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Abstract

Nonlinear New Keynesian models can have multiple REE steady states that are
locally stable under adaptive learning (AL). Gabaix (2020) introduced cognitive dis-
counting (CD) as a behavioral modification with the potential to resolve some well-
known policy puzzles in long-horizon models. We argue that boundedly rational
agents would naturally combine AL and CD, leading to novel results. In our frame-
work this can yield a model with two locally stable steady states: the one targeted by
policy, and a ‘Great Depression’ steady state. We explore the dynamics and policy
implications of this framework. An unlucky series of shocks can push the economy
away from the target steady state and into the domain of attraction of the Depression
steady state. We examine which policies can dislodge the economy from the Depres-
sion steady state and return it to the target steady state.
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1 Introduction

In Evans, Honkapohja, and Mitra (2022) (EHM) we developed a nonlinear New Keynesian
model with three rational expectation (RE) steady states, and showed that the steady state
targeted by monetary policy is locally, but not globally, stable under adaptive learning. In
particular, sufficiently large adverse shocks leading to depressed expectations for future
aggregate output could lead to paths entering a stagnation region unless offset by suitable
monetary and fiscal polices. The adaptive learning (AL) approach to household and firm
expectations of future aggregate state variables (e.g. GDP and inflation) is to model them
as econometric forecasts, based on data available to agents, with forecasting equation co-
efficients updated over time in line with new observations. AL is attractive because, while
boundedly rational, it has the potential to converge over time to RE, and also because it can
be viewed as a corresponding to how economists and policymakers make forecasts.

The current paper extends our framework in several ways. A major contribution of the
paper is to incorporate cognitive discounting into AL. Cognitive discounting (CD) was
introduced by Gabaix (2020) within an RE framework: while anchored to RE, forecasts
for dates further into the future were correspondingly discounted toward the RE steady
state. The motivation given in Gabaix (2020) was behavioral. However, there is a separate
motivation in the adaptive learning approach: longer-horizon econometric forecasts can be
subject to increased forecast uncertainty due to non-stationarity of underlying stochastic
processes, including the possibility of future structural change.

In this paper we show how to formally integrate geometric discounting of forecasts into
AL using a multiplicative modelling approach. This provides an efficient framework for
studying the global dynamics of output and inflation expectations, and the implied time-
paths of realized output and inflation. In addition our approach facilitates computations
of IRFs (impulse response functions) starting from any steady state (or, indeed, from any
initial state).

An additional advantage of our approach is that it can readily incorporate a variety of
exogenous stochastic shocks. In the current paper we focus on exogenous productivity and
mark-up shocks, but in work in progress we have been able to incorporate discount factor,
sales tax, financial, and labor supply shocks.

1.1 Nonlinear NK model with Adaptive Learning and Cognitive Dis-
counting

Gabaix (2020) introduced “Cognitive Discounting” (CD) as a behavioral modification to
rational expectations (RE) within an NK model:

“The main nonstandard feature of the model is a form of cognitive discounting. The phenomenon I



want to analyze is that the world is not fully understood by agents, especially events that are far into
the future. To capture this mathematically, I make the following key assumption: agents, as they
simulate the future, shrink their simulations toward a simple benchmark, namely, the steady state of
the economy.”

To illustrate, Gabaix implements this in the canonical 2-equation linearized NK model as

IS: Xy = ME[X[+1 — 0 (lt _Etnt+l — l";l)
PC: = MfE[ﬂt+1 —+ Kx,.

where M, M/ € [0, 1] are “attention parameters” of consumers and firms, respectively, cap-
turing their partial myopia toward distant events. These shrink forecasts in the direction of
the steady state, which in the above equations is normalized to zero. M = M/ = 1 corre-
spond to RE. Gabaix shows that when RE is modified in this way, the properties of the NK
model are substantially changed in a number of significant aspects (e.g. there is no forward
guidance puzzle.)

Before turning to our formal model, we briefly discuss the underlying reasoning of the
AL and CD approaches. While the motivation given in Gabaix (2020) was behavioral,
we believe there is a distinct motivation within the AL approach, which is that time-series
forecasts of output and inflation further into the future can have increasing forecast uncer-
tainty due to perceived non-stationarity of exogenous stochastic processes and especially
to the possibility of future structural change. In our setting, there is a steady state targeted
by policy, and we assume that, for forecasts further into the future, agents modify their
econometric forecasts by placing a correspondingly higher weight on these policy targets.

The AL critique of REE is that REE needs a rationale for how it would be attained by agents
because: (i) agents are unlikely to know all the structural parameters of the true model, and
(i1) even if they did, it is not optimal to have REE expectations unless they confidently
believe all other agents have these expectations (REE is in essence a Nash equilibrium) and
(i11) in many models there are multiple REE. A particular REE then requires a coordination
mechanism (which AL can provide for “expectationally stable” REE).

A major attraction of the AL approach is that, given the statistical forecasting model used
by agents (which is usually assumed to nest or approximate the form of an RE forecasting
rule, but with estimated coefficients that are updated over time), AL provides a way of way
to calculate recursively the evolution over time of both the agent’s expectations (including
the time profile of their forecasts of future variables) and the corresponding realized path
of the economy. In the present paper the key variables of interest are aggregate output y;
and inflation 7, and agents’ forecasts of their future values (y¢, , ¢, ,) .

From the AL perspective, the CD approach to modifying RE forecasts remains subject to
the AL critique of REE, because the CD framework in Gabaix (2020) requires that agents
first compute RE forecasts and then, having done that, discount RE forecasts in the direction
of “the” steady state. Thus, it assumes that agents first embrace RE and then move away



from it.

However, an attractive approach is one that combines both AL and CD. Specifically,
households and firms make decisions starting with AL forecasts of future aggregate out-
put and inflation rates. AL is a plausible model of rationality because economists in prac-
tice make forecasts using time-series econometric models. However, econometric forecasts
over longer horizons are subject to unpredictable structural change. The statistical struc-
ture of the economy includes nonstationary processes that renders long-range forecasts to
be less reliable, e.g. see Hendry and Nielsen (2007), Hendry and Pretis (2016)) and Cas-
tle, Clements, and Hendry (2019). Due to the reduced confidence agents should have in
long-range econometric forecasts, those forecasts should be correspondingly discounted.
Because policymakers have clearly stated goals, which we interpret to be full-employment
output and inflation at the Central Bank target of 2% per year, it is natural for longer-
horizon forecasts to be discounted toward the steady state around which policymakers aim
to stabilize the economy.

1.2 Structure of the Paper and the Main Results

In Section 2 we summarize the nonlinear NK model, based on Benhabib, Evans, and
Honkapohja (2014) and extended in Evans, Honkapohja, and Mitra (2022) (EHM). The
EHM model has 3 steady states: the steady state targeted by peacemakers is locally stable
under AL; there is a steady state that is induced by the ZLLB, but which is unstable under
AL; and there is also a very low-level steady state, underpinned by government spending,
which is also locally stable under learning.

Section 2.2 introduces adaptive learning, describes how AL forecast parameters are up-
dated over time, in both nonstochastic and stochastic setups. AL follows a “temporary
equilibrium” approach, in which current decisions by agents depend on their forecasts of
future inflation and output, as well as exogenous variables. Then, in the next period, ex-
pectations are revised in light of the most recent outcomes, and the equilibrium time path
evolves recursively..

For the simplest setting, in which the model is nonstochastic, or there are only iid ran-
dom shocks, the key results can be presented using a phase diagram in expectations space
(m¢,y¢), showing the direction of motion of the expectations that results from the cor-
responding realized (7,y) and the AL updating rule for expectations. When exogenous
random shocks are included, it is straightforward to simulate time series paths for (7;,y;).
In this case the “Perceived Law of Motion™ of the forecasting rules for (yf Lo T +S) are a
function of current exogenous shocks, with coefficients that are updated recursively over
time, and realized actual output and inflation (7;,y,) depend on the whole forecast profile
(yf oo T +S) as well as on the current exogenous shocks. This recursive structure generates
the time path of the economy.



Section 3 then describes how forecasts of future output, and inflation and real interest rates
are modified by also incorporating CD of expectations of future output, inflation and real
interest rates: AL expectations are discounted geometrically toward the steady state values
targeted by policymakers. The key equations use a multiplicative set-up that makes use of
results on Mabhler series, which can provide code for rapid numerical calculation of phase
diagrams, impulse response functions and policy evaluation.

The dynamics of the model under AL and CD are again most conveniently presented us-
ing phase diagrams showing the direction of change over time in expected inflation and
expected output (7¢,y¢). The qualitative features of the phase diagrams depend, of course,
on both structural parameters and CD parameters. For the structural parameters we in most
cases follow the values used in Evans, Honkapohja, and Mitra (2022). These are provided
in Table 1 and discussed further in the Appendix. Apart from the inclusion of CD param-
eters, the main change is to the Rotemberg-type price-adjustment cost function, in which
the tails are modified to ensure that inflation rates at the high end, and deflation rates at the
low end, are consistent with historical data.

1.3 Depressions

The qualitative features of the model, not surprisingly, depend on the CD parameters cho-
sen. Keeping the values of the non-CD structural parameters unchanged and varying the
CD parameters numerically, we find two broad cases. If the CD parameters 0 < my,m, <1
are small enough, then there is a unique steady state at the target steady state, as we would
expect, because future expectations of output and inflation are discounted heavily toward
the target steady state. However, for a range of CD parameters (m,,m,) with values closer
to 1, so that the discounting of AL expectations is less severe, there continue to be 3 steady
states, but now the low output/low inflation steady state consistent with a depressed econ-
omy. To understand the implications of this, in Section 4.1 we choose a calibration of
(my,m,) that gives a depression steady state with output and deflation values close in size
to the trough of the US Great Depression of the early 1930s. The corresponding phase dia-
gram shows that with this calibration, both the target steady state and the Depression steady
state are locally stable. For some initial expectations (7¢,y¢) there will be extreme sensi-
tivity of the path over time to the precise initial conditions (and to the stochastic shocks
realized).

These results raise two major questions: (i) Starting from the target steady state, is it possi-
ble that an adverse series of shocks can push the economy into the depression steady state?
Using simulations we show that an unlucky series of productivity and mark-up shocks can
indeed lead to and trap the economy in depression. (ii) If the economy is in the depression
steady state, are there policies that would dislodge the economy from depression and return
it to the target steady state? Our answer to this question is also yes, though we will show
that the policies need to be carefully chosen.



Eggertsson (2008) and Eggertsson (2012) discussed the New Deal policies for overcoming
the very low output accompanied by deflation that was present in the US economy in the
early 1930s. The explanation in Eggertsson (2008) focused on Roosevelt and the New Deal
providing a “policy regime change” that generates an endogenous shift in expectations from
“contractionary” (expected future economic contraction and deflation) to “expansionary”
(“expected future economic expansion and inflation”). The focus of Eggertsson (2012) is
the NIRA policies to increase prices and wages to reduce or eliminate deflation.

The major contribution of the present paper is our analysis of the dynamics of output and
inflation expectations over time, and the implications of expectational learning dynamics
for whether specific policies, in an economy now far from target due to adverse shocks, can
successfully return the economy to the target steady state. Using our benchmark calibration
we obtain the respective domains of attraction (DOAs) of the target and depression steady
states. This provides crucial information on how far expectations can be from the target
steady state without following a path to Depression.

In our baseline model we also include, as is standard in New Keynesian models, serially
correlated exogenous productivity and mark-up shocks. To understand their effects, in Sec-
tion 5 we use our model to compute “net IRFs”, the effects over time, starting from the
target steady state, on realized output and inflation, and on output and inflation expecta-
tions, of productivity and mark-up (elasticity of substitution) shocks. This section also
illustrates the possibility of “escapes”: adverse sequences of shocks that push the economy
out of the target steady state DOA and into the Depression DOA. Related to this, in our
baseline calibration the DOA of the depression steady state includes expectations (y°, 7€)
associated with moderate recessions and deflation rates. In particular, an expected output
gap of 6.2% below target output accompanied by expected deflation of 5.0% lies just inside
the DOA of the Depression steady state.

1.4 Policy

In Sections 6, 7 and 8, we assume the economy is in the depression steady state, and con-
sider three types of policy for pushing the economy out of depression and back to the target
steady state. To study this we use the AL framework, introduced in Evans, Honkapohja, and
Mitra (2009), in which policymakers announce and credibly commit to a temporary policy,
e.g. to increase government spending for 7, periods, after which government spending re-
turns to its previous level. Agents alter their decision rules to immediately take into account
the direct effects of the policy (in this case the corresponding increase in taxes). Then, as
agents move forward in time, they observe the time paths of y and 7, which are used to re-
vise their expectations (y¢, 7¢) and so capture indirect effects of the policy as the economy
responds to the policy over time.

We first consider a large increase in government spending for a fixed period of time. Using



simulations we find that this fails to dislodge the economy from the DOA of the depression
steady state: following the policy, the economy sinks back into Depression. The reason
for its lack of success is the well-known effect from RBC models, that due to the income
effect, there is a negative effect on inflation, worsening the deflation associated with the
Depression steady state. We next study policies to increase the price level. We model this
as an announced and credibly implemented increase in the mark-up or a fixed period of
time. In line withEggertsson (2012), this policy, for a large enough increase in the mark-up
for a suitable length of time, is successful in moving the economy into the DOA of the
target steady state. Finally, we return to government spending but consider a variation in
which during the policy period, the increased government spending is on goods which are
strongly substitutable with between private consumption. For a large enough increase in
government spending of this type for a suitable length in time, the policy is also successful.
This is because the negative income effect emphasized in RBC models is negligible for this
type of government spending.

2 Model Structure: Nonlinear New Keynesian model

We extend the global nonlinear New Keynesian (NK) model with adaptive learning, intro-
duced and developed in Benhabib, Evans, and Honkapohja (2014) and Evans, Honkapohja,
and Mitra (2022) (EHM), to incorporate cognitive discounting within the learning frame-
work. As shown in EHM this model has three steady states: the steady state targeted by
policymakers, the well-known unintended steady state with below target inflation, induced
by the ZLB, and a third steady state at very low output y; = g accompanied by strong
deflation.

2.1 The Nonlinear Model

In the nonlinear model of EHM there is a continuum of household-producers i that maxi-
mize utility subject to flow budget and production constraints

Etiﬁt{log(cz,i+§gr)—(H'g)_lhtlfg—‘l)< i —ﬂ*)},
t=0

t—1,i
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for discount factor 0 < f8 < 1.

Household production is given by y; ; = A;h;, where 0 < ov < 1 and A; > 0 is a stationary
process. Here P, ; denotes price of consumption good i at time 7, ¢; ; denotes consumption

of good i at time 7, and h,; denotes labor input into production of good variety i. For
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convenience we assume the cashless limit of the economy. Here b, ; is end-of-period bond
holding and Y, ; = g; is a lump-sum tax. ¢ > 0 captures a Rotemberg-type convex pricing
friction with ¢ (%) = 0, where 7* is the policy inflation target, and m; = P, /F,— denotes
the time ¢ inflation factor, where P, is the aggregate price level at 7. The form of ¢(7)
is based on the Linex function, which can incorporate asymmetry of the adjustment cost
around 7*, see (??) below for details.

Utility of consumption includes both private consumption ¢;; and public consumption g; >
0 of the goods aggregator. The consumption aggregator takes the usual constant elasticity of
substitution (CES) form, with elasticity of substitution between two goods v; > 1, where v;
is either constant or a stationary AR(1) process. Output is differentiated and operates under
monopolistic competition, with downward-sloping demand curve B ; = (y;,;/ yt)_l/ Vip,

1/(1—-w)
where P, = [fol Ijtlfv’di] .

The parameter 0 < £ < 1 captures the degree of substitution between private and public
consumption, as in Christiano and Eichenbaum (1992). Except when examining fiscal
policy we will assume g; = g > 0 is constant over time. We consider the representative-
agent equilibrium in which all agents behave identically and receive the same amount of the
government consumption good. The government satisfies the usual flow budget constraint
and households are Ricardian. Households must pay taxes and this places a lower bound
on output y; ; > g.

We follow the long-horizon approach introduced by Preston (2005). Our boundedly-rational
agents are assumed to be a version of long-horizon anticipated-utility optimizers, as in Eu-
sepi (2010), Eusepi and Preston (2018).! In EHM this gave the temporary equilibrium
equations for aggregate output and inflation, conditional on agent forecasts. The tempo-
rary equilibrium equation for output is

Yy = max gta(l_é)ngDtg,t+s (yte+s_(1_§)gte+s) : (1)
s=1
Here lA)fHS = ( f rfﬂ.)i , where 1/, =R; =R (ﬂf+1,yf+1) /ﬁf+j, is the expected dis-

count factor with (known) nominal interest rate policy rule given by

BR*/(R*—1) (
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where B > 1 and ¢, > 0 are parameters of the policy rule. Here R* = B~ 'm* is the target
nominal interest-rate factor at 7*, and y* is the nonstochastic steady state output corre-
sponding to the policy inflation target 7 = 7* > 1. By design, the interest-rate rule satisfies

"However, for the reasons given in Benhabib, Evans, and Honkapohja (2014) and Evans, Honkapohja,
and Mitra (2022),we agents impose the observation that in temporary equilibrium, at every moment in time
t,Bi/P=1.



the ZLB, but for % > 1 policy will set R, arbitrarily close to 1 for low sufficiently 7/, and
Vi1

The temporary equilibrium output equation (1) is derived under the assumption that agents
have point expectations, a bounded rationality assumption that we find most plausible given
the nonlinearities present in the model. Thus y, depends on g; and {yf o T s, 8F +S}s>l'
Equation (1) is a standard Aggregate Demand (AD or IS curve) equation based on the con-

sumption Euler equation and the intertemporal budget constraint coming from discounted
expected future incomes and taxes.

The temporary equilibrium equation for inflation is

0(m) = Gl) + Y. B*G%,,). where O (m) = ¢/ (x) 7 and 3)

s=1

Ve [ (Ire)/a (Vi — 1)y
Gy)=— 1|+ - “4)
o \A; y—(1-8)g
where Q is an (invertible) increasing function for the class of price-adjustment cost func-
tions ¢ (7r) that we consider. Note that while the AD curve depends on both expected future
outputs and inflation rates, the AS curve then depends only on current and expected future
outputs. As discussed below, if A; and v; are stochastic, e.g. AR(1) processes, then G(y; )
will depend on A7, ; and v/, ( as well as y;, , but we will use the bounded rationality as-

sumption of point expectations.

To interpret the AS (Phillips-curve) equation (14), it is useful to split G(y) into its two
pieces:

o(m) =G (y)+ Z B"G (y), where
n>1
G(y):\/(y)ie y(v-1)

a\d) y—(1-8)’

-~

marginal cost incomzeffect
Higher expected output implies higher marginal cost and thus higher 7. However, higher
g also has an income effect because it leads to lower after-tax real income, which reduces
consumption of all goods, including leisure. The consequent increased labor supply lowers
wages and thus lowers 7. This is an effect well-known from real business cycle and related
“Classical” models, but is also, as we will show, present in our New Keynesian framework.

2.2 Adaptive Learning

Following the AL approach, we assume agents use log-linear forecast rules for future y and
7 that are updated using recursive LS. The nonstochastic case with A, = A, v, =Vv,g; =g
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is simplest. Under “steady-state” learning

Yits = Vi, and wf (= mf forall s > 0, where
Yo = yiato-i—yy)and 1f =17+ o(m1 — 1),

Here 0 < @ < 1 is the learning “gain” parameter, usually assumed “small.”

The TE (temporary equilibrium) equations then simplify to a nonlinear system

yt = 737(751‘67)}?7(?)’ 71:; :S(nte’yteag)

There are three steady states, two of which are stable under AL: the targeted (full-employment)
steady state y, and a subsistence steady state y; = g.

The AL approach can be extended to stochastic economies. For example, it is straightfor-
ward to include exogenous stationary AR(1) shocks to productivity A, /A and the mark-up
v;/V. There are alternative ways to model the AL forecasts that take account of these
shocks, but in practice results are not sensitive to the method chosen, and local stability of
each steady state is unaffected by the shocks. If agents observe the shocks A; and v; and
know the means and AR1 parameters, they can suitably adjust their AL forecasts y;, ; and

e
7[[+S'

Alternatively agents could use recursive least squares (RLS) to directly estimate the PLM

In(y;,) = fy‘f’dyAln(At)"‘dyvln(‘?t)""rlyz
In(m) = fr+dgaln(A;)+dpyIn (V) + N,

where A, = A, /A and V, = v, /v and to use current parameter estimates and the known AR
parameters to iterate forward to obtain ¢ 4 s forecasts. If AR(1) parameters are unknown
agents can obtain and use consistent estimates of them. In practice “constant gain” RLS is
typically used, in which a small weight 0 < @ < 1 is placed on each new observation.

Allowing for stochastic exogenous AR(1) shocks to A; and v;, if agents use point expecta-
tions then the AS equation is given by (14) with

Vte+s (yte+s > (I+e)/a . (vte+s B 1>yte+s
a Ate—O—s yf—ks_(l_é)g

When exogenous stochastic shocks like these are included, rational expectation steady
states are stochastic processes. However, local stability results under AL are essentially
unchanged if the support of the exogenous shocks is sufficiently small. The dynamic path
under RLS adaptive learning is specified recursively as before. Under AL convergence to
an E-stable REE will be to a Restricted Perceptions Equilibrium (RPE) that is “near” an
REE, rather than to the REE itself, because of the use of steady-state learning and/or the
use of linear forecast models within a nonlinear model.

e e e _
G (yt—l—stH-s? vt—i—s) -
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In the AL approach agents use econometric forecasting rules to form expectations of the
key variables y7, ( and 7/ _,, as well A7, ; and v, , that are required for decision-making,
using a forecasting model that depends on the observed exogenous shocks and any observed
predetermined aggregate state variables. The forecasting model is often assumed, in linear
set-ups, to take a form that nests the RE equilibrium (REE), but with coefficients that are
unknown and so must be estimated using observed data. Under AL the required parameter
coefficients are updated over time in line with data generated by the evolving equilibrium
path. In linear models the forecast model can usually be chosen to nest the REE of interest,

so that AL has the potential to converge to RE over time.

Apart from providing a plausible form of bounded rationality in macroeconomic economic
models, AL is particularly of interest for two reasons. First, it provides a natural stability
condition for an REE. Provided the REE satisfies the E-stability condition for a suitable
forecasting specification — known as the “perceived law of motion” (PLM) — the REE is
locally stable under AL. If the REE is expectationally stable (“E-stable”) the PLM will
(locally) converge over time to RE (or to a neighborhood of RE when agents use “constant
gain” RLS). E-stability conditions are typically straightforward to derive.

In many stochastic nonlinear models a closed-form RE solution may be unavailable, but
a suitable linear forecasting rule may converge to a solution — a “restricted perceptions
equilibrium” (RPE) — that approximates REE. If the REE is E-stable but agents use linear
forecasting rules, there will typically be convergence to an RPE corresponding to the REE.
Stability under learning is particularly of interest in models with multiple REE, as in the
current model. The learning dynamics themselves are often of interest, both in stationary
environments and most notably in the context of policy changes.

3 Nonlinear NK model with Adaptive Learning and Cog-
nitive Discounting

To incorporate CD into our AL framework we start with the simplest case, without stochas-
tic shocks, in which agents use “steady-state learning” that recursively estimates the means
of output and inflation according to

A ZYf—1+w(Yt—1 —)’f_1) and 7/ = 7Tze—1+(0(7ft—l —ﬂze—l)»

where 0 < w < 1 is the learning “gain” parameter. Usually we focus on small fixed gains
> 0.2

ZFor a general discussion and analysis of adaptive learning, expectational stability and E-stability dynam-
ics, see Evans and Honkapohja (2001). Discussion of more recent literature and applications can be found in
Evans and McGough (2020)

3Decreasing gains in which @y is proportional to r~! are important for some theoretical results.
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With AL we include CD by discounting AL expected future output and inflation at rate
0 <my <1 and discounting of AL expected future real interest rates at rate 0 < m, <
1. This is most conveniently formulated mathematically in a multiplicative set-up. Let
x* € {m*,y*} be the target towards which future forecasts are discounted at rate m,, where
x € {y,m}. For the steady-state learning case, the forecast n—step ahead forecast x¢ is
discounted geometrically at rate m, toward the target:

Note that for m, = 1 future forecasts x;, = x° are not discounted and for the other polar case
my, = 0, forecasts are fully discounted to the target x*. This multiplicative framework for
CD is particularly useful computationally, because it allows for results on Mahler series
that can be exploited in the formulation of the temporary equilibrium equations.

In the Appendix it is shown that in the non-stochastic set-up with A; = A and v, = v, the
“temporary equilibrium” (TE) equations, giving y and 7 as functions of y¢ and 7°¢, are
provided by the following “IS” and “AS” equations.

IS : vy

-0+ (-0 (i)

5 o () ) ()
Y n>1 reme "
> >

%vfwzw{
(

AS:  Q(m) =G (Ty(n°,y%)) +

Note that, given the CD parameters, in the nonstochastic case under consideration, y is a
function of (7¢,y¢). In the AS equation, Ty(7¢,y¢) is defined implicitly as the value of y
that solves the IS equation for given (7¢,y¢). Likewise we can define T (7¢,y°) as the value
of & that solves the AS equation.

The IS and AS curves define the temporary equilibrium map from expectations (7¢,y°)
to realized (m,y). Once calibrated, approximations of this map can be used to provide
phase diagrams and stochastic simulations. Naive truncation — replacing the series with

12



partial sums — introduces numerical instability. Under appropriate transformation, results
on Mahler series can be exploited to obtain code that delivers fast, stable computations: see
Appendix A for details.

4 Steady States and E-stability Dynamics

CD can have substantial quantitative and qualitative effects on the phase diagram for (7¢,y).
We will focus on the Baseline Calibration given in Table 1. Most parameter values are in

line with the IER paper, but we now include CD parameters m, and m, for the reasons

discussed above: long-range forecasts based on estimated econometric models are likely to

be less reliable than short-range forecasts because of nonstationarities in the data including

in particular unpredictable structural shifts. See, for example, Chapter 21 of Hendry and

Nielsen (2007). In this context, the arguments of Gabaix (2020) for discounting distant

forecasts to a suitable steady state are particularly strong, and in the context of our model,

in which policymakers aim to achieve full-employment output together with a low, positive

rate of inflation, the targeted steady-state levels of y and 7 is the natural choice.

Because our nonlinear NK model has three steady states, a natural question to ask is
whether CD can alter the positions of the two non-target steady states. In particular, is
it possible for there to be a low output steady state that is stable under adaptive learning?
To sharpen this question, we investigate whether, with suitable CD parameters there will
exist a “stagnation” steady state in which inflation and output gaps are in line with the
trough of the US Great Depression in the US. Specifically we look for CD parameters that
would match a steady state with a quarterly inflation factor of about 0.965 (corresponding
to a deflation rate of 10% per year) and an output gap factor of about 0.73, corresponding
to the 1933 trough, which was 74% of its the 1929 GDP peak.

Table 1 gives the parameters for our “Baseline Calibration”. Most of the parameter values
are in line with those from the IER paper, but we now incorporate CD parameters m,,
m, chosen to deliver a steady state with output and inflation in line with the US Great
Depression.

4.1 Phase diagram for Baseline Calibration and the Great Depression

Figure 1 gives the phase diagram for expectation variables 7¢,y° induced by AL and CD
with the baseline calibration. For clarity, only part of its DOA (domain of attraction) is
shown. There are three steady states. The “targeted” steady state (top right) corresponds
toy=1and 7 = 1.005 (i.e. 2% annual inflation target). It can seen that it is locally E-
stable. The black null-cline corresponds to dy°/dt = 0 and the red null-cline to dn¢ /dt = 0.
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Table 1: Model Parameters and Policy Variables

Parameter Value

Description

Model Parameters

Productivity factor

Productivity autocorrelation (logs)

Discount factor

Capital share

Elasticity of substitution between varieties
Elasticity of substitution autocorrelation (logs)
Frisch elasticity

Private/public substitution parameter

Cognitive Discounting Parameters

Interest memory retention

Output memory retention

Adjustment cost factor
Elasticity of adjustment kinda
Smoothing parameter

Hard lower bound on inflation
Soft lower bound on inflation
Soft upper bound on inflation

A 1.113
pa 0.95

B 0.99

o 0.7

1% 13.5
Pv 0.95

€ 1.0

g 0.4

my 0.94
my 0.8265
Adjustment Cost Parameters
[ 75.0
v 20.0

4 0.475
V998 0.8395
Ty, 0.95
Ty 1.015
THH 1.1

Hard upper bound on inflation

Policy Parameters

* 1.005
R /B
B 1.5/R*
P, 8.2

I3 0.2

F 1/B

Inflation target

Steady-state interest rate

Inflation elasticity

Output elasticity

Steady state Government spending

Steady state real interest rate

The well-known “unintended” middle steady state, induced by the ZLB, is approximately
at ¢ = 0.988, y* = 0.94, but is not E-stable and hence not stable under learning. More
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Figure 1: Phase space
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precisely, it is a saddlepoint that lies on the boundary between the two basins of attraction.
The phase diagram in Figure 1 shows two locally stable steady states: the targeted steady
state and the stagnation steady state, each of which has a sizable basin of attraction. Figure
2 below shows the boundary between the two basins of attraction as a red dashed curve;
formally the boundary between two DOAs is on a saddle path that converges to the middle
steady state.

The low “stagnation” steady state at (£ = 0.971 and y = 0.740) matches the trough of the
1930s US Great Depression; in 1933 y was 74% of its 1929 peak value, and the maximum
annual deflation factor (in 1934) was 0.90 (a 10% deflation rate, corresponding to 7 = 0.975
quarterly). In can be seen from Figure 1 that the low stagnation steady state is E-stable,
and hence stable under adaptive learning. The CD parameters m, = 0.94 and m, = 0.8265
chosen are roughly in line with numerical values suggested by Gabaix of 0.8 and 0.85.

What lies behind the existence and local stability of the stagnation steady state? Intuitively,
at the stagnation steady state, under pure AL without CD, the temporary equilibrium levels
of output and inflation would both be lower than the stagnation steady state values. How-
ever because of CD, long-horizon forecasts of y and 7 are discounted toward target values,
offsetting the more extreme short-term pessimism that would otherwise lead to a persis-
tent decline in output and inflation. The stagnation steady state, and its local domain of
attraction, reflects this balance.

Figure 2 shows the global situation for the whole range of output and a wide range of
inflation. In some regions the expectation dynamics are complex, but globally there are
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Figure 2: Global flow diagram

E-stability Dynamics

Output nulicline

Inflation nullcline

----- Basin of attraction boundary

just the three steady states: the locally E-stable target steady state, the E-unstable “middle”
steady state, and the locally E-stable Great Depression steady state. Also shown in Figure
2 is the boundary separating the basins of attraction of the two stable steady states.

4.2 Alternative CD calibrations

The qualitative features of the phase diagram, including the number of steady states, depend
on the CD parameter values, in particular on m,. Changing m, to m, = 0.75, gives the phase
diagram shown in Figure 3a and for m, = 0.6 the phase diagram shown in Figure 3b. In both
of these cases the model has a unique, globally E-stable steady state at the policy target.
In Figure 3a convergence to the target steady state is locally cyclical, while in Figure 3b
the learning dynamics becomes locally monotonic. These results are not surprising: when
CD is very strong (low my) longer horizon expectations y¢ and 7¢ are discounted towards
a path of rapid convergence to the target steady state, leading to a unique E-stable steady
state at the policy target. Essentially, the intertemporal aspects (y®, 7¢) are rendered more
monotonic by CD of the model and multiple steady states can no longer exist.*

“Note that the red isocline has a single connected component in Figure 3(a) and appears to have two
connected components in Figure 3(b). This bifurcation is discussed in Appendix E.
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Figure 3: Other steady-state configurations
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4.3 Further discussion

Returning to the baseline Great Depression calibration, it is can be seen from Figure 2, giv-
ing the global expectation dynamics, that for initial expectations near the DOA boundary,
there is strong sensitivity to initial conditions. Specifically, for initial (7¢,y¢) ; just North
East of the boundary, there will be convergence to the target steady state, while for initial
(7€, y°) just South West of the boundary, there will be convergence to the Depression steady
state. Figure 4 shows the contrasting time paths for these two nearby starting points.

We note that the paths shown in Figure 4 capture the dynamics under AL with CD when
there are no stochastic shocks in the economy. When exogenous stochastic shocks are
included the resulting paths will be stochastic, reflecting the impact of these shocks. The
paths shown can still be interpreted as the mean paths, but the stochasticity implies that for
either of the two nearby starting points, there can be eventual convergence to either of the
two E-stable steady states, depending on the sequence of shocks.

S AL and CD in a Stochastic Economy: net IRFs

Using our baseline calibration, and now including stationary AR(1) shocks to A; and vy,
we can compute, starting, e.g. at the targeted steady state, net impulse response functions
(IRFs) for shocks to A; or v;. To do this computationally we simulate multiple independent
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Figure 4: Sensitivity of dynamics to initial conditions
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stochastic time paths following a shock to A; or v, and compute the average impact on over
time on 74 and y;+, of an initial departure of A; or v; from its mean. We set the AR(1)
parameters for logA; and log 7; at 0.95. The first figure shows the net IRFs for logy; s and
log 7+ s of a 1% increase in productivity at time zero. Black curves denote realized y and 7,
and red curves denote y° and 7¢. The (net) IRF for y reflects the short-run positive effect of
productivity on output, and a negative effect on inflation arising from the reduced shadow
marginal cost, with effects converging asymptotically to zero over time as the economy
returns to the steady state.

Because our model is purely forward-looking, y; and 7; depend only on current exogenous
shocks A;, vy, g and on forecasts y;,  and 7/, . for s = 1,2,3,.... We will limit attention
here to observable shocks including in particular A;, v;, that follow stationary AR(1) pro-

CeSSses.
A, =AVPaAPA edand v, = D! Prfre.

where €1, €V are iid, strictly positive and unit mean. Here we assume agents use point
expectations of the exogenous shocks, so

_ /A \PA _ U\ PY
Al ,=A <K> and v/, , =" <5> :
1+e
Note that these shocks only enter the marginal cost term G(y;,A;, V;) = % ( f‘—’t> - %‘

Assume a fixed level of government spending g; = g, and that, as in a stochastic steady-
state REE, expected output and expected inflation are functions of A;, v;. For expectations
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we have
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The dynamics of the stochastic economy can be illustrated by numerically computing IRF
that arise from different random shocks. Consider first a 1% shock to productivity in pe-
riod zero. Productivity is calibrated with log productivity having serial correlation 0.95 and
gain 0.01. Two innovations to productivity are obtained by assuming that the initial shock
is zero or one percent. These sequences are incorporated to the model to generate two time
series which are then compared by computing their difference. The differenced series give
the response of the model from initial steady state and conditional on the drawn series of
innovations. The final step is eliminate conditional dependence by running 10000 simula-
tions and averaging these outcomes to eliminate conditional dependence. Figure 5(a) gives
results for inflation and expected inflation as well as output and expected output.

The two panels show the net IRFs for inflation and output from a 1% increase in produc-
tivity at time zero. Black curves denote realized y and 7, and red curves denote y¢ and 7°.
The (net) IRF for y reacts the short-run positively of productivity on output, and a negative
effect on inflation arising from the reduced shadow marginal cost, with effects converging
asymptotically to zero over time as the economy returns to the steady state.

Figure 5(b) shows the effects of elasticity of substitution shocks using net IRFs for infla-
tion and output of a time zero 1% increase in the elasticity of substitution across goods.
This corresponds (approximately) to a one percentage point decrease in the mark-up. This
results in the short term with a decrease in inflation and, because of the monetary policy
response, with decreased interest rates and higher output. Again, these effects disappear
asymptotically as the economy returns to the target steady state.
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Figure 5: IRFS

0.0000

-0.002
-0.0005

-0.004

”
|
3

L -0.0010 —
K
-0.006 —

~0.008 -0.0015

-0.010
-0.0020

output output

0.010
0.0025

0.008
0.0020

0.006
0.0015

Y 0.0010 -

> —yF

3
0.004

Ay

0.002
0.0005

0.0000

0 20 40 60 80 100 0 10 20 30 40 50 60 70

time. time

(a) Productivity (b) elasticity of substitution

5.1 Escape paths (preliminary and incomplete)

One of our more striking findings is the possibility of a suitable sequence of random shocks
leading to an escape path from the targeted steady state to the stagnation steady state. The
likelihood of this is higher when the AR(1) parameters 0 < p4, py < 1 are close to one.

The possibility of escapes is illustrated in the following Figure. Figure 6(a) shows an
example of an endogenous “escape” of the economy, from the target steady state to the
stagnation steady state, as a result of an unfortunate sequence of exogenous shocks. Figure
6(b) shows the same time path plotted in (7,y) space.

However, it is rare for the economy to “escape” endogenously from the Depression steady
state to the targeted steady state as a result of a fortunate sequence of exogenous shocks.
This raises the question of whether policy can move the economy from the Depression
steady state to the target steady state.

5.2 A Digression on Gains (preliminary and incomplete)

Under recursive AL a key parameter is the “gain” parameter, which governs the weight
placed on the most recent data point when updating the parameters of the forecast rule.
In 1-step ahead models, like the textbook 2-equation model above, in which y, 7 depend
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Figure 6: Escape path from target steady state to stagnation
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on next period y¢, ¢, typical (constant) gains used have been in the range 0.015 to 0.05.
For example, Branch and Evans (2006) found the best fit both for quarterly output growth
and inflation forecasts, as well as for matching professional forecasters was (0.015,0.05).
Milani (2007), in an estimated quarterly NK model with AL obtained a posterior estimate
for the constant gain of 0.0183. Orphanides and Williams (2002) and Orphanides and
Williams (2005) also used quarterly gains in the interval (0.015,0.03).

In contrast the gains used in long-horizon AL models are usually much smaller. For exam-
ple, in the paper Eusepi and Preston (2011) the gain used was 0.002, an order of magnitude
smaller. Our framework casts some light on this issue. In our long-horizon model, without
CD, and starting near the targeted steady state, with y* = 1 but 7¢ = 1.0075 (3% annual),
we find that gains above 0.03 start to exhibit instability. As we increase gains from 0.03
to 0.05 or higher, the economy exhibits large fluctuations, large damped 3-cycles and di-
vergence. Similar issues arise when the economy is subject to a one period 5% increase in
government spending g.

This suggests that in long-horizon models without CD, the present-value sums of ex-
pected future output and inflation are implausibly sensitive to small changes in expecta-
tions. However, this “oversensitivity” goes away for CD incorporated with, for example,
my = m, = 0.85.
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6 Fiscal Policy

Are there policies that can push the economy out of a Depression steady state (or that would
avoid Depression when expectations turn pessimistic)? One natural candidate is aggressive
fiscal policy. In EHM, we found that, in many cases, an announced expansionary fiscal
policy could avoid stagnation provided expectations were not yet too pessimistic. In the
current paper we set a more ambitious goal. Are there policies which, if the economy is in
already in a Depression steady state, will successfully push the economy out of the DOA
(domain of attraction) of the depression steady state, and leaded to eventual convergence to
the target steady state.

A natural policy candidate is an announced and implemented fiscal policy that increases
government spending by a substantial amount for an extended period of time. This can be
studied using the approach introduced and studied in Evans, Honkapohja, and Mitra (2009):
it is assumed that agents understand the policy, treat it as credible, incorporate the direct
effect of the announced policy in their long-horizon decision rules, and use AL to revise
their forecasts y;, ; and 7/, ; over time using the evolving paths of y;, 7;. See Appendix B
for technical discussion.

In our current setting, we are particularly interested in whether, starting from the more
extreme case of an economy in the Depression steady case, a credibly announced and
implemented policy that increases g to g+ Ag for T periods, (after which government
spending reverts to g, can push the economy into the DOA of the target steady state. It is
assumed that agents understand this policy and incorporate it into their decision-making.
Before studying this, it is useful to examine the impact of such a policy starting from the
target steady state.

6.1 Anticipated expansionary fiscal policy starting from target steady
state.

Our general framework, with AL and CD, can be readily extended to incorporate the an-
ticipated increase in government spending into agents’ decision-making, so that dynamics
under anticipated policy can be determined as usual using our computationally efficient
temporary equilibrium maps. To get some intuition for the mechanisms in play, we start by
looking at the net IRFs for an announced an implemented increase in g, starting from the
target steady state.

Figure 9 shows the impact on 7 and y of a 20% increase in g for ten periods,starting from
the target steady state (beliefs in red & realized values in black). Although output initially
increases substantially during the fiscal stimulus, inflation becomes negative for the first six
periods. Intuition for short-term deflation despite increased output is along lines familiar
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Figure 7: Anticipated fiscal stimuluous
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from RBC models: increased taxes used to finance the period of higher government spend-
ing reduces the present value of disposable income, which leads agents to reduce leisure as
well as consumption. The corresponding increased supply of labor results in lower shadow
marginal costs and hence lower prices.

6.2 Anticipated expansionary fiscal policy in a depression

To see whether an anticipated extended large increase in government spending g can push
the economy from the Depression steady state to the target steady case, we consider an
anticipated increase in g that doubles it size, from g = 0.2 to g = 0.4 for 20 periods: see
Figure 8.

The large anticipated expansionary fiscal policy does not succeed in shifting the economy
from stagnation to the targeted steady state. The explanation for its lack of success is the
disinflationary aspect of anticipated fiscal expansions, noted above. The policy to shift the
economy from a Great Depression steady state to the target steady state fails because it
does not increase inflation as well as output.

This can be understood by returning to Figure 2. To escape the DOA of the Depression
steady state, policy needs to shift (7¢,y°) to the north-east of the dashed red line. This
would be difficult to achieve without an increase in ¢, and, under adaptive learning, this
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Figure 8: Effects of increase in g starting from Depression steadystate
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would require a sustained increase in actual inflation . However, the labor supply effect,
familiar from RBC models, reduces inflation. Consequently the policy is unsuccessful.

7 Policies to increase prices and wages

During the New Deal, in the US, a variety of policies were put in place to ameliorate the
effects of the Great Depression and to push the economy toward recovery. While ultimately
the later huge increase in g associated with WWII led to a full economic recovery, there
were other salient policies that may have been important for the recovery. In particular,
in addition to emergency measures to support the unemployed and avoid foreclosures, and
financial measures to prevent runs on banks, policies were introduced to support wages and
prices.

In an effort to combat deflation, a range of policies were introduced to induce a rise in the
price level, including:

— policies to support agricultural prices

— industry codes to eliminate unfair competitive practices; establishment of minimum wages and
maximum hours; support for labor’s right to collective bargaining

— gold policy: dollar devaluation reducing the gold content of the $ to 59% of its former value

— defense of organized labor, increased unionization and support for collective bargaining & creation
of NLRB

The importance of these and other factors is examined in Eggertsson (2008) and Eggertsson
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Figure 9: Effects of increase in mark-up starting from Depression steady state
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(2012). Eggertsson (2008) stresses these policy changes within the context of an overall
“policy regime change” that eliminated previous “policy dogmas,” engineering a “regime
change” that shifted expectations from contractionary to expansionary. Eggertsson (2012)
takes a different tack, arguing that policies to increase nominal prices and wages had a
more direct effect by reducing deflation and consequently ex-ante real interest rates.

Our model formalizes and captures these channels both through direct impacts and, over
time, via the AL channel, as discussed in Section 1.4 of the Introduction. A simple and
natural way to model these policies is to view them as facilitating a sustained reduction in
v, i.e. a credibly announced policy of a sustained increase in the mark-up.

7.1 Anticipated policies to increase mark-ups in a Depression.

Assume that the economy is in the Depression steady state. Policymakers then announce
and implement policies that decrease v by 20%, so that there is an increase in the mark-up
by approximately 20%, for 60 periods, after which v returns to its original level. As with
the fiscal policy experiment, it is assumed that agents understand this policy and incorporate
it into their decision-making.

Both 7 and yincrease steadily over time for about 50 periods, both somewhat overshooting
the targeted steady state values, and then following a damped cyclical path converging to
the target steady state. The increase in mark-ups increases inflation, i.e. reduces deflation
rates, and, through adaptive learning, expected deflation rates. With nominal interest rates
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close to the zero lower bound, reductions in expected deflation reduced the expected real
interest rate. This leads to higher demand and higher output, which via adaptive learning
leads to higher expected output. This reinforcing feedback loop pushes the economy into
the DOA of the target steady state, with eventual convergence to the target steady state.

This is a powerful and striking result. Actual and expected deflation, at the stagnation
steady state, is a major impediment to recovery from Great Depression levels of output.
Policy induced increased mark-ups that decrease deflation at the Depression steady state,
can increase ¢ and y° enough to put expectations into the domain of attraction of the
target steady state so that after the policy change ends there will be convergence to the
target steady state.

8 Expansionary Fiscal Policy Redux

In Section 6 we found, starting from the Depression steady state, that an anticipated ag-
gressive fiscal expansion, from g = 0.2 to g’ = 0.4, failed to return the economy to the
target steady state. The underlying reason for this was that while the increased government
spending increased demand and initially led to higher output, the higher anticipated taxes
to fund the 1 g led to a negative income effect, which induced agents to reduce consump-
tion of all goods, including leisure. This increased labor supply, leading initially to reduced
wages, and hence lower marginal costs and lower prices, with little net impact on deflation
over the period of higher g, leading to a return to the Depression steady state.

We now consider whether results can change significantly for alternative choices in the
composition of the fiscal stimulus. Specifically, we consider the impact of an announced
increase in government spending g, if the composition of the announced 1 g takes the form
of government expenditure on goods that are close substitutes to private consumption, i.e.
we look at an announced 1 g for which £’ > & for government spending during this period.

y_yg—:é/))g, when &’ is close to one the size of the negative
income effect is greatly reduced. Figure 12 looks at the effect, starting in the Depression
steady state, of an announced doubling of government spending (from 0.2 to 0.4) for 26
periods (quarters) in which, during this period, the additional govt spending has &’ = 0.94,
1.e. the additional government spending is on goods that are close substitutes for private

consumption.

Because the income effect is —

Figure 12 shows that the large expansionary fiscal policy with this composition is now
successful in our model. This type of government spending may not have played a big role
for the US in the New Deal, except for, say, the 1 availability of electricity and flood control
in the South made possible by the TVA. However, it is easy to think of contemporary
examples, such as public spending on or financing of child care, public schools, SNAP
(food stamps), health care, and national parks (for recreation).
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Figure 10: Anticipated increase in g, starting from Depression steady state, for spending
on close substitutes to private consumption
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9 Anticipated bottlenecks: preliminary and incomplete

We model an anticipated, temporary supply shock as an “announcement” in period ¢y of a
step decrease in productivity from A to A for periods #; — , after which productivity returns
to its calibrated value.

A fall in productivity raises marginal costs thus putting upward pressure on inflation; higher
inflation leads to higher expected inflation, thus raising real interest rates and lowering
output. Because firms are forward-looking and want to smooth price changes, even an
anticipated fall in productivity raises inflation, thus initiating the attendant fall in output
(with one period lag since output depends only on expectations).

The figure below provides the following experiment: in period 7y = 0 it is announced that
in period #; = 2 productivity will fall by 1.0%, and will remain low for six periods (z, = 8).
The needed analysis is found in Appendix C.

10 Extensions

The analytical framework of this paper can incorporate a wide range of exogenous shocks.
Major events in the US and other major market economies include the oil price shocks
that led first to high inflation and then to stagflation in the late 1970s and early 1980s.
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Figure 11: Anticipated fall in A
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Financial shocks precipitated the Great Recession of 2008-9, which was followed by an
unusually slow recovery. Labor supply and bottleneck shocks during the Covid Pandemic
Recession (March-April 2020 in the US), together with expansionary fiscal and monetary
policies, was followed by over two years of elevated inflation. Beginning in early 2025,
the US announced large increases in tariffs against many countries, which, however, been
frequently followed by changes in the announced rates and considerable uncertainty about
tariff rates going forward.

An advantage of the multiplicative structure of our model is that it facilitates inclusion of
a wide range of additional exogenous shocks. In work in progress we are examining the
implications of including (i) Finite-state stochastic discount rates, to capture exogenous
changes in consumer/firm confidence, (ii) financial shocks, modeled as a wedge between
borrowing and lending rates, (ii1) national sales taxes, acting as a stand-in for tariffs, and
(iv) reduced labor supply, due to Covid shocks, combined with reduced productivity aris-
ing from related sectoral bottlenecks. Appropriate policy in the presence of one or of a
combination of several large exogenous shocks of these types, would clearly be of interest.

Variations of our current framework can also be examined. In line with much of the liter-
ature, we make the assumption that the interest-rate rule used by policymakers is a known
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function of (7¢,y°). One justification of this is that it captures the importance of trans-
parent monetary policy rules, a point stressed by Eusepi and Preston (2010). However, a
natural alternative assumption we are exploring is for agents instead to forecast future real
interest rates directly using AL. More general state-contingent AL forecast rules could also
be investigated.

11 Summary and Conclusions

Using a nonlinear long-horizon stochastic New Keynesian model, which can have multiple
steady states, we study the model dynamics generated by the interaction of output and infla-
tion expectations and the realized values of these variables. Expectations play a key role in
macroeconomic models, and we argue that the combination of AL (adaptive learning) and
CD (cognitive discounting of more distant forecasts) provides a natural bounded-rationality
framework for expectations in long-horizon models. Under AL, household and firm expec-
tations of future inflation and output are formed and updated using statistical forecasting
equations. In our long-horizon model, CD is motivated by the relative unreliability of
econometric forecasts at long horizons due, e.g., to unanticipatable structural change. In
our baseline calibration, which we examine in detail, there are two locally stable steady
states: the steady state targeted by policy and a Great Depression steady state.

In order to incorporate both AL and CD, as well as exogenous autocorrelated productiv-
ity and mark-up shocks, we use a multiplicative formulation, which makes possible fast
computation of key features of the model: number and location of steady states, associated
phase diagrams generated using E-stabilty tools, showing which steady states are locally
stable and providing their corresponding domains of attraction, and fast computations of
time paths and phase diagrams. For initial expectations (7¢,y°) the mean time paths of
expected and actual (7,y) can be obtained. Net impulse response functions for exogenous
random shocks are straightforward to compute. We find that stochastic shocks can occa-
sionally lead to escapes from the target steady state to the Great Depression steady state
unless they are offset by policy.

An important question then is whether, if the economy is in a Depression steady state
(or in the domain of attraction of the depression steady state), there are policies that will
push the economy to the steady state targeted by policy. Perhaps surprisingly, we find that
a large anticipated temporary increase in government spending is not sufficient to push
the economy into the domain of attraction of the target steady state. In contrast, policies
that generate a large anticipated temporary increase in the price mark-up can be effective
in returning the economy to the targeted steady state. We also find that a large anticipated
temporary increase in government spending can be effective in pushing the economy out of
Depression, and to the target steady state, if the composition of the additional government
spending is on goods that have high substitutability with private consumption.
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Appendix

A Mahler Series

The state dynamics of our model take the form the form

v = g(1-8)+0, Y Bayla)’ 0, Y Ba)

n bln
= G —Jr@ﬂ; nbl +®7’C " ( n )
o(m) (ve) 1};/3 ZVE,Iﬁ p"—(1-&)g/y*

The naive computational approach of truncating sums introduces numerical instability. Us-
ing log expansions, we transform the above dynamics into Mahler-type series, whose partial
sums converge much faster than those under the naive approach.

In this section of the Appendix, we derive two Mahler-type expansions, denoted bivariate
and modified Mahler series, and we state their generalized versions, whose derivations
are straightforward extensions of those given below. Following the derivations is a brief
discussion of the computational efficiency afforded by the expansions.

A.1 Mahler series
Lemma 1 (Bivariate Mahler) Ler 0 < a,b,c <1, x,y > 0, and
Fupeley) =), axy" (5)
n=1

Then the exact bivariate expansion of F about (x,y) = (1,1) is

Fopely) = i ( abk¢! )((logx)k(logy)l) ©)

KIS0 1 — abkc! k'

Letting p = max{|logx|b, |logy|c}, and Ry the error associated with k+1 < M gives

a pMt!

1—a (M+1)!

| Ry (x,)] < exp(p)- @

Proof. The functional form of (6) suggests the proof strategy: change variables and exploit
the global expansion of the exponential function. To this end, let * = logx. Then (1)
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becomes

Fupe(x,y) =Y a"exp(b"-£)exp(c"-5)

> b %) -H)F
:Zan<z< . >><Z< k!y))

n=1 >0 k>0

o0 . (bl)”-xAl-(Ck)n-Ak
=) ( 2 11k y)

n=1  \/>0£>0
_ v (Za" <b’>"-fl-<ck>"-y*>)
[>0,k>0 \n>1 [k!
xAl'yk npl\ng kyn
- (,,k! 2a<b><c>>
n>1

The error term follows from Taylor’s theorem. ®

Lemma 2 (Modified Mahler) Ler0 < a,b <1, x>0, and 0 < g < x*" forn> 1. Set

Hyp(x) = Y d" ()cbx‘—;g)

n>1

Then the exact expansion of H about x =1 is

a > (logx)* ab* X g kN
Hop(x) = ot ey AP
“ (1—a)(l1—g) kg k! 1—abr (l—g)k“jgb J
The error term satisfies
logx|b/(1—g))""!
‘RM()CM < a-g (| gx| /( g)) CXP(HIOEZ‘)-
(I1—a)(1—g) (M+1)!
Proof. Our assumptions imply 0 < g-x~ %" < 1, so that
xb" — & 1— 8 ,x—b" m>0 m>0
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It follows that

~ = k! 1 —abk
Thus
(—mlogx)*  ab
H,p(x) = "
a ng’o =0 k! 1 —abk
a (logx)*  ab* m k
= + g"(=m)
(1—a)(1—g) kg’l k! 1—abr ng’o
Now recall

" B g k—1 k j
o' = g 5 )

m=>0

Substituting gives the claimed expansion. The error bound follows from the standard re-
mainder estimate for the Mahler expansion, together with the uniform bound on the geo-
metric prefactor. m

Below we state generalized versions of the above lemmas. The proofs are routine general-
izations and thus omitted.

Lemma 3 (Generalized Mahler Expansion) Let0< f3,my,...,my <1, andletxy,...,xny >
0. Define

S
Then the exact expansion of F about x = (1,...,1) is

Fym(®)= Y Bomy'--my )\ M (logx,)s
o kyye..skn=>0 1_ﬁ~m]1€1...m%\’ s=1 ks!

Letting p = maxg{|logxs|m;s}, the error from truncating to total degree Y ks < M satisfies

M+1
Rl < 725 el
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Lemma 4 (Generalized Modified Mahler Expansion) Let0 < 3,11,....In <1, x1,...,xy >
0, and & > 0 such that for alln > 1,

Define

Then the exact expansion about x = (1,...,1) is

e B ¥ No(ogx)h\  BIIL 8 & m\ g,
Fip. )_(1—B)(1—5)+n;k1+,§;w_m<n ks! ) 1B, & (1_5)m+1r;)<r>5'
ks>0

s

Letting p = maxg{|logx,|l}, the remainder from truncating total degree m > M satisfies

M—+1 N
R < B2 LA (Z M) |

(1-B)(1-8) (M+1)! =1

A.2 Computational efficiency of Mahler series

The expansions above are generalizations of the hypergeometric series
Hyp(x) =) a"x¥", with0 < a,b<1landxe (1—8,148), (8)
n=1

where, for our purposes, a = 0.99 (and, so, near unity), b € (0.75,0.95) and 0 < & < 1/4,
though none of the results here turn qualitatively on these ranges.

There is no closed form representation of this series, so numerical work requires approxi-
mation methods. Unfortunately, the naive method of truncation at M is not very efficient,
and can introduce numerical instabilities for M larger than ~ 500, depending on values of
a,band §.

To make improvements, first note that H is real-analytic on (0,) — in fact, it can be an-
alytically continued to C\ {0} and is characterized by an associated functional equation,
though we will not need these features. Because it is real analytic, we can expand H around
the natural base-point x = 1; however, as noted in the previous section, the multiplicative
structure suggests a “log-expansion” would be more natural. It can be shown, using the
techniques provided in the proofs above, that

Hy () = i <1 ib:bk> ((lo]ix)k) | o

k>0
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This expansion is global in the sense that it holds for all x > 0, and truncation of this series
provides a very efficient approximation of H.

So what gives? Here are some reasons for the improved efficiency:

* The exponents in (9) are integral whereas those in (8) are floating point and thus more
expensive to compute.

* The RHS of (9) is a Taylor expansion, which are generally very efficient, particularly
for real-analytic functions.

* Expanding in logx rather that x provides coefficients with more rapid decay.

There is an explicit metric that can be used to show that (9) is far superior to (8). We can
compute the amount of new information, in the Kolmogorov/Tikhomirov sense, that each
additional term provides. More specifically, we measure the information content, .7, as the
minimum number of binary digits of accuracy obtained by a given truncation level M:

(M) =~ —log, (uniform error bound of M truncation) .

Note that larger .# corresponds to a truncation that provides more information about the
function values, i.e. higher accuracy.

This notion can be linked to more intuitive notions of information: if a real number x is
known to be between zero and one then boolean logic allows for the determination if it is
above or below 1/2 — one question, one bit of information. To determine if it is in some
quarter interval, we first determine if it is above or below 1/2, and then if it is above or
below the midpoint of the interval just determined — two questions, two bits of information.
Thus to know if x belongs to an interval of length € requires —log, € assessments, i.e. bits
of information.

Suppressing the subscripts a, b, write the truncations as

M
Hgeom (x,M) = Z a'x”"
n=1

Fiog (M) :Mil (1 ib:bk> <(10§!X)k> |

k=0

where the index ranges are chosen to ensure the same number of summands. Then, on

(1-68,1+0),

Fgeom(M) = — 10g, |H = Hgeom( - ;M) ||co = (M+1) (—logya) — logy(1—a) — &bMH

M—1
Fioa(M) = — oga |~ g - M)l = T 105 — tows(i;) — ity
m=
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Using the values a = 0.99, b= 0.9, and 6 = 0.25, which are consistent with the applications
of these results to our modeling framework, with M = 10,

Igeom(229-M) < F10g(M) < Fgeom(230-M).

Thus over 2000 terms of the original series are needed to provide the same information
content as 10 terms of the transformed series. This explains the two orders-of-magnitude
decrease in computational time needed to approximate the our model.

B Fiscal policy

In this section we extend the modified model to allow for anticipated changes to fiscal
policy. The particular experiment we have in mind is as follows: in period ¢ government
spending is changed to g + Ag, and it is announced that this change will last exactly T pe-
riods, so that in period t + T government spending reverts, permanently, to g. It is assumed
that agents understand this policy, and incorporate it into their decision making.

Under steady state learning, and with general fiscal policy {g, }, the IS and AS relations are
given by

Yt = (1 gt + N Z BnDt+n yt+n (1 - é)gtewLn) (10)

n>1

o' (m)m = G (v, 8) + Z B"G (¥ 10s85in) - (11)

n>1

where G and Dy, , are given below.

Now assume that in period ¢, government spending is given by ¢ = g+ Ag, and that in
period t + T, government spending returns to g; and further assume that agents know this.
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Letting AG (y1,8,8) = G(1.8) — G(y,8), we have

L 1-BIC
y=(1-8)g+ T Z B"D; )’z+n_(1 Zﬁ"Dth Yign— (1= g)g)
n=1 n>T
:(l_g)g_'_(l_ Ag—i_iZBnqu,n yt+n (1 +72Dt+n
n>1

_T( layz lag)+(1_€)A <1_ZDZ+H>
ET (nle 1’yle 1)+'Q (n—te layte -8 g,T)

o' (m)m =G (y,8)+ Z B"G (yr4n, &) + Zﬁn yt+mg)

n>T

=S (1.5 1,8) +AG (y,8.8) + Z B"AG (yi4n,8,8)

n=1

_S( t— 1>yt 8 )+AG(yt7g7§)+Qﬂ(nte—hyte—bgvgaT)

It follows that dynamics under anticipated policy change can be determined using the usual,
computationally efficient maps 7, and S together with computationally inexpensive terms
Q,.

C Anticipated productivity shocks

Here we consider anticipated supply-chain bottlenecks, proxied by known changes to the
time-path of productivity, A. Noting that A impinges on dynamics only through G, see
equation (11), we follow the reasoning and notation of the policy shocks section by writing

AGY (y) = G (y,A) = G(y,A),

where A is the calibrated value of productivity and A is the bottleneck proxy; also, here
and below, the superscript A indicates that these particular notations refer to anticipated
changes in productivity.

Now assume that in period fg it is “announced” that in periods tg+nforn="T,...,T. Asa
benchmark, take 7 = 2 and T = 8, where units are quarters. Define

T+tg—t
QM (w0 ) =x(to+T <t <tg+T)-AG* (T, (77 1,3 1))+ Y. B"AG* (4,,),

n=1

where ¥ is the characteristic function. Letting

S(mf,yi1) =G (T (71,0 )) + Z B"G (¥ 1.,)

n>1
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we get the AS relation

o' (m)m =S (71,0 1)+ (7196 1) s

which can be joined to the IS relation (10) to determine the attendant dynamics.

D NK with AL forecasts of real rates

Consider the canonical NK model with white noise demand shock and forward PR:

Ve = EtyH—l - GE,F,H + 8
o = ﬁEﬂftH + Ay

Iy =1l — Ty

I = ¢yEth+l + OrEi T4

D.1 The standard approach

12)

(13)
(14)
15)
(16)

The standard approach steps equation (15) forward one period and substitutes it and the
policy rule (16) into the IS relation (13), thus eliminating the need to forecast real rates.

The attendant model, which is purely forward-looking, is given as

yi={(1-0¢) Eth+1 +o(1— ¢E)Et7rl+l + &t
7'Ct - A‘ (1 - G¢y)Ety[+1 ‘|‘ (ﬁ +A«G(1 - ¢ﬂ))E{ﬂt+] +Agt

Letting x; = (y;, ;) and providing PLM x; = x° we get the ALM

o <A (1 o) ﬁ;x(lo?l(pf)%)) o (21») s

T(x¢)

Writing T'(x°) = .7 - x, we have a classic result:

Claim: If ¢, = 0 then ¢ > 1 is necessary and sufficient for E-stability.”
Proof. Setting ¢, = 0 we find that
Det(7 — L) =—0A(1—¢r) and Tr(T — L) =B — 1 —Det(T — D).

Thus Det(.7 — L) > 0 <= ¢ > 1; the trace formula then shows that Det(.7 — I,) >

0= Tr(7—-hL)<0.m

3 Assumes, naturally, that 6,4 >0and 0 < 8 < 1.
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E Bifurcation analysis

We have the following computational observation: for some calibrations there are at least
two steady states (often at least three), including the target steady state, and all observed
steady states are on the same component of the 77 = 0 nullcline; for other calibrations there
are at least two steady states (often at least three), however the target steady state and the
lower steady state(s) are on distinct components of the 7z = 0 nullcline. Additionally, in
the former, “single component” case the 7z = 0 nullcline crosses the y = 0 nullcline, at the
target steady state, from below, whereas in the latter case the crossing is from above.

How to make sense of these observations? Imagine starting in the single-component case
and then changing the calibration smoothly and observing the resulting deformation of the
7t = 0 nullcline. It would seem that, as a particular calibration (or collection of calibrations)
is approached, the 7z = 0 nullcline becomes vertical at the target steady state. Crossing this
singularity somehow results the connected component splitting in two.

To examine this further, adopt the following notation: ¢ (x) = ¢’ ()7, so that the 7 =0
nullcline becomes

§(x) = G(T(my) + ¥ B"G (y* (yl)) . am

n>1

Differentiating, we get

§(x)~ G T ()

j_i; — y=y*,m=n* (18)
y=y*,m=n* ooy [0 Bm,
o0 (&5, )
The numerator and G'(y*) are not problematic, so the singularity occurs when
d Bm
—Ty(m, ‘ s 19

Intuitively, when y° rises there are competing pressures on the Phillips curve. The rise in
y¢ raises expected future marginal costs, putting upward pressure on inflation; however the
rise in y¢ also raises real rates via the Taylor rule, thus depressing inflation. When these
pressures balance, a rise in y¢ has no impact on inflation, leading to a 7t = 0 nullcline with
vertical slope.

Computation of the LHS of (19) is straightforward, yielding

1o () (550 [+ (50) (5]
() () @

Qv
PN
[
=

I
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Using (19) and (20), we can determine, for example, pairs (m,,m,) that will induce a
two-component nullcline: see Figure below.

F Linearized model and fiscal policy

Recall that, in our model, simulations of announced, temporary fiscal expansion resulted
in a negative impact effect on inflation. This seems, ex ante, incongruous with the standard
Keynesian narrative that deficits induce inflation. Of course, there is a lot to unpack here:
we don’t have deficits — nor does the standard NK model — and most analysis of fiscal
multipliers have focused on output and unemployment.

Below we examine the linearized version of our model. With find that, in our model,
increased spending is always deflationary; however, if the reduced form parameters are
allowed to depart from the values associated with our deep parameters there are inflationary
calibrations.

I think the “incongruity” mentioned above arises from the definition of “output gap” being
employed. Here I have log-linearized around the non-stochastic steady state; however,
Woodford often presents the gap as the discrepancy between output and its flexible price
analog, which, itself, would obviously depend on government spending. In his models, I
think this dependence subsumes the direct effect of spending on inflation in the Phillips
curve.%

The linearized model

Make the simplifying assumptions that &, =0 and A, & = 1. Letting 8 = g/y*, I get (all
variables are in proportional deviation from steady state)

Ve =Eyi1— (1 - 9) (Rt —Etﬂt-H) +6 (gt _Etgt-i-l)
= BE M1+ Ky — V& (21)
Ry = OrEy T 1 + OyEryr 1, where

- () () w3 oo om0 (51)

For the moment allowing k and 7 to be arbitrary up to satisfying 0 < y < k¥ < 1 (i.e. aban-
doning the attachment to the deep parameters, but retaining relative sizes and reasonable
values), with the help of Mathematica, I find that the REE coefficient of inflation on gov-

0n page 461 of his tome he refers to the potential for spending to act as a negative cost-push shock, and
this occurs when the optimal output level does not coincide with the flexible price level. I think this feature
requires monetary policy working to enforce the optimal output level.
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ernment spending is positive when

0

0<y< T (%)“

K = YK, (22)

where the last equality defines 7 < 0. Using the relation from our model that k = (%5%) 7,

we conclude fiscal policy is expansionary if and only if

o (—1fp> <L (23)

Thus the interest-rate response to output must not be too large relative to the persistence of
the shock.

Summary:

* As seen in the Phillips curve (21), the direct impact of government spending on
inflation is negative (i.e. ¥ > 0). This reflects the marginal cost channel analogous to
the RBC model.

* For the equilibrium impact of spending to be inflationary, this negative impact must
be small relative to the aggregate demand effect, captured by part of x:’ according
0(2), L<y<e.

* In our model, under the baseline calibration, except with £, =0 and A,a = 1, we

have that 9, = ¢, (%=1 ) = 0.122, whereas 152 = 0.111: thus (23) is violated and
fiscal policy is not inflationary. However, a small reduction in either ¢, or p will flip

this result.
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