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Abstract

I study consumer-optimal health insurance under adverse selection and ex-post
moral hazard while viewing risk from an ex-ante perspective. I show that, under a
simplification of incentive constraints known as the first-order approach (FOA), opti-
mal linear coverage will be set higher than would be efficient without adverse selection.
This distortion relaxes upward incentive constraints for lower-risk consumers, thereby
allowing for greater cross-subsidization from lower-risk to higher-risk consumers, which
is important for insuring dynamic risk. I then characterize the optimal menu of non-
linear coinsurance schedules under the FOA. Results inform the design of both private-
sector dynamic health insurance contracts and social health insurance programs with

a participation mandate administered by governments or employers.

1 Introduction

Healthcare is a major part of all developed economies. Since healthcare costs can be volatile,

health insurance is a crucial instrument for managing consumer risk. However, the efficiency
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of health insurance markets is limited by three key frictions: ex-post moral hazard, adverse
selection, and dynamic risk. Ex-post moral hazard occurs when consumer health states are
not contractible and insured consumers overuse care since they don’t internalize its full cost
[Zeckhauser 1970]." This motivates some degree of partial coverage, leaving the consumer
responsible for a share known as coinsurance. Adverse selection occurs when consumer risk
over future health states is not contractible and high-risk consumers differentially select into
high-coverage insurance plans; this can lead to high premiums for those plans and insufficient
coverage for other plans [Rothschild and Stiglitz 1976]. Dynamic risk is the risk consumers
face over what their future premium — and expected out-of-pocket liability — will be if
they turn out to be a high-risk individual. Short-term contracts may fail to insure against
dynamic risk either due to explicit rating or due to adverse selection [Handel et al. 2015].

This paper studies the design of efficient health insurance when all three frictions are
present. I first show that without adverse selection, the combination of moral hazard and
dynamic risk can be handled by addressing each separately. More interestingly, I then show
that when adverse selection is present, a tradeoff arises between the other two frictions:
distorting the solution to the moral hazard problem can help better insure dynamic risk.

I study this interplay through a model in which a risk-averse consumer signs a dynamic
contract with a risk-neutral insurer before learning their health risk. The dynamic contract
is a commitment to choose from a menu of continuation plans, each of which consists of a
premium and coinsurance schedule. After contracting, the consumer privately observes a
signal — which I call their “risk-type” — about their future health state, at which point they
must choose a plan from the menu and pay the associated premium. They then privately
learn their actual health state, after which they choose their treatment amount and pay their
corresponding coinsurance. Risk-types are ordered so that higher types are more likely to
have more severe health states. Treatment and monetary consumption occur only in the final
period. In the model, moral hazard and adverse selection arise due to the privacy of health
state and risk-type, while dynamic risk arises through the evolution of risk information.

Although the model describes a private-sector dynamic contract with a single consumer, it
can be reinterpreted as a social health insurance program in which a population of consumers
with pre-existing risk differences is required to participate. Under this reinterpretation, the
model captures part of the motivation for many government and employer-based health
insurance programs.

Regardless of the interpretation, the optimal menu of contracts aims to do two things.

IThis contrasts so-called ex-ante moral hazard which refers to unobservable actions taken by consumers
after contracting such as exercise or reckless driving. Throughout, I use “moral hazard” to mean ex-post
moral hazard.



First, it addresses moral hazard by making coverage partial in each continuation plan. Sec-
ond, it mitigates dynamic risk by committing the consumer to a cross-subsidization scheme
between their potential low-risk and high-risk future selves. However, since the risk-type is
private, such cross-subsidization is limited by a screening problem in that subsidized plans
intended for high-risk types may attract the low-risk types meant to be subsidizing them.
Further, since coverage will be partial due to moral hazard, attempting to solve this screen-
ing problem by simply pooling types into a common plan will not fully address dynamic
risk: higher-risk types will still be exposed to higher expected out-of-pocket liability despite
a common premium. Instead, the paper’s key insight is that we can ease the screening
problem by distorting coverage upward for higher-risk plans. Doing so relaxes upward incen-
tive constraints for lower-risk types and thus enables greater cross-subsidization to high-risk
types.

The paper develops this insight in three steps, building intuition by adding frictions
sequentially. First, I review the standard static moral hazard problem of choosing, for
a given risk-type, the consumer-optimal coinsurance schedule (and premium) subject to an
actuarial fairness constraint [Blomqvist 1997]. The optimal schedule balances risk-protection
and incentives in the most efficient way given the distribution of health states associated with
the risk-type. Second, I add dynamic risk but maintain observable risk-types. In this case,
the optimal contract exhibits a property I call interim efficiency: each risk-type receives a
plan with exactly the coinsurance schedule that would be optimal for them in the static
moral hazard problem. Moreover, cross-subsidization fully insures dynamic risk, equalizing
expected marginal utilities across risk-types (Proposition 1).

Third, I introduce adverse selection by making risk-types private information, which
changes the optimal contract structure by creating a tradeoff between interim efficiency
and insuring dynamic risk. The main result (Theorem 1) — which restricts attention to
linear coinsurance schedules and a simplified version of incentive constraints known as the
first-order approach (FOA) — shows how we can improve cross-subsidization (and thus
dynamic risk) at only second-order cost to interim efficiency. Specifically, it states that each
risk-type will receive coverage strictly above the interim-efficient level (except the lowest
type). This upward distortion serves a specific purpose: when coverage is increased with
premiums also raised to offset the budgetary impact, lower-risk types find this compound
change less attractive than do higher-risk types, since they value additional coverage less,
expecting to use it less. This relaxes upward incentive constraints for lower-risk types and
thus enables greater cross-subsidization toward higher-risk types. This is beneficial since
higher-risk types have higher expected marginal utility given incomplete coverage due to

moral hazard. Crucially, the welfare gain from increased cross-subsidization exceeds the



efficiency loss from distorted coverage levels, which is only second-order at the margin.

I extend this analysis to nonlinear coinsurance schedules again under the FOA (Proposi-
tion 3), showing that the same economic force operates but can be targeted more precisely.
The distortion relative to the interim optimum now varies across spending levels: larger
distortions occur at dollar amounts where a given risk-type’s probability of exceeding those
amounts is differentially high relative to the risk-types just below them. Since each risk-type’s
valuation of marginal coverage at a given spending amount depends on their probability of
exceeding that amount, such targeting allows for greater relaxation of incentive constraints
per unit of distortion and hence for more efficient cross-subsidization.

Since the key results for the private-risk case apply only under the first-order approach
(FOA) — which I define as the relaxed contracting problem that considers only upward-
adjacent incentive constraints — I provide some intuition for when the FOA is valid in the
sense of yielding the same solution as the unrelaxed problem. Since higher-risk types value
coverage more than lower-risk types, an allocation of coverage levels can only be implemented
under private risk if it gives weakly higher coverage to higher-risk types (Lemma 6). Thus,
if interim-efficient coverage levels are increasing in risk-type, interim efficiency accords with
implementability. In this case, intuition suggests the FOA is likely to be valid, and I confirm
this formally in the two risk-type case with linear coinsurance (Proposition F.2). However,
if interim-efficient coverage is sufficiently anti-monotonic, it may be possible for the FOA to
fail — a possibility that is most intuitive in the linear case. Specifically, if the FOA fails
when restricting to linear coinsurance, pooling of risk-types will occur (Proposition F.1),
which is the closest one can get to implementing anti-monotonic coverage.? That being said,
monotonicity of interim-efficient coverage is not necessary for validity of the FOA since the
cross-subsidization force — which benefits from strictly monotonic coverage via relaxation
of upward incentive constraints — may override the interim-efficiency force.

Whether the model is interpreted as a private-sector dynamic contract or a static so-
cial insurance program, the same lessons apply. Increasing coverage for plans intended for
higher-risk consumers can allow for more cross-subsidization without attracting lower-risk
consumers into those better-subsidized plans. In particular, coverage for those plans should
be set above the level that would be optimal in a static moral hazard problem for the enrollees
therein. Further, such upward distortion can be done at lowest cost to interim efficiency by
raising marginal coverage at dollar amounts that higher-risk consumers have high differential
likelihood of exceeding relative to lower-risk ones.

An additional lesson is that, to the extent that non-contractibility of risk information

2Pooling will never occur when nonlinear coinsurance is allowed even if the FOA fails, but I don’t further
analyze the structure of the non-FOA solution in the nonlinear case.



stems from community rating laws (i.e., bans) rather than intrinsically private information,
social planners — or private insurers offering dynamic contracts — should consider using
that information to directly assign consumers to plans appropriate to their risk profiles.
In principle, such assignment can fully achieve the twin objectives of cross-subsidization
and risk-tailored coinsurance schedules. Allowing choice (rather than assignment) of plan
is, instead, more appropriate to the extent that risk profiles are unobservable (or at least

unverifiable).

Outline of Paper

Section 2 discusses the relation to the literature. Section 3 presents the model. Section
4 formulates and analyzes the static and observable-risk benchmarks used to study the
private-risk dynamic problem, which is then formulated in Section 5. Section 6 gives the
main distortion result for linear coinsurance (Thm. 1). Section 7 studies the optimal menu
of nonlinear contracts. Section 8 develops the aforementioned dual interpretations of the
model and discusses connections to national health insurance programs like the Affordable
Care Act. Section 9 concludes and offers several directions for future research. All proofs

are in the appendix, which also contains extra results and discussion.

2 Literature

My analysis contributes to two different literatures: health insurance and dynamic income
taxation. I discuss each in turn. The former papers are closer in terms of the application,

while the latter are closer in methodology.

2.1 Health Insurance Literature

The most closely related paper is [Zwart 2025|, who studies optimal risk adjustment in
a regulated-competition program under moral hazard and adverse selection while (in an
extension) allowing a redistributive objective. His Proposition 6 is related in spirit to my
main result: in both papers, the contract intended for high-risk types is more generous than
in the corresponding observable-risk benchmark in order to provide the screening incentives
needed to support cross-subsidization toward high-risk types. My paper and my result
differ from his in two main ways. First, in my model, the desire for cross-subsidization from
low- to high-risk types arises endogenously under a utilitarian objective with concave utility
over monetary consumption: high-risk types have higher expected marginal utility and so

transfers to them are of higher social value in expectation. By contrast, |[Zwart 2025| builds



in redistribution more directly by specifying higher welfare weights on high-risk consumers.
Relatedly, whereas the desire for insurance in my model comes from concave utility over
monetary consumption, Zwart’s consumer has linear utility over monetary consumption but
with an extra disutility weight on copayments made ex-post relative to premiums paid ex-
ante.”  Second, whereas I study a single-payer system where contract features are fully
determined by the social planner, he studies the design of risk-adjustment policies set by the
planner in a regulated marketplace of competing insurers.”

Two other closely related papers are [Marone and Sabety 2022] and its follow-up [Chade
et al. 2024|, which study ex-post moral hazard and adverse selection together, but abstract
from dynamic risk. The key difference is that their social planner’s objective (which is similar
in both papers) uses each consumer’s ex-ante consumer surplus from insurance coverage (i.e.,
willingness-to-pay minus actual premium) to measure their welfare gain, and then aggregates
this measure across consumers. My paper builds on these papers by instead using a classical
utilitarian objective based on ex-post interpersonal comparisons of utility. This objective
— which also appears in [Hendren 2021| who is concerned with welfare measurement, not
contract design — leads to the dynamic redistributive force that drives my main result (Thm.
1).

[Boone 2015] and [Boone 2018| also study the combination of moral hazard and adverse
selection but, again, without dynamic risk.”

[Besley 1988|, in an extension, studies moral hazard and (effectively) dynamic risk —
with the latter reinterpreted as a static redistributive motive — but without adverse selection
(i.e., with observable risk profiles). Although in his formal analysis, his planner is restricted
to imposing a common premium across individuals (with individualized coinsurance), he
informally notes that if the premiums were allowed to vary by individual, allocative efficiency
and redistribution could be addressed separately (p. 332).° His comment thus informally
captures the spirit of my observable-risk benchmark, Proposition 1.

Several papers study ways to address dynamic risk but without moral hazard. [Luz 2022|

3Zwart does have concave utility over health status as do L.

4The contrast between my paper and [Zwart 2025] is echoed — albeit considerably more distantly — by
that between my paper and [Bijlsma et al. 2017|. The latter is concerned with reinsurance (i.e., insurance
for insurers) and resulting insurer-side moral hazard — i.e., reduced incentives for the insurer to cut costs,
which they model in a reduced-form way.

°|Boone 2015 examines the relative roles of government insurance and supplementary private insurance,
while capturing consumer risk aversion through mean-variance utility rather than concave utility (as in my
model). [Boone 2018] considers risk-neutral consumers who are subject to a liquidity constraint so that, as
in [Nyman 1999], the role of insurance is to provide access to care for consumers who could not otherwise
afford it rather than consumption smoothing (as in my model).

6He writes, “If both discriminatory premia and insurance rates were permitted, then we would be back
to the rule given in (4.2) in which considerations of distribution do not matter” (p. 332).



studies dynamic contracts, but with adverse selection at the ex-ante stage (and without
moral hazard); my model only has adverse selection at the interim stage. Considering a
series of one-year contracts, [Handel et al. 2015] empirically studies the tradeoff between
dynamic risk due to explicit risk-rating and dynamic risk due to market unraveling from
adverse selection when risk-rating is banned. Several others study dynamic contracts with
limited commitment on the part of consumers: [Cochrane 1995|, [Hendel and Lizzeri 2003],
[Pauly et al. 1995], [Ghili et al. 2023|, and [Atal et al. 2025].” The role of commitment in
dynamic contracts like the ones I study is to prevent consumers from retroactively opting
out of the cross-subsidization scheme should they turn out to be low risk. Essentially, these
limited-commitment papers show how to disincentivize such opting out by front-loading
premiums for earlier periods. Such front-loaded premiums fund later cross-subsidization
while ensuring continued voluntary participation even by those who turn out to be low-risk.
My model assumes full commitment or, under the social insurance interpretation, the ability
of the planner to mandate consumer participation.

Finally, a group of papers studies optimal patient cost-sharing (i.e., coinsurance) under
ex-post moral hazard mostly isolated from other frictions.® [Blomqvist 1997] and [Martinon
et al. 2018] study nonlinear coinsurance. [Chernew et al. 2000] studies a binary treatment
for a disease whose presence is observable but whose severity is not. Though their framing
is quite different, their model can be viewed as a very special case of the observable-risk

benchmark I consider in section 4.2 — see Appendix A for related discussion.

2.2 Dynamic Income Taxation Literature

As observed by |Zeckhauser and Spence 1971|, [Blomqvist 1997|, and [Kapic¢ka 2013|, the
ex-post moral hazard problem in health insurance is mathematically similar to the optimal
income tax problem of [Mirrlees 1971]. The latter thinks of income differences as endoge-
nously resulting from exogenous differences in a privately-known productivity parameter
that captures ability to earn money per unit of effort. In these models, labor choice is anal-
ogous to treatment choice, and private productivity is analogous to a private pre-treatment
health-state. A recent set of dynamic taxation papers allow for the productivity parameter

to evolve over time either exogenously [Farhi and Werning 2013; Golosov et al. 2016; Kapicka

"Whereas these papers assume observable risk profiles, [Pauly et al. 2011] considers the case where risk
profiles are observed only by the incumbent insurer, not by others to which the consumer may defect.

8The ex-post moral hazard literature began with [Pauly 1968]|, |Zeckhauser 1970], and |Zeckhauser and
Spence 1971]. Later papers include [Ma and Riordan 2002], [Ellis and Manning 2007], [Goldman and Philip-
son 2007], [Baicker et al. 2015], [Ellis et al. 2015], [Zhang et al. 2022|, [Boche 2025].



2013] or endogenously [Makris and Pavan 2020, 2021].

I adapt the techniques of and insights from the dynamic taxation literature to the health
insurance context. In doing so, I go beyond the tax literature in several ways. First and most
importantly, I show upward distortion of linear coverage under the FOA in my main result
(Thm. 1), as discussed in the introduction. |[Kapicka 2013| informally suggests a similar
result, but does not formally state or prove it.'"

Second, I use a somewhat different information structure. My model features dynamic
evolution of information but only one round of treatment choice. By contrast, the taxation
papers feature multiple rounds of labor choice and assume that a worker’s productivity in one
period is positively correlated with their future productivity and indeed a sufficient statistic
for their information thereabout.!! My information structure leads to a new implementability
restriction under linear contracts. Specifically, an assignment of linear coinsurance schedules
can be implemented (by premiums) only if it gives weakly higher coverage to higher-risk
types (Lem. 6). The analogous restriction does not hold in these taxation papers since they
use prior-period labor choice as an additional screening instrument beyond just tax-plan
choice.'?

Third, my information structure and its associated linear implementability restriction
allow me to provide a novel intuition for what drives validity of the FOA in that structure,
namely increasingness of statically efficient coverage (Prop. F.2). Although [Kapicka 2013]
identified a sufficient condition for FOA-validity — namely, increasingness of marginal rents
with respect to type in the dynamic problem (his Lemma 12) — he leaves unaddressed what
causes such increasingness. I identify increasingness of statically efficient coverage as such a

cause in my context.

9|Stantcheva 2020] surveys the literature.

10He writes “... the social planner is forced to provide insurance that is, from the ex-post perspective, too
high.” (p. 1028). See also his more technical discussion at the end of the last paragraph of his section 7.1
(p. 1043). There, he informally suggests a result about distortion of the marginal rent given to marginally
higher types. Such marginal rent can be thought of as a proxy for (lack of) expected marginal coverage since
the benefit from being lower-risk is higher when coverage is lower.

UThus, the relation between my information structure and theirs is analogous to that between [Courty
and Li 2000] and [Pavan et al. 2014] in the quasi-linear case.

12To understand why not, it is useful to adapt their information structure to the health setting so that we
can see how the restriction fails when prior-period treatment choice is used as a screening instrument. To that
end, suppose we extended my model to allow two rounds of treatment with the new round — which would
be the first of the two — occurring concurrently with plan choice (which occurs only once). Suppose also
that the severity of pre-treatment health state in the first round fully determines risk over the second-round
health state, with severe first-round state implying high risk for the second round. In this case, it would
be possible to implement an allocation of coverage levels that is decreasing in risk-type (contra my Lem. 6)
using a mechanism in which the only way to access a high-coverage plan would be to choose low treatment
in the first round. Specifically, since high-risk consumers are those with severe first-round health state, they
may be willing to accept a low-coverage plan (for the second round) in order to get high treatment in the
first round.



3 Model

There are two players: a consumer and an insurer.

Timing
In terms of information, there are three periods: 0, 1, and 2.

Period 0.A: The consumer proposes a dynamic contract to the insurer under symmet-
ric information. The dynamic contract consists of a menu of continuation contracts M =
(e;(+),m)T_,, each consisting of a coinsurance schedule ¢, (-) and premium ..

Period 0.B: The insurer decides whether to accept or reject the proposed contract. If it
accepts, we proceed with menu M. If it rejects, we proceed as if the following trivial menu
had been proposed and accepted: a single continuation contract with ¢(m) = m for all m
and ™ = 0.

Period 1.A: The consumer privately realizes a signal t € T = {1,...,T}, called their
risk-type with probability f;.

Period 1.B: They then must choose a continuation-contract (¢, (+), 7,) from the menu M,
and pay the premium 7, to the insurer.

Period 2.A: They then privately realize their pre-treatment health severity s € R accord-
ing to their distribution Gy(-).

Period 2.B: They then choose their treatment level m (in dollars) and pay the out-
of-pocket amount c,(m) to the (unmodeled) healthcare provider. The insurer pays the

remainder: m — ¢, (m).

Information

At Period 0 (whether A or B), the consumer and the insurer both know the distributions
(Gi(+)), over s and the probabilities f;. To repeat, the types ¢ and s will be private to the
consumer once they are learned.

[ assume G, has a density g, supported on a positive ray [s, §| with § = oo and s € R.
Unless otherwise stated, I assume throughout that the distributions (Gy); are strictly ordered
by the monotone likelihood ratio property (MLRP): for any two risk-types ¢t > ', the ratio

51_((5’8)) is strictly increasing in s. I denote this relation as Gy >=yrrp Gy Or g; >MLRP G-
t/

Preferences

Insurer Preferences: The insurer is risk-neutral over profit, which is given by premiums minus

liabilities: 7, — [m — ¢.(m)] for continuation contract 7 and treatment spending m.
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Consumer Preferences: The consumer maximizes the expectation of utility U(y, h) : Ry — R,
where y is monetary consumption and h is post-treatment health state. h(m,s) is a func-
tion of dollars-worth-of-treatment m and pre-treatment health severity s € R. I assume
consumer baseline wealth is constant across risk-types ¢ and normalize it to zero unless
otherwise stated.

Throughout the paper, I assume the following, where subscripts denote partial deriva-
tives.

Standing Assumptions on Utility:

Al. U(y,h) is C?
A2. Uy >0and Uy >0
A3. U <0 and Usy <0

Ad. % is weakly decreasing in y and weakly increasing in A. [Diminishing MRS|

Although these assumptions are always in place unless otherwise stated, I sometimes
use the phrase “for general utility” or “let utility be general” to emphasize that no other
assumptions on U are being made.?

The cleanest results will be given under the further assumption that utility has no wealth
effects, which I refer to as “money-loss CARA” utility. First, by “money-loss” utility (not
necessarily CARA), I mean: U(y,h) = u(y + h) with ' > 0 and «” < 0.'* It means
preferences over deterministic outcomes are quasi-linear, though wealth effects may still
arise in risk-preferences. I say utility is money-loss CARA if, further, u exhibits constant
absolute risk aversion (CARA): u(x) = —i exp(—x) for some 3 > 0.

Turning to the health function h, I assume the following throughout the paper.

Standing Assumptions on h(m, s):

Bl. h(m,s) is C? on R
B2. hy(m,s) <0 for all m,s. [Higher Severity — Worse Health given Same Treatment]|

B3. hi1(m,s) < 0 for all m, s and lim,, ,o, hi(m,s) < 0 for all s [Diminishing Returns and

Eventual Harm from Treatment]|

B4. his > 0 for all m, s |[Returns-to-Treatment Increasing in Severity|

13The diminishing MRS assumption (A4) ensures that health A — which is purchased indirectly through
treatment — is a weakly normal good. It can be seen to be equivalent to quasi-concavity.
14This form is characterized by IIZEZZ; = 1 everywhere, so that health is only a weakly (not strictly)

normal good.
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B5. If utility is money-loss, there exists some s* < s such that h;(0,s*) > 1. For general
utility, for every m € R, there exists s¥ < 5 such that
—Uy (—m, h(s%,0)) + Us(—m, h(sk,0)) - hi(st,0) > 0. [Non-Triviality]

B2 says that higher severity s means strictly worse (post-treatment) health conditional
on treatment choice.'” B3 says that there are strictly diminishing returns to treatment and
that, for any s, treatment eventually becomes harmful. B4 says that the marginal benefit
of treatment strictly increases with pre-treatment health severity. B5 ensures that, for all ¢,

treatment demand will be non-zero for a positive measure of s, even without insurance.

Comments on Model

Although in practice, insurers are the ones proposing the contracts, I have the consumer
play the role of the principal so that the agent may be viewed as representing a competitive
market of insurers in a reduced-form way.'® The model abstracts from the role of the clinician,
particularly as an auditor of the patient’s pre-treatment severity s; I sketch how the model

can be reinterpreted to address auditing in Appendix A. 7

4 Benchmarks

I develop the solution to the main dynamic-contracting problem by first studying two bench-
marks, thereby adding frictions sequentially. I first review the static moral hazard problem

and then study the observable-risk dynamic problem.

4.1 Static Moral Hazard Problem

Treatment Demand A static contract (¢, 7) consists of a coinsurance schedule ¢ and a
premium 7, so that the consumer’s total liability when purchasing m dollars of care under

(¢,m) is m 4 ¢(m). 1 will consider coinsurance schedules ¢ in some admissible set A of

15 Assumption B2 is used to prove Lemma 2 which underlies Theorem 1. Its strict inequality ha(m,s) < 0
rules out a situation where a treatment can fully cure both mild and severe cases of the same health problem
for the same cost. Weakenings of this assumption will be explored in a future draft.

16Reversing these roles would not have a major effect on results, and would have virtually no effect when
utility has no wealth effects. This is because there is no ex-ante asymmetric information either way.

17 Although I don’t formalize it, concern about limited commitment in a private-sector dynamic contract
could be mitigated by having the ex-ante consumer pay the continuation menu’s lowest premium immediately
upon signing the dynamic contract. That way, if they turn out to be low risk — the risk-type for which
a participation constraint (if one was added) would be most likely to bind — they have already paid their
premium and thus already have “free” access to discounted health care (via coinsurance), thus giving them
no reason to drop out of the dynamic contract. Such premium front-loading would be in the spirit of the
limited-commitment papers described in the literature review above, e.g., [Pauly et al. 1995].
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functions with domain R,. I leave A abstract for now, but in specific results, it will be
either essentially unrestricted or the set of linear schedules.

I next define the consumer’s ex-post demand function for treatment. Given a coinsurance
schedule ¢ and premium 7 € R, a consumer with health severity s demands m. . (s) dollars

worth of treatment, where

Mer(s) = argmax U (—m — c(m), h (m,s)). (4.1)

m>0

M.~ (s) balances better health h (m, s) with greater out-of-pocket expense ¢(m).**
Static Problem Formulation I now define risk-type ¢’s indirect expected utility V;(c, 7)
from static contract (¢, 7) and the insurer’s expected profit P;(c, ) from providing (¢, 7) to
t. Let

Vi (e,m) = /U (=7 — c(mex(8)), h(mex(s),s)) dGi(s); and (4.2)

P (c,m)=m—ki(c,m), where ki(c,7m)= / Mer(S) — ¢ (Mer(5))] dGi(s). (4.3)

In words, the insurer’s expected profit P;(c, ) is the premium minus their expected liability
from insurance claims.

[ say the coinsurance schedule ¢ is linear when ¢(m) = (1 — z)m for some fixed coverage
rate © € R (so that higher  means more coverage). When restricting to linear coinsurance,
[ abuse notation by writing V;(x, 7), P,(z, ), and ki(z, 7), with the notation z being used a
stand-in for the function ¢(m) = (1 — z)m.

The static moral hazard problem for risk-type ¢ is then

Vi 4.4
oD V™) (4.42)
s.t.  (IR/Act-Fair) P(c,m) > 0. (4.4Db)

Here, the consumer chooses a contract (¢, 7;) to maximize their expected utility subject to
the insurer’s participation constraint 4.4b. Since the insurer is risk-neutral, that constraint
takes the form of an actuarial fairness constraint with respect to the risk distribution G,. It

will also be useful to consider what I'll call the S-subsidized static problem which replaces

18] assume existence and uniqueness of m.. .(s) throughout, but some sufficient conditions for these prop-
erties are mentioned in Footnote 19 in the next subsection.
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the actuarial fairness constraint 4.4b with the “S-subsidized” version thereof:
(S-Act-Fair) Pi(c,m) > -5 (4.5)

This constraint says that the insurer’s expected losses from the contract must not exceed
S, which I call the subsidy. The S-subsidized static problem will be relevant to the dynamic

contracting problem because the latter will involve cross-subsidization between risk-types.

Definition 1. Let (¢ g, 7ir,5) denote the optimal solution to ¢’s S-subsidized static problem.
In the case of linear contracts, (Z¢g, ,s) denotes the same. When S = 0, I drop the subscript

S so that ¢ = ¢, T4 = Zy0, and T = .

I refer to ¢ 5 (or Z.5) as t’s statically efficient coinsurance schedule (or coverage level)
given subsidy S. The next lemma shows why money-loss CARA utility is simplest to work
with.

Lemma 1. Let utility be money-loss CARA. ¢, is constant in S. [So we just write ¢; or Ty/.

Given the distribution Gy, the optimal coinsurance schedule ¢; balances a tradeoff between
risk-protection and incentives to temper treatment, with higher coverage promoting the
former but hurting the latter. For nonlinear coinsurance, optimally balancing these objectives
given G involves imposing high marginal coinsurance rates ¢ (ceteris paribus) at levels of
marginal spending m where the consumer has a high chance of landing at the end of the
coverage period [Blomqvist 1997|, [Kleef et al. 2009].

4.2 Observable-Risk Problem

Having introduced the static moral hazard problem, the next step is to analyze the dynamic
problem with observable risk. I will show that the latter’s optimal solution is interim efficient
in the sense that the coinsurance schedule it assigns to each risk-type will be that type’s stat-
ically efficient schedule as defined in the previous section. It will follow that any coinsurance
distortions that arise in the private-risk problem (discussed next) are caused not from dy-
namics alone, but rather from the combination of dynamics and interim private information
[Fudenberg et al. 1990].

Recall that A denotes the set of admissible coinsurance schedules and that f; denotes

the consumer’s probability of realizing risk-type t. The observable-risk problem is
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max thVt Ct, ) (4.6a)

(Ct,ﬂ't)t IE AXR

s.t. (Ex-Ante IR) thPt (ct,m) > 0. (4.6Db)

This problem chooses a menu of static contracts (¢, m;)_, to maximize the consumer’s
expected utility from the point of view of Period 0, before risk-types t are realized; recall the
timing from Section 3. The participation constraint (4.6b) requires that the insurer make
weakly positive expected profit from the dynamic contract, though not necessarily on each
continuation plan (¢, 7). Since risk-types t are observable, each ¢ can be directly assigned

to a plan (¢, m).

Definition 2. Let (&, ﬁt)thl denote the optimal solution to the observable-risk problem. Let

S, = —P,(é,7), the endogenous subsidy to type ¢ under the solution (¢, ﬁt)z;l.

I also define t’s expected marginal utility of monetary consumption at plan (¢, ):

AT = /U1 (=7 = c(mex(s)), b (mex(s), s)) dGi(s). (4.7)

By the envelope theorem, it’s easy to see that 8%‘/}(0, ) = —\{". For brevity, let
M\ = )\ft’ﬁt, which is t’s expected marginal utility at the optimal solution to the observable-

risk problem.

Proposition 1 (Observable-Risk Characterization). Let A be the set of measurable functions
c: Ry — R for which treatment-demand m, . (s) exists and is unique for all w,s." Suppose
that (6t,7~rt)tT:1 is a solution to the observable-risk problem (/.0) with the A just specified.
Then the following hold.

i) (Interim Efficiency): If utility is money-loss CARA, then ¢ = ¢ for all t. For

general utility, ¢; = ¢,g, for all .20

D Existence of Me,x(8) is guaranteed when c is weakly increasing and upper semi-continuous (Fact G.1
part i). As for uniqueness of m. (s), a sufficient condition involving convexity of ¢ is given in Fact G.2.

20Technically, I don’t guarantee existence or uniqueness of the observable-risk solution (¢, frt)thl, but this
result is phrased accordingly. In case of multiplicity, the notations S, and A should understood to correspond
to the specific solution (&, ﬁt)tT:l whose existence is “supposed” near the start of the proposition. As for the
optimal static solution ¢35 , in case there are multiple of them, the result should be understood as saying
Cr = G5, for some statically optimal ¢, 5,- Finally, it is not necessary to assume that ¢, 5, exists, since if it
didn’t, é; wouldn’t exist either and the latter’s existence is “supposed” near the start of the result statement.
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1) (Full Cross-Subsidization): If utility is money-loss, then expected marginal utility
15 equalized across risk-types: A=\ for all risk-types t, 7 € T. For general utility, if ¢
is CL for allt € T, then \; - [%Pt(ét, ﬁt)]fl =\, - [a%PT(éT, 7”%7)]71 forallt, 7€ T.

Part i says that coinsurance is statically efficient given the endogenous actuarial subsidy
S't; in this sense, the optimal dynamic contract is interim efficient. To see why, suppose
Ct # Cg,, so that (&, 7;) is a suboptimal solution to the S,-subsidized static problem. By
instead setting (¢;, m) = (étgt, T, St)’ we could improve t’s expected utility while maintaining
insurer profits from ¢ at —S,.2!

Part ii says that for money-loss utility (without assuming CARA), expected marginal
utilities ), are equalized across types; for general utility, a similar equality holds which
corrects for the effects of premium changes on treatment choice and ultimately the budget.
If the equalities in part ii didn’t hold, we could redistribute money between risk-types through
the premiums in a way that increases ex-ante expected utility while preserving the budget.
As I show in Proposition D.1 in Appendix D.1, when nonlinear coinsurance is allowed, more
complex monetary transfers between risk-types are possible — beyond just premium transfers
— and so the condition S\t = 5\7 has a closer wealth-effects analog than the last condition in
part ii.??

To emphasize the extent of the cross-subsidization being prescribed in part ii, note that
the optimal contract here may well assign a strictly lower premium to higher-risk types than
to lower-risk types in order to compensate the former for their higher expected out-of-pocket
liability for any given c¢. More precisely (though still informally), when L is a lower risk-
type than H, we will have 7y < 7y unless ¢y, is sufficiently lower-coverage than ¢g. It is
thus unsurprising that when we study the private-risk problem, upward IC will bind. That
being said, the present result (Prop. 1 ii) illustrates how conditioning contracts on observed
consumer risk profiles can — if done in service of ex-ante consumer-welfare rather than
interim profit maximization — actually protect consumers from dynamic risk rather than

expose them to it.

5 Private-Risk Problem

This section introduces the private-risk problem and shows that upward IC binds therein.

The latter will motivate the coverage distortions explored in the next two sections for linear

21To gain a deeper understanding of the observable-risk solution under wealth effects, we need to under-
stand how é;5, depends on S;. This is explored in Appendix C.2, for linear contracts.

22That analogous condition involves treatment-choice-preserving transfers. Such transfers specialize to
premium-transfers only in the money-loss case.
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and nonlinear contracts.

The private-risk problem, which is the focus of the paper, is the following:

T
max ft ‘/t (Ct, 7Tt) (51&)
(Ct,ﬂ't)z;le(.AXR)T =1
s.t.  (Interim IC) (¢, m) € argmax V; (¢, m;) Vit (5.1b)
t
T
(IR) > fiP(ci,m) >0. (5.1¢)
t=1

The difference from the observable-risk problem (4.6) is the addition of the interim in-
centive compatibility (IC) constraints (5.1b). Those constraints require that consumers be
incentivized to choose the plan intended for their risk-type.?*

I will focus on the simplified version of the above problem that has only upward-adjacent

IC constraints:
(FOA-Relaxed IC) Vi (¢, m) > Vi (cir, mer) VE<T (5.2)

[ refer to this relaxed version of (5.1) with (5.2) substituted for (5.1b) as the FOA-relazed
problem (or just the “relaxed” problem) and to the unrelaxed version of (5.1) as the “full”
(or “unrelaxed”) problem. The first-order approach (FOA) is the approach of solving the full
problem (5.1) by solving the FOA-relaxed problem |Battaglini and Lamba 2019].** For our
purposes, the most important property of the FOA is that it ignores downward ICs; however,
to be clear, it also ignores non-adjacent upward ICs. As codified in the next definition, I use

x and ** to indicate the solutions to the relaxed and full problems respectively.

Definition 3. Let (¢, n/ )le denote the optimal solution to the FOA-relazed problem.
When A is restricted to linear schedules, let (x;f,ﬂf)tT:l denote the corresponding solution
with ¢i(m) = (1 — 7)m. Let (¢*,77*),_, denote the optimal solution to the full problem,

and define (z}*, Wf*)thl analogously.

Definition 4. For each risk-type t, let S} = —Pi(c;,7) and A} = A7™ . Similarly, let

c**’ 3k
S = —P(cr*,m*) and \JF = A\

23Gince t is not directly payoff-relevant, there is no concern about double deviations whereby a consumer
of risk-type ¢ misreports as some £ # ¢ in anticipation of choosing some m different from Me, x;(s) for certain
potentially realized s’s.

24This definition follows that paper’s Definition 1, except that — in a merely semantic reversal — they
instead consider only downward-adjacent 1Cs.
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In words, S} is the actuarial subsidy given to risk-type ¢t and A} is t’s expected marginal
utility — both under the relaxed solution (cf, 7). S;* and A\* are defined analogously.?’

We saw that with observable risk, optimal dynamic contracts use cross-subsidization to
fully insure dynamic risk in the sense that expected marginal utility \; is equalized across
risk-types (Prop. 1 ii).

However, when risk-types are private, incentives for plan choice will constrain the amount
of cross-subsidization that can take place. Specifically, upward IC will bind*® as increasing
cross-subsidization will incentivize lower-risk types to deviate to the better-subsidized plans
intended for higher-risk types. Given limited cross-subsidization, it’s natural to expect that
higher-risk types will have higher expected marginal utility in the optimal contract, both
FOA-relaxed and full. The next two lemmas confirm these properties in the no wealth-effects

case.

Lemma 2 (Expected Marginal Utility Increasing in t). Let utility be money-loss CARA.
Suppose (cy, Wt)thl satisfies the upward-adjacent 1C constraints (5.2) of the private-risk prob-
lem. Then, expected marginal utility \;"™ s strictly increasing in t. In particular, \f and

A are both strictly increasing in t.*

Thus, in the optimal menu for the FOA-relaxed problem, upward-adjacent IC constraints
must bind since otherwise, we could redistribute money upward through the premiums,
thereby increasing ex-ante expected utility. The next lemma states this more precisely and,

in the linear case, extends to the full problem.

Lemma 3 (Upward IC Binds). Let utility be money-loss CARA and suppose (¢}, 7} )thl is an
optimal solution to the FOA-relaxed problem. All upward-adjacent ICs bind: V;_, (c;"_l, ﬂz‘_l) =
Vic1 (¢, mf) for all t > 1. If we restrict to linear coinsurance, the same holds not only for
the FOA-relazed solution (x},7})1_, but for the full-problem solution (x:* 7*)_, as well.”

In Lemma 3’ (in Appendix D.2), I extend Lemma 3 to account for wealth effects under

extra hypotheses, though only for the linear-coinsurance case.?’

251n case of multiplicity of (z}, 7} )thl, the notations S} and A} should be understood to correspond to the
contract (¢, )3:1 mentioned just prior to their use. Similarly, for the full-problem versions.

26To be precise, when I say a constraint “binds”, I mean it holds with equality at the optimal solution, or
at some other solution if one has been specified.

2"This lemma is proved in Appendix G.5.1. It is the key channel through which the money-loss CARA
assumption will be used in the proof of Theorem 1. It is also the channel through which the standing
assumption B2 that bs(m, s) < 0 will be used in the proof of the main result Theorem 1.

28For nonlinear coinsurance, I have not extended this result to the full problem since with nonlinear, we
lack the single-crossing property established for linear in the next section (Lem. 5). However, the proof
shows it does extend to the intermediate problem that only ignores non-adjacent upward ICs while still
considering all downward ICs; for details, see Footnote 98 in the proof of Lem 3’ which (as mentioned in the
next footnote), subsumes Lem. 3.

29T prove only Lemma 3’ which subsumes Lemma, 3. The proof of Lemma 3’ is in Appendix G.5.1.
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The fact that upward IC binds here contrasts the well-known [Rothschild and Stiglitz
1976] model where, instead, downward IC binds (and upward does not). The difference is
that in their model, there is no cross-subsidization so that their contracts feature actuarially-
fair premiums for each type. Although that paper ignores moral hazard, the same idea applies

in its presence, as I show for the two-type case in Fact E.1 (in Appendix E.1).

6 Linear Coinsurance

I now study the private-risk problem (5.1) (relaxed and full) under the restriction of A
to linear coinsurance schedules. Linear schedules are totally-ordered from less-coverage to
more-coverage, which will facilitate a clean comparison between the solutions to the static
and dynamic problems in the main result.

The next step is to show that higher-risk types place greater value on extra coverage than
do lower-risk ones. Recall that the set of risk-types 7 = {1,...,T} issuch that if L < H € T,
then G, <vrp GH.-

6.1 Single Crossing

Recalling from (4.7) that A\{"" denotes expected ¢’s marginal utility of monetary consumption
at plan (¢, ), I again abuse notation by writing ;"™ in the linear case. As observed before, the
envelope theorem implies 6%%(17,71') = —\;"". Note that a%V}(x,W) < 0 and a%\/t(x,ﬂ) >0
are the effects of a unit increase in premium and coverage res%ectively on t’s expected utility
starting at (x,7). Thus, by the implicit function theorem, %@ is the amount of extra
premium that ¢ would be willing to pay for an extra unit of coverage starting at (z, 7). As
shown in the next lemma, this amount is strictly greater for higher-risk types. Essentially,
this is because greater coverage will save them relatively more money since it will apply to
a (likely) greater spending amount than with lower-risk types. This captures the idea of

adverse selection into higher-coverage plans.

Lemma 4 (Willingness-to-Pay). Let L < H € T, and let (x,m) be a linear contract with
z €[0,1].°%3 Then

o) o)
%VL(IJW) %VH(‘raﬂ-)
T, T,
>\L )\H
30This lemma generalizes a result of [Chade et al. 2024] to allow general utility rather than just money-loss
CARA; see their Proposition 3, part ii. My proof technique is based on theirs.

31This lemma is the channel through which the standing assumption B4 that bja(m,s) > 0 will be used
in the proof of the main result Theorem 1.
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This implies a single-crossing property: if lower-risk types weakly prefer a higher-coverage

contract to a lower-coverage one, then higher-risk types must strictly share that preference.

Lemma 5 (Single Crossing). Let L < H € T and ',z € [0,1]. If2' <z and V, (2/,7") <
Vi (z, ) for some ©',m € R, then Vg (', 7") < Vi (x, 7).

This implies that allocations satisfying the full set of ICs must be weakly increasing in

coverage (and premium).

Lemma 6 (Implementability). Suppose (xt,ﬂt)thl satisfies all IC constraints (5.1b) of the
full problem (5.1) with z; € [0,1] for all t. Then (z;)i—, is weakly increasing in t, and so is

(m),. Further, z; < wey1 if and only if m < mppq.>

6.2 Main Result

We saw that with observable risk, optimal dynamic contracts are interim efficient (Prop. 1
i). We now show the failure of that result under private-risk and specify the nature of the
interim inefficiency. Since the results are cleanest for money-loss CARA utility, I restrict to
that case here, leaving wealth-effects extensions to Appendix D.2.

Now for the main result of the paper, which essentially shows the upward distortion
of coverage x; > 2, in the relaxed problem. A follow-up proposition will address the full

problem.

Theorem 1 (Main Result: Overinsurance). Let utility be money-loss CARA, and suppose
the static problem is strictly concave for every t. **Suppose (z}, W;‘)thl 15 an optimal solution
to the FOA-relazed problem with x} > 0 for all t. Then x} > &y for all t > 1.**

Essentially, Theorem 1 states that, under the FOA and without wealth effects, optimal
coverage will be distorted strictly above its statically efficient level Z;. 1 now describe the
intuition behind it. Recall S} denotes the endogenous subsidy to ¢ in the relaxed-optimal
solution. We can reformulate the (S;-subsidized) static problem (4.4) to optimize only over
coverage z, letting the premium automatically adjust to keep the insurer’s profit from ¢’s

contract at —S}.> Starting from #’s statically efficient coverage #;, a marginal increase in

32In the dynamic income-tax papers mentioned in the literature review (Section 2.2), the analog of this
lemma does not hold, specifically the part about (z;)7_, being increasing. As I mentioned there, the reason
is that they have an additional screening instrument in that tax-plan choice is bundled with labor choice
from the previous period.

33For a particular form of the health function h(m, s), Fact G.3 shows strict concavity of the static problem
under money-loss utility.

34This assertion still holds if (z} ,71';‘);[:1 is replaced by an optimal solution to the slightly less relaxed
problem that considers all upward ICs (adjacent or otherwise) but still no downward ones.

35This is shown in Appendix G.1.2.
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coverage x accompanied by such a budget-preserving increase in premium keeps ¢ indifferent
to first-order. But by Lemma 4, this compound deviation relaxes (¢ — 1)’s upward-adjacent
IC constraint, thus enabling an additional premium transfer from ¢ — 1 to ¢ (and potentially

to higher types too), which is desirable since A;_; < Af (Lem. 2).

Extension to Full Problem For this argument to work in the full problem, we need
to make sure (t + 1)’s downward-adjacent IC doesn’t bind so that it’s not violated by the
initial premium-compensated increase in ¢’s coverage. For that, it suffices that z;* < x}7,
(as opposed to ;" = x77,), given single crossing (Lem. 5) and the fact that upward IC binds

(Lem. 3). Thus, we have the next proposition.

Proposition 2 (Overinsurance in Full Problem under Separation). Let utility be money-loss

T

CARA, and suppose the static problem is strictly concave for every t. Suppose (x;*,7;*),_,

is an optimal solution to the full private-risk problem with all IC' constraints (5.1b) with

"> 0. If t > 1 and o7 < 27y, then o7 > Zy.
The following corollary is immediate.

Corollary 1. Assume the hypotheses of Proposition 2. If (x7*)L, is strictly increasing in t
throughout, then x;* > &, for all t > 1.

Outside money-loss CARA utility, the analogs of the distortion results z; > z; and
ry* > &y are x; > s and a7 > Zy90 respectively. In Theorem 1" (in Appendix D.2), I
give sufficient conditions for these analogs under general-utility (i.e., with wealth effects).?
Theorem 1 and Proposition 2 are both subsumed in and proved as part of that more general
result. The proof is in Appendix G.5.2.%7
Validity of the FOA We say the FOA is valid if optimality in the FOA-relaxed problem
implies optimality in the full problem.

In Appendix F (Propositions F.1 and F.2), I go into further depth on conditions for
validity of the FOA under linear contracts. There, I show — as foreshadowed by Corollary 1

above — that the FOA will be valid if =} is increasing in ¢ (Prop. F.1 ii), a similar condition

36The key condition is that ;- [ Py(z}, 7})] “he strictly increasing. This guarantees that budget-neutral
premium transfers from lower- to higher-risk types increase ex-ante utility. Since %Pt(xf , 77 ) = 1 for money-
loss utility, this condition is guaranteed under money-loss CARA by Lem. 2.

37 The fact that upward IC binds (Lem. 3) — though conceptually important for understanding Thm. 1
(the relaxed-problem result) — is technically only needed to prove Prop. 2 (the full-problem result). Instead,
to prove Thm. 1, we only need A\;_; < A}, which Lem. 2 established. Lem. 3’s role for proving Prop. 2 is
only to show — together with single crossing (Lem. 5) — that (¢ + 1)’s downward-adjacent IC doesn’t bind
when z7* < i},
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to that found in [Kapicka 2013| (Lemma 12). If, instead, we have x; > x} , for some ¢, then
Proposition F.1 iv shows the full solution will feature pooling — likely between t and t +1,%®
iLe., rj* = x7}, and 7" = 77, — due to the monotonicity restriction imposed by Lemma 6.

Although, as just alluded to, the fact that increasingness of the FOA-relaxed allocation
x; is sufficient for FOA-validity was — albeit in a different framing — essentially shown
already in [Kapicka 2013], the question of what drives such increasingness has been left open
by the literature to my knowledge. I point to increasingness of statically efficient coverage
Ty — or sy under wealth effects — as a key factor in my context. Proposition F.2 confirms
this formally in the two risk-type case. However, increasingness of Z; is not necessary for
FOA-validity since the desire to enable cross-subsidization while respecting upward IC may
push — due to the same differential willingness-to-pay for coverage that drives Thm. 1 —

towards increasingness of z; despite mild decreasingness of Z;.

7 Nonlinear Coinsurance

This section studies the private-risk problem with nonlinear coinsurance. Its key result,
Proposition 3, uses first-order necessary conditions to characterize the optimal menu under
the FOA with no wealth effects. I extend it to allow for wealth effects in Appendix [ and for
a continuum of risk-types in Supplemental Appendix S1.

Proposition 3 gives several conceptual insights. First, it shows that the dynamic re-
distributive force behind Theorem 1 extends to nonlinear contracts. As in the linear case,
an increase in marginal coverage — together with a compensating increase in premium —
relaxes upward interim ICs, thus allowing for more cross-subsidization from lower- to higher-
risk types. Second, it shows how nonlinear contracts sharpen that force: the amount of
IC-relaxation achieved between adjacent types t and ¢t — 1 (and hence redistribution towards
the former) is related to their relative likelihood of exceeding the spending level at which
marginal coverage is increased for ¢. This is because consumers only benefit from extra
marginal coverage at m if they exceed m dollars in spending. This leads to higher cover-
age distortions (ceteris paribus) at dollar amounts where that relative likelihood is highest.
Third, it shows how coverage in each type’s plan is partially tailored to their risk-distribution
in order to balance the intra-type risk-incentive tradeoff, notwithstanding distortions from
the dynamic force.

In order to state Proposition 3 precisely in section (7.2), some technical setup will be

needed regarding direct mechanisms and the first-order approach.

38Technically, Prop. F.1 iv only guarantees such pooling for some pair of consecutive types (7,7 + 1), not
necessarily 7 = t, but the latter seems very likely.
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7.1 Technical Setup

Direct vs. Indirect Formulations As formulated in (5.1), the private-risk problem op-
timized over menus (¢, Wt)thl with coinsurance schedules ¢; in some admissible class A (and
premiums m; € R) and then let these determine treatment choices through the demand func-
tions me, ,(s). Here, I instead adopt a direct-mechanism approach that optimizes directly
over treatment levels m;(s) and corresponding reimbursement levels r;(s), subject to an ex-

plicit ex-post IC constraint.*’

I defer a full presentation of the direct formulation and its rela-
tionship to the indirect formulation to Appendix H.1, but they are essentially equivalent and
I informally sketch the correspondence here. Given functions mq(s) and r.(s) on the support
of Gy (which is t-independent), we can define (¢, ;) as follows. First let m; = —r(s) +my(s)
where s is the lowest severity in the support of Gy; for intuition, note that when my(s) =0
(as would be natural), this means 7, = —r¢(s). Then let ¢,(m) = [m —r; (s;'(m))] — m,
where s;1(-) is the inverse function of my(-). I refer to the menu (¢;, m),_, obtained in this

way as the indirect menu induced by the direct menu (my(-), rt(-))thl.

The First-Order Approach I again study the FOA-relaxed problem, thus simplifying
the interim IC constraints (5.1b) to (5.2). However, since we study the direct mechanism
here, we also apply the FOA to the ex-post stage where IC constraints governing treatment
choice now arise. Since I always assume a continuum of ex-post types s, the FOA applied
to ex-post ICs replaces them with a local optimality condition, formally captured by an
envelope condition [Milgrom and Segal 2002]."C Thus, the FOA-relaxed version of the direct

formulation becomes the following:
nax Z ft/ my(s) +1i(s), h(my(s),s)) dG(s)

me, e, Wi
th/ s) dGy(s) = 0, (7.1a)

1(s) = U (=my(s) +ri(s), h(my(s),s)) Vi, (7.1b)
/Wt ) dGy(s /I/VtH YdG(s) Vt<T —1, (7.1¢)
W, (s) = Uy (—my(s) +1¢(8), h(my(s),s)) - ha (my(s),s) Vit. (7.1d)

I refer to (7.1) as the FOA-relaxed direct problem. The first constraint (7.1a) is the ex-

39For more on the indirect-mechanism approach with nonlinear contracts, see Supplemental Appendix S3.
40At the ex-post stage, failure of the FOA will coincide with bunching of multiple severities s into a single
treatment level m. [Martinon et al. 2018] address bunching in a static model of health insurance.
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ante budget constraint, familiar from the indirect formulation (5.1). The second constraint
(7.1b) is merely to introduce the extra variable W;(s) that will set up the last two constraints.
The third constraint (7.1c) is the FOA-relaxed interim-IC constraint, also familiar from the

indirect formulation. The fourth constraint (7.1d) is the envelope condition for ex-post IC.*!

7.2 No Wealth-Effects Case

I now restrict to money-loss CARA utility. For wealth effects, see Appendix I.

Notation Fixing a particular direct menu (my(-), 7(-))1_,, let uf, = u/ (—my(s) + r,(s) + h (my(s), s))
be the marginal utility of money for type s under t’s plan. Then, for risk-types t,7 € T,
define the following:

N = /u'ﬁ, gi(s)ds, X\ =\, (7.2a)

Ui (s) = /: ul % ds for s < 5, y(s) = Yl(s) Vs. (7.2b)
Although the dependence is not made explicit by the notation, A] and 1] should always be
understood to correspond to the specific menu (my(-),7(-)),_, fixed just prior to their use;
the dependence operates through w, within which m.(-) and r.(-) appear (see just above).
A is the increase in t’s expected marginal utility associated with a one-dollar decrease in
7’s premium when purchasing 7’s plan. T’ll call such a decrease a premium-transfer to 7.
W] (s) is, roughly, t’s expected marginal utility conditional on severity being at least s, when
choosing 7’s plan. However, the normalization quotient 1 — G.(s) in 9] is 7’s probability
(not t’s), so [1 — G,(s)] ¥](s) is the change in t’s expected marginal utility from a one-dollar
increase in reimbursement r.($) for all § > s when purchasing 7’s plan. I'll call such an
increase in reimbursement a 1(s)-transfer to 7 — and a “premium-compensated” one when

it’s paired with a premium increase that keeps 7 indifferent overall.

Valuing Nonlinear Coverage Note that [1 —GT(S)]wi—gs) is t’'s willingness-to-pay
(WTP) for a w(s)-transfer to 7 when choosing 7’s plan. For linear contracts, Lemma 4
showed that higher-risk types have higher WTP for higher coverage, and this was key to
Theorem 1. The analogous result for nonlinear contracts says that they also have higher

WTP for an increase in marginal coverage at my(s) or, equivalently, for a 1 (s)-transfer. The

41T discuss conditions for validity of the FOA under nonlinear contracts in Appendix H.3, specifically in
Proposition H.1 part i which adapts a result of [Kapic¢ka 2013].
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intuition is that since Gy_1 <mLrp Gy, t is strictly more likely than ¢t — 1 to exceed s (or,

equivalently, m,(s)) and thus benefit from the 1 (s)-transfer to ¢ upon choosing ¢’s plan.

Lemma 7. Fiz a direct menu (my(-),m(-))1_,. Let t' <t €T so that Gy <uzrp G- Then

—wg\’fls) < ¥ particular, setting t' =t — 1 and

for any 7 € T and s € (s,8), we have ¥

i < .
T =t, we have wt/\g—l(s) < wi\(S)_4z,43
t—1 t

The Optimal Menu The next proposition characterizes the optimal menu under the
FOA. It is interpreted at length through the rest of this section.** Let F be the CDF on
risk-types T = {1, ..., T} so that f, = F((t) — F(t — 1) for t > 1, and let F, = F(t).

Proposition 3 (Optimal Menu). Suppose (Ct,Wt)Z;l is the indirect menu induced by an
optimal solution (my(-),m(-))j_, to the FOA-relazed direct problem (7.1) under money-loss
CARA utility. For each t € T and m € Ry, if there exists s such that mi(s) = m and the

derivative ¢,(m) exists, then the following condition is satisfied:

_ 1 — Gi(8) hia (me(s), s)

9:(s) A . {

1 — ¢ (mu(s))

T
wt(S)} 1—-F [%(3) ¢£—1(3):| fi
Ao1s 2] _ W S S )
|: )\t ft )\t )\i—l it 1 - thl
S——— ~ ~~ ' _ s
static term slackening redist:’.rforce

dynamic term

where A = Zthl ft A and, by convention, Fy = 1.2

Equation (7.3) can be decomposed into two parts, corresponding to the static and dy-
namic forces. As explained below, the dynamic term captures the same upward distortionary

force we studied in the linear case.

42This lemma is proved in Appendix J.2 as part of a more general result, Lemma J.1.

43The spirit of this idea is found in [Crocker and Snow 2011], but in their framework, which is a mul-
tidimensional analog of [Rothschild and Stiglitz 1976], their utility function depends purely on monetary
consumption; they do not model the consumer’s health state or treatment decision.

44Proposition 3 is proved as a special case of its wealth-effects generalization Proposition 1.1, which is
stated in Appendix [.1. The proof is in Appendix J.3.1-J.3.3.

45The convention Fy = 1 works here because 25:1 fi [M — A] = 0 as can be seen easily from the formula
A= 23:1 ft A\t at the end of the Proposition. This convention implies that the dynamic term disappears
for t = 1 since Fy_1 = Fy =1 (so that 1 — F1_; = 0), thus manifesting the principle of no distortion at the
“op”.

46Note (7.3) is an implicit characterization in that ¢; (as induced by m; and r;) appears inside the utility
function in several objects on the right-hand-side (recall 7.2).
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The static force is represented by the left-hand side (LHS) together with the term outside
the curly braces on the RHS and the first term inside them (which is labeled “static term”).
Overall, the static force captures the usual risk-incentives tradeoff from static (nonlinear)
moral hazard problems [Blomqvist 1997]. The LHS, which is the marginal coverage rate
1 — ¢, (my(s)), captures the rate at which the budget would be burdened by an increase
n (¢,s)’s treatment choice. The first term in curly braces represents the utility value of
the money saved by a premium-compensated v(s)-transfer to ¢. This is strictly positive
since such a compound transfer redistributes money to higher marginal utility consumers;
mathematically, ¥(s) > A\ for s > s. All transfers are viewed as being made from the
ex-ante budget — rather than from any particular type — and thus incurring a (per-dollar)

utility-cost A, the multiplier on the budget constraint (7.1a). The appearance of - cz;gs)

indicates how t’s contract is partially tailored to G;, notwithstanding distortion resulting
from the dynamic term.

The dynamic force is represented by the second term in curly braces, excluding the inverse
hazard lf—:l Paralleling the linear case, a premium-compensated v;(s)-transfer slackens

upward IC (Lem. 7), thereby allowing for greater cross-subsidization to higher risk-types.
TZJt_S) 1115_1(3)
At >‘§71

to t (from the budget) while keeping ¢ — 1 indifferent between t’s contract and her own.

Specifically, the slackening allows for > ( dollars to be premium-transferred
In turn, such a transfer to t slackens t’s upward-adjacent IC constraint, thus allowing for
a similar transfer to t + 1 and so on. This explains the last factor on the right in (7.3):

[ A+ ZZ T Fz . Crucially, the presence of the slackening factor qp,;_(ts) — % in the

dynamic term suggests that the coverage rate 1—¢} (my(s)) will be increasing (ceteris paribus)
in the difference between the exceedance probabilities 1 — Gy (my(s)) and 1 — Gy (my(s)).

The inverse hazard rate ft L determines the relative importance of the dynamic and
static forces, holding fixed the size of each. Ceteris paribus, optimal marginal coverage
1 — ¢, (m(s)) will be increasing in this inverse hazard rate for the following reason. The
cost of a premium-compensated increase in t’s marginal coverage — which comprises the
static force — is proportional to f; while the amount of interim redistribution it enables is
proportional to 1 — F;_1, the fraction of interim individuals towards whom it will be carried
out.*”

Without the dynamic term, (7.3) reduces to the analogous formula for ¢’s static moral

471 say “ceteris paribus” because as t gets lower and 1—F,_; thus gets higher, the wedge —)\-I-Zg;t %ﬂ_lke
shrinks, thus lessening the value of redistribution conditional on the number of beneficiaries thereof .
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hazard problem — or, more precisely, the (microeconomic) dual thereof:**

1 — & (my(s)) = “TC?)(S);M l_1 + @Z);(j)]. (7.4)

static term

Given that the dynamic term is strictly positive — by Lemma 7 (for the slackening term)
and Lemma 2 (for the redistribution term) — this suggests a nonlinear analog to the linear
distortion result z; > Z; (Thm. 1), such as 1 — ¢, (my(s)) > 1 — & (my(s)). T discuss this

question in Appendix H.4.

8 Reinterpretation as Social Health Insurance

The preceding sections analyzed the private-risk optimization problem (5.1), which is the
consumer’s problem in the model from Section 3. In this section, I reinterpret that analysis
as pertaining to a social health insurance program with a consumer-participation mandate
rather than a (perfectly competitive) private-sector dynamic insurance market. The discus-
sion here is informal, but I more formally describe a model of the social insurance interpre-
tation in Appendix B. It will be easy to see that the two models are equivalent in the sense
that they lead to the same constrained optimization problem. Thus all the same insights
from elsewhere in the paper apply to the social insurance model as well.

The social insurance model thinks of a utilitarian social planner designing a menu of
static contracts for a population of consumers subject to a consumer-participation mandate.
The population begins with heterogeneous privately-known risk profiles but homogeneous
wealth. Relative to the original model from Section 3, the social insurance model dispenses
with the ex-ante stage Period 0 where the dynamic contract was proposed and accepted. It
instead begins immediately at Period 1A where consumers privately realize their risk-types.
A new stage is then inserted where the social planner — who replaces the insurer in the new
model — designs a menu of plans to impose on the population. Periods 1B, 2A, and 2B then
proceed identically as in the original model, with the insurer replaced by the planner. At the
aforementioned design stage, the planner designs the menu to maximize expected consumer
welfare subject to an expected zero-budget constraint. This constraint guarantees that the
program can be fully funded by premiums, assuming there is no aggregate risk.

The social insurance model captures part of the motivation for the Affordable Care Act

48] mean “dual” in the sense of minimizing (expected) insurer losses subject to achieving a fixed expected
utility for the consumer, not in the sense of “Lagrange duality”.
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(ACA) program in the U.S. and similar institutions in other countries,*” though an important
qualification about regulated-competition programs is discussed at the end of Section 8.1.
The social insurance model also applies to employer-based health insurance programs which
can be viewed as providing intra-firm social insurance.

The equivalence of the two models shows that the key insights of the preceding sections
have implications for the design of social insurance programs as well. In particular, Theorem
1 suggests that, if risk is non-contractible, coverage levels in social insurance programs should
be set above what would be statically efficient, in order to enable greater cross-subsidization

between consumers with pre-existing risk differences.

8.1 The Private and Social Models in Practice (incl. ACA)

The original model envisions a private dynamic contract with symmetric information at the
ex-ante stage and private information at the interim (and ex-post) stage. This informational
structure might occur if, for example, consumers sign the dynamic contract at age 30, when
most people are assumed to be fairly healthy and of similar risk. They then would choose
continuation plans at 31 after potentially learning new risk information, and finally choose
treatment at 32 given their current needs. The private model abstracts from treatment that
may occur between 30 and 32.

Turning to the social insurance model, although it captures much of the motivation
behind the Affordable Care Act (ACA), there is a key difference.”” In the ACA and other
regulated-competition programs internationally, private insurers set premiums competitively
as part of a regulated market, rather than — as in my social model — the government
directly setting premiums (and coinsurance schedules) as the single payer in the system.
Despite the participation mandate, when multiple plans are offered, premiums set directly
by (competing) profit-maximizing insurers will reflect the risk pool of each plan and thus
won’t cross-subsidize between plans. Partly to address this problem, the ACA and many
peer programs use so-called risk adjustment schemes which force monetary transfers between
plans that attract unequal risk pools [Layton et al. 2018].%!

Applying the insights from my analysis to a regulated-competition program with risk
adjustment is a potentially interesting direction for future research, though (as discussed

in Section 2.1) the topic is explored already by [Zwart 2025]. To repeat, in his model, the

49The ACA initially had a participation mandate, though it was subsequently repealed.

50A further difference is that, unlike the ACA, my social insurance model is fully funded by consumer
premiums, whereas the ACA uses external government funding and also redistributes money to low-income
consumers rather than just those with high health risk.

51Risk adjustment is also intended to disincentivize subtle forms of cream-skimming techniques by insurers
that cannot be directly banned.
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regulator first sets lump-sum risk-adjustment transfers between insurers depending on the
risk-type of their enrollees, and then competing insurers choose premiums and plan fea-
tures. In particular, when the regulator increases the degree of risk-adjustment transfers for
high-risk enrollees (beyond a certain point), an upward distortion of the high-risk contract’s
generosity will be carried out by the insurers in order to attract the high-risk consumers and
thereby benefit from their risk-adjustment subsidies. Nevertheless, because [Zwart 2025]
works with parsimonious type spaces and (more importantly) a relatively reduced-form pref-
erence specification — where aversion to copayments and concern for reclassification risk are
captured through differential weights rather than a micro-founded ex-ante expected-utility
framework — there likely remains room for future work on socially optimal risk adjustment

in a richer environment like the one developed in this paper.

9 Conclusion

This paper studies a model of dynamic health insurance under evolving risk with moral
hazard and adverse selection. The analysis can be thought of in terms of either a commercial
dynamic contract or a static social health insurance program with a consumer-participation
mandate.

Before studying the private-risk case (i.e., adverse selection), I analyze the observable-risk
case and show that its solution involves interim-efficient coinsurance schedules for all risk-
types and full insurance of dynamic risk in a certain sense. To the extent that real consumer
risk profiles are observable and verifiable, this analysis can inform policy. While regulators
sometimes ban insurers from conditioning contracts on consumers’ risk information in order
to protect them from dynamic risk, my analysis shows how, in principle, such information
can — given the right objective — be used to actually improve protection from dynamic-risk
while also tailoring coinsurance schedules to address moral hazard efficiently.

Turning to the private-risk solution, I show that, unlike the observable-risk solution, it
faces a tradeoff between interim efficiency and protection from dynamic risk. My main result
— which applies to linear coinsurance — states that coverage will be higher than the interim-
efficient level for each risk-type except the lowest. This upward distortion of coverage, when
paired with a budget-balancing increase in premium, relaxes upward IC and thus enables
more cross-subsidization from low- to high-risk types. With nonlinear coinsurance, the same
dynamic force that led to the upward distortion in the linear case is still present. However
now, the amount of IC-relaxation — and hence the amount of enabled redistribution —
depends on the relative likelihood that the type in question (versus the type below them)

will exceed the level of spending at which marginal coverage is increased. This suggests that
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greater upward coverage distortions are optimal when that relative likelihood is higher.

Future Directions

My analysis suggests several directions for future research. First, as discussed in Section
8.1, one could embed risk adjustment into a regulated-competition environment & la [Zwart
2025], but using the richer framework developed here.  Second, one could restrict to a
fixed number of plans while having a continuum of risk-types so that some types are infra-
marginal while others are marginal; this issue is studied by [Chade et al. 2024], albeit under
a different objective. Third, whereas I assume the consumer can fully commit to staying in
the dynamic contract should they turn out to be low risk, one could study a similar model
with limited consumer commitment. This would involve extending papers such as [Ghili
et al. 2023] or [Cochrane 1995| to account for moral hazard.”> Fourth, one could study a
model with multiple rounds of treatment rather than just one. Coverage levels would then
depend not only on “plan choice” but also on prior treatment choice since treatment choice
may reveal private information about risk of future needs in addition to information about
current needs.”*%* Relatedly, a model with multiple treatment rounds could also allow for
treatment to endogenously affect risk of future health needs, as with preventative care |Ellis
and Manning 2007], [Li 2023].>

Fifth, while this paper considers only a single dimension of health and treatment, real
consumers face many potential health problems, each with their own set of treatment options.
Thus, insurers can condition coinsurance on what kind of treatment is being purchased rather
than just on the total spending amount. In a companion paper [Boche 2025|, T study the
implications of such multi-dimensionality for optimal coinsurance under moral hazard; prior
work on the topic includes [Besley 1988], [Goldman and Philipson 2007] and [Ellis et al.
2015].

528ee also [Golosov and Iovino 2021].

53|Luz 2022] also allows for such dependence on treatment history (and also considers its prohibition) but
with no moral hazard — hence “treatment history” not “treatment choice”.

54Technically, standard year-long contracts with nonlinear coinsurance already exhibit dependence on
within-year treatment history (e.g., through deductibles) [Brot-Goldberg et al. 2017], but it’s not clear this
dependence is designed to achieve dynamic screening. Designers may instead have a static, single-treatment
model in mind.

S5Mathematically, this would parallel the “learning by doing” phenomenon in optimal taxation [Makris
and Pavan 2021]. See also [Luz and Parra 2023].
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A Prior Authorization and Gatekeeping

I now return to the observable-risk model from Section 4.2 and informally reinterpret it as
a model of non-binary prior-authorization. Rather than thinking of the signal ¢ as a signal
of consumer “risk” of health needs s that might materialize in the future, we can view it as
a noisy audit of the patient’s current needs s immediately prior to the treatment decision.
For example, a surgeon might assess the necessity of surgery for a patient on, say, a 5-point
scale like the following: 1) inappropriate, to 3) beneficial but not necessary, to 5) essential.
If we think of ¢ as the surgeon’s assessment score, the patient’s copay for the surgery could
then be conditioned on this assessment as in my observable-risk benchmark.

Proposition 1, which characterized the observable-risk solution, suggests how such condi-
tioning might work. First, recall part i of that proposition. Essentially, it said that patient
cost-sharing conditional on the signal ¢ should efficiently balance risk-protection and incen-
tives given the residual uncertainty about the patient’s degree of need. This suggests that
the copay for the surgery should be decreasing in the degree of necessity perceived by the
surgeon since higher perceived necessity means that incentives are less likely to be needed.
Second, recall part ii of that proposition, which prescribes cross-subsidization across signal
realizations ¢ until expected marginal utilities are equalized. This suggests that it may be
beneficial to offer a rebate to patients who — despite a verifiable signal suggesting at least
some benefits from the procedure — decline the costly surgery. The reason is that patients
for whom the signal suggests the procedure may be helpful face risk of having to pay the
copay which makes their expected marginal utility higher than that of patients for whom
the signal shows the procedure is completely unnecessary. This last point about rebates is
shown formally by [Chernew et al. 2000].°° In practice, copays/coinsurance would, of course,
also depend on plan choice (or observed a priori risk-signals) in addition to these ex-post
signals of severity. I leave such extensions for future work, but I note that analysis of these
issues must also account for multi-dimensionality of health conditions and treatments — a
topic explored in [Besley 1988|, [Goldman and Philipson 2007|, [Ellis and Manning 2007]
[Ellis et al. 2015], and [Boche 2025].

B Formal Model for Social Insurance Interpretation

This section more formally describes the social insurance model which was introduced infor-

mally in Section 8 and which underlies the social insurance interpretation of my analysis from

56Their model features binary treatment and a binary signal that indicates whether the patient has the
condition at all but not its severity. Reinterpreted in the way suggested in this section, my observable-risk
benchmark can roughly be viewed as a generalization of their model.
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the rest of the paper. It is easy to see that the planner’s constrained optimization problem in
this new model coincides with that of the ex-ante consumer in the original private-dynamic

model from Section 3. Thus, the solutions coincide as well.
Players: A social planner and a population of consumers.

Timing:

Period 1.A: Each consumer privately realizes their risk-type ¢t € T = {1,...,T} with
probability f;.

Design Stage: The social planner chooses a menu of contracts (c,(-),7-), .7 and imposes
it on the population of consumers.’

Period 1.B: Each consumer then must choose a plan (¢, (+), 7;) from the menu (¢, (), 7;), o
and pay the associated premium 7, to the planner.

Period 2.A: Each consumer then privately realizes their pre-treatment health severity
s € R according to their distribution Gy(-).

Period 2.B: Each consumer then chooses their treatment level m (in dollars) and pays
the out-of-pocket amount ¢, (m) to the (unmodeled) healthcare provider. The planner pays

the remainder: m — ¢, (m).

Preferences:

Consumer Preferences: Each consumer maximizes the expectation of their utility U(y, h),
where (recall) y and h denote monetary consumption and final health state respectively. Note
that all consumers start with the same baseline wealth w = 0.

Planner Preferences: At the Design Stage, the planner chooses the menu to maximize
aggregate consumer expected utility in the population — that is, ZtT:l [t [ Uy, h)dG(s) —
subject to an expected zero-budget constraint, where y and h denote monetary consumption

and final health state respectively.

C Extra Properties of Static Solution (Linear) — Bounds

and Comparative Static in S

C.1 Bounds on 1y

Intuitively, it is optimal to have at least some coverage because when there is zero coverage,

the marginal moral hazard cost of extra coverage is only second-order but the insurance

5TThe order of Period 1A and the Design Stage can also be reversed without affecting the analysis.
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motive is first-order. The next result shows this is true under money-loss and that under
general utility, it is profitable to marginally increase coverage at x = 0, thus showing #;5 # 0

and giving strong evidence that #;5 > 0. I prove (and restate) it later in this subsection.

Proposition C.1 (z > 0). i) Let utility be money-loss. For any S and Gy, if Tys exists,
&y > 0.°° i) Let utility be general with Ug < 0, and suppose h(mer(s),s) is weakly

decreasing in s. For any S and Gy, al4(0) > 0 (where, recall, a takes x as argument).”

Is it also guaranteed that ;s < 17 Not in general. The following inessential remark

explains.

Remark 1. ;5 > 1 can occur if when Ujp(y,h) < 0 (e.g. with money-loss where Uy =
u” < 0) and treatment does not fully cure health problems so that h (m, -(s),s) is strictly
decreasing in 5.9 This is because, in such a case, even with full coverage of health spending,
the consumer’s poor post-treatment health h leaves them with a high marginal utility of
monetary consumption U;. And as a result, it may be optimal to give them a cash indemnity
as an increasing function of their fully-covered treatment spending, which is exactly what

x> 1 does.01:92

C.2 Wealth Effects in the Static Problem (Linear Contracts)

In this section, I study how baseline wealth (or, equivalently, subsidy) affects statically
efficient linear coverage. In doing so, I consider two channels: the effect of baseline wealth
on risk-attitude (henceforth, “ex-ante wealth effects”) and the effect of wealth on treatment-
sensitivity to coverage and premiums (henceforth, “ex-post wealth effects”). Considering that
statically efficient coverage balances risk exposure with treatment incentives, it should be

clear that both kinds of wealth effects are relevant. Regarding ex-ante wealth effects, I show

58In case there are multiple optimal static solutions &g, this result should be understood as saying they’re
all > 0.

59Presumably, some version of this “strictly positive coinsurance” result is already in the literature, but
I'm not sure where to attribute it.

60 Such lack of “full cure” may occur either because the technology for full cure does not exist, or because
full cure would not be efficient given its cost. At least with money-loss utility, lack of full-cure may also be
interpreted as a reduced form for a loss of income that is caused by health problems (see, e.g., [Dobkin et al.
2018]). Several papers including [Marone and Sabety 2022] use the form h(m,s) = —5=(m — 5)? + (m — s)
for w > 0, which leads to “full cure” in the sense that endogenous post-treatment health state h(m,s) is
constant in s.

61If the idea of Z;5 > 1 seems odd, recall that I'm abstracting from much of the complexity of healthcare
including the role of the physician as an “auditor” and gatekeeper to costly care provision. Again, see A for
more on the latter issues.

52In any case, Fact G.1 gives conditions to ensure that even if coverage is greater than full, m. ,(s) is still
finite.
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that under money-loss (which eliminates ex-post wealth effects), &5 is strictly decreasing
in S if utility satisfies of decreasing absolute risk aversion (DARA), a plausible condition.
On the other hand, the ex-post wealth-effects channel appears to be ambiguous, thus also
leaving the overall effect of S on #;5 ambiguous for general utility.

This analysis informs the study of the dynamic problem (both private- and observable-
risk) since when cross-subsidization occurs, it affects statically efficient coverage 2,5 (or
T,5,), which can then affect the tradeoff between static efficiency and cross-subsidization —
thus creating a feedback loop. The endogenous subsidy S; (or 5}) is very likely to be strictly
increasing in t — see Prop. E.1 for a formal result for the two-type private-risk case —
and obviously crosses zero between some intermediate risk-types given the budget constraint
5.1c. Thus, if 7;5 is decreasing in S, as will be the case for money-loss DARA, then we’ll
have ZTysx > 7y for lower ¢ and Tysr < Ty for higher ¢, and similarly for gt. If instead, Z;g is

increasing in S, then the opposite will hold.

C.2.1 Ex-Ante Wealth Effects

As shown in Lemma G.15 (Appendix G.2.3), statically efficient coverage Z; is increasing in
risk-aversion under money-loss utility. Putting this together with the definition of DARA
shows that statically efficient coverage is decreasing in baseline wealth. This is the next
proposition, which is proved in Appendix G.2.3. To set up its notation, for any w € R, let
75 denote t’s optimal linear static coverage with baseline wealth w and actuarial subsidy

S.9% w and S play interchangeable roles in the static problem when the other is held fixed.

Proposition C.2 (S Comparative Static, Money-Loss). Let utility be money-loss and as-
sume the static problem has a unique solution for all S and baseline wealth levels w. If
u satisfies strict DARA, IARA, or CARA, Z}% is (respectively) strictly decreasing, strictly

increasing, or constant in both S and w.%*

C.2.2 Adding Ex-Post Wealth Effects

Without money-loss utility, health is a strictly normal good (by assumption A4 in Section 3),
so we must also take into account the effect of baseline wealth (or, equivalently, subsidy) on
treatment-sensitivity to coverage and premium 2m,, -(s) and Zm, . (s).° This is important
for optimal static coverage since, say, higher treatment sensitivity to coverage makes moral

hazard more problematic thus pushing towards lower optimal coverage. |The effect of baseline

63Equation G.27 in the Appendix G.2.3 gives a more formal definition.
64The CARA part extends the prior result Lemma 1, which dealt only with subsidies not baseline wealth

levels.
2

65The effect of baseline wealth on these sensitivities are —%mwm (s) and —aa?mwr(s) respectively.
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wealth on a%mgm(s) comes into play because changing coverage will lead to surplus or deficit
in the budget that must be dispersed through the premium which, in turn, affects treatment
choice.|

Informally, the effect of baseline wealth on statically efficient coverage will operate both
through this treatment-sensitivity channel and through the effective risk-aversion channel
discussed in the last subsection. The former channel may push either way, so the overall
comparative static of baseline wealth on optimal static coverage is ambiguous, even if the
latter can be signed with a DARA assumption (e.g. in the separable utility case) as suggested
above.

Ambiguity in the sensitivity comparative static —%mzm(s) stems in part from ambigu-
ity of third-order derivatives such as U1 and U;12.%° However, rather than giving a detailed
analysis of the sources of ambiguity, I instead focus on pointing out one force that may push
towards lower treatment for higher baseline-wealth consumers.

With high enough baseline wealth, for most s’s, the consumer will be buying close to the
“best” available treatment. More formally, hy (m .(s), s) will be close to zero and there isn’t
much more treatment they can buy with positive value — recall the assumptions hy; < 0 and
lim,,, o h1(m) < 0, so that h; will eventually cross zero at which point the “best” treatment
is obtained. In that case the sensitivity Zm, r(s) (which is positive) will likely be very
small for most s’s given the very low benefit and still-present out-of-pocket cost of increased
treatment. If so, moral hazard will be relatively less of a concern for very wealthy people, so
their statically efficient coverage will be higher, all else equal.

If, as just suggested (at least for high enough initial wealth), marginally higher wealth
decreases treatment sensitivity to coverage, then the ex-ante and ex-post wealth effects will

push in opposite directions leading to an ambiguous effect on statically efficient coverage.

D Wealth Effects in Dynamic Problem (Obs.- and Private-
Risk)

D.1 Observable Risk: Wealth Effects

Recall Proposition 1 ii, which characterized the interim-redistributive aspect of the observ-
able risk-solution. There is an important sense in which the condition S\t . [B%Pt(ét, ﬁt)} o

/N\T- [Q%PT(@, ﬁT)] " from that result should not be viewed as the general-utility analog of the

661 conjecture that Uy < 0 will imply %mxm(s) is decreasing in baseline wealth (at for separable utility
with no risk-aversion on health), thus reinforcing the treatment satiation force mentioned next. However,
however this is precisely the negation of the standard prudence assumption Uy11 > 0.
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money-loss condition \; = A, (also given there). Both conditions rule out profitable redistri-
bution through premium-transfers, but it is only under money-loss that premium-transfers
coincide with treatment-choice-preserving transfers. The latter are of interest because they
isolate the interim-redistributive aspect of the problem from the static efficiency aspect, and
because they appear in the multiplier on the budget constraint 4.6b.5”

Accordingly, in this section, I explicitly construct treatment-preserving transfers under
general utility, which I refer to as v-transfers, and establish the necessary optimality condition
vy = Uy — which generalizes :\t = 5\7 — where 7; is the expected utility of a dollar transferred
to t via a v-transfer (at the observable-risk solution). It should be noted that outside money-
loss, performing v-transfers transfers will require the flexibility of nonlinear coinsurance, so

establishing the condition 7, = r, will as well. I also address the special case of separable

utility.

Let D™ (m) = %J:U“hl, where the derivatives of U are evaluated at (—m — ¢(m), h (m, s_+(m))),
where where s_1(-) is the inverse function of m,.(-) if it exists. This can be equivalently
defined as D™ (m) = —M, where and IEI(\%C’W(m) < 0 is the derivative of the compen-

Exg " (m)
sated treatment-demand with respect to out-of-pocket price and Ing(m) is the derivative of

treatment-demand with respect to income; for completeness, I define these objects as follows:

o),e,m Ui _ox —Und +Unhy
B (m) = - IRG(m) = ————,

where Y = Uy, (c/)2 — 2U19chy + Usgh? + Ushyy is simply shortcut notation, and ¢ and 7
are hidden within the suppressed arguments of the constituent expressions. Note that for
money-loss, D“"(m) = 0 because D*"(m) = —u" [¢ + h;] = 0 by the FOC for treatment
choice; for separable, D“"(m) reduces to D“"(m) = %111‘3/ Also note that Igg(m) > 0
outside money-loss by diminishing MRS (assumption A4 in the model section).

For all t € T and all (¢, 7), let

Me,r(8)
L. rs(5) =exp ( / DC”T(T?L)dm), (D.1)

7= | [ Lenaticits } / )Ler a()C(3). (D.2)

Before interpreting, I note that for money-loss, L., s (§) = 1 for all s < § since D“"(m) = 0.

™

Turning to interpretation, v;"" is the increase in t’s expected wutility from (starting at ¢, )

67T solve for the multiplier explicitly in the private-risk case in Sections 7 (end of Prop. 3) and I (Eqn.

(L5)).
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increasing consumption at each s in a way that keeps treatment choices constant at the
margin and costs one dollar in expectation (w.r.t. G;). This is accomplished by decreasing

¢ at each supported m(s) by the following dollar amount

tC77T (m(s)) = ?WLC,WQ (Sc_,71r(m))a (D~3)

where ;" is just a normalization constant so that the change costs one dollar in expecta-
tion.% T refer to such a change as a v-transfer to t at (c,w). I say a direction of perturbation
d(-) “keeps treatment choices constant at the margin (at a given (c,m))” if the Gateaux
derivative of m. ,(s) in direction d(-) is zero — that is, if 0 = % [t pdy e (5)] P for all
s. The next lemma confirms formally that v-transfers do so, and computes their effect on

interim expected utility.

Lemma D.1. i) For all (¢, ), if c € C?, then a% [Metppem (5)]
[ BT (m(s)) dGy(s) = 1.
i) 2 Ve e+ ube™ m] g = "

=0 = 0 for all s.%° Further,

In the special case of separable utility, it will turn out that v;"" equals ;" = [ [ 1/ [W{"(s)] dG(s)] -
the reciprocal of t’s expected inverse marginal utility. And in the special case of money-loss
utility, v,"" = A", in which case I refer to v-transfers as “premium transfers” for obvious
reasons. In this way, the M\ = A, result from Proposition 1 part ii is a special case of the
next proposition, which is the main result of this subsection.

Let 7, = ™ and f§, = ™ for all t.

Proposition D.1. For all t, suppose ¢; exists and ¢, € C?.
Then the following hold:
i) For general utility, if arbitrary nonlinear coinsurance is allowed, vy = v, for allt,T € T.
ii) Under separable utility v;,™ = 0" for all t and (¢, 7).

iii) Under money-loss utility, v;™ = A" for all t and (c, ).

The intuition for part i is that if 7y # , for some ¢,7 € T, we could use v-transfers

between t and 7 to increase ex-ante expected utility in a budget-neutral way.

D.2 Private Risk: Wealth Effects (Linear)

In this section, I extend the results from Sections (5) and (6.2) to allow for wealth effects.

Specifically, I generalize Lemma 3 as well as the main result Theorem 1 — which concerns

68Formally, 85" = [[ Lers(s)dGy(s)] ' so that [ 85" (m(s)) dGy(s) = 1.
59The proof of part i uses methods from [Werquin et al. 2015].
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only the FOA-relaxed problem — and its sister result Proposition 2 which concerns the
full problem. Those original results, which assumed money-loss CARA, are subsumed in
these more general ones. In particular, Theorem 1 and Proposition 2 are both subsumed
in Theorem 1’; that result also gives some additional generality to address the possibility of
pooling. Proofs will be given only for these more general results (not the ones in the main
text) and will be given in Appendix G.5.

The next lemma generalizes Lemma 3 from the main text, again giving conditions for
upward-adjacent IC to bind. As discussed in Footnote 37 of the main text, it is not needed
to prove Theorem 1 or any generalization showing upward distortion in the FOA-relaxed
problem. Instead it is only needed to show distortion in the full problem as in Proposition 2.”
Its role in the latter — and thus in Theorem 1’ below (which, again, subsumes both) — is only
to show that (¢t 4+ 1)’s downward-adjacent IC doesn’t bind when z; < z441. To show upward
distortion in the FOA-relaxed problem (& la Theorem 1), we only need to show that budget-
neutral premium transfers from lower to higher types will be strictly beneficial. For this, we
need only strict increasingness of A\; (under money-loss CARA), or of \; [ZP; (], 7} )}_1
under general utility. We've shown the former condition under money-loss CARA (Lem.
2), and the latter condition will be taken as hypothesis, though in a generalized form that

accounts for (possible) pooling.

Lemma 3’ (Generalized Upward IC Binds). Let utility be general. Suppose (xj*,wz‘*);";l is
an optimal solution to the private-risk problem with x;* > 0 for all t. Let P be the set of
pools, i.e., the set of equivalence classes of types defined by the relation t ~ t' iff xf* = x}*.

Suppose either utility is money-loss CARA, or [Ztep ft)\}"*] : [Ztep ft%Pt (xf*, Wf*)} B is
strictly increasing in p over the set of pools P and x;* < 1 for allt. Then all upward-adjacent
1Cs bind at (zF, 7)1 Vi (z;_y, 7)) = Viea (27, 7)),

Further, the same result holds if (x}*, ﬂf*)thl is replaced by any optimal solution (xf, Wf)thl
to the FOA-relaxed problem.™

Finally, in the nonlinear coinsurance case, upward-adjacent IC also binds at the FOA-

relazed solution under money-loss CARA, as asserted in Lemma 3.7

As foreshadowed before the statement just above, the main difference from the money-loss

"0Since both of these (in particular the latter) are subsumed in Theorem 1’ below, it (i.e. Lem. 3) qualifies
as a lemma supporting that result.

"'This replacement includes replacing A\;* with A\f. It also includes adjusting P to be defined via the
relation ¢t ~ t' iff 7 = x}, (rather than z}* = z}).

"2For nonlinear coinsurance, I have not extended this result to the full problem since with nonlinear, we
lack the single crossing property established for linear in Lem. 5. However, the proof shows it does extend
to the intermediate problem that only ignores non-adjacent upward ICs while still considering all downward

ICs.
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CARA result (Lemma 3) is the additional hypothesis that [Z rep It )\;‘} : [Z rep [Py (z, 7} )]
is strictly increasing in p over the set of pools P.” That quantity is the amount of money
by which we can decrease the premium in pool p for the cost of spending one extra dollar
from the budget. Thus, the condition says that budget-neutral premium transfers from ¢ to
t 4+ 1 would be ex-ante welfare-enhancing (at the optimum). Under money-loss (CARA or
not), this condition reduces to strict increasingness of A (since then = P(z,7) = 1), which
holds by Lemma 2. However, outside money-loss, premium transfers affect treatment choice
and thus the budget, so the amount of the transfer must be adjusted by the [%P]_l—factors
to ensure budget neutrality.

Now for the extended version of the main result; it has three parts. Part i generalizes
Theorem 1 about the FOA-relaxed solution, while part ii generalizes Proposition 2 about
the solution to the full problem. Part iii is novel relative to the main text. Like part ii, it

addresses the fully optimal solution, but shows a distortion relative to the pooled distribution

Gy(s) = Ztep #;f.rGt(s)'

Theorem 1’ (Generalized Main Result). Let utility be general. Suppose that the static
problem is strictly concave for every t and S.

Suppose (z}, W;*)thl is an optimal solution to either the FOA-relaxed problem or the prob-
lem with only upward ICs (including non-adjacent ones) with x, > 0.

i) Suppose that either utility is money-loss CARA, or Af:’ﬂ; [B%Pt (mf,ﬂf)rl is strictly
increasing in t and x7 < 1 for all t.™ Then x} > &gy for all t > 1.
For parts ii and iii, suppose (x}*, ﬂf*)thl 1s an optimal solution to the full private-risk problem
with x7* <1 for allt. Let P be the set of pools — i.e., the set of equivalence classes of types
defined by the relation t ~ t' iff x;* = x}*. Since all pools consist of an interval of risk-types,
let P inherit the order from the set of risk-types T. For all pools p € P, let t:j denote the
highest risk-type in p.

it) Suppose that either utility is money-loss CARA or the following hypotheses hold:
[Ztep ft)\;“*} . [Ztep ftf%Pt (x’tk*,wz‘*)] B is strictly increasing in p over the set of pools P,

-1

i < 1 for all t,”° and for all p € P, [Ztep\{t;} ft/\f*] . [Ztep\{t;} fta%Pt (7, m) <

"The other added hypothesis is 2} < 1. Outside money-loss utility, this condition is needed to invoke
Lemmas 5 and 6, which is the only place it will be used. Technically, it is not needed for non-CARA
money-loss, though the result still assumes it there.

"Under money-loss CARA, the increasingness condition holds by Lem. 2 (and by %Pt = 1) at the optimal
solutions to both the FOA-relaxed and full problems. The latter condition (z;* < 1) is not needed under

money-loss in order to apply Lemmas 5 and 6, which are the only places it is otherwise used.
. -1
7 As mentioned above, {Z tep fta%Pt (zF, 772‘)] is the amount of money by which we can decrease the

premium in pool p for the cost of spending one extra dollar from the budget.
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-1
A;‘;’f [%Pt; (m’t“;, W:E)] . [Note that a sufficient condition for the latter is that | Zmyz« 12+ ()|
is weakly decreasing in s.|] Then rT > :%t;S*j_ for all p € P such that t; > 1.

P tp

iii) Suppose that either utility is money-loss CARA or the following hypotheses hold:

[Ztep ft)\f*} . [Ztep ft%Pt (x,f*,wf*)] 15 strictly increasing in p over the set of pools P
and zi* < 1 for all t. Then x," > &pgs for all p 6 P satisfying p N {1} = 0, where

(zpr,mp*) = (zp",m") for allt € p, S;* = =37, Z
as follows. :i"ps** denotes the unique solution to the static problem (4.4) with distribution

( ) ztep z t( ) and subsidy S;*,m

Relative to Theorem 1, the key difference with part i of the above result is the increasing-

- - bi(ay, m), and sy is defined

ness condition on \;*™ [a%Pt (x4, 71})} ~' which under money-loss reduces to A\y"™ and holds
automatically under money-loss CARA by Lemma 2. This condition guarantees that upward,
budget-neutral premium transfers will increase ex-ante expected utility. Similarly, relative
to Proposition 2, part ii of the present result adds hypotheses that play a similar role but
account for the possibility of pooling. Specifically, they ensure welfare-increasingness of a
transfer where the transfer may be from one entire pool of types p to the next pool p + 1,
or (in part ii only) from one pool excluding its highest member type (i.e., p\{t;}) to that
highest member type ¢

E Cross-subsidization

The two results in this section are proved in Appendix G.6. The first result supports the

second, but may be of independent interest.

E.1 IC Without Cross-subsidization

If there is no cross-subsidization so that each risk-type gets an actuarially-fair contract,
lower-risk types will get more attractive contracts, all else equal. To develop this point
further, suppose L and H are risk-types with H being higher risk. Since (¢, 7) is also more
statically efficient for L than is (¢y, 7y ) by definition, the following result is not surprising.

[Note it doesn’t assume 7' = 2.]
Fact E.1. Let L, <HeT. VL(éL,ﬁ'L) > VL<6H77%H>

Effectively, this result says that, absent cross-subsidization, upward 1C will not bind. On

the other hand, downward 1C typically will bind without cross-subsidization, unless ¢, is

"6To see why @ps;* is unique, note that since the static problem is assumed concave for all ¢, it must also
be so for G, since its object and constraints are convex combinations of those from each t’s static problem.
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sufficiently lower-coverage than ¢ relative to the difference in risk levels, L and H.”" T leave
the latter as an informal claim. As mentioned in the main text, the idea that downward
(not upward) IC binds under actuarially-fair contracts is familiar from the static adverse
selection literature [Rothschild and Stiglitz 1976]. My analysis here is novel only in that it

allows for moral hazard.

E.2 Cross-Subsidization Occurs: Sj; > 0> S}

Given the dynamic insurance motive, it is natural to expect that subsidy S} will be strictly
increasing in risk-type ¢, moving from strictly negative to strictly positive. When there are
just two risk-types, the next result shows this is true for money-loss CARA utility and gives
a sufficient condition under general utility. Naturally, the latter is the same condition used
in Lem. 3’ to ensure upward IC binds under wealth effects. This result does assume only

two risk-types, though I expect a T-type extension can be shown.”™

Proposition E.1. Suppose T = 2 so that the set of risk-types is {1,2}, and relabel these as
L=1and H=2 so that L < H. Suppose (xz‘,ﬂ;‘)t:LH 18 an optimal private-risk solution
with xf > 0 for allt. Suppose either utility is CARA money-loss, or X} [%PH (x%, ﬂ}‘{)} S
AL [B%PL (xz,wz)]_l and (outside money-loss) x7}, x5 < 1. Suppose also that there exist a
unique solution Tps: to L’s S}-subsidized static problem (4.4). Then Sz >0 > S}.

F FOA-Validity and Separation-vs-Pooling (Linear Con-

tracts)

In this section, I discuss when the FOA is valid for linear contracts and connect this to the
issue of separation-versus-pooling of risk-types. I first show that, roughly, FOA-validity will
hold when the solution to the FOA-relaxed dynamic problem features increasing coverage
in risk-type (Prop. F.1 ii). Although this echoes a similar result in [Kapicka 2013], both
results leave open what determines such increasingness. I identify increasingness of statically
efficient coverage as such a determinant, thereby providing a novel intuition for what drives
FOA-validity, which is slightly closer to primitives.

Although as we’ll see, with linear contracts, FOA-validity essentially coincides with op-

timality of complete separation of risk-types (i.e. no pooling), these phenomena come apart

""To see why this latter condition may be needed, consider a case where statically efficient coverage level
for L is very low but is high for H. [Note: it is unclear to me whether this is possible given L <yrrp H,
but I haven’t ruled it out.] In that case, the lower premium associated with L’s contract (¢, #r) will not
be worth it for H since she strongly values high coverage.

"8Namely, that S} is strictly increasing in ¢ and spans both sides of zero. Similarly, for S,.
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when linearity is not imposed. With nonlinear contracts, whereas I strongly conjecture
that pooling of risk-types will never be optimal (or at the very least, this will certainly be
true for mathematically generic parameter values), the FOA may have scope to fail. Thus,
FOA-validity is a conceptually more important question than separation-versus-pooling.

In what follows, I use the terms “(FOA-)relaxed-optimal” and “fully optimal” (or “full-
optimal”) to refer to optimal solutions to the FOA-relaxed and full problems respectively.
Analogous terms apply to feasibility.

The next proposition describes the relation between FOA-validity, monotonicity (i.e.
weak increasingness) in the relaxed-optimal solution, and separation-versus-pooling in the
full-optimal solution. Roughly speaking, it shows these are all equivalent up to non-generic
exceptions. Its proof is based on single crossing (Lem. 5) and the monotonicity restriction

that imposes on the full problem (Lem. 6). The proposition is much more precise.

Proposition F.1 (FOA-Validity). Let utility be general. Suppose (z, Wt);‘rzl is feasible in the
FOA-relazed problem (henceforth just “relaxed problem”). If utility is not money-loss CARA,
suppose further that all upward-adjacent ICs bind™® and that x, < 1 for all t.

i) If (xy); is weakly increasing (in t) and m, = w1 whenever x; = 441, then (zy, Wt)thl 18
feasible in the full problem. If further, x, < x411 for some t, then all downward ICs pointing
to t hold with slack, i.e., Vipi(Tiyi Tevi) > Vigi(ayme) for all i > 1. Additionally, if (xy), is
strictly increasing (in t) throughout, then all extra ICs not imposed by the relazed problem
hold with slack at (x;, 7).

i) Suppose (xt,ﬂt)thl is also optimal in the relazed problem. The FOA is valid if and
only if both (x;); is weakly increasing and 7, = w1 whenever xy = xyy1. Thus, strict
increasingness of (x;); implies strict increasingness of (x4); is optimal in the full problem.

iii) Suppose the relaxed problem is strictly concave (by which I include the assumption
that its feasible set is convex). Then the FOA will be valid if the following holds: there exists
an optimal solution (x}*,7*)_, to the full problem with x3* < 1 (for all t) such that (z}*),
is strictly increasing and all upward-adjacent ICs bind there.

i) Again suppose the relaxed problem is strictly concave (by which I include the assump-
tion that its feasible set is convex). If the optimal solution (xf, 7rt*)tT:1 to the relaxed problem
has x; > xy,, for some t, then o* =z, (and 7 = w* ) for some T € T in any optimal

solution (x*,7:*)]_, to the full problem.

Part i shows that (strict) monotonicity of (z;); in an FOA-feasible solution implies all

additional ICs hold (with slack). Part ii then easily follows by containment of feasible sets,

"This is guaranteed for money-loss CARA by Lem. 2.
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asserting essentially that monotonicity of (x;); in the relaxed solution is equivalent to FOA-
validity.® As a corollary, if the monotonicity in the relaxed solution is strict rather than
weak — as will generically be the case — separation is fully optimal. Part iii says (by
contrapositive): if the FOA fails, pooling will occur, at least provided the relaxed problem
is strictly concave. Its converse essentially holds (but for a pathological exception): if some
pooling is full-optimal, the only way the FOA could not fail would be the non-generic
event that pooling happened to be optimal in the relaxed problem — by a pure coincidence
— despite strictly decreasing coverage (x;,1 < ;) being implementable unlike in the full
problem (Lem. 6).*" Part iv, which follows from part iii, says that if 2} > z,, in the relaxed
problem for some t, then we will have pooling in the full solution between some pair of
consecutive types. It seems very likely that that pair would be ¢t and ¢ + 1, but technically I
haven’t established that.

As previewed above, although Proposition F.1 ii gives a sufficient condition for FOA-
validity, namely monotonicity of coverage in the relaxed problem, it leaves open what drives
that monotonicity. The answer is two factors. First, there is the (monotonicity of the)
statically efficient coverage (), — or (Z;s:); with wealth effects®? — towards which coverage
will be partially tailored in the private-risk problem (relaxed or otherwise) and fully tailored
under observable-risk.®® Second, there’s the dynamic force of Theorem 1 which distorts the
relaxed-optimal coverage above #; (or above Zg:) for ¢ > 1.

Intuitively, the first factor means that monotonicity of (Z;); (or (Zss);) pushes towards
monotonicity of z; in the relaxed problem and thus (by Prop. F.1 ii) towards FOA-validity,
and pushes harder the greater the difference &, — ;1 (or Ty5r — Ty, 5;71). In my view, this
intuition is the main novel insight of this section, and it suggests the following conjecture:
under money-loss CARA utility and strict concavity of all static problems, monotonicity
of Z; implies monotonicity of z; in the relaxed-optimal solution and thus (by Lem. F.1 ii)
FOA-validity. The difficulty in establishing this conjecture is that, with ¢ > 2, once the

80The direction of part ii (of Prop. F.1) that gives a sufficient condition for FOA-validity is closely related
to [Kapicka 2013]’s Lemma 12, which I adapt to my setting in Proposition H.1 i (Appendix H.3). The
sufficient condition identified by the latter results is monotonicity of marginal rents in the relaxed solution
—ie. Vi(er, ) — Viei(cr, 7, ) being increasing in 7 for t,7 € T — whereas Prop. F.1 ii shows the same for
monotonicity of linear coverage. As I show in Proposition H.1 ii, the latter condition essentially implies the
former: Viy(z,,m;) — Vie1(z,, 7, ) will be increasing in 7 if (x,), (and (7,)) are. Note also that the “marginal
rent” approach is more general in that it allows for nonlinear contracts.

81 A reasonable alternative definition of FOA-validity would be that at the full optimum, the extra IC
constraints all hold with slack. The first assertion of Prop. F.1 iii can be thought of as essentially saying
that this alternative definition implies the original, as long as the relaxed problem is strictly concave. The
converse will hold generically, for the reasons just noted before this footnote.

82Technically, I should write Zts, (rather than ﬁts;) where S; is the endogenous subsidy to t at the
relaxed-optimal solution (rather than full-optimal solution).

831n the latter, it’s T,g, not Ty
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dynamic force has distorted x; marginally above z; and x;_; marginally above z;_1, it’s not
inconceivable that the dynamic force could eventually push x;_; up harder than it does x,
thus resulting in x; < x;_; in the relaxed solution. However, with just two risk-types (i.e.
T = 2), the dynamic force distorts only xs upwards, thus reinforcing static monotonicity.
As a result, when T = 2, we can show that monotonicity of statically efficient coverage

guarantees FOA-validity and separation, as the next result shows for CARA.

Proposition F.2 (Static Monotonicity drives FOA-Validity, two types). Let T' = 2. Suppose
(x4, 7rt)t:172 is an optimal solution to the FOA-relaxed problem. Suppose also that the static
problem is strictly concave and ;s exists for all t,S.

i) Let utility be money-loss CARA. If &1 < Zo, then x1 < x5 and the FOA s valid, so
(x4, ﬂt);‘rzl is optimal in the full problem.

ii) Now let utility be general and suppose N;"™ [(%Pt (x4, Wt)} s strictly increasing in t.
Let Sy = —Py(xy, ;) for allt. If 15, < Zas,, then x1 < x5 and the FOA is valid so (xt,ﬁt)thl
1s optimal in the full problem.

But what, in turn, determines the statically efficient coverage & (or #;s:)? Again, two
things: the distribution G, and, under wealth effects, the subsidy S; (or S; for the subsidy
in the relaxed solution). I have not been able to fully understand the effect of G; on ;.5

As for the effect of S} on Z;5; under wealth effects, this is discussed in Appendix C.2. How
that channel impacts separation versus pooling (and hence FOA-validity), is also discussed
briefly discussed there but here I note only the following. S} clearly must take both positive
and negative signs as ¢ varies (given actuarial fairness (5.1c)), and it’s natural to expect S}
will be strictly increasing in ¢. The latter was formally confirmed in the two-type case by

Prop. E.1 in Appendix E.2, under the same hypotheses as other wealth-effects results.

840ne factor is how much uncertainty G; contains. Intuitively, the statically efficient level of coverage
will be low for a risk-type who can predict their future severity with high precision (whether it be mild or
severe), since there is little variance to insure but the moral hazard cost of coverage remains. However, this
is of little help since when risk-types are ordered by MLRP, they will not be ordered in terms of how much
uncertainty they contain, at least not in the sense of mean-preserving spreads.
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G First set of Proofs

G.1 Supporting Lemmas and Definitions for Propositions 1-4 &

Theorem 1
G.1.1 Care-Demand Lemmas

Fact G.1. The following two conditions are each sufficient for existence of the maximizer
Mex(8) in (4.1) (for every s and ). i) ¢ is weakly increasing and upper semi-continuous.
i) ¢ is Lipschitz continuous and the health function h(-,-) is such that hy(m,s) — —oo as

m — 0.

Proof. Fix s and .

i) Since lim,, o h1(m,s) < 0 (by standing assumption B3 in the model Section 3), we
can take m sufficiently large that for all m > m, hy (m,s) < 0. Since ¢, h, and U are upper
semi-continuous, the following maximum exists D = max,cjo,m U (=7 — c(m) , h (m,s)) by
a standard result. It then suffices to show that no m > m leads to higher utility than D.

For all m > m,
U(—m—c(m),h(m,s)) <U(—m —c(m),h(m,s)) <U(—m—c(m),h(m,s)) <D,

where first equality follows by Us > 0 and hy (m, s) < 0 for all m > m; the second inequality
follows by the assumption that c¢(m) is weakly increasing; the third inequality by definition
of D. This completes the proof.

ii) Suppose for contradiction that max,,>o U (—7 — ¢(m) , h (m,s)) does not exist. Then
there is a sequence (m(i))zl such that (U (—7T —c (m(i)) Jh (m(i), s)))zl is strictly increas-
ing and converges to co. Since U (—m — ¢ (m),h(m,s)) is continuous in m (since c is Lip-
schitz), U (—m — c¢(m),h(m,s)) cannot be unbounded on a compact interval, so we must
have ( (Z)) — oo. Taking a subsequence if necessary, it is without loss to assume ( (’)) _
is strictly increasing.

Recall the standing assumption that, for all m, s, hy; < 0 and hy(m, s) — —oo as m — oc.
Accordingly, let m be such that for all m > m, hy (m,s) < —e for some . Passing to a
subsequence, it is again without loss to assume each of (m(i))zl are greater than m. Since

U(y, h) is strictly increasing in both arguments, after taking subsequences it is without loss to
oo
=1

would be decreasing given that ( (‘))il are greater than m. We have now shown that in
the sequence (U (—7r —c (m ) ( ), ))) , the first argument —7m — ¢ (m(’)) is strictly

increasing and the second argument h (m(Z ) is strictly decreasing.

assume (c(m(i)))z is strictly decreasing since otherwise (U (=7 — ¢ (m®) A (m®, s)))
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By our standing assumption that MRS is weakly decreasing in y and weakly increasing in

h, this implies MRS(m) = Z;E:::zggzgzgg is weakly decreasing. Let M > 0 be the Lipschitz

Ul(—7r—c<m<1)),h(m(1),s))
U2(—7r—c<m(1)),h(m(1),s))
recall m® > m for all 5. Since hi(m,s) — —oc as m — oo (by assumption), choose

constant for ¢. Let N =

; then MRS(m) < N for all m > m®, and

m > 1 such that hy(m,s) < —NM for all m > m. Passing to a subsequence again, assume
without loss that (m(i))z1 > m, where N remains fixed even as we take subsequences that
change what we call m™"). Note that for all m > m

Then, for each 1,

U(-m—c (m) [k (m(”l), s))—U (-7 —c (m(i)) b (m®, s)) (G.1)

m+D)

- / o Oi(=m—cm) h(m, ) (=€ (m)) + Uz (=7 = e (m) b (m, 5)) ha(m)] dm (G-2)
< /7:) Uy (=7 —c(m),h(m,s)) M + Uy (=7 —c(m),h(m,s)) (—NM)]dn (G.3)
— /T) {Uy (=7 —c(m),h(m,s)) [MRS(m)M + (—NM)|}dm (G.4)

mi+1)
< / {Uy (=7 —c(m),h(m,s))[NM + (=NM)]}dm (G.5)

m(?)
= 0.
(G.6)

where we use the fact that c is Lipschitz and thus differentiable almost everywhere so the
fundamental theorem is valid. The first inequality is by the fundamental theorem of calculus.
The second inequality is by the Lipschitz assumption on ¢ and the definition of m. The
last inequality is from MRS(m) < N for all m > m®) and the fact that m® > m® for
all i. Putting together the above chain of relations from (G.1) to (G.6) contradicts that
(U (—7T —c (m(i)) Jh (m(i), s)))zl is increasing. This completes the proof. O

Definition 5. We say U satisfies strictly diminishing MRS if % strictly decreasing in y

and strictly increasing in h.*°

Lemma G.1. i) Let ¢ > 0 everywhere. Then for all w,s, when m = m..(s) (for any of
Mex(8) if there are multiple), Uyic/(m) — Uighy(m,s) < 0 and —Uyc + Usshi(m,s) < 0,
where the U terms are evaluated at (—m — c¢(m), h (m, s)), and the inequalities are strict when

d > 0 everywhere and MRS is strictly diminishing. [For applications, note Uys = Uy since
UisC?J

85This can be seen to be equivalent to strict quasi-concavity of U.
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i) Let ¢ < 0 everywhere. Then for all m,s, when m = me,(s) (for any of m..(s) if
there are multiple), Uy (m) — Uishi(m,s) > 0 and —Us ¢ + Usghi(m, s) > 0, where the
U terms are evaluated at (—m — c¢(m), h(m,s)), and the inequalities are strict when ¢ > 0

everywhere and MRS is strictly diminishing.

Proof. 1) Since ¢ > 0, hy (mcx(s),s) > 0 by the FOC for m, ., so evaluating Uy;¢/(m) —
Uighi(m, s) at m = m.(s) we see that it is directly proportional to [Uu,i—; — Uyo|, unless
hy(me=(s)) = 0 in which case ¢/(m.,(s)) = 0 in which case we’re done. Then using the FOC

again, the latter is equal to:

U-
[Uuﬁj - Uzl} (G.7)
o Un Uan
=t [Ul UJ
Un U21} 0 {Ul(%h)}
e S | < («)0.
> {Ul Us dy o8 Uz(y7h) ( )

The proportionality step () is by Us > 0. The inequality is by the standing diminishing-
MRS assumption and the fact that log is a strictly increasing transformation, where a% log [%E%ﬂ
is evaluated at (y,h) = (=7 —c(m),h(m,s)) with m = m..(s). Of course the inequality
becomes strict if we strengthen the decreasing MRS assumption as indicated in the last part
of the result statement. The argument for —Us1 + Uxhy evaluated at m. .(s) is similar:

since hy > 0, it is directly proportional to —Ugl}f—; + Usys. By the FOC, the latter equals

—Uy—= + U.

21U1+ 22

U21 U22 U21 U22

U, |2, 22 _ Y V22

1{U1+U2] {UlJFUQ]
8 UZ(yah)

E—— 77 71 < ()0

on Og[wy,h) < (<0,

again by the standing decreasing-MRS assumption, where, again, the last expression is eval-
uated at (y,h) = (—m — c(m), h (m, s)) with m = m..(s). This completes the proof.
ii) Since ¢ < 0, hy (Mex(s),s) < 0by the FOC for m..,, so evaluating [Uy1¢/(m) — Uighy(m, s)]

at m = me.(s) we see that it is directly proportional to — [Ung—; — Ulg] , unless hy (me-(s)) =

0 in which case ¢/(mc,(s)) = 0 in which case we’re done. But — [Ull,‘;—ll — U12:| is weakly
(strictly, under strictly diminishing MRS) positive by the argument from part i (see just be-
fore (G.7)). The argument that —Us ¢’ +Uxghy(m, s) > (>)0 is similar and thus omitted. [
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Fact G.2. Let utility be general. If ¢ is twice differentiable with ¢ > 0 and " > 0, then

Mex(8) is unique for all s, m.

Proof. First note the FOC for m.,(s) implies hy > 0 since ¢ > 0. To complete the proof,

we show strict concavity by checking the second derivative:

82

om?

9 /
U(—m—c(m),h(m,s)) = B {=Ui (=7 —c(m),h(m,s))c + Us (=7 — c¢(m), h (m,s)) hy}
= U11 (CI>2 — Ulgc/hl — Ulc" — U21h1 —+ Ugghl + U2h11

= CI [UHCI — U12h1] —+ hl [—Uglcl + Ugghl] — Ulc” + U2h11
(G.8)

< C/ [UHC/ — Ulzhl] -+ h1 [—Uglcl + U22h1] S 0.

The last inequality follows by Lemma G.1. O

Recall from Section 3 that for each 7 € R, Assumption B5 posits an s¥ < 5 at which
point the first unit of treatment is cost-effective even if the consumer fully internalizes the
cost. Further, since his > 0 (Assumption B4), this is true for all s > s*. The next result
shows that this implies m..(s) > 0 for s > s as long as ¢’ < 1. Note that for money-loss

utility, s> is independent of 7 and is thus just called s*.

Lemma G.2. Suppose m € R and ¢ < 1 throughout. Let st be as defined in Assumption
B5 in Section 3. If s > sk, then m..(s) > 0, so that m..(s) is an interior solution to the
demand problem (4.1).

Proof. First note that is without loss of generality to assume ¢(0) = 0 since non-zero ¢(0) can
simply be included as part of the premium. Further, by Assumption B5, —U; (—m, h(0, s%))+
Uy (—m, h(0,s%)) hi(0,s%) > 0. From the demand objective (4.1), the derivative of utility in
matm = 0is —U; (—7 — ¢(0), h(0,s)) ¢/(0)+Us (=, (0, s)) h1(0, s), and this will be strictly
positive at all s > s¥ for the following reason. First, it will be strictly positive at s% since
¢(0) = 0 and ¢ < 1, and then hjy > 0 (Assumption B4) implies that the same is true a
fortiori for s > s*. Thus the marginal return to treatment under s = 0 is strictly positive at
m = 0. This strictly positive derivative at m = 0 implies m..(s) > 0 since the model always

requires m. (s) > 0. O

Remark 2. When restricting to linear coinsurance, I abuse notation as usual by writing
my (s) instead of m.,(s) where the notation x functions as a stand-in for the function

c(m) = (1 —x)m.
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Lemma G.3. Let (¢, m) be a static contract. i) For money-loss utility, %mmc(s) = 0. Now
let utility be general and ¢ € CV. ii) my o(s) is C* in 7. i) If ¢ > (<)0, Lm,.(s) < (>)0.
Further, if the inequalities %mm(s) < (>)0 can be made strict for s > s& when MRS
is strictly diminishing (recall Def. 5), ¢ > (<)0, and ¢ < 1. iv) For linear contracts,
My (s) is C* in . Further Zmy .(s) > 0 for s > s* under money-loss for any x > 0, and

Lmg.(s) > (=)0 for s > s under general utility when 0 < z < (<)1.

Proof. i) For money-loss, Zm;.(s) = 0 is obvious since under money-loss, 4.1 reduces to
arg max,,~q [~m — c¢(m) + h (m, s)].

Now consider the separable model. Taking the (m, x) cross-derivative of u (—m — (1 — z)m)+
v (h(m,s)) is v — m(1 — z)u” + v'hia + v"h1he > 0 for x < 1 given assumptions on u, v,
and h. The (m,7) cross-derivative of u(—m —c¢(m)) + v (h(m, s)) is ¢(m)u” < (<)0 for
d(m) > (>)0 and (m)u” > (>)0 for ¢(m) < (<)0.

The comparative statics for money-loss and separable then follow from standard mono-
tone comparative statics results.

General Utility (7m-comparative static):

ii) Since u and h are C! (indeed C?, by a standing assumption), it follows from the
implicit function theorem (IFT) that m is C* with respect to both 7 (even with nonlinear
coinsurance when ¢ € C') and z, where the IFT is applied to the FOC for m. .(s).

iii) We will show %U (—m —c(m),h(m,s)) <0 when evaluated at m = m. (s). That
M () is weakly decreasing in 7 will then follow from standard monotone comparative statics
results [Edlin and Shannon 1998] since ¢ € C*. The strict decreasingness will follow as long

as Mer(s) is interior, i.e. as long as me.(s) > 0.

82
orom
= % {=Ui (=7 — ¢(m),h(m,s))d + Us (=7 — ¢(m), h (m, s)) hy}

U(—m —c(m),h(m,s))

== Ullc’ — Uglhl, (Gg)

suppressing the argument (—m — ¢(m), h(m,s)). When evaluated at m = m.,(s), Lemma
G.1 implies the last expression is weakly negative (positive) when ¢ > 0 (¢’ < 0) and strictly
so when ¢ > 0 (¢’ < 0) and MRS is strictly diminishing. As previewed above, to establish the
strict comparative static, we need to make sure — per [Edlin and Shannon 1998| Corollary
1 (of their Theorem 1 “Strict Monotonicity”) — m..(s) > 0 so that m..(s) is an interior
solution to the demand problem (4.1). For this it suffices by Lemma G.2 that s > s and
¢ <1, both of which are hypotheses.

iv) To show m, .(s) is C! in z, see part ii.
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z-Comparative Static: The (m,z) cross-derivative of —m — (1 — 2)m + h(m,s) is 1 > 0.
The result then follows from [Edlin and Shannon 1998] Corollary 1

Now for general utility: Now we show %U(—W —(1—2)m,h(m,s)) > 0 at m =
Mmex(s) for 0 < < 1. That m.(s) is strictly increasing in 7w will then follow from the same

strict monotonicity result just mentioned since ¢ € C*.

32
oxom
— g% {=U1 (=7 = (L =a)m,h(m,s)) (1 —x) + Uz (=7 — (1 = x)(m), h (m,s)) h1}

U(—m—(1—=2z)m,h(m,s))

= —Unm(l — .I) + U1 + U21h1 -m

>m | —Up; (1 — 1’) +Us1hq
——

Cl

When evaluated at m = m, (s), the bracketed expression in the last line is, by Lemma G.1,
weakly positive when z < 1(i.e. ¢ > 0) and strictly positive when z < 1 (i.e. ¢ > 0). To
conclude the proof, it remains only to finish establishing the strict comparative static by
establishing interiority of m, -(s). Similarly to above, for this it suffices by Lemma G.2 that
s> st and x>0 (i.e. ¢ <1), both of which are hypotheses. O

Lemma G.4. Let (¢, ) be a static contract. 1) Let utility be money-loss. m.(s) is weakly
increasing in s, and if c € C' and s > s* and ¢ < 1, then Lme(s) > 0 (and me,(s) is C"
in s). ii) Let utility be separable. If ¢ is weakly increasing, then m.(s) is weakly increasing.
iii) Let utility be general and ¢ > 0 everywhere. Then m.(s) is weakly increasing in s.
w) If in addition, c is C', then m..(s) is C' in s and for s > s and ¢ < 1, we have

Zmeq(s) > 0.

Proof. 1) For money-loss utility, —m — ¢(m) + h(m, s) clearly satisfies increasing differences
in m and s since hio > 0. Thus by standard monotone comparative statics results, it follows
Mmer(s) is weakly increasing in s. If ¢ € C', m.,(s) is C' in s by the implicit function
theorem (see also part iii), and we can take (m, s) cross-derivative of —m — c¢(m) 4+ h(m, s) to
get his > 0. Then %mm(s) > 0 by [Edlin and Shannon 1998| Corollary 1 (of their Theorem
1 “Strict Monotonicity”). To apply this result, we need to check that m.(s) is interior to
its domain, i.e., that m..(s) > 0. It is so by Lemma G.2 since s > s* and ¢/ < 1.

ii) Let utility be separable, and suppose ¢ is weakly increasing. Then it follows from
optimality of m. . (s) that hy (m..(s),s) > 0. By standard monotone comparative statics re-
sults, to show m. .(s) is weakly increasing in s, it suffices to show u (=7 — ¢(m))+v (h(m, s))

satisfies weakly increasing differences in m and s. Since u(—n — ¢(m)) doesn’t depend on
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s, we just need to show v (h(m,s)) satisfies weakly increasing differences. By a standard
result, for this, it suffices to show the cross derivative is weakly positive. Computing this
gives %285@ (h(m,s)) = v'hig + v"hihy > 0 since hy; > 0, as desired.

iii) Let utility be general and ¢/ > 0. We show 22U (=7 — c(m), h(m, 8)) |mzme .(s) = 0
, which will imply m. .(s) is weakly increasing (again) by standard monotone comparative
statics results. Actually we will show the inequality is strict, but we won’t need that until

part iv. We now suppress the argument (—m — ¢(m), h(m, s)).

92
838mU (—m —c(m),h(m,s)) = (G.10)
= —Uiachy + Usshihs + Ushyg
= ho [—U120, + Usohy| + Ushis (G.11)
>0

Since hy < 0 and Ushiy > 0, to show (G.10) is strictly positive, it suffices to show [—Ujac” + Usghy] <
0 when evaluated at m = m.(s). This follows from Lemma G.1 since ¢/ > 0.

iv) That Zm (s) exists and is continuous when ¢ is C* follows from the implicit function
theorem and the definition of m.,(s) (4.1), given that U and h are C' (indeed C?, by a
standing assumption). Since the objective is C'!' and (G.10) is strictly positive, [Edlin and
Shannon 1998] Corollary 1 (again) implies £, (s) > 0 as long as m(s) is an interior
solution to the demand problem (4.1), i.e., that m..(s) > 0. As in part ii, for that, it suffices
by Lemma G.2 that ¢ <1 and s > s%, both of which are hypotheses. n

Definition 6. Let
Wer(s) = U (=1 — c(mex(s)), h (Mex(s),s)), (G.12)

the endogenous utility at contract (c,7) and severity s, and let W™ (s) denote marginal
utility of consumption at the same argument (U; rather than U). [This means we can
write the notations V; and A, more compactly: V;(c,m) = [WT(s)dGy(s) and A" =
J WP (8)dGy(s) ]

Lemma G.5. Fiz a static contract (c,m). i) W™ (s) is strictly decreasing in s. i) If U is
money-loss, W (s) is strictly increasing in s. i) Suppose Uy < 0, ¢ € C*, and that both
d > (>)0 and h (m.r(s),s) is weakly (strictly) decreasing in s; the parentheticals indicate an
alternate pair of hypotheses. Then W (s) = Uy (—7 — ¢ (mex(8)) , h (me(5), 8)) is strictly

INCTeasing in s.
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Proof. 1) Let s’ > s. Then

WeT(s) = U (—m — c(mex(s)), h (Mmex(s),s))
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The first and last equalities are by definition of W ™. The weak inequality is by definition of
mer(s). The strict inequality is by the standing assumption hs(m, s) < 0 (Assumption B3).

ii) Part ii then follows from the fact that under money-loss, for all z,y € R, u(x) > u(y)
iff u'(z) < u/(y) since w is strictly increasing and strictly concave.

iii) Again, let s’ > s. Then

Wi (s) = Ur (=7 — c(meq(s)) s b (Mmex(s), s))
< Uy (=7 — ¢ (Mer(8) s h (mer(s),s") = WET(s),

where the inequality holds because on the one hand, U;; < 0 and U, < 0, and on the
other, the first argument of U; has strictly (weakly) decreased (from s to s’) while the
second argument of U; has weakly (strictly) decreased as well. For the first argument, this
is because because ¢ > (>)0 and because m,. ,(s) is strictly increasing in s by Lemma G.4
iv, which applies since ¢ € C* and (at least) ¢ > 0. For the second argument, this is by

assumption, whether weak or strict. O

G.1.2 Reformulating the static problem over coinsurance only

The goal of this subsection is to reformulate the static problem (4.4) as an unconstrained
maximization problem over ¢ only (not 7), thus dispensing with the budget constraint (4.5)
and the decision variable 7; the result will be the problem (G.14) below.

Under the money-loss model, we saw that m. .(s) = m.(s) so ¢ fully determines the ex-
pected insurer liability: k; (¢, 7) = [ [mc(s) — ¢ (mc(s))] dGy(s), which is then the actuarially-
fair premium. However, for more general utility, m. .(s) does depend on m — in particular
it’s decreasing in m (Lemma G.3) — so (for any subsidy S) we must implicitly define the
premium 7. ¢ which makes (¢, 7. ) actuarially fair for ¢ given S.

Unpacking P;, we see that P, (¢, 7) = —S can be viewed as a “fixed-point equation” in 7
when c is fixed. We use this equation to define m;.g. [For results in this section, I fix an

arbitrary risk-type ¢t and subsidy S, thus avoiding the need to repeatedly quantify there-over.|
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Definition 7. Let m . s be the unique solution to the fixed point equation P, (¢,7) = —S in
7, and let T = mo. In the linear case, we write 7, ¢ when ¢(m) = (1 — z)m.
[I sometimes omit commas in the subscript of m g or 7, s.] The next lemma shows

that m . g is well-defined.

Lemma G.6. Let ¢ be C'. If either utility is money-loss or ¢ > 0, there is a unique
premium T .s that satisfies Pi(c,m.s) = —S. The static contract (¢, m.s) satisfies the
budget constraint (}.5) of the S-subsidized static problem. Further, for money-loss utility,

the above holds for arbitrary c for which demand is finite at every s.

Proof. For the money-loss model this is obvious and already shown in the discussion right
above the statement of the lemma in the main text.

We want to define m . ¢ as the unique solution 7 (for fixed ¢, ¢, S) to P (c,m) = —S.
By Lemma G.9 below (without circularity), if ¢ € C', we have ZP,(c,m) > 1 as long as
¢ > 0 or utility is money-loss, thus establishing uniqueness of any solution ;. ¢ under the
hypothesis of this result. To show existence, we use the intermediate value theorem (IVT).
a%Pt(c, 7) > 1 implies P;(c, m)+S clearly takes positive and negative signs for large and small
enough values of m. Since Pj(c,-) is differentiable, the IVT applies, thus showing existence

of the solution m; . g. This completes the proof. O

Note 7. s is a function of ¢(-), as well as S and t.

We now use Lemma G.6 to reformulate the static problem (4.4) in terms of only one deci-
sion variable ¢(-), which then determines first m.s and finally m, r,.,(s) in turn. This allows
us to dispense with the budget constraint, thus leading to an unconstrained optimization

problem.

Definition 8. Let a5 : A — R be as follows:
ays (¢) = Vi (¢, ies) s (G.13)

where m.g is the function of ¢ just defined in Lemma G.6. [As usual, I abuse notation by

letting aus(x) = Vi(x, mizs).| 1 refer to
mAax Qs (c) (G.14)

as t’s unconstrained (S-subsidized) static problem.

By Lemma G.10 2V;(c,7) < 0. On the other hand, ZP,(c,7) > 1 > 0 as we will later
show (without circularity) in Lemma G.9 part iii (slightly below), when utility is money-loss
or when we have the conjunction of ¢ € C!, ¢ > 0, and ¢ < 1. It follows that the budget
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constraint inequality P;(c,7) > —S is binding at the optimal solution to the static problem
(4.4). Accordingly, it follows from Lemma G.6 (above) that when utility is money-loss or the
admissible set A requires C', ¢ > 0, and ¢’ < 1, the static problem (4.4) can be equivalently
reformulated as the unconstrained static problem (G.14). I have now justified the following

Lemma which follows from Lemma G.6. No further proof is needed.

Lemma G.7. Suppose either utility is money-loss or A is contained in the set of C functions
c with ¢ >0 and () < 1. The following holds: ¢is € argmax, ¢ 4 qus (€), Trs = Tie,q.5, and

maxX.c 4 us (¢) equals the optimal value of the S-subsidized static problem 4./.

Proof. See paragraph immediately above the statement. m

Comparative Statics of m,.s (and Pi(c,7)):

Lemma G.8. i) For money-loss utility, m.s is C' in x and 873%5 = [ my(s)dGy(s) +

z [ [Zmg.(s)] dGy(s).

i) Let x < 1 unless utility is money-loss. Tys is locally C* in x. It’s derivative

T, Tt S

0
% equals % /m%ﬂ(s)th(s)—i—x/ [%mxm(s)} dGy(s)| (where E%Pt (x, Tzs)

J/

Di?‘ec‘trEﬂeCt Substitut‘z;n Effect
is computed in G.17 below). Further, 873#;5 > 0, %kt (x,7) > 0, and a%Pt(x,ﬂ) < 0 with

strict inequalities if x < 1 or under money-loss.

iii) For any S € R,

d 0 0 Oty
%]Dt(wa thS) = %Pt(x77rtx5') + %Pt(xa’/rth) : a;s = 07 (G15)
where % m d%Pt(x, Ts) denotes the total derivative with respect to x.

Proof. 1) For money-loss utility, a%mxﬂr(s) = 0 by Lemma G.3, so the desired formula for
% (and the C! property) is immediate from part ii.

ii) Recall P(z,7) = m — ky (z,7), where k; (z,7) = [ 2m,(s)dGy(s). Since, under the
hypothesis of the result, m;, .(s) is C* in 7 and x by Lemma G.3, so is k;(z,7) and thus
P,(xz,m). Then applying the implicit function theorem (IFT) to P;(z,7) = —S establishes
that 7, is locally a C' function of z (since P, is C*, since [in turn| m, .(s) is by Lemma
G.3). The IFT also gives the formula a’ggs = — Zéi:iz:izg Then we compute the formula

with direct effect and substitution effect by unpawcking the definitions of P, and k; above.

The comparative statics are immediate from the definitions and the z-comparative statics

in Lemma G.3 (either under money-loss or z < (<)1).
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iii) By definition of 7,5, P;(x, m5) = —S for all z. Thus the total derivative %Pt(x, Ttzs) =

0. The formula with two terms in (G.15) follows immediately from chain rule. O

Lemma G.9. i) For money-loss utility, C%kt(c, ) = 0 and C%Pt(c, ) =1 for any c; in
particular these derivatives exist.

i) Now let ¢ € C going forward. Then %kt(c, ) and %Pt(c, ) exist and

E%kt(c’ ) = / E%mm(s) [1 = ¢ (mex(5))] dGy(s), (G.16)
0 0
8_7rpt(c’ m)=1- %kt(c, ). (G.17)

iii) Assume further that ¢ >0 (equ. © < 1) and ¢(-) <1 (equ. x > 0) going forward.
Then Lki(c,m) < 0 and ZPi(c,m) > 1, with strict inequalities when ¢ > 0 and MRS is
strictly diminishing (recall Def. 5).

iv) Further, ‘9(’;#5?5 =—[1-LZk(c,m)]

v) Further, if for two risk-types H > L € T so that Gy =yrrp G1, then %PL (x,m) >
6

-1

(<) L Py (z,7) if Lmy.(s) is weakly increasing (decreasing) in s.*° The last inequalities

are strict when =my (s) is strictly increasing (decreasing) in 5.5

Proof. Parts i-ii follow from the definitions of k; and P, (Eqn. 4.3) and Lemma G.3 about
the comparative statics of m. .(s). Part iii follows from part ii (spec. (G.16) and (G.17))
and the added assumption ¢ < 0 which helps sign (G.16).

iv): To calculate 8%5 , recall ;g is defined by the expression P, (1(:, Tizs) = —S. Applying
the implicit function theorem (IFT) gives ‘9’%5 = — [ZP(c,m)] ", and then (G.17) gives

the desired formula. [Note the IFT is valid since 2P, > 1 > 0 by iii.|
v): Follows from G.16 and G.17, and the fact that G first-order stochastically dominates
Gy (Since Gy >MLRP GL) ]

G.2 Proofs for Appendix C

Lemma 1 (Restated). Let utility be money-loss CARA. Then ¢,5 is constant in S.

Proof. The proof is exactly the proof of Proposition C.2 part ii which is the same result but

in a slightly more general framework that allows for variation in baseline wealth. O

Recall Vi(c,7) and A" from the main text ((4.2) and (4.7)), and recall ex-post utility
We™(s) and marginal utility W™ (s) from Definition 6 in Appendix G.1.1 above.

86Recall, %mzm(s) is negative when x < 1 (i.e. ¢ > 0) by Lemma G.3.
87Part v is used (with the weak inequality) in the proof of the main result Thm. 1’ ii.
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Let

x, T 8
AT = %V;(xﬂr). (G.18)
Lemma G.10. For any (c,m) and t, %Vt(c, ) exists and
9 e
%Vt(c, ) ==X\ <0. (G.19)

For any (z,m) and t, ZVi(c,7) exists and
xX,m a X,
AP = g\/}(x,w) = /mxm(s)Wl’ (s)dGy(s) > 0. (G.20)

Proof. By the envelope theorem, for all s, ZW™(s) = —W{""(s) and Z W (s) = my.(s) W7 (s)
for all 7 and x. Then taking expectations over s, (G.19) and (G.20) follow from the defi-
nitions of V;(c,7), Ay™, and A;"™. Those definitions also imply the signs A" > 0, A" > 0
due to the following factors: Wy (s) > 0, m,.(s) > 0 for s > s& (by Lemma G.2), and
1 — Gy(sk) > 0 (where st was defined in Assumption B5) for all ¢ by the fact that the G;’s

have densities g; with common support. O

Lemma G.11. For any t, S, x, we have that g exists and o g(x) = AP™*S — \PTtws Otas .

or 7
OTtas |A
Ox 1%ts

245,79
== A
t

as a result, /x\fts’f”s for any optimal solution (Z.s,Tys) to t’s S-subsidized

static problem. Further, if utility is money-loss,

o (3) = APTES _ NP [ [mastsiacis) + | [a%mx,ﬂ@ﬂ th<s>}

Proof. Recall aug(z) = V; (2, mes). Vi is differentiable in both arguments by Lemma G.10
(just above) and the fact that the function 7,5 is C! in x by Lemma G.8. From chain rule,
8 a 87Tta:5

() = %‘ft (@, Tps) + a—wVZ (@, Tas) pe

(G.21)

The first assertion of the result then follows by substituting the derivatives of V; from Lemma
G.10. If (&4, 7ss) is statically optimal for ¢ with subsidy S, then aj¢(#:5) = 0 by Lemma
G.7. The result then follows from the first assertion by simple algebra. The money-loss part

follows from (G.21) by Lemma G.8 part i which computes agt;s. O
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G.2.1 Proof of Proposition C.1

Recall W™ (s) from Definition 6 and A" from (4.7).

Lemma G.12 (Helper for Prop. C.1). Consider any x,7,t. Assume either utility is money-
loss or x < 1. If W{"™=5(s) is strictly increasing (decreasing) in s, then
J3 () W75 (5) = AP™es] dGh(s) > (<)0.

Proof. T show the result for the case where W;"™9(s) is weakly increasing, which will be
used in the proof of Proposition C.1; the other case is similar. I henceforth suppress the

superscripts on W{"™9(s) and A;"™*¢ and the subscripts on m, (s). We break up the integral

/ “in(s) (Wa(s) — A dGi(s) (G.22)

into two pieces. Ideally there is a s* such that A\, = Wi (s*). If so, we break up the integral
into a piece below and a piece above that point. Since Wi(s) is strictly increasing in s by
hypothesis, we will have \; > Wi(s) for s € [s,s*] and A\; < Wi(s) for s € [s*, 5] both by
definition of \;, and strictly so on the interiors of these intervals. Since all relevant functions
are continuous in s, such an s* will exist by the intermediate value theorem. However, for
extra generality, | address the case where G; is discontinuous so that s* doesn’t exist. Let
Stower = max {s|A\; > Wi(s)} and let sypper = min {s|\; < Wi(s)}. Then similarly, we will
have \; > Wi(s) for s € [s, Siower)s and Ay < Wi(s) for s € [Suppers 5}, and Siower < Suppers

strictly so on the interiors of these intervals. Then (G.22) equals

/w ) IV (s) — MG (s) + / m(s) [Wi(s) = A dGi(s)

upper

S m(S1ower) / T W (5) = A dGa(s) + m(Supper) / W) — A dGy(s)

upper

> m(Siower) /S [(Wi(s) — M) dGy(s) =0,

where the first inequality follows from strict increasingness of m(s) in s (by Lemma G.4 i
or iv corresponding to the disjunctive hypothesis “money-loss or x < 1”) and the facts that
At > Wi(s) for s € s, Siower] and Ay < Wi(s) for s € [supper, 5|, With strict inequality on
the interiors. The second inequality follows from the latter property and from m(sjpywer) <
M (Supper) Which holds since Sigwer < Supper and m(s) is increasing in s. The last equality
follows by definitions of A;. ]

We are now ready to prove Proposition C.1 which I restate below.
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Proposition C.1 (z > 0: Restated). i) Let utility be money-loss. For any S and Gy, if Tis
exists, Tys > 0. i) Let utility be general with Uyp < 0, and suppose h (m..(s),s) is weakly

decreasing in s. For any S and Gy, a,g(0) > 0 (where, recall, « takes x as argument).

Proof. 1 prove i and ii simultaneously. Suppose for a contradiction that z, ¢ < 0. Our goal
is to show a}¢(Zs) > 0, which will contradict optimality of #,5. Let A; be short for A",
By Lemma G.11, for any ¢, S, z: ofg(x) = AP — NS a”tzs . Plugging in the formula

for A" from (G.20), and the formula for ‘9’%5 in Lemma G.8 ii, ajg(x) equals

[ s WS G ) N | [ mestGu) 40 [ | fmcto)] G|

For money-loss, %Pt (Zts, Ta,gs) = 1, and it’s easy to see the same is true for general
utility when ;5 = 0. ;5 < 0 by assumption and mxtsﬂ(s) > 0 by Lemma G.3, so
s [ [£ms,e.x(5)] dGy(s) < 0. Thus by removing that term we get the inequality

o (Zts) /mg”r YW TS (8)dGy (s {/mx7T )dGy( )}
/mw ) W5 (s) — Ai] dGi(s).

To prove ii as well as to establish the contradiction and thus proof i, it remains to show the
last expression is strictly positive. This will follow from Lemma G.12 if we can show W;(s)
is weakly increasing in s. And that holds by Appendix G.5 ii or iii under the hypotheses of

t88

iorii(resp.) of the present result.”® This concludes the proof. O

G.2.2 Interlude: Static Problem with Special Functional Form

Below, I refer to
h(m,s) = —=—(m — s)* + (m — s), (G.23)

for some w > 0 as the special form.

Lemma G.13. Let utility be money-loss model and h take the special form (G.23). Then i)

my(s) = s+ aw, and so Zm,(s) = w. Further ii): h(my(s),s) is constant in s.

Proof. 1) follows from taking the FOC with respect to m,(s) and solving for m,(s). ii)
follows by plugging in m,(s) = s + zw into h(m,(s), s). O

8 To verify the hypotheses of Appendix (.5 ii or iii, note linear coinsurance is C' and that we are
considering the case z < 0 so we have z < 1 (i.e,. ¢ > 0) in particular.
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Fact G.3. Let utility be money-loss and assume h takes the special form (G.23). i) For any
risk-type t, the unconstrained static problem max, oy s(x) is strictly concave in x for every

subsidy S. i) The optimum (Zus,Trs) (if it exists) is unique for all S.

Proof. By Lemma G.14 ii, S simply functions to increase the baseline wealth by S, so it is
without loss to prove the result for S = 0 since the baseline wealth w, which we (as usual)
omit will be seen to obviously not affect the argument of the proof.

I suppress the t subscript in G;. In the money-loss model

as(z) = /u —x/mx(s)th(s) —(1 —2)my(s) + h (Mg, +(5),s) | dG(s)

By the envelope theorem (note formula wraps),

o () = / [_ / [mm@) 4 xa%mx(g)} dG(3) + mx(s)]
! (—x/mx(s)th(s) — (1 —x)my(s) + h (Mg, (), s)) dG(s)
Differentiating again and suppressing the arguments of ', u”,

ays(r) =

/ {_ / [mx(g)Jr%mx(g)} dG(é)erx(S)rU”dG(S)JF

+ [ [ [poomatsr + gomats)] a6+ gomato)] o acs

The first term is clearly strictly negative since u” < 0 and since the squared term is strictly

positive [since a%mx@) = w > 0 for all § by the Lemma G.13]. Now consider the second

term. We use the assumption i (m,s) = —5-(m — 5)? + (m — s)? so that m%(s) = s + aw,
2m,(58) = w and %mx(é) = 0, so the whole second term becomes —2w + w = —w < 0.

Thus, for all z, ajs(z) < 0 as desired.
By Lemma G.7, &g satisfies a¢(Z1s) = 0 so part i of this result implies Z;s is unique.
Uniqueness of ;g then follows from Lemma G.6 under the money-loss assumption and the

fact that Vi(z, ) is strictly decreasing in 7 (Lemma G.10). O
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G.2.3 Proof of Comparative Statics in Subsidy and Baseline Wealth (Prop.
C.2)

Definition 9. For any baseline wealth level w € R, we make the following definitions

Vi (x,m) = /U (w—7— (1= 2)My—wir(8), b (Mg _wix(5),)) dGi(s) (G.24)
Pl(r,m) =S +m—(1—-x) /mﬁ_wﬂ(s)th(s) (G.25)

Ri(w,S) = (m,w):g}f?(};,w)zom (x,m) (G.26)

(205, 7)) = arg max Vi (z, ) (G.27)

(z,m): P’ (2,m)=0

Abusing notation, the notation in Definition 9 can be used with an arbitrary coinsurance
schedule ¢ instead of the linear coverage level x used above. I state the next helper-lemma
in this extra generality before returning to the linear. I also allow general utility, whereas

the other results in this section will be for money-loss only.

Lemma G.14 (Helper for Prop. C.2). Let utility be general and let w € R denote a baseline
wealth level. i) For any w,w' € R, V?(c,7) = V¥ (¢,7 + (w' —w)). i) For all w,w', S,
Riy(w,S) =Ry (w', S — (w' —w)) and

/

(égjs, ﬁ-g)S) = (é:‘,ljsf(w’fww ﬁ;’;’si(wliw) + ('w/ — 'LU)) (G28>

Proof. Part i follows directly from (G.24). Intuitively, what matters is the “effective pre-
mium” which I define as w — 7, and this is invariant to changes that simultaneously increase
baseline wealth and premium by the same amount.

Part ii: Let w, w’ € R. By (G.27), P% (&', &%) = 0. Then P_,_ . (&, s + (w' —w)) =
0 also since the (w'—w) terms cancel in the first two terms of (G.25) and the second subscript

on m, which is the effective premium, hasn’t changed. This implies the inequality in
Ry (W', S — (W' —w)) > V" (&, 7 + (0 —w)) = V" (¢, 7)) = Re(w,S)  (G.29)

where the first equality is by part i of the present result and the second is immediate from

the definitions. A symmetric argument gives the chain:

R; (w,S) > V® <é§f's_(w,_w), Ay + (0 — w'>) - (G.30)

/ /

= V;fw, (éng—(w’—w)’ 7?(IZI,JS—(w’—w)> =R (wl7 S — (w/ - w)) (G?’l)
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Thus equalities hold throughout (G.29) and (G.30). This implies R;(w, S) = R; (w', S — (w — w'))
and (G.28). O

Lemma G.15. Let utility be money-loss model but with two different utility functions u, v,
where v 1s strictly more risk averse than w. Fix any t and assume the static problem is
strictly concave with respect to both utility functions. Let 2} and ] be the solutions to the

unsubsidized static problem (/.4) under u and v respectively. Then 7V > &%

Proof. A standard characterization of “strictly more risk averse than” implies that for all x,
v(z) = ¢(u(x)) for some strictly increasing concave function ¢. Then v'(x) = ¢’ (u(x)) u/(z).

Recalling the function a; from equation (G.13) which was defined for a fixed utility
function, denote by «}', ay the functions corresponding to utility « and v respectively. From
Lemma G.7, 2} € argmax, o (x). Thus by expanding out o}”(z}) using Lemma G.11, the
FOC for the optimal z (under ) is the following expression evaluated at x = &} (note the

integral wraps):

/ _ / [m$(§)+%mz(§) dG(3) +my(s)

(. S/
-~

0 i
95 Tz constant in s

. ~- - G.32
e (G.32)

T /xmz(é)dG@)—i-(l —2)my(s)| + h(me(s),s) | dGi(s) =0

N

-~
Ty

when z is evaluated at x = Z}'. On the other hand, using v'(z) = ¢ (u(x)) «'(x) we see that

oy’ (z3) equals the following expression evaluated at z = Z}' (note the integral wraps):

/ [— / [mx<§>+§xmm<§>] da<§>+mx<s>] |-/ e (S)IG(E) +(1 = 2yma(s) |+ ),

N

-~
Ty

S lu| - /xmm(é)dG@)—l—(l—x)mx(s) + h(my(s), s) dGy(s).

(.

-~
Tx

The last expression is the same as ((G.32) except for the presence of the factor ¢'. Since ¢

89The proof technique is from [Mas-Colell et al. 1995] Example 6.C.2 (p. 192).
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is increasing and concave, ¢’ is positive and decreasing. The argument of ¢’ (which is just
ex-post utility) is strictly decreasing in s by Lemma G.5 part i, so that the whole ¢’ term is
positive and increasing in s. On the other hand, the first term in square brackets denoted
by B(s) is strictly increasing in s (since m,(s) is, Lemma G.3) and crosses zero once from
below. The ¢’ term gives higher weight to the higher (i.e., more positive) parts of the B(s)
term (which occur for higher s) and lower weight to the lower (i.e., more negative) parts
(which occur for lower s). Overall this raises the value of the outer integral, since the u’
term is positive.

We’ve now shown that o’ () > o}’(2}) = 0 which implies that o'y (Z1s7) > 0. Then

2§ > 2 follows from the concavity of the assumed strict concavity of the static programs. [

Proposition C.2 (S Comparative Static, Money-Loss: Restated). Let utility be money-loss
and assume the static problem’s objective cug(-) is strictly concave for all S and baseline
wealth levels w. If u satisfies strict DARA, IARA, or CARA, &} is (respectively) strictly

decreasing, strictly increasing, or constant in both S and w.”

Proof. Part i. For all w € R, v,(z) = u(w + z). If w’ > w”, then by strict DARA, v, is
more risk-averse than v,,. By Lemma G.15, 3% > 3% for any S. Now fix w. Let S’ > S".
Again, by strict DARA, vg» is more risk-averse than vg:, so ii"; 57 @%“ 5" by Lemma G.15.
But by Lemma G.14, 315 = &, and &}7°" = &y, so &i%, > 2%,. Since w was arbitrary,
we have shown, in the notation which drops w, Z;5» > 5/, as desired.

We now turn to part ii about CARA. We prove the result for nonlinear schedules ¢(-)
with ¢(m) = (1 —x)m as a special case. Observe that for all ¢, S, ¢, we have T .5 = T 0 — S
since treatment choice m. , = m. is independent of 7 in the money-loss model (Lem. G.3).

Then, recalling from (G.13) the definition of the objective ays(c(+)) of the unconstrained

static problem,

as(c) = /u (—Ties — (1 — x)me(s) + h (me(s), s)) dG(s)

= [ u(—me0 +S — (1 —2)me(s) + h (me(s), s)) dGy(s)

u(S) /u (=70 — (L — 2)me(s), h (me(s), s)) dG(s)
= u(S) - azo(c)

where the second-to-last equality uses the exponential form of v under CARA. Thus for all

9The CARA part extends the result of Lemma 1, which dealt only with subsidies not baseline wealth
levels.
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S, since u(S) is a constant in ¢(-),
arg max oqus(c) = arg max u(S)ayo(c) = arg max ao(c).

The argument for wealth differences is similar. This completes the proof of part ii. O

G.3 Proof: Observable-Risk Benchmark (Prop. 1 and Prop. D.1)

Proposition 1 (Observable-Risk Characterization: Restated). Let A be any subset of mea-
surable functions, mapping R, — R. If (&, 7~Tt);f:1 18 a solution to the observable risk problem
(4.6) (with that A), the following hold.
i) If utility is money-loss CARA, ¢, = ¢,5, for all t. For general utility, ¢, = ¢, for all t.
i1) If utility is money-loss, expected marginal utility is equalized across types: XzL’%L =
N TH - For general utility, if & is C for all t, then for all t,7 € T, A - [%B(Et,ﬁtﬂ_l =

5\7' : [%PT(ET7 7?7')} -

Proof. i) To show ¢, = ¢,g, for all t, suppose not so that for some ¢, ¢,5 # ¢. By definition
of ¢,5, and Sy, replacing #'s contract (&, 7)) with (G, 7,5,) gives V; (¢,5,,7,5,) > Vi (G, 70)
and keeps the ex-ante budget balanced unchanged since the expected actuarially loss on t’s
static contract remains at S;. This contradicts the optimality of (¢, 7?7)3:1.

ii) For money-loss, %Pt(c, 7) = 1 for money-loss utility for any ¢ (Lemma G.9), so we
just need to prove the general formula in ii. Note that if ¢, is C!, then %Pt(ét, ;) exists by
Lemma G.9. Recall f; denotes the probability of risk-type t. Suppose for contradiction that
for two arbitrary risk-types L, H € T, )\ELL”}L . [%PL(éL,ﬁL)rl < Ai}”ﬁH . [a%PH(Em %H)]fl;
note we are not assuming L < H so there is no loss of generality. In the space of coordinates

(7, 7y ), consider the direction-of-deviation

(% {%pL(gLﬁL)}_l — [%PH(EH,ﬁH)] _1>, (G.33)

so that we are increasing n;, and decreasing 7y, keeping ¢y, ¢y constant and leaving constant
(¢¢,7¢) for all t # L, H.”" T henceforth suppress the arguments of E%Pt(ét, 7i;) for t = L, H.

The marginal effect on ex-ante expected utility of moving in the above direction is (by chain

9n the case of the reverse strict inequality, we would instead use the deviation:
F) - ~ —1 9 ~ ~ —1
(— (2 Pp(cr,7L)] ,}% (2 Py(cu,7m)] )
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rule):

-1 -1
Jr (%) |:£PL:| gVL (CL,Tm) — fu [%PH} %VH (Crs Tn)
1 o P -1 o
o] ) 2]
—1 —1
:ﬁ}ﬁw{ga}+@m{g%4 [0

where the first equality follows by G.10 and the last inequality is by our supposition toward
contradiction.

The effect on the ex-ante budget is:

fu 19 o 1'a
(Y [2n) e [2n] e

=fu—fa=0.

Since the deviation is budget-feasible at the margin and increases expected utility, this
contradicts optimality of the pair of contracts (Z1,7.), (Zy,7g). This concludes the proof
of ii. O]

Lemma D.1. i) For all (¢,7), if c € C* , then % [chmﬁtcmm(s)} o = 0 for all s. Further,
J BT (m(s)) dGy(s) = 1.
u) 2 [v; (c+ uBe™ )] = —"

Proof. Fix ¢,m. Part i) We construct a direction of perturbation d“7(-) — which will turn
out to be 8" defined in (D.3), — that keeps treatment constant at the margin (starting at
e, ).

In Supplemental Appendix S4.1 (Eqn. S4.3) I use the implicit function theorem to re-
derive a result of [Werquin et al. 2015| (their proposition 1 equation 8) that when ¢ € C?,
for any C'! direction of perturbation d(-), the following holds:

%[mcwd(-), ()] o = [1~ B m)e"(m)]  [EG (m)d () — Tna(md(m)], (G349

where recall EI(\%(m) is the derivative of the compensated treatment-demand with respect to
out-of-pocket price and Ixg(m) is the derivative of treatment-demand with respect to income
(defined in Supplemental Appendix S3.2). It follows that a C' direction of perturbation

d preserves treatment at the margin (i.e. satisfies % [Metpar(s)],—p = 0) if and only if
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d'(m) = —D%"(m)d(m) for all m, where (recall) D" (m) = —% Solving this ODE

with initial condition d (m(s)) = d (for arbitrary d € R) gives d(m) = dLc s (s, +(m)) where

c,m

L. s(8) was defined in (D.1). Then, repeating the following definition (from (D.3))

-1
C7(m) = B0 Lons (s51(m)), where 807 = [ / Lers (573(m)) dGy(s)| . (G.35)

it follows that % [mCJr,Uﬁf’ﬂ(m),ﬂ'(S)]‘ =0and [ S;" (m(s)) dGi(s) =1, as desired.”
Part ii) a% [Vi(c+uB™,m)],g = —1;" by the deﬁnltlons of ;"(-) and v; ((G.35) and
(D.2)). O

Proposition D.1. For all t, assume & € C?. Then the following hold: Then:
i) For general utility, if arbitrary nonlinear coinsurance is allowed, v, = v, for allt,7 € T.
ii) Under separable utility v;"™ = 6;"" for all t and (c, ).

iii) Under money-loss utility, v;™ = A" for all t and (c, ).

Proof. By Lemma D.1 and the definition of §,(-) = ™ (-), the direction of deviation £,
keeps treatment choices constant at the margin starting at (¢, 7).

Part i) Intuitively, if 7, # ,, we can use “v-transfers” to send money from the type with
lower v to the one with higher v in a budget-neutral way, which will be a profitable deviation.
We now make this for formal.

Without loss of generality, suppose (for contradiction) that for some arbitrary L, H €
T, vy > vp; note we are not assuming L < H so there is not loss of generality. We
will perturb ¢;(-) by one “unit” in the direction of fL(-) (defined above) thus making L
pay more coinsurance, and simultaneously perturb cg(-) by fL units in the direction of
—BH(~), thus making H pay less coinsurance. The overall effect on the ex-ante budget is
fr-(1)— fuse - (1) = 0 since both perturbations keep treatment choices constant at the
margin and [ 37" (m(s)) dG(s) = 1 V¢t (again, by Lemma D.1 part i). The total effect on

ex-ante expected utility is

fL VL (CL +€5L,7TL> + ngVH < cH — €f 5H77TH)
Ju
=—frvp + ﬁfHﬂH = fo[-vL +vu] >0,

[

where the first equality is from Lemma D.1 part ii and the inequality follows by the assump-
tion that vy > vy. This shows the perturbation is profitable, which is a contradiction, thus

completing part i.

921f c € C?, B;™ (m) will be C! in m, thus making (G.34) applicable. This can be seen by simply unpacking
definitions.
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Part ii) Under separable D( 7 ) = —Ub—lld = a% log U;. Dropping subscripts on me . (-),

this implies f m)dm = f 2 log Uydi = [log Uy] | 3, 80 Lo s(8) = exp < fm(i)) D(m)dm > =
Uil s _ Wi(s) 1
U1|—'mis; = e (note the negatlve 1n81de the exp). Then,

/ WE™(5) Lomas(5)AGa(s) = / ( G (e) = VP ()

c,m c, W (s -1 -1 c,m c,m
It follows that 1™ = W™ (s) [f Wﬁgggth(s)} = [f det(s) , and so v, = 6y
as desired.

Part iii) Given the definition of ©;"" in (D.2), this follows immediately from the fact that,

under money-loss, D(m) = 0 (since ny(m) = 0). This completes the proof. O

G.4 Single Crossing Lemmas: Proofs

Lemma D.4 (Willingness-to-Pay: Restated). Let L < H € T, and let (x,7) be a linear

contract with x > 0 and (unless utility is money-loss) x < 1. Then

%VH<:U> 7T) = (%;VL(xa 7T)
Y AT

Proof. Note that m, .(s) is weakly positive by definition and strictly increasing in s for
s > s& by Lem. G.4 iv which applies since, by hypothesis, z > 0 (i.e.,, ¢ < 1) and either
utility is money-loss or x <1 (i.e., ¢ > 0). Further note that G; has positive measure above
st since st < § and G; has common support on s, 5] across t.

By the envelope theorem, we can see that for t = L, H, 2= j\/i i ) f M x( /\z—}’s)ds

where (recall) W""(s) is the ex-post marginal utility defined in Definition 6. Thus our goal

is then to show

WCE’TI’ W.’L‘,T('
/mz7ﬂ(s)()+ds < /mz,r Mds. (G.36)
AL N
Clearly, % > 0 and fgt/\ac—wds = 1 for each t, so (G.36) is comparing the
expectation of m, (s) with respect to two different probability densities: gt(s)/\ ) for
t = L, H. Then by the first paragraph it suffices to show ‘[’L(S)/\VX—W ~<MLRP w. For
L H

9For brevity, the main-text statement of this lemma (Lem. 4) didn’t mention that, under money-loss, we
can dispense with the assumption < 1. The same goes for the next two lemmas (Lemmas and 6), which
are based on this lemma.
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all s € R,

g (WP (8)/X57 _ gua(s) Xo™
LW ()X~ guls) Ay

which is strictly increasing in s since Z}L’ ((j)) is assumed to be. This concludes the proof.

[]

Lemma D.5 (Single Crossing: Restated). Let L < H € T. Letx,z' € Ry and (unless utility
is money-loss) max {x,2'} < 1. If 2’ <z and Vi, (o', 7") < Vi (z,7) for some n’,m € R, then
VH (Iluﬂ-/) < VH (l‘,ﬂ').

Proof. Define 7y, to be the amount such that Vy (x,7 — ;) = Vi (2/, 7). [Intuitively, we
can think of 7, as compensation.|

We will argue that:

Claim 1: Vg (x,m — 7)) > Vg (z, 7).

Since Vg (z,7) is decreasing in 77, Claim 1 will give us Vy (z,7) > Vi (z,m — 71) >
Vi (x,7), and thus conclude the proof.

For each ¢ € [0,1], let w1, be the unique number that preserves L’s utility as we vary
the coinsurance between x and 2’ — that is, the unique number 77, such that the first

indifference holds in:
VL (&L’ + (1 — E)ZE/, 7TL,g) = VL (l’, ™ — ﬁL) = VL (l’/, 7T,) (G37)

By the implicit function theorem, 7, 4 exists, is locally unique, and is a differentiable function
of ¢ [Need conditions for IFT and differentiability! Specifically also show differentiability of
Vi]. Observe that 71 =7 — 7 and w9 = 7.

By the implicit function theorem applied to the first equation in (G.37),

d’]rL,é _ (ZL’ B Il)a first argVL (fl’ + (1 - g)l‘ L f)

- G.38
dt 0 second arg VL (éx + (]' - f)l‘ ) 71-L,Z) ( )
B (=) gmas argVL (bx+ (1 —0)x',7Ly)
o L+ (1—-0)x’ ;7p, ¢ ’
AY (-0’ 70
where the second equality is from G.10.
Fort =L, H and ¢ € [0,1], define B;(¢) by

Bi(6) =V, (lx + (1 — )2’ 7). (G.39)

9By Lemma G.10, ZVy(z,m) = —A}" <O0.
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By (G.37), B({) is constant in ¢ € [0, 1], so B} (¢) = 0 for ¢ € [0,1].

To show Claim 1, we wish to show

Claim l.a: By (1) — By(0) > 0, and for that we wish to show

Claim l.a.a: V¢ € [0,1], By (¢) > 0.

To ease notation, for any ¢ and any contract (x,7) — not to be confused with the specific
x and 7 in the current proof — let A7 = 9 —Vj(z, 7). For each risk-type ¢, by the chain

— Ofirst arg
rule (and the envelope theorem when introducing M),

dm Lt 0
dl¢ 0 second arg

Bi(0) = (x — 1) LV,; (bx+ (1= 0)2' mpe) +

- _ /
)9 st arg Villw + (1= 0)a' mp)

(G.40)

b+ (1-0)x' ;7p ¢
_ N Alr+(1—£)z" 7L (l‘ B x/)AL ' bx+(1—0)x' wpe
= (x—2")A, Le 4 [ (-0 [—)\t L }
L

A&E—‘r(l—e)x/ﬂr[”g
= (z—a)- |ATOOrme L fo (10 mr
t Lx4+-(1—0)x! 7y *'t ’
/\L

where the second equality uses Lemma G.10 and (G.38).
[Though it was already shown above, I note that setting ¢t = L shows B} (¢) = 0 for
¢ € 10,1]]. Setting t = H gives

A0 m1.0
’ . . le+(1-0)x';mre  4AL L+ (1—0)x' ;7pe
BH(E) - (LIZ' :U) AH )\ECL’*F(l*e)I/JrLe H :
L

Thus since x > a’, simple algebra on the previous expression shows we need the following
relation in order to show B (¢) > 0:
AZer(le):):’,ﬂL,g Aéx+(17€)m’,7r,;,g

L < H
Le+(1—-0)a' ;7w ¢ Le+(1—-0)x';7p ¢
AL ’ A ’

but Lemma D.4 gives us exactly that; in order to make that lemma apply, we assumed that
z,x" € Ry and that either utility is money-loss or z, 2’ < 1. Thus we have, for all ¢ € [0, 1],
By (€) > 0, proving Claim la.a.

Now by the fundamental theorem of calculus and Claim 1.a.a, By(1)—Bg(0) = fol Bi(0)dt >
0, so By (1) > By(0), establishing Claim 1.a.

Finally, Claim 1.a and the definition of B;(¢), imply that we have the inequality relation
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in

Vi ($,7T — ﬂ'L) =V (iL’,ﬂ'L,l) =Vy (&Z’ + (1 — g)l'/,ﬂ'L’g) ‘521 >
VH (@T + (1 — K)x', 7TL’g) ’g:() = VH (x’, 7TL70) = VH (SL’/,T('/) s

where the outermost equalities come from the observation above that 7, = 7 — ¢ and
7o = 7 respectively. Relating the outer expressions, we conclude that Vy (2,7 — 7o) >
Vi (x,7), proving Claim 1.

As stated above, since Vy(x,m) is decreasing in m (and 7, > 0), we have the first

inequality in Vi (z,7) > Vg (v, m — 7) > Vg (z, '), which concludes the proof. O

Lemma D.6 (Implementability: Restated). Suppose (l’t,ﬂ't)thl satisfies all IC' constraints
(5.1b) of the full problem (5.1) with x; > 0 and (unless utility is money-loss) x; < 1 for all
t. Then (z4)]_, is weakly increasing in t, and so is (m;)}_,. Further, ; < x,11 if and only if

T < Tp41-

Proof. Suppose by contradiction that x; > x;,.; for some ¢t € 7. By upward-adjacent 1C,
Vi(xy, m¢) > Vi(xys1, mee1). Then by single crossing (Lem 5) — which applies since z, > 0 and
(outside money-loss) x, < 1 for all 7 € T — we have that Vi1 (z¢, m) > Vig1 (21, mey1) since
Ty > x411. But this violates downwards-adjacent IC. This establishes that (z;)]_; is weakly
increasing in t. The remaining claims then follow from the fact that each V(-,-) is strictly
increasing in its first argument and strictly decreasing in its second, as shown in Lemma
G.10. Specifically that if one of these claims failed, one contract would be unambiguously
worse than another thus violating the IC constraint of the type that’s supposed to choose it.
This completes the proof.

O

G.5 Proof of Theorem 1/1’

G.5.1 Lemmas for Theorem 1/1’

Proof of Lemma 2

Lemma 2 (Expected Marginal Utility Increasing in ¢: Restated). Let utility be money-loss
CARA. Suppose (cy, 7Tt)tT:1 satisfies the upward-adjacent IC constraints (5.2) of the private-
risk problem. Then, N\;"™ is strictly increasing int. In particular, N} and \i* are both strictly

mcereasing i t.
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Proof. Fixt € T witht < T. Since upward-adjacent 1C is satisfied, V; (¢, m¢) > Vi (cip1, Tt1)-
We show N7 > A¢*™. By Lemma G.5 part i, endogenous ex-post utility We™(s) is
strictly decreasing in s for all ¢, 7.9 Thus, since V; (¢,7) = [ W™ (s)dG,(s) for all ¢, the
standing assumption that G; <yrrp Gii1 (given that t < ¢ + 1) implies V; (¢iq1, mr1) >
Vi1 (¢ie1, me1). By transitivity, we have V; (¢, 1) > Viyq (€41, mey1). For any CARA utility
function u(x), we have u/(z) = —tu(x) for all x where ¢» > 0 is the coefficient of abso-
lute risk aversion, so under money-loss CARA utility, W (s) = —ypW™(s) for all s, ¢, 7.
Thus A\o™ = —¢V; (¢, ) for all 7 € T since Ao™ = [ W™ (s)dG(s). The desired conclusion

AT > NG then follows from V; (¢, ) > Vigr (Coa1, Tig).- O

Proof of Lemma 3/3'

Lemma 3’ (Generalized Upward IC Binds: Restated). Let utility be general. Suppose
xy*, )thl is an optimal solution to the private-risk problem with x;* > 0 for all t. Let P
be the set of pools, i.e., the set of equivalence classes of types defined by the relation t ~ t'
iff o = xr.

Suppose either utility is money-loss CARA, or [Ztep ft)\z‘*] : [Ztep HZP, (mf*,ﬁf*)] B
is strictly increasing in p over the set of pools P and x* < 1 for all t.°° Then all upward-
adjacent ICs bind at (zF, 7)) : Vi, (z;_1 7)) = Viea (a7, 77).

Further, the same result holds if (x}*, Wf*)thl is replaced by any optimal solution (x}, 7))
to the FOA-relazed problem.

Finally, in the nonlinear coinsurance case, upward-adjacent IC also binds at the FOA-

T
t=1

relazed solution under money-loss CARA, as asserted in Lemma 3.°7

Proof. For the FOA-relaxed problem, if (¢ — 1)’s upward-adjacent IC doesn’t bind, we can
show a contradiction by simply conducting a budget-neutral premium transfer from ¢ — 1
to t. By assumption, this preserves IC at the margin (given continuity of V;_1). It also
increases ex-ante expected utility by increasingness of A (Lem 2), which holds whenever
upward-adjacent IC is satisfied and thus in both the full and relaxed FOA-problems. This
argument goes through not only for linear coinsurance — as in the other parts of the present

lemma — but also for the nonlinear-coinsurance problem since Lemma 2 does as well.”®

9%Lemma G.5 part i is where the standing assumption B2 that by(m,s) < 0 is used.

96Under money-loss CARA, the increasingness condition reduces to strict increasingness of A\}* which holds
there by Lem 2. z;* <1 is not needed under money-loss utility (CARA or otherwise) to use Lemmas 5 and
6 which is the only place it will be used.

97For nonlinear coinsurance, I have not extended this result to the full problem since with nonlinear, we
lack the single crossing property established for linear in Lem. 5. However, the proof shows it does extend
to the intermediate problem that only ignores non-adjacent upward ICs while still considering all downward
1Cs.

98With non-linear coinsurance the argument does not obviously extend to the full problem since without
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Now for the full-problem part. In what follows, I will omit discussion the role of the
hypothesis x; < 1; as discussed in Footnote 96, it is needed, outside money-loss utility, to
invoke Single Crossing (Lem 5) and its corollary Lemma 6.

Although the full-problem part of the result has a disjunctive hypothesis, it suffices to
prove only the general-utility disjunct for the following reason: the extra hypotheses required
by that case have been shown to hold under money-loss CARA in Lemma 2; see Footnote
96 for more detail.

For all pools p € P, let t; and ¢ denote the highest and lowest risk-types in p. By Lemma
6 (which applies because we are in the full-problem case), ()7 is weakly increasing so
t; < t,,, for each p for which these objects exist. Clearly, if ¢ is in a pool p but not the
highest type therein (i.e. t € p but t < t;; ), t’s upward-adjacent binds IC trivially. It remains
to address the case t = t; for some pool p.

We prove the result by induction on p starting from the base case of p = [P| — 1 so
that p + 1 is the highest pool. Suppose for contradiction that upward-adjacent IC does
not bind at p = |P| — 1. Let ¢ be the highest pool that is weakly lower than p such that
downward-adjacent IC doesn’t bind at ¢, . ¢ must exist since, at a minimum, “downward IC”
doesn’t bind at ¢ = 1 since it doesn’t exist. Single crossing (Lem. 5) implies ¢’s non-adjacent
downward ICs don’t bind either. For r € {q, ..., p}, I claim t;’s upward ICs also don’t bind.
Clearly if ¢ = p, this is true by hypothesis. If instead ¢ < p, then, for » € {q,...,p}, t,,;’s
downward IC binds by definition of ¢, so single crossing and 27} <z imply t’s upward-
adjacent IC doesn’t bind; non-bindingness of ¢’s non- adJacent upwarer ICs then follows (a
fortiori) by single crossing, establishing the claim.

We now use the premiums to uniformly transfer money in a budget-neutral way from each
type in ¢ to each type in p + 1, keeping the pools intact.”” Before describing the deviation
precisely, note that it is IC preserving because of the following factors: p + 1 = |P| (using
the base-case assumption), ¢ and p + 1 are (respectively) made unambiguously worse- and
better-off, ¢, ’s downward IC doesn’t bind, and we just argued tt’s upward ICs don’t bind for

r € {q,...,p}. Now to specify the deviation, in the space of coordinates (m,, 7,+1), consider

linearity, we lack single crossing (Lem 5). However, the argument can be extended if we ignore only the
non-adjacent upward ICs while still considering all downward ICs. In that case, the deviation is slightly more
complex. Specifically, the deviation sends money uniformly to risk-types {¢,...,T} through the premiums.
This costs 1 — F;_1 dollars in expectation across risk-types. The ex-ante welfare effect is Zfzt f=Ar. To
pay for this, draw 1 — F;_; dollars uniformly from all risk-types through the premiums. This saves 1 — F;_1
dollars in expectation. The ex-ante welfare effect of that is [1 — Fy_1] ZT 1 f= AL Overall, this is budget

neutral and has ex-ante welfare effect [1 — Fy_1] |— ZT LA+ ZT - Ft -

strictly positive since A is strictly increasing in 7 by Lemma 2. It’s easy to see that under money-loss
CARA, the uniform premium transfer from all types doesn’t effect incentives for plan choice. Thus, the
deviation marginally preserves all ICs considered.

99The deviation is essentially the same as that in the proof of Prop. 1 part ii, just now allowing pooling.

)\2‘], which can be seen to be
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the direction

[Z-ft x:*ﬂrt )] [Z ft x:*vﬁt )] ) (G41)

teq tep+1

kk 3
so that we are increasing 7, and decreasing m,, keeping 27, z;"; constant and leaving con-

stant (22, 7**) for all 7 € P\{q,p+1}. This strictly increases ex-ante expected utility by the
assumption that [Ztep ft)\f*] : [Ztep fi Py (a7, 7@**)] _lis increasing in ¢. That it’s budget
neutral is easy to see and was shown (for the non-pooling case) in the proof of Prop. 1 part
ii. Thus the deviation is feasible and profitable, which contradicts optimality of (x}*, 7;*),c 1
completing the base case p = |P| — 1.

Now for the inductive step, let p < |P| — 1 and suppose upward IC binds at ¢, for all
pools r > p. By single crossing then, downward IC doesn’t bind at pools strictly above
p + 1. Since the base-case assumption (p = [P| — 1) was only used to justify that we didn’t
need to worry about downward IC at pools strictly above p 4+ 1 (since there were no such
pools), the same argument-by-contradiction used in the base-case can now be used to show

upward-adjacent IC binds at t;. This concludes the proof. n

The next lemma supports the proof of Theorem 1/ 1’. by showing z; > Z; (and more
generally 7 > I5: for general utility). The proof of Theorem 1/1" will then show that
this inequality is also strict. Note that unlike some results in this appendix, it is not a

restatement of a result from a prior section.

T . »
11 s an opti-

Lemma G.16 (Weak Distortion). Let utility be general and suppose (z}*, m}*)
mal private-risk solution with x7* > 0 and — if utility is not money-loss — x;* < 1. Suppose
that, for all t and S, the static problem is strictly concave with solution Z;s. or utility is
money-1oss.

i) Suppose upward-adjacent ICs bind for allt.""" For allt > 1, ift = max {7 € T |z** = x}*},
then xy* > Zyge«. Further, if (a:;‘,ﬂj)thl is an optimal solution to the FOA-relaxed problem
or an optimal solution to the relazed private-risk problem where only upward ICs (including
non-adjacent) are considered (in either case with xjfg, < 1), then x} > &g+ for all t > 1.

ii) Again, suppose upward-adjacent ICs bind for all t. For any p C T, let Gy(s) =

Ztep 5 fi 7 Gi(s) and suppose the static problem corresponding to G, is strictly concave and
TEPIT

has a solution T,s < 1 for every S. Then for each pool p € P\{1} (where P is the set of

pools), xy* > Zpgs« for each t € p, where Sy* = =37, Z s Py, 7).

100Gyfficient conditions for this were given in Lem. 3.
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i) x7* < Zygee for the lowest risk-type t = 1. If all downward ICs pointing to t = 1
are slack, then xi* = Zyg;«. Further, if (x,’f,wf)tT:l is optimal solution to the FOA-relaxed

solution, then r] = T1s:.

Proof. 1) The proof for the FOA-relaxed problem — as well as the only upward ICs problem
— is basically the same argument as in the full problem but we no longer need the hypotheses
t =max {7 € T |z, = x;} and bindingness of upward IC. I omit the details, and instead only
prove the part about the fully optimal solution (z*, 77*),_,.

Suppose for contradiction that z;* < Z;g:- for some ¢ such that t = max {7 € T |z}J* = z;*}.
This implies that either t =T or x;* < z;7,. If t = T, clearly we don’t need to worry about
downward IC. If ;" < 2}7,, our hypothesis that ¢’s upward-adjacent IC binds together with
single crossing (Lem 5) implies (¢ +1)’s downward IC doesn’t bind. Then, using our hypoth-
esis that (indeed) all upward-adjacent ICs bind allows us to iteratively apply single crossing
(Lem. 5) and transitivity to show non-adjacent downward ICs pointing towards ¢ bind don’t
bind either.'”" As a result, in either case (t = T or x;* < z}7,), local deviations will not

violate downward IC, given continuity of the value functions V; for 7 € T.

Recall A7™ = 2Vi(z,7) (from (G.18)) and m,s is the unique premium such that
Vi(z, es) = —S (Def. (7). Further, let AL = A% ™ and A, = A! for any risk-types
7 and ¢, and similarly let \L = )\fz*’ﬁ* and \; = A\l. Additionally, to ease notational burden,

I sometimes omit the #* superscript on S;* which will be always intended for the rest of the

proof of part i.

Ag—l 87thst A§_1 87thSt : Ag—l Ay
There are two cases: N < T|x:x;* and v > T’x:@,’f*- In either case, N < 5f
by Lemma 4.
At om . . . . .
Case 1: 37 < —5=t|,—pr-. Starting at (z}*,7;*), consider marginally increasing t’s

AL, Oz
coverage x; and simultaneously increasing t’s premium 7; at a rate that preserves the budget.

. . . . on oL
Formally, for each unit of increase in x;, increase m; by g;st |x:x:*. By definition of m,g,

(Definition 7), the budget is preserved. To see t — 1’s upward IC is preserved, note that
the assumption of the case guarantees this. Further, single crossing then implies the same

102 That ¢ is made strictly better off follows from the following

for lower types than ¢t — 1
factors: z}* < 2g,, the strict concavity of the static problem, and the definitions of 67:94;5 and
Zys,. As argued above, we don’t need to worry about downward IC. Thus this is a profitable

marginal deviation in this case.

101For a more explicit argument, see the proof of Prop. F.1 i.

102Tg see this formally for lower types, suppose for contradiction, the deviation strictly attracted some type
7 < t — 1. Then 7 would strictly prefer ¢’s perturbed contract over not only her own but (by transitivity)
over t — 1’s. But then by single crossing (given x* < z}*; which holds by Lem. (6)), t — 1 must also be
strictly attracted to t’s perturbed contract. But this contradicts that ¢ — 1 is not strictly attracted thereto
which we just established before this footnote.
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t

A
Case 2: ,\tt L >
t—1

coverage x; and simultaneously increasing m; at a rate that leaves (¢t — 1)’s value of ¢’s

87rtzSt

|o=az=. Starting at (z;*,7;*), consider marginally increasing t’s

1

. . . . At
contract the same. Formally, for each unit of increase in w;, increase m; by 7. Clearly,
t—1

t — 1’s upward IC is preserved, and single crossing implies the same for lower types than

ﬂ—tzSt |
T=T

t — 1.1 By the assumption of case 2, the budget is unaffected since (recall) e s

the rate of increase of the premium needed to preserve the budget. Since f\‘g:i /\—t, the
deviation makes t better off. Since now downward ICs bound in the first place, continuity
implies none are violated by the local deviation. As argued above, we don’t need to worry
about downward IC. Thus this is a profitable marginal deviation in this case.

Altogether, we’ve shown there is a profitable marginal deviation, a contradiction. This
concludes the proof. Finally, it’s easy to see that the two extra hypotheses of part i are not
needed for the above argument in the case of ¢ = T since there is no type above to worry
about attracting to .

ii) The argument is very similar to that of part i — I merely mention the key differences.
Instead of just perturbing one type’s contract, here we uniformly perturb (x;*, 7;*) for every

type t in the pool p. We use the fact that for pools p < q, the MLRP order on individual

types implies G,(s) = >, ﬁGt(s) <MLRP D¢, Z 7~ Gi(s) = Gy(s). Lastly, we need
o

to define —3

aﬂ-tzs

St* for a pool p of risk-types in the obvious way by analogy to the definition of
(Deﬁnltlon 7).

111) For the fully optimal (z7*, 7*)_,, the argument for z%* < T1g: is exactly analogous

to that for part i above, specifically for the case ¢t = T mentioned in the first paragraph
thereof (since ¢t = 1 and T are extremal types). Here, the deviation will move z}* downward
instead of upward. I omit further details, which are, again, analogous. For the FOA-relaxed
solution (:cf,ﬂt*)tT:l, the equality x7 = Z15: is obvious given the definitions of #1g: and ST
since under the FOA-relaxed problem, there are no ICs pointing to t = 1; see the proof of

Prop. 11 for a more formal argument to this effect. O]

G.5.2 Proof of Theorem 1/1’

Theorem 1’ (Generalized Main Result: Restated). Let utility be general. Suppose that the
static problem is strictly concave for every t and S.

Suppose (z}, ﬂ;*);[:l is an optimal solution to either the FOA-relaxed problem or the prob-
lem with only upward ICs (including non-adjacent ones) with x, > 0.

i) Suppose that either utility is money-loss CARA, or AyETE L?%Pt (l’:,ﬂ':)}_l is strictly

103The argument is the same as in Case 1 — see Footnote 102 there.
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increasing in t and xf <1 for all t.*** Then x} > Tysx for all t > 1.
For parts i and iii, suppose (x}*, W;‘*)thl 1s an optimal solution to the full private-risk problem
with x7* <1 for allt. Let P be the set of pools — i.e., the set of equivalence classes of types
defined by the relation t ~t' iff x7* = x}*. Since all pools consist of an interval of risk-types,
let P inherit the order from the set of risk-types T. For all pools p € P, let t; denote the
highest risk-type in p.

i1) Suppose that either utility is money-loss CARA or the following hypotheses hold:
[Ztep ft)\;‘*} . [Ztep ft%Pt (;EZ‘*,W:*)] B s strictly increasing in p over the set of pools P,

-1
xf < 1 for all t, and for all p € P, [ZtEp\{t+} ft)\f*} : [Ztep\{#} ft%Pt (xf*,ﬂ;‘*)] <

-1
Z‘jﬁ [8‘1 Pt (x:ji, WZ‘I)] . [Note that a sufficient condition for the latter is that | Zmyz« r++(s))|
18 weakly decreasing in s.| Then x* + > zﬁs** for all p € P such that t+ > 1.

iii) Suppose that either utility is money loss CARA or the following hypotheses hold:
-1

[Ztep ft)\;k*} . [Ztep ftgpt (7, 7] )] is strictly increasing in p over the set of pools P
and x;* < 1 for all t. Then ;" > %5 for all p € P satisfying p N {1} = 0, where
(zpr,mp*) = (zp" 7w for allt € p, S;* = =3, ﬁﬂ(mf*,ﬂ;‘*), and Tpss is defined
as follows. Ipss- denotes the unique solution to the static problem (4.4) with distribution

Gp(s) = ey ﬁGt(s) and subsidy S;*.

Proof. Note: an informal argument for this result is given after the statement Theorem 1 in
the main text (Section 6.2).

I give a full proof only for part ii but mention the key differences for parts i and iii, which
are very similar.

i) The argument is very similar to that for part ii, though simpler since we only need to
worry about upward IC (or even only upward-adjacent IC). As in part ii below, we apply
Lemma G.16 part i but the sentence thereof concerning the FOA-relaxed solution. Note
that under money-loss CARA, Lem. 2 applies even at the relaxed-optimal solution, so that
AJETE [B%Pt (z7,77)] s strictly increasing in ¢ given that (under money-loss) (%Pt (xf, 7)) =
1. T omit further details.

ii) Under money-loss CARA, it follows from Lemma 2 that the extra hypotheses that
are assumed outside money-loss CARA hold, in both the relaxed and full problems; under
money-loss CARA, z7* < 1 is not needed to apply Lemmas 5 and 6 which are the only place
it will be used outside money-loss.

Suppose for contradiction that i < it; Sp* for some p with t; > 1. The first step is to
P

104Under money-loss CARA, the increasingness condition holds by Lem. 2 (and by 2 #-P; = 1) at the optimal
solutions to both the FOA-relaxed and full problems. The latter condition (z;* < 1) is not needed under
money-loss in order to apply Lemmas 5 and 6, which are the only places it is otherwise used.
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apply Lemma G.16 (part i) — whose hypotheses we satisfy for t; by Lem. 3’, which applies

given our hypothesis that [Ztep ft)\;*:| : |:Zt€p fi2 Py (a7, W;‘*)} is strictly increasing in
p (and that z; < 1). This shows £t+s** < :L'*I (since tf > 1), thus leaving only the case

P
x:i = xt+ S**, which obviously also implies 7* + = 7Tt+ st The remainder of the proof is

p
dedicated to deriving a contradiction from this case, so suppose z* + = :Ut+ st

P

Recall 47" = 2Vi(z,m) (from (G.18)) and s is the unique premium such that
Vi(2, Tes) = —S (Def. (7). Further, let AL = A% ™ and A, = A! for any risk-types
7 and ¢, and similarly let \! = AT and = AL

67(th;‘*
Oz

Consider perturbing t;“’s contract in the direction (1, Fx*i) in the coordinate
tp

space ($t;{7 Wt;), starting at (x;;, t+) By definition of the notation m,g, lim, o Pt+ t+ +¢€ 7Tt+ +e€ gj

a

. . % 4 o e A~ . . . 71—tzS**
0. Since by assumption x =Ty st the definition of Tyt st implies lim, o Vi (x 4 te 7rt+ +e—35 1 ="
P
87rtzs**
o k% kk _ ol fa o t —
0. But from Lemma G.11 — and the equality ( Tipo T t+> = (xt; 5o T St*;)7 oz le=er =
P P P
At+ . . . At+
5 SO that the deviation can be written | 1, = £,
t
P

+

A
By Lem. 4 we have =

A+
ip >\ p
marginally as described above strictly relaxes all upward ICS 7 — tr for such 7. What

+, so deviating t’s contract

about downward IC’s pointing towards t;{? By our hypotheses, Lem. 3" implies that for all
pools ¢ € P, t}'s upward—adjacent ICs bind (except ¢ = |P|). By definition of pools, for all
qe P,z t+ <zt t+ = :L‘ q,H so iterative application of single crossing and transitivity implies
slack in all downward ICs pointing from one pool to a distinct lower pool.'” By continuity
of V,, such slack will be preserved by local deviations.

Thus no IC will be locally violated by a sufficiently small, further marginal budget-
preserving premium transfer to t;; from the group of types just below it (which exists since
t;; > 1). More precisely, IC will not be violated by a sufficiently small marginal budget-
preserving transfer to ¢} from either the pool p\{t}'} — in the event it’s non-empty — or
the pool p—1 otherwise, i.e., if p is a trivial pool. Formally, the deviation is similar to the one
in the proof of Lem. 3’ (Eqn. G.41) and also to the one in the proof of Prop. 1 ii (Eqn. G.33).

Such a transfer strictly increases ex-ante expected utility due to — in the former case —
—-1 -1
: sk ls] k% sk *x | O *ok
the hypothesis Ztep\{t;} [N } . [Ztep\{t;} fog=Pr (7%, 7} )} < /\t,f [ Pt ( t+,7rt$>]
-1
and — in the latter case — the hypothesis that [Ztep ft)\;‘*} : [Ztep JiriZ Py (7", )} is

105For an explicit example of this sort of argument, see the proof of Prop. F.1 i.
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strictly increasing in p.'"® In the statement of part ii, a sufficient condition for the former
hypothesis is given and its sufficiency alleged. Sufficiency thereof can be shown by an obvious
extension of Lemma G.9 part v. Altogether, we’ve shown a joint deviation — the premium-
compensated increase in coverage together with the budget-neutral premium transfer — that
is profitable and feasible, thus contradicting optimality of (z7*,7;*)]_,. This concludes the
proof.

iii) The argument is very similar to that for part ii — I note only some key differences.

Here, we apply Lemma G.16 part ii instead of part i thereof. The initial direction of pertur-
67‘(’1715;*

oz
defined in the obvious way given G,(s). It is applied uniformly to the entire pool of types

bation is now (1, I=9«‘Z§*>’ where for each p € P (and any z, 5), the notation 7,,g is

p. The budget-neutral premium transfer is now a uniform transfer from p — 1 to p.

]

G.6 Proofs of Proposition E.1 and Fact E.1

Fact E.1. Let L, H be any two risk-types in T with L < H. Vi (¢r, 1) > Vi(¢y, 7Tg).

Proof. Let 7, be L’s unique actuarial fair premium for coverage ¢y, as defined formally in
Definition 7 of Appendix G.1.2. Since G, <mpLrp Gy and Vi (e, ) is strictly decreasing in

7 (Lemma G.10), it’s easy to see that 7z, < 7y. Then
Vi(er,7r) > Vi(Cr, Trey) > Vi(Cu, Tr),

where the first inequality is by definitions of (¢, 7 ) and 7z, — in particular, note (¢, 7, )
is feasible in L’s unsubsidized static problem (4.4) — and the second inequality is by 7e,, <

TH. [l

Proposition E.1. Suppose T = {L,H} with L < H. Suppose (x},7}),_; y i an optimal
private-risk solution with x; > 0 for all t. Suppose either utility is CARA money-loss, or
Ny [Py (:v},,ﬂ}})]fl >N\ [2 P (2, WE)Tl and (outside money-loss) x5, x5 < 1. Suppose

also that there exist a unique solution Zy, to L’s static problem (4.4). Then S > 0> S;.

Proof. 1t should be obvious that S; +5% = 0 since V;(x, ) is strictly decreasing in 7 (Lemma

-1
106\ ore explicitly, the transfer is, in the former case, ( {ZTGP\“;} fTa%PT (2%, Wi*)] s—for %Pt; (x:,j; , W:i'_‘)l)

-1
. . le] *ok $ok o) *k *x\—1 :
in the space of premiums (th\{t;},wt;) and <{§ ret, . fr &P (a2, 7 )} , —ft;;(%]%;r (xt;:’wt;f) > in

the space (7Tt,,,1 ST ), and in the latter case.

+
tp
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G.10).17

Thus it suffices to show S} < S};. So suppose for contradiction that Sj; < S}. Then
since S} + S5 =0, S <0 <57

First consider the pooling case: (2P, 7?) = (x},7}) = (x5, 75;). The fact that L <yrp H
implies the inequality in —S} = P (2P, 7P) > Py (2P, 7P) = =S} by definition of P, (Eqn.
4.3) and Lemma G.4 iv.'"® Thus S; < S}, a contradiction.

Now consider the separation case: z} < xj;; recall 23, < 27 is ruled out by Lemma 6.

By Lemma 3', the disjunctive hypothesis of the present result implies upward IC binds.
Our goal is to use Lemma E.1 to show upward IC doesn’t bind, which will be a contradiction.

Since upward IC binds and z3 < z7;, single crossing (Lem 5) implies — given that z; <1
for money-loss and x; > 0 — that downward IC doesn’t bind. Then zj = Z1s: by Lemma
G.16 iii — specifically the part about the fully optimal solution (z},7;) when all downward
ICs pointing to t = 1 (i.e. t = L) are slack. We observe one more fact for use below.

Observation: if S’ < S, then Vi(Zys/, M) < Vi(Zys, Ts) for all ¢, since P(Zygr, Tysr) <
S" < S by definition of (&g, sr).

Now we show upward IC doesn’t bind (V, (x5, 77 ) > Vi (2%, 75)) and thus a contradiction
(since we showed it does bind above), from the following series of relations (which wraps and

is justified afterwards):

Vi(xy,71) = Vi(Zrsy, Tos: ) > Vi@, @)

>Vi(@u, 7u) 2 Vi(Zasy, Tasy) = Vi(ay, 7).

The equality is from 7 = Z s, as was shown above, and from the fact that the latter equality
implies 77 = 7rs: given the definitions thereof. The first inequality is by the “observation”
and 0 < S7. The second inequality is by Lemma E.1. To see the third inequality, note that
Vi (T, Ty) > VH(i‘Hs;I, Trs; ) by the “observation” and Sy < 0; then single crossing (Lem
5) implies Vi (2, Ti) > Vi(Zuss,, Thss, ), indeed strictly. The last inequality is by definition

of (Zmsy, Tusy) and of S, This concludes the proof. O

107For general utility, this is slightly less obvious since lowering the premium increases spending, but this
can be dealt with by lowering the premium even more. See Lemma G.9.

108 The latter shows m.. . (s) is strictly increasing in m for s in the positive measure interval [s%,, 5] — where
s* was defined (for each 7) in Assumption B5 in Section 3 — if ¢ is C* with ¢/ > 0 (which holds since 2P < 1
by hypothesis) and ¢/ <1 (which also holds by assumption).
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G.7 Proofs for FOA-Validity and Separation-vs-Pooling (Prop. F.1
and F.2)

Proposition F.1 (FOA-Validity: Restated). Let utility be general. Suppose (xy,7),_, is
feasible in the FOA-relaxed problem (henceforth just “relaxed problem”). If utility is not
money-loss CARA, suppose further that all upward-adjacent ICs bind' and that x; < 1 for
all t.

i) If (x1); is weakly increasing (int) and mp = 71 whenever x; = x4, then (zy, Wt)thl 18
feasible in the full problem. If further, x; < x4y for some t, then all downward ICs pointing
to t hold with slack, i.e., Viyi(Teyi Tevi) > Vipi(apme) for all i > 1. Additionally, if (x4); is
strictly increasing (in t) throughout, then all extra ICs not imposed by the relaxed problem
hold with slack at (x4, Wt)thl.

i) Suppose (a:t,m)tT:l is also optimal in the relazed problem. The FOA is valid if and

only if both (xy); is weakly increasing and m = w1 whenever x; = xyyq. Thus, strict
increasingness of (x;); implies strict increasingness of (x¢); is optimal in the full problem.

iii) Suppose the relaxed problem is strictly concave (by which I include the assumption
that its feasible set is convex). Then the FOA will be valid if the following holds: there exists
an optimal solution (x7*,7*)_| to the full problem with x3* < 1 (for all t) such that (z}*),
1s strictly increasing and all upward-adjacent ICs bind there.

iv) Again suppose the relaxed problem is strictly concave (by which I include the assump-
tion that its feasible set is convex). If the optimal solution (x, W;‘)thl to the relaxed problem
has x; > xj,, for some t, then v2* = x| (and 72 = w2 ) for some T € T in any optimal

solution (x3*,7:*)]_, to the full problem.

Proof. 1) [Note: The hypothesis that upwards-adjacent IC binds will only be used to show
downward IC is satisfied (and in fact doesn’t bind).]

We use an integrated argument to prove all three statements of part i. Suppose that (z;),
is weakly (strictly) increasing (with 7, = m;.; whenever z; = z;,;) and upward-adjacent 1C
binds.

First consider non-adjacent upward ICs. We need to show that for any ¢ and for all
i > 2, Vi(zy,m) > (>)Vi(wgi, meyi) in the weakly (strictly) increasing case. Fix t. By
feasibility in the FOA-relaxed problem, upward adjacent IC is satisfied i.e. for any ¢ >
2, Vivica(@erion, mipic1) = Vieioa (g, ms) If 2401 > 24, then by single crossing (Lem 5)
Vi(@ipio1, Tevio1) > Vi(@pi, meaq); if alternatively x4, = x4, then myy = m by assumption
50 Vi(wyrio1, Tevio1) = Vi(@pas, M) in fact with equality. But if by an inductive hypothesis
Vi(zy, ) > Vi(x4i-1, mai—1) — and note the base case i = 2 holds by t’s upward-adjacent 1C

109This is guaranteed for money-loss CARA by Lem. 2.
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— then Vi(xy, ) > (>)Vi(xypi, meyi) by transitivity. Thus, by induction, we’ve thus shown
Vi(zy, ) > (>)Vi(wygi, meaq) for all i > 2.

Now consider downward ICs. We need to show that for any ¢ and for alli > 1, V(xy, ;) >
(>)Vi(xs—i, m—;) in the weakly (strictly) increasing case. [The second assertion of part i of
the result statement will be addressed at the end of the is paragraph.] Recall that upward
adjacent IC binds as part of our hypothesis or as an implication of money-loss CARA (Lem.
3). In the case of i = 1, the desired conclusion then follows by single crossing in the strict
case (when x; < x441) and in the weak case (when just x; < z4y1) by the assumption that
pooled x implies pooled 7. For i > 2, we again use an inductive argument. Suppose as
inductive hypothesis that Vi(x, ) > Vi(24—it1, m—it1). Letting ¢ — ¢ + 1 play the role
of ¢t momentarily, we have just argued that (¢t — i + 1)’s downward-adjacent IC satisfies
Vicig1(@—ig1, Te—iz1) = (>)Vicig1 (24—, m—;) when, respectively, xy_; = @41 or z—; <
Ti_i+1. Now, in the latter case, single crossing implies V;(z;_;11, m—iv1) > Vi(ze_i, mi)"°
and in the former case (where m;_; ;1 = m;_; by hypothesis of the proposition given that case),
Vi(zy—it1, T—iv1) > Vi(xy_, m—;) in fact with equality. But then Vi (xy, 7)) > (>)Vi(z—i, m—s)
by transitivity and the induction hypothesis. This shows V;(x;, m) > (>)Vi(24—i, m—;) for all
i > 1 by induction; note that to show the strict inequality V;(x;, m;) > Vi(z—i, m—;), we only
used z;; < x_;11 thus justifying the second assertion in the result statement. Note that
although that assertion was indexed slightly differently as Vii; (21 meyi) > Vigi(a m) for all
1 > 1 whenever x; < .1, this is clearly equivalent to what we showed by simply reindexing.

Altogether, this completes the proof of part i.

ii) The background assumption of this part is that (z, Wt)thl is relaxed-optimal. Suppose
x; is weakly increasing in t and that if z; = x;,; for some ¢ then m; = m;.1. Then by part i,
(4, Wt)le satisfies all ICs in the full problem. Thus, since (z, Wt)le is relaxed-optimal, it is
full-optimal a fortiori. This shows that the FOA is valid.

Conversely, suppose the FOA is valid. Then, by definition of FOA, (:L’t,ﬂt)thl is full-
optimal since it’s relaxed-optimal and in particular is feasible in the full problem. Thus,
by Lemma 6, z; < ;44 for all t < T and 7, = w1 whenever x; = x;,1. This proves the
converse. Finally, the last statement about “strict increasingness of x;” is obvious given the
first assertion of part ii.

iii) Assume the hypotheses and suppose by contradiction that the FOA fails. Then
for some optimal solution (27*,7*)]_, to the full problem, (z}* 7:*)]_, gives strictly less
ex-ante expected utility than the optimal solution (z7, wf)thl to the FOA-relazed problem.

Consider a direction of deviation moving the 27-dimensional vector (z;*, 7} *)thl in a straight

H0Technically, to get this we don’t need the strict relation in Vi _; 1 (211, T—iv1) > (>)Viiwr (Te—i, me_i)
from the previous sentence.
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. * * T
line towards (z}, 7))

.1~ Since the objective is strictly higher at the latter, the hypothesis

of strict concavity of relaxed problem implies that this deviation increases the objective
at the margin. We now check the deviation also preserves feasibility at the margin. By

hypothesis the relaxed problem is convex so its feasible region is convex. Thus, the deviation

T

preserves feasibility in the FOA-relazed problem given that both (zF, 7F)_, and (27, 7*),_,

are feasible therein. Further, by hypothesis (z;*), is strictly increasing and upward-adjacent

T .

. . Kk sk
IC binds, so since (x}*, 7;*),_; i

s relaxed-feasible, part i of the present result implies all extra
ICs hold with slack. This means that the deviation locally preserves all extra ICs in the
full problem by continuity of the indirect utility functions V;. Thus the deviation is locally
feasible and profitable, which contradicts optimality of (z}*, W:*)thl in the full problem. This
establishes that the FOA is valid.

iv) Suppose has x; > xj,, for some t. Then by part ii, the FOA must not be valid.
By Lemma 6, (z;*); must be weakly increasing since it is feasible in the full problem, but
part iii (which applies by the strict concavity hypothesis), it must not be the case that it’s
strictly increasing throughout. Thus, 2% = ¥, for some 7 € T;'"" Lemma 6 then implies

*

7 = w4, for that 7 as well. This completes the proof. O

Proposition F.2 (Static Monotonicity drives FOA-Validity, two types: Restated). Let T =
{L,H} with L < H. Suppose (z, Wt)t:L,H s an optimal solution to the FOA-relaxed problem
with xy > 0 for all t. Suppose also that the static problem is strictly concave and Z.s exists
forallt,S.

i) Let utility be money-loss CARA. If &1 < Zo, then x1 < x3 and the FOA is valid, so
(¢, 7Tt)tT:1 is optimal in the full problem.

ii) Now let utility be general and suppose \;*™ [B%Pt (xt,ﬁt)}_lis strictly increasing in t
and zy < 1. Let Sy = —Py(xy,my) for all t. If T1s, < Zag,, then x1 < x9 and the FOA is valid

S0 (:Ut,m)thl is optimal in the full problem.

Proof. Let (x;,m),_ . be as in the statement. Consider the following chain of inequalities.
T = C(A]LSL < j;HSH < xyg. (G42)

The first equality z, = 215, by Lemma G.16 part iii, specifically the part about the FOA-
relaxed solution. The inequality Z15, < Zpg, is by hypothesis. The last inequality is by
Theorem 1’ which applies here under money-loss CARA for part i (of the present result) and
under general utility by increasingness of \;*™ [%Pt (x4, ﬂt)}fl for part ii (of the present

result).

1 Technically, we've only shown this for some 7, not necessarily for 7 = ¢ (and don’t need to show that),
though it seems very likely.
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Thus, z, < zy by (G.42). It then follows by Prop. F.1 ii that the FOA is valid so that

(24, ™)~ g 15 optimal in the full problem. This concludes the proof. ]

H Nonlinear Coinsurance: Extra Analysis

H.1 Direct Formulation

As discussed in Section 7.1, when nonlinear contracts are allowed, it is useful to reformulate
the private-risk problem as a direct revelation mechanism. To formulate the direct mech-
anism, recall that I normalize baseline wealth to zero and that r,(s) is to be interpreted
as the “reimbursement” the consumer gets from insurance when spending m;(s) (i.e. when

announcing s). The direct mechanism is:''?

T

max  S7fr [ U(ms) 4 (), hmi(s),9) dGi(s)

()i ier

st (IC1) te€arg max/U(—m,g(s) +7ri(s), h (mi(s),s)) dGi(s) (H.1a)
teT
(IC2) s € argmax U (—my(8) + 1:(8), h (me(5), s)) (H.1b)

s

) 37 / ry(s) dGi(s) < 0 (HL.1c)

H.2 Relation between Direct and Indirect Mechanisms and Formu-

lations

Equivalence of Mechanisms (Direct and Indirect) Clearly, any indirect mechanism of
the form (5.1) can be implemented as a direct mechanism of the form (H.1) using the change
of variables my(s) = me, o, (s) and 7(s) = —m + (Mepm (8) — ¢t (Me, 7, (8))). Conversely,
given a solution (my,7¢),c; to the direct formulation (H.1), we can define m and ¢, as
mentioned in Section 7.1. To repeat in more detail, first, let m, = —ry(s) + my(s) where
(recall) s is the lowest severity in the support of Gy (common across t’s). Second, let ¢;(m) =
[m —r¢ (sy(m))] — m for those m such that m = my(s) for some s in the support of G,

and ¢;(m) = M, for some sufficiently large function M,, of m."?

12Double deviations are ruled out by the fact that ¢ is not payoff relevant and the common support
assumption.

13g.1(-) is the (potentially) set-valued inverse function of my(s). r; (s; 1(m)) is well-defined because if two
types $1, s2 select the same treatment level m — in the sense of reporting truthfully when my(s1) = mq(s2)
— then they must have been paying the same out-of-pocket i.e. r:(s1) = r¢(s2) since otherwise the one
paying more wouldn’t be optimally reporting their ex-post type.
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To see that the induced indirect mechanism preserves incentives at the ex-post stage,
consider a type s who had reported ¢ at the interim stage. Under the direct mechanism,
their total monetary consumption if they report § in the ex-post stage is —m;(s) + r;(8)
(and obviously their treatment is m;(s)), whereas under the indirect its —m; — ¢; (m(S))
when choosing m;(5).11* After substituting for ¢; (mz(8)), the latter equals —m;(8) + r(3)

as desired.

Equivalence of Formulations (Direct and Indirect) The above verified that any given
direct mechanism can be implemented by an indirect mechanism (and vice-versa). We now
ask: when are the direct and indirect optimization problems (a.k.a formulations) equivalent
((5.1) and (H.1)) in the sense of having both the same optimal value and having the respective
maximizers be related by the above conversion formulas. Specifically for what choices of A do
we have this equivalence? For example, we may want to set A as the set of either continuous
functions, Lipschitz functions, or functions with Lipschitz constant 1 — the latter being
quite natural as mentioned in 4.1. Recalling the formula ¢;(m) = [m —r, (s;'(m))] — m, it
is easy to see that (Lipschitz) continuity of the induced ¢; would be assured if the optimal
my(s) and ry(s) are (Lipschitz) continuous. To assure the rightward derivative ¢ is < 1, it’s
not hard to see it’s sufficient that the optimal r;(s) be weakly increasing (since the optimal
my(+) will be weakly increasing). Thus, if these (respective) properties hold in the optimal
static solution, we will have an equivalence between the direct and indirect problems under

the respective choice of admissible coinsurance schedules A.

Gaps in {m;(s)}: a More Natural Construction The above approach to dealing with
“unsupported” treatment levels m — namely, setting ¢;(m) = M,, — would be quite unnat-
ural if there are gaps in the interior of the set of supported treatment levels {my(s)|s € [s, 5]}
under the optimal m,(-). Such gaps or, equivalently, discontinuities in the optimal m,(-)
seem unlikely, but I have not formally ruled them out.!'”!'% In any case, I now describe a
more natural approach to defining ¢(m) for m in such gaps. First let m™ the spending level
on the right endpoint of the gap: m*™ = inf {z|z > m, z = my(s) for some s in supp G,}.
Then set ¢;(m) = lim,,,+ ¢;(w). It remains to check that this construction will not (strictly)
attract types to choose (in the induced mechanism) spending levels that were unsupported

in the direct mechanism.

4By construction of M,,, “unsupported” m’s will never be attractive to choose under the induced indirect
mechanism.

15Gee [Lollivier and Rochet 1983] for discussion of irregular solutions in optimal income taxation.

H6For a result showing regularity of control variables (continuity and, separately, Lipschitz) under certain
conditions, see the math textbook [Clarke 2013] (Theorem 23.3); in the FOA-relaxed direct formulation,
my(s) and r¢(s) will be control variables.
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I sketch that argument here, leaving a full proof to the reader. It is easy to see that unsup-
ported spending levels m on the interior or left-endpoint of a gap will not attract any types
(to choose them) since those bundles are effectively dominated by (m™, ¢;(m™)) which offers
strictly more treatment for the same price.!'” It remains to deal with a right-discontinuity
in my(+) by showing a newly available spending level at the right endpoint of the gap will not
attract anyone. This will only be true up to weak preference. Specifically, if s is the point at
which the right-discontinuity occurs, I claim s will at least weakly prefer her original bundle
(my(s), —my(s) + r(s)) to the newly available (m™, ¢, (m™)). The reason is that if s strictly
preferred (m™, ¢;(m™)), then since preferences are continuous and ¢,(m*) = lim, |+ ¢ (w), s
would have (under the direct mechanism) also strictly preferred some spending level above
but sufficiently close to m™. Since only weak preference is assured, we will need to assume
(for this construction to implement the direct mechanism) that if a tie arises, s’s choice will

resolve it in favor of the original bundle (m(s), —m(s) + r(s)).

H.3 Nonlinear FOA-Validity

The FOA can fail, but a sufficient condition for validity is known.''® In his slightly different
context, [Kapicka 2013]’s Lemma 12 provides such a sufficient condition, namely increasing-
ness of (what I'll call) marginal rents in the relaxed-optimal solution. In the present context,
that means increasingness of V;(c,, ;) — Vi_1(¢,,m,) — in intended-risk-type 7 — at the

relaxed solution.''”

Below, in Proposition H.1 part i, I adapt [Kapicka 2013|’s sufficient
condition result — which is in the context of an income-taxation model — to this context.
Both results allow nonlinear contracts, but part ii of my proposition newly specializes to
linear contracts and connects with indirect mechanisms.

Specifically, Proposition H.1 part ii shows that the sufficient condition from part i (in-
creasing marginal rents) is implied by increasingness of coverage (x;); in the relaxed solution;
the latter was shown to be sufficient for FOA-validity (under linear contracts) in Prop. F.1
ii (in Appendix F), as previewed at the end of Section 6.2 of the main text. The intuition

for part ii is that marginal rent can be thought of as a proxy for — the lack of — expected

H7A caveat is that sufficiently excessive treatment may be harmful to health (h; < 0), thus casting
doubt on the term “dominated”. However, in that case, the optimal solution would not have made my(-)
discontinuously jump up (at some s) to a level m™ that is harmful to s and types near it. I leave a rigorous
argument to the reader.

H8Whereas for linear contracts, validity of the FOA at the interim stage is effectively equivalent to sepa-
ration — as is shown in Prop. (F.1) ii and iii of Appendix F and surrounding discussion — with nonlinear
contracts it can happen that both upward- and downward-adjacent ICs bind (i.e. FOA fails) despite sepa-
ration occurring. Indeed, I strongly conjecture that under nonlinear contracts separation will be at least a
generic property of the optimal menu if not guaranteed altogether.

19N\ ore precisely, (¢, WT)ZZI here is the indirect solution induced by the relaxed-optimal direct solution.
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marginal coverage since the benefit from being lower-risk is higher when expected marginal

coverage is low.

Proposition H.1. i) Suppose (ct,wt)thl 18 the indirect solution induced by a feasible direct
solution to the interim-FOA-relaxed problem (7.1). The following conditions are sufficient —
under discrete and continuous risk-types respectively — to guarantee that it is also a feasible
solution to the full problem (H.1) — and thus fully optimal if it was optimal in the relaxed
problem.

Discrete: upward-adjacent 1C binds and Vi(c,,7,) — Vi_1(cr, 7)) is weakly increasing in
T fort>1andt > 2.

Continuous: %Uﬂr:t 1s weakly increasing in t where

V= /U(—ﬂ't — ¢t (me(s)) , h (my(s), s)) dG.(s).

i) Suppose c;(m) = (1 — zy)m for z; > 0 and that (z); is strictly increasing in t while (m;);
1s weakly increasing in t. Further, suppose either that U is money-loss utility or that the
following hold: Uz < 0, ¢ € C', and both ¢ > (>)0 and h (m..(s),s) is weakly (strictly)
decreasing in s for all t; the parentheticals indicate an alternate pair of hypotheses.*”’ Then

the “discrete” condition above holds.

H.4 Nonlinear Analog of z; > ;7

For context, I repeat the last paragraph of Section (7.2) (with paraphrase): If the dynamic
term in (7.3) is ignored, that expression reduces to the analogous formula for the “dual” of

t’s static moral hazard problem:'?!

L= ) =+ |14 (12)

static term

where (¢, m;) (as induced by my,r;) are meant to appear inside the unpacked formulas for
i(s) and A\ (recall (7.2)).

Although I cannot formally state a nonlinear analog of the inequality x; > 2; from the
linear case (Thm 1), I contend that the spirit of that result does extend to the nonlinear case
— again, under the FOA. To see this informally, continue to assume money-loss CARA. First

note (without proof) that the solution to t’s static problem (&, ;) satisfies (7.4), and because

120These hypotheses guarantee that W{*"™ (s) is strictly increasing in s by Lemma G.5 ii and iii.
1214Dyal” in the sense of minimizing (expected) insurer losses subject to achieving a fixed expected utility
for the consumer.
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of CARA, this actually holds with #; replaced by any 7; (Lem. 1).'?* Thus, if we set ¢; = &
on both sides of (7.3), then for any 7;, the LHS will be lower than the RHS given the presence
of the dynamic term, which is strictly positive by Lemmas 7 and 2. Accordingly, in order to
make the two sides of the equation balance, the marginal coverage 1 — c;(mc,(s)) on the LHS
must be increased relative to 1 —¢,(myg, (s)).'*® This observation suggests the profitability (at
any s) of an upward deviation of marginal coverage 1—c, (m,,(s)) starting from any putatively
optimal menu (¢}, ;)L , with ¢ = ¢ for some ¢ > 1. I keep this argument informal because
it’s not clear that this implies the full pointwise inequality 1 — ¢/(m) > 1 — &(m) for all m
simultaneously.

The discussion in [Kapicka 2013| suggests it may be possible to show roughly that
marginal coverage is distorted upwards in expectation. More specifically, the result would be
expressed as an upward distortion of the marginal rent. As mentioned above, such marginal
rent can be thought of as a proxy for (lack of) expected marginal coverage, as I verify for

the linear case in Prop. H.1 ii (in Appendix H.3).'**

I Nonlinear Coinsurance: Wealth Effects

This section extends the money-loss CARA analysis of section 7.2 to other functional forms
and type space assumptions. I first extend to non-CARA money, then give the general-utility
formula — of which the other forms are a special case — and then specialize to separable
utility formula. Then I turn to continuous risk-types (with all functional forms). All of this

is still under the first-order approach.

I.1 Discrete Types
I[.1.1 General Utility

The next definition introduces several pieces of notation which are interpreted afterwards.

122 Again, m; appears inside the terms on both sides of (7.4).

123 Although ¢} also appears on the RHS (inside 1;(s) and );), this does not disrupt the argument since
w;\—(f) decreases when we increase ¢; (and correspondingly increase 7).

124To further develop the argument for upward distortion of marginal rent, it would be easiest (following
[Kapicka 2013]) to work with the continuous risk-type case as formulated in problem S1.1 in Supplementary
Appendix S1.1 There, the object corresponding to marginal rent is [ Wt(s)% g+(8)ds where Wy(s) represents
ex-post utility (as in (7.1b) from the main text). That object appears there in the envelope condition
(S1.1b) for interim IC. To complete the argument, it would be necessary to sign the co-state multiplier on
that constraint in order to confirm the benefit of relaxing interim IC via the distortion of marginal rent. For
reference, that multiplier is denoted «(t), and is introduced in Supplementary Appendix S2 in constraint
S2.3 during the proof of Prop. S1.2 — the continuous risk-type analog of Prop. 3 (with wealth effects).
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Definition 10. Let Uy, = Uyt s (—m — c(mu(s)), h (me(s), s)) and similarly
Uiars = Ura (=7 — ci(my(s)), b (my(s), 5))."?° [T sometimes omit ¢ and s, and the commas

in the subscripts.|

B9 = o ([ [ ((3).5)] a5). (1)
s 14,3
Let Ni(s) = [’ B.(s (S)(S)dé and Ny(s) = Ni(s). Let xi(s) = [7 B,(3 )7 " lggf)s)ds

Let J] = N[(_), Jy = Jt, and J) = 1 for all ¢, and let p, = xu(s). Let vJ = J7/p, and

v = 1.

B 5(8) is the number of utils given to (¢, 5) for § > s by a treatment-choice-preserving
transfer to ¢ that gives 1 util to s. When we transfer money to ex-post types under general
utility, we must do so in a non-uniform fashion in order to preserve ex-post IC. We also want
to so in a way that prioritizes the highest severities s as much as possible. Towards this end,
if we transfer money to (¢, s) which is worth one util to (¢, s), we can and should also transfer
B, 5(8) utils worth of money to all the types (¢, ) with § > s."2¢ N (s) is the [1 — G,(s)]-
normalized expected number of utils received by ¢ due to such a transfer to 7’s plan when ¢
buys 7’s plan. I refer to such a transfer (to types [s, 5] in t) as a N(s)-transfer to 7, regardless
of whether 7 = t. x(s) is the cost of an N(s)-transfer to ¢ on path. J: and p, are the special
case of NL(s) and x;(s) when s = s, thus corresponding to a transfer to all severities within
t. It follows from the definition of 1] = J; /p, that v is the amount of expected utils (under
G}) generated per dollar of N(s)-transfer to 7 when the cost is evaluated on path. Actually,
v, = v} was already introduced in Appendix D.1 using very-slightly different notation »,;*™.
There I described it as the utils per dollar created by what I called a v-transfer (to ¢) which
is simply a dollars worth of treatment-preserving transfer to ¢ on path. A v-transfer is simply
one dollar worth of N(s)-transfer to t.

The next lemma extends Lemma 7 from money-loss to general utility.

Ne(s)
vt

Lemma 1.1 (Generalizing Lem. 7). Under general utility, 1) o g, 127
1

?
t

The next proposition extends Proposition 3 from money-loss CARA to general utility
and verifies that the latter is indeed a special case. Then in the proposition following it, I

show how this specializes to separable utility.

125Equivalently, we could write the first arguments as —my(s) + r4(s) rather than —m; — c;(my(s)).

126To be clear, if other types § # § misreport as §, the transfer to § will not be worth By 5(3) utils to them
and indeed will be worth strictly less than that for s > §.

127This result is proved as part of Lem. J.1 in Appendix J.2.
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Proposition 1.1 (Optimal Menu: General Utility). Suppose (¢, 7)o is the indirect solu-
tion induced by an optimal solution to FOA-relazed direct problem (7.1) under general utility.
For each t € T and m € R, if there exists s such that mi(s) = m and the derivative c,(m)
exists (at m), then the latter satisfies the formula (1.2) just below.

1 (o) = (et Lot e bl 1= 00 {

N, 1—F, [N, N/ (s - P
A\ |:_Xt(5> n t(S)} n t—1 [ +(s) _ t—tl( )] )\+Z katv " (1.2)
| Uy It L Vt Vi et 1 —Fi
stati??erm slacgerm‘ng redist?:r force .

(. J/
-~

dynamic term

where
Q= (<r=1 Q'=1W, (L3)
T T ’
L-F=> Q" e Fy=1-) fQF vt>1, and Fy=1, (1.4)
k=t k=t

T T
A= %Z [eQ5 vy where Q = Z frQbL (L5)

k=1 k=1
The interpretation of (I.2) is similar to that of (7.3) in the main text.'*® The formula (I.2)
can be decomposed into two parts capturing the static and dynamic forces. The static force,
which captures the risk-incentive tradeoff, is represented by the LHS and the term outside
the curly braces on the RHS alongside and first term in curly braces, which is labeled “static
term”. The latter represents the money saved by a V;(s)-transfer and a compensating v4-
transfer to t. This amount is strictly positive because such a compound transfer redistributes
Ne(s) - 1, = % The dynamic

xt(s) pt

1_?—5*1) It captures the

value of redistribution to type ¢ through 7" (from the budget) via v-transfers, which is enabled

money to higher marginal utility consumers — mathematically,

force is represented by the second term in curly braces (excluding

by the IC-slack (which is strictly positive by Lem. I.1) resulting from the N, (s)-transfer and
compensating v;-transfer to t. As with the premium transfers in the money-loss case, the v-

transfers are weighted by the weights PF*~! in order to prioritize the highest-risk types while

1-F;_q

preserving interim IC.'* The inverse hazard rate 7~ captures the relative importance

128 A5 there, (1.2) is an implicit characterization in that c¢; appears inside several objects on the RHS.
129Note that —c,Uighg + Uaahahy + Ushia is the partial derivative of the treatment FOC with respect to s.
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of the dynamic and static terms conditional on the size of each.'® Again, this reflects the
principle of no distortion at the top under the FOA.

A, defined in (I.5), represents the value of money that is to be distributed in a way that
both preserves IC and maximally prioritizes the highest marginal utility consumers. When
transferring to a given risk-type, this is done via v-transfers. Thus, the question becomes
how to conduct v-transfers in an upward-IC-preserving way that maximally prioritizes the
highest expected marginal utilities per-dollar v; (i.e. return ). For t’s upward IC to be
preserved in a joint v-transfer to ¢ and ¢ 4+ 1, we need the per-person transfers to t + 1 (i.e.,

Vti’il times those to t. Thus, if vy < vy for all ¢, the optimal

per fii1) to be no more than

[C-preserving joint v-transfer to t+1 will be exactly —#+ times the transfer to t. And indeed,
Vi

vy < V41 1s guaranteed for money-loss CARA (Lem 2) — where it will turn out that v2 = AL

— and is informally expected more generally.

Outside, money-loss CARA — where we’ll see % = 1 (Lemma [.3 below) — the above

13
analysis implies that the optimal v-transfers to each risk-type must be iteratively “bumped-

o £ 1.1%1 Formally, a one-dollar transfer to risk-type 1 will be paired
Vi

up” by the ratios

with a Q™' = H;jl%—dollar transfer to each risk-type ¢ > 1. This explains the formula

-1
for A (1.8); the term [Z;‘::l fk.Q'f_l] is just a normalization so that units work out. This
explains the domino redistribution term (the last term in (I.2)), thus accounting for the

appearance of Q¢! and F,_; there.

I.1.2 Non-CARA Money-Loss

In order to specialize the general utility formula to money-loss and thus prove Proposition
3, we need to manipulate the expression B, 4($) which appears in N;(s),x:(s), and v4; recall
it’s definition in equation (I.1).

Toward this end, define the following notation which is just a slight notational variational
on a definition from Appendix D.1 (Eqn. (D.1) there)

Ly (8) = exp (_ / (U (ma(5)) + Unths (ma(5), 5]/ [Ul]}mt(§)d§) (L6)

where the arguments of the derivatives of U are evaluated at (—m — ¢;(m(8)), h (my(5), 3)).

We have the following lemma, which will help specialize to the money-loss case.

130As noted in the main text (for money-loss CARA), for ¢ = 1, the dynamic term drops out because
1 — F,_; = 0 since Fy = 1.The convention Fy = 1 works here because 25:1 kaf_l [ — A] = 0 as can be
seen easily from (I.5).

131At the end of section (I.1.2) below, I argue that the “up” in “bumped up” is literal in the sense that
% > 1 for money-loss DARA.
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Uyt
Ui
1,

. . 2\ _ Ui
1, so in particular By 4(5) = Tis there.

Lemma 1.2. Forall s <3, B;4(8) = 772 L 5(5). In the special case of money-loss, Lt +(5) =

The details of specializing to the money-loss case are in Appendix J.3.3 where Proposition

3 is proved.

Proposition 1.2 (Optimal Menu: Non-CARA Money-Loss). Under money-loss, the formu-

las from Proposition 1.1 specialize to

A\ {_1+ wt(s)} + 1—F Vt(S) f-l(s)}

t
y T TR = T A |
static term slackening redisw;,r force
dynam\irc term
where,
To, T g<r—1, Ql=1v L8
x
1 .
— k—1 — k—1
\= LS Ao, e =3 Ak 19)
k=1 k=1

T T
1—F = Z kaf_l ie. F,1=1— Z kaf_l Vi>1, Fy=1 by convention,
k=t k=t
(1.10)

and for CARA in particular, Q] = 1 for all £ < 7, so (I.7) reduces to (7.3) (in Prop. 3) from
the main text.

A, defined in (1.9), represents the value of money that is to be distributed in a way that
both preserves IC and maximally prioritizes the highest marginal utility consumers. When
transferring to a given risk-type, this is done via premium transfers. Thus, the question
becomes how to conduct premium-transfers in an upward-IC-preserving way that maximally
prioritizes the highest expected marginal utilities ;. For ¢’s upward IC to be preserved in a

joint premium-transfer to ¢t and ¢+ 1, we need the per-person transfers to t+ 1 to be no more

than /\?il times those to t.'*? Thus, if A\, < A\ for all ¢, the optimal IC-preserving joint

132When 1 say “per-person” transfers to a type 7, I mean per f,.
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premium-transfer to t+ 1 will be exactly = t+1 times the transfer to ¢; and indeed, A\; < A\i4q is
guaranteed for CARA (Lem. 2) and is 1nformally expected more generally. The next lemma
shows that M = 1 under CARA.

Finally, I informally justify the term “bumped-up” for DARA money-loss. When u ex-
hibits strict DARA, we can expect F > 1, so that Q] = ngew > 1 for ¢ < 7. |The
opposite will hold for TARA.| To argue this for DARA, I need to make two assumptions,

which though very weak, are not technically guaranteed and the latter of which is not even
precisely defined. First, I assume upward IC binds, which (despite the FOA assumption)
could in principle fail under non-CARA since I have not ruled out the case where neither
direction binds (though this seems pathological). Second, I assume that plans intended
for lower-risk types will have lower coverage “overall”, thus making them riskier “overall”.'??
With these assumptions in place, we can reason as follows. Since t is indifferent between
her own plan and a less risky plan intended for ¢t + 1, when the premiums of both plans are
reduced by one dollar, ¢ will come to strictly prefer her own plan (given DARA) since her
baseline wealth has been effectively increased. It follows that ¢’s expected marginal utility
under her own plan must have been strictly greater than under ¢4 1’s plan That is, )\t+1 > 1.
The same argument establishes the opposite for IARA. For CARA, /\t+1 =1, as the next

lemma confirms.

Lemma 1.3. Under money-loss CARA with T discrete risk-types, \i_; = M\j_1 for all t > 2.

I[.1.3 Separable Utility

I now specialize Proposition 1.1 to separable utility. I defer the proof until Appendix J.3.4,
but the key step is to observe that B, ;(5) = 1 since Uy; = 0 when utility takes the separable
form: U(y, h) = u(y) + v(h), where y is monetary consumption and h is health.

Proposition 1.3 (Optimal Menu: Separable Utility). Under separable wutility, the formulas
from the general case (Prop. 1.1) simplify to (1.11) (and (1.12)) just below.

1-— C; (mt(s)) = [U22h1h2 + Ughm]

1 — Gy(s) 1 S| g:(8) §_
5(5) [et / Uroad = Gi(3) ™ (L11)

e e s s ]

k=t

133We saw this formally for linear contracts (Lem. 6), but it would be harder to precisely formulate and
show for nonlinear contracts since they are not totally ordered.
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where Fy =1 and

-1

0, = [/: Ul%t,sgt(s)ds] : ; A= LZ; f,ﬁtl] : (I.12)

Recall that 0; was already defined at the end of Section 4.2, using the slightly different
notation 0y = [[ 1/ [W{"(s)] gt(s)ds}_l right before Proposition D.1. Its reciprocal 6; ' is

the expected cost of performing what I called a 6-transfer to ¢ in section 4.2 which is simply

the special case of a v-transfer under separable. In the proof, it is shown that, for separable,

0, = v, = %. Unlike v-transfers in general, f-transfers distribute utility uniformly with a

risk-type; this contrasts premium-transfers which distribute money uniformly.

Here (with separable utility), the slackening term, which was N:}—i‘g) — w for general
1

utility, takes the form [ii;gs)} — [175:(;;(3)} (after dividing by g¢;(s)). In the continuous
o lfGt(S)

separable case below, we will see the continuous analog of this expression, 7 [gT—(S)} li=r,
which has appeared in prior papers starting at least from [Courty and Li 2000] and is called
the “impulse response function” by [Pavan et al. 2014].

As shown in the proof, arriving at (I.11) from (I.2) requires some manipulations including

distributing the % out front in the latter.

J Proofs for Nonlinear Coinsurance

J.1 Proof of Prop H.1

Proposition G.1. i) Suppose (ct,m)f:l is the indirect solution induced by a feasible direct
solution to the interim-FOA-relaxed problem (7.1). The following conditions are sufficient —
under discrete and continuous risk-types respectively — to gquarantee that it is also a feasible
solution to the full problem (H.1) — and thus fully optimal if it was optimal in the relazed
problem.

Discrete: upward-adjacent 1C binds and Vi(c;,7;) — Viei(cr, ) is weakly increasing in
T fort>1andt > 2.

Continuous: %U7t-|7':t is weakly increasing in t where

vt= /U(—m e (my(s)) b (ma(s), 5)) dGa(5).

ii) Suppose c;(m) = (1 — z)m for x> 0 and that (z¢): is strictly increasing in t while (),

15 weakly increasing in t. Further, suppose either that U is money-loss utility or that the
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following hold: Uy < 0, ¢ € C', and both ¢ > (>)0 and h (m..(s),s) is weakly (strictly)
decreasing in s for all t; the parentheticals indicate an alternate pair of hypotheses.'>* Then

the “discrete” condition above holds.

Proof. 1) First consider the discrete case. Without loss, let t > #'. We have the chain of
reasoning below. The first equality is since upward IC binds (by hypothesis). The inequality
is by also by hypothesis, given that ¢ > t’. The second equality is by regrouping terms. The

penultimate equality is by telescoping.

t—1

Vt(CtﬂTt) :Vt(CtﬂTt) - Z ‘/;<67+177TT+1> - ‘/‘I'(CT77TT)

7
T=t'

Vv
0

-1
- Z T+1 CT+17 7TT+1) ‘/:I'(CT+17 7TT+1)] + ‘/t’<ct’7 7Tt’)

> Z (e, m) = Velew, mo)| + Vie(ew, m)

=t/

:‘/t(Ct/, Tt’) - ‘/t’ (Ct’7 ﬂ-t’) + ‘/t’ (Ct’u 7Tt’) - ‘/;(CtU ﬂ—t’)

which establishes Vi (¢, 1) > Vi(ey, my),as desired.
Now consider the continuous case. This part is only very slightly modified from [Kapicka
2013] Lemma 12.

t
3
Vilen m) — Vi(ew, ) = / Vil

t
0 .y
> o — V| —rdr

:V;S(Ctu 7Tt’) — Vi (Ct’7 7Tt’)-

where the equalities use the envelope theorem and the fact that the solution is a solution
to the FOA-relaxed problem. Canceling the common term Vi (cy,my) shows Vi(cy, m) >
Vi(ey, my) as desired.

ii) Suppose risk-types L, H € T are such that L < H and suppose U is either money-loss
utility or the following: Ujs <0, z > 0, and h (m.,(s), s) is weakly decreasing in s. Lemma
G.5 parts ii and iii then show that W}""(s) is strictly increasing in s. Consider two contracts

(x4, m) and (z_,7) with the same 7 and z; > z_. Then

134These guarantee that W)*"™ (s) is strictly increasing in s by Lemma G.5 ii and iii.
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Var (@ 7) = Vi@, )] = [Va (e, 7) = Vi(z-, )]
T+ 9

= B Vi (z,7) = Vi(z,7)] dz

xTr—

/ [/mxﬂ ()W (5)dG r (5) /ml‘” ()W (s)dGL(s)| dx
:/x / w w (g (s) — gr(s)] dsdz >0

incr. in s, >0 incr. in s, >0

where the second equality is by the envelope theorem and the last inequality is by gy >wmvLrp
gr, and the annotation on the LHS.

Altogether, this shows [V (x4, ) — Vi(xy,m)] — [Va(z_,7) — Vi(z_,7)] > 0.

Now consider two contracts (x,7,) and (z,7_) with the same = and 7, > m_. The

argument is similar to the one for x above (rather than 7 here):

Ve (z,me) = Vi(e, m)] = Vi, 7)) — Vi (2, 7_)]
N /7:r+ 887% Vi (x,7) — Vi (2, 7)) dit = /:+ [/\aﬁfr B )‘aiﬂ 0
/ UW{” )dGy(s /Wl“ )AG (s )}d

N /w / w lgr(s) — gr(s)]dsdm >0

incr. in s, >0

Finally, consider two contracts (z,,7;) and (z_,7_) with x; > x_ and 7 > 7_. The two

arguments above allow us to reason:

WV (zs,m) = Vi(eg, 7)) = [Vi(z-,7m-) = Vi(z-, 7))
= \{[VH($+77T+) —Vi(ry, )] = Va(ry, 7o) = Vi(zy, 7o)}

>0
+ i[VH(x+7 7T*) - VL(:EJHW*)] - [VH(‘T,,’YT,) - VL(']”*J 7T*)}}/ >0
0
This completes the proof. O
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J.2 Proofs of Lemmas 7 and 1.1

The next result restates and slightly generalizes Lemmas 7 and [.1 — the latter being itself

the generalization of the former for general utility.

Lemma J.1 (Combining and Extending Lem. 7 and 1.1). Let utility be general. Let Uy ;¢
be shorthand for Uy (=7, — ¢; (Me, 7.(8)) , b (Me, 2.(8),5))."% Let 7 (s) and ] be defined as
in (7.2b) and (7.2a), and let NJ(s) and v}, be defined as in Definition 10. Lett' <t €T so
that Gy <pyrp Gy.

Then for any 7 € T and all s € (s,5), we have %TES) < %T(S) and %T(/S) < wt () [Note
that whereas under money-loss utility, objects involm’ngtN and Ij reduce tot those mvolvmg WY
and X\ — as can be seen from the analysis of Appendix J.3.3 — so that the two conditions

coincide, under general utility, these are two distinct conditions that are simultaneously true.|

N7, (s) N7, (s) N7 (
Proof. T show —- v £ (s)
Vo J

t
since V{ = JT /p- and p, > 0 so that the Pr ‘s on both sides cancel. T omit a full proof of
Z—/(S) t’ (s) N7 (s)
<
)\:, Xr JT )
at the end of the proof.
From the definition of B, 4($) in (I.1), its easy to see that B, 4(5) = B, s(s)Bs(5).Observe

that

1= G, (s)] NZ(s) / Br(3)gr(3), . 1 / Bru(3)gn(3), .
T — s e 7 1§ sd = = ]-é sd7 1
T . == B s ), T >edf, (1)

which is equivalent to TT(S) < N
V7, V]

but I comment on how it is different

<

) which is similar to that of

t

where the first equality is by definition of N7, (s) while the second is by the multiplicative
property of B just mentioned. Also, by definition of J7,

gBTS 5)gr (8 1 ’
/ Md§ = JT BT,§(§)9T’(§)d§ =1,

and it’s easy to see that w > 0 by definitions of B; () and J7, (Def. 10).

Thus, WISM is an expectation — with respect to the density M — of
the function 1;>, viewed as a function of 5. As a result, we can show [IGS# <
-GN/ (s) oo equivalently NgT(S) < N by showing that BTS(S)gt/( ) < MLRP Bng(é)gt(é)

I J7 J7 J7
since the MLRP order implies the first-order stochastic dominance order which is preserved

by expectations of increasing functions (such as 1z>) that are non-constant (such as 1g>;).

135Tn the notation of the direct mechanism (H.1), this is Uy (—=m,(s) + r-(s), h (m,(s), s)).
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Toward that end, observe

ggt ((g)) is by assumption. This completes the proof.
! S

The proof of wt’( < wi—ss) is similar, but we would instead work with Urs92(8) jngtead of

A\
% and use the fact that -+ f Ui +.:9-(8)ds = 1 instead of that J% f; B, 4(8)g,/(3)ds = 1.

O

J.3 Discrete Types: Proof of Propositions 3, 1.1, 1.2, 1.3
J.3.1 General Utility, Discrete: Proof of Proposition 1.1

To apply the first-order approach to the direct formulation (H.1), we replace the ex-post IC
constraints (H.1b) with the corresponding envelope condition ((J.3) below) and ignore all
interim IC constraints (H.la) except the upward adjacent ones ((J.4) below). The resulting
relaxed problem can be formulated as follows. [I indicate Lagrange multipliers with the word

“mult”.|

max th/ t(8) +1(s), h (my(s),s)) dGy(s)

¢ ()re (), W ()
th/ ¢(s) =0 mult: — A\
= U (—my(s) +1r¢(s), h (my(s),s)), YVt mult: ay(s) (J.2)
/Wt )dGy(s /Wt+1 )dG(s) Vi < T —1 mult: (J.3)

Wi(s) = Uz (=mu(s) +1e(s), h (mu(s), s)) ha (me(s), s) ¥t mult: pi(s) (J.4)
Note: Since T is the highest risk-type, there is no upward IC for ¢ = T and thus no such
multiplier as vz there-on. However, I define 77 = 0 by convention to ease notation.

By the Pontryagin maximum principle [Jahn 2020] (Thm. 5.19), we have the follow-

ing necessary FOC’s, where the last condition (J.6) follows from the fact that the control
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variables m; and r; are unrestricted at the endpoints s and s for all £.

[me(s)] frge(s) [=Ur + Uaha] — au(s) [=Ur + Uzhi]
— pu(8) [=Uarha + Usghihy + Uzhia] = 0 (J.5)
[re(s)] fege(s)Ur — au(s)Ur — frge(s)A — pue(s)Uzihe = 0
(Wi(s)] () = —au(s) — ge(8)ve + gi—1(8) -1
[Boundary Condition] pu:(s) =0 = u(s) since Wi(s) has free endpoints. (J.6)

Using [r(s)] to solve for ay(s),

u(s) = Fils) = (o) = )| b

Then plugging in for a;(s) in [Wy(s)],

U21

(S) = ~Fs) + Fenlo) g+ ) [7h] Cam g (. ()

Plugging in for ay(s) in [my(s)] and successively canceling terms:

A U-
ftgt(S)F [—Ul + Ughl] + /Lt(S) [%hg} [—Ul + Ughl] — ,ut(s) [—Ugth —|— U22h1h2 —f- Ughlg] = 0
1 1
A Us
ftgt(s)ﬁ [—Us + Usha] + pu(s) 7U2h1h2 — Usshihy — Ushya| =0
1 1

(J.8)

Let (ct, ), be the indirect solution induced by the optimal direct solution as defined
in sections 7.1 or H.1. By the ex-post IC (H.1b) for money-loss, if ¢(-) is differentiable
—c,Uy + Ushy = 0. Thus we can write (J.8) as

ftgt(S)Uil [Ul [1 - C; (mt(s))“ + ,ut(S) |:U7211U2h1h2 — Usahihy — U2h12} =0

,Ut(S) [Ué}fl U21h2 — U22h1h2 — U2h12]
ftgt(S))\

,ut(s) [—C;Ugth + U22h1h2 + Uthg]
frgi(s)A

1= ¢ (me(s)) = —

L— ¢ (my(s)) =

(J.9)
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Solving the ODE J.7 using the boundary condition p(5) = 0,

(o) = [ e ( / [%h}d) {ras) |14 7| = 209) + 910400 .

(J.10)

Using the notation introduced in Definition 10 from the beginning of section .1, we can
rewrite (J.10) as

pe(s) = [1 = Ge(s)] { f [Ne(s) = X+ xe(9)] + 1Ne(s) — -1 N{_(s) }. (J.11)

Plugging in p(s) =0 to (J.11), we have (for t =2,...,T):

0= ftJt |:1 — )\%:| + /ytJt - ’yt—lt]tt_l- (J12)
t

A
0= fin {1 - ;] + Y — ’Yt—lVf_p (J.13)

t

where we have divided both sides of (J.12) by p; to get (J.13). Thus we get the following

recursive relation for t = 2, ..., T"

v, v, A
Yi—1 :’Ytt—t-l-ftt—t {1——}- (J.14)
Vi t—1 Vg

Let Ry =117_ /ﬁii for {<7=1,....,T—1,and RI"" =1 V¢ by convention.

Claim: the solutlon has the followmg form:

A
k—1 -
Vs = - (E fuRy~; [1 VJ forall j € {1,....,.n—1}. (J.15)
n—j)+

This can be proved by induction. Recalling v = 0 by convention (since T is the highest
type), so yr_1 = R-_1fr [1 — —} by (J.14), which verifies the base case of j = 1. Now

suppose

B A
Vr-j = Z Ry fi {1 - y_}

k=T—j+1 k
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for all j € {1,...,7 — 1} for some i <T — 1. Then by (J.14),

vp— i+1 Vr—_iv1 /\
Vr—i = VT—i+1 T— 2+1 + fT i+1 T Z+1 |:1 - :| )
VT i T i VTr—i+1
but then plugging in for 7; by induction,
a A v v [ A
_ T—it1 T—i+1
VT—i = Z R]7€“i+1fk [1 - _} T—Z-‘,—l Jr-in T—z'+1 L - )
k=(T—i+1)+1 Vel | Vi Vr—i Vr—i+l
T v A v i A
T—it1 T—i+1
- T-i = Z T— Z+1Rk z+1fk { - _} + freina - Z+1 L— ;
k=(T—i+1)+1 T~ Vi Vr—i VT-itl
T ~
_ A _ A
C V=i = Z RETLf {1 - V_l + froip RpL |1 — — |
ke=(T—i+1)+ k T=itl ]
T AT
. _ k-1
N =
k=T—i+1 -

This shows the claim by induction.
At this point, I break up the analysis into two cases: t =1 and t = 2,.
the case t = 1 so that 7,1 = 79 = 0. Plugging ~; from (J.15) into (J.11),

pu(s) =
pe(s) = [1 = Gu(s)] {ft [Nis) = Axa(s)] + Ne(s

[1 = Gu()] { f¢ [Ni(s) — Axu(s)] +%Nt( )

Z fkRk 1

k=t+1

[1
By adding and subtracting N,(s) f; [1 - %}

Ni(s

Vi

pe(s) = [1 — Gi(s)] {ft/\ |:_Xt(5) - ] + Ny(s [Zf R [ _

where recall R ' = 1. Let Q] = I7_ 4 for £ < 7 and Qrt=1.

, ..., I'. First consider

- ’ththt 1 (s )}

_AH}
) o

Uy

For ¢ < 7, we have R} =1I7_ E”iﬁ =[] [H;zgy’_{%] Vrp1 = (] QFvryy SO that,
-1
Ry =[v]  Qivrs
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Then (J.16) becomes (again, for ¢ = 1 only)

t t

pe(s) = [1 = Gu(s)] {ftA {_ms) + NZ(S)] + NSS)

Eventually, when we solve for A in (J.27), it will become clear that the last term in

Zk Qv — Al = 0 so that

Ns)

Vg

i(s) = [1 — Gu(s)] fih [—xxs) T

Now turn to the case t =2, ...,

pe(s) = [1 — Gi(s)] {ft [Ni(s) = Axe(s)]

T
B A
Z f’ﬂRf—f [1 T

1)}

+ N(s) [ S ot - iH N,

k=t+1

147

By adding and subtracting N,(s)f, R [1 - i} 136
——

1

n(s) = [1 = Gu(s) { ) {—ms) . Nt<s>} . {Nxs) )

Vi

k=t

k=t

By (J.17), we can rewrite the second term in curly braces in (J.20) as

[ Ni(s)
] QI

8)] [ka [Ve-1]
_ %—Ntu(s) ]

t
Il

_ [Nt<3> _

vy vi | v
_ Ni(s) _ Ni_i(s)
" Lz

_ _ A
il

Vg

T
Z FQio e — Al
[ k=t

[T
Nf—l(s):| Vi

Z Q=) v = A
Z FQF

} for t =1 only.

Vk—].

[kaQ e — ]” (J.18)

(J.19)

T. Plugging into (J.11) for 44 and v;_1 using (J.15) gives

(J.21)

(J.22)

(J.23)

(J.24)

136 Alternatively, could break up the ;_; term to get the sums to go from ¢+ 1 up instead of ¢. This would

make things in terms of a perturbation that makes ¢t — 1 indifferent rather than ¢ indifferent.
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Now, plugging (J.24) in for the second term in curly braces in (J.20) and plugging the
latter back into (J.9) (and simplifying) gives (J.25) just below for t =2,...,T"

[—C;Uglhg + U22h1h2 + Ughlz] 1— Gt(S) )
fiA 9¢(s) (1.25)
{M o+ 0] 2000 09 HZ 0 [ ] }
T T
1—F_, = kaQf_l ie. F,_1=1-— kaQf_l Vt>1, and Fy=1 by convention,

V¢ Vi l/t 1
k=t k=t

1 —¢; (me(s)) =

Introducing the following notation,

we make (J.25) actually cover the case t = 1 (Eqn. (J.19)) too: The last square-bracketed
- k—1
term in (J.25) becomes [1 — F}_4] [ZT LCCH I/k]] , which equals zero for ¢t = 1 given

k=t 1—-Fy_4
the convention Fy = 1. That convention is valid because Zle fQF =X+ 1) = 0, as will
be shown below (and as was mentioned before (J.19)).
From (J.25), we can arrive at the desired formula (I1.2) (in the Proposition) by using the
new form of the last square-bracketed term and distributing the %

Now, we solve for A. Evaluating (J.15) at j =T — 1,

T -

_ A
" =Vr-[1-1] = Z fkRé,l[T,l] 1- E
k=(T— [T 1)+ . b
SRS
Z fk Vl 1_ ]- - 1>
L Uk
T
o=l T @ e = (J.26)
k=2

where the third line uses (J.17). From (J.13) evaluated at t = 1, and subsequently plugging
in (J.26) for v,

A
0= fin [1 — u_] + nvi,

1

20=fi[n — +kaQ [k — Al
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Solving for A\ gives

T “lror
A= [Z ka’;—ll [Z ka’f‘lyk]. (J.27)
k=1 k=1

which is the desired formula (I.5) from the proposition. As foreshadowed above, (J.27) makes
it easy to see that 3.1 | frQF ! [x — A] = 0, thus justifying the t = 1 form of ,(s) (Eqn.
(J.19)) and, ultimately, the use of the convention Fy = 1. This completes the proof of

Proposition I.1.

J.3.2 Proof of Lemma 1.2

Recall

L, (8) = exp <— / [ Und (ma(5)) + Usths (mal5),5)] / [Ul]}mt(é)d§> (J.28)

where the arguments of the derivatives of U are evaluated at (—m; — ¢;(my(8)), h (my(5), 3)).

Lemma 1.2 (Restated). For all s < §, B 4(8) = gi::Lm@) In the special case of money-
loss, Ly s(8) =1, so in particular By 4(5) = gﬁ there.

Proof. Omitting ¢ subscripts and some arguments, we have the chain of reasoning below.

The first equality is by adding and subtracting and adding and subtracting. The second

equality (not including =) is simply carrying out the differentiation % in the 3rd step to

get the expression in the second step. The third equality is by the fundamental theorem of

calculus, where T use the notation [f(z)]° = f(8) — f(s) for a generic function f. The last
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equality is by algebra and the definition of L; 4($).

= exp (/: {%hg (m(3),8) + [—Uic' (m(8)) + Uarhy] m(3)/ [Ul]} ds
- /S {[=Und (m(3)) + Uahi] / [Ul]}m(g)d§>
~ exp (/ ClogUs (~ — c(m(3)), h (m(5), 5) ds

— /5 {[=Unc(m(3)) + Uarh] / [U7]} m(é)dé)

)
- exp (— /: {[=Und(m(3)) + Unh]/ [Ul]}m(é)d§>

Uls ~
= —L;(5).
Uls " (S)
The above chain shows B; 4(8) = Ui " =Ly m(s)(5) as desired. Now consider the money-loss
case. [—Upnd(m)+ Ushi] = —u"d(m) + u'hy = " [ (M) +h] =0, so L 4(5) = 1 and
thus By 4(8) = % O

J.3.3 Money-Loss as Special Case of General: Proof of Proposition 3

In this subsection, I prove Proposition 3 by showing that the general utility formula (I.2)
from Proposition I.1 (proved in Appendix J.3.1) specializes to the money-loss formula (7.3)
from Proposition 3 in the main text.

We now use Lemma [.2 to simplify the notation from Definition 10 as follows.

N7 (s) = [7 Bra(9)1 géf)(s dA 7 _ggf)(s)d,é = Vi (s):

f Bys(8 Ultgl G’t ds = Ults

Pt = Xt(_) = Ufté' . .

JT = N/ (s) = ﬁf; Ui r:0:(8)ds = ﬁ)\[, where recall \] = f; Ui.»:9:(5)ds (Eqn.
(7.2a)).

Thus v] = % =\l

Thus Q] = H;:@V%’il =1II7_ 5)6‘*1 for ¢ < 7 and Q™' = 1. Thus, our definition of @}

for general utility form the previous sentence — which was officially given equation (I1.3) of
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Proposition I.1 — specializes to the definition we gave for money-loss in (I1.8) of Proposition
3, namely nggé—if. The same then applies automatically to the notation 1 — F,_; =
Zfzt fx@QF !, which was also used in both the general utility and money-loss formulas. The
convention Fy = 1 needs no translation.

With this notation in place, we turn to simplifying the main expressions obtained for
general utility.'?"
Looking at the expression (J.25), the first term in curly braces is

Ni(s)

JiA [—Xt(s) + T } = ft/\%%s [—1 + @Dt)\—(j)] ;

and the second term in curly braces is

t
Uy Vi 4

p [ D[S

1 1 n TrT
1 Ut ¢t(3) W¢t—1(s) -
B v A+ A
R e [ e
1 [du(s) ¢ .(9)] [ . T
- - A+ M|
Ul,t,s|: At N, | _;fk@t [ )

Thus for money-loss, the whole curly braced expression (in (J.25)) is

T

1 ile)] | 1 [us)  wials) .
ft)\Ul,t,s [_1+ At }—FUM’S[ PV N, ] [;kat L=+ M

Thus overall, (J.25) becomes

1— ¢ (mys)) =

)\Ul,t,s gt(S)

A [_1 . ¢TU] N % Vf) B wi_iis)]

{—C;Ugth + U22h1h2 —+ Uthg] 1-— Gt(S) ) {

T
A+ fk@f-uk] }
k=t

137 Again, T work with the expression (J.25) from the end of the proof of Proposition 1.1 rather than the

t
expression (I.2) since the latter is in terms of J! and p; rather than v! = i—:.

r =
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But

1
[—CQU21h2 + Usghihg + Ushys] = — Ut 5h2 [— CQ + hy] +U25h12 = Do,
Lﬁ¢§ ums \___H___/ ’

where —c, + h; = 0 by the ex-post FOC under money-loss. Thus we have

1= ¢ (mi(s)) = %“TG)” - {)\ [_1 n w}

L[t sht0] S kaf—l/\k] }

+ J—
fel M A1

This is the same formula (I.7) we got in the main text, after using the notation 1 — F,_; =

> QT
Finally, we simplify A. From (J.27)

- -

A= ka@ffl ka@k 1Jk]
L k=t §

21 -

r T
=) he kaQf_l/\k]>
b=t 1 U=

which is the desired formula (I.9) from Proposition I.2.
We now derive the CARA-specialized formulas.

Lemma 1.3 (Restated). Under money-loss CARA, N, | = X\ for all t > 2.

Proof. When u is CARA, marginal utility w;, is proportional to utility u, so expected
marginal utility is proportional to expected utility. Under money-loss CARA, upward IC
binds by Lemma 3, which means that ¢ — 1’s expected utility is equal whether they choose

their own plan or the one intended for ¢. Proportionality then implies Al ;| = ;. O]

Recalling Q7 = II7_ hzﬂ, this then implies )7 = 1 under CARA. This in turn allows
us to specialize ' = F and A = Zk:t feAr under CARA. Finally, for CARA, we rewrite
the convention Fy = 1 as Fy = 1. This concludes the proof of Proposition 1.2 (money-loss
without CARA), and Proposition 3 (Money-Loss with CARA) in the main text.
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J.3.4 Separable as Special Case of General : Proof of Proposition 1.3

This subsection proves Proposition [.3 by specializing the general utility result of Proposition
[.1 which was proved at the beginning of this appendix (subsection J.3.1). For separable,
Uy = 0, so that B;4(5) = exp (fs [U21h2} d§) = 1. Then the notation from Definition
10, simplifies as follows.
NP(s) = 1288 Ny(s) = 1. ils
= T( ) =

T2 ds.

f Ultsl Gt 8)
1, and let p, = Xt(_) = 7 7—gi(s)ds, so that v] = i—t = L =

S

-1
Ul,t,sgt(s)ds] (and v = v} as always).
I claim we will also have Q; — PT_+1 for ¢ < 7 (and Q§—1 = 1). To see this, observe

— T _VUr T _Vz JZ/PZ T Jz/P:c __ PrH17(T
Qf Hx =t :v-‘rl = T+1Hx =417 - Wthh equals J"""'l—/pTHHQ?:f'f‘l J;’f_l/pz o0 Haz @JWH which

Is

equals 2 T since JT =
We now apply these “translations” to the main expressions obtained for general utility. I
work with the expression (J.25) from the end of the proof of Proposition I.1 rather than the
expression (1.2) since the latter hasn’t yet implemented the notation 1—F,_; = 3>, f,QF .
The first term in curly brackets in (J.25) is

:| ft |: Ultsgt / Ultsl_Gt >d§‘|

And the second term in curly brackets in (J.25) is
Nt(S) :|
- E —A+v,
[ Ut Vi fue” .

o[- Hifk {— o
_ [Nt() N (s) Hifk pk)\+Jk]_

2 [—Xt( )+

Jt Jtt 1

- ﬁ (1= Gi(s)] = [1 = Goy(s) ka 1—A Ul ge(s)ds
i(s) s Utps
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Overall we have

—c, Uay hg + Usghihy + Ushyy

1- Ci‘ (mt(s)) = ’ ftgt(s)/\ [1 - Gt(s)]

Letting Fy = 1 and simplifying gives the final answer for t =1,...,T"

1 — ¢, (my(s)) = [Uasghihg + Ushya) {

1 — Gt(S) |:/S 1 /8 1 gt(g) A:|
s)ds — ds
gt s Ultgs 9:(5) s Uirs 1 —Gyi(s)

e ) L - Sl ]}

This is (I.11), as desired.
. -1
Finally, we simplify A\. Recall we have v = i = [ IN Ulltsgt(s)ds} for all ¢,7, and

Q7 = 22 have for £ < 7.

From (J.27) — or equivalently (I.5) in the general-utility result (Proposition 1.3) — we

have

[
=
O
=¥
s
|

A= kaQ’f‘ll [
Y I -

= _;fkm] L fkpl[pk] ]

= kapk]

[l men]] o2

which is the desired formula (I.12) in the separable-utility result (Proposition 1.3). This

I
—

concludes the proof of Proposition 1.3.

110



	Introduction
	Literature 
	Health Insurance Literature 
	Dynamic Income Taxation Literature 

	Model 
	Benchmarks
	Static Moral Hazard Problem 
	Observable-Risk Problem 

	Private-Risk Problem 
	Linear Coinsurance 
	Single Crossing 
	Main Result

	Nonlinear Coinsurance
	Technical Setup
	No Wealth-Effects Case 

	Reinterpretation as Social Health Insurance 
	The Private and Social Models in Practice (incl. ACA) 

	Conclusion 
	Appendix
	Prior Authorization and Gatekeeping
	Formal Model for Social Insurance Interpretation
	Extra Properties of Static Solution (Linear) — Bounds and Comparative Static in S 
	Bounds on t
	Wealth Effects in the Static Problem (Linear Contracts) 
	Ex-Ante Wealth Effects
	Adding Ex-Post Wealth Effects 


	Wealth Effects in Dynamic Problem (Obs.- and Private-Risk)
	Observable Risk: Wealth Effects 
	Private Risk: Wealth Effects (Linear)  

	Cross-subsidization
	IC Without Cross-subsidization
	Cross-Subsidization Occurs: SH*>0>SL*

	FOA-Validity and Separation-vs-Pooling (Linear Contracts)
	First set of Proofs 
	Supporting Lemmas and Definitions for Propositions 1-4 & Theorem 1
	Care-Demand Lemmas
	Reformulating the static problem over coinsurance only

	Proofs for Appendix C
	Proof of Proposition C.1
	Interlude: Static Problem with Special Functional Form 
	Proof of Comparative Statics in Subsidy and Baseline Wealth (Prop. C.2) 

	Proof: Observable-Risk Benchmark (Prop. 1 and Prop. D.1)
	Single Crossing Lemmas: Proofs
	 Proof of Theorem 1/1
	Lemmas for Theorem 1/1
	Proof of Theorem 1/1

	Proofs of Proposition E.1 and Fact E.1 
	Proofs for FOA-Validity and Separation-vs-Pooling (Prop. F.1 and F.2)

	Nonlinear Coinsurance: Extra Analysis
	Direct Formulation 
	Relation between Direct and Indirect Mechanisms and Formulations
	Nonlinear FOA-Validity
	Nonlinear Analog of xt*>t?

	Nonlinear Coinsurance: Wealth Effects 
	Discrete Types 
	General Utility
	Non-CARA Money-Loss
	Separable Utility


	Proofs for Nonlinear Coinsurance
	Proof of Prop H.1 
	Proofs of Lemmas 7 and I.1 
	Discrete Types: Proof of Propositions 3, I.1, I.2, I.3
	 General Utility, Discrete: Proof of Proposition I.1
	Proof of Lemma I.2
	Money-Loss as Special Case of General: Proof of Proposition 3
	Separable as Special Case of General : Proof of Proposition I.3




