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Abstract

We develop a tractable macro-development model to study industrial upgrading in catching-

up economies. The model, incorporating hierarchical demand in preferences and learning-by-

doing in production into a two-sector growth framework, captures a dynamic feedback loop:

income growth expands consumption frontiers (income-push), while demand for advanced goods

drives technological progress (demand-pull). The laissez-faire equilibrium exhibits two-sided in-

effi ciencies due to dynamic production externalities– excessive early-stage consumption delays

capital accumulation, whereas insuffi cient later-stage consumption limits productivity spillovers.

Optimal policy entails a two-phase intervention: initially suppressing consumption to priori-

tize investment, followed by stimulating consumption to exploit spillovers. Targeted industrial

policies facilitate the timely rebalancing toward consumption-led growth, averting productivity

traps. We further provide empirical evidence and quantify the model using cross-country data

and Chinese micro data.
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As living standards rise and consumption upgrades, consumer demand for freshness and timeli-

ness surges. A wide range of products– fruits, vegetables, meats, medicines– requires precise tem-

peratures and conditions... Yet, China’s cold-chain industry is still in its infancy and has significant

room for effi ciency gains. Currently, wastage rates are as high as 15-20%, compared to 5% in Europe

and the U.S., and just 2% in Japan... In fact, the more consumers demand, the faster effi ciency

improves.

– quoted from a news article entitled “China’s Economic Transformation and Upgrading: A

View from the Cold-Chain Industry,”published in Caixin on June 29, 2020.1

1 Introduction

In search of the engine of sustained growth, a vast literature studies production externalities and

spillovers (learning by doing) as a source of endogenous growth. The pioneering work of Arrow

(1962), Romer (1986), and Lucas (1988), along with follow-up work, models externalities and

spillovers in physical (human) capital. The policy implication of these models is that, in competitive

equilibrium, consumption is too high and investment is too low at any given point in time. Some

later work in this literature, notably Stokey (1988) and Matsuyama (2002), instead emphasizes

that production externalities arise from the introduction of new consumption goods.2 However,

because of the endowment-economy setting with only labor and no capital, these latter models have

little to say about transition and growth and, in particular, are silent on policy implications for

development paths involving capital accumulation, without emphasizing the differences between

the social planner’s solution and the competitive equilibrium. Our paper aims to advance this

literature by studying externalities and spillovers in the consumption goods sector, as in Stokey

(1988) and Matsuyama (2002), while allowing for endogenous capital accumulation.

Building a formal and tractable model to study our research question is challenging. First,

the model framework needs to accommodate an unbounded number of potential new consumer

goods to be introduced, with demand for sequentially introduced new goods feeding back into the

production side. Second, the externality that arises from consumption is inherently a dynamic and

recursive problem (i.e., externalities induced by consumption generates new externalities), making

its characterization diffi cult. Our paper overcomes these hurdles and develops a tractable model

that features a standard growth framework with endogenous capital accumulation, allowing us to

study intertemporal savings decisions and transitional dynamics, which are particularly relevant

for developing countries, and to derive optimal development policies.

1Caixin, a leading newspaper in China. https://tangya.blog.caixin.com/archives/230802 (available in Chinese).
2Matsuyama (2002) focuses on industry-specific learning-by-doing, while Stokey (1988) focuses on inter-industry

spillovers of learning-by-doing.
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Specifically, we build a tractable macro-development growth model that incorporates hierarchical-

demand preferences on the demand side and learning-by-doing on the production side. The model

captures a growth pattern of “income-push new markets”and “demand-pull technological progress”,

i.e., income growth expands consumption frontiers (income-push), while demand for advanced goods

drives technological progress (demand-pull). This gives rise to an endogenous dual-sector economic

structure– the coexistence of technologically-mature industries and technologically-immature in-

dustries. The dynamically evolving dual-sector economic structure helps to shed light on industrial

upgrading in catching-up economies.

In particular, the model analytically characterizes consumption-induced dynamic production

externalities along the development path, yielding policy implications. The dynamic externalities

render laissez-faire two-sidedly ineffi cient: excessive early-stage consumption delays capital ac-

cumulation, while insuffi cient later-stage consumption limits productivity spillovers. The optimal

policy involves a two-phase intervention: initially suppressing consumption to prioritize investment,

followed by stimulating consumption to exploit spillovers. Our finding that early-stage capital accu-

mulation is a pathway to long-run sustainable growth speaks to the development experience of East

Asian economies, characterized by rapid capital accumulation, and perhaps also to Latin America,

often marked by conspicuous consumption and debt traps.3 Equally importantly, our finding that

the endogenous “sweet spot”in the development path– where the economy rebalances from rapid

capital accumulation to consumption-led growth– occurs too late under laissez-faire suggests the

need for targeted industrial policies, such as subsidies for emerging consumer-durables industries,4

to facilitate timely rebalancing in emerging economies.

We present a two-sector AK growth model à la Rebelo (1991), with one sector using capital

to produce consumption goods and the other using capital to produce investment goods (new

capital). Within the consumption goods sector, we introduce a rich structure: households consume

a consumption bundle comprising a continuum of indexed varieties, with hierarchical preferences

over varieties as in Foellmi and Zweimüller (2006, 2008)– that is, a higher-indexed variety yields

lower marginal utility. On the production side, the consumption-goods sector is endogenously split

into two subsets of industries. One subset, producing relatively basic varieties, operates withmature

technology at reduced marginal cost; the remaining subset, producing relatively advanced varieties,

operates with immature technology at full marginal cost. The boundary variety that separates these

two subsets of industries is called the “aggregate technology frontier”. The “consumption frontier”

denotes the cutoff variety consumed in equilibrium– the highest indexed variety affordable given

income and relative prices.

3Brunnermeier, Gourinchas, and Itskhoki (2018) suggest that over-consumption with foreign borrowing in the
early stages can lead to a sudden stop in the long run.

4See, e.g., the evidence in Akcigit et al. (2025) and Barwick et al. (2025).
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In a dynamic economy, even without capital accumulation, a dynamic feedback loop arises

between two frontiers, similar in spirit to Stokey (1988) and Matsuyama (2002). Specifically, the

consumption frontier is pinned down by the income level and the aggregate technology frontier,

with the former increasing along with the latter. This is because as the productivity of primitive

varieties improve and their prices fall, the income effect dominates the substitution effect (akin

to Engel’s law), shifting demand toward more advanced varieties. In turn, as the consumption

frontier expands, learning by doing in the production of newly demanded varieties accumulates

technical know-how (“experience capital”), pushing the technology frontier forward. Over time,

therefore, the two frontiers advance alternately through the forces of “income-push new markets”

and “demand-pull technological progress”.

In our dynamic economy with endogenous capital accumulation, the central decision is intertem-

poral: how much capital to allocate to producing consumption goods versus investment goods for

future capital. Importantly, consumption generates production externalities: a larger market size

induced by more consumption today reduces future marginal costs of production through learning-

by-doing, creating spillovers. The planner internalizes this additional effect of consumption, whereas

individual households do not in competitive equilibrium. The externality the planner considers is

of a dynamic nature: more consumption today triggers spillovers starting tomorrow, while defer-

ring consumption via investment shifts those spillovers to the day after tomorrow. That is, the

production externality associated with consumption involves an intertemporal tradeoff .

Our primary finding concerns the optimal development policy. The laissez-faire equilibrium is

two-sidedly ineffi cient due to dynamic externalities, characterized by early-stage over-consumption

and later-stage under-consumption relative to the planner’s allocation. This calls for a two-phase,

two-sided intervention: initially suppressing consumption, then later stimulating it.

The source of this two-sided ineffi ciency is the time-varying value of consumption-induced exter-

nalities. Early in development, externalities are small for two reasons. First, consumption concen-

trates on basic goods whose production generates limited learning-by-doing spillovers compared to

advanced goods that dominate later stages (“asymmetric externalities”over time). Second, when

capital is scarce and baseline technology is relatively abundant, capital-technology complementar-

ity implies that the marginal value of incremental technological improvements is low– additional

innovations yield limited productivity gains without suffi cient capital to utilize them. In this phase,

deferring consumption to build capital maximizes future externalities. As development proceeds,

capital abundance and a shift toward advanced goods increase the value of externalities: learning

spillovers grow larger, and capital-technology complementarity raises the marginal returns to tech-

nological improvement. At this stage, stimulating consumption best exploits productivity spillovers.

The planner thus transitions from suppression to stimulation, engineering a “demand pull”to ac-

celerate industrialization. Targeted industrial policy can facilitate this transition by subsidizing
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“emerging industries”– those that are neither too mature nor too premature.

The transition path also shapes long-run growth, implying the possibility of a development

trap. The right policy affects not only the dynamics of transition but also the steady-state growth

rate. In our two-sector economy, technological progress in the consumption-goods sector spills over

to the investment-goods sector. If the consumption-goods sector cannot grow fast enough during

transition, the investment-goods sector may fail to upgrade, becoming permanently stuck at a lower

productivity level, which would result in a lower steady-state growth rate.

Extending the model to an open-economy setting strengthens the mechanisms under plausible

conditions. Trade-driven capital inflows accelerate industrial upgrading, reducing production costs

and expanding the range of exportable consumption goods. This creates a self-reinforcing cycle:

cheaper, more competitive exports attract further capital inflows, which disproportionately boost

domestic production and technological advancement. This amplification is manifested by the effect

that a small expansion in foreign market size can induce a large increase in domestic consumption

and technology levels.

To empirically validate our model’s core mechanisms, we follow the empirical strategy of Beerli,

Weiss, Zilibotti, and Zweimüller (2020), who study demand forces in technical change, employing an

identification strategy to address the endogeneity of market size. Using cross-country datasets on

consumption durables and productivity, we find robust evidence that market size for advanced goods

has a significantly larger positive impact on productivity growth than market size for basic goods,

supporting asymmetric externalities in our framework. In the quantitative analysis, we calibrate

the model by matching key moments to their empirical counterparts. Even though our model

features no friction– resources can move freely to their best use, our calibrated model shows that,

purely due to the presence of dynamic production externalities, the two-sided policy intervention

that corrects the externalities would yield sizable welfare gains and accelerate industrial upgrading.

Related Literature. There is a growing consensus in the empirical literature that the demand

side, especially market size, is important for the pathway to successful development (see, e.g., Beerli

et al. (2020), Goldberg and Reed (2023), Rodrik (2023), and Wen (2016)). In particular, market

size determines the scale of learning-by-doing in production as well as the strength of incentives

for innovation. Learning-by-doing is especially crucial for the cost-reduction type of technological

progress (see, e.g., Barwick et al. (2025)), which is prevalent in developing countries.

Building on Stokey (1988) and Matsuyama (2002), our paper incorporates nonhomothetic pref-

erences and learning-by-doing into a growth framework. Engel’s law is linked to the Schmookler

effect, whereby income elasticity differences across sectors affect relative market sizes, which in turn

affect sectoral differences in productivity growth rates. A small body of prior literature studies the

link, including Matsuyama (1992a, 2002), Zweimüller (2000), Foellmi and Zweimüller (2006), Bop-
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part and Weiss (2013), and Oberfield (2023), focusing mainly on the relationship between inequality

and growth (see also the recent related work by Bergman, Jaimovich, and Saporta-Eksten (2025)).

Our focus is on dynamics with capital accumulation and optimal development policies.5

Our paper is related to the literature on structural change that emphasizes the role from the

“demand side”through nonhomothetic preferences (e.g., Kongsamut, Rebelo, and Xie (2001), Mat-

suyama (2009), Buera and Kaboski (2012), Boppart (2014), Comin, Lashkari, and Mestieri (2021)).6

Notably, Boppart (2014) and Comin, Lashkari, and Mestieri (2021) introduce non-vanishing non-

homothetic preferences into their structural estimations and find support for the presence of strong

nonhomotheticity, with income effects being as important as substitution effects or even the main

contributor to structural transformation. The hierarchical-preference utility used in our model is

one type of nonhomothetic preferences. This literature typically treats technology as exogenous

and independent of the demand side; in other words, there is Engel’s law but no Schmookler effect.

The work of Foellmi and Zweimüller (2008), which studies structural change with infinite con-

sumer goods introduced sequentially using hierarchical preferences, is closely related to our work.

In their model extension, the authors also consider demand affecting the production side through

the channel of new products introduced via endogenous R&D. Our paper is in a similar vein, but

differs from their contribution in important respects. The source of growth in their paper is R&D

à la Romer (1990) and Grossman and Helpman (1991) while our paper emphasizes externalities

and spillovers (learning-by-doing) and focuses on the cost-reduction type of technological progress.

Their model assumes identical technologies in different consumption-goods sectors, whereas study-

ing endogenous productivity growth differences across sectors is a key focus of our paper. Our

two-sector structure à la Rebelo (1991) also distinguishes between investment and consumption

goods technologies. These differences manifest in unique policy implications of our model.

Our paper contributes to the literature that explicitly studies the role of government in acceler-

ating development in the presence of market frictions or externalities. In the seminal work on “big

push”of Murphy, Shleifer and Vishny (1989), the existence of multiple equilibria stemming from

pecuniary externalities justifies policy intervention (see also Krugman (1991), Matsuyama (1992b,

1995)). By emphasizing supply-side constraints in terms of financial frictions (see the review by

Banerjee and Duflo (2005)), Itskhoki and Moll (2019) develop a model of optimal development

policies with financial frictions. Because of the presence of a dynamic pecuniary externality, the

optimal intervention involves pro-business policies in the early stages and pro-worker policies in the

5Our model is also broadly related to the directed technical change literature, which emphasizes the role of market
size in shaping the direction of innovation (e.g., Acemoglu (1998, 2002), Acemoglu and Zilibotti (2001)). The recent
work of Comin, Lashkari, and Mestieri (2025) on structural transformation of innovation has no capital.

6Supply-side theories in the structural change literature emphasize the role of cross-sectional differences in pro-
ductivity growth rates and capital intensities, but such differences are treated as exogenous (e.g., Baumol (1967),
Ngai and Pissarides (2007), Acemoglu and Guerrieri (2008)). Relatedly, Ju, Lin, and Wang (2015) propose a theory
of endowment-driven structural change.

5



long run. In our paper, with a frictionless economy, the policy is to address demand-side problems

and the source of ineffi ciency is the dynamic production (technological) externalities, differing from

and complementing their work. An important distinction from their paper is that ours has direct

implications for industrial policy, suggesting that the government should target emerging industries

rather than those that are too mature or too premature. The recent work of Aghion et al. (2024)

studies industrial policy in a “big-push”production network with complementarities and multiple

steady states, highlighting the need for a policy portfolio to implement the social optimum.

Our finding is broadly consistent with Acemoglu, Aghion, and Zilibotti’s (2006) finding that

economies far behind the world technology frontier should adopt an investment-led model and

switch to an innovation-led growth model as they approach the frontier. The policy implication

of enhancing capital accumulation in the early stages of development in our model is in line with

the finding of government promotion of upstream heavy manufacturing sectors in the early stages

in Liu’s (2019) work on industrial policy. Jaimovich and Rebelo (2017) show non-linear effects of

taxation on growth, aligning with our implication that right policies shape long-run growth. In

terms of methodology, our paper is related to recent theoretical advances in decomposing external-

ities and assessing aggregate welfare in general equilibrium (Lorenzoni (2008), Dávila and Korinek

(2018), Dávila and Schaab (2023)) and designing optimal policies (Dávila and Walther (2022)).

The paper is organized as follows. Section 2 presents the main model. Section 3 considers

externalities and spillovers in the investment goods sector. Section 4 provides empirical evidence

and quantitative analyses. Section 5 conducts model extensions. Section 6 concludes.

2 The Model

We first set up the model and then analyze it, focusing on consumption externalities.

2.1 Model Setting

Time is continuous, t ∈ [0,+∞). There are two types of goods: capital goods and consumption

goods. Capital is used to produce both consumption goods and new capital. Specifically, we con-

sider a two-sector AK economy à la Rebelo (1991): one sector uses capital to produce consumption

goods while the other sector uses capital to produce investment goods. We choose the investment

good as the numeraire in the economy. Factor and product markets are competitive. We use

lowercase letters to denote individual variables and uppercase letters to denote aggregate variables.

Households. There is a continuum of households with unit mass. A representative household
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with initial capital k (0) at time t = 0 maximizes its lifetime utility

max

∫ ∞
0

exp (−ρt)u (c (t)) dt, (1)

where u (c (t)) = (1− γ)−σ̂ c(t)1−σ̂

1−σ̂ and c (t) denotes the consumption bundle at time t. A consump-

tion bundle consists of a continuum of varieties indexed by j ∈ (0,+∞),7 namely,

c (t) =

∫ +∞

0
j−γc (j, t) dj, c (j, t)∈{0, 1} , with γ ∈ (0, 1) , (Assumption 1) (2)

where c (j, t) is a “zero-one” choice for tractability and analytical convenience as in Matsuyama

(2002), and j−γ represents a hierarchy factor. The non-homothetic preference in (2) follows Foellmi

and Zweimüller (2006, 2008) and Bertola, Foellmi and Zweimüller (2014). That is, the consumption

bundle c (t) is an aggregation of utility on consumption varieties, weighted with a hierarchy factor.

Let Ω (t) = {j ∈ R+|c (j, t) = 1}, the set of varieties that are actually consumed at time t.

The household’s budget constraint is

ȧ (t) = r (t) a (t)− E (t) , E (t) ≡
∫ +∞

0
p (j, t) c (j, t) dj, (3)

where a (t) denotes the household’s asset (capital) holdings,8 r (t) is the market rate of return on

assets, E (t) is total expenditure, and p (j, t) is the price of variety j.

Consumption Goods Producers. For each consumption variety j, there is a representative

firm which rents capital from households and produces using a constant-returns-to-scale technology:

y (j, t) = 1
ϕ(j|J(t))k (j, t), where y (j, t) is the output of variety j and ϕ (j|J (t)) denotes the unit

capital requirement (with J (t) defined below). The firm chooses output to maximize profits:

max
y(j,t)≥0

{p (j, t) y (j, t)−R (t)ϕ (j|J (t)) y (j, t)}, (4)

whereR (t) is the rental rate of capital. The optimality condition implies y (j, t) (p (j, t)−R (t)ϕ (j|J (t))) =

0, so either p (j, t) = R (t)ϕ (j|J (t)) in which case y (j, t) is indeterminate or p (j, t) < R (t)ϕ (j|J (t))

in which case y (j, t) = 0.

The unit cost function ϕ (j|J (t)) characterizes the production technology for consumption

goods. For empirical relevance and analytical convenience, we assume:

ϕ (j|J (t)) =

{
1− λ if j ≤ J (t)

1 if j > J (t)
, (Assumption 2’) (5)

7As in Matsuyama (2002), good 0 can be food, while goods j > 0 are manufacturing goods.
8 Implicitly, there is an asset market in which households deposit their capital with a competitive representative

financial intermediary which rents out capital to firms, and households own the financial intermediary.
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where J (t) represents the “(domestic) aggregate technology frontier”at time t. That is, there are

only two levels of productivity. A variety j > J (t) can be produced with the domestic immature

technology at the full cost 1, whereas a variety j ≤ J (t) can be produced with the domestic mature

technology at the reduced unit cost 1− λ.

For the purposes of general analysis and quantification later on, we present here a generalized

setting with a “smooth”function of ϕ (j|J (t)):

ϕ (j|J (t)) = 1− λ
[

1 + κε

(
J (t)

j

) ε−1
ε

] 1
ε−1

with ε ∈ (0, 1) . (Assumption 2) (6)

Note that the limiting case as ε → 0+ of (6) converges to (5).9 The specific function form of

ϕ (j|J (t)) in (6) is to obtain a CES-like cost function (see (15) later). In (6), J (t) can be inter-

preted as an index of aggregate technology in the consumption goods sector at time t or the sec-

tor’s cumulative learning experience (“experience capital”), as in Stokey (1988) and Young (1993).

The full unit cost of production for any variety is 1; however, due to the aggregate technolog-

ical progress J (t), the unit cost is reduced by λ
[
1 + κε

(
J(t)
j

) ε−1
ε

] 1
ε−1

for variety j. The term[
1 + κε

(
J(t)
j

) ε−1
ε

] 1
ε−1

is decreasing in j, increasing in J (t), and bounded within [0, 1]. The pa-

rameter ε, which will be shown to correspond to the elasticity of substitution in a CES function,

can be interpreted as the speed and concentration of learning-by-doing spillovers, i.e., how quickly

and intensively industries around j = J (t) will experience cost reductions as J (t) advances.10 The

parameter κ > 0 is a scaling term. Figure 1 plots ϕ (j|J (t)).

Figure 1: The unit cost function ϕ (j|J (t)) (Left: ε bounded away from zero; Right: ε→ 0+)

9Note that the simpler form ϕ (j|J (t)) = 1 − λ

[
1 +

(
J(t)
j

) ε−1
ε

] 1
ε−1

would yield the limiting case as

lim
ε→0+

ϕ (j|J (t)) = 1− 1
2
λ for j = J (t), which is less relevant and would complicate the analysis in Section 2.4.

10When ε < 1/2, the function ϕ (j|J) is “S”-shaped as shown in Figure 1, which is the case our quantitative analysis
will focus on in Section 4.
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Hierarchical Demand. Given the preferences and the production function, it is easy to show

that hierarchical demand for consumption varieties follows. Formally, at any time t, if some j ∈
Ω (t), then j′ ∈ Ω (t) for all 0 < j′ < j. We can therefore write Ω (t) = (0, n (t)], where n (t) denotes

the cut-off variety (or “consumption frontier”) that satisfies c (n− (t) , t) = 1 and c (n+ (t) , t) = 0.

Let N (t) denote the average n (t) across households in the economy.

Technology Process. In the same spirit of Stokey (1988) and Matsuyama (2002) and many

other studies, we model demand-induced technological progress by assuming

J̇ (t) = J (N (t) , J (t)) =

{
bJ (t) + φ0N (t)α

bJ (t) + φN (t)α
if N (t) ≤ J (t)

if N (t) > J (t)
, with α ∈ (0, 1) (Assumption 3’)

(7)

where parameters satisfy φ > φ0 ≥ 0. Here, the parameter b represents the natural or exoge-

nous growth rate of technology, while the N (t)-term captures the endogenous growth component,

reflecting demand-induced technological progress.

Assumption 3’ states that N (t) positively affects J̇ (t) and that this effect is stronger when

N(t) is above than below J(t). The asymmetry (φ > φ0) is intended to capture the idea that N(t)

has a stronger “pull” effect on J (t) when N(t) is above J (t).11 This feature aligns with studies

emphasizing that the production of basic, subsistence goods (low indexed varieties in our model)

generates minimal production externalities, whereas the production of more advanced consumption

goods generates significant externalities and spillovers (see, e.g., Matsuyama (1992a) and Lucking

et al. (2019)). We will show that the asymmetric learning assumption (φ > φ0) is quantitatively

important for our model’s conclusion, but the model conclusion still holds qualitatively under

symmetric learning (φ = φ0 > 0).

The restriction α < 1 in Assumption 3’implies diminishing returns to learning-by-doing, con-

sistent with the literature (see, e.g., Young (1991, 1993), Acemoglu (2009)). In our model, this

restriction ensures that J(t) does not grow faster than N(t) in the long run and thus does not

eventually surpass N(t). Conceptually, α < 1 captures the idea that learning-by-doing as a force

behind growth has limits and boundaries and will exhaust its strength when the economy gets

suffi ciently close to the world technology frontier (see, e.g., Young (1991) and Zilibotti (2017)).

We will microfound the law of motion of (7) in Section 5.1. The core mechanism is that demand

can induce innovation and thus pull the (domestic) aggregate technology forward, due to the scale

of learning-by-doing (Lucas (1988)) and/or the strength of incentives to innovate (Schmookler

(1966)).12 The assumption of learning-by-doing is the simplest modeling device, as noted by many

11 Inter-industry spillover of learning by doing has been incorporated into models by Stokey (1988), Young (1991),
and many others. Cai and Li (2019), among others, document evidence of inter-sectoral knowledge spillovers.
12 Innovation in our model is more about the type that adopts foreign technology for domestic use (Krugman

(1979), Acemoglu and Zilibotti (2001)) or reduces the production costs of existing varieties (Aghion and Howitt
(1992), Grossman and Helpman (1991)), and less about the type that creates new varieties (Romer (1990)).
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authors (e.g., Acemoglu (2009)). What is crucial in our context is the asymmetry in knowledge

generation between goods j < J (t) and goods j > J (t): producing the latter generates more

knowledge. This can arise because production with immature technology naturally generates more

knowledge as a by-product (see, e.g., the evidence in Lamoreaux, Raff, and Temin (1998)).

For the purposes of general analysis and quantification later on, we present here a generalized

setting with a “smooth”function of J (N (t) , J (t)):

J̇ (t) = J (N (t) , J (t)) = bJ (t) + β (N (t) , J (t)) ·N (t)α , with α ∈ (0, 1) (Assumption 3) (8)

where β (N, J) is a (modified) logistic function

β (N, J) = φ0 +
φ− φ0

1 + ν
ζ exp

(
−N−J

ζ

) , with ζ > 0, (9)

and parameters satisfy ν > 0 and φ > φ0 ≥ 0. The logistic form β (N, J) follows the technology

diffusion literature (e.g., Griliches (1957), Benhabib et al. (2014), Perla and Tonetti (2014)). The

limiting case as ζ → 0+ of β (N, J) converges to a step function, yielding (7).13

Investment Goods Producers. There is a representative firm which rents capital from house-

holds to produce investment goods using a constant-returns-to-scale technology: i (t) = zkI (t),

where i (t) denotes investment goods output and z is the productivity (TFP). The firm chooses

output to maximize profits:

max
i(t)≥0

{pI (t) i (t)−R (t) (i (t) /z)}. (10)

Note that we choose the investment good as the numeraire in the economy, so that pI (t) ≡ 1 for

all t. The optimality condition implies that for all t

R (t) = z. (11)

Capital Accumulation. Let I (t) denote the aggregate amount of investment goods produced

at time t. Aggregate capital accumulates according to

K̇ (t) = I (t)− δK (t) , (12)

where δ is the capital depreciation rate after productions.

We also assume that

k (0) is suffi ciently low relative to J (0) . (Assumption 4)

13The simpler form β (N, J) = φ0 + φ−φ0
1+exp

(
−N−J

ζ

) does not yield (7) in the limiting case ζ → 0+.
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Further specification of this assumption will be given in Proposition 1. Reasonably, for a country

even with a very low level of initial capital stock k (0), its technology stock J (0) can be relatively

better because of the existence of international technology (know-how) spillovers (e.g., Krugman

(1979)). (A post-war economy may also be the case.)

2.2 Characterization of Equilibrium

We characterize the equilibrium under the general assumptions 2 and 3.

Within-period Aggregation. Since Ω (t) = (0, n (t)], and c (j, t) = 1 for j ≤ n (t) and 0 for

j > n (t), the consumption bundle c (t) is calculated as

c (t) =

∫ n(t)

0
j−γc (j, t) dj =

1

1− γn (t)1−γ . (13)

The objective function in (1) can hence be rewritten as max
∫∞

0 exp (−ρt)
(

1
1−σn (t)1−σ

)
dt, where

σ ≡ 1− (1− γ) (1− σ̂). Moreover, the expenditure function at time t is calculated as

E (t) =

∫ n(t)

0
p (j, t) c (j, t) dj = R (t)

∫ n(t)

0
ϕ (j|J (t)) dj ≡ R (t) e (n (t) ; J (t)) , (14)

where

e (n (t) ;J (t)) =

∫ n(t)

0
ϕ (j|J (t)) dj = n (t)− λ

[
n (t)

ε−1
ε + (κε) J (t)

ε−1
ε

] ε
ε−1

. (15)

Note that e is the cost function denominated in units of physical capital, whereas E is the ex-

penditure function denominated in the numeraire (the investment good). The expression in (15) is

intuitive. Under the full unit cost 1 in (6), total cost would be n (t); however, technological progress

J (t) reduces this cost by
∫ n(t)

0
λ

[
1 + (κε)

(
J(t)
j

) ε−1
ε

] 1
ε−1

dj = λ
[
n (t)

ε−1
ε + (κε) J (t)

ε−1
ε

] ε
ε−1
.

Notice that the term D (n (t) , J (t)) ≡
[
n (t)

ε−1
ε + (κε) J (t)

ε−1
ε

] ε
ε−1

is a CES aggregator, where

n (t) and J (t) exhibit gross complementarity under ε ∈ (0, 1). In fact, DJ (n, J) = (κε)
[
(n/J)

ε−1
ε + (κε)

] 1
ε−1

is monotonically increasing in n/J . In the limiting case ε→ 0+, D (n (t) , J (t)) = min (n (t) , J (t))

(a Leontief function),14 and DJ (n, J) equals 0 when n/J < 1 and 1 when n/J > 1. These properties

of D (n, J) (and hence e (n; J)) will be useful later.

Market Clearing. Asset market clearing implies that for all t

a (t) = k (t) . (16)

14Although ε enters into the weight of CES, this can be verified since lim
ε→0+

(κε)
ε
ε−1 = 1 by L’Hôpital’s rule.
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Market clearing for consumption varieties implies that c (j, t) = y (j, t) for all j and t. Market

clearing of capital goods implies that for all t

KI (t) = I (t) /z, KC (t) = e (n (t) ;J (t))

and

KC (t) +KI (t) = K (t) , (17)

where KI (t) and KC (t) denote the aggregate supply of capital to the investment and consumption

goods sectors, respectively.

Definition of Equilibrium. We define the competitive equilibrium (CE) and the social planner

problem (SP).

Definition 1 The CE consists of individual choices I = {a (t), c (j, t) , y (j, t) , i (t)}∞j∈(0,n(t)],t=0, ag-

gregate allocations A = {K (t) , C (j, t) , Y (j, t) , I (t)}∞j∈(0,n(t)],t=0, and prices P = {p (j, t) , R (t) , r (t)}∞j∈(0,n(t)],t=0

such that for some given k0 and J0 the following conditions are satisfied:

1) Given A and P, I solves households’problem (1), consumption goods producers’problem (4),

and investment goods producers’problem (10);

2) The aggregate allocations are consistent with the individual choices: A = I;

3) Aggregate capital evolves according to (12) and J (t) is determined by the dynamics (8);

4) At each t, p (j, t) clears the j-th variety market such that c (j, t) = y (j, t), R (t) clears the

capital market such that (17) is satisfied, and r (t) clears the asset market such that (16) is

satisfied.

In contrast, the SP is to characterize the allocation of resources that maximizes the utility of

the normative representative household.

Based on (4), (10), and (12), it is easy to find that in CE, for all t, p (j, t) = R (t)ϕ (j|J (t)) for

j ∈ (0, n (t)], R (t) = z, and

r (t) = R (t)− δ. (18)

Plugging (14), (16), (11), and (18) into (3) yields k̇ (t) = (z − δ) k (t) − ze (n (t) ;J (t)). The

equilibrium can hence be stated in an alternative way.

Definition 1 (alternative) The competitive equilibrium is a fixed-point problem between the two

12



processes {J (t)}∞t=0 and {N (t)}∞t=0, given by

max
{n(t)}∞t=0

∫ ∞
0

exp (−ρt)
(

1

1− σn (t)1−σ
)
dt (19)

subject to k̇ (t) = (z − δ) k (t)− ze (n (t) ;J (t)) and some given k (0) > 0

and

{J (t)}∞t=0 : J̇ (t) = J (N (t) , J (t)) and some given J (0) > 0. (20)

The social planner problem is with the same optimization program (19), but taking equation

(20) as a control state equation rather than as exogenous.

In CE, standing at t = 0, individual households take the entire process {J (t)}∞t=0 as exogenously

given and choose their consumption path {n (t)}∞t=0, while the process of J (t) in turn depends on

the process of aggregate N (t).

2.3 General Analysis on the Model

We analyze the model under the general assumptions 2 and 3 with smooth functions of ϕ (j|J) and

J (N, J). Under the smooth functions, the Euler equation is binding everywhere in the equilibrium

path, so a general and abstract analysis can be conducted, outlining the essential mechanism.

Characterizing Dynamic Externality. The core mechanism of our model concerns the

dynamic externality induced by consumption. For the CE optimization problem in Definition 1

(alternative), the current-value Hamiltonian is formed as

HCE =
1

1− σn
1−σ +m [(z − δ) k − ze (n; J)] ,

where m is the costate variable, corresponding to m = Vk (i.e., the marginal valuation of capital on

the value function V ). The optimality conditions imply n−σ−mzen (n; J) = 0 and ṁ
m = −(z−δ−ρ),

so we obtain the consumption Euler equation for the CE:

ṅ

n

∣∣∣∣
CE

=
1

σ
(r (t)− ρ)− 1

σ

d log en (n; J)

dt
, (21)

where r (t) = z−δ is the rate of return on assets (recalling (11) and (18)). Intuitively, ṅ/n depends
on the intertemporal interest rate as well as the growth rate of the marginal cost of consumption.

Similarly, for the SP optimization problem, the current-value Hamiltonian is formed as

HSP =
1

1− σn
1−σ +m [(z − δ) k − ze (n; J)] + µJ (n, J),

where µ is the costate variable, corresponding to µ = VJ (K,J). The optimality conditions imply
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n−σ −mzen (n; J) + µJn(n, J) = 0, ṁm = −(z − δ − ρ), and µ̇ = zeJ (n; J)m + (ρ− JJ(n, J))µ.

Rewriting n−σ (1 + µJn(n, J)/n−σ)−mzen (n; J) = 0 and substituting for m yields the consump-

tion Euler equation for the SP:

ṅ

n

∣∣∣∣
SP

=
z − δ − ρ

σ
− 1

σ

d log en (n; J)

dt
+

1

σ

d log

1 +

externality of additional consumtion at t︷ ︸︸ ︷
Jn (n, J)µ/n−σ


dt︸ ︷︷ ︸

growth of externality

. (22)

Comparing (22) with (21), we see the key difference in the consumption growth rate ( ṅn) between

CE and SP, which arises due to the existence of externalities. Specifically, individual households

do not internalize the effects of n (t) on J̇ (t) (equation (20)). Importantly, it is the dynamics

(growth) of the externality (characterized by the term d log (1 + Jn (n, J)µ/n−σ) /dt) that mat-

ters. Note that the externality of additional consumption at time t has two components: i) the

term Jn(n (t) , J (t)), i.e., how much J̇ (t) can be increased by increasing n (t), and ii) the term

µ (t) /n (t)−σ, i.e., how much equivalent consumption at t can be increased by increasing J (t).15

Optimal Policy Intervention. Consider that the government provides a subsidy to the sav-

ings rate of return in CE at rate S (t) (that is, households receive the asset return rate r (t) (1 + S (t))).

Under this scheme of intervention, the new Euler equation for the CE becomes ṅ
n

∣∣
CE with tax =

r(t)(1+S(t))−ρ
σ − 1

σ
d log en(n(t);J(t))

dt , where r (t) = z− δ still holds true. The implementation of the SP
allocation, ṅ

n

∣∣
CE with tax = ṅ

n

∣∣
SP, then implies

S (t) =
1

z − δ
d log (1 + Jn (n, J)µ/n−σ)

dt︸ ︷︷ ︸
growth of externality

. (23)

The result of (23) is crucial. It clearly shows that the subsidy rate S (t) is positive (negative) if and

only if the externality increases (decreases) over time. In other words, if the government suppresses

consumption (S (t) > 0) first and simulates consumption (S (t) < 0) later, it must mean that the

externality first increases and then decreases over time. Figure 2 plots the dynamics of some key

variables using the calibrated parameters in the quantitative exercise in Section 4.2.

Explaining Mechanism. We now explain why the externality first increases and then de-

creases over time in our model. Basically, we show that both the term Jn (n, J) and the term µ in

(23) exhibit a hump-shaped trajectory, as illustrated in Figure 2.

First, consider the pattern of Jn (n, J). The asymmetry learning (i.e., φ0 < φ) in Assumption

3 implies that Jn (n, J) is smaller when n < J than when n > J . Dynamically, this means that

15 In the term µ (t) /n (t)−σ, the denominator n (t)−σ is the marginal utility of consumption at time t. So the term
corresponds to the conversion of an increase in lifetime utility into consumption units at time t.
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Jn (n, J) increases over time in the initial phase. Moreover, the condition α < 1 in Assumption 3

implies that lim
t→∞

Jn(n (t) , J (t)) = 0. These together imply that Jn (n, J) follows a hump-shaped

pattern over its lifetime.

Second, we examine the dynamics of µ ≡ VJ (K,J). The law of motion for µ is given by

µ̇ = zeJ (n; J)m+ (ρ− JJ(n, J))µ,

where m ≡ Vk with ṁ
m = −(z − δ − ρ). The key term eJ (n; J) = −λ (κε)

[
(n/J)

ε−1
ε + (κε)

] 1
ε−1
,

representing the degree of cost reduction due to an increase in J , has the property that −eJ (n, J)

is increasing in n/J .16 Dynamically, this means that −eJ (n; J) increases over time. However, m (t)

diminishes over time, with lim
t→∞

m (t) = 0. Consequently, µ also follows a hump-shaped pattern.

The economic intuition behind the dynamics of µ is capital-technology complementarity. When

n < J , this means that capital is relatively scarce and insuffi cient to fully utilize the available

technology– technology is ‘redundant’. In this phase, the marginal value of technology is low (i.e.,

−eJ (n; J) is low), which in turn implies that µ is also low and increasing over time. When n > J ,

technology is no longer redundant and can be fully utilized, raising −eJ (n; J) and thus µ. However,

since m will eventually diminish to zero, zeJ (n; J)m will approach zero, and so will µ.

The joint hump-shaped evolution of the two components gives rise to the hump-shaped pattern

of externality and its two-sided growth rate.17 Since there are two joint forces, our result on two-

sided intervention can hold qualitatively even if the first force of asymmetric learning is completely

shut down (i.e., φ0 = φ > 0 in Assumption 3); see the right-hand panel of Figure 2.

16This property is suffi cient, but not necessary, for the model conclusion. A weaker condition that −eJ (n, J) is
higher when n > J than when n < J is suffi cient.
17We will show that µ (t) /n (t)−σ converges to a constant as t → ∞. Consequently, the externality term
Jn (n, J)µ/n−σ approaches 0 as t→∞.
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Figure 2: Understanding the model’s mechanism

Note: This figure plots the equilibrium paths of some key variables. The last row shows the level and

the growth rate of the externality, where the former is defined as Jn (n, J)µ/n−σ and the latter as

d log (1 + Jn (n, J)µ/n−σ) /dt. The optimal subsidy S (t) is the growth rate of the externality, multi-

plied by the constant 1/ (z − δ). The left-hand panel shows the results under the calibrated parameter
values listed in Table 4 in Section 4.2 and the right-hand panel shows the results under the same set of

parameter values except that φ0 is set equal to φ.

Illustration of Intuition. Figure 3 illustrates the intuition behind the increase in externality

in the early development phase. In the 1980s, a country had a low capital stock and its consumption

frontier was limited to basic goods like bikes, but its technology stock was relatively high, as

reflected by the domestic technology frontier being cars. By 2023, the consumption frontier had

advanced to home robots, and the technology frontier had progressed to cell phones. Reasonably,
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the production externalities and spillovers from bikes (low-end goods) to cars (high-end goods) were

modest, whereas those from home robots to cell phones were substantial in 2023, i.e., “asymmetric

spillovers”. Thus, from the standpoint of the 1980s, the future externality was higher than the

current externality (the first force– Jn increases over time). Moreover, even if consumption-induced
externalities improved car production technology in the 1980s, such an improvement could not be

utilized because the capital stock at that moment was too low, only enough to produce varieties

up to bike. Technological advances had little value without enough capital to utilize them (the

second force– µ = VJ (K,J) increases over time). Overall, from the 1980s perspective, the forward-

looking growth of the externality is positive in (23). If individual households are indifferent in their

intertemporal tradeoff between consuming a bike in the 1980s and a home robot in 2023 in CE, the

planner can enhance welfare by encouraging households to consume less and accumulate capital

in the 1980s. This enables greater consumption in 2023 and thus exploits the larger production

externalities present then.

Figure 3: An illustration of dynamic externalities in the early development phase

2.4 Solving Equilibrium under Limiting Cases of Assumptions

We now solve the model in closed form under limiting cases of the assumptions, enabling us to

characterize in closed form the full dynamics and optimal policy intervention.

Limiting Cases of Assumptions. First, for Assumption 2, we focus on the limiting case

ε→ 0+, which is Assumption 2’. We restate it here:

ϕ (j|J (t)) =

{
1− λ if j ≤ J (t)

1 if j > J (t)
. (Assumption 2’) (24)
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So the cost function becomes

e(n (t) ;J (t)) = n (t)− λmin (n (t) , J (t)) =

{
(1− λ)n (t)

n (t)− λJ (t)

if n (t) ≤ J (t)

if n (t) > J (t)
, (25)

where function e is a piecewise linear function with a kink at n (t) = J (t).

Second, for Assumption 3, we focus on the limiting case ζ → 0+ with φ0 = 0, which is Assump-

tion 3’with φ0 = 0, that is,

J̇ (t) = J (N (t) , J (t)) =

{
bJ (t)

bJ (t) + φN (t)α
if N (t) ≤ J (t)

if N (t) > J (t)
. (Assumption 3”) (26)

Assumption 3” states that N (t) has a positive impact on J̇ (t) when N (t) > J (t) and has no

impact when N (t) ≤ J (t). This has an intuitive interpretation: the demand for and consequently

the production of lower-end goods has no learning-by-doing spillovers on the production of higher-

end goods, while significant spillovers exist in the opposite direction.

2.4.1 Solving the Competitive Equilibrium

Solving the competitive equilibrium is challenging because of the presence of regime changes (kinks)

in the cost function e as well as in the technology process J (t), coupled with the fixed-point problem.

Nevertheless, we are able to solve the competitive equilibrium in closed form.

Proposition 1 (Competitive equilibrium) Given the initial state (K (0) = K0, J (0) = J0), when

K0 is low enough relative to J0 such that K0 < K∗ (J0),18 the equilibrium processes {N (t) ,K (t) , J (t)}∞t=0

are unique and have three regimes (stages) in t ∈ [0, τ1] ∪ (τ1, τ2) ∪ [τ2,+∞):

• for t ∈ [0, τ1]

n (t) = n (0) exp
[

(z−δ)−ρ
σ t

]
J (t) = J (0) exp (bt)

k̇ (t) = (z − δ) k (t)− z (1− λ)n (t) with k (0) given

• for t ∈ (τ1, τ2)

n (t) = J (t)

J (t) = J (0) exp (bt)

k̇ (t) = (z − δ) k (t)− z (1− λ) J (t) with k
(
τ+

1

)
= k

(
τ−1
)

• for t ∈ [τ2,+∞)

18 If K0 ≥ K∗∗ (J0) (defined in the proof), only the third stage exists. If K∗∗ (J0) > K0 ≥ K∗ (J0), only the second
and third stages exist. See the Appendix for details.
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n (t) = n (τ2) exp
[

(z−δ)−ρ
σ (t− τ2)

]
with n

(
τ+

2

)
= n

(
τ−2
)

J̇ (t) = bJ (t) + φN (t)α with J
(
τ+

2

)
= J

(
τ−2
)

k̇ (t) = (z − δ) k (t)− z [n (t)− λJ (t)] with k
(
τ+

2

)
= k

(
τ−2
) ,

where K∗ (·), n (0) , τ1, and τ2 are endogenous and analytically solved, that is, 1) function

K∗ (·) is given in (A.8) in the appendix; 2) the two unknowns n (0) and τ1 are the solution

of the joint equations: {
k(τ1) = K∗ (J(τ1))

n (0) exp
(
z−δ−ρ
σ τ1

)
= J(τ1),

where k(τ1) =

(
k(0)− n (0) z(1−λ)

(z−δ)− z−δ−ρ
σ

[
1− exp

[
−
(

(z − δ)− z−δ−ρ
σ

)
τ1

]])
exp [(z − δ) τ1]

and J(τ1) = J(0) exp (bτ1); and 3) τ2 = τ1 + − log(1−λ)
(z−δ−ρ)−σb .

Proof: See Appendix.

Figure 4: The competitive equilibrium processes N (t), K (t), and J (t)

Figure 4 illustrates the equilibrium processes {N (t) ,K (t) , J (t)}∞t=0 under the same set of

parameter values as in Figure 2 (see Table 4 in Section 4.2) except for ε→ 0+ and ζ → 0+. A key

feature of the processes is that the second stage is a “corner solution”. Specifically, N (t) initially

grows at a constant rate z−δ−ρ
σ , and then sticks to the technology frontier path J (t) with the

growth rate b, and then takes off and grows at a constant rate z−δ−ρ
σ . That is, in the middle stage
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between τ1 and τ2, the consumption N (t) stays at the level of the technology frontier J (t) for a

while; until the capital accumulates and reaches to a suffi ciently high level, the consumption N (t)

grows faster again. The “flat”part in the middle stage reflects that the kink at n = J in the cost

function e (n; J) causes a “corner solution”(n = J) in the optimization over the Hamiltonian (see

the proof); note that in Figure 4, the parameter value b has been set to 0. Importantly, the two

thresholds τ1 and τ2 are endogenous and are functions of the initial state (K (0) , J (0)).

Denote gN (t) ≡ Ṅ(t)
N(t) , gJ (t) ≡ J̇(t)

J(t) , and gK (t) ≡ K̇(t)
K(t) . From Proposition 1, it is easy to obtain

the following corollary.

Corollary 1 The economy asymptotically approaches the steady state with lim
t→∞

gN (t) = lim
t→∞

gK (t) =

(z−δ)−ρ
σ , lim

t→∞
gJ (t) = α (z−δ)−ρ

σ , lim
t→∞

N(t)
K(t) =

(z−δ)− (z−δ)−ρ
σ

z , and lim
t→∞

J(t)
N(t)α

= φ

α
(z−δ)−ρ

σ
−b
.

To ensure positive growth and household utility being bounded away from infinity, we impose

the parameter conditions such that α (z−δ)−ρ
σ > b and (z−δ)−ρ

σ (1− σ) < ρ.

For simplicity and without loss of generality, we set b = 0 in the rest of this section.

2.4.2 Social Planner’s Solution and Implementation

We solve the planner problem, compare the planner’s allocation with the CE allocation, and analyze

how the planner’s allocation can be implemented in the decentralized economy. We show that a

two-phase policy intervention with opposite signs at different phases is necessary to eliminate the

ineffi ciency in the decentralized economy due to the presence of the dynamic externality.

Comparison between CE and SP. We provide details of the solution to the planner problem

in the Appendix. Figure 5 plots the social planner’s path compared to the CE path, with the same

initial state (K0, J0) and parameter values as in Figure 4.

In Figure 5, the planner’s optimal consumption path also has three stages (regimes).19 It is

initially below the CE’s consumption path, but later above the CE’s path, and eventually has the

same steady-state growth rate as the CE given in Corollary 1. An important feature is that the

duration of the second stage (t ∈ [τ1, τ2]) is shorter for SP than for CE.

19See the proof of Proposition 2 in the Appendix for details.
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Figure 5: Comparison between CE and SP with the same initial state (K (0) , J (0))

Wedges between CE and SP. We show in the proof that there are only two differences in

the systems of equations that solve CE and SP, which result in the difference in the consumption

growth path. Specifically,

CE SP

Stage 1: ṅ
n = z−δ−ρ

σ
ṅ
n = z−δ−ρ

σ

Stage 2: ṅ
n = 0 ṅ

n = 0

τ2 − τ1 = − log(1−λ)
z−δ−ρ

τ2 − τ1 = − log(1−λ)
z−δ−ρ

+ 1
z−δ−ρ log n(τ1)−σ/z

n(τ2)−σ/z+φαn (τ2)α−1 µ (τ2) /z +
φn (τ2)α

k̇ (τ2)
µ (τ2)︸ ︷︷ ︸

future externality (+ )

Stage 3 ṅ
n = z−δ−ρ

σ
ṅ
n = z−δ−ρ

σ + 1
σ

d log
(
1 + φαnα−1µ/n−σ

)
dt︸ ︷︷ ︸

growth of externality (−)

where µ is the costate variable (i.e., the marginal valuation of J), which now has an explicit

expression given in the Appendix. Note that the consumption growth path is not only determined

by the Euler equation ( ṅn), but also depends on the length τ2 − τ1 of stage 2. In fact, the second

stage is a “corner solution”and the first-order condition (Euler equation) is not binding, and other
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conditions are needed to determine τ2−τ1 (see the proof). We discuss the economic intuition.

• stage 3

In stage 3, the consumption Euler equation is binding. As shown in Section 2.3, because

the planner internalizes the externality of consumption, the consumption growth rate dif-

fers between CE and SP. The difference is a function of the growth of the externality,

d log
(
1 + φαnα−1µ/n−σ

)
/dt. We explicitly calculate the growth of the externality, which

is negative.

• stage 2

In stage 2, the equilibrium path is a “corner solution”and the consumption Euler equation

is not binding. The planner internalizes the future positive externality of consumption on

technology. Specifically, since the planner internalizes the positive externality in stage 3, the

marginal valuation of capital at τ−2 is higher for SP than for CE (i.e.,
mSP
mCE

> 1),20 which results

in τ2−τ1 being shorter in SP than in CE. In fact, τ2−τ1 is given by τ2−τ1 = 1
z−δ−ρ log m(τ1)

m−(τ2)

(see the proof in the Appendix). We calculate that τ2 − τ1 in SP is shorter than in CE by

(τ2 − τ1)|CE − (τ2 − τ1)|SP =
1

z − δ − ρ log
1 + zλ

z−δ
φn(τ2)α

k̇SP (τ2)

1− λ
z−δφαn (τ2)α−1 .

• stage 1

In stage 1, the consumption growth rates for CE and SP are the same. But their consumption

levels differ because agents respond to the future equilibrium path.

Policy Instruments to Implement SP Allocation. The planner’s allocation can be imple-

mented in a number of ways (see, e.g., Lucas and Stokey (1983)). In our model, based on (21) and

(22), policy instruments can be imposed either on the savings rate of return r (t) = z− δ or on the
marginal cost of consumption. We first consider the former instrument. Suppose the government

provides a subsidy (positive or negative) to the savings rate of households in CE at rate S (t). Then

the budget constraint in the program (19) for the decentralized economy becomes

k̇ (t) = r (t) (1 + S (t)) k (t)− ze (n (t) ;J (t))− T (t) , (27)

where r (t) = z − δ and T (t) = r (t)S (t) k (t) is a lump-sum tax (transfer) to households at time

t. The government budget constraint is balanced period by period as in Itskhoki and Moll (2019).

Proposition 2 follows.

20As will become clear in (A.5), mCE = ∂V3
∂k

while mSP = ∂V3
∂k

+ ΛK
∂V3
∂Λ

in the third stage.

22



Proposition 2 (Two-phase policy intervention) Suppose at t = 0 the government can commit

to a policy path given in (27). For the decentralized economy, there exists a unique optimal policy,

which is two-phase, to implement the planner’s solution path, that is,

S (t) =

{
χ1

χ2 (t)

for t ∈
[
τSP1 , τSP2

)
for t ∈

[
τSP2 ,∞

)
where χ1 = z−δ−ρ

z−δ
− log ϑ

log ϑ−log(1−λ) > 0 with ϑ =
1− λ

z−δφαn
SP (τ2)α−1

1+
φnSP (τ2)α

k̇SP (τ2)

zλ
z−δ

, χ2 (t) = 1
z−δ

λ
z−δφα(α−1)nSP (t)α−2

1− λ
z−δφαn

SP (t)α−1
dnSP (t)
dt <

0, and τSP1 and τSP2 are the τ1 and τ2 in the planner’s optimal path, respectively.

Proof: See Appendix.

Proposition 2 establishes that the unique optimal policy intervention is a two-phase interven-

tion with opposite signs at different phases. The early-phase suppression of consumption is to

internalize the positive, forward-looking growth of the externality, while the later-phase boosting of

consumption is to internalize the negative, forward-looking growth of the externality. From Section

2.3, it is clear how to implement SP in Stage 3. But how can a shorter τ2− τ1 in SP than in CE be

implemented for Stage 2? Note that for CE, τ2 − τ1 = 1
r(t)−ρ log m(τ1)

m(τ2) , where r (t) = z − δ. Hence,
a positive subsidy rate S (t) on r (t) would make τ2 − τ1 shorter (see the proof).

It is important to emphasize that the interventions in both phases are indispensable for imple-

menting the SP allocation. In Section 4.2, we quantify the effect of each intervention and show

they are complementary: combining an early savings push with a later consumption subsidy deliv-

ers higher welfare than either phase alone. Intuitively, the early phase depends on the late phase

because, without a subsequent “demand pull”, accumulated capital cannot be fully utilized, lead-

ing to oversaving; conversely, the late phase depends on the early phase because a consumption

stimulus is most effective when suffi cient capital is in place to leverage technology improvements.

Alternative Implementation Through Industrial Policies. Implementation can also be

through altering the marginal cost of consumption. Consider a policy that subsidizes (taxes) the

capital cost of consumption-goods producers. Specifically, the subsidy rate on the capital cost of

firm j is s (j, t); that is, firm j only needs to pay the cost (1− s (j, t))ϕ (j|J (t)) when it incurs the

unit cost ϕ (j|J (t)). Without policy, the sector’s cost is e (n (t) ;J (t)) =
∫ n(t)

0 ϕ (j|J (t)) dj; with

policy, it becomes e (n (t) ;J (t))−Ψ (n (t)), where Ψ (n (t)) =
∫ n(t)

0 s (j, t)ϕ (j|J (t)) dj is the total

subsidy to the sector.

The decentralized household’s budget constraint in the program (19) becomes

k̇ (t) = (z − δ) k (t)− z (e (n (t) ;J (t))−Ψ (n (t)))− zT (t) , (28)

where T (t) = Ψ (n (t)) is the lump-sum tax on consumption goods producers so the government’s
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period budget balances. Under the policy, the CE Hamiltonian first-order condition with respect

to n is

n−σ −mz
(
en (n (t) ;J (t))−Ψ

′
(n (t))

)
= 0.

To implement the SP allocation, the CE and SP Euler conditions must coincide, which requires

their first-order conditions to coincide. From Section 2.3, the SP first-order condition is n−σ −
mSPz (en (n; J)−Υ (n, J)) = 0, where Υ (n, J) ≡ µJn(n,J)

mSP z
is the externality wedge. For Stage 3

(where the FOC is binding), this wedge is calculated as Υ (n, J) = λ
z−δφαn

α−1. To implement SP,

therefore, a necessary and suffi cient condition is Ψ
′
(n (t)) = Υ (n (t) , J (t)). Note that Ψ

′
(n (t)) =

s (n (t) , t)ϕ (n (t) |J (t)). Hence, s (n (t) , t)ϕ (n (t) |J (t)) = Υ (n (t) , J (t)); that is, the instrument

must reduce the unit cost of the frontier good n by exactly Υ (n (t) , J (t)). Corollary 2 follows.

Corollary 2 (Industrial policy) Suppose the government can only target a range of industries

with a fixed measure $ (due to various constraints). The planner’s path can be implemented via a

two-phase industrial policy that subsidizes the capital cost of a continuous range of varieties that

overlaps the frontier (i.e., j = nSP (t) belongs to the subsidized set). It is not optimal to subsidize

industries that are too premature (j > nSP (t) +$) or too mature (j < nSP (t) −$).

Proof: See Appendix.

The details of the implementation are provided in the appendix. Intuitively, implementation is

a dynamic problem: the policy must make the Euler margin coincide with the planner’s by acting

on the marginal cost at the frontier. Subsidizing varieties that are too mature is ineffective at the

margin– it lowers the level e (n; J) via an income effect but leaves the marginal cost at the frontier

unchanged. Subsidizing varieties that are too premature has no contemporaneous demand and thus

no effect at the Euler margin. Only a range that overlaps the frontier directly reduces the marginal

cost, thereby delivering the planner’s wedge under the policy constraint.

The rationale for industrial policy in our model is not the removal of static distortions but the

correction of dynamic externalities captured by the wedge between the CE and SP Euler conditions.

Targeting emerging industries is therefore necessary. This echoes Rodrik (2004), who argues that

government policy should target new industries. We provide a dynamic rationale for that emphasis.

3 Externalities and Spillovers in the Investment Goods Sector

This section serves two main purposes. First, we incorporate learning-by-doing externalities in the

investment goods sector and show model robustness. Second, we demonstrate potential develop-

ment traps. So far the learning-by-doing mechanism affects the growth in the transition but not in

the steady state. In fact, the steady-state growth rates given in Corollary 1 are all independent of
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the production externality characterized by parameter λ. We now extend the model to show that

steady-state growth depends on the externality forces during the transition.

In modeling externalities in physical capital, Romer (1986) assumes that an economy’s knowl-

edge stock increases with its capital stock. On the other hand, technological accumulation in one

sector often has spillover effects on other sectors (e.g., Jaffe (1986), Aghion and Jaravel (2015),

Liu and Ma (2022)). In our model context, it is natural that technological accumulation in the

consumption goods sector spills over into the investment goods sector. To capture both effects, we

assume that productivity in the investment goods sector is

z (t) =


Z (K (t) , zψ (J (t)))

Z (K (t) , zψ (J (t)))

Z
(
K (t) , zHψ (J (t))

)
for t ≤ t∗

if J (t∗) < J̄

if J (t∗) ≥ J̄
for t > t∗

for t > t∗
, (29)

where Z (x, y) =
[
ιx

ς−1
ς + (1− ι) y

ς−1
ς

] ς
ς−1

with ς ∈ [0, 1), and ψ (·) is a continuous function sat-
isfying ψ (0) = 0, ψ

′
> 0 and lim

J→∞
ψ (J) = 1, and t∗, J̄ , z, and zH are parameters with zH > z.

Equation (29) states that productivity in the investment goods sector depends on capital stock

K (t) as well as the technology frontier (experience capital) J (t) in the consumption goods sector,

which exhibit gross complementarity in CES. In particular, if and only if the technology frontier

of the consumption goods sector exceeds the threshold J̄ by time point t∗, the technology in the

investment goods sector can upgrade to a higher level, from z to zH . The above setting is in the

similar spirit of the big push: a faster development in the consumption goods sector leads to a

permanent increase in effi ciency in the investment goods sector. This permanent increase results

in a higher long-run growth rate.

Investment Goods Sector Externalities. To facilitate the analysis, we first focus on the

case in which zH is not realized in equilibrium (i.e., the condition J (t∗) < J̄ holds true in the

equilibrium path). In this case, (29) is simplified to z (t) = Z (K (t) , zψ (J (t))); without causing

confusion, we write function Z as Z (K,J). Following the analysis in Section 2.3, we find that the

subsidy to the savings rate of return in CE at rate S (t) can implement the SP’s allocation, where

S (t) =
1

Z(K,J)− δ

ZK (K,J) (k − e (n; J))︸ ︷︷ ︸
investment externality

+
d log (1 + Jn(n, J)µ/n−σ)

dt︸ ︷︷ ︸
growth of consumption externality

 . (30)

Comparing (30) with (23), we see a new term arising due to investment externalities. This is

consistent with Romer’s (1986) model implication that capital externalities cause the social planner

to want to subsidize savings at any given point in time. This new force strengthens our result

regarding the early-phase policy of suppressing consumption. Importantly, because ZK (K,J)→ 0
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as K
J → ∞ (i.e., CES gross complementarity between K and J under ς < 1), the new force

diminishes over time, given that K(t)
J(t) increases over time in the equilibrium dynamics. Therefore,

this new force will not qualitatively alter our result regarding the late-phase policy of stimulating

consumption, because K (t) and J (t) are complementary in improving z (t).

Development Traps. If the consumption goods sector cannot grow fast enough during transi-

tion, the productivity of the investment goods sector cannot improve and upgrade to a higher level

and is possibly permanently trapped at a lower level, which would result in a lower steady-state

growth rate. Now we consider the case in which zH is potentially realized in equilibrium. To

simplify the analysis, we focus on ς → 0, under which the function Z becomes a Leontief function.
We also focus on t∗ being high enough so that, in equilibrium, K(t)

J(t) at t = t∗ is high enough such

that K(t)
zHψ(J(t))

> 1 at t = t∗. Under such parameter values, (29) becomes

z (t) =


min (K (t) , zψ (J (t)))

zψ (J (t))

zHψ (J (t))

for t ≤ t∗

if J (t∗) < J̄

if J (t∗) ≥ J̄
for t > t∗

for t > t∗
. (31)

Hence, after t = t∗, z (t) is either zψ (J (t)) or zHψ (J (t)). Recalling that lim
J→∞

ψ (J) = 1, it is easy

to show that under (31), the steady-state growth rate of any aggregate variable converges to one

of the two values: the lower steady state and the higher steady state. For example, for the GDP

growth, the steady state growth rate is one of the following two values:

lim
t→∞

gN (t) = lim
t→∞

gK (t) =
(z − δ)− ρ

σ
or

(
zH − δ

)
− ρ

σ
.

Crucially, even a small difference between two paths for t < t∗ can result in two different steady-

state growth rates. In comparing the CE and the planner’s solution, the planner can achieve a

higher J (t) at t = t∗ than the CE. Therefore, for some threshold J̄ , only the planner’s solution can

achieve the higher steady state. Proposition 3 follows.

Proposition 3 Government intervention in savings during the transition can achieve the higher

steady-state growth that the laissez-faire equilibrium cannot.

Proof: See Appendix.

Our model does not feature multiple equilibria; rather, the presence of the externality justifies

government intervention to achieve the higher steady-state growth. This result echoes the quan-

titative finding of Buera et al. (2021) that even without equilibrium multiplicity, the elements

responsible for the complementarity substantially amplify the effect of distortions, justifying policy

intervention.
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4 Empirical Evidence and Quantitative Analysis

In this section, we provide empirical evidence to support the model and quantitatively evaluate the

model’s implications.

4.1 Empirical Evidence

4.1.1 Historical Evidence on Consumption Upgrading

Figure 6 illustrates the chronology of the commercialization of some consumer products in the

United States, South Korea, and China. It clearly shows a pattern of consumption upgrading: ini-

tially, household consumption bundles consist primarily of basic goods but later shift towards more

advanced products. For example, prior to World War II, American households typically consumed

items such as sewing machines and bicycles, subsequently upgrading to more sophisticated goods

such as color televisions, refrigerators, and air conditioners. A similar pattern is evident in other

countries, including South Korea and China.

Figure 6: Chronology of commercialization of some consumer products (source: ChatGPT)

Note: The horizontal axis is the year of commercialization of a consumption item.

4.1.2 Test on the Model

Hypothesis. The model’s core mechanism posits that learning-by-doing externalities and spillovers

induced by consumption follow a hump-shaped trajectory over the development process: initially

weak when consumption concentrates on basic goods below the technology frontier, then intensifying

as consumption crosses the technological frontier, and diminishing in later stages when the economy

gets suffi ciently close to the world technology frontier. While direct empirical verification of this
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dynamic pattern requires rich longitudinal data that are rarely available across countries, we test

a suffi cient condition underpinning this mechanism: the production of advanced goods generates

significantly stronger production externalities than basic goods. Specifically, we test the hypothesis:

Hypothesis: Market size for advanced goods has a significantly larger positive impact on pro-

ductivity growth than market size for basic goods.

In the context of our model with hierarchical-demand preferences, this hypothesis is consistent

with the key assumption φ > φ0 in Assumption 3 of our model.

Empirical Strategy. Our empirical methodology follows Boppart and Weiss (2013), who

estimate the effect of market size on productivity growth within the same sector to study industry-

directed technical change, and Beerli, Weiss, Zilibotti, and Zweimüller (2020), who use the Chinese

manufacturing industry data with good-level market size and associated industry productivity to ex-

amine demand forces of technical change, employing an identification strategy to address the endo-

geneity of market size. Specifically, we use cross-country dataset to construct country×year×goods
level stocks of consumption durables and then merge this with the country×year×industry level
productivity data. We analyze the relationship between a good’s market size and the productivity

growth of its associated sector, as in Beerli, Weiss, Zilibotti, and Zweimüller (2020). Crucially, we

extend their methodology by distinguishing between basic and advanced goods and testing whether

the market size-productivity relationship differs significantly across good types.

Datasets and Variable Construction. We use a dataset that is constructed by combining

two different sources: BvD Orbis and IPUMS (International). The BvD Orbis dataset covers

private and public firms worldwide. It provides standardized, detailed annual financial statement

data for each firm. We use this data to calculate productivity measures at firm and industry

levels. The second source is IPUMS (International), which provides information on the quantity of

durable goods consumption.21 The dataset is based on surveys conducted by national statistical

agencies in various countries, which report individual-level purchases of 11 types of durable goods

(air conditioner, autos, computer, heat, hot water, radio, refrigerator, television, VCR, washer).

To construct the market size of each durable good, we use the following formula:

MSactuali,j,t+1 =
[
stockactuali,j,t+1 − stockactualj,t

]
︸ ︷︷ ︸

new purchases

+ δj · stockactuali,j,t︸ ︷︷ ︸
replacement purchases

,

where the measured market size of durable good j in country i from time t to t + 1 is the sum of

new purchases and replacement purchases. The former term, stockactuali,j,t+1 − stockactualj,t , represents

21The cross-country datasets that provide quantity information on consumption durables are rare. Most datasets
contain expenditure information, which is the product of quantity and prices (such as the EUKLEMS). For a limited
set of consumption durables, the IPUMS dataset provides the quantity information and therefore allows us to construct
the stock of consumption durables.
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the observed new purchases of durable goods from time t to t+ 1. The latter term, δj · stockactuali,j,t ,

represents the assumed replacement from time t to t+ 1, where the replacement rate δj is product-

specific (from the Bureau of Economic Analysis (BEA)).

Note that the market size measured here is potentially endogenous: the market size of a durable

good can be affected by the price or the quality of the goods, which in turn can be affected by the

innovation from firms producing that good. To address this endogeneity, we follow the approach

in Acemoglu and Linn (2004) and Beerli, Weiss, Zilibotti, and Zweimüller (2020) to construct a

“potential” market size by using the variations from household income dynamics. The idea is

that as the population of wealthy individuals increases, so does the potential market size for a

durable good. Specifically, for all households in the IPUMS dataset, we sort households into four

income groups: low income (below 11,900 USD), lower middle income (11,900-21,458 USD), upper

middle income (21,458-35,770 USD), and high income (35,770 USD or more). We then use the U.S.

households’actual purchases to estimate the probabilities of purchasing each durable at different

income quartiles. These purchase probabilities are then applied to compute the potential market

size for each durable good in other countries.22

Importantly, we sort the industries into two groups: advanced goods and basic goods. More

specifically, we define basic goods as those that were massively commercialized before WWII in

the U.S. and advanced goods as those that were commercialized after WWII (see Table 1). The

advanced goods are generally more technologically sophisticated and include air conditioners, au-

tomobiles, computers, refrigerators, televisions, and VCRs. The basic goods are less sophisticated

and include heating equipment, hot water heaters, radios, and washing machines.

Table 1: Mass consumption of household goods in the U.S. with sources
22Note that the IPUMS dataset does not report income distribution except for U.S. and Brazil. Therefore, we

cannot construct purchase probabilities for each country.
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Basic Goods

Product Period of Mass Consumption Source

Radio 1930s US Census Bureau data (1940)

Washing Machine 1940s-1950s Life Magazine (1950)

Heating Equipment 1930s-1940s US Housing Census (1940)

Hot Water Heater 1940s American Builder Magazine (1947)

Advanced Goods

Air Conditioner 1960s-1970s New York Times (July 1970)

Automobile 1950s US Department of Transportation data (1956)

Computer 1990s Washington Post (1998)

Refrigerator 1950s Consumer Reports (1955)

Television 1950s CBS market research (1955)

VCR 1980s Wall Street Journal (1988)

The construction of sectoral productivity is relatively standard. We first use the Levinsohn and

Petrin Method to construct total factor productivity (TFP) at the firm level. We then aggregate

the firm-level TFP to the industry level by taking the simple (unweighted) average within each

country×sector×year cell. Finally, we merge the market size data with the TFP data based on
the concordance shown in Table 2. Eventually, we get a year×sector×country panel containing
information on both the market size and the productivity of the associated industry.

Table 2: Mapping consumer durables to sectors

Product Name NAICS Code Industry Name

advanced good

aircon 333415 air-conditioning and industrial refrigeration

autos 336111 automobile

computer 334111 electronic computer

refrig 335220 major household appliance

tv 334310 audio and video equipment

vcr 334310 audio and video equipment

basic good

heat 333414 heating equipment (except warm air furnaces)

hotwater 335220 major household appliance

radio 334310 audio and video equipment

washer 335220 major household appliance

Note: This table shows the mapping between the consumption durables and their corresponding NAICS

(North American Industry Classification System) codes. Products are grouped into advanced and basic

consumer durables.

Empirical Results. To test the asymmetric effect of market size on industry productivity, we
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run the following simple panel regression:

Productivityi,j,t = α0 + β ·MSi,j,t + γ ·Advancedj + δ · (MSi,j,t ×Advancedj) + τ t + κi,s + εi,j,t,

Productivityi,j,t (in logs) is the average log(TFP) for the associated sector. MSi,j,t is the market

size (in logs) of durable good j in country i at time t, Advancedj is a dummy variable that equals

1 if the durable good j is an advanced good, and κi,s are country-sector fixed effects and τ t is the

year fixed effect.

The results are shown in Table 3. The first column shows the regression coeffi cient for all the

durable goods. The coeffi cient is overall positive but not statistically significant, suggesting that

the market size of a specific durable good has a weak positive impact on productivity growth.

However, the second column shows the results when the sample is restricted to advanced goods.

The coeffi cient of the interaction term between market size and the advanced good dummy is

0.47 with a p-value of less than 0.01, suggesting that the impact of market size on productivity

growth is significantly larger for advanced goods than for basic goods. The third column shows the

results when we use the potential market size instead of the realized market size. While there is no

statistically significant relationship between market size and productivity growth for all goods, the

coeffi cient of the interaction term between market size and the advanced good dummy is 2.48 with

a p-value of 0.002, suggesting that the relationship between market size and productivity growth is

robust to the endogeneity of market size.

Table 3: Market size and productivity

(1) (2) (3) (4)

Market Size (Realized) 0.0407 0.0255

(0.1002) (0.1696)

Advanced Goods × Market Size (Realized) 0.4692∗∗∗

(0.0029)

Market Size (Potential) -0.0893 -0.6527

(0.7977) (0.1455)

Advanced Goods × Market Size (Potential) 2.4756∗∗∗

(0.0020)

Year FE yes yes yes yes

Country-Good FE yes yes yes yes

Observations 124 124 149 149

R2 0.8363 0.8493 0.8026 0.8135

Note: The dependent variable in all columns is log(TFP). Column (1) shows the effect of realized market

size. Column (2) adds an interaction with the Advanced Goods indicator. Column (3) shows the effect of

potential market size. Column (4) adds an interaction with the Advanced Goods indicator. All specifications
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include year and country-good fixed effects. Standard errors are clustered at the country-good level. p-values

in parentheses. Significance levels: *** p < 0.01, ** p < 0.05, * p < 0.10.

Chinese Evidence. Beerli, Weiss, Zilibotti, and Zweimüller (2020) use Chinese data to study

demand forces of technical change. The advantage of using Chinese data is that household survey

data on the stock of consumption durables are available. We now use the same datasets23 and follow

the same empirical strategy as theirs, but distinguish between basic and relatively advanced goods

to test our hypothesis. Using the Chinese dataset, we are able to get more types of consumption

durables: air conditioner, camera, car, computer, electric fan, homevideo appliances, kitchen appli-

ances, motorcycle, radio, refrigerator, satellite dish, sewing machine, telephone, washing machine,

and bicycle.

In the case of China, we define basic goods and advanced goods in the following way. If the

realized market size of a good decreased during the observation period (1998-2007), we define it as

a basic good; otherwise, we define it as an advanced good. Of these, bicycle, electric fan, home

video appliances, motorcycle, sewing machine, and telephone are considered basic durable goods.

Consistent with the international evidence, these goods are less sophisticated.

Figure 7: Market size and productivity for basic goods and advanced goods

Note: The figure shows the residual scatter plots by controlling the industry and year fixed effect. The
23Specifically, for firm level datasets, we use the Annual Survey of Industrial Production (ASIP) dataset (1998

to 2007), which is a widely used census of all state-owned and non-state-owned industrial firms with annual sales
above 5 million RMB. We use this dataset to construct industry level productivity measures. For the household level
dataset, we use the China Family Panel Studies (CFPS) dataset, which is a nationally representative longitudinal
survey conducted by Peking University. The CFPS collects detailed information on household demographics, income,
consumption, and ownership of durable goods. The dataset covers multiple waves from 1998 to 2007, allowing us
to track changes in durable goods ownership over time. We use this dataset to construct the realized and potential
market size of consumption durables.
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horizontal axis is the market size of a specific durable good, and the vertical axis is the simple (unweighted)

average log(TFP) in that industry. Each dot represents a year×good observation.

Figure 7 shows the residual scatter plots between the market size of these basic goods and the

advanced goods (after controlling for sector and year fixed effects). For basic goods, the regression

slope is largely muted: -0.08 for the realized market size and 0.02 for the potential market size

(neither is statistically significant). By contrast, for advanced goods, the regression slope is positive

and highly significant: 0.18 for the realized market size and 1.16 for the potential market size. This

is consistent with the cross-country result, where the market size impact is asymmetric between

basic and advanced goods.

4.2 Quantitative Analysis

In this subsection, we quantify the effects of the two-sided policies.

Model Parameterization. To parameterize the model, we externally assign a group of pa-

rameters and internally calibrate the remaining. For the assigned ones, we set the depreciation

rate of physical capital, δ, to 0.07, following Greenwood, Hercowitz, and Krusell (2000). We set

the discount rate ρ = 0.04 and the intertemporal elasticity of substitution 1/σ = 1/1.5, values

which are in line with recent quantitative work (e.g., Boppart and Krusell (2020)). We then choose

the cost reduction parameter λ to be 0.6, following Buera et al. (2021), and the curvature of the

learning-by-doing externality parameter α to be 0.8, based on the estimation in Halter, Oechslin,

and Zweimüller (2014). Finally, we normalize b (the natural growth rate of J) to 0, J0 (the initial

value of J) to 1, and ε (the curvature of the unit cost function) to 0– approximated by a very small

positive value in the simulation to ensure a smooth function suitable for numerical simulation.24 We

also normalize φ0 = 0 to reflect the stylized fact that the market size for basic goods has minimal

or no impact on productivity.

The remaining four parameters are internally calibrated: φ (the effi ciency gap of experience

production between advanced and basic goods), z (the raw return on capital), K0 (the initial value

of capital), and ζ (the experience accumulation curvature).25

We use the model to generate six moments that capture the growth and transition dynamics of

an economy. The first moment is the starting time of the rise of consumption (akin to τ2 in the

baseline model), defined as the point at which n (t) takes off from J (t) with n (t)− J (t) exceeding

0.001 for the first time; denote this point in time by t = τ∗. The second set of moments are the

average growth rates of N (t) and K (t) over the period t ∈ [0, τ∗). The third set of moments are

the maximum growth rates of N (t) and K (t) over the lifetime path t ∈ [0,+∞). The final moment

24When ε→ 0, the parameter κ plays no role.
25 In the quantitative analysis, we choose ν to normalizes ν

ζ
= 1, meaning that the function β (N, J) takes the

standard logistic form as in the technology diffusion literature.
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is the impact of market size on the productivity for advanced goods.26

Table 4: Model parameterization

Parameter Symbol Value Source/Notes

externally assigned parameters

capital depreciation δ 0.070 Greenwood et al. (2000)

discount rate ρ 0.040 —

(inverse) of elasticity σ 1.500 Boppart and Krusell (2020)

effi ciency gap λ 0.600 Buera et al. (2021)

return to scale of J α 0.800 Halter et al. (2014)

natural growth of J b 0.000 normalized

initial technology J0 1.000 normalized

experience accumulation (early) φ0 0.000 normalized

internally calibrated parameters

experience accumulation (later) φ 0.0581 —

capital accumulation z 0.1973 —

initial capital K0 0.7052 —

experience accumulation (curvature) ζ 0.0749 —

Our choice of six data moments is as follows. For the length of the transition period before

τ∗, we follow Matsuyama (2002) and set it to 25 years.27 For the capital growth rate, we follow

Barro (2003) to use 5.7% as the average growth rate during the transition period and 7.0% as the

maximum growth rate. For the data counterpart of Nt, we follow Greenwood and Uysal (2005), who

use the number of new trademarks to measure the variety of consumption goods. They show that

the number of new trademarks in the U.S. increased sixfold from 1940 to 1990, which is equivalent

to an average growth rate of 3.6%. We use this number as the average growth rate of N (t) in the

transition. New trademarks tripled from 1970 to 1990, implying a maximum growth rate of N (t)

of 5.7%. For the market size impact on productivity for advanced goods, we use the OLS estimate

from our empirical analysis, which is 0.47.28

We calibrate the model by matching theoretical moments and data moments. Denoting the

vector of the four endogenously estimated parameters byΘ = (z, φ,K0, ζ), we choose the parameters

to minimize the loss function: L(Θ) =
∑6

i=1

(
momentmodeli (Θ)−momentdatai

momentmodeli (Θ)+momentdatai

)2
, where momentmodeli is

the value of moment i in the model and momentdatai is the value of the moment in the data.

26This corresponds to
d log

(
1

ϕ(j=J|J)

)
d logn

= dJ
d logn

−d(logϕ(j=J|J))
dJ

, where the TFP of the production of consumption
varieties is 1

ϕ(j|J)
and advanced goods are proxied by emerging goods (j = J). We use the maximum value over the

entire simulation path to match the empirical counterpart, meaning the welfare gain calculated through the calibrated
model is a lower bound.
27Alternatively, we can follow Buera and Shin (2013) to set it to 30 years. The main quantitative results are similar.
28The reason that we use the OLS coeffi cient is that, in the model, market size is endogenous. Therefore, using

the OLS coeffi cient from the data counterpart is more consistent with the model.
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Although the four model parameters are jointly estimated, some moments are more informative

for certain groups of parameters. For instance, the average and maximum growth rates of N (t) and

K (t) are more informative for z. The transition period is more informative for K0. The market size

impact on productivity is more informative for φ. Table 5 reports the moment matching results.

Table 5: Moments
Moment Model Data Data Source

years to rise of consumption 27.399 25.000 Matsuyama (2002)

market size impact on productivity 0.528 0.470 our regression result

growth of K (max) 0.069 0.070 Barro (2003)

growth of K (average) 0.048 0.057 Barro (2003)

growth of N (max) 0.058 0.057 Greenwood and Uysal (2005)

growth of N (average) 0.037 0.036 Greenwood and Uysal (2005)

Policy and Quantitative Implications. We use the calibrated model to assess the effects

of the two-sided policy. Specifically, the optimally designed two-sided policy is S (t), as given in

(23). Under this policy, there exists a unique turning point in time, before which the subsidy rate

is positive and after which it is negative. We consider two alternative policies for counterfactuals:

a one-sided, early-stage truncated policy (i.e., max {S (t) , 0}) and a one-sided, late-stage truncated
policy (i.e., min {S (t) , 0}).

Table 6: Effects of policies

Policy Type Welfare Gains (%) Years to Double J0

calibrated model

optimal policy(two-sided) 1.342 24.37

one-sided policy only (early) 0.235 25.12

one-sided policy only (late) -1.161 27.78

no policy 0.000 28.39

closed-form solution model

optimal policy (two-sided) 4.003 22.05

one-sided policy only (early) 2.942 22.38

one-sided policy only (late) 0.209 26.37

no policy 0.000 26.59

Note: Welfare gains in consumption-equivalent terms (i.e., % increase in consumption in every period).

Years to double J0 is the time from t = 0 to J (t) = 2J0.

Table 6 reports the results. Column 1 shows that the consumption-equivalent welfare gain of

the two-sided policy is 1.342%. This magnitude is in line with the macro development literature

(e.g., 0.503%-1.533% in Itskhoki and Moll (2019) on financial frictions) and roughly one order

of magnitude higher than the welfare gain attributed solely to externalities in the business-cycle
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literature (e.g., 0.15% in Boissay, Collard, and Smets (2016)). Note that our model features no

friction; the externality is the sole source of the policy’s welfare gains. Column 2 reports the effects

of different policies on the technological progress J (t). The two-sided policy results in the fastest

transition, reducing the time taken to double the initial J to 24.37 from 28.39 (no policy).

The bottom panel of Table 6 also reports the results for the closed-form model in Section 2.4,

using the same parameter values as the calibrated model, except taking ε→ 0+ and ζ → 0+. This

limiting case with kinks yields an upper-bound welfare gain of 4.003%. This case also helps to

intuitively and transparently illustrate why the welfare gain in our model is significant. In fact, we

find that τ2 − τ1 equals 10.50 in CE and 1.32 in SP in Figure 5. In other words, the government

would seek to engineer a ‘demand pull’to accelerate industrialization by shortening the intermediate

no-externality period by 9.18 years, which explains the significant welfare gain in our model.

The early- and late-stage policies are interdependent. Implementing only the later-stage con-

sumption subsidy, without an early-stage savings push, would in fact lead to a welfare loss of

1.161%. A consumption stimulus is effective only when enough capital is already in place to lever-

age technology improvements; without that capital base, the subsidy can be counterproductive.

Conversely, if the later-stage consumption subsidy is not implemented, the welfare gain would fall

to 0.235%. This raises a design question: if the government is unable to implement a late-stage

subsidy (for various reasons), how should it adjust the early-stage intervention? Formally, we solve

the following optimal one-sided early-stage policy problem: given that intervention takes the form

of intensity×max {S (t) , 0}, what is the optimal intensity? Figure 7 shows that welfare is hump-
shaped in intensity, peaking around 0.6. This means that without the later-stage intervention, the

early-stage push should be scaled back by around 40%; otherwise, a full-scale early-stage capital

push would result in excessive capital accumulation. For the analytical model, the optimal intensity

is about 90% of the full-scale policy.
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Figure 8: Optimal early-stage policy intensity if no late-stage policy (Left: for the calibrated

model; Right: for the closed-form model)

5 Model Extension

We conduct several extensions on the main model, to show robustness and provide additional

insights.

5.1 Microfoundation for the Technology Process

We provide a microfoundation for the law of motion of J(t), as specified in Assumption 3. A key

aspect is the asymmetry property (φ > φ0). The mechanism might be that producing goods with

immature technology naturally generates more knowledge (experience) as a by-product. Alterna-

tively, firms may be incentivized to invest in research and learning when producing with immature

technology, as in Romer (1990) and Aghion and Howitt (1992). Here, we model the former.

We interpret J as the economy-wide experience capital as in Dasgupta and Stiglitz (1988). The

accumulation of J follows this process:

J̇ = bJ +

∫ ∞
0

j−(1−α)f (j, J)Y (j, t) dj, (32)

where the second term on the RHS represents the aggregate new knowledge generated at time t

from production in all industries, and Y (j, t) denotes the total output of industry j at time t,

which equals 1 for j ≤ N (t) or 0 for j > N (t) in equilibrium. The two additional terms, j−(1−α)

and f (j, J), act as weights. The term j−(1−α), which decreases with j, captures the notion that

experience in more technologically sophisticated industries has a lower weighting (probably because

experience becomes more specific and harder to be generally applicable as j increases). The term

f (j, J) captures the property that the weighting also depends on the relative position of j and J ,

reflecting the combination of two natures: 1) Asymmetry. For a given J , f (j, J) is higher for

j > J than for j < J , reflecting that producing goods with immature technology generates more

experience than producing goods with mature technology (e.g., the evidence in Lamoreaux, Raff,

and Temin (1998)). 2) Distance. The greater the distance between j and J , the lower the level of

experience generated.

Concretely, we specify f (j, J) as

f (j, J) = αφ0 +
φ− φ0

1 + u

(
α+

u

1 + u

j

ζ

)
with u =

ν

ζ
exp

(
−j − J

ζ

)
. (33)

In the limit ζ → 0+, f (j, J) = αφ0 if j < J and αφ if j > J . Figure 9 plots f (j, J) under the
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calibrated parameter values in Table 4, where we fix J = J0 = 1. As can be seen in the figure,

f (j, J) reaches to its maximum at around j = J (reflecting distance), and it is asymmetric around

j = J .

Using (33), it follows that
∫ N

0 j−(1−α)f (j, J) dj = β (N, J)Nα, where β (N, J) = φ0+ φ−φ0

1+ ν
ζ

exp
(
−N−J

ζ

) .
Therefore, we obtain the exact form of J̇ = bJ + β (N, J)Nα as specified in Assumption 3.

Figure 9: Weight function f (j, J)

5.2 Alternative Setting for Hierarchical Demand

We show our model is robust to the alternative setting for hierarchical demand that simultaneously

allows for: 1) higher-indexed varieties yield higher marginal utility, in the spirit of Stokey (1988);

2) consumption choices involve an intensive margin rather than a ‘zero-one’ choice. Intuitively,

as long as a higher-indexed variety incurs an even higher marginal cost, hierarchical demand will

follow in equilibrium and our model works. The extended model that allows for an intensive margin

converges to our baseline model in the limit, so both models have the same policy implications.

Households. A consumption bundle consists of a continuum of varieties indexed by j:

c (t) = −1

2

∫ ∆

0
j−γ (s− c)2 dj +

1

2

∫ ∞
∆

j−γ
[
s2 − (s− c)2

]
dj, (34)

where∆ is a small positive constant. The non-homothetic preference in (34) follows Bertola, Foellmi

and Zweimüller (2014, Chapter 12). That is, the consumption bundle c (t) is an aggregation of

quadratic utility as in Hall (1978) on consumption varieties with a hierarchy factor j−γ . Here, γ

can be γ ∈ (0, 1), in which case the hierarchy factor is a discount factor. Moreover, γ can also be

negative, in which case the hierarchy factor increases with j in the spirit of Stokey (1988). For our

purpose, we also allow for γ > 1.29

29To ensure that the utility function does not diverge when γ > 1, the first term
∫∆

0
j−γ (s− c)2 dj is introduced;

see Bertola, Foellmi and Zweimüller (2014, Chapter 12).
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Production Function for Consumption Goods. The unit cost function is changed to

ϕ̂ (j|J (t)) = jθ · ϕ (j|J (t)) , (35)

where θ > 0 and ϕ (j|J (t)) is given in (6). The additional term jθ captures that a higher-indexed

variety incurs a higher marginal cost. As shown in the baseline model, p (j, t) = R (t) ϕ̂ (j|J (t)).

Assumption. We assume γ + θ > 0. This means that if a higher-indexed variety has higher

marginal utility (γ < 0), it incurs an even higher marginal cost (θ > −γ).

Hierarchical demand. It is easy to verify that in equilibrium hierarchical demand for con-

sumption varieties still follows; that is, the first n (t) are consumed in positive amounts. Given

n (t), we find the consumption quantity for any variety j ∈ (0, n (t)]:

c (j, t) = s

1− ϕ (j|J (t)) jγ+θ

ϕ (n (t) |J (t))n (t)γ+θ︸ ︷︷ ︸
intensive margin

 . (36)

Here, consumption involve an intensive margin. However, as θ + γ → ∞, c (j, t) → s for any

j ∈ (0, n (t)); this matches the hierarchical demand with strong tilt toward lower-index varieties

(they approach the satiation level s), while c (j, t) falls sharply as j approaches n(t).

Within-period aggregation. As in the baseline model, the expenditure function is E (t) =∫ n(t)
0 c (j, t) p (j, t) dj = R (t)

∫ n(t)
0 c (j, t) ϕ̂ (j|J (t)) dj ≡ R (t) e (n (t) ;J (t)). Substituting with (36),

we find the closed-form expression of the cost function for e (n (t) ;J (t)) =
∫ n(t)

0 c (j, t)·ϕ̂ (j|J (t)) dj,

where function e (n; J) is given by

e (n; J) = s

h1

(
n

J
;
ε (θ + 1)

1− ε − 1

)
− 1 + θ

(1 + θ) + (γ + θ)
h2

(
n

J
;
ε (2θ + γ + 1)

1− ε − 1

)
︸ ︷︷ ︸

intensive margin effect

 n1+θ

1 + θ
,

with two functions h1 and h2 given in Appendix B. When γ is large enough, the intensive margin ef-

fect diminishes. Moreover, in the special case of s = 1 and θ = 0, the first term h1

(
n
J ; ε(θ+1)

1−ε − 1
)
n1+θ

1+θ

collapses into the previous CES expenditure form: n−λ
[
n
ε−1
ε + (κε) J

ε−1
ε

] ε
ε−1
. Similarly, substitut-

ing with (36), we find the closed-form expression of instantaneous utility u (c (t)) = (1− γ)−σ̂ c(t)1−σ̂

1−σ̂ ,

where c (t) can be expressed as a function of n (t) and J (t), denoted by c (t) ≡ U (n (t) , J (t)), and
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function U (n, J) is given by

U (n, J) =
s2

2

1− γ − 1

(γ + 1) + (γ + θ)

1

(n/∆)γ−1 − 1
h3

(
n

J
;
ε (2θ + γ + 1)

1− ε − 1

)
︸ ︷︷ ︸

intensive margin effect

 ∆1−γ − n1−γ

γ − 1
,

with function h3 given in Appendix B. When γ is large, (n/∆)γ−1 is large and the intensive margin

effect diminishes and hence U (n, J)→ s2

2
∆1−γ−n1−γ

γ−1 , which is the baseline model case.

In a nutshell, when the utility function features a strong hierarchy (i.e., γ is large enough), the

extended model converges to our baseline model, so both models have the same policy implications.

Obsolescence effect. Lower-quality goods might drop out as in Stokey (1988). A slight

modification to the model setup would deliver this effect. The most intuitive way is to incorporate

the idea that, while learning-by-doing initially reduces the cost of a good, once the technological

frontier J (t) has advanced far beyond a specific good j, its production cost may begin to rise

again. In other words, the unit cost function ϕ̂ (j|J (t)) is U-shaped in j for a given J (t) as in

Stokey (1988). For example, the unit cost function in (35) is revised by multiplying an additional

“obsolescence” term O(j, J(t)) = 1 + π · max (0, J(t)− j), where the parameter π represents the
obsolescence rate. An alternative approach is to assume that the utility derived from a good is

relative and depends on the current technology frontier or consumption frontier– higher-indexed

goods strongly substitute for lower-indexed goods. For example, we can modify the hierarchy factor

in the utility function in (34) by instead using h(j, J(t)) = j−γ exp (%min (0, j − J(t))).

5.3 Labor

In our main model, both consumption and investment goods are produced using AK technology.

Now, we consider that the production functions of consumption and investment goods are different

in capital intensity. Specifically, as in Acemoglu (2009, Chapter 11.3), the production function of

investment goods remains AK, whereas the production of consumption goods involves labor. We

show that this does not alter the conclusions of our paper qualitatively and quantitatively.

Specifically, the production technology of investment goods remains AK with productivity z

as in (10). However, the production technology of the consumption goods changes from y (j, t) =

1
ϕ(j|J(t))k (j, t) in (4) to a Cobb—Douglas production function: y (j, t) = 1

ϕ(j|J(t))k (j, t)α̂ ` (j, t)1−α̂,

where ` (j, t) represents the labor input. The labor endowment of the economy is L, with an inelastic

supply. All other model settings remain unchanged from those of the baseline model.

Denote the rental rate of capital by R (t) and the wage rate by W (t). By the property of

40



Cobb—Douglas production function, it follows that for all j ∈ (0, n (t)] at any t,

k (j, t)R (t)

` (j, t)W (t)
=

α̂

1− α̂ =⇒ k (j, t)

` (j, t)
=
W (t)

R (t)

α̂

1− α̂ =
KC (t)

L
, (37)

where KC (t) =
∫ n(t)

0 k (j, t) dj and L =
∫ n(t)

0 ` (j, t) dj by market clearing, recalling that KC (t)

denotes the aggregate supply of capital to the consumption goods sector. Moreover, in equilibrium,

y (j, t) = 1 for all j ≤ n (t), which implies ϕ (j|J (t)) = k (j, t)α̂ ` (j, t)1−α̂ for all j ∈ (0, n (t)].

Taking integral over (0, n (t)] on both sides and using k(j,t)
`(j,t) = KC(t)

L yields

∫ n(t)

0
ϕ (j|J (t)) =

∫ n(t)

0
k (j, t)α̂ ` (j, t)1−α̂ =

(
KC (t)

L

)α̂ ∫ n(t)

0
` (j, t) dj =

(
KC (t)

L

)α̂
L.

We still denote e (n (t) ;J (t)) =
∫ n(t)

0 ϕ (j|J (t)) dj and hence have e (n (t) ;J (t)) =
(
KC(t)
L

)α̂
L or

KC (t) =
(
e(n(t);J(t))

L1−α̂

) 1
α̂
. Therefore, the law of motion for capital changes from k̇ (t) = (z − δ) k (t)−

ze (n (t) ;J (t)) in (19) to

k̇ (t) = (z − δ) k (t)− z
(
e (n (t) ;J (t))

L1−α̂

) 1
α̂

.

Nothing else changes in Definition 1 (alternative); in particular, CE and SP still differ in whether

they take the process of J (t) as exogenously given. Clearly, the conclusion of the model does not

change qualitatively. Moreover, we recalibrate this revised model with labor and find the welfare

gain from the two-sided policy is 2.041%, higher than the gain in the calibrated model without

labor (see Appendix B for details).

5.4 Openness

So far, our model is a closed economy model and does not consider international trade. As dis-

cussed in Murphy, Shleifer and Vishny (1989) (see the entire Section II entitled “The Importance

of Domestic Markets”in their paper), there is considerable empirical evidence pointing to the over-

whelming importance of the domestic market in the growth of domestic industry. The underlying

reasons may be differences in tastes across countries, transportation costs and trade tariffs, and so

on. Recent work by Beerli et al. (2020) documents the evidence that even for an export-oriented

economy like China, the size of the domestic market is a key driver of technological progress. Doing

well/improving product quality in the domestic market (e.g., through learning-by-doing) is usually

the first step to entering the international market. Theoretically, Matsuyama (2019) shows that

globalization amplifies, rather than reduces, the power of endogenous domestic demand composition

differences as a driver of structural change. In this section, we conduct a simple extension to our
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model to allow for international trade, and show that our model mechanisms can be strengthened,

rather than weakened, under plausible conditions.

Consider two countries: home and rest-of-the-world (foreign). We assume that home has a

comparative advantage in producing final consumption goods and a comparative disadvantage in

producing capital goods, resulting in the equilibrium trade flow of home importing capital goods

and exporting final goods. Within the final goods sector, only the varieties produced at the reduced

cost 1−λ (i.e., j ∈ (0, J (t)]) can penetrate the international market. For each j, the foreign demand

is assumed to follow q (j, t) = ξ/p (j, t), where ξ is a parameter capturing the size of the foreign

market. The import of capital by home is constrained by its foreign reserves, which are dependent

on its export volume. The price of capital in the international market is denoted as p∗K (t), which

is lower than 1 (the home price of capital). Then, the net profit of trade for the home country at

time t is given by∫ J(t)

0
q (j, t) p (j, t) dj

p∗K (t)
−
∫ J(t)

0
q (j, t)ϕ (j|J (t)) dj =

(
1

p∗K (t)
− 1

)
ξJ (t) ,

where the first term represents the amount of capital that the home country can purchase in the

international market by using the foreign reserves earned from exports, and p (j, t) = ϕ (j|J (t))

represents the unit cost of producing final goods.30 For simplicity, we assume that p∗K (t) is constant

over time. Denoting η∗ ≡ 1
p∗K(t) − 1, the net profit for the home country is

Π (t) = ξη∗J (t) . (38)

It might be reasonable to assume that the home country can only export those goods that have

been produced and consumed domestically. In this case, the net profit becomes

Π (t) = ξη∗min (J (t) , n (t)) . (39)

With the introduction of international trade, the only change in the equilibrium characterization

is the revision of the state equation in (19), which now becomes

k̇ (t) = (z − δ) k (t)− zê (n (t) ;J (t)) ,

where ê (n (t) ;J (t)) = e (n (t) ;J (t))−Π (t) /z.31 Note that, under (39), the expenditure function

30We assume competitive home exporters and also implicitly assume that they cannot directly tap the international
capital market due to frictions such as global sourcing (see, e.g., Antràs and Helpman (2008)).
31The term Π (t) can be interpreted more broadly. For example, it can also be interpreted as the profit on processing

trade or the net capital return on savings aboard under unbalanced trade, in which case export is effectively equivalent
to more domestic capital accumulation in our closed-economy model.
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ê (n (t) ;J (t)) can be written in exactly the same form as in (25) but with the revised parameter

λ∗ = λ+ ξη∗

z .

It is easy to see that with international trade, the competitive equilibrium and the social plan-

ner’s solution studied in Section 2 remain qualitatively unchanged, under either (38) or (39). How-

ever, the presence of international trade amplifies the loop between {J (t)}∞t=0 and {N (t)}∞t=0.

Specifically, the net capital inflow from international trade accelerates domestic consumption and

industrial upgrading, which leads to a wider range of consumption goods becoming cheaper and

exportable, resulting in even more capital inflow. The amplification is reflected by the effect that

a small increase in ξ (the size of foreign market) can lead to a large increase in (J (t) , N (t)) at

a given time point t. This means that not only the welfare is improved but also the steady-state

growth rate can be upgraded to a higher level based on the result in Section 3. It is also worth

noting that under (39), international trade results in a higher effective λ, in which case our result

of two-phase intervention in Proposition 2 becomes stronger.

6 Conclusion

This paper develops a dynamic model with hierarchy-of-needs preference and learning-by-doing

production. In a growth setting, the approach we follow allows for analytical transparency on the

interactions between the supply- and the demand-side forces. We believe that our paper adds to

the understanding of the mechanisms of (optimal) development.

A large extant literature has pointed out that production externalities and spillovers (or simply

learning-by-doing) are a fundamental force behind economic growth. We emphasize that for a

catching-up economy, production externalities and spillovers largely occur in the consumer goods

sector as in Stokey (1988) and Matsuyama (2002), at least at certain stages of development. The

model helps to shed light on some macroeconomic phenomena in developing countries. In particular,

the model has implications for optimal development policies. For some, a mass consumption society

is viewed as the mature stage of development (e.g., Rostow (1959)). However, history tells us that

successfully transitioning to this stage is rare: it simply does not arise or, when it does, it fails to

be sustained. Our paper provides one perspective of inquiry.
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A Proofs

Proof of Proposition 1: We solve competitive equilibrium in several steps.

Step 1: J (t) must be a continuous process without jumps.

This is straightforwardly obtained. In fact, based on (26), J (t) is a continuous process even if

n (t) is not a continuous process.

Step 2: n (t) must be a continuous process without jumps, and there exist two thresholds τ1

and τ2 such that n (t)


< J (t) for t ∈ [0, τ1)

= J (t) for t ∈ [τ1, τ2]

> J (t) for t ∈ (τ2,+∞)

.

In CE, individual households take the J process as exogenously given and treat the entire

process {J (s)}∞s=t rather than J (t) as a state variable at time t. When K0 is low enough relative

to J0, we can verify that there are three stages (regimes) for n (t). Following Kamien and Schwartz

(2012) to study a “switching”problem, the current value Hamiltonian can be formulated as

H3 = 1
1−σn

1−σ +m [(z − δ) k − zn+ zλJ ], for t ∈ (τ2,+∞)

H2 = 1
1−σn

1−σ +m [(z − δ) k − z (1− λ)n], for t ∈ (τ1, τ2)

H1 = 1
1−σn

1−σ +m [(z − δ) k − z (1− λ)n], for t ∈ [0, τ1).

The optimal conditions within each stage imply

• stage 3: t ∈ (τ2,+∞)

n−σ −mz = 0; ṁm = −(z − δ − ρ)

• stage 2: t ∈ (τ1, τ2)

n = J and n−σ −mz (1− λ) ≥ 0 (corner solution); ṁm = −(z − δ − ρ)

• stage 1: t ∈ [0, τ1)

n−σ −mz (1− λ) = 0; ṁm = −(z − δ − ρ).

We find the optimal conditions at “switching”points, τ1 and τ2. The first-order condition of

V2 with respect to τ2 evaluated at t = τ−2 is

∂V2 (t, τ2)

∂τ2

∣∣∣∣
t=τ−2

=
1

1− σJ (τ2)1−σ +m+ (τ2)

(z − δ) k − z (1− λ) J︸ ︷︷ ︸
state equation before τ2

− ρV3 (τ2)

=
1

1− σ

(
J (τ2)1−σ − n+ (τ2)1−σ

)
−m+ (τ2) z

(
J (τ2)− n+ (τ2)

)
, (by using H3 (τ2) = ρV3 (τ2) )
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which is equal to 0 if and only if n+ (τ2) = J (τ2), by applying the mean value theorem with the

first-order condition n−σ −mz = 0 at τ+
2 . Hence, the control variable n is continuous at τ2. By

using H2 (τ2) = H3 (τ2), we also obtain that m is continuous at τ2, that is, m− (τ2) = m+ (τ2).

Similarly, it is easy to show that n and m are continuous at τ1. Then, by J (τ2)−σ −m (τ2) z = 0,

J (τ1)−σ −m (τ1) z (1− λ) = 0, and ṁ
m = −(z − δ − ρ), we find

τ2 − τ1 =
− log (1− λ)

(z − δ − ρ)− σb . (A.1)

Step 3: We find out the joint processes {N (t) , J (t)} for t ≥ τ2.

From Step 2, we know that at stage 3, the growth rate of consumption is constant. So,

if we know n (t) at some t ∈ [τ2,+∞), we can express the consumption path afterwards as

n (s) = n (t) e
(z−δ)−ρ

σ
(s−t). This in turn gives the process of J (t) (by (26)), that is, J (s) =(

J (t)− φn(t)α

(z−δ)−ρ
σ

α−b

)
eb(s−t) + φn(t)α

(z−δ)−ρ
σ

α−b
e

[
(z−δ)−ρ

σ
α
]
(s−t)

. Then we can define the lifetime wealth

(“endowment”) created by the technology process starting from t, namely,

Λ (t) = zλ

∫ ∞
t

exp (− (s− t) (z − δ)) J (s) ds = zλ


(
J (t)− φn(t)α

(z−δ)−ρ
σ

α−b

)
(z − δ)− b +

φn(t)α

(z−δ)−ρ
σ

α−b

(z − δ)− (z−δ)−ρ
σ α

 .
(A.2)

Based on the budget constraint in Program (19), we can write the lifetime budget constraint of a

household starting from time t ∈ [τ2,+∞) as k (t) + Λ (t) =

∫ +∞

t
exp (− (s− t) (z − δ)) · zn (s) ds,

which is essentially a transversality condition. Plugging n (s) = n (t) e
(z−δ)−ρ

σ
(s−t) into the lifetime

budget constraint, we have

n (t) = (k(t) + Λ (t))

[
(z − δ)− (z − δ)− ρ

σ

]
1

z
. (A.3)

The two equations (A.2) and (A.3), forming a fixed-point problem, jointly solve the two unknowns

Λ (t) and n (t). Thus, both Λ (t) and n (t) are expressed as a function of the state variables k(t)

and J (t).

Specifically, Λ (K,J) is the solution to the implicit function

Λ = zλ

 J

z − δ +
φ
([

(z − δ)− (z−δ)−ρ
σ

]
1
z

)α
(z − δ)

[
(z − δ)− (z−δ)−ρ

σ α
] (K + Λ)α

 . (A.4)
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Furthermore, we can calculate the value function at t ∈ [τ2,+∞) as

V3 = V3 (k,Λ (K,J)) =
1

1− σ

[
(z − δ)− (z − δ)− ρ

σ

]−σ
zσ−1 [k + Λ (K,J)]1−σ , (A.5)

where k denotes individual agents’state variable and K denotes the aggregate state variable. This

also implies that mCE = ∂V3
∂k and mSP = ∂V3

∂k + ΛK
∂V3
∂Λ , where m is the costate variable (i.e., the

marginal valuation of capital).

Step 4: We find out the properties of the two endogenous thresholds τ1 and τ2.

The results (A.2) and (A.3) derived in Step 3 apply to any t ∈ [τ2,+∞). In particular, they

are true at the boundary t = τ2. As we also know n
(
τ−2
)

= J
(
τ−2
)
, we hence obtain a relationship

between k(t) and J(t) at t = τ2. Specifically, the condition n
(
τ−2
)

= J
(
τ−2
)
together with (A.2)

and (A.3) imply that at t = τ2 the relationship k (τ2) = K∗∗ (J (τ2)) must hold, where function

K∗∗ (·) is uniquely defined as

K∗∗ (J) =
zJ

(z − δ)− (z−δ)−ρ
σ

− zλ ·

 J

(z − δ)− b +
φJα

[(z − δ)− b]
[
(z − δ)− (z−δ)−ρ

σ α
]
 . (A.6)

For given k(t) and J(t) at some t ∈ [τ1, τ2) in the second stage, we can find out the evolution

of k(t) and J(t) based on the results in Step 1. In fact, J(s) = J(t) exp [b (s− t)] and k(s) =(
k(t)− z(1−λ)J(t)

(z−δ)−b [1− exp [− ((z − δ)− b) (s− t)]]
)

exp [(z − δ) (s− t)] for s ∈ [t, τ2]. Substituting

s = τ2 and using the result k (τ2) = K∗∗ (J (τ2)) yields(
k(t)− z (1− λ) J (t)

(z − δ)− b [1− exp [− ((z − δ)− b) (τ2 − t)]]
)

exp [(z − δ) (τ2 − t)]

=
J(t) exp (b (τ2 − t))
(z − δ)− (z−δ)−ρ

σ

z − zλ

J(t) exp [b (τ2 − t)]
(z − δ)− b +

φ [J(t) exp (b (τ2 − t))]α

[(z − δ)− b]
[
(z − δ)− (z−δ)−ρ

σ α
]
 .
(A.7)

Setting t = τ1 in the above equation and using the result τ2 − τ1 = − log(1−λ)
(z−δ−ρ)−σb in (A.1), we obtain

a relationship between k(t) and J(t) at t = τ1, that is, at t = τ1 the condition k (τ1) = K∗ (J (τ1))

must be satisfied, where function K∗ (·) is given by

K∗ (J) =

Jz exp
(
b
− log(1−λ)

(z−δ−ρ)−σb

)
(z−δ)− (z−δ)−ρ

σ

− Jz
(z−δ)−b (1− λ)

−b
(z−δ−ρ)−σb −

zλ·φ
[
J exp

(
b
− log(1−λ)

(z−δ−ρ)−σb

)]α
[(z−δ)−b]

[
(z−δ)− (z−δ)−ρ

σ
α
]

(1− λ)
−(z−δ)

(z−δ−ρ)−σb
+
z (1− λ) J

(z − δ)− b .

(A.8)

Step 5: We find out the initial consumption n (0) and τ1.
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For the given initial state (k (0) , J (0)), if n (0) is known, we can find the processes of k(t)

and J(t) at t ∈ [0, τ1]. That is, k(t) =

[
k(0)− n(0)z(1−λ)

(z−δ)− z−δ−ρ
σ

(
1− e−[(z−δ)− z−δ−ρσ ]t

)]
e(z−δ)t and

J(t) = J(0)ebt. Letting t = τ1 and using the relationship k (τ1) = K∗ (J (τ1)) yields the equation

in the result (2) of Proposition 1. This equation together with J(τ1) = J(0) exp (bτ1) jointly solve

the two unknowns n (0) and τ1.

Proof of Corollary 1: By J̇(t)
J(t) = b + φN(t)α

J(t) , it follows lim
t→∞

J(t)
N(t)α

= φ

α
(z−δ)−ρ

σ
−b
. By k̇(t)

k(t) =

(z − δ)−z n(t)
k(t) +zλJ(t)

k(t) , it follows lim
t→∞

N(t)
K(t) =

(z−δ)− (z−δ)−ρ
σ

z . We also need to have gJ (τ2) ≤ gN (τ2),

which requires the parameter condition b+ φJα−1
0 ≤ (z−δ)−ρ

σ .

Proof of Proposition 2: i) We solve the social planner problem. We consider the case where

K0 is low enough relative to J0. In this case, when increasing n from J to above J , the planner

faces a jump in the marginal cost of consumption but also a jump in the impact of n on J in (26).

For parameter values such that the former dominates the latter (we will give the condition later),

the equilibrium process is continuous with three stages.

There exist two thresholds τ1 and τ2 such that n (t)


< J (t) for t ∈ [0, τ1)

= J (t) for t ∈ (τ1, τ2)

> J (t) for t ∈ (τ2,+∞)

. The current

value Hamiltonian can be formulated as

H3 = 1
1−σn

1−σ +m [(z − δ) k − zn+ zλJ ] + µ (φnα), for t ∈ [τ2,+∞)

H2 = 1
1−σn

1−σ +m [(z − δ) k − z (1− λ)n], for t ∈ (τ1, τ2)

H1 = 1
1−σn

1−σ +m [(z − δ) k − z (1− λ)n], for t ∈ [0, τ1].

The optimal conditions within each stage imply

• stage 3: t ∈ (τ2,+∞)

n−σ −mz + µφαnα−1 = 0; ṁm = −(z − δ − ρ); −µ̇ = mzλ+ µ (−ρ)

• stage 2: t ∈ (τ1, τ2)

n = J and n−σ −mz (1− λ) ≥ 0 (corner solution); ṁm = −(z − δ − ρ)

• stage 1: t ∈ [0, τ1)

n−σ −mz (1− λ) = 0; ṁm = −(z − δ − ρ)

We next examine the conditions at the switching points, τ1 and τ2. We prove that the control

(policy) variable n is continuous at time τ2 whereas the costate variable m is not continuous at τ2.
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Note that J (t) is continuous at t = τ2 (even if n (t) is not a continuous at t = τ2). The first-order

condition of V2 with respect to τ2 evaluated at t = τ−2 is

∂V2 (t, τ2)

∂τ2

∣∣∣∣
t=τ−2

=
1

1− σJ (τ2)1−σ +m+ (τ2) [(z − δ) k − z (1− λ) J ]− ρV3 (τ2) .

Substituting ρV3 (τ2) = H3 (τ2) (by HJB) yields

∂V2 (t, τ2)

∂τ2

∣∣∣∣
t=τ−2

=

[
1

1−σ

(
J (τ2)1−σ − n+ (τ2)1−σ

)
−m+ (τ2) z (J (τ2)− n+ (τ2))

+µ+ (τ2) (φJ (τ2)α − φn+ (τ2)α)

]
−µ+ (τ2)φJ (τ2)α < 0

where the last inequality follows by applying the mean value theorem with the first-order condition

n−σ −mz + µφαnα−1 = 0 at t = τ+
2 . This means that the planner wants to choose a τ2 that is

as low as possible until the constraint n+ (τ2) ≥ J (τ2) becomes binding. So the control (policy)

variable n is continuous at time τ2. Then, by using H2 (τ2) = H3 (τ2) and n+ (τ2) = n− (τ2), we

obtain

m+ (τ2)−m− (τ2) =
−µ+ (τ2)φn (τ2)α

(z − δ) k (τ2)− zn (τ2) + zλJ (τ2)
, (A.9)

that is, the costate variable m is not continuous at τ2; the jump reflects the externality. Moreover,

it is easy to show that n and m are continuous at time τ1.

The transversality conditions are lim
t→∞

exp (−ρt) k (t)m (t) = 0 and lim
t→∞

exp (−ρt) J (t)µ (t) = 0.

We then prove that in the third stage, for any t ∈ [τ2,+∞), the relationship µ(t)
m(t) = zλ

z−δ holds.

Fix a time point s ∈ [τ2,+∞) and consider the process afterwards at t ≥ s. We have µ(t) =[
µ(s) + m(s)zλ

(−ρ)−(z−δ−ρ) (1− exp ([(−ρ)− (z − δ − ρ)] (t− s)))
]

exp(− (−ρ) (t− s)), by ṁ
m = −(z− δ−

ρ) and µ̇ = −mzλ− µ (−ρ). Substituting µ(t) into lim
t→∞

exp (−ρ (t− s)) J (t)µ (t) = 0 yields

lim
t→∞

J (t)

(
µ(s)− m (s) zλ

z − δ

)
︸ ︷︷ ︸

constant

+ J (t)
m (s) zλ

z − δ exp (−(z − δ) (t− s))︸ ︷︷ ︸
→0

= 0,

which implies µ(s)
m(s) = zλ

z−δ . Then, the first-order condition n
−σ −mz + µφαnα−1 = 0 is replaced by

n−σ = mz
(

1− λ
z−δφαn

α−1
)
, and the costate variable µ is eliminated.

To summarize the solution for the third stage, for a given state variable (k (t) , J (t)) at t in the

third stage, we can find the corresponding (m (t) , n (t)) at t. The equation system is summarized
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here.

Social planner Competitive equilibrium
ṁSP
mSP

= −(z − δ − ρ) ṁCE
mCE

= −(z − δ − ρ)

n−σ = mSPz
(

1− λ
z−δφαn

α−1
)

n−σ = mCEz

k̇ = (z − δ) k − zn+ zλJ k̇ = (z − δ) k − zn+ zλJ

J̇ = bJ + φnα J̇ = bJ + φnα
K (t)− z

∫ +∞

t
exp (− (z − δ) (s− t)) · n (s) ds

+zλ

∫ +∞

t
exp (− (z − δ) (s− t)) · J (s) ds = 0




K (t)− z
∫ +∞

t
exp (− (z − δ) (s− t)) · n (s) ds

+zλ

∫ +∞

t
exp (− (z − δ) (s− t)) · J (s) ds = 0


We can see the only difference between SP and CE is the first-order condition with respect to n.

Then using the condition n (τ2) = J (τ2), we find a relationship between k (t) and J (t) at

t = τ2; that is, we find a function K∗∗ (·) which satisfies k (τ2) = K∗∗ (J (τ2)). After finding

function K∗∗ (·), we go back to stages 1 and 2 to find five unknowns (n (0) , τ1, τ2, k(τ1), k (τ2)) for

a given (K (0) , J (0)) by jointly solving the following five equations:

1) k (τ2) = K∗∗ (J (0))

2) τ2−τ1= 1
z−δ−ρ log m(τ1)

m−(τ2)

where n (τ1)−σ − m (τ1) z (1− λ) = 0, m− (τ2) is given by (A.9), and m+ (τ2) satisfies

n−σ −mz + µφαnα−1 = 0,

3) k(τ2) =
(
k(τ1)− z(1−λ)n(τ1)

z−δ [1− exp [− (z − δ) (τ2 − τ1)]]
)

exp [(z − δ) (τ2 − τ1)],

where n (τ1) = J (τ1) = J (0),

4) n (τ1) = n (0) · exp
(
z−δ−ρ
σ τ1

)
, where n (τ1) = J (τ1) = J (0),

5) k(τ1) =

(
k(0)− n (0) z(1−λ)

(z−δ)− z−δ−ρ
σ

[
1− exp

[
−
(

(z − δ)− z−δ−ρ
σ

)
τ1

]])
exp [(z − δ) τ1].

It is important to note that in solving the problem of the first two stages, the only differ-

ence between CE and SP is the condition to determine equilibrium τ2−τ1. For CE, τ2 − τ1

is given by (A.1). For SP, m− (τ2) = m+ (τ2) + µ+(τ2)φn(τ2)α

k̇(τ2)
=
(

1 + φn(τ2)α

k̇(τ2)
zλ
z−δ

)
m+ (τ2) =(

1 + φn(τ2)α

k̇(τ2)
zλ
z−δ

)
n(τ2)−σ/z

1− λ
z−δφαn(τ2)α−1 =

(
1 + φn(τ2)α

k̇(τ2)
zλ
z−δ

)
mCE (τ2)

1− λ
z−δφαn(τ2)α−1 , and

τ2 − τ1 =
1

z − δ − ρ log
m (τ1)

m− (τ2)
=

1

z − δ − ρ log
n (τ1)−σ / (z (1− λ))(

1 + φn(τ2)α

k̇(τ2)
zλ
z−δ

)
n(τ2)−σ/z

1− λ
z−δφαn(τ2)α−1

=
− log (1− λ)

z − δ − ρ +
1

z − δ − ρ log
1− λ

z−δφαn (τ2)α−1

1 + zλ
z−δ

φn(τ2)α

k̇(τ2)

.
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If τ2 − τ1 > 0 (that is,
1+ zλ

z−δ
φn(τ2)α

k̇(τ2)

1− λ
z−δφαn(τ2)α−1 <

1
1−λ or

1
z−δφαn (τ2)α−1 + (1− λ) z

z−δ
φn(τ2)α

k̇(τ2)
< 1), there

are three stages, and if τ2 − τ1 < 0, the second stage does not exist and there is a jump at τ1 for

the n (t) process. We focus on parameter values such that τ2 − τ1 > 0 in SP.

ii) We show the unique, two-phase intervention to implement SP. As long as the consumption

growth ṅ(t)
n(t) and τ2−τ1 are implemented, the whole process {n (t)} is implemented, since the lifetime

budget constraint of households and ṅ(t)
n(t) together determine the initial consumption n (0) while the

lifetime budget constraint (given by the budget constraints plus the transversality conditions) is the

same for CE and SP. First, consider stage 3. In CE with subsidy, the n (t) process is given by n−σ−
mz = 0 and ṁ(t)

m(t) = −((z − δ) (1 + S (t))− ρ), which imply ṅ(t)
n(t)

∣∣∣
tax

= − 1
σ
ṁ(t)
m(t) = (z−δ)(1+S(t))−ρ

σ . In

SP, the n (t) process is given by n−σ
(
1 +

(
µφαnα−1

)
/ (n−σ)

)
−mz = 0 and ṁ(t)

m(t) = −(z − δ − ρ),

which imply ṅ(t)
n(t)

∣∣∣
SP

= − 1
σ
ṁ(t)
m(t) + 1

σ

d log(1+µφαnα−1/n−σ)
dt . Note that n (τ2) = J (0) in both cases and

we only need to implement ṅ(t)
n(t) . It follows S (t) = 1

z−δ
d log(1+µφαnα−1/n−σ)

dt . Using µ(t)
m(t) = zλ

z−δ and

n−σ = mSPz
(

1− λ
z−δφαn

α−1
)
, we obtain S (t) = 1

z−δ
−d log(1− λ

z−δφαn
α−1)

dt = 1
z−δ

λ
z−δφα(α−1)nα−2

1− λ
z−δφαn

α−1
dn
dt .

Second, consider stage 2. For SP, τ2−τ1 = − log(1−λ)
z−δ−ρ +

(
1

z−δ−ρ log n(τ1)−σ/z

n(τ2)−σ/z+φαn(τ2)α−1µ(τ2)/z+
φn(τ2)α

k̇(τ2)
µ(τ2)

)
.

For CE with subsidy, n−σ−mz (1− λ) = 0 at τ1, n−σ−mz = 0 at τ2, and
ṁ(t)
m(t) = −((z − δ) (1 + S (t))−

ρ) at t ∈ [τ1, τ2], which yield τ2 − τ1 = − log(1−λ)
(z−δ)(1+S(t))−ρ . Hence, S (t) = z−δ−ρ

z−δ
− log ϑ

log ϑ−log(1−λ) ,

where ϑ = n(τ1)−σ/z

n(τ2)−σ/z+φαn(τ2)α−1µ(τ2)/z+
φn(τ2)α

k̇(τ2)
µ(τ2)

. We can simplify ϑ = n(τ1)−σ/z

m+(τ2)+
φn(τ2)α

k̇(τ2)
µ(τ2)

=

1− λ
z−δφαn

SP (τ2)α−1

1+
φnSP (τ2)α

k̇SP (τ2)

zλ
z−δ

by using the results of µ(t)
m(t) = zλ

z−δ and n
−σ = mSPz

(
1− λ

z−δφαn
α−1
)
at t = τ+

2 .

Proof of Corollary 2: Consider a policy that subsidizes (taxes) the cost of capital for consumption-

goods producers. Specifically, within the consumption goods sector, the subsidy rate on the capital

cost of firm j is s (j, t); that is, firm j only needs to pay the cost (1− s (j, t))ϕ (j|J (t)) when it incurs

the unit cost ϕ (j|J (t)). We assume that, with policy, hierarchical demand for consumption varieties

still follows in equilibrium, with the consumption frontier being n (t). Under this policy, the decen-

tralized household’s budget constraint becomes k̇ (t) = (z − δ) k (t)−
∫ n(t)

0
p (j, t) c (j, t) dj︸ ︷︷ ︸

=E(t)

−zT (t),
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that is, k̇ (t) = (z − δ) k (t)−R (t)

∫ n(t)

0
(1− s (j, t))ϕ (j|J (t)) dj︸ ︷︷ ︸

=E(t)

− zT (t) or

k̇ (t) = (z − δ) k (t)− z


=e(n(t);J(t))︷ ︸︸ ︷∫ n(t)

0
ϕ (j|J (t)) dj −

=Ψ(n(t))︷ ︸︸ ︷∫ n(t)

0
s (j, t)ϕ (j|J (t)) dj


︸ ︷︷ ︸

−zT (t)

=E(t)

where T (t) = Ψ (n (t)) is the lump-sum tax on consumption goods producers.

We rewrite the current value Hamiltonian for CE with subsidy:

HCE =
1

1− σn
1−σ +m [(z − δ) k (t)− z (e (n (t) ;J (t))−Ψ (n (t)))− zT (t)] .

So the first-order condition with respect to n implies n−σ −mz
(
en (n (t) ;J (t))−Ψ

′
(n (t))

)
= 0.

The SP FOC is n−σ −mSPz (en (n; J)−Υ (n, J)) = 0, where Υ (n, J) ≡ µJn(n,J)
mSP z

is the externality

wedge. To implement SP, the two first-order conditions should coincide. That is, Ψ
′
(n (t)) =

Υ (n (t) , J (t)). Note that Ψ
′
(n (t)) = s (n (t) , t)ϕ (n (t) |J (t)). Hence, s (n (t) , t)ϕ (n (t) |J (t)) =

Υ (n (t) , J (t)); that is, the instrument must reduce the unit cost of the frontier good n by exactly

Υ (n (t) , J (t)).

i) For stage 3, Υ (n, J) = λ
z−δφαn

α−1. Hence, the unit cost for good n should be deducted

by λ
z−δφαn

α−1. To implement nSP (t) for t > τSP2 , subsidize the representative firm in industries

j ∈
[
jtax, jtax +$

]
with capital λ

z−δφαj
α−1 when they incur the unit capital cost ϕ (j|J (t)). And

nSP (t) needs to belong to
[
jtax, jtax +$

]
.

ii) For stage 1, ṅ
n is the same for CE and SP. We impose a constant negative subsidy (tax)

on the capital cost of consumption goods producers. This policy does not change the growth rate

of n in stage 1, but it, together with the policy in stage 3, implement τ2 − τ1. Concretely, in

SP, m(τ1)
m−(τ2)

= m(τ1)

m+(τ2)
[
1+ zλ

z−δ
φn(τ2)α

(z−δ)k(τ2)−zn(τ2)+zλJ(τ2)

] =
J−σ0 /(z(1−λ))

m+(τ2)
[
1+ zλ

z−δ
φn(τ2)α

(z−δ)k(τ2)−zn(τ2)+zλJ(τ2)

] by using
(A.9) and µ(t)

m(t) = zλ
z−δ . This determines τ2−τ1 for SP. The same

m(τ1)
m−(τ2)

must be achieved in CE

with subsidy. Since m (τ2) is implemented in stage 3, the intervention in stage 1 needs to imple-

ment m (τ1) =
J−σ0 /(z(1−λ))

1+ zλ
z−δ

φn(τ2)α

(z−δ)k(τ2)−zn(τ2)+zλJ(τ2)

. The first-order condition in stage 1 with subsidy for

CE is n−σ −mz
[
(1− λ)−Ψ

′
(n)
]

= 0, which implies m (τ1) =
J−σ0 /(z(1−λ))

1−Ψ
′
(n)

1−λ

. Hence, implementing

J−σ0 /(z(1−λ))

1−Ψ
′
(n(τ1))
1−λ

=
J−σ0 /(z(1−λ))

1+ zλ
z−δ

φn(τ2)α

(z−δ)k(τ2)−zn(τ2)+zλJ(τ2)

requiresΨ
′
(n) = −

(
φJα0

kSP (τ2)(z−δ)−z(1−λ)nSP (τ2)

)(
zλ
z−δ

)
(1− λ).

This implies that, for t < τSP1 , the capital cost of consumption goods producers j ∈
[
jtax, jtax +$

]
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needs to be increased by
(

φJα0
kSP (τ2)(z−δ)−z(1−λ)nSP (τ2)

)(
zλ
z−δ

)
(1− λ) when they incur the capital cost

1 − λ. And nSP (t) needs to belong to
[
jtax, jtax +$

]
. The switching time from the negative to

the positive subsidy can be any t∗tax ∈
[
τSP1 , τSP2

]
.

Proof of Proposition 3: We compare the competitive equilibrium with the planner’s solution.

For convenience, we denote J (t) by Jt. First consider the model without spillover. We can find a

t∗ large enough and a ∆ small enough such that JSPt∗ − JCEt∗ > ∆. At t∗, we introduce the spillover

specification as follows: Letting J̄ = JCEt∗ + ∆, for t > t∗,

z (t) =

{
zψ (J (t)) if Jt∗ < J̄

z (1 + ε)ψ (J (t)) if Jt∗ ≥ J̄
, (A.10)

where ε is a small positive number, and JCEt∗ is the Jt level at t = t∗ for the competitive equilibrium

without spillover– we can write this JCEt∗ as JCEt∗ (ε = 0).

With the spillover specification given above, we now look at the competitive equilibrium first.

We show that under the suffi cient condition that ε is enough, even after agents look forward and

take account of the possible regime change given in (A.10), the revised policy for the competitive

equilibrium results in Jt∗ still being lower than J̄ = JCEt∗ + ∆, so a jump in z (t) at t = t∗ will

not happen. Concretely, given the specification of z (t) in (A.10), agents will re-optimize starting

from their initial period. The result is that ε may introduce a deviation in their individual policy

function along the transition path from their original policy (which corresponds to ε = 0). By the

continuity of policies, for any given small enough ε, there exists ξ <∞ such that the wedge (gap)

in the equilibrium Jt process resulted from the deviation in the policy is bounded by ξε, that is,

| JCEt (ε)− JCEt (ε = 0) |< ξε, for ∀t ≤ t∗. Then, the competitive equilibrium Jt will not exceed the

threshold at t∗ if ε is small enough, that is, JCEt∗ (ε) − JCEt∗ (ε = 0) ≤| JCEt (ε) − JCEt (ε = 0) |< ξε <

∆. Therefore, the competitive equilibrium does not pass the threshold. For the social planner’s

equilibrium, it passes the threshold even if ε = 0. Therefore, for t > t∗, zSP (t) = z (1 + ε)ψ (J (t))

and zCE (t) = zψ (J (t)).

B Additional Results

Results in Section 5.2: First, we derive c (j, t). As in Bertola, Foellmi and Zweimuller (2014,

Chapter 12), if θ + γ > 0, there exists a cutoff variety n (t). Once we know n (t), we can

find c (j, t) by equalling the marginal utility-price ratio across j ∈ (0, n (t)]. We have c (j, t) =

s
(

1− ϕ(j|J(t))jγ+θ

ϕ(n(t)|J(t))n(t)γ+θ

)
for j ∈ (0, n (t)].

Next, we derive the cost function e (n (t) ;J (t)) =
∫ n(t)

0 c (j, t) ·ϕ̂ (j|J (t)) dj. Substituting c (j, t)
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yields

e (n; J) /s =

∫ n

0
ϕ̂ (j|J)

(
1− ϕ̂ (j|J)

ϕ̂ (n|J)

jγ

nγ

)
dj =

(∫ ñ

0
ϕ̃
(
j̃
)
dj̃ − ϕ̃ (ñ)−1 ñ−γ

∫ ñ

0
ϕ̃
(
j̃
)2
j̃γdj̃

)
Jθ+1,

where ñ = n/J , j̃ = j/J and ϕ̃
(
j̃
)
≡ j̃θ

[
1− λ

(
1 + κεj̃−

ε−1
ε

) 1
ε−1

]
. Plugging the functional forms

of ϕ̃
(
j̃
)
and defining a new variable u ≡ j̃− ε−1

ε , the above integration can be written as

e (n; J) /s =
ε

1− εJ
θ+1


∫ ñ 1−ε

ε

0 u
ε(θ+1)

1−ε −1
[
1− λ (1 + κεu)

1
ε−1

]
du

−ϕ̃ (ñ)−1 ñ−γ
∫ ñ 1−ε

ε

0 u
ε(2θ+γ+1)

1−ε −1
[
1− λ (1 + κεu)

1
ε−1

]
du


=

[
ñ1+θ

1 + θ
h1

(
ñ;
ε (θ + 1)

1− ε − 1

)
− ϕ̃ (ñ)−1 ñ−γ

ñ2θ+γ+1

2θ + γ + 1
h2

(
ñ;
ε (2θ + γ + 1)

1− ε − 1

)]
Jθ+1

=

[
h1

(
n

J
;
ε (θ + 1)

1− ε − 1

)
− 1 + θ

(1 + θ) + (γ + θ)
h2

(
n

J
;
ε (2θ + γ + 1)

1− ε − 1

)]
n1+θ

1 + θ
.

where

h1 (x; ν) = 1− λH
(

1

1− ε, ν + 1; ν + 2;−κεx
1−ε
ε

)

h2 (x; ν) =

 1− 2λH
(

1
1−ε , ν + 1; ν + 2;−κεx 1−ε

ε

)
+λ2H

(
2

1−ε , ν + 1; ν + 2;−κεx 1−ε
ε

) [1− λ
(

1 + κε
(n
J

)− ε−1
ε

) 1
ε−1

]−1

with H being the hypergeometric function, defined as:

H (a, b, c;x) =
Γ (c)

Γ (a) Γ (b)

∞∑
n=0

Γ (a+ n) Γ (b+ n)

Γ (c+ n)

xn

n!
,

where Γ (x) is the Gamma function. In the above derivation, we use the following two equalities:

∫ x
1−ε
ε

0
uν
[
1− λ(1 + κεu)

1
1−ε
]
du =

x(1+ν) 1−ε
ε

1 + ν
1− λH

(
1

1− ε, ν + 1; ν + 2;−κεx
1−ε
ε

)
∫ x

1−ε
ε

0
uν
[
1− λ (1 + κεu)

1
ε−1

]2
du =

x(1+ν) 1−ε
ε

1 + ν

 1− 2λH
(

1
1−ε , ν + 1; ν + 2;−κεx 1−ε

ε

)
+λ2H

(
2

1−ε , ν + 1; ν + 2;−κεx 1−ε
ε

)  .
Note in the special case of s = 1 and θ = 0, the term n1+θ

1+θ h1

(
n
J ; ε(θ+1)

1−ε − 1
)
collapses into the CES

form:

h1

(
n

J
;

ε

1− ε − 1

)
n = n

[
1− λH

(
1

1− ε,
ε

1− ε,
1

1− ε,−κε
(n
J

) 1−ε
ε

)]
= n− λ

(
n
ε−1
ε + (κε) J

ε−1
ε

) ε
ε−1

,
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where we note H
(

1
1−ε ,

ε
1−ε ,

1
1−ε ,−κε

(
n
J

) 1−ε
ε

)
=
(

1 + κε
(
n
J

) 1−ε
ε

) ε
ε−1
.

Finally, we derive the formula for c (t) ≡ U (n (t) , J (t)). Plugging c (j, t) into c (t) yields

U (n, J) =
s2

2

∫ n

∆
j−γdj − s2

2

∫ n

0
j−γ

(
ϕ̂ (j|J)

ϕ̂ (n|J)

jγ

nγ

)2

dj =
s2

2

n1−γ −∆1−γ

1− γ − J1−γ
∫ ñ

0
j̃−γ

(
ϕ̃
(
j̃
)

ϕ̃ (ñ)

j̃γ

ñγ

)2

dj̃


=
s2

2

{
n1−γ −∆1−γ

1− γ − J1−γϕ̃ (ñ)−2 ñ−2γ

[∫ ñ

0
j̃2θ+γ

[
1− λ

(
1 + κεj̃−

ε−1
ε

) 1
ε−1

]2

dj̃

]}

=
1

2
s2

[
1− γ − 1

(γ + 1) + (γ + θ)

1

(n/∆)γ−1 − 1
h3

(
n

J
;
ε (2θ + γ + 1)

1− ε − 1

)]
∆1−γ − n1−γ

γ − 1

where h3 (x; ν) is defined as

h3 (x; ν) =

 1− 2λH
(

1
1−ε , ν + 1, ν + 2;−κεx 1−ε

ε

)
+λ2H

(
2

1−ε , ν + 1, ν + 2;−κεx 1−ε
ε

) [1− λ(1 + κεx−
ε−1
ε

) 1
ε−1

]−2

.

Calibration in Section 5.3: For the externally assigned parameters, we use exactly the same

ones as in Table 4, except for two new ones: L and α̂. These two parameters, along with the

internally calibrated ones, are listed in the following table.

Table B-1: Model parameterization

Parameter Symbol Value Source/Notes

externally assigned parameters

labor endowment L 1.000 normalized

capital share α̂ 0.333 Acemoglu (2009)

internally calibrated parameters

experience accumulation (later) φ 0.0433 —

capital accumulation z 0.2043 —

initial capital K0 0.1072 —

experience accumulation (curvature) ζ 0.0722 —

Table B-2 reports the moment matching results.

Table B-2: Moments
Moment Model Data Data Source

years to rise of consumption 29.300 25.000 Matsuyama (2002)

market size impact on productivity 0.509 0.470 our regression result

growth of K (max) 0.134 0.070 Barro (2003)

growth of K (average) 0.105 0.057 Barro (2003)

growth of N (max) 0.028 0.057 Greenwood and Uysal (2005)

growth of N (average) 0.026 0.036 Greenwood and Uysal (2005)
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