dJ(t,Mt, x
i
t, at), the standard Itô formula is combined with

Itô’s formula for distributions given in (21) resulting in20

dJ
(
t,Mt, x

i
t, at
)
=dAt,xi,a

(
t,Mt, x

i
t, at
)
+ dAM

(
t,Mt, x

i
t, at
)

(23)

+ dAM,xi,a

(
t,Mt, x

i
t, at
)
.

20This follows from Theorem 4.17 in Carmona and Delarue (2018b).
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The first term summarizes the variation stemming from t and the state processes

{xit, at}t≥0. The other two terms account for the dependence on the distribution

{Mt(x)}t≥0,x∈RNx . The term dAM results from the expansion in (21), whereas, the

term dAM,xi,a takes the interaction of the distribution {Mt(x)}t≥0,x∈RNx with the state

processes {xit, at}t≥0 into account yielding

dAM,xi,a

(
t,Mt, x

i
t, at
)
=

1

2

{
Nx∑

n,n′=1

∫
RNx

Jxinxn′M [Mt]
(
x; t, xit, at

)
Σag,∗
nn′

(
t, xit, x

)
mt(x)dx

+
Nx∑
n=1

Na∑
n′=1

∫
RNx

Jan′xnM [Mt]
(
x; t, xit, at

)
Σxa
nn′

(
t, yi,∗t , x, at, r

∗
t

)
mt(x)dx

}
dt

with Σag,∗ as in (22) and Σxa as in (8). Collecting the drift terms Et[dJ ]/dt yields
the master operator. We define it by HM [J, yi, r](t,M, xi, a) mapping the functions

[J, yi, r] into a function of (t,M, xi, a) such that

HM [J, yi, r](t,M, xi, a) = u− ρJ + Jt (24)

+
Nx∑
n=1

∫
RNx

JxnM [M ]
(
x; t, xi, a

)
µn
(
t, yi, x, a, r

)
m(x)dx

+
1

2

Nx∑
n,n′=1

∑
o∈{id,ag}

∫
RNx

Jxn′xnM [M ]
(
x; t, xi, a

)
Σo,∗
nn′(t, x, x)m(x)dx

+
1

2

Nx∑
n,n′=1

∫
R2Nx

Jxnx′n′MM [M ]
(
x, x′; t, xi, a

)
Σag,∗
nn′ (t, x, x

′)m(x)m(x′)dxdx′

+
1

2

Nx∑
n=1

Na∑
n′=1

∫
RNx

Jan′xnM [M ]
(
x; t, xi, a

)
Σxa
nn′

(
t, yi, x, a, r

)
m(x)dx

+
1

2

Nx∑
n,n′=1

∫
RNx

Jxinxn′M [M ]
(
x; t, xi, a

)
Σag,∗
nn′

(
t, xi, x

)
m(x)dx

+
Na∑
n=1

Janηn (t, a, r) +
Nx∑
n=1

Jxinµn
(
t, yi, xi, a, r

)
+

1

2

Na∑
n,n′=1

Janan′Σ
a
nn′ (t, a, r)

+
1

2

Nx∑
n,n′=1

∑
o∈{id,ag}

Jxinxin′
Σo,∗
nn′

(
t, xi, xi

)
+

1

2

Nx∑
n=1

Na∑
n′=1

Jxinan′Σ
xa
nn′

(
t, yi, xi, a, r

)

24



with the covariance matrices Σ. as in (8) and Σ.,∗ as in (22). When inserting the

optimal controls yi,∗ that solve the first-order conditions in (15), the master equation

sets the master operator to zero. Overall, we can now define the equilibrium as

follows.

Definition 6 (Recursive Equilibrium). The recursive equilibrium of this heteroge-

neous agent economy is a set of controls {yi,∗t }t≥0,i∈[0,1], returns {r∗t }t≥0 and cross-

sectional distributions {Mt}t≥0 such that the following conditions hold.

(i) Given the returns {r∗t }t≥0, agents choose their controls yi,∗t = yi,∗(t,M, xi, a) to

optimize their indirect utility function J(t,M, xi, a) such that

0 =
∂

∂yin
HHJB[J, yi,∗, r∗](t,M, xi, a), n ∈ {1, . . . , Ny}, (25)

0 =HM [J, yi,∗, r∗](t,M, xi, a) (26)

0 =HTBC [J, yi,∗](M,xi, a) (27)

0 =HSBC [J, yi,∗, r∗](t,M, xi,uc, a), (28)

with HHJB as in (11), HM as in (24), HTBC as in (13) and HSBC as in (12).

(ii) Given the controls {yi,∗t }t≥0,i∈[0,1], the returns r∗t = r∗(t,M1, . . . ,MNx
, a) clear

markets such that

0 = HMC [r∗, yi,∗](t,M, a). (29)

4 Approximating the Equilibrium Conditions

Given Assumption 2, the equilibrium returns are determined by the marginal distri-

butions only, that is, r∗ = r∗(t,M1, . . . ,MNx
, a). Therefore, we conjecture and nu-

merically verify that the optimal controls of agents yi,∗t = yi,∗(t,M1, . . . ,MNx
, xi, a)

and their value function J(t,M1, . . . ,MNx
, xi, a) solely depend on the marginal distri-

butions as well. To approximate the equilibrium conditions (25)-(29), we first simplify

the master equation in (26) in accordance with our conjecture. The simplified master

equation remains a non-standard PDE due to the marginal distributional derivatives.

Thus, in a second step, we propose an approximation of the marginal distributional

derivatives. Importantly, this allows us to approximate the simplified master equation

with a standard PDE.
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4.1 Simplifying the Master Equation

Sklar’s theorem21 tells us that any joint distribution function can be rewritten as

a joint distribution function of uniform variables, i.e., Mt(x) = Ct(ux) where the

uniform variable ux = [M1
t (x1), . . . ,M

Nx

t (xNx)] consists of the marginal distributions

Mn
t (xn) =

∫
mt(x)dx−n with x = [xn, x−n]. The distribution Ct is called a copula.

By differentiation, the joint density can be rewritten using the copula density and the

marginal densities such that

mt(x) = ct(u) ·m1
t (x1) · . . . ·mNx

t (xNx). (30)

Therefore, we can separate the joint density into the marginal densities and the

dependency structure. The joint density changes due to changes in the copula and/or

changes in each marginal density. The distributional derivative fM can, hence, be

further refined with the corresponding partial distributional derivatives.

Definition 7 (Partial Distributional Derivatives). Consider a function f : P(RNx
) 7→

R with the total distributional derivative fM [M ](x) as defined in Definition 3. Set

uz = [M1(z1), . . . ,M
Nx

(zNx)] and let

M(x) =

∫
z≤x

m(z)dz =

∫
z≤x

c(uz) ·m1(z1) · . . . ·mNx

(zNx)dz,

where c denotes the copula density and Mn(xn) =
∫
zn≤xnm

n(zn)dzn denotes the n-th

marginal distribution of M ∈ P(RNx
). Then, the partial distributional derivatives

w.r.t. the copula and the marginal distributions are defined by∫
RNx

fM [M ](x)(m′(x)−m(x))dx

=

∫
RNx

{
fC [M ](x) (c′ (ux)− c (ux))

Nx∏
n=1

mn(xn)

+
Nx∑
n=1

fMn [M ](xn)
(
mn′

(xn)−mn(xn)
)
c (ux)

Nx∏
j ̸=n,j=1

mj(xj)

}
dx.

21See for instance Jaworski et al. (2010, Theorem 1.4.1).
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The second-order derivatives are defined by∫
RNx

fMM [M ](x, x′)(m′(x′)−m(x′))dx′

=

∫
RNx

{
fCC [M ](x, x′) (c′ (ux′)− c (ux′))

Nx∏
n=1

mn(x′n)

+ 2
Nx∑
j=1

fMjC [M ](x, x′j)
(
mj′(x′j)−mj(x′j)

)
c (ux′)

Nx∏
k ̸=j,k=1

mk(x′k)

+
Nx∑
n,j=1

fMjMn [M ](xn, x
′
j)
(
mj′(x′j)−mj(x′j)

)
c (ux′)

Nx∏
k ̸=j,k=1

mk(x′k)

}
dx′.

The intrinsic derivatives are given as before, i.e., fxnC [M ](x) = ∂
∂xn

fC [M ](x) and

fxnMj [M ](xj) =
∂
∂xn

fMj [M ](xj) etc. for any n, j ∈ {1, . . . , Nx}.

Remark. Note that spliting the joint distribution into marginals and dependency

structure results in zero intrinsic derivatives for the marginals, i.e., fxnMj [M ](xj) =

0 whenever n ̸= j and fxnx′n′M
jC [M ](x, x′j) = 0 whenever n′ ̸= j. Furthermore,

fxnx′n′M
jMk [M ](xk, x

′
j) = 0 whenever n ̸= k and n′ ̸= j.

Similarly to Section 3, the master equation can be derived in terms of the partial

distributional derivatives. This extended master equation can then be simplified with

the following conjecture.

Assumption 8 (Dependency Conjecture). We conjecture that the agents’ equilibrium

value function solely depends on the marginal distributions and not on the dependency

structure given by the copula, i.e., we assume that all partial distributional derivatives

of the agents’ value function w.r.t. the copula are zero.

We argue that this assumption is reasonable because returns only depend on the

marginal distributions due to Assumption 2. Ultimately, agents forecast the evolution

of returns to optimize their controls for which the dependency structure is irrelevant.

Theorem 9 (Simplified Master Equation). Set x = [xn, x−n] ∈ RNx
for some

n ∈ {1, . . . , Nx}. Denote the conditional cross-sectional expectation E[f(x)|xn] =∫
f(x) m(x)

mn(xn)
dx−n by f(xn). Given Assumption 8, the master equation operator in

(24) solely relies on the partial distributional derivatives w.r.t. the marginal distribu-
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tions. It reads

HM [J, yi, r](t,M, xi, a) = u− ρJ + Jt (31)

+
Nx∑
n=1

∫
R
JxnMn [M ]

(
xn; t, x

i, a
)
µn
(
t, yi, xn, a, r

)
mn(xn)dxn

+
1

2

Nx∑
n=1

∑
o∈{id,ag}

∫
R
JxnxnMn [M ]

(
xn; t, x

i, a
)
Σo,∗
nn (t, xn, xn)m

n(xn)dxn

+
1

2

Nx∑
n,n′=1

∫
R2

Jxnx′n′M
n′Mn [M ]

(
xn, x

′
n′ ; t, xi, a

)
ΣM,∗
nn′ (t, xn, x

′
n′)mn′

(x′n′)mn(xn)dx
′
n′dxn

+
1

2

Na∑
n=1

Nx∑
n′=1

∫
R
Janxn′Mn′ [M ]

(
xn′ ; t, xi, a

)
ΣaM,∗
nn′ (t, xn′)mn′

(xn′)dxn′

+
1

2

Nx∑
n,n′=1

∫
R
Jxinxn′Mn′ [M ]

(
xn′ ; t, xi, a

)
ΣxiM,∗
nn′ (t, xi, xn′)mn′

(xn′)dxn′

+
Na∑
n=1

Janηn (t, a, r) +
Nx∑
n=1

Jxinµn
(
t, yi, xi, a, r

)
+

1

2

Na∑
n,n′=1

Janan′Σ
a
nn′ (t, a, r)

+
1

2

Nx∑
n,n′=1

∑
o∈{id,ag}

Jxinxin′
Σo,∗
nn′

(
t, xi, xi

)
+

1

2

Nx∑
n=1

Na∑
n′=1

Jxinan′Σ
xa
nn′

(
t, yi, xi, a, r

)
with the covariance matrices Σ. as in (8) and Σ.,∗ as in (22), (43) and (44).

Remark. Although the simplified master equation operator solely depends on the par-

tial distributional derivatives w.r.t. the marginal distributions, the equation overall

does rely on the dependency structure of the joint distribution because the copula den-

sity features in the conditional expectations

f(xn) = E[f(x)|xn] =
∫
RNx−1

f(x)c(ux)
Nx∏

j ̸=n,j=1

mj(xj)dx−n.

Thus, approximating the copula density is still a significant step in the numerical

method. The details of its practical implementation can be found in Section 1.2 of the

online appendix.
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4.2 Approximating the Marginal Distributional Derivatives

The distributional terms in the simplified master equation in (31) feature the intrin-

sic partial distributional derivatives w.r.t. the marginal distributions. Each marginal

distribution Mn
t = P(xin,t ≤ .) =: L(xin,t) can be written as a function of the marginal

random variable.22 Furthermore, any square-integrable random variable can be repre-

sented by projecting it onto a family of stochastic orthogonal polynomials, a method

called polynomial chaos. This discretization technique has first been used in the con-

text of heterogeneous agent models by Proehl (2025a). At a fixed time point t, the

state xin,t can be represented as

xin,t =
∞∑
v=0

φvn,tϕ
v(ξn) (32)

where ξn ∈ L∞(Ω,Σ,P;R) is a continuous random variable for which all moments are

finite and grow slowly enough.23 The corresponding family of orthogonal polynomials

{ϕv}∞v=0 satisfies

1{v=u}b
v =

∫
R
ϕv(ξn)ϕ

u(ξn)m
ξn(ξn)dξn (33)

such that bv > 0 for any v ∈ {0, 1, . . .}. The projection coefficients {φvn,t}∞v=0 are

defined by

φvt,n =
1

bv

∫
R
xnϕ

v(ξ(xn))m
n
t (xn)dxn =

1

bv

∫
R
xnϕ

v(ξ(xn))dP(xit ≤ xn) (34)

with ξ(xn) = (M ξn)−1(Mn(xn)). The second equality illustrates that the projection

coefficients map the random variable xin,t into R, i.e., we can write φvt,n = φv[xin,t].

Overall, we can represent the marginal distributions

Mn
t = L

(
xin,t
)
= L

(
∞∑
v=0

φvn,tϕ
v(ξ)

)
= g

(
φ0[xin,t], . . . , φ

∞[xin,t]
)

by a function g of projection coefficients defined as in (34). Hence, any function of

a marginal distribution is a function of the corresponding projection coefficients, i.e.,

22As an Itô process, the agent-specific state in (7) is a square-integrable stochastic process implying
that xin,t for a fixed time point t is a square-integrable random variable, i.e., xin,t ∈ L2(Ω,Ft,P;R).

23See Ernst et al. (2012, Theorem 3.4) for the exact requirements on ξ to ensure convergence of
the sequence in (32).
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f(Mn) = f̃(φ0[xin], . . . , φ
∞[xin]). It follows that the intrinsic marginal distributional

derivatives can be stated in terms of the derivatives w.r.t. the projection coefficients.

Lemma 10. When the state random variables xin, n ∈ {1, . . . , Nx}, are represented

by polynomial chaos as in (32), the intrinsic marginal distributional derivatives of a

function f(M1, . . . ,MNx
) = f̃ ({φv1}∞v=0, . . . , {φvNx}∞v=0) are given by

fxnMn [M ](xn) =
∞∑
v=0

f̃φvn
ϕv (ξ(xn))

bv
,

with ξ(xn) = (M ξn)−1(Mn(xn)) and bv as in (33). The higher-order derivatives are

given by

fxnxnMn [M ](xn) =
∞∑
v=0

f̃φvn
ϕvξ (ξ(xn))

bv
mn(xn)

mξn(ξ(xn))

fxnx′n′M
n′Mn [M ](xn, x

′
n′) =

∞∑
v,v′=0

f̃
φvnφ

v′
n′

ϕv (ξ(xn))

bv
ϕv

′ (
ξ(x′n′)

)
bv′

.

Numerically, the polynomial chaos expansion in (32) will be truncated at Vn mean-

ing that we set {φvt,n}v>Vn = 0.24 Overall, using Proposition 10, we can approximate

24Proehl (2025a) showed in a discrete-time framework that, when increasing the truncation order
Vn of the polynomial projection, the policy function of the truncated representation converges to
the true policy function exponentially.
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the simplified master equation operator in (31) by25

HM [J, yi, r](t,M, xi, a) ≈ u− ρJ + Jt (35)

+
Nx∑
n=1

Vn∑
v=0

Jφvn
bv

∫
R
ϕv (ξ(xn))µn

(
t, yi, xn, a, r

)
mn(xn)dxn

+
1

2

Nx∑
n=1

∑
o∈{id,ag}

Vn∑
v=0

Jφvn
bv

∫
R
ϕvξ (ξ(xn))

mn(xn)

mξn(ξ(xn))
Σo,∗nn (t, xn, xn)m

n(xn)dxn

+
1

2

Nx∑
n,n′=1

Vn∑
v=0

Vn′∑
v′=0

J
φvnφ

v′
n′

bvbv′

∫
R2

ϕv (ξ(xn))ϕ
v′
(
ξ(x′n′)

)
ΣM,∗
nn′ (t, xn, x

′
n′)mn′

(x′n′)mn(xn)dx
′
n′dxn

+
1

2

Na∑
n=1

Nx∑
n′=1

Vn′∑
v=0

Janφvn′
bv

∫
R
ϕv (ξ(xn′)) ΣaM,∗

nn′ (t, xn′)mn′
(xn′)dxn′

+
1

2

Nx∑
n,n′=1

Vn′∑
v=0

Jxinφvn′
bv

∫
R
ϕv (ξ(xn′)) Σx

iM,∗
nn′ (t, xi, xn′)mn′

(xn′)dxn′

+
Na∑
n=1

Janηn (t, a, r) +
Nx∑
n=1

Jxinµn
(
t, yi, xi, a, r

)
+

1

2

Na∑
n,n′=1

Janan′Σ
a
nn′ (t, a, r)

+
1

2

Nx∑
n,n′=1

∑
o∈{id,ag}

Jxinxin′
Σo,∗nn′

(
t, xi, xi

)
+

1

2

Nx∑
n=1

Na∑
n′=1

Jxinan′Σ
xa
nn′
(
t, yi, xi, a, r

)
with ξ(xn) = (M ξn)−1(Mn(xn)) and the covariance matrices Σ. as in (8) and Σ.,∗ as

in (22), (43) and (44).

Remark. Equation (35) illustrates the advantages of approximating the marginal dis-

tributions with polynomial chaos. This approximation substitutes the cross-sectional

distribution M in the state space with the (
∑Nx

n=1 Vn)-dimensional real vector of pro-

jection coefficients [φvnn ]n∈{1,...,Nx},vn∈{0,...,Vn}. Therefore, the distributional derivatives

can be approximated with standard derivatives of a real-valued function. Hence, we

approximate the master equation with a standard, yet high-dimensional, partial dif-

ferential equation.

The seed random variables ξn, n ∈ {1, . . . , Nx}, in the Polynomial Chaos rep-

resentation (32) are set exogenously. This choice presents a trade-off between the

complexity of the corresponding polynomials and the speed of convergence of the se-

25To simplify notation we drop the distinction between a function of projection coefficients f̃ and
a function of the distribution f .
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ries in (32). For instance, one can choose ξn to equal a standard random variable, e.g.,

a standard normal.26 Although the truncation error in (32) typically only becomes

small at higher-order polynomials in that case, the family of polynomials is standard

and does not need to be constructed separately. Alternatively, one can tailor ξn to

a distribution close to the one expected in the model. In that case, truncating (32)

at lower order already achieves a good approximation but the family of polynomi-

als needs to be constructed separately. The latter is the method chosen in Proehl

(2025a) as this paper relies on a tensor-grid discretization of the state space. In con-

trast, we choose the former approach because our numerical method relies on neural

nets and thus, suffers less from the curse of dimensionality. We outline the details of

the practical implementation of the polynomial chaos approximation in Section 1.1

of the online appendix.

5 Solving for the Approximated Equilibrium

The recursive equilibrium is computed by solving the first-order conditions for the

optimal controls, the approximated master equation, its corresponding terminal and

state boundary conditions, and market clearing. Assumptions 1 and 2 deliver the

optimal controls yi,∗ and the returns associated with the explicit market clearing

conditions r∗,ex in closed form. Thus, we can reduce the number of equations by

inserting these closed-form solutions directly into the approximated master equation

and its boundary conditions. Overall, the main equation to be solved is the approx-

imated master equation in (35). Previous work in computational economics using

the master equation like Gu et al. (2024); Han et al. (2021); Huang (2024) directly

approximates the indirect utility function and often relies on automated differentia-

tion to obtain its derivatives. Since our master equation is of second order and high

dimension, this approach is infeasible. Instead, we base our solution method on the

Deep BSDE method. It was first developed by E et al. (2017); Han et al. (2018) to

solve high-dimensional first-order PDEs and has been extended by Beck et al. (2019)

to accommodate second-order PDEs. This method can be interpreted as a shooting

algorithm that is best illustrated in the model without direct aggregate risk as in

26Xiu and Karniadakis (2002) present the possible standard distributions.
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Example 5.27

Example (Case Without Direct Aggregate Risk as in Bilal (2023); Krusell and Smith

(1998)). The household problem provides us with the dynamics for the agent-specific

and aggregate variables [dxit, dat]. Given these, the cross-sectional distribution can

be approximated with the projection coefficients [φvnn,t]n∈{1,2},vn∈{0,...,Vn}. The returns

[rkt , wt] are explicitly defined given the distribution’s approximation. All of these vari-

ables can be simulated forward given their initial values. Additionally, one can de-

rive the dynamics for agent i’s indirect utility Y i
t = J(t, [φvnn,t]n∈{1,2},vn∈{0,...,Vn}, x

i
t, at)

and marginal utility Zi
t = DJ(t, [φvnn,t]n∈{1,2},vn∈{0,...,Vn}, x

i
t, at). The terminal boundary

condition pins down the terminal values of these but the initial values [Y i
0 , Z

i
0] are

unknown. The essential idea behind the Deep BSDE method is to approximate the

initial utility and its marginal, then simulate forward to evaluate the terminal bound-

ary condition and repeat this step until the approximation of [Y i
0 , Z

i
0] minimizes the

error in the terminal condition.

This illustration distills the main idea of the method but abstracts important

details which will be presented in the following. Let us first summarize the standard

Deep BSDE method before we explain how to adapt it to our equilibrium setting.

5.1 The Deep BSDE Method

The Deep BSDE method exploits that PDEs are closely related to backward stochastic

differential equations (BSDE). Similar to the state dynamics in (7), the indirect utility

function J as well as its gradient DJ can be represented by stochastic differential

equations. The difference lies in the direction. The state dynamics move forward

given the initial state whereas the dynamics of J and DJ move backwards given

the terminal boundary condition in (27). Given this system of forward backward

stochastic differential equations (FBSDE), the Deep BSDE method approximates the

unknown functions with neural nets that are solved for by a reinforcement learning

algorithm. Let me summarize both steps in more detail.

1. FBSDE system: Define the state space of distributional projection coefficients,

agent-specific and aggregate states by X i
t = ([φvnn,t]n∈{1,...,Nx},vn∈{0,...,Vn}, x

i
t, at).

27Although the method minimizes the error in the terminal boundary condition, Nüsken and
Richter (2021) show that this error measure is equivalent to a measure of the cumulative value
function error along the transition path. Thus, the Deep BSDE method goes beyond a pure shooting
method which also explains its superior convergence properties.
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Define the stochastic processes of the indirect utility Y i
t = J(t,X i

t), its gradi-

ent Zi
t = DJ(t,X i

t) and Hessian Γit = D2J(t,X i
t).

28 Lastly, define the process

Ait = A[DJ ](t,X i
t) by the infinitesimal generator mapping the gradient into a

function of (t,X i
t).

29 Cheridito et al. (2007) show that a PDE like the approxi-

mated master equation in (35) is equivalent to a system of FBSDEs containing

the dynamics [dX i
t , dY

i
t , dZ

i
t ] where the last two components constitute the back-

ward equations which depend on the unknowns [Y i
0 , Z

i
0, {Γit}t≥0, {Ait}t≥0]. If the

unknowns were given, the FBSDE system could be discretized with a forward

scheme and easily simulated.

2. Reinforcement learning algorithm: The unknowns of the FBSDE system are

given by functions

Y i
0 = ϑY0(X i

0), Zi
0 = ϑZ0(X i

0),

Γit = ϑΓ(t,X i
t), Ait = ϑA(t,X i

t)

that are approximated by neural nets. Given a preliminary approximation,

the FBSDE system is simulated forward to evaluate the loss function. The

loss is defined by the mean-square error of the PDE’s terminal condition in the

simulated data. The neural net approximation of the unknowns is then updated

using stochastic gradient descent. This step is repeated until the loss function

is minimized.

5.2 General Equilibrium Extension: The GE-Deep BSDE

Method

The standard Deep BSDE method has been designed to solve high-dimensional PDEs.

However, our equilibrium problem presents additional complications. Thus, we ex-

tend the standard method to accommodate the cross-sectional interaction of our

heterogeneous agent model, the state boundary condition that takes care of the state

constraint, and the implicit market clearing equation defining the remaining returns.

We introduce these adjustments following the two steps of the standard Deep BSDE

method.

28Here, DJ = [JXi
1
, . . . , JXi

NX
]T with NX =

∑Nx

j=1 Vj + Nx + Na. The Hessian contains all

second-order derivatives w.r.t. Xi.
29This process is defined precisely in Proposition 11.
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5.2.1 The System of FBSDEs

Let us first derive the system of forward backward stochastic differential equations in

our setting.30

Proposition 11 (System of FBSDEs). Define the aggregate state process by a vector

Xa
t = ([φvnn,t]n∈{1,...,Nx},vn∈{0,...,Vn}, at) and agent i’s state process by the NX-dimensional

vector X i
t = ([φvnn,t]n∈{1,...,Nx},vn∈{0,...,Vn}, x

i
t, at). Suppose that Assumptions 1 and 2

hold. Denote the equilibrium returns by r∗t = [r∗,ext , r∗,imt ] where r∗,ext is given by

Assumption 2 (i). Suppose that the implicit returns are given by a function r∗,imt =

r∗,im(t,Xa
t ). Then, a solution to the approximated master equation with terminal

boundary condition

0 =HM [J, y∗,i, r∗](t,X i) = HM [J,My[DJ,D2J, r∗], r∗](t,X i)

0 =HTBC [J, y∗,i](X i) = HTBC [J,My[DJ,D2J, r∗]](X i)

with HM as in (35) and HTBC as in (13) is equivalent to a solution of the system of

FBSDEs for the processes {X i
t , Y

i
t , Z

i
t}t≥0 defined as follows. The forward equation of

the optimally controlled state dynamics is given by the initial data X i
0 and dynamics

dX i
t = ([dφvnn,t]n∈{1,...,Nx},vn∈{0,...,Vn}, dx

i
t, dat) with (dxit, dat) as in (7) and

dφvnn,t =
1

bv

{∫
R
ϕv (ξ(xn))µn

(
t, yi,∗t , xn, at, r

∗
t

)
mn(xn)dxn (36)

+
1

2

∑
o∈{id,ag}

∫
R
ϕvξ (ξ(xn))

mn(xn)

mξn(ξ(xn))
Σo,∗
nn (t, xn, xn)m

n(xn)dxn

 dt

+
1

bv

{∫
R
ϕv (ξ(xn))σ

ag
n

(
t, yi,∗t , xn, at, r

∗
t

)
mn(xn)dxn

}
dBag

t

with yi,∗t = My[Yt,Γt, r
∗
t ] and ξ(xn) = (M ξn)−1(Mn(xn)) and the covariance ma-

trix Σo,∗ as in (22). The backward equations are given by the terminal condition

limT→∞ E0[e
−ρTY i

T ] = 0 and the dynamics

dY i
t =− f(t,X i

t , Y
i
t , Z

i
t ,Γ

i
t)dt+ (Zi

t)
TdX i

t (37)

dZi
t =A

i
tdt+ ΓitdX

i
t

30Proposition 11 follows directly from Cheridito et al. (2007, Theorem 4.10) so that we omit the
proof.
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with

f(t,X i
t , Y

i
t , Z

i
t ,Γ

i
t) = uit − ρY i

t +
NX∑
n=1

Zi
n,t

E
[
dX i

n,t

]
dt

where E[.]/dt delivers the drift of the process and uit denotes the utility given the

agent-specific state X i
t . The equivalence between PDE and FBSDE yields

Y i
t =J(t,X i

t)

Zi
t =DJ(t,X

i
t)

Γit =D
2J(t,X i

t)

Ait =
∂

∂t
DJ(t,X i

t) +
1

2

NX∑
n,n′=1

∂2

∂X i
n′∂X i

n

DJ(t,X i
t)
E
[
dX i

n,tdX
i
n′,t

]
dt

,

where E[.]/dt collects the cross-variation of the two processes.

Remark. This result effectively translates the consistent law of motion of the cross-

sectional density in (19) into the consistent law of motion of projection coefficients

that discretize the cross-sectional distribution in (36).

To simulate the system of FBSDEs [dX i
t , dY

i
t , dZ

i
t ], we descretize it with a forward

Euler-Murayama scheme following Andersson et al. (2023); Huang et al. (2025). How-

ever, we have to adjust this scheme slightly because our problem features an infinite

instead of a finite horizon. We follow Friedl et al. (2023) and adopt the transforma-

tion of Traeger (2014) who maps the infinite time horizon t ∈ [0,∞) into a finite

time interval through τ(t) = 1− exp(−νt) ∈ [0, 1) with ν > 0. The Euler-Murayame

scheme is then applied w.r.t. the finite time interval using the inverse transformation

t(τ) = − log(1 − τ)/ν. An equispaced grid τd = d
D
, d ∈ {0, 1, . . . , D − 1} hence

translates into a temporal discretization td = t(τd). In addition, we approximate

the terminal time point with tD = τ(1 − ε) with ε > 0. Note that, given some ini-

tial data {X i
0, Y

i
0 , Z

i
0}, a set of simulated data {X i

td
, Y i

td
, Zi

td
}d∈{0,1,...,D} represents the

time series of states, utility and marginal utility for one agent. The details of the

discretization scheme can be found in Section 2 of the online appendix.

5.2.2 The Reinforcement Learning Algorithm

The reinforcement learning algorithm approximates a set of unknown functions with

neural nets. This approximation is found by minimizing a loss function using stochas-
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tic gradient descent on simulated data from the FBSDE system. We adapt the stan-

dard procedure of the Deep BSDE method along multiple dimensions.

Unknown Functions. We extend the set of unknown functions to be approxi-

mated. In addition to the unknowns [Y i
0 , Z

i
0, {Γit}t≥0, {Ait}t≥0], we also approximate

the implicit equilibrium returns {r∗,imt }t≥0. Furthermore, note that the simulated data

of {Zi
t , r

∗,ex
t }t≥0 from Proposition 11 and the approximated unknowns {Γt, r∗,imt }t≥0

directly deliver y∗,i(t,X i
t) = My[Zi

t ,Γ
i
t, r

∗
t ](t,X

i
t) due to Assumption 1, i.e., agent i’s

simulated trajectory of optimal controls. However, to simulate the projection coeffi-

cients of the consistent cross-sectional distribution in (36), we need to compute the

expectation across all agents’ optimal controls. For that sole purpose, we also approxi-

mate {Zi
t}t≥0 as an unknown function.31 Overall, the functions that are approximated

with neural nets consist of

Y i
0 = ϑY0(X i

0), Zi
0 = ϑZ0(X i

0), Γit = ϑΓ(t,X i
t),

Ait = ϑA(t,X i
t), Zi

t = ϑZ(t,X i
t), r∗,imt = ϑr(t,Xa

t ).

Simulation. Given an empirically calibrated initial state X i
0 and the approx-

imated initial values [ϑY0(X i
0), ϑ

Z0(X i
0)], the discretized version of the FBSDE sys-

tem [dX i
t , dY

i
t , dZ

i
t ] from Proposition 11 is simulated forward. The approximated

functions ϑΓ and ϑA define the dynamics dZi
t in (37) whereas the functions ϑΓ

and ϑr feature in the law of motions of [dX i
t , dY

i
t ] due to the optimal controls

y∗,it = My[Zi
t , ϑ

Γ(t,X i
t), r

∗,ex
t , ϑr(t,Xa

t )] and the direct dependence of dX i
t on r∗t =

[r∗,ext , ϑr(t,Xa
t )]. The approximated function ϑZ features in the dynamics of the pro-

jection coefficients in (36) as we integrate over the optimal control as a function of x,

i.e., y∗,it = My[ϑZ(t, x), ϑΓ(t, x), r∗,ext , ϑr(t,Xa
t )] .

We use the simulation of the FBSDE system to enforce the state boundary con-

dition. The simulated data serves as the training data for the approximated solution

and hence, all equilibrium conditions should hold at all times. If the simulated data of

the constrained state eit ≥ 0 violate the constraint at some time point td′ , we modify

the simulated data around that time point to enforce the constraint and then con-

tinue the simulation with the modified data. This includes not only setting eitd′ ≥ 0

but also modifying the optimal controls [y∗,itd′−1
, y∗,itd′ ] and the gradient [Zi

td′−1
, Zi

td′
] such

31In fact, we do not need to approximate the full gradient DJ =
[[Jφvn

n
]n∈{1,...,Nx},vn∈{0,...,Vn}, Jxi , Ja]

T with an additional unknown function but only Jxi be-
cause the optimal controls solely depend on the derivatives w.r.t. the agent-specific states.
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that the drift and volatility of deitd′ are nonnegative and vanish, respectively.

Example. In our example model, the state boundary is enforced as follows. Choose

a small ϵ > 0. Set kitd′ = ϵ to let the volatility of the constrained state vanish.32

Set ιi,∗td′−1
to exactly the value that results in kitd′ = ϵ in the discretized FBSDE. Set

the simulated marginal utility Jk to a large value, i.e., Zi
nk,td′−1

= 1/ϵ. Recompute

[X i
td′
, Y i

td′
, Zi

td′
] with these new values at td′−1. If the constrained state is still in vi-

olation eitd′ < 0, set eitd′ = ϵ. Furthermore, set ci,∗td′ = min{ci,∗td′ , wtd′e
zitd′ + b̄rbtd′} and

Zi
ne,td′

= max{Zi
ne,td′

, (wtd′e
zitd′ + b̄rbtd′ )

−γ} which corresponds to Jei.

Similarly to enforcing the state boundary in the simulated data, we also enforce

the market clearing condition. The zeroth-order projection coefficient φ0
n is the cross-

sectional mean of the state variable xin. When market clearing is implicit, the simu-

lated zeroth-order coefficients are corrected to satisfy the market clearing equation.

Example. In our example, we approximate the states [exp(zi), ki, ei] with polynomial

chaos. Thus, the corresponding aggregates are given by the zeroth-order projection

coefficients [φ0
ez , φ

0
k, φ

0
e]. These are simulated within the FBSDE system. The simu-

lated return on capital and the wage are then calculated by inserting these projection

coefficients into the corresponding marginal productivity. We enforce the implicit

market clearing for the bond by correcting the simulated value of φ0
e accordingly, i.e.,

φ0
e = −b̄+ ϕtφ

0
k.

Lastly, we modify the sampling in order to enable the approximation of the termi-

nal boundary condition. Denote the simulated terminal value by Y i
∞ = E0[e

−ρtDY i
tD
].

We sample the various agent i’s initial states X i
0 from the initial cross-sectional dis-

tribution using quasi-Monte Carlo sampling. To compute the expectation in Y i
∞, we

duplicate all agent i’s initial states X i
0 multiple times and compute the correspond-

ing Y i
tD

for different trajectories of the exogenous shocks. The simulated terminal

value Y i
∞ is then calculated as the corresponding Monte Carlo average. We simulate

Zi
∞ = E0[e

−ρtDZi
tD
] equivalently.

Loss Function and Gradient Descent. Originally, the Deep BSDE method

defines the loss by the mean-square error of the PDE’s terminal condition in the

32We do not set kitd′ = 0 because agents avoid the fire-sale boundary at all cost in equilibrium. In
our model, zero capital is an absorbing state, i.e., capital would stay at zero forever. As capital is
log-normal, this is a zero probability event.
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simulated data which reads 1
I

∑I
i=1(Y

i
∞−0)2. It has been shown that this loss function

may lead to convergence issues by Nüsken and Richter (2021) when the FBSDE system

is high-dimensional and by Huang et al. (2025) when the FBSDE system is strongly

coupled. Both properties apply to our setting. Thus, we follow Nüsken and Richter

(2021); Huang et al. (2025) and use the variance of the terminal condition for both Y i

and its gradient Zi to improve convergence. This yields a loss function with multiple

components: the empirical variances 1
I−1

∑I
i=1(Y

i
∞ − Y∞)2 and 1

I−1

∑I
i=1(Z

i
∞ − Z∞)2

where Y∞ and Z∞ denote the empirical averages across i. The loss resulting from the

terminal condition disciplines the approximation of the traditional unknown functions

[ϑY0 , ϑZ0 , ϑΓ, ϑA]. As we added two more unknowns to be approximated by neural

nets, we need to extend the loss function to discipline the two additional functions

[ϑZ , ϑr]. We add the mean-square error of ϑZ compared to the simulated Zi
t as a

third component and the mean-square error of the implicit market clearing equation

0 = Mr[yi,∗t ] as a fourth component. The total loss function consists of

L(ϑ) =


1
I−1

∑I
i=1

(
Y i
∞ − Y∞

)2
1
I−1

∑I
i=1

(
Zi

∞ − Z∞
)2

1
I

∑I
i=1

∑D
d=1

(
ϑZ(td, X

i
td
)− Zi

td

)2
1
I

∑I
i=1

∑D
d=0

(
Mr

[
yi,∗td
])2

 .

To summarize, the first two components evaluate individual optimality, the third

component evaluates the cross-sectional distribution’s consistency with individual

optimality, and, the last component evaluates market clearing. Minimizing the loss

function, therefore, balances multiple objectives. Applying stochastic gradient de-

scent to a simple weighted average of these multiple objectives generally does not

converge, because the gradients of the different objectives may point in conflicting

descent directions. To avoid these issues, we apply the correlation-reduced stochastic

multi-objective gradient manipulation (CR-MOGM) by Zhou et al. (2022) in addi-

tion to projecting conflicting gradients (PCGrad) according to Yu et al. (2020). This

approach adjusts the weights of the different loss components when computing the

stochastic gradient descent step to find a Pareto optimum that balances all objectives.

Chen et al. (2025) provide a comprehensive survey on multi-objective deep learning.

Apart from the modifications described, we closely follow Beck et al. (2019) to

implement the neural net approximation and the mini-batch stochastic gradient de-

scent to minimize the loss function. The details of this implementation can be found
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in Section 3 of the online appendix.

6 Economic Insights

This is work in progress. We are currently finalizing the implementation and expect

results in late Spring 2026.

Appendix A Proofs

A.1 Proof of Proposition 4

Proof. Note that the Kolmogorov forward equation in (19) states the distributional

dynamics in the form of dmt(x) =
∑Nx

n=1
∂
∂xn

dDn
t (x) with

dDn
t (x) =

{
−µn

(
t, yi,∗[rt](t, x, at), x, at, rt

)
mt(x) (38)

+
1

2

Nx∑
n′=1

∑
o∈{id,ag}

∂

∂xn′

[
Σo
nn′

(
t, yi,∗[rt](t, x, at), x, at, rt

)
mt(x)

] dt

− σagn
(
t, yi,∗[rt](t, x, at), x, at, rt

)
mt(x)dB

ag
t .

Therefore, we can apply integration by parts in (20) once in the first term and twice in

the second term so that the dynamics of f(Mt) can be stated in terms of the intrinsic

distributional derivatives

df(Mt) =−
∫
RNx

Nx∑
n=1

fxnM [Mt](x)dD
n
t (x)dx (39)

+
1

2

∫
R2Nx

Nx∑
n,n′=1

fxnx′n′MM [Mt](x, x
′)dDn

t (x)dD
n′

t (x
′)dx′dx.

Inserting the definition of dDn
t (x) yields the appropriate expansion in (21). Note

that the term containing fxn′xnM [Mt](x) = ∂
∂xn′

fxnM [Mt](x) results from applying

integration by parts once more to the second drift term of dDn
t (x) in (38).
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A.2 Proof of Theorem 9

Proof. Recall from (20), that the distributional terms in the master equation result

from the expansion

df(Mt) =

∫
RNx

fM [Mt](x)dmt(x)dx

+
1

2

∫
R2Nx

fMM [Mt](x, x
′)dmt(x

′)dmt(x)dx
′dx.

with dmt(x) as in the Kolmogorov forward equation in (19). Given (30), the joint

distribution’s dynamics are given by

dmt(x) = dct(u) ·
Nx∏
j=1

mj
t(xj) +

Nx∑
n=1

dmn
t (xn) · ct(u) ·

Nx∏
j ̸=n,j=1

mj
t(xj). (40)

The last Nx summands can be determined by computing the Kolmogorov forward

equation of the marginal distributions dmn
t (xn) =

∫
dmt(x)dx−n resulting in

dmn
t (xn) · ct(u) ·

Nx∏
j ̸=n,j=1

mj
t(xj) (41)

=

{
− ∂

∂xn

(
Et

[
µn
(
t, yi,∗[rt](t, x, at), x, at, rt

)∣∣xn]mt(x)
)

+
1

2

∑
o∈{id,ag}

∂2

∂x2n
(Et [Σ

o,∗
nn (t, x, x)|xn]mt(x))

 dt

− ∂

∂xn

(
Et

[
σagn
(
t, yi,∗[rt](t, x, at), x, at, rt

)∣∣xn]mt(x)
)
dBag

t

=
∂

∂xn

−µn
(
t, yi,∗t , xn, at, rt

)
mt(x) +

1

2

∑
o∈{id,ag}

∂

∂xn

[
Σo,∗
nn (t, xn, xn)mt(x)

] dt

−σagn
(
t, yi,∗t , xn, at, rt

)
mt(x)dB

ag
t

]
=:

∂

∂xn
dDmarg,n

t (xn)
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with Σo,∗ as in (22). In light of (40) and (19), we obtain the copula dynamics

dct(u) ·
Nx∏
j=1

mj
t(xj) (42)

=
Nx∑
n=1

∂

∂xn

[{
−
(
µn
(
t, yi,∗[rt](t, x, at), x, at, rt

)
− µn

(
t, yi,∗t , xn, at, rt

))
mt(x)

+
1

2

∑
o∈{id,ag}

∂

∂xn

[(
Σo,∗
nn (t, x, x)− Σo,∗

nn (t, xn, xn)
)
mt(x)

]

+
n−1∑
n′=1

∑
o∈{id,ag}

∂

∂xn′
[Σo,∗

nn′ (t, x, x)mt(x)]

 dt

−
(
σagn
(
t, yi,∗[rt](t, x, at), x, at, rt

)
− σagn

(
t, yi,∗t , xn, at, rt

))
mt(x)dB

ag
t

]
=:

Nx∑
n=1

∂

∂xn
dDcop,n

t (x).

Overall, we can rewrite the Kolmogorov forward equation using (40)-(42) such that

dmt(x) =
Nx∑
n=1

∂

∂xn
[dDcop,n

t (x) + dDmarg,n
t (xn)] .

42



To derive the master equation in terms of partial distributional derivatives, insert

Definition 7 into (20) to obtain

df(Mt) =

∫
RNx

{
fC [M ](x) · dct(u) ·

Nx∏
j=1

mj
t(xj)

+
Nx∑
n=1

fMn [M ](xn) · dmn
t (xn) · ct(u) ·

Nx∏
j ̸=n,j=1

mj
t(xj)

}
dx

+
1

2

∫
R2Nx

{
fCC [M ](x, x′) · dct(ux′) ·

Nx∏
j=1

mj
t(x

′
j) · dct(ux) ·

Nx∏
k=1

mk
t (xk)

+ 2
Nx∑
n′=1

fMn′C [M ](x, x′n′) · dmn′

t (x
′
n′) · ct(ux′) ·

Nx∏
j ̸=n′,j=1

mj
t(x

′
j) · dct(ux) ·

Nx∏
k=1

mk
t (xk)

+
Nx∑

n,n′=1

fMn′Mn [M ](xn, x
′
n′) · dmn′

t (x
′
n′) · ct(ux′) ·

Nx∏
j ̸=n′,j=1

mj
t(x

′
j)

·dmn
t (xn) · ct(ux) ·

Nx∏
k ̸=n,k=1

mk
t (xk)

}
dx′dx.

=

∫
RNx

{
fC [M ](x) ·

Nx∑
n=1

∂

∂xn
dDcop,n

t (x) +
Nx∑
n=1

fMn [M ](xn) ·
∂

∂xn
dDmarg,n

t (xn)

}
dx

+
1

2

∫
R2Nx

{
fCC [M ](x, x′) ·

Nx∑
n′=1

∂

∂x′n′
dDcop,n′

t (x′) ·
Nx∑
n=1

∂

∂xn
dDcop,n

t (x)

+ 2
Nx∑
n′=1

fMn′C [M ](x, x′n′) ·
∂

∂x′n′
dDmarg,n′

t (x′n′) ·
Nx∑
n=1

∂

∂xn
dDcop,n

t (x)

+
Nx∑

n,n′=1

fMn′Mn [M ](xn, x
′
n′) ·

∂

∂x′n′
dDmarg,n′

t (x′n′) ·
∂

∂xn
dDmarg,n

t (xn)

}
dx′dx,
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where the last equality follows from inserting (41)-(42). Integration by parts delivers

the following expansion

df(Mt) =−
Nx∑
n=1

∫
RNx

{fxnC [M ](x)dDcop,n
t (x) + fxnMn [M ](xn)dD

marg,n
t (xn)} dx

+
Nx∑

n,n′=1

∫
R2Nx

{
1

2
fxnx′n′CC [M ](x, x′)dDcop,n′

t (x′)dDcop,n
t (x)

+ fxnx′n′M
n′C [M ](x, x′n′)dD

marg,n′

t (x′n′)dD
cop,n
t (x)

+
1

2
fxnx′n′M

n′Mn [M ](xn, x
′
n′)dD

marg,n′

t (x′n′)dD
marg,n
t (xn)

}
dx′dx.

Note that the cross-variations define the following covariance matrices

ΣC,∗
nn′(t, x, x

′) :=
dDcop,n′

t (x′)dDcop,n
t (x)

dt

1

mt(x′)mt(x)
(43)

=
(
σagn′

(
t, yi,∗[rt](t, x

′, at), x
′, at, rt

)
− σagn′

(
t, yi,∗t , x

′
n′ , at, rt

))
·
(
σagn
(
t, yi,∗[rt](t, x, at), x, at, rt

)
− σagn

(
t, yi,∗t , xn, at, rt

))
ΣMC,∗
nn′ (t, x, x′n′) :=

dDmarg,n′

t (x′n′)dD
cop,n
t (x)

dt

1

mt(x′)mt(x)

=σagn′ (t, x
′
n′ , at, rt)

(
σagn
(
t, yi,∗[rt](t, x, at), x, at, rt

)
− σagn

(
t, yi,∗t , xn, at, rt

))
ΣM,∗
nn′ (t, xn, x

′
n′) :=

dDmarg,n′

t (x′n′)dD
marg,n
t (xn)

dt

1

mt(x′)mt(x)

=σagn′

(
t, yi,∗t , x

′
n′ , at, rt

)
σagn
(
t, yi,∗t , xn, at, rt

)
.
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Inserting the definitions of Dcop,n
t and Dmarg,n

t and using integration by parts once

more, this allows us to rewrite the expansion as

df(Mt) =

Nx∑
n=1

∫
RNx

{
−fxnC [M ](x)

(
µn
(
t, yi,∗[rt](t, x, at), x, at, rt

)
− µn

(
t, yi,∗t , xn, at, rt

))
+

1

2

∑
o∈{id,ag}

fxnxnC [M ](x)
(
Σo,∗
nn (t, x, x)− Σo,∗

nn (t, xn, xn)
)

+
n−1∑
n′=1

∑
o∈{id,ag}

fxn′xnC [M ](x)Σo,∗
nn′ (t, x, x) + fxnMn [M ](xn)µn

(
t, yi,∗t , xn, at, rt

)

+
1

2

∑
o∈{id,ag}

fxnxnMn [M ](xn)Σ
o,∗
nn (t, xn, xn)

mt(x)dx dt

+
Nx∑

n,n′=1

∫
R2Nx

{
1

2
fxnx′n′CC [M ](x, x′)ΣC,∗

nn′(t, x, x
′)

+ fxnx′n′M
n′C [M ](x, x′n′)Σ

MC,∗
nn′ (t, x, x′n′)

+
1

2
fxnx′n′M

n′Mn [M ](xn, x
′
n′)Σ

M,∗
nn′ (t, xn, x

′
n′)

}
mt(x

′)mt(x)dx
′dx dt

+
Nx∑
n=1

{∫
RNx

fxnC [M ](x)
(
σagn
(
t, yi,∗[rt](t, x, at), x, at, rt

)
− σagn

(
t, yi,∗t , xn, at, rt

))
mt(x)dx

+

∫
RNx

fxnMn [M ](xn)σ
ag
n

(
t, yi,∗t , xn, at, rt

)
mt(x)dx

}
dBag

t

As in (23), the master equation combines the standard Itô terms and the distributional

terms of the expansion in the previous equation as well as the cross-terms of the former

two. Define the additional covariance matrices

ΣxiC,∗
nn′ (t, xi, x) =σagn

(
t, yi,∗[rt](t, x

i, at), x
i, at, rt

)
(44)

·
(
σagn′

(
t, yi,∗[rt](t, x, at), x, at, rt

)
− σagn′

(
t, yi,∗t , xn′ , at, rt

))
ΣxiM,∗
nn′ (t, xi, xn′) =σagn

(
t, yi,∗[rt](t, x

i, at), x
i, at, rt

)
σagn′

(
t, yi,∗t , xn′ , at, rt

)
ΣaC,∗
nn′ (t, x) =ζ (t, at, rt)

(
σagn′

(
t, yi,∗[rt](t, x, at), x, at, rt

)
− σagn′

(
t, yi,∗t , xn′ , at, rt

))
ΣaM,∗
nn′ (t, xn′) =ζ (t, at, rt)σ

ag
n′

(
t, yi,∗t , xn′ , at, rt

)
.
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Then, the cross term in (23) is given by

dAM,xi,a

(
t,Mt, x

i
t, at
)
=

1

2

{
Nx∑

n,n′=1

∫
RNx

Jxinxn′C [Mt]
(
x; t, xit, at

)
ΣxiC,∗
nn′ (t, xi, x)mt(x)dx

+
Nx∑

n,n′=1

∫
RNx

Jxinxn′Mn′ [Mt]
(
xn′ ; t, xit, at

)
ΣxiM,∗
nn′ (t, xi, xn′)mt(x)dx

+
Na∑
n=1

Nx∑
n′=1

∫
RNx

Janxn′C [Mt]
(
x; t, xit, at

)
ΣaC,∗
nn′ (t, x)mt(x)dx

+
Na∑
n=1

Nx∑
n′=1

∫
RNx

Janxn′Mn′ [Mt]
(
xn′ ; t, xit, at

)
ΣaM,∗
nn′ (t, xn′)mt(x)dx

}
dt.

Combining all the terms of dJ according to (23) and collecting its drift delivers the

master equation in terms of partial distributional derivatives. Setting all partial

derivatives w.r.t. the copula J...C [Mt] = 0 inline with Assumption 8 delivers the

simplifies master equation and concludes the proof.

A.3 Proof of Lemma 10

Before we proceed to the proof of this lemma, let us introduce two more concepts from

the mean field game literature that are relevant here. As an Itô process, the agent-

specific state in (7) is a square-integrable stochastic process implying that, for a fixed

time point t, xit is a square-integrable random variable, i.e., xit ∈ L2(Ω,Ft,P;RNx
).

The space of square-integrable random variables is a Hilbert space such that the

derivative of a function of the random variable f(xi) is given by the standard Fréchet

derivative.

Definition 12 (Distributional Derivatives II (see Carmona and Delarue, 2018a, Defi-

nition 5.22)). The Fréchet derivative of a function f : L2(Ω,Ft,P;RNx
) → R is given

by the the total derivative fxi [x
i](x) =

∑Nx

n=1 fxin [x
i](xn) with the partial derivatives
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given by33

lim
s→0

f(xi + s(xi
′ − xi))− f(xi)

s
= Ex,x′

[
Nx∑
n=1

fxin [x
i](xn)(x

′
n − xn)

]
,

where the expectation is taken over x, x′ ∈ L2(Ω,Ft,P;RNx
) where x has the same

distribution as xi and x′ has the same distribution as xi
′
. The second-order derivative

is similarly defined by

lim
s→0

fxi [x
i + s(xi

′ − xi)](x)− fxi [x
i](x)

s
=Ex̃,x̃′

[
Nx∑
n=1

fxinxi [x
i](x, x̃n)(x̃

′
n − x̃n)

]

=Ex̃,x̃′
[

Nx∑
n,n′=1

fxinxin′
[xi](xn′ , x̃n)(x̃

′
n − x̃n)

]
,

where the expectation is taken over x̃, x̃′ ∈ L2(Ω,Ft,P;RNx
) where x̃ has the same

distribution as xi and x̃′ has the same distribution as xi
′
.

There is a direct link between the intrinsic partial distributional derivatives w.r.t.

the distribution M and derivatives w.r.t. the corresponding random variable xi.

Proposition 13 (Cardaliaguet et al. (2019, Proposition A.1.2)). With the distribu-

tion M(x) = P(xi ≤ x), we can rewrite a function of the distribution in terms of

the random variable, i.e., f(M) = f̃(xi). If f is differentiable w.r.t. the distribution,

then it is differentiable w.r.t. the corresponding random variable and the intrinsic

distributional derivatives equal fxnM [M ](x) = f̃xin [x
i](x). Similarly, the second-order

derivatives agree fxnx′n′MM [M ](x, x′) = f̃xinxin′
[xi](x, x′).

Corollary 14. Given Definition 7 of the partial distributional derivatives, the previ-

ous result can be restated by

f̃xin [x
i](x) =fxnM [M ](x)

=fxnC [M ](x) +
Nx∑
n′=1

fxnMn′ [M ](xn′)

=fxnC [M ](x) + fxnMn [M ](xn)

33The equation to define fxi is equivalent to Cardaliaguet et al. (2019, Equation (A.5)).
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because fxnMn′ [M ](xn′) = 0 when n′ ̸= n. For our indirect utility function, the

equality further simplifies to J̃xin [x
i](x) = JxnMn [M ](xn) because Assumption 8 holds.

Similarly, the second-order derivatives read

f̃xinxin′
[xi](x, x′) =fxnx′n′MM [M ](x, x′)

=fxnx′n′CC [M ](x, x′) + fxnx′n′M
nC [M ](xn, x

′)

+ fxnx′n′CM
n′ [M ](x, x′n′) + fxnx′n′M

nMn′ [M ](xn, x
′
n′).

Given Assumption 8, this implies that J̃xinxin′
[xi](x, x′) = Jxnx′n′M

n′Mn [M ](xn, x
′
n′).

Proof of Lemma 10. Consider the polynomial chaos representation (32) of the n-th

element of the random variable xi ∈ L2(Ω,Ft,P;RNx
). The corresponding projection

coefficient given in (34) defines a function φv : L2(Ω,Ft,P;R) → R with

φv(xin) =
1

bv

∫
R
xnϕ

v(ξ(xn))dP(xit ≤ xn) =
1

bv
E
[
xinϕ

v(ξn)
]

where ξ(xn) = (M ξn)−1(Mn(xn)) and bv as in (33). Its Fréchet derivative accord-

ing to Definition 12 reads φvxin [x
i](xn) = ϕv(ξ(xn))/b

v. Its second-order derivative

is φvxinxin [x
i](xn, x

′
n) = 0. Let us now consider a function of projection coefficients

f̃({φv1}∞v=0, . . . , {φvNx}∞v=0). Any φvn = φv(xin), v ∈ {0, 1, . . .}, such that the distribu-

tional derivative in Definition 12 of the function f̃ is

f̃xin [x
i](xn) =

∞∑
v=0

f̃φvn · φ
v
xin
[xi](xn) =

∞∑
v=0

f̃φvn
bv
ϕv(ξ(xn)).

The second-order derivative follows accordingly

f̃xinxin′
[xi](xn, xn′) =

∞∑
v,v′=0

f̃φvnφv
′
n′
· φvxin [x

i](xn) · φv
′

xi
n′
[xi](xn′)

=
∞∑

v,v′=0

f̃φvnφv
′
n′

bvbv′
ϕv(ξ(xn))ϕ

v′(ξ(xn′)).

The equivalence of Proposition 13 and Corollary 14 delivers the first- and second-order
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derivatives of the lemma. Lastly,

fxnxnMn [M ](xn) =
∂

∂xn
fxnMn [M ](xn) =

∂

∂xn
f̃xin [x

i](xn)

=
∞∑
v=0

f̃φvn
bv
ϕvξ(ξ(xn))

∂

∂xn
ξ(xn)

where ∂/∂xnξ(xn) is the derivative of the quantile function which, due to the inverse

function theorem, equals one over the density evaluated at the quantile for continuous

distributions, i.e.,

∂

∂xn
(M ξn)−1(Mn(xn)) =

1

mξn(ξ(xn))

∂

∂xn
Mn(xn) =

mn(xn)

mξn(ξ(xn))
.

This concludes the proof.
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