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Abstract

To evaluate the effectiveness of a counterfactual policy, it is often necessary to extrapolate
treatment effects on compliers to broader populations. This extrapolation relies on exogenous
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marginal treatment effects, including LATE, ATE, ATT, and policy-relevant treatment effects,
regardless of identification strength. This is the first paper to provide weak instrument robust
inference results for this class of parameters. Finally, I illustrate my results using data from
Agan, Doleac, and Harvey (2023) to analyze counterfactual policies of changing prosecutors’
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1 Introduction

This paper provides the first formal treatment of weak identification analysis in the marginal treat-
ment effect (MTE) model. Originally developed in the seminal works of Bjorklund and Moffitt
(1987) and Heckman and Vytlacil (1999, 2001, 2005), the MTE model has been widely adopted
in various studies for extrapolating treatment effects, such as returns to schooling (Moffitt, 2008;
Carneiro, Heckman, and Vytlacil, 2011), analysis of recidivism effects (Bhuller, Dahl, Loken, and
Mogstad, 2020; Agan et al., 2023), and evaluation of social insurance programs (Maestas, Mullen,
and Strand, 2013; Aizawa, Mommaerts, and Rennane, 2023) (see Table 6 of Mogstad and Tor-
govitsky (2024) for a broad survey of MTE applications). Despite its widespread use in applied
economic research, traditional confidence sets for the extrapolated causal effects within this model
are often too short when the probability of receiving treatment (i.e., the propensity score) exhibits
limited variation across the instrument’s support. Moreover, this variation can be very weak even

if the usual F-test statistic is very large.

To achieve valid coverage of causal effects, this paper establishes the first set of inference results
that are robust against weak IV variation in MTE models. For linear MTE models, I develop
an asymptotically similar conditional Wald test that delivers uniformly valid confidence sets with
exact coverage. For a more general class of polynomial MTE models, I propose a modified linear
combination (MLC) test that produces uniformly valid confidence sets while achieving approximate
asymptotic efficiency under strong identification. Additionally, I highlight limitations of the additive
separability assumption, a functional form often used to address weak variation of propensity scores,

by deriving explicit formulas for the bias of estimands when this specification is incorrectly specified.

Intuition for weak IVs in MTE models

To demonstrate the consequences of weak IVs in MTE models and to illustrate why the F-statistic
fails, I plot regression estimates of the outcome variable on propensity scores for treated samples
in Figure 1. These estimators are computed from independent simulations based on a cubic MTE
model with a discrete IV that takes four values. As will be shown in section 2, the MTE can be
directly recovered from the conditional regression, allowing us to study the weak IV problem by

examining the finite-sample behavior of the estimates in Figure 1.

Figures la through lc demonstrate that as propensity score variation diminishes, the regres-
sion estimates (shown in gray) become increasingly volatile and diverge from the true population
quantity (shown in blue). This behavior implies that the MTE estimator loses consistency when
propensity scores exhibit limited variation, which is a common consequence with instruments that
weakly influence treatment selection. As a result, the traditional Wald confidence interval, which
build on these compromised estimates, may fail to achieve its desired coverage probability. These
estimation and inference problems arise not only when propensity scores cluster around one value

but also when they approximate binary variation (Figure 1d) under the cubic MTE design. In such



cases, classical confidence intervals become unreliable, but the F-statistic can be misleadingly large

because it detects the deviation from the null where all propensity scores are equal.

Figure 1: Estimators under Different Types of IV Strengths
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Note: The figure shows the estimated expected outcomes for treated units conditional on propensity scores under
different designs of propensity score variation, based on 20 independent simulations. All designs and simulations use
a cubic specification for the MTE curve with a discrete IV that takes four values in its support. The sample size is
2,000.



Organization of this paper

In section 2, T describe the setup in Brinch, Mogstad, and Wiswall (2017) and Kline and Walters
(2019) and present the MTE model with a discrete instrument. By imposing a parametric structure
on the marginal treatment response (MTR) functions, the MTE is fully characterized by a finite-
dimensional parameter, which can be point identified using discrete variation from the instrument.
In finite samples, the MTE can be estimated by running separate regressions for both treated
and control groups. However, these separate regression estimators, along with the corresponding
Wald confidence sets, are highly vulnerable to limited variation in propensity scores. In light
of this potential identification failure, this paper constructs uniformly valid confidence sets for
causal parameters that are linear functionals of the MTE function, which cover a broad range of
causal effects of interest including the MTE function itself, the average treatment effect (ATE), the
average treatment effect on the treated (ATT), the local average treatment effect (LATE), and the
policy-relevant treatment effect (PRTE).

In section 3, I develop a simple inference method for treatment effects in the linear MTE model,
where the MTR functions vary linearly with the selection unobservable (Brinch et al., 2017). This
special structure offers a novel moment condition for constructing estimators of treatment effects
of interest, bypassing the necessity for estimating the full model. Building on this new moment
condition, I construct a simple conditional Wald test and demonstrate its uniform validity under
weak identification. This approach circumvents challenges posed by weakly identified nuisance
parameters in the MTE, thus leading to confidence sets that achieve asymptotic similarity, a key
advantage over existing approaches to subvector inference with weak identification as discussed in

Online Appendix J.1.

For a generic MTE model with a discrete instrument, it is infeasible to directly estimate causal
effects of interest without relying on other primitive parameters in the MTE function. In such cases,
these weakly identified primitive parameters hamper the ability to perform valid inference on linear
functions of them. In section 4, I build on the improved projection approach developed in I. Andrews
(2018) and propose a MLC test that achieves uniform validity regardless of identification strength
(see page 7 for a detailed comparison of my work with the literature). The inverted confidence set
from this test has correct coverage under weak identification, is straightforward to compute, and is

shown to be approximately as efficient as the Wald confidence set under strong identification.

In section 5, I discuss the issue of incorporating covariates into the MTE model. First, I
demonstrate that the commonly used additive separability condition can substantially bias causal
effect estimands when it fails. Such bias does not vanish unless (1) unobserved treatment effect
heterogeneity does not vary across covariates, or (2) individuals’ treatment decisions do not depend
on those covariates. If neither of these two assumptions hold, I show that causal effect estimands
under additive separability differ from the true effects and potentially have the opposite sign. To
deal with the bias induced by imposing additive separability, researchers may use the proposed

methods in this paper to conduct inference by conditioning on covariates, while also achieving



robustness against limited variation of propensity scores from conditioning. In Online Appendix
E.1, T consider a Bonferroni-type size correction for valid inference on aggregated effects in the
absence of additive separability. For researchers interested in performing inference under additive
separability, I also present an extension of the proposed inference methods to accommodate this

framework in Online Appendix E.3.

In section 6, I examine the performance of MLC tests via a sequence of Monte-Carlo simulations
in a quadratic MTE model with varying degrees of identification strength. The simulation results
show that the MLC test is asymptotically size-correct whenever the model is strongly identified,
weakly identified, or partially identified. In contrast, the classical Wald test reports over-rejections
of the null value at 14% frequency versus the 5% significance level under partial identification
and exhibits trivial power under weak identification. When the instrument strength is sufficiently
strong, the proposed MLC test has power close to the asymptotically efficient Wald test. Theoretical
justification is provided in Online Appendix C.

In section 7, I illustrate the proposed methods by using data from Agan et al. (2023), who
show that not prosecuting defendants with misdemeanor offenses reduces recidivism. While their
analysis uses LATE estimates and ATE/ATT estimates under additive separability, I complement
their findings by examining recidivism effects under different counterfactual prosecution policies.
Specifically, I construct confidence sets for the reduction in recidivism under two scenarios: (1) a
homogeneous marginal increase in nonprosecution rates across prosecutors, and (2) implementation
of a minimum nonprosecution rate threshold. The results highlight that weak identification is a
significant concern in higher-order polynomial models, and empirical conclusions differ substantially
between robust and classical inference methods. Section 8 concludes with a discussion of potential

future extensions.

Related literature

This paper contributes to three strands of the literature: marginal treatment effects, subvector
inference in weakly identified models, and judge/examiner designs. For the rest of the introduction,

I review the related literature.

Although the MTE model has been used to extrapolate treatment effects in a variety of fields,
there are relatively few studies on the theory of estimation and inference in MTE models. In
a semiparametric MTE model with continuous propensity scores, Heckman, Urzua, and Vytlacil
(2006) use bootstrap methods to construct confidence bands for MTE functions. This approach
is now common practice!, but its theoretical validity has not yet been established. Carneiro and
Lee (2009) analyze the pointwise limit distributions of MTE estimators using a separate regression

approach. Building on this work, Sasaki and Ura (2023) further derive asymptotic theory for

!The Stata implementation of MTE estimation by Brave and Walstrum (2014) and Andresen (2018) uses bootstrap

methods to produce confidence sets.



the PRTE using an orthogonalized score for double debiased estimation. Both papers assume a
semiparametric MTE model with additive separability and strong IV /covariate variation to achieve
v/n-consistent estimation. Mogstad, Santos, and Torgovitsky (2017, 2018) propose a bootstrap
procedure for conducting inference on the PRTE when the MTE is partially identified. None of
these papers study weak identification problems. Thus, compared to this existing literature, the
inference approach I propose is the first to achieve robustness against weak instruments in MTE

models.

To estimate the MTE over a large support of propensity scores, empirical researchers usually
assume that the MTR functions—and their difference, the MTE—are additively separable in co-
variates and unobserved costs of treatment selection (Brinch et al., 2017, Assumption 2). This
assumption allows the MTE to be estimated on the unconditional support of propensity scores, by
pooling variation in the propensity scores across different covariate values. Despite its increasing
popularity in empirical work, there is little theoretical justification for additive separability. In
fact, this assumption can be strong enough to point identify the MTE without exogenous variation
from instruments (Pan, Wang, Zhang, and Zhou, 2024). In addition, if the MTE is misspecified as
linearly additively separable, Devereux (2022) provides numerical evidence indicating that omit-
ting higher-order covariate terms can introduce significant bias in the estimated MTE slopes. I
contribute to this knowledge by providing the first analytical bias formula for the causal param-
eters (e.g., ATE, conditional ATE, and MTE slope) when additive separability is misspecified in
a widely used class of latent threshold crossing models (Kline and Walters, 2019). To avoid this
bias, researchers should extrapolate treatment effects conditional on covariates instead of relying
on additive separability. Moreover, the robust inference procedures proposed in this paper can help

address potential weak IV variation that may arise after conditioning on covariates.

The inference problem in this paper is also related to the literature on subvector inference in
weakly identified models, where a subvector is a subset of the structural parameters. For inference
on subvectors, Dufour and Taamouti (2005) suggest projecting the robust confidence sets of the
full vector onto the subvector of interest. However, this procedure can be very conservative espe-
cially when the dimension of the full vector is much larger than that of the target subvector. To
this end, there is a sequence of studies trying to reduce the conservativeness of projection infer-
ence. Chaudhuri and Zivot (2011) consider modifying the (Robust) Lagrangian Multiplier statistic
(Kleibergen, 2005) such that it is locally equivalent to asymptotic efficient subvector tests under
strong identification and propose a Bonferroni method to improve the power of their tests at distant
alternatives. Building on this idea, D. Andrews (2017) improves the Bonferroni method such that
the refined tests are asymptotically non-conservative and uniformly valid. However, D. Andrews
(2017, page 2) acknowledges six key limitations, including computational challenges and the need
for additional tuning parameters to categorize the identification strength, neither of which are re-
quired for my proposed MLC test. Moreover, his method does not directly address inference on a
linear function of parameters, which is the primary focus of this paper. While his method could

conceptually extend to inference on a linear function through model reparametrization, finding a



universal reparametrization rule that works for all linear hypotheses of interest while maintaining

tractable asymptotic analysis remains challenging.

For inference on a function of parameters in a weakly identified model, I. Andrews (2018)
generalizes the results in Chaudhuri and Zivot (2011) and proposes a two-step confidence set that
achieves sequential validity with controlled coverage distortions under a set of high-level conditions
imposed on a sequence of data generating processes (DGPs). The MLC test considered in this
paper builds on the idea from I. Andrews (2018) but differs in a few ways: (1) Most importantly,
Andrews’ paper only provided sequential validity results, concluding that “conditions for uniform
asymptotic validity are an interesting open question” in Section V (page 347). I demonstrate
that, with a minor modification to the test statistics, the robust test achieves uniform validity for
inference on a scalar function. (2) While Andrews derived results for a general class of models using
high-level conditions, my focus on the MTE model allows for more specific, primitive conditions for
validity. (3) Instead of employing Andrews’ two-step approach that alternates between non-robust
Wald and robust confidence sets based on identification strength, I focus exclusively on his robust
confidence sets. (4) I adapt his robust confidence sets, originally developed for GMM models, to
the minimum distance framework arising from separate regressions in the MTE setting. (5) By
using the robust confidence set, this approach does not involve pretesting distortion in the two-step
approach and maintains the desired asymptotic coverage level 1 — a. (6) I prove that the local
power difference from the asymptotically efficient Wald test can be arbitrarily small under strong
identification (see Online Appendix C). Applied to MTE models, this approach allows for valid
and powerful inference on treatment effects even under limited variation of propensity scores. In
Online Appendix J.1, I also discuss other approaches to inference on functions (or subvectors) of
parameters in weakly identified models and explain their inapplicability to the MTE model studied

here.

Finally, the empirical analysis of this paper also connects to the judge/examiner design problems
(see the survey by Chyn, Frandsen, and Leslie (2024)). By using the quasi-random assignment of
examiners, researchers can identify the causal effects of judicial decisions for defendants at the
margin of being treated, and then extrapolate these effects to the broader population under the
assumption of pairwise monotonicity (Frandsen, Lefgren, and Leslie, 2023). While the MTE model
is commonly employed for such extrapolation, researchers often report LATE, ATE, ATUT, and
ATT to inform potential policy decisions (Bhuller et al., 2020; Agan et al., 2023; Baron and Gross,
2023). My paper provides methods for robust inference on all of these parameters, as well as the
MTE function itself, and the policy counterfactual parameters studied in Heckman and Vytlacil
(2001, 2005), and Carneiro, Heckman, and Vytlacil (2010).



2 MTE Model with Discrete IVs

In this section, I describe the MTE model and the related identification result following Brinch
et al. (2017). Based on this result, the weakness of IVs can be characterized by limited variation
of propensity scores. Then I introduce the relevant parameter space on which we achieve uniform

validity of the proposed inference procedures.

2.1 Setup

Let Y7 be the potential outcome of an individual who receive a binary treatment (D = 1) and Yp
denote her potential outcome in the untreated state (D = 0). The observed outcome Y is realized
through

Y =(1-D)Yy + DY;. (1)

We further specify
Yd:/’td+Vd7 d:0717

where g = E[Y}] is the mean of potential outcome. For simplicity, I leave out additional covariates

and discuss them in section 5. The treatment is determined by a weakly separable selection equation
D =1[U < v(Z)], (2)

where v(-) is an unknown function, U is a continuous random variable representing the unobserved
cost of selection into treatment, and Z € supp(Z) = {zo, 21, . . ., 2K } is the excluded discrete instru-
ment. Researchers observe the outcome Y, the binary treatment D, and the excluded instrument
Z from data, while the unobservables are the potential outcomes (Y, Y1) and the variable U in the
selection equation. The MTE model allows individuals to be selected into treatment based on their

information on potential outcomes, which leads to potential dependence between (Vi, Vj) and U.
The key identifying assumption from Brinch et al. (2017, proposition 1.ii) is as follows:

Assumption 1 (MTE model with discrete IVs).
1. Z1U.

2. E[Yy | Z,U] =E[Yy | U] and E|Yy| < oo for d € {0,1}.

3. U is continuously distributed.

4. 0<P(D=1|Z=2z2) <1 forall z € supp(Z).

5. Let {hm(-)}M_, be a set of known continuous functions defined on (0,1). For d € {0,1}, the
MTR function is given by

M
ElYy | Fu(U) =u] = pg + Z Pdmhm(u) for u € (0,1),
m=1

where Fyy(-) denotes the distribution function of U.



6. Let Aoo(-) = A1o(-) = 1, and define

1 [P !
Aim(p) = / hm(u)du and  Agm(p) = / hm(u)du  for m=1,...,M.
PJo 1 —DJp

for p € [0,1]. Then { A1, (-)}M_, and {Aom ()}, are unisolvent® on (0,1).

7. K={P(D=1|Z=2):2=2,21,...,2k} > M + 1.

Assumptions 1.1 and 1.2 require the excluded instrument Z to be exogenous to both the selection
and outcome processes. Assumption 1.3 allows us to normalize the marginal distribution of U to be
uniformly distributed over [0, 1]. That is, we can transform U to a uniformly distributed variable
U = Fy(U). Under the exogeneity of Z in Assumption 1.1, the function Fir(v(Z)) can then be

interpreted as propensity score:

—PU <v(2)| Z=2)
— P(U < v(2))
— Fy(v(2))

where the third line uses the Assumption 1.1. Define v(z) = Fy(v(Z)), and then we can work with
(U,5(2)) in place of (U,v(z)) without affecting the empirical content of the selection model. For
simplicity, we drop out the tilde and assume U is uniformly distributed throughout our analysis,
and therefore v(z) = p(z). Assumption 1.4 validates the overlap condition, so that we observe
both treated and untreated individuals for each group defined by the value of the instrument.
Assumption 1.5 imposes a parametric restriction on the MTR function E[Yy | Fiy/(U) = u| so that
the MTE can be extrapolated outside the discrete support of the instrument. Assumption 1.6 is a
weak condition that rules out redundant specifications in {h,,(-)}}_, that cause multicollinearity
in {Agm () }M_,. In particular, the usual polynomial specification h,, (u) = u™ — m—H satisfies this
condition. Assumption 1.7 requires sufficient variation of the exogenous instrument to point identify
the structural parameters. While K < K +1, with strict inequality when multiple instrument values
yield identical propensity scores, point identification requires the number of distinct propensity

scores, not instrument values, to exceed the order of the MTE model.

Define 64 = (¢, pd1s - - -, pam)’ for d = 0,1, and let 6 = (07, 6)". Then we have the following

identification result:

2A set of n functions fi, f2,..., fn is unisolvent on domain  if the matrix F' € R™*" with entries fi(z;) has

nonzero determinant for any choice of n distinct points z1,x2,...,z, in Q.



Theorem 2.1 (Identification). Suppose Assumption 1 holds. Then 6 is point identified.

Proof. Based on the model (1)—(2) and Assumption 1, we have

EY | D=1,Z =2 =E[Y1|U <p(z),Z = 2]

=E[Y1 | U < p(2)]
p(2)
=1+ mZ:l glm / m(uw)du.
= (M0(p(2)), A1(p(2)); - - s A (p(2))) 1. (3)

The first line holds by equations (1), (2), and the normalization that v(z) = p(z), which is jointly
implied by Assumption 1.1 and 1.3. The second line holds by the exogeneity condition in Assump-
tion 1.2. The third line follows by the overlap condition in Assumption 1.4 and the normalization
that U is uniformly distributed over [0,1]. The fourth line holds by parametric restriction in

Assumption 1.5. Likewise, we have

1
EY |D=0,Z =z =po+ Z ﬁ /( )hm(u)du = (Aoo(P(2)), Aor(p(2)), - - Aoar (p(2)))o-

(4)
Taking z = 20, 21, . .., 2K in equations (3) and (4) then yields two matrix equalities:
ﬁd = Aded fOI" d = O, 1, (5)
where
Ado(P(20))  Aa1(p(20)) -+ Aam(p(20))
1 Ado(p(21))  Aar(p(z1)) .. Aam(p(z1))
d = . . . .
Ao(P(zk))  Aa1(p(zk)) - Aam(p(zk))
and

ﬁd:(E[Y’D:dvz:ZOL7E[Y’D:dvz:ZK])/

Note that Assumption 1.6 and 1.7 guarantees that there exists a full-rank submatrix of Az with
K rows and M + 1 columns for each d = 0,1. Therefore, both A; and Ag have full column rank.
Then 6; and 6y are point identified by equation (5). O

Remark 2.1. This identification result closely aligns with the proof of Brinch et al. (2017, Propo-
sition 1.ii), who shows that Assumption 1.7 is a necessary condition for identifying 6 in a MTE
model satisfying Assumption 1.1-1.5. Building on their result, I add Assumption 1.6 to establish

sufficient conditions for point identification. O

10



Based on the parametric restriction in Assumption 1.5, treatment effects can often be written

as linear functions of the primitive parameter 6. For example, ATE = uy — pg and
MTE(u) =E[Y; — Yy | U = 4]
= c(u)'0; — c(u) o,
where c(u) = (1,h1(w),...,har(u)). Moreover, suppose we are interested in the parameters that
inform potential policy decisions such as average treatment effects on the (un)treated groups or

policy-relevant treatment effects. In that case, the weight ¢ is often unknown and depends on the
underlying DGP (see Table 1 and 2 in Mogstad and Torgovitsky (2018)). If we write ¢ = (¢}, ¢{)’

with ¢4 = (cq0,...,¢qm) for d = 0,1 and denote ho(u) = 1, Table 1 summarizes the weights of
various treatment effects under Assumption 1. In this paper, I consider inference on treatment
effects of the form ¢’ where ¢; = —cg since many causal effects of interest including those in Table
1 have symmetric weights: ¢1,, = —com forallm=1,..., M.

Table 1: Weights for Treatment Effects

Target parameter Expression Weights
ATE E[Y1 — Yo c1m = 1[m = 0]
MTE E[Y1 — Yo | U =] cim = hm(u)
E( [P(%) hom (w)du
ATT E]Y, — Yy | D =1] C1ym = S im0
E( hom (u)du)
ATU E[Y; — Yy | D =0] Clym = fp<ﬂf(>D:0)
P(=k) hom (u)du
LATE E[Y1 — Yo [ p(20) < U < p(z1)] Clym = pp(‘zgi)w
Additive PRTE PRTE with p(z) = p(z) + € ‘o
P
Proportional PRTE ~ PRTE with p*(2) = (1 + €)p(2) ¢, = w
’ p<(Z)—p
Quota PRTE with p¢(z) = min{p(z), ¢}

Define ¢q(z¢) = P(Z = z), i.e., the probability mass function of the discrete IV. For the com-
monly used polynomial MTE model in empirical studies where h,, = u"" —
ATT, LATE, additive PRTE, and proportional PRTE become

art 1 (Zf:op(zé)mﬂ(l(zé) _ 1)

1m —
m+1\ S p(z0)q(z)

1 m . .
A _
m " =g ;pw)fp(zo)m i1

m+1, the weights of

K m
A-PRTE _ m—j1 _
e = L (S e 35 e otz 7]
/=0 7=0
(P-PRTE _ 1 |A+gmt-1 o P(z)™ g () 1
b K
" mtl ¢ Yo p(z)a(ze)

11



form=1,..., M, and the first element c¢; ¢ = 1 for all the above causal effects.

2.2 Weak identification

The identification strategy relies on the conditions in Assumption 1, particularly the existence of
sufficiently many distinct propensity scores to point identify the structural parameter 6 through
Assumption 1.7. However, variation in propensity scores is often limited. This limited variation
may not be enough to guarantee correct asymptotic approximation in the construction of classical
confidence sets. In section 3 and 4, I develop robust inference procedures for treatment effects of
the form ¢’6 without requiring the potentially restrictive Assumptions 1.7. My results have two
implications. Along a sequence of DGPs: (1) When Assumption 1.7 holds but is close to fail,
the parameters are point identified, and the robust confidence set achieves correct coverage for the
causal parameter of interest; (2) When Assumption 1.7 fails, the parameters are partially identified,
and the proposed robust confidence set mantains correct coverage of the causal parameter 6, where
0 lies in the set defined by the linear system (5). Additionally, this uniform validity result does not
rely on Assumption 1.6, though this assumption is typically satisfied under researchers’ common

specifications of the MTR functions.

2.3 Parameter space restriction

This section introduces the parameter space for the joint distribution of (Y, D, Z), on which the
proposed robust inference procedures are uniformly valid (without covariates). First, consider the

usual i.i.d. sampling distribution of the observables.

Assumption 2. The random vectors (Y;, D;, Z;) for i = 1,...,n are i.i.d. with distribution F'.

Next, I introduce a set of regularity conditions to be imposed on the joint distribution F'.

Definition 2.1 (Parameter Space). For some d,( > 0 and € € (0, 1/2), define the parameter space
P as the set of pairs (6, F') satisfying the following properties:

1. Equation (5) is satisfied with K > M, where § = (67,6)) € int(©) € R2M+D for some
compact set © with nonempty interior;

2. SUPg_g 1 SUD,csupp(z) BRIV P | D = d, Z = 2] < (;

3. e <infequpp(z) PF(D = 1] Z = 2) < SUPcqupp(z) PF(D =1 Z =2) <1 — ¢

4. € <inf.cqupp(z) PR(Z = 2) < SUP,cqupp(z) PR(Z = 2) <1 — ¢

5. € <infg—g1 inf,cqupp(z) varr(Y | D = d, Z = 2).

12



The first condition assumes the correct model specification derived from Assumptions 1.1-1.5,
and the order of the MTE model does not exceed the support of the instrument.? The second
condition is a mild restriction on the existence of moments of Y conditional on D and Z, which is
essential for establishing the uniform version of the law of large numbers and central limit theorems.
The third and fourth conditions, also known as the strong overlap conditions, require observing units
for each value of the treatment and the instrument. Together with the final condition regarding
sufficient variation in outcomes, these conditions rule out the singularity or near-singularity of the
asymptotic variance of the moment equation (5). Since our parameter of interest has the form of
d0,let Po={(\,F): A=0,(0,F) € P} denote the null parameter space for this linear function,
in which the weight ¢ could possibly depend on underlying DGP F'. It is important to emphasize
that our parameter space does not require the relevance Assumptions 1.6 and 1.7, the latter of
which is likely to fail. For a given A € R, our goal is to develop uniformly valid tests for assessing

the hypothesis Hy : ¢/# = X that is robust to the limited variation of propensity scores.

2.4 Notation and preliminaries

The asymptotic behavior of test statistics to be proposed will be unified by the asymptotic distri-
bution of estimators on marginal distribution of instrument ¢(z¢) = P(Z = z¢), propensity score
p(z¢) =P(D =1| Z = z), and the expected outcome conditional on the treatment and instrument
Bae =ElY | D=d,Z = z] ford=0,1and £ =0,1,..., K. Under the parameter space restriction

outlined in section 2.3, we have the following sample-analog estimators for these quantities:

n

i) = =3 117 = )
=1

n-

n

. _ 1 11D; =1,Z; = z]
P(Zz) = ; (j(Zg)

n

- 1NV =d. Zi = 2
IBdZ B Z (j(da Zf) ’

i=1

where §(1, z¢) = p(2¢)4(z¢) and G(0, z¢) = (1 — p(2¢))G(ze)-
Collecting these estimators into vectors, we have p = (p(z¢),...,0(zx)), ¢ = (¢(20),-..,4(zK))’,
Ba = (Bao,- .., Pax) for d = 0,1, and 3 = (3,3)). Lemma A.l(a) provides the asymptotic

distribution of the estimators p,§, and B under a drifting sequence in the parameter space P.

Moreover, Lemma A.1(b) also shows that their asymptotic variances can be consistently estimated

3The condition K > M is necessary but not sufficient for point identification, particularly when Assumption 1.7
does not hold.
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~ N 1 A
3, = diag {P(zz)(A p(2e)) 0=0,1,... ,K}
G(ze)
g = {2%ql0, 4]} j=01,...K
315, = dia { Ot g1 K}
= 1 ~ : — ) bR |
Pe = B 4(d, 20)

iﬁ = diag{iﬁv 250}7

where
~2 1 n (Y;—Bdg)Q]l[DZ:d,ZZ:ZE]
ade—n; i)
Syl j] = ﬁ(fi)(li p(zi)) lfz :J:
—p(zi)D(5) £

Throughout the paper, I use 9, f € R* to denote the gradient of a scalar function f with respect
to its argument z € R¥. If f maps to a vector in R!, then 9,f € R>¥ denotes the Jacobian of
f with respect to 2 € R¥. Let P4y = A(A’A)~!'A’ denote the projection matrix onto the column
spaces of matrix A and define M4 = I — P4 as the corresponding annihilator matrix. Let supp(X)

denote the support of a random element X.

3 Robust Inference in Linear MTE Models

In this section, I start with the simplest functional specification and impose linearity on the MTR

function.

Assumption 3 (Linear MTE model). Assumption 1.5 holds with

hm(u) = u — 3

and M = 1.

This assumption was first introduced by Olsen (1980) to characterize sample selection bias and
later generalized by Brinch et al. (2017) to model MTE functions. This linear MTE specification
was recently adopted by Kowalski (2023) to extrapolate treatment effects between two experimental
studies. The parameters 6 = (u1, p11, 1o, po1) can be identified using any pair of propensity scores
(p(z0),p(2k)) for k = 1,..., K that differ from each other. Point identification fails if and only if
all propensity scores p(zp),...,p(zK) are identical, i.e., when there is no variation in propensity

Scores.
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The linear MTE specification allows us to derive closed-form estimands for #, in which case

equation (5) implies
p) 1 plzk) =1 —(p(z0) — 1)\ (E[Y | D =1,Z = %]
p1i1)  p(zk) —p(20) —2 2 E[Y |D=1,Z = z]
o\ _ 1 p(zk) —p(20)\ (E[Y | D =0,Z = 2]
por)  p(zk) —p(20) \ —2 2 EY |D=0,Z=z])

Recall g = E[Y | D = d,Z = z;]. Then the ATE and the slope of MTE can be written as

( M1 — Ho ) _ 1 <p(zk) [B10 — Boo] — p(20) [Bix — Bok] + Bik — 510) ‘

and

P11 — pPo1 p(zx) — p(20) 2 (Boo — B1o + Bk — Bok)

Denote the numerator of the right-hand-side equation by

Au(20, 2k) = p(2k) [Bio — Boo] — p(20) [Bik — Bok] + Bik — Bro

and
Ap(z0, 2x) = 2 (Boo — Pro + Bk — Bok) -

Since these quantities can be directly identified from data, we can express the treatment effects

parameters A\ = ¢'0 with ¢ = (¢, ¢y, —cu, —¢,)" as the solution of the following moment function:

9k(A) = [p(zr) — p(20)] A — cuBpu(20, 2) — oD (20, 21) = 0. (6)

If the instrument Z is binary, then ¢/6 is just identified by this linear moment restriction, otherwise,

we can construct a vector of moment functions:

9N = (g1(N), -+ . gx(N) = 01 (7)

to improve the efficiency for inference on A\ = /. It is worth noting that other components of
primitive parameter § do not enter into (7). As a result, their nonstandard asymptotic behavior
(under weak identification) is irrelevant in this context. To this end, this linear moment function
g(A) will be used to construct asymptotically similar tests for treatment effects in linear MTE

models.

To fix ideas, I first consider inference for the parameter ¢’6 with a known weight ¢ and exploit
the binary variation {zg, z;} for k = 1,..., K. This known-weight setting allows for inference on
parameters such as the ATE and the MTE function. Online Appendix D discusses the extension

to cases where ¢ needs to be estimated.

Equation (6) shows that gi(\) suffices to estimate A, the causal effects of interest. Let gi(\) be
the sample analog of this moment function after plugging in the estimators {p(z¢), Bog, Blg}f: 05 1-€.,

~ A~

9k(A) = [P(z1) — P(20)] A = cuBDp(20, 2k) — cpAp(20, 2k)
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where

Au(z0,21) = p(zi)[Bro — Boo) — D(20)[Bik — Bok) + Bk — Bro
Ap(zo, 2) = (Boo - 310 + Blk - Bwq)-

Based on this moment condition, one might consider an Anderson-Rubin (AR) test statistic to

assess the null hypothesis Hy : ¢/ = X as follows

AR, ,(\) = |V

Naels
8k (N) ‘ ®)

where §7(\) consistently estimates the asymptotic variance of the sample moment gx(A). To con-

struct this variance estimator, note that an asymptotic linear expansion of gi(\) — gi () gives

Oy ge(A)[P — 1]
g6 = gr(A) = | + g (N)[B1 = 1] | + op(n~'/2).
+ 953.96(M)[Bo — fol

with coefficients dpgr(X), 05,9x(N), and J3,9x(N) defined as the gradient of gi(\) with respect to
p, B1, and By, respectively. It is natural to estimate these coefficients by plugging in sample analog

estimators below:

apgk()\) = (_)\ + (Blk - BOk)C,uv 07 SR Oa A— (Blo - BOO)C,UJ 07 s ,O)/
8ﬁ1gk()‘) = ((1 - ﬁ(Zk))CM + 2007 07 oo 707 _<1 - ﬁ(ZO»CM - 2007 07 oo 70)/ (9)
By 91 (N) = (P(2k) ey — 2¢5,0,...,0, —p(20)cp + 2¢,,0,...,0),

where nonzero elements appear on the first and the (k + 1)’th elements of vectors.

This leads to a consistent variance estimator
$2(N) = O gr( M) 2p0pdk (N) + 01 91 (M) 35,0, 91 (N) + 91 31 (M) i3y O G ().

Let a € (0,1) be the significant level. The proposition below establishes the uniform validity and
asymptotic similarity of the AR test for Hy : ¢ = )\ with A € R.
!/

Proposition 3.1. Let Assumption 2 and 3 hold, and suppose that the weight ¢ = (c,, ¢,, —cu, —¢,)

is a nonzero fixed vector, then

liminf inf Pp (AR, k(N > 1-— =l Pr (AR, k(A) > 1-— = qa,
minf = inf F( k(X)) > e a)) msup sup F( E(A) > gy Oé)) a

where ¢,2(1 — o) denotes the (1 — a)-quantile of the X3 distribution.

Remark 3.1. The above result shows that the proposed AR test is valid and (uniformly) asymp-
totically similar in the sense of Andrews, Cheng, and Guggenberger (2020, eq.(2.6)). Constructing
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an asymptotically valid subvector test is already challenging in models with weakly identified nui-
sance parameters®, because the asymptotic distributions of many test statistics depend on those
unknown nuisance parameters that cannot be consistently estimated (Andrews and Mikusheva,
2016b, page 1595). However, I introduce a novel moment function that isolates the causal effects of
interest while being independent of €, thereby making the simple AR test feasible in this context.
Unlike other existing approaches to subvector inference with weak identification (discussed in On-
line Appendix J.1), this method achieves asymptotic similarity, ensuring the inverted confidence

set maintains 1 — « coverage asymptotically under both strong and weak identification. O

If Z is a binary instrument taking values in {zg, 21}, there exists a unique AR test statistic
AR, 1 () for robust inference on the causal parameter ¢’. When the instrument is discrete with
multiple values Z € {z, ..., 2x} where K > 1, we obtain multiple AR statistics {AR,, (A} ;.
The informativeness of each statistic depends on the variation in propensity scores p(zg) —p(z;). In
this case, combining tests based on different propensity score pairs yields greater statistical power.
Let

= (p(21) — B(20), - .., B(2K) — B(20))’
and

~ ~ ~

= (CuAu(ZOv 21) + CPAP(Z07 21)y. ., CuAu(ZOa 2rK) + CPAP(ZOa ZK))/-

Then our goal is to obtain a valid inference procedure based on a vector of linear moment functions:
g =FA=F = (;1(N),---.9x (V) € R™.

Under strong identification where 7 converges to a nonzero limit, a Wald statistic based on efficient
weighting matrix S(\)~! for testing Hy : ¢ = A can be constructed below:

ng(A)'S(\) 1w’ S(N)"1g(N)
SN 17

)

Wn(A) =

where

S(A) = 0pg(N)Tpdy (N + 95, 5(N) 25,05, 9(N) + 9, 3(N) S, 0, 9(N)
is a consistent estimator of the asymptotic covariance matrix of 7\ — 4 under null hypothesis.

Under weak identification, the propensity score differences © may converge in probability to
a zero vector, resulting in a nonstandard asymptotic distribution for W, (A). To illusrate this
problem, consider a sequence of DGPs where y/n7 converges to a constant vector 7p. In this case,
V/n7t converges in distribution to a multivariate normal distribution with mean 7y, which cannot
be consistently estimated from the data. Consequently, the asymptotic distribution of W, (\)

contains the non-estimable nuisance parameter my, making it infeasible to consistently estimate

“Since ¢’6 is the parameter of interest rather than 6 itself, the vector of primitive parameters @ = (u1, p11, to, Po1)
becomes the weakly identified nuisance parameter under limited variation of propensity scores. Although we can show
some functions of 6 are strongly identified using the reparametrization technique proposed by Han and McCloskey
(2019), two parameters (p11, po1) remain weakly identified in the transformed model (see Online Appendix K).
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the unconditional quantiles of W, (\)’s limiting distribution. However, similar to the arguments
of Moreira (2003) for linear IV models and Andrews and Mikusheva (2016b) for quasi-likelihood
ratio tests in GMM models, the asymptotic distribution of W,,(\) becomes independent of 7y when
conditioned on a sufficient statistic, making it feasible to approximate the conditional distribution
of Wiy ().

Define
h(X) = Vit = [0pm] S0 G(NISN) T Vg ().
The statistic A(\) is asymptotically independent of \/ng(A\) and contains sufficient information
about 7y such that the (asymptotic) distribution of W, (\) conditional on h()) is free of 7. To
simulate this conditional distribution, I construct a simulated counterpart of y/n7, denoted as 7s,
which is given by

s = h(A) + [Opm] 8y g(NIS () 2"

where n* ~ N (0xx1, [kxk) is drawn independently of the data. We then approximate the distri-
bution of W, ()\) by replacing /n# with m, and \/ng(\) with S(\)/2n*, which yields
(") S(N) 2wl S(A) "2 (")

Wnd) = " S(A) "1,

It follows that W,i(\) has the same asymptotic distribution as Wp,(\) conditional on the realization
of h(\). Let g+ (1 — o) denote the (1 — a)-quantile of the distribution of W*()\) conditional on the

data. This critical value can be used to construct valid conditional Wald test:

Theorem 3.1. Let Assumption 2 and 3 hold, and suppose that the weight ¢ = (c,, ¢,, —cu, —¢))’
is a nonzero fixed vector, then
liminf inf Pp(W,(A) > gw+(1 —a)) =limsup sup Pp (W,(A\) > dw=+(1 —a)) = a.
n—o00 (\,F)€Py n—oo (A F)ePo
Remark 3.2. The statistic W,,(\) can be interpreted as a linear combination of AR statistics in
equation (8), with weight S=1%. Under strong identification, this weighting vector can be shown
to be optimal among all linear combinations of AR statistics, yielding the highest local asymptotic

power. ]

Remark 3.3. In Lemma A.2, I show that the asymptotic variance of the moment function is
uniformly positive definite as long as the weight ¢ = (¢, ¢,, —¢y, —¢p) is nonzero. If we incorporate
additional moment conditions induced by the difference of propensity scores of the form p(z;) —p(z;)
for k,j # 0, then the asymptotic variance may become singular for some nonzero weight c. For

example, if we set ¢, = 0 and ¢, = 1, it follows that

~

[p(2k) — P(2))]A — cpBp(25, 21) = Gr(A) — G5 (),

implying that the moment condition constructed with the variation between z; and z; (on the
left-hand side) is the difference of the moments constructed by using (zx,20) and (zj, 20) (on the
right-hand side). O
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Remark 3.4. An alternative statistic one could consider is the quasi-likelihood ratio statistic

QLR,,(A) =7 [§(N)'S() 15N — inf §(N)'SN) 15N
and its corresponding conditional approach discussed in Andrews and Mikusheva (2016b). Here
I focus on the conditional Wald approach because it is simpler to implement in practice and is

first-order asymptotic equivalent to QLR test under strong identification. 0

4 Robust Inference in General MTE Models

In this section, I relax the linearity Assumption 3 and extend the analysis to allow for any func-

tional forms specified in Assumption 1.5. This includes the linear MTE model and the polynomial

_1

g7 that is commonly used in empirical studies.

specification hy,(-) = u™ —

For this broader class of models, constructing moment conditions that only involve the target
causal parameter is less obvious. Therefore, I develop an alternative improved projection approach
that builds on I. Andrews (2018) to achieve valid inference. When compared to the conditional
Wald test in section 3, this new approach applies to a wider range of MTE models but is more
computationally intensive and is potentially more conservative. On the theoretical front, I argue
that the high-level conditions imposed by I. Andrews (2018) cannot be directly verified in the MTE
setting. Therefore, I extend his sequential validity result (that based on high-level conditions) by
establishing the uniform validity under primitive conditions on the parameter space outlined in
Definition 2.1.

4.1 Improved projection inference

First, I describe how to adapt the improved projection test developed by I. Andrews (2018) for

conducting inference on ¢’# using the following linear system of equations:

A0 =8 (10)

A Ay O(r+1)x (M+1) 0 [0 5= b
O(k+1)x(M+1) Ao to Bo)’

as defined below equation (5). Note that A is a matrix of transformed propensity scores and 5 is

where

a vector of conditional expectations, both of which can be consistently estimated by their sample
analogs A and /3’ under appropriate assumptions. Since the matrix A captures the variation in

propensity scores, it determines the strength of identification.
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The conventional Wald test for conducting inference on ¢f uses the first-order asymptotic

efficient estimator obtained by minimizing the following minimum-distance objective function:

0° € argminn(A9 — 3)Q(0) 1 (A0 — j3)
0co
where Q(6) is a consistent estimator for the asymptotic variance of \/n(Af — j3), formally defined

below in equation (18). Then the classical Wald statistic for assessing Hy : ¢/6 = A is

Wald, (A) = n(¢6%F — X (¢ (A'Q0°F) 7L A)~Le) =1 (6T — N). (11)

When Assumption 1.7 is nearly violated, A may converge in probability to a matrix with
deficient rank. For example, consider the following simple example on the linear MTE model with

a binary IV.

Example 4.1 (Linear MTE model with a binary IV). Suppose K = M =1 and set hy(u) = u— 1.
Along a sequence of DGPs {F),}, let pg, (20) =p € (0,1) and pp, (21) = p+v, € (0,1) with v, — 0.

In such case, the probability limit of p(z9) and p(z;) are equal to p, and we have

1 %(ﬁ(zo) - 0 1 %(p - 0
|1 ) - R I E TR B
_ 2 2
4= ) | 1y
0252 Lo 0252 1
517(2’1) 1 5P

Note that the probability limit of A becomes a singular matrix.

This singularity may result in multiple minimizers of the limiting objective function when
defining éeﬂ, suggesting that the efficient estimator geft may not exhibit the usual properties of
consistency and asymptotic normality. To address this issue, one can derive inference results based
on the moment condition:

m(f) = A0 — B = Oy 1)x1

instead of using the estimator 6°%. Let m(f) = A0 — § denote the sample moment function.
By substituting the true (or hypothesized) value 0 for 6T in Q(6°") and plugging the following

first-order asymptotic expansion:
V(6 — 0) = —(A'Q(0) T A)TTAQ0) " V(A9 — B) + 0,(1)

into equation (11), this gives a locally equivalent Lagrangian Multiplier (LM) test statistic:

A A~ ~

LMn(Q) = n(AH - 6),9(9)_I/QPQ(Q)—l/QA(A/Q(g)—1A)_1CQ(0)_1/2(1219 — ﬁ)
which does not require 6° to be consistent.

However, the singularity of A Q(G)*lle persists under the projection operator inside the LM

statistic. Following the insights of Kleibergen (2005), one can orthogonalize columns of A =
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(@1,...,a(apr41)) With respect to the variation in the moment condition m(f) to obtain a new

gradient estimator

D(0) = (d1(0), d2(0), .. -, daar41)(0))

where

dj(0) = a; —T;(0)Q0) " (A0 — §) for j=1,2,...,2(M +1).

Here T'j() is a consistent estimator of the asymptotic covariance between /n7i () and the j-th
column in \/n(A — A), formally defined below in equation (19).

By this orthogonalization, v/n(D()— A) is asymptotically independent of the moment condition
V() in large samples. Replacing A with D(6) in the LM statistic then leads to the “subvector”

version of Robust LM (RLM) statistics for inference on ¢/0:
RLM,(8) = n(A0 — B)0) ™2 Poyg) 12 p(ay(p(ay o) by -1 SHO 2 (A0 = ). (12)

If \/nA converges to a fixed matrix 4 as in Kleibergen (2005, page 1108), so that A has a zero limit,
then \/nD(0) converges to a Gaussian matrix with mean A that is asymptotically independent of the
moment vector. Consequently, the projection matrix in the RLM statistic becomes asymptotically
independent of the moments on both sides, implying that RLM,,(f) converges to the standard x?

limiting distribution for a sequence of DGPs that induces a zero limit of A at a rate n=/2,

Compared to the classical RLM statistic for full vector inference in Kleibergen (2005), this
subvector RLM statistic (12) only attains power for deviations in the linear function ¢’6 rather
than the full vector #. This feature has two important implications. On the one hand, when
identification is sufficiently strong, the subvector RLM statistic is locally equivalent to the efficient
subvector Wald statistic (11) when 6 approaches its true value; On the other hand, this equivalence
may fail since the subvector RLM statistic cannot distinguish alternative values of 6 from the
true value when they yield the same value of /6. To overcome this limitation, I. Andrews (2018)

introduces a linear combination (LC) statistic that combines the RLM and AR statistics:
LC,(0) = RLM,(8) + a - AR, (6) (13)

where

ARy (8) = n(A6 — 3)Q(0) " (46 - 5)

and a > 0 is a tuning parameter on the weights attached to the AR statistic. By incorporating the
AR term, the LC statistic diverges to infinity outside the n~/2 neighborhood of the true parameter
f under strong identification. This property guarantees power against any deviations from the true
value. Moreover, when a is sufficiently small and the model is strongly identified, the projection

test based on the LC statistic becomes approximately equivalent to the subvector Wald test.
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4.2 Contributions and Modifications

In a GMM model, I. Andrews (2018) shows that LC,,(#) converges to a mixture of two independent
chi-squared distributions (1+a)x?+ax3x 41 in a sequence of DGPs { F}, },,>1 satisfying certain high-
level conditions. As Andrews notes in his conclusion, the uniform validity of his result under more
primitive conditions remains an open question. In this section, I make two key contributions: I
show that his high-level conditions are not trivially satisfied in the MTE framework, and I establish
the uniform validity of the L.C test through a simple modification.

First, consider Assumption 4 of I. Andrews (2018). This assumption requires two convergence
conditions by the existence of normalizing sequences: a sequence of full-rank matrices {A;,} C
R2AMAD>2(M+1) 4nd a sequence of nonzero constants {A2,} € R. Under these sequences, the
normalized matrix ﬁ(ﬁ)ALn must converge in distribution to a Gaussian matrix of full rank almost

surely, and the normalized weight A}, cAs, must converge to a nonzero vector.

The convergence part of this assumption can be verified straightforwardly in the context of

Kleibergen (2005) as discussed above, who considers the sequence
VnAp, — A € RAEHD2M+L) (14)

in which case Ay, = /nl and Ay, = ﬁ More generally, Stock and Wright (2000) and Chaudhuri

and Zivot (2011) consider a sequence

AFn = (02(K+1)><q7 Afull) + Asing,Fn and \/ﬁAsing,Fn — A (15)

in which case Ag, has full column rank, representing those parameters that are strongly identified.

We can set Ay, = diag{\/nly, Iy(pr41)—q) and Ag, = ﬁ such that Assumption 4 still holds.

However, the sequences (14) and (15) are inappropriate for the MTE setup. To see this, consider

again the example on a linear MTE model with a binary IV as discussed above:

Example 4.2 (Linear MTE model with a binary IV). Suppose K = M =1 and set hy(u) = u— 3.
Along a sequence of DGPs {F,}, let pg, (20) = pr,(21) = p € (0,1) for each n > 1. Since
K = |{pr,(20),pr,(21)}] =1 < M + 1 = 2, Assumption 1.7 fails in this example. Note that the

matrix Ag, becomes

1 l(p_
p)
| lp— 022
Ap = | 2 N
O2x2 2
5P

In this case, neither (14) nor (15) holds here.

More generally, a singular but nonzero limit of Ag, would not satisfy conditions (14) or (15).

Similar examples of weakly identified models that fail to meet these conditions are discussed in
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Andrews and Guggenberger (2017), where a singular value decomposition (SVD) technique is in-
troduced to establish uniform validity of the classical RLM test for the full vector. To achieve the
same goal of uniform validity, I generalize their SVD approach to address inference on parameter

functionals in the MTE framework. My approach proceeds with a SVD of Af, :

T, 00 Ll 0
0 TE, 2 --- 0
Af, = CF, : S : Br,,
0 0 ceo TR, 2(M+1)
i O2(K—M)x2(M+1) |

Ig

n

where Cf, € RAKTVX2E+) and By € R2AMFDX2M+1) a1 orthogonal matrices, and 0o > 7p, 1 >
TF,2 =+ = Tp, 2(M+1) = 0 are singular values of Ap, in a descending order. I show that the

following normalizing matrices establish convergence of ZA?(G)ALH and A’l’ncAgmz

A17n = BFn diag{(Tle)*l, ey (Tqu)il, \/ﬁ, ey \/ﬁ}
Agp = [|A] e,

2(M+1)

j=1  that diverge to infinity.

where ¢ is the number of scaled singular values {\/n7p, ;}

Despite the convergence of ﬁAl,n under the constructed normalizing matrices, its asymptotic
limit may be rank deficient. This issue prevents the use of the efficiently weighted projection matrix
in the subvector RLM statistic. A similar issue was also noticed by Andrews and Guggenberger
(2017), who impose additional parameter space restrictions to avoid this problem. To address this

problem, I modify the matrix D by adding a small noise of size n=1/2:

D(0) = D(0) + rn~ V2%, (16)

(E+1)x2(M+1) i 3 matrix of i.i.d. standard normal

where £ > 0 is a tuning parameter and ¢ € R?
random variables independent of data. This perturbation ensures that 5(0)/&1,” achieves full rank
almost surely while having asymptotically negligible effects on the test statistic under strong iden-
tification. This perturbation technique draws inspiration from the AR/LM test’(Andrews, 2017).
While AR/LM test focuses specifically on inference for a subset of parameters, my paper addresses

a different problem of inference on a linear functional of parameters.
Define the new matrix under projection as follows:
Q(6) = Q(0)"2D(0)(D(0) 20)~ D (9)) e,
and the corresponding modified RLM (MRLM) statistic becomes

MRLM,, (0) = n(Af — 3)'0(9)—1/213@(9)0(9)—1/2(A9 - B).

°In addition to the modification in (16), D. Andrews (2017, eq. (7.11)) introduces two tuning parameters,
(K7, K{), to categorize identification strength. However, this categorization is not required for our inference proce-

dure, and there is no clear guidance for choosing these parameters.
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Then the modified LC (MLC) statistic is given by
MLC,,(#) = MRLM,,(0) + a - AR, (0). (17)

In section 4.4, I establish the uniform validity of using (17) for conducting inference on the linear

function ¢’f even if Assumption 1.7 might fail or be close to failing.

4.3 Implementation of the MLC test

In this section, I describe the implementation of the projection test based on the MLC statistic as

below:

1. Construct the key quantities for the test statistics

(a) Construct the estimators of p and B, as well as their asymptotic variances estimators ﬁlp
and f)/g, as in section 2.4. Plugging in the estimator p into the matrix A then obtains

the estimator A.

(b) Define the asymptotic variance estimator of the moment function
Q0) = H(p,0)S,H(p,0) + 35 (18)

where

diag § M 01, X, (p(20)) : £ =0,1,... K
diag an‘{zo OomNoy, (D(20)) : €=0,1,..., K
(c¢) For each m =0,1,..., M, let

H(p,0) =

and

R (p) = diag{ Ao, (P(20)), - - -, Aom (P(2K)) }-
For each j = 1,...,2(M +1), define a column vector d;(#) and the covariance estimator
I';(0) as below

1(0) = a; —T;(0)Q(0) 1 (A0 — B)
0;(0) = M;(p)SpH (p, 0) (19)
where - _
L. 1(p
5=1(P) i< M41
. Ok K
M;(p) = -0‘ X . (20)
(K+1)x (K+1) > M1
[ [ Bi-nm—2(p) |

Let D(0) = (d1(0), ..., doqar11)(0)) and D(8) = D(0)+rn~"/2¢, where & € RAK+D*2(M+1)
is a matrix of standard normal random variables independent of data. x is a positive

tuning parameter chosen as 1075 following D. Andrews (2017).
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2. Given the estimators A, 3, Q(@), and 15(0) constructed from step 1, compute the modified LC
statistics as in equation (17) for # € ©. For the empirical application and simulation studies,
I set the AR weight coefficient as 0.05, which is close to the suggested weight a(y) introduced
by I. Andrews (2018, page 343) by setting o = 5%, v = 10%, and K = 15, consistent with

the application considered in section 7.

3. Let a € (0,1) be the significance level. The modified LC test rejects the null hypothesis
Hy : /0 = ) if the profiled test statistic over the linear manifold ¢’6 = X is larger than their
respective critical values, i.e.,

¢MLC()‘> =1 c’ienzf)\ MLCTL(H) > Q(lJra))@Jrang_H(l - a)

where ¢ (1—a) denotes the (1—a)-quantile of the mixture chi-square distribution

1+‘1)X%+‘1X§K+1 R
(14 a)x3 + ax3y, 1 with x3 1L x3,,,. Additionally, define dyrc(A) =1 for A € {0 : 0 € ©}.

A robust confidence set can be obtained by inverting the test, that is,
CMLC = {)\ cR: (ﬁMLCO\) = 0}.

In practice, I report the convex hull of the confidence set so that it becomes an interval.

4.4 Uniform validity

The following theorem establishes the uniform validity of the MLC test based on the profiling the
MLC statistic.

Theorem 4.1. Let Assumption 2 hold, and suppose that the weight ¢ is a nonzero fixed vector.
Then we have
limsup sup Er[pmrc(V)] < a.
n—oo (\F)ePy

By this theorem, the MLC test has an asymptotic size less than or equal to the nominal level
a € (0,1) for the parameter space Py. In other words, the MLC test is uniformly valid regardless
of the model’s identification status. In Online Appendix C, I further demonstrate that the MLC
test is consistent for distant (or fixed) alternatives and has comparable power to the asymptotic
efficient Wald test under strong identification when the AR weight a is sufficiently small. These
findings highlight the usefulness of the MLC test for researchers seeking robust inference against

weak identification.

5 Incorporating Covariates

In this section, I consider a set of covariates W € R” included in the MTE model. I first establish an

augmented set of assumptions under which the MTE function can be point identified conditional on
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W = w for each w € supp(W). Then I argue that a commonly used additive separability condition
can introduce large bias in the estimand of target causal effects when unobserved heterogeneity
interacts with the covariates. To this end, I recommend conducting the robust inference procedure

by conditioning on covariates rather than imposing additive separability.

5.1 Identifying assumptions with covariates

Consider the following MTE model with an additional set of covariates W:

Ya= pa(W) + Va
D = 1[U < u(W, 2)],

where pg(W) = E[Yy | W] denotes the conditional expectation of potential outcomes. Similar to
Theorem 2.1, we can identify the MTE function E[Y: — Yy | Fyw (U|W) = u, W = w] under the

following assumptions.

Assumption 4 (MTE model with covariates).
1. ZLU|W.

2. E[Yy | Z,W,U] = E[Y; | W,U] and E|Y,| < oo for d € {0,1}.
3. U | W = w is continuously distributed for all w € supp(W).
4. 0<P(D=1|W=w,Z =z) <1 for all (w,z) € supp(W, Z).

5 E[Yy | Fyyw(UIW) = u,W = w] = pg(w) + Z%:l Pam (W), (u) for some known contin-
uous functions {hy(-)}_; for each d = 0,1 and u € (0,1), where Fyy(-lw) denotes the

distribution function of U conditional on W = w.
6. {Aim ()}, and {Aom(-)}M_, are unisolvent on (0, 1), where Ago(-) = Aio(-) = 1, and

1
Aim(p) = 1/P hm(u)du and Ao (p) L

= hm(u)du form=1,..., M.
PJo 1_p p

7. {P(D=1|Z=2,W =w):z€esupp(Z | W =w)}| > M + 1 for all w € supp(W).

Under the above assumption, we can normalize the distribution of U conditional on the random
covariate W to be uniformly distributed over the unit interval (i.e., Fyyw (u|W) = u) and thus
v(w,z) =plw,z) =P(D =1 | W =w,Z = z). The structural parameter

O(w) = (1 (w), {prm(w) b1, 0 (w), {pom (w) b=1)
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can be identified for all w € supp(W) by the following separate regressions:

p(w,z) hm (u)

du
p(w, 2)

EY |D=1,Z=2W =w] = p(w +Zp1m /

+me )Aim (p(w, 2))
(21)

B (w)

EY | D=0,Z =2z, W =w|] = po(w) + pPom (w / du
Z p(w,z) 1 _p(wvz)

)+ Z Pom (W) Aom (p(w, 2)).

For some w € supp(W), the variation of {p(w,z) : z € supp(Z | W = w)} can be weak in
practice, especially when conditioning on certain groups of individuals who have very high (or low)
probability of being treated. To address this problem, researchers commonly impose the additive

separability condition as follows.

Assumption 5 (Additive separability). The MTR function is linear and additively separable in

covariates and selection unobservable. That is, for d =0, 1,

E[Yd | W, U] = Uq + W’Td—i-E[Vd | U].

This assumption eliminates heterogeneous effects of covariates W interacted with selection un-
observable U on potential outcomes, i.e., pgm,(w) does not vary with w. Up to a linear term W'7y,
the covariate W is mean independent of Y; conditional on U. This enables point identification of
MTEs on the unconditional support of propensity scores p(W, Z) by using variation from covariates
in addition to exogenous variation from discrete instruments (Carneiro et al., 2011, Section 1.B).
Next, I show that the failure of Assumption 5 can lead to a biased estimator of treatment effects
unless W is uncorrelated with the treatment and propensity score. Given this result, I consider
Assumption 5 to be a strong assumption and implement inference in the empirical analysis by

conditioning on covariates rather than relying on additive separability.

5.2 Bias from additive separability

I show the population bias of treatment effect estimands for a specific class of DGP as follows:
ElYy | W =w,U = u] = pg + w'rg + pa(w)h(u), (22)

where pg(w) = pg+w'ng for d = 0,1, and h(-) is strictly increasing and integrates to zero over [0, 1].
This model can be viewed as an MTE model satisfying Assumption 4 with M = 1 and with ug(w)
linear in w. A related specification of this form has appeared in Kline and Walters (2019, equation

(12)) under additive separability, where pg(w) is treated as constant in w. So the model (22) can
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be considered as a direct generalization of their setting by allowing the effect of W to vary with
the selection unobservable U, therefore potentially violating the additive separability Assumption
5. Moreover, the bias derived under the specific model class (22) indicates that the worst-case bias
becomes even larger when extending to a broader class of models where additive separability does
not hold.

To obtain correct estimates on the model parameters, one should implement separate regressions

as follows:

EY |D=1,W =w,P =p] = +w'n + piAi(p) + [whi(p)]'m (23)
EY | D=0,W =w, P =p|] = uo +w'ro+ poro(p) + [wAo(p)]'no

where P =P(D = 1| Z,W) is the propensity score, and

I I
)q(p):p/o h(u)du and )\g(p)zl_p/p h(u)du.

However, suppose a researcher mistakenly imposes additive separability. Thus pg(w) is consid-
ered as a constant in the model with 7y = 171 = 0px1. As a result, shorter regressions with omitted

interaction terms WAy(P) will be implemented:

Y =1 +W'H 4+ pM(P) + yLWAP)ID=1 " nditional on D = 1

(24)
Y = jig + W'y + podo(P) + YEWAPID=0 ¢onditional on D =0

where Y-XIP=4 denotes the OLS residual of Y from regressing ¥ on (1, X) conditional on subsam-
ples D = d:
yXIP=d =y _ X'E[XX' | D =d|'E[XY | D =d).

where X = (1, X')".

The next lemma compares the true parameters (pg, 74), obtained as estimands from the correctly

specified model in (23), with those from the misspecified regressions in (24).
Lemma 5.1. Under the DGP (22), the bias on pg equals

cov(W'Ag(P), A\g(P)WIP=d | D = q)
var(Ag(P)tWIP=d | D = d)

Pd — Pd = Nd (25)
and the bias on 74 equals

7= = B[(WAOIP=O) i PID=O] D = a7 B[(W A PNP= (WA(P)) | D = d] na. (26)

The bias formulas are direct consequences of Frisch—-Waugh—Lovell (FWL) theorem. It shows

that the degree of treatment effects heterogeneity of the covariate W, measured by 71y, has a

nontrivial impact on the bias of estimands.

The bias formulas (25) and (26) simplify further under the following additional assumptions:
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Assumption 6. Under the DGP (22), the following conditions hold:

1. W is uncorrelated with the control functions of propensity score conditional on treatment
status: For d = 0,1,

COV(W, )\d(P) ‘ D = d) = 0rx1
cov(WW' X\g(P) | D=d) =0pxL
cov(W, A\g(P)* | D = d) = Opx1.

2. W is uncorrelated with treatment: E[W | D =1] =E[W | D =0].

Assumptions 6.1 posits that the covariate W and the control function A\y(P) are uncorrelated up
to their second moment, given the treatment or control groups. This assumption is notably strong,
suggesting that the covariate W cannot cause significant variation on the propensity scores within
both groups. However, the bias of treatment effect estimands is shown to persist even under this
stringent assumption. Only if researchers are willing to assume that W is completely “irrelavant”
under an additional Assumption 6.2, the misspecified model (24) would yield correct estimands of

average treatment effects and the slope of MTEs as the ones obtained from the true model (23).

I focus on the bias for ATE and slope of MTE curve because the shape of the unconditional MTE,
E[Y7 — Yo | U = u], is uniquely determined by these quantities. I also consider the conditional ATE
that captures treatment effect heterogeneity induced by covariates. These parameters are defined

below:
ATE = E[Y1 — Yo] = pu1 — po + E[W' (11 — 79)]
CATE:E[Yl —}/0 ‘ W:w] = U1 —,uo+w'(7'1 —7'0)
Slope = E[p1 (W) — po(W)] = p1 — po + E[W'(m — m0)].
Under (misspecified) additive separability, the researcher may estimate these effects by
ATE = jir — fio + E[W' (71 — 7))
C/_A\'ﬁﬂ = i1 — [o +w,(7~'1 —70)

Slope = p1 — po.

The next theorem shows the difference between the causal parameters and their corresponding

estimands under Assumption 6.
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Theorem 5.1. Under the model (22),

1. Suppose Assumption 6.1 holds, then

ATE — ATE = (E[W] —E[W | D = 1))'m x E[\(P) | D = 1]
—(E[W] -E[W | D =0])no x E[Ao(P) | D = 0]
CATE — CATE = (w — E[W | D = 1))'m x Ep(P) | D = 1]
— (w—E[W | D = 0])'no x EAo(P) | D = 0]
Slope — Slope = (E[W | D = 1] — E[W | D = 0))' (B(D = 0) n + P(D = 1) o).

2. Suppose Assumption 6.1 and 6.2 hold, then ATE = ATE and Sflo\p/e = Slope.

Remark 5.1. While the estimand of the ATE may remain unbiased under both conditions outlined
in Assumption 6, it is important to note that the bias on CATE does not necessarily disappear
under such assumption. Consequently, researchers should be cautious about interpreting CATE

estimates in short regressions (24) even if they have justified the validity of Assumption 6. 0

From this theorem, it becomes evident that the bias on ATE and the slope of MTE are driven
by two main factors: the magnitude of 74, which measures the heterogeneous effects of W, and
the extent to which the covariate W is unbalanced between the treatment and control groups.
Therefore, the bias on those estimands can be quite significant if we omit heterogeneous effects of
covariates that vary with unobserved heterogeneity U. In Online Appendix I, I provide a numerical
example illustrating that such bias can even alter the sign of the ATE estimand when additive

separability is mistakenly imposed.

Due to potential bias from misspecified additive separability, Online Appendix E.1 shows how
to apply the proposed methodology when conditioning on a set of discrete covariates using the
Siddk-Bonferroni correction. For researchers who wish to impose additive separability in MTE
models, Online Appendix E.3 provides guidelines on how to extend the robust inference procedure

to that setting.

6 Monte Carlo Simulation

In this section, I compare the finite-sample performance of the proposed MLC test with the classical
Wald test using simulated data from a simple quadratic MTE model with a three-valued instrument.
The power comparison between conditional Wald tests, MLC tests, and classical Wald tests in a

linear MTE model can be found in Online Appendix F.
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Consider a DGP specified as follows: For each d = 0,1,

Yg=pa+Vy
D =1[U < p(Z)]

1 1
Va = par (U— 5) + pd2 <U2—§) + eq,

where Z is uniformly distributed over three points {zg, 21,22} and is independent of (U, ey, ep).
The error terms (e1,eg) follow a joint normal distribution with zero mean and covariance matrix

Ye = 0.5 Izxo. For simplicity, I set u1 = pp = 0 and impose strong endogeneity by specifying
pun=pi2=-5 and po1 = po2 = 5.

Regarding the specification of the propensity score p(z) for z € {29, 21,22}, I fix p(z9) = 0.5
and let (p(z1),p(z2)) vary across (0.05,0.95)2 to generate a variety of degrees/directions of weak
identification. By drawing 2,000 i.i.d. simulation samples, I implement the Wald test and the MLC
test with AR weight a = 0.05 to assess the null hypothesis on testing ATE Hy : 1 — g = 0. The

average null rejection rates based on 5% significance level are displayed in Figure 2.

Figure 2: 3D Plot of Empirical Size for MLC and Wald Tests
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Note: The plots show empirical rejection rates for testing the null hypothesis Ho : ATE = 0 at the 5% significance
level. The upper panel presents three-dimensional surfaces of rejection rates, while the lower panel shows the
corresponding contour plots. Each plot varies p(z1) and p(z2) across (0.05,0.95) with p(zo) fixed at 0.5. The
contour lines correspond to rejection rates of 2.5%, 5%, 7.5%, 10%, and 12.5%, with regions between these lines
representing intermediate rejection rates. Darker regions indicate lower rejection rates.
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The null rejection rates reveal distinct patterns in tests performance across propensity score
variation. The conventional Wald test exhibits under-rejection when the three propensity scores
are similar, indicating trivial power in this weakly identified scenario to be shown below. When
the propensity scores cluster at two points (i.e., when either p(z1) or p(z2) equals p(zp) = 0.5),
the ATE parameter becomes partially identified, and the Wald test’s rejection rates reach to 14%,
substantially exceeding the nominal 5% significance level. This demonstrates the Wald test’s inva-
lidity under identification failure. In contrast, the proposed MLC test maintains proper size control

across all propensity score combinations, demonstrating its robustness to weak identification.

Figure 3 compares the power of the MLLC and Wald tests across different identification scenarios.
In Panel (a), where propensity scores are well-separated (strong identification), the Wald test
achieves asymptotic efficiency, and the MLC test delivers comparable rejection power. In Panel
(b), where the instrument takes only two distinct values (partial identification), the Wald test
exhibits not only size distortion at the null but also power loss at alternatives. In contrast, the
MLC test maintains correct size and almost surely rejects distant alternatives outside the identified
set. In Panel (c), where propensity scores are clustered together (weak identification), the Wald
test’s rejection rates fall consistently below the nominal level, indicating negligible power, while the

MLC test retains nontrivial power at distant alternatives.

7 Empirical Application to Misdemeanor Prosecution

In this section, I revisit the empirical analysis by Agan et al. (2023), who examined the causal effects
of misdemeanor prosecution on defendants’ subsequent criminal activity. Based on the quasi-
randomized assignment of nonviolent misdemeanor cases to assistant district attorneys (ADAs),
their LATE and MTE estimates demonstrate that nonprosecution leads to a large reduction in
the likelihood of defendants’ future criminal involvement over the next two years. To study the
policy effects of increasing nonprosecution, they analyzed the impact of imposing a presumption
of misdemeanor nonprosecution by relying on an existing policy change issued by a new district
attorney. In this section, I use their data to answer some policy-relevant questions concerning the
exogenous change on ADA nonprosecution rates. My approach does not require the additional data
or information related to an actual policy that is already implemented, but instead extrapolates

causal effects to address this issue.

Similar to their analysis, I use the MTE framework to extrapolate treatment effects outside
compliers. However, my goal is to analyze causal effects of implementing several counterfactual
policies on ADA leniency, which were not explored in their empirical studies. To adapt their data
into the framework considered in this paper, I implement the proposed inference procedure condi-
tional on each court and use ADASs’ identity as the discrete instrument since ADAs are randomly
assigned conditional on courts and time. To avoid bias introduced by many instruments (see the

references in Mikusheva and Sun (2022) for further discussions), I combine ADAs into a total of 15
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Figure 3: Power Curves of the ML.C and Wald Test
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Note: Testing ATE at values on [—5, 5] with the true effects fixed at zero. The significance level is set at 5%. The
sample size equals 2,000 and the average rejection rates are computed with 2,000 independent Monte-Carlo
simulations. The two dashed lines around zero in subfigure (b) characterize the identified set of ATE by imposing a

parameter space [—10,10] for each element of 6.
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groups for each court, excluding the smaller courts (BRI, CHE, and CHA) due to insufficient ADA

counts.

Let the treatment D be the nonprosecution status of defendants (that takes value 1 if the
defendant is not prosecuted) and the outcome Y be the indicator of subsequent criminal complaints
within two years postarraignment. To validate the strong overlap condition on propensity scores,
I focus on ADAs that handle more than 50 cases and have nonprosecution rate at least 0.025
within each court. The summary statistics of ADAs’ nonprosecution rates conditional on each
court are provided in Table 2 below. From this table we can see that the range of propensity scores
varies from 0.21 to 0.50. When employing a high-order polynomial MTE model such as the cubic
specification in Figure IV of Agan et al. (2023) in this setup, the finite-sample performance of
confidence sets may be too poor to guarantee valid coverage. Specifically, in Online Appendix H,
I show the evidence of weak instruments in cubic and quartic MTE models, while the classical F’
test (with threshold 10) does not deliver the same conclusion. The reason is that F' statistic aims
to detect deviations from the null where all propensity scores are equal to each other. However,
this is not sufficient to strongly identify MTE models with flexible structure that require three or

more propensity score to be well separated from each other (see Figure 1).

Table 2: Summary Statistics of Nonprosecution Rates across Courts

Nonprosecution Rate

Court  Number of ADA Min  Mean  Max Sample Size

SBO 16 0.04 0.24 0.54 3,921
EBOS 22 0.08 0.32 0.53 7,566
WROX 43 0.05 0.37 0.55 8,905
BMC 65 0.04 0.17 0.4 9,593
ROX 66 0.06 0.16 0.33 13,333
DOR 73 0.04 0.13 0.43 13,523
CHA 4 0.09 0.24 0.42 362

CHE 12 0.07 0.16 0.3 872

BRI 5 0.14 0.29 0.48 885

Total 262 0.04 0.22 0.55 58,960

Notes: Courts include South Boston (SBO), East Boston (EBOS), West Roxbury (WROX), Central (BMC),
Roxbury (ROX), Dorchester (DOR), Charlestown (CHA), Chelsea (CHE), and Brighton (BRI).

For all the counterfactual experiments, I consider an exogenous change to the ADA nonprose-
cution rates. Let p(z) be the counterfactual propensity score of not prosecuting defendants, where
€ is a nonnegative scalar (or vector) denoting the degree of deviation from status quo. I compare

the induced outcome Y€, defined as

Y= ViU < p(2)] + Yol[U > p(2)]
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with the observed outcome Y in the data.

Similar to the policy invariance assumption imposed by Heckman and Vytlacil (2005), suppose
that this counterfactual change on propensity score does not shift the distribution of potential
outcomes and unobserved cost U of being selected into treatment, therefore omitting any “general
equilibrium” effects that may arise after the change of prosecution rates. I consider three different

comparisons between the counterfactual outcome Y€ and the observed outcome Y':

1. Non-normalized policy effects:
ale) =E[Y-Y]. (27)
This criterion follows from Heckman and Vytlacil (2001). The term “non-normalized” distin-
guishes these effects from the policy-relevant treatment effects discussed below.
2. Policy-relevant treatment effects (PRTE)
E[Yc-Y]
Elp«(Z) — p(Z)]
This criterion follows from Heckman and Vytlacil (2005). This quantity can be interpreted

ale) =

(28)

as the treatment effect for units shifted into treatment via the counterfactual policy. Note
that the additive/proportional PRTEs suggested by Carneiro et al. (2010, 2011) and Mogstad
and Torgovitsky (2018) are special cases of a(e) for particular choices of p¢, as described in
equations (30) and (31) below.

3. Marginal policy-relevant treatment effects (MPRTE)

L B
O = 52— 2]

This criterion follows from Carneiro et al. (2010). When p(z) > p(z) for all z € supp(Z),

(29)

this parameter can be interpreted as the average treatment effects for marginal defendants
at the edge of being prosecuted. The equivalence between average MTE and MPRTE a4 (0)
has been established by Carneiro et al. (2010).

Next, I discuss the counterfactual propensity scores of interests and present confidence sets for

these policy effects.

7.1 Marginal policy relevant treatment effects

First, suppose policymakers increase the ADAs’ nonprosecution rates up to a positive constant € or

to a proportion €, where € > 0. Consider the additive or proportional marginal PRTE a4 (0) under
the new policy:

Additive change: p(2) = p(z) +¢, (30)

Proportional change: p(z) = (1 + €)p(2). (31)
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Table 3: 95% (top) and 90% (bottom) Confidence Sets for Additive MPRTE «(0)

MTE polynomial Wald MLC
Uncond. Linear [-0.19, -0.11]  [-0.17, -0.13]
Uncond. Quadratic [-0.19, -0.11]  [-0.18, -0.13]
Uncond. Cubic [-0.17, -0.06] [-0.15, -0.08]
Uncond. Quartic [-0.18, -0.05]  [-0.17, -0.06]
Average Linear 0.24, -0.03]  [-0.23, -0.03]
Average Quadratic [-0.29, -0.01]  [-0.33, 0.09]
Average Cubic [-0.32, 0.03]  [-0.79, 0.59]
Average Quartic [-0.39, 0.01]  [-0.76, 0.61]
Uncond. Linear [0.18, -0.12]  [-0.16, -0.14]
Uncond. Quadratic [-0.19, -0.12] [-0.17, -0.14]
Uncond. Cubic [-0.17,-0.07]  [-0.14, -0.09]
Uncond. Quartic [-0.17, -0.06] [-0.13, -0.08]
Average Linear [-0.22, -0.04] [-0.21, -0.06]
Average Quadratic [-0.27,-0.04]  [-0.28, 0.01]
Average Cubic [-0.29, -0.00]  [-0.60, 0.34]
Average Quartic [-0.35, -0.02]  [-0.63, 0.38]

Note: Results for the classical Wald and MLC confidence sets under polynomial specifications up to the fourth
order. The counterfactual policy considered is a uniformly additive increase in nonprosecution rates by a marginal
amount. The top panel reports the 95% confidence sets, and the bottom panel reports the 90% confidence sets. The
“Uncond.” confidence sets are obtained without controlling for court identities, whereas the “Average” confidence

sets are weighted averages of the court-specific confidence sets, with weights proportional to court size.

Table 3 collects the 95% and 90% confidence sets on marginal policy effects a4 (0) for the additive
leniency increase in equation (30) by letting e approach zero. The “unconditional” confidence sets
are obtained without controlling for court identities, whereas the “average” confidence sets are
weighted average of court-specific confidence sets weighted by the size of courts. The differences
between these two sets of results highlight the importance of adjusting for court identity as a
confounding variable. Incorporating court identity generally increases the uncertainty of causal

effect predictions.

Comparing average Wald confidence sets with average MLC confidence sets, the results show
that weak identification is a potential concern for models with polynomial orders higher than cubic.
In such cases, robust confidence sets may not be informative about the sign of causal effects due
to the inability to estimate a highly flexible model by using limited variation of propensity scores.

Although the ranges of both confidence sets are similar under the quadratic specification, Wald
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confidence sets remain negatively significant, whereas MLC confidence sets lose such significance
due to weak identification. In Online Appendix H (Table 7), I evaluate the strength of identification
for the marginal PRTEs based on the additive change in (30). The findings further confirm the

presence of weak identification for MTE models with cubic or quartic orders.

In addition to these aggregated results, Table 5 in Online Appendix G provides confidence sets
conditional on each court, revealing significant heterogeneity in the causal impacts of increasing
ADAS’ leniency across courts. It is worth noting that increasing ADA leniency might be harmful to
court ROX, indicating that defendants may be more likely to be deterred from increasing punish-
ment after prosecution, rather than committing to further crimes. Similar results for proportional
marginal PRTE based on (31) can be found in Table 6 in Online Appendix G.

7.2 Quota

Instead of mandating all ADAs to increase their nonprosecution rates simultaneously, it might be
more convenient for policymakers to set up lower and upper bounds for ADA nonprosecution rates.
For example, let € = (¢,€) € [0,1]? with ¢ < € denoting the lower and upper bounds of ADAs’

nonprosecution rate, respectively. Then the counterfactual propensity score becomes

p°(z) = min(max{e, p(2)}, €)

Since this counterfactual propensity score is non-smooth in p(z) which may invalidate the inferential
results, I employ a smooth approximation as follows:
1 1 1
€ . —_ _ -
p(z7¢>_ ¢10g<@¢p(z)—|—e¢€+e¢€>'
One can show that p(z;¢) — p(z) as ¢ — oo. In practice, I set ¢ = 30 to approximate the coun-
terfactual propensity score p(z). I analyze the (non-)normalized policy effects when policymakers

implement a lower bound e € [0.05,0.3] while maintaining € = 1 for each court. For notational

consistency, I use € to denote the value of this lower bound instead of e.

Figure 4 displays the average confidence sets for the non-normalized policy effects a(e) of im-
plementing a lower bound on nonprosecution rates. Under linear extrapolation, the results suggest
that imposing a lower quota on nonprosecution is beneficial. However, this evidence becomes
less conclusive with quadratic and cubic specifications as the lower bound € increases, reflecting
limitations of available exogenous variation at higher extrapolation levels. The Wald confidence
sets appear “spuriously precise” by failing to account for this limited IV variation. Consequently,
policy recommendations derived from the robust MLC approach may differ from those based on
the classical Wald approach. For instance, based on the 90% confidence sets from the quadratic
MTE model, policymakers concerned with robustness to weak IVs may prefer setting the minimum
nonprosecution rate below 20%, since the reductions in recidivism become insignificant above this

threshold under robust confidence sets. This sign reversal could potentially be driven by the fact
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Figure 4: 95% (top) and 90% (bottom) Average Confidence Sets for Non-normalized Policy Effects
a(e) when Setting a Lower Bound e for Nonprosecution Rate

Linear 95% Confidence Set (Avg) ) Quadratic 95% Confidence Set (Avg) ) Cubic 95% Confidence Set (Avg)

Diff Y
Diff Y
Diff Y

ok

.05 0.1 0.15 0.2 0.25 0.3 .05 0.1 0.15 0.2 0.25 0.3 05 0.1 0.15 0.2 0.25 0.3
€ € €

Quadratic 90% Confidence Set (Avg) ) Cubic 90% Confidence Set (Avg)

Dif Y
Diff Y

0.05 0.1 0.15 0.2 0.25 0.3 0.05 0.1 0.15 0.2 0.25 0.3 0.05 0.1 0.15 0.2 0.25 0.3
€ € €

‘ ........ Wald CS

MLC CS |

Note: Results for the classical Wald and MLC confidence sets under polynomial specifications up to the third order.
The counterfactual policy under consideration is a universal lower bound on the nonprosecution rates shown on the
z-axis. The y-axis depicts changes in recidivism rates (in percentage points). The top row presents the 95%
confidence sets, and the bottom row presents the 90% confidence sets. All confidence sets are computed as weighted
averages of the court-specific confidence sets, with weights proportional to court size.

that defendants with greater risk of recidivism are more likely to be released as the lower bound of

nonprosecution rate increases.

8 Conclusion

In this paper, I propose two robust inference procedures for a class of causal effects identified by
MTEs with discrete instruments. For the linear MTE model, I introduce a conditional Wald test,
which is simple to implement and asymptotically similar regardless of identification strength. For
a broader class of MTE models that nest polynomial specifications, I propose a modified linear
combination test that achieves uniform validity against weak identification and has satisfactory

power properties under strong identification. Finally, I use the proposed methods to investigate the
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counterfactual effects of manipulating ADASs’ leniency in the study of misdemeanor prosecution by
Agan et al. (2023).

There are several avenues for future research. First, while this paper focuses on using discrete
variation from instruments, extending the weak IV analysis to a semiparametric MTE model with
continuous propensity scores would be empirically relevant. In addition, the MLC test requires
the choice of tuning parameter on the weight of AR statistics, which trades off the power of test
under different identification strengths (see more discussion in Online Appendix C). It would be
interesting to investigate the optimal choice of this tunning parameter following the regret analysis
of Andrews (2016). Finally, extending robust inference techniques to accommodate many weak
instruments would be valuable, especially considering the typically large number of judges involved

in empirical studies (Jochmans, 2023).
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A Proofs for results in main text

A.1 Notation

Throughout the appendix, we employ the notation in Table 4, which was not necessarily introduced
in the text. In particular, the subscript F' emphasizes dependence on the distribution F', and the
numerical subscripts (such as d, ¢, and k) following the subscript F' refer to the corresponding index

of the parameter vector.

Table 4: Important notation

qr(ze) Pr(Z = z()

qr(d, zp) Pr(D =d,Z = z)

pr(ze) Pr(D=1|Z = z)

Ja (pr(20),pp(21), -, PF(2K))

Arp The matrix of propensity scores, defined in equations (5) and (10)
BF,ae ErlY | D =d,Z = 2]

Bra (BFdos - - - Brar)

Br (BF1: Bro)

U%‘,dﬁ varp(Y | D =d, Z = z)

{7, F}?S‘f*” The singular values of A (in a descending order)

Zp, 28,5 Zyg The normalized estimators defined in (51)

2y, 28,24 The asymptotic distribution of the normalized statistics

In addition, let Sﬁ - denote the space of positive definite square matrices with k rows (columns).
Throughout the proof, we abbreviate “weak law of large numbers” as “WLLN” and “central limit

theorem” as “CLT” for triangular arrays. Both theorems are stated in Lemmas A.7 and A.8.

A.2 Proof of Proposition 3.1 and Theorem 3.1

The proof of asymptotic similarity of the AR and conditional tests in Proposition 3.1 and Theorem

3.1 uses the sub-sequencing techniques from Andrews et al. (2020). Specifically, I verify their
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Assumption B” in the following Proposition A.1.
Proposition A.1. For any subsequence {p,} of {n} and any sequence {(),,, F}p,) € Po} for which
1. 0, — 0 € O, where 0f, is a sequence of parameters such that (0f, ,Fp,,) € P and
Apn = COF, ;
2. BF,, .t = Booae for d =0,1 and £ =0,1,..., K;
3. o%pmdg - aque ford=0,1and £ =0,1,...,K;
4. pr,, (20) = Poo(ze) for all £ =0,1,..., K;

5. qr,, (20) = qoo(z¢) for all £ =0,1,..., K;
The following result holds:

(a) the convergence of the type-I error rate of AR test:

lim Pp, (ARpmk(Apn) > (1 - a)) —a, fork=1,... K,

n—o0

(b) Suppose further that

VPulmE,, || = oo € [0,00], and 7, /[|7F,, [| = too,

where 1o is a unit vector, then we have the convergence of the type-I error rate of the
conditional test
lim Pg, (W), (Ap,) > qw+(1 — a)) = a.

n—oo

Proof of Proposition 3.1. This proposition is a consequence from Corollary 2.1(c) of Andrews et al.
(2020) after replacing “CP (Coverage Probability)” with “RP (Null Rejection Probability)” as

noted in Comment 4 below their Theorem 2.1.

Assumption B® in their paper is verified by Proposition A.1(a) by taking their parameter \ to
be (A, F) in our notation, and by letting their function h(A) correspond to (6, 8,03, ,, p,q), where
6 is an element of O satisfying ¢’¢ = X and (0, F') € P. (By the definition of Py, such a 6 exists.) [

Proof of Theorem 3.1. This proposition is a consequence from Corollary 2.1(c) of Andrews et al.
(2020) after replacing “CP (Coverage Probability)” with “RP (Null Rejection Probability)” as

noted in Comment 4 below their Theorem 2.1.

Assumption B® in their paper is verified by Proposition A.1(b) by taking their parameter X as
(A, F) in our notation, and their function h,(X) to correspond to (6, 3, {c3,}a.c, 0, ¢, Vx|, 7/||x|]),
where 6 is an element of © satisfying ¢/6 = X and (0, F)) € P. O
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Proof of Proposition A.1. For simplicity of notations, the proof is shown for the full sequence {n}.

Then, we note that the same proof goes through with p, in place of n.

Part (a): Note that gx(A) is a continuously differentiable function of A, p, 51, and Sy. Applying

Delta method and the convergence in Lemma A.1(a) to the sample moment gx(\) yields

Vgk(An) = [0 gk (An)) Zp + 031 95 (An)) Z3, + (03,95 (An)) Z g, + 0p(1)
4 N(0,52)
where
st = [0 91 (Xo0)]Zp,00[0pgk (Aoo)] + (31 91 (Aoo) 181,00 [0pgk (Aoo)] + [ 91 (M) S 80,00 [0 Ik (Moo,

Ao 18 the limit of A\, = /6, as n goes to infinity, and gx (M) equals gx(\) by sending A, p, 51, and

Bo to their limiting values.

Again by Lemma A.1(b), ¥}, o, 33, 00, and X3, oo can be consistenly estimated by their sam-
ple analogs flp, 2517 and 5350 along the drifting sequence, respectively. The continuous mapping

theorem then implies that
§i()‘n) = 8p’gk()\n)ipapgk()‘n) + 8B§gk<)‘n)iﬁ1aﬁ1gk()‘n) + aﬁ(’)gko\n)iﬁoaﬁogk()‘n) L 3%
Note that Lemma A.2 implies si € (0,00). By Slutsky’s theorem, we have

\/ﬁgk()\n> i) N(O 1)7

§k()‘n)

which implies the desired result.

Part (b): Following similar arguments in part (a), Lemma A.1 implies that

. d
\/ﬁg()‘n) - Zg = apg()‘oo)zp + 8519(/\00)Zﬁ1 + aﬁog()\oo)z,ﬁo ~ N(OK><17 Soo)
8zg()\n) £> 8z ()\oo) for x € {p7 61750} (32)
Ax £> Eac,oo for x € {pvﬁhﬁﬂ}
Sn) 2 Se
where
Soo = pg(/\oo)zp,ooap’g()‘oo) + 6519(/\00)261,008519()‘00) + 8,809()\00)260,008,869(>\oo)-
and Sy is bounded and positive definite by Lemma A.2.
Case 1: 1 < 0.
In this case, we have
Vit =/, + 0,72,
2 Yootoo + [0 2, (33)

=2Z;
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and

h(An) = Vi — [0 Sp[0p §(An)]S (An) T VG (An)
2y Yoot + [0 Zp — [0S .o Oy 9 (Moo)| S Z4
= Zy

From the independence (Z3,, Z3,) AL Z,, it follows that Z}, 1L Z; since they are jointly normal and

uncorrelated.

By continuous mapping theorem, we obtain the asymptotic distribution of the Wald statistic

under the null:

ng(An)'S(An) 177 S(An) "La(An)
S (Ap) 17t
i 28 2285 2,

Win(\n) =

[e.9]

Z. .S Z.

On the other hand, we note that the simulated statistic Wi (\,,) can be written as a function of

standard normal draw n* and a conditioning statistic

A ~

T = (h(M), S(), Sp, Fpg(An))- (34)

Specifically, we write

("Y' SOw) Y2, (*, ), (7, TS () /2"

Wi (An) = W (", T) s (7%, )8 (An) L (7, 1)

(35)

where

ms(n", Y) = h()\n) + [8p7r]Sp[ap’g()‘n)]g()‘n)_lﬂn*-
Therefore, T is the source of sampling uncertainty on the simulated statistic W*(\,,).
Let G(- | T) denote the CDF of the simulated Wald statistic W;*(\,) conditional on data, i.e.,

Gz | T) = P(W;(A | {Yi, Ds, Zi}iey)

P(W(n*,T)<z|T).

Define ¢(1 — o, T) as the (1 — a)-quantile of G(- | T) for a quartet of elements T such as T in (34).

By this definition, the critical value can be expressed as
qw-(1-a)=q(1—-a,7).
Next we show that ¢(1 — a, T) is a continuous function of Y on the set U, where

U = {(uy,u2,us,uq) : up + [8pW]U3uﬁlu51/2n* # 0xx1 a.s.,

(36)
up € RE uy € Si(_i_,w, € Si(il,uz; € ]RKX(KH)}.
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Let {Y,} be a sequence in U such that Y,, - Y € U as n — oco. Given zero probability of discon-
tinuity in the limit by the definition of U, {W(n*, Y;)}n>1 converges almost surely to W(n*, T).

This implies the convergence in distribution for any continuity point x of G(- | T):
Gl [ Tn) =Py (W', Tn) <) — Ppe (W', 1) <z) = Gl [ T).

The distribution function G(- | T) is increasing at its (1 —a)-quantile ¢(1—«, T') because the random
variable W (n*, T) is continuously distributed. By Andrews and Guggenberger (2010, Lemma 5),
it follows that ¢(1 — «, T;,) — ¢(1 — o, T). This establishes continuity of quantile function on the
set U.

The convergence results in (32) and (33) give

T 4 Yoo =(Zn Seor Spoos pg(As)),

and by Lemma A.3, we have P(To, € U) = 1. From the continuity of ¢(1 — a, T), it follows by

continuous mapping theorem that

a  Zi853 2.2, S5 2,

Whlch lmphes
( ()\ ) ( i )) /S Z — : S : ( )
fn TrSoo Z:ﬂ—

Next, we show that the limit probability on the right-hand side equals «. We first examine the

conditional probability as follows.

2,95 Zx
_p ((n*)’sf;” (0, Yoo (0, Too) 52

2183 22155 24
P >q(l—a,T) | Too

Ws(n*,Too)SSolﬂs(n*,Too)
=P(Wn",Yoo) >q(1 —a,Too) | Too)

>q(l—a,Too) | Too>

= a.s.

The second line holds by the observation that n* and S;ol/ 229 are both independent of Y., and
that Z, = WS(SO_OUQZQ, Y ), which has the same distribution as 75(n*, Too). The third line holds
by the definition of W (n*, T ). The last line holds by the definition of ¢(1 — «, T'), and the fact
that W (n*, T) is continuously distributed for any T € U. By taking the law of total probability, it
follows that the unconditional rejection probability equals a as well. This completes the proof for

the case Vo < 00.

Case 2: 1y, = 00.
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In this case, by the assumption \/n||7p, || — oo, we have

N

T TR, —-1/2 —1
= + Op(n TR,
el Tmmg 0Pt el (31)
= loo + 0p(1).
and .
h(An) T o . Al s —1
= — 0,720 [0 G(A)]S ™ Vg M) [V,
= loo + 0p(1).

From the condition s # Oxx1, (32), and (37), it follows that

g (An) SO) " &/ e ) F /e DS On) T GN) - 4,
(& /7 DS ()= (#/ I7r, |)

Now we examine the stochastic behavior of critical value gy ~(1 — «), defined as (1 — «)-quantile of

Wn(/\n) = X%‘ (39)

W(\,) conditional on data. First, define a normalized conditioning statistic in the construction

of Wi(An):
Y — il()‘n) Q S 8pg<)\n)
e <ﬁmu’ S0n). % \/ﬁllm\> |

By the definition of ¢(1 — «, T) introduced in Case 1 and the fact that

A

Wi (An) = Wa (0", T) = W (1", T),

we have
Gw-(1—a)=q(1—a,7).

It therefore suffices to obtain the limit of T as the sample size diverges. By (32), (38), and the
condition that v/n||7g, || — 0o, we obtain

T 5 Too = (tos, Socs Bprocs Oxx (i 41)) € U,

where the inclusion in U follows from ¢, # O x1. This and the continuity of the quantile function
q(1 — a,-) give q(1 — a, T) LN q(1 — o, To). This shows that the (1 — a)-conditional quantile of
W(\n) converges in probability to ¢(1—a, Yo ), which equals the (1—a)-quantile of x? distribution
by replacing T with Too in (35). So we conclude that

qw-(1-a) B ge(l-a) (40)

By (39) and (40), we have W, (\,) — qw+(1 — ) 4 X3 - ¢y2(1 — a). Then the desired conclusion

follows by the definition of convergence in distribution. O
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A.3 Proof of Theorem 4.1

The proof of uniform size control in Theorem 4.1 uses the sub-sequencing techniques from Andrews

et al. (2020). Specifically, we verify part of their Assumption B in the following Proposition A.2.

Proposition A.2. For any subsequence {p,} of {n} and any sequence {(),,, Fp,) € Po} for which

1. O

. — b0 € O, where 0p, is a sequence of parameters such that (0g, ,Fp,) € P and

Apn = COF, ;
2. BE,, at — Booae for d=0,1and £ =0,1,..., K;
3. U%pmde — UgOM ford=0,1and ¢ =0,1,..., K,
4. pr,, (20) = Poo(z¢) for all £ =0,1,..., K;
5. qr,, (20) = qoo(z¢) for all £ =0,1,..., K;

6. Bp,

v, — Bo and Cp, — Ci;

7. \/PnTjF,, —t;j €[0,00] forall j =1,...,2(M +1);

v B, ¢
Fpn = Fpy,

8. tn = T B 7 too € RQ(M+1), where Vg, =~ € R2M+1)x2(M+1) ig 4 normalizing matrix
pn " Fp, X "
defined in equation (45),°
we have

limsup Pr, <C/0i££p MLC,, (0) > q(1+a)xf+ax§K+1(1 - a)) < a.

n—oQ

Proof of Theorem /.1. This proposition is a consequence from Corollary 2.1(a) of Andrews et al.
(2020) after replacing “CP (Coverage Probability)” with “RP (Null Rejection Probability)” as

noted in Comment 4 below their Theorem 2.1.

Assumption B in their paper is verified by Proposition A.2 by taking their parameter A as (A, F')
in our notation, and their function hy,(\) to correspond to (6, 3, {c3,}a., p, g, B, C, {\/n7; }i(:]‘f“), ln)
where 6 is an element of © satisfying ¢/6 = X and (0, F') € P. O

)

Proof of Proposition A.2. For simplicity of notations, the proof is shown for the full sequence {n}.

Then, we note that the same proof goes through with p,, in place of n.

®Note that the denominator ||Vp, Bf, c|| # 0 since Up, and Bp, are both full-rank matrices and the weight c is

nonzero. Hence ¢y, is properly defined for each n > 1 and satisfies ||¢n|| = 1.
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By Lemma A.1(a), we have

D — DPF, Zp d 2p,0o Ok +1)x2(K+1)
vl = 2 = N 03x41)x15
B — Br, Zg (Hr ) O2(K4+1)x (K+1) Y800
This implies
) L Zy, ... Ly(pr,)Z 0
Vi(A—Ap) = ( o(PF,)Zp m(pF,) p) K+ DX (M +1) o) ()
O(k4+1)x(M+1) (RO(PFn)Zp, RM(pFn)Zp>
where
Lin(p) = diag{\,,,(p(20)), - - - s M (P(2K)) }
R (p) = diag{\om (p(20)), - - - - Aom (P(2K)) }-

By continuous mapping theorem, we have

Vi(Abp, — B) = V(A — Ar,)0r, — Vn(B — Br,)

B (Lo(pFn)Zpa LM(pFn)Zp> O(K+1)x (M+1) 91,&]
Ok 41)x (M+1) (Ro(pFn)Zp, RM(pFn)Zp> Oo,r,
_Zﬁ+0p(1)

4 |diag Z%:o O1m, 00N (Poo(20)) : £ =0,1,... K
— M ’ Zp - Zﬁ
Zm:() 90m,oo)\0m(poo(2é)) =

= H(poo; 0s0) 2y — Z5.

diag

where we define

H(p,0) =

diag s M 01, N, (p(20)) s €=0,1,... K
diag

S OomNom (P(20)) 1 € =0,1,..., K

Let
Zn = H(poo, 0s0) Zp — Z5.

Following Lemma A.1, the condition 6, — 6, and note that {\/, (-)} are continuouly differen-

tiable by the continuity of h,,(-), continuous mapping theorem implies

Q(an) = H(ﬁ’ an)i:pH(ﬁ’ an),—i_iﬁ
£> H(pomaoo)zp,ooH(poo;eoo)/ + Z:ﬁ,oo
= var(Zy) (42)

and

Lj(0r,) = M;j(p)S,H(b,0r,)
£> Mj(poo)zp,ooH(pmygoo)l

= cov(M;(pss)Zp, Zm)- (43)
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where Mj(p) is defined in (20). Note that var(Zy) is positive definite by the positive definiteness of
Y8 00, which is in turn implied by the parameter space restriction on P. Foreach j = 1,...,2(M+1),

then we have

Va(d;(0r,) — a;r,) = Vnla; — ajp,) — T;(05,)Q20r,) " 'Vn(Abp, — B)
& Mj(poo) 2y — cov(M;(poc) Zp, Zun) var(Z) ™ Zum,

~
=Z,4.
d;

where the second line holds by combining results from (41), (42), and (43). Then we observe that

cov(Z4;, Zm) = Og(k11)x2(K+1)-

AGFn - B d Zm
v <Vec(f)(0Fn)) — VeC(AFn)> ” (VGC(ZD)> ’ (44)

where Zp = (Z4,, ..., 2dy,,,,,) is independent of Zy,.

This shows

Based on (44), applying Lemma A.5 yields
n'2D(0p,)Br, ¥y, % D

where D is of full column rank with probability one and is also independent of Z,, and Vp, is a

diagonal matrix with positive diagonal elements

(vVnrir,)"!

T = Ogx (2(M+1)—q) (45)
! (\/ﬁ’r%Fn)_l

O(m+1)-g)xq Iy (a+1)—g
with ¢ = max{j : t; = oo}.

Define a normalizing constant v, = ||\/n¥r, B, ¢/ ~'. By continuous mapping theorem and

given that D¢ is of full rank with probability one, we have

Q)1 = Qbg,)" Y2 <\fD(9F )BE, ‘I’F)
. - -1 U B,
|:< 9F BFH\IJFH) Q(@Fn)il (\/ED(GFTL)BF”\IJF”)} m
n—" Fp
L Q9 = var(Zn)V?De[Dpvar(Zm) " Del ive- (46)

Since too # Og(ar41)x1 and D¢ has full rank with probability one, we conclude that Q is nonzero
almost surely and independent of Z by the independence between D¢ and Zy,.
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Then it follows that

N

MRLM,(0r,) = Vn(Afg, — B)Q0r,) > Py, 0k, /*V/n(Abr, — B)
= ValAGg, = BYUOR,) TP Py, ), 2O0F)TVAV/0(AGE, - B)
4 Z! var(Zg) V2 Povar(Zy) "V 2y
~ X
The third line holds by continuous mapping theorem based on (42), (44), and (46). The last line
follows by that Q is nonzero almost surely and Q I Z,, thus

Z! var(Zp) V2 Povar(Zy) Y?Zn ~ X3 conditional on Q
implies the unconditional distribution

Z! var(Zy) V2 Povar(Za) V2 2y ~ X2
We apply similar arguments to the difference between AR and MRLM statistics, yielding

2
X2K+1
X3

where Mg = I — Pg denotes the annihilator operator. Note that X%K 41 1s independent of 3%
because (Pgvar(Zym) /22, Mo var(Zy,)~'/22,) are uncorrelated:

Z! var(Zy) V2 Mg var(Z2,) "% 2y

AR, (0F,) — MRLM,,(0g,)| 4
Z;nVaI'(Z ) 1/2PQVEM‘( ) 1/22

MRLM,, (65, )

cov(Pg var(Zm) Y2 Z, Mo var(Zm) Y2 Z,) = E (COV(PQ var(Zm) Y2 Z, Mg var(Zm) Y2 Zy | Q))
=E(PoMo)
= Og(K+1)x2(K+1)-

The first line holds by the law of total covariance and the fact that E[Z, | Q] = E[Z,] = 0. The
second line holds by the independence between Q and Z,. The third line holds by the definition
Mg =1 — Pg. So we have

MLC,,(05,) = MRLM,,(05,) + a- AR, (05,) % (1+a)x3 + ax3gi

by continuous mapping theorem.

As a result, we show that

n—o0

< lim Pp, (MLC (05,) > Qrraptrondy,, (1 - a)>

n—oo

limsup Pp, (c/ér:lf)\ MLC,,(0) > d1+a)3+axds i (1-— a)>

= Q.

Then the proof is complete. O
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A.4 Proof of bias formula in section 5.2

Proof of Lemma 5.1. Applying FWL theorem to partial out the linear effects of W in the misspec-

ified regression (24), we have

yLWID=1 _ ﬁl)\l(P)J_WlDﬂ + y1tWAa@)b=1 conditional on D =1

YAWID=0 — 5070 (P)tWIP=0 1 y L W:Ao(P)ID=0 conditional on D =0

Conditional on D = d, simple OLS regression gives

COV(YLWlD:d, A\ (P)LW\D:d | D= d)
var(Ag(P)tWIP=d | D = d)
_ cov((para(P) + WnaAa(P))W1P=d x4 (P)LWIP=d | D = d)
B var(\g(P)1WIP=d | D = d)
cov((W/ A\g(P))WIP=d X (P)-WIP=d | D = ()
=Pt var((P)LWID=4 | D = q) "
cov(W'Ag(P), A\g(P)WIP=d | D = q)
var(\g(P)tWIP=d | D = d)

Pd =

= pd + Nd

The second line holds by noting that correct regression equation (23) gives

Y = pg + W'rqg + para(P) + Wnagha(P) + €4 conditional on D = d.
where ¢4 =Y — E[Y | D = d, W, P]. This implies
))J_W|D:d

YAWID=d — (p \y(P) + W'naha(P

since €4 is uncorrelated with W conditional on D = d. So we establish the bias formula for pg — pg.

Alternatively, we can also apply the FWL theorem to partial out the linear effects of Ag(W) in

the misspecified regression, giving

yMPID=1 — %{WJ‘)“(P”D:l + Y HWAp) D=1 conditional on D =1

y L2 (P)D=0 _ 7:6WJ_)\0(P)|D:0 4 yLWo(P) D=0 conditional on D = 0
In this way, 74 is the OLS coefficient on W in a regression of Y1Aa(P)ID=d oy y/LAa(P)|D=d,
7= E[(WJ_)\d(P)\Dzd)(WJ_/\d(P)|D:d)/ | D= d]71E[(WJ_)\d(P)\D:d)(YJ_)\d(P)\D:d) ’ D= d]

The correct regression (23) implies that Y1A(PID=d — (W'r; 4+ Wnghg(P))AP)IP=d  Plugging
it into the OLS estimand 7, then gives

7~—d — Ty = E[(WJ-)‘d(P)|D:d)(WJ-)‘d(P)ID:d)/ ‘ D — d]flE[(WJ_)\l(P)lDZd)(W/)\d(P))J_)\d(P)|D=d ‘ _D — d] 77d
— (W APID=d)(j Da(P)ID=dy | p — g1 E[(W M PID=d) (1575 (P)) | D = d] g

which establishes the bias formula for 75 — 74. O
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Proof of Theorem 5.1. We begin by noting that cov(W, \;(P) | D = d) = 01«1 implies
WwArPIP=d — 7 _R[W | D=d] and M(P)*WIP=? = \y(P) —E[N(P)|D=4d]. (47)

First, we simplify the bias formula in Lemma 5.1, which would lead us to compute the bias on
causal parameter of interests. The general bias formula on 7; can be simplified by the following

derivations:

7:d =1y +E[(WJ—)‘d(P)‘D:d>(WJ—Ad(P)‘D:d)/ ‘ D — d]—lE[(WL)\d(P)‘D:d>(W/)\d<P)) ’ D — d] nd
=14+var(W | D =d)'E[(W —E[W | D =d))W'\g(P) | D =d] 1q
=14+ var(W | D =d) " (E]WW'\g(P) | D =d] —E[W | D = dJE[W'Aq(P) | D = d]) nq
=14+ var(W | D =d) L var(W | D = d)E[Ng(P) | D = d] 14
=714+ E[N(P) | D = d]ng. (48)
The first equality is given by the Lemma 5.1. The second equality holds by (47). The fourth equality
holds by assumption cov(WW' A\g(P) | D =d) = 0«1, and cov(W, \g(P) | D = d) = 0, x1.-
On the other hand, the general bias formula on pg can be simplified by the following derivations:

cov(W/\g(P), A\g(P)WIP=d | D = q)
var(\g(P)tWID=d | D = d)
n cov(W'Aa(P), Aa(P) —E[Xa(P) | D =d] | D =d)

Pd = Pd 74

—pd var(\a(P) | D = d) 1

_ EWM(P?|D=d —EW | D=dENP)| D =d?

=pat varOa(P) | D = d) "

— pa+E[W'nq | D = d. (49)

The first equality is given by the Lemma 5.1. The second equality holds by (47). The third
equality holds by assumption that cov(W, \g(P) | D = d) = 0rx1. The final equality holds by the
assumption that cov(W, \g(P)?) = 0px;1.

Having simplified the bias formulae in Lemma 5.1, now we can derive the bias formula for g

as follows:

fig = E[Y — W'74 — para(P) | D = d]
= Elug + W'rg + paa(P) + [WAa(P))'ng — W74 — para(P) | D = d]
= Elpg + [WAa(P)]'ng = WnaE[Xa(P) | D = d] = E[W'nq | D = d]A(P) | D = d]
= g —E[W'nq | D = dE[Na(P) | D = d] (50)

The first equality follows by misspecified regression (24). The second equality follows by the
correctly specified model (23). The third equality follows from the bias formula in (48) and (49).
The last equality holds by the assumption cov(W, A\y(P) | D = d) = Opx1.
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Given the bias formula in (48), (49), and (50), now we compute the bias on estimating the slope
of MTE curve:

Slope — Slope = [p1 — po] — E[p1(W) — po(W)]
=E[W | D=1m —E[W | D =0]n — EW]'(m — o)
= (EW | D=1 -E[W | D=0]) (P(D = 0) m +P(D = 1) ).

The second line holds by (49). This establishes the bias formula for the slope of MTE curve.

Next note that (48) and (50) imply

CATE — CATE = [fiy — jio] + 0/ (71 — 7o) — |1 — pto] — w' (11 — 70)
— (w—E[W | D =1)/m x Epy(P) | D= 1]
— (w—E[W | D =0])'no x EPo(P) | D = 0]

and

ATE — ATE = [ji1 — fio] + EW]' (71 — 7o) — [t — o] — EIW]' (11 — 70)
= (E[W] —E[W | D =1])'m x E[M(P) | D =1]
— (E[W] —E[W | D = 0])'no x E[Ao(P) | D = 0].

So we have established the bias formula for ATE, CATE, and slope of MTE curve under As-
sumption 6.1. From this, note that the bias on ATE and slope would vanish if we additionally
impose Assumption 6.2, i.e., E[W] =E[W | D = 1] = E[W | D = 0], so the proof is complete. ~[J

A.5 Lemmas for main results

In this section, I provide the statement of supporting lemmas used in Appendix A. The proofs of

these lemmas can be found in Online Appendix B.

Lemma A.1. For a sequence of distributions {(6F,, F,)}5>; C P, suppose
1. qr,(2¢) = goo(z¢) for each £ =0,1,..., K,
2. PF, = Poo;

3. BFn = (B%mp ﬂ}?mo), — oo,

4. O’%”hdz—)Ugo’dg fOI“d:O,l andf:o,l,...,K.

Then we have

o4



(a) The following convergence holds

Zp ﬁ - pFn Zp
Zo| = m| P 4 | Za
Z50 Bo — 5Fn70 Zﬁo
where
(Z;)?Zélvzfjoazéy ~ N (03(K+1)><1a diag{zp,m7zﬁl,oovzﬁo,ooa Eq,oo}) 3
1—
Spoo = diag {p‘”(z‘)( Pl g1, ... K}
QOO(ZZ)
a2 16
¥ =diag{ ——————:/=0,1,...,. K
Proo QOO(Zﬁ)pOO(ZZ)
o2
Y4, 00 = diag 00,0¢ 0=0,1,....K
e {qoowxl — poo(20))
Ygoo = {Eq,oo{i»j]}i7j=0,1,-~7K7
with

S CRCIETNE)
—Poo(2i)Poo (Zj)-

(b) We have consistent estimators for the asymptotic variance:

)

p
p — Zpoo
S B g = diag{Ss, 00, D00}
I Y

(¢) The convergence results in part (a) and (b) also hold for any subsequence {p,} provided that
the conditions given in the lemma hold along {p,}.

Lemma A.2. Suppose ¢, # 0 or ¢, # 0 are fixed weights and let A = /6. For any (6, F) € P, the
asymptotic variance matrix

S = [0pg(N)]Zp[0p g(N)] + (05, 9(N)]E6, [0, 9(N)] + [050,9(A)] 53 [0 9 ()]
is uniformly bounded and positive definite. That is,

inf  Amin(S) > 0,
(0,F)eP

(52)
and

sup  Amax(S) < oo, (53)
(0,F)eP

where Apin(S) and Apax(S) denote the smallest and largest eigenvalues (or singular value) of S,
respectively.
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Remark A.1. This lemma shows that any choice of nonzero linear weights ¢, and ¢, would not
entail an asymptotic singular covariance matrix for AR test, which is essential for establishing

uniform validity. O

Remark A.2. Indeed, we can relax the restriction that A = ¢/6 and show this result for all X that
belongs to a compact subset on the real line, which will be useful to establish the power property
of the test. Since the above statement is sufficient to prove the uniform validity of the conditional

Wald test, I do not pursue this extension here. O

Lemma A.3. Suppose the conditions in Proposition A.1 hold for a sequence (\,, F},) for which
Ve, || = Seo < 00. Then Yoo = (21, Seos Lp.oo, Opg(Aac)) belongs to U defined in (36) almost
surely. That is,

PU* (Zh + [8p7r]2p1008p/g()\00)5501/2n* 75 Ole ‘ Zh> =1 a.s.

Lemma A.4. [Andrews and Guggenberger (2017, Lemma 10.3)] Assume the following conditions
hold under a sequence of DGPs {(0p,, ) }n>1:

1. The scaled singular values converge

o0 if 7 <
\/ﬁTj,Fn—> I =4
tj €[0,00) ifj>gq

2. Cp, and Bp, converge to their limits C and B, respectively.

3. The moment condition and the normalized D(ff,) converge jointly:

Abp, — Z
\/ﬁ R Fn /8 i} m
vec(D(0F,)) — vec(AR,) vec(Zp)
where Zp = (Z4,,. .. ,Zd2(M+1)) is independent of Z,.

Then we have
n'2D(0p,)Br, U, % D= 0,(1)

where
Up, = diag{(vnrr) L., (Virgr,) H1, .. 1) € REMALX2MAL),

Moreover, D is independent of Z,.

Lemma A.5. Suppose the assumptions in Lemma A.4 hold. Let ¢ € R2EFDX2(M+1) he o matrix

of i.i.d. standard normal random variables and x > 0. Then
n'2(D(0g,) + kn~V2€)Br, ¥y, % D

where D¢ has full rank with probability one and is independent of Z.
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Lemma A.6 (The ¢, inequality). Let X and Y be random variables with E|.X|" < co and E|Y|" <
oo for some r > 0. Then
EIX +Y[" < (E[X|"+E[Y]")

where ¢, = 1ifr<lande¢ =2""1ifr>1.

Lemma A.7 (WLLN for L'*9 triangular array). Let {X,;} be a row-wise i.i.d. triangular array
of random variables. Suppose
sup E| X' < 00 (54)
n

for some 6 > 0. Then
1 n
- > Xni —E[Xn] 5 0.
i=1

Lemma A.8 (Multivariate Lyapunov CLT). Let {X,;} be a row-wise i.i.d. triangular array of

random vectors in R¥ with expectations E[X,;] = 0 and covariance matrices X, = E[X,n: X],].
Suppose
S = >0 (55)

and for some 6 > 0

sup || Xi [+ < oc. (56)

n
Then as n — oo,
1 n
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B Proofs of lemmas in Appendix A.5

Proof of Lemma A.1. Part (a): We first show the influence function representation of /n(3 — g, ).
Recall that

qr(d,ze) =Pp(D =d, Z = z)
qr(ze)pr(2e) ifd=1
qr(z0)(1 —pr(z)) if d=0.

Denote goo(d, 2¢) = limy, o0 qr, (d, 20) € [€2, (1 — €)?] under the parameter space restriction. Note
that for each d =0,1 and £ =0,1,..., K,

Vi(Bae — Br,.ae) = Vn (ZZ = YillD: = d. Z; = z] 5Fn,de>

Zz:l [ - d Z - Zf]
qr, (d, zp) Y:1[D; = d, Z; = z]
=Vn | =t — - Br,
i(d,z) Z; a5, (20) Frodt
1 & (Y1[D; =d, Z; = z] 3
T V& (. 1) ot
1~ Yi1[D; = d, Z; = 2] (qF (d; z) )
+= VN At |
n ; P R
1 < (Yi1[D; =d, Z; = z]
Z — BE,
2\
=YD= =l - an b))
n qr, (d; z¢)
1 YD =d, Z; = 2] — 1[D; = d, Zi = 2)F, a
= — “— 4 0p(1
n ; qr, (d, z¢) o)
1 — 1[D; =d, Z; = z]
- Y, -Ep (Y| D=4d,Z = 1).
The fourth equality holds by applying the WLLN (Lemma A.7) to {Y;1[D; = d, Z; = z|/qr, (d, z¢) }I'4

and to {1[D; = d, Z; = z¢|}}'_;, which yields

CIFndZE)

q(da Zz) = qr,(d, z¢0) + 0p(1).

= B, e + 0p(1)



Note that L!'T9-integrability (54) required by WLLN holds here since {1[D; = d, Z; = z/|}}"_, are

uniformly bounded and for {Y;1[D; = d, Z; = z|/qr, (d, z¢) }I_;, we have
g, |YillDi=d, Zi = =] 0 Eg (Y'Y | D= d, 2 = )

o QFn(d, z¢) ar, (d, z¢)°

_ Ep(IY; O\ Dy =d, Z; =
< w (Y] | d, Zz) by Hoélder’s inequality
ar, (d, 2¢)°

(358
ET < Q.

The fifth equality holds by applying Lyapunov CLT to {n~Y2(1[D; = d,Z; = z)| — Eg (D; =
d, Zi = z0)) }iq

1 n
NG ;(R[Dz‘ =d, Zi = z1] — qr,(d, z)) = Op(1)
and by noting that O,(1)op,(1) = 0p(1).

Likewise, we can derive the influence function represetntation for \/n(p — pg,). For each ¢ =
0,1,..., K, we have

. 1[Z; = 2]
Vn(p(ze) — pr, (20)) fz (Di =Pp,(D=1]2 = Zf))m +op(1).
Therefore,
X {(D-—IP’ (D=1|27=z)) 8= }
{p(20) — pr,(20) }e i E ¢ P[I;;(Z=;e) L,]
310 — —Ep,(Y | D=1,7 = z)) goi=blizzl_
NG {@12 BEa10}e _ Z { F (Y| ’ ZE))Pinlgpizlz’Zizzé) }[ + 0p(1)
(o ~Brode | VS | {00 B (Y] D 0.2 =20\t ,
tate) = ar, o) {117 = ]~ Pr,(Z = ),

%\

Z (Yi, Di, Z;) + op(1).
As n goes to infinity,

Varg, ((ﬁn(}/lu Div ZZ)) - diag{zp,an Eﬂl,Fym Zﬁo,Fnu Zq,Fn} — diag{zp,OO) E[ﬁ,oo: 260,007 Eq,oo} 2 0

where

Sy, = diag {pF"(Zf)(l A SIS ,K}
qr, (z¢)

20)pr, (2¢)

2
. O F,,00
Y3, F, = diag e 4=0,1,...,.K
o {QFn(Zz)(l — pr,(20)) }

Yq.F = 8¢, 0 Jl}i =01, K

0.2
EﬁlyFn:dia‘g{qF(Fn’M:6207]‘7""K}




with
. pr, ()1 —pr,(2) ifi=j
qupn [Z’ ]] = . . B
—prF, (2i)pF, (%)) if i # j.
Here the positive semi-definiteness of diag{>, o, X3, 005 230,005 Lg,00} 15 implied by the positive
semi-definiteness of each covariance matrix in the diagonal position.
To apply the Lyapunov CLT (Lemma A.8) to ¢,(Yi, D;, Z;), it suffices to verify the Lyapunov
condition (56). We note that {(D ppn(zg))]l[ZZi(;‘j]}é and {1[Z; = 2| — qr,(2¢)}, are uniformly
bounded, and

1[D; =d, Z; = z] |*P°
Pr (D =d,Z = z)
_ER[lYi-Ep(Yi|D=d,Z=2)" | D=d,Z ==z
N Pr (D =d,Z = z)*9

EFn (Y; _EFn(Y ’ D= d,Z = Zg))

22+6C

< 2(119)

< 00,

where the last line holds by the L?*9-integrability of the centralized moment:
E[lY —E[Y |D=d,Z =2]>"° | D=d,Z = 2]
< o1+ (E[|Y\2+5 |ID=d,Z =2 +|E[Y |D=d,Z = Z]\M)
< 2PE(YPH | D =d, Z =2
< 92H9¢,

Note that the second line of (57) follows by ¢, inequality given in Lemma A.6, and the last line

holds by the parameter space restriction on the existence of (2 4+ §)’th moment of outcomes.

Hence the desired convergence (51) follows by Lyapunov CLT.

Part (b): Next, we establish the consistency of the variance estimators. First note that

B =p(0) _ prale)(l—pr, )| _
i@ anidz) }‘ p(1)

since p — pr, = 0p(1) by the convergence (51) and for d =0,1 and £ =0,1,..., K,

f]p - X F, = diag {

d(d’ Zf) —d4r, (da Zf) = Op(1)7 (58)

which is implied by WLLN for bounded arrays. Therefore, f]p is consistent to ¥,  since X, g, —

Yp oo as n — 00. Applying the similar arguments to i‘q also yields the consistency of i‘q to Xg00-



Now we examine the variance estimators 6621(:

7T L i(d, 2¢)
= q(dl - %Z ((Yi — B, .a0)® +2(Yi — Br,.a0) Bae — Br,.ae) + (Bae — 5Fn,de)2) 1[D; =d, Z; = Zz]]
’ i=1
Can(diz) |1~y W 1[D; = d, Z; = 2
~q(d, z) [n ;(YZ P, ) qr, (d, 2¢) ]

R 5, (d, 20) |1, 1[Di = d, Z = ]
+ 2(Bae — /BFn,dZ)W [n ;(YZ ~ Bro.at) qr, (d, zy) ]

+ (Bae — Bro.ae)”
Note that equation (57) implies that L'*9-integrability (54) holds for

[D; =d, Z; = 2z
qr, (d, z¢)

1
Xni € {(Yé — By ae)?

L (Y B g P =i = 2 }

qr, (d, z¢)

for appropriately chosen é.
By WLLN, we have

UD:i=d, 2 =] _ 0%, a0 = 0p(1)
nsy - p

1 n
= (Yi— Br,.a)
n =1

QFn(d)Zf)

1< 1[D; =d, Z = z] (59)
i = 0,4 = Zp|

7 2= Proa) == = oD

As implied by the convergence (51), we have Bar — B £,.d¢ = 0p(1). This combined with equations
(58) and (59) then yield
OA'?M - O—%n,df £> 0.

Hence we have

- 62 OF e
Y5 —Ygp =diagd —&— — n® . d=1,04=0,1,...,K y = o0,(1).
FT R g{q(d,zo ar, (d 21) o)

This establish the consistency of 25 since ¥g f, = X3,00 as n — 00. Finally, note that part (c) can
be proved by replacing n with the subsequence p,, throughout the arguments given above. Then

the proof is complete. O

Proof of Lemma A.2. First, we show the inequality (52). Note that S is a sum of three positive

semi-definite matrices. Define

S = 05 9(N)125, 105, 9(N)] + [0,9 (M) X80 [0, 9(N)]-

4



Given the decomposition S = S + 8p§()\)2p8p/ G(\), the eigenvalue inequality”
Amin (P + Q) > Amin(P) + Amin(Q),  for positive semi-definite P, Q

implies Amin(S) > Amin(S), since /\mm(apg(/\)ipap,g(/\)) > 0. Hence, to bound Apin(S) away from
zero, it suffices to show that the minimal eigenvalue of S is bounded away from zero.
2
Next, note that ¥g, is a diagonal matrix with positive diagonal elements Xg,[¢, (] = q(zdﬁz)
for d = 0,1 and ¢ = 0,1,..., K. Let vg denote the first column of [0,9(\)], whose k-th row

(1 <k < K) of its sample analog version is defined in equation (9), then it follows that

Sg, (1, 1([1 = p(20)]ep + 2¢0)?
[08,9(M)]25,[05,9(N)] = ,[0,0] - v1v1 + diag :
S, [, K]~ pz0)]ep + 26,)°
and
B0 [1, 1] (—=p(20) e + 2¢)?
[0809( N2, 95, 9(N)] = 25,[0, 0] - g0 + diag :
S0 [, K|(=p(20) ¢ + 2¢,)?

Hence we have

S = (5,10,0] - 11 + 5,[0,0] - v510)
56, (1, 1]([1 = p(20)] e + 2¢0) + X, [1, 1] (—p(20) e + 2¢5)°
+ diag :
S, K, K]([1 = p(20)]en + 2¢p)* + g [K, K](—p(20)cp + 2¢)?
We now show that each diagonal element in the second term has a positive lower bound that does not
depend on the distribution of data. Foreach ¢ =0, 1,..., K, we have Xg,[(,£] > €¢/(1—€)? = §(¢) > 0

implied by the parameter space restriction in section 2.3. This implies the k-th diagonal element

is bounded below by

Eﬂl [k, K1([1 = p(z0)]c + 2¢p)* + gy [k, K] (=p(20)cp + 2¢5)°

3(e) (([1 = plz0)]ew + 2¢,)* + (—p(z0)cp + 2¢,)?)
LB

On the one hand,
1
LB > ici (60)

"This inequality holds by noting that Amin(P + Q) = minj,; =1 2’ (P + Q)z > min, =1 2’ Pz + min, - 2'Qz =
)\min(P) + Amm(Q)



by Cauchy-Schwarz inequality: a? + b% > %(a —b)2. On the other hand,

LB = 8¢ + [p(20) + (1 — p(20))] & + dcpeull — 2p(20)]

1
> 80,2) + ﬁci + 4cpeu[l — 2p(20)]

2
- (2\/% — 9p(20))cp + é) +8[1—(1—2p(0))?] & (61)

> 32p(20) (1 — p(20)) C?»
> 32¢(1 - €)c,

where the second line holds by Cauchy-Schwarz inequality. Combining inequalities (60) and (61)

then yields
1
LB > max {20/2” 32¢(1 — e)cz} >0
since ¢, # 0 or ¢, # 0. This implies that

Y5, (1, 1]([1 — p(20)]en + 2¢,) + g, [1, 1] (—p(20) ey + 2¢))?
Amin(S) > min :
S, [K, K]([1 = p(20)lcp + 2¢5) + S5, [K, K] (—p(20)cu + 2¢5)°

> 0(€) max {;ci, 32¢(1 — e)cz} ,

where the first line uses eigenvalue inequality. This establishes the inequality (52), as desired.

Next, we show the inequality (53). Following the eigenvalue inequality

Amax(P + Q) S )\maX(P) + Amax(Q)

given that A and B are both positive semi-definite, it suffices to show that

Amax ([Opg(N)]Ep[0pg(V)]) - Amax ([05,9(N)] 85, [05:9(N)]) - and Amax (95,9 (V)] E3,[05,9(N)])

are bounded above by some positive constant that does not depend on the distribution of data.
For simplicity, we establish this statement for Amax ([0pg(A)]Ep[0,yg(A)]), and the remaining cases
follow by similar arguments. Let v, denote the first column of [9pg(\)]. For each £ =0,1,..., K,

we have [0, (] = % < L =6(€) < co. Then it follows that

[0y IZ 05000 < 50000+ ( s, 00 K1) 1N = (o = B

K
< 8O 1= A+ (Bue — Boe)eul*.
=0

The parameter space P requires A and [ to be constrained by a compact space that depends only
through © and ¢ > 0 in Definition 2.1, respectively. Thus the right-hand side can be bounded above

by a positive constant that is independent of data distribution, which completes the proof. O



Proof of Lemma A.3. Let H = [0,7]%p, 000y g(Aoo) € REXK. We divide the proof into two cases:
Case 1: rank(H) > 0.

We show a stronger conclusion: h + HS;ol/ 27}* # Oxx1 a.s. for all h € RX and prove it by
contradiction. Suppose there exists hg € R¥ such that P(hg + IHISO_ol/Qn* = Ogx1) > 0. By the
condition that rank(H) > 0, there exists a vector a € R¥X such that H'a # Ogxi. Therefore, the

variance of the normal random variable a’(ho + Hsgol/ 27)*) is nonzero:
dHSH'a # 0.
This shows a’(hg + HS5/ 277*) is a nondegenerate normal random variable, which implies
P(a’ (ho + HS?n*) = 0) = 0.
However, this contradicts with the claim that P(hy + HS;O1/277* = 0gx1) > 0 since
P(ho + HSY?n* = 0gx1) < P(d'(ho + HSLY?n*) =0) = 0.
So the desired conclusion is established.

Case 2: rank(H) = 0.

Note that rank(H) = 0 gives H = Ox x x, which implies

2, + HS 0" = 2,
= Sooloo + [0pT] 2, — HS ' Z,
= Sooloo + [OpT| 2.

Note that the variance of the random vector S te+[0p7| Z), equals a full-rank matrix [0,7]3, oo [0y 7]
since J,m and X, o have full rank. This implies a/(Sootoo + [0p7]|Zp) is a non-degenerate normal
random variable for all a # Ogxi. Following similar arguments in Case 1, we conclude that

Sooloo + [OpT] 2, # Ok 1 almost surely. Thus the desired conclusion has been established. O

Proof of Lemma A.J. This lemma is a simplified version of Lemma 10.3(d) in Andrews and Guggen-
berger (2017). For completeness of exposition, I provide a proof below that closely follows their
arguments. For notational simplicity, denote dg = 2(M + 1) and d,,, = 2(K + 1), which represent
the numbers of columns and rows of matrix ﬁ(@), respectively. Let U, denote the upper g-block
of U, defined in equation (45). Then

U, = diag{(vnr.r,) ..., (WVnTyE,) "'} and Vg, =

\IIq OqX(dG‘I)] ) (62)
(de—q)xq Ia,—q



Let Bp, = (By : Ba,—q) and Cp, = (Cy : Cy,,—4). Then

VnD(0p,)Bp, Vr, = (vVnD(0r,)By¥q, vnD(0F, ) Bay—q)-

Now we analyze the asymptotic behavior of each part. For the first part, note that

\/ﬁ(ﬁ(an) — Ap,)Bg¥q + AFan(\/ﬁ‘I’q)

0p(1) + Cp,I1p, (Bg, Bay—q) Ba(vn¥y)
p(1) + Cr,I1E, (Ig, 0gx (dy—g)) (V¥ )

p(1) + Cr, (I, Ogx (d—))’

Cy oo

\/ﬁb(an )Bq‘I/q

I | (|
SRS

i@

where O o, denotes the first g-columns of matrix Cs,. The second line holds by v/n(D (0, )— AR, ) =
Op(1), ¥, = o(1), and recalling that Ar, = Cp,IE, B}, via singular value decomposition. The

third line holds by the construction that Bp, is an orthogonal matrix.

For the second part, note that

\/HAFHBdG*q = \/HCFnHFn (BQ7 Bda*q)/Bdgfq
- CFn(\/ﬁHFn)(O(dgfq)Xq7 Idgfq)/

Ogx (dg—q)
— Cx diag{tq_H, c 7td9}

O(dyn—dg) x (do—q)

On the other hand, by continuous mapping theorem,
~ d
Vn(D(0r,) — Ap,)Biy—q = ZDBay—q.0

where Bg,_q. denotes the last (dgp — ¢)-columns of B,,. Therefore, we have

R J Ogx (dg—q)
\/ﬁD(an)Bde—q - Cx diag{tq+1, e 7td9} + ZpBiy—g,00

O(dy—dg) x (dg—q)

Combine the above results, we have

R J qu(de—Q)
VnD(0r,)Br,¥r, — D=|Cie, Cx |diag{tyrt,--- tay}| + Z0Bdy—g,00

O(dyr—dg) x (dg—q)

whose stochastic behavior only depends on Zp, thus is independent of Z,. ]



Proof of Lemma A.5. For notational simplicity, we still maintain the notation dyp = 2(M + 1) and
dm = 2(K + 1) from Lemma A.4, which shows

n'2D(0r,)Br, ¥y, % D,

where D is independent of Z,.

When g = dy, we have
n2n V2B Uy = kEBp, Vg,
& Ké.BOOOdQng
= Od,, xdg-
Then
n'2(D(OF,) + kn 26 Bp, ¥p, 5 Cu

which is the same limit as the n'/2D (0, ) Br, ¥, . Thus the introduction of this small perturbation

& would not harm the asymptotic behavior of the test under strong identification.

When g < dy, we have

nl/lel/ZfBFn‘I/Fn = kEBE,VE,
£> K&Boodiag(oqxqalde_q)
= (Ogxqy KEBdy—_g.o0)-

Combining with the results from Lemma A.4, we have
. p Ogx (dg—q)
n'?(D(0p,)+rn "2 Br, W, S De= | Cyoor Coo |diag{tgr,....ta,}| + (2D + £€)Bay—goo

O(d—do) x (ds—q)
Now we show that D¢ has full rank of probability one. Define
Ogx (dp—q)
Ciy—qe = O |diag{tgt1,. .. tay}| + (2D + K&)Bay—g,00-
O(dun—da) x (do—0)
Since D¢ has full rank is equivalent to C D¢ has full rank, which equals
Cr 0o
| Cltp—g,00
— - Ctlz,oocq,oo Ctlz,oocdofq,ﬁ ]
Cltm—g,00Ca00 Cpy—qo0Cdo—ast

C{)oDS = (Cq,oov Cde*q,ﬁ)

Iq C:;,oocdefq,é

_O(dm—q) Xq Cz/im—q,oocdefq,f




Hence, D¢ has full rank is equivalent to Célm_q oo Cdy—q,e having full rank. By Lemma 16.1 from
Andrews and Guggenberger (2017), it suffices to show that the variance of vec(Cy _ 0.00Cdo—g,€) 18

positive definite.
Note that
var(vec(Cy o Cag—qe)) = var(vec(Cy, _, (2D + KE)By—g,00))
= var ((B&@_(LOO ® C’ém_qm) vec(Zp + mé))
= (Biy—g.00 ® C,,—g.00) var (vec(Zp + £8)) (B, .00 ® Ca,—g.00) "
By the property that rank(A ® B) = rank(A) rank(B), we have
rank(Bg,—q.00 ® Cq,,—g,00) = rank(Bg,—q.00) rank(Cy,, g oc)
= (dp = @)(dm — q),
implying that Bg,—¢ 00 ® C4,,—¢,00 is a full-rank matrix. On the other hand,
var (vec(Zp + k€)) = var (vec(Zp)) + k2 var (vec(€))

with the equality holding by the independence between { and data. Note that var(vec(§)) = Ig,,4, by
the assumption that £ is a matrix of i.i.d. standard normal variables. Therefore, var (vec(Zp + k§))
is the sum of two positive semi-definite matrices, with one of them being positive definite, so we

conclude that it is positive definite.

For every x # 0(q,,—q)(dg—q)x1> W€ have (Bay—g.00 @ Cd,,—q,00)T # O(dy—g)(dm—q)x1 DY the full
rank of By, 400 ® C4,,—q,00, and thus

xl(B(/igfq,oo ® Célqu,oo) Var(veC(ZD + 55))(B(/i97q,oo ® Célqu,oo)/x >0

by the positive definiteness of var(vec(Zp+k§)). From this, we conclude that the covariance matrix

of vec(Cy _ 4 Cdy—q.¢) is positive definite. The proof is therefore complete. O

Proof of Lemma A.6. The proof of ¢, inequality can be found in various reference, for example, see
White (1999, Proposition 3.8). O

Proof of Lemma A.7. For each € > 0, note that

-1\ . | 146
P( >e> < BInT ) (i — EX)|

1 n
— 3" Xpi — B[Xp]
" =1

< Z?:l E’Xm - EXni|1+6

- n1+561+5

= 20 (BXn[™ 4 [EX| 1)
= noelts

- 21+5 sup,, E’Xn’i‘lﬂs

= ndelte

—0

10



as n — oo. The first line holds by Markov’s inequality. The second line holds by triangular
inequality. The third line holds by ¢, inequality. The fourth line holds by absolute inequality.

Hence the desired conclusion holds. O
Proof of Lemma A.8. This central limit theorem for a triangular array of random vectors is a special

case of heterogeneous CLT in Hansen (2022, Theorem 9.4) by restricting observations in each row
are identically distributed. ]
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C Power Analysis of MLC Tests

C.1 Main results
In this section, I analyze the power of ML.C test under strong identification. To define the sequences
of DGPs that are strongly identified, I impose the following additional restrictions on the space P.
Definition C.1 (Parameter space under strong identification). For some d,{ > 0 and € € (0,1/2),
define the set Py of pairs (0, F') that satisfy the following conditions:

1. (0, F) € P. That is, (6, F) satisfies the conditions imposed in Definition 2.1 with the given

5, >0, and € € (0,1/2).
2. Equation (5) holds with functions {h,,(-)}}M_; satisfying Assumption 1.6.

3. There exists a set of index S C {0,1,..., K} with |S| = M + 1 such that

min 2) — (2| > €
JkES, j#k Ip(25) — p(zk)| =

Specifically, the second condition brings back the unisolvent property on the specified functions,
and the third condition assumes that there is a set of isolated propensity scores sufficient to point

identify primitive parameters in the MTE model.

Lemma C.1. With Py defined in Definition C.1, We have

inf  Apn(Afr) > 0.
oL, Amin(Ar)

where Ap is defined below equation (10) for some distribution F'.

The parameter space Ps guarantees that the smallest singular value of A, denoted as Tr2(pr41),
is uniformly bounded away from zero. Since Ay has full rank for each (0, F) € P, 0 = (A Ar) L AL Br
is uniquely determined by the data distribution F', so does A = ¢’6. Therefore, Ps can be regarded
as a collection of distribution F, and we denote 0p = (A’FAF)_lA%ﬁF and A\rp = 0f for each

F € Ps. The next result establishes the consistency and local power property of the MLC test

under strong identification:

Proposition C.1. Suppose {F,, : n > 1} C Py, where for some Fy € P, assume

1. pr,(z) = pr,(2) for all £ =0,1,... K,

2. Br, = Bry,
3. a%md@ — U%g,d@ forald=0,1and ¢/ =0,1,..., K,

4. qr, (z0) = qry(z¢) for all £ =0,1,..., K.

12



Consider a sequence of null values A} = Ap, +bn™" with b € R and b # 0, then the following

conclusion holds

(a) If r € ]0,1/2), then we have

lim Pr, (dyLc(A5) = 1) = 1. (63)

n—o0

(b) If r = 1/2, then we have

lim lim sup E,, |dwaa(A;) — purc(Ag)| = 0.
a0 n—oo
It is worth noting that the proposed MLC test is approximately as powerful as the asymptotic
efficient Wald test under strong identification if we set the weight assigned to AR statistic sufficiently
small. Andrews (2018, Theorem 3) establishes a related result by showing that a (1 — o — ) LC
confidence set is contained by a (1 —a) Wald confidence set with probability approaching one for all
~ > 0 based on a specific choice of weight function a() such that the critical values of the two tests
are equal: A1+a(m))NE+a()XCr 11 (I—a—7) = q2(1 —a). Nevertheless, it is less clear from his result
that the MLC test would have similar local power as the Wald test at the same significance level,

regardless of how we choose the AR weight. This result is now formally established in Proposition
C.1(b).

It is not recommended to set a = 0 for the MLC test. On the one hand, the AR statistic
helps direct the optimizer of the profiled MLC statistic to converge within a small neighborhood of
the true parameter 6 under strong identification. Within this neighborhood, the MRLM statistic
is first-order equivalent to the Wald statistic. However, the MRLM statistic alone cannot detect
deviations from the true parameter except in the direction of the target parameter ¢’#. On the other
hand, assigning a larger weight to the AR statistic increases power under weak identification, as the
MRLM statistic might be small for distant alternatives due to the near-singularity of A (Kleibergen,
2005). While Andrews (2016) discusses the optimal choice of a for full vector inference problems,
the optimal choice of a for inference of parameter functions remains an open question for future

research.

C.2 Lemmas for local power analysis

The following lemmas are used to establish Proposition C.1.

Lemma C.2. Under the same assumptions in Proposition C.1, the local power of Wald statistic
equals:
lim Ep, [pwad(\y)] = P((2 + 1) P (2 +v) > q,2(1 — @)).

n—0o0

where Z ~ N (0y(x41)x1, lo(+1)) and v is defined in equation (74).

13



For each population distribution F, let

QOr(0) = H(pr,0)X, rH(pr,0)
L;r(0) = M;(pp)Sy rH(pr,0)',

where H(p,6) and M;(p) are defined in section 4.3.

Lemma C.3. Suppose {F,},>1 C Ps is a sequence of distributions satisfying the conditions in

Proposition C.1. The following results hold:

0 < inf Apin(25,(0)) < sup Amax(Q2r,(6)) < 0o (64)
fco 0cO

sup [26) — 2 (6] = 0,(1) (65)

6co

$up [75(0) — T (6)] = o (1). (66)

[I<C)

C.3 Proofs in Appendix C

Proof of Lemma C.1. Since the matrix Ap is the block diagonal of A1 and Agp defined in (5), it
suffices to show that the minimum singular value of Ay is bounded away from zero uniformly over
Ps for both d = 0,1. Fix an arbitrary d = 0,1, the proof is divided into three steps.

Part (a): Establish the positive lower bound of the determinant of an alternant matrix over a

compact subset.
Suppose {hy,(-)}M_, satisfies the Assumption 1.6. Define the function
f(pOa s 7pM) = )\min(A(p()v s 7pM)) for each (p07 s apM) € (07 1)M+1>

where A\pin denotes the smallest singular value of an alternant matrix A (po, . .., par) € R+ (M+1)

whose (¢, m)’th element is defined as

A (po, - ) = Xam(pe)-

By Assumption 1.6, {\gy(-) }_, are continuous functions on (0, 1). This implies that f(po, ..., par)

is also continuous on (0,1)™*!. Consider a compact subset
E= {(po,...,pM) ipe € le,1 —¢| forall £ =0,..., M, r&iil|pj—pk] > e}. (67)
J

Then f is strictly positive and continuous on £ by the unisolvent property® imposed in Assumption

1.6. Therefore, there is a natural positive lower bound, denoted by €4, such that

inf fo,...,pm) > €q > 0.

(Pos---sPM )EE
8The unisolvent property implies that A(po, ..., pam) has nonzero determinant, whose absolute value equals the
product of all singular values of A(po,...,pam). From this, it implies that the smallest singular value should be
positive.
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Part (b): Show that the smallest singular value of a submatrix of Agp is uniformly positive.

By the third condition imposed in Definition C.1 and the third condition imposed in Definition
2.1, for each (0, F') € P, there exists a subset of propensity scores ps = {pr(z¢) : £ € S} such that
ps € & defined in (67). Then it follows from part (a) that

f(ps) = Amin(A(ps)) > eq > 0.

Part (¢): Conclude the proof.

Note that A(ps) is a submatrix of Aygp for row index belonging to the set S. Therefore,
Amin(Agr) = min [[(Agp)z||
[[=]l=1

> min [|A(ps)z|
Joli=1

= /\min(A(pS))
>eq>0
for all (8, F') € Ps. The first and third line holds by the min-max principle for singular values, and

the second line follows by the fact that A(ps) is a submatrix of Agp. Hence the desired conclusion
has been established. O

Proof of Proposition C.1. Part (a). First, we show that

V(A0 — B)|| = oo almost surely. (68)

inf
cO=N},

To prove this, fix an arbitrary 6 that satisfies '8} = \*.” Consider the following derivation

IVn(A6;, = B)|| = IIVn(Abk, — B) + VnA(0; — 0r,)|
> V| A, — 0r,) | — |Vi(Abr, — B)l|
> Amin(A)Vnl|0, — 0r, || — [Vn(A0k, — B)l| (69)

i COR, — A A A
> /\min(A)T — IVn(A0g, — B)|
bln—rt1/2
(A A 0, 1),
cc

The second line follows by triangle inequality. The third line holds by taking z = ), — 0p, in the
following equality:

A A
) > o) in 1221
lel#0 |||
where the equality in (70) holds by Courant—Fischer—Weyl min-max principle for singular values.

The fourth line holds by the fact that the distance between 0, and 6}, is bounded below by the

= [l Amin(A), (70)

91f such 6}, does not exist, then the test always rejects the null hypothesis by its construction in section 4.3. So

the desired conclusion trivially holds.
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distance between 0, and the hyperplane {f : ¢ = X%}, where the latter equals |¢'0r, — \%|/Vcc.
The last line holds by A% = Ap, +bn~", A 2 Ap,, and v/n(A0p, — ) = O,(1) as implied by Lemma
A.1. Finally, based the assumption r € [0,1/2) and Amin(Ag,) > 0 from Lemma C.1, the desired
intermediate step (68) is established.

Second, with a slight abuse of notation, let 6} denote the minimizer in the profiled MLC test

statistic:
0 € argmin MLC,,(0)
o=\, (71)
= argminn(A0 — 3)'Q(0) /2Py Q(0)~ 12(A0 — B) + a - n(A0 — B)'Q0) (A0 — B).

c'O=X},

The first term of the objective function is always non-negative, we show that the second term

diverges to infinity. Note that

nQ(6;) 2 (Ag; — D)l
> /\max(f?( 0:)) " IVn(Ad;, - B)II?

(Qr (6:)) "+ 0p(1)] [Vr(AG; = B)I? (72)
The second inequality holds by applying the same arguments in (70), and the third line holds by

equation (65) from Lemma C.3. Again following this Lemma, inequality (64) implies Amax (25, (05))
0. Combining (68) and (72) implies that

gan MLC,,(0) = MLC,,(0;) — co almost surely.
c'O=X},

As a result, the desired conclusion (63) holds.
Part (b). We divide the proof into several steps:

Step 1: There exists a ,, that satisfies ¢/6,, = Ay such that MLC, (én) converges to a mixture

of noncentral x? distributions.

Consider ) .
(A,F()QFO(GFO)_ AFO)_ ¢ b

(A Qp, (0m,) TAR) e Vi
Note that 6, € © for sufficiently large n since @ € int(0), and

Ib|n—1/2
Ve AR QR (0r,) " AR) e

So we have |0, — 05, || = o(1) as ||0r, — 0F,|| = o(1) holds by the given conditions. Then the j’th
column of D(6,), denoted by ﬁj(én), equals

énzepn—f-

197, (07,) "2 AR, (8n — 0F,)|| = — 012,

Dj(0n) = aj — T(00)Q(0,) " (A0, — B) +n2kg;
= a; — T, (05,5 (0r,) " (AR, — B) + 0,(1)
=aj + Op(l)
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foreach j =1,...,2(M+1), where the second line follows by (66) from Lemma C.3 and the fact that
107, —0r,|| = o(1). This implies | D(8,,) — A|| = 0,(1). Since Q(6,) " = Qr, (0r,) " +0,(1) = 0,(1)
given by (64) and (65) from Lemma C.3, we have
Q(én) = Q(én)_l/Qﬁ(_n)(5@71)/@(6_71)_15(571))_16
= Q(0,)V2AAQ0,) L A) e 4 0,(1).

Plugging this into MRLM,,(6,,) yields

MRLM,,(8,) = =

_ 3 2
Ji(A0r, — BB, A (A'Q(a’n)—ljx) Lot (B — 05 e + op(1)] (73)

A A — N\ —1
¢ (A’Q(On)*1A> ¢+ op(1)

q, Z'v : ,
<’ l —I—HVH) =(Z+v)P,(Z+v).

where

QFo (GFO)_I/QAFO (A/Fo QFo (HFO)_IAFO)_IC
CI(A/FO Qr, (HFO)_lAFo)_IC

and Z is defined as the limit law of /nQp, (05,)"/2(A05, — B), following a normal distribution
N(Og(k41)x15> Ta(k+1))-

V= QFo (9F0)71/2AF0\/E(9771 - an) =

b (74)

For the AR, (f,), observe that

AR, (6n) = [[Vn(Ab, — B)Q(6,) 7|2
= V(A0 — BYQUOF,) ™2 + Vilbn — 0r,) AQ0F,) 72 + 0p(D)]?

L2 + v)2.

Combining the results for MRLM and AR statistics, it follows that

MLC,(0,) % (1+a)- (Z+v)P Z+v)+a (Z+v)M/(Z+v).

Step 2: Show that the minimizer of the profiled MLC statistic is consistent to 6F,.
Let 0} denote the minimizer of the problem (71). Then we have
a- AR, (0) < MLC,(6}) < MLC,(0,) = O,(1),

where the first inequality follows by the fact that MRLM statistic is always non-negative, the second
inequality follows by the definition of 6% and that 6, from step 1 is feasible under the constraint,

and the last equality follows by the conclusion of step 1.
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This implies ||/ (A0 — 3)|| = O,(1). Using inequality (69),

V(|85 — Bll + |1 A0r, — Bl)
\/ﬁ)\min(A)

we conclude [|0% — 0p, || = Op(n~'/?). Given this result, the same arguments in Step 1 continue to

16 = O, || <

9

hold after replacing 0 with 6, in (73) while maintaining the same definition of v:

y— Qr, (GFO)_l/QAFo (A/F()QFO (HFO)_lAFo)_lc b
C/(A/FOQFO (HFo)ilAFo)ilc ‘

Hence,

MRLM,(02) % (Z2+v)P(Z+v).

Step 3: Conclude the proof

To save notations, let ¢(a) denote the (1 — «)-quantile of the mixture chi-square distributions

(14 a)x] + ax3x. ;- Note that the following inequality
MRLM,, (0) < MLC,(6}) < MLC,(6,,)
implies the inequality on rejection probabilities:
Pr, (MRLM,(6;) > q(a)) < Eg,[burc(V;)] < P, (MLCy(6h) > g(a))
Taking the limit on both sides gives

L(a) < liminf Ep, [$urc(N;)] < limsupEr, [darc(A;)] < Ula)

n—o0

where
L(a) =P(Z+v)P,(Z+v) > qa))

and
U(@)=P((1+a)- (Z+v)P(Z+v)+a-(Z+v)M,(Z+v)>qa)).

Note that both L(a) and U(a) are continuous function of a, taking a to zero from above then yields:

L(0) < liminfliminf Ex, [oyvrc(M5)] < limsup lim inf B, [dyre(A)] < U(0).

a\0 n—oo a\0 n—00

Since L(0) = U(0) = limp—oo Ep, [dwaia(A:)] by Lemma C.2, the desired conclusion has been
established. 0

Proof of Lemma C.2. It suffices to show that

Wald,(\) % (Z+0)P(2 +v)
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under {F, }p>1 € Ps. Under strong identification such as the parameter space restriction imposed in
Ps, the efficient estimator geft (the continuously updated GMM or two-step GMM) is consistent and
asymptotic normal with the asymptotic variance [A’FOQFO(QFO)*lAFO]fl (Newey and McFadden,
1994, Theorem 5.2). Then it follows that

N N A A ~ —1
Wald, (\5) = n(d§°F — %Y [c'(A'Q(eeff)—lA)—lc] (6T — »*)

[\/ﬁ(c’éeﬁ “Ap)—b

2

_ {\/ﬁ(cléeﬁ_ AR,) — b}/ [c’(A/Q(éeﬁ)flA)*lc]_l

(e — \ .
e ~ Il sign(®) + o,(1)
V¢ A QR (07,) AR) e + 0p(1)

For an efficient estimator, we have the following asymptotic representation:

V(0" = 0r,) = —(A, O, (08,) " Ap,) " A%, O, (05,) " V(Afp, — B) + 0p(1).

which implies
/peff z
vuled Ar) 4 =Y. sign(b).
& (A, @ (07,) A e vl

Plugging this into the Wald test statistic yields the desired result.

d 2
Wald, () % (- _||y||> = (Z+)P,(Z +v).

O]

Proof of Lemma C.3. For simplicity of notation, I leave the dependence on Fj implicit in this proof.
First, we show that the smallest and largest singular values of 2(#) are finite and bounded away
from zero uniformly across 6 € © under distribution Fj. The first inequality can be established by

noting that

where the first inequality holds by eigenvalue inequality since H(p,6)'Y,H (p,0) is positive semi-
definite, and the second inequality follows by the parameter space restriction on P. Therefore, the

lower bound inequality is established. Regarding the upper bound. Note that

Amax(Q(0)) = Amax(H (p, 0) SpH (p, 0) + )

< Amax(H(p, 0) SpH(p, 0)) + Amax(3p)
£, H(p,0))* + Amax(2p)
) Amax (H (P, 0))? + Amax(5),

= Amax

< Amax

(
(
(
(
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where the first inequality holds by triangle inquality for spectral norm Apmax(-), and the second
inequality holds by the Cauchy-Schwarz inequality. Since each element of H(p,#) is continuous in
6 € ©, and O is a compact set, Apax(H (p,0)) is bounded uniformly over § € ©. Note that

1— 2
Amax(2p) = max p(z0)(1 = p(20)) < oo and Apax(X) = max Tae

¢ q(ze) .t q(d,z)

< 00

as implied by the conditions imposed on P. So the inequality (64) is established.

Next we establish the uniform consistent estimation on €2(6) in (65). First note that the differ-

ence in spectral norm can be expressed as

1€2(6) — O)| = 1H (5, 6 S, H (5,0) — H(p,0)'S, H(p,0) + S — S
< |[H(5,6)'S,H(5,6) — H(p,0) SpH (5, 0)l|
+ \[H(p,0)'SyH (5, 6) — H(p,0)'S, H (p, 0)]
+ 125 — Sgll
< (ISY2HG, Ol + 15y 2H B, 0)]) [HG,0)l - 1552 - 53|

+ (52,0l + 152 H . 0)]1) 1552 - 11H(5,0) — H(p, )]
+ 1185 — S5,

where the first inequality follows by triangle inequality, and the second inequality holds by noting
that

[X'X -YY|= XX -XY+ XY -YY]|
< XX =)+ [I(X - Y)Y
< (IXIT+ IYIDIX =Y,
for any matrices X and Y that have the same number of columns.
Next establish several auxiliary bounds that will be used to control these terms:

1. supgep ||H (p,0)|| < co. This is implied by the fact that H(p,6) is continuous in ¢, and © is

compact and thus H(p,#) is uniformly bounded above.

2. supgee ||H (P, 0)|| = Op(1). This is implied by the following inequality:

Pg, (SupH(ﬁ,G) <sup{H(p,0) :€/2 <p(zy) <1—¢/2, V0 =0,1,...,K; 0 € @})
USS)

> Pp, (Ip — pr.ll < €/2)
— 1,

where the second line holds since € < pp, (2¢) < 1—¢, and the last line holds by the consistency

of p from Lemma A.1.
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3. ||£,]] = O,(1). This is implied by 3, & Yy from Lemma A.1, and ¥, f, being positive
definite.

4. supgeg || H (P, 0) — H(p,0)| = op(1), which holds by the following inequality:
M
1H(5,6) = Hp,0) < > > Baml X [N ((20)) = N (p(22)),
m=0d=0,1

and given that X/, (-) being continuous and p L p.

Combining these results gives

Sup 12(6) = )l = 0p(1) - 1£/% = £/ + 0p(1) - 0p(1) + Op(1) - [[S5 — S5l

Then the desired result follows by the consistency of variance estimators from Lemma A.1.

The proof of (66) follows similar arguments as the proof of (65) and thus omitted. O
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D Inference with Estimated Weights

Sometimes the weight ¢ needs to be estimated if researchers’ interests focus on causal parameters
such as ATT and LATE. In this case, the weight usually depends on the joint distribution of (D, Z)

as in Table 1, therefore I make the following assumption:

Assumption 7. The weight ¢ = ¢(p,q) is a function of propensity scores p = (p(z20),...,p(2K))’
and marginal distribution of instrument ¢ = (¢(20),.-.,q(2x))’, and this function is continuously
differentiable.

Under this assumption, I develop inferential theory for causal parameter that depends on es-
timated weights. In section D.1, I generalize the conditional Wald test proposed in section 3 for
linear MTE models and extend the theory for MLC test proposed in section 4 for a general class

of MTE models that include the polynomial structure.

D.1 Linear MTE models

I plug a consistent and asymptotic normal estimator ¢(p, §) into the construction of the moment

function. This gives a modified sample moment function:

aEO) = [p(zr) — B(20)] X — By DA (20, 21) — (B, DA p(20, 24)

and
O =@, ... gk (V) e RE.

Since the weight c is estimated, its sampling uncertainty directly impacts the asymptotic distribu-

tion of the moment function. Let
Ay = (Au(20,21)5 -+ Ap(2o0, 2k)) and A, = (Ap(20,21), -, Ap(20, 2k)).

Define Au and Ap as their corresponding estimators, where each entry is obtained by replacing

A, (20, 21) and A,(20, 2;) with their respective estimators A#(zo, z)) and Ap(zo, 2k)-

Applying the Delta method, we have the following first-order asymptotic expansion:

Bpg(N)[p — pl
+ 851 ()‘ [/81 /81]
gt —g(n) = + 95,9(N)[Bo — Bol +op(n1?),
— A0 ’Cu[ p]—i—a/cu[q—q])

— Ap(Opcplp —pl + 9ycylq — ql)

[p
)
)

where Jpc and O,c denote the partial derivative vectors of ¢ with respect to vectors p and g¢,

respectively, for ¢ € {c.(p,q),c,(p,q)}
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The asymptotic variance can be consistently estimated by
ot o A 19,61 — Alg.el)s o A 19.61— A g.e1)
STA) = (8179 (A) = A0y ] — Ap[ap’cp]) Xp (8pg (A) = A0y ] — Ap[ap’cp])
~ N ~ ~ N /
+ (Au [0 ] + Ap[aq’épD Xq (Au O] + Ap[aq’épD
+ 938" (N) 28,951 (V) + 95,5" (N, 973" (V),

where 0,¢'()\) is obtained from 0,g()\) by replacing ¢ with ¢ for x € {p, Bo, 51}, and 0,¢,, (or 0,¢,)
denotes the sample analog of 0,¢, (or 0;c,) evaluated at (p, q) for z € {p, ¢}.

To achieve asymptotic independence from /ngt(\), I modify the sufficient statistic h()) to
W) = vk = 10,718, (075 (N = Auldye] = Adloye) ST~ Vg ().
The simulation counterpart of 75 can then be constructed as
711 = iﬁ()\) + [810 ]Ep (ap’gT()‘) - Au[ap’éu] - Ap[ap’ép}) ST()‘)_IHU*a

where n* ~ N(0xx1, [k xx) are simulated draws independent of data. Under these modifications,

the asymptotic distribution of the plug-in Wald statistic

when conditioning on m()\) as sample size diverges. This leads to the following corollary regarding

the uniform validity of the modified testing procedure:

Corollary D.1. Consider the weight ¢ that depends on the data distribution F'. Let Assumptions
2, 3 and 7 hold, and suppose that inf mep |lc(pF, qr)| > 0. Replacing (g()), S(\), ms) with their
counterparts (§f(A), ST(N), 1) in Theorem 3.1 yields the same conclusion.

Remark D.1. We can also modify the AR test described in Proposition 3.1 by replacing gx(A) with

g,i(x) and replacing §,()\) with the (k, k)-th diagonal element of ST(\) to make it asymptotically
valid with the estimated weight. O

D.2 Polynomial MTE models

In this section, I maintain Assumption 7 and consider modified linear combination test for the
treatment effects parameters A = ¢(p,q)’0. Naively plugging in the estimator ¢ = ¢(p,§) into

the test statistic can introduce estimation errors in the constraint ¢ = A, potentially leading to
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asymptotic bias in the limiting distribution of the test statistic. To address this, I modify the test

statistic to account for the effects of these estimation errors.

One possible solution involves reparameterizing the model so that the target parameter ¢'6
becomes an element of the reparameterized model parameter, e.g., see D. Andrews (2017). However,
given the broad class of causal parameters of interest, finding a universal reparameterization rule
that works for all these parameters is challenging, and such reparameterization would greatly

complicates the asymptotic analysis.

As an alternative, I impose a normalization on the weights of the treatment effect parameters.
This assumption is broadly applicable to various causal effects, including ATE, ATT, LATE, and

the normalized counterfactual policy effects @(€) considered in this paper.

Assumption 8. The first and (K + 1)-th element of the weight function ¢(p,q) are 1 and —1,

respectively, and weight is symmetric: ¢ = (¢, ¢f)’ with ¢; = —cy.

Under Assumption 8, I consider a sequence of vectors 0, = 0F, + 6, such that & 0, = \p =
c(pr,,qr,) 0F,. Hence én falls into the estimated constraint set. There are two choices of §,, that

satisfies this requirement:

on = (—[¢ = c(pr,, qr,)) 0F,, 0112k +1))
0n,0 = (O1x(x+1): [¢ — c(PF,, 47,)] O0F,, O1x k)"

For any r € [0, 1], define a sequence
Ony =705, + 0n1) + (1 = 1)(0F, + 0n0)- (75)

This construction generates a continuum of sequences {6, ,},>1 that satisfy the estimated con-
straint. By examining the asymptotic behavior of the test statistic under the sequence {0, , }n>1,

we can establish an asymptotically valid test.

Proposition D.1. Let Assumption 2, 7, and 8 hold. Define &, = (=711 (x41), (1 = 7)1ix(x+1))
with r € [0, 1], where 1, (g 1) denotes a 1 x (K +1) vector of ones. In the MLC testing procedures

outlined in section 4.3, consider replacing Q(Q) by
O0:7) = (H(p, 0) + &010,8)) S (H(5,0) + £:0'10,8)) + (6010, (6,0 10,8]) + S,

replacing T';(#) by
0(0;7) = M;(p)S, (H(p,0) + €.0[0,¢)),

and replacing ¢ with ¢ in the constraint set. With these modifications, the uniform validity of the
MLC test is still maintained.
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D.3 Proofs in Appendix D

Proof of Corollary D.1. Note that Delta method gives a different asymptotic expansion for the

moment along a converging sequence:

Vi) L (0p9(Meo) — Auldyca] — A,[0pcy)) 2,
- (AM [aq/cu] + A, [aq’cp]) Zq
+ 08,9(Ao0) 28, + 98,9(As0) 25,
~ N(0,5T(Aso)).

The asymptotic covariance matrix ST()\OO) is uniformly positive definite by noting that Lemma
A.2 has already established that 0, g(Ax)Z3, + 95,9(A0)Z5, is non-degenerate uniformly as long
as c¢ is nonzero. Since Z,, Z,, and Zg are jointly independent, §T(A) consistently estimates the
asymptotic variance ST(As). The rest of the proof follows by the same arguments in Proposition
A.1 and Theorem 3.1. O

Proof of Proposition D.1. Under the drifting sequence satisfying the conditions outlined in Propo-

sition A.2, our goal is to establish

s (ot MLC(0) > 0o, (1 =) <o
where the two chi-square distributions are independent. Then the rest of the proof follows the same

arguments in the proof of Theorem 4.1.

Consider 6, for € [0,1] defined in (75). Then we note that lim, ,. P(f, € ©) = 1 since
0F, € int(©) and the difference between 6, , and 6p, converges in probability to a zero vector.

Next, it can be seen that

V(A8 — B) = Vn(Abg, — B) + 1 - VnAd,1 + (1 —1) - V/nAd,o
d
= (H(poo, o) + &0, [0pc]) Zp + (60, 104¢]) 24 — 25,
where J,c and J,c denote the gradients of ¢ with respect to p and ¢, respectively, by setting p = poo
and ¢ = ¢oo. Note that Q(Qnﬂ«; r) consistently estimate the asymptotic variance of the above moment

condition. Moreover,

A

Fj (Gn,vﬁ 7") £> Mj (pm)zp,oo (H(pom 900) + 541‘900 [apc]/) )

which equals the asymptotic covariance between /n(A6,,, — ) and Vn(a; — aj r,), where a; p,
and a; r, denotes the j-th row of A and Ap, , respectively.

Following the same arguments in Proposition A.2 but replacing 0, with 6, , in the argument

of test statistics, the consistency of the (co)variance estimators implies

d
MLCn(en,r) — (1 + CL)X% + aX%K—I—l' (76)
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Let B denote the event that infyg_), MLC,,(6) > 4(1+a) 1 — ). Then we have

X%J’_GX%K-‘-I(
]P)Fn(B) = PFn(B’enyr € 6) +PFH(B7 971,7" g @)
<Pr, (MLC(QH,T) > Q(1+a)X§+ang+1> On,r € 0) +Pp, (an,r Z0)
< Pp, (MLC(On,r) > Q(1+a)xf+aX§K+1) +Pp, (bn,r € ©),

where the second line holds by the fact that 6,,, € © and satisfies the constraint set under the first
term of probability. Taking the limit as n — oo and noting P, (6, € ©) — 0 along with (76), the
desired result holds. ]
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E Inference with Covariates

In this appendix, I describe two approaches for implementing the proposed inference procedure
with covariates. Section E.1 presents a method that conducts the robust inference procedure
conditional on a set of discrete covariates and then aggregates the causal parameters using the Sidék
and Bonferroni’s correction. This approach does not rely on the additive separability assumption
imposed in Assumption 5. Section E.3 then explains how the proposed procedure can be adapted

to settings in which researchers impose additive separability in the MTE model.

E.1 Sidik-Bonferroni’s correction

In this section, I implement the proposed identification-robust inference procedures conditional on

a set of discrete covariates W. Assumption 2 is extended to incorporate additional covariates:

Assumption 9. The random vectors (Y;, D;, Z;, W;) for i =1, ... ,n are i.i.d. with distribution F,
where W; has finite support.

Next I introduce a set of regularity conditions to be imposed on the distribution F. Let 6 =
{0(w) : w € supp(W)}. For some 6,¢ > 0 and € € (0,1/2), define the parameter space P as the set
of pairs (0, F') satisfying the following properties:

1. Equation (21) is satisfied with K > M, where 8(w) € int(©) € R2M+1) for some compact
set ©, for all w € supp(W),
2. SUP¢=0,1 SUP(z,w)esupp(Z,W) ]EFHY‘Q—Hs ’ D=d,Z=2zW= w] <

3. €< inf(z,w)€supp(Z,W) Pr(D=1[W =w,Z = 2) < SUP (z,w)esupp(Z,W) Pr(D=1|W =
w,Z =2z)<1—g¢,

4. €< inf(z,w)esupp(Z,W) ]P)F(Z =z ’ W= w) < SUP (z,w)esupp(Z,W) PF(Z =z ’ W=w)<1-g
5. € < infycquppm) Pr(W =w) < SUPyesupp (W) Pr(W =w) <1—g¢,

6. € <infg—o,1i0f (. w)esuppzw) Vare(Y | D =d, Z = 2, W = w).
In particular, conditions 3, 4, and 5 together imply that
supp(D, Z,W) = {0,1} x supp(Z) x supp(W)

and strong overlap holds.

For a fixed w € supp(W), let P(w) be the projection of P onto space of (8(w), Fy,p zjw—w)-
That is, (6(w), Fy,p zw=w) belongs to P(w) if there exists a DGP (6, F) € P that generates
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(0(w), Fy,p,zjw=w). Note that elements in P(w) still satisfy conditions 1-6 but with a fixed w €
supp(W). Define Py(w) as the space of the conditional causal effects A(w) = c(w)'d(w)*":

Po(w) = {(Mw), Fy,p zjw=w) : Mw) = c(w)'0(w), (0(w), Fy,p zjw=w) € P(w)}.

Note that the weight c(w) can depend on the underlying distribution Fy,p 71—, but I omit this

dependence for the simplicity of notations.

The space for the aggregated effects A = > W) q(w)A(w) is denoted by

wesupp

Po=SNF) A= Y ge(w)e(w)d(w), (6,F)€P

wesupp(W)

where gp(w) represents the marginal or conditional distribution of covariates, for example:

1. The marginal probability of covariates P(W = w), for ATE.
2. The weighted marginal probability: P(W = w | D = d), for ATT and ATU.

3. The weighted marginal probability: P(W = w | p(W, 29) < U < p(W, z,)), for LATE.

The methods described in sections 3 and 4 have led to a confidence set C(w) for the conditional

effect A\(w) with uniformly valid coverage requirement as below:

Definition E.1. For w € supp(W), a confidence set C(w) for the conditional causal effects A\(w) =
c(w)'f(w) is said to be uniformly valid with asymptotic level 1 — « if it depends on the samples
{(Y;,D;, Z;) : W; = w} and satisfies

lim inf inf Pr (AMw) € C(w)) > 1—au

n—=00 (A(w),Fy,p, z|w=w)€EPo(w)

The following lemma then shows that a valid confidence set for the unconditional effect A can
be obtained by combining the confidence sets C(w) across the support of covariate W using an

adjusted critical value.

Lemma E.1. Let Assumption 9 hold. Suppose for each w € supp(W), there exists a uniformly
valid confidence set C(w) for A(w) with asymptotic level (1 — a)/Is®PP(W)I Define a confidence set

C by taking a weighted average:

C=< A= Z gr(w)A(w) : A(w) € C(w)

wesupp(W)

Then we have

liminf inf Prp(AeC)>1-a.
n—00 (X, F)ePoy

10The weight ¢(w) depends on covariates w if it contains unknown propensity scores, e.g., ATT, LATE, and PRTE.
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Consider a unknown gr(w) that needs to be estimated. Denote C, the valid confidence set of
qr = {qr(w) : w € supp(W)} with asymptotic level 1 — a1 (0 < a3 < «), which satisfies

liminf inf P €Cy)>1—ag.
L Bep, Trr @) 21

One can construct such confidence set by inverting the Wald test based on the sample analog
estimator of gr. This leads to the following confidence set for A when ¢(w) is unknown but needs

to be estimated.

Lemma E.2. Let Assumption 9 hold. Suppose for each w € supp(W), there exists a uniformly
valid confidence set C(w) for A(w) with asymptotic level (1 — ao)Y/Is%PP(W) " and there exists a
uniformly valid confidence set for qrp with asymptotic level 1 — a1, where a; = o — aa. Define the

confidence set C for the unconditional effects as below:

C={A= Y qw(w):Aw) €C(w),q€Cq

wesupp(W)

Then we have

liminf inf Prp(AeC)>1-a.
n—00 (X, F)EPy

In practice, we usually can achieve precise estimation of ¢(z) if the sample size conditional on
covariates is considerably large. In this case, the standard errors from estimating ¢(z) are often

small, and therefore the corresponding impact can usually be ignored.

E.2 Proofs in section E.1

Proof of Lemma E.1. For any fixed (\, F') € Py, we have

Pr(Ae0)>Pr | (] {Aw)ecw)}
wesupp(W)

= I Pr(\(w)ecw)

wesupp(W)

The second line uses the fact that {\(w) € C(w)} is independent of {\(w’) € C(w')} if w # w’ since
confidence sets are estimated from independent samples following Definition E.1. Taking infimum

on both sides obtains

inf Pp(A€C)= inf IT PrO(w)ec(w))

(A F)EPo (A F)EPo wesupp(W)
> inf Pr(A(w) € C(w
- H (Mw),Fy,p, z|w=w)EPo(w) F( ( ) ( ))
wesupp(W)
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The second line holds since every element (A, F') € Py corresponds to a valid element of (A(w), Fy,p, zjw—uw)
contained in Py(w) for each w € supp(W). Let sample size n go to infinity and then it follows that

liminf inf Prp(AeC)> H lim inf inf Pr(AMw) € C(w)) > 1 —a.
n—00 (\,F)EPoy n—=00 (Aw),Fy,p, z|w=w)EPo(w)
wesupp(W)
So the desired result is proved. O

Proof of Lemma E.2. For a fixed pair (\, F) € Py, we have

]P)F()\ S C) =Pp Z q(w))\(w) eC
wesupp(W)

> Pr (q € Cyy Mw) € C(w) for each w € supp(W))
ZPF@660+- [I Pr\w)ecw) -1
wesupp(W)

Following the same arguments in the proof of Lemma E.1, we have

liminf inf Pp(Ae€C)>liminf inf Pg(qeCy)
n—oo (X F)ePy n—00 (X, F)ePy

+ lim inf inf Pr (AMw) € C(w)) — 1
c H n—=00  (AMw),Fy,p, z|w=w)EPo(w) F(Aw) (w))
wesupp(W)

:1*051*622

=1-oq.

So the desired conclusion is proved. O

E.3 Discussion of inference under additive separability

In this section, I briefly describe how to implement the proposed robust inference procedures if
researchers still want to maintain additive separability. Following the existing literature discussed
in Appendix J.2, additional functional restrictions should be imposed on both stages, such as the
additive separability (Assumption 5) and a distributional assumption on selection unobservable U.

To fix ideas, consider a model with covariates W € R and a discrete instrument Z below:

Yo =pa+Wrg+Vy
D=1[U < W'r+6(2)]
UL (W,Z) and U~ Fy(:)

where Fyy denotes the CDF for a known distribution (e.g., logit or normal specifications). Addi-

tionally, assume the additive separable structure holds:

EVa |W =w, Fy(U) =u] =E[Vy | Fy(U) = u]
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for which I maintain the parametric specification of control functions:

M
E[Va | Fu(U) =ul = pamhm(uw).
m=1

The separate regression approach gives the following separate regressions for identification of the

structural parameters:

M
EY | D=1W=wZ=2=m+wn+ Y pimhm@"+d2))
m=1
= +w'n + M(Wwn+68(2) 1
M
EY | D=0,W=w,Z=2]=po+ w0+ Y pomiomw'n+d(2))

m=1

= po + w'to + Xo(w'nm + §(2)) po

(77)

where pg = (pg1,- -, parr)’ and Ag(t) = (Ag1(t), ..., Aans(t))" for t € R, in which we redefine the

control functions as

1 Fy(t)
Aim(t) = / B (w)du

Fy(t) Jo
1 1
donlt) = T /F Il

With this additively separable structure, the instrument Z is not necessarily required for point
identification of the structural parameters u, 7, and p as shown by Pan et al. (2024). Consider the

following example:

Example E.1. In a Normal MTE model where (U, V) ~ N (0,%;), and

L pa
Zd = < 2) )
Pd Og

E[Vy| Fy(U) = u] = pg®~ " (u),

we have

where ®~! denotes the inverse of standard normal CDF. So this implies M = 1 with hy(u) = ®~!(u)

in the equation (77), where \4(-) denotes the inverse Mills’ ratio:

¢(u) _ 9w
() and  Ag(u) = ()

In this model, the structural parameters are not identified when both 7 = 0 and 6(z) = J. If we

Al(u) = —

only have d(z) = 0 for all z € supp(Z) (i.e., there is no exogenous variation from IV at all), we can
still point identify all parameters given that rank(1, W, A\g(W'm 4+ §)) = 2 + L almost surely. This
point identification is a joint consequence of the additively separable structure and nonlinearity of
the transformation Ag(-). It also illustrates how the variation in covariates W can help identify
the endogenous coefficients (p1, po) without instruments, even if W are not excluded from outcome

equation.
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From this example, weak identification under additive separability depends jointly on the coef-
ficients of covariates and instruments in the first stage. Even if instruments are weak and cannot
generate much variation, the structural coefficients might still be strongly identified if covariates

strongly influence individuals’ treatment decisions (that 7 is sufficiently distant from zero).

Recall that the parameters of interest are linear functionals of the MTE function:

M
MTE(w, u) = puy — pio + w'(11 — 70) + Z (P1m — pom)hm (u).
m=1
For example, consider the PRTE:

E[Y€—Y] p<(W,2)

= Ezw / MTE(W, u)du E[D¢ — D]

E[D¢ — D] p(W,2)

Pim — pOm

= 1 — po + E[W]' (11 — 70) +

pE(WZ
/ u)du

E[D — D] =E[p‘W, Z) —p(W,Z)] and p(w,z) = Fy(w'n + §(2)),

~ E[D* - D]

where we let

where p®(w, z) is the counterfactual propensity score discussed in section 7 of the main text.

To proceed with inference on the target parameter, I suggest the following step:

1. Estimate the first stage and obtain the estimated coefficients 7, § (+).

2. Fix the parameters of pg = {pam}}_, and estimate 74 in separate regressions (77) by re-
gressing Y; — A\g(W/7 + 6(Z;)) pq on (1, W/). Under the assumption that W has full rank
(or Amin(var(W)) > e uniformly over the class of valid DGPs), we can obtain consistent esti-
mators of ug and 74 under a fixed value of pg. Denote the estimators as [ig(pq) and 74(pq),

respectively.

3. Following the previous step, we can construct the moment condition of (pg, p1) as below:

) = Z f1(Ws, Z;) D; (Yz — fir(pr) = Witi(p1) — MW7 + S(Zz‘))'m) = Opx1

0) =Y fo(Wi, Zi)(1 — Dy) (Yz — fto(po) = Wito(po) — Ao(WiT + S(Zz’))/Pt)) = Opx1,
i=1

where fg(w,z) € RP is a measurable function of (w,z) with p > M for d = 0,1. The
functions {f4(w, 2)}4=0,1 are chosen to avoid the issue discussed in Appendix K, such that

the asymptotic variance of the moment functions is non-singular for all pg € RM for d = 0, 1.

4. With these moment conditions, we can conduct inference on the target parameter'' by ap-

plying the improved projection method from section 4.

"1n the target parameter, pg and 74 are replaced with their corresponding estimator jiq(pa) and 74(pa), respec-

tively. Other consistently estimable quantities are replaced with their corresponding estimators.
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F Power Comparison in Linear MTE Models

In this appendix, I compare the power of the proposed two approaches, namely, the conditional
Wald test proposed in section 3 and modified linear combination test proposed in section 4, and
contrast them with the conventional Wald test in a linear MTE model. The linear MTE model is

generated by the DGP below: For each d =0, 1,

Yo=pa+Va
D =1[U < p(Z)]

1
Vd:Pd<U_2>+eda

where U is uniformly distributed over a unit interval [0,1], Z has the same distribution as the
one used in section 6, i.e., uniformly distributed over {zp, z1,22} and independent of (U, ey, ep),
and (e1,eg) follows the joint normal distribution with zero mean and covariance matrix X, =
0.5 - Isxo. Since instrument has ternary support, the linear MTE model is over-identified and
is weakly identified if all propensity scores converge to a single point. I consider the following

specification of the parameters in the Monte-Carlo simulation:

e Mean potential outcomes: pu; = pg =0,
e Slope of MTR functions: pp = p1 =5
e Propensity scores:

(i) Strong identification: p*(z) = [0.2,0.5,0.8]
(ii) Weak identification: p™“(z) = [0.4,0.5,0.6]

The data is generated with n = 500 units to evaluate the power of the conditional Wald test,
modified linear combination test, and the classical Wald test. I repeat the Monte-Carlo experiments

2,000 times to compute the average rejection rates for testing ATE Hy : p11 —po = 9, for §,, € [-5, 5].

The power curves are plotted in Figure 5 below under two different levels of identification
strength. If the variation on the propensity score is strong enough, all considered approaches are
valid under the true value of ATE and exhibit similar power when testing against fixed alternatives
in finite samples. This result reveals that the proposed MLC test does not sacrifice too much
power under strong identification when the weight assigned to AR statistic is small (a = 0.05),
which coincides with our local power analysis. Under weak identification, both MLC test and
conditional Wald test control the size under the true value at zero, whereas the non-robust Wald
test over-rejects the null. Regarding the power of tests, the MLC test may have deficient power at
distant alternatives as it exhibits a non-monotonic power curve similar to the RLM test proposed by
Kleibergen (2005) for full vector inference. On the other hand, the conditional Wald test has power
against both positive and negative values of ATE, which is therefore recommended for practical

implementation in linear MTE models.
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Figure 5: Power Curves of the Conditional Wald, ML.C, and Wald Tests

(a) Strong identification: p(z) =[0.2,0.5,0.8]
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Note: Testing ATE at values on [—5, 5] with the true effects fixed at zero. The significance level is 5%. The sample
size equals 500. The average rejection rates are computed with 2,000 independent Monte-Carlo simulations.
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G Additional Empirical Results

Table 5: 95% (left) and 90% (right) Court-specific Confidence Sets for Additive MPRTE a4 (0)

Court MTE Poly. Wald MLC Court MTE Poly. Wald MLC

SBO Linear [0.17,-0.02]  [-0.16,-0.03)  SBO Linear [-0.16,-0.04]  [-0.15, -0.05]
SBO Quadratic  [-0.17, 0.18]  [-0.32, 0.28] SBO Quadratic ~ [-0.14, 0.15]  [-0.26, 0.24]
SBO Cubic [-0.40, 0.45]  [-1.00, 0.96] SBO Cubic [0.33,0.38]  [-0.91, 0.78]
SBO Quartic [-0.64, 0.46] [-1.00, 1.00] SBO Quartic [-0.55, 0.37] [-0.98, 1.00]
EBOS  Linear [-0.24, -0.10]  [-0.24, -0.10] EBOS  Linear [-0.23,-0.11]  [-0.23, -0.11]
EBOS  Quadratic  [-0.22,-0.06]  [-0.25, -0.04] EBOS  Quadratic  [-0.21,-0.08]  [-0.22, -0.07]
EBOS Cubic [-0.34, -0.04] [-0.95, 0.63] EBOS Cubic [-0.31, -0.06] [-0.77, 0.54]
EBOS Quartic [-0.36, 0.04] [-0.96, 0.57] EBOS Quartic [-0.32, 0.01] [-0.84, 0.42]
WROX  Linear [0.32,-0.14]  [-0.32,-0.14]  WROX Linear [0.31,-0.15]  [-0.31, -0.15]
WROX  Quadratic [-0.33,-0.12]  [-0.36, -0.05] WROX  Quadratic [-0.31, -0.14]  [-0.33, -0.10]
WROX  Cubic [-0.33,-0.13]  [-1.00, 0.68] WROX  Cubic [0.31,-0.14]  [-0.84, 0.23]
WROX  Quartic [-0.33,-0.12]  [1.00, 0.63] WROX  Quartic [0.31,-0.13]  [-0.97, 0.51]
BMC  Linear [-0.24, 0.00]  [-0.22, -0.01] BMC  Linear [-0.22,-0.02]  [-0.19, -0.04]
BMC Quadratic [-0.28, -0.02] [-0.26, 0.34] BMC Quadratic [-0.26, -0.04] [-0.23, 0.15]
BMC  Cubic [-0.28, 0.00]  [-0.65, 0.79] BMC  Cubic [-0.26, -0.02]  [-0.45, 0.45]
BMC  Quartic [-0.37,-0.07]  [-0.62, 0.77] BMC  Quartic [-0.35,-0.09]  [-0.49, 0.46]
ROX Linear [-0.03, 0.23] [0.01, 0.22] ROX Linear [-0.01, 0.21] [0.04, 0.19]
ROX  Quadratic  [-0.02,0.28]  [-0.03, 0.30] ROX  Quadratic  [0.00,0.26]  [0.02, 0.26]
ROX Cubic [-0.02, 0.34] [-0.37, 0.70] ROX Cubic [0.01, 0.31] [-0.20, 0.51]
ROX  Quartic [0.10,0.31]  [-0.28, 0.77] ROX  Quartic [0.06,0.28]  [-0.06, 0.39]
DOR  Linear [0.42,-0.18]  [-0.42,-0.200 ~ DOR  Linear [-0.40, -0.20]  [-0.40, -0.23]
DOR  Quadratic  [-0.60, -0.26] [-0.72,-0.20]  DOR  Quadratic  [-0.57, -0.29]  [-0.60, -0.27]
DOR Cubic [-0.60, -0.26] [-1.00, 0.15] DOR Cubic [-0.57, -0.28]  [-0.75, -0.09]
DOR Quartic [-0.67, -0.29] [-0.98, 0.25] DOR Quartic [-0.64, -0.32] [-0.85, 0.01]

Note: Results for classical Wald and MLC confidence sets under polynomial specifications up to the fourth order for
courts of South Boston (SBO), East Boston (EBOS), West Roxbury (WROX), Central (BMC), Roxbury (ROX),
and Dorchester (DOR). The counterfactual policy considered is a uniformly additive increase in nonprosecution
rates by a marginal amount. The left panel reports the 95% confidence sets, and the right panel reports the 90%

confidence sets.
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Table 6: 95% (left) and 90% (right) Court-specific Confidence Sets for Proportional MPRTE a4 (0)

Court MTE Poly. Wald MLC Court MTE Poly. Wald MLC

SBO Linear [0.12,0.04]  [-0.11, 0.03] SBO Linear [0.11, 0.03]  [-0.09, 0.02]
SBO Quadratic [-0.29, 0.20] [-0.52, 0.36] SBO Quadratic [-0.25, 0.16] [-0.43, 0.26]
SBO Cubic [-0.45, 0.52]  [-1.00, 1.00] SBO Cubic [-0.37, 0.44]  [-1.00, 1.00]
SBO Quartic [-0.46, 1.03] [-1.00, 1.00] SBO Quartic [-0.34, 0.91] [-1.00, 1.00]
EBOS  Linear [-0.26, -0.12]  [-0.27, -0.12] EBOS  Linear [-0.25,-0.13]  [-0.25, -0.13]
EBOS Quadratic [-0.26, -0.04] [-0.27, 0.01] EBOS Quadratic [-0.24, -0.06]  [-0.25, -0.04]
EBOS  Cubic [-0.37,-0.01]  [-1.00, 1.00] EBOS  Cubic [-0.34,-0.04]  [-1.00, 0.96]
EBOS  Quartic [-0.48, 0.16]  [-1.00, 0.95] EBOS  Quartic [-0.43, 0.11]  [-1.00, 0.81]
WROX  Linear [-0.33,-0.14] [-0.33,-0.14]  WROX  Linear [-0.31,-0.16]  [-0.31, -0.16]
WROX Quadratic [-0.34, -0.10]  [-0.38, -0.03] WROX Quadratic [-0.32, -0.12]  [-0.34, -0.09]
WROX  Cubic [-0.36,-0.12]  [-1.00, 0.88] WROX  Cubic [0.34, -0.14]  [-1.00, 0.34]
WROX  Quartic [-0.37,-0.12]  [-1.00, 0.90] WROX  Quartic [-0.35,-0.14]  [-1.00, 0.80]
BMC Linear [-0.23,0.01]  [-0.20, 0.00] BMC Linear [-0.21,-0.01]  [-0.17, -0.03]
BMC Quadratic [-0.22, 0.02] [-0.19, 0.86] BMC Quadratic [-0.20, 0.00] [-0.16, 0.59]
BMC Cubic [-0.20, 0.08]  [-0.74, 0.53] BMC Cubic [-0.17, 0.06]  [-0.52, 0.40]
BMC Quartic [-0.47, 0.01] [-0.72, 0.74] BMC Quartic [-0.43, -0.03]  [-0.37, 0.16]
ROX Linear [-0.04,0.21]  [0.00, 0.20] ROX Linear [-0.02, 0.19]  [0.02, 0.17]
ROX Quadratic [-0.04, 0.21] [-0.10, 0.23] ROX Quadratic [-0.02, 0.19] [0.00, 0.18]
ROX Cubic [-0.03, 0.27] [-0.49, 0.86] ROX Cubic [-0.01, 0.24] [-0.37, 0.48]
ROX Quartic [-0.12, 0.42] [-0.34, 0.97] ROX Quartic [-0.07, 0.38] [-0.18, 0.54]
DOR Linear [-0.42,-0.18] [-0.42,-0.21]  DOR Linear [-0.40, -0.20]  [-0.39, -0.23]
DOR Quadratic [-0.48, -0.23]  [-1.00, -0.10] DOR Quadratic [-0.46, -0.25]  [-0.49, -0.18]
DOR Cubic [-0.50, -0.23]  [1.00, 0.47] DOR Cubic [0.48, -0.25]  [-0.82, 0.22]
DOR Quartic [-0.84, -0.28] [-1.00, 0.47] DOR Quartic [-0.79, -0.32] [-0.81, 0.20]
Uncond.  Linear [-0.19, -0.12]  [-0.17, -0.14] Uncond.  Linear [-0.19, -0.13]  [-0.16, -0.15]
Uncond.  Quadratic [-0.18,-0.10]  [-0.16, -0.11] Uncond.  Quadratic [-0.17, -0.10]  [-0.15, -0.12]
Uncond.  Cubic [-0.16, -0.04]  [-0.13, -0.05] Uncond.  Cubic [-0.15, -0.05]  [-0.11, -0.07]
Uncond.  Quartic [-0.16, 0.04] [-0.08, 0.02] Uncond.  Quartic [-0.15, 0.02]  [-0.07, -0.01]
Average  Linear [-0.24, -0.03]  [-0.23, -0.04] Average  Linear [-0.22, -0.05]  [-0.20, -0.06]
Average  Quadratic [-0.27,-0.01]  [-0.42, 0.20] Average  Quadratic [-0.25, -0.03]  [-0.26, 0.10]
Average  Cubic [-0.30, 0.04]  [-0.84, 0.74] Average  Cubic [0.27,0.01]  [-0.73, 0.48]
Average  Quartic [-0.46, 0.11] [-0.80, 0.80] Average  Quartic [-0.41, 0.06] [-0.66, 0.50]

Note: Results for classical Wald and MLC confidence sets under polynomial specifications up to the fourth order for
courts of South Boston (SBO), East Boston (EBOS), West Roxbury (WROX), Central (BMC), Roxbury (ROX),
Dorchester (DOR). The “Uncond.” confidence sets are obtained without controlling for court identities, whereas the
“Average” confidence sets are weighted averages of the court-specific confidence sets with weights proportional to
court size. The counterfactual policy considered is a uniformly proportional increase in nonprosecution rates by a
marginal amount. The left panel reports the 95% confidence sets, and the right panel reports the 90% confidence

sets.
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H Testing IV Strength

Several studies have developed tests for IV strength (Stock and Yogo, 2005; Montiel Olea and
Pflueger, 2013; Lewis and Mertens, 2022). These tests typically focus on the bias of IV estimators
relative to OLS estimators and the size distortion of conventional Wald and t-tests under their null
hypotheses. This problem is well-studied in linear IV regressions with homoskedastic error structure
(Andrews, Stock, and Sun, 2019, Section 4). However, little is known about nonlinear models with
a focus on subvector inference. In this section, I evaluate the strength of the identification in the

empirical application along multiple dimensions.

H.1 Pre-testing weak identification by size distortion

Following I. Andrews (2018), we regard the target parameter as being weakly identified if the Wald
confidence set fails to include a locally equivalent robust confidence set with a strictly smaller

coverage level.

Let v € [0,1 — ). We choose the weight a = a(y) in the MLC test such that a(y) solves

dtam)d+atnde,, (1 — @ =7) = gzl — ).

With the choice of weight a(v) and the critical value qx%(l — «), the following set Cp(7y) achieves

asymptotic coverage rate 1 — o — v under weak identification:
Cp(y) = {)\ eR: Iigl_f)\ MRLMy,(0) + a(v) - ARn(0) < q,2(1 — a)} .

As shown by Andrews (2018, Theorem 3), this set is contained by a non-robust (1 — «) Wald
confidence set Cy with probability approaching one under strong identification. In other words,
the failure of this containment relationship suggests evidence of weak identification. This leads to

the following test of weak identification:

ores(v) = 1[Cp(v) € Cw].

The tuning parameter v can be regarded as the maximum amount of size distortion on Wald
confidence set that researchers can tolerate. If ¢;cg(y) = 1, then researchers are willing to use
the robust confidence set with a smaller coverage level (1 — o — 7y) since it is always valid while
the classical (1 — «) Wald confidence set is unreliable if the test rejects. However, this type of test
may not have sufficient power to detect weak identification, which implies the model might still be

weakly identified even if we did not reject the test.

For the example of additive MPRTE in Table 5, I report the Andrews’ pretesting result in Table
7 by specifying v = 10% and o = 5% (i.e., the researchers can tolerate at most 10% size distortion).
The result indicates that cubic and quartic MTE models lead to potential concerns of weak iden-

tification conditional on most courts, while linear MTE models are strongly identified. Quadratic
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MTE models are strongly identified for several courts, but not all of them. This result reveals the
fact that the identification strength depends on both the variation of instruments and the flexibility
of the model specified by researchers, while this information is not reflected by the conventional
rule-of-thumb applied to F-statistics, since the latter rule only works under homoskedastic linear

IV models with a scalar endogenous coefficient (Andrews et al., 2019).

H.2 Testing exact under-identification

Alternatively, researchers may want to test the full-rank property of the matrix A in the moment
condition, i.e., Héank :rank(A) < 2M+1. Rejections of such tests suggest that the propensity scores
are sufficiently separate from each other so that the relevance condition holds under a pointwise
asymptotic framework. However, for a sequence of DGPs that leads to weak identification, Héank
may or may not be rejected since Assumption 1.7 holds but becomes nearly violated as sample
size diverges. This implies a larger critical value is needed to detect weak identification. As choice
of valid critical values for testing weak identification is beyond the scope of this paper, I do not
pursue this direction but instead comparing the existing test statistics and their corresponding
critical values for testing H(‘;ank. The model may be weakly identified if the test statistic falls below

but is close to the relevant critical value.

The test for Héank considered here is based on the analytical bootstrap test from Chen and Fang
(2019). Their test focuses exactly on the null hypothesis Héank rather than testing the equality
rank(A) = 2M+1 as in earlier work by Kleibergen and Paap (2006). They show that KP’s approach
can be size-incorrect to test for Héank. Since IV relevance condition at population level is directly
related to Hgank, I adopt Chen and Fang (2019)’s approach to study this problem.

The test results are collected in Table 8. From this table we see that the population IV rel-
evance condition holds for all courts and models we consider except for the SBO court based on
quartic MTE models. As argued above, this result does not necessarily show evidence of strong
identification. When looking at the ratios of test statistics and critical values, we observe that these
quantities are close to one under cubic and quartic settings, indicating potential weak identification

concerns in such scenarios.
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Table 7: Testing Weak Identification of Additive MPRTE at v = 10% and o = 5%

Court  MTE Poly. Valid Test Wald (95%) MLC (85%) F-stat RoT
SBO  Linear MTE  Possibly Strong [-0.17, -0.02] [-0.14, -0.06]
SBO Quadratic MTE Weak [-0.17, 0.18]  [-0.18, 0.20]
. 77.90 Strong
SBO Cubic MTE Weak [-0.40, 0.45]  [-0.67, 0.55]
SBO  Quartic MTE Weak -0.64, 0.46]  [-0.76, 0.75]
EBOS  Linear MTE Possibly Strong [-0.24, -0.10]  [-0.23, -0.12]
EBOS  Quadratic MTE Possibly Strong [-0.22,-0.06] [-0.20, -0.08]
. 50.01 Strong
EBOS  Cubic MTE Wealk 034, -0.04]  [-0.45, 0.03]
EBOS  Quartic MTE Weak -0.36, 0.04]  [-0.63, 0.37]
WROX Linear MTE Possibly Strong [-0.32, -0.14]  [-0.30, -0.16]
WROX Quadratic MTE Possibly Strong [-0.33, -0.12] [-0.31, -0.13]
. 28.15 Strong
WROX  Cubic MTE Weak [0.33, -0.13]  [-0.40, 0.05]
WROX  Quartic MTE Weak [-0.33, -0.12]  [-0.89, 0.44]
BMC Linear MTE Possibly Strong  [-0.24, 0.00]  [-0.16, -0.07]
BMC Quadratic MTE Weak [-0.28,-0.02]  [-0.21, 0.04]
. 31.47 Strong
BMC Cubic MTE Weak [-0.28, 0.00]  [-0.35, 0.12]
BMC  Quartic MTE Wealk :0.37, -0.07]  [-0.30, 0.18]
ROX Linear MTE Possibly Strong [-0.03, 0.23]  [0.06, 0.17]
ROX Quadratic MTE ~ Possibly Strong  [-0.02, 0.28]  [0.08, 0.23]
. 34.68 Strong
ROX Cubic MTE Weak [-0.02, 0.34]  [0.05, 0.38]
ROX Quartic MTE Possibly Strong  [-0.10, 0.31]  [0.13, 0.24]
DOR Linear MTE Possibly Strong [-0.42, -0.18] [-0.37, -0.25]
DOR Quadratic MTE  Possibly Strong [-0.60, -0.26] [-0.56, -0.36]
. 43.60 Strong
DOR  Cubic MTE Weak 0.60, -0.26]  [-0.56, -0.16]
DOR Quartic MTE Weak [-0.67, -0.29] [-0.79, -0.08]

Note: Valid Test is based on I.Andrews (2018) first-stage pretesting procedure under 10% size distortion. F-
statistics are computed by regressing treatment on a set of saturated instruments, and the Rule of Thumb (RoT)

suggests strong identification if the F-statistics exceed 10.
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Table 8: Analytical Bootstrap Test for H;k : rank(A) < 2M + 1

Court Linear Quadratic Cubic Quartic
Ratio: Test Statistics/Critical Values
SBO 20.27 1.44 1.83 0.57
EBOS  17.47 3.01 2.19 1.11
WROX  23.29 11.41 3.68 2.46
BMC 16.47 7.54 3.66 1.20
ROX 16.73 6.08 2.70 1.01
DOR 27.58 7.72 2.90 1.32
Test Statistics
SBO 469.57 1.02 9.02x1073  3.18x107°
EBOS  506.15 1.74 8.49x1073  4.80x107°
WROX  454.48 3.05 16.68x1073  12.18x107°
BMC  243.39 1.05 3.56x107%  0.86x107°
ROX 205.75 0.39 0.82x1073  0.12x107°
DOR 418.09 1.71 6.08x1073  1.50x107°
Critical Values

SBO 23.17 0.71 4.92x1072  5.60x107°
EBOS  28.97 0.58 3.88x1073  4.34x107°
WROX  19.52 0.27 4.54x107%  4.94x107°
BMC 14.78 0.14 0.97x107%  0.72x107°
ROX 12.30 0.06 0.31x1073  0.12x107°
DOR 15.16 0.22 2.09x1073  1.14x107°
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I Numerical Example of Additive Separability Bias

In this appendix, we present a numerical example and show that misspecification of additive sep-
arability structure can lead to potentially large bias of causal estimand even if covariates W only

exhibits binary variation.

As alluded in section 5.2, the bias of ATE would depend both on the heterogeneity of the
coefficient p1 (W) — po(W) as well as how W influence the selection into treatment. Consider a
linear MTE model as follows:

_ exp(bW + Z)
1+ exp(bW + Z)

Yo = ua(W) + pa(W) (U - ;) ey

D =1[P < U]
where P(W = 1) = P(W = 0) = 0.5 and Fz(z) = (1 + e *)7!, following a standard logistic
distribution. Let U 1L (Z, W) and Z AL W. For the parameter specification, I assume
e u1(w)=0.5and po(w) =0 for w=0,1.
e p1(0) =1,p1(1) = 14 9,.
® po(0) = —1,po(1) = =1+ 6,.

e (e1,e0) ~ N(02x1, I2).

(b,6,) € [-5,5]%.

From the above specification, ATE equals 0.5 for all pairs of (b,0,). When b = 0, the covariate W
does not shift the probability of being treated. When §, = 0, there is no heterogeneous treatment
effects of covariates varying with selection unobservable (i.e., the additive separability condition
holds). Following the intuition provided by Theorem 5.1, we would expect bias of ATE estimand
when b # 0 and 6, # 0.

The ATE estimand under additive separability and its deviation from the true ATE are shown
in Figure 6. This figure demonstrates that bias of ATE estimand is pronounced when both b and
d, are large, and there is no bias on ATE estimand if either b or J, equals zero, which coincides the
prediction by Theorem 5.1. Importantly, this bias has the potential to change the sign of estimand,

therefore resulting in problematic policy recommendations.
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Figure 6: Bias of ATE Estimand under Additive Separability

Contour of ATE bias

¢ True ATE

1.5

ATE estimand

) -5 -5 b

Top: Contour plot of ATE bias for (b,6,) € [~5,5]?. Bottom: 3D plot of ATE estimand (under additive sepa-

rability) over the same range, with scatter points showing where the estimand equals true ATE.
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J Additional Literature Discussion

In this appendix, I provide further discussion on other inference procedures in weakly identified

models and review how covariates can be incorporated in these methods.

J.1 Other approaches to inference on subvectors or functions of parameters

Andrews and Guggenberger (2019, Section 12 in supplementary appendix) and D. Andrews (2017,
Section 2) give thorough literature reviews on inference for weakly identified models. Next I briefly
discuss several other main approaches for inference on subvectors or functions of parameters and

explain why they cannot be applied to MTE models considered in this paper.

1. Concentrating out strongly identified nuisance parameters

Sometimes researchers assume certain parameters are strongly identified under the null hy-
pothesis. When this holds, identification-robust tests can be constructed by either concen-
trating out these strongly identified parameters or substituting them with consistent, asymp-
totically normal estimators. This approach has been adopted in many papers, including
several influential work by Stock and Wright (2000), Kleibergen (2005), Andrews and Miku-
sheva (2016b), and Andrews and Guggenberger (2019). The resulting confidence sets achieve
asymptotic similarity. However, a key limitation is that this method cannot accommodate
weakly identified nuisance parameters. This limitation is particularly relevant for the MTE
model considered here, where elements of the parameter vector § may be weakly identified

when propensity scores exhibit limited variation (see footnote 4 on page 17).

2. Least-favorable critical values and identification-category-selection method

Andrews and Cheng (2012, 2013, 2014) and Han and McCloskey (2019) propose uniformly
valid inference results for inference on functions of weakly identified parameters based on
conventional test statistics such as quasi-likelihood ratio and Wald statistics. These methods
are developed for models for which the identification status is determined by whether a vector
of strongly identified parameters is zero. When this vector equals zero, the sample objective
function does not involve the weakly identified parameters (Andrews and Cheng, 2012, As-
sumption A) or the Jacobian matrix of the objective function is approximately a singular
matrix (Han and McCloskey, 2019, Assumption ID). For the MTE models studied in this
paper, the identification status is determined by the vector of propensity scores, with under-
identification occurring if this propensity score vector approaches a set on which Assumption
1.7 fails, rather than a single point. As a result, failure of identification can happen along
multiple directions in higher-order MTE models, rather than induced only by a vector ap-
proaching zero. While some studies have attempted to generalize the framework of Andrews

and Cheng (2012), they do not yet cover MTE models studied in this paper. For example,
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Cheng (2015) considers nonlinear regression models with mixed identification strength where
each structural parameter has a one-to-one correspondence with its identification strength pa-
rameter. Cox (2025) develops identification-robust inference for a class of minimum-distance
models with restricted parameter spaces, with a primary focus on low-dimensional factor

models under non-negativity restrictions of variances.

3. Profiling-based Anderson-Rubin test

Guggenberger, Kleibergen, Mavroeidis, and Chen (2012) and Guggenberger, Kleibergen, and
Mavroeidis (2019) propose using profiled Anderson-Rubin test to study inference on a sub-
vector of endogenous coefficients in linear IV models. Their tests rely on the assumption that
structural errors are homoskedastic, which is proved to be a key assumption for maintaining
asymptotic validity by Lee (2015). In another subsequent work, Guggenberger, Kleibergen,
and Mavroeidis (2023) relax the homoskedasticity and develop an adaptive procedure by
switching into the general subvector test in D. Andrews (2017) if the structural residuals do
not follow the approximate homoskedastic structure. Despite the simplicity and convenience
of their tests, the assumption of homoskedasticity and linear IV structure do not apply to
MTE models. In another related work by Andrews and Mikusheva (2016a), the subvector
test is constructed by profiling Anderson-Rubin-type statistics in a minimum distance model.
However, as they note (page 1260), their method reduces to conservative projection inference
in linear IV models. A similar limitation likely applies to MTE models, given the linear

parametric structure of the moment function.

Asymptotic similarity of the subvector inference

Asymptotic similarity guarantees that, in large samples, the confidence set coverage equals 1 — «,
or equivalently, the size of the test equals «, regardless of identification strength (for a formal def-
inition of similarity, see Andrews et al. (2020)). This property means that confidence sets are not
conservative, i.e., unnecessarily wide with coverage exceeding the nominal level, in large samples.
While Andrews and Guggenberger (2017) has established this property for many identification-
robust inference methods on the full parameter vector, it rarely holds for subvector inference with
weakly identified nuisance parameters. This failure occurs because weakly identified nuisance pa-
rameters usually cannot be consistently estimated under weak identification. Below, I review the
main approaches in this literature and present evidence of their inability to achieve asymptotic

similarity.

Methods following Andrews and Cheng (2012, 2013, 2014) determine critical values by consider-
ing the least-favorable case across all sequences of DGPs. By construction, this robust approach can
yield critical values that exceed the true quantile of the test statistic’s limiting distribution. Conse-
quently, these tests are not asymptotically similar, as evidenced by the over-coverage probabilities
in Andrews and Cheng (2012, Figure 7).
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For linear IV models with homoskedastic errors, the methods of Guggenberger et al. (2012)
and Guggenberger et al. (2019) also lack asymptotic similarity. As shown in Guggenberger et al.
(2019, Figure 4), null rejection probabilities fall below the significance level when the endogenous

coefficient not under testing is weakly identified.

The methods of Chaudhuri and Zivot (2011), D. Andrews (2017), and I. Andrews (2018) also fail
to achieve asymptotic similarity. These approaches minimize an identification-robust test statistic
over a set of weakly identified nuisance parameters (either a confidence set or the full parameter
domain), but derive critical values using the true parameter values. Under weak identification, the
minimizing nuisance parameters may not converge to their true values, causing the profiled test
statistics’ distribution to be stochastically dominated by the test statistics evaluated at the true
value. This leads to null rejection probabilities falling below the significance level, as demonstrated
by the under-rejection of the null hypothesis in both Chaudhuri and Zivot (2011, Table 2) and D.
Andrews (2017, Table I) for AR/QLRI tests.

It is worth noting that reparameterizing the model parameters can sometimes make simple plug-
in tests feasible, since the new parameter vector may be separated into a strongly identified nuisance
vector and a weakly identified scalar parameter whose value is uniquely determined under the null
for subvector testing, see Cox (2024) for examples of low-dimensional factor models. However, as I
show in Appendix K, applying such a reparameterization to the simple MTE model with a scalar
endogenous coefficient (M = 1) yields at least two weakly identified nuisance parameters, which are
the slope coefficients of MTE functions. By contrast, the approach proposed in section 3 involves

only a single weakly identified parameter, namely, the causal parameter ¢’6 of interest.

J.2 Covariates in weakly identified models

The covariates are often ignored in the literature of weakly identified models, partly because the

majority of studies has been focused on the weak identification issues in linear IV models. That is,

Y =X8+Wny+U
X=Zrn+Wnx+V.

where W denotes a set of covariates that possibly include a constant term, X denotes a vector of
endogenous variables, and Z denotes a vector of instrument variables. In such case we can project
out the linear effects of covariates (Wny, Wnx) by the standard Frisch—Waugh—Lovell theorem so

it reduces to the standard IV model without covariates:

YW — xWg W

XW — g lW oyl

where YW denotes the residual of Y from regressing on W. This enable us to discuss the

weak identification-robust inference on [ by making assumptions on the joint distribution of
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(YW x1W_ 71W) instead of the distribution of (Y, X,Z,W). This argument has been used

12

in a sequence of literature.'~ With a set of high-dimensional covariates, Ma (2023) considers

identification-robust inference on the doubly-robust estimand of LATE.

In nonlinear models subject to weak identification, partialing out the effects of covariates be-
comes significantly more challenging. Specifically, inference on weakly identified target parameters
becomes more complicated due to the nonstandard asymptotic behavior of estimators for covari-
ate coefficients. To address identification-robust inference in models with covariates, the existing
literature often assumes that the estimation of covariate effects is consistent and asymptotically
normal (CAN) when the values of weakly identified coefficients are fixed under the null hypothesis.
In other words, this means that covariate effects are assumed to be ”strongly identified,” while
target parameters may be weakly identified. This property usually aligns with the assumption that
covariates are ”exogenous”, in the sense that covariates are independent of structural unobservables

but are not necessarily excluded from the outcome equation.

Building on this framework, several studies have imposed the exogeneity of covariates to facil-
itate identification-robust inference in weakly identified models. For instance, in the consumption
capital asset pricing model with constant relative risk aversion preferences, Stock and Wright (2000)
treat the discount factor as strongly identified, while the utility parameter is potentially weakly
identified. In the case of IV quantile regressions (Chernozhukov and Hansen, 2005), Andrews and
Mikusheva (2016b) assume that the estimation of covariate effects is CAN once the endogenous
coefficients are known, allowing the use of a consistent null-imposed estimator of covariate coef-
ficients. Similarly, in the endogenous Probit model,'® Andrews and Guggenberger (2019) explore
robust inference for the scalar endogenous coeflicient, assuming that other covariates are exoge-
nous and their effects can be consistently estimated under the null hypothesis. In the context of
MTE models, this assumption leads to an additive separable structure on the outcome equation
E[Y; | U,W] and a parametric specification for the first-stage regression. Relatedly, Han and Mec-
Closkey (2019) analyze models with nearly singular Jacobians, which include the Normal MTE
model (Bjorklund and Moffitt, 1987) as a special case.!* While the Normal MTE model is not their

primary focus, they also impose exogeneity and parametric assumptions to facilitate their analysis.

12For full vector inference, see Staiger and Stock (1997); Kleibergen (2002); Moreira (2003), albeit Moreira (2003)
only considers the projection of the instrument Z on exogenous covariates W. For subvector inference, see Guggen-
berger et al. (2012, 2019).

13Tn the same context, Andrews and Cheng (2014) develop an identification-robust inference method by adjusting
critical values for conventional tests (such as Wald and QLR). This approach also assumes that covariate effects can
be consistently estimated under the null values of weakly identified parameters.

“However, the moment conditions formed by two-stage regressions (Han and McCloskey, 2019) are not recom-

mended, as they lead to a singular asymptotic variance matrix shown in Appendix K.
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K Two-stage Regression Approach

In this appendix, I show that the moment function derived from the commonly used two-stage
regression approach leads to singular variance under the failure of identification. Non-singularity
of moment covariance matrix is crucial for conducting uniformly valid identification-robust infer-
ence on structural parameters. This assumption has been commonly imposed by various important
strands of literature, for example, the conditional inference procedure (Andrews and Mikusheva,
2016b, Assumption 2), the least-favorable critical value approach (Andrews and Cheng, 2014, As-
sumption GMM 47), and the well-known Robust LM and CLR tests (Andrews and Guggenberger,
2017, Eq. (3.3)).

Consider a parametric MTE model proposed by Kline and Walters (2019):

E[Yy | U = u] = pa + pah(u)
D =1[U < p(2)],

where U is normalized to be uniformly distributed on the unit interval [0,1], Z is a discrete ex-
ogenous instrument independent of both U and Yy, and h(u) is a strictly increasing continuous
function with E[h(U)] = 0. This specification incorporates linear MTE model (Brinch et al., 2017),
Heckman normal MTE model (Bjorklund and Moffitt, 1987), and Logit selection model (Dubin
and McFadden, 1984) as special examples.

Under the MTE assumptions, we have
E[Y | Z,D =d] = pg + para(p(2)) (78)
where A\ : (0,1) = R and A; : (0,1) — R are the control functions defined as below:
A(p) = E[R(U) [U <p|, Xo(p) =E[RU) [U > p].

By the separate regression (78), we find that p4 and pg are point identified once p(Z) has nontrivial
variation for both treated and control groups. Therefore, weak identification occurs when propensity

scores {p(z) : z = 2p,..., 2K} converge to a singleton under a sequence of DGPs.

Typically people estimate propensity score on the first stage and run the second-stage regression
(78) to obtain estimators of ug and pg. Inference on those parameters can be achieved based on

the following moment conditions:
Eg-[g"5(0)] = O(k45)x1 if 0 =0,

where 0 = (uo, p1, po, p1,{p(2) : 2 = z0,...,2K}) is an arbitrary vector of parameters, 6* denotes
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the true value of parameters, and

Y — 1o — podo(p(2))] x ]l[D = 0]
[Y — po — poro(p(2))] x 1] (

Y — i1 = prAi(p(2))] x l[D = 1]
Y — 1 — pr(p(2))] x 1 (

9"5(0) = [D=1] x \(p(2)) |. (79)
1[Z = z0](p(20) — 1[D = 1])
1[Z = zk](p(zk) — 1[D = 1))
Proposition K.1. Suppose the parameter 6 satisfies p(zo) =p(z1) =...=p(zK), then
varg- (97 (0)) = Eg- [{g™(0) — Eo-(4™(0))} {g75(6) — B (475(6))}']

is singular for all §* in the parameter space.

Proof of Proposition K.1. Since propensity scores all equal to p(zp), this implies the first moment

condition can be written as
91°(0) = 1[D = 1] x [Y — po — poro(p(Z))] = L[D = 1] x [Y — 1o — poro(p(20))]

while the second moment condition gives

93°(0) = 1[D = 1] x [Y — po — po(p(Z))] x Xo(p(Z))
= 1[D = 1] x [Y = po — po(p(20))] % Xo(p(20))
= g1°(0)Xo(p(20))-

The moment function ¢™(6) is multicollinear for each * in the parameter space. Therefore, its

variance is singular. O

The singularity of moment variance for two-stage regressions also appears after reparametriz-
ing the model along the lines of Han and McCloskey (2019)'°. Applying their reparametrization

technique to the moment condition ¢T> above gives the reparametrized moment:

[Y = a0 = po{ro(p(Z)) = Ao(p(20))}] x 1[D = 0]
[Y — a0 = po {Aa(p(2)) = Ao(p(20))}] x 1[D = 0] x Ao(p(2))
Y — a1 = pi {A(p(2)) = Mi(p(20))}] x 1[D = 1]
g™ (0) = | [Y — a1 = pr {(p(2)) = Aup(20))}] x T[D = 1] x A1(p(2)) (80)
1[Z = z0](p(z0) — 1[D = 1])

1[Z = zk|(p(2k) — 1[D = 1])

5This paper derives the a useful reparametrization technique for models with nearly singular Jacobian, which

includes the Heckman selection models and the parametric MTE models studied here (see their Example 2.1 and
2.2). The reparametrized model follows the structure posited by Andrews and Cheng (2012, 2013, 2014) and therefore
allowing inference on functions of model parameters. However, as argued in Appendix J.1, their analysis cannot be

extended to polynomial MTE models with higher-order polynomials with multiple selection coefficients.
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with the reparametrized parameter 0 = (ag, o1, po, p1,{p(2) : 2 = 20,...,2x}) and ag = pig —
pard(p(z0)) for d = 0,1. It is clear that 6 — 6 is a one-to-one mapping, and the reparametrized
intercept coefficient «g is strongly identified from this model for all possible values of propensity
scores {p(2) : z = 29, 21, ..., 2K }, Whereas (po, p1) become weakly identified under limited variation
of propensity scores. We can partial out the strongly-identified parameters (see Appendix J.1 for
the discussion on this approach) to conduct inference on (pg, p1) based on the reparameterized
moment (80). However, the validity of such procedure requires the variance of moment condition
g™ to be nonsingular, which does not hold as this moment condition is constructed by two-stage

regressions:

Corollary K.1. Suppose the parameter 0 satisfies p(20) = p(z1) = ... = p(2K), then
varg. (6" (6)) = By. |{g"(0) ~ B (6" (6) } {0 (0) — By (4" (0))}
5+ (9 =E; 19 (g7 (0) p 197 (0) —Eg. (g7 (0))
is singular for all values of 6* in the parameter space.

Proof. Similar to the proof of Proposition K.1, we note that the second moment condition is a factor
Ao(p(20)) of the first moment condition. Therefore, the singularity follows by the multicollineairty.
O

Although the current setup focuses on discrete instrument without covariates, it is noteworthy
that such singularity continues to exist even if instrument is continuous and we estimate this model
under additive separability if covariates are included. The source of singularity arises from the
zero variation of control function variables A\y(p(Z)) under the failure of identification, regardless of
how p(z) is estimated from the data. In order to achieve robustness against weak instruments, we
need to base on other valid moment conditions derived from the model rather than using the ones
derived by two-step regression approach. Recently, Andrews and Guggenberger (2019) extend the
robustness towards the singularity by selecting and rotating moment conditions that correspond
to positive eigenvalues of covariance matrix. However, a simpler solution to address singularity
in this setting is to replace the factor Ag(p(Z)) multiplied by the residual of the second stage
regressions in (79) and (80) with some other functions of instrument Z that has positive variation
under identification failure. This is employed in the moment conditions (10) constructed in this

paper so that singularity problem does not occur.
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