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Abstract

A few large firms dominate many local labor markets. How does that granularity

affect the geography of economic activity and optimal place-based policy? To answer

this question, we propose a new economic geography model featuring granular firms

subject to idiosyncratic shocks. We show that average wages increase with the size of

the local labor market due to that granularity, and we derive the optimal place-based

policy. Using Japanese administrative data on manufacturing, we estimate our model

and provide evidence consistent with our mechanism. Our mechanism implies that

the smallest commuting zones have an elasticity of wages to population of 0.005. In

large markets like Tokyo, the elasticity is around 0.001. Enacting optimal place-based

industrial and wage policy would increase the number of people in the smallest cities,

but the effect on the number of firms depends on firm conduct.
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1 Introduction

A few large firms dominate many local labor markets. Kodak accounted for almost
a quarter of Rochester, New York’s city payroll at its peak. Toyota employs a large pro-
portion of the workforce in its headquarter-city, Toyota. Even in a large city like Seattle,
software engineers are at the mercy of Microsoft and Amazon. With these giants, a shock
to a single firm can hurt the entire market. If Microsoft has a bad year and lays off a
large proportion of its software engineers, those workers might end up unemployed or
at a low-wage job in another industry. How does this exposure to firm-specific shocks
shape where workers and firms are located? And is there room for place-based policies
to insulate labor markets from a single firm’s influence?

In this paper, we study these questions theoretically, empirically, and quantitatively.
Our analysis builds on the basic idea that in a small market, if an individual firm has a
bad shock, the workers have nowhere else to go. They are stuck at that unproductive
firm. In contrast, when a single firm becomes less productive in a large market, workers
can move to another firm that is doing better and use their skills more productively. Thus,
large markets provide a “constant market for skill” as Marshall (1920) said and Krugman
(1992) formalized. This labor market pooling mechanism implies that larger markets use
labor more effectively than small markets, so there are benefits to agglomeration when
individual firms matter.

Our primary contribution is a new, tractable model of granular local labor markets
that is still rich enough to allow for normative, empirical, and quantitative analysis. The
model remains tractable because we introduce a continuum of sectors in each location
and allow each sector to have a finite number of (ex-ante heterogeneous) firms. This
ensures that workers who cannot move sectors in the short run are exposed to individual
firm shocks. However, firm entry does not devolve into intractable inequality constraints
because entry is not targeted towards a particular sector, but towards an entire location.

We start by showing that, in a granular world, there are benefits to agglomeration
because firms use labor more effectively in large labor markets. In particular, firms in
large markets expand their employment more in response to productivity shocks, and so
they use more workers while they are productive. Therefore, average labor productivity
is higher. To see why, consider a local sectoral labor market with only one firm. To ex-
pand after a good productivity shock, that firm would need to attract workers from other
sectors, but that is difficult, as many workers have sector-specific skills. In contrast, if a
firm hires a small share of the local sectoral labor market because the market is very large,
it can expand by poaching workers from other firms in the same sector more easily. We
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also show that the marginal benefits of increasing the size of the region disappear as the
market becomes very large. That is because once a market is sufficiently large, firms no
longer have any difficulty finding the workers they need. Therefore, increasing the size
will not further improve productivity.

We go beyond this intuition and show that a statistic for how effectively a single firm
uses labor is the covariance of that firm’s log productivity and its log employment. That is
to say, a firm uses labor more productively if it increases its employment when it has high
productivity. Then the productivity of the entire market is just the average (employment-
weighted) value of that covariance across firms. Thus, we can confirm our intuition of
how the mechanism operates and quantify the contribution of granularity to the wage
premium of large cities in a transparent, theory-consistent way.

Our last theoretical result considers the implications for policy. Our mechanism im-
plies that too few firms enter in equilibrium. That is because, when firms are granular,
they know that their entry affects wages. Not only will their entry increase average wages
in a region, but it will increase wages precisely when the firm would like to hire more
workers because their own attempt to increase their employment drives up the wages.
That induces a correlation between wages and idiosyncratic firm shocks, which further
depresses firm profits conditional on entry since profit functions are convex in wages
and productivity. Therefore, firms will “under supply” their entry. A social planner can
achieve a Pareto improvement using place-based subsidies on firm entry, especially in
small locations where granularity matters.

We then enrich the model to test some of the predictions and to quantify the impor-
tance of our theoretical mechanism. We introduce imperfect mobility of labor across
both firms and sectors, and we allow firms to internalize their market power, compet-
ing against each other à la Cournot. We then embed this model into a standard model of
economic geography in which workers are mobile across locations. Our main theoretical
results hold in this richer setting when firms are competitive, but they need to be adjusted
when firms are imperfectly competitive. As we show, imperfect competition strengthens
the agglomeration benefits of granularity. However, the optimal policy is different. The
social planner still provides larger subsidies to smaller locations, but that policy might be
targeted towards workers in terms of wage subsidies rather than firms in terms of entry
subsidies.

Our quantitative and empirical analysis focuses on Japan, where we have a panel of all
manufacturing establishments with at least 4 employees every year.1 These data include

1For the analyses using establishment-level data, we restrict our samples to establishments with at least
10 employees.
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employment, payroll, and shipments by 6-digit product category. We define a sector in
the model as a 3-digit JSIC industry and a location as a commuting zone. We then estimate
the key parameters of the model using these data.

Before we use the estimated model to quantify our mechanism, we look to validate the
model, both qualitatively and quantitatively, by considering some reduced-form evidence
of our mechanism. We start by providing evidence that granularity matters. We show that
the variance of log payroll in a local sectoral labor market is decreasing in the number of
firms in that sector, suggesting, consistent with Gabaix (2011), that individual firms are
subject to idiosyncratic shocks. And those shocks average out in larger markets.

We then provide evidence consistent with our mechanism as suggested by the covari-
ance statistic. We begin by showing that the variance of log employment at a single firm
in a large local sectoral labor market is larger on average than that of a similarly situated
firm in a small local sectoral labor market. That suggests that if those firms are subject
to similar shocks, the firm in the larger market has an easier time expanding in response
to good shocks and shrinking in response to bad ones. We also provide evidence that
this is due to our mechanism rather than another mechanism, for instance, increasing re-
turns to scale in the matching function. To provide more direct evidence, we construct
revenue productivity shocks to each firm using that firm’s exposure to national changes
in demand for the products it produces. Consistent with our mechanism, both qualita-
tively and quantitatively, firms that already hire a large portion of the local sectoral labor
market expand their employment less in response to these shocks.

Finally, we turn to demonstrating the quantitative importance of the mechanism. If
firms are perfectly competitive, we find that the implied elasticity of wages to population
gets as high as 0.005 in the smallest locations, and is a much smaller 0.001 in Tokyo. In
total, the mechanism implies that Tokyo is 2.1% more productive than the smallest city in
Japan. These numbers are larger if firms are imperfectly competitive. Combes et al. (2011)
find that most causal estimates of the urban wage premium find an elasticity between 0.02
and 0.05 when pooling across locations of all sizes. Therefore, granularity could explain
as much as 25% of the urban wage premium.

We then quantify the implications for optimal policy. We define the marginal product
of labor and firms at the commuting zone level as the marginal contribution of another
worker or firm to the output of the entire commuting zone. We then compare those val-
ues to the wages and profits in each location to see if workers and owners are properly
compensated for their contributions. The results depend on assumptions about firm con-
duct. If firms are perfectly competitive, workers are paid their marginal product, and firm
profits are only 97% of their marginal product in small locations. In contrast, in large loca-
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tions, firms capture 99% of their contribution to commuting zone production. Putting in
place the optimal firm entry subsidies would increase the number of firms in the smallest
locations by 3.2% and in Tokyo by 1.2%. This reallocation of firms leads a small number
of workers to move, increasing population in small areas by about 0.3%.

If firms are Cournot competitive in labor markets, workers in small locations see an
average wage markdown of 3%. That markdown implies that firms’ profits are actually
17% higher than their marginal contribution to production in small locations. This leads
to over-entry of firms. Therefore, putting in place the optimal policies will actually lead to
almost a 17% reduction in the number of firms in the smallest locations. Even Tokyo sees
a 7% reduction in the number of firms. However, the optimal policy also features a wage
subsidy in the smallest locations to undo the wage markdown. On net, these policies end
up increasing the population in those small areas by more than 1%.

The rest of the paper is organized as follows. We give a short review of the literature
below. In Section 2, we present the baseline model of a single location and show our
theoretical results. We enrich the model in Section 3 and estimate it in Section 4. We
validate the model and our mechanism in Section 5 before presenting the quantitative
results in Section 6. Section 7 concludes and suggests ways the model could be enriched
to capture important real-world features of granular markets.

Related Literature. The literature on the spatial agglomeration of economic activity is
rich. In an early contribution, Marshall (1920) proposes three reasons why firms might
locate around other firms: labor market pooling, access to intermediates, and the sharing
of ideas. Subsequent theory papers have formalized these ideas and offered other po-
tential mechanisms (Miyauchi, 2024; Davis and Dingel, 2019). Duranton and Puga (2004)
provide a new way to classify these mechanisms in their review. Many empirical stud-
ies have shown that there are benefits from agglomeration (Andersson et al., 2014; Kline
and Moretti, 2014; Greenstone et al., 2010) and have also analyzed the coagglomeration
patterns of sectors to infer the relative importance of different theoretical mechanisms
(Ellison and Glaeser, 1997; Ellison et al., 2010). Rosenthal and Strange (2004) review the
evidence.

Our paper focuses on a particular mechanism that falls under the broad umbrella of
labor market pooling. There are many microfoundations with different mechanisms of
how labor market pooling can lead to agglomeration benefits (Andersson et al., 2007;
Papageorgiou, 2022). Our model builds on the basic theoretical framework of Krugman
(1992), which considers a setting with a finite number of ex-ante identical firms where
labor is perfectly mobile within a labor market but not across. Overman and Puga (2010)
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extend Krugman’s model to include multiple sectors and test the predictions about where
those sectors should be located. Other papers test these predictions in different settings
(de Almeida and de Moraes Rocha, 2018; Nakajima and Okazaki, 2012). We provide a
new model with ex-ante heterogeneous firms and a continuum of sectors that yields new
theoretical results clarifying how granular firms generate agglomeration. We also derive
the normative implications. Beyond the theoretical contribution, our model can be taken
to the data to provide direct evidence of the mechanism and quantify its importance.

More recent work looks for direct evidence of the labor market pooling mechanism.
Moretti and Yi (2024) show that workers who are laid off in large labor markets have an
easier time finding work as compared to workers in small markets. This is consistent
with the theory we lay out, though our evidence focuses on the firm response rather than
the worker side. Conte et al. (2024) show that when firms in large markets can more
easily expand in response to productivity shocks, more volatile firms will sort into larger
markets. We abstract from firm sorting but demonstrate how granularity could explain
why firms in larger markets can expand more in response to productivity shocks.

We build on a large literature recently inspired by Gabaix (2011) that looks to quan-
tify what the granular nature of firms means for economic activity and optimal policy.
Gabaix (2011) shows that shocks to individual firms could explain nationwide fluctua-
tions. Bernard et al. (2018) give a framework for thinking about how a few important
firms could shape the nature of international trade. Gaubert and Itskhoki (2021) dis-
cuss what granularity means for the observed comparative advantage of countries, and
Gaubert et al. (2021) studies what that implies for optimal policy. We contribute to this lit-
erature by considering granularity’s implications for the geography of economic activity
and optimal place-based policy.

2 How Does Granularity Drive Agglomeration?

The goal of this section is to demonstrate how granularity leads to higher wages
in larger markets through the labor market pooling mechanism discussed by Marshall
(1920). In order to isolate the effects of granularity most transparently, we focus on the
sectoral labor markets of a single location and consider a simplified environment that is
neoclassical conditional on firm entry.

We will enrich the model by endogenizing where people live, allowing for imperfect
mobility across firms and sectors, and introducing imperfect competition in Section 3.
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Figure 1: Timing of model

2.1 Environment

There is a region i with a mass ℓi of workers and a continuum of sectors s ∈ [0, 1]. The
sectors produce perfectly substitutable goods but hire in distinct sectoral labor markets.

Timing. There are three periods t ∈ {0, 1, 2}. In period 0, a mass mi of firms pay a fixed
cost of the traded final good in order to enter. Each firm is randomly assigned a sector
s and then gets an ex-ante productivity draw z from some known distribution. Thus,
each sector ends up with a finite number of firms Nis that differ in their productivity
even though a non-integer mass of firms might have entered the location i. This captures
the long-run differences in firm size and will determine how exposed different sectoral
markets are to short-run idiosyncratic firm shocks in period 2.

After observing those initial productivity draws, a representative worker freely allo-
cates her labor Lis across sectors s in period 1. This captures the long-run decision of a
worker free to direct her search or make training choices toward certain sectors in her
region.

Then, in period 2, the state of the world ω ∈ Ω is revealed. This determines the short-
run productivity shocks to each firm. The worker cannot move labor across sectors at
this time.2 Instead, she supplies her sectoral labor inelastically, and firms hire labor in the
sectoral labor market, taking wages as given. Firms then produce and sell their goods.
The fact that firms are better able to respond to these ex post shocks in larger markets will
imply the agglomeration benefits. The model timing is summarized in Figure 1.

Workers. In location i, there is a mass ℓi of risk-neutral representative agents. She gets
utility from consuming a freely traded final good ci and is endowed with one unit of labor
that she supplies to the market inelastically. In period 1, the worker freely allocates her

2This assumption is done for clarity; none of the key results depend on it. We allow for imperfect
movement across both firms and sectors in period 2 in Section 3.
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units of labor across sectors s ∈ [0, 1], taking as given the number of firms and each firm’s
ex-ante productivity zisn. In particular, she chooses her vector of labor supply Li ≡ {Lis}s

in the set of feasible labor allocations L, i.e.

Li ∈ L ≡
{
L′

i|
∫ 1

0
L′

isds ≤ 1
}

.

In period 2, the state of the world ω is revealed. This determines ex-post productivity
shocks for all firms. The worker is unable to adjust labor at this point, and so inelastically
supplies Lis labor to sector s.

Firms. There is a continuum of potential firm entrants. To enter, a firm must pay a fixed
cost ψi > 0 in terms of the freely traded final good in period 0. Those firms are then
randomly assigned a sector. We denote by Nis the set of firms operating in region i sector
s and Nis ≡ |Nis| the (finite) number of firms. We assume that firms enter according to
the “ball-and-urn model” so that Nis is distributed Poisson with mean mi. That is, the
probability mass function for the number of firms in a sector is mN

i e−mi /N!.
Firm n in sector s then gets an ex-ante productivity draw zisn from a distribution Fiz(·)

which we assume is continuous and regularly varying.3 We further assume that the ex-
pected HHI of a sector is decreasing and convex in the number of firms when weighted
by the average productivity of those firms.4 This assumption rules out certain distribu-
tions for Fiz that imply HHI increases with more firms on average. This could happen if
there is some probability that a new firm would dominate the market, as it is so much
more productive than the other firms.

In period 2, each firm n gets an ex-post idiosyncratic productivity shock, ãisn(ω), a
sector-wide productivity shock, Ãis(ω), and produces a final good, yisn(ω), according to,

yisn(ω) = zisnaisn(ω)ℓisn(ω)1−η,

where aisn(ω) ≡ ãisn(ω)Ãis(ω) is the total productivity shock to firm n, ℓisn(ω) is the total
amount of labor firm n hires, and η ∈ (0, 1).

We assume that log ãisn(ω) are iid with mean zero and a finite second moment σ2
N.

Similarly, log Ãis(ω) are iid with mean zero and a finite second moment σ2
S. We further

3Formall,y L : (0, ∞) → (0, ∞) is regularly varying if limx→∞
L(ax)
L(x) ∈ R+ for all a > 0. In section 3, we

will assume the ex-ante distribution is Pareto, which satisfies this condition.

4Formally, we assume that E

[
∑n′∈N z1/η

isn′
N

∑n′∈N

(
z1/η

isn′
)2

(
∑n′∈N z1/η

isn′
)2

∣∣∣∣N
]

is decreasing in N and convex for sufficiently

large N where η is defined below.
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assume that the idiosyncratic and sector-wide shocks are independent of each other.

Market Clearing. Total expected production in the location is

Yi = E

[∫ 1

0
∑

n∈Nis

zisnaisn(ω)ℓisn(ω)1−ηds

]
,

where the expectation is taken with respect to ω, the number of firms in each sector,
and the ex-ante productivity draws. We assume that the law of large numbers applies
across this continuum of sectors so that realized production is always Yi. Therefore, goods
market clearing requires that total consumption plus the amount of the final good used
for investment must equal expected production,

ciℓi + ψimi = Yi. (1)

In the labor market, labor demanded needs to equal the individual labor supplied by
each worker multiplied by the number of workers,

∑
n∈Nis

ℓisn(ω) = Lisℓi, ∀s, ω. (2)

2.2 Market Structure and Equilibrium

Labor Supply. Workers choose their labor allocation across sectors in period 1 to max-
imize their expected utility, taking wages as given. We normalize the price of the final
good to 1, so workers solve the problem.

Li ∈ argmax
L′
i∈L

E

[∫ 1

0
wis(ω)L′

isds
]

, (3)

where wis(ω) is the equilibrium wage for sector s in state of the world ω. We will denote
the maximum of (3) by wi.

Labor Demand. We normalize productivity so that the price of each good is 1. Then
each active firm maximizes profits, taking wages and prices as given,

ℓisn(ω) ∈ argmax
ℓ′

zisnaisn(ω)(ℓ′)1−η − wis(ω)ℓ′. (4)

We will denote the maximum of (4) by πisn(ω).
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Entry. We assume that firms enter up to the point that expected profits are equal to
the fixed cost of entering. After those entry decisions are made, all firms are randomly
assigned to their sector and get their productivity draws. We can write this,

ψi =
E
[∫ 1

0 ∑n∈Nis
πisn(ω)ds

]
mi

. (5)

The numerator is the total amount of profits earned by firms in location i. The denomi-
nator is the total measure of firms that enter, so the ratio is a firm’s expected profit before
any firm realizes its sector or productivity shocks.5

Definition 1. A local equilibrium consists of wages wis(ω), labor supply decisions Lis, entry
decisions mi, and labor demand decisions ℓisn(ω), such that

• Workers make labor supply decisions to maximize utility, taking wages as given,
(3);

• Conditional on entry, firms maximize profits taking prices and wages as given, (4);

• Firms enter up to the point that expected profits are equal to the fixed cost of enter-
ing, (5); and

• Goods and labor markets clear, (1) and (2).

2.3 Labor Market Pooling and Agglomeration

We now demonstrate how granularity implies that average wages increase with the
number of workers. We will proceed in two steps. First, in this subsection, we will show
that average wages increase with the number of workers if firms adjust their employment
more in response to productivity shocks in larger markets. Throughout this paper, we will
refer to this mechanism as labor market pooling, as it implies firms have an easier time
finding the necessary workers to fill openings in larger markets.

Second, in Section 2.4, we will demonstrate how the existence of granular firms im-
plies that firms can more easily expand their employment in response to shocks in larger
markets. Combining this with Section 2.3, we conclude that granularity implies agglom-
eration benefits. Finally, in Section 2.5, we present the implications for optimal policy.

5An alternate entry decision would allow the marginal firm to observe the distribution of firms across
sectors and their ex-ante productivity shocks before deciding whether or not to enter. We show that the free
entry condition implied by that alternate entry game is also (5) if firms internalize that, were they to enter a
sector with N firms, the sector would have N + 1 firms in the online supplement.
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For tractability, we will derive all of our results using a log second-order approxima-
tion to expected production around the point with no ex-post shocks. We will use x to
denote the value of a variable x in the absence of any ex-post shocks.

We start by introducing the Regional Production Function as it will be useful to organize
the discussion. The regional production function gives the maximum possible production
for location i, taking as given the mass of firms m and the number of workers ℓ:

Yi(ℓ, m) ≡ max
ℓ′sn(ω),Ls

{
E

[∫ 1

0
∑

n∈Ns

zsnasnℓ
′
sn(ω)1−η

∣∣∣∣m
] ∣∣∣∣L′ ∈ L, ∑

n∈Ns

ℓ′sn(ω) = L′
sℓ

}
.

Since labor markets are perfectly competitive, this is not only the maximum level of pro-
duction, but it also corresponds with the equilibrium production at the equilibrium levels
of m and ℓ. The only difference between the regional production function and equilibrium
production is that the number of firms is endogenously determined in equilibrium, while
they are taken as given in the regional production function.

In the following Lemma, we characterize Y(ℓ, m) up to log second order.

Lemma 1. The regional production function is Yi(ℓ, m) = zimηℓ1−ηΦ(m), where zi ≡ E[z1/η
isn ]η

and Φ(m) is given by,

Φ(m) ≡ E[asn(ω)] +
1 − η

2

∫ 1

0

ℓs

ℓ ∑
n∈Ns

ℓsn

ℓs
Cov (log asn(ω), log ℓsn(ω)) ds, (6)

where the covariance is for a single firm across different states of the world.

The formal proof of Lemma 1 is in the online supplement, but we will provide a
quick sketch here. We start by solving the maximization problem with no ex-post shocks.
We then do a second-order approximation to the maximand, which implies Yi(ℓ, m) =

ziℓ
1−ηmηΦ̃(m) where

Φ̃(m) ≡ E[asn(ω)] + (1 − η)
∫ 1

0

ℓs

ℓ ∑
n∈Ns

ℓsn

ℓs
Cov

(
log asn(ω), log ℓ′sn(ω)

)
ds

−η
1 − η

2

∫ 1

0

ℓs

ℓ ∑
n∈Ns

ℓsn

ℓs
Var

(
log ℓ′sn(ω)

)
ds. (7)

That is, relative to keeping labor at its no-shock level in every state of the world, there
are gains from increasing labor at firms that have good productivity shocks and decreas-
ing labor at firms with bad productivity shocks. Those gains are tempered by the fact that
there are decreasing returns to scale, so that productivity decreases if there is a very high
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variance of log ℓ′sn(ω). When labor is efficiently allocated, either because the market is
competitive or there is a planner,

η
∫ 1

0

ℓs

ℓ ∑
n∈Ns

ℓsn

ℓs
Var

(
log ℓ′sn(ω)

)
ds =

∫ 1

0

ℓs

ℓ ∑
n∈Ns

ℓsn

ℓs
Cov

(
log asn(ω), log ℓ′sn(ω)

)
ds, (8)

proving the result. This leads to our first substantive result.

Corollary 1. The regional production function features increasing returns to scale, i.e. dYi(αℓ,αm)
dα >

Yi, if and only if the employment weighted covariance between productivity and employment is in-
creasing in the number of firms, i.e. ∂Φ(m)

∂m > 0.

This result follows immediately from Lemma 1 since

dYi(αℓ, αm)

dα
=

d
dα

[
αzimηℓ1−ηΦ(αm)

]
= Yi(m, ℓ)

(
1 +

∂ log Φ(m)

∂ log m

)
.

Corollary 1 provides a clear interpretation of how labor market pooling implies that the
regional production function features increasing returns to scale. Consider a firm n that
never adjusts its workforce in response to idiosyncratic productivity shocks so that the
covariance is 0. That firm would hold onto a large number of workers when it has
bad productivity shocks and not expand to take advantage of good productivity shocks.
Therefore, its average labor productivity would depend solely on its average productiv-
ity shock. By contrast, if the firm were to expand after a good productivity shock and
shrink after a bad shock, its average labor productivity would increase because it hires
more workers when it is more productive. Thus, that firm could produce more goods
on average while hiring the same average number of workers simply by increasing its
covariance.

Corollary 1 then says that there are increasing returns to scale if increasing the size of
the market improves how much labor reallocates across firms in response to productivity
shocks, properly weighted by the importance of each firm. Thus, if firms are better able
to expand their employment in response to good productivity shocks in a larger market,
then larger markets will be more productive.

Relation to Misallocation. This mechanism is closely related to the misallocation litera-
ture (Hsieh and Klenow, 2009). To see this in the math, note that for any firm on its labor
demand curve, ws(ω) = (1 − η)zsnasn(ω)ℓsn(ω)−η. Therefore, looking at the variance of
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log wages,

∫ 1

0

ℓs

ℓ
Var(log ws(ω))ds = Var(log asn(ω))

− η
∫ 1

0

ℓs

ℓ ∑
n∈Ns

ℓsn

ℓs
Cov(log asn(ω), log ℓsn(ω))ds,

using equation (8). That is, the employment weighted variance of log wages is decreasing
in the employment weighted covariance of productivity and labor. This immediately
implies the next corollary.

Corollary 2. The regional production function features increasing returns to scale dYi(αℓ,αm)
dα > Yi

if and only if the employment weighted variance of log wages is decreasing in the number of firms,
i.e. ∂Φ(m)

∂m > 0.

Corollary 2 says that larger markets are more productive than smaller markets if the
average variance of log wages is lower in large markets. Loosely speaking, this is because
there is less “misallocation” of labor. More precisely, the variance of log wages in sector s
is a measure of how much more productive labor in sector s is in some states of the world
than others. Therefore, it can be thought of as a measure of how unproductively labor is
used on average.

Importantly, unlike misallocation, this variance is not a sign of inefficiency. Markets
are perfectly competitive and are therefore efficient. Workers would love to reallocate
some of their labor from states of the world in which the sectoral wage is low to states of
the world where wages are high if they could. But that is not possible because the labor
is stuck in each sector across all states of the world.

Agglomeration Benefits. We next turn to show how the increasing returns to scale of
the regional production function Yi(ℓ, m) imply that there are benefits to agglomeration.
To do that, we need to relate the equilibrium number of firms to Yi(ℓ, m). This is straight-
forward as wages are set competitively, so workers are paid their marginal product. That
is,

wi =
∂Yi

∂ℓ
=

(1 − η)Yi

ℓi
. (9)

Therefore, total profits are simply Yi − wiℓi = ηYi, so that free entry (5) can be rewritten,

ψi =
ηYi

mi
. (10)

13



Combining equations (9) and (10) with Corollary 1 then implies the next proposition.

Proposition 1. In any stable equilibrium, the average wage is increasing in the number of work-
ers, i.e. d log wi

d log ℓi
> 0, if and only if the employment weighted covariance between log firm produc-

tivity and log firm employment is increasing in m, i.e. ∂ log Φ(m)
∂ log m

∣∣
m=mi

> 0.

Proposition 1 summarizes the basic argument of labor market pooling. If firms have
an easier time expanding in response to good productivity shocks in larger markets than
in smaller markets, then average wages will increase with the size of the market.

2.4 Granularity and Labor Market Pooling

The previous subsection demonstrated how labor market pooling mechanisms can
make larger markets more productive than smaller markets. In this subsection, we com-
plete the argument that granularity implies agglomeration benefits by demonstrating
how granularity implies those labor market pooling forces.

Proposition 2. The average wage is increasing in the number of workers, i.e., d log wi
d log ℓi

> 0, if and
only if idiosyncratic shocks have a positive variance, σ2

N > 0. Furthermore, the agglomeration
benefits converge to zero as the size of the market goes to infinity, i.e. d log wi

d log ℓi
→ 0 as mi → ∞.

We start by giving a basic intuition for why there are increasing returns to scale us-
ing Proposition 1. Consider how firm n in sector s responds to an idiosyncratic, ex-post
productivity shock ∆ log aisn(ω). To first order, for a firm on its labor demand curve,

∆ log ℓisn(ω) =
1
η
(∆ log aisn(ω)− ∆ log wis(ω)) =

1
η

(
1 − ℓisn

ℓis

)
∆ log aisn(ω).

In a small region, where the mass of firms mi is small, chances are that there are very
few other firms in sector s. Therefore, firm n hires a large share of the labor force in
sector s, i.e. ℓisn/ℓis is large. In that case, the firm’s employment does not respond much
after a productivity shock because it already hires a large proportion of the sectoral labor
force, and it cannot attract workers from other sectors. Instead, it drives up the wages in
the sector. Therefore, the firm does not effectively scale up in response to a productivity
shock and ends up using labor unproductively. In a market with a large mass of firms
m, firm n’s share of the sector s labor force is smaller. Therefore, firm n’s labor responds
more in response to productivity shocks because it can poach workers from other firms
in the sector, using that labor more productively.
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The formal proof for Proposition 2 is in Appendix A, but we give a sketch of the proof
here. Allowing for productivity shocks to every firm in sector s implies that, to first order,
labor at firm n in sector s is given by

∆ log ℓisn(ω) =
1
η

(
∆ log aisn(ω)− ∑

n′∈Nis

ℓisn

ℓis
∆ log aisn′(ω)

)
.

Then, some straightforward algebra reveals that the employment weighted average co-
variance is given by

∫ 1

0

ℓis

ℓi
∑

n∈Nis

ℓisn

ℓis
Cov(log aisn(ω), log ℓisn(ω))ds =

1
η

(
1 −

∫ 1

0

ℓis

ℓi
HHIisds

)
σ2

N,

where HHIis ≡ ∑n∈Nis

(
ℓisn
ℓis

)2
. This covariance depends on the number of firms only

through the HHIis. Thus, the degree of increasing returns to scale is

∂ log Φ(m)

∂ log m
= −1

2
1 − η

η

∂
∂ log m

[∫ 1
0

ℓis
ℓi

HHIisds
]

Φ(m)
σ2

N. (11)

If the average HHI across sectors decreases as the number of firms m increases, Propo-
sition 1 is satisfied, and there are agglomeration benefits. By assumption, the expected
HHI of a given sector s is decreasing in the number of firms Nis, so the last thing we need
to check is that firm entry across sectors is not too strange so that average HHI across
sectors in location i is decreasing in the mass of firm entrants, mi. For example, suppose
that there were only two sectors with firms in them: one with two firms and another with
one firm. If firm entry goes into unoccupied sectors, the average HHI would actually
increase as the average number of firms in occupied sectors decreases. This, and other
pathological cases, are ruled out with Poisson entry.

The speed with which the average HHI decreases depends on the distribution of en-
trants across sectors and the ex-ante productivity distribution Fis(z). Entry especially mat-
ters for low m. As m becomes larger, the ex-ante productivity distribution matters more.
As discussed in Gabaix (2011), if Fis(z) has thin tails, HHIis decreases approximately at
the rate of N−1

is . Then the granular agglomeration forces are strong when there is a small
number of firms and the HHI falls quickly with new entrants. However, the HHI quickly
approaches zero, at which point the average HHI cannot fall further. For example, if a
sector has one firm and adds another ex-ante identical firm, the HHI drops from 1 to 0.5.
If a sector already has 100 identical firms, the HHI is 0.01, doubling the number of firms
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only decreases it to 0.005, not increasing productivity much. Intuitively, that is because
if there are already 100 firms in a sector, it is easy for any firm to expand by attracting
workers from the other 99 firms. Adding more firms does not have much effect.

If Fis(z) has thick tails, HHIis decreases at a rate of N−ξ
is where ξ ∈ (0, 1).6 In that case,

the weighted HHI does not fall as quickly, and large firms continue to be constrained
in their ability to respond to productivity shocks. Thus, the externality is not as strong
for small markets, but matters for medium-sized and even large cities. Nonetheless, the
externality becomes less important as the number of firms increases, and the average HHI
approaches zero.

2.5 Optimal Policy

In this subsection, we consider what this force for agglomeration means for policy.
Conditional on firm entry, the model is competitive, so the only possible source of ineffi-
ciency is firm entry. Rewriting the goods market clearing condition (1), the first-best level
of entry mFB

i maximizes the total production net of firm entry costs,

mFB
i ∈ argmax

m′
Yi(ℓi, m′)− ψim′. (12)

Taking the first order condition, we find that the first-best entry must satisfy

ψi =

(
1 +

1
η

∂ log Φ
(
mFB

i
)

∂ log m

)
ηYi

mFB
i

.

In contrast, equilibrium entry satisfies equation (10). Therefore, to implement the first
best entry, the planner needs to enact a firm entry subsidy proportional to profits given
by τi =

1
η

∂ log Φ(m)
∂ log m . And as ∂ log Φ(m)

∂ log m → 0 as m → ∞, the size of the optimal subsidy will
also converge to zero in large markets. This implies our normative result.

Proposition 3. If idiosyncratic shocks have a positive variance, σ2
N > 0, the optimal policy fea-

tures a subsidy on firm entry proportional to firm profits given by τi =
1
η

∂ log Φ(m)
∂ log m

∣∣
m=mi

> 0.
Furthermore, the optimal subsidy converges to zero as the size of the market goes to infinity, i.e.
τi → 0 as mi → ∞.

One might be confused as to why there is any reason for policy at all, since wages
are competitively set in our setting. The first welfare theorem breaks down because firm

6Formally, If Fis(z) is a pareto distribution, i.e. Fis(z) = 1 − az−λ, it is thick-tailed if 1 < λη < 2. Then
ξ = 2

(
1 − 1

λη

)
.
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entry is not Walrasian. In a competitive equilibrium, firms need to take prices and wages
as given, but in our model, we allow firms to ask what their profits would be conditional
on entry. That requires a firm to internalize the effect that its entry will have on wages.
Firms know that by entering, wages will be higher. Not only will wages be higher on
average, but they will be higher precisely when the firm would like to hire more workers
because their own idiosyncratic shocks affect wages. This leads firms to not enter when a
similarly situated competitive firm would enter because the competitive firm would take
as given the observed, uncorrelated distribution of wages. This will be especially relevant
in small markets where adding one more firm will have a big effect on the distribution of
wages.

A skeptical reader might wonder why we depart from competitive entry. The reason
is simple. An equilibrium with competitive entry does not exist. To see this, note that
solving for the optimal labor choice and plugging in for profits, we get that

πisn(ω) = η(1 − η)
1−η

η aisn(ω)
1
η wis(ω)

− 1−η
η .

Taking a log second-order approximation to profits around the no ex-post shock equilib-
rium implies that

E[πisn(ω)] ≈ πisn

[
ζs −

1 − η

η2 Cov(log aisn(ω), log wis(ω))

]
where ζs is some sector wide constant and πisn are firm profits when the ex-post shocks
are 1. That is, profits are decreasing in the covariance between firm productivity and
equilibrium wages. This is because profit functions are convex, so firms appreciate the
variance that comes when productivity and wages are not correlated.

For a firm that is currently operating, wages are correlated with their shocks because
their attempt to hire more workers drives up wages. On the other hand, a potential en-
trant’s productivity shocks are not correlated with wages. Therefore, given an equilib-
rium distribution of wages, the potential entrant expects strictly higher profits than the
operating firm. But in any competitive equilibrium, operating firms must expect weakly
positive profits while potential entrants must expect weakly negative profits. This is not
possible when potential entrants expect strictly higher profits than current entrants, and
therefore, no competitive equilibrium exists.

One can also think of this result using the regional production function Yi(ℓ, m). In
proving Proposition 2, we showed that the production function has increasing returns to
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scale, i.e. dYi(αℓ,αm)
dα > Yi. One can rewrite this as,

∂Yi

∂ℓ
ℓi +

∂Yi

∂m
mi > Yi.

Therefore, if workers and firms were both paid their marginal product, that is wi =
∂Yi
∂ℓ

and πi = ∂Yi
∂m , the firms in the location would need to pay out more than the revenue

they are earning. This is clearly not possible, so some factor of production must be un-
derpaid. And because we assume that the labor market is competitive, workers are paid
their marginal product, and firms must be underpaid.

3 A Quantitative, Granular Model of Economic Geography

In Section 2, we presented a stylized model of sectoral labor markets within a single
location where workers were freely mobile within a sector and unable to move across
sectors. In this section, we model a country made up of I locations indexed by i ∈ I ≡
{1, . . . , I}. We do this by introducing a migration decision at time t = −1, allowing
workers to choose where to live. We then assume that workers are stuck in their location
for the remaining periods.

We extend the model of the labor market in Section 2 so that in period 1, workers allo-
cate their labor across sectors and firms in their location. Then, in period 2, workers can
move their labor across both firms and sectors, subject to movement frictions. We further
allow firms to internalize their labor market power so that they compete with other firms
in their sector according to Cournot competition. We show that the main results remain
unchanged in this extended model with perfect competition, and the results only need
to be adjusted slightly with imperfect competition. A more detailed description of the
model, a characterization of the equilibrium, and proofs of the results are in the online
supplement.

3.1 Extending the Baseline Model

Migration Across Regions. There is a mass ℓ of workers in the country. The fundamen-
tal utility of living in location i is ui = uiwi, where ui is the local amenities. Each worker
has an idiosyncratic preference for each location εi so that the utility the worker gets from
living in location i is uiεi.

We assume that εi are distributed Fréchet with shape parameter θ > 0. Therefore,
when people are free to live where they would like, the number of people who live in
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location i is given by ℓi = (ui/u)θ ℓ, where u =
(
∑i∈I(ui)

θ
) 1

θ .

Imperfect Mobility across Firms and Sectors. In period 1, the representative worker
freely allocates her units of labor across sectors s ∈ [0, 1] and firms n ∈ Nis, taking as
given each firm’s ex-ante productivity zisn. In particular, she chooses her vector of labor
supply Li ≡ {Lisn}s,n in the set of feasible labor allocations L,

Li ∈ L ≡
{
L′

i|
∫ 1

0
∑

n∈Nis

L′
isnds ≤ 1

}
.

In period 2, the state of the world ω is revealed. This determines the ex-post pro-
ductivity shocks for all firms. The worker then reallocates labor across firms, choosing a
vector of labor supply Li(ω) ≡ {Lisn(ω)}s,n in the set of feasible labor allocations LΩ(Li)

which depends on the worker’s labor choices in period 1. The set is given by

LΩ(Li) ≡
{
Li(ω)|1 =

(∫ 1

0
L− 1

ν
is Lis(ω)

1+ν
ν ds

) ν
1+ν

,

Lis(ω) =

(
∑

n∈Nis

(
Lisn

Lis

)− 1
κ

Lisn(ω)
1+κ

κ

) κ
1+κ }

,

where Lis = ∑n∈Nis
Lisn.

This set implies that Lis(ω) = Lis and Lisn(ω) = Lisn is feasible, but the more that the
worker deviates from period 1 labor choices, the more labor is lost in transition. κ > 0
is the short-run elasticity of substitution across firms within a sector, and ν > 0 is the
short-run elasticity of substitution across sectors. The worker in location i chooses Li and
{Li(ω)}ω to maximize expected utility taking wages as given.

Ex-ante Productivity Distribution. The ex-ante productivity distribution is distributed
Pareto with shape parameter λ and location parameter zi that can differ across locations.
We assume that λη > 1 so that the expected size of each firm is finite.

Labor Market Competition. For the rest of the paper, we will present results under
alternate assumptions on firm behavior. Under perfect competition, firms continue to
maximize profits, taking wages as given. However, now that workers are imperfectly
substitutable across firms, each firm has its own wage wisn(ω) that it takes as given.

Under imperfect competition, firms internalize that they can affect the wages they
face. We assume that the firm can commit to a wage schedule in period 1, so that the
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firm internalizes how wage choices in state of the world ω will affect how much period 1
labor the worker supplies to the firm. This implies that, in the absence of ex-post shocks,
wages will correspond with competitive wages as workers are freely mobile in period 1.
With ex-post shocks, firms will sometimes hire a larger portion of the market and have
more market power. Therefore, the firm can vary its markdown across different states of
the world to increase profits. We assume Cournot competition, so that each firm takes as
given the labor hired by the other firms in its sector and the work opportunities in the
other sectors.

3.2 Theoretical Results with Perfect Competition

When firms engage in perfect competition, the key results, Lemma 1, Proposition 1,
Proposition 2, and Proposition 3 do not change at all as long as workers are more mobile
across firms within a sector than across sectors, κ > ν. The only qualitative change is that
Corollary 2, relating the mechanism to misallocation, no longer holds. That is because
misallocation only measures how efficiently existing labor is used. With movement fric-
tions, the worker also needs to consider how much labor is lost in moving labor across
firms and sectors.

Quantitatively, numbers change as the covariance, determining the strength of ag-
glomeration, is given by

∫ 1

0

ℓis

ℓi
∑

n∈Nis

ℓisn

ℓis
Cov(log aisn(ω), log ℓisn(ω))ds

=
1

η + 1
ν

σ2
S +

η + 1
ν −

(
1
ν −

1
κ

) ∫ 1
0

ℓis
ℓi

HHIisds(
η + 1

κ

) (
η + 1

ν

) σ2
N.

The size of the externality then depends on how much harder it is for a firm to attract
workers from other sectors compared to workers from other firms in its own sector, 1

ν −
1
κ .

3.3 Theoretical Results with Imperfect Competition

In this subsection, we discuss how the theoretical results change when firms compete
á la Cournot.

Most importantly, Lemma 1 does not hold with Cournot competition as the covariance
expression relied on the market efficiently trading off the gains from moving workers to
more productive firms against the loss of labor and decreasing returns to scale. However,
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the production function still has a simplified form to log second-order, as we confirm in
the next lemma. We will use f ∈ {p, c} to denote firm conduct, with p denoting perfect
competition and c denoting Cournot.

Lemma 2. For firms competing f ∈ {p, c}, the regional production function is Y f
i (ℓ, m) =

zimηℓ1−ηΦ f (m), where zi ≡ E[z1/η
isn ]η. Furthermore, Φc(m) ≤ Φp(m).

Generically, Φc(m) < Φp(m) because when firms are imperfectly competitive, misallo-
cation due to varying wage markdowns decreases the productivity of the market relative
to the efficient benchmark.

In practice, including imperfect competition increases the agglomeration benefits. The
reason is that with imperfect competition, larger locations have two advantages: it is
easier for a theoretical planner to move workers to their most productive use, and the
equilibrium gets closer to the planner’s solution. In the limit with an infinite number of
firms, firms do not vary their wage markdown so that workers move to their efficient
use. By contrast, in small locations, firms do not raise their wage as much as a planner
would like in response to a good productivity shock, so firms expand too little. Thus,
Proposition 2 only becomes stronger.

In contrast, the optimal policy changes with imperfect competition. The first-best
policy would exactly replicate the perfect competition benchmark with firm- and state-
dependent wage subsidies that exactly undo the wage markdown. Throughout this pa-
per, we will assume that this policy is infeasible. Instead, we assume that the planner can
give place-based transfers to workers and place-based entry subsidies to firms. Therefore,
conditional on the firms and workers in a location, the planner takes as given how com-
petition continues. In math, this implies that the planner will take as given the functions
Φ f (m).

Then, to explore optimal policy, we need to know what workers and firms are paid in
equilibrium, and how that differs from their marginal contribution to production. With
perfect competition, workers are paid their marginal product, so the optimal policy fea-
tures firm entry subsidies, as firms cannot get paid their marginal product. If firms exploit
their market power, there are wage markdowns, and workers are not paid their marginal
product. Instead, their earnings are distorted downwards. The following lemma summa-
rizes how much.

Lemma 3. For firms competing Cournot, there exists a function ψC(m) ≤ 0 such that total wage
compensation in location i can be written,

wiℓi = (1 − η)zi(mi)
η(ℓi)

1−η (Φc(mi) + Ψc(mi)) .
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We derive Ψc(m) in the online supplement and use it when considering our mecha-
nism quantitatively in Section 6. Comparing the marginal product of labor and firms to
their payments then implies our next result.

Proposition 4. The optimal policy features a subsidy on earnings in location i proportional to
average wages of τw

i and a subsidy (or tax) on firm entry proportional to profits τπ
i that satisfies,

1 + τw
i =

1

1 + Ψ f (mi)

Φ f (mi)

; 1 + τπ
i =

1 + 1
η

∂ log Φ f (mi)
∂ log m

1 − 1−η
η

Ψ f (mi)

Φ f (mi)

. (13)

Without any more information, we know that the optimal policy features a subsidy
on wages, τw

i > 0. Those subsidies will undo the average markdown workers face in
location i. The sign of τπ

i , on the other hand, is ambiguous. As we showed in Proposition
3, granularity implies that there is under-entry. This force is represented in the numera-

tor of equation (13) as ∂ log Φ f (m)
∂ log m > 0 and pushes for the optimal subsidy to be positive.

However, with imperfect competition, there is another force in the denominator. As dis-
cussed by Mankiw and Whinston (1986), when firms are imperfectly competitive, there
is a tendency for too many firms to enter. In our model, this arises because firms mark-
down wages, biasing profits above their competitive levels, increasing the incentive to
enter. The quantitative importance of this force is summarized by the size of the wage
markdown, Ψ f (m)

Φ f (m)
. We return to how these forces interact quantitatively in Section 6.

4 Estimation of Granular Driven Agglomeration

In Section 3, we presented a quantitative model of economic geography with granular
firms. In this section, we estimate the model in order to quantify how important the gran-
ular mechanism is for agglomeration in Section 6. We focus on Japan, where high-quality
firm-level data across years enables us to examine the extent to which firms experience
idiosyncratic shocks.

4.1 Data

Data Sources. Our primary data source is the Census of Manufacture (CoM) in Japan,
conducted annually by the Ministry of Economy, Trade, and Industry (METI). The census
covers all manufacturing establishments in years ending with 0, 3, 5, or 8, and those with
at least four employees in other years. The CoM was not conducted in 2012 and 2016;
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instead, the Economic Census for Business Activity (ECBA) by METI and the Ministry of
Internal Affairs and Communications provides data for 2011 and 2015.7 We use the ECBA
to substitute for CoM in 2011 and 2015.

We use data from 2002–2019, as product classification changed discontinuously in
2002. For establishment-level analysis, we restrict the sample to establishments with at
least 10 employees and those surveyed in at least 10 of the 18 years (2002–2019).

These data have two advantages. First, we observe panels of all the establishments
with at least 4 employees. This feature allows us to compute a variety of volatility mea-
sures at the establishment level as well as commuting zone and sector-level variables.8

Second, we observe yearly shipment values by detailed product categories for each es-
tablishment. This enables us to construct establishment-level exposure to product-level
demand shocks at an annual frequency.

Mapping from Model to Data. We interpret region i as a commuting zone and denote
by I the set of 225 commuting zones in Japan.9 We map sectors s ∈ S onto 148 man-
ufacturing industries at the 3-digit level.10 Each establishment in the data is treated as
an independent firm, as multi-establishment firms are not modeled. We refer to each
establishment as a “firm” throughout.

4.2 Labor Supply

Short Run Labor Supply Elasticity across Firms. We first estimate a short-run labor
supply elasticity across firms, κ. As we show in the online supplement, the labor supply
equation in period 2 is given by

log ℓisn(ω)− log ℓisn = κ log wisn(ω)− (κ − ν) log wis(ω)− ν log wi(ω) + ϵ̃w
isn(ω). (14)

7The ECBA covers all establishments, including non-manufacturing ones, but we focus on manufactur-
ing to maintain consistency with the CoM.

8One further advantage, compared to the US LBD data, is that we can separately identify single estab-
lishments within each of the 47 prefectures.

9To construct time-consistent commuting zones, we follow Kondo (2023) to convert municipalities into
time-consistent groups. Japan has 1,724 municipalities as of June 2023, including 6 in the Northern Territo-
ries, which we drop because the CoM does not cover them. We then use the converter in Adachi et al. (2020)
to map these groups into commuting zones and retain those with at least 10 manufacturing establishments
in 2019.

10We use a RIETI crosswalk to convert all categories into 2011 codes. In theory, sectors form a continuum,
but we use 148 finite sectors because workers move freely within these broad groups, which best represent
labor markets. This abstraction omits sectoral granularity, underestimating individual firm influence.
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We interpret the short run of period 2 as one year. Therefore, to estimate κ, we take a
one-year change of these variables and get the following equation:

∆ log ℓisnt = κ∆ log wisnt + γist + ϵ̃w
isnt, (15)

where γist is a market-time fixed effect.
The key threat to the identification of κ is that changes in wages of firm n in location i

and sector s might be correlated with the changes in workers’ taste for firm n. To address
this concern, we instrument ∆ log wisnt with a shift-share IV, ∆disnt, constructed as follows.

∆disnt ≡ ∑
p

sp
isn · ∆dnational

pt , (16)

where sp
isn is a time-invariant share of product p in total shipment from firm n with

∑p sp
isn = 1 for all firms n. We take the average over our sample periods between 2002

and 2019. ∆dnational
pt is a one-year log change in the shipment of product p at a national

level. We interpret this shift in demand as a shock to the revenue productivity of the firm,
as that shift increases the effective price of the firm’s output. As we have normalized the
price of each good to one, this shift in price is loaded on the effective productivity aisn(ω)

in the model.
The results are in Columns (1) and (2) of Table 1. Column (2) weighs samples by

the median of market-level total employment. We take the estimate in Column (2), κ̂ =

2.48, as our baseline estimate. This is in line with many of the estimates in the literature.
Lamadon et al. (2022) estimate this elasticity to be 6.52 in the United States, while Berger
et al. (2022) find 10.85. In Brazil, Felix (2024) determines κ̂ = 1.02

Short Run Labor Supply Elasticity across Markets. Next, we estimate a short-run labor
supply elasticity across markets, ν. As we derive in the Supplementary Material, the labor
supply to sector s in period 2 is written,

log ℓis(ω)− log ℓis = ν log wis(ω)− ν log wi(ω) + εw
is(ω), (17)

where

wis(ω) ≡
[

∑
n∈Nis

ℓisn

ℓis
wisn(ω)1+κ

] 1
1+κ

.

We then estimate ν following a very similar procedure to how we estimate κ. Taking a
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Table 1: Estimation of Short-run Labor Supply Elasticity

Dep. Var.: Log Employment Growth
Across Firms Across Markets
(1) (2) (3) (4)

Log Wage Growth 2.34 2.48 1.78 1.46
(0.50) (0.73) (0.18) (0.07)

Observations 1,519,077 1,519,077 186,148 186,148
1st Stage F-Stat. 27.85 14.26 110.11 482.06
Covariates ✓ ✓ ✓ ✓
Weighted ✓ ✓

Note: This table shows the estimates of short-run labor supply elasticity. Columns (1)
and (2) report estimates of the elasticity across firms within markets, κ, following (15).
Columns (3) and (4) report estimates of elasticities across markets, ν, following (18).
All columns include lagged log employment growth as a covariate. Columns (2) and
(4) weigh samples by the median of market-level total employment.

one-year difference of these variables, we get the following equation:

∆ log ℓist = ν∆ log wist + γit + γst + εw
ist, (18)

where γit is a location-time fixed effect, and γst is a sector-time fixed effect. To get theory-
consistent measures of the market-level labor and market-level wages, we use the esti-
mate κ̂ = 2.48, to construct the variables

ℓist =

 ∑
n∈Nis

(
ℓisn

ℓis

)− 1
κ̂

ℓ
1+κ̂

κ̂
isnt


κ̂

1+κ̂

, wist =

[
∑

n∈Nis

ℓisn

ℓis
w1+κ̂

isnt

] 1
1+κ̂

.

We then use equation (18) to estimate ν. Just as in the case of κ, we instrument for
wages to avoid endogeneity issues. We construct market-wide versions of the same in-
strument used to estimate κ,

∆dist ≡ ∑
n

ℓisn

ℓis
· ∆disnt, (19)

where ∆disnt is the shift-share IV constructed in (16), ℓisn is the median of employment
of firm n in location i and sector s, and ℓis is the median of total employment in location
i and sector s. In essence, ∆dist is a weighted average of firm-level demand shock at a
market level.

The results are in Columns (3) and (4) of Table 1. Column (4) weighs samples by the
median of total market-level employment. We take the estimate in Column (4), ν̂ = 1.46,
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Figure 2: Supply Side - Model Fit

(a) λ fit (b) σN and σS fits

Note: The figures show the fits of the model to the moments we target. The left panel
shows the average HHI across sectors and the mass of firms in each commuting zone
in log. The right panel shows the variance of the average productivity shock to sectors
with N firms defined by (21) and the number of firms per sector in log. In both of the
figures, the blue dots show the data for each commuting zone, and the orange line
shows the model-implied relationship.

as our baseline estimate. In the US setting, Lamadon et al. (2022) and Berger et al. (2022)
estimate this elasticity to be 4.57 and 0.42, respectively. Felix (2024) finds ν = 0.80 in
Brazil.

4.3 Labor Demand

Ex-Ante Productivity Distribution. We could estimate the shape parameter of the ex-
ante productivity distribution λ in a couple of different ways. However, Equation (11)
suggests that the key moment determining the strength of the externality is the average
HHI across sectors within a location. Therefore, we estimate λ to match the average HHI
across sectors for each location i with a quadratic loss function. The fit is depicted in
Figure 2.

Ex-Post Productivity Distribution. To estimate the distribution of ex-post productivity
shocks, we look at the distribution of the average shock to a sectoral labor market as
a function of the number of firms in that market. Recall that production is yisn(ω) =

zisnaisn(ω)ℓisn(ω)1−η. As we interpret the time scale of period 2 as one year, we can take
first differences to get

∆ log aisnt = ∆ log yisnt − (1 − η)∆ log ℓisnt. (20)
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Table 2: Summary of Estimated and Calibrated Parameters

Description Parameter Value Source
A. Labor Supply
Short run labor elasticity across firms κ 2.48 Estimated (CoM)
Short run labor elasticity across markets ν 1.46 Estimated (CoM)
B. Labor Demand
Returns to scale η 0.13 Profit Share (Data, FSSC)
Ex-ante firm prod. tail λ 10.5 Estimated SMM (CoM)
Variance of sector shocks σ2

S 2.0 × 10−3 Estimated GMM (CoM)
Variance of idiosyncratic shocks σ2

N 0.14 Estimated GMM (CoM)
C. Economic Geography Parameters
Migration elasticity θ 3 Redding (2016)
Avg. Productivity, Amenity, Entry Cost zi, ui, ψi Exact hat algebra (2019)

Note: This table summarizes where the key parameters of the model come from. See
the discussion in Section 4 for a more in-depth description.

Using our estimate of η, we can estimate the productivity shock to firm n from equation
(20).11 We then create a measure of the variance of the average productivity shock to
sectors with N firms, σ2(N), defined as

σ2(N) = Var
(

∑n∈Nis
∆ log aisnt

N

∣∣∣∣Nis = N
)

. (21)

We then estimate σ2
S and σ2

N to match σ2(N) for N = {1, . . . , 99}. The fit is depicted in
Figure 2.

4.4 Economic Geography Parameters

We take the migration elasticity θ = 3 from the literature (Redding, 2016). Similar mi-
gration elasticity estimates have been found in the United States (Hornbeck and Moretti,
2024) and Indonesia (Bryan and Morten, 2019). That leaves parameters summarizing the
average firm productivity zi, amenity ui, and fixed cost of opening a firm ψi in each lo-
cation i. We calibrate these parameters to exactly match 2019 data on the population,
average wages, and number of firms in each location.

11We take η from the average firm profit share in 2019 using Financial Statements Statistics of Corpora-
tions (FSSC).
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5 Validation of the Mechanism

We presented a quantitative model of economic geography with granular firms in
Section 3 and estimated it in Section 4. Before we show the quantitative importance of the
mechanism, we present some reduced-form evidence of the mechanism and demonstrate
that it is consistent with the model we have just quantified.

Our reduced form evidence focuses on two key predictions intimately tied to the
mechanism. First, we provide evidence that firms are subject to idiosyncratic shocks that
“average out” in larger markets by looking at the variance of the wage bill in labor mar-
kets of different sizes. Second, we provide evidence that firms in larger markets expand
their employment more than firms in small markets in response to positive productivity
shocks.

5.1 Shocks Average Out in Large Markets

Shocks to firm revenue are passed through to wages paid to workers. Thus, we can
use the total payments to workers in a sectoral labor market as a measure of the shocks to
the market.

If our theory is correct, firms are subject to different shocks, so the variance of the log
wage bill at the sectoral market should be lower for markets with more firms. In math,
workers are paid their marginal product of labor so that wisn(ω) = (1− η)zisnaisn(ω)ℓisn(ω)−η.
And, the short-run labor supply is given by (14). Some straightforward algebra combin-
ing these equations then implies our first empirical prediction.

Proposition 5. If σ2
N > 0, the variance of the log wage bill of a sectoral labor market is decreasing

in the number of firms. In particular,

Var

(
log

(
∑

n∈Nis

wisn(ω)ℓisn(ω)

))
=

1 + ν

1 + ην

(
σ2

S + HHIisσ
2
N

)
.

We present a binned scatter plot of the log variance of the log wage bill by sectoral
local labor market against the log number of firms in Figure 3(a). We include the variance
of the log wage bill implied by the model as well. We normalize the scale so the value is
0 with 1 firm.

Just as predicted by the model, the variance of the log wage bill is decreasing in the
number of firms. The data suggests that the rate of that decrease is slightly faster than
that suggested by the model. This is likely because our model assumes that every firm
has the same variance of log productivity shocks, whereas in practice, larger firms have
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Figure 3: Model Validation

(a) Variance of Log Wage Bill (b) Variance of Log Employment

Note: The figures show the fits of the model to the moments we do not target. The
left panel shows the variance of the log wage bill for different sectoral local labor
markets. The right panel shows the variance of firm-level employment aggregated
to the sectoral local labor market level. Both statistics are plotted against the number
of firms across local labor markets and in log units. In both of the figures, the blue
dots show the binned data of each local labor market, and the orange line shows the
model-implied relationship. The y-axis for both data and model is normalized so that
the values for x = 0, which is at the local labor market with only one firm, are zero.

less volatile productivity. Therefore, in the real world, the market becomes less exposed
to individual firm shocks at a faster rate than that suggested by the model.12

5.2 Firms Expand More in Larger Markets

We next turn to validating the model’s key prediction for the mechanism: firms ex-
pand more in response to productivity shocks in larger markets. We provide two separate
pieces of evidence for this prediction.

Cross-Sectional Evidence. We first give cross-sectional evidence for the prediction. In
particular, we look at the variance of the log employment of individual firms in different-
sized markets. If our theory is correct, and firms in larger markets are subject to similar
shocks as those in smaller markets, then firms in larger markets should have a higher
variance of log employment as they respond more to the same shocks.

In math, we can find how employment at an individual firm n responds to its own

12Estimating λ, σ2
N , and σ2

S to match this bin scatter rather than how we estimate them in Section 4 does
not significantly change any results.
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productivity shock and the shocks to every other firm to first order,

∆ log ℓisn(ω) =
1

η + 1
κ

(
∆ log aisn(ω)−

1
ν −

1
κ

η + 1
ν

∑
n′∈Nis

ℓisn′

ℓis
∆ log aisn′

)
. (22)

Then, with some algebra, we can solve for the average variance of log employment,
weighted by the average labor share. This implies our second empirical prediction.

Proposition 6. If workers are more mobile across firms within a sector than across sectors, i.e.
κ > ν, and σ2

N > 0, then the weighted average variance of log employment increases with the
number of firms in a sectoral labor market. In particular,

∑
n∈Nis

ℓisn

ℓis
Var (log ℓisn(ω)) =

(
1

η + 1
ν

)2

σ2
S +

(
1

η + 1
κ

)2

σ2
N

−
(

1
ν
− 1

κ

)
η + 1

κ + η + 1
ν(

η + 1
κ

)2 (
η + 1

ν

)2 HHIisσ
2
N.

We plot the bin scatter for the log weighted variance of log employment for each firm
against the log number of firms in Figure 3(b). We include the model-implied value as
well.

Just as predicted by the model, the variance of log employment for individual firms is
increasing in the number of firms. Furthermore, although we do not target it, our model
matches the rate of that increase well. We even see evidence that the variance of log
employment stops increasing as much for sectoral labor markets with a large number of
firms as would be suggested by the model.

One thing we do not hit is the level of the variance of log employment. The figure nor-
malizes the value to be 0 when the number of firms is one, but our model implies a higher
variance in log employment than what we see in the data. This could be for a variety of
reasons. One possible reason is that the employment data measures employment in June,
while firms can adjust their employment throughout the year in response to shocks.

Employment-Response to Demand Shocks. We conclude with a more direct test of the
mechanism by examining whether firms that hire only a small share of the sectoral labor
market expand employment more in response to a revenue productivity shock.
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Table 3: Responses of Employment to Product-level Shocks

Dep. Var.: Log employment growth
(1) (2) (3) (4)

Shock 0.059 0.060 0.048 0.048
(0.002) (0.002) (0.002) (0.002)

Shock x Payroll Share -0.026 -0.028 -0.021 -0.023
(0.005) (0.005) (0.005) (0.005)

Payroll Share 0.006 0.006 -0.081 -0.070
(0.001) (0.001) (0.003) (0.003)

Lag. Log Emp. Growth -0.205 -0.261
(0.002) (0.002)

Implied Ratio -0.435 -0.463 -0.428 -0.477
95% CI [-0.589, -0.281] [-0.606, -0.319] [-0.615, -0.240] [-0.651, -0.303]
Observations 1,747,629 1,516,621 1,740,782 1,511,376
Year FE ✓ ✓ ✓ ✓
Firm FE ✓ ✓

Note: This table shows the estimates of the impact of firm-level demand shock on employment,
following (23). All columns include year fixed effects. Columns (2) and (4) include lagged log
employment growth as a covariate. Columns (3) and (4) include firm fixed effects. Standard
errors are clustered at the firm level. The implied ratio is the ratio of the coefficient on the inter-
action term between the shock and the lagged payroll share within local labor markets, β3, to the
coefficient on the shock, β1. The 95% confidence interval of that implied ratio is also reported.

To test this prediction, we run the regression suggested by equation (22),

∆ log ℓi,s,n,t =β1∆di,s,n,t + β2

(
ℓi,s,n,t

ℓi,s,t

)
+ β3

(
∆di,s,n,t ×

ℓi,s,n,t

ℓi,s,t

)
+ β4∆ log ℓi,s,n,t−1 + ζt + ζn + εi,s,n,t (23)

where ∆di,s,n,t is the firm-level shock constructed as in (16). The shock implied by the
theory is in terms of revenue productivity, while the shock ∆di,s,n,t is in terms of total
sales of products produced by the firm. Therefore, without an elasticity relating the price
of the products produced by firm n to a shift in demand for the products, there are no
predictions on the size of β1 or β3. However, the theory predicts that the ratio is given by
β1
β3

= −
1
ν−

1
κ

η+ 1
ν

≈ −0.35.

We report the results in Table 3. The estimated ratios range from -0.43 to -0.48 across
specifications, all of which are close to, and not statistically different from, the theoretical
prediction of -0.35. The model-implied ratio lies well within the 95 percent confidence
intervals in every specification. These results indicate that the theoretical mechanism is
both qualitatively and quantitatively consistent with the data.
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Figure 4: log Φ f (m) and Wage Elasticities

(a) Perfect Competition (b) Cournot Competition

(c) Perfect Competition (d) Cournot Competition

Note: The figures shows log Φ f (m) against the log number of firms across different
numbers of firms and wage elasticity across commuting zones in Japan. The left panel
shows the case of perfect competition, and the right panel shows the case of Cournot
competition.

6 Quantification of Granular Driven Agglomeration

In this section, we present the results demonstrating the quantitative contribution of
granularity to agglomeration. For all of the results, we present the results assuming that
firms are perfectly and Cournot competitive.

6.1 Strength of Agglomeration Benefits

As we know from Proposition 1, the strength of the granular origins of agglomeration
is determined by the shape of Φ f (m). Thus, we plot log Φ f (m) in Figure 4 (a) and (b).

Consistent with Proposition 2, the curve is upward sloping, implying that larger mar-
kets are more productive than smaller markets. Also consistent with Proposition 2, the
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curve flattens out for larger m, suggesting that the marginal benefit of increasing the num-
ber of firms in a location that is already larger is small, while locations with few firms
could see large productivity benefits from increasing the number of firms. The implied
Φ f (m) looks very similar whether firms are competing perfectly or according to Cournot.
The Cournot curve is slightly lower than the curve with perfect competition, as there is
misallocation when firms compete imperfectly. This gap is most pronounced for locations
with a small number of firms, as labor market power shapes the employment response
most. Thus, locations with fewer than 0.13 (-2 in log) firms per sector have a log Φ f close
to 0.145 if firms behave according to Cournot, while the perfect competition case does not
reach such low values. For locations with more than 400 (6 in log) firms per sector, the
gap between the two curves mostly disappears, as firms behave almost competitively.

In total, our estimated Φp(m) implies that the largest commuting zone in Japan (Tokyo,
with an average of 105.8 firms per sector) is 2.1% more productive than the smallest com-
muting zone (with an average of 0.07 (≈ 10/148) firms per sector). Cournot competition
implies the gap is 2.3%.

In Figure 4 (c) and (d), we plot the implied elasticity of wages to population for each of
the commuting zones in Japan against the population. In the perfect competition case, we
find that the wage elasticity gets as high as 0.0048 for the smallest commuting zone. The
implied elasticity is much smaller for the large locations: Tokyo has an implied elasticity
of 0.0014. If firms are competing à la Cournot, the elasticities range from 0.0012 to 0.0053.

For context, Combes et al. (2011) find that most causal estimates of the urban wage
premium find an elasticity between 0.02 and 0.05 when pooling across locations of all
sizes. Thus, the granular mechanism could explain as much as 25% of the wage benefits
of living in a large location. However, this mechanism cannot explain most of the urban
wage premium.

6.2 Factor Wedges

We next turn to quantify what our model implies for the degree of wage markdowns
and under-entry.

Labor Wedges. We start by plotting the labor wedge ratio in Figure 5. This is the ra-
tio of average wages to the marginal product of another worker. By assumption, the
perfect competition case in Figure 5(a) is 1 for all locations. Under Cournot competi-
tion, firms’ market power increases following good shocks and decreases following bad
shocks, which enables them to markdown wages even though workers are freely mobile
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Figure 5: Factor Wedge: Labor and Firm Entry

(a) Labor: Perfect Competition (b) Labor: Cournot Competition

(c) Entry: Perfect Competition (d) Entry: Cournot Competition

Note: The figures show the labor wedge ratio and firm entry wedge across commuting
zones in Japan. The left panel shows the case of perfect competition, and it is one by
construction. The right panel shows the case of Cournot competition, and each dot
represents a commuting zone in Japan.

in the long run. This short-run market power implies that workers face an average mark-
down of around 3% in small and medium-sized cities. Only in larger locations like Tokyo,
the wage markdown becomes as small as 1%. Perhaps surprisingly, the smallest commut-
ing zones do not have the largest markdowns. Instead, there is a local maximum around
a log population of 6. That is because firms can only exploit their market power if their
share of the sectoral local labor market varies. If there is only one firm in the sector, the
firm only competes against other firms in the long run, when workers are freely mobile.
If there are two firms in the sector, then the firm will see large swings in its own market
power and can vary its markdown to take advantage of that.

Firm Entry Wedges. We next turn to the implications for firm entry. As stated in Propo-
sition 3, granularity implies that too few firms enter in equilibrium. In Figure 5, we plot
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the ratio of firm profits to the marginal product of another firm for the location’s output.
Consistent with the proposition, Figure 5(c) shows that every firm is paid less than its
marginal product if firms are perfectly competitive. In the smallest locations, firms cap-
ture 96.9% of their contribution to production, while in the largest location they capture a
full 98.8%.

As we mentioned in Section 3, this prediction of under-entry is not robust to the con-
duct assumptions. By exploiting their market power, firms distort wages downward and
profits up. This can lead profits to increase above the marginal product of another firm,
taking as given the conduct of the firms, conditional on firm entry. In Figure 5(d), we plot
the ratio of firm profits to the marginal product of firms. We find that simply by varying
their wage markdown, leading to an average wage markdown of 3%, firms can, in fact,
increase profits so much that too many firms enter in equilibrium.

6.3 Implications of Optimal Policy

In the previous subsection, we showed the ratio of factor payments to the marginal
product of that factor under different firm conduct assumptions. In this subsection, we
consider how the equilibrium levels of population and mass of firms would change if a
national government put in place the optimal place-based transfers and firm entry sub-
sidies suggested by Proposition 4, paid for with a proportional increase in income taxes.

We plot how the optimal subsidies change the equilibrium number of firms and popu-
lation in Figure 6. In Figure 6(a), we show that the equilibrium number of firms increases
with the optimal subsidies if firms are competitive. The smallest locations see a 3.2%
increase in the number of firms, while in Tokyo, the number of firms only increases by
1.2%. The effect of the optimal policy on the number of firms is very different when firms
compete imperfectly. The over-entry implications of imperfect competition overrule the
under-entry implications of granularity. Thus, Figure 6(b) shows that the optimal number
of firms is 83% of the observed number of firms in the smallest locations, while it is 93%
in Tokyo.

Figure 6 (c) and (d) plot the effect of the optimal policy on the population. If firms
compete perfectly, the optimal policy only indirectly affects where people would like to
live because the optimal policy will increase the number of firms, especially in the small-
est locations. Therefore, the smallest locations see a 0.3% increase in population while
Tokyo sees a very small decline in population in Figure 6(c). The effects of optimal policy
on population are more pronounced when firms are competing à la Cournot, as shown in
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Figure 6: Changes in Number of Firms and Population

(a) Num. of Firms: Perfect Competition (b) Num. of Firms: Cournot Competition

(c) Population: Perfect Competition (d) Population: Cournot Competition

Note: The figures show the changes in the number of firms and population in response
to the optimal subsidies. Each dot represents a commuting zone in Japan. The left
panel shows the case of perfect competition, and the right panel shows the case of
Cournot competition.

Figure 6(d). Here, the optimal policy features a large tax on firm entry in the smallest lo-
cations, but also a subsidy on wages. And because the aggregate externality is still largest
for the smallest locations, the net effect is that the population should increase in the small
commuting zones. In fact, the population should increase even more than under perfect
competition because the externality is larger with imperfect competition. Thus, the op-
timal population is more than 1% higher than the observed population in the smallest
locations.

7 Concluding Remarks

The world is granular, and local sectoral labor markets are especially so. That gran-
ularity has important implications for the geography of economic activity and optimal
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policy. Larger locations are more productive because the firms in those areas can expand
in response to productivity shocks. A simple model of this labor market pooling mecha-
nism suggests that it could explain as much as 25% of the wage premium of large cities.
Thus, while most of the urban wage premium must come from other mechanisms, gran-
ularity has important explanatory power.

In formalizing the mechanism, we were forced to ignore certain important features
of real firms and labor markets. Firms often look for workers with very particular and
rare skills. Those workers are often complementary to other specialized workers in the
firm. Including that feature could imply that granular labor market pooling is even more
important than what we find in this paper, as not being able to find people with those
specialized skills could be more costly. We also abstract from wage rigidity, unemploy-
ment, and other inefficient labor market adjustments to shocks. Including these features
could also increase the social cost of being over-exposed to individual firm-level shocks.
We think our model is tractable enough to incorporate many of these real-world features.

Furthermore, we ignore the fact that workers are often not only exposed to idiosyn-
cratic firm shocks but also sector-wide shocks. As a result, a planner might want to diver-
sify the local labor market by attracting firms from a variety of sectors rather than only
increasing the number of firms. There is a lot of work to be done analyzing what this
means for economic activity and optimal place-based policies.

A Theory

This Appendix presents the proofs of the theoretical results in Section 2 and states the
Technical Lemmas used in those proofs. The proofs of the technical Lemmas and the the-
oretical results in the more general model of Section 3 are presented in the Supplementary
Material. Throughout the appendix, we will use x to denote the value of x with no ex-post
shocks, and we will use x̂ to denote log deviations from that value.

A.1 Statement of Technical Lemmas

Lemma 4. Expected sectoral HHI, weighted by average productivity shock, converges to 0 as
the number of firms goes to infinity. More precisely, ψN → 0 as N → ∞ where ψN ≡

E

[
∑n∈N z1/η

isn

Nz1/η
i

∑n∈N (z1/η
isn )2(

∑n∈N z1/η
isn

)2

∣∣∣∣N
]

.

Lemma 5. Average sectoral HHI has the following properties:
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(i) ∂
∂ log m

[∫ 1
0

ℓis
ℓi

∑n∈Nis

(
ℓisn
ℓis

)2
ds
]
< 0; and

(ii) ∂
∂ log m

[∫ 1
0

ℓis
ℓi

∑n∈Nis

(
ℓisn
ℓis

)2
ds
]
→ 0 as m → ∞.

A.2 Proofs of Main Propositions

Proof of Proposition 1. This result follows almost immediately from Lemma 1. Implicitly
differentiating the free entry condition (10) implies that

d log mi

d log ℓi
=

1

1 − 1
1−η

∂ log Φ(mi)
∂ log mi

.

In any stable equilibrium, the denominator must be positive. Therefore, differentiating
the expression for wages gives

d log wi

d log ℓi
=

(
η +

∂ log Φ(mi)

∂ log mi

)
d log mi

d log ℓi
− η

=

1
1−η

∂ log Φ(mi)
∂ log mi

1 − 1
1−η

∂ log Φ(mi)
∂ log mi

,

which is greater than zero if and only if ∂ log Φ(mi)
∂ log mi

> 0.

Proof of Proposition 2. By Proposition 1, the average wage is increasing in population if
and only if ∂ log Φ(m)

∂ log m > 0. Thus, we need to find the covariance.
Taking a log first-order approximation to the labor market clearing condition, (2) im-

plies that

∑
n∈Nis

ℓisn

ℓis
ℓ̂isn(ω) = 0.

Firm profit maximization implies that wages are equal to the marginal product of labor,
zisnaisn(ω)ℓisn(ω)−η = wis(ω). Taking a log first-order approximation to this implies that

âisn(ω)− ηℓ̂isn(ω) = ŵis(ω).

Solving this system of equations implies that ŵis(ω) = ∑n∈Nis
ℓisn
ℓis

âisn(ω), and

ℓ̂isn(ω) =
1
η

(
âisn(ω)− ∑

n′∈Nis

ℓisn′

ℓis
âisn′(ω)

)
.
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Therefore,

E[âisn(ω)ℓ̂isn(ω)] = E

[
âisn(ω)

1
η

(
âisn(ω)− ∑
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ℓisn′

ℓis
âisn′(ω)

)]
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1
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E
[
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]
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ℓis
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S

)
=

1
η

(
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)
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N.

Then we can calculate Φ(m),

Φ(m) = E[aisn(ω)] +
1 − η

2
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Therefore,
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By Lemma 5, ∂
∂ log m

[∫ 1
0

ℓis
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(
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ℓis

)2
ds
]

< 0. Then by Proposition 1, the first

result will follow. Similarly, by Lemma 5, ∂
∂ log m

[∫ 1
0
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]
→ 0 as m → ∞

so
d log wi

d log ℓi
=
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∂ log Φ(mi)
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→ 0,

as m → ∞.
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