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Abstract

This paper proposes a new procedure to select appropriate covariates for the synthetic
control method (SCM) using group square-root LASSO. Traditional SCM assumes that
a set of time-invariant covariates share the same synthetic control weights as the out-
come of interest. We consider time-varying covariates, some of which have different
synthetic control weights from the outcome of interest. Our method consists of two-
step procedure: in the first-step, we select only valid covariates using group square-root
LASSO, and in the second-step we conduct the standard SCM, inspired by Post-LASSO
approach. By re-estimating the synthetic weights using only the selected covariates,
we can mitigate potential biases arising from mis-specified covariates. Moreover, our
proposed estimator converges at least the same rate as the usual LASSO regardless of
the variable selction. We evaluate the performance of the proposed method through

Monte Carlo simulations and an empirical application.
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1 Introduction

Counterfactual analysis is widely used approach to estimate the causal impact of a particular

intervention or treatment. The potential outcomes framework, pioneered by (1974),

has been the dominant paradigm for the causal inference (see, Imbens and Rubin| (2015)

for more detailed discussion). Within this framework, |Abadie and Gardeazaball (2003) and

'Abadie et al| (2010) propose a synthetic control method (SCM) to estimate the treatment

effect of the treated unit(s) and later this method is elaborated in |Abadie et al.| (2015) (see,

e.g., (2021)) for detailed review). This approach has emerged as an important tool for

estimating the treatment effect. Athey and Imbens (2017)) assess that “the synthetic control

method is arguably the most important innovation in the evaluation literature in the last
fifteen years.”

Since these seminal contributions, SCM has been widely adopted across various fields (see,

e.g. Abadie et al., 2015} Ellison et al |2024; Funke et al. 2023, or more). The versatility of

the method has also led to the development of several extensions and variations, such as the

synthetic control method with staggered adoption proposed by Ben-Michael et al.|(2022), and

the synthetic difference-in-differences method presented by |Arkhangelsky et al.| (2021)). Some

research studied statistical inference or properties of SCM (see, e.g. |Chernozhukov et al.|

(2021)); [Ferman and Pinto| (2021)); (2020)). Other papers proposed novel approaches to

combine synthetic controls with machine learnings such as LASSO (Least Absolute Shrinkage

and Selection Operator) or Ridge regression (see, e.g., Abadie and L’Hour (2021); Ben-|

Michael et al. (2021)); Kellogg et al.| (2021))).

For clarity and depth of discussion, we begin by establishing the formal framework. Suppose
we observe outcome variables Yj; for j = 1,...,J over t = 1,...,T periods. Without loss
of generality, we assume that only the first unit is treated at period ¢ > T, where Tj is the

number of pre-treatment period. Following potential outcome framework, observed outcome



Y;: can be divided by potential outcomes,

}/}t = Djt)/]t<1) + (]_ — D]t)Y‘;t(O), fOI' ] = 17 ey J,t = ]_7 e ,T.

Here, Dj; is a treatment indicator such that Dj; = 1 if unit j is treated at time ¢ and 0
otherwise. Yj;(1) is the potential outcome for unit j at time ¢ with treatment and Y;;(0) is
the potential outcome for unit j at time ¢ without treatment. Our primary interest is to
estimate the treatment effect, 7, = Y1:(1) — Y3,(0) at ¢ > T. The challenge, of course, is that
we cannot observe both potential outcomes after the treatment, so we have to estimate Y7,(0)
for post-treatment period. Synthetic control method addresses this issue by constructing a
synthetic control unit that best mimics the treated unit’s counterfactual outcome, Y7,(0)—a
weighted average of donor pools that serves as a counterfactual for the treated unit. The
synthetic control is created by forming a linear combination of control units with synthetic
weight w* that closely mirrors the characteristics of the treated unit in the pre-intervention
period. It provides an estimate of the treated unit’s trajectory had the intervention not
occurred. So the method focuses on how to estimate the synthetic weight.

Here, we restrict the model to the linear factor model where the model is commonly discussed
in most of the synthetic control method literature (see, e.g. |Abadie (2021); |Abadie et al.

(2010)) such that:

}/Jt(O) = a; + thj + @tmj + €t (1)

where a; is a time trend, X; = (X ]1, o X ]‘? ) is g-vector of observed covariates with coefficients

by, m; is unobserved covariates(i.e. factor loadings) with ¢, and €, follows white noise, i.e.

€t ~ WN(0,0). Suppose there exists (J — 1) x 1 vector of weights w* = (w3, ..., w%)" such
that
J J
dwiYp =Yy, Y wX;=X for t=1...T. (2)
=2 =2
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If m; = Z;]:Q wjimg, then a synthetic control estimator yields an unbiased estimator of the
treatment effect, 77, = Y7,(1) — ﬁt(O). However, it is infeasible since m; is unobserved. As
highlighted in |Abadie et al.| (2010), a match in observed characteristics does not automati-
cally guarantee a match in unobserved factors. If the chosen covariates are structurally irrel-
evant to the outcome, any observed match during the pre-treatment period may merely be
a coincidence driven by the compensation of transitory shocks, €;;. Also, Abadie and Vives-i
Bastida (2022)) highlight the importance to include important covariates in the estimation
as it allows lower interpolation bias, i.e. covariates excluded from X; are automatically
absorbed into m; and it increases the bound of bias (see, e.g. |[Abadie| (2021)); |Abadie and
Vives-i Bastida (2022)). Meanwhile, including too many covariates may lead to overfitting,
which may also increase the bound of bias.

Note that the synthetic control estimator is based on the assumption that outcome variable
and covariates share the same weight structure, w*. Hence, if a covariate has significantly
different weight from outcome vairable, including the covariate may lead to bias in both
estimation of weight and treatment effect. Although Botosaru and Ferman| (2019) show
that we can obtain such bounds of bias of estimated treatment effect in the absence of the
assumption, we have to rely on stronger assumption such that the effects of observed and
unobserved covariates on outcome of interest in the pre-treatment period should be linearly
independent, and we have expense of deriving looser bounds. Hence, still the assumption
on the weight structure is a key assumption of the synthetic control method. Then ques-
tions may arise; how can we select only the walid covariates that satisfy the assumption?
Or, how can we detect whether the weight of a covariate is the same as that of outcome?
For the sake of clarity, we shall use the terms important and valid interchangeably in this
paper. Important covariates means those covariates which satisfies the assumption that they
have same weight with outcome variables. Similarly, unimportant will be considered syn-
onymous with inwvalid in terms of violating the assumption. Also, following Abadie and

Vives-i Bastidal (2022), we use the term covariates for X;; only. Predictors often refers to



(Yi1,...,Yin, X;, e 7XJ’-“), the combination of pre-treatment outcome and a set of covariates
which is used for estimating the synthetic control weight. Later, we specifically distinguish
our work from |Vives-i Bastida (2022), who focuses on the selection of predictors rather than
covariates, necessitating a clear conceptual differentiation between the two.

However, the standard synthetic control method does provide little guidance about how to
select important covariates given their information as well as the practitioners have little
idea about which covariates are important, while some previous studies had highlighted the
importance of this issue. (see, e.g. |Abadie| (2021); Abadie et al.|(2015); Ferman et al.| (2020));
Botosaru and Ferman| (2019))) Recently, [Vives-i Bastidal (2022) explored this issue and pro-
pose a sparse synthetic control method by formulating a bi-level optimization problem by
imposing an penalty, thereby selecting only the important predictors. [Vives-i Bastida, (2022)
show that the sparse synthetic control method achieves lower bias and has better post-
treatment performance than the standard synthetic control method.

While we follow this line of research, our study differs in both the target aned structure of
the selection procedure. We employ group square-root LASSO, proposed by |[Bunea et al.
(2014)), an extension of square-root LASSO by |Belloni et al. (2011), for variable selection.
Unlike previous SCM literature, we allow covariates to be time-varying, thereby allowing
for a more flexible modeling framework to directly penalize the difference between the out-
come weight and covariate-specific weight. This approach enables us not only to estimate
the synthetic weights but also to identify the wvalid covariates. We divide our estimation
procedure into two-stage: in the first stage, we select only the valid covariates using group
square-root LASSO, and in the second stage, we conduct the standard synthetic control
method using only the selected covariates, inspired by Post-LASSO approach (see, Belloni
and Chernozhukov| (2013))). Our proposed two-step method has several advantages. First,
by re-estimating the synthetic weights using only the selected covariates, we can mitigate
potential biases arising from mis-specified covariates. Second, our method inherits the ora-

cle property from LASSO, ensuring consistency in covariate selection and estimation under



suitable conditions.

The rest of the paper is organized as follows. In Section [2, we introduce our model and
estimation procedure. In Section [2.1 we discuss the basic idea of our method. In Section
2.2 we introduce the first-stage estimation using group square-root LASSO, and in Section
[2.3] we discuss the second-stage estimation using the standard synthetic control method. In
Section we discuss the choice of tuning paramter. In Section 3| we present the results of
Monte Carlo simulations to evaluate the finite-sample performance of our method. Finally,

Section [ concludes.

2 Models

2.1 The settings

As discussed in Section , we consider a linear factor model as Equation . The standard
way to estimate the synthetic control weight is the least squares using the pretreatment
period observations. As Y} (0) is observed for all j = 2,...,J when ¢t = 1,...,Tj, one
can estimate the weights that minimize an empirical distance between Y;; and Zj:2 w; Y
provided that the pretreatment period is long enough.

In practice, some covariates are often used to estimate the synthetic weight. Assume that

there exists time-constant covariates X Jk for k =1,...,q that satisfies following condition.

Condition la (Perfect weight matching on covariates). There exists a set of weights w* =

(wy, -+ ,w%)" such that
J
Xt=Y wX}, fork=1--q (3)
=2
where w} is the same weight for outcome variable, i.e. Y1;(0) = Z}]:g w;Y;(0).

Condition ensures that the covariates have the same weight as the outcome variable.

Including these covariates may improve the estimation of treatment effects while allow some



mis-fitting in pre-treatment periods.

Let Z; and Zy be matrices such that Z; = V1, XL -, XD T and Z, has same pre-treatment
characteristics as Z; but for controlled units. Here, ); denotes the stacked outcome vectors
for treated unit, and ), denotes that for controlled units. We do not have to include all
lagged outcome variables in Z; and Z,. Moreover, previous studies allow X ]"’ to be able to
have some linear combination of outcome of interest. For example, Abadie et al.| (2015]) used
the average of outcome of interest, GDP per capita for the 1981-90 period as a covariate.
However, in later discussion, we allow covariates to vary over time, thus we exclude such
case where average of outcome of interest is seen as a covariate.

We can estimate the weight vector by minimizing the following optimization problem:

J

W = argmin ||Z, — Zywl||¥, subject to w; > 0 and ij =1, (4)

w s

where ||A||y = VATV A is weighted norm with positive semi-definite diagnoal matrix V.
This matrix V reflects relative importance of variables in Z; and Z; (see, e.g., Abadie et al.
(2010); |Abadie et al.| (2015]) for more details). For example, the matrix V' may represent the
time-dimension importance of outcome variable or also may indicate the relative importance
among the covariates, since their predictors include both covariates and outcome variables.
However, this characterization conflates several distinct roles that V' can play. We distinguish
three conceptually separate roles that V' can fulfill. First, the diagonal elements of V' can
serve to normalize variables measured on different scales. However, this role becomes redun-
dant when the data are standardized prior to estimation. Since standardization is a common
preprocessing step in synthetic control applications, this role of V' is not fundamental to
the methodology. Second, for the outcome variable, V' can assign differential weights across
time periods. In a setting with 7{) pre-treatment periods, the first Ty diagonal elements of V'
determine the relative importance of each time period in constructing the synthetic control.

This is particularly relevant when practitioners believe that more recent pre-treatment obser-



vations are more informative about the counterfactual trajectory. Last, when time-invariant
covariates are included as predictors, V also governs the relative importance among dif-
ferent covariates. In the traditional synthetic control method framework where predictors
form a (T + ¢) x 1 vector, a diagonal V matrix of dimension (Ty + ¢q) X (Ty + ¢) simul-
taneously encodes both timewise importance—through its first 7y elements—and covariate
importance—through its last ¢ elements. This conflation makes it difficult to separately
identify and interpret these two distinct concepts.

Our approach achieves a clear separation of these roles. By allowing covariates to be time-
varying and employing the group LASSO, the task of covariate selection is delegated to the
penalty structure rather than the weight matrix. This allows V' to focus solely on timewise
importance for the outcome variable, while covariate importance is handled through the
group LASSO penalty. This separation offers two advantages. First, it provides conceptual
clarity: the penalty addresses the question of which covariates to include, while V' addresses
the question of how much to weight each time period. Second, it aligns naturally with our
framework where a timewise weighting scheme can be applied uniformly across all variables
without confounding the selection mechanism.

The primary contribution of this study lies in the development of a two-step approach for co-
variate selection. Building upon previous research, we employ the group square-root LASSO
method introduced by Bunea et al.| (2014)) for variable selection in synthetic control method.
The group square-root LASSO is an extension of square-root LASSO by |Belloni et al.| (2011))
and group LASSO by [Yuan and Lin/ (2006).

Before introducing our method, we first go back to the questions that we raised in the in-
troduction. The question that we want to address is how we can detect whether a covariate
satisfies the condition [lal, i.e. a covariate is important. To answer this question, suppose
that we have k-th covariate X* has weight as ¢* = w* 4+ 6* for k = 1,...,q where 6* is the
difference between two weights. Then, if 6* is zero, we can assure that the k-th covariate

satisfies and is valid. On the other hand, if §* is far from zero, the k-th covariate is



unimportant. Thus, we aim to select only the valid covariates that satisfies the condition [Tal

To achieve this goal, we allow the covariates to be time-varying. This approach gives us

more flexibility in selecting the covariates by directly penalizing the difference between two

weights, 6%. We exclude cases in which the average value of the outcome of interest was

treated as one of the covariates. In this approach, we have modified version of Condition

as follows:

Condition 1b (Perfect weight matching on time-varying covariates). There exists a set of

*

weights w* = (wh, - ,w%)" such that
Xk = Zw*X]kt, fork=1,---.q, t=1,---Tj.

. . , : I
where w} is the same weight for outcome variable, i.e. Y14(0) = > 5_, w;Y;(0).

Based on our settings, we have

J
Xﬁ—zw Xﬁ:Zw +oNXE, fork=1,---,q t=1--- T,
7j=2

Following this structure, we can construct design matrices Z; and Zj, such that

Zy = &L anT

Yo 0 -+ 0
XL a0 o0

X0 o XY

where X} is the stacked vector of k-th covariate for treated unit, and X} is the stacked

matrix of k-th covariate for controlled units. Here, Z; is (1 + ¢)Tp x 1 vector and Zj is

(1+q)Ty x (14 ¢)(J — 1) matrix. For example, if we have only two covariates i.e., ¢ = 2.



Then, Z; and Z, becomes

Zy =, &L aD)T
Yo 0 0
Zo=|xl X1 0
X200 A

The difference between Z; in traditional synthetic control and Z; is that the design matrix
7, contains all timewise information not only of outcome variable but also covariates while
Zl have individual information of covariates.

We also define the group-structured weight matrix w such that

51

04

Then, we can solve the following optimization problem to obtain the optimal weight matrix

w such that:

w

1 P
@=argmin | —=||Z1 — Zowlla + =Y " /p¥[|6¥]2 | , (10)

where n = (1 + q) * Ty is the number of rows for Zy, A is the penalty parameter, @* is an
initial groupwise estimate—groupwise norm of estimate—of w* obtained from the unpenal-
ized model, and p* accounts for size of group. We can usually use OLS estimator for @* but
if it is doubted multicollinearity, Ridge regression estimator is used following Yuan and Lin
(2006). Since Yuan and Lin| (2006]) or other group LASSO scheme assume that the group is
pre-defined, we suppose that the number of groups K is known and defined as K = g + 1

and for each group, the size is known as p* =p=J — 1.



This optimization form is similar to the group square-root LASSO studied by [Bunea et al.
(2014)), which is an extension of square-root LASSO by Belloni et al.| (2011)) and group LASSO
by [Yuan and Lin| (2006)). The first term in the objective function represents the square-root
loss function, while common LASSO employs the squared loss function. The second term
is the group LASSO penalty which penalizes the group-level differences between outcome
weight and covariate-specific weights. By minimizing this objective function, we can obtain
correct pattern recovery of which covariates are valid which satisfy Assumption 77 unders
suitable conditions, with a o-independent penalty level.

We can obtain the estimated weight & and they seem like:

w

&)
I

~

04

Thus first group of @, which is @ is the estimated synthetic weight, which is our primary
interest. The other groups, o* for k = 1,. .., q are the estimated difference between @ and 1",
and they gives the information about which covariates are useful. If & is estimated as zero, it
means that the k-th covariate is useful to construct the synthetic weight, which implies that
the covariate satisfies the assumption that its weight is same as outcome variable’s weight,
w*. On the other hand, if &% is estimated as non-zero, it means that the k-th covariate is not

valid to construct the synthetic weight. With estimated weight vector, the treatment effect

of the treated at time t > T is estimated by

J
Fu=Yi — Y 3;Y5(0). (11)
j=2
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2.2 First-stage: Variable Selection with Group Square-root LASSO

Our proposed method consists of a two-stage estimation proceudre: in the first stage, we
employ the Group Square-root LASSO to identify and select the valid covariates that satisfy
Assumption Square-root LASSO is a pivotal method proposed by Belloni et al.| (2011)
in that it does not require knowledge of the standard deviation of the error term. It was
further extended to the group structure by [Bunea et al. (2014). Group square-root LASSO
uses square-root loss function combined with group LASSO penalty, having the same accu-
racy as the group LASSO but with a o-independent penalty level.

Unlike the conventional LASSO framework, where important covariates are identified by
non-zero coefficients, our approach is designed such that the difference between outcome
and covariate weights, 0 is penalized. Consequently, the valid covariates—those possess-
ing identical synthetic control weights as the outcome variable—are identified when their
corresponding group-level differences are shrunk to exactly zero. In the second stage, we
implement a Post-LASSO approach, proposed by Belloni and Chernozhukov (2013), by ap-
plying the standard synthetic control method to the selected subset of covariates. This
refinement step effectively mitigates the shrinkage bias inherent in penalized estimators and
allows us to obtain theoretical properties, inclduing an improved convergence rate. We will
discuss this in more detail in Section 2.3]

Before discussing the proposed method, we first make some assumptions. Define the set of
bias terms, S = {k : §* # 0} U {0}. Zero index in S represents the outcome variable group.
Let S = S\ {0} be a set of invalid covariates, then S¢ = S, the inactive set, is a set of
valid covariates since our analysis take value 0 for valid covariates. Also, let § = |S| be
the cardinality of the set S and we assume that s is small compared to the total number of

groups K =q+ 1.
Assumption 1 (Group Irrepresentable Condition). There exists n € (0,1) such that
max| 5T 267 (267 267) e < 1=, (12)

11



, where Z(()S) is the submatriz of Zy corresponding to the support set S, and u® is a subgra-

dient vector for all k € S.

This assumption is a necessary and sufficient condition for consistent support recovery via
LASSO-type methods (see, e.g. [Zhao and Yu| (2006)); Bunea et al. (2014)). It ensures that
the invalid groups of covariates are not too correlated with the valid groups, allowing for

accurate selection of valid covariates.

Remark 1 (Intuitive Interpretation under Orthogonality). Assumption (1| can be diffi-
cult to be interpreted directly. To clarify its geometric meaning, consider a simplified scenario
where the predictors in the active set S are mutually orthogonal.

Under the assumption of orthogonality, the Gram matrix ZéS)TZéS) becomes a diagonal ma-
trix with diagonal entries euqal to the squared norms of the variables, i.e. Z(SS)TZSS) =
diag(||oll3, [| X3, - - - ). Consequently, its inverse matrix is also diagonal. Define v, be s-th

column of Z(()S), then we have:

X7 (7T 710 _ [ Moo > < A v >
v fodll3 7777 foslI3

where < -, - > denotes the inner product. Thus, Assumption [1| reduces to:

X511

1-— f 11 k 1
e+ S [ <L forall k€S, (13)

where || - || is the Frobenius norm. This inequality implies that for consistent variable
selection, the variation of any single valid covariate (numerator) must not dominate the total
variation of the active subspace spanned by the outcome and the invalid covariates (denomi-
nator). In other words, if a valid covariate—which should have §* = 0—exhibits excessively
high variation or correlation relative to the signal from the invalid covariates, the LASSO
might mistakenly select it to explain the residual variance. Thus, Assumption [I| essentially
requires that valid covariates be sufficiently distinguishable from the linear combination of

invalid covariates and the outcome. This condition may hold when we standardize outcome

12



and each covariate to have unit norm before estimation. O

Assumption 2 (Beta-min Condition). For any biased covariates k € S, the magnitude of
bias ||0%]|s must be large enough to be distinguished from noise. Formally, there exists a

constant D > 0 such that

aADF A/ pF
min|6"|o > DZEE NV (14)
keS n
Assumption [2] ensures that the true non-zero coefficients are sufficiently large compared to
the noise level, allowing the group square-root LASSO to correctly identify the active groups

of covariates.

Assumption 3 (Compatibility Condition). There ezists a constant k > 0 and v > 1 such

that for all A € A,

Vst HZoAHz
oot viat, < SR (15)
kes
where A, = {A € R : 37, g @ \DFIIAF|le < Y 1cs @F VPP AF|2} and s* = 37, o D"
is the total size of groups in the set S. Here, the compatibility constant k measures the
correlation in the design matrixz: the smaller the value of k, the higher the correlation among

variables.

While Assumption [3] is fundamental for establishing bounds on prediction and estimation
errors, the consistent recovery of the true sparsity pattern typically requires the stronger
assumption, Assumption It is well-established that the Assumption [I] is strictly more
restrictive than the Assumption [3} thus, if the design matrix satisfies the condition necessary
for correct support recovery, it automatically satisfies the requirement for optimal prediction

accuracy.
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Assumption 4 (Sparsity Condition). The sparsity index s* satisfies:

n2k>

>\2

*

(16)

where k> 0 is the compatibility constant defined in Assumption [3

Bunea et al.| (2014) show that s* < logq and highlight that regardless of allowing the situation
n < p, we cannot expect good performance of variable selection unless the true model has
fewer parameters than n. We first study the model selection consistency of our proposed

method. Following Bunea et al.| (2014), define the noise component as:

N IVt A

EEIV R

where € = (Z; — Zyw*)/o. For given A > 0, let A ={V < \/5} where ¥ = j/—“ Next, define

(17)
1
the event A; = {V < \/(¥V 27)} where 7 = }f—z and 7 is defined in Assumption

Theorem 1 (Model Selection Consistency). Assume that Assumptions [1], [3, [4 and [4hold.
Let D > 0 be a dominating constant, then on the set Ay, with probability at least 1 — «, we

have
1. % =0;
2. Foralll1<g<gq, [(®—w)e < D%ﬁ;
3. If there exists an m such that my > DM forallge S, then S =S.

See the proof in Appendix [A]

Remark 2. The proof proceeds without explicitly accounting for the constraints on the
weight vector, i.e., non-negativity and summing to one. This is justified because: (i) the
non-negativity constraint introduces additional terms in the KKT conditions, which only

strengthens our contradiction argument; (ii) the sum-to-one constraint introduces a term in-

14



volving that can be shown to be of smaller order O(A/n) and does not affect the leading-order

analysis. O

Constant D depends on k, 7, 1, and (.., but not on n, p”®, or q. Theorem 1| establishes
that under suitable conditions, the group square-root LASSO can consistently identify the
valid covariates whose weights match those of the outcome variable. Specifically, part 1
shows that the estimated coefficients for valid covariates are shrunk to exactly zero. Part 2
provides a bound on the estimation error for the coefficients of invalid covariates, while part 3
guarantees that if the true non-zero coefficients, Sk fork e S , are sufficiently large compared
to the noise level, the method will correctly recover the active set of covariates. This result is
crucial for ensuring that our two-stage procedure effectively selects the appropriate covariates

for constructing the synthetic control weights.

2.3 Second-stage: Post-LASSO Approach

After selecting the valid covariates using the group square-root LASSO in the first step, we
proceed to the second step where we apply the standard synthetic control method to the
selected subset of covariates. This Post-LASSO approach, inspired by Belloni and Cher-
nozhukov| (2013), aims to mitigate the shrinkage bias introduced by the penalized estimation
in the first stage. By re-estimating the synthetic control weights using only the covariates
identified as valid in the first step, we can obtain more accurate estimates of the treatment
effects.

Formally, let SC be the set of selected valid covariates from the first-stage, i.e. S =
{k : ||6¥||» > 0}. We then construct new design matrices ZP* = (Y, X}, ..., x0T and
ZPest — (YT 1T .. X817 where § = |8 is the number of valid covariates distinguished

in the first-stage. The Post-LASSO estimator of the synthetic control weights, denoted as

15



W, is obtained by solving the following optimization problem:
J
@ = argmin || 27 — Z5*w||3, subject to w; > 0 and ij =1. (18)
w =2

This re-estimation step allows us to refine the synthetic weights. By focusing solely on
the covariates deemed valid in the first stage, we can reduce the bias associated with the
initial penalized estimates. The resulting Post-LASSO estimator @ is expected to exhibit
improved statistical properties, including a faster convergence rate and reduced mean squared

error.

Assumption 5 (Restricted Eigenvalue Condition). For the design matriz Zy and a constant

v > 1, following condition holds:

o HZOAHz
K = mm > 0, 19

where 7 = (v +1)/(y — 1) > 0 and A5 is similarly defined as A, in Assumption [3

This condition is commonly used and known to be plausible and general (see, e.g., Belloni
and Chernozhukov| (2013)). It ensures that the design matrix Z; is well-behaved in the
subspace spanned by the active covariates, preventing issues of multicollinearity that could
adversely affect the estimation accuracy of the Post-LASSO estimator. Now we establish the
prediction error bound for the Post-LASSO estimator 0" defined in following Belloni

and Chernozhukov| (2013)).

Theorem 2 (Prediction Error Bound for Second-Stage Estimator). Suppose that 5] holds.
Assume that the noise ZFost — ZPostwPost follows Gaussian, where W' denote the second-
stage estimator defined in (18). Then, there exists a constant C'z > 0 such that with proba-

bility greater than 1 — «,

A/ Post

0S8 “SI0S8 * 0S8 \/j+ C~$10gq
||zt (@ — w) ||, < 207 f( N + VR, (20)
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where $ = |S| is cardinality of the set of invalid covariates and R,, = min || Z{° — ZF*w||3
weRY

15 the approzimation error when the true model is not exactly sparse.

See the proof in Appendix Bl Theorem [2] establishes a bound on the prediction error of
the Post-LASSO estimator, demonstrating its improved accuracy compared to the initial
estimates. The bound consists of two components: the first term reflects the estimation error,
which increases with s and decreases with sample size n, while the second term, R,,, captures
the approximgation error that arises when the true model is not exactly sparse. Theorem
is particularly valuable since it does not require the assumption of perfect model selection.
Even though the first-stage may not always identify the exact set of valid covariates, the
second-stage estimator still achieves a favorable convergence rate, at least same as that
of the initial group square-root LASSO estimator. Building on Theorem [2 we can further
characterize the asymptotic behavior of the Post-LASSO estimator when the model selection

is perfect.

Remark 3. Although Theorem [2| does not assume perfect model selection nor other assump-
tions that is necessary for Theorem [I], it does depend on the Gaussian noise assumption,

which was not required in Theorem [1] O

Corollary 1 (Convergence rate for second-stage estimator). Suppose that the conditions of

Theorem@ hold. Let W be the Post-LASSO estimator defined in (L8)), and W9 be the

infeasible oracle estimator obtained by solving with the true model S¢. Then, we have:

~

1. Asn — oo, the probability of selecting the exact true model approaches 1, i.e., P(S¢ =
S%) =1 or P(§=38) — 1.

2. Conditional on the event of perfect selection, {§C = 8%}, the second-stage estimator

is numerically identical to the oracle estimator, i.e., W't = wWOracle,

3. Consequently, the second-stage estimator achieves the oracle convergence rate. With
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probability approaching 1, we have

1 N .
T |28 @ w2 = O, (ffp"“\/ —n) , (21)

where Z™ s the design matriz constructed using only the valid covariates in the

oracle model S€.

See the proof in Appendix [C]|

Remark 4. Estimating weights under a convex constraint set creates a contraction of the

°ls he the unconstrained minimizer on

error, as discussed in Theorem . Specifically, let w
the selected support and wF°* be the constrained minimizer. By the properties of projection
onto a convex set, ||[@W'*' — w*||s < ||w® — w*|]y. Therefore, the bound derived for the
unconstrained case serves as a valid, and potentially conservative, upper bound for our
second-stage estimator under the convex constraints. This confirms that the convergence

rate established in [1| holds even when the synthetic control weights are estimated within the

convex set. O

Corollary [I] further elaborates on this result by stating that as the sample size increases, the
second-stage estimator is numerically identical to the oracle estimator, achieving the optimal
convergence rate of O, (a \/%> This highlights the effectiveness of our two-stage procedure
in accurately estimating synthetic control weights when valid covariates are correctly iden-

tified.

2.4 Tuning Parameter

An important aspect of implementing the group square-root LASSO is the selection of the
tuning parameter A\. The choice of A influences the sparsity of the solution. While common
LASSO often relies on cross-validation for tuning parameter selection, square-root LASSO
offers an alternative approach that does not require knowledge of the noise level o. Following

Belloni et al.| (2011) and Bunea et al.| (2014)), we propose a theoretical-driven choice for A.
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Specifically, we suggest settings A as:

L \/ ma(1Z5]12/m) Fr (1= )/g) 02)

(J — 1)Fffl1,an+1((1 —a)/q)+n—J+1
where Fj_117n_J+1((1 —a)/q) is the ((1 — «)/q) quantile of the F-distribution with degrees of
freedom J—1 and n—J+1. This choice of A ensures that the event A; occurs with probability
at least 1 — «, thereby satisfying the conditions required for model selection consistency as
established in Theorem [I, By adopting this theoretically grounded approach to tuning
parameter selection, we can effectively balance the trade-off between bias and variance in

our estimates without relying on computationally intensive cross-validation procedures.

3 Simulation study

We conduct simulation studies to evaluate the finite sample performance of our proposed
method. We compare our two-stage synthetic control method with group square-root LASSO
against the standard synthetic control method and the pre-testing method. The pre-testing
method involves also two steps: first, it runs a linear regression of Z; on Zj to test Condition
, i.e., Hy : 0¥ = 0 for each covariate k, and then constructs the synthetic control using only
the covariates that fail to reject the null hypothesis. However, standard likelihood ratio test
with bootstrap methods are not directly applicable for inference when parameters lie on the
boundary by inequality constraints, as discussed in |Andrews (2000) and Andrews| (2001]).
In our framework, although % is not directly on the boundary of inequality constraints, w*
does lie on the boundary, w* > 0. Moreover, the covariate weight should be non-negative
in the alternative hypothesis, i.e., ¥* = w* + §* > 0. Also, they should satisfy sum-to-one
constraints. In this case, standard subsampling or bootstrap may not a suitable approach.
We employ shrinkage bootstrap, proposed to solve the boundary issue by |(Cavaliere et al.
(2022), to conduct the hypothesis testing in the pre-testing method. We assess the accuracy

of synthetic weight estimation across the different scenarios, based on mean squared error
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(MSE) and bias.

For simplicity, we generate data according to the following data generating process:

Yit(0) ~ N(0,0%), X;(0) ~N(0,X), forj=2,....J, t=1,....T, k=1,...,q,

B

Ylt(O) = w }/}t<0)+€t, for t = 17...,T0,

*
J
2

.
I|

X500) =) (wi+00)XE0)+e, fort=1,....,Tp, k=1,....q

M~

T,
[\

where Y is variance-covariance matrix of covariates, which allows for correlation among
covariates. We set J = 11, i.e., 1 treated unit with 10 controlled units, and Ty = 50.
The true synthetic weight vector is set as w* = (1/(J — 1),...,1/(J — 1)) whereas §* =
(0,7,0.1,—1/(J —1),...,—1/(J — 1)) for k € S. Note that §* = 0 for £ € S¢. The noise
level is set to 0 = 1. We fix ¢ = 6 where § = ¢ = 3, i.e., three valid covariates and three
invalid covariates.

First, we evaluate the performance of our method under different number of (J—1)/Tj ratios,
specifically, J — 1 = 10, 25,40 while keeping Ty, = 50. The results are summarized in Table
and Table |2l Our proposed method consistently outperforms both the standard synthetic
control method and the pre-testing method across all scenarios. Notably, as the number
of control units increases, the performance gap between our method and the alternatives
widens, highlighting the robustness of our approach in more poor degree of freedom settings.
Note that the pre-testing method shows poor performance when the number of control units
is large, which may be due to the low power of the hypothesis testing under high-dimensional
settings.

Next, we assess the impact of varying the number of covariates ¢ on the performance of our
method. WE consider scenarios with ¢ = 2,6, 10 while keeping J — 1 = 10 and Ty, = 50.
The results, presentted in Table [3] and Table [ demonstrate that our method maintains

superior performance compared to the standard synthetic control and pre-testing methods
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as the number of covariates increases. This indicates that our approach effectively handles
the challenges posed by high-dimensional covariate spaces.

To evaluate selection performance of our method, we report True Positive Rate (TPR) and
False Positive Rate (FPR). TPR is defined as the proportion of correctly identified valid
covariates among all valid covariates, while FPR is the proportion of selected invalid co-
variates as valid covariates among all invalid covariates. Table [o| summarizes the selection
performance across different scenarios. Our method achieves high TPR and low FPR, indi-
cating its effectiveness in accurately distinguising between valid and invalid covariates. Note
that as the number of control unit increases, the TPR of our method increases while that of
pre-testing method drastically decreases. This again highlights the robustness of our method

in poor degree of freedom settings.

4 Conclusion

We propose a new two-step synthetic control method that selects valid covariates using
the group square-root LASSO. Using time-variant covariates allows us to penalize synthetic
weight directly. Employing the group square-root LASSO enables us to select valid covari-
ates whose weights are the same as outcome variable’s weight. We establish the model
selection consistency of our method and show that the Post-LASSO estimator achieves the
oracle convergence rate under perfect selection. Simulation studies demonstrate the superior
performance of our method compared to existing approaches.

While our method shows promising results, several shortcomings remain. First, although our
first-stage estimator employs the group square-root LASSO which does not require knowl-
edge of the noise level, the second-stage Post-LASSO estimator still depends on the Gaussian
noise assumption. Future research could explore the methods to relax this assumption. Sec-
ond, our theoretical results focus on the scenario where the number of covariates is less

than the number of pre-treatment time periods. Extending the theoretical framework to
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accommodate high-dimensional settings where the number of covariates exceeds the number

of time periods would be a valuable direction for future work.
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Tables

Table 1: Results for the first scenario: MSE of Synthetic Weight Estimation

Method J=11 J=26 J=41
Infeasible 0.203 0.239 0.246
Park & Yoon 0.253 0.278 0.287
SCM 0.364  0.347  0.343
Two-Step 0.301 0.345 0.346
w/o Cov 0.328  0.349  0.347

Note: The table reports the MSE of syn-
thetic weight estimation across different
methods and degree of freedom scenar-
ios. The "Infeasible” method represents
the oracle estimator with knowledge of
valid covariates. "Park & Yoon” refers
to our proposed two-stage method using
group square-root LASSO. ”Pre-testing”
method represents the two-stage hypothe-
sis testing approach as discussed in section
"SCM” denotes the standard synthetic
control method, while ”w/o Cov” indicates
the synthetic control method without co-
variates.
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Table 2: Results for the first scenario: Bias of Synthetic Weight Estimation

Method J=11 J=26 J=41
Infeasible 0.017  0.012 0.015
w/o Cov 0.021 0.018  0.022
Two-Step 0.029  0.018  0.022
Park & Yoon 0.041 0.040 0.061
SCM 0.330  0.297  0.287

Note: The table reports the RMSE of
synthetic weight estimation across differ-
ent methods and degree of freedom sce-
narios. The ”Infeasible” method repre-
sents the oracle estimator with knowledge
of valid covariates. ”Park & Yoon” refers
to our proposed two-stage method using
group square-root LASSO. ”Pre-testing”
method represents the two-stage hypothe-
sis testing approach as discussed in section
”"SCM” denotes the standard synthetic
control method, while ”w/o Cov” indicates
the synthetic control method without co-
variates.
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Table 3: Results for the second scenario: MSE of Synthetic Weight Estimation

Method g=2 qg=6 ¢g=10
Infeasible 0.261 0.203 0.166
Park & Yoon 0.284 0.253 0.233
Two-Step 0.321 0.301 0.277
w/o Cov 0.325 0.328 0.327
SCM 0.321 0.364 0.362

Note: The table reports the MSE
of synthetic weight estimation across
different methods and number of co-
variates scenarios. The ”Infeasible”
method represents the oracle estima-
tor with knowledge of valid covariates.
"Park & Yoon” refers to our proposed
two-stage method using group square-
root LASSO. ”Pre-testing” method
represents the two-stage hypothesis
testing approach as discussed in section
"SCM” denotes the standard syn-
thetic control method, while "w/o Cov”
indicates the synthetic control method
without covariates.
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Table 4: Results for the second scenario: Bias of Synthetic Weight Estimation

Method qg=2 q=6 ¢q=10
Infeasible 0.017 0.017 0.012
Two-Step 0.015 0.029 0.017

w/o Cov 0.014 0.021  0.020
Park & Yoon 0.014 0.041 0.037
SCM 0.230 0.330 0.341

Note: The table reports the RMSE
of synthetic weight estimation across
different methods and number of co-
variates scenarios. The ”Infeasible”
method represents the oracle estima-
tor with knowledge of valid covariates.
"Park & Yoon” refers to our proposed
two-stage method using group square-
root LASSO. ”Pre-testing” method
represents the two-stage hypothesis
testing approach as discussed in section
"SCM” denotes the standard syn-
thetic control method, while ”w/o Cov”
indicates the synthetic control method
without covariates.

28



Table 5: True Positive Rate and False Positive Rate Comparison

Case Metric Park & Yoon Pre-testing

J=11 TPR 0.4613 0.3520
FPR 0.0187 0.0253
J =26 TPR 0.5480 0.0827
FPR 0.0987 0.0040
J =41 TPR 0.6293 0.0027
FPR 0.2120 0.0000
g=2 TPR 0.6520 0.3640
FPR 0.0440 0.0280
g=6 TPR 0.4613 0.3520
FPR 0.0187 0.0253
g=10 TPR 0.3832 0.3536
FPR 0.0192 0.0168

Note: The table presents the True Positive
Rate (TPR) and False Positive Rate (FPR) for
our proposed method ("Park & Yoon”) and the
pre-testing method (”Pre-testing”) across dif-
ferent simulation scenarios. TPR measures the
proportion of correctly identified valid covari-
ates, while FPR indicates the proportion of in-
correctly identified invalid covariates as valid
ones.
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Appendix

A Proof of Theorem [1

Proof. For easy discussion, we decompose the Gram matrix Z, Z, into submatrices with

(5)T ,(5) (5)T (5% (8T (5) (8T ,(59)
A A Z Z z Z )
ESS = %, ZSC = %, ZCS = %, and ZCC = v FOHOWIIlg
Bunea et al.| (2014), we introduce a notation for further discussion:
)
igly 9
Clrlloe = max mauxM (23)

vi||vE || <ak /pklﬁgﬁq wI\/PI

where ¥y; = (0,%9;)". By definition, for orthogonal design matrix, we have Cl-floc = 1. define

the event B = {||e|la/v/n < VI + v} where v = |/2eld/a) | 410g£1/a) for a € (0,1). Then,

n

we have P(B) > 1 — . On the set A; N B, we have &5 = 0.

Bunea et al.| (2014) show that Z; — Zyw # 0 on AU B, and we can consequently apply the
Karash-Kuhn-Tucker (KKT) conditions for C = AN B. Moreover, by definition, A; UB C
A U B, so the results also hold on the smaller set. Thus, there exists a vector ¥ € R? such
that [[9%|, < @k\/ﬁ for all K = 1,...,q and additionally 9% = \&* pkﬁ when @F # 0,

satisfying the KKT conditions:

Zg (Zy — Zyo) 1
HZl — ZO@HQ n ’

Denote Q = ||Z; — Zo@|z and A = & — w*. Then, we have

~ W
Then, we can rewrite the KKT conditions as:
~ ~ QY
Z5 (0e — ZSVA® — ZIFDRED) = 22 (25)
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~ ~ Qus©)
25 e APRO 7R = L )
Rearranging the first equation gives:
(9T 0.9(9)
~ ~gcy 02y e QY
DesA®) + BgeABT) = On Y (27)
(89T O,9(SC)
~ ~(gC oz S QY
SosA®) + X ABT) = On T T (28)

Multiplying both sides of Equation by A(SC)TECSZEé and multiplying both sides of
Equation by AS)T we obtain:

RS Ts  A(S) 4 ASOT 1y R(SO) _ A(SO)T (o2 e Qo)

(30)

(SC)T AN SC’
ABITE (AG) ¢ ATy LAY = AET (UZO e _ 919;/2 )>
n n

Subtract the Equation from Equation ([29)):

AEDT (Seo — ZosTgaSsc) AT

(8T O.a(SC ()T 09(S
— AW ("ZO S )> — R Tnegk (UZO . )> (31)

n n3/2 n n’/?
ST Qs 0
o () e (100 e
n n3/2 CSTSS T3 |
e (B)

where Pg is a projection matrix. We aim to show that the right-hand side of Equation (31
is negative to show that AS° = 0. Note that Yoo — ZCSZ@;ESC is positive definite. Since
Py is a projection matrix, ||Z5(I — Ps)e|| < ||Z5 ¢||. If there exists M > 0 such that

125 || < M, the term (A) is bounded by M3 as |A¥||. For the term (B), we rewrite it
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as:

0 (Z (AMToh =3 (AHT [zcszgéﬂs}’“) . (33)

keS¢ keSC

First, by Lemma 4.3. in Bunea et al. 2014, Q is bounded at some constant times €. N ext,

for the second term of Equation (10), we have:

> B [Soszsht®] < Y 188 e - [ [Zeszsto®) | (34)
kesc kesc
< D IAM A 1), (35)
keS¢

where 7 € (0,1). Inequality (12) follows from the Assumption [l| (Group Irrepresentable

Condition). Thus, the term (B) can be bounded from below as:

—~ ~ oC B ~ —~
D IAKA = AT TS0eN b0 > Y T AFIA = D T [AFA(1 - n) (36)
kesSc kesSc keS¢
= > A, (37)
keSC

Since Yoo — ECSEgéZSC is positive definite while the right-hand side of Equation (8) is
negative, we conclude that AC = 0. Next, we prove part 2 of the theorem. We start from

Equation and using AB9) = 0, we have
—n285sA) = /nQiS) — no (2] ).
It implies that

—n?A®) = /nQygl (W %(Z&)@)).
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-~ -~ T \k
Using A\/7 <V where V = max {%"%”2} and bounding the norms as above, we have
SRXQ w p

- (1 + %> QO -
A" < max T2 —[|(S50)" |
vllvsla<mo VT M n

(1+1)aViFAr o
< - %Cu-nm

(1+3) VN ey (. AeE
< I+ — ) (e
n vn nk

~k /k
SDw—p)\, forall 1 <k <gq.
n

For the third inequality, we have applied Lemma 4.3 in Bunea et al.| (2014) to bound Q.
The last claim follows directly from the first two parts of the theorem and Assumption [2]

This completes the proof. O

B Proof of Theorem [2

Proof. Since our proposed method assumes same ones as the Post-LASSO procedure in
Belloni and Chernozhukov| (2013), Theorem [2| can be proved by adapting their proof with
minor modifications. Belloni and Chernozhukov| (2013]) assumes that their penalty parameter
A should dominate the noise, so that they propose to set A = ¢gA(1 — «|X) where A(1 —
a|X) is the (1 — a) quantile of n||2E[X¢]/0]|o for ¢ > ¢ > 1 and A > cn|]2E[X¢]|| -
It is equivalent to assume to discuss our theoretical properties under the set A; since it
assumes that penalty parameter A should be chosen to dominate the noise level. Moreover,
we have strong theoeretical advantage in terms that our proposed method is pivotal. For
completeness, however, we provide other details here.

Let SC be the set of selected valid covariates in the first-stage, and define W as the support
of second-stage estimator given SC. The second-stage Post-LASSO estimator " is defined

as the minimizer of Equation (18] supported on W. Note that the true weight w* might not
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be supported on W if the first-stage selection is imperfect.

Let W be the approximation of w* on the selected support WY, defined as:
W€ argmin || 27 — Z5 % w]|3.
w:supp(w)gw\
By definition, we have
|77 — 25T} < |12 — 25, (3)
Substituting Z{%" = ZJ*'w* + e into inequality (38)), we have

HZ(I]Dost(w* _ @Post) + €POSt||§ < HZ(})?ost(w* . Ib) + 5P08t||§-

Let r = ZJ*(w* — ) and A = @ — . Note that A is supported on W. Rearranging

the above inequality, we obtain:
lr = Zg ™ A "5 < lr + ™5,
Expanding the left-hand side, we have
I P — 2 + P T2 A+ | Z5 AR < i+ PR
It follows that
1Z5 A3 < 2(r + 7o) T Z5 A
Note that by the definition of w0, we have r' ZJ°*A = 0. Therefore, we obtain

HZg’ostAH% < 26POStTZ§OStA. (39)
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Now we control the empirical process term on the right-hand side. Let P gpost denote the
projection matrix onto the column space of Z}** corresponding to the selected support S\C,
as Z§** depends on the first-stage model selection SC. Since A lies in this subspace, we

have
e" 25 A = |[Pgponceal| Z57 A,
and we get
125 (@7 — @)l < 2[[Pgposic™™ |2
Using triangular inequality, we have

125 (@7 — w)ll2 < 1 2@ — ) |2 + [| 25 (@ — w”)|2

< 2| Pgpose”™ ||z + [I7]l2.

By the maximal inequality for projections onto sparse subspaces, we have with high proba-

bility
||Pzg’ost€POSt||2 < sup||Prebet||y < oP(VJ + /Crélog q)
Tey

where V = {Z C {1,...,q} : |Z¢ < Cz$} for some constant Cz > 0 by Theorem 3 in
Belloni and Chernozhukov| (2013)). Here, we bound the dimension of the selected subspace

to potential valid covariates sets V. Thus, we obtain

1 Post  ~Post __ _ * Post \/‘_] + V CKS lOg q ||T H 2
12y (W w2 < 20 +
A /nPost A /nPost

This completes the proof and it can be also applied to the case where the weight vector is

constrained to be non-negative and sum to one. O]
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C Proof of Corollary

Proof. The proof consists of establishing the selection consistency and then deriving the or-
acle property as a direct consequence.

1. Selection Consistency: From Theorem (I we know that under the specified assump-
tions, the first-stage estimator W achieves model selection consistency. Specifically, with
probability at least 1 — a, if the true non-zero biases are sufficiently large (as per Assump-
tion , the estimated support SC will coincide with the true support S¢ as n — oo. Since
a can be chosen to decay to 0 as n — oo provided that the tuning parameter A is selected

appropriately (see Section , we have

lim P(8¢ = 8°) = 1.

n—oo
This implies that the set of covariates identified as wvalid, those in 30, is exactly the set of
truly valid covariates S¢ asymptotically.

Post

2. Oracle Property: The second-stage estimator w is obtained by solving the least

squares problem using the design matrices Z}°' that includes only the covariates in

SC¢. The oracle estimator @Oracte

is defined as the same optimization problem but using the
design matrices ZP™ and Z9™<ke that include only the truly valid covariates in S¢.

Consider the event £ = {§ = S}. On this event, the selected set of covariates is identical
to the true set of valid covariates. Consequently, the design matrices are identical: Z}°* =
zprade and ZPest = Z9racle . Therefore, on the event £, the Post-LASSO estimator !

coincides with the oracle estimator w©Oracle,

Since we have already established that P(£) — 1 as n — oo, it follows that

P(@P" = @°9°) 51 as n — oo.
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3. Convergence Rate: On the event £, we can apply Theorem [2, and the cardinality of

the selected covariates ¢ equals the true number of valid covariates ¢ — $. We have:

ZOracle ~Post \/;
Sz ) S oy

where a 3 b denotes a = O,(b). This completes the proof of the corollary. O
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