Benign Overfitting in Economic Forecasting via

Noise Regularization®

Yuan Liaof Xinjie Mat Andreas Neuhierl® Zhentao Shi 1

March 21, 2026

Abstract

This paper studies linear overparameterized models in economic forecasting and
highlights the benefit of including predictors with no predictive power (noise vari-
ables) as a means of regularization. We consider a setting where both the outcome
variable and the high-dimensional predictors are driven by a small number of la-
tent factors, and provide a theoretical justification that the linear forecast model
is dense rather than sparse. We forecast the economic outcome without estimating
the factors and reach the same asymptotic accuracy as if the true latent factors
were known and directly used, avoiding concerns about estimating weak factors.
This is achieved by the inclusion of many noise predictors, which serves as a regu-
larization that shrinks the eigenvalues of the design matrix and reduces the out-of-
sample variance. In contrast, perfect variable selection that removes noise variables
can worsen forecasts when the number of retained predictors is comparable to the
sample size. Empirically, we apply this approach to forecasting U.S. inflation, in-
ternational GDP growth, and the U.S. equity risk premium, finding that noise

regularization improves and stabilizes predictive performance.
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1 Introduction

Economic outcomes arise from complex, high-dimensional processes. Output growth, in-
flation, and asset returns are shaped by many interacting forces that are not directly
observed. Economists have nonetheless sought parsimonious representations through
variable selection or dimensionality reduction. But when predictors share latent fac-
tors, predictive information is diffuse: each variable carries only partial information, and
no small subset captures what the full panel provides collectively. This appears to be
the empirical reality. Giannone et al. (2021) show that economic data rarely favor sparse
predictive representations, and Kolesar et al. (2023) document the fragility of sparsity
assumptions. This paper takes the denseness of economic predictive models seriously
and examines its implications for the practice of forecasting, by addressing two ques-
tions: First, under what economic models can the denseness be justified? Second, what
methods are appropriate, what conventional approaches fail, and why?

In economic forecasting, observable variables are driven by a small number of latent
factors representing macroeconomic, financial, or policy conditions. Because factors are
unobserved, empirical practice relies on large panels of observable predictors as proxies,
and estimates linear regressions as reduced-form working models. This factor structure
has a fundamental implication for the reduced-form working model: the population re-
gression coefficients are dense. Predictive information is spread across many predictors,
and no small subset captures the full signal. This contrasts with the sparsity assumption
underlying Lasso and related methods. Yet when the number of predictors p is com-
parable to the sample size n, the high dimensionality imposes challenges to estimating
the working model for forecasts. The standard response, namely variable selection by
Lasso or dimension reduction by PCA (Stock and Watson, 2002b; Bai and Ng, 2002),
rests on the belief that eliminating noise improves out-of-sample accuracy. This belief
can be misleading. Reliable factor estimation requires sufficiently strong eigenvalue sepa-
ration. When factors are weak, or when many predictors dilute factor strength across the
full panel, determining the number of factors and recovering their span poses significant
challenges (Onatski, 2012; Carrasco and Rossi, 2016).

Our paper develops a new approach that avoids estimating any factors, whether strong
or weak, while achieving the same first order optimality as if the true factors were used.
The central insight is that forecast accuracy depends not on which predictors are retained,
but on how many. When predictors substantially outnumber observations, the design

matrix self regularizes. In this regime, the Ridgeless estimator, that is, the minimum



norm least squares solution computed via the Moore—Penrose pseudoinverse, benefits from
implicit regularization. Many predictors collectively dilute each variable’s influence on the
fitted values, driving out-of-sample variance toward zero, a manifestation known as benign
overfitting (Belkin et al., 2019; Mei and Montanari, 2019; Hastie et al., 2022). Variable
selection however, disrupts this mechanism. Even perfect selection keeps the predictor-to-
observation ratio near one, where self-regularization fails. The failure is not about omitted
signal, but a consequence of insufficient predictor dimension. The empirical relevance
is immediate: the FRED-MD dataset offers roughly 130 macroeconomic predictors for
rolling estimation windows of approximately 120 monthly observations (McCracken and
Ng, 2016), so even aggressive screening leaves the ratio near one, precisely the regime
where variance fails to decay.

The appropriate response is to expand the feature space rather than contract it.
We propose a simple forecasting approach, which we call “noise-regularization”: apply-
ing Ridgeless regression while retaining uninformative predictors; when economic theory
does not provide a sufficiently rich set of informative predictors, we artificially augment
the predictor set with randomly generated noise variables independent of the data. The
key insight is that benign overfitting operates through regularization of the eigenvalue
spectrum rather than predictor informativeness. Even though noise variables contain no
signal, they inflate the eigenvalues of the design matrix and reduce out-of-sample vari-
ance. Unlike Ridge, which imposes uniform deterministic shrinkage, noise-regularization
induces random shrinkage primarily in directions without signal. Because the shrink-
age function is concave, Jensen’s inequality implies that this random shrinkage yields a
smaller shrinkage bias in finite samples.

We formalize these insights in four main results. Let py, denote the number of infor-
mative predictors that load on the latent factors. We consider a setting in which a large
number of economic variables, including the forecast target, are driven by a few latent
factors. Our first result establishes a dense representation of the forecasting working
model (Theorem 1): the population regression coefficients are diffuse, with their squared
norm decaying as pg and the factor strength increase. As dimension grows, the working
model forecast converges to the oracle prediction: the same asymptotic mean squared
error (MSE) obtained using the true factors. The second result quantifies the cost of
perfect variable selection (Proposition 1). Even if an oracle correctly identifies the py
informative predictors, applying Ridgeless regression to them alone fails to achieve first-
order optimality when py/n converges to a positive constant. Post-Lasso, OLS on the

correctly specified model, or interpolation using only informative predictors all remain



suboptimal. Meanwhile, we acknowledge that our focus is forecast accuracy; for struc-
tural interpretation or causal inference, variable selection may still be appropriate. The
third result establishes benign overfitting (Theorems 2 and 3). The noise-regularization
achieves the oracle MSE asymptotically, without estimating the factors or their number,
accommodating weak factors and temporal dependence. When noise predictors are added
deliberately and forecasts are averaged over repeated noise draws via Rao—Blackwell, the
variance rate improves strictly. Because factor estimation is bypassed, the required factor
strength conditions are mild, and the results apply to both cross-sectional and time-series
settings.

Overparameterization does not universally produce benign overfitting. In particular,
for the autoregressive model AR(p), adding more lagged predictors does not deliver similar
gains. In the fourth result, we establish an AR(p) symmetry property (Proposition 2): for
a time series of length 7', the Ridgeless forecast from AR(p) numerically coincides with
that from AR(T — p) for every lag order p. Increasing the lag order to the overfitting
regime is therefore equivalent to fitting a shorter autoregression. The intuition is that each
additional lag reduces the effective sample by one observation. Lag expansion thus fails to
induce eigenvalue inflation. This result clarifies that the gains from noise regularization
require expanding the predictor set with genuinely exogenous variables.

Together, these four results identify a unified mechanism: benign overfitting in dense,
factor-driven forecasting environments is achieved by expanding the feature space, not
by selecting within it.

Our analysis provides a structural economic foundation for benign overfitting and
extends the double descent literature (Belkin et al., 2019; Bartlett et al., 2020; Hastie
et al., 2022; Lee and Lee, 2023) to factor-driven environments. We show that the dense
coefficient vector in the reduced-form working model arises naturally from the oracle
factor structure, rather than being imposed as a technical condition. We further demon-
strate that the second descent in forecast MSE reflects eigenvalue shrinkage, which can
be induced even by adding noise variables, a distinction particularly relevant in eco-
nomic studies when pg/n is not large. Finally, whereas existing analyses typically assume
bounded eigenvalues, factor models feature a few rapidly diverging spikes, requiring new
technical arguments.

Empirically, we apply our approach to three settings: monthly U.S. inflation forecast-

In a contemporaneous study, Meng et al. (2025) analyze double descent in portfolio allocation
with spiked eigenvalues. Among economic applications of overparameterization, Kelly et al. (2024)
and Didisheim et al. (2023) document the benefits of rich nonlinear models.



ing using FRED-MD (McCracken and Ng, 2016), cross-country GDP growth forecasting
using Barro and Lee (1994), and the U.S. equity risk premium forecasting (Welch and
Goyal, 2008). In each application, we apply the proposed noise-regularization forecast by
augmenting the predictor set with artificially generated noise variables. Across all set-
tings and forecast horizons, predictive accuracy is stable or improves as noise predictors
are added, consistent with eigenvalue inflation reducing variance without meaningful ad-
ditional bias. For U.S. inflation, noise regularization achieves the lowest predictive MSE
among all methods considered. For cross-country GDP growth, the method stabilizes at
an MSE near 1.0, compared with 20.24 using the original 60 predictors alone, and re-
mains robust over a wide range of noise counts. For the equity premium, where competing
methods yield negative out-of-sample R?, noise regularization achieves a positive R? of
approximately 1.2%. Noise regularization outperforms Ridge, Lasso, and PCA across all
three applications, and exhibits substantially lower sensitivity to the tuning parameter.

We adopt the following notation. Let ||A|l denote the 5 norm if A is a vector, or
the operator norm if A is a matrix. For two positive sequences a,, and by, ,, we denote
apn K byp (Or by > apn) if ap, = 0(by,). Also, denote by ap, < by, if ap,, = O(by )
and b,, = O(ay).

2 Model and Dense Representation

2.1 Factor-driven forecasting

The objective is to forecast a scalar outcome y;, driven by K latent factors f; in the true

data generating process
ye =p'fi + €10, E(eyelfi) =0, (true DGP) (2.1)

where p is a K x 1 vector of factor loadings on the outcome. The model admits an
intercept by setting the first component of f; to unity. In addition to the target, the
economist observes a p-dimensional vector of predictors z; = (z14,...,2,,)" that share

the latent factors through
Ty = Aft + Uy, E(Utlft, Ey,t) == 0, (22)

where A = (A1,..., ;)" is a p x K matrix of factor loadings and u; = (uy, ..., uy) is an

idiosyncratic error. The mean independence condition E(u;|ft, €,+) = 0 ensures that all



predictive power of z; for y; operates through the common factors; Remark 1 discusses
why this condition is central to the dense forecasting setting.

We allow both time series and cross-sectional forecasts. In the time series context, the
primitive processes (fi, €,, u;) are stationary over t = 1,...,n, and f; may be dynamic,
containing finitely many lags of a baseline factor vector as in Stock and Watson (2002a);
for cross-sectional applications, ¢ indexes individuals rather than time periods.

Not all predictors need be informative. We partition x; into components that load on

the factors and components that do not:

A informative predictors: dim(z7s) =
v = (x“) _ (ol> £+, P (¥10) = po (2.3)

TNt noise: dim(zns) = p — po,

where A; is a pg X K matrix with all rows nonzero. The ordering is without loss of
generality. When p — pg is large relative to py, the factors are diluted across the full
predictor set and become weak in the sense of the factor-strength literature, even if they
are strong within the informative block alone. Our methodology treats the identities of
xr: and xy ¢ as potentially unknown and does not require variable selection to screen off
the noise.

Two empirically relevant scenarios motivate the analysis in the presence of many noise

predictors in (2.3).

Scenario I: Unknown noise identities. Economists routinely assemble large predictor
sets such as macroeconomic indicators, financial variables, survey data that are potentially
correlated with the target, but economic theory may not exactly identify which variables
carry the factor signal. Many collected predictors may be pure noise, diluting factor

strength across the full set. The partition in (2.3) is unknown to the forecaster.

Scenario II: Intentionally added noise. Suppose instead that the economist has
a priort knowledge that all py collected predictors are informative, but pg is not much
larger than n (formally, pg/n — ¢ € (0,00)). Proposition 1 below shows that this regime is
insufficient for first-order forecast optimality, regardless of how accurately the informative
variables are identified. Traditional wisdom would retain only these predictors. A central
finding of this paper is that deliberately augmenting the predictor set with pure noise
variables, i.e. making p much larger than n improves forecast accuracy through eigenvalue

regularization.

Remark 1. The mean independence condition in (2.2) rules out direct predictability



through the idiosyncratic errors, so that all forecasting power operates through the com-
mon factors as in Forni and Reichlin (1998) and De Mol et al. (2008). If instead €, is
correlated with w;, predictability then arises from both factors and idiosyncratic com-
ponents, and the regression coefficient may be sparse: in the extreme case y; = 14,
the coefficient vector is 8 = (1,0,...,0). We exclude this channel so that predictive

information is spread across many variables.

2.2 Dense reduced-form representation

Given the data (y;, x¢),, the linear working model
yr = 2,0+ e, E(xe,) =0, (working model) (2.4)

with 8 = E(z2}) 'E(zsy;), is the standard reduced-form approach to forecasting with
many predictors. Economic theory implies that many outcomes depend on low-dimensional
state variables (consumption growth, productivity, or risk factors) that are not directly
observed (Merton, 1973; Lucas, 1978). While no single predictor perfectly proxies the
latent factors, their linear combination provides a close approximation. This suggests
that the coefficient vector 5 should not be sparse but dense: many small, nonzero entries
rather than few large ones.

Theorem 1 formalizes this intuition. To state it, we introduce notation and the asymp-
totic regime. Let o;(-) denote the jth largest singular value of a matrix, and let oy (-)
and 0.« (+) denote the smallest and largest nonzero singular values. The factor strength
is indexed by a sequence 1, , — co. Our asymptotic framework requires p, pg, ¥p,, — 00

as n — 0o, with py < n and n = O(p).

Assumption 1. (i) There is a sequence v, — oo such that oy (AN7Ar) < ok (AJAr) <
¢p,n = O(Po)

(ii) There exist finite constants c,,C, € (0,00) such that ¢, < omin(Ey) < Omax(Xy) <
Cly, where ¥, = E(uzuy).

(71) ||p|| is bounded.

Condition (i) requires that all K eigenvalues of A7A; grow at a common rate 1, ,,
which is imposed for notational convenience. Crucially, we allow 1, ,,/po — 0: the factors

may be weak even within the informative block. The divergence of v, , is necessary to



separate the factor signal from the idiosyncratic component. Conditions (ii) and (iii) are
standard.

We now characterize the coefficient vector g and the residual variance of the working
model. Let 02 = E(e} ;) denote the oracle forecast variance under the true factors, and

02 = E(e?) the residual variance of (2.4).

Theorem 1. Suppose (xt,y:) are generated by models (2.1) and (2.2), and let Assump-
tion 1 hold. Then the coefficient of the working model (2.4) satisfies:

(i) [1BI° = O(¥y,) = o(1);
(it) 07 — ¢ = Oty ;) = o(1).

Result (i) establishes that the working model is dense: as factor strength grows, the
lo-norm of B decays to zero. This contrasts with sparse models, in which at least one
coefficient remains bounded away from zero regardless of dimension. The conventional
sparse view assumes that only a small subset of predictors carries predictive power. How-
ever, this perspective has been increasingly questioned by empirical evidence, including
Giannone et al. (2021) and many related studies. Perhaps a more convincing interpreta-
tion is that predictors are not collected arbitrarily, but are selected under the guidance
of economic theory and empirical experience. As a result, many predictors are informa-
tive because they share exposure to latent economic factors. When such predictors are
used directly in a reduced-form regression, each variable carries a small amount of signal
through these common factors. As the cross-sectional dimension grows, this signal is
distributed across many regressors, leading to a dense representation in which ||3]] — 0.
Result (i) formalizes this intuition and is closely aligned with the empirical findings in
Giannone et al. (2021).

Result (ii) quantifies the gap between the working model (2.4) and the oracle one
(2.1): the residual variances o2 and ¢? coincide as v,,, — oo. In principle, the economist
can achieve the same forecast accuracy using the observed predictors x; directly, without

estimating the latent factors or specifying their number.

2.3 Forecast under variable selection

Given the dense nature of the working model established in Theorem 1, a natural question
is whether dimension reduction or noise removal remains desirable. Consider a hypothet-

ical oracle who knows that only the first py predictors load on the latent factors, while



the remaining p — py are pure noise. This oracle retains only the informative predictors

and estimates the following “ideal” model:

Yt = 95/171551 + e, dim(z7:) = po. (2.5)

With the known identity of informative predictors, retaining only x;, and discarding the
noise appears to be the natural course of action. The objective is to forecast out-of-sample

data ynew satisfying:

/
Ynew = P fnew + €y,new XTI new = AIfnew + Unew-

We focus on a simple tuning-free dense forecasting method, the Ridgeless regression

n + n
5[ = (Z xI,tI/I,t> Z T1,tYt, (2.6)
t=1 t=1

to estimate the dense coefficient in (2.5), where (-)™ denotes the Moore-Penrose pseu-
doinverse. This estimator coincides with OLS when py < n and interpolates the data

when pg > n (meaning y; = x’I’tEI for all in-sample data). It forecasts using:
gr‘:ew = x/I,newﬁl‘
Throughout we assume 02 = E(y; — o' f;)? = E(Ynew — 0 faew)?, S0 that the in-sample and

e —

out-of-sample oracle MSE coincide.
Proposition 1 (Informative predictors only). If Assumption 1 holds and uney, €y new, X1 =
(7155 27,), and e, = (ey¢)f=; are mutually independent, then

lim inf E[(ynew - gieW)QIXI] > 0—62

n,po—>00
as po/n — v € (0,00).

The imposed assumptions in Proposition 1 requires regression error terms (ey,new, Unew)
be independent of in-sample data, but we allow correlations between f, ., and in-sample
f+, so that dynamic factors in time series settings are allowed. The proposition establishes
that even perfect variable selection fails to achieve first-order forecast optimality. The
failure is not due to omitted signal: all retained predictors are informative. Rather,

when pg is proportional to n, the dimension is not sufficiently large to regularize the



eigenvalues of the design matrix X;X;, which is crutial for reducing the out-of-sample
variance. Hence Ridgeless cannot benefit from benign overfitting.

This result should be interpreted broadly as an extension of the classic post—variable
selection phenomenon to the overparameterized regime. Suppose a dimension reduction
method, such as Post-Lasso (Belloni and Chernozhukov, 2013), identifies the informative
predictors without error, and OLS is then applied to the selected set. When py < n,
the oracle Ridgeless estimator E 1 coincides with OLS, making it equivalent to Post-Lasso
under perfect selection. Proposition 1 implies that even in this idealized setting, the

resulting forecast fails to achieve first-order optimality when py/n — v € (0, 00).

Symmetry of AR(p). If eigenvalue inflation cannot be achieved by retaining only
informative predictors, one might instead seek overparameterization by expanding model
complexity in a different direction. In time series forecasting, a natural candidate is to
increase the lag order in an autoregressive model. Consider a time series of length T,
where the objective is to forecast ypew = yri1. Let yap = (y¢)’_, denote the column
vector of y; for periods a to b. Consider the AR(p) model with no intercept, estimated
by Ridgeless regression, which is equivalent to running AR(p) with the demeaned data.
The Ridgeless AR(p) coefficient and one-step-ahead forecast are

T T
ﬁ]‘;‘R = (Z yt—p:t—lyg—p:t—l) Z Yt—p:t—1Yt; (2.7)

t=p+1 t=p+1
?//\74—}51 (p) = y/T—p+1:T5;4R- (2.8)

For the AR(p), the effective sample size is n =T — p. So (2.7) coincides with OLS when
p < T'/2 and interpolates when p > T'/2.

If benign overfitting were driven simply by increasing the number of regressors, one
would expect gains from choosing p > T'/2. The following proposition, however, shows

that this intuition is incorrect by establishing what we call the “symmetry” property of

AR(p).

Proposition 2 (Symmetry of AR(p)). Let g¥, (p) be the Ridgeless AR(p) forecast defined
in (2.7)~(2.8). Then for anyp=1,...,T —1,
~AR

yT+1(p) = ?//\1451(T - p).

Proposition 2 reveals a novel symmetry property: an overparameterized AR(p) model

10



with p > T'/2 is numerically identical to an underparameterized AR(7 — p) model. As p
increases, the effective sample size n = T — p decreases proportionally, so the eigenval-
ues of the design matrix do not grow in a manner that induces spectral regularization.
Lag expansion therefore does not generate the eigenvalue inflation necessary for benign

overfitting. Figure 3 illustrates this symmetry.

Figure 1: The symmetry property of AR(p) forecast using Ridgeless.
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Notes: The blue curve plots the predictive MSE. The time series length is 7" = 100. The interpolation
threshold is T/2 = 50. When p < T'/2, the predictor is equivalent to the conventional OLS.

Taken together, Propositions 1 and 2 convey a unified message: benign overfitting
in dense forecasting environments requires eigenvalue growth in the design matrix, and
neither oracle variable selection nor lag expansion delivers it. Under oracle selection, py
proportional to n leaves eigenvalues insufficient; under AR(p), the effective sample size
shrinks as the lag order grows. The central lesson is that the spectrum, not informative-
ness alone, governs forecast accuracy in the overparameterized regime. This motivates
the approach developed in Section 3: rather than estimating factors or selecting variables,
we deliberately expand the predictor dimension to induce the spectral regularization that

neither oracle selection nor lag expansion can provide.

Why not Lasso or PCA? Theorem 1 establishes that 5 is dense, which immediately
limits the scope of the Lasso (Chernozhukov et al., 2017; Giannone et al., 2021). In
addition, Proposition 1 covers the Post-Lasso under perfect variable selection as a special
case, which also yields suboptimal forecast. PCA offers an alternative by estimating
the factors directly, but the quality of the estimated factors depends critically on factor

strength. When many noise variables are present, the factors appear weak across the
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full predictor set, and correctly estimating the number of factors becomes difficult in
practice; recent work by Giglio et al. (2023) and Chao and Swanson (2022) addresses this
via feature selection to enhance factor strength. Furthermore, weak factors need not arise
solely from noise contamination; factors can also be weak within informative predictors.
If the eigenvalues of A7A;/py decay to zero as py — oo (so that 1, , grows slowly relative
to po), the factor signal is intrinsically weak and PCA continues to suffer from poor factor

recovery regardless of how successfully noise variables are screened.

3 Noise Regularization

Under the conditions of Theorem 1, the working model is dense, meaning that a non-
negligible fraction of predictors contributes to predictive performance. In practice, the
predictor set comprises informative variables X; (n X pg), those loading on the latent
factors, and noise variables Xy (n X (p — po)), independent of the outcome and the
factors. Regardless of whether the economist knows the identities of informative predic-
tors, Proposition 1 shows that working with only informative predictors is insufficient
for first order forecast optimality when the number of informative predictors p, satisfies
po/n — ¢ < co. This is empirically relevant because economic theory may provide only
a limited number of informative predictors.

This motivates our proposed forecast approach: rather than eliminating noise vari-
ables, one should retain all available predictors and, when necessary, even intentionally
add pure noise variables to expand the predictor set. Importantly, our approach does not
distinguish between the two scenarios described in Section 2. Formally, let X = [ X, Xy]
be the n X p matrix pooling all predictors. In the first scenario, Xy consists of the noise
variables already present in the dataset and in the second, Xy consists of artificially
added noise columns. In both cases we apply Ridgeless regression on predictors with

noise:

B=(X'X)*tXy, (3.1)
where y = (y1,...,y,). We call (3.1) as “noise-regularized estimator”. A central contri-
bution of this paper is to show that high-dimensional noise variables serve as an implicit
regularization device: they inflate the non-factor eigenvalues of X’X (those not corre-
sponding to the factors), thereby reducing out-of-sample variance. The next subsection

explains this regularization mechanism in detail.
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3.1 Noise-Regularization as a Shrinkage Mechanism

Given that the added noise contains no economic information, how does it facilitate
prediction? It transpires that adding noise can be viewed as a regularization method,
which inflates the eigenvalues of the design matrix. To see this, define the following pg x 1

vector-valued shrinkage function:
A(M) = X}(X/X) + M)Y,

where M is an n X n symmetric semi-positive definite matrix, provided that the inverse
exists. When p > n, the definition of pseudo-inverse gives (X'X)"X = X'(XX')~L
Therefore the subvector of the noise-regularized estimator (3.1) corresponding to the

informative predictors can be written as
Br = u(X'X)PX'Y = XH(XX)Y = A(XnXY)

where the first py predictors are assumed informative without loss of generality; ¢; =
(I,,,0) is a po X p selection matrix, and the last equality decomposes the n x n matrix
XX = X1 X;+ XnyX}y, which is invertible when p > n. As a comparison, perfect variable
selection sets M = 0, and Ridge regression with tuning parameter A\ sets M = A[,,. The
choice of M governs how aggressively the eigenvalues of X; X} are inflated; a larger M
makes (X;X}+ M)~! smaller in the semidefinite order, directly controlling out-of-sample
variance.

To see the effect of shrinkage using a noise matrix, take the singular value decompo-

sition (SVD) of X; = U;D;V/, and define
S(M,x) = tr [V;D}(D; D} + U;MU;)*D; V(3] .

Consider the case when ey s is independent of the training data, and it follows that the

out-of-sample variance is
Var(@he 1 (Br — B1)]X) = S(Xn Xy, Ex,)-

When M = Xy X}, it inflates the eigenvalues from D;D’ along a non-factor direction to
DD} + U;MU;. Meanwhile, it is well-known from the random matrix theory that the
nonzero eigenvalues of the noise matrix Xy X} grow proportionally to p if p/n — co. As

a consequence, the order of the non-spiked (the largest (K +1)-th to the n-th) eigenvalues

13



change from py to the order of p. Also for factor models, we have Xy, = A;X A} + 3,
which yields a further decomposition of the variance into the factor-related component

and the idiosyncratic component, and for now let us focus on the latter. This yields

S(Xn XY, %u,) < Cutr [(Dy D} + UWU,) 2D, D} = Op (Lf””) ,
p
which has a fast converging out-of-sample forecast variance.
In comparison, if we do not shrink the eigenvalues but only use X; after perfect

variable selection, the Ridgeless estimator (2.6) would take the form:
Br = (X[X0)"X[Y = A(0- L),
whose forecast variance is
Var (@), ;(Br — B1)|X) = S(0- I, Sx).

Here M = 0 - I,, does not shrink the eigenvalues of D;D and thus is of order py. Then
there exists a 0 < ¢, < Oin(2y,;) such that

S(0-1,,S0,) > cotr((D; D)) = L.
Po
The variance does not converge when n/py - 0.

Therefore, the inclusion of many random noise in essence inflates the eigenvalues to a
much larger magnitude to reduce the out-of-sample variance. In this sense, it is similar
to the Ridge regression with a large choice of tuning parameter, which also shrinks the
eigenvalues. It is therefore important to see how the noise-regularized estimator compares
with the Ridge estimator.

The Ridge estimator, when applied to X; with tuning parameter X, takes the form

Briage(\) = (X4 X7+ X L) XY = AN+ I,).

In addition, since EXy X\ = (p — po)l,, a natural benchmark of the Ridge tuning pa-
rameter is A = (p — pp). Hence the noise-regularized estimator uses random shrinkage
Xn X} whereas Ridge uses the deterministic shrinkage A-I,, = EXyX},. Both estimators
introduce shrinkage bias. Here we heuristically compare this bias. Conditioning on the

informative predictors, the estimation bias of any estimator taking the form 3 = A(M)

14



is given by R
E(BIX1) — B =E[A(M)|X;] - 8 = E[f(M)|X/]B,

where f(M) = X}(X; X+ M) *X;—1I,,. Note that f(M) is a convex matrix-valued func-
tion, and is a negative semidefinite matrix whenever M is positive semidefinite. Applying

the matrix-valued Jensen’s inequality (e.g., Tropp (2015)),
E[f (XnXW)IX1] = fE(XnXN[XT)) = f(A- L),

where we write B = A (equivalently A < B) if A — B is negative semidefinite. Hence,

the shrinkage effects to § have the following relationship:

E[f(A- DIXi] S E[f (X X3)[X1] <0 1.

vy
Noise-regularized bias

[

Ridg?erbias
Intuitively speaking, this means the shrinkage bias introduced by the random matrix
Xn X} is less than that of the deterministic matrix EXy X} = A - I, with A = p — po,
yielding a smaller finite-sample shrinkage bias than that of the corresponding Ridge.

Jensen's Gap for: fim, po) = 557 — 1
flm, 20) — po=
~0.84 ks £o=3
Sy — po=20
-0.86
-0.88
=)
S -0.90
g
= —0.92
-0.94
-0.96
-0.98
120 140 160 180 200
m

100
Figure 2: Jensen’s Gap

Notes: This plots the function f(w,pg) for two values of pg € {5,10}. It illustrates that the Jensen gap

is larger as pg increases.
Interestingly, the bias improvement over Ridge becomes more substantial as py in-

15



creases, this can be seen by examining the Jensen’s gap, i.e., the difference between the

upper and lower side of the Jensen’s inequality. Consider the scalar version of f(M), say

f(m,po) = popjm — 1. The Jensen gap is defined as

]Ef<m)p0) - f(]E'm7p0)

As shown in Figure 2, when m is much larger than py, the Jensen gap is larger for
larger value of py. In the matrix-valued case, this corresponds to the case that when
dim(Xy) > dim(X/), larger dimension of X yields a larger reduction of the shrinkage
bias compared to the Ridge.

To summarize, all three estimators admit shrinkage representations through A(M),
but differ in the structure of regularization. Perfect variable selection sets M = 0 and
provides no eigenvalue inflation, leaving the variance bounded away from zero. Ridge re-
gression sets M = AI,, and imposes uniform, deterministic shrinkage. Noise regularization
sets M = XyX) and induces random shrinkage that, by the convexity of f, produces
less bias than its Ridge counterpart while achieving the same variance reduction.

Below, we formalize this regularization intuition, by establishing the first-order fore-
cast optimality: The Ridgeless regularized by sufficiently many noise achieves the same
asymptotic MSE as if the true factors were directly used for prediction. We shall present

the results separately for the two scenarios.

3.2 Scenario I: identities of noise are unknown

In the first scenario, the economist does not know the identities of informative and noise

variables. She uses all predictors in X = [X}, Xy, and predicts ypew by
?/J\new = x;leW/B :

We impose technical assumptions below to establish the benefit of forecast with noises.
Recall the data generating process in (2.1) and (2.2) shared by the training data and the
test data indexed by for t € {1,...,n} U {new}.

Assumption 2. (i) The innovation satisfies
(UI; unew) = 211/2(W/7 wnew)7
where (W' wyew)' is an (n+1) X p matriz of i.i.d. entries with zero mean, unit vari-
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ance, and finite 4th moment. In addition, (W', wnew) and {(f, €yt)tcq1,..n}Ufnew} }

are 1ndependent.

(ii) Conditioning on (F, fuew), the error terms (€y1)ic(1, . njufnew} ar€ homoskedastic,

zero mean, and independent over time.
(111) ||E [frew frew | Flll < Cf for a positive constant Cy.
(v) The top K eigenvalues of A;X ¢/, , are distinct.

Assumption 2 (i) imposes that (U’ uyey) are linear transformations of the two-way
i.i.d. matrix with a finite 4th moment, which allows to invoke results from the random
matrix theory to reveal the behavior of empirical eigenvalues of the idiosyncratic sample
covariance matrix U'U/n of large dimensions. The independence between (W’ wyey )’
and {(fi, €yt)tc(t,...n}ufnew} } Strengthens the mean independence in (2.2) to simplify the
computation of the variance of the estimator. Condition (ii) regulates the unpredictable
error in the target variable. Though it is possible to extend to martingale difference
sequences, we maintain the independence to keep it in line with the assumption on ;.
Condition (iii) is a technical assumption that bounds the conditional variance of the new
factor realizations. Finally, Condition (iv) ensures the uniqueness of the eigenvectors

associated with the distinct top K eigenvectors.

Remark 2. Our method allows for both cross-sectional and time series forecasts. In the
context of time series forecasting, we emphasize that both 1, and z; may exhibit serial
dependence, through the dynamics in factors. For instance, in dynamic factor models
with a finite order lag polynomials, f; is a finite-dimensional vector of lagged factors, and
we follow Stock and Watson (2002a) to treat these lagged factors as if they are static.
We also allow the test data (Ynew, ZTnew) t0 be dependent of the training data if the “new”
data is “h-period-ahead” of the training data (y, X). What is ruled out by Assumption
2 (i) and (ii) is the serial dependence of the idiosyncratic errors (e, u;) over time, to
simplify the arguments. This condition resembles what Hirano and Wright (2017, p.621)
impose on the regression error (e; in our notation) when they calculate the prediction

risk, and Doz et al. (2012, pp.1016-1017) in quasi-maximum likelihood estimation.

Conditioning on X, the predictive MSE is

E[(ynew - Z//\new)Q‘X] = 062 + E [(p/fnew - /y\new)2‘X}
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The first term o2 is the minimum forecast MSE under the true latent factors. The second

term, depending on the estimator, can be decomposed as

p,fnew - /y\new = (p/fnew - x;ewﬁ) - x;ew(g - B) (32)

where p' fuew — Thow 18 the approximation error of the working linear model (2.4). The

. . /
estimation error x|,

(B — [3) can be further decomposed into

Thew(B = B) = T8+ The Bxey, (3:3)
where 63 = Axf8 + Bx (F(p —l\’ﬁ) - Up) (3.4)
projection working model approx. error

with Ax = (X'X)"X'X — I, and Bx = (X'X)*X’. The term 2/,03 can be viewed as

new

the bias (conditioning on (U, F')). The other term z; ., Bxe, constitutes the variance due

to the innovation ¢,, and it is independent of 3. Since

E[[he0 (B = B)PIX] < 2E[(%85)1X] + 2E[(2r, Brcey )| X1,

new new

the following theorem presents the convergence of each component on the right-hand side.

Theorem 2. Suppose Assumptions 1 and 2 hold. If p = o(y,,n) and n = o(p), then:

(i) The components of the forecast error is:

E[(2),.,05)%|X] = O ( P —i—ﬁ), bias

(X1 = Op (242, i)

E[(2)., Bx€,)*|X] = Op (l + E) ,  (variance).
nop

(i) Asn,p — oo,
E[(Ynew — Foew )2 X] 5 2.

Theorem 2 implies that keeping the noise variables and applying Ridgeless forecast,
we can achieve the oracle predictive MSE, as if the latent factors were used directly
in forecasting. This result allows factors to be relatively weak among the informative
predictors, i.e., ¥, = o(py) in Assumption 1 (i).

Contrary to conventional wisdom suggesting that the variance is amplified under

overfitting, here the variance diminishes as p > n. The reduction of variance requires no
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condition on the predictability, i.e., it does not matter whether the predictors are mostly
noise or informative. This is the phenomenon as documented as “benign-overfitting” in
the literature. But different from the literature, the overfitting is mainly caused by high-
dimensional uninformative predictors Xy. In the presence of many noise variables the

out-of-sample variance still decays as p — oc.

3.3 Scenario II: intentionally added noise

When economic theory and empirical evidence guide data collection, regressors are likely
to be informative, but the number of available predictors p, may not be very large,
say, just proportional to n. This occurs, for instance, in diffusion index forecasts using
FRED-MD as mentioned in Introduction.

We recommend adding noise to intentionally increase the overall dimensionality. The
inclusion of noise predictors inflates eigenvalues of the design matrix and thus reduces
the out-of-sample variance. In the meantime, inspired by the Rao-Blackwellization for
risk reduction (Hirano and Wright, 2017), the impact of randomness can be smoothed
out by taking average of repeated Ridgeless predictions.

Recall that (X7, y) denotes the in-sample data in this scenario, and the corresponding

out-of-sample predictor is Zpew 7, where both X; and zyey, ; are informative predictors.
Algorithm 1. Noise-reqularized forecast.

Step 1 (adding noise): Generate n x (p — po) i.i.d. N(0,1) matriz as the noise Xy.
Merge with X to get X = (X1, Xn), and obtain the Ridgeless estimator

~

p=(X'X)"Xy.

Let BI be the subvector ofﬁ corresponding to X; and predict Ynew,1 := a:;eWJg].

Step 2 (denoising): Repeat Step 1 to obtain B\}’ and then Py, = m;em[@ for an index

b=1,...,B. Averaging over the B replications to get a forecast

where 37 = BYS°2 b

new,l *
Step 1 creates artificial pure noise Xy to be merged with X;, and then uses only

the subvector B\I for prediction; the forecast depends on the realization of Xy. Step 2
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averages out the randomness caused by Xy through the B repetitions. This estimator

approximates
E(@\DBW,I’XI7 Y, znew,[) (35)

with a sufficiently large B. This estimator can be connected to Bayesian model average:
it arises as an equally weighted average forecasts (conditioning on the data) from B
submodels j/y\gewv 7, where each submodel is implied by the drawn random noise, whose
posterior probability is 1/B.

As a model averaging estimator, it reduces the mean squared error of submodels.
With a slight abuse of notation, we shall use ¥, to denote (3.5); it is a function of the

observed data only, independent of the noise. It follows that

x;ewﬁ - Z/J\I*lew = ]E(.T;ewﬁ - ?//\HGW,I|XI7 Y, xnew,[);

and the law of iterated expectations gives

E[(z 8 — o)1 X1] = E {[E(x;ewﬁ et | X12 snen ) ]X}

< E {E [(xilewﬂ - gnew,l)leb Y, xnew,1:| XI}
= ]E [(x;ew/ﬁ - /y\new,f)2|XI:| ; (36)

where the inequality follows by the celebrated Rao-Blackwell theorem. It shows that ¥,
enjoys a smaller predictive MSE than that of a single realization ynew.s-
In this scenario we define zpey = (] 0') and g = (57,0)". Then

new, [’
E[(Gnew = TnewB)’1X1] < 2E[(27,0,,05)* | X1] + 2E[(2e, Bx€y)*| X1]

new new

where
05 = AxB+ B (F(p—N'B) - UB). (3.7)

with A% = E[(X'X)*X'X|X,] — I, and B* = E[(X'X)*X|X/] averaged out the random-

ness of X. We have the following result for the noise-regularized forecast.

Theorem 3. Under the assumptions in Theorem 2, we have
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(i) The forecast squared bias and variance:

0p< P ) (bias)

Vpant

E[(2)., Bx€,)?1X1] = Op <l+@) (variance).

new n p2

new

E[(2)ew05)*[ X1]

(ii) Asn,p — oo,
e P
E[(ynew - ynew)2|XI] - 0_52'

This theorem shows that adding the noise enables achieving the oracle forecast MSE as
if the true factors were used. In addition, the rate of convergence of the forecast variance
is faster than that of Scenario I when p = o(n?), as a result of the Rao—Blackwellization
step.

Figure 3 plots the theoretical curves of bias-variance (left panel) and predictive MSE
E[(Ynew — Urew )| X 1] (right panel) in a 3-factor model. Here the first py = min{p,n} pre-
dictors are informative, while the remaining p — po predictors are i.i.d. N (0, 1) white noise
variables. As is clearly illustrated, the variance monotonically increases as p increases
even though the first py added predictors are all informative, and peaks at p = n where
the in-sample data are perfectly interpolated. Meanwhile, after p > n, the added predic-
tors are pure noise, and the variance starts to decay. This is consistent with our theory:
as p — 0o, the variance continues to decrease until the 1/n term becomes dominant. In
addition, the squared bias remains zero until p = n. Though after passing this threshold
it starts to increase, it is in a much smaller magnitude than that of the variance. This is
also consistent with the theory. The depicted bias does not diminish because here we fix
Ypn X n at n = 100 while we vary p.

Overall, the predictive MSE (right panel) illustrates the double descent phenomenon,
where the first descent occurs before p < 20, due to the decay of the gap 02 — o2. The
second descent occurs after p > n, due to the decay of variance, and eventually the
MSE approaches the oracle MSE as if the latent factors were used for prediction. While
double descent has been documented in the recent statistical literature, our result is novel.
Section 3.4 below elaborates on the novelty of our contribution relative to that literature.

Both Figure 3 and our theory indicate an inflation of bias when p becomes excessively
large. We therefore propose a data-driven way to choose the number of added noise. If it

is believed that most of the informative predictors load strongly on the common factors,
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Figure 3: Bias-Variance Tradeoft

Notes: Theoretical predictive variance and squared bias (left panel) and MSE (right panel), averaged
over 500 replications. The horizontal axis is the number of predictors increasing from 3 to 500, and we
fix n = 100. The first po = min{p, n} are informative predictors, generated using a 3-factor model of
strong factors. The remaining p — pg are i.i.d. Gaussian noise. The vertical dashed line is where p
equals n, and the horizontal dashed line on the right panel refers to MSE(p' f;) = Var(e, ), the oracle
predictive MSE.

then py < 1, , and our theory shows:

E (208 — Ten)?| X] = Op (i + %> :
Do p

We can choose the optimal number of predictors p by minimizing the rate of convergence:

p=C x (npy)*? =< arg min (i + n_g;0> ,
P \pot P
where C' is a constant to be determined. A data-driven choice of C' is available via
commonly used tuning strategies, which we now discuss.

For cross-sectional predictions where the ordering of data is unimportant, the “leave-
one-out” is a computationally attractive method. Suppose C' is a candidate choice, then
denote the total number of predictors, p(C) = C x (npy)?/? (after adding noise). For
each t < n, let B\_t(C’) denote the Ridgeless estimator using p(C) predictors and all data

except the t-th observation. Then the optimal C' can be chosen by minimizing:

1 C ny B.(0))
eave-one-out: = argmin ; (yt — x,04( )) :
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Appealingly, we do not have to compute n leave-one-out B_t(C' ) for this procedure, thanks
to an elegant analytic formula given by Shen et al. (2023). They showed that the leave-

one-out procedure is equivalent to minimizing;:
C" = argmin || Diag(G(C)) 'G(O)Y |, G(C) = (X(C)X(C)) (3.8)

where X (C') denotes the n x p(C) matrix of p(C) predictors, and Diag(G) takes the
diagonal elements of G. Here G(C) is invertible because rank(X (C)) = n < p(C'), whose
computation is manageable so long as n is not very large.

For time-series predictions where there is a natural ordering of the data, we recom-
mend the rolling window tuning for time series cross-validation: predetermine Ty and V}
as the sizes of training and validation sets. Let @(C’) denote the estimated coefficient
using Ty periods of data: t — Ty + 1, ..., ¢, with tuning parameter C'. We then choose C*
by:

L—1
* . / o 2
C" = arg min E (Y11 — T 0 Pro+1(C))"
=0
Cross-sectional, T=-1/3 Time-series, T=—-1/3
' i — 008 MSE 32f i i
3.01 i -=- po=200 i
| i === Pay=440 i
! 1 3.0r 1
28 | : ! :
1 1 1 1
i i 2.8 | |
g2l || .
wn wn
= i i 26 | |
24F 1 1 1
1 1 1 1
i i 244 | i
220 1 i i i
! 1 ! 1 —— 00S MSE
! ! 2.2r 1 [ —=- pp=201
2.0r ! ) ! ! -=- po=474
1 | 1 1 1 1 1 1 1 1 1 1 1 1 1
200 400 600 800 1000 1200 1400 200 400 600 800 1000 1200 1400
Number of predictors p Number of predictors p
(a) Cross-sectional prediction (b) Time-series prediction

Figure 4: Predictive MSE and Data-driven Tuning

Notes: Out-of-sample MSE of the noise-regularized Rao-Blackwell estimator ¥jo, = ey, IB}‘ as the
total number of predictors p increases. The first py predictors are informative and generated from a
factor model with strength 7 = —1/3; the remaining p — po are i.i.d. N(0,1) noise. The sample size is
n = 100. Panel (a) is a cross-sectional setting where factors are i.i.d. sequences, and p., is selected by
Rao-Blackwell leave-one-out cross-validation (3.8). Panel (b) is a time-series setting where factors
follow a stationary AR(1) process, and p., is selected by rolling-window cross-validation with the first
half of the sample reserved for tuning. The dashed vertical line marks p., averaged over 50 replications.
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To illustrate the effectiveness of data-driven choices of p., = p(C*), Figure 4 plots
the predictive MSE of two simulated designs, where the DGP is generated as in one of
the simulation designs in Section 4.1 with weak factors. The first po = 200 predictors
are informative predictors (i.e. they load nontrivially on factors), whereas the rest p — pg
predictors are intentionally added noise variables. In both cases the data-driven choice

Pey suitably identifies a proper number of added noise.

3.4 Relation with the linear double descent literature

Contrary to conventional statistical wisdom, which asserts that overfitting undermines
forecast performance by inflating out-of-sample variance, the double descent phenomenon
shows that it is possible to retain predictability by increasing the number of regressors
beyond the threshold of interpolation. It has gained increasing attention in the machine
learning community. As the model complexity exceeds the sample size and continues
to grow, a second descent of the prediction occurs in the excessively overparametrized
regime. It was first illustrated in the empirical work by Belkin et al. (2019), Hastie et al.
(2022), and Arora et al. (2019), and its theory has been explored in linear models with
Ridgeless regressions, e.g., Mei and Montanari (2019); Belkin et al. (2020); Dobriban and
Wager (2018); Lee and Lee (2023).

Our work differs from the recent statistical literature on overparameterized models in
three important respects. First, while the literature does not explicitly assume ||5|| — 0,
this condition is in fact necessary for the forecast consistency. In the ii.d. setting
without presence of strong factors, Hastie et al. (2022) characterize the limiting predictive
MSE, whose convergence requires this condition. It turns out that ||5]|| — 0 remains
necessary in the presence of factors, otherwise, the overparametrized bias would not
vanish asymptotically. However, the literature has provided little justification for why
such a condition should hold in any economically meaningful model.

Our paper provides a formal and economically motivated justification for this condi-
tion. We consider a setting in which the true DGP is driven by a low-dimensional factor
structure, y; = p' fi + €,, while the econometrician estimates an overparameterized lin-
ear regression y; = ;8 + u; as a working model. In this environment, the population
regression coefficient 8 is a reduced-form object implied by the underlying factor struc-
ture. We show that, as the cross-sectional dimension grows, the factor structure implies
|8|l — 0. Hence, the shrinkage condition required for consistency is not imposed, but

arises naturally from a standard economic DGP.
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Secondly, as explained in the previous subsection, we show that the second descent
arises from the shrinkage of the eigenvalue spectrum induced by the presence of many
noise variables. Although these noise variables contain no predictive information about
the target variable, they cause the high-dimensional sample covariance matrix to have a
highly dispersed eigenvalue spectrum. This lowers the out-of-sample variance.

Lastly, from an important technical perspective, our framework explicitly analyzes
the impact of a few very large eigenvalues on overparametrized forecasts. In much of the
recent work, the design matrix is assumed to have uniformly bounded eigenvalues, which
effectively imposes a weak dependence structure across predictors. In contrast, many eco-
nomic forecasting environments are inherently driven by a small number of latent common
factors. These factors generate strong cross-sectional dependence among informative pre-
dictors, inducing an approximate low-rank structure in the population covariance matrix.
While some recent work on overparameterized models allows for diverging eigenvalues in-
duced by factor structures (e.g., Meng et al. (2025)), the implications of such growing
eigenvalues in forecasting models remain unclear.

We provide a careful analysis of this case and show how the interaction between factor-
driven spectral spikes and overparameterization shapes the predictive risk. To understand

the intuition, start with the matrix form of the factor model

X = F N +U (3.9)

(nxp)  (nxK)(Kxp)

By applying SVD on both X’X and Ex,x}, we can separate the effect of the factor model

from its remaining counterparts. First, consider the SVD of Ex,x}:

Ex, 2}, = Vg D3 Vi, +V_ ¢ D? V' (o
corresponding to the first K eigenvectors/values (Vx, Dg) and last p — K eigenvec-
tors/values (V_g, D_g). In addition, consider the SVD on X'X:

X'X = VgDV + V_gD* V' (o + V_, 0V

where D% and D?  respectively denote the diagonal matrices of the largest K and the
remaining n — K nonzero eigenvalues of X’'X; columns of Vi and V_g are the corre-
sponding eigenvectors; columns of V_,, are the eigenvectors corresponding to the p — n

zero-eigenvalues.

25



Then we decompose the forecast bias and variance of ey into:

E[(.CC/ (5[3)2’)(] = Al + AQ, E[(l’l Bx€y)2‘X]] = Bl + BQ

new new

where for Xx = E(z,2}),

Al = HVKDKV[/(V*TLVinﬁHza Bl = 0-3 tr (VKD;(2VII(EX)7

factor-model design factor-model design
 / B x 7/ ! 2 2 —2 /
A2 = HV,KD,}(VfKV,nVLnﬁH s BQ = 0, tr (V,KDvaszx)
N NV 4 VT
ii.d. design ii.d. design

Both bias and variance depend on components that arise from the factor model Ay, By,
and from the idiosyncratic noise As, By that behave similarly to the classic i.i.d. design.
In particular, the convergence of A; and B; rely on three properties of the factor model:
(i) the population eigenvectors Vi can be well approximated by the sample eigenvectors
Vik; (ii) the implied reduced form parameter is dense in that ||| — 0; and (iii) the top K
eigenvalues grow very fast. As for A;, the sample eigenvectors corresponding to the first K
eigenvalues are orthogonal to V_,. Hence (i) implies |VLV_,|l ~ |[VLV_.ll £ 0, and the
convergence of A; is ensured together with (ii). In addition, the behavior of B; is driven
by the top K sample eigenvalues, and thus B; converges as || D[] = Op((¥pn)7}).

In summary, when most of the high dimensional predictors are generated by a few
common factors, the factors lead to a few spiked eigenvalues facilitating the convergence

of variance; they also naturally yield a dense regression coefficient to shrink the bias.

4 Simulation

We run Monte Carlo experiments to check the performance of noise-regularization under
the factor model specification in (2.1) and (2.2). The outcome variable is generated from

a K = 4 factor model y, = p'f; + €4, with py informative predictors and p — py noise:

X,f+u- 1=1,...,p
iJt (A% ’ 0 Where Ai:Ai,O ng?

Us t, i:p0+17"'ap7

and (ft, €y, Mio, u;e) are all standard normal, and p ~ N(0,Ix). Here 7 € [—-1/2,0]
determines the factor strength so that A}A; =< pjt?"; the closer 7 to zero, the stronger

the factors. To capture heterogeneous factor strengths, we allow 7 to differ across the
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K = 4 factors and consider two configurations:

e Homogeneous: 7 = —1/3 for all 4 factors (moderately weak).

o Mized: 7= (—1/4, —1/3, —1/2, —1/2), combining one strong, one moderate, and

two weak factors.

The mixed case is of particular interest because the two factors with 7 = —1/2 are very
weak and is also a plausible empirical scenario. The sample size is n = 100 throughout,
and test MSE is evaluated on n,., = 500 new observations. All results are averaged over
100 Monte Carlo replications. We set p to take values on a grid evenly spaced from 1 to
Pmax = 1000.

We consider two scenarios as in Sections 3.2 and 3.3, respectively.

4.1 Scenario I: unknown noise identities

Suppose the economist does not know which predictors are informative, so she uses all p
collected predictors. We set py € {500, 1000}; all predictors are informative when p < py,
and the additional p — py are noise when p > pg. Three methods are compared, all
using the full set of p predictors: the proposed Noise-regularized estimator, PCA with
the number of factors chosen by Bai and Ng (2002), and CV-Lasso where the tuning
parameter is chosen by 10-fold cross-validation.

Figure 5 plots the predictive MSE as p increases. All predictors are informative when
p < po, whereas p — py noise variables enter when p > pg. In all four panels, the noise-
regularization dominates both PCA and CV-Lasso, particularly in the overparameterized
regime (p > n). In panel (b), where all predictors are informative (py = 1000) with
homogeneous 7 = —1/3, including more weak predictors continuously benefits noise-
regularization, driving its MSE down to 2.40 at the right edge. In panels (a) and (c),
where py = 500 and the number of informative predictors stops increasing, the MSE curve
flattens after py but remains well below the competitors.

PCA gains little from large p because the factors are weak, which misses a substantial
portion of the predictive signal. CV-Lasso struggles for a different reason: the dense
factor structure spreads signal across all informative predictors, each carrying a small
but nonzero coefficient. Lasso’s variable selection, designed for sparse models, selects too

few predictors to recover this diffuse signal.
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Figure 5: Scenario I: predictive MSE as the number of predictors p increases. The
sample size is n = 100. All three methods use the full set of p predictors. The
top row has homogeneous factor strength 7 = —1/3; the bottom row has mixed
T=(-1/4,-1/3,—-1/2,—1/2). PCA and CV-Lasso minimum MSE values are reported
in the legend when their curves exceed the plotted range.

4.2 Scenario II: intentionally added noise

We now consider the case where the economist knows which predictors are informative and
intentionally adds noise to implement noise-regularization. The p, informative predictors
are augmented with p — py columns of N(0, 1) noise. The noise-regularized estimator
is computed for B = 50 times with independent noise draws, and the predictions are

averaged.
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We set po € {200,300} and compare four methods: Noise-regularized with the num-
ber of added noise variables selected via leave-one-out cross-validation?; CV-Ridge which
applies Ridge regression on the pg informative predictors and tuned by 10-fold cross-
validation; CV-Lasso and PCA. Except for noise-regularization, all three competing meth-

ods use only the informative predictors: they are oracle methods with perfect variable

selection.
po =200, T=-1/3 po =300, T=-1/3
3.0 —— Noise-reg (RB) 3.2 —— Noise-reg (RB)
—= CVRidge 217) | e N — — CV-Ridge (2.41)
= = CV-Lasso (2.71) = = CV-Lasso (3.12)
28k PCA (3.97) 30l PCA (4.60)

Pey =402

Py =498

MSE

205 200 100 600 800 1000 0 200 200 600 800 1000
Number of predictors p Number of predictors p
(a) po =200, 7= —1/3 (b) po =300, 7 =—1/3
po=200, T=(-1/4 —1/3, —-1/2, —1/2) po=300, t=(-1/4 —1/3 —1/2, —1/2)
3.51 —— Noise-reg (RB) 3.97 —— Noise-reg (RB)
= = CV-Ridge (2.93) = = CV-Ridge (3.41)
34 e —— CV-Lasso (3.38) 3.8r == CV-Lasso (4.10)
PCA (3.82) PCA (4.39)
3.3¢ Pev =486 371 Pev=607
3.2
7
2 3.1
3.0
2.9
2.8}F
27 3.2
o 200 400 600 800 1000 0 200 400 600 800 1000
Number of predictors p Number of predictors p
(¢) po = 200, mixed 7 (d) po = 300, mixed 7
Figure 6: Scenario II: predictive MSE as the number of predictors p increases. The

sample size is n = 100; the noise-regularized estimator averages B = 50 Rao-Blackwell
draws. The vertical dashed line marks p,, selected by LOO cross-validation. CV-Ridge,
CV-Lasso, and PCA use only the py informative predictors (oracle variable selection).

Figure 6 plots the predictive MSE as p increases. The horizontal dashed lines show

the MSE of the oracle methods, and the solid curve is the noise-regularized forecast. The

2Algorithm 2 in Section A.1 of the appendix presents a detailed algorithm for selecting the number
of added noise using leave-one-out method.
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vertical dashed line indicates p., selected by leave-one-out cross-validation. The cross-
validation selects p, close to the oracle optimum. In panel (a), for instance, we select
Pev = 400 while the minimum of the MSE curve occurs at p &~ 380.

In all four panels, noise-regularization at p., outperforms CV-Ridge, despite the latter
having access to the informative predictors only. The improvement is most pronounced
in the mixed-7 panels: with py = 200, the noise-regularized MSE is 2.85 versus 2.93 for
CV-Ridge; with pg = 300, the gap widens to 3.32 versus 3.41. Even in the homogeneous
case (T = —1/3), noise-regularization matches or slightly beats Ridge (2.15 vs. 2.17 for
po = 200; 2.40 vs. 2.41 for py = 300).

The advantage over Ridge is amplified when factor strengths are heterogeneous. Ridge
regression applies a single penalty A to all coefficients, whereas the implicit regulariza-
tion through noise addition adapts to the signal structure—coefficients associated with
stronger factors are shrunk less. This heterogeneous shrinkage is a consequence of the
randomized regularization mechanism and cannot be replicated by a single Ridge penalty.
CV-Lasso and PCA both perform substantially worse. Lasso suffers from the dense factor
structure, while PCA fails to detect the weakest factors, especially in the mixed-7 panels

where two factors have 7 = —1/2.

5 Empirical Applications

We apply the noise-regularized forecast to three settings in which high-dimensional pre-
diction is of first-order importance: U.S. inflation, cross-country GDP growth, and the
U.S. equity premium. In each application the economist observes pg economic predictors
and augments them with p — py columns of i.i.d. N(0,1) noise. The Rao-Blackwell de-
noised prediction averages B = 50 independent noise draws. The total dimension p is
selected by data-driven cross-validation, specifically leave-one-out in the cross-sectional
application (growth) and rolling-window time-series CV in the two time-series applica-
tions (inflation and equity premium). We compare with CV-Lasso and CV-Ridge, both
tuned by five-fold cross-validation and using only the py economic predictors.

In the subsequent subsections, we study the three applications in detail. Table 1

summarizes the main results across all studies.
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Table 1: Summary of empirical results

Application Do Pew Noise-reg CV-Lasso CV-Ridge PCA

Predictive MSE

Inflation 102 526 0.982 1.103 1.102 1.234
Growth 60 396 0.940 1.262 1.193 13.58

Out-of-sample R? (%)

Equity premium (annual) 15 1,000 +1.81 —14.49 —11.92  —-1,276
Equity premium (quarterly) 15 4,000 +1.08 —4.55 —-2.29 —56.91
Equity premium (monthly) 15 12,000 +0.37 —0.46 —1.59 —11.50

5.1 U.S. inflation forecast

Accurate inflation forecasts are essential for monetary policy, business planning, and
investment decisions. We use the FRED-MD dataset of McCracken and Ng (2016) to

forecast the change in the U.S. inflation rate, defined as
Ainflation;,; = log(CPI,,;/CPI;) — log(CPI,/CPI,_,).

The dataset contains py = 102 macroeconomic predictors spanning June 1959 to January
2024. We use 120-month (10-year) rolling windows to produce one-month-ahead forecasts.
This dataset is widely recognized for its inherent challenge of relatively weak factors:
data-driven criteria such as Bai and Ng (2002)’s information criteria typically suggests
8-10 factors, explaining only 50-62% of total variation.

Adding noise predictors inflates the eigenvalues of the design matrix and provides
the implicit regularization that avoids estimating weak factors. Noise-regularization aug-
ments the py macro variables with p — py columns of N (0, 1) noise, and the dimension p
is selected by time-series cross-validation on a burn-in period prior to the out-of-sample
evaluation. The optimal number of predictors is p., = 526, corresponding to roughly
420 added noise columns. CV-Lasso, CV-Ridge, and PCA use only the original macro
predictors throughout.

Figure 7 plots the predictive MSE as p increases on a logarithmic grid. The noise-
regularized forecast exhibits a sharp spike near the interpolation threshold (p ~ n =
120) but its MSE drops rapidly as more noise is added, outperforming benchmarks by
p ~ 400. At p., = 526 the noise-regularized MSE is 0.982, an 11% improvement over
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Inflation Forecasting
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Figure 7: Inflation forecasting: predictive MSE as the number of predictors p increases.
The py = 102 FRED-MD macro predictors are augmented with p — py noise columns.
Rolling 120-month windows, one-month-ahead forecast. The vertical dashed line marks
Pew = 926 selected by time-series CV. CV-Lasso and CV-Ridge use only the original
macro predictors.

CV-Lasso (1.103) and CV-Ridge (1.102). Beyond p,,,, the MSE curve remains nearly flat
through p > 13,000, demonstrating the robustness to the number of added noise variables
predicted by the theory.

5.2 Growth forecasts

Economic growth forecasting has been one of the earliest high-dimensional applications
in economics (Sala-I-Martin, 1997). We use the dataset of Barro and Lee (1994), which
contains pg = 60 socio-economic and geographical characteristics for 90 countries. In each
replication we randomly split the countries into a training set of n = 45 and a test set of
45, fit the model on the training set, and evaluate predictions on the test set. Results are
averaged over 50 random splits. The noise-regularized method augments the 60 predictors
with p — pg noise columns. The selected total number of predictors, including noise, is
Pev = 396 using leave-one-out cross-validation.

Figure 8 plots the predictive MSE. The MSE using only the original 60 predictors
via ridgeless OLS is very large (=~ 14) due to overfitting in the p ~ n regime. After
the interpolation threshold, the MSE drops precipitously as noise dimensions are added
and stabilizes below 1.0 by p ~ 200. At p., = 396 the noise-regularized MSE is 0.940, a
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Economic Growth
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Figure 8: Growth forecasting: predictive MSE as the number of predictors p increases.
The py = 60 socio-economic variables from Barro and Lee (1994) are augmented with
p — po noise columns. Random 50/50 train/test splits, averaged over 50 replications. The
vertical dashed line marks p., = 396. CV-Lasso and CV-Ridge use only the original 60
predictors.

25% improvement over CV-Lasso (1.262) and a 21% improvement over CV-Ridge (1.193).
The MSE remains stable through p > 34,000, i.e., nearly 600 times the original predictor

count, underscoring the method’s robustness.

5.3 U.S. equity premium prediction

Predictability of the U.S. equity premium is a central and contentious question in asset
pricing. Welch and Goyal (2008) conducted a comprehensive out-of-sample examination
of prevailing predictive models, concluding that most fail to beat the historical-mean
benchmark. Goyal et al. (2023) updated the analysis with new predictors and methods,
arriving at qualitatively similar conclusions: the majority of models yield negative or
barely positive out-of-sample R2.

We revisit this question using the 15 predictors described by Welch and Goyal (2008):
dividend-price ratio, earnings-price ratio, book-to-market, Treasury bill rate, default yield
spread (AAA, BAA), long-term yield, net equity expansion, risk-free rate, inflation, long-
term return, corporate bond return, stock variance, and lagged market returns. We

forecast the equity premium at annual, quarterly, and monthly horizons.® The out-of-

3We drop the cross-sectional premium (csp) because it is discontinued after 2002; the remaining 15
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sample evaluation covers 1960-2024 using 20-year rolling windows, harmonized across all

three frequencies. The out-of-sample R? is defined as

R —1_ > (Y — Y1)
o YW —4e)?

where 3, is the expanding historical mean of returns up to time t.

At each out-of-sample date, we augment the 15 predictors with p — 15 columns of
N(0,1) noise, compute the noise-regularization method averaged over B = 50 indepen-
dent draws as Rao-Blackwellization. The dimension p is selected by time-series cross-
validation on a burn-in period (pre-1960 data).

Figure 9 displays the results. The pattern is strikingly consistent across all three
frequencies. For small p, the noise-regularized forecast has strongly negative R? because
the augmented design is near or below the interpolation threshold (p &~ n). As p grows
into the overparameterized regime, the R? rises sharply and stabilizes in the positive
territory: precisely the second-descent behavior predicted by the theory.

2 —
00s

+1.81% at p., = 1,000, compared with —14.49% for CV-Lasso and —11.92% for CV-

Ridge. The annual horizon offers the strongest gains, consistent with the well-documented

At the annual frequency (panel a), the noise-regularized forecast achieves R

finding that return predictability is more pronounced at lower frequencies (Cochrane,
2011).

At the quarterly frequency (panel b), the R? reaches +1.08% at p., = 4,000. Both
CV-Lasso (—4.55%) and CV-Ridge (—2.29%) remain negative. At the monthly frequency
(panel c), the noise-regularized R? is +0.37% at p., = 12,000, while CV-Lasso (—0.46%)
and CV-Ridge (—1.59%) again fail to beat the historical mean. Although the monthly
R? is modest in absolute terms, a positive out-of-sample R? at the monthly horizon is
economically meaningful: as Campbell and Thompson (2008) note, monthly R? values in
the range of 0.5% can generate substantial utility gains for a mean-variance investor.

Three features merit emphasis. First, the cross-validated p., scales roughly in pro-
portion to the sample size: p.,/n is approximately 50 at all three frequencies (1,000/20,
4,000/80, 12,000/240), suggesting a stable optimal noise-to-signal ratio. Second, the R?
curve is remarkably flat beyond p,,; even doubling the number of noise variables has little
effect, confirming the robustness documented in the simulations. Third, the improvement
over CV-Lasso and CV-Ridge does not come from better variable selection but from the

opposite direction: by adding pure noise, the method achieves implicit regularization that

predictors extend through 2024.
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Annual Equity Premium (1960-2024, rolling 20yr)

Quarterly Equity Premium (1960-2024, rolling 20yr)
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Figure 9: Out-of-sample R? (%) for predicting the U.S
19602024, using 20-year rolling windows. The solid
forecast as p increases (15 economic predictors plus p

. equity premium at three horizons,
curve shows the noise-regularized
— 15 noise columns, averaged over

L = 50 Rao-Blackwell draws). Horizontal dashed lines show CV-Lasso (red) and CV-

Ridge (green), both using only the 15 economic pre
mark pg = 15 and p,, selected by time-series CV.

is better adapted to the dense, weak-factor structure

explicit penalization with a single tuning parameter.

6 Conclusion

dictors. The vertical dotted lines

of equity premium predictors than

When economic outcomes are driven by latent factors shared across a large predictor

panel, the reduced-form forecasting model is dense.
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starting point and establishes four results. The population working model converges to
the oracle that uses the true factors as predictor dimension grows (Theorem 1). Perfect
variable selection fails to achieve first-order forecast optimality when the number of re-
tained predictors is comparable to n, because the design matrix lacks the dimensionality
needed for eigenvalue regularization (Proposition 1). Noise regularization, i.e. retain-
ing or deliberately adding uninformative predictors restores optimality by inflating the
eigenvalue spectrum, without estimating the factors or their number (Theorems 2 and 3).
The AR(p) symmetry property clarifies that overparameterization through additional lags
cannot substitute for expanding the predictor set (Proposition 2).

Empirically, noise regularization improves and stabilizes forecasts of U.S. inflation,
cross-country GDP growth, and the U.S. equity risk premium, outperforming Lasso,
Ridge, and PCA benchmarks across all three applications. These results concern forecast
accuracy in factor-structured environments; for structural interpretation or causal infer-
ence, variable selection remains appropriate. The central message is that the relevant
margin for improving dense linear forecasts is the dimension of the predictor space, not
the informativeness of its individual components.

Our empirical applications illustrate this principle in three areas of economic forecast-

ing.
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A  Proofs

This appendix elaborates technical proofs of the theoretical statements in the main text.

A.1 Proof of Theorem 1

Proof. The factor model implies that ¥x = AX A’ 4+ 3, where Xy = Ef, f] is invertible.

By the definition of linear projection, the projection coefficient is
B = [Evwat] 'Bry, = SYE(Afy + ) (fip +€y0) = 23 ASgp

under the setting of (2.1) and (2.2) with E [f;(u}, €,+)] = 0.
Part (i). By the Woodbury matrix identity, we expand /3 as

B =Xx'AZsp
= (B, =S AST + AETA) TS A
=N (I = (B7 + NS A)TIASTA) B
=3, A S+ A TA) )

The Lo-norm of g is bounded by

1BIF< ([  |20 2 AS + A A) 7 ol
<2 (=7 + AS ) T2l
< |2 )72 el
Dl

= T (A2 ]l
v WA

Under Assumption 1, we have ||[AAl| < ty,,,, while 0pmax(24)/0min(Ew) = Cu /ey € (0, 00)

and ||p|]| = O(1) do not change the order. As a result, ||5]| = O (w;,?lz/z)

Part (ii). We decompose the error term of the working model as
e =y — B = eye + fi(p— NB) —ui8.

If follows
E[(u}8)?] = B'Zu8 < Cu |BII* = O (;1)
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Moreover, the explicit expression of 5 yields
p—NB=p—NSJASp = ([K — N (AS AN +3,)7" Azf) p=37' (I + ASA)T
by the Woodbury matrix identity, so that its norm is bounded by

lp = N8I < [[ZF || |5 + A ) 7]l (A1)
< = A=) ol = O () -

p7n

Hence Var(f{(p — N'B)) < lp— NBII* tr(Xf) = O, 7).

n

The conclusion follows given that Var (f/(p — A'8) — u;8) = O (¢,}.). O

n

A.2 Auxiliary lemmas

The proof of Theorem 1 is calculated in the population. To proceed to the sample, we
introduce a few auxiliary lemmas in this standalone section. These lemmas will be used

repeatedly in the remaining theoretical results.

Lemma 4. Let A be positive semidefinite matrix, and B be a generic compatible matriz.
Then

(i). tr(AB) < ||B||tr(A).
(ii). tr(B'AB) > \uin(A) tr(BB')

Proof. Part (i). von Neumann (1937)’s trace inequality gives

tr(AB) < " ai(A)oi(B
i
Since A is positive semidefinite, we continue the inequality:

Zai( ai( <foz o )\SHBHZ%(A)ZHBHU(A)-

Part (ii). Denote the dimension of A as mxm, and thus BB’ is also an m xm positive

semidefinite matrix. There is another corollary of von Neumann’s trace inequality:

tr(B'AB) = tr(ABB') > Z A)p_ii1(BB)
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Z Umin(A) i O'm_z‘+1(BB/) = O'mm(A) tI‘(BB/) ]

=1

The following lemma helps clarify the relationship between conditional expectation

and stochastic orders.

Lemma 5. For four generic random variables a,b,d > 0 and X, if E[a|X] < bE [d|X]
with b = Op(ry,) and E[d] = pg € (0,00), then E[a|X] = Op(ry).

Proof. This is an elementary and straightforward result. We lay out the proof for com-

pleteness. For any constants C,, Cy > 0 and C, = 2C,Cy, we have

P (E[a|X] > Cury)
< P(E[a|X] > Corn|d < Cy) + P (d > Cy)
< P(b-E[dX]>2CCary|d< Cyb < Cyry) + P (b> Cyry) + P (d > Cy)
= P(b>Cyr,)+ P(d>Cy)
< P(b=0m)+ g

where the last inequality follows from the Markov inequality. Under the assumption
b = Op(r,) and pg € (0,00), we choose Cj, and Cy sufficiently large to make the right-

hand side of the above inequality arbitrarily small. O]

The above two lemmas use generic notations. In contrast, the following lemma will

involve random matrices in the context of our paper. Recall By = (X'X)*X".

Lemma 6. Suppose Assumptions 1 and 2 hold. When n,p — oo and n/p — 0, we have
(i), S0 < Oin (UU'/p) < 0 (VU /) < BC, wpeat.

(i1). Owmin (XX'/p) > tc, w.p.a.l.

(ii). | Bx|l? = |(X'X)*]| = Op(1/p) and | BxAJl? = Op (1/n).

Proof. Part (i) For a constant v € (0,1/16), define n, = [yp|. Since n/p — 0, without
loss of generality, we can assume p is sufficiently large so that n, > n. We define an
n, x p matrix W* = (W', W’) where W is an (n, —n) x p matrix with ii.d. entries that
follow the same distribution as those in W. Bai and Yin (1993, Theorem 2) yields

Onax (W W /p) =5 (14 7)"  and 0w (W W"/p) = (1= \/7)°
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as n — oo and n,/p — . Since WIW' is the top-left submatrix block of W*W™* w.p.a.1

we have

9 WH*w+* ww’ WwWw’ W*w+ 25
— < Omin S Omin S Omax S Omax S P
16 — P P P P 16

It follows that w.p.a.1 the minimum eigenvalue

Omin (UU//P) Z O-min<2u> : Umin(WW//p) 2 %Cu

and the maximum eigenvalue

25
Umax(UU//p) S qu” : Umax(WW//p) S 1_60u

as stated.

Part (ii). For any v € R" such that ||v|| = 1, we decompose

XX’ ANA AU’ uu’ uu’
v=vF—Fv+2'F v+ v=cda+2an+
p p p p

!/

v v

UU
> [l = 2llal[lnll + ' oY

where v = (A'A/p)"/* F'v and n = (N'A/p) ™~/ A;/U’v are two r-dimensional vectors. The
latter is bounded by

/ —1 4y
\WFZWU%(AA) Ny

p P
-1
.U/WEUQA (_AIZHA) ﬂzlﬂw’v
Y/ p N/

P —
o pamin(zu)
< (cup) ™ Omax (W)

—-1/2

~ ’ I —1/2 . . . .. .
where W = (%) 3—521/ W' is a K X n matrix with i.i.d. entries of zero mean

and unit variance. Since K is finite, We have %Umax

W;VT/ EN lim 2 = 0, and therefore
7]l = 0,(1); in other words, w.p.a.1 the event {||n|| < y/c} occurs. Under this event, and

together with Part (i), we have

1 5 1

9
Fuin (XX'[p) 2 ol = | Ve + 1ocu = (lall = 3V + 1oeu > 76
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Part (iii). Note that BxB% = (X’X)™, and then Part (ii) immediately yields
IBx|* = (X" X) ¥ < 00 (X'X) < de,'p~" = Op(1/p).

min

For the other expression, given A = (X — U)'F(F'F)~! and (F'F/n)~! = Op(1), we

have

IBXAI? = ||By (X —U) F(F'F)|’

e
75
2

~{IXBx|* + U Bx|*} Op (1)

IN

1 2
- (X =-U)B
—J|(X — U) B

IN

2
= - {1+ |UBx|*} Op(1),

where the last line follows by the fact that X By = X (X’X)" X’ is idempotent, thereby
| X Bx|| = 1. On the other hand, w.p.a.1 we have

(5

as shown in Parts (i) and (ii). We conclude

. Umax (UU//p> < 3%

< =
o Omin (XX//p) o Cy

2
lUB«|? = |l (x'X)* U

‘UU’
p

, 2 Cy
||BXA||2 < o (1 + 30—) Op(1) =O0p (1/n)

(2

as stated in Part (iii). O

A.3 Proof of Proposition 1

Proof. Since we work with the informative regressors only, the closed-form solution of
the Ridgeless with the regressors in the set “I” is EI = (X} X;)" X}Y. Given that this is a
negative message about the Ridgeless regression with pg regressors, it suffices to consider
a special case where € = (&), is independent over ¢ and independent of U and F. The

independence leads to the decomposition

E[(Ynew = Jnew)*1X1] = 07 + E[(0 Faew — Jnew) | X1].
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Notice
B2 mew? T now| X1] = AE(faew frow | X1) AT + Zu s

under Assumption 1 (ii) we have

E[(plfnew - giew)2‘XI] = 0—52 tr [E[.T[ newx] neW|XI](X XI ] > Je tr [Eu] X XI ]
Z O'min(zu,l)o-g tr [(X]X[> ] Z Cu(T6 tr |:(X 1) }

by Lemma 4 (ii). We focus on the trace

oA oAy Po AN X/X[
(X7 X)) X XT) X X)) > L it i
0= e = 3 o0 = B, (T ).

n
j=K+1

where the strict inequality holds when we remove the top K eigenvalues from the sum-
mation. When po/n — v € (0,1), Cai et al. (2020, Theorem 2.5) shows the (K + 1)-th
sample eigenvalue — the largest non-spike eigenvalue oy 1 (XX /n) — is a consistent
estimator for the corresponding population eigenvalue ox1(Xx,;) > 0. There exists a

constant ¢ such that
E[(plfnew - giew)2|Xf] > C(’)/ A 1)

bounded away from 0 when the sample size is sufficiently large. Therefore, we conclude
that there is an asymptotically non-vanishing gap between E[(yuew — 9L, )%| X;] and o2.

The conclusion follows. O]

A.4 Proof of Proposition 2

Proof. For an AR(p) without an intercept, the (T'— p) X p regressor matrix X, the T'—p

outcome vector Y, and the p dimensional “new” regressor z,., are respectively given as

X = <}/1:Tfp7 Yor—pi1,- - Y};;Tﬂ) , Y =Yy, and Tpew = Y7 pi1r.
(T—p)xp

Meanwhile, for the AR(T — p) model, the regressor matrix X is of dimension p x (T — p),

the outcome vector Y is of dimension p, and the “new” regressor Zey is T'—p dimensional,

given respectively as:
X=X, Y =2pew, and Ty =Y.
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If p > T/2, the predicted value is

new new

7o (X' X)TIX'Y =GB (T — p)

new

TB) = T XXXY =2l XXX Y = VR (FR) T

By symmetry, the case of p < T'/2 maintains the equivalence. O]

A.5 Proof of Theorem 2

Proof. Conditioning on X, the predictive MSE is
E[(Ynew — /y\neW)Q‘X] = Var(€y7neW|X) +E [(p/fnew - Z/J\neW)Q‘X] :

The first term is the optimal forecast MSE using the true latent factors, which cannot be
reduced by any estimation method. The second term, which depends on the estimator,

can be decomposed as

p,fnew - /y\new = (p,fnew - I;ew6> - IL‘/neW(B\— 5)7 (AQ)

where p fiew — 2.3 is the model approximation error due to the working linear model

(2.4), which is exactly the gap between €, new and eney. The second term x;ew(g - 0B)

raises from the estimation error of B , which can be further decomposed into

x;ew(g_ B) = {x;ewAXB + x;eWBX (F(p - A,ﬁ) - Uﬂ)} + m;ewBX€y7 (A3)

where we recall Ax = (X'X)"X'X — I, and By = (X'X)*X".
We focus on the decomposition of the prediction error (A.3) due to the estimation

error (ZB’\ — f3), where the three terms on the right-hand side are:
1. z).,Bxe, associated with the variance, since under Assumption 2 (ii) it is uncorre-
lated with the other two terms once it is conditional on (Zpew, X);
2. ol . Axp associated with the bias arising from the p > n regime. When p < n, this
term is zero as Ax = 0;
3. 2l . Bx (F(p— ANp)— Up) associated with the approximation error of the working

model. Under a conditional linear model assumption E[y|X] = X', we do not need

43



to consider this approximation error. However, we prefer avoiding such a strong

assumption and thus must take the approximation error into consideration.

We start with the variance E {x B Xeye’yBg(xnew|X } . By the law of iterated expec-

new

tations,

E{ neWBXeye BXxneW|X} = tr (E {E [ newBXeye B Tpew| X, xnew] |X})
S tr (E {B;( [xnewxnew | X] BX | X} HE [eyey‘X7 'rnew] H
<oltr (X'X)"Ex,..)

where Yx, .. = E(ZnewTiey | X). Using Lemma 4 (i),

tr ((X’X)+2Xnew) = tr ((X’X)*AIE [foew fhow] X ] A’) + tr ((X’X)*IE [unewu;eW|X])
< Crtr ((X'X)PAN) + Cytr (X' X)7)

because by the Jensen’s inequality

I [frew frew | XTI < E [l Lfnew frew | E UNNX T = E [ faewfrew FINX T < Cp o (A4)

where the equality holds due to the independence between f, o, and U implied by As-
sumption 2 (i) and the bound by Assumption 2 (iii), and

”E[unewunew‘X] | = [IE [tnewts | = 12|l < Cu

HGW] ’

under Assumption 2 (i) and the bound by Assumption 1 (ii). Lemma 6 (ii) and (iii) give

tr (X' X)TAN) = tr(A’BXB’ A) < K||BY AHQ = Op(1/n);

tr ((X’X)Jr) = ZUJ XX m = Op(n/p)
The order of the variance is
, 1 n
E {2on Bxeye, By new| X } = Op - o) (A.5)

Next, we move on to the other two terms in the decomposition (A.3). We first work
with the squared bias E {[x;ewAX/B]Q |X'}. Using the notations laid out in the main

text, we apply a singular decomposition X = U,,S,, V! (notice V,, is a p X n matrix, whose
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columns are the singular vectors of X corresponding to the first n singular values), and
thus
X'X =V,S:V,

n’'n’

(X'X)" =V, 82V

where V_,, is a p X (p — n) matrix, columns being eigenvectors of the p x p matrix X'X

corresponding to the p — n eigenvalues. Obviously, V! V,, = 0. We rewrite

E{ e Ax B X } = B Ax S0 Ax = BV, S, VoV, 8

< V2 V[ IVl 11 < V2 e, Von || O(0)

new

where and Ay = V,,V/ — I, = —=V_,V' . Again by (A.4):

HV—/nZXnewV—n” < ||VinAE<fnewf1/1ew|X)A/V—n” + HV—/nE(unewu;ew|X)V—nH
< IVE A NEFow Frene X+ 1B (thnens esens | X) || V-

< Cr VLAl + Co.

To deal with V' A, let Vi denote a p x K matrix whose columns are the eigenvectors
of X’X corresponding to the first K eigenvalues. Two useful facts follow from standard

theories of factor models:

Fact 1 The top K eigenvalues of X'X/n grow at rate v, , as long as 1, > p/n;

Fact 2 There exists an K x K matrix H such that ||H || = Op( ,1,/712) and

-0 ()

We decompose
VIAN=V' (AH-Vg +Vi)H ' =V' (AH —Vg)H™!

where the second equality is due to the orthogonality V' Vi = 0. Therefore,

VAL < IVt = Vil < 0 (/2 20) 0nt/B) = 0 (12 (a9

p?n
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We conclude

B'Axx,. AxfB < (Cf V2 Al + CU) O(,,) = Op (mf ) -
p,n

Next, we deal with the two terms in the approximation error. We first work with

E{[#hew BxF(p = NB)*|X} = E{(p— NB)F By¥x,..BxF(p— NB)|X}
ISxe [ E{ (0 = A'B) F' By ||* | X } (A7)

IN

by the law of iterated expectations. Assumption 2 (i) and (iii) imply

||2Xnew|| = ”E [AfnewfrllowA, + unewu;mw|F] H
< AE [foew Frow [ FTA || + 1B [tUnewUpey | F] |
< tr (AA) O + Cu < Op(tp,n)- (A.8)

Notice
E{|[(p— NBYF'BY|*X} < |lp— NBI° | BxBx| E {tr (FF') | X}
o (el ()
pnP n

given [|p — 8| = O (¢,}) in (A1) and || By Bx| = Op (1/p) by Lemma 6 (iii). Because

N

the unconditional mean E [F'F/n] = X, has all eigenvalues bounded away from 0 and

00, we invoke Lemma 5 to obtain

E{(p—A’B)’F’B&BXF(/)—A’B)IX}=( " ) (A.9)

2
p7np

Insert (A.8) and (A.9) into (A.7), we have

E {[x;eWBXF<p ~NB)* | X } =Op ( %jnp) .

/

The second term in the approximation error is x|,

BxUp. By parallel arguments as

for (A.7), we bound its expected square by the law of iterated expectations:

E ['U’' By TnewTnee BXUBIX] < |Xx0n

new

|IE[B'U'BxBxUp | X]
< Op(¢pn)E[8'U'By BxUB | X],
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where the last inequality follows by (A.8). We use Lemma 4 (i) to bound

E[8'U'ByBxUB|X] < |[(X'X)*|| E[tr (UBB'U") | X]
C)

|\ p
-or(5)-ontotr-00 53

by Assumption 2 (i) about U, ||[(X'X/p)")|| = Op (1) by Lemma 6 (iii), and [|5] =

O(tp, 7 2) from Theorem 1. The above two display expressions give

E[5'(U'U/n)B|X]

E [B'U' By Tnew Ty BxUB|X] < Op(¥pn)Op (pw ) Op <p)

So far, we have handled all terms in the expected square of xnew(ﬁ — () as decomposed
n (A.3). In (A.2) there is an additional term (o' fnew — Thow3), due to the population
approximation error of the linear working model (2.4), which is irrelevant to the method

of estimation. The expected square this term is bounded by

E[(plfnew_ Lhew ) |X] [(fnew(p A,ﬁ) Unew ) ‘X]
< 2lp = NBI” IE[(Fuew Fren XTI + 2 1B [E[(tnewthens | X

<2{Cyllo— NBIP+Cu 18I} = Or(v;)

given (A.4) and the order provided in Theorem 1.

To summarize, in this proof we have shown that the order of the variance is Op(1/n+
n/p) and the bias from Ax is Op(p/(ni,,)). These two are the leading terms, and the
approximation error of the working model to the true factor model is no larger than them.
We therefore conclude the stochastic order. Given the relative magnitude of p, n and
Yy, both the leading terms are op(1) asymptotically, and thus the consistency follows,
as stated in Part (ii) of the statement. O

A.6 Proof of Theorem 3

Proof. Write X = (X7, Xy). Here Xy is noise so that X = FA’ + (U, Xy) with A’ =
(A},0) and || X || = Op(p). Correspondingly, the true coefficient in the working model is
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p = (57,0)". The estimated coefficient can be written as
B\[ = X}(XX/)ily = BI,XK where BI,X = X}(X[X} + XNX;V)il.
Define a py x p selection matrix QQ; = ({,,,0), and then the error in prediction is

x;ew,l(gl - 61) = z;ew,lQIAXﬁ + x;ew,IBLX (F<10 - A/Iﬁl) - UIﬂI) new [BI X €y,

where we recall Ay = X’(XX’)"'X — I, . The first term is the bias, the second term is
the approximation error, and the last term is associated with the variance.
The proofs of the squared expectations of the first two terms resemble those in

Theorem 2, and thus omitted for brevity. They share the same rate of convergence

Op (nw + 2) as their counterparts, respectively, in Theorem 2.

The variance, on the other hand, enjoys an improved rate of convergence, as detailed
below. We work with the case py > n; parallel argument follows for py < n. Under a
finite K, the spiked eigenvalues of X;X; is of order Op(n, ) whereas the remaining
(n — K') non-spiked eigenvalues are Op (pg) (Cai et al., 2020), which give

r (X)X, = Za] (X1 X[) = Op (Knapyn, + (n — K)po) = Op (npy) (A.10)

under the condition 1, , = O(py) in Assumption 1 (i).
Given Assumption 2 (ii), the varaince is bounded by
E [z

new IBI XeyE B[ X$new I|X]

S O'E tr{EXnewBLxBI’X}
< O-S ||]E [fnewfneW|X]|| tr {A,IBI,XB},XAI} + 0-62 HE [unewJu;ew,AX} H tr {BLXB},X}
S O'EQCf tr {A,[BI,XB},XAI} + O'EQCU tr {BI,XB},X} s (All)

where the last inequality follows by (A.4). The second term of the above expression is
bounded, using Lemma 6 (ii) and (A.10), by

tr{ByxB) <} =tr ((XX’)*2 X}XI> < (XX e (X X))

= Op(p~?) - Op (npy) = Op (npo/p*) . (A.12)

The derivation of the order of tr {A}B; x B} xAs} is similar to the proof of Lemma 6
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(iii). Notice A = (A},0)" be p x K, and By is the first py rows of Bx = X'(XX')~!.
Given U = (Uy, Xy) which is n x p. Define || - || as the Frobenius norm of a matrix. In

view of X = FA' + U, we can write

tr {A}B; xB; xA1} = |A;Bix||F=INBx|p = |(F'F)™'F'(X —U)Bx||%
< Op(n71>||XBX| + Op(ﬂil)HUBA)(H = Op(nfl) (A.13)

where the last equality follows from the same proof of Lemma 6 (iii). Putting together
these pieces, we conclude that the variance is of order Op (% + %) for forecast based

on the denoised estimator. O

B Simulation Comparisons with VAR Forecast

We now conduct simulations to compare with the vector autoregressive model (VAR)

with lags up to L < T. We generate an N-dimensional dynamic factor model:
Yign = /_\ft+1 + Eiy1,  dim(Yiy1) = po,

where the objective to forecast is the first time series y; = Y7 44+1. The dynamic factors
satisfy a VAR(1) model:

Jir1 =01 fi +epiq1.

Let A4 denote the first row of A, and E +41 denote the first element of Eyy;. Then
Yt = p' ft + €,+, which takes the form of (2.1) with p = @}Al and €,; = Nesir1 + Erir1.
In addition, we use the one-period lagged variables as the “informative predictors”, which
also satisfy a factor model: X;; =Y}, and merge them with additional added pure noise
(standard normal variables) to implement the Noise-regularization. We implement the
VAR(L) model using Ridgeless regression, which is overfitting when L x py > T'— L. Both
methods can be compared in the same framework of Ridgeless regression: using the first
lag of Y; as the main informative predictors, and additionally add (L — 1)p, predictors.
The only difference is that the Noise-regularization adds i.i.d. independent noise variables
whereas the VAR(L) adds additional lagged vectors.

Analogous to the symmetry of the AR model, the VAR model also exhibits a symmetry
property on its aggregated eigenvalues of the predictor matrix. To see this, let X denote
the (T'— L) x NT predictor matrix of VAR(L), and EigS(L) denote the sum of eigenvalues
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of X7 X1. We have the aggregated eigenvalue symmetry for VAR(p) as follows:
FigS(L) = EigS(T — L). *

Thus the aggregated eigenvalues of X do not monotonically increase as more lags are
added. In contrast, the aggregated eigenvalues of the Noise-regularized regressors linearly
increase as more noise are added. The sharp contrast on the aggregated eigenvalues yields

a critical implication on the following quantity:
tr(B;B)), Br=X;(X;X;+ XnXy) ™

For both models X7 is the matrix of the first lag Y;_1; but X corresponds to additional
lags in the VAR model and to the added noise in the Noise-regularized model. The above
trace quantity plays a pivotal role in the forecast variance: smaller tr(B;B}) yields a
smaller variance.

Figure 10 plots the MSE of the compared methods. In all cases, the MSE of the
two methods converge as the number of added lags/noise increase to over 80. Yet, the
cross-validation method chooses the optimal number of added noise p.,, at which point
the e Noise-regularized forecast outperforms the VAR. The comparison is particularly
interesting that the comparison is qualitatively the same under both low serial dependence
(py = 0.2) and strong serial dependence (p; = 0.7). This seems counterintuitive as
the VAR model should outperform the Noise-regularized forecast under stronger serial
dependence because the lagged variables carry more predictive informative than pure
noise. This however is not the case as shown in Figure 10. We find two interpretations
for this: First, for the VAR model the sample size n = T — L decreases as more lags are
added, whereas the Noise-regularization keeps the same sample size n =T — 1.

Secondly and more fundamentally, the symmetry of the aggregated eigenvalues makes
the VAR not benefit from regularizing eigenvalues as the Noise-regularization does. Figure
11 contrasts EigS and tr(B;B}) for the two models in the case py = 0.7. It clearly shows
that EigS is symmetric for VAR and is monotonically increasing for Noise-regularization,

and that tr(B;B}) of VAR decreases slower in the over-parametrization regime.

4To see this, let Yo = [Ya, ..., Y] whose columns are Y; ranging from ¢t = a,...,b. Then X, =
Y77 1y Yy r], and Xp_p is rearranging elements of X, thus they have the same Frobenius norm:
IXellr = [ Xr—LllF. So EigS(L) = tr(X.X}) = | X% = (| Xr-1||7 = Eig(T - L).
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Figure 10: Comparison with VAR

Predictive MSE averaged from 50 replications as the number of predictors p increases. The sample size
is fixed n = 100. The Noise-regularized method uses the first pg dimensional lagged vector as the
informative predictors, and additionally adds (L — 1) x pg noise, whereas VAR(L) adds lags up to Y;_r..
The vertical blue dashed line p., in the last panel indicates the averaged L chosen by the leave-one-out
cross validation.
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Supplemental Appendix

A.1 Implementation

Algorithm 2 (Rao-Blackwell Leave-One-Out (LOO) for selecting p). For each candidate
total dimension p on a grid p; < --- < py:
1. Fort=1,...,L, draw Z® ~ N(0,I,_,,) independently and form Xéﬁ)g =[1,, X;, ZY)].
Compute
O(p) = Diag(G®) 'GVY, GO = (X0, xO)*.

aug“*taug

2. Awverage the LOO residual vectors across draws:

3. Set LOO(p) = |5 (p)|1>.
Select p., = argmin, LOO(p).
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