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Abstract

We argue that cash flow growth contains a permanent trend component, rendering the price-dividend
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returns via an Extended Kalman Filter, we show this cash flow noise generates severe attenuation bias
in standard predictive regressions. Purging cash flow trends and cycles restores return predictability,
delivering out-of-sample R? of 9% at one-year and 22% at five-year horizons, where traditional valu-
ation ratios uniformly fall short. While discount rate variation dominates price-dividend movements
at short and medium horizons, trend growth dominates at longer horizons.
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1 Introduction

Conventional wisdom in asset pricing holds that cash flow variation does not explain much of stock
price movements (Shiller, 1981). Movements in valuation ratios are then largely attributable to time-
varying discount rates (e.g., (Cochrane, 2011). Several empirical findings, however, remain difficult to
reconcile with this view.

A large literature documents that the predictive power of valuation ratios for stock-market returns
is surprisingly low, both in-sample (e.g., Stambaugh), 1999; |Ang and Bekaert, 2007) and out-of-sample
(e.g.,|Goyal and Welch, 2008)EI Corroborating this literature, we examine a ~150-year sample (1871-
2022) and find that standard valuation ratios offer little in-sample predictive power for stock returns
and uniformly deliver negative out-of-sample R>.

A related puzzle concerns the dynamics of valuation ratios themselves. Canonical asset pricing
models (e.g., Campbell and Cochrane} 1999; Barro, 2006; |(Gabaix, 2012) generate discount rate variation
at business-cycle frequencies, yet valuation ratios are far more persistent than these models predict,
often struggling to pass standard unit-root tests (Campbell and Shiller, [1987). Moreover, over recent
decades, valuation ratios have not merely been persistent—they have trended steadily higher. [Lettau
and Van Nieuwerburgh/ (2008) provide evidence that the price-dividend ratio has shifted multiple times
to structurally higher levels, consistent with a unit-root component.

We propose a unified explanation for these findings. Cash flows, we argue, contain not only a sta-
tionary cycle component — consistent with short-run cash flow predictability (e.g., Koijen and Van Nieuwer-
burgh|2011) —but also a permanent trend growth component. Since the price-dividend ratio reflects the
present value of future expected returns and cash flow growth (Campbell and Shiller, [1988), it inherits
both components. The trend makes valuation ratios persistent; the cycle adds further noise. Together,
they contaminate the signal that valuation ratios carry about expected returns, explaining why these
ratios are such weak return predictors.

To evaluate our hypothesis, we build a joint model of dividends, expected returns, and the price-
dividend (pd) ratio. Building on prior state-space approaches (Pastor and Stambaugh), 2009; Koijen
and Van Nieuwerburgh, 2011), we model expected returns as a stationary process. Unlike these stud-

ies, however, we also allow dividends to contain a permanent trend growth component alongside the

1See also, amongst others, |[Nelson and Kim)| (1993); |Goetzmann and Jorion| (1993); | Amihud and Hurvich| (2004); Boudoukh,
Richardson, and Whitelaw]| (2008); Boudoukh, Israel, and Richardson|(2022); Goyal, Welch, and Zafirov| (2024). A number of
studies show that modified predictors or alternative methodological choices can restore some evidence of predictability (see
for example, [Lettau and Ludvigson, 2001; Lewellen} 2004; Boudoukh, Michaely, Richardson, and Roberts,2007;|Campbell and
Thompson, 2008; Lettau and Van Nieuwerburgh) 2008; Rapach, Strauss, and Zhou, 2010).



stationary cycleE] A unit-root growth component means the standard Campbell and Shiller| (1988)
log-linearization around a fixed mean is no longer adequate. Following |Lettau and Van Nieuwer-
burgh| (2008), we instead log-linearize around a time-varying steady-state price-dividend ratio that re-
flects movements in trend growth. We estimate the model via maximum likelihood using an Extended
Kalman Filter yielding filtered estimates of expected returns, the cash-flow cycle, and trend growth.

Our model yields sharp testable predictions, which the data validate. The literature has worried that
persistent valuation ratios can generate spurious evidence of predictability (Stambaugh,|[1999). We argue
the more fundamental problem runs in the opposite direction: because pd; embeds cash-flow trend and
cycle components, it is a noisy proxy for expected returns, attenuating predictive coefficients toward
zero. Controlling for cash flow components should restore them. Specifically, at the one-year horizon,
the model predicts an attenuated univariate slope of just —0.04; in the data, we find exactly —0.04 (t =
—1.33). Controlling for the filtered cash-flow cycle and trend growth should remove the attenuation,
raising the slope to —0.20; in the data, it rises to —0.24 (t = —2.00). Using the estimated expected-return
component of pd directly—by construction purged of cash-flow noise—-as the sole predictor should
yield this same unattenuated coefficient; we find —0.22 (t = —2.20). The unattenuated slopes are below
one in magnitude because the pd ratio includes the full term structure of expected returns, of which one-
year returns capture only a fraction. At the ten-year horizon, where a larger share of the term structure
is captured, the unattenuated slope rises in magnitude accordingly—but the attenuation bias remains.
The model predicts an attenuated slope of —0.18; in the data, we find —0.23 (t = —1.35). Controlling
for cash-flow components, the slope should rise to —0.89; in the data, it rises to —1.17 (t = —3.16), and
we cannot reject equality with the model prediction (p = 0.45). Where conventional regressions find
no significant predictability over the ~150 year sample, our approach—by purging cash flow noise—
reveals a strongly significant expected-return signal at both short- and long-horizons.

We evaluate our model out of sample following the framework laid out by Goyal and Welch (2008).
We estimate the state-space model in real time using an expanding window and use the model’s expected-
return estimate as the out-of-sample forecast. Our trend-cycle model persistently beats the historical
mean benchmark, generating R of roughly 9% for one-year and 22% for five-year raw returns, both
significant at the 5% level; excess return results are comparable at 9% and 17%. Traditional valuation

ratios, by contrast, uniformly fail to beat the historical mean, producing negative R% 5. Our model ex-

2 A unit-root component in trend growth raises the familiar concern that valuations could become unbounded. We discuss this
condition formally in Section [3|and show that it is comfortably satisfied in our data. Section 6| further relaxes the stationary
discount rate assumption.

3Because the steady-state price-dividend ratio is a nonlinear function of trend growth g;, the standard linear Kalman filter is
inapplicable. We therefore employ an Extended Kalman Filter (EKF), which re-linearizes the measurement equation at each
time step around the current estimate of the state.



plains why. As trend growth drifted permanently higher, valuation ratios rose in tandem, yet univariate
predictive regressions—unable to distinguish higher growth from lower discount rates—systematically
underpredicted returns. The trend-cycle model, by explicitly accounting for time variation in g, isolates
a stationary expected-return signal that remains informative in real time, even as valuation ratios drift
far from historical norms.

The fact that purging cash flow noise restores return predictability suggests that permanent trend
growth is an important driver of valuation ratios. We are not the first to recognize this possibility.
Kleidon| (1986) and Marsh and Merton| (1986) showed that |Shiller(s (1981) excess volatility analysis ar-
tificially suppressed low-frequency movements in cash flow growth by de-trending dividends ex-post
with a “perfect-foresight” trend. Barsky and De Long) (1993) argued that dividend growth may contain
a small unit-root component that accounts for the bulk of long-run valuation ratio movements.

However, subsequent work has largely ignored the idea of permanent shifts in cash flow growth,
likely due to a severe identification challenge. The cyclical component of cash flow growth is far more
volatile than the trend over short-horizons, making it difficult to identify small but cumulating trend
shocks in finite samples with cash flow data aloneﬂ We make progress on this challenge by jointly
modeling dividends and the price-dividend ratio, exploiting two asymmetries inherent in the state-
space system. First, a shift in trend growth must simultaneously raise observed dividend growth and
the pd ratio—while a shift in discount rates affects only the valuation ratio. Second, through present-
value logic, small shifts in trend growth yield large movements in the price-dividend ratio, helping pin
down trend growth.

The estimates from our state-space system suggest that trend growth drifted markedly, from roughly
2% per annum before 1900 to roughly 6% after 2000, consistent with the pronounced rise in valuation
ratios. This secular increase reflects the cumulative effect of individually small shocks: estimated trend
growth volatility is just 18bps per annum, but because trend growth follows a random walk, these small
shocks accumulate over timeE] The cyclical component of dividend growth, by contrast, is far more
volatile (7.5% per annum) but largely transitory (AR(1) of —0.11). On the discount-rate side, expected
returns exhibit pronounced annual volatility (6.1% per annum) but crucially with more moderate persis-

tence (AR(1) of 0.83).

“The core problem is that cash flow data alone struggle to distinguish between a constant-growth process with i.i.d. shocks
and one with a small but permanent component—with plausible parameters, standard time-series methods fail to reject
constant trend growth in over a third of simulations (Barsky and De Long| 1993). Formally, building on |Shephard and
Harvey|(1990), Barsky and De Long| (1993) show that if dividend growth follows an IMA(1,1) process, Ad; = g;_1 + €; where
gt = gt-1 + (1 — 0)€s, then with a sample size of 120 and true 6 = 0.97, the likelihood function maximizes at the boundary
(6 = 1) in 36% of simulations—that is, standard methods fail to detect the permanent component over a third of the time.

5Over 150 years the standard deviation of cumulative trend growth is 0.18% - /150 = 2.2%.



Our model implies that the permanent trend component in cash flows has important asset pricing
implications. A key insight is that the decomposition of pd variation is horizon dependent. Over short
and medium horizons, shifts in expected returns account for 72% of the variation in pd, while shifts in
the trend-growth component contribute 16% and the stationary cash flow cycle contributes 12%. Over a
150-year horizon, however, the decomposition reverses—trend growth accounts for 74% of pd variation,
expected returns for 22%, and the cash flow cycle just 4%. This reframes the Shiller|(1981) excess volatil-
ity puzzle: discount rate variation is the dominant force at short and medium horizons, but at long-run
horizons cash flows dominate.

This horizon dependence also helps reconcile the findings of (Cochrane| (2011), who concludes that
returns account for nearly all pd variation using 15-year realized returns over 1947-2009. With an ef-
fective sample window of roughly 50 years, our model implies that discount rates account for roughly
half of pd variation at this horizon—a substantial share, but not all. Moreover, as Boudoukh, Israel, and
Richardson| (2022) highlight, the exercise rests on only three to four independent observations, a setting
in which overlapping-regression biases can inflate the return coefficient. As the sample lengthens, our
model indicates the return share declines and the cash flow share rises. Extending the analysis to our
full 150-year sample, 10-year returns and cash flow growth explain just 23% and 26% of pd variation,
respectively (model-implied: 18% and 28%), with the remaining variation absorbed by pd-which the
model attributes largely to the trend growth component. Consistent with this, 20-year cash flow growth
explains 47% of pd variation (model-implied: 46%) as trend growth increasingly dominates.

Relatedly, |Cochrane|(2008) contends that the absence of cash flow predictability—the “dog that did
not bark”—indirectly provides a more powerful case for return predictability. His argument relies on the
present-value identity: if dividend growth is unforecastable, variation in the price-dividend ratio must
reflect changing expected returns. However, as Cochrane| (2008) himself acknowledges, this reasoning
loses its force if the pd ratio contains a unit root, since a permanent component in expected cash flow
growth can drive low-frequency variation in the pd ratio without generating detectable short-horizon
predictability—precisely the conditions of our model.

Our analysis finds that the secular increase in valuation ratios observed over the past decades re-
flects a rise in trend growth. We confirm this with the following exercises. First, we re-estimate the model
using an alternative cash flow measure—earnings—yielding nearly identical filtered trend growth and
expected return paths. Second, instead of fixing steady-state expected returns, we re-estimate the model
allowing for a random walk component in expected returns. We find that trend growth is largely un-
changed; if anything, steady-state expected returns have increased from roughly 7% per annum in the

pre-1900s to 8%-8.5% by the 1980s—the opposite of what one would expect from rising valuation ra-



tios. Importantly, our modeling approach is remarkably robust: both models deliver out-of-sample R?
comparable to the baseline model.

Overall, our results offer a refinement of the Shiller| (1981) excess volatility puzzle: stock prices are
excessively volatile relative to fundamentals at business-cycle horizons, but over the last ~150 years,
trend growth can account for the bulk of pd movements. By jointly filtering cash flows and prices, we
show that the apparent weakness of return predictability is an artifact of measurement error: once cash
flow trends and cycles are purged, the stock market is, in fact, highly predictable.

The rest of the paper proceeds as follows. Section 2| documents the return predictability evidence,
and presents motivating evidence on cash flow trends and cycles. Section [3| develops the state-space
system and derives testable predictions. Section 4| tests the model predictions. Section |5 explores asset

pricing implications, and Section [f| examines robustness. Section [7] concludes.

2 Motivating Evidence

We begin by documenting two central puzzles in empirical asset pricing. First, despite the theoretical
consensus that discount rate movements largely drive asset price fluctuations (Campbell and Shiller),
1988; |Cochrane, 2011), valuation ratios exhibit surprisingly low predictive power for stock-market re-
turns, both in-sample (e.g., Stambaugh), 1999; |Ang and Bekaert, 2007) and out-of-sample (e.g., (Goyal
and Welch, 2008;|Goyal, Welch, and Zafirov| 2024). Second, valuation ratios have shifted to structurally
higher levels over the past several decades (Lettau and Van Nieuwerburgh, 2008), a pattern difficult to
reconcile with stationary models of discount rate variation.

We then present motivating evidence for our proposed explanation: that two distinct properties
of cash flows—a permanent trend growth component and a stationary cycle—contaminate valuation

ratios, simultaneously rendering them noisy predictors of returns and driving their secular rise.

2.1 Weak Return Predictability

Tablel]illustrates the weak return predictability tension. We conduct standard predictive regressions of
one-year-ahead log raw and excess returns on three canonical valuation ratios: the log price-dividend
ratio (pd), the log price-earnings ratio (pe), and the log cyclically adjusted price-earnings ratio (cape).
Panel A reports in-sample estimates for the full history (1871-2022). To address the small-sample bias
documented by |Stambaugh|(1999), we apply the bias-correction method of | Amihud and Hurvich(2004).
The predictive power of these valuation ratios is limited. The coefficients for the pd and pe ratios are
statistically indistinguishable from zero. Only the cape ratio significantly predicts raw returns but fails

to reliably predict excess returns.



Table 1: The Predictive Power of Valuation Ratios for Returns

Raw returns Excess returns

Log(PD) Log(PE)  Log(CAPE) Log(PD) Log(PE)  Log(CAPE)
@ 2 @) 4) ©) (6)

Panel A: In-sample

by —0.019 —0.052 —0.072% —0.012 —0.032 —0.058
(0.032) (0.037) (0.036) (0.032) (0.038) (0.037)
[ 0.545] [0.164] [ 0.046] [ 0.700] [ 0.398] [0.116]

Sample 1871-2022  1871-2022  1881-2022  1871-2022 1871-2022  1881-2022

Panel B: Out-of-sample

R2,, —1.82% —0.57% —2.50% —2.76% —2.99% —7.11%
CWp-val  [0377] [0.238] [0.114] [0.392] [ 0.444] [0.259]
Sample  1965-2022 1965-2022  1965-2022  1965-2022 1965-2022  1965-2022

Note: This table reports predictive regressions of log one-year-ahead raw returns and log one-year-ahead excess returns on
three valuation ratios: log price-dividend (PD), log price—earnings (PE), and log cyclically adjusted price—earnings (CAPE).
Data are annual. Panel A presents in-sample estimates, where the slope coefficient b; and its standard error are adjusted for
the small-sample bias of Stambaugh| (1999) following the correction in|Amihud and Hurvich| (2004). Standard errors and p-
values are shown in round and square brackets, respectively. Panel B reports out-of-sample performance over the 1965-2022
period, based on recursive estimates of the predictive model 7,41 = a; + B¢x; + 1. The out-of-sample (R2,) is defined in
Equation (I). The row labeled “CW p-val” reports p-values for the one-sided [Clark and West| (2007) test of the null hypothesis
that predictive model (81 # 0) delivers a lower mean-squared forecast error than the historical-mean benchmark (8; = 0).
Significance levels: * p < 0.10, ** p < 0.05, ** p < 0.01.

Panel B reports results for an even stricter test: out-of-sample forecasting. As emphasized by Goyal
and Welch|(2008) and Goyal, Welch, and Zatirov|(2024), even when a financial predictor forecasts returns
in-sample, it often fails to translate into real-time forecasting power. To test this, we follow their method-
ology and estimate linear regressions recursively to predict one-year-ahead returns, ?tO+OlS = & + Bexs,

using only prior data. We evaluate performance using the out-of-sample R?:

(e — 7095

Y (ren — )2

where 7 is the historical mean return up to time ¢. A negative R, implies that the predictive model

performs worse than the historical average benchmark. The predictive models fail to outperform the

2

historical mean benchmark. Across every specification, the RS

is negative, ranging from —0.57% to
—7.11%. Furthermore, p-values from the one-sided Clark and West (2007) test (ranging from 0.114 to
0.444) indicate that we cannot reject the null hypothesis the historical mean is at least as good a predictor
as the valuation model.

This establishes the paradox: while the consensus is that valuation ratios must reflect future dis-



count rates (Cochrane, 2011), in practice they are weak predictors of returns.

2.2 Trends in Valuation Ratios and Cash Flows

Why do valuation ratios fail to predict returns despite theoretically embedding discount rates? Our
hypothesis is that cash flows contain both a permanent trend growth component and a stationary cycle,
and that these two components contaminate valuation ratios, obscuring the true expected return signal.
We now present motivating evidence for each in turn.

We begin with the low-frequency component. Panel A of Figure 1| plots the time series of the three
valuation ratios. The visual evidence is difficult to reconcile with the traditional assumption of station-
arity. While the ratios appear to fluctuate around a stable mean in the pre-war period, they exhibit a
distinct upward trend in the post-war era.

To confirm this instability formally, we turn to the work of Lettau and Van Nieuwerburgh! (2008). We
replicate their analysis using the full 1871-2022 sample. Appendix Table reports tests for structural
breaks using the Bai and Perron! (1998) methodology across all three valuation ratios. The results confirm
that the non-stationarity documented by Lettau and Van Nieuwerburgh! (2008) persists through the full-
sample. We detect statistically significant structural breaks for all measures. Consistent with Lettau and
Van Nieuwerburgh (2008), we find that pd exhibits multiple structural breaks over the full sample—each
shifting the ratio to a higher level: one break in 1954 and a second in 1992. This pattern of repeated
upward shifts is consistent with a unit-root component in the pd ratio, but leaves open the economic
source: do these shifts reflect a secular decline in expected returns, or a secular rise in trend growth?

Panel B provides direct evidence pointing toward the latter. Fifty-year rolling averages of one-year
log growth in dividends and earnings have trended upward over the sample. This co-movement be-
tween long-run cash flow growth and valuation levels is consistent with our hypothesis that permanent

shifts in trend growth are the primary driver of the secular rise in valuation ratios.

2.3 Cycles in Cash Flows

Trend growth is not the only source of cash flow contamination in valuation ratios. Cash flows also con-
tain a stationary cycle component—consistent with the short-run cash flow predictability documented
by Koijen and Van Nieuwerburgh| (2011)—that introduces additional noise. To test for the presence of

these cycles, we estimate a sequence of predictive regressions for horizons h =1, ...,7 years:

Axppon = &p + BnAxs +Vipip (2)



Figure 1: Trends in Valuation Ratios and Cash Flows

(A) Valuation Ratios
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Note: Panel A plots the time series of the log price-dividend ratio, the log price-earnings ratio, and the log cyclically adjusted
price-earnings ratio. Panel B plots 50-year rolling window averages of annual log growth in dividends and earnings. The
sample is from 1871-2022.



where Ax; ;. is cumulative cash flow growth over the next /i years and Ax; is the past one-year growth
rate. Under ii.d. growth, B, = 0. A negative coefficient signals mean-reverting growth: if cash flows
contain a transitory cyclical component, a burst of negative growth today will be followed by above-
average growth as the variable reverts to trend. Assuming changes in the trend component are negligible

at short horizons, these regressions primarily capture the dynamics of the cyclical component.

Figure 2: Cyclicality in Cash Flows

(A) Forecasting coefficients: Dividends (B) Forecasting coefficients: Earnings
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Note: This figure analyzes the cyclicality of annual log dividend and earnings growth, respectively. The figures display slope
coefficients B, from regressions of cumulative h-year growth on current 1-year growth (Ax; .y, = &y, + B Axt + v 44p) for log
dividends (Panel A) and log earnings (Panel B) following eq. (2). Data are annual. The vertical bars represent 90% confidence
intervals computed using Newey-West HAC standard errors.

Figure 2| plots the estimated slope coefficients. The results provide evidence of mean reversion in
both dividends and earnings, with the pattern somewhat stronger for earnings—consistent with divi-
dend smoothing by corporations (Lintner, |1956; Brav, Graham, Harvey, and Michaely, 2005). This cycli-
cality undermines the predictive power of the valuation ratio. As Van Binsbergen and Koijen| (2010)
demonstrate, when there is predictable variation in cash flows, standard predictive regressions cannot

disentangle whether a movement in the valuation ratio is driven by discount rates or growth expecta-

tions. If the cash flow cycle is ignored, it obscures the return signal.

3 A Present-Value Model with Trends and Cycles

Motivated by these stylized facts, we develop a present-value model of expected returns and cash flows.
To incorporate the stylized facts documented above, the model incorporates a non-stationary cash flow
trend and a stationary cycle component.

Our model therefore integrates present-value models, common in finance (e.g., Van Binsbergen and



Koijen, 2010), with a trend-cycle model, widely used in macroeconomic applications (e.g., Beveridge
and Nelson, 1981; Nelson and Plosser, 1982; Harvey, 1985)@ Trend—cycle decompositions have long
been standard in macroeconomics, providing a powerful way to separate persistent trends from transi-
tory fluctuations in aggregate macroeconomic variables. Corporate finance has more recently adopted a
similar perspective, highlighting the distinction between permanent and temporary cash-flow shocks in
both theoretical (e.g., (Gorbenko and Strebulaev| 2010) and empirical (e.g., Gryglewicz, Mancini, Morel-

lec, Schroth, and Valta, 2022) work. Yet, asset pricing has made surprisingly little use of this idea.

3.1 Model Setup

We formulate a multivariate unobserved components (UC) model of expected returns and cash flows,

which jointly imply a process for the price-dividend ratio through a present-value identity.

Cash Flows We decompose log dividends, d;, into a non-stationary trend, 7;, and a stationary cycle, c;:

di =T +cy,

T =T-1+8t-1,
) )
gt =gi-1+egt, €gr~N(0,07)

2
Ct = pPcCr—1+0ceci—1+ec €~ N(007)

This specification constitutes a “local linear” trend model since the trend 7; is locally (from t — 1 to ¢)
linear in the growth rate g;. The “slope” or growth rate g; is itself a random walk, so the trend can
permanently accelerate or decelerate over time; setting (T§ = 0 recovers constant trend growth, as em-
bedded in classical present-value models (Shiller, 1981). Since the trend level evolves deterministically
given the growth rate—1; = 7,1 + ¢;—1 with no idiosyncratic shock—g; is the sole source of trend non-
stationarity, yielding a smooth (integrated random walk) trend. The cycle c; follows a parsimonious and
stationary ARMA(1,1) process (|oc| < 1), capturing the mean-reverting cash flow dynamics documented
in Figure 2| Relative to Van Binsbergen and Koijen (2010), who model expected dividend growth as a
single stationary AR(1), our decomposition separates permanent shifts in trend growth from a transitory

cash-flow cycle.

Expected Returns We model expected returns, [E;[r;+11] = y¢, as an AR(1) process around a constant
steady-state level i:
Yt = f+ Py (-1 —f1) + €utr  Eut N (0, ‘7;3) (4)

6See also, among others, Clark| (1987); [Watson| (1986); King, Plosser, Stock, and Watson| (1991); Harvey| (1989); Durbin and
Koopman| (2001).
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This is a frequent specification for expected returns (e.g., Pastor and Stambaugh, 2009; Koijen and
Van Nieuwerburgh) 2011; Campbell, 2017). We assume that all shocks are mutually uncorrelated, an

identification assumption which is both standard and convenient in UC models.

Present-Value Identity Present-value identities specify stock prices as a function of future cash flows

and returns. They typically start with the definition of log returns

rree1 = Adpyq +log(1 + exp(pdit1)) — pd; (5)

and then replace the nonlinear term log(1 + exp(pd;11)) with a first-order linear Taylor approximation.
Famously, Campbell and Shiller| (1988) suggest linearizing around log(1 + exp(pd)) where pd is the
mean pd ratio. However, non-stationarity in cash flows and valuation ratios renders log-linearization
around a fixed mean inappropriate in our setting.

We therefore follow Lettau and Van Nieuwerburgh (2008) and linearize around a time-varying
steady-state ratio pd,, defined as the price-dividend ratio that would prevail if expected returns and

cash flow growth remained permanently at their current steady-state levels. For g; < fi K] it is defined by

pd, = pd(g1) = gt — log(exp(f1) — exp(gt)). (6)

Intuitively, higher trend growth g; increases the trend pd ratio pd,, while higher average returns decrease
it.
Performing a first-order Taylor approximation and iterating forward on the deviation of pd; from

its trend counterpart pd,, the log-linearized present-value identity becomes:

[e0]

pd; — pd, = 6+ ipj_l]Et [Adiyj— 8] — gpj_llEt [Pe4j-14j — 7] (7)
= j=
where ¢ is a Jensen’s-inequality constant close to zero and p ~ 0.96 (see the appendix for the full deriva-
tion). This looks similar to the familiar equation in Campbell and Shiller|(1988) which specifies the price-
dividend ratio is a function of future expected cash flow growth and future returns. By contrast, equa-
tion @ states that deviations of price-dividend ratio from its time-varying steady-state value, pd; — pd,,
are related to deviations in cash flows and returns from their steady-state value.

Substituting the cashflow and expected return dynamics into (7) allows us to express the valuation

"This condition ensures that the price-dividend ratio is finite. It is always satisfied by our empirical estimates, since the
estimated drift in g; remains well below fi. In Section [f| we relax the stationary expected return assumption and allow a
permanent component in expected returns, which provides additional flexibility. One could also impose this restriction
directly on the cash-flow process (e.g.,[Barsky and De Long}[1993); we choose not to do so to keep the model parsimonious.
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ratio purely in terms of the state variables:

- — 1 oy 1—pc —p
pdt =0+ pdt 1= P (,ut ,u) 1— 0P t + 1— oo, [ Ecte (8)
or more compactly:
pdy =6+ pd, + M + Cy )

The three components have distinct roles. The non-stationary component, pd,, captures permanent

cash flow movements driven by shifts in trend-growth. The term M; = —1%%( it — fi) captures the
expected-return cycle and C; = — 11__% cr + % 0. .+ captures the cash-flow cycle. Thus, when the ex-

pected returns are high relative to their steady-state values, the price-dividend ratio is low. Conversely,
when trend growth is high, the price-dividend ratio is high. The cash-flow cycle has an ambiguous
effect: a high dividend level relative to trend depresses the price-dividend ratio—as mean reversion

implies lower future growth—while a positive dividend shock raises it.

3.2 Model Predictions

Our model makes direct predictions regarding why predictive regressions with valuation ratios have
limited forecasting ability for returns: cash flow trends and cycles introduce measurement error into
valuation ratios.

To understand this argument, suppose we want to predict the j-period return r;;; = Y 0

The conditional expectation [E[r; ;]

e = Bi[reen] + Yreris Et(¥re4j) = 0. (10)

is the best possible predictor of realized returns given time-t information and when regressing realized
returns r;;,; on this predictor we get a slope coefficient of 1. However, this predictor is generally not

observed in practice. Instead, imagine we observe a noisy proxy

xp = Byfrepj] + 11, Ei (17 | Btrees4]) = 0. (11)

The predictive slope coefficient becomes

Cov(rirej,xt)  Var(Eilryry]) 1 Var (1)
Var(x;) ~ Var(xy) Var(x;)

(12)
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Thus, the slope is no longer 1 but is attenuated toward zero by the presence of noise — the classical
measurement error result.
The same logic applies in the present-value model. From equation (8), the price-dividend ratio can

be written as
pdy =6+ M+, (13)

so that the valuation ratio contains the long-run expected-return signal alongside a cash-flow noise

component 17y = pd(g:) + C:. Forecasting r; ., j with pd; yields

~ Cov(rs4j, pdt) Var(M;)

bj = Var(pd)) —-[1- (PP#)”W = —[1-(ppu)'] [1 Var(m)] . (14)

~ Var(pd;)

The first term, —[1 — (pp,)’], reflects the fact that the valuation ratio contains the expected-returns
signal for the entire term structure of returns. As j — oo, this term converges to 1. The second term
captures attenuation from cash-flow noise. If there were no noise in valuation ratios, this term would
equal 1. In such case, the entire variance of pd; would be driven by M;. As the variance of the noise
component 7; increases, the predictive coefficient shrinks toward zero. In other words, the predictor
suffers from classical measurement error.

Solving for Var(#;), we can write

by = ~[1 - (ppyy) |1 - PG G| (15)

We provide the analytical formulas for Var(pd(g;)), Var(C; and Var(pd;) in the appendix. The model

leads to the following proposition regarding the attenuation bias in predictive regressions.

Proposition 1. When predicting returns with the pd ratio, variation in the cash flow cycle and trend growth

attenuate the slope coefficient toward zero.

This proposition implies that univariate predictive regressions of realized returns on valuation ratios
may recover little of the underlying expected-return signal whenever valuation ratios are substantially
driven by cash flow trends and cycles. This offers a potential explanation for why the empirical return
predictability literature has found mixed evidence. The proposition also delivers precise quantitative

predictions that we take to the data in the next section.

Prediction 1. Predicting returns with the pd ratio:
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* The univariate slope coefficient from regressing j-period realized returns ry,; on pd; is given by eq.

and is attenuated toward zero.

* A multivariate regression that controls for the cycle components cy and €., and the trend growth component

pd, recovers the unattenuated coefficient —[1 — (p,p)/].

Both claims follow directly from eq. (§). The model therefore delivers a sharp testable prediction: if cash
flow trends and cycles attenuate return predictability, a multivariate regression controlling for these
components should yield a slope coefficient substantially larger in magnitude than its univariate coun-
terpart.

If the expected-return component M; were directly observable, it could serve as a predictor in its
own right:

. COV(T’t,H_]‘, Mt) . .
bj - Var(/\/lt) - _[1 - (P}IP)]] (16)

Prediction 2. Predicting returns with the expected-return signal M:

* Regressing j-period realized returns ry;, ;j on the expected-return signal M yields the unattenuated coeffi-

cient —[1 — (pup0)].
o Augmenting this regression with c, € t, and pd, leaves the coefficient unchanged.

This provides a second testable prediction. Because M; is purged of cash flow dynamics, its predictive

slope is not attenuated, and augmenting the regression with trend and cycle controls has no effect.

4 Testing the Model on Return Predictability

We now estimate the model and evaluate its predictions. As a further validation exercise, we evaluate

our model out of sample following the framework laid out by Goyal and Welch/ (2008).
4.1 Estimation

4.1.1 State-Space Representation

We can write our unobserved components as a state-space system with the state vector

st = (Te, Qs Cts €cts Ht, 1)T (17)
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where the transition equation s;11 = Asy + C €41 is such that

110 0 0 0 | [0 0 0]
010 0 0 0 g 0 0
L {00 b0 0 |0 o) as)
000 0 O 0 0 o 0
00 0 0 pp (L—pu)pt 0 0 oy
000 0 0 1 0 0 0]

where Cis a 6 x 3 “shock-loading” matrix governing how each structural innovation enters and scales
the state variables, the state innovations &/, = (ég,t +1, Ectr1s Ept +1> ~ N (0, I3) are mutually inde-
pendent, and A determines the loading on past states.

The measurement equation stacks log dividends and the log price-dividend ratio:
_ T
xt = (di, pdy) (19)

The standard Kalman filter requires a linear measurement equation, but the valuation-ratio equation
contains the steady-state log price-dividend ratio, pd,, which is a non-linear function of the trend-
growth state g;. We therefore employ an Extended Kalman Filter (EKF), which replaces the nonlinear
measurement function with its first-order Taylor approximation, updated at each time step. Doing so,

the linearized measurement equation takes the form x; = G;s;, where (see the appendix for a detailed

derivation):
1 0 1 0 0 0
Gt = 1— Pc 1— o 1 ’ (20)
0 /\t — GC — K
I—ppc 1—ppc 1T —pup
with
exp(gt\t—l)
A == 1 + — A 7 (21)
t exp(fi) — exp(gy—1)
K =0+ 1 _Mpp + &1je—1 — log(exp(f1) — exp(§rr—1)) — At Gre—1- (22)
Iz

The first row of G; maps dividends to the trend and cycle. The second row encodes the structural

present-value constraint. At each step of the filter, G; is re-evaluated at the current prior estimate §;;_1,
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so that the linearization tracks the evolving steady-state of the pd ratio.
4.1.2 Estimation Results

We estimate the model at quarterly frequency using maximum likelihood For each candidate param-
eter vector, the EKF delivers filtered state estimates and an approximate log-likelihood; we select the
parameters that maximize it. Appendix provides further details, including our choice of initial

states. Table 2 reports the parameter estimates and bootstrapped standard errors.

Table 2: Trend-Cycle Model: Parameter Estimates

Parameter Oc 6 0 (-100) oc Ou Oy fl

Estimate 09710 04927  0.0226  0.0273 09556  0.0048  0.0215
(0.0080) (0.0823) (0.0166) (0.0044) (0.0357) (0.0031)  (0.0030)

Note: This table reports parameter estimates for the trend-cycle model, estimated using quarterly frequency data on log
dividends and the log price-dividend ratio. The sample period is 1871-2022. Bootstrapped standard error are shown in
parentheses.

Figure 3| plots the filtered states. Panel A reveals the key finding: trend growth drifts from roughly
2% per annum (0.5% per quarter) before 1900 to approximately 6% per annum (1.5% per quarter) in re-
cent decades—consistent with the pronounced secular rise in valuation ratios documented in Section 2}
Innovations to trend growth are, however, individually small with an annualized volatility of roughly
18bps—but because trend growth follows a random walk, they accumulate over timeﬂ The trend-level
(Panel B) tracks the dividend level closely but is extremely smooth, reflecting the removal of the cyclical
component. The cycle (Panel C) is more volatile, spiking around major historical episodes but consis-
tently reverting toward zero. The annualized AR(1) for cyclical dividend levels is p? =~ 0.89, implying the
cyclical component of dividend growth has an AR(1) coefficient of approximately —0.11—close to i.i.d.
but slowly mean-reverting—with an annualized volatility of 7.5%@]

To validate out-of-sample stability, we conduct a real-time filtering exercise over the post-war pe-
riod. Beginning in 1946, we re-estimate all parameters by MLE at each subsequent quarter using only
data available up to that date, retaining only the terminal filtered state from each vintage. The result-
ing real-time-filtered states (dashed blue in Figure 3)) track the full-sample estimates (solid line) almost

perfectly, confirming that the filter’s dynamics are robust to recursive re-estimation.

8We use annual dividends, take logs and subtract log(4) to convert them to a quarterly series. Following [Cochrane, (2011),
the Campbell and Shiller| (1988) identity requires dividends to be reinvested to the end of the measurement period rather
than simply summed or reinvested at the risk-free rate; we approximate this by compounding quarterly dividends at a fixed
annual rate of 8%.

9 Annual trend growth is the sum of four quarterly trend-growth shocks, so its standard deviation is 4 og V4.

10 Annual cycle growth ¢; — ¢;_4 has variance 2[y(0) — y(4)], where 7(0) = (1462 +20:0¢)02 /(1 — p2), 7(1) = pc ¥(0) + 6. 72,

and y(h) = pc y(h — 1) for h > 2. Substituting our estimates yields an annualized cycle growth volatility of 7.5%.
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Figure 3: Trend-Cycle Model: Filtered States
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Note: This figure displays the filtered estimates for trend growth (g;), the trend (%), and the cycle (¢;) on a quarterly frequency.
The solid red line plots the in-sample estimates derived from the full sample (1871-2022), while the dashed blue line plots the
real-time estimates derived from an expanding training window starting in 1946.

17



Figure 4: Expected and Realized Returns
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Note: This figure plots model-implied expected returns at the 1-year (Panel A), 5-year (Panel B), and 10-year (Panel C) horizons,
constructed from Equation (23) using filtered states and parameter estimates. The solid red line uses full-sample estimates
(1871-2022); the dashed blue line uses real-time expanding-window estimates beginning in 1946. Realized returns are shown
for comparison (dotted black line).
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Given the parameter estimates and filtered states from the EKF, we use the theoretical identity in
Equation (@) to obtain model-implied measures of expected returns over the next j years. Substituting

estimated parameters and filtered states yields

o~ 1— j,\ 1_ 0 ]
Pl (00u)

Eilrise] = =0 i+ Y (fr — 1) (23)

The first term is the present value of the long-run mean expected return; the second captures the cyclical
deviation of expected returns from their long-run mean.

Figure E]plots model-implied expected returns at the 1-, 5-, and 10-year horizons alongside realized
returns. Three features stand out. First, unlike raw valuation ratios, the expected-return series is sta-
tionary (see Table[A.2)—by construction, the nonstationary trend has been purged, leaving a moderately
persistent (annual AR(1) of p,, =~ 0.83; half-life of roughly four years) and volatile (annualized volatil-
ity of 6.1%) discount-rate signal. Second, the series aligns with economic intuition: expected returns are
countercyclical, spiking during the Great Depression and the stagflation of the 1970s-80s, and compress-
ing to historical lows during the dot-com bubble. Consistent with this persistence, the fit with realized
returns improves markedly with the horizon: at one year, expected-return shocks have largely yet to
materialize in realized returns, whereas by ten years nearly 90% of the expected-return component has
been captured. Third, over the post-war period, the expanding-window estimates (dashed blue) track
the full-sample estimates (solid red) very closely, confirming that the expected-return dynamics are ro-

bust to real-time re-estimation.

4.2 Testing the Model Predictions

We now test whether the model’s predictions are borne out in the data. Table3{reports predictive regres-
sions of realized returns at the one-year and ten-year horizons. The top panel reports OLS coefficients
with t-statistics based on both Newey-West (round brackets) and bootstrapped (square brackets) stan-
dard errors to deal with estimated regressors; inference throughout is based on the latter. The bottom
panel reports the model-implied (analytical) coefficients and p-values for the null that the empirical and
analytical coefficients are equal.

We begin with Prediction |1, which states that cash-flow noise in the pd ratio attenuates the slope
in univariate predictive regressions. Column (1) shows the univariate regression of one-year returns on
pd;. The slope is —0.04 (t = —1.09)—statistically insignificant and exactly the value the model predicts.
If this attenuation reflects cash flow noise, controlling for that noise should restore the slope. Column (2)

adds the filtered cash flow components—ﬁt, ¢t, and &, ;—to the regression. The slope on pd; increases
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six-fold to —0.24 (t = —2.05), statistically significant and close to the analytical prediction of —0.20. The
remaining coefficients also align with the model predictions.

Prediction 2| offers an alternative route to restoring predictability: rather than controlling for cash
flow noise, one can directly use the filtered expected-return component of pd, /Qt—by construction
purged of cash-flow trends and cycles—as the sole predictor. Column (3) confirms this: M, predicts
one-year returns with a slope of —0.22 (t = —2.19), close to the predicted —0.20, and raises the R?
from 1% to 6%. Column (4) shows that the slope on M ¢ is stable when cash flow controls are added,
and these controls are themselves insignificant—confirming that M, fully absorbs the expected-return
signal of pthrI

Columns (5)—(8) repeat the analysis for ten-year returnsr_zl The pattern mirrors the one-year results:
the univariate slope on pd; is small and insignificant (column 5); controlling for cash-flow noise pro-
duces a five-fold increase (column 6); M ¢ alone delivers comparable predictive power (column 7); and
additional cash-flow controls leave the slope on M, largely unchanged (column 8). Across both hori-
zons, the analytical and empirical coefficients are closely aligned, and we cannot reject their equality at

conventional levels.

Figure 5: Term Structure of Expected Returns

(A) Predictor: pd; (B) Predictor: M;
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Note: This figure reports predictive regressions of realized future one-year returns, r;;; on the log price-dividend ratio (pd;)

in Panel (A) and the filtered expected-return signal (./(/Y ¢) in Panel (B). 90% confidence intervals are constructed using boot-
strapped standard error.

Note that the empirical coefficients are subject to small-sample bias (Stambaugh) [1999). For the pd ratio, the downward bias
is around 0.02 (comparing the OLS coefficient of —0.04 to the bias-adjusted coefficient in column (1) of Table[T). This bias is
likely smaller for M, given its lower persistence. Standard analytical bias corrections rely on stationary predictor dynamics
and do not directly apply when regressors include nonstationary components.

12Despite using 150 years of data, these coefficients may be biased away from zero due to the overlapping nature of obser-
vations (Boudoukh, Israel, and Richardson, 2022). Consistent with this, the empirical coefficients exceed the model-implied
coefficients in magnitude for the long-horizon regressions.
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Table 3: Test of Model Predictions: Return Predictability

_vT i—1
Tridj = Zj:1 p’ Tigj

1-year 10-year
(1) ) 3) 4) ) (6) ) (®)
M, -0.22%  -0.24** -116%%* -1.17%*
(-3.80) (-4.68) (-5.82)  (-6.06)
[-2.19] [-2.07] [-3.54] [-3.18]
pdt -0.04  -0.24** -0.23  -1.17%*
(-1.11)  (-4.45) (-1.91)  (-6.05)
[-1.09] [-2.05] [-1.38] [-3.18]
pd, 0.25* 0.01 1.20%* 0.04
(4.39) (0.23) (5.45) (0.29)
[1.94] [0.15] [2.50] [0.14]
Ct -0.26 -0.08 -0.91* -0.04
(-2.64) (-0.80) (-2.53) (-0.11)
[-1.51] [-0.59] [-1.52] [-0.07]
€t -0.21 -0.24 0.42 0.28
(-0.61) (-0.73) (0.43) (0.28)
[-0.31] [-0.36] [0.45] [0.30]
Observations 151 151 151 151 142 142 142 142
R? 0.01 0.07 0.06 0.07 0.07 0.35 0.34 0.35
Adj. R? 0.00 0.04 0.05 0.04 0.06 0.33 0.34 0.33
Model-implied coefficients:
M, -0.20 -0.20 -0.89 -0.89
{0.83} {0.72} {041} {045}
pd; -0.04 -0.20 -0.18 -0.89
{0.93} {0.72} {0.74} {045}
pd, 0.20 0.00 0.89 0.00
{0.70} {0.88} {0.52} {0.89}
Ct -0.15 0.00 -0.67 0.00
{0.52} {0.56} {0.69} {0.94}
et -0.03 0.00 -0.11 0.00
{0.78} {0.72} {0.57} {0.77}

Note: This table tests Prediction 1 and 2 and reports predictive regressions of realized returns, Z]‘T:1 o/ j, over 1-year
and 10-year horizons. Independent variables include the filtered expected-return signal (M\ t), log price-dividend ratio (pdy),
and filtered cash-flow noise components (p_dt,ét,éc,t), derived from full-sample parameter estimates (1871-2022). The top
panel reports OLS regression coefficients, t-stats based on Newey-West standard errors in round brackets, and t-stats based
on bootstrapped standard errors in square brackets. The bottom panel reports the model-implied (analytical) coefficient and
the p-value (in curly brackets) for the test Hy : f = pnalytical versus Hy : p # panalytical j e the probability—under Hy—of
a test statistic at least as extreme as the one observed. Significance levels based on bootstrapped standard errors: *(p<0.10),

**(p<0.05), **(p<0.01).
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Finally, Figure [5| examines the term structure of expected returns. Because expected returns are
autoregressive, the model predicts that the slope coefficient in regressions of future one-year returns r;
on current information decays geometrically with the horizon j, at rate p{f ' (1—ppy). Panel A uses pd;
as the predictor; Panel B uses M t. In both cases, the empirical slope coefficients decline with horizon,

tracking the model-implied decay closely.

4.3 Out-of-Sample Return Predictability

We next test the out-of-sample performance of the trend-cycle model. We follow the methodology of
Goyal and Welch|(2008), estimating the model in real time using an expanding window and comparing
forecasts against the expanding historical mean benchmark. We focus on their prominent post-1965
evaluation period—an era of materially higher trend growth where traditional ratios have performed
most poorly.

Table 4| reports the results. Panels A and B report the in-sample R? and out-of-sample R2g, respec-
tively. The trend-cycle model delivers R g of 8.90% for one-year and 22.38% for five-year raw returns,
both significant at the 5% level; excess return results are comparable at 9.12% and 16.78%. Traditional
valuation ratios, by contrast, uniformly fail: pd and cape produce R%,q of —1.82% and —2.50% for raw
returns (Table[I), with neither approaching statistical significance.

Notably, the out-of-sample R2 g is remarkably close to—and in some cases exceeds—the post-1965
in-sample R?: for example, 8.90% versus 7.65% for one-year raw returns and 22.38% versus 19.86% for
five-year raw returns. This near-parity is striking, and reflects two offsetting forces: in-sample estima-
tion benefits from forward-looking parameter estimates but faces a tougher full-sample mean bench-
mark, whereas the out-of-sample procedure uses only real-time information but is evaluated against the
less demanding expanding historical mean.

Figure E] illustrates the mechanism in real time. Panel (A) plots the cumulative difference in squared
forecast errors between the historical mean and each predictor, where an upward slope indicates outper-
formance. The trend-cycle model accumulates gains almost monotonically, whereas pd and cape begin
underperforming the historical mean from the early 1980s and mid-1990s, respectively.

Panel (B) reveals the source of this divergence. The trend-cycle expected return is stationary by con-
struction: it fluctuates around its long-run mean, spiking during market stress—the 1970s stagflation,
the 2008 financial crisis—and compressing during booms, consistent with countercyclical risk premia.
The trend-cycle model, by explicitly accounting for time variation in g;, isolates this stationary sig-
nal even as valuation ratios drift far from historical norms. The pd prediction, by contrast, is nearly

flat, its slope coefficients severely attenuated—a direct manifestation of Proposition 1. As trend growth
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Figure 6: Out-of-Sample Return Predictability
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Note: This figure shows the out-of-sample return prediction performance for various predictors. Panel (A) plots the cumulative
difference in squared forecast errors between the historical mean benchmark and each predictor, ¥ [(r;+1 — )% — (ry41 —
)2], so that positive values indicate the predictor outperforms the benchmark. Panel (B) plots the out-of-sample return
predictions, ;&Ols, alongside the expanding historical mean. The predictors are log(PD), log(CAPE), and the expected 1-year

return from the trend-cycle model estimated using an expanding window. The evaluation sample is annual, spanning 1966
2022. All forecasts are plotted at the year to which the predicted return corresponds.
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Table 4: Return Predictability: In- and Out-of-Sample R?

Raw Returns Excess Returns

1-yr 5-yr 1-yr 5-yr
Panel A: In-Sample RZ (%)
Full sample 2.37% 15.31% 3.87% 21.24%

Post-1965 7.65% 19.86% 8.13% 17.22%

Panel B: Out-of-Sample R2 ¢ (%)

Post-1965 8.90%**  22.38%**  9.12%**  16.78%**
[0.020] [0.021] [0.013] [0.033]

Note: Panel A reports in-sample R? and Panel B reports out-of-sample R g for expected returns implied by the trend-cycle
model at 1- and 5-year horizons. Multi-year returns are discounted at p = 0.96. The out-of-sample estimates are obtained by
re-estimating the trend-cycle model using an expanding window starting in 1965. Realized excess returns subtract cumulated
future three-month Treasury bill rates over the forecast horizon. Model-implied excess returns subtract the current annualized
three-month bill rate projected over the horizon assuming a flat term structure, discounted at p. Stars denote significance of the
Clark and West|(2007) MSFE-adjusted statistic with Newey—West standard errors (h — 1 lags); p-values in brackets. *p < 0.10;
**p < 0.05 " p < 0.01.

drifted permanently higher over the post-war period, valuation ratios rose in tandem, yet the univariate
predictive regression—unable to distinguish higher growth from lower discount rates—systematically
underpredicted returns.

In sum, where conventional regressions fail to beat the historical average out-of-sample, the trend-
cycle model—by explicitly filtering out the nonstationary trend and cash-flow cycle—isolates a station-
ary expected-return signal that remains informative in real time, even as valuation ratios drift far from

historical norms.

5 Asset Pricing Implications

Our model has several implications for expected returns and valuation ratios. We explore these next.

5.1 Model Implications

Time-variation in Expected Returns Our model produces an estimate for the amount of time-variation

in expected returns. The volatility of expected returns over j periods is given by

1—(p Pu)j Ou

L=epu 12

(24)

o(E[riisi]) =

24



The second term, 0,/ /1 — p3, is the unconditional volatility of the one-period expected return y;. The
first term is a horizon multiplier, increasing in both the forecast horizon j and the persistence p,. Be-
cause expected returns are persistent, a shift in y; propagates into future periods, so that the cumulative
j-period expected return inherits a magnified version of the same shock. As j — oo, the multiplier
convergesto 1/(1 —pp,).

Panel A of Table 5 reports the implied volatilities using our parameter estimates. The one-year
expected return has a volatility of 6.1%. The horizon-multiplier effect raises the volatility of cumula-
tive 5-year (10-year) expected returns to 20.4% (27.1%). These estimates imply substantially more time-
variation in expected returns than standard predictive regressions suggest. Combining the univariate
slope estimate of —0.04 (Table 3) with the standard deviation of the pd ratio of 0.46 implies a volatil-
ity of one-year expected returns of only 1.84%—more than three times smaller than our model-implied
estimateF—_;I The discrepancy is a direct consequence of the attenuation bias documented in Section@ be-
cause the pd ratio embeds cash-flow trend and cycle components, the univariate slope is biased toward

zero, compressing the implied variation in expected returns.

Variance Decompositions of Valuation Ratios. A central question in asset pricing is whether discount
rate variation accounts for the bulk of stock price movements (e.g., Shiller} 1981; |Cochrane} 2011). Our
model reveals that the answer depends on the horizon.

Since pd; = & + pd(g:) + M; + C; in our model, we can decompose its variance as

1= pr1+ brg + be, where
— (25)

~_ Var(pd(g:)) b, — Var (M) and e —

pd Var(pd;) ~ ™M™ Var(pd,)’ ¢
Variation in pd; is thus explained by three components: the steady-state pd ratio pd,, the expected-return
cycle My, and the cash-flow cycle C;. Importantly, the processes for expected returns and the cash-flow
cycle are stationary, so their variances are independent of the sample length T. By contrast, pd, is a
function of the random walk g, so its variance grows with the horizon T over which it is computed. We
show in the appendix that

2
- oz T 1 pz

Var(pd(gt)) = (]-g_w + E W 0’; . Tz/ (26)

which is increasing in T. Intuitively, because shocks to trend growth are permanent, they accumulate

Iy [r1] = a + b pd;, then o (E;[ry11]) = |b| - o(pdy).
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Table 5: Time-variation in Expected Returns and Variance Decompositions

Panel A: Volatility of expected returns

Expected return over horizon j

j=1-year j=5-year j=10-year j=00
o(Et[re 4 ]) 0.061 0.204 0.271 0.304
Panel B: Decomposition of pd;

. Cov(My,pd;) Cov(Cy,pd;) Cov(pd,,pd;)
Horizon (years) Var( ptdt) t Var(;dt)t Var(ptdf)t
T=1 0.84 0.14 0.02
T=10 0.72 0.12 0.16
T=50 0.44 0.08 0.48
T=150 0.22 0.04 0.74

Panel C: Decomposition of pd; — pd,
Cov(/\/l,,pd:ﬁt) Cov(Cy,pd; ;ﬁt)

Horizon (years)

Var(pd;—pd,) Var(pd;—pd,)

vT 0.85 0.15

Panel D: Persistence

Horizon (years) Ppd dm b ‘P;Td
T=1 0.85 0.83 0.90 1.00
T=10 0.87 0.83 0.90 1.00
T=50 0.92 0.83 0.90 1.00
T=150 0.96 0.83 0.90 1.00

Note: This table reports model-implied estimates for the volatility of the expected returns (Panel A), variance decompositions
of pd; (Panel B), variance decompositions of pd; — pd, (Panel C), and annual AR(1) coefficients (Panel D).

rather than wash out.

Panel B of Table |5 implements these decompositions using our parameter estimates. The results
reveal that the source of valuation-ratio variation depends critically on the horizon. Over short and
medium horizons, expected returns dominate: at a 1-year horizon, shifts in expected returns account
for 84% of the variation in pd;, while the cash-flow cycle explains 14% and the trend pd ratio just 2%.
As the horizon lengthens, however, the trend component becomes increasingly important. Over a 150-
year horizon, 74% of the variation in pd; is attributable to shifts in trend growth. The contributions of
expected returns and the cash flow cycle shrink to 22% and 4%, respectively.

While the contribution of trend growth rises with the horizon, the relative shares of expected returns

and the cash-flow cycle remain fixed. This observation connects to the influential Campbell and Shiller
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(1988) variance decompositions of the pd ratio, which are typically performed around a fixed sample
mean, implicitly assuming stationarity (e.g., Cochrane, 2011). Our results suggest these decompositions
should instead be performed around a time-varying steady state. Decomposing the transitory deviation

pdy — pd, yields

_ Var(My) Var(Ct)
Var(pd; — pd,)  Var(pds — pd,)

(27)

Panel C shows that, around this time-varying steady state, expected returns explain 85% of stationary
valuation-ratio movements at all horizons, with the cash-flow cycle accounting for the remaining 15%.

Taken together, these results speak directly to the analysis of Shiller| (1981) and the subsequent cri-
tiques by Kleidon|(1986) and Marsh and Merton! (1986). Shiller| (1981) argued that the volatility of aggre-
gate stock prices far exceeds that of ex-post rational prices P*, constructed by discounting future realized
cash flows at a constant rate. However, this conclusion rests on detrending dividends with a constant,
full-sample growth rate. As Kleidon! (1986) emphasizes, such ex-post detrending suppresses the vari-
ance of fundamentals by construction: imposing a deterministic trend on an inherently non-stationary
process removes low-frequency variation in growth expectations, so that price movements reflecting
stochastic shifts in g; are misclassified as excess volatility.

Our results offer a quantitative resolution, bringing 150 years of stock-market data to bear within
a present-value framework. Building on the minority view of Kleidon| (1986) and Barsky and De Long
(1993), we find that in the long run the bulk of valuation-ratio variation is driven by cash flow growth.
At the same time, consistent with the prevailing interpretation following Shiller| (1981), most short- to
medium-run variation is “excessive” and reflects shifts in expected returns (or “discount rates” under

rational expectations).

The Persistence of Valuation Ratios. Our model also yields a direct prediction for the persistence of
the pd ratio. Define the AR(1) coefficient of a variable x as ¢ = Cov(x¢, x;—1)/Var(x;_1). In our model,

the persistence of pd; is a variance-weighted average of its components” individual persistences:

¢pd:¢p7'bp7+¢M-bM+¢c-bc. (28)

The weights bﬁ, bp, and be are the variance shares from the decomposition above. The two stationary
components, M; and C;, have annual persistences of 0.83 and 0.90, respectively. Because pd, is driven
by the random walk g;, its AR(1) coefficient is approximately 1.

An interesting result emerges. As the horizon T increases, the random-walk component pd, ac-
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counts for a growing share of the variance of pd;, pulling the weighted-average persistence upward. At
short horizons, most variation in pd; is driven by expected returns, so the persistence of the pd ratio is
close to that of M;—for example, 0.85 at a one-year horizon. Over a 150-year horizon, the near-unit-root
trend component dominates, and the persistence of pd; rises to approximately 0.96.

This addresses a long-standing puzzle in asset pricing: why are valuation ratios so extremely per-
sistent when most theories predict discount-rate variation at business-cycle frequencies, implying sub-
stantially lower persistence? Our decomposition provides a resolution. The persistence of the expected-
return signal M; is moderate (¢4 = 0.83), consistent with models that link discount rates to cyclical
risk factors. The high observed persistence of pd; does not reflect slow-moving discount rates; rather,
it is inherited from the permanent trend-growth component. Once this component is stripped out, the

dynamics of expected returns align more closely with those implied by standard asset pricing theories.

5.2 Cash Flow Predictability

Our model implies that cash-flow growth is predictable at both short and long horizons. Short-run
predictability is established (Van Binsbergen and Koijen, 2010; Koijen and Van Nieuwerburgh, 2011),
and we confirm it in our setting (results not reported). We focus here on long-horizon cash-flow growth.

Table [p| shows that long-run cash flow growth is highly predictable. Column (1) regresses 10-year
dividend growth, Ad;; 19 = 2}-21 0/~'Adyj, on the pd ratio and obtains a highly significant coefficient
of 0.26 (t = 2.73), closely aligned with the model’s prediction of 0.28.

The logic of our decomposition runs symmetrically to the return predictability results. Just as cash
flow components of the pd ratio attenuate return forecasts, the expected-return component is noise when
forecasting cash flows. Replacing the pd ratio with the filtered cash-flow states ¢, ¢;, and &.; should
therefore strengthen predictive power. Column (2) confirms this: the R? doubles from 15% to 30%, with
both trend growth and the cycle entering significantly. The coefficient on trend growth is 37, close to
the model prediction; the large magnitude reflects the horizon multiplier inherent in projecting 40 quar-
ters of cumulative growth onto quarterly trend growth. Column (3) adds the filtered expected-return
signal M t. If the filter successfully separates cash-flow and discount-rate components, M ¢ should be
uninformative for dividend growth. This is precisely what we find.

These results speak to a central debate in the literature. Cochrane| (2008) argues that the absence
of short-run cash flow predictability—the “dog that did not bark”—indirectly strengthens the case for
return predictability. As|Van Binsbergen and Koijen| (2010) show, however, short-run cash flow pre-
dictability can be restored by leveraging the additional information embedded in a joint state-space

system of dividends and the pd ratio—although, consistent with our results, it accounts for limited
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Table 6: Test of Model Predictions: Cash Flow Predictability

Adppyj = E]'Tzl o/ tAd, p/pdiy
10-year 20-year 10-year 20-year
1) 2) 3) 4) ®) (6) 7) 8)
pd; 0.26%** 0.47*%* 0.46%*  (0.22%**
(2.87) (3.26) (7.08) (3.16)
[2.73] [3.66] [3.23] [1.77]
St 36.86%**  37.51*** 73.08%**  75.42%**
(3.34) (3.39) (3.65) (4.20)
[2.08] [1.91] [2.89] [2.76]
G -0.70%**  -0.76*** -1.29%*%  -1.38***
(-3.69) (-4.00) (-3.97) (-3.95)
[-2.02] [-2.15] [-3.12] [-3.23]
Ect -0.12 -0.06 0.71 0.78
(-0.25) (-0.12) (1.08) (0.95)
[-0.16] [-0.08] [1.02] [1.12]
M; -0.20 -0.18
(-1.34) (-0.99)
[-0.80] [-0.59]
Observations 142 142 142 132 132 132 142 132
R? 0.15 0.30 0.32 0.26 0.48 0.49 0.42 0.17
Adj. R? 0.15 0.28 0.30 0.26 0.47 0.47 0.41 0.16
Model-implied coefficients:
pdt 0.28 0.46 0.54 0.34
{0.85} {0.90} {0.59} {0.33}
St 33.10 33.10 55.25 55.25
{0.83} {0.82} {0.48} {0.46}
C -0.59 -0.59 -0.72 -0.72
{0.77} {0.64} {0.17} {0.12}
Ect 0.21 0.21 0.14 0.14
{0.67} {0.73} {0.42} {0.36}
M; 0.00 0.00
{0.43} {0.56}

Note: This table reports predictive regressions of realized dividend growth, Zszl o/ 1Ad, j, over 10-year and 20-year hori-
zons. Independent variables include the log price-dividend ratio (pd;), the filtered cash-flow states (§t, ¢, &) and the filtered
expected-return signal (M), derived from full-sample parameter estimates (1871-2022). The top panel reports OLS regression
coefficients, Newey-West standard errors in round brackets, and bootstrapped standard errors in square brackets. The bottom
panel reports the model-implied (analytical) coefficient and the p-value (in curly brackets) for the test Hy : g = ganalytical yer.
sus Hy : B # pnalytical je  the probability—under Hy—of a test statistic at least as extreme as the one observed. Significance
levels based on bootstrapped standard errors: *(p<0.10), **(p<0.05), ***(p<0.01).
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variation at short horizons. We build on this approach but allow for a permanent component in trend
growth, which reveals that cash flows are in fact highly predictable at longer horizons, as small trend
shocks accumulate over time. Moreover, as Cochrane (2008) himself acknowledges, the “dog that did
not bark” argument loses force if the pd ratio contains a unit root—precisely the structure our model
identifies. Cash flow growth may explain little variation at a one-year horizon yet dominate longer-
horizon variation through its permanent component.

Cochrane (2011) finds a return coefficient near one using 15-year returns over 1947-2009, leaving
little room for cash flows. With an effective sample window of roughly 50 years, our model implies
that discount rates account for roughly half of pd variation —a substantial share, but not all. However,
as Boudoukh, Israel, and Richardson (2022) highlight, the short sample underlying Cochrane’s result
rests on only three to four independent observations, a setting in which overlapping-regression biases
can inflate the return coefficient. Our model predicts that as the sample lengthens, the cash flow share
should rise and the return share should decline, as trend shocks accumulate.

Consistent with this, in our ~150-year sample, 10-year returns and cash flow growth explain just
23% and 26% of pd variation, respectively (model-implied: 18% and 28%). The remaining variation is
absorbed by the future price-dividend ratio p” pd;,r, which accounts for 46% of pd variation at the 10-
year horizon (column 7) The model attributes this largely to the trend growth component. Consistent
with this interpretation, at 20 years cash flow growth explains 47% of pd variation (model-implied:
46%), as trend growth increasingly dominates. Across all specifications, the data do not reject a single

model-implied restriction.

6 Extensions

Our trend-cycle model makes two choices: it uses dividends as the cash flow measure and a constant
steady-state expected return ji. This section examines sensitivity to each assumption and confirms that
the core findings are robust.

Section|[6.1]re-estimates the model using earnings. Section[6.2]allows /i to follow a random walk, ad-
dressing the possibility that the baseline misattributes declining expected returns to rising trend growth.
In both cases, filtered trend growth is largely unchanged, confirming that the secular rise in valuation
ratios is primarily a cash-flow phenomenon. When i is allowed to drift, it rises modestly from roughly
7% per annum in the pre-1900s to 8-8.5% by the 1980s—the opposite of what one would expect if declin-

ing discount rates were driving valuations higher. Section shows that in- and out-of-sample return

4Note that if the price-dividend ratio contains a unit-root component, the (Campbell and Shiller| (1988) log-linearization be-
comes less accurate (Lettau and Van Nieuwerburghl [2008). As a result, the predictive coefficients on cash-flow growth,
returns, and the future price-dividend ratio need not sum exactly to one.
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predictability is robust across specifications.

6.1 Trend-Cycle Model for Earnings

Figure 7: Trend-Cycle Model — Earnings
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Note: This figure compares the trend-cycle model based on dividends (Baseline) to an earnings-based specification that as-

sumes a constant log payout ratio de, set to the full-sample mean of d; — ¢;, with steady-state expected returns fi fixed at the
baseline estimate. Panel (A) plots the trailing 10-year average of the log payout ratio against the sample-mean payout ratio

de. Panel (B) plots log earnings against the filtered earnings trend. Panel (C) plots filtered quarterly trend growth under each
specification. Panel (D) plots model-implied expected one-year returns under both specifications.

The stock price is the present value of all future per-share dividends, making dividends per share
the relevant cash flow for a buy-and-hold investor. However, the secular shift toward share repurchases
(Grullon and Michaely, 2002; Skinner, |2008) may raise the question of whether dividends fully capture
the market’s cash-flow generating capacity.

A shift towards repurchases has two offsetting effects in the dividend model. First, a shift away from
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dividends towards repurchases depresses realized dividends growth, which the model may interpret
as lower trend growth in dividends. Second, a declining payout ratio mechanically raises the price-
dividend ratio, which the model may interpret as signaling higher trend growth in dividends. Because
these effects work in opposite directions, the net impact on estimated trend growth is ambiguous in the
dividend model.

To assess whether this biases our trend growth estimate, we re-estimate the model using earnings
per share, which are unaffected by payout policy. The trade-off is that earnings are a noisy (and volatile)
measure of the cash flow that is ultimately relevant to investors—future dividends. The key identity
linking dividends and earnings is d; = e; + de;, where de; = d; — ¢; is the log payout ratio. If we assume
a constant steady-state payout ratio de,

depyj=de+vpyj, Uiy (0, 02), (29)
then earnings and dividends share the same non-stationary trend, and the present-value identity for the
price—earnings ratio takes the same form as for the price—dividend ratio (see Appendix |G| for the full
derivation):

[ee]

per —pe, =5+ Y 0 Ee[Aeryj—gi] — Y 0 Ee[resjo1s — 1] (30)
=1 =1

where pe, = pd, + de is the steady-state log price-earnings ratio. The payout ratio enters only through
the constant de, which shifts the steady-state valuation level. To isolate the effect on trend growth, we
fix fI at the baseline dividend-model estimate and de at the full-sample mean of d; — .

The constant-payout assumption is a deliberate modelling choice that makes the test conservative.
Panel (A) of Figure[7]shows that the trailing 10-year average of de; has trended downward, lying above
de in the first half of the sample and below it in the second. Because the model uses a constant de
throughout, the implied steady-state PE ratio pe, is too high when the payout ratio has fallen below its
mean. With i fixed, the filter can only reconcile this by lowering pd,—that is, by reducing estimated
trend growth. The earnings specification therefore understates trend growth in the post-repurchase era,
if anything.

Figure [7| confirms that our state estimates are robust. Filtered quarterly trend growth from the
earnings-based specification closely tracks the dividend-based baseline (Panel C), though it lies very
slightly below it in later periods—consistent with the conservative bias. Model-implied expected one-
year returns are nearly identical across specifications (Panel D). In Section [6.3| we estimate the earnings-

based model with ji freely estimated by MLE and show that its in- and out-of-sample return predictabil-
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ity is comparable to the dividend-based baseline.

6.2 Drifting Steady-State Expected Returns

A natural concern is that the secular rise in valuation ratios reflects declining expected returns rather
than rising trend growth, and that by holding ji fixed, the baseline misattributes the former to the latter.

To address this, we replace the constant ji with a random walk:

e = fir + oy (fle—1 — fim1) + €, €up ~ N(O, (T;%) 1)

]/_lt - ﬂtfl + sﬁ,tl Sﬂ,t ~ N(O/ 0—‘1%)/

so that expected returns y; mean-revert around a slowly evolving long-run level fi;. The baseline is
nested as 0 = 0. Full estimation details are in Appendix|H]}

Figure [8| compares the two specifications. Panel (A) shows that filtered trend growth is similar
regardless of whether steady-state expected returns drift, confirming that trend growth is well-identified
by the joint dynamics of dividends and prices.

Panel (B) plots steady-state expected returns. In the drifting specification, fi; rises from roughly 7%
per annum at the start of the sample to 8-8.5% by the 1980s, closely tracking the expanding-window
mean of realized returns. While rising expected returns and rising pd ratios may seem contradictory,
rearranging the Gordon growth model to express returns as r = g + D /P provides the intuition: the
surge in trend growth is sufficiently large to allow both expected returns and valuations to rise simul-
taneously. This reinforces a central conclusion of the paper: the non-stationarity in valuation ratios is
primarily a cash-flow phenomenon.

Although both models produce similar trend growth paths, the baseline assumes a higher i pre-

1980. How can both satisfy the valuation identity? The answer lies in the expected return cycle. Rear-

ranging the identityF_gl
— 1 _ 1—pc 1-p
di — pd ~ - —fl) — e+ Oc €. 32
gL 1—,0,0;,(% ) 1—pp. " " 1—pp. ¢ (32)
Steady-state valuation gap
Expected return cycle Cash flow cycle

In the drifting specification, a lower fi; in the early sample produces a higher ﬁt, keeping the valuation
gap near zero. In the baseline, the constant (and higher) ji creates a positive valuation gap, which
the model absorbs by driving the expected return cycle negative (y; — ji < 0). Intuitively, the baseline

model offsets a steady-state expected return in the earlier periods that is too high by lowering the cyclical

15For simplicity, we suppress the Jensen’s inequality term J, which is close to zero.
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Figure 8: Trend-Cycle Model - Drifting Steady-State Expected Returns
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Note: This figure compares the baseline model, in which the long-run mean of expected returns ji is constant, to the extended
model of Appendix[H]} in which fi; follows a random walk. Panel (A) plots filtered quarterly trend dividend growth g; under
each specification. Panel (B) plots the filtered long-run expected return /i (baseline) and fi; (extended) alongside the expanding-
window average quarterly realized returns. Panel (C) compares the observed log price—dividend ratio to the steady-state

valuation ratio pd, implied by each model. Panel (D) plots model-implied expected one-year returns under both specifications.

component on average.

This distinction matters most at short horizons, where the cycle carries more weight. Panel (D)
shows that while one-year expected returns co-move strongly across models, their levels differ: pre-
1980s one-year expected returns average around 5.2% per annum in the baseline versus 7% under the

drifting specification. At longer horizons these differences diminish as the cycle attenuates. Section

evaluates return predictability across both specifications.
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Table 7: Model Extensions: In and Out-of-Sample R?

Raw Returns Excess Returns
1-yr 5-yr 1-yr 5-yr
Panel A: In-Sample R? (%)
Full sample
Trend-cycle model (dividends) 2.37% 15.31% 3.87% 21.24%
Trend-cycle model (earnings) 2.58% 10.38% 3.77% 15.31%
Trend-cycle model (dividends; drifting ji) ~ 3.04% 14.52% 4.70% 21.58%
Post-1965
Trend-cycle model (dividends) 7.65% 19.86% 8.13% 17.22%
Trend-cycle model (earnings) 6.28% 17.70% 6.57% 16.19%

Trend-cycle model (dividends; drifting ji) ~ 7.57% 18.98% 8.00% 15.99%

Panel B: Out-of-Sample R%)os (%)

Post-1965
Trend-cycle model (dividends) 8.90%**  22.38%**  9.12%**  16.78%"*
[0.020] [0.021] [0.013] [0.033]
Trend-cycle model (earnings) 7.90%**  15.62%**  7.92%***  11.32%*

[0.018] [0.023] [0.006] [0.056]
Trend-cycle model (dividends; drifting i)  8.10%**  20.16%**  8.35%**  14.70%**
[0.024] [0.026] [0.015] [0.038]

Note: This table compares in-sample R? (Panel A) and out-of-sample R ¢ (Panel B) across three specifications of the trend-
cycle model: the baseline using dividends, an earnings-based specification with i freely estimated by MLE, and a specification
allowing fi to follow a random walk. All specifications report expected returns at 1- and 5-year horizons, with multi-year
returns discounted at p = 0.96. The out-of-sample estimates are obtained by re-estimating the trend-cycle model using an
expanding window starting in 1965. Realized excess returns subtract cumulated future three-month Treasury bill rates over
the forecast horizon. Model-implied excess returns subtract the current annualized three-month bill rate projected over the
horizon assuming a flat term structure, discounted at p. Stars denote significance of the|Clark and West| (2007) MSFE-adjusted
statistic with Newey—-West standard errors (i — 1 lags); p-values in brackets. *p < 0.10; **p < 0.05; ***p < 0.01.

6.3 Model Extensions: Return Predictability

Table [7] evaluates return predictability across three trend-cycle specifications: the baseline dividend
model, an earnings-based variant, and a dividend model with drifting ﬁm Forecasts are generated
in real time using an expanding-window procedure beginning in 1965, and performance is measured by
RZ relative to the expanding historical-mean benchmark.

The central finding is that predictability is robust across specifications. All three models deliver pos-

itive and statistically significant Réos at both horizons for both raw and excess returns. For raw returns,

16The earnings-based specification fixes the log payout ratio de at the expanding-window mean of d; — ¢; and estimates fi freely
by MLE.
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the baseline dividend model achieves 8.90% at one year and 22.38% at five years; the earnings-based
model delivers 7.90% and 15.62%; and the drifting-ji specification yields 8.10% and 20.16%. Excess re-
turn results are comparable, ranging from 7.92% to 9.12% at one year and 11.32% to 16.78% at five years.
In all cases, we reject equal predictive accuracy at conventional levels using the |Clark and West| (2007)
test. As with the baseline, out-of-sample R2 g is remarkably close to—and in some cases exceeds—the
post-1965 in-sample R? across all three specifications. Despite differences in the cash-flow measure and
the assumed dynamics of steady-state expected returns, each specification isolates a real-time expected-
return signal that materially improves upon the historical-mean forecast. The uniformity of these results
suggests that the trend-cycle decomposition captures genuine features of the data-generating process,

rather than artifacts of a particular specification.

7 Conclusion

Our results offer a refinement of the Shiller| (1981) excess volatility puzzle. At short and medium hori-
zons, discount rate variation accounts for roughly 75% of transitory movements in the price-dividend
ratio—consistent with prices being excessively volatile relative to near-term fundamentals. At long-
run horizons, however, the decomposition reverses: now shifts in permanent trend growth account
for nearly three-quarters of price-dividend variation over the last ~150 years. Our results suggest that
both Shiller| (1981) and his critics (Kleidon, 1986; [Marsh and Merton, [1986) were right, but at different
horizons.

Because valuation ratios conflate expected returns with cash flow trends and cycles, standard pre-
dictive regressions suffer from severe attenuation bias. By jointly filtering cash flows and prices within
a present-value framework, we purge this noise and recover expected-return estimates that deliver sub-
stantial predictive power—both in- and out-of-sample—where standard valuation ratios uniformly fail.
The apparent weakness of return predictability is an artifact of measurement error: once cash flow trends
and cycles are filtered out, the stock market is, in fact, highly predictable.

Attributing the unit-root component of valuation ratios to trend growth also eases a long-standing
challenge for discount-rate theories, which struggle to match the pronounced persistence of valuation
ratios: it leaves a moderately persistent, stationary expected-return process. More broadly, models fea-
turing permanent shifts in cash flow growth—whether through rational channels (Bansal and Yaron)
2004) or behavioral ones (Barsky and De Long, 1993; Bordalo, Gennaioli, Porta, and Shleifer|, 2024)—are
promising avenues for jointly explaining the long-run cash flow driven variation in stock price ratios

and the excess volatility that remains at shorter horizons.
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APPENDIX

A Data Description

S&P 500 price index: We obtain the S&P 500 index from Amit Goyal’s website (replication data
for|Goyal and Welch| (2008)). This is the S&P 500 as of year-end.

S&P 500 dividends: We obtain the S&P 500 annual dividends from Robert Shiller’s website.
S&P 500 earnings: We obtain the S&P 500 annual earnings from Robert Shiller’s website.

S&P 500 returns: Following Goyal and Welch| (2008) and a vast literature, we compute one-year

returns as Ryy1 = P**%Pf“ where D; 1 denotes dividends per S&P share over the past year (paid

out in year t + 1) and P; denotes the S&P 500 at the end of year ¢.

Risk-free returns: Risk-free returns are from Amit Goyal’s website.
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B Structural Breaks in Valuation Ratios

Table A.1: Structural Breaks in Valuation Ratios

Log(PD) Log(PE) Log(CAPE)

) 2 ©)
Break Date(s) 1954, 1992 1990 1991
SupF(0,1) 56.539***  12.541** 14.644***
SupF(0,2) 54.980*** 6.652 8.166**
SupF(1,2) 11.382** 0.714 3.855

Note: This table reports tests for structural breaks in the mean of three valuation ratios following Lettau and Van Nieuwer-
burgh|(2008): the log price-dividend ratio, the log price-earnings ratio, and the log cyclically adjusted price-earnings ratio. The
break dates and test statistics are estimated using the [Bai and Perron| (1998) methodology. The first row reports the estimated
break dates selected by the sequential procedure. The rows labeled SupF(0,1) and SupF(0,2) report the statistics for testing the
null hypothesis of no structural breaks against the alternative of one and two breaks, respectively. The row labeled SupF(1,2)
reports the sequential test statistic for the null hypothesis of one break against the alternative of two breaks. The tests allow
for serial correlation and heteroskedasticity in the residuals (using quadratic spectral kernel pre-whitening), and the trimming
parameter is set to 10% of the sample. Significance levels: *(p<0.10), **(p<0.05), ***(p<0.01).
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C Derivations: Present-Value with Trends and Cycles

C.1 Extended Campbell-Shiller identity

In this section, we detail the derivation of the log-linear approximation allowing for a random walk
component of growth rates and returns, following Lettau and Van Nieuwerburgh! (2008).
We start with the definition of the gross return of an asset:

_ Py1+Diyr Diyr 1+ PDyyy

Rip = P, =D, PD, (A1)
where PD;11 = Piy1/D;4q or in log terms
re41 = Adpyq +log(1 + exp(pdii1)) — pdt (A.2)

Campbell-Shiller perform a log-linearization around a constant pd ratio. Crucially, this hinges on sta-
tionary stochastic processes and is therefore not applicable to our model. In this section, we build on the
extension of Lettau and Van Nieuwerburgh! (2008) allowing for unit root processes.

Following Lettau and Van Nieuwerburgh| (2008), we define the steady-state price-dividend ratio

(fixing returns and growth rates at their trend values) as

— -— 1+ PD
R, = AD;——- 2t (A3)
PD;
Re-arranging yields
— AD
PDj= —— (A4)
Rt — ADy1q

Plugging in AD; = exp(g:), Rt = exp (ji) (and assuming ¢; < fi), we get that the steady-state log
price-to-dividend ratio is given by:

pd, = Adyy1 — log(exp(Fi1) — Adpyq) (A.5)
Same as saying
pd; = g1 — log(exp(fi) — exp(g1)) (A-6)
Therefore it must also hold that
i1 = Adpiq +log(1+ exp(pd,)) — pd, (A7)
Taking differences between the identities of pd; and pd, we get

41 — P = (Adpg — Adpy) + {108<1 +exp(pdi41)) —log(1 + eXP(Wt))} — (pd; — pd,) (A.8)

A first-order approximation of log(1 + exp(pd;11)) around log(1 + exp(pd,)) yields (this is the usual
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“Campbell-Shiller trick”)

log(1+ exp(pd;)) =~ log<1 + exp(ﬁﬁ) + ot (pdt+1 - WJ . (A9)
. . . _ exp(pd,) .
where the first derivative p; = Trexp(ri) Re-arranging, we get
pd; — pd; = (Adpp1 — Adpa) = (Feer — 1) + 01 (Pdt+1 - WJ (A.10)

Since pd;1 — pd, = (pdtﬂ - Wprl) + (ﬁtﬂ — ﬁt) , we can express this as (but this over here.)

pdr — pd, = (Adry1 — Adiia) = (ree1 — Tran) + <Pdt+1 - ﬁtH) + ot (ﬁtﬂ - ﬁt> (A.11)

Iterating forward on pd;;1 — pd, 41 glives

N | B o ]
pdy — pd, = Z(HPt+i)(Adt+l+]’ - Adt+1+j) - Z(H Pt+i)(7’t+1+j - 7_’t+1+j) (A12)
j=0 i=1 j=0 i=1
o . _ h _
+ Z(H Ot+i) (Pdt+1+j - Pdt+j> + ,}ij{;(HPm) (Pdt+h - Pdt+h> (A.13)
=0 i=1 i=1

Taking expectations at time t yields

L o ] ~ o ]
pd; — pd, =E, lZ(HPt+i)(Adt+1+j — Adpa4j) | — B LE(HPM)(”HH;‘ - 7_’t+1+j)] (A.14)
=0 i=1 =0 i=1

+ E;
=0 i=1

o ] . —
+ [E; LZ(H Ptti) (Pdt+1+j - pdtﬂ‘)

h E—
}}gl;(gptﬁ) (Pdt+h - Pdt+h>] (A.15)

imposing a no-bubble condition E; [limhHoo (T o) <pdt+h — pd, +h)} = 0 and separating the expec-

tations

j
H Ot+i

i=1

Et [re14) — Frr1ej]  (A16)

j
HPt+i
i=1

pdi — pd, = ) E; Iy [Adiiryj — Adiayj] — ) Ee
= =0

j — [
[Toe+i| Et [pdt+1+j - pdt+j:| (A.17)
i=1

+) E,
=0

The first summation term is determined by the expectation of future deviation of cash flow growth
from trend growth, i.e., the sum of future cash flow cycles. The second summation term is the expected
deviation of returns from their mean values. The third term considers the drift in the steady-state of pd;.
This third term is positive since the function pd(g) = ¢ —log(exp(ji) — exp(g)) is convex in the random
walk g;. We make two approximating assumptions to keep the present-value formula tractable.

First, and following (Lettau and Van Nieuwerburgh, 2008), we make the assumption of a constant
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p = 0.99, such that [E; {H§:1 ptﬂ} = p/ . This is likely a good approximation since p;; is generally
around 0.99, but is expected to slow drift upward towards to 1 for large j. However, since future devi-
ations in cash flows and returns from their trend values are 0 for large j, discounting them by a factor
closer to one has a negligible overall effect.

Second, we assume that [E; [ﬁt 4T pd,, j

] is well-approximated by a second-order Taylor expan-

sion. This avoids assuming that pd, , ; follows a Martingale which is incorrect (Lettau and Van Nieuwer-

t+j
burgh, 2008). To derive the second-order Taylor expansion, let

AQi41+j = Qt4+1+j — 8t+j- (A.18)

A second-order Taylor expansion of pd(g;+j + Agi11-j) around g;..j gives

_ _ _ 1—
pi(g1.j+ Ag) = pd(gi1j) =~ pd (8147) A+ 5pd (81:4) (8% (A.19)

Taking conditional expectation at time ¢ + j,

¢ [Pdf+1+j - Pdtﬂ} ~ pd (81+j)Errj[Agt+1+7] + Epd“(gt+j)vart+j(Agt+1+j). (A.20)

Since g; follows a random walk with martingale increments,

Et1j[Agi+1+j] =0, (A.21)
so the first term drops out and
— — 1—n
Eyy [pdtﬂﬂ. - pdt_w} ~ o pd (e Vari (Agiia ). (A.22)
The second derivative is
— exp(i +
pd'(g) = — OPUETS (A23)
(exp(j1) —exp(g))
. o exp(@
Since p; Trexp () and therefore
exp(pd) = — L (8ej) (A.24)
7 exp(ft) — exp(gi+)
it follows that
exp(8i+;)
exp(fi) — exp(gi+;) exp(gi+))
- = . A.25
Pt xp(gis) xp(f) (A2

exp(jt) — exp(gt+;)
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Equivalently,
exp(8i+j) = p exp(fi),
exp(fi) — exp(gi+j) = exp(fi)(1—p).
This means we can write

exp(fi + &r+j)
(exp(i1) — exp(gi+7))?

—/!

pd (8t+/’) =

_ exp(f) exp(8i+;)
exp(f1)(1—p)?
Ot+j

(1= prj)?

Plugging this in for the second derivative and taking expectations at time ¢, we get

— — I Py
E; {pdtﬂﬂ. - pdt+].] ~ E; {ZO_MVarH]-(AgtHH) .

Under the approximation that p;; ~ p

—_

o = |~ p 2
IE; [pdt+1+]' - pdt+j] Foa—pp’

Thus, using these two assumptions we obtain

pdy = 6+ pd(g) + M; +Cs

where

_1 p 2
* 0= 3%

* pd(g:) = gt — log(exp(j1) — exp(g:))
© Mi=—m (= fi)

— _ 1=pc 0. (1=p)
(] Ct = T1pp cr + T—pp. Ecte

Derivation of C;. From the cash-flow specification, one-period log dividend growth satisfies

Adij = grvj—1+ (Citj — Cirj—1),

so that
Adij— g = (841 — &) + (Croj — Crpj1) -

trend drift cycle change

A.46

(A.26)
(A.27)

(A.28)

(A.29)

(A.30)

(A.31)

(A.32)

(A.33)

(A.34)



Since g is a random walk, [E;[g;1 ;1] = gt for all j > 1, so the trend-drift term vanishes in expectation:

Ef[g+j1—-8] =0 Vj=1

The cash-flow sum therefore reduces to the discounted sum of expected cycle changes:

(o] o]

Y T BAdy — i) = ) p T Eder —cra] (A.35)
=1 =1

We split this into two sums:
[o0] [o0] [o°]

ij_lEt[cf+f_Ct+j_1] = ZPj_llEt[Ctﬂ'] - ij_llEf[c“ff—l]' (A.36)
j=1 j=1 =1

=5 =5
Forecasting the cycle. Since the cycle ¢ follows an ARMA(1,1),
Cry1 = Pc Ct +Oc €t + €ct1,
the h-step-ahead conditional expectation for any /7 > 1 is
Ei[crin] = pl e+ pl " Ocecy. (A.37)

This follows by iterating the ARMA recursion forward and noting that all future innovations €. ¢4 (s >

1) have zero conditional mean.

Evaluating Sq. Substituting (A.37) and letting ¢ = pp,,

S1=) 0" [ch cr+pl7" 6, Ec,t:|

j=1
=pect Y ol 4 By Y gl
= =
0
= - ’icq) ¢+ g _C(P €. (A.38)

Evaluating S,. Separate the j = 1 term (for which ¢;;; 1 = ¢; is known) from the remaining terms
(G =2):

So=ci+ Y o/ Eifesyja]
j=2

=ci+ Y pi 7 pl e+l 0. (A.39)
j=2
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The two geometric series are

o 11 v -1 P
Lo e =) 9 =
j=2 C j=2 1=¢
and |
j—1,j-2 -1 _ ¢ __P
;p ’ pc,;(’) pe 1=¢ 1-9
Substituting into (A.39):
SQZCt—Fli) Ct+1_ ecec,t
1 6
=+ (A40)
- -9
Combining. Subtracting (A.40) from (A.38):
— 1-p)6
1—¢ 1—¢

__1_Pc <1_p>9c
— 0 +

= . A4l
1— ppe t 1— ppe €t ( )

The cash-flow cycle is therefore

Eet. (A.42)
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C.2 Variances

Prices are given by
pde =0+ pd(gr) + M+ Cy
where
* pd(g:) = gt — log(exp(j1) — exp(g:))
© My= (e — i)
o C; = —f%ppgcc + %Elif;)‘z)sc,f
In the following, we derive the variance of all three terms.

C.2.1 Variance of Cash-Flow Cycle Component
The cash flow cycle follows an ARMA(1,1)

2
Ct = PcCt—1 + 9C Eot—1 + Ectr  , Eot ™~ N(Or U'C)

The cash-flow component of prices is defined as C;

Cr = pe— 1 Ct+7ec(1_p)
L—ppc 1—ppc
B p

Ect-

To compute Var(C;), we expand the variance of this linear combination:

Var(C;) = B2 Var(c;) + B2 Var(ecs) +2 Be Be Cov(ct, €ct).

Given the ARMA(1,1) structure of c;, the relevant moments are:

* Variance of the shock: Var(e.;) = o2

 Covariance: Cov(c, ec;) = 02.

¢ Unconditional variance of the cycle:

2
Var(c;) = 02 (HQ(:“P@) ,

1—p2

Substituting:
1462 +2p:06,

Var(Cy) = o2 [gﬁ( gy ) +/5§+2/3cﬁe] |
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C.2.2 Derivation of Var(pd(g:))

Process for the trend growth rate:
St =811+ ¢€gt, €t ~N(0,0) (A.49)

We want to know the variance of pd(g;) = g+ — log(exp(j1) — exp(gt))-

Step 1: We approximate the variance of pd(g;) using a second-order Taylor expansion around §.

Step 1a: Second-order Taylor expansion.

pa(gr) = pd(g) + pd (8) (8¢ — &) + 272 (8) (51~ 9 +o((1 ~ 9)). (A.50)

Step 1b: Compute the mean.
Using E[g; — §] = 0 and E[(g: — §)?] = 02, we obtain

E[pd(s:)] = pd(g) + 5pd" () o +O(et). (A51)

Step 1c: Compute the second moment.
Squaring the Taylor expansion and keeping terms up to order ¢}, and using E[(g: — §)°] = 0 and
E[(g: — 8)"] = 307, gives

E[pd(si)?) = (pd(@)) + (v (8))°% + pa(2) pd" () o7 + 5 (pd" ()0t + (o). (A52)

Step 1d: Square of the mean.
From Step 1b,

. _ o 1 —
(E[pd(3)))" = (pd(3))" +pd(8) pd" (8) o7 + 3 (p (9)) "0 +o(0}). (A53)
4
Step 1e: Variance.

Subtracting the squared mean from the second moment yields

— — — 2
Var(pd(g)) = E[pd(g:)°] — (Elpd(g:)]) (A54)

— 1 —

~ (pd (2))°07 + 5 (pd" (2)) 0t + o). (A.55)

Thus, relative to the first-order delta approximation (ﬁ/ (%)) 2c7t2, the second-order Taylor expansion

adds the positive curvature term 1 (ﬁ// ( g’))ZUf.
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Step 2: Below we substitute the derivatives of

pd(g) = g —log(exp(ft) — exp(g))

into the second-order variance approximation.

Step 2a: First derivative:

Evaluating at g = &

Step 2b: Second derivative:

Evaluating at g = §:

Step 3: Rewrite everything in terms of p =

Step 3a: Rewrite exp(pd).

which implies

—/

pd (g) =1- ;(lglog(eXp(ﬁ) —exp(g))

—exp(g)

=1

exp(ji) — exp(g)

exp(#)

~exp(i

pd () =

—n d
pd (g) = @

) —exp(g)’

exp(fi)

exp(fi) —exp(g)

(eXP(;))(p—(Zip(g) >

exp(f1) exp(g)

(exp(j1) —exp(g))*

exp(fi +3)

pd (3) =

(

exp(ft) —exp(2))”

exp(pd)
1+exp

o where pd = § —log( exp(j1) — exp(

pd = g —log(exp(fi) — exp(3))

v Y,

=log (expw) —exp(

exp(pd) =

exp(g)
exp(ft) —exp(Q)’

A51

g

))-

(A.56)

(A.57)

(A.58)

(A.59)

(A.60)

(A.61)

(A.62)

(A.63)

(A.64)

(A.65)



Step 3b: Express p in terms of § and ji.

exp()
exp(ft) — exp(g)
exp(g)
exp(ft) —exp(g)

Equivalently,

exp(g) = p exp(fi),
exp(fi) —exp(g) = exp(f1)(1 —p).

Step 3c: First derivative in terms of p.

iy exp(j1)
PR = o) - e @)
exp(ji)
exp(j1)(1—p)
1
T—p

Step 3d: Second derivative in terms of p.

j”(—) — exp(ﬁ +g)
S P —

_exp(f1) exp(g)
exp(f1)2(1—p)?
_ P
(1-p)*

Recall
— — _\2 1 —n, 2
Var(pd(g1)) = (pd (3))"0F + 5 (pd ()"0}
Substituting the expressions above gives

2
- Ogt 2

4 4

Var (pd(g+)) ~ T % 1- p)4‘7§,t +o(ar).
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(A.71)

(A.72)
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(A.75)

(A.76)
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For the random walk g, the variance is 0’§,t =t- ag, and therefore grows linearly with sample size t.
C.2.3 Variance of Expected-Return Component

Expected returns follow an AR(1) around a constant steady state:

Pror =+ pp (e — ) Fepivn, gt~ N(O, Uﬁ) (A.78)

We use the definition of M; = — 1_1p o (ur — f1) which reflects the expected-return signal contained
in stock prices. It is the expectation for the entire stream of future returns. The variance of the expected-

return component is

1 o2

i
. (A.79)
(1_PP;4)2 1-pf

Var(M;) =
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D Model Estimation
D.1 Extended Kalman Filter

Model Specification We collect the full structural model here for reference. Log dividends, d;, are
decomposed into a non-stationary trend, 7, and a stationary cycle, c;. Expected returns, y;, follow an

AR(1) process around a constant steady-state level ji:

dy =T +cy,
T = T—1+ 81,
g =8r1+egt, €gt~N(0,03) (A.80)
Cr=0cC1+0ceci 1+ec, €cp~N(0,02)
e = oy (1 — i) +epe, e ~ N(0,07)
All shocks are mutually uncorrelated. The trend level 7; evolves deterministically given the growth rate

gt, which is itself a random walk; g; is therefore the sole source of trend non-stationarity, yielding a
smooth (integrated random walk) trend. The cycle c; follows a parsimonious ARMA(1,1) process.

State-Space System The state vector collects all unobserved quantities:
st = (T, 8t/ ¢, €cpr e, 1) (A.81)

The transition equation sy 11 = A s; + C €41 is governed by:

11 0 0 O 0 0 0 O
01 0 0 O 0 g 0 0
00 6. 0 0 0 0
A= P be ., C= ve ) (A.82)
00 0 0 O 0 0 oo O
00 0 0 p, (1—puf 0 0 oy
00 0 0 O ] 0 0 0
where C is a 6 x 3 shock-loading matrix and the state innovations etll = (€git1, €ctrls €ptr1) ~

N (0, I3) are mutually independent.

Nonlinear Measurement Equation The measurement vector stacks dividends and the valuation ratio:
xp = (dy, pdy)". (A.83)

The valuation ratio is pinned down by the present-value identity:

_d s L—pe l—p 1 e
pdy = pd, +9 1_ppcct+1_pp69c€c,t 1~ pp, (e — ). (A.84)

where pd, = g — log(exp(ji) — exp(g:)) denote the steady-state log price-dividend ratio and § =

z(lfﬁ is a Jensen’s inequality term. Because it is is a nonlinear function of g;, the valuation-ratio
8
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equation is nonlinear in the state vector s;. A standard Kalman filter—which requires a linear map-
ping from states to observables—cannot be applied directly. We therefore estimate the model using an
Extended Kalman Filter (EKF), which replaces the nonlinear measurement function with a first-order
Taylor approximation, re-evaluated at each time step.

To implement the EKF within a linear state-space framework (x; = G;s;), we take the first-order
Taylor expansion of pd, around the filter’s prior estimate of trend growth, Sie-1:

pd, ~ pd,+ ¢ (gt — Stt-1), (A.85)

where the evaluated steady-state valuation ratio and its Jacobian are:

pd, = 811 — log(exp(f1) — exp(g}“_l)), (A.86)
t= % =1+ ?Xp(gﬂt—lz . (A'87)
98 =811 exp(f1) — exp($yi-1)

The derivative A; captures the local sensitivity of the steady-state valuation ratio to trend growth. It
equals unity when g; is far below ji and diverges as g — ji, reflecting the convexity of the Gordon-
growth present-value function.

Substituting the linearized pd, into (A:84) and rearranging to isolate the state vector s;:

~ I 1—p 1
pdy =~ S+ A gt 1_PPcCt+1_PPC e €t 1—ppyyt
il = . A.88
+ 1—Vppy +pd; = At &pr—1- ( )
Kt
Thus, we have x; = G; s;, where
1 0 1 0 0 0
G = 0 A 1-p 1-p o _ 1 @ , (A.89)
I—ppc 1—ppc 1T —pup
with
exp (&
M1y OP@u) (A.90)
exp(f1) — exp($yi-1)
Kp =0+ 1 _ypp +8e-1— log(exp(j1) — exp(gt\tfl)) = A &ije-1- (A91)
H

At each step of the filter, G; is re-evaluated at the current prior estimate g;;_;, so that the linearization
tracks the evolving state of the economy. The Jacobian term A; in (A.87) is crucial for correctly identi-
fying the model. If it were instead fixed at some constant value, the filter would misattribute valuation

surprises. In periods when g; is close to fi, the true sensitivity of valuations to growth news is much
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larger than average, and a fixed linearization would systematically underweight growth-rate revisions.
The EKF addresses this by re-linearizing at each time step, ensuring that the filter’s updating weights
correctly reflect the local curvature of the present-value function. In practice, because the estimated
volatility of trend growth o is small, the nonlinearity is mild and the first-order Taylor approximation

provides an accurate representation of the measurement equation.

D.2 Estimation Details

To estimate the parameters ® = (o, 6, Og,0c) Ppis O f1), we employ Maximum Likelihood Estimation
(MLE) using the Extended Kalman Filter. Because the likelihood surface is generally non-convex, we
utilize a basinhopping algorithm combined with L-BFGS-B as the local optimizer to ensure robust con-
vergence.

We calibrate starting values for the optimizer using pre-sample moments from Golez and Koudijs
(2018), pooling their Netherlands and UK (1700-1812) and UK (1813-1870) subsamples. Broadly, we set
the persistence of expected returns to match the AR(1) of the dividend-to-price ratio, the persistence of
the dividend cycle level to match one plus the AR(1) of dividend growth, and the volatility of expected-
return innovations to one-quarter of realized return volatility. The quarterly mean expected return fi
is initialized to the pre-sample average quarterly return. The volatility of trend growth is set to 10
basis points per quarter, reflecting a slowly evolving trend. The Campbell-Shiller present-value identity
requires dividends to be reinvested to the end of the measurement period rather than simply summed,
or reinvested at the risk-free rate (Cochrane, 2011). We approximate this by compounding quarterly
dividends at a fixed annual rate of 8%.

We initialize the state vector Soj0 = (T0, g0, €0, €c0, Mo, 1)—r by anchoring the trend 1y to the first
observed log-dividend value and the initial trend growth rate gy to the pre-sample average quarterly
dividend growth rate from |Golez and Koudijs  (2018). The initial expected return yg is set to the pre-
sample mean fi, and the remaining cyclical components are set to zero.

To determine the initial state covariance matrix Py, we assume the system is in its steady state
at the beginning of the sample. We therefore set Py, equal to the steady-state variance of the state
vector implied by the model parameters. Calculating this variance requires fixing the measurement
matrix G;. However, G; is time-varying as it depends on the steady-state valuation ratio pd,, which is
a nonlinear function of the non-stationary trend growth g;. To address this dependency, we evaluate
the measurement matrix at a constant reference point, calculating a constant matrix G, where ¢ = go
and po = fi. Using Gy, we solve for the steady-state covariance by iterating the discrete-time Riccati
equation, given the transition matrix A and state noise covariance Q = CC'. The resulting Pyjo is
computed once from the initial parameter values and held fixed throughout the MLE optimization.

D.3 Computation of Standard Errors

We compute standard errors for the parameter estimates in Table 3 using a parametric moving-block
bootstrap that preserves the temporal dependence structure of the structural shocks. The procedure
consists of three steps: recovering the structural innovations from the estimated model, resampling
them in blocks to generate synthetic data, and re-estimating the model on each synthetic sample.
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Step 1: Recover structural shocks. Using the maximum likelihood estimates o= (Oc, 96, 0o/ 0c,Pu, Oy, i),
we run the Rauch-Tung-Striebel (RTS) smoother to obtain the smoothed state sequence {st‘T}thl, where
st = (Tt, Qt, Ct, Ects Mt 1)T. From the smoothed states we back out the standardized structural innovations
iy = (&g, €ct, €ur) ' fort =2,..., T by inverting the state equations:

A 8T — &1 L gt A KT — Ou Me—1|T — (1- ﬁu)ﬁ
o= é —_ é, = .

gt ’ ct — ’ u,t ~

Step 2: Moving-block bootstrap and simulation. For each bootstrap replication b = 1,...,B, we
resample the trivariate shock sequence {7} using a circular moving-block bootstrap with block length
L. Specifically, we draw random starting indices and concatenate consecutive blocks of length L from
the (circularly wrapped) shock series until the resampled sequence reaches the required length. This
preserves the joint cross-sectional and short-range temporal dependence among the three shocks while
allowing their long-run distribution to be explored.

Given the resampled shocks {uf(b)}, we simulate a synthetic dataset {dgb), pdgb)} by iterating the
state-space system forward using the estimated transition equation s;;1 = A(©)s; + C(®) u;(fl) and the
(linearized) measurement equation, with the same initial conditions used in the original estimation.
Step 3: Re-estimation. On each synthetic sample {dgb), pdgb)}thl, we re-estimate the full parameter
vector @) by maximum likelihood, using the same Extended Kalman Filter procedure and optimizer

as for the original data. The bootstrap standard error for each parameter 9j is the sample standard

1/2
] , 9] -

In practice, we set B = 1000 and use a block length of L = 20 quarters (5 years), which is long

deviation across the B successful replications:
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enough to capture the persistence of the cyclical component (o? ~ 0.89 at the annual frequency) while
still providing sufficient resampling variation. The resulting standard errors are reported in parentheses
in Table
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D.4 Structural Break Test for Expected Return Estimate M,

Table A.2: Structural Break Test for Expected Return Estimate M ¢

Expected Returns
(1)
SupF(0,1) 3.497
SupF(0,2) 5.925
SupF(1,2) 2.141

Note: This table reports tests for structural breaks in the inifinite-horizon expected returns estimated from the Extended
Kalman Filter (see Section for full details). The break dates and test statistics are estimated using the [Bai and Perron
(1998) methodology. The first row reports the estimated break dates selected by the sequential procedure. The rows labeled
SupF(0,1) and SupF(0,2) report the statistics for testing the null hypothesis of no structural breaks against the alternative of
one and two breaks, respectively. The row labeled SupF(1,2) reports the sequential test statistic for the null hypothesis of
one break against the alternative of two breaks. The tests allow for serial correlation and heteroskedasticity in the residuals
(using quadratic spectral kernel pre-whitening), and the trimming parameter is set to 10% of the sample. Significance levels:
*(p<0.10), **(p<0.05), ***(p<0.01).
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E Model Implications: AR(1) Persistence

Price ratios are given by

pdy = 6+ pd(g:) + M +C; (A.92)
where
* pd(ge) = g —log(exp(j1) — exp(g:))
© My = (e — i)
e (= —%ct + ngli!;]’z)ec,t
Define the AR(1) coefficient of variable x as
- Cov(xt, x4-1) g Cov(Axt, x¢-1) (A.93)

Var(x;_1) Var(x;_1)

Since everything is uncorrelated, the persistence of each component is a weighted average of the

individual components:

Var(pd, ;) Var(M;_1) Var(C;_1)

Ppa = Ppa- Var(pd;_1) oM Var(pd;_1) e Var(pd;_1) (A-94)

To obtain the persistence of the pd ratio, ¢,4, we therefore need to compute the persistence of the

individual components, cpp—d, ¢, and ¢c. We do this in the following.

E.1 Persistence of M;
Trivially ¢, = ¢ = oy

Annual persistence. To go from the quarterly AR(1) to the annual AR(1) coefficient

Cov(xt, xt_4)

Cov(A4xt, xt_4)

xr = s 1 A
Var(x;_4) + Var (x;_4) (A.99)
we use (PANNUAL — (Py — py'

E.2 Persistence of C;

Recall

1—pc 0. (1—p)
Ct = — ct + — Ect- (A96)
1—ppc 1—ppc

Define constants

o= 1P 200-p) (A.97)
1—ppc’ 1—ppc
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so that
Ct - _ac Ct + bc gclt. (A.98)

Quarterly persistence. The quarterly AR(1) coefficient of C; is defined as

_ Cov(C,Ci—1)

€= Var(C;_1) (A.99)

The cross-moments are
Cov(ci—1,€ct-1) = o2, Cov(ct, ect—1) = pec Cov(cr—1,€ct—1) + 0c Var(eq—1) = (pc + 6:.)o2. (A.100)

Using these moment restrictions (and Cov (e, ci—1) = 0, Cov(ect, €ci—1) = 0), the lag—1 covariance is

Cov(C,Ci—1) = Cov(—accr +beecs, —acci—1+ beecs—1) (A.101)
= a?Cov(cs,ci1) — ach.Cov(cs, ecr 1) (A.102)
=z — acbe (pe+ 0c)07, (A.103)

where 71 = Cov(cy, ¢4—1). Similarly, the variance of C;_1 is

Var(C;_1) = Var(—acc;—1+beeci1) (A.104)
= a2 Var(c; 1) + b2 Var(eq;_1) — 2acb. Cov(c;_1,ec-1) (A.105)
= a% 99 + b2 0% —2a.b. 02, (A.106)

where yg = Var(c;) = Var(c;_1) by stationarity. Hence the quarterly persistence of C; is

a2 1 — acbe(pc + 6.)0?

= . A.107
P = 0T 0202 —2acbec? .
ARMA(1,1) moments for ¢;. Let v = Cov(c, ¢;_k). As shown above,
1+ 62 4206
M=t b q= e PR (A108)
C
Therefore,
b= = p.+0, B (A.109)
70 1+ 62+ 2p.6,
Annual persistence. Define the annual (four-quarter) persistence of C; as
COV(C,}, Ct_4)
ANNUAL _—
=—"—= A.110
e Var(C;_4) ( )
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Using C;_4 = —acct—4 + bee. 4 and orthogonality of e.; to F;_1, we obtain

COV(Ct/ Ct74) = COV(_ac ¢t + be €ty —0cCrg+ be Ec,t74) (A.111)
= a2 Cov(ct, ci_y) — ache Cov(ct, €cp—a)- (A.112)

For an ARMA(1,1), 74 = Cov(ct, ¢;—4) = p2v1 and
Cov(ct, ecta) = pf Cov(ci—3,€ct-a) = p‘z (pc + 0:)02, (A.113)
so
Cov(Ci,Ci-4) = p2 (@271 — ache(pc +6:)02 ). (A114)
Moreover, by stationarity,
Var(C;_4) = Var(C;) = a® yo + b2 02 — 2a.b. 0. (A.115)
Hence the annual persistence parameter is

02 (271 — ache(pc +6:)0?)

GANNUAL _
¢ a2 yo + b% 02 — 2a.b. 02

= 07 ge. (A.116)

Remark. In general, (pé‘N NUAL # (476)4 because C; inherits ARMA(1,1) dynamics from c;, rather than
following a pure AR(1).

E.3 Persistence of pd,

pd, = f(8), & =8&—1+¢g (A117)

A first-order Taylor expansion of f(g;) = f(g¢—1 + €4,t) around g;_1 yields

pd, = f(g1+ege) = f(gr-1) + f/(g1-1) egr- (A.118)

Hence

Aﬁt = ﬁt — ﬁtfl ~ f’(gtfl) Eot (A119)

A6l



Using iterated expectations and Eleg | F¢—1] =0,

Cov(Apd,, pd,_;) ~ Cov(f'(g1-1) gt pd;_4) (A.120)
=E [f,(gt—l) Egt Wt—l} —E [f/(gt—1> Sg,t] E[ﬁtq] (A.121)
=E [f/(gt—l)ﬁt—l Eleg | ft—l]} —E[f'(8:-1) Elegs | Fi1]] Elpd,_;]  (A122)
= 0. (A.123)

Therefore

COV(A@ Wt—l) ~
Var(pdtfl)

Ppg =1+ (A.124)
Doing a second-order Taylor expansion instead implies that Apd, contains an additional curvature term
proportional to Wﬂ (gt-1) sé/t. Since sé/t has positive conditional mean ag, this term generates a pos-
E\/I/e conditional drift E[Apd, | Fi_1] ~ %Ugﬁ”(gt,l). Using p;1 = exp(gr-1)/ exg(ﬁ), we have
pd (gi-1) = pi—1/(1 — p;_1)?, which is increasing in g; 1 and therefore increasing in pd, ;. As are-
sult, higher pd, ; predicts larger expected Apd,, implying Cov(Apd,, pd, ;) > 0. Plugging this into
$pg =1+ Cov(Apd,, pd, ,)/Var(pd, ;) yields ¢,5 > 1 under the second-order approximation. How-
ever, empirically the second-order term tends to be small and we therefore neglect it in our analytical
computations.

Annual persistence. Define the annual (four-quarter) persistence of pd, as the population projection
coefficient of pd, onto pd, ,:

ANNUAL — COV(WLWHL) 14 Cov(pd, _izdt—zy ﬁt—él)‘ (A.125)
pd Var(pd,_,) Var(pd,_,)

Iterating the first-order expansion forward four quarters yields
o 3
pd, —pd,_y =Y [ (8r-1-5) €gp - (A.126)
j=0

Each innovation ¢ ; is orthogonal to ;4 (and hence orthogonal to pd,_,), implying
Cov(pd, — pd,_y, pd,_4) ~ 0. (A.127)
Therefore,

ANNUAL
9 ~ 1. (A.128)

Thus, under the same first-order logic as at the quarterly horizon, annual persistence is also approx-
imately one (rather than (%)4), reflecting that pd, is locally random-walk-like under the first-order
approximation.
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F Cash Flow Predictability — Derivations
F1 Regression I with trend growth and cash-flow cycle

We run a predictive regression of Ad;;,; = Z{(Zl ,ok_1 Adyr on g, ¢; and e.¢. In the following, we
derives the model-implied regression coefficients.

From the cash-flow specification, one-period log dividend growth satisfies

Adpik = k-1 + (Copk — Cryk—1), (A.129)

where g; is a random walk (8111 = gt + €141, €gt ~ N(0, O'g)) and ¢; follows an ARMA(1,1) (c;y1 =
PcCt+Ocect + €ciy1, €t ~ N(0,00)).
This implies

j
Adppyj = Z 0 g1 + Y 0 N etk — k) - (A.130)
k=1

trend component cycle component

We evaluate the conditional expectation of each component in turn.

Trend component. Since g; is a random walk, E;[g; x_1] = g for all k > 1. Therefore:

j J 1— ol
Ee|) " gt+k1] =g ) o =g (A.131)
k=1 k=1 o
Cycle component. We first simplify the weighted sum algebraically
i - j
Y 0" ek — crik1) 2 ek — E o epa. (A.132)

k=1 k=1
Re-index the second sum by setting £ = k — 1:
L 5 =y
EP Ctk—1 = ZP Ctp¢ = Ct + Z P Ctye-
k=1 (=0 =1
Subtracting:
j-1

J , 1
Z Herk — ko) = Y. P e+ ol Crij—Ct— Y, o i
- k=1 k=1

= —C+ 2 Ct+k + p] Cttj
j—1

= — (¢ + (1 — p) Z pkil Ctik + pjil Ct+j- (A133)
k=1
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Conditional expectation of the cycle sum. Using the ARMA(1,1) forecast (A.37), namely E;[c; ;] =
plci +pl=10. e for h > 1,and letting ¢ = pp., we evaluate the three terms in (A.133).

Interior sum.

j—1 j—1
(1=p) Yo" Eifered = (1= p) Y- p* " ok cr+ 0 Ot
k=1 k=1
j—1 j—1
=(1-p)pccr), 9"+ (1—p)beecs) "
k=1 k=1
1— gp]‘*l 1— (P];l
= (1-p)pc 19 e + (1-p) 1-¢ Oc ec - (A.134)
Terminal term.
o/ Eifer) = p/ ol + o/t ol 0. ey (A.135)

Assembling. Combining (A.134) and (A.135) with the —c¢; term from (A.133):

J 1— i1 . )
E; Zpkl(ct+k_ct+k1)] = {—H(l—p)pcl_(P(Per”pi] ct
k=1
— I
= Al
1—¢/i! 1 i
+ [(1—9)1_¢¢+p]1p2 1] Ocec. (A.136)
= B

]

Adding the trend component (A.131) and the cycle component (A.136):

1— o/
IEt[Adt,tJrj] = 1_€) g + A;-) cr + Bf Oc €ct, (A.137)
where ¢ = pp. and
1— gpj_l L 1— (Pf_l il
P_ _ — il =157 P—(1—p)—T" j=1,071 )
Al =-1+(1-p)pc T TP B = (1-p) T TP (A.138)

E2 Regression II with pd ratio

We run a predictive regression of Ad;;; = 2{{:1 pkfl Adyyy on pd;. In the following, we derives the
Cov(Adytj, pdr)
Var (pd;)

Step 1: Decompose the numerator. From equation (9), the price-dividend ratio decomposes as

model-implied regression coefficient

Pdt =0 +ﬁ(gt) + M;+Cy,
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where ﬁ( gt), M;, and C; are mutually uncorrelated (since they are driven by independent shocks g ts
eyt and €., respectively). Therefore

Cov(Ady s, pd) = Cov(Adyyrj, pd(gt)) + Cov(Ady sy, M) + Cov(Adyj, Cy). (A.139)

Since dividend growth is driven entirely by cash-flow shocks (¢, and ¢.;), which are independent of

the expected-return shock ¢, ;, we have
Cov(Ady i, M) =0. (A.140)
The numerator thus reduces to two terms:
Cov(Adytyj, pdt) = Cov(Adtltﬂ', ﬁ(gt)) + Cov(Adt,tH, Ct). (A.141)

Step 2: Trend-growth contribution. The conditional expectation in (A.137) shows that the loading of
E¢[Ad;;1j] on gt is ll%p;. Since the only source of covariance between Adj ;. ; and pd(g;) runs through g,

we can write

_ 1— ol _
Cov (Adiryj, pd(gr)) = 1_‘;) Cov (g, pd(gt))- (A.142)

Linearizing pd(g:) around a reference value ¢ as in equation (15) of the cash-flow predictability ap-

pendix,
_ — 1
pd(gt) ~ const + A g, A= pd/(g) = T— o
gives Cov(g:, pd(g:)) ~ A Var(g;), and therefore
_ 1— p]' 1 j _
Cov (Ady sy, pd(gr)) = . ﬂVar(gt) = (1—p/) Var(pd(g:)), (A.143)

where the last equality uses Var(pd(g;)) ~ A?Var(g;) = Var(g:)/(1 — p)2. Dividing by Var(pd(g:))
confirms the component slope:

_ Cov(Adyyj, pd(g)) _ | o, (A.144)

b aar
¢ Var (pd(g:))

Step 3: Cash-flow cycle contribution. From (A.137), the cycle-driven part of E;[Ad; ;] is AJP cr +
Bf 0. ec+. Recall from equation (8) that the cash-flow cycle in prices is C; = B¢ ¢t + B¢ €c,t, Where

(1-p)6

Be= g prr  Be=
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Since the cycle states (cy, €.) are orthogonal to g; and i, the covariance is
Cov (Adyirj, Cr) = Cov (A ¢ + Bf Ocecr, Bect+ Peecy)
= A Bc Var(ct) + Bf 6 Be Var(ec:) + (A Be + B} 6 Bc) Cov(ct, ecy)- (A.145)
Using the ARMA(1,1) moments Var(c;) = 02 v, Var(e.;) = 02, and Cov(c, e.t) = 07, where

1 + 62 + 20,6,

Ve =

1—pz 7
this simplifies to
Cov(Adisj, Ci) = 02 | A7 (Beve + o) + B 0 (Be + Be) | (A.146)
The variance of C; is (cf. Appendix C.2.1):
Var(C;) = o2 [ﬁ% ve + B2+ 2B 54 . (A.147)

Define the cycle-only predictive coefficient

Cov(Adysej, Cr)  Af(Beve+Be) + Bf 0 (Be + Be)

ol = T Var(G) BZoc+pBi+2B B

(A.148)

where ¢? cancels from numerator and denominator.

Step 4: Variance decomposition. By the mutual orthogonality of pd(g:), M;, and C;, the variance of
pd; decomposes as
Var(pd;) = Var(pd(g:)) + Var(M;) + Var(C;). (A.149)

Define the variance shares

L Var (pd(gt)) b, = Var(M;) b = Var(C)

W= Var(pd) M T Var(pd)’ ¢ Var(pd:)’ (A.150)

so that bp7+ by +be =1.
Step 5: Univariate coefficient. Substituting (A.143) and (A.146)) into (A.141) and dividing by Var(pd;):

COV(Adt,t+j, pdt) . COV(Adt,t+j, W(gt)) COV(Adt,t+j, Ct)

Var(pd;) N Var(pd;) Var(pd;)
_ Var(pd(g:)) Cov(Adysyj, pd(gi)) | Var(C)) Cov(Adiej, Cr)
Var(pd;) Var (pd(g:)) Var(pd;) Var(C;)
= by by + b a. (A151)
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Using the component slopes from (A.144) and (A.148):

Cov(Adyyj, pdt)
Var(pdy)

= by (1- o) + beag,. (A.152)
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G Present-Value Model for Earnings

We collect the full structural model here for reference. Log earnings, e;, are decomposed into a non-
stationary trend, 7;, and a stationary cycle, c;. Expected returns, y, follow an AR(1) process around a

constant steady-state level ji:

er =Tt +Ct,

T = T—1+ &t-1,

8t =8 1+¢egn €1~ N(0,03) (A.153)
Ct=pcCr1+0ceci1+ecs, ecr~N(0,07)

pe =i+ pu (i1 — i) €ty Eup ~ N(O,aﬁ)

The structural model is identical to the dividend-based baseline, with log earnings ¢; replacing log divi-
dends d;. The trend growth rate g; now captures trend earnings-per-share growth rather than dividend-

per-share growth.

G.1 Present-Value Identity for the PE Ratio

We derive the present-value identity for the price—earnings ratio by starting from the log price-dividend

ratio. In the baseline model, the present-value decomposition of the log price—dividend ratio is:

pdi —pd, =0+ Y P E[Adry; — o] — Y 0 Ee[rs — ] (A.154)
j=1 j=1

where pd, = g; — log(exp(ji) — exp(gt)) is the steady-state log price-dividend ratio and ¢ is a Jensen’s
inequality term.

Define the log payout ratio as de; = d; — e, so that d; = e; + de;. We assume:

deyyj = de + vy, Vryj Hg- (0,02), forallj >0, (A.155)

where de is the steady-state log payout ratio. This assumption implies that payout policy is stationary
around a constant level, so that earnings and dividends share the same non-stationary trend.

Since p; —e; = (pr — d¢) + (di — er) = pd; + de, the log price-earnings ratio is pe; = pd; + de;.
Substituting into (A.154):

per —dey —pd, =5+ Y o VB [Adpj— ] = Y 0 B[y — ] (A.156)
j=1 =1
Next, we re-express the cash-flow sum in terms of earnings growth. Since d;,; = e;y; + de;j, we
have Ad;,; = Ae;; + Ade;(j. Under the ii.d. assumption in (A.155), [E;[Ade; ;] = —v; for j = 1 and
E¢[Ade; ;] = 0 for j > 2. Substituting:
per —de; — pd, = 5 — vy + ij_l E;[Aeyyj— gt] — Epf_l B¢ [ree; — fi] - (A.157)
j=1 j=1
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Rearranging the left-hand side using de; = de + vy

o0

per —pe, =0+ 0 VEi[Aery; — g — Y0 Be[rey — 7], (A.158)
j=1 =

where pe, = pd, + de = g; — log(exp(ji) — exp(g:)) + de is the steady-state log price-earnings ratio.
Evaluating the conditional expectations under the model in (A.153) yields:

1—p 1—-p 1
T—ppc " T T=ppc % " 1= pp,

per = pe, +6 — (ue — ). (A.159)
The nonlinearity in g; enters through pe, and is handled identically to the dividend-based model via
the Extended Kalman Filter linearisation described in Appendix The measurement vector is x; =
(e, pet)T, and the linearised measurement matrix G; takes the same form as in equation (A.89), with de
absorbed into the intercept ;.

G.2 Estimation Details

We follow the same estimation procedure as the baseline case (Appendix[D.2), with the parameter vec-
tor ® = (pc, 0, Og)0cr Opr O, fi). The steady-state log payout ratio de is set to the full-sample mean of
d; — ey and held fixed throughout the estimation, entering only through the intercept x; of the measure-
ment equation. The initial state vector, Riccati-based initialisation of Py, and all other aspects of the

optimisation remain unchanged.
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H Steady-State Drift in Expected Returns

We generalise the baseline model by allowing the long-run mean of expected returns to have a random

walk component. Concretely, expected returns mean-revert around a drifting long-run level fi;:

di =T +ct,
T =T-1+ &1,
$=gaten s~ NOo) (A.160)
¢t =pcci1+0ceci1+ect et~ N(0,02)
Mt = ft + Py (Bi—1— fle—1) + Eutr Ept ™ N (0, ‘75)
fir = i1 +epe ene ~ N(0,07)
All four shocks (Sg,t, €ctr Eits SW) are mutually independent. Expected returns thus combine a persis-
tent cyclical component—governed by p, as in the baseline—with a slowly drifting attractor ji;. The
baseline model is nested as the special case 0; = 0, in which ji; = ji for all t and p; reduces to the
baseline’s AR(1) process around a constant mean.

H.1 State-Space System

The state vector tracks y; directly rather than the cyclical deviation:
st = (Tt &, Cts €cps fit, pe, 1) (A.161)

The transition equation sy 1 = As; 4+ C €41 is governed by:

1100 0 00 00 0 0
0100 0 00 o 0 0 0
00 p 6 0 0 0 0 0. 0 0

A=lo00o 0 0 0 00, C=[0 o0 0 0f, (A.162)
0000 1 00 0 0 oz O
000 0 1T—p, pu O 0 0 oz o
0oo0oo0 o0 o0 0 1] 0 0 0 0

where C is a 7 x 4 shock-loading matrix and the state innovations etT+1 = (8g/t+1, Ect+1s €+l 8P[,t+1) ~
N (0, Iy) are mutually independent. The sixth row of A encodes the expected-return dynamics: ;1 =
(1 — py) fir + oy it + shocks. The p; row of C loads on both the trend shock e; and the cyclical shock €,
reflecting the fact that a shift in ji; contemporaneously moves ji; by the same amount.

H.2 Nonlinear Measurement Equation

The measurement vector remains x; = (d, pdt)T. The valuation ratio is:

— 1—pc 1—-p 1 _
di =0+ pd, — + O.ec00 — — , A.163
pd; P T ppe & T T %ot T T g, (e — fir) ( )
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where pd, = g — log(exp(jit) — exp(g:)) is the steady-state log price-dividend ratio, a nonlinear func-
tion of both the dividend-growth trend g; and the long-run expected return ji;. We take a first-order
Taylor expansion of Wt around the filter’s joint prior ( Stt—1s ﬁt‘t,l):

Wt ~ Wt + )"tg (8¢t — gt\t—l) + )\f (fir — ﬁt|t71>, (A.164)

where the evaluated steady-state valuation ratio and its partial derivatives are:

pd, = 8y — log(exp(ﬁt“,l) - exp(gﬂtfl))/ (A.165)

A= P xp@y1) (A.166)
gt Y eXP(Vﬂt—l) - exp(gt‘t,l)

pi | el . (A.167)
i of exp(fiye—1) — exp($y—1)

The derivative A§ captures the sensitivity of steady-state valuations to trend growth, as in the baseline.
The new derivative /\f captures the sensitivity to shifts in the long-run discount rate: a higher fi; raises
the rate at which future cash flows are discounted, lowering valuations. Note that A < 0 always, with
Af — —1 when g; is far below ji; and |Af| —> coas gy — fit.

Substituting the linearised pd, into and collecting terms on the state vector:

1—pc I—-p Z 7 1
dt ~ )\g P — ct + 0. ¢ t + <)\ + t— t+ Ky, (A168)
: T e T T ppe T 0 ) T T 00,
where the intercept is:
Kp =0+ pd, — Af Gu1 — M fleea (A.169)

The loading on ji; combines two effects: the Taylor-expansion sensitivity )Lf’ from the steady-state valu-
ation, and +1/(1 — pp; ) from the present value of the deviation —(p; — fir) /(1 — ppy)-
The linearised measurement equation x; = G; s is therefore:

1 0 1 0 0 0 0
G = _ _ ] . (A.170)
Tlooag _tzpe e gope L1

L—ppc 1-ppc T—pup  1—pup

As in the baseline, G; is re-evaluated at each step of the filter at the current prior estimates (g1, fl¢ji—1)-
The key difference is that the linearisation now operates over a two-dimensional surface rather than a
single curve, allowing the filter to jointly update its beliefs about trend growth and the long-run discount

rate in response to valuation surprises.
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H.3 Estimation Details

We follow the same estimation procedure as the baseline case (Appendix , with the parameter vector
© = (0c,0c,0g,0¢, 04,03, 04). The initial state vector is 3010 = (t0, g0, 0, 0, fig, po, 1)7, where figp and
Ho are both set to the pre-sample average quarterly return from Golez and Koudijs| (2018). The Riccati-
based initialisation of Py evaluates Gy at the joint reference point (g0, o). All other aspects of the
optimisation, including the basinhopping algorithm remain unchanged.
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