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Abstract

We develop a multiple-sector model featuring both knowledge and physical input-output

networks, in which knowledge evolves endogenously through firms’ R&D investment. The

network structures determine economic dynamics and constitute systematic risk, and pre-

dict that the sparsity of knowledge network increases aggregate consumption and leads to

positive risk premium. Our model implications receive empirical support as follows: (i) con-

sumption growth increases with knowledge network sparsity; (ii) firms with higher exposures

to knowledge network sparsity carry higher expected stock returns; and (iii) knowledge net-

work sparsity exists in the stochastic discount factor and helps price the cross section of stock

returns.
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1 Introduction

In modern economy, the specialization in production and heterogeneity in human and natural

resources lead to large-scale, complex supply chains and cooperation networks among firms (Hi-

dalgo and Hausmann, 2009). With the advancement of technologies, firms nowadays are relying

on a greater variety of intangible and tangible inputs than ever. From the aggregate perspective,

the whole economy can be regarded as a network that encompasses various supply chains that

may influence or intervene each other. The structure and disruptions within such a network

may have a profound effect on all sectors of an economy (Acemoglu, Carvalho, Ozdaglar, and

Tahbaz-Salehi, 2012; Carvalho, 2014; Acemoglu and Tahbaz-Salehi, 2024).
1

Thus, production net-

work plays an important role in economic fluctuations, and its structural changes may lead to

systematic risk in financial markets.

Herskovic (2018) develops a multi-sector network model that aims to capture the input-output

dynamics of different sectors in a production economy. He presents a competitive equilibrium and

derives a closed-form solution in which consumption growth increases with changes in network

sparsity and decreases with changes in network concentration. His model predicts that network

sparsity is positively priced and network concentration is negatively priced, which is supported

by his empirical analyses based on the traditional input-output matrix.

However, existing input-output matrix data mainly cover tangible capital/inputs and miss the

role of knowledge/intellectual property (IP) in production network (Robbins, Streitwieser, Jolliff,

and Robbins, 2010). Such an omission likely biases the estimation of network-related systematic

risk and weakens the explanatory power of network models for economic dynamics and financial

markets. The IP is taking the lion’s share in today’s knowledge-based economy. At the aggregate

level, IP-intensive industries contributed to nearly 41% of U.S. GDP and accounted for 33% of all

U.S. employment in 2019.
2

At the firm level, the market positions and competitive advantages

of top US companies (such as Apple, Microsoft, Alphabet, Amazon, Nvidia, and Meta) are built

on IP rather than real manufacturing. In addition, Belo, Gala, Salomao, and Vitorino (2022) show

that the contribution of knowledge capital from innovation activities to a firm’s market value

increased from 24.9% in the 1970s to 44.8% in the 2010s, whereas the contribution of physical

capital has declined from 30.9% to 20.7% in the same period. At the product level, although a

smartphone consists of hundreds of chips and elements, it also involves more than 250,000 active

1
For instance, the shortage of integrated circuit (IC) chips due to the outbreak of COVID-19 not

only caused the delays in consumer electronics and automobile manufacturing but also pushed up infla-

tion. https://www.forbes.com/sites/forbestechcouncil/2022/05/19/impacts-of-the-global-chip-shortage-and-how-to-

prepare-as-the-backlog-stabilizes/?sh=4a66a18824d7

2
These statistics are based on an official report “Intellectual property and the U.S. economy: Third edition” pub-

lished by the USPTO: https://www.uspto.gov/ip-policy/economic-research/intellectual-property-and-us-economy
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patents.
3

We illustrate the differences between the knowledge network and the physical network within

the two-digit Standard Industrial Classification (SIC) sectors in Figure 1. Panel (a) illustrates the

network based on the U.S. input-output table among publicly listed firms in 2019, using the infor-

mation provided by Compustat Segment Data, while Panel (b) depicts an intersectoral network

derived from the U.S. patent reference networks in 2019 (our measure for knowledge input-output

network following Ziedonis (2004)). In both plots, each arrow points from the provider sector to

the user sector, and its width reflects the intensity of the provider sector’s contribution to a spe-

cific user. On the other hand, the size of bubbles stands for a sector’s contribution to the whole

economy as a physical (knowledge) input provider. It’s noteworthy that different sectors may

play varied roles in two networks.
4

For instance, chemical and allied products and professional

services play a significant role in physical input, whereas sectors like engines and turbines and

electronic products are crucial for knowledge input.

In this paper, we construct a multi-sector model that accounts for both knowledge and phys-

ical inputs in the production network, present the equilibrium conditions, and discuss the roles

of three network features (knowledge network sparsity, physical network sparsity, and network

concentration) in economic dynamics. Specifically, network concentration captures the extent to

which a small number of sectors account for a disproportionately large share of total physical or

knowledge output. In contrast, network sparsity reflects the overall connectivity of the produc-

tion network. A physical (or knowledge) network is considered sparse when most sectors rely

on fewer inputs, i.e., only a limited number of physical (or knowledge) inputs. More importantly,

we introduce endogenous growth into the evolution of knowledge productivity, allowing firms to

enhance their knowledge productivity by employing researchers through their R&D activities.
5

Our model deviates from Acemoglu, Carvalho, Ozdaglar, and Tahbaz-Salehi (2012) and Her-

skovic (2018), both of which only consider physical network. Adding knowledge network and its

endogenous growth allows us to explicitly study the independent roles of knowledge production

and the change of knowledge input-output network structure in generating aggregate fluctua-

3
https://www.bbc.com/news/business-15343549

4
As per Acemoglu, Carvalho, Ozdaglar, and Tahbaz-Salehi (2012), we assess the outdegree of knowledge or physi-

cal input provision for each sector, which is calculated as the total of either knowledge or physical input shares across

their customer sectors. It serves as an indicator of a sector’s significance as a provider of physical or knowledge input.

The Spearman ranking correlation between the outdegrees of the two networks is 0.212.

5
The evolution of knowledge network can be characterized as a reduced-form combination of three sources of

innovation. The first is ‘creative destruction’, where firms innovate and replace existing one made by other firms

(Stokey, 1988; Segerstrom, Anant, and Dinopoulos, 1990; Grossman and Helpman, 1991; Aghion and Howitt, 1992;

Klette and Kortum, 2004). The second is that the incumbent firms improve their own technology without replacing

products made by any other firms (Krusell, 1998; Lucas and Moll, 2014). Last, firms may introduce new ideas and

push the technology frontier forward, as in Romer (1990), Acemoglu (2003), and Jones (2016).
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Figure 1. Physical and knowledge network

(a) Physical network (b) Knowledge network

Note: Panel (a) displays an intersectoral network corresponding to the U.S. input-output table among publicly listed

firms in 2019, using the information provided by Compustat Segment Data. Panel (b) shows an intersectoral network

corresponding to the U.S. patent reference networks in 2019, using the patent references to track knowledge inputs as

in Ziedonis (2004). Each node (bubble) represents a different sector at the two-digit Standard Industrial Classification

(SIC) code level, with the size of bubbles representing value shares as physical (knowledge) input providers to the

whole economy. Node labels specify the two-digit SIC sector. An arrow from sector 𝑖 to 𝑗 means that sector 𝑖 provides

physical (knowledge) inputs to 𝑗 ; the intensity of the arrow (transparency) indicates the input share from sector 𝑖
relatively to the total inputs (or knowledge) used by sector 𝑗 .

tions. As a result, our framework is able to generate additional asset pricing implications from

the knowledge network.

Our model suggests that consumption growth increases with both knowledge network spar-

sity and physical network sparsity. When sparsity rises, a sector’s input structure becomes more

specialized, meaning that it relies more heavily on its primary input providers. This special-

ization lowers the cost of substituting between inputs—because shifting production toward the

main supplier becomes cheaper—allowing firms to produce the same output at a lower overall

input cost. Consequently, firms’ production costs reduce, leading to higher corporate profits, and

higher aggregate consumption. Thus, the risks associated with knowledge and physical network

sparsity are positively priced.

On the other hand, concentration reflects the degree to which economy’s outputs are dom-

inated by a few large sectors. In our model, the consumption share of each sector is fixed by

3



households’ preference. Thus, a positive shock to concentration has to come from using even

more (fewer) inputs from large (small) sectors’ products. Given that the output elasticity of each

input is less than one, total outputs drop and lead to a negative price of risk for the concentration

factor.
6

One major challenge for our empirical testing is the lack of comprehensive, publicly available

data to measure a sector’s knowledge output being used as an input in another sector’s produc-

tion. To overcome this challenge, we propose to use the frequencies of cross-citations and the

economic values of patents from Kogan, Papanikolaou, Seru, and Stoffman (2017) to approximate

the transfers of unobservable “licensing fees” across sectors.
7

We then use Compustat customer

segment data to measure the physical input-output matrix.

We construct empirical proxies of three network risks, which are the changes in the levels

of knowledge network sparsity, physical network sparsity, and network concentration for the

sample period 1980-2019. The three network factors we construct carry a modest level of au-

tocorrelation. Consistent with our model implication, consumption growth is significantly and

positively related to knowledge network sparsity and physical network sparsity, and is signifi-

cantly and negatively related to network concentration. This finding offers empirical evidence

for our three network risks being systematic in financial markets.

We then implement asset pricing tests to substantiate the roles of network risks in expected

stock returns. We find a monotonically increasing pattern in average returns and alphas in ter-

cile portfolios sorted by stocks’ prior exposures to knowledge or physical network sparsity. More

importantly, the average monthly returns and alphas on the high-minus-low portfolios based on

knowledge (physical) network sparsity exposure are in the range between 0.26% and 0.35% (0.28%

and 0.41%) with statistical significance. On the other hand, we find a monotonically decreasing

pattern in average monthly returns and alphas in tercile portfolios sorted by stocks’ prior expo-

sures to network concentration. In addition, the average returns and alphas on the high-minus-

low portfolios are in the range between -0.40% and -0.46% with statistical significance.

Two empirical findings are worth further discussion. First, the economic magnitude of the

high-minus-low portfolio alphas is fairly close to that of its average returns, suggesting that our

6
As the increase in outputs due to using more inputs from the large sectors cannot compensate the loss in outputs

due to using fewer inputs from the small sectors (because the output elasticity of each input is less than one). Our

finding is consistent with that of Richmond (2019).

7
It is common in the literature to use patent references to track knowledge inputs (Ziedonis, 2004). The use

of reference data is appropriate due to (i) the territorial principle of U.S. patent laws; (ii) the necessity of an active

patenting strategy in today’s fierce patent competition (Kortum and Lerner, 1998; Hall and Ziedonis, 2001; Hall, 2004);

and (iii) the laws and incentive designs that ensure the relevance and comprehensiveness of patent references that

have legal implications (Trajtenberg, 1990; Lanjouw and Schankerman, 2001; Von Graevenitz, Wagner, and Harhoff,

2011, 2013; Hsu, Lee, and Zhou, 2022).
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network risks have low correlation with conventional risk factors. Second, our estimation of risk

exposures includes all three network factors together to differentiate exposures to three network

factors. Overall, our sorted portfolio analyses confirm the unique role of network-related risk,

especially that of knowledge network.

To further connect our model to data, we derive the model’s implication on the cross-section

of expected stock returns using a simplified, two-period model. In this model, we are able to

approximate stock values and expected stock returns in the form of exposures to knowledge and

physical networks. We further show that these model-implied betas can explain empirical betas,

which validates the connection between our model and empirical evidence.

To substantiate our proposition that network risks serve as systematic risk and are priced

in equity markets, we estimate a linear stochastic discount factor (SDF) that includes all three

network factors using the GMM test of Cochrane (1996, 2001).
8

We find that the loading on the

knowledge network sparsity factor is significantly positive in our test assets. More importantly,

the knowledge sparsity factor has distinct explanatory power for stock returns and reduces pric-

ing errors when it is added to the SDF. Overall, our GMM results confirm the model implications

on network risk and highlight the unique and important role of knowledge network.

This study contributes to the asset pricing literature on supply chains.
9

Existing studies in this

area focus almost exclusively on physical production linkages. We extend this literature by incor-

porating both knowledge and physical input–output networks into a unified framework. This ex-

tension is economically important, as intellectual property (IP) and knowledge-based inputs play

an increasingly central role in modern production networks, yet remain largely unexplored in as-

set pricing studies of supply chains. On the theoretical side, we incorporate endogenous growth

in knowledge productivity through R&D activities, which enables us to disentangle the effects of

knowledge production and knowledge network structure from those of physical production net-

works. Relative to Herskovic (2018), our model generates additional asset-pricing implications

arising from fluctuations in the structure of the knowledge network. On the empirical side, we

construct novel sector-level measures of knowledge input–output networks using patent-based

data. We show that knowledge networks are structurally distinct from physical production net-

8
This method enables us to interpret the effect of knowledge network risk in expected stock returns in a standard,

straightforward way, such as Lewellen, Nagel, and Shanken (2010), Papanikolaou (2011), Kogan and Papanikolaou

(2014), Belo, Li, Lin, and Zhao (2017), and Lin, Palazzo, and Yang (2020).

9
Prior work in this literature examines how the cross-section of stock returns relates to economic linkages

among firms (Cohen and Frazzini, 2008; Ramı́rez, 2024), network centrality (Ahern, 2013), the topology of pro-

duction networks (Herskovic, 2018; Sharifkhani and Simutin, 2021; Branger, Konermann, Meinerding, and Schlag,

2021), distance to end consumers (Gofman, Segal, and Wu, 2020), competition within production networks (Dou and

Wu, 2023), trade-credit chains (Grigoris, Hu, and Segal, 2023), international trade networks (Richmond, 2019; Jiang

and Richmond, 2023), and uncertainty or volatility propagation along supply chains (Herskovic, Kelly, Lustig, and

Van Nieuwerburgh, 2016, 2020; Grigoris and Segal, 2025; Chen, 2025).
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works, creating separate channels through which network structure affects systematic risk and

expected stock returns.

We also contribute to the literature on the role of technological innovation in financial markets

in the following two ways. First, our knowledge input-output network framework differs funda-

mentally from prior models that treat technology as either an aggregate productivity component

or a firm-level characteristic.
10

By modeling knowledge as flowing through intersectoral pro-

duction networks, our framework allows innovation to affect expected returns not only through

changes in the level of productivity, but also through changes in the organization of knowledge

production and diffusion across sectors. As a result, firms are exposed to innovation-related risk

even when their own R&D activity remains unchanged, as long as the structure of the knowledge

network evolves. Second, we implement this framework empirically to identify novel sources of

systematic risk associated with knowledge network sparsity, which are distinct from standard

innovation- or intangible-capital-based risk factors.

Finally, this study adds to the recent development in production network research, which

primarily explores how a micro shock is propagated through production network and shapes

aggregate outcomes and firm distribution.
11

Our contribution to this body of work is twofold.

First, we shift the focus from the typical analysis of production networks’ influence on the real

economy, such as growth volatility and innovation distribution, to asset pricing. Second, we

integrate a knowledge network with the physical network, which enables the interplay between

these two input sources to shape economic dynamics. In particular, we embed knowledge/IP in a

production model based on multi-sector intermediary inputs, as in Cai and Li (2019) and Liu and

Ma (2021).
12

Thus, we present a more general model to characterize the knowledge network’s

10
The role of an aggregate technology component in asset pricing has been discussed in Greenwood, Hercowitz,

and Krusell (1997), Hobijn and Jovanovic (2001), Pástor and Veronesi (2009), Hsu (2009), Garleanu, Panageas, and Yu

(2012), Papanikolaou (2011), Kogan and Papanikolaou (2014), and Kogan, Papanikolaou, and Stoffman (2020). Other

studies focus on the role of firm-level innovation investment in asset pricing, such as Lin (2012), Cohen, Diether, and

Malloy (2013), Hirshleifer, Hsu, and Li (2013), Kung and Schmid (2015), Hirshleifer, Hsu, and Li (2018), and Bena and

Garlappi (2020). Moreover, technological spillovers also explain stock returns (Lee, Sun, Wang, and Zhang, 2019; Lin,

Palazzo, and Yang, 2020). Given the important role of technological innovation and IP in investment, our paper is

also extends the investment- and production-based asset pricing literature based on Cochrane (1991, 1996), Jermann

(1998, 2010), Belo (2010), Papanikolaou (2011), Belo and Yu (2013), Belo, Lin, and Bazdresch (2014a); Belo, Lin, and

Vitorino (2014b), and Kuehn and Schmid (2014).

11
See, for example, Jovanovic (1987), Gabaix (2011), Foerster, Sarte, and Watson (2011), Acemoglu, Carvalho,

Ozdaglar, and Tahbaz-Salehi (2012), Carvalho and Gabaix (2013), Di Giovanni, Levchenko, and Mejean (2014), John-

son (2014), Barrot and Sauvagnat (2016), Baqaee and Farhi (2019), Huo, Levchenko, and Pandalai-Nayar (2019), Bigio

and La’o (2020), Carvalho, Nirei, Saito, and Tahbaz-Salehi (2021), Foerster, Hornstein, Sarte, and Watson (2022), and

among others.

12
Cai and Li (2019) build upon the Schumpeterian growth model as in Klette and Kortum (2004) and extend to

a multi-sectoral framework. The extension allows to characterize the variation in R&D intensity across different

sectors and its implication on economic growth. Liu and Ma (2021) incorporate a multi-sector setting into the en-

dogenous growth model such as Romer (1990) and quantify the welfare gain/cost of R&D misallocation.
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progression and its subsequent impact on economic growth and asset pricing.

The remainder of the paper is organized as follows. Section 2 sets up our model. Section 3

discusses the closed-form solution for our model and its implication on asset pricing. Section 4

reports the data sources and describes how we construct network risk factors. Section 5 presents

the empirical results for the roles of our proposed network risk factors in asset pricing. Sec-

tion 6 explores the model’s implication on the cross-section of expected stock returns. Section 7

concludes.

2 Modeling Networks of Knowledge and Physical Goods

In this section, we set up a multi-sector model in which the economy evolves in continuous time.

Each sector encompasses a continuum of firms producing both physical and knowledge inputs.

Firms are interconnected through two distinct networks: a knowledge input-output network and

a physical input-output network. The knowledge productivity is endogenous. The representative

household consumes final goods, trade firms’ stocks, and supply one unit of labor for firms to

develop knowledge. Our framework shows how the intricate interplay between the knowledge

and physical networks shapes the trajectory of sectoral and aggregate economic growth.

2.1 Production of physical goods

Suppose there exist 𝑛 sectors in our economy, each of which has a continuum of homogeneous

firms with unit mass. We assume that each firm in sector 𝑖 (for convenience, we use the term ‘firm

𝑖’ to refer to a firm in sector 𝑖) has two departments: one producing physical goods and another

producing knowledge inputs. The physical-good production department uses a knowledge input

collection 𝑥𝑖𝑡 and a physical input bundle 𝑚𝑖𝑡 to produce physical goods 𝑦𝑖𝑡 with the following

production technology:

𝑦𝑖𝑡 = 𝑧𝑖𝑡𝑥
𝜙
𝑖𝑡𝑚

𝜓
𝑖𝑡 , 𝑤ℎ𝑒𝑟𝑒 𝜙 + 𝜓 < 1, (1)

where 𝑧𝑖𝑡 is the sectoral productivity,
13

and 𝜓 and 𝜙 govern the knowledge and physical input

share, respectively.

Following Herskovic (2018), we assume 𝜙 + 𝜓 < 1. It is straightforward to extend the model

13𝑧𝑖𝑡 captures components in total factor productivity other than technology advancement (Kung and Schmid, 2015;

Kogan, Papanikolaou, Seru, and Stoffman, 2017), such as frictions to resource reallocation (Restuccia and Rogerson,

2008; Hsieh and Klenow, 2009), markups (De Loecker, Eeckhout, and Unger, 2020; Corhay, Kung, and Schmid, 2020;

Edmond, Midrigan, and Xu, 2023), financial frictions (Bigio and La’o, 2020), and among others. For a thorough review,

see the survey by Kogan and Papanikolaou (2019).
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by incorporating other primary factors, such as labor, land, and capital. The current specification

can be interpreted as a case where these inputs are also used with a share of 1 − 𝜙 − 𝜓, but

with a fixed supply. Moreover, the model can be extended to treat these fixed-supplied inputs

as endogenous variables. For instance, Section B of the Internet Appendix presents qualitatively

similar asset pricing implications when we incorporate labor into the production technology and

add leisure to the representative household’s utility.

It is well documented in the literature that endogenous innovation and knowledge diffusion

interact within a representative industry, determining the shape of the productivity distribution

and generating aggregate growth, for example, see Jovanovic and Rob (1989), Acemoglu, Aghion,

Lelarge, Van Reenen, and Zilibotti (2007), Luttmer (2012), Lucas and Moll (2014), Perla and Tonetti

(2014), Buera and Oberfield (2020), Benhabib, Perla, and Tonetti (2021), König, Storesletten, Song,

and Zilibotti (2022), and among others. As in Liu and Ma (2021) and Cai and Tian (2023), we

extend the intra-industry interaction to a multisectoral setting and allow firms to apply their

own knowledge and adopt some from firms in other sectors. In an efficient intellectual property

market where knowledge inputs can be readily acquired or licensed, firm 𝑖 purchases knowledge

inputs 𝑥𝑗𝑖𝑡 from firm 𝑗 , for 𝑗 ∈ {1, 2, … , 𝑛}, and the knowledge input collection to produce is formed

as

𝑥𝑖𝑡 =
𝑛

∏
𝑗=1

𝑥𝜃𝑗𝑖𝑡𝑗𝑖𝑡 , (2)

where 𝜃𝑗𝑖𝑡 governs the cost share of knowledge inputs purchased by firm 𝑖 from firm 𝑗 , with

∑𝑛
𝑗=1 𝜃𝑗𝑖𝑡 = 1. A higher cost share (𝜃𝑗𝑖𝑡) indicates that one additional unit of knowledge input

purchased from firm 𝑗 yields a larger marginal product (𝜃𝑗𝑖𝑡𝑥𝑖𝑡/𝑥𝑗𝑖𝑡) for a given level of the knowl-

edge input bundle 𝑥𝑖𝑡 . This interpretation clarifies the mechanism behind network sparsity in our

model: when expenditure shares shift toward more productive knowledge inputs, the firm can

assemble a given level of knowledge input bundle at a lower total input cost, thereby increas-

ing profits. Our setting here is also consistent with Akcigit, Caicedo, Miguelez, Stantcheva, and

Sterzi (2018), who find that most patents result from collaboration, and interacting with better

inventors is highly associated with higher subsequent productivity.

Also, the physical input bundle 𝑚𝑖𝑡 is composite of physical inputs 𝑚𝑗𝑖𝑡 purchased from firm 𝑗
for 𝑗 ∈ {1, 2, … , 𝑛} as

𝑚𝑖𝑡 =
𝑛

∏
𝑗=1

𝑚𝜔𝑗𝑖𝑡
𝑗𝑖𝑡 , (3)

where 𝜔𝑗𝑖𝑡 governs the share of physical input expenditure from firm 𝑗 by firm 𝑖, with ∑𝑛
𝑗=1 𝜔𝑗𝑖𝑡 =

1. Note that we define the knowledge and physical input collections as in Equation (2) or (3)

following standard practice in the network literature (see, e.g., Gabaix, 2011; Acemoglu, Carvalho,
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Ozdaglar, and Tahbaz-Salehi, 2012; Foerster, Sarte, and Watson, 2011, among many others). This

specification allows sector productivity to be interpreted as the residual output unexplained by

observed inputs, for which we can easily find its empirical counterpart—total factor productivity

(TFP).

Suppose that the price of physical goods in sector 𝑖 is 𝑝𝑖𝑡 , and the price of knowledge inputs

in sector 𝑖 is 𝑞𝑖𝑡 . Because firms’ optimization problem is time-separable, thus it is equivalent to

solving the problem for any point 𝑡. In this case, given the unit cost of the knowledge input

collection, denoted as 𝑞̄𝑖𝑡 , and the unit cost of the physical input bundle, denoted as 𝑝̄𝑖𝑡 , firm 𝑖
chooses the knowledge input collection 𝑥𝑖𝑡 and the physical input bundle 𝑚𝑖𝑡 to maximize its

profits of producing physical goods as

𝜋𝑌𝑖𝑡 = max
𝑥𝑖𝑡 ,𝑚𝑖𝑡

𝑝𝑖𝑡𝑧𝑖𝑡𝑥
𝜙
𝑖𝑡𝑚

𝜓
𝑖𝑡 − 𝑞̄𝑖𝑡𝑥𝑖𝑡 − 𝑝̄𝑗𝑡𝑚𝑖𝑡 . (4)

The first-order conditions are given by

(𝑥𝑖𝑡) 𝜙𝑝𝑖𝑡𝑧𝑖𝑡𝑥
𝜙−1
𝑖𝑡 𝑚𝜓

𝑖𝑡 = 𝑞̄𝑖𝑡 ; (5)

(𝑚𝑖𝑡) 𝜓𝑝𝑖𝑡𝑧𝑖𝑡𝑥
𝜙
𝑖𝑡𝑚

𝜓−1
𝑖𝑡 = 𝑝̄𝑖𝑡 . (6)

Thus, the physical outputs by firm 𝑖 is given by

𝑦𝑖𝑡 = (
𝑧𝑖𝑡𝑝

𝜙+𝜓
𝑖𝑡 (

𝜙
𝑞̄𝑖𝑡)

𝜙

(
𝜓
𝑝̄𝑖𝑡)

𝜙

)

1
1−𝜙−𝜓

. (7)

Moreover, taking the knowledge input prices {𝑞𝑗𝑡} as given, we have the unit cost of the knowledge

input collection for firm 𝑖 as the minimal cost of the knowledge inputs to produce one unit of the

knowledge input collection as

𝑞̄𝑖𝑡 = min
{𝑥𝑗𝑖𝑡 }

∑
𝑗
𝑞𝑗𝑡𝑥𝑗𝑖𝑡 , 𝑠.𝑡. 1 =

𝑛

∏
𝑗=1

𝑥𝜃𝑗𝑖𝑡𝑗𝑖𝑡 .

Solving the problem, we have the unit cost of the knowledge input collection for firm 𝑖 as

𝑞̄𝑖𝑡 = ∏
𝑗

(
𝑞𝑗𝑡
𝜃𝑗𝑖𝑡)

𝜃𝑗𝑖𝑡

. (8)

Since the composition of the knowledge input collection is constant return to scale, we have the

knowledge inputs used by firm 𝑖 from firm 𝑗 to make 𝑥𝑖𝑡 units of the knowledge input collection

9



as, for ∀ 𝑖 ∈ {1, 2, … , 𝑛},
𝑥𝑗𝑖𝑡 = 𝜃𝑗𝑖𝑡

𝑞̄𝑖𝑡𝑥𝑖𝑡
𝑞𝑗𝑡

. (9)

Similarly, given the product prices {𝑝𝑗𝑡}, we have the unit cost of the physical input bundle as

𝑝̄𝑖𝑡 = ∏
𝑗

(
𝑝𝑗𝑡
𝜔𝑗𝑖𝑡)

𝜔𝑗𝑖𝑡

, (10)

and the physical inputs are needed by firm 𝑖 from firm 𝑗 as, for ∀ 𝑗 ∈ {1, 2, … , 𝑛},

𝑚𝑗𝑖𝑡 = 𝜔𝑗𝑖𝑡
𝑝̄𝑖𝑡𝑚𝑖𝑡

𝑝𝑗𝑡
. (11)

Combining Equation (5) with (9), we have firm 𝑖’s expenditure on the knowledge inputs from firm

𝑗 is a fraction (𝜙𝜃𝑗𝑖𝑡) of the sales as

𝑞𝑗𝑡𝑥𝑗𝑖𝑡 = 𝜙𝜃𝑗𝑖𝑡𝑝𝑖𝑡𝑦𝑖𝑡 , (12)

and the expenditure on the physical inputs from firm 𝑗 is given by

𝑝𝑗𝑡𝑚𝑗𝑖𝑡 = 𝜓𝜔𝑗𝑖𝑡𝑝𝑖𝑡𝑦𝑖𝑡 . (13)

2.2 Production of knowledge inputs

Another department of a firm produces knowledge inputs through a two-stage process: inno-

vation and application.
14

The innovation stage involves recruiting research teams to enhance

knowledge productivity, and the application stage focuses on embedding newly created knowl-

edge into marketable products or services. A prominent example comes from the artificial intelli-

gence (AI) industry. In the innovation phase, research teams develop novel algorithms, driven by

employing AI talents. Subsequently, during the application phase, these algorithms are integrated

into deployable prototypes.

In the first stage, the knowledge-production department of firm 𝑖 employs 𝓁𝑖𝑡 of researchers

to push forward knowledge frontier. In the particular, the law of motion for firm 𝑖’s knowledge

productivity is given by:

𝐝𝑎𝑖𝑡 = (𝜒𝓁𝜉𝑖𝑡 − 𝜆𝑖)𝑎𝑖𝑡𝐝𝑡 (14)

14
We also acknowledge that “knowledge capital” encompasses many forms beyond the innovation and applica-

tion activities emphasized in the model, including continuous quality improvements (Aghion and Howitt, 1992) and

organization capital (Eisfeldt and Papanikolaou, 2013). In our model, these forms of knowledge are either embodied

in firms’ physical inputs or reflected in measured productivity. Consequently, the way we model knowledge capital

should be interpreted as providing a conservative, lower-bound estimate of its true contribution.
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where 𝑎𝑖𝑡 denotes the firm’s knowledge productivity and 𝓁𝑖𝑡 represents the R&D labor devoted

to innovation. Hiring more researchers enhances future knowledge productivity by accelerating

technological progress. The parameter 𝜆𝑖 captures the depreciation rate of knowledge produc-

tivity, reflecting the speed at which existing technologies become obsolete. The parameter 𝜒 is

a scale factor, while 𝜉 < 1 measures the elasticity of technological progress with respect to la-

bor inputs. This formulation is consistent with the endogenous (Schumpeterian) growth frame-

work developed by Romer (1990), Aghion and Howitt (2009), and Acemoglu (2009), where human

capital accumulation drives long-run growth through its impact on innovation and knowledge

creation.

The knowledge-production department in the second stage embeds its accumulated knowl-

edge into products or services according to the following production technology:

𝑘𝑖𝑡 = 𝑎𝑖𝑡ℎ𝜎𝑖𝑡 , (15)

where 𝑘𝑖𝑡 is the quantity of knowledge inputs produced by firm 𝑖, and ℎ𝑖𝑡 denotes the physical

inputs utilized in knowledge input production. The parameter 𝜎 < 1 governs the elasticity of

knowledge production with respect to physical inputs. Given a level of knowledge productivity

𝑎𝑖𝑡 , firm 𝑖’s profit before wage expenses in the second stage is

𝜋𝐾𝑖𝑡 = max
ℎ𝑖𝑡

𝑞𝑖𝑡𝑎𝑖𝑡ℎ𝜎𝑖𝑡 − 𝑝𝑖𝑡ℎ𝑖𝑡 , (16)

where 𝑝𝑖𝑡 and 𝑞𝑖𝑡 denote, respectively, the prices of knowledge inputs and physical goods in firm

𝑖. The first-order condition yields the optimal demand for physical inputs as:

ℎ𝑖𝑡 = (𝑎𝑖𝑡𝑞𝑖𝑡
𝜎
𝑝𝑖𝑡)

1
1−𝜎

, (17)

and thus the profit in the second stage is given by

𝜋𝐾𝑖𝑡 = (1 − 𝜎)(𝑎𝑖𝑡𝑞𝑖𝑡 (
𝜎
𝑝𝑖𝑡)

𝜎

)

1
1−𝜎

. (18)

Equations (17) and (18) imply that a higher level of knowledge productivity (𝑎𝑖𝑡), a higher relative

price of knowledge inputs (𝑞𝑖𝑡), or a lower price of physical inputs (𝑝𝑖𝑡) increases the optimal use

of physical inputs, thereby enhancing knowledge production and firm profitability.

Note that firm 𝑖 distributes all its net profits to the representative household as dividends,

which correspond to the profits from producing both physical goods and knowledge inputs, net

11



of wage payments to researchers. The firm’s cum-dividend value, denoted by 𝑣𝑖𝑡(𝑎𝑖𝑡), is defined

as the present value of its expected future dividends. Specifically, the firm chooses the number

of researchers to maximize its value as follows:

𝑣𝑖𝑡(𝑎𝑖𝑡) = max
{𝓁𝑖𝜏}

𝔼𝑡 [∫
∞

𝑡
𝐌𝑡,𝜏𝑑𝑖𝜏 𝐝𝜏] , s.t. 𝑑𝑖𝑡 = 𝜋𝑌𝑖𝑡 + 𝜋𝐾𝑖𝑡 − 𝑊𝑡𝓁𝑖𝑡 ; 𝐝𝑎𝑖𝑡 = (𝜒𝓁𝜉𝑖𝑡 − 𝜆𝑖)𝑎𝑖𝑡𝐝𝑡, (19)

where 𝐌𝑡,𝜏 denotes the pricing kernel in the economy. Let 𝜇𝑖𝑡 be the Lagrange multiplier associ-

ated with the law of motion for 𝑎𝑖𝑡 . The first-order condition with respect to researchers yields:

𝑊𝑡 = 𝜉𝜒𝜇𝑖𝑡𝓁𝜉−1𝑖𝑡 . (20)

Equation (20) implies that the marginal benefit of hiring an additional researcher—through its

contribution to technological progress—must equal its marginal cost, represented by the researcher’s

wage (𝑊𝑡). The multiplier 𝜇𝑖𝑡 can thus be interpreted as the shadow value of enhancing knowl-

edge productivity. Moreover, the corresponding co-state equation governing the evolution of this

multiplier is given by

𝐝𝜇𝑖𝑡 = (
𝜌𝑡𝜇𝑖𝑡 − (𝑎𝑖𝑡𝑞𝑖𝑡 (

𝜎
𝑝𝑖𝑡)

𝜎

)

1
1−𝜎

)
𝐝𝑡, (21)

where 𝜌𝑡 denotes the instantaneous growth rate of the pricing kernel. Equation (21) represents the

Euler equation for the shadow value of knowledge, characterizing a dynamic arbitrage condition

that equates the required return on “knowledge capital” to its payout yield plus the expected

rate of capital appreciation. Specifically, the term 𝜌𝑡𝜇𝑖𝑡 captures the opportunity cost of holding

one additional unit of productive knowledge. In contrast, the term 𝐝𝜇𝑖𝑡/𝐝𝑡 reflects the change

in the shadow value—that is, the capital gain component of the overall return on knowledge

capital. Finally, the term (𝑎𝑖𝑡𝑞𝑖𝑡 (𝜎/𝑝𝑖𝑡)𝜎)
1

1−𝜎
represents the instantaneous dividend that each unit

of knowledge capital generates. Because the firm continuously earns profits 𝜋𝐾𝑖𝑡 from its existing

knowledge stock, these current payouts reduce the capitalized value of a marginal unit, as the

benefit is realized immediately rather than retained for future growth.

2.3 Evolution of knowledge networks

Sectors are interconnected through a knowledge input-output network, in addition to the phys-

ical input-output network used in Acemoglu, Carvalho, Ozdaglar, and Tahbaz-Salehi (2012) and

Herskovic (2018). In particular, we characterize these two networks with the following two 𝑛 × 𝑛
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matrices:

Θ𝑡 =
⎡
⎢
⎢
⎢
⎣

𝜃11𝑡 … 𝜃1𝑛𝑡
⋮ ⋱ ⋮
𝜃𝑛1𝑡 … 𝜃𝑛𝑛𝑡

⎤
⎥
⎥
⎥
⎦

𝑎𝑛𝑑 Ω𝑡 =
⎡
⎢
⎢
⎢
⎣

𝜔11𝑡 … 𝜔1𝑛𝑡

⋮ ⋱ ⋮
𝜔𝑛1𝑡 … 𝜔𝑛𝑛𝑡

⎤
⎥
⎥
⎥
⎦

. (22)

Here, Θ𝑡 is the matrix for knowledge network, and each element of Θ𝑡 , i.e., 𝜃𝑗𝑖𝑡 , is the expenditure

share of knowledge inputs purchased by firm 𝑖 from firm 𝑗 as in Equation (2). Ω𝑡 is the matrix

for physical input network, and each element of Ω𝑡 , i.e., 𝜔𝑗𝑖𝑡 , is the expenditure share of physical

inputs purchased by firm 𝑖 from firm 𝑗 as in Equation (3).

The evolution of matrix Θ𝑡 can be treated as a reduced-form combination of three sources of

innovation. Consider a simple case where only firm 𝑖 innovates. First, firm 𝑖’s knowledge may

replace existing one made by other firms. This process is commonly known as ‘creative destruc-

tion’, which goes back to Schumpeter (1939), followed by Stokey (1988), Segerstrom, Anant, and

Dinopoulos (1990), Grossman and Helpman (1991), Aghion and Howitt (1992), Klette and Kortum

(2004), and among others.
15

In our setting, the creative destruction process can be captured by

shifting some knowledge share from another firm(s) to firm 𝑖. In other words, Δ𝜃𝑖𝑖𝑡 = −Δ𝜃𝑗𝑖𝑡 > 0,

for some 𝑗 ≠ 𝑖. Second, as argued by Krusell (1998) and Lucas and Moll (2014), the innovation

may improve firm 𝑖’s technology without displacing other firms. In this case, the share of knowl-

edge used by firm 𝑖 its own, i.e., 𝜃𝑖𝑖𝑡 , increases whereas all other shares universally decline as

∑𝑗 𝜃𝑗𝑖𝑡 = 1. Third, firm 𝑖 can introduce new ideas and push the technology frontier forward, as

Romer (1990) pioneered the work, followed by some recent contributions by Acemoglu (2003)

and Jones (2016). Even though we do not explicitly model innovation on this extensive margin,

it is equivalent to a rise in 𝜃𝑖𝑖𝑡 . Garcia-Macia, Hsieh, and Klenow (2019) use the U.S. plant-level

data and find that the second channel contributes the most to TFP growth. However, our paper

aims to quantify the overall implication of the evolution of such a knowledge network on asset

pricing rather than investigating how and why the network evolves. Thus, we take as given the

evolution of the knowledge network as the combined effects of three channels.

Discussions on the prices of physical and knowledge inputs: The input shares (𝜃𝑗𝑖 or 𝜔𝑗𝑖)

influence the price index of input composites, as shown in Equations (8) and (10). Their role is

twofold: they enter as (i) weighting factors—appearing as exponents on individual input prices 𝑝𝑗
or 𝑞𝑗—and as (ii) share shifters—appearing in the denominator as 𝜃𝑗𝑖𝑡 or 𝜔𝑗𝑖𝑡 . As we later demon-

strate, particular combinations of these share shifters govern how sparsity in the knowledge and

physical input networks affects aggregate consumption.

An alternative modeling approach is to normalize the input composite using the input shares,

15
For a thorough review on the effects of ‘creative destruction’ on macroeconomic activity, see the survey by

Aghion, Akcigit, and Howitt (2014).
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defining 𝑥𝑖𝑡 = ∏𝑛
𝑗=1 (

𝑥𝑗𝑖𝑡
𝜃𝑗𝑖𝑡)

𝜃𝑗𝑖𝑡
or 𝑚𝑖𝑡 = ∏𝑛

𝑗=1 (
𝑚𝑗𝑖𝑡
𝜔𝑗𝑖𝑡 )

𝜔𝑗𝑖𝑡
. Under this alternative normalization, input

shares act only as weighting factors in the price index, so the share-shifter component disappears.

The implied sectoral price indices reduce to 𝑞̄𝑖𝑡 = ∏𝑗 𝑞
𝜃𝑗𝑖𝑡
𝑗𝑡 or 𝑝̄𝑖𝑡 = ∏𝑗 𝑝

𝜔𝑗𝑖𝑡
𝑗𝑡 . As a result, sparsity

arising from either the physical or knowledge networks cannot be read directly from these price

indices. However, in this case, sectoral productivity can no longer be interpreted simply as resid-

ual output; it must incorporate the missing share-shifter term. Hence, when constructing sectoral

productivity in the empirical analysis, we would need to rely on TFP measures that adjust for

share shifters from both networks. Doing so implicitly reintroduces the two sparsity factors and

yields the same three aggregate factors—and their relationship to consumption—as in Equation

(42). Therefore, for the purpose of constructing empirical risk factors, this alternative modeling

choice is ultimately equivalent to the baseline specification used in the main text.

There is another important distinction between the aforementioned normalization and our

specification. To illustrate, consider the knowledge-input collection. The normalized form intro-

duced above corresponds to the Cobb–Douglas case of the CES aggregator

𝑥𝑖𝑡 = (

𝑛

∑
𝑗=1

𝜃1/𝜂𝑗𝑖𝑡 𝑥
(𝜂−1)/𝜂
𝑗𝑖𝑡 )

𝜂/(𝜂−1)

,

obtained when the elasticity of substitution 𝜂 = 1. By contrast, the specification used in our

model corresponds to the Cobb–Douglas case of a different CES aggregator,

𝑥𝑖𝑡 = (

𝑛

∑
𝑗=1

𝜃𝑗𝑖𝑡𝑥
(𝜂−1)/𝜂
𝑗𝑖𝑡 )

𝜂/(𝜂−1)

,

when 𝜂 = 1. In the former, the coefficients

{
𝜃𝑗𝑖
}

act as input cost-share parameters, and their

values include the influence of relative knowledge-input prices. In the latter, the coefficients

{
𝜃𝑗𝑖
}

function as structural technology parameters that determine the marginal rate of technical

substitution across inputs. Note that in both cases, when 𝜂 = 1, the resulting Cobb–Douglas input

collection implies that

{
𝜃𝑗𝑖
}

coincide with expenditure shares, even though their underlying

interpretations differ.

Because our asset-pricing results depend sensitively on the pricing kernel—ultimately deter-

mined by the consumption price index, which aggregates all sectoral price indices—the choice

of CES aggregator affects the implicit restrictions placed on relative prices of inputs. To avoid

imposing unintended constraints on prices, we adopt the latter specification, treating

{
𝜃𝑗𝑖
}

as

structural technology parameters under the Cobb–Douglas case (𝜂 = 1).
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2.4 Representative household

Suppose there exists a representative household with a CRRA Bernoulli preference as

𝑈(𝐶𝑡) =
𝐶1−𝜂
𝑡 − 1
1 − 𝜂

, (23)

where 𝜂 > 0 measures the coefficient of relative risk aversion and 𝐶𝑡 denotes the consumption

bundle. The household holds equity shares in firms, supplies research labor for wages, and con-

sumes final physical goods. Thus, The household’s budget constraint is given by:

𝑃𝑡𝐶𝑡𝐝𝑡 +
𝑛

∑
𝑖=1

(𝑠𝑖𝑡𝐝𝑡 + 𝐝𝑠𝑖𝑡) (𝑣𝑖𝑡 − 𝑑𝑖𝑡) 𝐝𝑡 =
𝑛

∑
𝑖=1

𝑠𝑖𝑡𝑣𝑖𝑡𝐝𝑡 + 𝑊𝑡𝐝𝑡, (24)

where 𝑃𝑡 is the price index for the consumption bundle, 𝑠𝑖𝑡 represents the shareholding of firm

𝑖, 𝑣𝑖𝑡 is the cum-dividend value of firm 𝑖, 𝑑𝑖𝑡 represents firm 𝑖’s dividend payout as defined in

Equation (19), and 𝑊𝑡 denotes the wage rate for research labor. Given the consumption-good

price index, the shareholding, the profit of producing physical goods, and the value of firms at

time 𝑡, the household chooses the consumption bundle and the instantaneous future shareholding

to maximize their utility, subject to the budget constraint, as

max
𝐶𝜏 ,{𝑠𝜏+𝐝𝑠𝑖𝜏/𝐝𝜏}

𝔼𝑡 [∫
∞

𝑡
𝑒−𝛽(𝜏−𝑡)

𝐶1−𝜂
𝜏

1 − 𝜂
𝐝𝜏] , s.t. budget constraint in Equation (24) (25)

where 𝛽 is the discount factor, and 𝔼𝑡 is the conditional expectation operator at time 𝑡. Let

𝐌𝑡,𝜏 = 𝑒−𝛽(𝜏−𝑡) (𝑃𝜏𝐶−𝜂
𝜏 ) / (𝑃𝑡𝐶

−𝜂
𝑡 ) be the pricing kernel in the economy. Moreover, the consumption

bundle is a composite of goods from all sectors in a Cobb-Douglas form as

𝐶𝑡 =
𝑛

∏
𝑖=1

𝑐𝜁𝑖𝑖𝑡 , (26)

where 𝑐𝑖𝑡 is the quantity of consumed goods provided by firm 𝑖, and 𝜁𝑖 governs the expenditure

share with ∑𝑖 𝜁𝑖 = 1.
16

Also, the price index of the bundle is given by

𝑃𝑡 =
𝑛

∏
𝑖=1

(
𝑝𝑖𝑡
𝜁𝑖 )

𝜁𝑖

. (27)

16
Notably, the expenditure share 𝜁𝑖 is assumed to be time invariant.
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It is straightforward to show that the expenditure of consumption on firm 𝑖’s goods is given by

𝑝𝑖𝑡𝑐𝑖𝑡 = 𝜁𝑖𝑃𝑡𝐶𝑡 . (28)

2.5 Market clearing condition

We have four market clearing conditions. First, physical goods can be used as either consumption

or inputs to create knowledge or physical inputs. Thus, all good markets clear as,

𝑦𝑖𝑡 = 𝑐𝑖𝑡 + ℎ𝑖𝑡 +
𝑛

∑
𝑗=1

𝑚𝑖𝑗 𝑡 , for any 𝑖 ∈ {1, 2, … , 𝑛} (29)

where 𝑦𝑖𝑡 is the supply of good 𝑖, 𝑐𝑖𝑡 is consumed by household, ℎ𝑖𝑡 is inputs demanded in the

application processes of knowledge input production, and 𝑚𝑗𝑖𝑡 is physical inputs used by firm 𝑗 .
Second, all knowledge-input markets clear as,

𝑘𝑖𝑡 =
𝑛

∑
𝑗=1

𝑥𝑖𝑗 𝑡 , for any 𝑖 ∈ {1, 2, … , 𝑛} (30)

where 𝑘𝑖𝑡 is the supply of knowledge inputs, and 𝑥𝑖𝑗 𝑡 is the knowledge adopted by firm 𝑗 . Third,

the researchers demand by all firms are summed up to one, i.e.,

∑
𝑖
𝓁𝑖𝑡 = 1, (31)

where 𝓁𝑖𝑡 is the researchers employed by firm 𝑖. Last, all asset markets clear as,

𝑠𝑖𝑡 = 1, for any 𝑖 ∈ {1, 2, … , 𝑛} . (32)

This implies that the representative household owns all firms in equilibrium.

3 Equilibrium Analysis

In this section, we define the competitive equilibrium, discuss the close-form solution and its

implication on asset pricing, and define the balanced growth path.
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3.1 Competitive equilibrium

We now define a competitive equilibrium as follows:

Definition 1 (Competitive equilibrium). Given the sequence of sectoral productivity {𝑧𝑖𝑡}, and
initial knowledge productivity {𝑎𝑖0}, a competitive equilibrium is a sequence of good prices {𝑝𝑖𝑡},
knowledge prices {𝑞𝑖𝑡}, good supply {𝑦𝑖𝑡}, consumption of goods {𝑐𝑖𝑡}, inputs for knowledge application
{ℎ𝑖𝑡}, physical inputs demanded by firms {𝑚𝑗𝑖𝑡}, knowledge inputs supply {𝑘𝑖𝑡}, knowledge inputs
demand by firms {𝑥𝑗𝑖𝑡}, researcher demand {𝓁𝑖𝑡}, shareholding {𝑠𝑖𝑡}, firms’ value {𝑣𝑖𝑡}, firms’ profits of
producing physical goods {𝜋𝑌𝑖𝑡 } and producing knowledge goods {𝜋𝐾𝑖𝑡 }, consumption bundle 𝐶𝑡 , and
price index 𝑃𝑡 such that, at any time 𝑡: for any 𝑖 ∈ {1, 2, … , 𝑛},

1. given {𝑝𝑖𝑡} and {𝑞𝑖𝑡}, firm 𝑖 chooses knowledge inputs {𝑥𝑗𝑖𝑡} and physical inputs {𝑚𝑗𝑖𝑡} to form the
knowledge input collection 𝑥𝑖𝑡 and the physical input bundle 𝑚𝑖𝑡 and then maximizes profits
of producing physical goods as in Equation (4);

2. given 𝑝𝑖𝑡 and 𝑞𝑖𝑡 , firms 𝑖maximizes profits of producing knowledge inputs with the productivity
𝑎𝑖𝑡 as in Equation (16), and chooses the number of researchers to maximize its value as in
Equation (19);

3. given {𝑣𝑖𝑡}, {𝜋𝑖𝑡}, and 𝑃𝑡 , the representative household maximizes her utility as in Equation (25);

4. the good prices {𝑝𝑖𝑡} clear the good markets; the knowledge prices {𝑞𝑖𝑡} clears the knowledge-
input markets; the wage 𝑊𝑡 clears the researcher labor market; the stock-holdings {𝑠𝑖𝑡} clear
the assets markets; and the price index 𝑃𝑡 is normalized to 1;

5. knowledge productivity {𝑎𝑖𝑡} evolves as in Equation (14).

3.2 Closed-form solution for aggregate consumption

Now, we briefly discuss the solution of our model in the competitive equilibrium. First, using

Equations (12), (13), (17), (28), and (30), sectoral output revenue can be expressed as

𝑝𝑖𝑡𝑦𝑖𝑡 = 𝜁𝑖𝐶𝑡 + 𝜎𝜙
𝑛

∑
𝑗=1

𝜃𝑖𝑗 𝑡𝑝𝑗𝑡𝑦𝑗𝑡 + 𝜓
𝑛

∑
𝑗=1

𝜔𝑖𝑗 𝑡𝑝𝑗𝑡𝑦𝑗𝑡 . (33)

We then define the vector that stacks endogenous variables across sectors together as

𝐱𝑡 = [𝐱1𝑡 , 𝐱2𝑡 , … , 𝐱𝑛𝑡]𝑇 , 𝑓 𝑜𝑟 𝐱 ∈ {𝑝, 𝑦, 𝑧, 𝑎, 𝜁 } .
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Thus, stacking Equation (33) across sectors, the vector of sectoral sales is given by

𝑝𝑡 ◦ 𝑦𝑡 = (𝐈𝑛 − 𝜎𝜙Θ𝑡 − 𝜓Ω𝑡)−1𝜁𝐶𝑡 , (34)

where ◦ is the Hadamard product, 𝐈𝑛 is the 𝑛 × 𝑛 identity matrix, and Θ𝑡 and Ω𝑡 are network

matrices defined in Equation (22). (𝐈𝑛 − 𝜎𝜙Θ𝑡 − 𝜓Ω𝑡)−1 is the generalized version of the Leontief

inverse matrix. This matrix can be rewritten as

(𝐈𝑛 − 𝜎𝜙Θ𝑡 − 𝜓Ω𝑡)−1 = 𝐈𝑛⏟⏟⏟
direct effects

+𝜎𝜙Θ𝑡 + 𝜓Ω𝑡 + (𝜎𝜙Θ𝑡 + 𝜓Ω𝑡)2 + (𝜎𝜙Θ𝑡 + 𝜓Ω𝑡)3 + …
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

indirect effects

. (35)

Clearly, not only does it capture the direct effects of changes in consumption on sectoral output,

but indirectly domino effects through either the physical network, the knowledge network, or

interaction of the two. Then, we define a vector 𝛿𝑡 as

𝛿𝑡 = [𝛿1𝑡 , 𝛿2𝑡 , … , 𝛿𝑛𝑡]𝑇 = (1 − 𝜎𝜙 − 𝜓)(𝐈𝑛 − 𝜎𝜙Θ𝑡 − 𝜓Ω𝑡)−1𝜁 . (36)

The 𝑖th element of the vector 𝛿𝑡 , i.e., 𝛿𝑖𝑡 , characterizes the relationship between the consumption

bundle and sectoral sales. In particular, 𝛿𝑖𝑡 summarizes how any sectoral productivity shocks, im-

provement in knowledge productivity, or changes in either knowledge or physical input-output

network directly or indirectly affect the consumption bundle and further the pricing kernel.

Moreover, based on Equations (5), (6), (12), and (30), we have

𝜋𝑌𝑖𝑡 = (1 − 𝜙 − 𝜓)𝑝𝑖𝑡𝑦𝑖𝑡 , and 𝜋𝐾𝑖𝑡 = (1 − 𝜎)𝜙
𝑛

∑
𝑗=1

𝜃𝑖𝑗 𝑡𝑝𝑗𝑡𝑦𝑗𝑡 , (37)

and the budget constraint by the representative household in Equation (24) implies that, in equi-

librium,

𝐶𝑡 =
𝑛

∑
𝑖=1

(𝜋𝑌𝑖𝑡 + 𝜋𝐾𝑖𝑡 ) = (1 − 𝜎𝜙 − 𝜓)
𝑛

∑
𝑖=1

𝑝𝑖𝑡𝑦𝑖𝑡 , (38)

where the second equation is due to Equation (37). Combining Equation (34) with (38), we have

the 𝑖th element of the vector 𝛿𝑡 is equal to the sales share, also known as Domar weights, as
17

𝛿𝑖𝑡 =
𝑝𝑖𝑡𝑦𝑖𝑡

∑𝑛
𝑖=1 𝑝𝑖𝑡𝑦𝑖𝑡

. (39)

This implies that the overall effects on the production side on the consumption growth are propor-

tional to the sales share. A relatively large sector has more significant impacts on the consumption

17
Although each firm consists of two departments, the knowledge good serves as an intermediate input across

sectors. Thus, when calculating output shares, we consider only the physical product to avoid double counting.
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bundle.

Next, we account for the interactions among sectoral production and drive some aggregate

factors that affect the pricing kernel. In doing so, we first combine Equation (7) with (8) and (10),

and solve the production as a function of knowledge and good prices, respectively, as

𝑦𝑖𝑡 =
⎛
⎜
⎜
⎝
𝑧𝑖𝑡𝑝

𝜙+𝜓
𝑖𝑡 (

𝜙
𝑛

∏
𝑗=1

(
𝜃𝑗𝑖𝑡
𝑞𝑗𝑡 )

𝜃𝑗𝑖𝑡

)

𝜙

(
𝜓

𝑛

∏
𝑗=1

(
𝜔𝑗𝑖𝑡

𝑝𝑗𝑡 )

𝜔𝑗𝑖𝑡

)

𝜓⎞
⎟
⎟
⎠

1
1−𝜙−𝜓

. (40)

In Equation (40), we observe that the relative price of knowledge goods to physical goods affects

the physical production of firms that utilize these knowledge inputs, both directly and indirectly.

This relative price is itself determined by the underlying knowledge productivity, as shown in

Equation (17). Aggregating these cross-sectoral spillovers, we define the effective knowledge

productivity employed by firm 𝑖 as

𝑎̃𝑖𝑡 = exp
(

𝑛

∑
𝑗=1

𝜃𝑗𝑖𝑡 log
𝑎𝑗𝑡

(∑𝑛
𝑏=1 𝜃𝑗𝑏𝑡𝛿𝑏𝑡)

1−𝜎)
. (41)

In Equation (41), sectoral knowledge productivity (𝑎𝑗𝑡) is adjusted by a term that captures network-

induced price effects, (∑𝑛
𝑏=1 𝜃𝑗𝑏𝑡𝛿𝑏𝑡)

1−𝜎
, reflecting how changes in relative prices propagate through

the knowledge network. The resulting effective knowledge productivity (𝑎̃𝑖𝑡) represents a weighted

geometric average of these adjusted sectoral productivities, using firm 𝑖’s intensity of knowledge

input from each sector (𝜃𝑗𝑖𝑡) as weights.

Then, we take the logarithm on both sides of Equation (40), substitute 𝑝𝑖𝑡𝑦𝑖𝑡 with Equation

(34), and utilize the fact that the price index 𝑃𝑡 is normalized to one.
18

The logarithm of the

consumption bundle can be rewritten as

log 𝐶𝑡 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 +
1

1 − 𝜎𝜙 − 𝜓 (
−(1 − 𝜙 − 𝜓)∑

𝑖
𝛿𝑖𝑡 log 𝛿𝑖𝑡 + 𝜙∑

𝑖
𝛿𝑖𝑡 ∑

𝑗
𝜃𝑗𝑖𝑡 log 𝜃𝑗𝑖𝑡

+𝜓∑
𝑖
𝛿𝑖𝑡

𝑛

∑
𝑗=1

𝜔𝑗𝑖𝑡 log 𝜔𝑗𝑖𝑡 +∑
𝑖
𝛿𝑖𝑡 (log 𝑧𝑖𝑡 + 𝜙 log 𝑎̃𝑖𝑡))

(42)

Here, the logarithm of aggregate consumption evolves as the input-output linkage, the knowl-

edge network, the sectoral productivity, and the knowledge productivity change. Proposition 1

describes the closed-form solution to consumption growth.

18
Please refer to Section A in the Internet Appendix for details.
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Proposition 1. The aggregate consumption growth in equilibrium is given by

𝐝 log 𝐶𝑡
𝐝𝑡

= −
𝐝 log 𝑐

𝑡

𝐝𝑡
+
𝐝 log 𝑠𝑥

𝑡

𝐝𝑡
+
𝐝 log 𝑠𝑚

𝑡

𝐝𝑡
+
𝐝 log prod

𝑡

𝐝𝑡
(43)

where  𝑐 is defined as the sectoral concentration,  𝑠𝑥 and  𝑠𝑚 are, respectively, the sparsities
of the knowledge and physical networks, and  prod is the weighted average of both physical and
knowledge productivity, defined as, respectively,

 𝑐
𝑡 =

1 − 𝜙 − 𝜓
1 − 𝜎𝜙 − 𝜓

∑
𝑖
𝛿𝑖𝑡 log 𝛿𝑖𝑡 , (44)

 𝑠𝑥
𝑡 =

𝜙
1 − 𝜎𝜙 − 𝜓

∑
𝑖
𝛿𝑖𝑡 ∑

𝑗
𝜃𝑗𝑖𝑡 log 𝜃𝑗𝑖𝑡 , (45)

 𝑠𝑚
𝑡 =

𝜓
1 − 𝜎𝜙 − 𝜓

∑
𝑖
𝛿𝑖𝑡 ∑

𝑗
𝜔𝑗𝑖𝑡 log 𝜔𝑗𝑖𝑡 , (46)

 prod
𝑡 =

1
1 − 𝜎𝜙 − 𝜓

∑
𝑖
𝛿𝑖𝑡 (log 𝑧𝑖𝑡 + 𝜙 log 𝑎̃𝑖𝑡) . (47)

Proof: please refer to Section A of the Internet Appendix.

Proposition 1 demonstrates that Equation (43) implies aggregate consumption growth arises

from two distinct sources: (1) changes in the structure of physical and knowledge networks,

and (2) variations in sectoral productivity for both physical and knowledge production. The

terms 𝐝 𝑐
𝑡 /𝐝𝑡, 𝐝 𝑠𝑚

𝑡 /𝐝𝑡, and 𝐝 𝑠𝑥
𝑡 /𝐝𝑡 capture the effects driven solely by changes in network

configurations on aggregate consumption. We later explore the empirical implications of these

network-induced factors for asset pricing.

The term,  prod

𝑡 , representing changes in average sectoral productivity, reflects the impact

of exogenous shifts in the physical network and endogenous dynamics within the knowledge

network on aggregate consumption, both directly and indirectly through these networks. Im-

portantly, the endogenous evolution of knowledge productivity originates from firms’ sectoral

investments in R&D researchers, which propagate through the knowledge network. This mecha-

nism gives rise to long-run risks (Bansal and Yaron, 2004), even though a formal analysis of such

risks lies beyond the scope of this paper. Finally, Section C of the Internet Appendix establishes

that, under appropriate parameter restrictions, the model admits a well-defined balanced growth

path once all exogenous changes are shut down.
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3.3 Discussion and economic intuition

Proposition 1 implies that aggregate consumption increases with an exogenous increase in the

sparsity of either knowledge or physical network or decreases with an exogenous increase in

network concentration. In this subsection, we discuss the economic intuition behind these im-

plications.

Sparsity Before we discuss the economic intuition behind the positive relation between con-

sumption and network sparsity, it is helpful to define the knowledge network sparsity of sector

𝑖 as

 𝑠𝑥
𝑖𝑡 =

𝑛

∑
𝑗=1

𝜃𝑗𝑖𝑡 log 𝜃𝑗𝑖𝑡

and its physical network sparsity as

 𝑠𝑚
𝑖𝑡 =

𝑛

∑
𝑗=1

𝜔𝑗𝑖𝑡 log 𝜔𝑗𝑖𝑡 .

Knowledge (physical) network sparsity measures the specialization of the knowledge (physical)

inputs used in the production. If the production of sector 𝑖 uses no specialized inputs, i.e., 𝜃𝑗𝑖𝑡 ’s
(𝜔𝑗𝑖𝑡 ’s) are evenly distributed across inputs, knowledge (physical) network sparsity is low. On the

contrary, if the production of sector 𝑖 uses specialized inputs, i.e., some sectors provides most of

knowledge (physical) inputs, knowledge (physical) network sparsity is high. The overall knowl-

edge (physical) network sparsity of the economy depends on the average knowledge (physical)

network sparsity of the sectors, weighted by each sector’s output share. Thus, the overall knowl-

edge (physical) network sparsity is higher if the sector uses more specialized inputs on average,

and if the sectors with higher output shares use more specialized inputs than those with lower

output shares.

To illustrate the intuition behind why an increase in knowledge networksparsity leads to

higher consumption, consider firms in sector 𝑖 rely on two knowledge input providers, 𝑗 and 𝑙 (we

use firm 𝑖 and 𝑙 here for simplicity). Assume that provider 𝑗 supplies a larger fraction of inputs than

provider 𝑙, i.e., 𝜃𝑗𝑖 > 𝜃𝑙𝑖. Thus, the marginal rate of technical substitution between input 𝑥𝑗𝑖 and 𝑥𝑙𝑖
is given by

𝜃𝑙𝑖𝑥𝑗𝑖
𝜃𝑗𝑖𝑥𝑙𝑖

. This indicates that for one unit less of input 𝑙, firm 𝑖 needs to increase its usage

of input 𝑗 , by 𝜃𝑙𝑖/𝜃𝑗𝑖𝑥𝑗𝑖 units, to maintain the same level of output. Now, consider a case where, all

else being equal, firm 𝑖 exogenously shifts a small fraction of inputs from 𝑙 to 𝑗 , thereby increasing

𝑗 ’s input share. Mathematically, for a small 𝜖 > 0, we have 𝜃′𝑗𝑖 = 𝜃𝑗𝑖 + 𝜖 and 𝜃′𝑙𝑖 = 𝜃𝑙𝑖 − 𝜖. This

change makes firm 𝑖’s input usage more sparse. Consequently, for one unit less of input 𝑙, firm 𝑖
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now needs to increase its usage of input 𝑗 by 𝜃′𝑙𝑖/𝜃′𝑗𝑖𝑥𝑗𝑖 units to maintain the same output. Since

𝜃′𝑙𝑖/𝜃′𝑗𝑖 < 𝜃𝑙𝑖/𝜃𝑗𝑖, firm 𝑖 incurs lower input costs to produce the same output, resulting in higher

profits and thus more dividend distributions. As a result, consumption increases. Analogously,

the same intuition can be applied to the response of consumption to a higher physical sparsity.

Concentration Concentration measures the cross sector dispersion in terms of output share

𝛿, while in contrast sparsity measures the dispersion in terms of input shares. An exogenous

increase in network concentration indicates that the dispersion in output share becomes larger.

That is, large sectors in an economy in terms of output share becomes larger while small sectors

becomes smaller on average. Imagine a simple case where with 𝛿𝑖 > 𝛿𝑗 , sector 𝑖’s output share

goes up, sector 𝑗 ’s goes down, and everything else stays the same. Clearly, network concentration

of the economy goes up. The product of a sector is used either as consumption goods or as inputs

of other sectors (including itself). Given that household’s expenditure share on each sector’s

product is fixed at 𝜁𝑖 as in Equation (26), an exogenous increase in a sector 𝑖’s output share has

to come from the increase in the demand of its product as inputs. Equations (2) and (3) indicate

that the sectoral production function is decreasing return to scale with respect to individual input,

which implies that the marginal productivity of an input decreases with the quantity of that input,

and more importantly, the speed of decrease increases with the quantity.
19

Consequently, all else

equal, the gain from increasing the input with larger quantity (input from sector 𝑖 in our example)

cannot compensate the loss from decreasing the input with smaller quantity (input from sector

𝑗), resulting in net losses in output. Therefore, increase in network concentration leads to lower

output and thus lower consumption, implying a negative price of associated risk.

To put it simply, a positive shock to knowledge (physical) network sparsity reallocates input

use from less productive providers toward more productive ones and thus leads to more outputs;

on the other hand, a positive shock to network concentration shifts input usage from smaller

sectors toward larger sectors and leads to lower outputs due to decreasing marginal productiv-

ity. Consequently, knowledge (physical) network sparsity increases while network concentration

decreases the consumption and their prices of risk have opposite signs.

4 Data and Factor Construction

We collect US public firms’ stock data from the Center for Research in Security Prices (CRSP),

and their accounting data are from the Compustat fundamental dataset. Our sample includes

19
Since at the equilibrium, the marginal productivity of each input must be the same. The differential impacts of

the changes in input shares on output has to come from the second-order effect.
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NYSE/NASDAQ/AMEX common stocks. We consider stocks with exchange code being 1, 2, or 3,

and share code being 10, 11, or 12. To avoid the concern of micro stocks, we only include stocks

with a price above $1 at portfolio formation. We use SIC two-digit industries as our sector unit.
20

4.1 Back-of-the-envelope estimation

In order to empirically test our model implication, we need to construct empirical proxies for

the levels of knowledge network sparsity ( 𝑠𝑥
𝑡 ), physical network sparsity ( 𝑠𝑚

𝑡 ), and network

concentration ( 𝑐
𝑡 ) in Proposition 1. We then use the changes in their levels (i.e., first-order

differences) are our empirical proxies for three network risk factors:

Δ 𝑠𝑥
𝑡 =

𝜙
1 − 𝜎𝜙 − 𝜓 [

∑
𝑖
𝛿𝑖𝑡 ∑

𝑗
𝜃𝑗𝑖𝑡 log 𝜃𝑗𝑖𝑡 −∑

𝑖
𝛿𝑖𝑡−1 ∑

𝑗
𝜃𝑗𝑖𝑡−1 log 𝜃𝑗𝑖𝑡−1]

(48)

Δ 𝑠𝑚
𝑡 =

𝜓
1 − 𝜎𝜙 − 𝜓 [

∑
𝑖
𝛿𝑖𝑡 ∑

𝑗
𝜔𝑗𝑖𝑡 log 𝜔𝑗𝑖𝑡 −∑

𝑖
𝛿𝑖𝑡−1∑

𝑗
𝜔𝑗𝑖𝑡−1 log 𝜔𝑗𝑖𝑡−1]

(49)

Δ 𝑐
𝑡 =

1 − 𝜙 − 𝜓
1 − 𝜎𝜙 − 𝜓 [

∑
𝑖
𝛿𝑖𝑡 log 𝛿𝑖𝑡 −∑

𝑖
𝛿𝑖𝑡−1 log 𝛿𝑖𝑡−1]

(50)

where Δ stands for the first difference. To construct the three network factors, we first map the

structural parameters 𝜙, 𝜓, 𝜃, and 𝜔 to their empirical counterparts. Using the definitions of 𝑞̄𝑖𝑡
and 𝑝̄𝑖𝑡 , sector 𝑖’s total expenditure on knowledge inputs and physical inputs can be written as

𝑞̄𝑖𝑡𝑥𝑖𝑡 = ∑𝑗 𝑞𝑗𝑡𝑥𝑗𝑖𝑡 and 𝑝̄𝑖𝑡𝑚𝑖𝑡 = ∑𝑗 𝑝𝑗𝑡𝑚𝑗𝑖𝑡 , respectively. Equations (5) and (6) then imply that 𝜙𝑖𝑡 and

𝜓𝑖𝑡 can be empirically measured as

𝜙𝑖𝑡 =
∑𝑗 𝑞𝑗𝑡𝑥𝑗𝑖𝑡
𝑝𝑖𝑡𝑦𝑖𝑡

=
𝑠𝑒𝑐𝑡𝑜𝑟 𝑖′𝑠 𝑒𝑥𝑝𝑒𝑛𝑑𝑖𝑡𝑢𝑟𝑒 𝑜𝑛 𝑎𝑙𝑙 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒 𝑖𝑛𝑝𝑢𝑡𝑠 𝑖𝑛 𝑡

𝑠𝑒𝑐𝑡𝑜𝑟 𝑖′𝑠 𝑡𝑜𝑡𝑎𝑙 𝑟𝑒𝑣𝑒𝑛𝑢𝑒 𝑖𝑛 𝑡
, (51)

𝜓𝑖𝑡 =
∑𝑗 𝑝𝑗𝑡𝑚𝑗𝑖𝑡

𝑝𝑖𝑡𝑦𝑖𝑡
=
𝑠𝑒𝑐𝑡𝑜𝑟 𝑖′𝑠 𝑒𝑥𝑝𝑒𝑛𝑑𝑖𝑡𝑢𝑟𝑒 𝑜𝑛 𝑎𝑙𝑙 𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙 𝑖𝑛𝑝𝑢𝑡𝑠 𝑖𝑛 𝑡

𝑠𝑒𝑐𝑡𝑜𝑟 𝑖′𝑠 𝑡𝑜𝑡𝑎𝑙 𝑟𝑒𝑣𝑒𝑛𝑢𝑒 𝑖𝑛 𝑡
. (52)

Here, 𝑝𝑖𝑡𝑦𝑖𝑡 denotes sector 𝑖’s total revenue, 𝑞𝑗𝑡𝑥𝑗𝑖𝑡 is its expense on purchasing or licensing knowl-

edge originating from sector 𝑗 , and 𝑝𝑖𝑡𝑚𝑗𝑖𝑡 is its expense on physical inputs produced by sector 𝑗 .
Furthermore, using Equations (9) and (11), we obtain empirical counterparts for the input-share

20
We use Compustat historical SIC industry code first. If it is missing, we then use the available SIC industry code

from CRSP.
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parameters 𝜃𝑗𝑖𝑡 and 𝜔𝑗𝑖𝑡 as follows:

𝜃𝑗𝑖𝑡 =
𝑞𝑗𝑡𝑥𝑗𝑖𝑡

∑𝑙 𝑞𝑙𝑡𝑥𝑙𝑖𝑡
=
𝑠𝑒𝑐𝑡𝑜𝑟 𝑖′𝑠 𝑒𝑥𝑝𝑒𝑛𝑑𝑖𝑡𝑢𝑟𝑒 𝑜𝑛 𝑠𝑒𝑐𝑡𝑜𝑟 𝑗 ′𝑠 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒 𝑖𝑛𝑝𝑢𝑡𝑠 𝑖𝑛 𝑡

𝑠𝑒𝑐𝑡𝑜𝑟 𝑖′𝑠 𝑒𝑥𝑝𝑒𝑛𝑑𝑖𝑡𝑢𝑟𝑒 𝑜𝑛 𝑎𝑙𝑙 𝑘𝑛𝑜𝑤𝑙𝑒𝑑𝑔𝑒 𝑖𝑛𝑝𝑢𝑡𝑠 𝑖𝑛 𝑡
, (53)

𝜔𝑗𝑖𝑡 =
𝑝𝑗𝑡𝑚𝑗𝑖𝑡

∑𝑙 𝑝𝑙𝑡𝑚𝑙𝑖𝑡
=
𝑠𝑒𝑐𝑡𝑜𝑟 𝑖′𝑠 𝑒𝑥𝑝𝑒𝑛𝑑𝑖𝑡𝑢𝑟𝑒 𝑜𝑛 𝑠𝑒𝑐𝑡𝑜𝑟 𝑗 ′𝑠 𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙 𝑖𝑛𝑝𝑢𝑡𝑠 𝑖𝑛 𝑡

𝑠𝑒𝑐𝑡𝑜𝑟 𝑖′𝑠 𝑒𝑥𝑝𝑒𝑛𝑑𝑖𝑡𝑢𝑟𝑒 𝑜𝑛 𝑎𝑙𝑙 𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙 𝑖𝑛𝑝𝑢𝑡𝑠 𝑖𝑛 𝑡
. (54)

4.2 Data for knowledge inputs and network

To measure knowledge network sparsity and its changes, we use the cross-references in the patent

data. Patent data are arguably the best data source that allow researchers to have paper trails of

knowledge transfers, which are analogous to the input-output table based on physical capital

transfers, for the following three reasons. First, the territorial principle of U.S. patent laws re-

quires inventors all around the world to file and register their patents in the U.S. to protect their

intellectual property. Second, the establishment of the Court of Appeals for the Federal Circuit

(a court that specializes in patent lawsuits) in 1982 and a few highly publicized patent lawsuits in

the mid-1980s motivated firms to actively patent their intellectual property (Kortum and Lerner,

1998; Hall and Ziedonis, 2001; Hall, 2004). Finally, U.S. patent laws require patent applicants and

examiners to list all prior patents that are closely related to claims of a patent application in the

latter’s reference based on “duty of candor and good faith”. In other words, the reference list of a

granted patent needs to be comprehensive in principle. Also, the procedures of patent examina-

tion ensure that the finalized reference list contains all relevant and only those relevant patents

cited (Trajtenberg, 1990; Ziedonis, 2004). Thus, it is reasonable for us to assume that patent data

contain most technologies and that the associated reference data track the flow of knowledge and

IP across sectors.

We collect patent and reference data from the Patentsview Database, which covers all patents

granted by the USPTO. To measure a sector’s use of knowledge flows from another sector (i.e.,

the former’s expenditure on the latter’s patents), we collect the economic value of each patent

(“patent value”) being assigned to every public firm from the patent value database of Kogan,

Papanikolaou, Seru, and Stoffman (2017).
21

Our key idea is to decompose a patent’s value by its frequency of being cited by subsequent

21
We thank them for making the data publicly available at https://github.com/KPSS2017/

Technological-Innovation-Resource-Allocation-and-Growth-Extended-Data. We use the nominal

patent value in the data set. Under the efficient market hypothesis and the rational expectation hypothesis, a firm’s

market reaction to news should reflect the fair economic value associated with it. In particular, a patent’s value is

measured as a firm’s market value change upon the the patent’s grant announcement, which has been adjusted for

return volatility, day-of-week fixed effect, and firm-year fixed effects. We drop patents assigned to multiple CRSP

permnos.

24
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patents from different sectors: if a patent of a firm in sector A is worth $1 million and it has been

cited by 2 subsequent patents of firms in sector B and 8 subsequent patents of firms in sector C

before its expiration date, the patent creates knowledge input of $ 0.2 million ($ 0.8 million) to

sector B (sector C). In other words, sectors B and C use knowledge worth of $ 0.2 million and $ 0.8

million from sector A, respectively. This approach may be considered as following the concept of

“licensing fees” – when a patent is referred by another subsequent patent, the former is utilized by

the latter and can thus charge a licensing fee from the latter.
22

This analogy, albeit not perfectly

realistic, offers us an intuitive way to capture the knowledge network across sectors.

We acknowledge that our approach has the following two limitations. First, we can only

consider public firms’ patents and citations from public firms’ patents because we only have these

firms’ patent values (based on stock market reactions) and SIC codes for us to assign sectors and

to calculate the weight factor. Second, it neglects the economic value a firm uses its patents in its

own productions and products.

We now discuss more details of our construction of the input-output data for the knowledge

network. For patent 𝑋 granted in sector 𝑗 filed in date 𝑡, we assume that it generates knowledge

inflow to other patents that cite it until its expiration (i.e., 20 years from its filing date). Such

knowledge flow can be quantified as a charging a licensing fee per forward cite, which is its

patent value divided by the number of forward citations from other patents until its expiration.

Although we do not know all forward citations before a patent’s expiration, we use a linearly

extrapolation approach to calculate its forward citations in year 𝑡 before its expiration date to

prevent forward-looking bias.
23

Then, sector 𝑖’s expenditure on sector 𝑗 ’s patents in year 𝑡 is

summed licensing fees that all patents in sector 𝑗 can charge all patents in sector 𝑖 granted in

year 𝑡. Also, sector 𝑖’s expenditure on all patents in year 𝑡 is the sum across all sectors.

22
It is worth noting that there is no comprehensive licensing fee data (or even anything with acceptable coverage)

for public firms to our knowledge. Thus, our use of references is an approximate for licensing fees based on the

following logic: since references are closely related to claims (which define the protection scope of a patent), it is

common for researchers often use reference list to construct measures for potential patent licensing, legal disputes,

and infringement likelihoods (Trajtenberg, 1990; Lanjouw and Schankerman, 2001; Von Graevenitz, Wagner, and

Harhoff, 2011, 2013; Hsu, Lee, and Zhou, 2022). We do not intend to claim that all patents in the reference list

deserve licensing fees; nevertheless, under the law of large numbers, we can use the cross-referencing records to

track licensing royalties across sectors.

23
For example, if a patent was filled on January 1, 1991, its expiration date will be January 1,2011. Its number of

forward citations in 1992 is based on the number of citations it received from patents filed up to 1992 and linearly

extrapolate to January 1, 2011. Its number of forward citations in 2002 is based on the number of citations it received

from patents filed up to 2002 and linearly extrapolate to January 1, 2011. Its number of forward citations in 2012

is based on the number of citations it received from patents filed up to January 1, 2011. The extrapolation could

potentially make the number of forward citations as a fraction number instead of an integer. We use the largest

integer below this fraction in this case.
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4.3 Data for physical network and other parameters

Following Herskovic (2018), we estimate physical input-output data based on Compustat cus-

tomer segment data.
24

WRDS provides a supply chain linking data of this customer-supplier

relation based on Compustat segment data. The data includes the identity of both customers and

suppliers as well as sales from each supplier to its customers. The details are provided in Section

D of the Internet Appendix.

In each year, following our discussion in Section 4.1, sector 𝑖’s expenditure on all inputs is the

sum of all sales from its suppliers, which include physical input from the Compustat customer

segment data. In addition, sector 𝑖’s expenditure on sector 𝑗 ’s physical inputs is the sum of all

sales from its suppliers in sector 𝑗 .

We calibrate 𝜎, the elasticity of knowledge production with respect to physical inputs, using

evidence on the cost structure of R&D. Equation (17) implies that 𝜎 corresponds to the share of

non-researcher expenditures in total R&D spending. Following Akcigit, Pearce, and Prato (2025),

we set 𝜎 = 0.65.
25

4.4 Summary statistics

Other parameters for Section 4.1 are calculated as follows: 𝛿𝑖𝑡 is sector 𝑖’s total revenue divided

by the total revenue of all sectors. For 𝜙 (𝜓), we use the average of all 𝜙𝑖𝑡 (𝜓𝑖𝑡) using an expanding

window until year 𝑡.

The above procedure leads to the level of network concentration ( 𝑐
𝑡 ), knowledge network

sparsity ( 𝑠𝑥
𝑡 ), and physical network sparsity ( 𝑠𝑚

𝑡 ), in each year from 1979 to 2019. We present

the summary statistics of them in Panel A of Table 1. Perhaps not surprising, all three levels

reveal strong autocorrelation. We then take changes of them to form our three factors (Δ 𝑠𝑥
𝑡 ,

Δ 𝑠𝑚
𝑡 , andΔ 𝑐

𝑡 ). As shown in Panel B of Table 1, these factors fluctuate around zero with modest

autocorrelation, which are consistent with our intention to measure the innovation in our three

network components. Their time series are presented in Figure 2.

24
Regulation SFAS No. 131 requires firms to disclose the identity of any customer representing more than 10% of

the total reported sales.

25
Our results are reasonably robust to alternative values of 𝜎.
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Figure 2. Times series of concentration and sparsity factors

This figure plots the time series of the knowledge sparsity factor, physical network sparsity factor, and concentration

factor. The shaded areas are NBER recession episodes. The sample is annual from 1980 to 2019.
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Table 1 Summary statistics

This table reports the summary statistics (mean, standard deviation, and the first-order autocorrelation coefficients

AC(1)) of knowledge sparsity, physical network sparsity and concentration in level in Panel A and factor (i.e., change

in level) in Panel B. The sample is annual from 1979 to 2019 in Panel A and 1980 to 2019 in Panel B.

Knowledge sparsity Physical sparsity Concentration

Panel A: Level

Mean -0.0123 -0.0376 -2.6312

Std. 0.0075 0.0027 0.2085

AC(1) 0.90 0.73 0.84

Panel B: Shock

Mean -0.0007 -0.0001 -0.0228

Std. 0.0008 0.0019 0.0939

AC(1) 0.05 0.18 -0.11

4.5 Other data

We have collected other data from various sources: we obtain macro data from Fed St Louis

including consumption, GDP, CPI, unemployment rate and total factor productivity (TFP). Con-

sumption growth is the growth of seasonally adjusted real personal consumption in nondurable

goods and services per capita. GDP growth is the growth of seasonally adjusted GDP per capita.

Inflation is the growth of seasonally adjusted CPI, and unemployment growth is the growth of

seasonally adjusted unemployment rate. In addition, we download asset pricing factors and port-

folio returns from Fama and French data library.

We also consider residual TFP (RTFP) as the residual from regressing TFP growth on three

factors following Herskovic (2018). Specifically, we obtain TFP data from Fed St Louis. We first

compute TFP growth as year-over-year growth rate of TFP, then regress this TFP growth on three

network factors, and take the residuals as RTFP. This factor helps us capture other productivity-

related innovation that are diagonal to network factors.

5 Empirical Analyses

5.1 Network factors and consumption

The key feature of our model is that we derive the consumption growth to be a linear function

of innovations in knowledge network sparsity, physical network sparsity, and network concen-

tration as shown in Equation (43) of Proposition 1. These network factors lead to systematic risk
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in asset pricing because consumption growth increases with both knowledge and physical net-

work sparsity, and decreases with network concentration. Thus, our knowledge network sparsity

factor (Δ 𝑠𝑥
𝑡 ) and physical network sparsity factor (Δ 𝑠𝑚

𝑡 ) are positively associated with con-

sumption growth and are negatively related to marginal utility, which results in a positive price

of risk. In addition, our concentration factor (Δ 𝑐
𝑡 ) is negatively associated with consumption

growth and positively related to marginal utility, which results in a negative price of risk.

To empirically test Proposition 1 and to justify how network factors reflect systematic risks,

we estimate the following regression that is an empirical analogy of Equation (43):

Δ log 𝐶𝑡 = 𝑏0 + 𝑏1Δ 𝑠𝑥
𝑡 + 𝑏2Δ 𝑠𝑚

𝑡 + 𝑏3Δ 𝑐
𝑡 + 𝛾 ′𝐗𝑡 + 𝜂Δ log 𝐶𝑡−1 + 𝜖𝑡 , (55)

where Δ log 𝐶𝑡 denotes consumption growth in year 𝑡. 𝐗𝑡 denotes a set of macro control vari-

ables including GDP growth, inflation, and unemployment growth. All these variables have been

defined in Section 4.5. The sample is annual from 1980 to 2019.

Table 2 shows that the knowledge and physical network sparsity factors have positive ex-

planatory power for consumption growth, and that the network concentration factor has neg-

ative explanatory power for consumption growth – all consistent with our model predictions.

Such a relation is robust to various model specifications when we include different sets of control

variables. For instance, even when we include lagged consumption growth in Column (3), we still

find significantly positive coefficients on Δ 𝑠𝑥
𝑡 and Δ 𝑠𝑚

𝑡 and a significantly negative coefficient

on Δ 𝑐
𝑡 . These results support the theoretical foundation of asset pricing effects of knowledge

networks.

5.2 Network risk exposures and stock portfolios

To examine our model predictions on asset pricing, we measure firms’ exposure to network risks

using beta-sorted portfolios because our network factors are not return-based. The idea is that

firms with higher exposures to the knowledge or physical network sparsity factors are expected

to provide higher expected stock returns; in addition, firms with higher exposures to the network

concentration factor are expected to provide lower expected stock returns.

We first measure each stock’s exposures (i.e., betas) using trailing-window regressions fol-

lowing the asset pricing literature. (Later in Section 6, we will validate our empirical betas by

connecting it to model-implied betas based on a simplified model with a closed-form solution

for betas.) In particular, at the end of June in each year 𝑡, a stock 𝑖’s betas to each factor is esti-

mated from regressing its annual excess returns on all factors using the following trailing window
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Table 2 Contemporaneous Relation between factors and Consumption

This table reports the coefficients from the contemporaneous regression of annual consumption growth on knowl-

edge sparsity, physical network sparsity and concentration factors, macro controls, and lag consumption growth.

Consumption growth is defined as growth of real personal consumption in nondurable goods and services per capita.

Macro controls include GDP growth (Δ log𝐺𝐷𝑃 ) defined as growth of GDP per capita, inflation defined as growth

of CPI (Δ log 𝐶𝑃𝐼 ), and unemployment growth (Δ𝐔𝑡 ) defined as growth of unemployment rate. All macro data are

seasonally adjusted. We report t-statistics based on standard errors estimation using the Newey-West procedure

adjusted for six lags and adjusted R-square (Adj. 𝑅2
) in percentage. The sample is annual from 1980 to 2019.

(1) (2) (3)

Δ 𝑠𝑥
2.37 2.52 2.14

(2.81) (2.82) (3.24)

Δ 𝑠𝑚
0.82 0.82 0.66

(2.61) (2.61) (2.60)

Δ 𝑐
-0.03 -0.03 -0.02

(-2.50) (-2.50) (-2.00)

Δ log𝐺𝐷𝑃 𝑡 0.48 0.50 0.46

(10.50) (7.09) (9.14)

Δ log 𝐶𝑃𝐼 𝑡 -0.36 -0.38 -0.36

(-9.90) (-7.70) (-8.20)

Δ𝐔𝑡 0.00 0.01

(0.49) (0.86)

Δ log 𝐶𝑡−1 0.27

(4.07)

𝑏0 0.01 0.01 0.00

(2.31) (2.12) (1.61)

Adj. 𝑅2
70.32 69.53 75.49

regression over the past five years: for ∀ 𝑛 ∈ {1, … , 5},

𝑟𝑖,𝑡−𝑛 = 𝛼 + 𝛽Δ 𝑠𝑥 ,𝑡Δ 𝑠𝑥
𝑡−𝑛 + 𝛽Δ 𝑠𝑚,𝑡Δ 𝑠𝑚

𝑡−𝑛 + 𝛽Δ 𝑐 ,𝑡Δ 𝑐
𝑡−𝑛 + 𝛽𝑅𝑇𝐹𝑃,𝑡𝐑𝐓𝐅𝐏𝑡−𝑛 + 𝜖𝑖𝑡 , (56)

where 𝑟𝑖,𝑡−𝑛 denotes stock 𝑖’s annual excess returns in the past five years and 𝛼 denotes the inter-

cept term. The estimation of Equation (56) leads to 𝛽Δ 𝑠𝑥 ,𝑡 as stock 𝑖’s exposure to the knowledge

network sparsity risk, 𝛽Δ 𝑠𝑚,𝑡 as its exposure to the physical network sparsity risk, 𝛽Δ 𝑐 ,𝑡 as its

exposure to network concentration risk, and 𝛽𝑅𝑇𝐹𝑃,𝑡 as its exposure to TFP risk that captures pro-

ductivity growth unrelated to networks. We include all three network factors in our estimation

of risk exposures to ensure that the estimated exposures to three network factors are diagonal to

each other.

Next, at the end of June of year 𝑡, we sort all stocks into tercile groups based on their exposures
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to each of the three network factors.
26

We then construct a value-weighted portfolio in each group

and track its return in each month from July of year 𝑡 to June of year 𝑡 + 1. Finally, we take a

long position in the high exposure portfolio and a short position in the low exposure portfolio.

This high-minus-low (H-L) portfolio serves as a mimicking portfolio for each network risk, and

its monthly returns approximate the risk premium of corresponding network risk.

We present the averages and t-statistics of the monthly returns on aforementioned portfolios

in the row with the label 𝑅𝑒𝑡𝑒 in Table 3. Panel A.1 is based on knowledge network sparsity beta

(𝛽Δ 𝑠𝑥 ), Panel A.2 is based on physical network sparsity beta (𝛽Δ 𝑠𝑚), and Panel A.3 is based on

concentration beta (𝛽Δ 𝑐 ). As shown in Panel A.1, the average monthly returns on the portfolios

on high, middle, and low exposure to knowledge network sparsity are 0.53%, 0.69%, and 0.84%,

respectively. The average monthly return on the H-L portfolio is as high as 0.31%, which is

statistically significant with a t-statistic of 2.49.

In Panel A.2 for physical network sparsity, the average monthly returns on the high, middle,

and low portfolios are 0.55%, 0.65%, and 0.90%, respectively. In addition, the average monthly

return on the H-L portfolio is 0.36% with a t-statistic of 2.38. In Panel A.3 for network concen-

tration, the high, middle, and low portfolios’ monthly excess returns are 0.88%, 0.68%, and 0.48%,

respectively. More importantly, the average monthly return on the H-L portfolio is -0.40% with

a t-statistic of -2.66. The monotonic patterns in portfolio returns offer empirical support to our

model implications on positively priced sparsity risk and negatively priced concentration risk.

To further visualize the return spreads of these beta sorted portfolios, Figure 3 plots the high-

minus-low portfolio spreads sorted based on the knowledge sparsity beta, physical network spar-

sity beta, and the network concentration beta.

However, average returns and their spreads on the aforementioned portfolios have not been

adjusted for common systematic risk. We thus regress the monthly excess return of each portfolio

on several common risk factors including the market factor (CAPM), Fama-French three factors

(FF3) that further include the size factor and the value factor, Fama-French four factors (FF4) that

further add the momentum factor, and Fama-French five factors (FF5) that add the investment

and profitability factors to FF3. The alpha (in percentage) and corresponding t-statistic of each

portfolio is presented in Table 3.

We again find monotonic patterns in alphas across high, middle, and low portfolios in each

panel of Table 3 Panel A. In particular, the H-L portfolio’s alphas of CAPM, FF3, FF4, and FF5

26
Following the asset pricing literature, we use a firm’s prior exposures to risk factors as the best predictors for its

risk exposures at the end of June in each year 𝑡. To ensure the segment data is publicly available in our asset pricing

tests, we follow Fama and French (1992) timing to align year 𝑡 factors with asset returns from July of year 𝑡 + 1 to

June of year 𝑡 + 2.
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Figure 3. High-minus-low portfolio returns of concentration and sparsity factor

betas

This figure plots the value-weighted returns on the high-minus-low portfolios sorted based on the knowledge spar-

sity factor beta, physical network sparsity factor beta, and concentration factor beta (as formed in Table 3) on a per

annum basis from July 1986 to June of 2022. There are only six months in 1986 and 2022. The shaded areas are NBER

recession episodes.
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models are 0.32%, 0.35%, 0.26%, and 0.30% (with t-statistics of 2.49, 2.64, 2.09, and 1.99), respec-

tively, in Panel A.1. A similar or even stronger result is also found in Panels A.2 and A.3. We also

note that the economic magnitude of the alphas is fairly close to that of average returns, suggest-

ing that network risk premiums have limited covariation with conventional risk factors. This

finding confirms the unique role of network-related risk, especially knowledge network sparsity,

in equity markets. Thus, our network model with both knowledge and physical capital delivers

a new risk factor from the perspective of intellectual property.

In addition to stock returns and alphas, we also examine firm characteristics of aforemen-

tioned beta-sorted portfolios. For each portfolio, we calculate the annual average of one of the

following firm characteristics: market beta 𝛽𝐶𝐴𝑃𝑀 , market equity, book to market ratio, asset

growth, operating profitability, sales-to-PP&E (Property, Plant, and Equipment) ratio, and R&D

capital. We then calculate the time series average of each portfolio and compare the difference

between the high and low portfolios. As shown in Table 3 Panel B, the high- and low-beta port-

folios have fairly similar firm characteristics except for sales-to-PP&E ratio – we find that firms

with high knowledge network sparsity betas have significantly higher sales-to-PP&E ratios.

Table 3 Panel B suggests the following: first, firms with high and low network betas are

indifferent in major characteristics; thus, the return spreads presented in Panel A are not driven

by those firm characteristics. Second, firms with high knowledge network sparsity betas are

substantial in terms of market size: their average size of $3,158 million, which is commensurate

to the average size of $3,031 million in the portfolio of low knowledge network sparsity betas.

Finally, the higher sales-to-PP&E ratio of firms with high knowledge network sparsity betas is

intuitive: when firms’ revenues are much higher than their physical capital (measured by PP&E),

they are likely to rely more on knowledge and IP capital and are thus more subject to systematic

risk related to knowledge network sparsity.

5.3 Pricing of knowledge network risk

To further substantiate our proposition that knowledge network factors serve as new system-

atic risk, we estimate the following linear stochastic discount factor (SDF) that corresponds to

Proposition 1:

𝑚𝑡 = 1 − 𝑏𝑚𝑘𝑡𝑀𝐾𝑇𝑡 − 𝑏𝑠𝑥Δ 𝑠𝑥
𝑡 − 𝑏𝑠𝑚Δ 𝑠𝑚

𝑡 − 𝑏𝑐Δ 𝑐
𝑡 − 𝑏𝑅𝑇𝐹𝑃𝑅𝑇𝐹𝑃𝑡 , (57)

where 𝑏𝑚𝑘𝑡 , 𝑏𝑠𝑥 , 𝑏𝑠𝑚, 𝑏𝑐, and 𝑏𝑅𝑇𝐹𝑃 are the loadings of 𝑀𝐾𝑇𝑡 (the market factor), Δ 𝑠𝑥
𝑡 , Δ 𝑠𝑚

𝑡 ,

Δ 𝑐
𝑡 , and 𝑅𝑇𝐹𝑃𝑡 , respectively. Equation (57) can be tested using the standard procedure as in
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Cochrane (1996) and Cochrane (2001), and is an asset pricing test of Equation (43) as SDF is a

function of consumption growth in almost all utility functions in the asset pricing literature.
27

The significance of 𝑏𝑠𝑥 , 𝑏𝑠𝑚, and 𝑏𝑐 (the loadings on the three network factors factors) will inform

us whether the three network factors indeed exist in the SDF. As suggested in our model, we

expect positive 𝑏𝑠𝑚 and 𝑏𝑠𝑥 and negative 𝑏𝑐 because the two network sparsity factors are positively

priced and the network concentration factor is negatively priced. In particular, the loading on 𝑏𝑠𝑥
suggests if the knowledge network sparsity factor helps price stock portfolios in addition to the

other two network factors.

To test Equation (57), we use a broad test asset set that includes the Fama-French 30 industry

portfolios, 25 size-B/M portfolios, 25 size-investment portfolios, 25 size-profitability portfolios,

and 25 size-momentum portfolios – all are fairly standard stock portfolios in the literature. We

consider a broader set of test assets to relax the strong factor structure of FF25 portfolios men-

tioned by Daniel and Titman (2006) and Lewellen, Nagel, and Shanken (2010).

In Table 4, we present the estimated loadings of all factors following the GMM procedure of

Cochrane (2001). We first notice that the loadings on Δ 𝑠𝑥
are significantly positive and confirm

that knowledge network sparsity risk is positively priced. Those on Δ 𝑠𝑚
are significantly pos-

itive in all model specifications except model (4), supporting that physical network sparsity risk

is also positively priced. Finally, those on Δ 𝑐
are all significantly negative, indicating negative

priced network concentration risk. All of our findings are consistent with our model predictions

and Table 3.

As a measure of model fit, we report the annualized mean absolute pricing errors (MAE) in

percentage, the JT-statistic (JT-Test), and the p-value associated with the over-identification test.

The p-values of JT-statistics in model (1) to (4) are all close to zero, suggesting significant pricing

errors (measured by the sum of squared pricing errors). On the other hand, the p-value of JT-

statistics in model (5), our full model, is 0.83, indicating insignificant pricing errors. This results

confirm that our full SDF model that encompasses the market factor, three network factors, and

the residual TFP can price our test assets reasonably well.

Finally, in the bottom row, we report the p-values for the difference of the JT-statistics from

comparing model (1) with model (2), comparing model (3) with model (4), and comparing model

(5) with model (4). In the first two comparisons (1 vs. 2 and 3 vs. 4), p-values are 0.00 and suggest

that the existence of three network factors indeed improves the SDF model fitting for our test

assets. More importantly, in the last comparison, the fact that model (5) outperforms model (4)

27
The GMM test of Cochrane (1996) and Cochrane (2001) is widely used in the literature (Lewellen, Nagel, and

Shanken, 2010; Papanikolaou, 2011; Kogan and Papanikolaou, 2014; Belo, Li, Lin, and Zhao, 2017; Lin, Palazzo, and

Yang, 2020).
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with a significant difference in the JT-statistics (p-value = 0.00) again substantiates the unique

role of knowledge network risk – its explanatory power for stock returns is diagonal to that of

the other two network factors.

To ensure that our results are not sensitive to specific test asset set, we also replace Fama-

French 30 industry portfolios with SIC two-digit portfolios and find consistent results in Table A1

in Section E of the Internet Appendix. In addition, we also consider a smaller test asset set that

includes Fama-French 10 industry portfolios and 4 sets of 2-by-3 double sorted portfolios (6 size-

B/M portfolios, 6 size-investment portfolios, 6 size-profitability portfolios, and 6 size-momentum

portfolios) and find fairly consistent results in Table A2 in Section E of the Internet Appendix.

Overall, our test results suggest that knowledge network risk is indeed priced in stock mar-

kets in addition to physical network risk; more importantly, accounting for knowledge network

risk significantly reduces the pricing errors. Our empirical evidence thus confirm our model im-

plications on systematic risk related to knowledge transfers in supply chains.

6 Cross-sectional Implications

In this section, we attempt to develop the cross-sectional implications of our model using a two-

period cash flow structure, which enables us to derive an analytical solution for sectoral exposures

to network risk factors (i.e., model-implied betas). Using a two-sector model simulation, we show

that the sectoral exposures derived from the simplified two-period cash flow model are consistent

with those obtained from the infinite-horizon model. Finally, we apply the exposures from the

simplified model to guide the construction of empirical counterparts, finding them in line with

the empirical exposures estimated in Section 5.2.

6.1 Model-implied relation

To illustrate the intuition, we assume that the model only has two periods 𝑡 and 𝑡 + 1, implying

that 𝑣𝑖,𝑡+1 = 𝜋𝑖,𝑡+1, for ∀𝑖, in order to obtain analytical solution on the sectoral exposure to each

risk factors. Thus, the gross return of the stocks for firms in sector 𝑖 is given as
28

𝑅𝑖,𝑡+1 =
𝑣𝑖,𝑡+1

𝑣𝑖𝑡 − 𝜋𝑖𝑡
=

𝜋𝑖𝑡
𝑣𝑖𝑡 − 𝜋𝑖𝑡

𝜋𝑖,𝑡+1
𝜋𝑖𝑡

(58)

28
In Section F.1 of the Internet Appendix, we provide detailed analytic derivations.
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Thus, the net return is given by

𝑟𝑖,𝑡+1 = log
𝜋𝑖𝑡

𝑣𝑖𝑡 − 𝜋𝑖𝑡
+ Δ log 𝜋𝑖,𝑡+1 (59)

Also, denote the log pricing kernel as 𝐦𝑡,𝑡+1 = log𝐌𝑡,𝑡+1 = log 𝛽 − 𝜂Δ log 𝐶𝑡+1. We can show that

the expected excess return on sector 𝑖 is given by

𝑥𝑟𝑖,𝑡+1 ≡ log𝔼𝑡[𝑒𝑟𝑖,𝑡+1] − 𝑟𝑓 𝑡
≃ 𝛽𝑐𝑖 𝐯𝐚𝐫𝑡 (Δ 𝑐

𝑖,𝑡+1) + 𝛽𝑠𝑚𝑖 𝐯𝐚𝐫𝑡 (Δ 𝑠𝑚
𝑖,𝑡+1) + 𝛽𝑠𝑥𝑖 𝐯𝐚𝐫𝑡 (Δ 𝑠𝑥

𝑖,𝑡+1) + 𝛽prod

𝑖 𝐯𝐚𝐫𝑡 (Δ prod

𝑖,𝑡+1 )(60)

where 𝛽𝑓𝑖 measures the sector 𝑖’s exposure to the aggregate factor as

𝛽𝑐𝑖 = −
𝐜𝐨𝐯𝑡 (Δ𝛿𝑖,𝑡+1, Δ 𝑐

𝑖,𝑡+1)
𝛿𝑖𝑡𝐯𝐚𝐫𝑡 (Δ 𝑐

𝑖,𝑡+1)
, 𝑎𝑛𝑑 𝛽𝑓𝑖 =

𝐜𝐨𝐯𝑡 (Δ𝛿𝑖,𝑡+1, Δ 𝑓
𝑖,𝑡+1)

𝛿𝑖𝑡𝐯𝐚𝐫𝑡 (Δ 𝑓
𝑖,𝑡+1)

, for ∀𝑓 ∈ {𝑠𝑚, 𝑠𝑥, prod} . (61)

If we only consider the first-order of indirect effects in Leontief inverse matrix in Equation (35),

then we have, for 𝑖 ∈ {1, 2, … , 𝑛},

Δ𝛿𝑖,𝑡+1 = (1 − 𝜎𝜙 − 𝜓)∑
𝑗
(𝜎𝜙𝜁𝑗Δ𝜃𝑖𝑗 ,𝑡+1 + 𝜓𝜁𝑗Δ𝜔𝑖𝑗 ,𝑡+1)

Notably,

{
𝜃𝑖𝑗 𝑡

}
and

{
𝜔𝑖𝑗 𝑡

}
are independent both within their group and across groups. Thus,

using the Delta method, we obtain the covariances between the change in the output share of

industry 𝑖 and the change of each aggregate factor as

𝐜𝐨𝐯𝑡 (Δ𝛿𝑖,𝑡+1, Δ 𝑐
𝑖,𝑡+1) = (1 − 𝜙 − 𝜓)(1 − 𝜎𝜙 − 𝜓) (1 + log 𝛿𝑖𝑡)

×
(
∑
𝑗
(𝜎𝜙)2𝜁 2𝑗 𝐯𝐚𝐫 (Δ𝜃𝑖𝑗 ,𝑡+1) + 𝜓2𝜁 2𝑗 𝐯𝐚𝐫 (Δ𝜔𝑖𝑗 ,𝑡+1))

, (62)

𝐜𝐨𝐯𝑡 (Δ𝛿𝑖,𝑡+1, Δ 𝑠𝑚
𝑖,𝑡+1) = (1 − 𝜎𝜙 − 𝜓)(𝜎𝜙)2𝜓

(
∑
𝑙
𝜔𝑙𝑖𝑡 log 𝜔𝑙𝑖𝑡)

∑
𝑗
𝜁 2𝑗 𝐯𝐚𝐫 (Δ𝜃𝑖𝑗 ,𝑡+1)

+ 𝜓2∑
𝑗
𝜁𝑗 (

(1 − 𝜎𝜙 − 𝜓)𝜓
(
∑
𝑙
𝜔𝑙𝑖𝑡 log 𝜔𝑙𝑖𝑡)

𝜁𝑗 + (1 + log𝜔𝑖𝑗 𝑡) 𝛿𝑗𝑡)
𝐯𝐚𝐫 (Δ𝜔𝑖𝑗 ,𝑡+1) ,(63)

𝐜𝐨𝐯𝑡 (Δ𝛿𝑖,𝑡+1, Δ 𝑠𝑥
𝑖,𝑡+1) = (1 − 𝜎𝜙 − 𝜓)𝜙𝜓2

(
∑
𝑙
𝜃𝑙𝑖𝑡 log 𝜃𝑙𝑖𝑡)

∑
𝑗
𝜁 2𝑗 𝐯𝐚𝐫 (Δ𝜔𝑖𝑗 ,𝑡+1)

+ 𝜎𝜙2∑
𝑗
𝜁𝑗 (

(1 − 𝜎𝜙 − 𝜓)𝜎𝜙
(
∑
𝑙
𝜃𝑙𝑖𝑡 log 𝜃𝑙𝑖𝑡)

𝜁𝑗 + (1 + log 𝜃𝑖𝑗 𝑡) 𝛿𝑗𝑡)
𝐯𝐚𝐫 (Δ𝜃𝑖𝑗 ,𝑡+1) .(64)
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Note that the above sectoral beta to each risk factor is computed based on the nearest dividend

strip of the sector only for tractability. Presumably, the betas should depend on all dividend

strips in the future, although arguably, the nearest strip has the largest pricing impact due to

discounting. We then test this approximation through simulations (see Section F.1 in the Internet

Appendix for details). First, we calibrate our model to the US economy, considering two sectors:

manufacturing and services sectors. We simulate the economy and compute the sectoral stock

returns from the full-fledged model, i.e., 𝑟𝑖𝑡 = 𝜋𝑖𝑡/(𝑣𝑖𝑡 − 𝜋𝑖𝑡), where 𝑣𝑖𝑡 is defined in Equation (19),

and our approximation of firms’ exposure to network risk as shown in Equation (61). We first

regress the sectoral stock returns on network factors. To examine whether the betas from our

two-period approximation align with those derived from the full model, we perform a regression

of sectoral stock returns on network factors, controlling for industry fixed effects. The top panel

of Table 5 presents the point estimates.

Next, we approximate the 𝛽 coefficients in Equation (61) by applying a two-period cash-flow

assumption. This approach uses the covariance between changes in industry 𝑖’s output share

and network factors, as detailed in Equations (62) through (64). The bottom panel of Table 5

presents the approximated 𝛽 coefficients and their standard errors from the simulation. We find

that the approximated exposures derived from the two-period cash flow is consistent with the

point estimates from the full model in terms of the signs and the relative magnitudes of the

sectoral 𝛽’s.

6.2 Relation between model-implied and empirical betas

To connect our empirical evidence to our model and to validate the model-implied betas in Equa-

tion (61), we empirically examine the relation between them and empirical betas in Section 5.2

by estimating the following panel regression:

𝛽𝑑𝑎𝑡𝑎𝑖,𝑡 = 𝛼 + 𝑏Δ 𝑠𝑥𝛽𝑚𝑜𝑑𝑒𝑙Δ 𝑠𝑥 ,𝑡 + 𝑏Δ 𝑠𝑚𝛽𝑚𝑜𝑑𝑒𝑙Δ 𝑠𝑚,𝑡 + 𝑏Δ 𝑐𝛽𝑚𝑜𝑑𝑒𝑙Δ 𝑐 ,𝑡 + 𝛾𝐗𝑖𝑡 + 𝜂𝑖 + 𝜁𝑡 + 𝜖𝑖𝑡 , (65)

in which 𝛽𝑑𝑎𝑡𝑎𝑖,𝑡 denotes one of the estimated 𝛽Δ 𝑠𝑥 ,𝑡 , Δ𝛽 𝑠𝑚,𝑡 , and 𝛽Δ 𝑐 ,𝑡 . Also, 𝛽𝑚𝑜𝑑𝑒𝑙 𝑠𝑥 ,𝑡 , 𝛽
𝑚𝑜𝑑𝑒𝑙
 𝑠𝑚,𝑡 , and

𝛽𝑚𝑜𝑑𝑒𝑙 𝑐 ,𝑡 are estimated following Equation (61) for each industry every year. We assign model-

implied betas for each industry to its constitute firms, and then estimate panel regressions for

each one of the three empirical betas in Table 3 with and without other control variables. Table

6 reports the results.

Table 6 reports the results for knowledge network sparsity betas in Panel A, physical network

sparsity betas in Panel B, and network concentration betas in Panel C.
29

Column (1) shows that

29
The sample is annual from 1984 to 2019. The t-statistics in the parentheses are based on standard errors clustered
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the model-implied betas are all positively and significantly related to the corresponding empir-

ical betas after controlling for firm and year fixed effects. The pattern remains after we further

add various controls such as book to market, market equity, profitability, asset growth and past

returns in Columns (2)-(4).
30

Therefore, this table suggests that the model-implied betas derived

in Section 6.1 are consistent with empirical betas.

7 Conclusion

While the cross-sector transfer and production of intellectual property constitute the founda-

tion of today’s knowledge-based economy, how they influence economic dynamics and financial

markets remains unknown thus far. This paper aims to fill this gap in the literature from both

theoretical and empirical perspectives. We first develop a multi-sector network model, in which

sectors are connected through not only a physical input-output network, but also a knowledge

input-output network. Three features of the economy’s network structure lead to systematic

risks: knowledge network sparsity, physical network sparsity, and network concentration, which

command positive, positive, and negative risk premiums, respectively. The knowledge network

risk we develop is a novel and timely addition to the literature that focuses on physical network

(Acemoglu, Carvalho, Ozdaglar, and Tahbaz-Salehi, 2012; Herskovic, 2018).

Empirical tests are designed and implemented to examine our model predictions. We resort

to patent citation data to construct empirical measures for knowledge input-output flows across

sectors. We show that consumption growth is positively related to the changes in knowledge

and physical network sparsity (as our knowledge and physical network sparsity factors) and is

negatively related to the changes in network concentration (as our concentration factor). We

then implement a sorted portfolio approach in which we measure each stock’s ex ante exposure

to each network risk factor and find a monotonic pattern in average returns and alphas of sorted

portfolios for each network factor. Our portfolio analyses not only confirm the positive (negative)

risk premium on knowledge and physical network sparsity (network concentration) implied by

our model but also highlight network risk being distinct from conventional systematic risk.

We also implement an asset pricing test to show that all three network factors exist in a linear

by firm. All variables are winsorized at the 1st and 99th percentiles.

30
In particular, we include log of book to market ratio (log 𝐵𝑀), log of market equity (log𝑀𝐸), operating prof-

itability (𝑂𝑃 ) defined as revenues minus cost of goods sold, interest expense, and selling, general, and administrative

expenses divided by book equity, asset growth (𝐴𝐺) defined as the growth rate of total assets, momentum (𝑀𝑂𝑀)

defined as the cumulative stock returns over the past 12 months skipping the most recent month, short-run reversal

(𝑆𝑅) defined as stock return in the last month, and long-run reversal (𝐿𝑅) defined as the stock returns over the past

36 months skipping the most recent 12 months.
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SDF model and help explain the cross-section of stock returns. Finally, we further derive the

cross-sectional implications of our model, which delivers model-implied betas that are strongly

correlated with our empirical betas. Overall, our empirical evidence highlights the important role

of knowledge network in today’s complex supply chains from the perspective of equity markets.
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Table 3 Beta-sorted portfolios

This table reports returns (Panel A) and firm characteristics (Panel B) of one-way value-weighted tercile beta-sorted

portfolios. For each stock, at the end of June in each year 𝑡, beta is estimated from the following annual rolling

window regression over the past five years: 𝑟𝑡 = 𝛼 + 𝛽Δ 𝑠𝑥Δ 𝑠𝑥
𝑡 + 𝛽Δ 𝑠𝑚Δ 𝑠𝑚

𝑡 + 𝛽Δ 𝑐Δ 𝑐
𝑡 + 𝛽𝑅𝑇𝐹𝑃𝑅𝑇𝐹𝑃𝑡 . Each

month from July of year 𝑡 to June of year 𝑡 + 1, we sort all stocks in the sample into three value-weighted portfolios

based on knowledge sparsity beta 𝛽Δ 𝑠𝑥 in Panels A.1 and B.1, physical network sparsity beta 𝛽Δ 𝑠𝑚 in Panels A.2

and B.2, or concentration beta 𝛽Δ 𝑐 in Panels A.3 and B.3. Panel A report the average excess returns and alphas

(in percentages) from CAPM, Fama-French three-factor (FF3), four-factor (FF4), and five-factor (FF5) models of the

bottom, the middle, and the top tercile portfolios as well as the spread between the top and the bottom tercile

portfolios. Panel B reports the time series average of cross sectional mean firm characteristics at the end of June

each year including: 𝛽𝐶𝐴𝑃𝑀 estimated from CAPM using monthly returns over the past 60 months with a minimum

of 36 months, market equity (ME, in millions of dollars), book to market ratio (BM) defined as book equity in the

previous year divided by market equity in last December, asset growth (AG) defined as the growth rate of total assets

in the previous year, operating profitability (OP) defined as revenues minus cost of goods sold, interest expense, and

selling, general, and administrative expenses divided by book equity in the previous year, Sale/Ppegt defined as sale

divided by Property, Plant, and Equipment in the previous year, and RDME defined by five-year cumulative R&D

expenses with a 20% annual depreciation in the previous year divided by market equity in last December. Variables in

Panel B are winsorized at the 1st and 99th percentiles. The sample includes NYSE/NASDAQ/AMEX common stocks

(exchange code is 1, 2, or 3, and share code is 10, 11, or 12) with a price above $1 at portfolio formation. We report

t-statistics based on standard errors estimation using the Newey-West procedure adjusted for three lags. The sample

is monthly from July 1986 to June 2022 in Panel A and 1986 to 2022 in Panel B.

Low 𝑡-Stat. Middle 𝑡-Stat. High 𝑡-Stat. H-L 𝑡-Stat.

Panel A: Returns of beta-sorted portfolios

Panel A.1: Knowledge-sparsity-beta-sorted portfolios

𝑅𝑒𝑡𝑒 0.53 (2.11) 0.69 (3.36) 0.84 (3.49) 0.31 (2.49)

𝛼𝐶𝐴𝑃𝑀 -0.18 (-2.07) 0.09 (1.52) 0.14 (2.17) 0.32 (2.49)

𝛼𝐹𝐹3 -0.19 (-2.15) 0.03 (0.79) 0.16 (2.39) 0.35 (2.64)

𝛼𝐹𝐹4 -0.12 (-1.42) 0.04 (0.92) 0.14 (2.20) 0.26 (2.09)

𝛼𝐹𝐹5 -0.13 (-1.40) -0.07 (-1.78) 0.17 (2.15) 0.30 (1.99)

Panel A.2: Physical-sparsity-beta-sorted portfolios

𝑅𝑒𝑡𝑒 0.55 (2.07) 0.65 (3.12) 0.90 (3.92) 0.36 (2.38)

𝛼𝐶𝐴𝑃𝑀 -0.18 (-1.85) 0.04 (0.66) 0.24 (2.76) 0.42 (2.65)

𝛼𝐹𝐹3 -0.18 (-2.06) -0.01 (-0.32) 0.23 (2.92) 0.42 (2.94)

𝛼𝐹𝐹4 -0.12 (-1.33) -0.01 (-0.26) 0.22 (2.69) 0.34 (2.39)

𝛼𝐹𝐹5 -0.13 (-1.38) -0.09 (-2.13) 0.16 (1.96) 0.28 (1.96)

Panel A.3: Concentration-beta-sorted portfolios

𝑅𝑒𝑡𝑒 0.88 (3.50) 0.68 (3.30) 0.48 (1.88) -0.40 (-2.66)

𝛼𝐶𝐴𝑃𝑀 0.20 (2.03) 0.08 (1.31) -0.26 (-2.96) -0.46 (-2.74)

𝛼𝐹𝐹3 0.18 (1.93) 0.03 (0.62) -0.25 (-3.05) -0.43 (-2.75)

𝛼𝐹𝐹4 0.22 (2.21) 0.01 (0.29) -0.19 (-2.28) -0.41 (-2.49)

𝛼𝐹𝐹5 0.21 (2.20) -0.07 (-1.41) -0.22 (-2.64) -0.44 (-2.68)
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Table 3 (cont.) Beta-sorted portfolios

Low 𝑡-Stat. Middle 𝑡-Stat. High 𝑡-Stat. H-L 𝑡-Stat.

Panel B: Characteristics of beta-sorted portfolios

Panel B.1: Knowledge-sparsity-beta-sorted portfolios

𝛽𝐶𝐴𝑃𝑀 1.17 (20.49) 0.94 (17.22) 1.11 (27.87) -0.06 (-1.57)

ME 3030.77 (3.67) 4496.87 (4.18) 3157.83 (4.07) 127.06 (0.39)

BM 0.79 (21.80) 0.85 (22.38) 0.79 (21.62) 0.00 (0.06)

AG 0.13 (9.02) 0.10 (12.51) 0.14 (11.53) 0.01 (0.73)

OP 0.15 (18.32) 0.20 (38.20) 0.15 (12.94) 0.00 (0.21)

Sale/Ppegt 4.17 (21.86) 4.04 (24.40) 4.53 (37.31) 0.35 (1.87)

RDME 0.10 (18.11) 0.07 (17.68) 0.10 (12.04) 0.00 (-0.21)

Panel B.2: Physical-sparsity-beta-sorted portfolios

𝛽𝐶𝐴𝑃𝑀 1.15 (21.60) 0.95 (18.56) 1.11 (16.21) -0.04 (-0.43)

ME 3024.24 (4.14) 4599.75 (3.99) 3061.47 (3.84) 37.23 (0.10)

BM 0.78 (23.17) 0.85 (21.83) 0.81 (20.81) 0.03 (1.17)

AG 0.14 (11.20) 0.10 (11.70) 0.13 (10.54) -0.01 (-0.79)

OP 0.14 (10.16) 0.20 (39.49) 0.16 (16.90) 0.02 (1.51)

Sale/Ppegt 4.37 (27.94) 4.03 (23.36) 4.34 (32.64) -0.03 (-0.21)

RDME 0.10 (11.85) 0.07 (17.82) 0.09 (17.98) -0.01 (-1.40)

Panel B.3: Concentration-beta-sorted portfolios

𝛽𝐶𝐴𝑃𝑀 1.12 (19.36) 0.94 (17.40) 1.16 (20.95) 0.04 (0.55)

ME 2657.51 (4.81) 4564.21 (4.04) 3463.73 (3.36) 806.22 (1.26)

BM 0.81 (18.60) 0.84 (20.96) 0.78 (24.47) -0.03 (-0.82)

AG 0.13 (12.78) 0.09 (12.32) 0.14 (8.90) 0.01 (0.70)

OP 0.16 (16.94) 0.20 (33.31) 0.14 (11.61) -0.01 (-0.98)

Sale/Ppegt 4.31 (18.97) 4.04 (25.50) 4.39 (44.28) 0.08 (0.36)

RDME 0.09 (18.50) 0.07 (18.42) 0.10 (10.61) 0.01 (0.91)
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Table 4 Estimating the market price of knowledge and physical network risk

This table presents GMM estimates of the parameters of a five-factor linear SDF model, with knowledge sparsity

factor (Δ 𝑠𝑥
), physical network sparsity factor (Δ 𝑠𝑚

), concentration factor (Δ 𝑐
), residual TFP factor (𝐑𝐓𝐅𝐏),

and the market factor (𝐌𝐊𝐓). RTFP factor is the residual from regressing TFP growth on Δ 𝑠𝑥
, Δ 𝑠𝑚

, and Δ 𝑐
.

We use the Fama-French 30 industry portfolios and 4 sets of 5-by-5 double sorted portfolios (25 size-B/M portfolios,

25 size-INV portfolios, 25 size-OP portfolios, and 25 size-MOM portfolios) as test assets. We do the normalization

such that 𝐸[𝑚] = 1 (see, for example, Cochrane, 2001), and standardize the factors to a unit standard deviation.

We report t-statistics based on standard errors estimation using the Newey-West procedure adjusted for three lags.

As a measure of fit, we report the annualized mean absolute pricing errors (MAE) in percentage, the 𝐽 𝑇 -statistics,

the p-value associated with the over-identification test, and the p-value for the difference of the 𝐽 𝑇 -statistics when

comparing model (1) with model (2), model (3) with model (5), and model (4) with model (5). The sample is monthly

from July 1981 to June 2021.

(1) (2) (3) (4) (5)

𝐌𝐊𝐓 0.42 0.23 0.11 0.15 0.16

(9.50) (5.59) (3.02) (3.41) (3.46)

𝐑𝐓𝐅𝐏 0.51 0.20 0.14

(5.42) (1.81) (1.11)

Δ 𝑠𝑥
0.34 0.31

(3.74) (2.84)

Δ 𝑠𝑚
0.22 0.13 0.20

(2.64) (1.44) (2.09)

Δ 𝑐
-0.87 -0.77 -0.63

(-10.44) (-7.49) (-4.94)

MAE (%) 13.92 2.41 2.95 4.19 4.06

𝐽 𝑇 -statistics 868.07 229.45 347.53 175.75 109.62

p-value 0.00 0.00 0.00 0.00 0.83

𝐽 𝑇 -Diff test 1 vs. 2 3 vs. 4 4 vs. 5

p-value(𝐽 𝑇 -Diff) 0.00 0.00 0.00
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Table 5 Comparison of sectoral exposures to aggregate factors

This table compares betas implied by the full-fledged model and approximated betas under two-period cash flow

assumption. Simulation is based on the calibration to the US data with two sectors. The model has been simulated

for five hundred periods. The top panel shows the point estimates of a panel regression of sectoral stock returns

on aggregate risk factors. Stock return for sector 𝑖 is computed as 𝑟𝑖𝑡 = 𝑑𝑖𝑡/(𝑣𝑖𝑡 − 𝑑𝑖𝑡), where 𝑑𝑖𝑡 and 𝑣𝑖𝑡 are defined

in Equation (19). The bottom panel displays the average and standard deviation of approximated betas under two-

period cash flow assumption. Sectoral exposures to the aggregate factors are calculated based on Equation (61). The

t-statistics in the parentheses are based on standard errors clustered by sector.

Manufacturing Services

Regression from the full-fledge model

𝐃𝑖 × 𝐯𝐚𝐫 (Δ 𝑐
𝑡+1) -77.51*** -86.16***

(0.000) (0.000)

𝐃𝑖 × 𝐯𝐚𝐫 (Δ 𝑠𝑥
𝑡+1) -214.35*** -258.62***

(0.000) (0.000)

𝐃𝑖 × 𝐯𝐚𝐫 (Δ 𝑠𝑚
𝑡+1) 44.82*** 48.04***

(0.000) (0.000)

Obs 800

adjusted 𝑅2
0.001

Approximated 𝛽 using two-period cash flows

𝛽𝑐𝑖 -11.60 -4.41

(1.65) (3.61)

𝛽𝑠𝑥𝑖 -0.06 -0.33

(0.02) (0.12)

𝛽𝑠𝑚𝑖 1.83 3.04

(0.48) (1.32)
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Table 6 Relationship between model-implied betas and empirical betas

This table runs a panel regression of each one of the three empirical betas (knowledge sparsity beta in Panel A,

physical network sparsity beta in Panel B and Concentration beta in Panel C) in Table 3 on the three model-implied

betas (𝛽𝑠,𝑥 , 𝛽𝑠,𝑚, and 𝛽𝑐) in Equation (61) in column (1). All point estimates for 𝛽𝑠,𝑥 are scaled by 1,000 for inter-

pretational convenience. We add firm-level controls in columns (2)-(4) including log of book to market ratio, log

of market equity, operating profitability (OP) defined as revenues minus cost of goods sold, interest expense, and

selling, general, and administrative expenses divided by book equity, asset growth (AG) defined as the growth rate of

total assets, momentum (MOM) defined as the cumulative stock returns over the past 12 months skipping the most

recent month, short-run reversal (SR) defined as stock return in the last month, and long-run reversal (LR) defined

as the stock returns over the past 36 months skipping the most recent 12 months. We assign model-implied betas for

each industry to its constitute firms. We control for firm and year fixed effects. The t-statistics in the parentheses

are based on standard errors clustered by firm. Variables are winsorized at the 1st and 99th percentiles. The sample

is annual from 1984 to 2019.

Panel A: Knowledge sparsity beta (𝛽𝑁 𝑠,𝑥 ) Panel B: Physical sparsity beta (𝛽𝑁 𝑠,𝑚 ) Panel C: Concentration beta (𝛽 𝑐 )

(1) (2) (3) (4) (1) (2) (3) (4) (1) (2) (3) (4)

𝛽𝑠,𝑥 3,122.57 2,608.08 2,587.74 2,615.06 -3,711.99 -2,691.42 -2,906.68 -2,910.59 -78.39 -43.31 -52.76 -52.50

(3.15) (2.44) (2.40) (2.43) (-5.54) (-3.84) (-4.10) (-4.10) (-3.38) (-1.78) (-2.14) (-2.12)

𝛽𝑠,𝑚 -26.78 -21.69 -22.59 -23.14 24.44 19.72 18.35 17.92 -0.55 -0.46 -0.50 -0.50

(-3.94) (-2.63) (-2.67) (-2.73) (5.93) (4.07) (3.68) (3.59) (-3.46) (-2.55) (-2.68) (-2.69)

𝛽𝑐 137.83 116.64 114.17 106.44 -216.15 -181.01 -175.25 -177.02 4.33 4.05 4.08 4.02

(3.33) (2.32) (2.22) (2.08) (-7.48) (-5.49) (-5.19) (-5.24) (3.90) (3.31) (3.26) (3.21)

log 𝐵𝑀 91.69 86.21 9.97 13.53 -5.40 -40.58 2.26 0.21 -0.35

(3.62) (3.23) (0.36) (0.91) (-0.34) (-2.40) (4.20) (0.37) (-0.57)

log𝑀𝐸 -125.24 -83.05 -52.06 2.35 -3.31 8.21 0.26 1.59 1.82

(-6.24) (-4.09) (-2.56) (0.20) (-0.27) (0.66) (0.62) (3.65) (4.14)

𝑂𝑃 -162.39 -99.14 22.85 51.93 -3.82 -3.24

(-3.04) (-1.85) (0.72) (1.62) (-3.27) (-2.77)

𝐴𝐺 -274.29 -180.32 50.95 85.16 -7.04 -6.21

(-6.16) (-4.04) (1.86) (3.07) (-7.41) (-6.43)

𝑀𝑂𝑀 -29.20 -141.59 -55.51 -97.12 -6.43 -7.40

(-0.83) (-3.79) (-2.98) (-5.00) (-9.37) (-10.37)

𝑆𝑅 83.23 -153.60 3.76

(0.81) (-2.65) (1.72)

𝐿𝑅 -182.90 -67.32 -1.61

(-10.54) (-7.56) (-4.62)

Obs 108,168 98,268 97,596 97,579 108,168 98,268 97,596 97,579 108,168 98,268 97,596 97,579

Adjusted 𝑅2 0.104 0.109 0.111 0.112 0.300 0.311 0.312 0.313 0.311 0.323 0.325 0.326

44



References

Acemoglu, D., and A. Tahbaz-Salehi, 2024, The macroeconomics of supply chain disruptions,

Review of Economic Studies rdae038.

Acemoglu, Daron, 2003, Labor-and capital-augmenting technical change, Journal of the European
Economic Association 1, 1–37.

Acemoglu, Daron, 2009, Introduction to modern economic growth (Princeton university press).

Acemoglu, Daron, Philippe Aghion, Claire Lelarge, John Van Reenen, and Fabrizio Zilibotti, 2007,

Technology, information, and the decentralization of the firm, The Quarterly Journal of Eco-
nomics 122, 1759–1799.

Acemoglu, Daron, Vasco M Carvalho, Asuman Ozdaglar, and Alireza Tahbaz-Salehi, 2012, The

network origins of aggregate fluctuations, Econometrica 80, 1977–2016.

Aghion, Philippe, Ufuk Akcigit, and Peter Howitt, 2014, What do we learn from schumpeterian

growth theory?, in Handbook of economic growth, volume 2, 515–563 (Elsevier).

Aghion, Philippe, and Peter Howitt, 1992, A model of growth through creative destruction, Econo-
metrica .

Aghion, Philippe, and Peter W Howitt, 2009, The economics of growth (MIT press).

Ahern, Kenneth, 2013, Network centrality and the cross section of stock returns, Working paper.

Akcigit, Ufuk, Santiago Caicedo, Ernest Miguelez, Stefanie Stantcheva, and Valerio Sterzi, 2018,

Dancing with the stars: Innovation through interactions, Technical report, National Bureau of

Economic Research.

Akcigit, Ufuk, Jeremy Pearce, and Marta Prato, 2025, Tapping into talent: Coupling education

and innovation policies for economic growth, The Review of Economic Studies 92, 696–736.

Bansal, Ravi, and Amir Yaron, 2004, Risks for the long run: A potential resolution of asset pricing

puzzles, The journal of Finance 59, 1481–1509.

Baqaee, David Rezza, and Emmanuel Farhi, 2019, The macroeconomic impact of microeconomic

shocks: Beyond hulten’s theorem, Econometrica 87, 1155–1203.
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Internet Appendix

A Solution to the model

Suppose knowledge network, physical network, and sectoral productivity are exogenously given.

The current-value Hamiltonian is given by

𝑖𝑡 = 𝜋𝑌𝑖𝑡 + 𝜋𝐾𝑖𝑡 − 𝑊𝑡𝓁𝑖𝑡 + 𝜇𝑖𝑡(𝜒 𝓁𝜉𝑖𝑡 − 𝜆𝑖) (66)

where 𝜇𝑖𝑡 is the current-value shadow price of 𝑎𝑖𝑡 , and we discount it at rate 𝜌𝑡 , which is equal to

growth rate of the pricing kernel at 𝑡. The first-order condition for researcher is given by Equation

(20), and the costate equation for the shadow price is given by Equation (21).

Combining Equation (17) with (30), we have

(𝑎𝑖𝑡𝑞𝑖𝑡 (
𝜎
𝑝𝑖𝑡)

𝜎

)

1
1−𝜎

=
𝜙

1 − 𝜎𝜙 − 𝜓

𝑛

∑
𝑗=1

𝜃𝑖𝑗 𝑡𝛿𝑗𝑡𝐶𝑡 . (67)

Thus, the relative price of knowledge good to physical goods can be expressed as

log 𝑞𝑖𝑡 − 𝜎 log 𝑝𝑖𝑡 = −𝜎 log 𝜎 − log 𝑎𝑖𝑡 + (1 − 𝜎)
(
log

𝜙
1 − 𝜎𝜙 − 𝜓

+ log
𝑛

∑
𝑗=1

𝜃𝑖𝑗 𝑡𝛿𝑗𝑡 + log 𝐶𝑡)
. (68)

We take the logarithm on both sides of Equation (40) as

log 𝑝𝑖𝑡𝑦𝑖𝑡 =
1

1 − 𝜙 − 𝜓 (
log 𝑧𝑖𝑡 + log 𝑝𝑖𝑡 + 𝜓

(
log 𝜓 +∑

𝑗
𝜔𝑗𝑖𝑡 (log𝜔𝑗𝑖𝑡 − log 𝑝𝑗𝑡))

+𝜙
(
log 𝜙 +∑

𝑗
𝜃𝑗𝑖𝑡 (log 𝜃𝑗𝑖𝑡 − log 𝑞𝑗𝑡)))

=
1

1 − 𝜙 − 𝜓 (
log 𝑧𝑖𝑡 + log 𝑝𝑖𝑡 + 𝜓

(
log 𝜓 +∑

𝑗
𝜔𝑗𝑖𝑡 (log𝜔𝑗𝑖𝑡 − log 𝑝𝑗𝑡))

+𝜙
(
log 𝜙 + log 𝑎̃𝑖𝑡 + 𝜎 log 𝜎 − (1 − 𝜎)(log

𝜙
1 − 𝜎𝜙 − 𝜓

+ log 𝐶𝑡) +∑
𝑗
𝜃𝑗𝑖𝑡 (log 𝜃𝑗𝑖𝑡 − 𝜎 log 𝑝𝑗𝑡)))

(69)

where the second equation is due to Equation (41) and (68) and the fact that ∑𝑗 𝜃𝑗𝑖𝑡 = 1. Stacking
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Equation (69) together, we have

log 𝑝𝑡 ◦ 𝑦𝑡 =
1

1 − 𝜙 − 𝜓(
log 𝑧𝑡 + log 𝑎̃𝑡 + (𝜎𝜙 log 𝜙 + 𝜓 log 𝜓 + 𝜎𝜙 log 𝜎 + (1 − 𝜎)𝜙 log (1 − 𝜎𝜙 − 𝜓)) 𝟏𝑛

− 𝜙(1 − 𝜎) log 𝐶𝑡𝟏𝑛 + (𝐈𝑛 − 𝜎𝜙Θ′ − 𝜓Ω′) log 𝑝𝑡 + 𝜙𝐝𝐢𝐚𝐠 (Θ′ logΘ) + 𝜓𝐝𝐢𝐚𝐠 (Ω′ logΩ))(70)

where ◦ is the Hadamard product, 𝟏𝑛 is a vector of ones, 𝐈𝑛 is a n-dimension identify matrix,

𝐝𝐢𝐚𝐠(𝑀) is a vector of diagonal elements of the matrix 𝐷, and Θ and Ω are defined in Equation

(22). Using Equation (34) and (36), we have

log 𝑝𝑡 ◦ 𝑦𝑡 = log 𝛿𝑡 + log 𝐶𝑡𝟏𝑛 − log (1 − 𝜎𝜙 − 𝜓)𝟏𝑛 (71)

Combining Equation (70) with (71) and multiplying both sides by 𝛿′, we have Equation (38), where

𝛿′𝟏𝑛 = 1, 𝛿′ (𝐈𝑛 − 𝜎𝜙Θ′ − 𝜓Ω′) log 𝑝𝑡 = (1 − 𝜎𝜙 − 𝜓)𝜉 ′ log 𝑝𝑡 = (1 − 𝜎𝜙 − 𝜓)𝜉 ′ log 𝜉 , and

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 = log(1 − 𝜎𝜙 − 𝜓) + 𝜁 ′ log 𝜁 +
1

1 − 𝜎𝜙 − 𝜓
(𝜙𝜎 log 𝜙𝜎 + 𝜓 log 𝜓)

.

B Model with labor worker

Now, we consider the case in which firms utilize worker as an additional input alongside physical

and knowledge inputs. Accordingly, we modify the production technology of firm 𝑖 in Equation

(1) to:

𝑦𝑖𝑡 = 𝑧𝑖𝑡(𝑙𝑤𝑖𝑡 )
𝛼𝑥𝜙𝑖𝑡𝑚

𝜓
𝑖𝑡 , 𝑤ℎ𝑒𝑟𝑒 𝛼 + 𝜙 + 𝜓 < 1, (72)

where 𝑙𝑤𝑖𝑡 represents the workers employed by firm 𝑖, and 𝛼 determines the labor share in produc-

tion. Given the wage rate of worker (𝑊 𝑤
𝑡 ), the firm maximizes its profits, leading to the first-order

condition for labor, in addition to Equations (5) and (6):

𝛼𝑝𝑖𝑡(𝑙𝑤𝑖𝑡 )
𝛼−1𝑥𝜙𝑖𝑡𝑚

𝜓
𝑖𝑡 = 𝑊 𝑤

𝑡 . (73)

Now, the dividends by firm 𝑖 can be expressed as

𝜋𝑌𝑖𝑡 = (1 − 𝛼 − 𝜙 − 𝜓)𝑝𝑖𝑡𝑦𝑖𝑡 (74)
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and the output of firm 𝑖 can by expressed as

𝑦𝑖𝑡 = (
𝑧𝑖𝑡𝑝

𝛼+𝜙+𝜓
𝑖𝑡 (

𝛼
𝑊 𝑤

𝑡 )

𝛼

(
𝜙
𝑞̄𝑖𝑡)

𝜙

(
𝜓
𝑝̄𝑖𝑡)

𝜙

)

1
1−𝛼−𝜙−𝜓

. (75)

On the supply side, the representative household provides labor to work and earns a wage. Ac-

cordingly, her preferences are given by:

𝑈(𝐶𝑡 , 𝐿𝑡) =
𝐶1−𝜂
𝑡 − 1
1 − 𝜂

− 𝛾
𝐿1+𝜖𝑡

1 + 𝜖
, (76)

where 𝛾 captures the relative importance of leisure compared to consumption, and 𝜖 represents

the inverse of the Frisch elasticity of labor supply. Thus, the intratemporal relationship between

consumption and labor supply is given

𝑊 𝑤
𝑡 = 𝛾𝐿𝜖𝑡𝐶

𝜂
𝑡 . (77)

Finally, the market-clearing condition for the worker market is given by:

𝐿𝑡 = ∑
𝑖
𝑙𝑤𝑖𝑡 . (78)

Combining Equation (73) with (78), we have

𝑊 𝑤
𝑡 𝐿𝑡 = 𝛼∑

𝑖
𝑝𝑖𝑡𝑦𝑖𝑡 (79)

Using Equations (74) and (79), the household’s budget constraint in equilibrium becomes:

𝐶𝑡 = ∑
𝑖
(𝜋𝑌𝑖𝑡 + 𝜋𝐾𝑖𝑡 ) + 𝑊 𝑤

𝑡 𝐿𝑡 = (1 − 𝜎𝜙 − 𝜓)∑
𝑖
𝑝𝑖𝑡𝑦𝑖𝑡 (80)

Thus, combining Equation (77) and (79) with (80), we have

𝑊𝑡 = 𝛾̃𝐶
𝜖+𝜂
1+𝜂
𝑡 , (81)

where 𝛾̃ = (𝛾 (
𝛼

1−𝜙−𝜓)
𝜖

)
1

1+𝜖
. Since Equation (33) still holds, the vector 𝛿𝑡 , defined in Equation

(36), continues to be equal to the Domar weights, as given in Equation (39). Taking the logarithm

on both sides of Equation (75), and substituting 𝑝𝑖𝑡𝑦𝑖𝑡 with Equation (34), 𝑊𝑡 with Equation (81),

𝑝̄𝑖𝑡 with Equation (10), and 𝑞̄𝑖𝑡 with Equation (8) and (68), we can rewrite the logarithm of the
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consumption bundle as:

log 𝐶𝑡 ≈
1

1 − 1−𝜖
1+𝜂𝛼 − 𝜎𝜙 − 𝜓 (

−(1 − 𝛼 − 𝜙 − 𝜓)∑
𝑖
𝛿𝑖𝑡 log 𝛿𝑖𝑡 + 𝜙∑

𝑖
𝛿𝑖𝑡 ∑

𝑗
𝜃𝑗𝑖𝑡 log 𝜃𝑗𝑖𝑡

+𝜓∑
𝑖
𝛿𝑖𝑡 ∑

𝑗
𝜔𝑗𝑖𝑡 log 𝜔𝑗𝑖𝑡 +∑

𝑖
𝛿𝑖𝑡 (log 𝑧𝑖𝑡 + 𝜙 log 𝑎̃𝑖𝑡))

(82)

Notably, the introduction of labor affects the consumption bundle in Equation (42) in two key

ways. First, with labor as an additional input, the effects of knowledge and physical input net-

works on firms’ outputs must be adjusted to account for the labor share. Second, as wages influ-

ence household income, labor introduces a general equilibrium (GE) effect on the consumption

bundle. This effect is captured by the first term on the right-hand side of Equation (82). It is

straightforward to show that incorporating labor into the technology leads to qualitatively simi-

lar implications for asset pricing as in Proposition 1.

C Balanced growth path

We can now characterize the balanced growth path (BGP) of our economy.

Proposition 2 (Existence of balanced growth path). Suppose knowledge network, physical net-
work, and sectoral productivity are constant, Θ𝑡 = Θ, Ω𝑡 = Ω, and 𝐳𝑡 = 𝐳 for all 𝑡. Thus, the output
shares (𝛿) are determined by Equation (36) and the initial aggregate consumption 𝐶0 is determined
by Equation (42). Suppose 𝛽 > 𝜙(1−𝜂)

1−𝜙−𝜓 (𝜒 −𝜆min), where 𝜆min = min {𝜆1, … , 𝜆𝑛}. There exists a balanced
growth path, along which

• labor allocations are constant over time, where for 𝑖 ∈ {1, 2, … , 𝑛}, we have

𝑙𝑖 =
(∑𝑛

𝑗=1 𝜃𝑖𝑗𝛿𝑗)
1

1−𝜉

∑𝑛
𝑖=1 (∑

𝑛
𝑗=1 𝜃𝑖𝑗𝛿𝑗)

1
1−𝜉

; (83)

• growth rate of knowledge productivity is equal to 𝐠𝑎 = [𝑔𝑎1 , 𝑔𝑎2 , … , 𝑔𝑎𝑛]𝑇 , where

𝑔𝑎𝑖 = 𝜒𝑙𝜉𝑖 − 𝜆𝑖; (84)

• aggregate consumption 𝐶𝑡 , sales of sector 𝑖s’ physical goods 𝑝𝑖𝑡𝑦𝑖𝑡 , consumption on sector 𝑖’s
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good 𝑝𝑖𝑡𝑐𝑖𝑡 , wage rate 𝑊𝑡 , and the value function of firms all grow at the same rate of 𝑔 , where

𝑔 =
𝜙

1 − 𝜙 − 𝜓

𝑛

∑
𝑖=1

𝛿𝑖
𝑛

∑
𝑗=1

𝜃𝑗𝑖𝑔𝑎𝑗 ; (85)

• prices of physical goods evolve at the growth rate of 𝐠𝑝, where

𝐠𝑝 = (𝐈𝑛 − 𝜎𝜙Θ′ − 𝜓Ω′)
−1
((1 − 𝜎𝜙 − 𝜓)𝑔𝟏𝑛 − 𝜙Θ′𝐠𝑎) , (86)

where 𝟏𝑛 is the vector of ones with dimension of 𝑛;

• prices of knowledge goods evolve at the growth rate of 𝐠𝑝, where

𝐠𝑞 = 𝜎𝐠𝑝 + (1 − 𝜎)𝑔𝟏𝑛 − 𝐠𝑎. (87)

Proposition 2 shows that along the BGP, key aggregate variables grow at constant rates, and

sectoral allocations, including output share and labor allocation, remain the same.

Proof. Along the balanced growth path, assume that aggregate consumption grows at a constant

rate 𝑔 while labor allocations remain constant across sectors. Thus, the definition of the pricing

kernel implies 𝜌 = 𝛽+𝜂𝑔 . The household budget constraint therefore implies that the equilibrium

wage must grow at the same rate 𝑔 . As shown in Equation (20), the shadow price of knowledge

productivity likewise follows the same growth rate 𝑔 .

For given Θ, Ω, 𝐳, and 𝐚0, 𝛿 is determined by Equation (36) and 𝐶0 is determined by Equation

(42). Combining Equation (68) with (21), we have

𝜇𝑖0 =
𝜙∑𝑗 𝜃𝑖𝑗𝛿𝑗

(1 − 𝜎𝜙 − 𝜓)(𝛽 − (1 − 𝜂)𝑔)
𝐶0. (88)

Equation (20) implies that

𝑙𝑖 = (
𝜉𝜒𝜇𝑖0
𝑊0 )

1
1−𝜉

= (∑𝑗 𝜃𝑖𝑗𝛿𝑗)
1

1−𝜉

∑𝑖 (∑𝑗 𝜃𝑖𝑗𝛿𝑗)
1

1−𝜉
, (89)

where Equation (31) implies that

𝑊0 = 𝜉𝜒
(
∑
𝑖
𝜇

1
1−𝜉
𝑖0 )

1−𝜉

=
𝜉𝜒𝜙

(1 − 𝜎𝜙 − 𝜓)(𝛽 − (1 − 𝜂)𝑔)

⎛
⎜
⎜
⎝
∑
𝑖 (

∑
𝑗
𝜃𝑖𝑗𝛿𝑗)

1
1−𝜉 ⎞
⎟
⎟
⎠

1−𝜉

𝐶0. (90)
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Equation (14) implies that the growth rate of knowledge productivity is given by Equation (84).

Thus, Equation (43) implies the growth rate of consumption is given by Equation (85). This

growth rate is smaller than
𝜙

1−𝜙−𝜓 (𝜒 − 𝜆min), and the assumption on 𝛽 > 𝜙(1−𝜂)
1−𝜙−𝜓 (𝜒 − 𝜆min) ensures

that the transversality condition holds along the balanced growth path.

Finally, Equation (70) implies the growth rate of physical good price is given by Equation (86),

and Equation (68) implies the growth rate of knowledge good price is given by Equation (87).

D Details about Compustat Segment Data

Following Herskovic (2018), we estimate physical network factors based on the information from

Compustat customer segment data. Regulation SFAS No. 131 requires firms to disclose the iden-

tity of any customer representing more than 10% of the total reported sales. WRDS provides a

supply chain linking data of this customer-supplier relation based on Compustat segment data.

The data includes the identity of both customers and suppliers as well as sales from each supplier

to its customers. We only include unique customer-supplier pair in each data.

The segment data is collected at the supplier level with datadate being suppliers’ datadate. To

identify the datadate for the customer, we keep the closest customer datadate to each supplier

datadate among the three consecutive years of previous, contemporaneous, and next year cen-

tered around the year of supplier datadate. To avoid using future information, we set the year

to be the later of the customer and supplier datadate for each customer-supplier pair. This treat-

ment can potentially create an issue that one customer might have two different datadates for the

same year. In this case, it would have different sales and potentially be in two different sectors if

the company changes industry code from one year to another year. To avoid this complication,

we only keep customers with the same industry code in a year (less than 0.5% observations are

dropped) and take an average of the sales. Further, to avoid the case where the number of com-

panies is too few in a sector especially in early years, we require more than 5 companies each

year for a customer sector when computing network factors.

To further exclude potential data errors in the segment data, we eliminate observations where

total customer sales are more than total sales of the supplier reported in Compustat fundamental

data. Sector is defined by SIC-2 digit industry code. We use Compustat historical SIC industry

code first. If it is missing, we then use the available SIC industry code from CRSP.
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E Additional Robustness Checks

Table A1 Estimating the market price of risk, alternative testing assets

This table presents GMM estimates of the parameters of a five-factor linear SDF model, with knowledge sparsity

factor (Δ 𝑠𝑥
), physical network sparsity factor (Δ 𝑠𝑚

), concentration factor (Δ 𝑐
), residual TFP factor (𝐑𝐓𝐅𝐏),

and the market factor (𝐌𝐊𝐓). RTFP factor is the residual from regressing TFP growth on Δ 𝑠𝑥
, Δ 𝑠𝑚

, and Δ 𝑐
.

We use the SIC 2-digit industry portfolios and 4 sets of 5-by-5 double sorted portfolios (25 size-B/M portfolios, 25

size-INV portfolios, 25 size-OP portfolios, and 25 size-MOM portfolios) as test assets. We only include SIC 2-digit

industry portfolios with more than 20 stocks in every month of the sample. We do the normalization such that

𝐸[𝑚] = 1 (see, for example, Cochrane, 2001), and standardize the factors to a unit standard deviation. We report t-

statistics based on standard errors estimation using the Newey-West procedure adjusted for three lags. As a measure

of fit, we report the annualized mean absolute pricing errors (MAE) in percentage, the 𝐽 𝑇 -statistics, the p-value

associated with the over-identification test, and the p-value for the difference of the 𝐽 𝑇 -statistics when comparing

model (1) with model (2), model (3) with model (5), and model (4) with model (5). The sample is monthly from July

1981 to June 2021.

(1) (2) (3) (4) (5)

𝐌𝐊𝐓 0.33 0.26 0.14 0.20 0.21

(8.54) (5.59) (3.86) (4.73) (4.61)

𝐑𝐓𝐅𝐏 0.49 0.17 0.12

(4.80) (1.53) (0.91)

Δ 𝑠𝑥
0.23 0.23

(2.22) (1.95)

Δ 𝑠𝑚
0.38 0.27 0.31

(4.19) (3.08) (3.23)

Δ 𝑐
-0.95 -0.71 -0.72

(-9.68) (-6.58) (-5.52)

MAE (%) 9.29 2.05 2.24 2.18 2.46

𝐽 𝑇 -statistics 878.99 246.01 301.41 142.77 110.07

p-value 0.00 0.00 0.00 0.09 0.73

𝐽 𝑇 -Diff test 1 vs. 2 3 vs. 4 4 vs. 5

p-value(𝐽 𝑇 -Diff) 0.00 0.00 0.00

F Cross-sectional tests

F.1 Simulation for cross-sectional tests

In this section, we quantitatively assess our approximation (betas) for firms’ exposures to ag-

gregate risk factors. We begin by calibrating our model using US data across two sectors: (1)
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Table A2 Estimating the market price of risk, alternative testing assets

This table presents GMM estimates of the parameters of a five-factor linear SDF model, with knowledge sparsity

factor (Δ 𝑠𝑥
), physical network sparsity factor (Δ 𝑠𝑚

), concentration factor (Δ 𝑐
), residual TFP factor (𝐑𝐓𝐅𝐏),

and the market factor (𝐌𝐊𝐓). RTFP factor is the residual from regressing TFP growth on Δ 𝑠𝑥
, Δ 𝑠𝑚

, and Δ 𝑐
.

We use the Fama-French 10 industry portfolios and 4 sets of 2-by-3 double sorted portfolios (6 size-B/M portfolios, 6

size-INV portfolios, 6 size-OP portfolios, and 6 size-MOM portfolios) as test assets. We do the normalization such that

𝐸[𝑚] = 1 (see, for example, Cochrane, 2001), and standardize the factors to a unit standard deviation. We report t-

statistics based on standard errors estimation using the Newey-West procedure adjusted for three lags. As a measure

of fit, we report the annualized mean absolute pricing errors (MAE) in percentage, the 𝐽 𝑇 -statistics, the p-value

associated with the over-identification test, and the p-value for the difference of the 𝐽 𝑇 -statistics when comparing

model (1) with model (2), model (3) with model (5), and model (4) with model (5). The sample is monthly from July

1981 to June 2021.

(1) (2) (3) (4) (5)

𝐌𝐊𝐓 0.34 0.27 0.12 0.18 0.18

(6.76) (3.90) (2.16) (3.04) (2.73)

𝐑𝐓𝐅𝐏 1.11 0.29 0.03

(3.91) (1.08) (0.11)

Δ 𝑠𝑥
0.38 0.55

(1.74) (2.45)

Δ 𝑠𝑚
0.51 0.50 0.41

(2.55) (2.55) (1.90)

Δ 𝑐
-0.89 -0.53 -0.53

(-4.55) (-2.44) (-2.42)

MAE (%) 9.01 1.83 1.83 2.19 3.42

𝐽 𝑇 -statistics 104.21 35.70 53.24 32.01 20.25

p-value 0.00 0.22 0.01 0.37 0.88

𝐽 𝑇 -Diff test 1 vs. 2 3 vs. 4 4 vs. 5

p-value(𝐽 𝑇 -Diff) 0.00 0.00 0.00

manufacturing, and (2) services. Next, we simulate the model to calculate industrial stock re-

turns as implied by Equation (19), along with the corresponding exposures to aggregate risks as

in Equation (61). We then test their correlation using Equation (56). Overall, our findings show

that the point estimates are in a line with our model’s predictions.
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First, we derive the expression for excessive returns in Equation (60) as

𝑥𝑟𝑖,𝑡+1 ≡ log𝔼𝑡[𝑒𝑟𝑖,𝑡+1] − 𝑟𝑓 𝑡
= 𝜂(𝐜𝐨𝐯𝑡 (Δ log 𝛿𝑖,𝑡+1, Δ log 𝐶𝑡+1) + 𝐯𝐚𝐫𝑡 (Δ log 𝐶𝑡+1) ),

≃ −𝐜𝐨𝐯𝑡 (Δ log 𝛿𝑖,𝑡+1, Δ 𝑐
𝑖,𝑡+1) + 𝐜𝐨𝐯𝑡 (Δ log 𝛿𝑖,𝑡+1, Δ 𝑠𝑚

𝑖,𝑡+1)
+𝐜𝐨𝐯𝑡 (Δ log 𝛿𝑖,𝑡+1, Δ 𝑠𝑥

𝑖,𝑡+1) + 𝐜𝐨𝐯𝑡 (Δ log 𝛿𝑖,𝑡+1, Δ 𝑒
𝑖,𝑡+1)

= −𝛽𝑐𝑖 𝐯𝐚𝐫𝑡 (Δ 𝑐
𝑖,𝑡+1) + 𝛽𝑠𝑚𝑖 𝐯𝐚𝐫𝑡 (Δ 𝑠𝑚

𝑖,𝑡+1) + 𝛽𝑠𝑥𝑖 𝐯𝐚𝐫𝑡 (Δ 𝑠𝑥
𝑖,𝑡+1) + 𝛽𝑒𝑖 𝐯𝐚𝐫𝑡 (Δ 𝑒

𝑖,𝑡+1)

where for the second equation, we use Equation (34), (36), and (37) to obtain 𝜋𝑖𝑡 = 𝛿𝑖𝑡𝐶𝑡 ; the third

equation is due to Equation (43).

Next, we simulate the model and explore the correlation of sectoral exposures between two-

period cash flow model and the full-fledge model. In doing so, we set the discount factor to 0.96

and the risk-aversion parameter to 3.5. We apply a similar strategy as in Section 4.4 to calibrate

the rest of parameters. For 𝜙 (𝜓), we use the average of all 𝜙𝑖𝑡 (𝜓𝑖𝑡). Here, we set 𝜙 = 0.17 and

𝜓 = 0.45. Then, we take the average of each sectors’ knowledge (physical) input expenditure

share, i.e., 𝜃𝑖𝑗 𝑡 (𝜔𝑖𝑗 𝑡), over time as the knowledge (physical) input expenditure share in the steady

state. Here, we have

Θ =
[
0.82 0.49
0.18 0.51 ]

, 𝑎𝑛𝑑 Ω =
[
0.76 0.49
0.24 0.51 ]

.

In simulation, we need to alter the value of these input shares so that the standard deviation for

these input shares are calculated as

𝐬𝐝(ΔΘ) =
[
0.08 0.11
0.08 0.11 ]

, 𝑎𝑛𝑑 𝐬𝐝(ΔΩ) =
[
0.42 0.46
0.42 0.46 ]

.

Similarity, we take the average of the output shares, denoted 𝛿𝑖𝑡 , over time as the output shares in

steady state. Using Equation (36), we calculate the model-consistent consumption share, 𝜁𝑖. Here,

we have

𝛿 = [ 0.55 0.45 ]
𝑇
, 𝑎𝑛𝑑 𝜁 = [ 0.48 0.52 ]

𝑇
.

After simulating the model for five hundred periods, we compute the stock return for sector 𝑖
as 𝑟𝑖𝑡 = 𝑑𝑖𝑡/(𝑣𝑖𝑡 − 𝑑𝑖𝑡), where 𝑑𝑖𝑡 and 𝑣𝑖𝑡 are defined in Equation (19). We then compute firms’ expo-

sures to the aggregate factors as defined in Equation (61). Notably, our analysis emphasizes the

evolution of two networks rather than aggregate shocks, keeping sectoral productivities constant

throughout the simulations. To examine whether the betas from our two-period approximation
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align with those derived from the full model, we perform a regression of sectoral stock returns on

three aggregate factors, controlling for industry fixed effects. The top panel of Table 5 presents

the point estimates.

Next, we approximate the 𝛽 coefficients in Equation (61) by applying a two-period cash-flow

assumption. This approach uses the covariance between changes in industry 𝑖’s output share

and network factors, as detailed in Equations (62) through (64). The bottom panel of Table 5

presents the approximated 𝛽 coefficients and their standard errors from the simulation. We find

that the approximated exposures derived from the two-period cash flow is consistent with the

point estimates from the full model in terms of the signs and the relative magnitudes of the

sectoral 𝛽’s.
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