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Abstract

This paper develops a general causal inference method for treatment effects models
with noisily measured confounders. The key feature is that a large number of noisy
proxies are available and linked with the underlying latent confounders through an
unknown, possibly nonlinear factor structure. The main building block is a local prin-
cipal subspace approximation procedure that combines K-nearest neighbors matching
and principal component analysis. Estimators of many causal parameters, including
average treatment effects and counterfactual distributions, are constructed based on
doubly-robust score functions, and their large-sample properties are established. We
require relatively mild conditions on local principal subspace approximation, allow a
mixture of informative and uninformative proxies with unknown identities, and per-
mit measurement error to be possibly correlated with the outcome or treatment. We
also obtain uniformly consistent estimators of the conditional average treatment effect
given the latent confounders. The results are illustrated with an empirical application
studying the effect of political connections on stock returns of financial firms, and a

Monte Carlo experiment.
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1 Introduction

Understanding effects of policy interventions is central in many disciplines. When obser-
vational data are used, researchers usually confront the challenge that the treatment is
nonrandomly assigned based on some characteristics that are not directly observed, which
make it difficult to uncover the true causal relation between the outcome and the treatment.
Nowadays, with the advent of big data, a researcher may have access to a large number
of noisy proxies for these latent confounders, possibly collected over many time periods
(large panel data), across many products or product categories (recommendation systems),
or from interactions with many other units (large network data). For instance, in finance
applications one may be concerned about the confounding effect of a firm’s unobserved en-
trepreneurial ability or management quality, which may be imperfectly captured by a firm’s
historical performance such as stock returns (Holmstrém and Tirole, 1993; Pan et al., 2015).
It is tempting to ask in this context whether and how high-dimensional proxies can mitigate
confounding in causal inference.

Unfortunately, due to the presence of measurement error, usual selection-on-observables
approaches that naively control for a number of selected noisy proxies are generally invalid.
This remains true even if modern machine learning techniques such as post double Lasso
(Belloni et al., 2014) are employed for control variables selection. Figure 1 shows a simple
Monte Carlo experiment with 250 noisy proxies. The left panel shows the sampling distribu-
tion of the t-statistic for the conventional doubly robust estimator of the average treatment
effect on the treated (ATT) when we control for the first 10 noisy proxies, and the right
panel shows that for the ATT estimator using double Lasso for variable selection. Both de-
viate substantially from the standard normal. This occurs because sparsity-based techniques
select a relatively small number of noisy proxies, leading to a non-vanishing bias caused by
measurement error. A more detailed explanation is available in Section 2.1 below.

On the other hand, the unclear, possibly nonlinear relationship between noisy proxies

and latent confounders makes this problem even more challenging. Traditional solutions



Figure 1: ATT Estimators Based on Selected Proxies
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Notes: This figure shows the sampling distribution of ¢-statistics for ATT estimators based on selected
proxies. The outcome and treatment are generated as described in Section 4.3. There are 250 noisy
proxies x;; = oy + uy, [ = 1,---,250, with «; a scalar latent confounder and w; a standard nor-
mal error. The dashed vertical line marks zero. The solid curve is the standard normal density.

to measurement error in the literature often rely on strong functional form assumptions
such as linearity (see, e.g., Schennach, 2016, for a review). However, in many applications
confounders such as “ability” or “quality” are unobserved and often loosely defined; it is
difficult or even impossible to specify how each proxy (e.g., the stock return in each period)
relates to the latent confounders. In addition, when proxies are discrete, censored, truncated,
or otherwise observed with limitations, nonlinear models arise naturally; one example is the
graphon model, which characterizes link formation in network studies (Gao et al., 2015).
This paper proposes a novel approach for treatment effects analysis that addresses these
issues in settings with high-dimensional proxies. Our key assumption is that the noisy
proxies are linked with the latent confounders via an unknown, possibly nonlinear factor
model. The proposed method builds on a local principal component analysis (PCA) method
developed in Feng (2024). We first find the K-nearest neighbors (K-NN) for each unit based
on observed proxies (with K diverging as the sample size grows). If different values of latent
confounders can induce non-negligible differences in many (but possibly not all) observed
proxies, then the K nearest neighbors, appropriately measured by the noisy proxies, are also

close in terms of the latent confounders. Next, within each local neighborhood formed by



the K matches, under mild regularity conditions, the underlying possibly nonlinear factor
structure is approximated by a linear factor structure, which can be estimated by PCA.

As in linear factor models (Bai, 2003), the values of the latent confounders cannot be
exactly recovered without additional normalizations. Nevertheless, the nearest neighbors
and estimated local factor loadings from local PCA provide enough information to restore
unconfoundedness in our treatment effects analysis. Intuitively, the nearest neighbors tell
us, for instance, which control units are “close” to a particular treated unit in terms of the
latent confounders, and the local factor loadings further characterize their distance. Such
information suffices for usual causal analysis where predictions based on latent confounders
are needed. In particular, we propose a general local quasi-maximum likelihood method to
estimate the conditional means of potential outcomes and the conditional treatment prob-
abilities (generalized propensity scores), which form the basis of regression imputation and
propensity score weighting estimators of treatment effects. The local region used in such
estimation is defined by nearest neighbors, and the extracted local factor loadings play the
role of generated regressors that provide further approximation to unknown functions of the
latent. The number of nearest neighbors, the main tuning parameter of our procedure, im-
plicitly governs the “bandwidth” of the estimation and determines the consistency of final
estimators, whereas the number of local factor loadings extracted is analogous to the degree
of the basis in local polynomial regression and can be taken as a small fixed number.

In contrast with standard nonparametric regression, the conditioning variables in this
context are indirectly obtained from proxies, and the noise in their factor structure restricts
one’s ability to select a bandwidth. Using a small number of nearest neighbors does not nec-
essarily lead to a small bandwidth and thus is not helpful for further bias reduction, which
differs from other matching techniques based on a fixed number of matches (e.g., Abadie and
Imbens, 2006). Consequently, the possibly large smoothing bias of the nonparametric ingre-
dients may render the final inference on causal parameters invalid. To deal with this issue, we

follow the Neyman-orthogonalization strategy that has been extensively applied in the recent



double/debiased machine learning literature (Chernozhukov et al., 2018, 2022). In treatment
effects models, the widely used doubly-robust scores (Robins and Rotnitzky, 1995; Cattaneo,
2010) are estimating equations constructed based on the efficient influence function and are
automatically Neyman orthogonal. Taking advantage of this property, we can conduct valid
inference under mild restrictions on the intermediate nonparametric estimators. On the
other hand, we do not require sample splitting across units that separates nuisance function
estimation from final inference, which is similar to Cattaneo (2010); Farrell (2015); Farrell
et al. (2021), but differs from the common practice in double machine learning. This is made
possible by carefully investigating the specific structure and the asymptotic expansion of our
nonparametric ingredients (nearest-neighbor-based local smoothing estimators).

Leveraging these ideas, we develop a novel estimation and inference procedure for a large
class of estimands, including counterfactual distributions and functionals thereof, and pro-
vide the basis for analyzing many causal quantities of interest such as average, quantile, and
distributional treatment effects. In addition to the robustness with respect to the relation-
ship between noisy proxies and latent confounders discussed before, our method has other
appealing features in theory and practice. First, as a dimension reduction technique, the
proposed method allows users to obtain low-dimensional information on latent confounders
from high-dimensional noisy proxies. It only requires some but not all proxies to be in-
formative about latent confounders, and it is unnecessary to know their identities a priori
(see Remark 4.2 below). Second, our theory builds on a generic choice of the “distance” to
define nearest neighbors, accommodating and extending previous matching strategies in the
panel and network data literature (e.g., Zhang et al., 2017; Bonhomme et al., 2022). Our
theoretical and numerical results also show that the proposed method provides more flexible
approximation to the nonlinear factor structure and delivers more robust inference results,
compared to local constant smoothing based solely on matching techniques. Third, thanks
to the availability of high-dimensional data, we can obtain a uniformly consistent estimator

of the conditional average treatment effect (CATE) given latent confounders, and also relax



some restrictive assumptions on the independence between measurement error and outcomes
(or treatment) that are common in the prior literature. Finally, the output of local PCA
can be readily taken as input to many classical econometric estimation procedures such as
local polynomial kernel regression (Fan and Gijbels, 1996), which may be useful in other con-
texts such as diffusion index forecasts (Stock and Watson, 2002; Bai and Ng, 2006), where
prediction based on noisily measured variables is of interest.

The paper is organized as follows. The rest of this section discusses the related literature.
In Section 2, we set up a multi-valued treatment effects model and describe the nonlinear
factor structure of the high-dimensional proxies for latent confounders. Section 3 gives
a detailed description of the entire estimation procedure, accompanied by a step-by-step
empirical illustration using the data of Acemoglu et al. (2016). Section 4 presents the main
theoretical results and some Monte Carlo evidence. Section 5 extends our theory to uniform
inference on counterfactual distributions. Section 6 concludes. The Supplemental Appendix
(SA hereafter) contains several extensions of our theory, discussions of key assumptions
used in the paper, all theoretical proofs, and additional numerical and technical results.
Replications of the simulation study and empirical illustration are available at https://

github.com/yingjieum/replication-Feng_2026.

1.1 Related Literature

This paper contributes to the large literature on causal inference and program evaluation
(see Abadie and Cattaneo, 2018 for a review). Our theoretical framework is closely related
to nonlinear models with measurement errors. Much effort has been devoted to the iden-
tification of such models (Schennach, 2016). For example, factor models can be utilized to
construct repeated measurements of unobserved variables, which allows for identification of
their distribution under suitable normalizations. A general treatment following this strat-
egy is available in Cunha et al. (2010), using and extending results in Hu and Schennach

(2008). A related strand of work uses a fixed number of noisy proxies to construct control
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functions (Altonji and Mansfield, 2018; Nagasawa, 2022) or confounding bridge functions
(Miao et al., 2018; Singh, 2020), enabling identification of treatment effects provided that
the proxies are sufficiently informative and satisfy certain conditional independence restric-
tions. By comparison, this paper considers the alternative setting with many noisy proxies
and illustrates the gains from high-dimensional data that are typically unavailable in prior
studies. In particular, identification of causal effects of interest does not require recovering
the exact values (or distributions) of latent confounders; we permit a mixture of informative
and uninformative proxies with unknown identities, and allow potential correlation between
the measurement error and the outcome (or treatment); we also obtain uniformly consistent
estimators of the conditional average treatment effect given the latent confounders.

The idea of local PCA, the technical building block of the inference method in this paper,
has precedents in the machine learning literature (e.g., Zhang and Zha, 2004; Arias-Castro
et al., 2017). These studies focus on the reconstruction of a global latent nonlinear structure
underlying the data for the purpose of classification, clustering or data visualization, but
do not provide formal estimation and inference theory. Recently, building on and extending
results on large-dimensional factor models (Bai and Wang, 2016; Wang and Fan, 2017), Feng
(2024) has established the estimation theory for local PCA based on general neighborhood
formulation in the nonlinear factor model, and applied it to optimal matrix estimation prob-
lems. Unlike these studies, in this paper recovering the nonlinear factor structure underlying
the noisy proxies is not of direct interest; rather, we exploit it to provide formal estimation
and inference theory for a large class of causal parameters. We also address a challenge due to
heterogeneous approximation errors, which is more specific to this causal inference problem
(see Remark 4.3 below). The latent heterogeneity may also be addressed via other machine
learning techniques. For instance, Bonhomme et al. (2022) develops two-step grouped fixed-
effects estimators that discretize latent heterogeneity by K-means clustering, which relies on
a specific injective moment condition to ensure informativeness of proxies. By contrast, this

paper relies on a more general, weaker informativeness requirement (see Assumption 4 and



Remark 4.2 for details) and can achieve more flexible approximation of smooth functions of
latent features via local PCA. The intermediate result (Theorem 4.1) also characterizes the
uniform convergence of nonparametric estimators of individual-specific features and may be

of independent interest.

2 Basic Framework

In this section we consider a binary treatment effects model with latent confounders that suf-
fices to communicate the key ideas of the proposed method. A more general framework with
several extensions, including multi-valued treatment effects, general likelihood functions, and
covariates-adjusted nonlinear factor models, is presented in the SA.

Suppose that the observed data is a random sample {(y;, t;, ®;, z;) }i;, where y; € R is
the outcome of interest, t; € {0,1} is a binary treatment, and x; € R? and z; € R are
vectors of covariates. x; and z; play different roles: x; is a vector of noisy proxies for some
unobserved confounders a; € R™, whereas z; itself is a vector of observed confounders that
can be controlled for directly. Some covariates may be used for both purposes simultaneously,
making x; and z; share some variables in common. The asymptotic theory in this paper
is developed assuming the sample size n and the number of noisy proxies p simultaneously
increase to infinity, whereas the number of confounders r, + r, is fixed.

We follow the standard potential outcomes framework. Let y;(1) and y;(0) denote unit
1’s potential outcome under treatment and that under no treatment respectively, and the
observed outcome can be written as y; = t;y;(1) + (1 — ¢;)y;(0). For the moment, we focus
on the analysis of the ATT parameter E[y;(1) — v;(0)|t; = 1], and defer extensions to other
causal parameters, including quantile and distributional treatment effects, to Section 5.

For the treated group, the treated outcome y;(1) is observed while the untreated one y;(0)
is not. Thus, we focus on the key challenge of identifying E[y;(0)|t; = 1]. This missing data

problem is common in causal inference and is often overcome by imposing an unconfounded-



ness condition—the treatment assignment becomes independent of potential outcomes after

conditioning on a set of covariates. In this paper we assume that

(i(1),4:(0)) L ti | oy, 2;. (2.1)

Thus, a; and z; play the role of confounders, but recall that «; is not directly observed in
our setup, making (2.1) different from the standard selection on observables assumption.

We assume a semi-linear regression model to characterize the untreated outcome:

v:(0) = p(ay) + 28 + €, Ele;|ev, z:] =0, (2.2)

where p(+) is some unknown function whose functional form is left unspecified. (2.2) implies
that ¢; ;== E[y;(0)|ay, z;] = p(a;) + z;3. On the other hand, we assume a logistic semi-linear

model for the treatment:

ti = Y(e(ay) + ziv) + v, Elv;| e, z;] = 0, (2.3)

where ¢(a) = 1/(1 + exp(—a)) is the standard logistic function and e(-) is an unknown
function left unspecified. (2.3) implies that o; := P(t; = 1|y, z;) = ¥(e(a;) + z}7), which
would be the usual propensity score if a; were observed. Note that z; and a; enter the two
equations simultaneously, which is consistent with the unconfoundedness assumption (2.1).

Equations (2.2) and (2.3) can be viewed as special cases of generalized semi-linear models
with an identity link and a logistic link respectively. Such choices of link functions are
common in practice when the outcome is continuous and the treatment is binary, which also
match our empirical application. Extensions to other links are allowed in the general theory
presented in the SA. Notice that despite specific links used, our model remains nonparametric
with respect to the dependence of the outcome and treatment on latent ay;, since u(-) and

e(+) are unspecified. This is appealing because «; is unobserved (and sometimes difficult to



precisely define); allowing it to enter the model nonparametrically offers greater flexibility
and more robustness in confounding adjustment. On the other hand, incorporating observed
z; (e.g., various types of fixed effects) linearly is a usual strategy in practice to maintain

tractability of the full model.

2.1 Structure of High-Dimensional Proxies

Since a; is not observed, regression techniques cannot be applied to estimate E[y;(0)|a;, z;]
or P(t; = 1|ey, 2;) directly, making many classical methods based on (2.1), such as regression

adjustment and inverse probability weighting, infeasible. However, we have a vector of noisy

proxies &; = (x;1,- -+ , ;)" linked with the unobserved c; through a nonlinear factor model:
where (-) = (m (), -+ ,mp(+))" : R™ +— RP is a vector of latent functions possibly heteroge-
neous across proxies, and u; = (u;1, - - -, u;) s a vector of idiosyncratic errors. Define n x p

matrices X = (@1, - ,@,), H = (n(an), -+ ,n(a,)) and U = (uy,--- ,u,)". Then, (2.4)
can be written in matrix form X = H + w. Compared to linear factor models, the latent
mean matrix H could be full-rank due to the potential nonlinearity of 7.

Conceptually, the latent function 1 can be either fixed or random, depending on the specific
context. For instance, when x; is a vector of proxies for one’s latent ability such as test scores,
it may be appropriate to assume each 7, is a fixed “production function” that maps one’s
ability to a specific output; when p proxies are collected over time, {n;(-)}}_, may be viewed
as a functional time series with each 7;(+) corresponding to a random function at time [ (see,
e.g., Ferraty and Vieu, 2006, for more details about functional data). In the literature on
panel and network data (e.g., Bai, 2003; Gao et al., 2015), it is also common to assume a
more specific setup: 7(a;) = wja; (“interactive fixed-effect model”) or n(e;) = n(ay, @)

(“graphon model”), for some fixed bivariate function 7(-,-) and latent variables zo;. The



heterogeneity (and potential randomness) of 7; across [ then is driven by zo;. For ease of
presentation, we treat n(-) as fixed (conditioned upon) in this paper and keep agnostic about
its specific structure and the potential dependence over .

The high-dimensional &; contains information on a; if (-) is nondegenerate in some proper
sense formalized later. Conceptually, we may find some low-dimensional statistic 7;(X), as
a function of observables, such that E[y;(0)|ea, z;] and P[t; = 1|y, 2;], the building blocks
of many treatment effects estimators, are approximately the same as E[y;(0)|7;(X), z;] and
Plt; = 1|T:(X), z;], when p is large. In other words, the challenge of selection on the
unobserved «; in this case is resolved by selection on a proper transformation of observables,

as will be formalized in our theory.

Remark 2.1 (Conditioning on ;). When many noisy proxies are available, it is tempting
to ask whether E[y;(0)|x;] is (approximately) the same as E[y;(0)|eay], justifying the use
of estimation methods that directly control for @;. Unfortunately, this alternative approach
suffers from several issues and is usually invalid. To gain some intuition, consider a Gaussian
error model:

yl<0>:az+€“ xil:O{i—i—U,Z’l’ l:17...7p’

where (o, €;, 1)) € R*'? are multivariate normal, with zero means and all components
uncorrelated with each other except that o, := Cov(uyy,€;) is possibly nonzero. In this

special case, it can be shown that

D+ Ope
p+1

— Ope)
Ely;(0)]a;] + — Zuzl+0peu1p

E[Z/z(o)’%] = p—|— 1

This calculation has several implications. First, the two estimands E[y;(0)|z;] and E[y;(0)|a]
are generally different for any finite p, and the last term o,.u;, does not vanish even when
p is large. It implies that methods that directly control for x; are invalid for estimating
the conditional means of potential outcomes (or the CATE parameter Ely;(1) — v;(0)|a)]),

even if there is only one single error u;, is correlated with the outcome. Such correlation is

10



practically relevant. For instance, in panel data settings, noisy proxies may be past outcomes,
and the most recent ones may be strongly correlated with the outcome in the current period
of interest.

Second, when o, = 0, though E[y;(0)|z;] — E[y;(0)|a;] converges in probability to zero as
p grows, the coefficients on conditioning variables x; are small but non-sparse, which implies
that many sparsity-based high-dimensional regression techniques such as Lasso are invalid
for estimating quantities such as E[y;(0)|a;]. In other words, conditioning on a few selected
coordinates of the high-dimensional x; is unable to remove confounding due to «;.

Third, due to the specific linear, homogeneous structure for x;;’s, a; can be approximately
recovered simply by averaging all proxies in this example. However, when 7;(-)’s are unknown
and heterogeneous, it is no longer straightforward what “proper” transformation is able to
remove confounding. Our proposed method below can be viewed as a general strategy
to effectively extract information on «; in possibly nonlinear settings, while allowing for
potential correlation between measurement errors and outcomes (or treatment assignment).

See more discussions below Assumption 3 and in Section SA-1 of the SA. _

2.2 Notation

For any scalars a and b, a V b = max{a,b} and a A b = min{a,b}. Define dx, = (K2 A
p'/?)/y/log(n V p). For a finite set S, |S| denotes its cardinality. For an integer m > 0,
m] ={1,2,--- ,m}.

For a vector v € RY, ||v]| = Vv'v is the Euclidean norm of v, and for an m x n matrix
A, |Al|max = MaXcpm) jefn) |ai;| is the entrywise sup-norm of A. Moreover, A;. denotes the
i-th row of A.

For sequences of numbers or random variables, a,, < b,, or a,, = O(b,,) denotes lim sup,, |a, /b, |
is finite, and a, <p b, or a, = Op(b,) denotes limsup,_, . limsup, Pl|a,/b,| > €] = 0.
a, = o(b,) implies a, /b, — 0, and a,, = op(b,) implies a, /b, —p 0, where —p denotes con-

vergence in probability. a, =< b, implies that a, < b, and b, < a,. ~~ denotes convergence

11



in distribution. Moreover, for possibly random sequence {a;}icin) and a strictly positive

sequence {7y, tic[n), We write a;, = op(rin) if max;cp) |ain/rin| —p 0.

3 Outline of Estimation Procedure

This section describes our proposed estimation procedure. First, given the structure (2.4),
relevant information on «; is extracted from x; via a local PCA method. Second, we estimate
G = Elyi(0)|ay, z;] and o; = P(t; = 1], z;) via a local quasi-maximum likelihood method,
where the extracted information from the first step plays the role of kernel functions and
generated regressors. Finally, the estimator of E[y;(0)|t; = 1] are constructed based on the
doubly-robust score function. See Algorithm 1 for a short summary.

In addition to methodological discussions, each step below will be accompanied by an em-
pirical illustration using the data of Acemoglu et al. (2016), which analyzes the effect of the
announcement of the appointment of Tim Geithner as Treasury Secretary on November 21,
2008 on stock returns of financial firms that were connected to him. Specifically, the treat-
ment of interest is the appointment of Geithner, which starts at a particular date (referred to
as “event day 07 hereafter). All firms remain untreated prior to the appointment. Starting
at event day 0, a subgroup of firms that are connected to Geithner are treated (¢; = 1),
while the other group remains untreated (¢; = 0). Variables used in this analysis and the

parameter of interest are listed below:

e Potential outcomes y;(1) and y;(0): the cumulative stock returns of firm i from day 0

to day 1 that would be observed with and without Geithner connections;
e Noisy proxies x;: the daily stock returns of firm ¢ prior to the Geithner announcement;

e Additional controls z;: the size (log of total assets), profitability (return on equity),

and leverage (total debt to total capital) of firm i as of 2008;

e ATT parameter E[y;(1) — y;(0)|t; = 1]: the average cumulative abnormal returns of

connected firms from day 0 to day 1.

12



The sample consists of 583 firms in total (n = 583) and 22 of them are treated (“connected
to Geithner”). To be comparable with the results in Acemoglu et al. (2016), the observed
proxies x; only include the daily stock returns for 250 days that ends 30 days prior to
the Geithner announcement (p = 250). In this application, one concern is that even after
controlling for the observed covariates z;, “connected and non-connected firms could be
different in other ways” (Acemoglu et al., 2016, pp.19). For instance, two groups of firms
may be different in some unobserved characteristics «; such as entrepreneurial ability or

management quality, which could be implicitly captured by stock returns as discussed before.

3.1 Step 1: Latent Variables Extraction

The goal of this step is to extract information on latent confounders o; by employing the

structure (2.4). The key ideas are outlined below.

Proxy-wise Data Splitting. We recommend users separate the K-NN matching and
PCA steps via proxy-wise data splitting. Specifically, split the proxy (“column”) index set
C = [p] of X into two non-overlapping subsets: C = C' U C* with p! = |CT|, p* = |C*| and
pl =< pt < p. Accordingly, the data matrix X is divided into two submatrices X' and X*
with column indices in CT and C* respectively. HT, H* UT and U* are defined similarly.

Note that the splitting is conducted across proxies. It is used to obtain desired convergence
properties of the local PCA estimator, which differs from sample splitting across units that
separates nuisance function estimation and final inference in the double machine learning

literature.

Remark 3.1 (Implementation: data splitting). In principle, the splitting is only used to
make the two portions of data X' and X* approximately independent (conditionally on the
latent variables). For independent errors across [ as specified in Assumption 3 below, this
goal can be achieved by, e.g., randomly splitting the column index set. When proxies are
collected over time, we can, e.g., take the first half of time periods for K-NN and the second

half for PCA, so the time series structure is retained. -
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Algorithm 1 (Estimation and inference for E[y;(0)[t; = 1])

Step 1: Latent Variables Extraction

Input: covariate matrix X € R™*P, tuning parameters K, d;

Output: {A/},KNi}?:l

Column-wise split X into two submatrices X1 € R™P' and X1t € R*P!
For each i € [n],

(1) use XT to obtain the set N; of the K nearest neighbors of unit i based on distance p(-, -):

Ny = { (i) in(meXz) <p(X1XD o)) <K 1<k<K)

(=1

(2) use XJJE/Z to obtain the local factor loading A ~; by local PCA:

~ ~ ~ ~ -~ -~ /
(Fy. Ayv)=  argmin T |(XE — AL ) (XL — A FL) |

Fy e RPV R, € REX:
Step 2: Local Quasi-Maximum Likelihood Estimation
Input: {yi,ti,zi,JAXNi,/\fi}?zl
Output: fitted values {@};‘Zl and {o;}7,
For each i € [n],

(1) estimate ¢; = E[y;(0)|ev, z;] by local least squares as in (3.4), using data for units in N; with
ti=0

(2) estimate g; = P(t; = 1|, z;) by local logistic regression as in (3.5) using data for units in N;
Step 3: Counterfactual Analysis
Input: {yi,ti, G, 0}y

Output: estimate 6 of 6 = E[yi(0)|t; = 1] and its standard error &

0 1—0i n p 0 0*(1—:)?

~ I t@ 0; (1—1; i_Zi —~ 1< tz‘@'—§2 21—t i—@Q
§— g; )(y)] 2 _ Z{(*Q )2, 20—ty — &)

K-NN Matching. This step makes use of the subsample labeled by f, i.e., the submatrix

of X with column indices in C'. Given a “distance” function p : RF' x RP' — R, search for

14



a set of indices N for the K nearest neighbors of unit :

n

No= L@ s D1 (o X < p(XL X)) SE 1Sk KR (3)

/=1

We use the term “distance” in a loose sense here, so p does not have to satisfy all the axioms

for a distance function in math.

Remark 3.2 (Implementation: choice of distance). Some usual choices of distance in
the literature include (i) Euclidean distance p(XJ,,X]T,) = | X - X]T,||2/pT; (ii) pseudo-
max distance p(XJ,,X]T,) = maxgz; |(X] — X}_)’X;r,\/pT; and (iii) distance of averages
p(XT, X]T) = | > icct(ma — zj1)|/p!. Indirect matching based on each of these choices can
be justified under certain conditions on the data generating process, and generally, no one
strictly dominates in theory. However, the Euclidean distance-based matching requires an
unrealistic conditionally homoskedasticity assumption, and matching using the distance of
averages needs a strong injectivity condition on the averaged proxies. By contrast, the
pseudo-max distance can be justified under practically more plausible conditions and thus is
our more recommended choice among the three. See Remarks 4.1 and 4.2 and Section SA-2
of the SA for details.

Moreover, when proxies differ in scale or importance for revealing information on the latent
variables, one can rescale or reweight different proxies when searching for nearest neighbors.
Such transformations can be viewed as particular choices of the distance p(-, -). For instance,
given a vector of weights w;, [ € C', one can define p(X,L-T,7 XJ) = > et (Wi —wyz )%, which

is the squared Euclidean distance of the reweighted proxies. -

Remark 3.3 (Implementation: choice of K). Our simulation studies in Section 4.3 show
strong robustness of our method with respect to the choice of K. Theoretically, by taking
advantage of doubly-robust score functions, our main results rely on mild restrictions on K,
which reduces to n/K? = o(1) (up to logn terms) in practically relevant cases (see discussions

below Theorem 4.2). Thus, many feasible choices of K is valid in theory. For instance, one
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can consider the nearest-neighbors-based local (m — 1)th-order polynomial regression of y;
on any r out of the p proxies. Under standard regularity conditions, the optimal K in the
MSE sense for this regression is O(n%) if m is even, and is O(n%) if m is odd, which
grows faster than \/n if m > r/2 or m > r/2 — 1. Usual plug-in or cross-validation methods
in the nonparametric regression literature can be employed to select K, though such choices

may not be optimal for the final inference purpose. -

Using the data of Acemoglu et al. (2016), we implement K-NN matching for each unit
based on the pseudo-max distance of daily stock returns in the first 125 days. Given the
discussion in Remark 3.3, we set K = 99 as a benchmark choice, which is obtained based on
leave-one-out cross validation for local constant nearest-neighbor regression of cumulative
stock returns from day 0 to 1 on the pre-treatment return on day —30. To have a sense
of the performance of K-NN matching, we report some summary statistics of matching
discrepancies in Table 1. Specifically, we calculate for each unit the maximum distance of
matched pairs divided by the standard deviation of the distance across all pairs, which can
be viewed as a normalized matching discrepancy in terms of the observed returns. Matching
performs relatively well for treated units, whereas some control units are matched with
someone relatively far away. In later analysis, we check the robustness of our results by

varying the number of nearest neighbors or dropping control units with large discrepancy.

Table 1: K-NN Matching: Maximum Distance of Matched Pairs

Min. 1st Qu. Median Mean 3rd Qu. Max.
Treated 0.671 1.043 1.166 1.199 1.313 1.840
Control 0.602 0.881 1.064 1.228 1.345 6.638

Notes: K-NN matching with K = 99 is conducted. For each unit, we normalize the maximum
matched-pair distance by dividing it by the standard deviation of distances across all pairs.

Local PCA. This step makes use of the subsample labeled by 1, i.e., the submatrix of X
with column indices in C*. Given the nearest neighbors of ¢ found in the first step, define

K x pt submatrix X,%/i of X* with each row corresponding to a neighbor’s proxies that
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belong to C*. Similarly, Hﬁfz and U,%,Z_ denote submatrices of H* and U* respectively, formed

by rows corresponding to K nearest neighbors of unit . Then, we write
X} =AvF, +E, +U}, (3.2)

where the local factor matrix F). € RP ¥di and the loading matrix Ay, € RE*d: are defined

to be the solution to the noise-free local PCA problem:

(Fy,, Ay, = arg min Tr [(Hﬁ, —ANZﬁXf) (H}E, —AMF/(,_)’
B, e RV A, e REx ! ! ! ‘
such that ﬁ‘/(, FNZ. /pt = 14, and Aj\,.& ~./ K is diagonal. d; denotes the number of local factors
extracted, and E,, € RE*P" is the corresponding approximation error for H,{Q In practice,

we estimate F), and A, by PCA:

(Fy, Ay,) = argmin  Tr [(Xﬁ[i - ANZF;Q) (Xi@ - ANZF;Q)'] (3.3)

F e RF':4 A, € RExd

such that IE‘J(,ﬁ’N /pt = 14, and _/ij\[]&,\/ /K is diagonal.

Remark 3.4 (Implementation: choice of d;). In this paper we treat d; as a fixed tuning
parameter that is possibly heterogeneous across neighborhoods, which governs the number
of terms in the local approximation. In principle, d; is set such that the extracted local
factors have stronger “signal strength” relative to the noise U,ffi (see discussions below As-
sumption 5). Note that although the number of latent confounders r, implicitly affects the
approximation quality of the proposed method, it is unnecessary in practice to determine
ro in the above procedure. Also, d; need not be greater than or equal to r, (e.g., d; = 1is
conceptually analogous to local constant smoothing in nonparametrics).

In practice, we recommend users select d; in a data-dependent fashion. For instance, in
each local neighborhood we extract all local factors from Xfﬁ/ with the associated singular

values greater than C'(v K + +/pt) for some large constant C' > 0. Since the order of noise
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matrix U, ,%,Z is typically Op(v K + \/ﬁ), this strategy ensures we can almost attain the “best”
approximation allowed by the data. Refined strategies based on similar ideas are available

in the literature on PCA (e.g., Johnstone, 2001; Dobriban and Owen, 2019). _

As an illustration, we implement local PCA for each unit using the data of Acemoglu et al.
(2016). Recall that for each firm a set of nearest neighbors has been obtained using the daily
stock returns in the first 125 days. PCA then is conducted for this subgroup of firms using
their daily stock returns in the next 125 days. Figure 2 shows several leading eigenvalues
corresponding to the neighborhood for a particular unit (“AMERICAN EXPRESS CO.”),
suggesting that extracting one or two local principal components is a reasonable choice. In
the subsequent empirical analysis, we employ the strategy described in Remark 3.4 to choose

d; in a data-dependent fashion.

Figure 2: Local Eigenvalues for One Neighborhood

Singular value

1 2 3 4 5
Component Number

3.2 Step 2: Local Quasi-Maximum Likelihood Estimation

The goal of this step is to estimate ¢; = E[y;(0)|ay, z;] and o; = P(t; = 1|, z;). Section
SA-3.1 of the SA considers the more general quasi-maximum likelihood estimation (QMLE),
but to be consistent with our basic setup in (2.2) and (2.3), here we focus on Gaussian

likelihood for the outcome equation and Logit Likelihood for the treatment equation.
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A local least squares estimator of (; is given by

Ei = (o) + Z;BNN p(oy) = X;,NigNi, where

> A : ~ (3.4)

(by., By,) = argmin Z(l — 1) (y; — Nj . b1 — Z;b2)2,
(b, by) €RYH= e py,

where Xj, «~; 1s the estimated factor loading vector in KNZ. corresponding to unit j. For the

treatment equation (2.3), the estimator of g; = P(¢; = 1|ay;, 2;) is given by

0 = V(E(ow) + 2Ax,), olay) = 3\;71\/1.,5/\/1-7 where

(5;\“ Vi)' = argmax Z log[t)j (b1, ba) (1 — 1 (by, by)) ' 4],

(by, by) €RYitr= S ony

(3.5)

where ;(by, by) := Y(X, by + 2}bs).

Remark 3.5 (Implementation: MLE). For local least squares we have close-form solutions,
while for other general quasi-MLE methods, the maximization is done numerically in prac-
tice. Our outputs from local PCA are readily used as inputs to any existing fast MLE
algorithms, and also note that only fitted values a and p; are necessary for causal inference.

In (3.4) and (3.5), we simply add z; as additional controls in each local estimation problem,
which does not fully exploit the model structure to estimate the low-dimensional parameters
B3 and ~. Alternatively, one can use other methods in the semiparametrics literature, e.g.,
profiled quasi-maximum likelihood, to estimate these parametric components, though it is

computationally more burdensome. See Hérdle et al. (2004) for such methods. J

An an illustration, for each treated firm, we find its nearest neighbors and obtain the
local factor loadings. Then, for returns in each day from —20 through +1, we use the data
of the treated firm’s untreated neighbors to perform a local least squares regression on the
extracted factor loadings. Figure 3a shows the fitted values in black and the observed daily
returns in grey for the treated firms. Recall that the fitted values are the estimates of the

conditional means of potential returns without treatment given the latent variables. We find
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that compared to the fitted values, closer to event day 0, some treated firms’ observed returns
decrease, while after day 0, most sequences of returns increase sharply. Given the propensity
score estimates obtained in this step, we can also check the balance in pre-treatment returns
that are not used for local PCA. The result is reported in Figure 3b, which compares our
approach with propensity score estimates based on z; only. We remind readers that balance
diagnostics in this context should be interpreted cautiously, since the pre-treatment outcomes
are noisy proxies rather than the true confounders, and measurement error can distort proxy-
based balance measures.

Figure 3: Local MLE

0.41 Weighting scheme
(3011 fe . e Unadjusted
4 ps(a,2)
0.2 X[-29] mAe G
£
2 x[-28]4 A on
[
= 0.0
X271 = o A
-0.2+
x[-26] 1 A me
*éO *]I.5 *iO *I5 (I) 0.0 0?5 1:0 1:5
date Absolute standardized mean difference
(a) Conditional means of untreated outcome (b) Balance in pre-treatment returns

Notes: The left panel shows the fitted values for the conditional mean of untreated returns for treated firms,
along with the observed return sequences. The right panel shows the balance in returns from day —30
through day —26, where ps(a,z) and ps(z) denote propensity scores estimates from our approach and from
a specification using z; only.

3.3 Step 3: Counterfactual Analysis

The final step is to estimate 6 = E[y;(0)|t; = 1]. Let o = P(t;, = 1). Under our unconfound-

edness assumption (2.1),

0—F ti_Q+&(1—ti)(?/i—Ci) ‘
o 0 1 —oi
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Therefore, an estimator of # is given by

s 166 B -ty —G)
Q—EZ[T—F? ]’ (3.6)

—~lo o L —o

where CA} and p; are obtained in the second step, and g = Y ,¢;/n. For the purpose of

inference, a simple plug-in variance estimator for 6 is

IR [tG =0T 1= [@ 0 — ) — G
2 1\5 % 7 7 7
=— _— — — : 3.7
S AN 0
Under some regularity conditions, we show in Theorem 4.2 below that \/ﬁﬁ_l(@\— 0) ~~
N(0,1). Estimators of other causal parameters can be constructed accordingly. For instance,

an estimator of ATT is simply (>, &) >0 tiyi — 0.

Remark 3.6 (Implementation: small denominators). It is well known in the literature that
inverse probability weighting estimators may suffer from the “small denominators” issue
(propensity scores too close to 0 or 1). In such cases some principled trimming methods
may be needed to ensure more robust performance of the estimator. See, e.g., Crump et al.

(2009); Busso et al. (2014); Ma and Wang (2020) for discussions and possible solutions. _I

As an illustration, we estimate the average treatment effect of Geithner connections on
cumulative returns from day 0 to day 1 (CARJ[0,1]) for firms with connections. For the
outcome equation, we implement a local least squares regression of cumulative stock returns
of firms with no connections on the local factor loadings extracted previously; for treatment
equation, we perform a local logit estimation. We consider several choices of K = C’[A(CV with
C =0.5,1,2, where IA{CV is the cross-validation benchmark choice described before. We apply
our procedure to the full sample and a base sample as defined in Acemoglu et al. (2016) (the
base sample excludes firms whose returns are highly correlated with Citigroup).

Results without covariates are reported in the first two columns of Table 2, while the third

and fourth columns give results that control for the three observed firm characteristics. For
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comparison, we also include the estimates based on double lasso. The estimated average
cumulative abnormal return for the connected firms using the proposed method ranges from
0.049 to 0.107, and in most cases the effects are significant at the 0.05 level. With covariates
included, double lasso produces larger point estimates than ours and larger standard errors.
By contrast, Acemoglu et al. (2016) uses a synthetic control method without covariate ad-
justment and finds an insignificant estimate of 0.005 for the full sample and a significant
effect of 0.06 for the base sample. We also check the robustness of the results by excluding
firms in the control group with large normalized matching discrepancy (top 10% in Table

1). Results are similar and omitted to conserve space.

Table 2: Average Treatment Effect of Connections on the Treated

No Covariates Add Covariates

Full Sample Base Sample Full Sample Base Sample

Local PCA, K =

50 0.096 0.077 0.060 0.057
(0.028) (0.029) (0.024) (0.03)
99 0.105 0.087 0.049 0.074
(0.028) (0.026) (0.027) (0.032)
198 0.107 0.093 0.064 0.080
(0.028) (0.026) (0.029) (0.03)
Double lasso
0.099 0.104 0.092 0.109
(0.034) (0.04) (0.033) (0.042)

Notes: The numbers in parentheses are standard errors. The base sample excludes firms
highly correlated with Citigroup.

4 Main Results

4.1 Assumptions

We begin with the unconfoundedness and overlap conditions commonly used in the causal

inference literature. Recall that the confounders o; are not directly observed.
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Assumption 1 (Unconfoundedness and Overlap). (y;,t;, o, z;) is i.i.d. over i € [n] and
satisfies that (a) (y:(0),v:(1)) L t; oy, zi; and (b)) 0 < cmin < P(t; = 1o, 2i) < Cmax < 1

for some constants cpin and cpax almost surely.

The conditional independence between the outcome and the treatment is a key feature of
our problem and will be always maintained. The data are assumed to be i.i.d. over i for
simplicity; in the empirical application it means that we have a random sample of firms whose
stock returns are independent of each other. With additional technicalities it is possible to
extend the results to allow for dependence within small clusters (so firms within the same
industry can be correlated).

We impose some mild regularities conditions on covariates, errors and latent functions.

Assumption 2 (Regularities). «; has a compact convexr support with a density bounded
and bounded away from zero; z; has a compact support, and E[Z;Z|a;] has all eigenvalues
bounded away from zero a.s., with Z; = z; — E|z;|ay); maxepn) e Bljua*™|o] < oo, and
maxX;e(, Elle;|*" |y, ;] < 00, for some v > 2; for all | € [p|, ni(-) is bounded by a universal

constant.
Next, we impose an assumption restricting the errors in our model.

Assumption 3 (Independence of Errors). uy is independent across i € [n] and overl € [p],

conditional on {o }icp; (€:,v;) is independent of w;, conditional on {(ov, 2;) }icin)-

As discussed before, Assumption 3 is common in the literature, implying that proxies
are conditionally independent and do not directly affect the outcome or treatment. We
assume it here for simplicity only. In this high-dimensional setting, the independence of u;
across [ can be relaxed to, e.g., martingale difference or S-mixing conditions to accommodate
proxies collected over time, albeit with more technical complexity. Note that proxies are still
allowed to be correlated given this assumption, since the dependence structure of 7;’s is
left unspecified. On the other hand, the conditional independence between the measurement

error and the outcome (or treatment) can also be relaxed. In the SA, we introduce a quantity
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m, to explicitly characterize the bias due to the correlation of u; with € or v;, reflected
through the correlation between (e;, v;) and our transformations of proxies, N; and Kl Our
inference result is valid as long as \/ﬁmf2 = o(1). Typically, m, — 0 as p grows. Since it is
technically more involved, we defer detailed discussion to Section SA-2.1 in the SA.

In our context, it is unnecessary to identify «; in an exact sense, since only predictions
based on «; matter for the causal analysis. Intuitively, we only need the nearest neighbors
and local factor loadings described in Section 3 provide enough approximation power for the
unknown function u(-) and e(-) when estimating E[y;(0)|e;, z;] and P(¢; = 1]av;, z;). This is

formalized in the next two assumptions.

Assumption 4 (Indirect Matching). For some fized constants py € R, ¢ > 0, ¢ > 0 and

some positive sequence a, = o(1), the following conditions hold:

(a) max |p(X], X])— p(HI, H) — po| Sp ap;

1<i,5<n
p(HI H)) _ p(HI H)
b) max 1 and min ——— 1.
() 1<i,5<n ”a’b Qg Hq NP 1<i,5<n ”al Qg ”g NP
o Fag o Fag

Assumption 4 is a high-level condition, accommodating a generic choice of the distance
p. In the following we make several remarks on each part, and defer more details, including
sufficient conditions for Assumption 4, to Section SA-2.2 of the SA.

Part (a) implies that the distance of the noisy proxies can be translated into that of the
noise-free mean structure, which is usually a mild requirement if the distance can “average”

many proxies that are weakly dependent (conditional on «;’s).

Remark 4.1 (Noise reduction). For the Euclidean distance, since Elu;|a;] = 0 and uy
is independent over [, we roughly have || X] — X;_||2/pT ~ |H] — H}L_||2/pJf + |UH2/pt +
|UJ|?/p". Then, part (a) holds if |U]||* are approximately the same across all units, which
amounts to a (usually unrealistic) homoskedasticity condition—E[u?|ay] is a constant o2.
Then, we can take py = 202 and a, = (10%)1/2.

By contrast, for the pseudo-max distance, since the distance of any two units are measured

using a third unit (and units are independent of each other), we have (XZT — XJT.)’ X g /pt ~
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(H — H]T)’ H] /pt. Homoskedasticity of errors is unnecessary, and we can take py = 0 and
logn

0, = (L8212

For the distance of averages, Y, ot [za—2 ;] /p" = 3ot m(a)—m(e;)]/p' since Elu;|a;] =

0. Thus, we can take py = 0 and a, = (lo%)l/?. _

On the other hand, part (b) precisely links the distance of the noise-free mean structures
with that of the latent confounders. The upper bound requirement is mild. For example, if
the latent functions 7;’s are Lipschitz continuous, we can take ¢ = 2 for (squared) Euclidean
distance and ¢ = 1 for pseudo-max distance and distance of averages. By contrast, the
plausibility of the lower bound, the key requirement for informativeness of proxies, needs to

be understood in context. See the following remark.

Remark 4.2 (Informativeness). When the distance of averages is used, we typically need
(the limit of) }%Zlecf m(-) to be strictly monotonic. Then, we can take ¢ = 1. This is
possible only for a scalar a;. When there is more than one confounder, one may need to
assume that each component of «; is separately measured by a set of proxies. The averaged
information across these sets then can be combined to define the final nearest-neighbor set.

In addition, simple averaging may also lose useful information about confounders. For
instance, consider a linear factor model: 7;(«;) = w;«; for some w; € R. Strict monotonicity
of the averaged 7;’s is violated if z% Y iect @ ~ 0. That is, the averaged proxies can be
approximately uninformative about the latent, even if a non-negligible subset of proxies have
nonzero w;’s and thus are individually informative. By contrast, the Euclidean distance or
pseudo-max distance can avoid this drawback. Generally, as long as a can generate sufficient
variation in many (but not necessarily all) proxies and thus in the entire sequence {n; () };cct,
the lower bound requirement can be satisfied for Euclidean distance (¢ = 2) and pseudo-max
distance (¢ = 1). It is unnecessary to know the identities of informative proxies a priori, but
if users do have some prior knowledge, a corresponding weighting scheme can be incorporated

into the definition of the distance, which is completely accommodated in our framework. _|
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Next, we impose a high-level condition on the local approximation (3.2). It ensures that
the local PCA output from the noisy proxy matrix Xﬁf can aid the approximation of the
unknown functions u(-) and e() in the outcome and treatment equations. Recall that by
construction, Yy, 1= A, Ay, /K is a diagonal matrix of top d; eigenvalues of (Hﬁl)’ Hﬁ,l /K.
Without loss of generality, write Yy, = diag{vi ., -+, v} .} With vi, > vgn, > -+ >

Vd,n, > 0. Aju, denotes the loading vector in A, corresponding to unit j. Recall dg, =
(K2 Ap'2) [/log(n V p).

Assumption 5 (Local Approximation). For each i € [n], the following conditions hold:

(a) I%?THANZ-T;/}Hmax Se 15 either vj . [Vjpin, S 1 o1 vj Vs, — 00 for j € [d; — 1]
e|n

and Udi’Ni/(S[_(; — 00, with probability approaching one.

max = Op(Vg, n.), and there exist some by, ¢\, € RY such that TN, =

= op(1).

(b) Yy T HENz

maxjen; [p(oy) — bl Aj,

(3

= op(1) and v, = max ey, le(o;) — cj\[i)\jwi

Assumption 5 is a high-level condition, delineating the key requirements for informative-
ness of the local factor loadings A,,. We make several remarks on each part, and more
detailed discussions, including sufficient conditions for Assumption 5, are available in Sec-
tion SA-2.3 of the SA.

First, A, can be viewed as an approximation basis that characterizes the relation of
different units in terms of ;. Thus, Assumption 5(a) is a mild condition that specifies the
possibly heterogeneous magnitude of different components of the basis. The requirement
that vg, ., is much larger than (5[}; is standard in the factor model literature (Wang and
Fan, 2017), implying that the “weakest” factors to be extracted has stronger signal strength
compared to the noise (and thus are consistently estimable).

Second, Assumption 5(b) quantifies the approximation accuracy for the three nonparamet-
ric components in our model, n(-), u(-) and e(+), through the corresponding error bounds
tyni> tun, and te,,. The informativeness of A, in this context is made clear by the as-

sumption that the same basis A,, extracted from the noise-free structure H,iv also has
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ability to approximate u(-) and e(-). Usually, such conditions are verified by imposing some

smoothness restrictions on 7;(+)’s, u(-) and e(-). See examples below.

Example 4.1 (Linear factor model). To fix ideas, consider a linear model 7;(e;) = (Cax;)'wo;
for some zo; € R™. We introduce a diagonal matrix C' = diag{ci, - , ¢, } to explicitly char-
acterize the “signal strength” of factors. Assume that Y, coywo)/pt and ) jen; oo K
are nondegenerate (eigenvalues are bounded away from zero). If 5;(}3 = o(min; |¢;]) and
d; = ro, Assumption 5(a) holds with v, . = 0 (exact approximation). Note that in this
example, the extracted d; factor loadings may miss a local constant term, but we can always
include an intercept in z; in the quasi-MLE estimation of u(-) and e(-). Therefore, if u(-) and
e(+) are twice continuously differentiable, we can achieve local linear approximations of x(-)
and e(-). As will be formalized below, typically, the implicit bandwidth of K-NN matching

is O((K/n)Y/"=). Thus, Assumption 5(b) holds with t,, . and t. », of order O((K/n)*™). _|

Example 4.2 (Nonlinear models). Suppose that max; ey, ||a; — ail| Sp by, for some “band-
width” h,, and pu(-), e(-) and ;(+)’s are twice continuously differentiable with bounded deriva-
tives. Let Vi (-) denote the gradient vector of 7,(-). Then, |m(e;) —mi(a;) — V(o) (o —
;)| Sp by for all 1€ [pl. If - 37 cer(mlen), Vin(ew)') (m(ew), Viu(ew)') is nondegenerate
(i.e., the minimum eigenvalue is bounded away from zero), then we can let d; = 1 + r,, and
Assumption 5(a) holds with vy . < 1, vj,, < hy, for j = 2,--- 14 r,. Accordingly, As-
sumption 5(b) holds with t, ., t,x,, and t. . of order O(hZ). The nondegeneracy condition
on partial derivatives of 7;’s is often mild and has an intuitive interpretation: the tangent
plane of the “surface” generated by n(-) does not collapse in any directions at the point «;
(so we do have r, latent confounders). This idea extends to higher-order approximations.
If each 7, is (m + 1)-times continuously differentiable and the local factors formed by the
partial derivatives of n; up to order m are nondegenerate, then the approximation errors

tyns Tuns and te . are O(ht!). See discussions in Section SA-2.3 of the SA. _

Remark 4.3 (Heterogeneous approximation power). We allow the number of factors ex-

tracted d; to vary across local neighborhoods. It accommodates the possibility that the
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nonlinear surface induced by 7(:) may exhibit varying degrees of nonlinearity at different
points. Relative to the noise, some approximation terms may yield signals too weak to be
recovered from the proxies in specific regions. Accordingly, the ability of the local basis A,
to approximate p(a;) or e(a;) may also be heterogeneous across units. For instance, if n(a)
is almost linear at o = a;, then the basis Ay, extracted from the proxies only capture the
information about local constant and local linear basis, and thus we cannot achieve higher-
order approximation of u(a) at a = ;. This feature is more specific to this causal inference
problem. If the goal is only to estimate the mean structure H, the recommended strategy
in Remark 3.4 (extracting all principal components whose singular values exceed the noise
edge) may allow us to approximately achieve t, . = Op(éf};) across all units.

Two features of our method can alleviate the concern about such heterogeneity: (i) when
p is large, a mixture of less nonlinear proxies and highly nonlinear ones may still permit the
characterization of high-order basis; (ii) our main inference results only need the approxima-
tion errors to be sufficiently small in an average sense rather than uniformly over all units,
so weak approximation power of A, is permitted in some (or even many) neighborhoods.

See more discussion in Section SA-2.3 of the SA. _

4.2 Theoretical Results

Recall that K is the number of nearest neighbors, p is the number of proxies, and d; is the
number of leading local principal components extracted in the neighborhood of unit ¢. The
asymptotic analysis is conducted assuming both K and p diverge as n — oo.

The indirect matching and local PCA are used to extract information on the latent vari-
ables «;. Specifically, under Assumptions 2-4, if % = o(1) and % = o(1), it can be

shown that

ol <o (K /n)sre) 1/s
e max [l — o) | Se (K/n)"E" + ap

It formalizes the idea that matching on the noisy proxies approximately match the latent
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confounders as well. In particular, the implied matching discrepancy of nearest neighbors
(the “bandwidth” for subsequent local estimation) shrinks as K/n — 0 and a, — 0. The
first term, (K /n)%/ (<) is the usual discrepancy that would have existed even if the matching
could be done directly on ;. When ¢ = ¢ (applicable to pseudo-max distance or distance of
averages), the first term reduces to (K /n)'/" which is the implicit “bandwidth” in K-NN
matching. By contrast, the second term a;,/ * arises from the fact that the matching can
only be conducted on the noisy proxies rather than the latent confounders. As described in
Remark 4.1, typically, a, — 0 as p — oo (more proxies).

2
v

If Assumption 5 also holds and (np) 5;% < 1, it can be further shown that

m?’}f HKNZ - ANiRNi
en

-1
max SIP’ de + t’r],./\fia

for some rotation matrix R,.. It formalizes the idea that the extracted factor loading IAXM_
from the noisy proxies is “consistent” for the loading matrix A, that has approximation
power for functions of the latent confounders. The error bound shrinks as both K and p
grow large and if the approximation error v, ,, diminishes.

Built on these properties of local PCA, we obtain our first main result, which shows that
the conditional means of potential outcomes and the propensity scores can be consistently

estimated by the proposed local QMLE method.

2
> S 1, then

Theorem 4.1 (Local QMLE). Suppose that Assumptions 2-5 hold. If (np)%éf_f

max G = Gl Sp Oxp + tyn, + T, and max |0: — il Sk Oxcp + i, + Tens-

Detailed asymptotic expansions are given by Equation (SA-7.1) in the SA.

Noting that the functional forms of p(-) and e(-) are unspecified, the results in Theorem
4.1 match the usual nonparametric convergence rates: 5;(; is the variance term, and t, ,,

and t.,, reflect the smoothing bias. The major difference here is that the convergence rate
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also depends on the number of proxies p and the approximation error v, .., reflecting the
fact that the information on ¢« is indirectly obtained via local PCA. Also, the convergence
above is uniform over all the data points indexed by 7, which respects the fact that «; is not
directly observed and we obtain information on it for the n units in the dataset. This slightly
differs from the classical nonparametric or semiparametric estimation where uniformity over

the whole support of conditioning variables is derived (or assumed directly).

Remark 4.4 (CATE estimator). In this setup a conditional average treatment effect given
the confounders is defined as E[y;(1) — v:(0)|e;, 2;]. Theorem 4.1 shows that (; is a uni-
formly consistent estimator of E[y;(0)|e, z;]. The same method can be applied to estimate
Ely;(1)|e;, z;]. This allows us to construct a valid estimator of CATE with guaranteed
uniform convergence rates and to explore treatment effect heterogeneity across different di-

mensions. _

Now, we are ready to apply previous results to inference on the counterfactual means of po-
tential outcomes. The following theorem, our second main result, establishes the asymptotic

normality of the proposed estimator.

Theorem 4.2 (Causal Inference). Suppose that Assumptions 1-5 hold. If (np)%cﬁ{?) <1 and

Vnlogn(d,s + D icmGon, Ty, F ] /n) = op(1), then

(a) \/ﬁ(é\— 9) _ 1 Z?:l 0 + Op(l) where o; = ti(Gi—0) + %(1—%)(%—@})’.

(b) /(6 — )/ ~ N(0,1).

Theorem 4.2 takes advantage of the doubly-robust score function and the properties of
our first step estimator to relax conditions on the convergence rates of EZ and p;, while not
requiring sample splitting across units. Specifically, the second rate restriction essentially
requires the squares of the two estimation errors (and thus their product as well) be of an

1

order smaller than n~'/2, which is consistent with results in the double/debiased machine

learning literature. Importantly, the approximation errors in our model, characterized by
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tyns Cun, and te ., need not be small uniformly over all units. Instead, we only require
that the average squared errors be small, allowing for cases in which the nearest neighbors
and local factor loadings from the first step may not be highly informative about the latent
confounders and yield poor approximation for some units.

To get a better sense of the rate restrictions imposed, consider a simple but practically
relevant case with K < p, v sufficiently large (e.g., sub-Gaussian errors), and all the unknown
functions n;’s, p and e sufficiently smooth. Then, v/nlogndy’ = o(1) reduces to n/K?* =
o(1), up to logn terms. On the other hand, in the case of local linear approximation in
Example 4.2, t, ., t,n, and t. . are typically O((K/n)*™), and thus we roughly need
V(K /n)¥re = o(1). If we use the recommended strategy in Remark 3.4 and extract all
approximation terms with signal strength exceeding the noise level, then in the best case
s G, and T, can be as small as O(dy,). Then, all restrictions imposed in Theorem
4.2 reduces to n/K? = o(1), up to logn terms.

Note that this paper focuses on large- K asymptotics, which is analogous to a large band-
width in kernel estimation or a small number of approximation terms in series estimation. If
K is small relative to the sample size, a non-negligible undersmoothing bias may arise in the
distributional approximation, and bias-robust inference may be needed. See Cattaneo and
Jansson (2018); Cattaneo, Jansson and Ma (2019); Matsushita and Otsu (2021) for more

discussions of undersmoothing bias and possible solutions.

4.3 Numerical Results

We conducted Monte Carlo experiments to check the finite sample performance of our pro-
posed method. The SA contains complete results, and here we give a short summary. We
consider (i) three specifications for n(-) with one latent confounder (r, = 1) and three with
two latent confounders (r, = 2), with varying degree of nonlinearity and smoothness; (ii)
different sample size combinations (n,p) = (500, 125), (500, 250), (500, 500), (500, 750); (iii)

three specifications for the measurement errors wu;’s: i.i.d., conditionally heteroskedastic,
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and autocorrelated across [ (and correlated with ¢;); and (iv) different choices of the tuning
parameter K. We also compare our method with three alternative ones in this setting: (i)
the usual doubly robust estimator that controls for two x;’s directly, which mimics the prac-
tice that “naively” regards the noisy proxies as the true confounders (“DR”); (ii) the doubly
robust estimator that employs double-lasso to select controls among the high-dimensional
x; (“DR-LASSO”); and (iii) the doubly robust estimator that uses local average smoothing
to estimate conditional means of outcomes and propensity scores (i.e., taking local averages
of nearest neighbors without the PCA step). The idea of local average smoothing has been
proposed in the panel and network data literature for different purposes (e.g., Zhang et al.,
2017; Bonhomme et al., 2022).

To conserve space, we only summarize results for one setup. As shown by our theory,
the key feature that determines the performance of our method is the signal strength in the
nonlinear factor model, reflected by the effective rank of the noise-free matrix H. Therefore,
we consider the Gaussian kernel 7;(a;) = 2 exp(—(a;—w@;)? /), for which we can conveniently
change the smoothness of n(+) by varying o. Typically, decreasing o makes H more complex
with more non-negligible singular values (“high-rank”). The measurement error w;, given
«; and o, is independent over i and [ and follows zero-mean normal distribution with the
conditional variance depending on «; and ;. Also, E[y;(0)|a;] = a; + o? and Ely;(1)|a;] =
2a; +a? 41, and the binary treatment is t; = 1(v; < g;) with ¢; = ¥((a; —0.5) + (a; — 0.5)?).
a;, @, v; ~ U[0, 1], and the error terms in y;(0) and y;(1) are standard normal. We consider
2000 simulated datasets with n = 500,p = 250, which matches the sample sizes in our
empirical application. For each simulated dataset, we obtain a point estimate of ATT, and
report root mean squared error (RMSE), coverage rate (CR) of the nominal 95% confidence
interval and its average length (AL) in Table 3.

The results in the first five columns are obtained based on our proposed method, using
the same strategy as described in our empirical illustration. Specifically, we take the first

half (pf = 125) of proxies for matching and the second half (p* = 125) for extracting the
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local factor loadings. We let K = Cn*/® for C = 0.5, 1, 1.5, 2 respectively, which has the
MSE-optimal rate for the (infeasible) cross-sectional local constant/linear nearest neighbors
regression of y; on a; and satisfies the restriction for our inference theory. We also consider a
data-dependent choice IA(CV, which is obtained by 20-fold cross validation for the local nearest
neighbors regression of y; on one noisy proxy z;,. We choose the largest d; such that the
extracted factors are associated with singular values greater than C,(v/n + v/ K) for a large
constant C,, > 0. For comparison, we report results based on DR and DR-DL in the last
two columns.

Our method performs relatively well throughout the three specifications, and is robust
to different choices of K in a wide range. By contrast, DR and DR-DL have unstable
performance across different specifications, do not achieve the nominal coverage rate and
usually have wider confidence intervals. The results in the SA further shows that (i) the
local average smoothing has more unstable performance across K’s and suffers from more
severe undercoverage in more complex models (e.g., with multiple confounders); and (ii)
larger p improves the performance of our method, while for small p, the proposed method

may undercover but still have better performance compared to DR and DR-DL.

5 Extension: Uniform Inference

In many applications, the outcome of interest is a certain transformation of the original
potential outcome via a function g(-) € G, and uniform inference over the function class G
is desired. In general, the goal can be achieved in two steps: (i) strengthen the asymptotic
expansion in Theorem 4.2(a) to be uniform, i.e., the remainder needs to be negligible uni-
formly over g € G; and (ii) show that the influence function as a process indexed by G weakly
converges to a limiting process. The general treatment of such issues can be found in, e.g.,
Barrett and Donald (2003); Chernozhukov et al. (2013); Donald and Hsu (2014).

We will focus on counterfactual distributions, the analysis of which relies on a particular
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Table 3: Simulation Results (heteroskedastic error, n = 500, p = 250)

Local PCA, K = DR DR-DL
73 145 217 289 Key
low-rank
RMSE 0.100 0.098 0.098 0.097 0.099 0.173 0.187
CR 0.943 0.942 0.949 0.950 0.944 0.867 0.838
AL 0.378 0.375 0.374 0.373 0.375 0.509 0.509
mid-rank
RMSE 0.096 0.094 0.093 0.093 0.094 0.156 0.147
CR 0.947 0951 0.951 0.951 0.951 0.916 0.915
AL 0.375 0.372 0.372 0.373 0.373 0.501 0.481
high-rank
RMSE 0.100 0.098 0.099 0.102 0.099 0.177 0.196
CR 0.938 0.940 0.944 0.940 0.940 0.861 0.823
AL 0.376 0.375 0.377 0.381 0.376 0.511 0.517

Notes: RMSE = root MSE of point estimator, CR = coverage rate of 95% nominal confidence intervals,
AL = average interval length of 95% nominal confidence intervals. K¢y= cross-validation choice of K.

function class G = {y — 1(y < 7) : 7 € Y} for some compact set Y C R. Each g(-) € G
corresponds to a particular value 7 € ). Therefore, we write y; -(t) = 1(y;(t) < 7), t =0,1,
and y;» = 1(y; < 7). One may be interested in E[1(y;(t) < 7)|t; = ], the counterfactual
distribution function of the potential outcome y;(t) for the group with a treatment status £,
which is a parameter in £>°()), a function space of bounded functions on ) equipped with
sup-norm. For now, we focus on §(7) = E[1(y;(0) < 7)|t; = 1] in our binary treatment

framework, and defer the general case to the SA. Now, Equation (2.2) becomes

Yir(0) =Gir +€irr Gri=Pyi(0) < 7|y, 2;) = pr (o) + z.0;.

For each 7, the second step of the estimation procedure in Section 3 is implemented to obtain
an estimator @-77 of G .
To establish the limiting distribution of the proposed estimator, we impose an additional

assumption.

Assumption 6 (Uniform Inference). u, () is Lipschitz in T uniformly over ac; for allT € ),
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there exists some by x, € RY such that T, v, = max,cy maxjen; |p-(a;) =0 Aju,| = 0p(1).

The following theorem shows that the (scaled) counterfactual distribution process weakly
converges to a limiting Gaussian process indexed by 7 € ), which forms the basis of uniform

inference. See Van Der Vaart and Wellner (1996) for underlying technical details.

2
v

Theorem 5.1 (Uniform Inference). Under Assumptions 1-6, if (np)+ 8 < 1 and /nlog n(0 .+

Zie[n] [927,/\/2- + ti,Ni + tg]\fl]/n) = op(1), then
V(00 =00)) = =3 @) +orl)) = 2)in =),

where @;(+) = ti(g‘"g_e(')) + &(l_ti)l(f;_c“) and Z(-) is a zero-mean Gaussian process with

©
covariance kernel Elp;(11)p;i(12)] for 7,7 € V.

Under proper regularity conditions, the weak convergence above can be applied to con-
struct inference procedures for other quantities such as quantile treatment effects by the

functional delta method, as shown in the following corollary.

Corollary 5.1.1 (Functional Delta Method). Let the conditions in Theorem 5.1 hold. Con-
sider the parameter 6 as an element of a parameter space DO C °(Y), a function space
of bounded functions on ), with DA containing the true value 6. Let a functional \I/(é)
mapping DO to (>°(Q) be Hadamard differentiable in 0 at 0 with derivative Wy. Then,
VAEO) () =W (0)(-) —n"> I, () ()] = 0p(1) and /a(¥(0)() =¥ (0)()) ~ ¥o(Z)()
that is a Gaussian process in {>°(Q) with mean zero and covariance kernel defined by the

limit of the second moment of \Pg(goi).

The limiting Gaussian process can be approximated based on a practically feasible multi-
plier bootstrap procedure widely used in the literature. To be specific, take an i.i.d. sequence

of random variables {w; }cjn) independent of the data with mean zero and variance one. De-
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fine a uniformly consistent estimator of ¢;(-):

0i (1= ti) (% — Gi.)
0 0 1-0

The following corollary shows that conditional on the data, \/iﬁ Yo wii(-) weakly converges
to the same limiting process Z(+) as in Theorem 5.1. In practice, one only needs to simulate

this feasible approximation process by taking random draws of {w; }icjn)-

Corollary 5.1.2 (Multiplier Bootstrap). Let the conditions of Theorem 5.1 hold. Then,

conditional on the data, n=Y23"  w;5i(-) ~ Z(-) that is the Gaussian process defined in

Theorem 5.1 with probability approaching one.

To showcase the uniform inference procedure, we use the data of Acemoglu et al. (2016)
to check the (first-order) stochastic dominance (SD) of 6, (-) over 6y(-), where 6;(-) and y(-)
respectively denote the cumulative distribution functions (CDFs) of potential stock returns
of firms connected to Geithner if they were connected and not connected with him. By
definition of SD, the null hypothesis is 6,(7) < 6y(7) for all 7 € ). An intuitive test
statistic is y/nsup,cy(01(7) — 6o(7)). The null hypothesis is rejected if the test statistic is
greater than a certain critical value. Given the asymptotic expansions of the corresponding
estimators é\l() and 50(-), the critical value can be obtained by simulating the supremum
of the approximation process. In practice, the supremum over the whole support is simply
replaced by maximum over a set of user-specified evaluation points.

For each 7 € Y, implement the estimation procedure as described in Section 3. Varying
the values of 7, we obtain two estimated distribution functions for firms with connections,
as shown in Figure 4. To better understand the estimation uncertainty, 95% confidence
bands for the two estimated CDF's are plotted, which are based on simulating the maximum
absolute value of the corresponding (studentized) approximation processes. In each case, the
value of 7 is restricted to range from 0.1-quantile to 0.9-quantile of the estimated distribution.

It turns out that the estimated CDF for the treated outcome is well below that for the
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untreated outcome. Formally, we take all observed values of the cumulative returns as the
evaluation points, and then simulate the maximum of the approximation process by taking
500 draws of random weights {w;}? ;. In this simple example, the test statistic equals 0,
which is well below the critical value 5.81 for a confidence level of 0.95 obtained through
simulation. Thus, SD of 6;(-) over 6y(-) cannot be rejected. It implies that the positive
effects of political connections in this example are felt over the entire distribution of the
stock returns of connected firms, which is a stronger conclusion than that based simply on

the mean in Section 3.

Figure 4: Estimated CDFs of Potential Outcomes for the Treated

0.84

0.4+ -

CDF
- - Y(0)D=1
— Y(1)|p=1

0.0+

-0.2 0.0 0.2 0.4 0.6

Notes: This figure plots the estimated cumulative distribution functions of potential returns for connected
firms. Shaded regions are 95% confidence bands.

6 Conclusion

This paper has developed a causal inference method for treatment effects models with some
confounders not directly observed. Relevant information on these latent confounders is
extracted from a large set of noisy proxies that admits an unknown, possibly nonlinear
factor structure. Such information is then used to match comparable units in the subsequent
counterfactual analysis. Large-sample properties of the proposed estimators are established.
The results cover a large class of causal parameters, including average treatment effects

and counterfactual distributions. The method is illustrated with an empirical application
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studying the effect of political connections on stock returns of financial firms.
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