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Abstract

We study the linear regression model with a scalar response and a functional
predictor, a canonical example of an ill-posed inverse problem. We show that the
functional partial least-squares (PLS) estimator achieves convergence rates that are
nearly minimax-optimal over a class of ellipsoids and propose an adaptive early-
stopping procedure for selecting the number of PLS components. In addition, we
develop a new test that detects parametric local alternatives. The test can be inverted
to construct confidence sets for the functional slope parameter. Simulation results
show that the estimator performs favorably relative to several existing methods, and
that the proposed test has good power. We apply our methodology to evaluate the
nonlinear effects of temperature on corn and soybean yields.

Keywords: Functional partial least-squares, inference, rate-optimal and adaptive estima-
tion, functional linear regression, climate science.

*The authors gratefully acknowledge the editor, associate editor, and referees for their helpful and
constructive comments. An earlier version of this paper circulated under the title “Theoretical Comparison
of Functional Principal Component Analysis and Functional Partial Least Squares.” The authors thank
participants at the SCSE Conference in Quebec (2019), the EC? Conference in Paris (2020), the NBER-
NSF Time Series Conference at Rice University (2021), the ESIF Economics and AI4+ML Meeting in
Ithaca (2024), the Triangle Econometrics Conference (2024), and Econometrics in Rio (2024) for their
valuable feedback. We are especially grateful to Ryan Borhani for outstanding research assistance. Marine
Carrasco acknowledges partial financial support from NSERC and FQRSC. The authors report there are
no competing interests to declare.



1 Introduction

With the increasing availability of data, functional data analysis is now widely used across
fields such as chemometrics, climate science, and economics. In this paper, we study a

linear functional regression model with a scalar response Y and functional predictor X:
1
Yy — / B(s)X(s)ds +2,  E[X]=0. (1)
0

The primary objective is to estimate the functional slope 8 to predict the response Y.
Both X and f lie in an infinite-dimensional Hilbert space, and the high dimensionality of
[ leads to an ill-posed inverse problem. Consistent estimation of the slope coefficient thus
requires either a dimension-reduction technique or some form of regularization.

Two main approaches have been popular in the functional data analysis literature:
penalization methods, e.g., Cardot et al. (2003), Li and Hsing (2007), Crambes et al.
(2009), Yuan and Cai (2010), Cai and Yuan (2012), Florens and Van Bellegem (2015),
and functional principal component analysis (PCA), e.g., Cardot et al. (1999), Ramsay
and Silverman (2002), Cai and Hall (2006), Hall and Horowitz (2007). The PCA-based
approach approximates  using a finite expansion over the leading principal components,
which correspond to the eigenfunctions of the covariance operator. As noted by Jolliffe
(1982), this method performs well when the response Y is primarily correlated with the
leading principal components. Moreover, accurate recovery of the principal components
requires sufficient separation between the eigenvalues of the covariance operator.

In this paper, we explore an alternative method, functional partial least-squares (PLS).
PLS is widely used in statistical learning, see Friedman et al. (2009), Frank and Friedman
(1993); economics and finance, see Carrasco and Rossi (2016) and Kelly and Pruitt (2015);
chemometrics, see Helland (1988), Wold et al. (1984). However, it has been used less com-

monly in empirical functional data analysis. The method constructs components as linear
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transformations of the predictors X designed to maximize covariance with the response Y.
As a result, fewer components are typically needed to achieve good predictive performance
compared to PCA. Functional PLS was introduced by Preda and Saporta (2005) to address
high-dimensional multicollinearity issues in the scalar-on-function linear model. Several in-
teresting papers compare PCA and various functional PLS estimators using data-driven
choices of the number of latent components in simulations; see Reiss and Ogden (2007),
Kramer et al. (2008), Baillo (2009), Aguilera et al. (2010), Febrero-Bande et al. (2017), and
Saricam et al. (2022). This literature concludes that the predictive ability of functional
PCA and PLS approaches is similar, but functional PLS requires fewer components and
provides more accurate estimates of the slope parameter than PCA.

However, the existing literature lacks supporting theory, which is challenging to obtain
because the PLS estimator depends nonlinearly on the response variable and is computed
iteratively. An important step toward the theoretical analysis of functional PLS was made
by Delaigle and Hall (2012), who introduced an alternative PLS (APLS). Nevertheless, it
remains unknown whether (1) functional PLS achieves nearly minimax-optimal convergence
rates under weak conditions; (2) a rate-adaptive method to select the number of PLS
components exists; and (3) inference for functional PLS can be conducted. Deriving an
approximation to the distribution of the PLS estimator is particularly challenging because
PLS is a nonlinear estimator converging at a nonparametric rate. Our paper fills these gaps
in the literature and provides a comprehensive, rigorous theoretical analysis of functional
PLS.

The paper makes several original contributions. First, we derive convergence rates
for estimation and prediction errors under a source condition. This condition measures

the complexity of the problem through the so-called degree of ill-posedness and relates



B to the spectral decomposition of the covariance operator. Our results do not require
assuming a separation between adjacent eigenvalues, as is common for PCA (see, e.g., Hall
and Horowitz (2007)), and hold even in the presence of repeated eigenvalues. Second, we
establish a lower bound on the minimax convergence rate and show that our estimator is
nearly minimax-optimal. Because the optimal number of PLS components depends on the
unknown degree of ill-posedness, we propose an adaptive early-stopping rule for selecting
the number of components. We show that this single early-stopping rule yields a rate-
optimal PLS estimator for both estimation and prediction errors with high probability. We
also characterize how the selected number of components evolves with sample size under
various scenarios.

Lastly, we develop a new test and accompanying confidence sets for PLS. We show
that the test can detect alternatives converging at a parametric rate. Interestingly, while
early stopping is crucial for estimation and prediction to prevent overfitting, it should be
avoided for inference. An efficient iterative algorithm to compute the estimator is provided.
Our simulation results reveal that the estimator outperforms several alternative methods
combined with cross-validation in terms of estimation error and remains competitive in
prediction. We also find that our test has excellent power with samples of as few as 100
observations.

To establish our theoretical results, we rely on the inverse problem literature and exploit
the close connection between PLS and the conjugate-gradient method, as presented in
Hanke (1995), Engl et al. (1996), and Blanchard and Kradmer (2016). To the best of
our knowledge, this connection has not previously been established in the functional data
analysis literature. Recently and independently of our work, Gupta et al. (2023) proposed

an estimator in a reproducing kernel Hilbert space (RKHS) generated by a specified kernel



and used the conjugate-gradient method to regularize the solution. Although their method
is similar, the results are not directly comparable to ours. Their main result concerns the
convergence rate of an estimator in an RKHS, established under different assumptions. In
particular, they assume a polynomial decay rate of certain operator eigenvalues, while we
do not require any decay assumptions; see also Gupta et al. (2025), who discuss optimal
convergence rates with linear spectral regularization schemes under similar assumptions.
Similarly, Lin and Cevher (2021) studied conjugate-gradient methods in the context of
linear approximations to nonparametric regression with randomized sketches and Nystrom
sampling. While their results apply to general Hilbert spaces under stronger assumptions,
they do not explicitly connect to the functional data analysis literature; for example, their
simulations focus on linear approximations of E[Y|X] = f(X) with real-valued data Y, X €
R and Sobolev RKHS kernels. Neither paper establishes rate adaptivity or provides a
practical early-stopping rule for selecting the number of PLS components.

To illustrate the practical relevance of our results, we apply our method to climate
science. Using a fine-grained county-level dataset of U.S. crop yields and temperatures
recorded over 70 years, we estimate the impact of temperature on crop yields. We find that
the critical temperature at which annual crop yields begin to decay is around 30°C, consis-
tent with Schlenker and Roberts (2009), who relied on highly parameterized least-squares
estimators. Our method provides additional insights by examining how the temperature-
effect curves have evolved over time. Interestingly, we find that the detrimental effects of
high temperatures on corn and soybean yields have diminished over time, likely reflecting
farmers’ adaptive actions, including the use of more resilient crops and improved irrigation
systems. However, this finding is not conclusive once statistical uncertainty is accounted

for, given the small number of observed extreme temperatures.



The rest of the paper is organized as follows. Section 2 introduces the functional regres-
sion model and the functional PLS estimator. Section 3 establishes the theoretical prop-
erties, including the convergence rates for estimation and prediction errors, the minimax
lower bound, and the adaptivity of the early-stopping rule. Section 4 develops inference for
PLS. Section 5 presents a Monte Carlo study. Section 6 discusses an empirical application
to nonlinear temperature effects in agriculture. Section 7 concludes the paper. The Supple-
mentary Material provides all proofs, comparisons to alternative estimators, and additional

simulation results. A replication package is also provided.

2 Functional Regression and PLS Estimator

2.1 Functional Linear Regression

Throughout the paper, we consider a generalized version of the functional linear regression
model

Y =(5,X)+e, E[cX] =0,

where (Y, X) € R x H, 8 € H is the unknown functional slope coefficient, and (H, (., .))
is a separable Hilbert space with the induced norm ||.|| = 1/(.,.). The model in Equation
(1) corresponds to the Hilbert space of square-integrable functions, H = L[0, 1], with the
norm induced by the inner product (f,g) = fol f(s)g(s)ds.

If E[X] = 0, the covariance restriction E[eX] = 0 implies that the slope coefficient

[ € H solves the moment condition
ri=E[YX] = B[(X ® X)8] = K8, (2)

where r € H and K : H — H is a compact covariance operator with summable eigenvalues

whenever E|| X||? < oco. It is well known that the inverse operator K~! is discontinuous
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and solving the equation K3 = r for § is an ill-posed inverse problem; see Carrasco et al.
(2007), Engl et al. (1996), and Hanke (1995).

Roughly speaking, there are two popular strategies to regularize such problems:

(a) replace K~! with a continuous operator R,(K) for some function R, : R, — R,

satisfying limg_,g+ Ro(A) = A75

(b) solve the problem in a finite-dimensional subspace H,, C H, spanned by some fixed

basis vectors hy, ha, ..., h,, € H.

Examples of (a) include Tikhonov regularization when R,(\) = (a+ A)~!, the spectral
cutoff when R,()\) = A7'1,>, and Landweber iterations. On the other hand, the estimators

in group (b) often solve the empirical least-squares problem

: _ 2
min [ly —T.0]f, (3)
where ||v|> = vTv/n,v € R" and we denote y = (V3,...,Y,)" and
T, H— R"

b ((X1,b), ..., (X, b))

for an ii.d. sample (Y;, X;)_,. The basis (h;)j., spanning H,, can be either fixed (e.g.
Fourier, polynomials, splines, wavelets) or adaptively constructed from the data.

The data-driven bases are especially attractive since they can adapt to the features of
the population represented by the data and can approximate the slope parameter g € H
more efficiently; see Delaigle and Hall (2012). The principal component analysis (PCA)!

and the partial least-squares (PLS) are two widely used methods to construct adaptive bases

in practice. The PCA basis is constructed by identifying the directions in H where X varies

1Using the PCA basis is also related to the spectral cutoff method described in (a).



the most while the PLS basis is constructed in a supervised way taking into account the
response variable as well. While the first m elements of the PCA basis hq, ..., h,, usually
capture most of the variation of X, these are not necessarily the most important vectors
for approximating [ or predicting the response variable Y. It is easy to find empirical
examples where some of the last few low-variance components are important; see Jolliffe
(1982) who documented this issue using datasets from economics, climate science, chemical

engineering, and meteorology.

2.2 PLS Estimator

The PLS estimator constructs a data-driven basis iteratively maximizing the covariance
with the response variable Y; see Preda and Saporta (2005) who introduced it in the
functional data analysis setting. The iterative nature of the estimator makes it difficult
to analyze its statistical properties. This prompted Delaigle and Hall (2012) to formulate
an alternative functional PLS that solves the problem in Equation (3) over the so-called
Krylov subspace

H,,, — span {r K# K%, Kmflf} ,

where

S|

P =

n . 1 n
ZYin- and K:EZX&@XZ-
i=1 =1
are the estimators of r and K; see also Wold et al. (1984), Helland (1988), and Phatak and
de Hoog (2002) for the link between PLS and Krylov subspaces.

In this paper, we study a version of the PLS estimator with m > 1 components, denoted

Bm, characterized as a solution to the least-squares problem

. * . 2
min [[77(y — Tub)|



over the Krylov subspace H,,. The least-squares objective function is weighted by the
adjoint operator of T,
Tr:R"— H
¢= (b1, )" = linﬂ%
"
and corresponds to minimizing the normal equations (the first-order conditions to the
problem in Equation (3)). Equivalently, ., fits the empirical counterpart to the equation
(2)
12
i R
since 7 = Ty and K = T*T,. Importantly, the PLS estimator formalized in Equation (4)
corresponds to the conjugate-gradient method applied to the self-adjoint operator K , cf.
Hestenes and Stiefel (1952), known for its excellent regularization properties; see also Hanke
(1995) and Nemirovski (1986).2 We provide a more detailed comparison between the two
PLS estimators in the Supplementary Material, Section S.1. A related formulation of the
PLS in reproducing kernel Hilbert spaces (RKHS) was recently studied in an independent
work of Gupta et al. (2023) who focus on the estimation error only and impose assumptions
different from ours. Our work can be seen as using a kernel naturally adapted to the data
which is unknown in practice.

The estimator is uniquely defined for every m < n,, where n, is the number of distinct
nonzero eigenvalues of K see Proposition S.1 in the Supplementary Material. It is also easy
to see that for every m > 1, we have 3, = P,,(K)f for a polynomial P,,(K) = Py a; K71
with coefficients a := (a1, ...,a,)", where Py =0 and 3, = 0. The coefficient vector solves

the system of m linear equations

Ka =r,

2The conjugate-gradient method is one of the most efficient algorithms for solving high-dimensional

systems of linear equations; see also (Nocedal and Wright, 1999, Chapter 5) and references therein.
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where K := (K/#, K*")1<; p<m and 1 := (K’#,#)1<;<,n. From a practical point of view, it
is more efficient to use an iterative conjugate-gradient algorithm that bypasses the (poten-
tially unstable) matrix inversion with an iterative multiplication by the operator K ; see

Algorithm 1 in Section 5.

3 Adaptive Estimation

In this section, we will show that the functional PLS estimator achieves the nearly optimal
convergence rate on a class of ellipsoids. We consider an early-stopping rule to select the
number of PLS components and show that it adapts to the complexity of the ellipsoid.
Lastly, we study how rapidly the number of selected components increases with the sample

size and make some comparisons to the PCA estimator.

3.1 Optimal Convergence Rates

Since the operators K : H — H and K :H — H are self-adjoint and compact, by the
spectral theorem

o n

K:Z)\jvj®vj and K:Z)\jﬁj@)@j,

j=1 j=1
where Ay > Ay > --- >0 and 5\1 > 5\2 >0 > an > 0 are the eigenvalues of K and K and
(v;)32, and (9;)j_, are the corresponding eigenvectors; see Kress (1999), Theorem 15.16.
Note that the sample covariance operator K is a finite-rank operator with at most n, <n
distinct nonzero eigenvalues.

For any bounded and measurable function ¢ : R, — R, , we define functions of opera-

tors through their spectral decompositions:
BK):=> oV @v;  and  §(K) =D d(h)0; @ ;.
j=1
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These definitions are commonly used in the inverse problems literature; see Engl et al.
(1996).

The following inequalities for the operator norm will often be used:

oK) lop < sup [6(N)]  and  o(K)]lop < sup [$(N)], ()

AE[0,M1] A€E[0,A1]
where || A||op = SUp|z =1 | Az|].

We next introduce several weak assumptions on the data-generating process.

Assumption 1. (X;,Y;)", are i.i.d. copies of (X,Y) with E[X] = 0, E[|X||* < oo, and

E[?X] < 0% < .

Assumption 1 imposes mild restrictions on the data-generating process. Note that
E|| X||* < oo is satisfied when X is a Gaussian process in H. It implies that K is a nuclear

operator and, hence, compact.
Assumption 2. The operator K : H — H does not have zero eigenvalues.

Assumption 2 ensures that the slope parameter 3 is identified. If this assumption is vio-
lated, our results apply to the identified component of 5 within the orthogonal complement

of the null space of K; see Babii and Florens (2025) and Engl et al. (1996).

Assumption 3. For some u,C' > 0, the slope parameter 3 and the operator K belong to
the class

S(M,C)Z{BGH,K:H%H: ZWA“J < C?, Z/\ <C}

7=1 J
Assumption 3 describes the degree of ill-posedness in terms of the smoothness of 5 and
the smoothing properties of the operator K. The parameter p is known as the degree of

ill-posedness. It restricts the rate of decay of the generalized Fourier coefficients (3, v;),>1
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relative to the eigenvalues of K. A larger value of u means that it is easier to estimate
the slope coefficient f3; see also Carrasco et al. (2007). Recall also that the summability of
eigenvalues holds whenever E|| X ||? < co. Note that Assumption 3 is weaker than what is
typically used to analyze the PCA estimators and does not require restricting the spacing
between eigenvalues, cf. Hall and Horowitz (2007).

Consider now the so-called residual polynomial Q,,(\) = 1 — AP,,()), deriving its name

from the identity 7 — K 3,, = Qm(f( )7. It is known that the polynomial, Qum, has m distinct

real roots, denoted él > éz > > ém > (. The sum of the inverses of these roots,

A 1
Q. (0) =D =,
plays an important role in the analysis of the conjugate-gradient regularization; see Lemma
S.4 in the Supplementary Material.

Our first result characterizes the convergence rate of the estimation and prediction

errors of the PLS estimator.

Theorem 1. Suppose that Assumptions 1, 2, and 3 are satisfied. Then for every s € [0, 1],

we have
. 2 . . .
|52 = B)|| = 0p (10O In 4 1@, )] 7204 411, (0) 20
provided that |Q'. (0)| = Op(n'/?).

Note that the last condition in Theorem 1 imposes that the number of components m
does not increase too fast with the sample size and is not binding. In fact, it is optimal to

~ 1
have |@!,(0)] ~ n2@+D | in which case we obtain the following convergence rate

2 pts
=0Op (n_wl) .

|58 - 8)

When s = 0, this shows that the convergence rate of PLS in the Hilbert space norm is

of order n~#7. On the other hand, when s = 1/2, we obtain the convergence rate of the
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out-of-sample prediction error, since

2

Bx(X, B = 8)° = |K2(30 — 3)

where Ex is taken with respect to X, independent of (Y;, X;)7;.

Remark 1. Note that the consistency of functional PLS has been established previously in
Delaigle and Hall (2012) assuming that the eigenvalues are summable only which can be
stated as i = 0. Characterizing the speed of convergence, however, requires more reqularity

with p > 0.

+s
The following result shows that no estimator can achieve faster than n kAt log ™" n rate

on the class S(u, C).

Theorem 2. For every s € [0,1/2], there exists A < oo such that

liminfinf sup Pr <HKS(B - B)
e B (B,K)eS(1,C)

2 s
> An i log™? n) > 0,
where b > 2(u + s) and the infimum is over all estimators.

Therefore, we conclude that the PLS estimator @m achieves the nearly optimal conver-
gence rate on S(u, C'), simultaneously for the estimation (s = 0) and prediction (s = 1/2)

CITors.

Remark 2. Note that if 8 is in S(pu, C') with u = 1/2, then it also belongs to the RKHS
generated by the covariance operator K. In this case, we show that the minimax-optimal
rate of prediction (s = 1/2) is Op(n=2/3). The result does not seem to be comparable to
Cai and Yuan (2012), since their minimaz-optimal Op(n=2"/ ) rate is obtained under

the additional assumption that the eigenvalues decay polynomially fast, i.e. \; ~ j".3

3Similar assumptions are also made in Gupta et al. (2023), Gupta et al. (2025), and Lin and Cevher

(2021).
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The value r = 1 is not feasible since the existence of the covariance operator holds under
E||X[]* < 0o which is equivalent to 33°°, N; < oo. In contrast, our class S(u,C) with

= 1/2 does not require specifying the decay rate of eigenvalues.

3.2 Adaptive PLS Estimator

Next, we look at the adaptive PLS estimator, where the number of components is selected

using the early-stopping rule described in the following assumption.

Assumption 4. We select m as the smallest m > 0 such that

2E[| X2
on

T — Kﬁm" <70
for 7> 1 and some 6 € (0,1).

Assumption 4 states that the selected number of PLS components m equals the first
non-negative integer m such that the norm of the fitted ‘moment’ is smaller than a certain
threshold; see Supplementary Material, Section S.5 for a practical implementation of this
early-stopping rule. Note that the number of selected components is finite since m < n,,
where n, is the number of distinct nonzero eigenvalues of K; see Proposition S.1 in the
Supplementary Material. In fact, the norm of the ‘residual’ is zero for m > n, which
corresponds to perfect fit.

The following result shows that the early-stopping rule in Assumption 4 is adaptive to

the unknown degree of ill-posedness p > 0.

Theorem 3. Suppose that Assumptions 1, 2, 3, and 4 hold with § > 1/n. Then

2

|58 - )

= 0 ((om) ¥
with probability at least 1 — § for every s € [0, 1].
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Taking 0, = 1/logn in Assumption 4, we obtain from Theorem 3 the convergence rate
of the estimation and prediction errors of PLS with the number of components selected

iteratively with the early-stopping rule:

HK%ﬁﬁ_ﬁﬂr::0P<<kfn)ﬁﬁ).

Therefore, the adaptive PLS achieves the nearly optimal convergence rate simultaneously

for the estimation and prediction errors without knowing the degree of ill-posedness p > 0.

3.3 Number of Selected Components

In this section, we look at how rapidly the number of selected components in Assumption 4
increases with the sample size. First, we consider a somewhat conservative bound that

does not impose any assumptions on the spectrum of the operator K.

Theorem 4. Suppose that Assumptions 1, 2, 3, and 4 are satisfied with 6 > 1/n and

> 1. Then with probability at least 1 —
1
m =0 ((n5) 4<u+1>> .

Taking 6 = 1/logn, we obtain from Theorem 4 that m = Op <(n/ log n)4(u1+1)>. Next,
we consider sharper estimates under additional assumptions imposed on the spectrum of

the operator K.

Theorem 5. Suppose that Assumptions 1, 2, 3, and 4 are satisfied with § > e/n and p > 1.

Then with probability at least 1 —
(i) If \; = O(372%) for some k > 0, then

i = O ((nd) = )
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(i) If \j = O(¢) for some q € (0,1), then
m = O (log(nd)) .
Theorem 5 shows that if the eigenvalues decay polynomially fast, then the selected num-
ber of components is m = Op (n/logn) TG0 while in the case of the geometric decay,
the number of selected components increases only logarithmically with the sample size.

Therefore, the adaptive early-stopping rule will choose a smaller number of components if

the eigenvalues of the operator K decay faster and vice versa.

4 Inference

4.1 A Hypothesis Test

We aim to test the null hypothesis against the alternative hypothesis:
Hy: =0 Vs. Hy: B#b,

for some known b € H. We are also interested in testing against a sequence of local
alternative hypotheses

Hy,: = b+n Y2A
for some A € H.

Recall that our main result in Theorem 1 shows that

|5~ )| = 00 (n55) . wselon),

provided that the number of components m is properly selected. The convergence rate is
Op(n~1) for s = 1 and it is slower than Op(n~") for s < 1. This suggests that the following

statistic




may have a well-defined asymptotic distribution under Hy.*
Let V = E[e2X ® X] be the variance operator with spectral decomposition

V=2 wp®p
j=1
and let Z; N (0,1). The following theorem establishes the limiting distribution of 7,

under the null and alternative hypotheses.

Theorem 6. Suppose that Assumptions 1 and 2 are satisfied and the PLS estimator is
computed using m components such that ||F — K By|| = op(n~/2). Then, under Hy,

Tn i) ZU)]'ZJZ,

o0
j=1

. a.s.
while under Hy, T,, — oo. Moreover, under H,,

T 5y wiZ2+2Y w/?Z(p;, KA) + | KA.

j=1 j=1
Remark 3. The requirement || — KB, || = op(n=/2) in Theorem 6 can be easily satisfied
when the number of components m is sufficiently large. Indeed, we know that Hf—f(ﬁmﬂ =0

for m = n,, where n, < n is the number of nonzero eigenvalues of the sample covariance

operator K, cf. Supplementary Material, Proposition S.1.

Remark 4. Theorem 6 illustrates an interesting phenomenon related to the optimal choice
of the number of PLS components which amounts to early stopping of the conjugate-gradient
method. While it is optimal to select a small number of components to prevent overfitting
for estimation, this should be avoided for inference. In fact, it is evident from the proof of
Theorem 6 that the overfitted PLS with zero fitting error leads to more accurate asymptotic

approzimation; cf. Bartlett et al. (2020) for benign overfitting in the linear regression.

4The statistic is similar to Wald statistic which under homoskedasticity roughly corresponds to s =

—1/2, hence, not converging at the parametric rate.
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Remark 5. The test has more power against the alternatives with larger values of

oo
2 2 2
IEAP =Y AHA, )%,
j=1
where (\j,v;)52, are the eigenvalues and eigenvectors of the operator K. Such alternatives

are aligned with directions defined by the leading eigenvectors of K, i.e. directions in which

it 1s easier to identify the slope function 3.

Remark 6. Under homoskedasticity, E[e?|X] = 0%, we have V = 0?>K. In this case, V

. _ . . . _ 2
has eigenvectors @; = v; with corresponding eigenvalues w; = o\;.

Theorem 6 implies that the test based on T}, has correct size under the null hypothesis
and is consistent under the fixed alternative hypotheses which we state as a trivial corollary

below. To that end, let z;_, be the 1 — a quantile of

T=> wZ
j=1
The test rejects Hy if T), > z1_,. Then, the following result holds:

Corollary 1. Suppose that the conditions of Theorem 6 are satisfied. Then under Hy, we
have

lim Pr(7, > z1-4) = «

n—o0

while under Hy, we have

lim Pr(7, > z1-,) = 1.

n—oo

Moreover, under H,

lim Pr(7,, > z1-4) T1 as IKA| 1 oo

n—oo

It is also easy to show that the critical value z;_, can be consistently estimated with
simple nonparametric bootstrap based on the ii.d. draws from the sample (Y;, X;)P,.
Alternatively, one can simulate the asymptotic critical values using the eigenvalues w; of

the sample variance operator V.
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4.2 A Confidence Set

Inverting the test, we obtain a confidence set
a={beH: T,(b) < z1_a},

where 2;_, is the quantile of order 1 — v of T' = Z;’il ijJ2~ Indeed, since T,, N T, the

confidence set has the coverage probability 1 — a:

lim Pr(f € Ci_,) = lim Pr(T,() < z1-0) =Pr(T'< z;_4) =1—qa.

n—0o0 n—o0

Since f is an infinite-dimensional object, computing this confidence set numerically
requires finite-dimensional approximations which can be done as follows. Let (h;)72, be a

7j=1

basis of H. Then we approximate C'_, numerically by computing

C{a:{(bl,...,b )eR’: (th)gzla}.

For instance, in functional data analysis, we often have H = L,[0, 1] in which case, we can
use the Fourier basis or Legendre polynomials. If H = Ly(R), the Hermite polynomials are
a natural choice; see Supplementary Material, Section S.5 for numerical implementation

and simulation results.

5 Monte Carlo Experiments

In this section, we conduct several Monte Carlo experiments to evaluate the finite-sample
performance of the PLS estimator. We simulate i.i.d. samples (Y;, X;)"; from the func-

tional linear model

1
Y, = / Xi(s)B(s)ds + €4, gi ~iid. N(0,1),
0
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where the predictors X; belong to the Hilbert space of square-integrable functions with re-
spect to the Lebesgue measure, denoted H = L5 |0, 1]. The functional predictor is generated

as
100

XZ(S) = Z \/ )\jUjUj(S), Uj ~iid. N(O, 1)
j=1
We specify the slope parameter 8 € Ly[0,1] and the spectrum (\;,v;);>1 correspond to

one of the following three models:

e Model 1: 8(s) = 1% Bju;(s) with 8; = 45727 and \; = 257" for all j > 1,

J=1

v;(s) = /2cos(jms), j > 2, and vy (s) = 1.
e Model 2: same as Model 1, but with §; =4 for all j =1,...,5.
e Model 3: same as Model 1, but with A\; =2 for all j =1,...,5.

All three models satisfy Assumption 3. Model 2 emphasizes the importance of the first
five coefficients [3;, making the estimation and prediction tasks more challenging. Model 3
introduces repeated eigenvalues, causing the first five eigenvectors to be non-identifiable,
although the slope parameter remains identifiable.

We compute the PLS estimator using Algorithm 1, which is numerically equivalent to
the estimator given by Equation (4); see Hanke (1995), Algorithm 2.1 and Proposition 2.1.
This approach avoids direct inversion of the empirical operator K by utilizing iterative
multiplication, making it suitable for solving high-dimensional linear systems of the form

K B = 7 with a symmetric matrix K.
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Algorithm 1: PLS algorithm for solving K B=r.
Result: Bm

Initialisation: Bo =0,dy=eg=7— KBo;

for =0,1,...,m—1do

(ejjkeﬂ.
K dj|%

1. Compute step size: a; =
2. Update slope coefficient: Bj+1 = Bj + ady;

3. Update fitted moment: e; 1 = e; — o; K dj;

(ej+1,Kejq1)

4. Compute step size for the conjugate direction update: 7,41 = o Ry
7 J

5. Update conjugate direction vector: d;i1 = €41 + v;+1d;;

end

The integrals in inner products and the operator K are discretized using a simple
Riemann sum approximation over a grid of T' = 200 equidistant points in [0,1].° The
experiments feature 5,000 replications, with each replication generating samples of size

n = 100. For each simulation experiment and an estimator B , we compute:

e The integrated squared error (ISE):
~ 1 ~
1SE(9) = [ 13(s) - B(s)Pds:
0

e the mean-squared prediction error (MSPE):

MSPE(B) = 1 > (Y= (X, B)),

i=1

where the estimator B is computed from an auxiliary independent sample of size n.

We compare the performance of our functional PLS estimator with the number of compo-

nents chosen using our early-stopping rule, against several alternative methods:®

5This gives a satisfactory approximation under weak assumptions. Alternatively, one could employ

quadrature rules with fewer points to reduce computational load.

6See Supplementary Material, Section S.5, for more details on the practical implementation.
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1. A spline estimator, jointly selecting the spline degree and smoothing parameter via

generalized cross-validation (GCV), following Crambes et al. (2009).

2. A principal component regression (PCA) estimator, where component selection is

also done by GCV.

3. A reproducing kernel Hilbert space (RKHS) estimator using the same kernel as in

Yuan and Cai (2010), equation (16).

4. The alternative PLS method from Delaigle and Hall (2012), selecting components

through 5-fold cross-validation.

Note that Crambes et al. (2009), Proposition 2, establishes that the optimal rate of pre-
diction for the smoothing spline estimator can be attained adaptively using generalized
cross-validation. On the other hand, the kernel function employed in Yuan and Cai (2010)
is not adaptively selected from the data. We are not aware of any adaptivity results for
other competing estimators, including PCA and the alternative PLS estimator with cross-
validation. In contrast, our method for selecting the number of PLS components is adaptive
for both estimation and prediction according to Theorem 3.

Figure 1 summarizes the distributions of estimation errors (ISE) and prediction errors
(MSPE) from 5,000 simulations. The early-stopped PLS estimator achieves the lowest
median estimation error, with consistently lower variability across all models. The pe-
nalized spline estimator performs effectively when coefficients decay rapidly but exhibits
notably larger errors in Model 2, which involves high-frequency components. Nevertheless,
it shows excellent predictive performance consistent with Crambes et al. (2009). The PLS
estimator also demonstrates competitive predictive accuracy, although it does not yield the

lowest median prediction error across all simulation designs. The RKHS estimator achieves
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good prediction performance but inferior estimation across all models. The alternative
PLS estimator generally performs comparably to our proposed PLS approach but exhibits
notably larger prediction errors for Models 2 and 3. These higher errors may be attributed
to numerical instability associated with finite-precision arithmetic, as discussed in Delaigle
and Hall (2012). Finally, PCA demonstrates relatively modest performance across all the
considered models. Moreover, we find in simulations that the FPLS estimator outperforms
FPCA using a smaller number of components offering a more parsimonious representation

of the data; see also Frank and Friedman (1993) for related discussion.
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Figure 1: Estimation and prediction accuracy. Top row: integrated squared error (ISE) for
the slope coefficient. Bottom row: mean squared prediction error (MSPE). Each boxplot

summarizes 5,000 Monte Carlo replications.

Next, we evaluate the performance of the proposed test. We first assess whether the
asymptotic distribution provides a good approximation to the finite-sample distribution

under the null hypothesis Hy. To ensure that the late stopping conditions of Theorem 6

23



are satisfied, we employ PLS with m = 70 components.” The results are presented in
Figure 2.

For each of the three models, the top row in Figure 2 displays the finite-sample distribu-
tion of 7,, (in blue) under Hy, overlaid with the simulated Zjl.iol w;Z3 (in orange) obtained
from Theorem 6. The bottom row presents the corresponding Q—Q plots, comparing the em-
pirical quantiles of T, to the asymptotic quantiles of T'. Overall, the simulated asymptotic
distribution closely matches the finite-sample distribution, with only minor discrepancies
observed in the extreme right tail.

0.15 =) [JExact Distribution of T. I [CJExact Distribution of Tn [JExact Distribution of T,

= f Tn
[ Asymptotic Distribution of T 0.15 - [ Asymptotic Distribution of T
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Figure 2: Accuracy of asymptotic approximations. Top row: finite-sample distribution of
T,, under Hy (blue histogram) overlaid with its asymptotic limit (orange histogram). Bot-
tom row: Q—Q plots comparing empirical quantiles of T}, with the corresponding asymptotic

quantiles.

To study the finite-sample power of the test, we simulate the power curves corresponding

"We find that for these models the fitting error does not substantially decrease after m = 10 components.
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to the local alternatives B(s) + ds with deviations measured by the scale factor 6 € [—1,1].
d = 0 corresponds to Hy while |6| > 0 to H;. We also consider doubling the sample size
from n = 100 to n = 200. The results are displayed in Figure 3, confirming that the test
has more power once the null and the alternative hypotheses become sufficiently separated.
The power also increases with the sample size as expected. Lastly, we provide additional

simulation results in the Supplementary Material.
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Figure 3: Simulated power curves. Power curves for the three models corresponding to
sample size n = 100 (blue solid curve) and n = 200 (red dashed curve). The green dotted

line indicates the 5% nominal significance level.

6 Nonlinear Temperature Effects in U.S. Agriculture

The global surface temperature has increased by 1.1°C above pre-industrial levels and could
increase up to 3.6-4.5°C by the end of the century if current CO, emissions rise steadily
according to the latest studies; see IPCC (2021). Global warming will likely lead to more
frequent and severe heat waves, altered precipitation patterns, and intensified droughts.
Of all major sectors, agriculture is arguably the most sensitive to climate change. While
constituting a modest share of developed economies, it is vital for food security. Indeed,

the intensified droughts could cause food shortages which in turn may exacerbate mass
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migration and violent conflicts. Some have argued that many regions are already warmer
than optimal for agriculture in many parts of Asia, Africa, and Latin America; see Nordhaus
(2013).

Determining the precise functional form of the relationship between crop yields and
temperature has recently attracted lots of attention; see Schlenker and Roberts (2006,
2009) and Cui et al. (2024). We argue that the methodology used to estimate such nonlinear
temperature effects can be understood as a functional linear regression, where the outcome
Y;: is the log-yield of a crop of a county ¢ in a year ¢, measured in bushels per acre, and the
functional regressor (X; (s))SE[QAO] is a temperature curve, representing the crop exposure
to temperatures between 0°C and 40°C during the growing season. Following Schlenker and
Roberts (2009), the temperature curves are computed at discrete points s; € {0,1,...,40}
as Xit(sj) = Pu(s; + 1) — @i(s;), where ®;(s;) is the length of time (measured in days)
the crop was continuously exposed to temperature larger than s; for county ¢ in year ¢.

We focus on corn and soybeans, which are the two major crops grown in the U.S. The
dataset consists of fine-scale county-level crop yields and weather outcomes, spanning U.S.
counties east of the 100th meridian from 1950 to 2020. We use the same set of controls as
in Schlenker and Roberts (2009), namely: a constant, precipitation measured in mm from
March through August, precipitation?, county fixed effects, and a state-specific quadratic
time trend to capture technological change. The crop yields Y and the temperature curve
X are regressed on these controls to obtain the residuals, which are subsequently used for
the functional data analysis.

The slope coefficient is then estimated using: 1) our functional PLS estimator; and 2)
a highly parameterized least-squares estimator with a step function approximation as in

Schlenker and Roberts (2009). The latter fits a separate temperature effect for each 3°C bin
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from 0°C to 40°C, hence, it involves 13 parameters. On the other hand, our early-stopping
rule finds m = 4 functional PLS components both for corn and soybeans; see Appendix

Section S.5 for more details on the implementation.
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Figure 4: Nonlinear temperature effects. The figure shows the estimated nonlinear rela-
tionship between temperature and crop yields fitted using functional PLS (red solid curve)

and step function approximation (black dashed curve).

Figure 4 displays the estimated functional slope coefficient 3 corresponding to our func-
tional PLS (red solid curve) and step function approximation (black dashed curve) for corn
and soybeans. We find that the critical temperature after which the crop yields start de-
clining is around 29-30°C which is similar to findings reported in Schlenker and Roberts
(2009).

Lastly, we look at how the nonlinear temperature effects have changed over time. Fig-
ure 5 reports the estimated functional slope coefficient splitting the data into three subsam-
ples: 19501973 (blue dotted curve), 1974-1997 (red dashed curve), and 1998-2020 (green
solid curve). The results indicate that the negative temperature effects were larger during

1950-1973 compared to the most recent 22 years, especially for the extreme temperatures.
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Figure 5: Adaptation. The figure plots the estimated nonlinear relationship between tem-

perature and crop yields for three subsamples: 1950-1973, 1974-1997, and 1998-2020.

The mitigation of extreme temperature effects may come from two sources: adaptation and
COs fertilization. CO, fertilization effects observed in our sample are likely to be small; see
Nordhaus (2013) who argues that doubling the atmospheric concentration of COy would
increase crop yields by 10 — —15% only. In contrast, the adaptation effect is likely to dom-
inate over time. It can be attributed to the actions taken by farmers, such as adjusting
the sowing and harvesting dates to maximize yields, using more resilient crops, or building
efficient irrigation systems. Our results, therefore, suggest some evidence of adaptation in
U.S. agriculture which has been reported in Burke and Emerick (2016) without properly
accounting for nonlinearities. However, our confidence sets are too wide to draw conclu-
sive inferences once statistical uncertainty is accounted for because there are only a few

observations of extreme temperatures in the data.
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7 Conclusions

This paper reframes functional partial least squares (PLS) as a conjugate-gradient regular-
ization scheme for ill-posed functional linear regression. Under mild conditions we prove
that the resulting estimator achieves the minimax convergence rate (up to a logarithmic
factor) and introduce a fully data-driven early-stopping rule that adapts automatically to
the unknown degree of ill-posedness. We also propose a novel test and a confidence set for
the functional coefficient f3.

Monte Carlo evidence indicates that the estimator matches—or exceeds—the estimation
and prediction accuracy of leading alternatives, particularly functional PCA, while requir-
ing substantially fewer components; the stopping rule consistently adjusts to the prevailing
signal-to-noise structure.

Applied to seven decades of U.S. county-level crop data, the method suggests that the
adverse impact of high temperatures on corn and soybean yields has weakened since the
1950s, hinting at adaptive responses in U.S. agriculture. Because observations of extreme
heat are sparse, however, firmer conclusions will require richer data or refinements to in-

ference procedures.
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S.1 Notation and Preliminary Results

In this section, we describe the notation and collect several propositions and lemmas.

Notation: For two sequences (ay,),>1 and (b,),>1, we will use a,, < b, if there exists a
constant ¢ > 0 such that a, < cb, for all n > 1. We will also use a,, ~ b, if a,, < b, and
b, < a,. For two real numbers, we use a Ab = min{a, b} and a Vb = max{a,b}. For k € Z,

consider the following measure

T

i, = Z ARG, 0;)%35,
j=1

where 0, is the Dirac measure at x € R and (S\j, ﬁj);‘;l is the eigendecomposition of K. For

6,0 1 [0, \] = R, define
- (S.1)

Lastly, let

Ha: Z ﬁj@@j

j:hj<a
be the orthogonal projection operator on the eigenspaces of K corresponding to eigenvalues
smaller or equal to a.
The following proposition states that the PLS estimator Bm is unique for every m < n,
and that the tuning parameter selected in Assumption 4 does not exceed the number
of unique nonzero eigenvalues, n,; see also Blanchard and Krdmer (2016) for a kernel

regression setting.

Proposition S.1. The solution in Equation (4) is unique for every m < n,. Moreover,

m < n,.
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Proof of Proposition S.1. Let P,, be the space of real polynomials of degree at most
m and let P2 be the affine set of polynomials whose constant term equals one. The PLS
problem in Equation (4) amounts to fitting a polynomial of degree m — 1 solving

~ 2

P,, € argmin
¢E,Prn71

‘ [1 - f(qs(f()] 7

or equivalently a residual polynomial Q,,(A) = 1 — AP,,(\) solving

. 2
Q. € arg min H¢(K)f
PEPH,

(8.2)

By Parseval’s identity, for every ¢ : [0, 5\1] — R, the objective function can be written as

= > 627 55)* = [6, o, (3.3)

where [, ]y is defined in Equation (S.1). Therefore Q,, minimizes ¢ — [¢, ¢]o on PO It is
easy to see that [.,.]o is an inner product for every m < n,. Therefore, Qm is the unique
projection of zero on a closed convex set P, C P, with respect to [.,.]o. For m = n., [., ]o
is not an inner product because we can take an n,-degree polynomial ¢ # 0 with roots
equal to the distinct n, eigenvalues of K , so that [¢, ¢|o = 0. However, such a polynomial
is unique. Therefore, B, and Bm are unique for every m < n,. This also shows that the
PLS objective function attains 0 for m > n,, hence, the tuning parameter in Assumption 4

satisfies m < n,. O
We will need the following tail inequality in Hilbert spaces.

Lemma S.1. Let (&), be independent random variables in a Hilbert space (H, (.,.)) with

the induced norm ||.||. Suppose that EE; = 0 and E||&]]? < co. Then for every v € (0,1)

1 n

_ [SLENP
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Proof of Lemma S.1. By Markov’s inequality, Yu > 0
pe( 130 L3
(Lt 1 e l
1 n n
9 prcitHs

i=1 j=1

2

> u) <u’E

n

1 2
= WZEH&H ;

i=1

where the last two lines follow because the summands are independent and mean-zero.

Setting v = Y7 | E[|&]]?/(n?u?) and solving for u gives the result. O

Lemma S.1 allows us to control the tail probabilities for the PLS residual as well as the

covariance operator errors on an event with probability at least 1 — .

Lemma S.2. Suppose that Assumption 1 is satisfied. Then for every v € (0,1)

2E[| X[?
yn

2E|| X1
yn

f—f(ﬂHSa and HK—KH <
HS

with probability at least 1 — , where ||.||us is the Hilbert-Schmidt norm.

Proof of Lemma S.2. We will apply Lemma S.1. First, we note that

i=1

where E||g; X;||*> < 0%E|| X;||?> < oo under Assumption 1. Then by Lemma S.1 with prob-

?

ability at least 1 — /2, we have || — K| < o0/2E[|X]|?/yn. Second, the space of

Hilbert-Schmidt operators is a Hilbert space and

i,
HS

9

HS

1 n
—E X; ® X; — E[X; ® X|]
n

i=1

where E||X; ® X; — E[X; ® Xi]|l}s < E||X; ® X35 = E|| X;||*. Then by Lemma S.1 with
probability at least 1 — /2, we have |K — K|lus < /2E[X|[*/yn. The result follows by

the union bound. O
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We will also use the following two inequalities known in perturbation theory.

Lemma S.3. Let A: H — H and B : H — H be two nonnegative self-adjoint Hilbert-

Schmidt operators. Then

|A" — B"|lo, < ca|A — BJ|" 0O<p<l

op?

and

|A* = B¥|lus < " M|A = Bllus,  p>1,
where v = || Alop V || Bllop-

Proof of Lemma S.3. See Aleksandrov and Peller (2016), Theorem 1.7.2 for the first
inequality. The second inequality follows from Aleksandrov and Peller (2016), Theorem

3.5.1. 0

As an immediate consequence of Lemmas S.2 and S.3, since ||.||op < ||.||us, for every

v € (0,1), we have

2E||X||4)“91

Hf(u _KH
yn

< (C,ul,ugl + /Mj#illu>l) (

op
on an event that holds with probability at least 1 — v, where v = || K]lop V || K]|op-

The following Lemma presents some useful results on the residual polynomials Qm()\) =
1 — AP,,()\); see Engl et al. (1996) and Hanke (1995). For the completeness of the presen-
tation, we sketch proofs for the key results and refer to the aforementioned monographs for

others.

Lemma S.4. Let m < n, be a positive integer. Then

~

(i) Qm has m distinct positive real roots 0, >0y > ... > 0,, > 0.

~

(i1) Qum is positive, decreasing, and convex on 0, 0,,).
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(iii) (Q)), are orthogonal with respect to [., ]
(iv) Q5 (0)]7F < O
(v) Qu(N) = Qu_1(N) (1 = A/6,,).
(vi) SUDy (04,1 X @ (M) O/ (B — ) < (26)°]Q;,(0)|7° for every § > 0 with 0° := 1.

Proof of Lemma S.4. (i) is known in the theory of orthogonal polynomials; see Engl
et al. (1996), Appendix A.2. For (iii) and (vi), see Engl et al. (1996), Corollary 7.4, and
equation (7.8).
Note that since Q,,(0) = 1, we can write
Qm(N) =]] (1 - 93> .
j=1 j
This equation implies (v). Moreover, for all A € [0, ém], we have Qm()\) > 0 and by (i)
Q. (\) = —iln (1—3) <0.
O 6,
We also have Q" (\) > 0 for all X € [0, 6,,] which proves (ii).

(iv) follows from (i) and

The following lemma allows us to control the residual norm of the PLS estimator.

Lemma S.5. Suppose that Assumptions 1, 2, and 3 are satisfied. Then for every 1 < m <

OB|X|2 A . [2E|X[*
<oy oy 2B g, e
m m

on an event with probability at least 1 — 7.

n. and vy € [1/n,1)

P — KB,
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~

Proof of Lemma S.5. Let 0,,(A) := Qum(A) /0 /(0 — ). We will first show that the

following inequality holds

~

’F—KBm Qm(A)’F

Y

where the first line uses 8, = P (K)7 and Qm(A) = 1 — AP, (\). The inequality can be
deduced from the proof of Theorem 7.9 in Engl et al. (1996). For completeness, we provide

an argument suitably tailored to our setting below. By Lemma S.4 (iii) and (v), since the

polynomials (Qp)mso are orthogonal with respect to [, .]; (see Equation (S.1)) we get for
m>1
Mo .
= [ QuN)@m-1(N)dis(A)
0
M A
=0 (A= dfig(A
[~ @i
o [ 02092 o [ 02,092
=0 (A= dig(A) + O, S (N)= dfig(A).
[ Qi)+ [ Qi)

Since 6,, > 0, by Lemma S.4 (i), this shows that

b \ -
2 (N)= dfio(A) = 2 (A —dfip(A
@) = [ Q) i)

and so by Equation (S.3)

Om . 00

< [T @ + [ Qi)
Om R O . Y

_ / Q2 (NN + [ 0% —2—djin(N)
0 0 m_>\
Om ém

_ / 02 (N~ —djg(N)
0 0,, —

— HHG gpm(_f()r ’
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where the third line follows since 1 < A/(A — 6,,) for all A > 6,,.

Therefore,

P KB < |0, on(R)7

< 0, en(R)EB| + |15, on(K) G - KB)||
Under Assumption 3, = K*w with ||w|| < C, so that
s o805 = [, R R 10
- Hﬂémgpm(f()f(f(“w“ + Hnémgpmm)fc (5 — K] wH

C

op

< swp |emWAE|C 4 sup ]gom()\))\]Hf(“—K“
A€E[0,0m] A€E[0,0m]

< (2u + 2)* Q) (0) |~ Do

4 BOL
B

QO e + o) (P

where the last line follows by Lemma S.4 (vi) and the inequality in Equation (S.4) on an

event with probability at least 1 — . By Lemma S.2

v = 1K op V 1K llop < 15 lop + | K = K€

op
2E| X
yn

<\ + St

on an event with probability at least 1 — .
Lastly,

I, n(K)E = )| < sup lonI |7 - K5

A€[0,6,m]
= s | Q00— ) |- 5]
A€[0,0.m]
2E[| X2

?

n

where the last line follows by Lemma S.4 (vi) with 6 = 0 and Lemma S.2. O

The next lemma provides an upper bound for the derivative of the residual polynomial
of degree selected by the stopping rule in Assumption 4 with some fixed § € (0, 1).
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Lemma S.6. Suppose that Assumptions 1, 2, 3, and 4 are satisfied with § > 1/n. Then

~

Q0] S (6m) 77
on an event with probability at least 1 — 9.

Proof of Lemma S.6. We have

Q7 (0)] < Q-1 (0)] +1Q7,(0) = Q1 (0)],

where each of the two terms will be bounded separately.
By virtue of Assumption 4

2E|| X||? An
1 X | <#— &5,
on

2E[X|2 . REXT ., .
gc{a B o B2 g, o) W},

where the second line follows by Lemma S.5 for some ¢ > 0.

Therefore,

SE[X|? T )
(r=¢o % < cmax {’Qm—l(())’ 1\/ 5 Q-1 (0) ] (“H)} .

If the first term inside the maximum is larger, then |Q’ _,(0)| < 1 while if the second
term is larger, then |Q’,_,(0)] < (5n)2(u1+1> provided that 7 > c. Therefore, we always have
Q1 (0)] < (3m) 70

For the second term, by Hanke (1995), Corollary 2.6, for every 1 < m < n,

0< Ql (0) . Q/ (0) _ [Qm—la Qm—l]o - [an@m]() < [Qm—la@m—l]o (S 6)

— m—1 m - ~ A = A ~ 5 .
[QE@LU Qﬁ]fl]l [Q%*l’ ngl]l

where ( ) 1[2]) 1>0 are the polynomials orthogonal with respect to [.,.]s and constant equal to

1; see Equation (S.1).
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Take a € (0,6,,_1] and let K+ = >y U ®1;/); be the generalized inverse of K. Then

\/[Qm—la@m—l]oz Qm 1 HQ[Q] A r
< HQ[Z] (R)f ‘HJ_./ K1/2Q[2 jar
< |maQL, (&) ||Hm|+HH; K+ ()
op op
< sup QL ()] I+ sup = = | o
€[0,a

R A2l AR
< Ml + v/ 1QE,, Q2L 11 /o,
where the second line holds since Q,,_; solves the problem in Equation (S.2) over P°
and the last line since ]Qﬁ}_l()\ﬂ < 1,V € [0, al; see the proof of Lemma S.4.

Next, under Assumption 3, f = K*w with ||w| < C, so that

I < |1 = £8)| + || w5

. KﬂH ¥ HHGKKNwH n HHQK(K“ _ K")wH

2K X2

+ sup \'HC +a||K* — K*|| C
on Ae[0,a] op
2E[X]? | 1\%
Soy/———+a+a|—)
on on

where we use the inequality in Equation (S.4) with v = §. Take a = (c10+/2E|| X||2/dn)"/#+1)
with a sufficiently small ¢; > 0, so that a < |Q._,(0)|™" < f4_1, cf. Lemma S.4 (iv). Such

a constant exists since as we’ve already shown |Q._,(0)| < (nd) 517, Then for some c3 >0

\/[Qm 1 Qe ilo <C‘7\/ ||X|2 \/ Q1> @il /@

f—KBm—l \/[Qm Qi /a
[Qm 1,Qm 10+\/Q7[721] L@ [2] 1/,

3_3

where we use Assumption 4 and Equation (S.3). If 7 is selected so that 7 > ¢3 in Assump-

tion 4, then

2
[Qm—th—ﬂo < ( > [Qg_l,é)?ﬂ_lh/a.

T — C3
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Plugging this into Equation (S.6) and with our choice of a, we get

Q.,(0) = Q1 (0)| S (6n)70D .

S.2 Proofs of Main Results

In this section, we provide detailed proofs of theorems.

Proof of Theorem 1. Take any m < n,, v € (0,1), and let @ > 0 be such that a <
1Q"(0)|~*. By Lemma S.4 (iv) this ensures that a < 6, which we use repeatedly in the
proof.

Decompose

N A A A

B = B8 = WaPo(K) G = KB) + Ty | Pu(K)K — 1| 8+ T (8,0 = 8),
where I, = /5 -, 0; ® 0; and [} = I — II,. Then for s € [0, 1], we have
| &2 = )| < Mk Pu(B) i = BB)|| + M Qu (BB + |12 K2 (B - 5)

= I+ I11+1Il.

We will derive an upper bound for each of these three terms separately. For the first term,
note that for every s € [0, 1],

I< Hnakspmm)

. 9E|| X ||2
< sup NPV [ BT
A€[0,a] mn

2E|| X2
o

where the second line follows on an event with probability at least 1 — v by Lemma S.2

f—f(@H

< a*|Q1,(0)]o

and Equation (5), and the last one by the convexity of Q,, on [0, al:

~

P = 4N g 0)
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and Q,(\) < Qi (0) =1 for every A € [0, a]; see Lemma S.4 (ii).
For the second term, under Assumption 3, we have 8 = K*w with ||w|| < C, so that
7= “Haksém(K)K“w“
< Hnam@m(mmwu + Hnaf(sc?m(f{) [k — v wH

C

op

< sup VFQuIC+ sup NQu(V)| | K~ K
A€[0,a] A€[0,a]

9E|I X1\ ‘2
iy

S CL’LH_SC + as(Culugl + /U/'u_l]_u>1) ( o

where the last line follows since |@Q,,(\)| < 1 by Lemma S.4 (ii) and Equation (S.4) on an
event with probability at least 1 — 7.
Lastly, let K+ = > 0 @05/ A, be the generalized inverse of . Then we bound the

third term as follows

1< e )

<sup X7 |[(Kf — )+ (7 — KB)|
A>a
R 2E|| X |2
S{ R ill 1o [EIX }
yn

where we use Lemma S.2 on an event with probability at least 1 — . Combining the three

bounds, we obtain for m < n,

|82 = 8)|| s @ {|[ B — 7| + ()2} + 0 4@ (m) 7+ 071QL )1 m) 2,
(S.7)

where we use v < 1; see Equation (S.5). Taking a = |Q’, (0)|~", this gives

| &2 = 8)|| = 0r (10 { | K5 — 7

Y2 QL (0)70) 1@, () )

By Lemma S.5

A A

KB, —r

= Op (72 4 1QO) 072 41, ()70
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Therefore,

| &8 = 8)|| = 0 (1@ 172 4 Q)74 +1Q,, () "n ™5 ), ¥s e [0,1]

This proves the result if s = 0. If s € (0, 1], then

|55 = B)| = |52 B = 3+ (55 = K) (B - )

<[t o

-4

op

J72A

=0Op (‘ ')t _1/24-]@ (0]~ (n+s) ‘HQ (0 )’—sn—?)
P (10, (0)fn"
=0Op <|Q/ (0 )|—s+1 _1/2+|Q (0)|~ (pts) +|Q (0 )|—sn—7>7

s+puNnl

F Q) nE )

provided that |Q’ (0)] = Op(n'/2). O

Proof of Theorem 2. We adopt an approach similar to Cai and Yuan (2012), Theorem
1; see also Tsybakov (2009), Chapter 2. Recall that the lower bound for a restricted class
of models yields the lower bound for the general case. Therefore, we can assume without
loss of generality that &;|X; ~ N(0,0%) and K : H — H has a spectral decomposition
(Aj,v)j>1 with Ay =1 and A\; = 1/(jlog® j) for j = 2,3,... for some a > 1. We will also

consider the family of slope parameters

Bp=Cm ™ > " O Nv, 0= (Onsr,- .., 02m) € {0,1}"

for some C' > 0 and m specified below. It is easy to see that by the orthonormality of

(Ul)lz1
00 2m
697,0 02
Sk S5 p<c
Jj=1 j=m+1
and that

[e.9]

DN =
j=1
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for some C' > 0. Therefore, (5y, K) € S(u,C),¥0 € {0,1}™, cf. Assumption 3.
Let H(0,0) = >0, 1{6; # 0} be the Hamming distance between the binary sequences
0,0 € {0,1}™. By the Varshamov-Gilbert bound, see Tsybakov (2009), Lemma 2.9, if

m > 8, there exists {6, ..., 0™} c {0,1}™ such that

(a) 09 =(0,...,0);

(c) M >2m/8,
For every A > 0,

sup  Pr (HKS(B - ﬁ)” > An*ﬁ(logn)*“(’”s))
(8,K)eS(1,0) 53)

A s
(B — T2(tD —a(u+s)>
a 96{9(51)13)::0(1”)} Pr <HK (ﬁ BG)H > An” 2T (log n) .

To obtain the lower bound for the right-hand side of the Equation (S.8), we will use
Tsybakov (2009), Theorem 2.5 and a specific choice of A < co. To that end, we need to

check the following conditions:
(i) I|1EK°(Bpy — Bow)|| = 2An~ 2Ty (logn)~*w+s) for all 0 < j < k < M;

(i) P << Py,Vj = 1,..., M, where P; denotes the distribution of (Y;, X;);>; for the

slope parameter Syu);

(ili) For a € (0,1/8),

M
1
i > KL(P;, Ry) < alog M,
j=1

where K L is the Kullback-Leibler divergence between P; and F.
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For the first condition, note that since H (6@, 6*)) = 32" (69 — 9™)2 we have

l=m+1
2m 2
15 Byt = By )IP = |[Cm ™2 Y~ (67 = 6 )0+
l=m+1

02 2m ' \

_ (HZ(J) _ Hl(k))2)\l2(”+ )
I=m+1

CQ 2 s j
> EAQ;/;JF )H(Q(J)7 g(k))

CQ s CQ
> A = o (2m) T log 0 (9m)

> AA2p log~2alnts)
where the last two inequalities follow from (b) provided that m < n7 0 for some A > 0.
This verifies (i).
Next, since Y| X; ~ N((X;, Byi)), 0?) under P;, we have P; << Py,Vj =1,..., M with

the log-likelihood ratio

1 n
log dP s Z — (X, Boin)) (Xis Bowi» — Bocoy) + 552 z; (X, Byor — Byor)?.

To verify (iii), we compute the Kullback—Leibler divergence:

dp;
KL(P;, Py) = /log dPJ dp;

n
= 53 B (X, Byo) — Bon)”
g

— % HK1/2 (Booy — 59(]'))”2

—1/2 Z 0 )\M+1/2

202
l=m+1

nC? SN (0?2t

- 292m Z (91 > )\l
l=m+1

C? C? _
S n _ )\3#4_1 _ n ~ m_(Q;H-l) (log m) a(2p+1)

20 20

< a%logQ = alog 2™/,

provided that m > (con)z(ulﬂ) (log m)ﬂf(ﬁﬁ) with ¢y = 4C?/(0%alog 2) some a € (0,1/8).!

1 1
ITo ensure that this constraint holds and that m < n¥=+D | we can take m as a fraction of n2w+D .
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This verifies (iii) in light of (c).

Therefore, by Tsybakov (2009), Theorem 2.5

lim inf inf max Pr <HKS(B - BQ)H > An~ i) log_“(“+s) n) >1—-2a>0
n—oo B3 9e{e® ... 0(M)}

which implies the result in light of the inequality (S.8). O

Proof of Theorem 3. Setting m = 1 and v = ¢ in Equation (S.7), under Assumption 4,

we obtain
| = 8)]| S @ 0m) 2 % 4 a(30) % + @@ O) B2 (S.9)

for every a < |@Q’; (0)|~*. Now we will choose the truncation level a. Suppose that s € [0, 1).

1

Then the function a + a*~*(dn)~"/?+a*** is minimized for a* = {(6n)/2(u + s)/(1 — s)} #*1.

If a* < |Q". (0)|~", we shall choose a = a*, in which case since § > 1/n, we obtain
~ ~ __Hts _stptl oA __pts
|28 = 8 5 (0m) =50 + (6m) 5D 1@, (0)] S (9m) =05,

On the other hand, if a* > Q. (0)|~!, we shall choose a = |Q’, (0)|'. Then

_ AL

|82 = B)|| S 1O 6m) ™2 + Q)74+ + 1Q;, (0)]*(om)~""
< (on)"
where the last line follows from |Q". (0)| < ((571)2(71“) by Lemma S.6, and from |Q’, (0)|~" <
a* < (571)_% and (6n)~! < 1.
If s = 1, then setting a = c(én)_m in Equation (S.9), for some ¢ > 0 such that
a <|Q.(0)]7", ¢f. Lemma S.6, we get

_ 1+ (pAl)(p+1)

| &2 = 8| S (@) 72 + (o)™ 50 - (om) =@, (0)

< (6n)712,
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where the last line follows from Lemma S.6 and (6n)~! < 1. Therefore, we've just estab-
lished for every s € [0, 1]

|23 — )| < (6m) -2, (S.10)

This proves the statement of the theorem in the special case when s = 0. On the other

hand, if s € (0, 1], we have

|52 = )| < ||&*(Ba - )| + | 5 — &

B — 8|

op

sA1

< (0n)7HT 4 (6n) 5 (9n) "D
< (on)" 5,
where we use Equation (S.10) and (S.4), and (én)~! < 1. O

Proof of Theorem 4. For 1 < m < n, and v > 0, let Pr(n") be a Jacobi polynomial
of degree m on [—1,1], i.e. a polynomial that is orthogonal with respect to the weight
function A — (1 — \)*(1 + \)?, where we set & = —1/2 and 8 = 2v — 1/2 with v > 0. Let
PT(,L”)()\) = 157%”)(2/\/5\1—1)/]57%)(—1),‘7/\ € [0, \1] be a shifted Jacobi polynomial, normalized
so that PY)(0) = 1. By Engl et al. (1996), Appendix A.2, p.294, there exists ¢, > 0 such
that

PO < c(l+m®)™,  YAE[0.M], m>0. (8.11)
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Recall also that under Assumption 3, we have f = K#w with ||w| < C. Then

A A

7Q_I(ﬁm

= [[Qn®)

< || PYI(K)7

< [Py G - K)|| + | Pun ) K|
< |[Pun)| |7 - ks + || puo ) R R

op

n HPgH)(K)K(Kﬂ . K“)wH

< sup [PUTU(N)
)\6[0,5\1]

f—f(ﬁ” + sup |/\“+1P,(n“+1)()\)}
/\6[0,5\1]

+ sup |AP§5+1>(A)1‘)ku—K#

)\6[0,5\1] op
< |r— KﬁH +m 2D L\ HK“ — K"
op
Al
2| X2 . 2B X4\ T
S o || || _'_m—2(,u+1) + HKHOp < || || ) 7
n n

where the second line follows since Q,, minimizes the problem in Equation (S.2); the
sixth from the inequality (S.11); and the last by Lemma S.2 and the inequality (S.4) with
probability at least 1 — + for every v € (0,1).

Therefore, if g > 1, under Assumption 1 by Lemma S.2 and the inequality (S.4), we

’ <e {0_ 2E| X2 X mQ(““)}
on

for some ¢ > 0 and § > 1/n on the event with probability at least 1 — §. According to the

obtain

P — KB,

stopping rule in the Assumption 4, we also know that

[2E[| X ||?
7o ———— <
on

P — KB
Therefore,
2E[ X2 -
— S <y — 1) 2D
(r— Ao | o < i — 1)),
and whence m < (dn) 4<u1+1), provided that 7 > c. []

Supplementary Material - 18



Proof of Theorem 5. For some integers m > k > 0, put

k
)\) ::H l—i P(#jl) A)\
X AA
j=1 J k+1

J

where P () = BY (20 /M1 — 1)/PY)(=1) is a shifted and normalized Jacobi polynomial
on |0, ;\k+1], defined to be zero outside of this interval; see the proof of Theorem 4. Then

G, is an m-th degree polynomial with G,,(0) = 1 and

sup  [MT'GL(A)| < sup
)\G[O,j\k+1] A€[075\k+1}

A
)\uﬂpgjkl) (A )‘ < )‘Zﬁcu(m k) u+1),
k+1

where we use the inequality (S.11). Then since under Assumption 3, f§ = K*w with

||lw] < C, we have with probability at least 1 — v for every v € (0,1)

- ) - i

< HGm(K 7

gHGm(A (7 — KB) H+HG KK“wH—l—HG A(K“—K“)wH

< sup  |Gm(N) r—KBHqLC’ sup NG (M)

€0, 11] AE[0,Ak11]

L O sup MGV HK“ _K#
)‘6[075‘164-1]

op

2E(I X1 |+ - . 2E[ XY *
So T+AZII(m—k) 2D K op o

where the first inequality follows since Qm solves the problem in Equation (S.2) and for
the last inequality, we use |G,,(\)| < ]P(“H (A Ars1)| < 1; see Equation (S.11). Recall
that ||K|lsp < 1 on an event with probability at least 1 —  for v > 1/n; see Lemma S.2.

Therefore, since u > 1, we obtain

PN 2E|| X
P = KB §c{a 2R | i —k:)—2<~+1>}

for some ¢ > 0 and § > 1/n on an event with probability at least 1 — .

According to the stopping rule in the Assumption 4, we also know that for some § €

0.1
2E[X]?
<

— KB
5n B
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Therefore, if 7 > ¢, we obtain

2EHXH2 S Cxu-‘rl(m — k- 1)—2(u+1)

(tr—c)o 5 et

which implies that

i —k — 1< A2 (6n) 0

< (6n) @™ {/\,fl n chl/? _ K2 Op} (S.12)

< Gm @ {0 + ()71
where we use Weyl’s inequality and Equation (S.4).
Case (i): if Ay = O(k~?F) with k > 0, we can take k ~ m/2. In this case Equation
(S.12) implies
i S (6n) T i 4 (6n) T,
If the second term in this upper bound dominates the first one, then m < (5n)_ﬁ = o(1),
which is a contradiction. Therefore, m < (5n)m
Case (ii): if \; = O(¢/) with ¢ € (0,1), we can take k = m — 2. In this case Equation
(S.12) implies

1 (Bn) T g2 4 ()05

If the second term in this upper bound dominates the first one, then 1 < (5n)—4(u‘11) = o(1),

which is a contradiction. Therefore, m < 1+ log(dn) since logq < 0. O]

Proof of Theorem 6. Observe that
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Then

T, = | & (G — 1)
= (VAR (B = b), V0K (B~ b))
= IVn(F = KB)|* +nll KBy — 72+ 2 (/n(# = Kb), v/n(F — K ) )

=1, +I1l,+1I11,.

By assumption, /1, = op(1). Under Hy, by the Hilbert space central limit theorem, see

Bosq (2000), Theorem 2.7,
. 1 — d
\/ﬁ(f — Kb) = — €:X; — G,
i

where GG is a zero-mean Gaussian element in H with covariance operator V. By the con-

tinuous mapping theorem, see Van Der Vaart and Wellner (1996), Theorem 1.3.6
I, % |G,

By the Karhunen—Loéve expansion, G = Z;’il wjl-/ 2ng0j, so we obtain

[n i> Z(JJJ'Z;

j=1

under the null hypothesis. Note that this also shows that ||y/n(7 — K3)|| = Op(1). Then,

under H
|[111,] < 2|[V/n(# = Kb)|| - Val|# = KBl = op(1),
since || — K B|| = op(n~1/2). This shows that under the null hypothesis, we have
j=1

Next, under the fixed alternative hypothesis 8 # b, we have

~ A

KBy —b) = (7 — KB) + K(B = b) + (K By — 7).
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Note that the last term is op(1) under the maintained assumptions. On the other hand,

by the Hilbert space law of large numbers, see Bosq (2000), Theorem 2.4,
F—KB=o0p(1) and K(B-0)D K(B—0).

This shows that

n~'T, 5 K8 - 0)[* >0

as long as K : H — H does not have zero eigenvalues. Therefore, by Slutsky’s theorem

T, 2% 0.

Lastly, under the local alternative hypothesis, we have

~ ~

VK (B — b) = V(i — KB) + KA + /(K By — )
5 G+ KA.

This shows that
2

LG+ KA
= [|G|* + 2(G, KA) + | KA|]?

=Y w22+ 2w Zi(p;, KA) + | KA,
j=1

=1

where the last line follows by the Karhunen—Loeve expansion, G = Z;’il wjl./ QZJ«pj. O

Proof of Corollary 1. The first two statements follow trivially from Theorem 6. The

last statement follows since by Markov’s inequality

* wi+ || KA
lim Pr(7, > z1_4) < Z]_l it | | ,

n—oo Zl—a

where we use Z; ~ N(0, 1). O
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S.3 Comparison to PCA

In this section, we shed some light on the behavior of functional PLS relative to PCA.
We will show that for the same fixed number of components m, PLS fits the empirical
moment better than PCA, hence, it may require a smaller number of components to obtain
a comparable fit. We also show that the regularization bias part of the estimation and
prediction risk of PLS is smaller than the one of the PCA. Therefore, the adaptive PLS
basis is better suited for approximating the slope function.

In what follows, we will use

) ne . m 1
BTPHLS — Z Pm()\J)<’f', ’l}j)fij and PCA Z 5\—
j=1 Jj=1
to denote the functional PLS and PCA estimators. Note that the PLS estimator uses

supervised regularization P,, while for the PCA estimator the regularization is fixed to

select the terms related to the inverse of the largest m eigenvalues of K. We will also use

5,?“8 ZP (r,v)v and 5PCA Z)\ T, V)U

to denote the population counterparts.

Theorem S.1. If n, = n, then for every m < n,,

e =

- APCA
KA.

and

K (B> = B < | K8, = B)

: Vs € [0,1].

Proof of Theorem S.1. If m = n,, then the PLS objective is zero, so the result is triv-
ial. Suppose that m < n,. Recall that Q,(\) = 1 — AP,(A). Let (0 )52, form an

orthonormal basis of H, where the first n, terms correspond to the eigenbasis of K. Then
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7 =372, (7,0;)0; and for every m < n, by Blazere et al. (2014), Proposition 6.2
2

A A 2
P KATS|| =

Qu(K)7

~ 2
m A o
< ‘ H ( - 5\_;> <r77}j>2

IA

—~
j>
&
S~
o

2

where the third line follows since 5\1 > 5\2 > > j\n > 0; and the fourth by Parseval’s
identity.

For the second part, define Q,,(\) = 1 — AP,,()\), where BYLS = P, (K)r solves the
population counterpart to the problem in Equation (4). Similarly, since 8 = Z;;(ﬁ , V)V,

and K = r, we have

K855 = B)||* = | K*Qu(K) B

7j=1 k=1
< Z )\?S<ﬁ,vj>2
Jj=m+1
= ‘KS <Z<57U3>Uj - Z )\_]<KB7UJ>UJ>
j=1 Jj=1

=[x (3= BN

]

The first part of Theorem S.1 shows that the PLS estimator fits the data better than
PCA for the same number of components 1 < m < n,. This is the functional version of a

result of Jong (1993); see also Phatak and de Hoog (2002) and Blazere et al. (2014). For

Supplementary Material - 24



the second part of Theorem S.1, it is worth recalling that the estimation and prediction

errors in Theorem 1 can be decomposed as

K (305 = 8) = Ko (805 — g01%) + K (85 - 8) . s e {0,1/2),

where the second term is the so-called regularization bias. This shows that the PLS basis

is more adapted for approximating the slope # than the PCA basis.

S.4 Comparison to Standard PLS

We provide some comparison between our PLS which is a functional conjugate-gradient
method applied to the moment equation with the standard PLS. Note that the standard
PLS solves

. . 2
min [ly —T,b|f;. (5.13)

where H,,, = span {f’, Kf, ey | mflf}. Equivalently, we solve

m 2
. - -1
N LD DL
7j=1
where with some abuse of notation ||.|| denotes the Euclidean norm. The first order condi-
tions give
— <Tnf(j*1f,y> + <Tnf(j1f, > a,Tnf(“f> =0, j=1,2..,m. (S.14)
=1
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Remark that

TR = TR Ty =T,(T:T,) ' Tiy = (LT y,

(TR, TR ) =

where T, T is the n X n matrix with (i, 7) element (X;, X;). Let v; be the m x 1 vector

and M; the m X m matrix such that

(T, ) y (T y
U1 = - 9
<Tnf(m‘1f, y> y' (L.T)"y
M, = [<Tnkﬂ'*1f,Tan*1f>} - [yT (LT Yy .
1<j1<m 1<ji<m
Equation (S.14) can be rewritten as M = v; where a = [ay, (g, ...,am]T. So that

aprg = Ml_lvl, provided that the matrix M is invertible.

Our version of PLS solves

in | Ty — T*T,b|>
min || Ty — T.T,b)|

where Hl,,, = span {f, Kf, e K’m_lf"} . This can be understood as the PLS with respect to

the weighted norm. Equivalently, we want to solve

2

min
at,...,am€ER

Ty — Z ozj_f(jf
j=1
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Using the first order condition, we obtain the equation vy = Msa with

<f<f,T;fy> y (T, Ty

<f<' m, T$y> vy (T.T5)" y

M, = [<K%K%>} = [yT (T, Ty y] .
j7 ]’

Comparing vy and vy, M7 and My, shows that the only difference is in the power of (T,,T).

Note also that M; and M, are Hankel matrices.

S.5 Additional Simulations: Early Stopping and Con-

fidence Sets

In this section we report additional simulation results for our early-stopping rule and con-

fidence sets.

S.5.1 Early Stopping

Recall that our PLS amounts to fitting the norm of the “sample moment” (or score)

f—K’BmH.

The norm decreases monotonically to zero in m and it becomes zero when the number of
conjugate-gradient steps reaches the number of nonzero eigenvalues of K, ie. m=n,. To
prevent overfitting, we select the number of PLS components as the first value of m for

which the norm of residual drops below a certain threshold:

o 2FE || X ||
f—KﬁmH <10 % (S.15)
n
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where 7 > 1 is a constant and 1 — § is the confidence level of the rule; see Assumption 4.

To describe the practical implementation, we focus on the functional linear model

1
m:/ B(s)Xy(s)ds + i, i=1,....n.
0

We compute the fitted moment as:
R 1 <& L
() = ()0 = 13 (¥ [ (X6 ) Xi(w),
i=1 0

To compute the threshold in Equation (S.15), we estimate E || X||* by 23" | fol X? (s)ds

n

21 A2 _ Ly 22
and o® by 6% = = Y " | &/, where

éi—Yi—/O B(s) X; (s) ds

and B is a preliminary estimator of 3, described below. All integrals are discretized on a
uniform grid of 200 points.

We consider an iterative approach for estimating o?

inspired by Chernozhukov et al.
(2024), Section 3.A. To that end, we first obtain a pilot estimator of 3, denoted BO. Next,

we compute the estimator of o2 :

o5 = %g; (YQ - <Xiaﬁo>)2-

If n > T, we can use the OLS estimator. Otherwise, any other regularized estimator can
be used, e.g. PCA with generalized cross-validation. We set k& = 0 and specify a small
constant £ > 0 as a tolerance level and the maximum number of iterations k... The

iterative procedure is described in Algorithm 1.
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Algorithm 1: Iterative estimation of o2
Result: 67

Initialization: &, k.

for £k =0,1,..., knax do
1. Compute § using the early-stopping rule with o? replaced by 62;

2. Set 62,, = L3 (Vi — (B, Xi)*

3. If

Oy — 03] <&, then stop.

end

We use the following values in all simulation designs: 6 = 0.1, k.« = 10, and & = 0.01.
These values correspond to a 90% confidence level, a sufficiently high number of iterations,
and a sufficiently low tolerance level respectively. Our theory also tells us that we need
7 > 1, so we set 7 = 1.01. The same values are also used in the empirical application.
We noticed in simulations that the algorithm tends to overestimate o which leads to
underestimated values of m. Figure S.1 reports the population slope coefficient (black solid
curve) and the average values of estimated slope coefficients Bm (red dashed curve) when
the selected number of PLS components m for the three simulation designs considered in
the paper, Section 5. We also report the median values of m selected by our data-driven
adaptive rule in each case.

Overall, we can see that the PLS estimator with the number of components selected
using early stopping can successfully recover the global shape of the slope parameter across
all simulation designs. It is worth noting that the early-stopping rule selects the number
of PLS components to achieve the minimax-optimal convergence rate for both the inte-
grated squared error (ISE) and the mean squared prediction error (MSPE). In doing so, it
simultaneously balances and minimizes the sum of the squared bias and the variance. This

behavior is consistent with the results shown in Figure S.1, where a visible bias is observed
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Figure S.1: Early-stopped PLS. True slope function /3 (solid black curve) and Monte Carlo
mean of the early-stopped PLS estimator (3, (dashed red curve), with a 95% pointwise
confidence band (area shaded in gray), based on 5,000 replications with sample size n =

1,000. The median number of selected functional components (72) is reported below.
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(c) Model 3: median(m) = 2
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as part of the optimal bias-variance trade-off.

Figure S.2 visualizes our early-stopping rule. The left vertical axis corresponds to the
values of MSPE (black solid curve) while the right vertical axis to the early-stopping rule
(blue). The number of PLS components is selected as the first m (blue dot) when the norm
of the fitted moment (blue dashed curve) drops below the value of the threshold (blue
dotted line). We also plot the minimum (black dot) of the simulated MSPE (black solid
curve) together with 95% confidence band (area shaded in gray). Given the uncertainty
behind the lowest value of the MSPE as well as the norm and the threshold, the early-
stopping rule produces reasonable values of tuning parameters that are compatible with the
global minimum of MSPE once the statistical uncertainty is accounted for. The simulation
results also confirm that there is no reason to select higher values of 7 since they would
increase the threshold and lead to more conservative choices of m. We conclude that our

early-stopping rule does not lead to overfitting.

S.5.2 Confidence Sets

[e.9]

To compute the confidence sets using test inversion, we note that if (h;)32, is a basis of

L]0, 1], then
[e.e]
Bs) =D bihi(s)
j=1
with coefficients b; = (5, h;). Since b; — 0, to reduce the computational cost, we search
over functions (3, where the sum is truncated to include only the first five basis functions.

We use the cosine basis and create a uniform grid of 20 points on [0, 4.5]° corresponding to

the first five coefficients by, ..., b5. We simulate the critical value using the approximation

100

to the asymptotic distribution ) 7} A;Z7, where ();)32, are the eigenvalues of K, and we

use 50, 000 replications to compute the critical value for the 5%-level test.
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Figure S.2: Adaptive early-stopping rule. Mean MSPE (solid black line) with a 90% Monte
Carlo confidence band (area shaded in gray), computed from 5,000 simulations with sample
size n = 1,000. The black dot marks the minimum. The rule selects the smallest m (blue
dot) at which the average norm (blue dashed curve) falls below the threshold (blue dotted
line); this blue dot therefore indicates the selected number of components, m. The median

number of selected functional components (712) is reported below.

2.5
4 b 13
— —Norm 07 25 — —Norm
...... Threshold ===~ Threshold
® ®
0.6
20 +
2.0 |
%% o 12 0
‘ > S
w Loy st <
a \ 90% confidence band | 194 § & 90% confidence band S
] —— Average MSPE 2 v —— Average MSPE =
= \ @® Minimum o = ® Minimum o]
o} 7}
15 \ 0.3 @ 0l @
\ [ 1,0
“ 0.2
N
~ > \
1.0 S 01 o
\\\\\ ~—
———= | j e ——— Jo
2 4 6 8 10 2 4 6 8 10
m m
. ~ . ~
(a) Model 1: median(rh) =1 (b) Model 2: median(m) = 3

5T\
— =Norm
\ ------ Threshold| 4 1.25
®

3k \ 90% confidence band| 7 075

Selection Rule

(c) Model 3: median(m) = 2

Supplementary Material - 32



Figure S.3 displays the asymptotic 95% confidence bands based on test inversion. These

confidence bands are quite informative about the global shape of the estimated slope pa-

rameter.
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Figure S.3: Asymptotic confidence bands. Pointwise medians of the upper and lower
bounds of the 95% confidence band (area shaded in gray), computed across 5,000 Monte

Carlo replications.
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