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Abstract

We study the transmission mechanisms of monetary policy in a general equilib-
rium model featuring heterogeneous households, nominal rigidities, and limits
to arbitrage. The interaction of bond market segmentation and household het-
erogeneity introduces novel rebalancing transmission mechanisms of monetary
policy, rationalizing a number of empirical puzzles regarding the reactions of
term premia to short-term interest rates. We show that the induced fluctua-
tions in term premia may be suboptimal due to imperfect risk sharing across
households. Interest rate smoothing can improve welfare, but necessarily comes
at the cost of increased macroeconomic volatility. With balance sheet tools,
we derive a separation principle for optimal policy: conventional policy stabi-
lizes aggregate fluctuations, while unconventional policy stabilizes term premia.
Balance sheets are necessary but imperfect tools for macroeconomic stabiliza-
tion when short rates are constrained. Our model provides a justification and
implementation details for a central bank “triple mandate” which seeks to sta-
bilize output, inflation, and long-term rates.
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1 Introduction

Central banks responded aggressively to worsening financial conditions and growing
recessionary pressure during the global financial crisis of 2007-8. In addition to steep
cuts in policy rates, central banks undertook various unconventional policy actions;
the most salient of these were the quantitative easing (QE) programs carried out
by the Federal Reserve. With a binding lower bound on the federal funds rate, the
purpose of these policies was to reduce long-term rates for households and firms in
order to stimulate the economy. The Fed continued to utilize QE programs during
the onset of COVID-19, and then began implementing quantitative tightening (QT)
in response to growing inflationary pressure starting in 2022.

The purpose of this paper is to study the positive and normative consequences
of unconventional monetary policy, and how the design of balance sheet policies in-
teracts with the conduct of more conventional interest rate policies. We develop a
tractable general equilibrium model with market segmentation, financial frictions,
nominal frictions, and household heterogeneity. We start with a conventional New
Keynesian model, where producers face nominal rigidities when setting prices. How-
ever, we relax the assumption of frictionless financial markets: households and firms
face imperfect bond market access.

We explicitly model bond markets and the determination of the entire term struc-
ture; in particular, we embed within our dynamic general equilibrium model a seg-
mented bond market which builds on the seminal paper of Vayanos and Vila (2021).
Households and firms have differentiated access to financial assets of different matu-
rities. The positions these agents take in bond markets induce “preferred habitat”
market segmentation forces across the term structure. Specialized bond intermedi-
aries re-integrate markets; but when arbitrageur risk-bearing capacity is imperfect,
this integration is only partial.

Relative to representative agent models, our setup introduces the possibility of im-
perfect risk-sharing and consumption dispersion across households. Household con-
sumption and savings decisions now take place across the entire term structure of
bond returns. If bond arbitrageurs have perfect risk-bearing capacity, this friction
is immaterial in equilibrium, but outside of this special case, borrowing rates differ
across differentiated households, inducing differential consumption and saving deci-
sions.

2



We show that these bond market frictions have important implications for how
monetary policy transmits to households and the aggregate economy. First, consider
the key mechanisms of conventional monetary policy. Changes in the policy (short-
term) interest rate are transmitted to households only via segmented bond markets.
In particular, household and firm demand for long-term bonds implies portfolio rebal-
ancing on the part of bond arbitrageurs; the risk exposure of arbitrageurs therefore
changes in response to short rate movements. With imperfect risk-bearing capacity,
this implies fluctuations in term premia. Thus, a change in the policy rate is not
transmitted one-for-one to all borrowing rates, but instead differs across the term
structure and therefore across the portfolios of differentiated households.

Next, consider unconventional (QE or QT) policies. Central bank asset purchases
and sales directly induce portfolio rebalancing among bond market investors. Once
again, when risk-bearing capacity of bond markets is imperfect, such rebalancing
implies changes in term premia, even when the policy rate is unchanged. Because
households borrow across the term structure, these policies also affect household
consumption decisions.

Our general equilibrium model uncovers novel transmission mechanisms of mone-
tary policy. Through market clearing, the bond market positions across heterogeneous
households are crucial for understanding movements in term premia. But movements
in term premia themselves induce relative changes in bond market positions across
the entire distribution of households. Nevertheless, we characterize the dynamics of
the model as a function of a small number of sufficient statistics of the household asset
distribution. Intuitively, term premia are a function of the equilibrium exposure of
bond arbitrageurs to the sources of aggregate risk in the economy. Market clearing
implies that the entire distribution of bond positions across firms and households is
necessary to pin down arbitrageur bond holdings; however, it is only the risk-weighted
distribution across the term structure which is relevant for the pricing of risk in equi-
librium. Because there are only a small number of aggregate risk factors, we show
that the dynamics of the risk-weighted distribution itself is summarized by a small
number of factors. We hope that our solution methods have wider applicability for
heterogeneous agent models with financial frictions.

The model makes clear predictions for the reaction of term premia to movements
in short-term interest rates over different time horizons, and as a function of the
conduct of monetary policy. First, consider a recessionary shock which induces the
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central bank to cut the short-term rate. We show that if firm borrowing demand falls
substantially (which occurs under reasonable parameterizations), then the rebalanc-
ing mechanism described above implies a large reduction of term premia on impact.
However, this induces additional borrowing motives for households exposed to long-
duration assets. In particular, slow-moving portfolio rebalancing of households implies
that intermediaries become more exposed to long-duration assets. Thus, over longer
horizons, the reaction of term premia becomes small or even positive. We further
show that when the short rate is constrained and monetary policy is conducted using
balance sheet tools, the reaction of term premia is larger.

Now suppose instead that the initial fall in the short rate was due to a monetary
policy shock (rather than an endogenous reaction to aggregate conditions). Such a
shock is modestly expansionary and so (under the same conditions described above)
implies modest increases in firm borrowing demand. Thus, while our model predicts
large reductions in term premia following declines in short-term rates uncondition-
ally, the conditional reaction of term premia to monetary policy shocks is smaller,
or may even reverse sign. Following the empirical methodology of Hanson et al.
(2021), we find strong support for our model predictions in US Treasury markets: (i)
unconditionally, increases in short-term rates are associated with large increases in
long-dated forward rates over short-horizons; (ii) this reaction is substantially larger
during the QE period; (iii) but over longer horizons, increases in short-term rates
are associated with small increases or even decreases in long-dated forward rates;
(iv) the conditional reaction of long-dated forward rates to high-frequency-identified
monetary policy shocks are smaller.

Next we turn to the welfare implications of our model. From the perspective of an
“aggregate Euler equation” channel of monetary policy, our model thus implies that
conventional and unconventional policies are somewhat substitutable: either policy
can be used to target borrowing rates faced by households. In fact, conditional on
the dynamics of an appropriately defined “effective rate” composed of the weighted
average of bond returns across the term structure, the first-order aggregate dynamics
of output and inflation in our model are the same as a model in which a representative
household borrows at this effective rate. This implies that if the central bank loss
function only depends on the volatility of output and inflation, both conventional
and unconventional policies can achieve identical outcomes. In particular, if “divine
coincidence” holds, then either policy tool can achieve first-best.
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However, we show that such a policy loss function is suboptimal from a social
welfare perspective. Both policies lead to variation in term premia, and excess fluc-
tuations in term premia implies excess dispersion in borrowing rates. Fluctuations
across the term structure imply differentiated consumption and savings decisions
across households. This dispersion results in utility losses relative to the first-best
because of imperfect risk-sharing. Even when “divine coincidence” holds, we show
that neither tool alone can achieve first-best.

We therefore derive the optimal mix of policy rules when the central bank is max-
imizing social welfare. When short-rate and balance policy tools are unconstrained,
we derive an optimal separation result: conventional policy targets the stability of
inflation and the output gap, while unconventional policy targets stability of term
premia. When divine coincidence holds, this policy achieves first-best.

However, when policy constraints bind, policy must balance tradeoffs. First, if the
central bank faces balance sheet constraints, we show that optimal policy implies that
the short rate must be less reactive to aggregate shocks in order to minimize financial
disruptions. However, this necessarily comes at the cost of increased macroeconomic
instability. Second, if the central bank faces constraints on short-rate policy, then QE
must be used to offset macroeconomic shocks. However, this policy has welfare conse-
quences: term premia are more volatile than in the first-best, and thus consumption
dispersion causes social welfare losses.

Thus, policy constraints imply tradeoffs between macroeconomic stabilization mo-
tives and risk-sharing motives. Our findings apply when the central bank pursues
simple time-consistent policy rules (where policy tools are functions of the natural
state variables only). We also derive optimal policy results when the central bank
has full commitment and can choose policy tools freely as a function of current and
past realizations of the economy. Such policies are welfare-improving over simple
policy rules. For instance, when the central bank can only utilize conventional pol-
icy, optimal policy under full commitment implies interest rate changes are smoothed
out relative to the optimal time-consistent short rate rule. The ability to commit to
further smoothing of interest rate changes implies a reduction in short rate volatility;
in equilibrium, term premia are smaller and less volatile. Relative to simple time-
consistent policy rules, the entire expected path of short rates can be utilized to keep
output gaps small. However, such policies still cannot achieve first-best (unless both
short rate and balance sheet policies can be utilized without frictions). Moreover,
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such optimal policies are complicated, and from a practical perspective the imple-
mentation of the simpler optimal policy rules discussed above may be preferred by
policymakers.

A general message of our model is that implementation matters for welfare. Con-
sumption dispersion depends directly on the entire term structure of bond premia,
which in turn are intimately related to the expected path and volatility of the short-
term interest rate. Thus, it is not possible to characterize optimal policy purely as a
function of the path of aggregate variables like the output gap and inflation, as these
variables alone are not sufficient to characterize the term structure of interest rates.

Finally, our model implies that the goal of optimal policy is characterized by a
“triple mandate” of stable inflation, output, and long-term bond returns. This seems
to conflict with the commonly understood “dual mandate” of the Federal Reserve.
However, the Congressional mandate of the Federal Reserve is to “promote effectively
the goals of maximum employment, stable prices, and moderate long-term interest
rates.” Standard interpretations of both academics, practitioners, and policymakers of
this legal mandate is in terms only of the first two objectives; the theoretical reasoning
is that stabilizing the macroeconomy necessarily implies moderate long-term yields.1

Our model shows that macroeconomic stabilization is of course a key policy objective
of the central bank, but is not always sufficient for stabilizing long-term rates. Thus,
our paper provides a theoretical justification for why the triple mandate of the Federal
Reserve is optimal,2 and provides guidance for the implementation of a policy which
three distinct mandates.

Our paper builds on the seminal preferred habitat model of Vayanos and Vila
(2021), which formalizes the original concept as described in Modigliani and Sutch
(1966).3 The main insight of preferred habitat models is that the interaction of clien-
tele investors implies important departures from the expectations hypothesis in the
determination of the term structure of interest rates. More concretely, demand and
supply shocks in these markets induce changing risk exposure on the part of marginal
bond investors; when risk-bearing capacity is imperfect, this implies fluctuations in

1For further discussion, see Mishkin (2007), “Monetary Policy and the Dual Mandate.”
2This is true under the interpretation that “moderate long-term rates” implies stabilizing exces-

sive fluctuations in term premia. An alternative view of the third mandate is that the central bank
should seek to keep long-term borrowing rates “low” for reasons related to the sustainability of fiscal
debt. Such an interpretation is not valid in our model, and indeed would be suboptimal.

3Other important theoretical contributions to preferred habitat models are Greenwood and
Vayanos (2014), Greenwood et al. (2016), King (2019b), King (2019a), Kekre et al. (2024).
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risk premia.4 These models are typically partial equilibrium models. One exception
is Ray et al. (2024), which uses a quantitative version of the model in this paper to
study the positive implications of QE policies. That paper considers a richer risk
factor structure and a wider set of assets (both riskless and risky bonds), but house-
holds are representative; hence, the dynamics in this paper induced by household
heterogeneity are not present, and the normative implications explored are absent.

Our work more generally contributes to a large literature studying the effects of
QE in general equilibrium models. These models feature various forms of financial
frictions such as bank balance sheet constraints which break the textbook “QE neu-
trality” results (e.g. see Gertler and Karadi 2011, Gertler and Karadi 2013, Cúrdia
and Woodford 2011, Chen et al. 2012, Sims and Wu 2020, Karadi and Nakov 2020,
Iovino and Sergeyev 2023, Carlstrom et al. 2017, Ippolito et al. 2018.)

Our paper also relates to models of market segmentation which study various
forms of macroeconomic stabilization or macro-prudential policy (e.g. see Andrés et al.
2004, Cui and Sterk 2021, Auclert 2019, Angeletos et al. 2023, Debortoli and Galí
2017). Our findings on both the transmission and the optimal design of conventional
policy are closely related to the results in papers such as Caballero and Simsek (2024)
and Caballero et al. (2024): the transmission of monetary policy to the relevant
borrowing rates for macroeconomic dynamics is imperfect; and more fundamentally,
depends on the systematic policy rule as this is what is relevant for the endogenous
pricing of risk.

Finally, our model overlaps with similar work in an international setting. Most
closely related to our optimal policy results is Itskhoki and Mukhin (2023), who study
the optimal mix of conventional policy and FX interventions in an open economy
setting. Theoretically more closely linked to our framework, Gourinchas et al. (2022)
and Greenwood et al. (2023) also study the determination of bond yields and exchange
rates in a similar preferred habitat model, though these papers do not study general
equilibrium effects.

Our paper is structured as follows. Section 2 describes the private agents in the
4Empirically, there is strong evidence of the existence of demand and supply “preferred habitat”

frictions considered in this paper, and that these frictions are important for understanding the
transmission of large-scale asset purchases (e.g. see Krishnamurthy and Vissing-Jorgensen 2011,
Hamilton and Wu (2012), D’Amico and King 2013, Li and Wei 2013, Krishnamurthy and Vissing-
Jorgensen 2012, Cahill et al. 2013, King 2019b, Fieldhouse et al. 2018, Di Maggio et al. 2020,
Debortoli et al. 2020).
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model, characterizes general equilibrium, and derives the social loss function which the
policymaker seeks to minimize. Section 3 studies the aggregate dynamics analytically
in a simple version of the model with ad-hoc policy rules. Section 4 empirically tests
the key predictions of the model regarding the dynamics of short-term rates and term
premia. Section 5 characterizes optimal policy as a function of different assumptions
regarding constraints on balance sheet tools and short-term rates, while Section 6
extends these results to the case of full commitment. Section 7 discusses additional
extensions and tests of our model, and Section 8 concludes.

2 Model

Time is continuous and denoted by t ∈ (0,∞). The model is made up of the following
set of agents. A household sector is formally comprised of differentiated households
making labor and consumption decisions. Intermediate goods are produced by mo-
nopolistically competitive firms using labor; these firms set prices but face nominal
rigidities in the form of Rotemberg pricing frictions. Differentiated goods are aggre-
gated by a perfectly competitive final goods retail sector.

There are a continuum of zero-coupon bonds with maturity τ ∈ (0, T ): a τ -
maturity bond has price P (τ)

t at time t and pays one dollar at maturity date t + τ .
Both firms and households face financial frictions when trading bonds. Each house-
hold makes borrowing and savings decisions, but must trade with a bond fund which
has fixed portfolio weights across bonds. This friction captures a number of realis-
tic features of household portfolio decisions. The different portfolio weights across
households represent a type of preferred habitat for households (for instance, due to
demographics such as age) which we summarize parsimoniously as heterogeneity in
duration exposure. In reality, this reflects for example some households who own
property which is financed with long-duration mortgage securities; while for others,
saving decisions are predominantly in short-duration securities (such as money mar-
ket mutual funds or simple bank deposits). Further, our assumption also reflects the
fact that households typically do not directly buy and sell financial assets but instead
interact with pension funds and mutual funds, which tend to allocate their portfolio
using fixed weights and rebalance sluggishly (e.g., Koijen and Yogo (2019), Koijen
and Yogo (2022), Bretscher et al. (2022), Peng and Wang (2022)). In the spirit of
the “preferred habitat” literature, we capture these frictions with the parsimonious
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but stark assumption that each household borrows and saves using bonds of a spe-
cific maturity. Firms also face a financial friction in the form of a “working capital”
constraint: each firm must borrow a portion of its wage bill in advance of production.
Analogous to the household portfolio problem, we also assume that the financing
costs for firms depend on a portfolio of bonds with fixed portfolio weights.

Because neither households nor firms can freely trade bonds of different maturities,
specialized bond traders intermediate bond markets. Bond arbitrageurs trade bonds
across the entire term structure, but have limited risk-bearing capacity: formally,
these agents solve a mean-variance portfolio problem. These agents are owned by the
household sector, but due to financial frictions do not price bonds using the household
stochastic discount factor (SDF). We represent the arbitrageur portfolio problem as
a function of risk aversion (formally, preferences of the arbitrageurs); however, we
treat this risk aversion parameter as a proxy for risk-bearing capacity of financial
intermediaries. This is a friction which hinders arbitrageurs’ ability to trade assets
perfectly on behalf of households as a whole.

The monetary authority sets the short-term nominal interest rate it, and conducts
balance sheet policies. A fiscal authority provides optimal production subsidies but
is otherwise passive and balances the budget period by period via lump-sum taxes.

We study versions of the model where the monetary authority chooses policy
according to an ad-hoc Taylor rule, and compare this to policy rules which are chosen
to maximize social welfare (possibly subject to implementation frictions). We focus
on a linearized equilibrium and second-order welfare approximations. Our linear-
quadratic approximation is around a deterministic first-best steady state, where our
approximation method still allows for non-zero bond term premia which affect first-
order macroeconomic dynamics.

2.1 Setup

Households. The household sector is made up of individuals i ∈ [0, 1]. Each period,
household i chooses a consumption bundle Ct(i) and supplies labor Nt(i). The per-
period flow utility (which is identical across households) is

u (Ct(i), Nt(i)) =
Ct(i)

1−ς − 1

1− ς
− Nt(i)

1+φ

1 + φ
, (1)
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where ς is the inverse intertemporal elasticity of substitution and φ is the inverse
Frisch labor elasticity.

As discussed above, households face financial frictions and so cannot trade all
bonds freely. Instead, they save and borrow through bond funds, which determine
the allocation of the portfolio across assets. A household i therefore faces the following
budget constraint

dBt(i) = [WtNt(i)− PtCt(i)] dt+ Bt(i) dR̃t(i) + dFt , (2)

where Wt is the nominal wage and Pt is the price index of consumption bundle (both
of which are taken as given and identical across households). Household i has nominal
wealth Bt(i) (with B0(i) given), earning the realized instantaneous return

dR̃t(i) ≡
∫ T

0

ηit(τ)
dP

(τ)
t

P
(τ)
t

dτ . (3)

The portfolio weights
∫ T

0
ηit(τ) dτ and are determined by the bond fund with which

household i invests, and are taken as given by the household.5 Finally, the term dFt

represents nominal flow transfers (described below).
Households have a time discount factor of ϱ, so the resulting value function of

household i at time t = 0 is

V0(i) ≡ max
{Ct(i),Nt(i)}∞t=0

E0

∫ ∞

0

e−ϱtu (Ct(i), Nt(i)) dt . (4)

The household problem is to maximize (4) subject to (2).
Define real wealth Bt(i) ≡ Bt(i)

C(i)Pt
(relative to steady state consumption C(i),

defined below). Let VB,t(i) represent the gradient of the value function with respect
to real wealth. Then the optimality conditions (see the Appendix for details) are
relatively standard. The intratemporal conditions

Ct(i)
−ς =

VB,t(i)

C(i)
, Wt = Ct(i)

ςNt(i)
φ (5)

5The baseline model we maintain the stark assumption that each household can only access bond
markets through a specific bond fund. In the Appendix, we relax this assumption and instead
assume that households may directly trade bonds of different maturities, but face rebalancing costs.
Our model is the limit when such “sluggish rebalancing” costs grow, and initial portfolio positions
take the form discussed in the baseline model.
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characterize the consumption and labor decision as a function of the real wage Wt =
Wt

Pt
. Combined with the following intertemporal condition

Et dVB,t(i) = VB,t(i) [ϱ+ πt + ξt(i)] dt− VB,t(i) Et dR̃t(i) , (6)

we see that the consumption and saving decisions are a function of expected real
borrowing rates (and where ξt(i) represents higher order terms, defined in the Ap-
pendix). However, unlike a textbook model, in equilibrium the borrowing rate of
different households will not necessarily be fully characterized by the monetary policy
rate, since Et

dP
(τ)
t

P
(τ)
t

̸= it dt. Thus, the dynamics of aggregate consumption will depend
on the equilibrium determination of all borrowing rates across the term structure.

Importantly, when borrowing rates differ across households, then in equilibrium
consumption, labor, and wealth will also differ across households (that is, Ct(i) ̸=
Ct(i

′), Nt(i) ̸= Nt(i
′),Bt(i) ̸= Bt(i

′) for different households i ̸= i′), which implies
that marginal utility is also not equalized.

Intermediate Firms. A continuum of intermediate goods producers index by
j ∈ [0, 1] produce differentiated goods Yt(j) and set prices Pt(j). Final output
Yt is produced by a competitive retail sector, which aggregates according to Yt ≡[∫ 1

0
Yt(j)

ϵ−1
ϵ dj

] ϵ
ϵ−1 , where the elasticity of substitution between goods is ϵ. This

implies the follow demand and price index for differentiated goods

Yt(j) =

(
Pt(j)

Pt

)−ϵ

Yt, Pt =

[∫ 1

0

Pt(j)
1−ϵ dj

] 1
1−ϵ

. (7)

Each firm j faces the same production function Yt(j) = ZtLt(j), where Zt is
aggregate technology and Lt(j) represents the labor inputs of firm j.

The per-period flow nominal profit of firm j is given by

dΠt(j) = [(1 + τ y)Pt(j)Yt(j)−WtLt(j)− T y
t ] dt− dΘt(j) , (8)

where τ y is a production subsidy, financed by lump-sum transfers T y
t =

∫ 1

0
τ yPt(j)Yt(j) dj.

In addition to the wage bill WtLt(j), firms face the following flow costs of production:

dΘt(j) =
ϑ

2
(πt(j)−ϖt)

2 PtYt dt+WtLt(j) dŘt . (9)
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The first term captures nominal rigidities. Firms choose πt(j), the rate of change of
their prices (dPt(j) = Pt(j)πt(j) dt). Whenever ϑ > 0, firms face Rotemberg costs
of choosing πt(j) which differs from some exogenous target ϖt. The second term
captures a “working capital” financing friction. The cost of financing is

dŘt ≡
∫ T

0

βt(τ)
dP

(τ)
t

P
(τ)
t

dτ , (10)

where βt ≡
∫ T

0
βt(τ) dτ represents the total fraction of the wage bill which must be

financed in advance (taken as given by the firm).6

Taking as given CES demand and the costs of production, the firm problem at
time t = 0 is therefore

U0(j) ≡ max
{πt(j)}∞t=0

E0

∫ ∞

0

e−ϱtQH
t

dΠt(j)

Pt

. (11)

Firms transfer profits to households; we assume that profits are discounted by QH
t =∫ 1

0
VB,t(i) di, the average SDF across households.
Define the relative firm j price Pt(j) =

Pt(j)
Pt

, and let Up,t(j) denote the gradient
of the firm value function with respect to the relative price. The firm optimality
conditions are given by

Up,t(j)Pt(j) = ϑQH
t Yt (πt(j)−ϖt) , (12)

Et dUp,t(j) = [(ϱ− (πt(j)− πt))Up,t(j)

−QH
t Yt

(
(1 + τ y)(1− ϵ) + ϵPt(j)

−1Mt

)
+ ξt(j)

]
dt , (13)

Mt dt ≡
Wt

Zt

dt+
Wt

Zt

Et dŘt , (14)

where ξt(j) represents higher order terms (defined in the Appendix). Eq. (14) defines
Mt, the real marginal costs of the firm (which are identical across firms and taken as
given), and which depend on the wage bill as well as financing costs.

6For simplicity, we assume that portfolio weights are the same across each firm. Allowing for
heterogeneity across firm portfolios as in the household sector would imply additional price disper-
sion; this would not affect the first-order aggregate dynamics but would have implications for social
welfare.

12



Arbitrageurs. In addition to the demand for bonds arising from households and
firms, bonds are also traded by arbitrageurs. Arbitrageurs actively choose holdings of
short- and long-maturity bonds. The representative arbitrageur solves the following
mean-variance problem:

max
{Xt(τ)}Tτ=0

Et dXt −
at
2
Vart dXt (15)

s.t. dXt = Xtit dt+

∫ T

0

Xt(τ)

(
dP

(τ)
t

P
(τ)
t

− it dt

)
dτ . (16)

That is, they choose nominal bond holdings Xt(τ) across all maturities τ . Arbitrageurs
choose to engage in carry trades across the term structure in order to optimally satisfy
the tradeoff between higher expected returns and the volatility on their balance sheet.
The risk-return tradeoff is governed by parameter at. Formally this is a risk aversion
parameter, but more generally this is a proxy for capital constraints, Value-at-Risk
constraints, or any frictions which imply that bond returns are not determined as in a
model with a representative household with perfect access to financial securities. We
assume that arbitrageurs transfer all gains and losses in their wealth dXt to households
each period.

The arbitrageur optimality conditions are given by

Et
dP

(τ)
t

P
(τ)
t

− it dt = at

∫ T

0

Xt(τ
′) Covt

(
dP

(τ)
t

P
(τ)
t

,
dP

(τ ′)
t

P
(τ ′)
t

)
dτ ′ . (17)

Hence, arbitrageurs ensure that no risk-free arbitrage opportunities exist. Equation
(17) shows that the expected excess return of any τ -maturity bond is a function of the
covariance of bond returns across the entire term structure, scaled by arbitrageur risk
aversion at and weighted by holdings Xt(τ) (which in equilibrium will be determined
by market clearing).

We assume that at = a
PtY

; that is, risk aversion is constant relative to prices (scaled
by steady state output, defined below). Analogous to household wealth, define real
arbitrageur bond positions as Xt(τ) =

Xt(τ)
PtY

.

Government. The fiscal authority sets the production subsidy τ y, which is self-
financed through lump-sum taxes on firms. The central bank sets the nominal interest
rate it, and the fiscal authority pays this interest it on short-term bonds (reserves).
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Besides the production subsidy, the consolidated government may also issue bonds
St(τ) ≡ St(τ)

PtY
. This represents the issuance of bonds from the fiscal authority Gt(τ),

net of any asset purchases QEt(τ) from the central bank from QE programs. All
gains or losses from the consolidated government’s bond issuances are remunerated
lump-sum to the households.

As a benchmark, we assume that the central bank can utilize balance sheet tools
and the short rate without any constraints. More generally we assume that the central
bank is subject to constraints. First, the central bank may face real deadweight costs
of adjustment when setting the short-term interest rate:

YtΨ
i
t ≡ Yt

ψi

2
(it − īt)

2
, (18)

where īt represents a potentially time-varying (exogenous) policy target. We inter-
pret (18) as capturing in reduced-form constraints such as the effective lower bound;
however, to maintain our linear-quadratic approximations, we assume a symmetric
loss function. Thus, whenever ψi > 0, setting the short-term interest rate away from
īt will imply deadweight losses.

Second, bond holdings may be subject to real deadweight holding costs (measured
in terms of output) which take the form:

YtΨ
S
t ≡ Yt

∫ T

0

ψ(τ)

2
QEt(τ)

2 dτ . (19)

Thus, whenever ψ(τ) > 0, central bank holdings away from steady state will imply
deadweight losses. These costs represent holding costs which the central bank faces
(but which do not impact private bond arbitrageurs). These costs can also be thought
of as capturing in reduced-form the fiscal costs associated with gains and losses of the
central bank balance sheet.7

2.2 First- and Second-Order Perturbations

We study a symmetric equilibrium in which all firms make the same decisions and so
Yt(j) = Yt, Pt(j) = Pt, πt(j) = πt, Lt(j) = Lt. Define aggregate consumption and

7If the fiscal authority can only utilize distortionary taxation, then the gains and losses of the
central bank balance sheets will induce fiscal costs; see d’Avernas et al. (2024). Finally, we assume
that the real costs of these policy frictions are financed via lump-sum taxation of households.
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labor supply as Ct =
∫ 1

0
Ct(i) di and Nt =

∫ 1

0
Nt(i) di. Market clearing in production,

labor markets, and consumption implies

Yt = ZtLt = ZtNt, Ct = Yt

(
1− ϑ

2
(πt −ϖt)

2 −Ψi
t −ΨS

t

)
, (20)

where aggregate consumption differs from aggregate output due to deadweight loss
from price changes when ϑ > 0, or policy frictions when ψi > 0 or ψ(τ) > 0.

Bond market clearing implies

Xt(τ)− βt(τ)WtNt +

∫ 1

0

ηit(τ)Bt(i) di = St(τ) (21)

for all maturities τ > 0.

Risk Factors. Our model will always include at least one source of aggregate un-
certainty driven by movements in technology Zt = Zezt . In addition, we may also
have shocks to Rotemberg pricing frictions (ϖt in (9)); firm financing (βt(τ) in (9));
household portfolio weights (ηit(τ) in (3)); and shocks from conventional policy (the
short-term rate it) or unconventional policy (central bank holdings QEt(τ)). We thus
consider a generic set of additional exogenous risk factors: zt is an Nz × 1 vector and
associated vector of Brownian motions Bt (where we always have zt ∈ zt, Bz,t ∈ Bt);
and an Nz ×Nz diffusion matrix σ. That is,

Vart dzt = Vart [σ dBt] = σσ⊤ dt . (22)

First-Best Allocation. Parameterize the diffusion matrix from (22) as σ(ξ) and
the arbitrageur risk aversion coefficient a(ξ) such that σ(ξ) → 0 but a(ξ)σ(ξ)σ(ξ)⊤ →
âσ̂σ̂⊤ as ξ → 0. That is, the product of risk aversion and physical risk remains
non-zero and bounded even as risk becomes small.8 The following Proposition char-
acterizes the optimal allocation in the riskless limit.

Proposition 1 (First-best allocation). Consider the limiting case where ξ → 0 and
suppose that wealth is initially equalized across households (B0(i) ≡ B0). Then with
perfect arbitrage (â = 0), the model is equivalent to a representative agent model. With

8This assumption can also be formalized in terms of the size of the intermediary sector relative
to the size of asset markets (e.g. see Itskhoki and Mukhin 2023), and captures explicitly that the
arbitrageur “risk aversion” parameter â measures the degree of imperfect arbitrage.

15



the optimal production subsidy τ y given by (A1), the first-best allocation is obtained
with flexible prices (ϑ = 0).

Prop. 1 shows that, so long as the production subsidy is chosen optimally to remove
steady-state distortions from imperfect competition and the working capital frictions,
there is no room for policy improvement in the flexible price, perfect arbitrage model.
Further, in the proof of Prop. 1, we show that if steady-state policy satisfies i = ϱ

and S(τ) = B
∫ 1

0
ηi(τ) di− β(τ), then the steady state features zero inflation (π = 0)

and zero arbitrageur positions (X(τ) = 0). This in turn implies that steady state
in the first-best equilibrium and in the sticky price, imperfect arbitrage equilibrium
coincide. In particular, steady-state consumption, labor supply, and wealth across
households are equalized (C(i) = C,N(i) = N,B(i) = B), and the steady state is
efficient.

Log-Linear Perturbation. We study the dynamics of the model around the “low
risk, low risk-bearing capacity” limiting case as ξ → 0 but â ≥ 0. This approximation
method allows for tractable first- and second-order approximations of the model, while
still allowing for first-order variation in risk premia. For any strictly positive variable,
let At ≡ Aeat ; for variables which take positive or negative values, let At ≡ A + at.
We use the notation that upper-case letters without a subscript denote the steady
state value, and lower-case letters denote deviations from steady state.

The instantaneous return of a τ bond is

dP
(τ)
t

P
(τ)
t

= µt(τ) dt+ σ(τ) dBt , (23)

where µt(τ) represents the expected short-horizon return of a τ bond, and σ(τ)

represents how shocks to risk factors lead to fluctuations in realized returns.9

Rewriting the arbitrageur optimality condition (17) gives

µt(τ)− it = âσ(τ)Λt ≡ λt(τ), where Λt =

∫ T

0

σ(τ)⊤xt(τ) dτ . (24)

We see that the expected excess return of any τ -maturity bond is a function of bond-
specific risk loadings σ(τ) and a global set of risk prices Λt. The market price of risk

9Note that time variation in the bond loadings on the aggregate Brownian terms disappears in
our perturbation method. However, σ(τ) is endogenous, which we solve for below.
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depends on arbitrageur risk aversion â as well as holdings xt(τ).
Denote aggregate output in the first-best equilibrium by Y n

t , and define the output
gap Xt ≡ Yt

Y n
t

. Aggregating (6) across households, the dynamics of the (log) output
gap xt are governed by a modified aggregate Euler equation:

Et dxt = ς−1 [µ̃t − πt − vt] dt . (25)

The term vt ≡ −ςκz 1+φ
ς+φ

zt is the “natural” rate, which is the real borrowing rate in
the first-best allocation from Prop. 1 (and depends on the expected rate of change of
technology, which we define Et dzt ≡ −κzzt dt). The natural rate evolves exogenously
according to

dvt = −κvvt dt+ σv dBt . (26)

The “household effective borrowing rate” (in terms of deviation from steady state) is
given by

µ̃t =

∫ T

0

η(τ)µt(τ) dτ , η(τ) ≡
∫ 1

0

ηi(τ) di , (27)

where η(τ) represents the average across households of the steady-state portfolio
weight in τ -maturity bonds.

Re-writing the firm optimality condition in terms of output gaps gives a New
Keynesian Phillips curve:

Et dπt =
[
ϱπt − κ

(
xt + αµ̂µ̂t + αβ̂β̂t

)
− ut

]
dt , (28)

where κ = (1+τy)(ε−1)(ς+φ)
ϑ

measures the aggregate degree of price rigidity. In addition
to the usual drivers of inflation, our model features

µ̂t =

∫ T

0

β(τ)µt(τ) dτ , β̂t =

∫ T

0

βt(τ) dτ , (29)

which capture the “firm effective borrowing rate” and firm financing shocks (respec-
tively), and the parameters αµ̂ = 1

(1+ϱβ)(ς+φ)
, αβ̂ = ϱ

(1+ϱβ)(ς+φ)
, where β =

∫ T

0
β(τ) dτ .

Finally, the exogenous cost-push shock ut = −(ϱ+κϖ)ϖt arises from variation in the
inflation target ϖt in (9), where we have defined Et dϖt ≡ −κϖϖt dt.

17



As shown in the Appendix, to a first order the wealth of household i can be
decomposed as bt(i) = Bp̃t(i) + bqt (i), where

p̃t(i) ≡
∫ T

0

ηi(τ)p
(τ)
t dτ , bqt (i) ≡

∫ T

0

P (τ)b
q(τ)
t (i) dτ ,

which represent the price and face value components of the portfolio of household
i, respectively. Denote deviations from the average household by čt(i) = ct(i) −∫ 1

0
ct(i) di , b̌

q
t (i) = bqt (i) −

∫ 1

0
bqt (i) di , p̌t(i) = p̃t(i) −

∫ 1

0
p̃t(i) di. Then the face value

component of wealth evolves according to

db̌qt (i) =

[
−
(
1 +

ς

φ

)
čt(i) + ϱb̌qt (i) + B

(
ϱp̌t(i) + f̌t(i)

)]
dt , (30)

where f̌t(i) = f̃t(i) −
∫ 1

0
f̃t(i) di, and f̃t(i) =

∫ T

0
ηi(τ)f

(τ)
t dτ , where f (τ)

t = −∂p
(τ)
t

∂τ
is

the instantaneous forward rate.
For tractability, we assume that the fiscal authority keeps the face value of debt

constant, so that st(τ) = S(τ)p
(τ)
t − qe

(τ)
t , where qe(τ)t are central bank purchases of τ

bonds. Similarly, we assume the firm issues debt by keeping the face value proportions
constant across maturities, so that βt(τ) = β(τ)p

(τ)
t . Then market clearing for τ bonds

is given by

xt(τ) = −qet(τ) + β(τ)

(
(1 + ς + φ)xt −

1

ςκz
vt

)
+Bη(τ)p

(τ)
t −

∫ 1

0

ηi(τ)
(
Bp̃t(i) + b̌qt (i)

)
di− Bηt(τ), (31)

where the term ηt(τ) ≡
∫ 1

0
ηit(τ) di represents fluctuations in the portfolio weights

aggregated across households.

Second-Order Social Welfare Loss. The dynamics of the output gap xt and
inflation πt in (25) and (28) imply that, to a first-order, our model is similar to
the representative agent case considered in Ray et al. (2024). However, even to a
first-order, our model will feature more complicated dynamics due to the endogenous
time-variation in demand for bonds which arises from heterogeneous households.

More importantly, the welfare consequences differ due to the inefficiencies de-
scribed above. A second-order expansion of social welfare relative to the first-best
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allocation gives the per-period social loss

Lt ≡ (ς + φ)x2t + ϑπ2
t (32)

+
ς

φ
(φ+ ς)Vari čt(i) (33)

+

∫ T

0

ψ(τ)qet(τ)
2 dτ + ψi (it − īt)

2
. (34)

The first two terms in line (32) capture the welfare losses associated with the nomi-
nal rigidities in the model; these terms arise in representative agent New Keynesian
(RANK) models. Compared to a standard RANK model, line (33) shows that social
welfare loss also depends on the term

Vari čt(i) ≡
∫ 1

0

čt(i)
2 di .

Thus, increased consumption dispersion across households implies welfare losses, due
to imperfect risk-sharing.

The final terms in line (34) represent losses associated with the central bank
balance sheet and short rate policies from equations (19) and (18).

2.3 Equilibrium

Intuitively, what does general equilibrium look like in this model? From the perspec-
tive of households, the key factor is how sensitive their borrowing rates are to the
short rate (and movements in asset demand, including balance sheet policies). The
model reduces to a benchmark New Keynesian model when these rates move one-for-
one, but in general µt(τ) ̸= it. Suppose that long-term borrowing rates are highly
responsive to the policy rate. Then household borrowing is also highly sensitive to
the policy rate, and therefore the growth rate of consumption will also react strongly
to the policy rate. On the other hand, when long-term rates are insensitive to the
policy rate, the pass-through of changes in the policy rate to households is weakened.
Through the borrowing decisions of the household, the growth rate of consumption
is less responsive to the policy rate.

However, the sensitivity of the effective borrowing rate to the policy rate is an
equilibrium object, which also depends on financial markets. Bond prices will adjust
in order to achieve equilibrium in bond markets, such that arbitrageurs’ portfolio al-
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location satisfies their mean-variance tradeoff while also clearing the market given the
demand from households and firms. In this model, arbitrage is imperfect and the term
structure will not be characterized by the expectations hypothesis except under spe-
cial circumstances. Therefore, it is the risk-adjusted dynamics of the macroeconomy
which determine bond prices in financial markets, rather than the actual dynamics
of the short rate only.

In general, the term structure will be determined by complicated interactions
between the different classes of investors in bond markets (arbitrageurs, firms, and
households). Because differentiated households also make consumption and savings
decisions as a function of different borrowing rates, the general equilibrium dynamics
of the macroeconomy will also depend on these interactions. General equilibrium is
obtained when these two forces balance. Thus, characterizing equilibrium involves two
key steps: first, understanding the differences between the actual and risk-adjusted
dynamics of the economy; and second, linking household savings and consumption
choices with the bond prices determined in imperfect financial markets.

We characterize the first-order dynamics and second-order social welfare function
for a general set of risk factors and dynamics, and then apply these results to specific
versions of our model. The key difficulty is to appropriately define the relevant set of
state variables which summarize the dynamics of the model. In principle, the entire
wealth distribution {bt(i)}1i=0 across households matters for term premia (through
arbitrageur optimality conditions and market clearing). However, we show that a
much smaller set of summary statistics of the wealth distribution are all that is
necessary for characterizing the first- and second-order properties of the model.

We first make use of the following Proposition to characterizing the behavior of
asset prices, conditional on some arbitrary set of state variables.

Proposition 2 (Asset prices). Suppose that (log) bond prices are affine functions of
a set of state variables xt, given by (endogenous) coefficient functions:

− logP
(τ)
t = A(τ)⊤xt + C(τ), (35)

where xt evolves according to

dxt = −Γxt dt+ σx dBt . (36)
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Then the affine coefficients in equation (35) are given by

A(τ) =
[
I− e−Mτ

]
M−1ei (37)

where ei is a vector such that e⊤i xt = it. The matrix M solves the fixed point problem:

M = Γ⊤ − â

∫ T

0

Θ(τ)A(τ)⊤ dτ Σx, (38)

where Σx ≡ σxσ
⊤
x and xt(τ) = Θ(τ)⊤xt maps the state variables into arbitrageur

bond positions.

The matrix M can be thought of as the risk-adjusted dynamics of the state. In
the first-best, arbitrageurs are perfectly risk-neutral (â = 0), so we have M = Γ⊤.
However, when â ̸= 0, M appears on both sides of equation (38) through the affine
coefficients A(τ).

Note the similarity with Vayanos and Vila (2021). Conditional on the equilibrium
dynamics of the model, the only difference for bond pricing comes from the more
general formulation of the dynamics of the short-term interest rate and from the
market clearing conditions in bond markets.

Next, in order to define the set of aggregate state variables which summarize
the dynamics of the model, define the “risk-weighted” firm and household portfolio
vectors

βσ ≡
∫ T

0

σ(τ)⊤β(τ) dτ , ησ
i ≡

∫ T

0

σ(τ)⊤ηi(τ) dτ , ησ ≡
∫ 1

0

ησ
i di . (39)

We use these objects to define “risk-weighted” terms related to household wealth
dispersion, consumption dispersion, and balance sheet tools:

bqσ
t ≡

∫ 1

0

ησ
i b̌

q
t (i) di , čσt ≡

∫ 1

0

ησ
i čt(i) di , (40)

p̌σ
t ≡

∫ 1

0

ησ
i p̌t(i) di , f̌σt ≡

∫ 1

0

ησ
i f̌t(i) di , (41)

ησ
t ≡

∫ T

0

σ(τ)⊤ηt(τ) dτ , qeσt ≡
∫ T

0

σ(τ)⊤qet(τ) dτ , (42)

which are all vectors with the same dimension as the number of aggregate risk factors
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zt. Household optimality conditions and market clearing imply that

dbqσ
t =

[
−
(
1 +

ς

φ

)
ct + ϱbqσ

t +B
(
ϱp̌σ

t + f̌σt
)]

dt (43)

Et dč
σ
t = ς−1Σ̌Λt dt , (44)

Λt = −qeσt + βσ

(
(1 + ς + φ)xt −

1

ςκz
vt

)
+Bp̌σ

t − (Bp̌σ
t + bqσ

t )− Bησ
t , (45)

where Λt are the risk prices from the arbitrageur optimality conditions; the matrix
Σ̌ ≡

∫ 1

0
(ησ

i − ησ) (ησ
i − ησ)⊤ di represents the dispersion of bond risk across the

distribution of household portfolios.
The following Proposition shows that, conditional on a finite set of endogenous

risk terms, these objects are sufficient to characterize the dynamics of the model.

Proposition 3 (Aggregate dynamics). Collect all risk factors zt as well as bqσ
t defined

in (40) into the vector xt. Collect the output gap xt, inflation πt, and čσt defined in
(40) into the vector yt. Assume that the short rate it and balance sheet tools st(τ) are
functions of these objects.

Then given the following objects Σ̌, ησ, and βσ, the linear rational expectations
equilibrium is given by

dxt = −Γxt dt+ σx dBt , yt = Ωxt, (46)

where the matrices Γ,Ω, and σx are given in the Appendix.

With the results in Propositions 2 and 3, we can characterize the equilibrium of
the model.

Theorem 1 (Existence and uniqueness). An affine equilibrium is one in which the
state and jump variables evolve according to equations (46), and asset prices are
determined by the solution to the expressions (37) and (38). The per-period loss
function can be written Lt = x⊤

t Ψxt. In a neighborhood of risk-neutrality (â ≈ 0),
the equilibrium exists and is (locally) unique.

Note that the dynamics matrix of the state Γ depends on the affine coefficients
A(τ) through the effective borrowing rates of the households, which itself is a function
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of the risk-adjusted dynamics matrix M. Thus, equilibrium is determined as a fixed
point that produces asset price dynamics consistent with equilibrium dynamics of the
macroeconomy and vice versa. In general, an affine equilibrium of this type may not
exist, or there may be multiple solutions to this fixed point problem. However, when
â = 0, the model reduces to a standard New Keynesian model. The result in Theorem
1 shows that this equilibrium persists and is locally unique as we depart from risk
neutrality.

Although Theorem 1 characterizes the first-order dynamics and second-order wel-
fare properties of the model, in general it provides little guidance on how either differ
from textbook models. In the next section, we focus on simplified versions of the
model and to derive clear predictions regarding dynamics.

3 Aggregate Dynamics: Analytical Results

Before studying welfare consequences, we explore the first-order dynamics of the
model. To do so, we consider versions of the model where the central bank follows
ad-hoc policy rules.

We focus on a version of the model with only one source of aggregate uncertainty:
natural rate shocks vt (equivalently, technology shocks zt). We simplify further for
most of this section and study the case of fully rigid prices (ϑ → ∞), and where
household wealth is zero in steady state (B = 0). In this case, the dynamics are
summarized by the dynamics of technology (??) and the following system of equations

dbσt =

[
−
(
1 +

ς

φ

)
čσt + ϱbσt

]
dt ,

Et dxt = ς−1 [it + ησλt − vt] dt ,

Et dč
σ
t = ς−1Σ̌λt dt ,

λt = −qeσt + βσ

(
(1 + ς + φ)xt −

1

ςκz
vt

)
− bσt

where risk prices λt and other endogenous risk objects are now scalars. Note that
in this version of the model, the financing frictions which firms face does not impact
their pricing decision (as by assumption, prices are fully rigid). However, through
market clearing, firm demand for bonds implies that aggregate fluctuations lead to
fluctuations in risk premia through market clearing.
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Throughout, we assume that the central bank follows Taylor-type of rules for its
policy tools given by

it = ϕxxt + ϵi,t,

qet(τ) = ϕx(τ)xt + ϵq,t(τ),

=⇒ qeσt = ϕσ
xxt + ϵσq,t,

where ϵi,t and ϵσq,t represent zero-probability monetary policy shocks, which evolve
deterministically according to

dϵi,t = −κiϵi,t dt , dϵσq,t = −κqϵσq,t dt .

We first consider a benchmark case where there is no working capital friction and
so firms do not borrow in bond markets, and the central bank does not systematically
use balance sheet tools. The following Proposition derives results regarding dynamics
for conventional and unconventional monetary policy.

Proposition 4 (Rigid price dynamics, no firm borrowing). Suppose that β(τ) = 0

and ϕx(τ) = 0. If household wealth is initially equalized at steady state (so bσt = 0),
then the equilibrium dynamics of the model are equivalent to a representative agent
model, and λt = 0. We have

∂xt
∂vt

> 0,
∂λt
∂vt

= 0,
∂xt
∂ϵi,t

< 0,
∂λt
∂ϵi,t

= 0.

However, following an unconventional monetary policy shock, we have

∂xt
∂ϵσq,t

> 0,
∂λt
∂ϵσq,t

< 0,

and the model is no longer equivalent to a representative agent model, as bσt+k ̸= 0

following the shock.

Prop. 4 shows that without firm borrowing and initial equalization of asset posi-
tions across households, the model which only features conventional monetary policy
is identical to a representative agent model. If household wealth is initially at steady
state, then arbitrageurs initially take zero positions in bond markets and hence do
not require any risk compensation. Following movements in the short-term interest
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rate (either endogenously or due to policy shocks), while the macroeconomy moves
away from steady state, household wealth does not change. Without firm borrowing,
this implies that arbitrageurs continue to maintain zero positions, and thus risk prices
do not move. Thus, the dynamics are equivalent to a representative agent model.

However, even without firm borrowing and with an equalized wealth distribu-
tion, the predictions of the model differ from that of a representative agent model
when considering unconventional policy. First, because an increase in asset purchases
by the central bank reduces the holdings of arbitrageurs on impact, required risk
compensation falls. Thus, holding fixed the short-term interest rate, the “effective”
borrowing rate faced by households falls as well, which is stimulative. But the decline
in borrowing rates is larger for households who borrow with long-maturity assets.
Thus, the induced increase in consumption is larger for these households than for
households with access to short-maturity bonds. Thus, consumption dispersion čσt

becomes non-zero, and the risk-weighted asset positions of households bσt begin to
move away from steady state.

Prop. 4 shows that conventional and unconventional policies may be substitutes
in the sense that shocks to either tool can boost output, but the transmission mech-
anisms and implied dynamics following the shocks differ in meaningful ways. The
welfare implications will therefore differ as well (which we return to in later sections).

The next Proposition shows that when firms also borrow as part of their produc-
tion process, the dynamics of the model differ more significantly from a representative
agent model.

Proposition 5 (Rigid price dynamics, general case). Suppose that βσ > 0. If 0 <

ϕx < ϕ̄x for some upper bound ϕ̄x, then following a technology shock which decreases
the output gap, both the short-term rate it and term premia λt decline on impact.
However, for some k > k̄, term premia λt+k eventually turn positive, while the short
rate remains below steady state. These effects are larger when the central bank also
utilizes balance sheet tools (ϕx(τ) > 0).

The intuition for the results of Prop. 5 can be seen when thinking about the
dynamics of the model near risk neutrality. Under risk neutrality, we have that the
output gap is an increasing function of natural rates: xt ∝ vt. When ϕx < ϕ̄x, the
reaction of firm borrowing in a recession caused by a decline in the natural rate is to
reduce borrowing. When βσ > 0, this implies that λt declines. However, the decline
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in term premia induces households with long-duration investments to reduce savings
(or increase borrowing). This must be funded by arbitrageurs, and eventually implies
that arbitrageurs are taking long positions in the bond carry trade, and that these
positions are larger for longer maturities.

Thus, our model predicts that unconditionally, decreases in the short-term interest
rate are associated with decreases in term premia over short-horizons; but over longer
horizons, the reaction of term premia becomes insubstantial or even negative. More-
over, when the central bank utilizes balance sheet tools, the unconditional reaction
of term premia over short horizons is larger.

It is important to note, however, that this prediction is an unconditional one:
aggregate shocks which induce the central bank to ease policy are associated with
initial declines in term premia, but over longer horizons this effect flips. But our model
makes different predictions for the conditional reaction of term premia to monetary
policy shocks, as shown in the following Corollary.

Corollary 5.1 (Rigid price dynamics, monetary shocks). Following a conventional
monetary policy shock ϵi,t which decreases the policy rate it, the output gap xt in-
creases. If 0 < ϕx < ϕ̄x for some upper bound ϕ̄x, then term premia λt increase on
impact.

The difference between the unconditional and conditional reaction of term premia
to movements in the short rate arise because of the endogenous movements of quan-
tities in asset markets. Unconditionally, in this version of the model, recessions imply
a reduction in firm borrowing and therefore a decline in risk compensation required
by arbitrageurs on impact. Simultaneously, the short-term interest rate declines due
to the endogenous reaction of the policy rule. Because in this one risk-factor model,
all stochastic dynamics of the model are due to natural rate (technology) shocks, the
unconditional correlation between the policy rate and term premia is positive. How-
ever, because an unexpected decline in the short-term interest rate is expansionary,
the correlation between term premia and the short-term interest rate conditional on
a monetary policy shock is negative.

Further, the endogenous dynamics of the model induced by slow-moving changes
in the relative wealth distribution across households implies that these predictions
change when looking over longer horizons. Finally, the quantitative predictions change
in version of the model where the central bank is also pursuing balance sheet policies.
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4 Empirical Evidence

In order to test our predictions from Section 3, we utilize a similar empirical method-
ology to Hanson et al. (2021). Rather than attempting to decompose the observed
movements in the yield curve into expectation and term premia components (which
involves imposing additional structure on the observable data), we analyze the dy-
namics of the term structure of forward rates. After documenting a number of stylized
facts about the dynamics of forward rates, in Section 4.3 we relate these to our model
predictions.

We run regressions of the form

f
(τ)
t+h − f

(τ)
t−1 = α(τ) + β(τ)Dt + ϵt(τ), (47)

where f (τ)
t are τ -year ahead forward rates. Our time frequency is daily, and so f (τ)

t+h−
f
(τ)
t−1 is the h-day-ahead horizon change in forward rates on date t. We explore different

choices of right-hand-side variable Dt, as well as maturity τ and horizon h.
Our first set of unconditional regressions sets the right-hand-side variable as Dt =

y
(1)
t − y

(1)
t−1, where y(1)t is the 1-year spot yield on day t. Thus, our right-hand-size

variable is the one-day change in short-term (1-year) yields. We estimate (47) on all
days in our sample.10

The second set of conditional regressions uses high-frequency measures of mone-
tary policy shocks in place of Dt. Our baseline uses the shock series from Nakamura
and Steinsson (2018), but results are similar for other choices.

We compare the estimate for h = 0 and h > 0 (our baseline uses 90-day-ahead
regressions, but results are very similar for other longer horizon choices). We use
the daily nominal forward and spot yields from Gürkaynak et al. (2007) in all our
regressions.11 In addition to estimating (47) across our entire sample, we also conduct

10Our sample begins in 1982, the date at which high-quality estimates of longer maturity spot
and forward yields (up to 20 years) are available. We end the sample in 2020 to avoid including the
COVID period in our estimates, although results are similar if we include the COVID period.

11We use nominal yield curve data because high-quality estimates are available for both short- and
long-maturity spot and forward yields starting since the early 1980s (and even earlier for shorter
maturities). In contrast, Treasury Inflation-Protected Securities (TIPS) were only introduced in
the late 1990s, and have significantly lower trading volume than nominal Treasury securities; high-
quality real yield curve estimates are at best available starting in the mid-2000s, but this creates
further issues as the majority of the estimation sample will take place during the zero lower bound
period.
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rolling regressions using 5-year windows.

4.1 Forwards and Spot Yields, Unconditional

-1

0

1

2

0 5 10 15 20

Maturity

Short-Horizon
Long-Horizon

Figure 1: Forward Rates (Unconditional, Varying Maturities)

Notes: estimates from (47) across the term structure; unconditional specification. The estimates
labeled short-horizon use h = 0 (one day changes), while the estimates labeled long-horizon use
h = 90 (three month changes). The x-axis ranges over maturities τ = 2 to τ = 20 years. 95%
Newey-West confidence intervals are included.

Figure 1 reports our unconditional results using daily changes in the 1-year spot
yield. We report the unconditional estimates of (47) over the entire term structure;
the x-axis ranges over maturities τ = 2 to τ = 20 years, and hence each point
reports a different estimated slope coefficient. The line labeled “short-horizon” reports
estimates using one-day (h = 0) changes in forward rates, while the “long-horizon”
estimates are for three-month (h = 90) changes.

First, we see that over short horizons, the slope coefficient is economically large
and significant across the entire term structure. Even for very long-maturity forward
rates, a 100 basis point increase in the 1-year spot yield is associated with over 40
basis point increase in the τ = 20-year forward rate.

However, the pattern changes significantly when moving towards longer-horizon
differences. We still find that the daily change in 1-year spot yields is associated with
large increases in short-horizon forward rates even three months later (if anything, the
point estimate is larger for short maturities when using three-month-ahead changes);
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but the associated change in long-maturity forward rates (τ = 10 or greater) be-
comes statistically insignificant, and the point estimates become smaller. For very
long maturity forwards, the point estimate becomes negative (though statistically
indistinguishable from zero).
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Figure 2: Forward Rates (Unconditional, Varying Horizon)

Notes: estimates from (47) across the different horizons; unconditional specification. The estimates
labeled short-maturity use τ = 2 (2-year forwards), while the estimates labeled long-maturity use
τ = 20 (20-year forwards). The x-axis ranges over horizons h = 0 to h = 150 (1-day to 5 months).
95% Newey-West confidence intervals are included.

Figure 2 studies the behavior of 2-year and 20-year forward rates (the estimates
labeled short-maturity and long-maturity, respectively) in more detail across different
horizons. The x-axis varies from h = 0 to h = 150, which corresponds to estimates of
(47) using 1-day changes to roughly 5-month changes. We see that unconditionally,
a daily increase in 1-year spot yields is associated with a roughly one-to-one increase
in 2-year forward rates over all horizons. However, 20-year forward rates respond
significantly only in the first month, and point estimates become negative after about
two months (though not significantly so).

Figures 3 and 4 repeat the unconditional regressions for τ = 20-year forwards,
but over rolling (5-year) windows. Figure 3 uses short-horizon (h = 0) changes, while
Figure 4 uses long-horizon (h = 90) changes. Consistent with our findings over the
full sample, we see that over short horizons, unconditionally forward rates move in
the same direction as short-term yields, and the co-movement between the two is
strong. In addition, the time-variation in our estimates observed in Figure 3 also
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Figure 3: 20-year Forwards (Unconditional, Rolling Short Horizon)

Notes: rolling estimates from (47) for τ = 20-year forward rates; unconditional specification, using
short-horizon (h = 0) changes. The rolling window is five years; the x-axis includes the end date of
each rolling estimate. 95% Newey-West confidence intervals are included.
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Figure 4: 20-year Forwards (Unconditional, Rolling Long Horizon)

Notes: rolling estimates from (47) for τ = 20-year forward rates; unconditional specification, using
long-horizon (h = 90) changes. The rolling window is five years; the x-axis includes the end date of
each rolling estimate. 95% Newey-West confidence intervals are included.

reveals interesting properties. The unconditional relationship between long-maturity
forward rates and short-maturity spot yields becomes the strongest in the end of
the sample. The point estimates jump sharply when the sample includes the years
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2009-2014, and even become greater than one (though the confidence intervals include
values less than one as well).

Figure 4 confirms that over all different sub-samples, long horizon movements in
forward rates are much less tied to short-horizon movements in short rates. The
estimates are virtually always statistically insignificant, and besides the sample pe-
riod starting in 2009, the point estimates are economically small and frequently turn
negative as well.

4.2 Forwards and Spot Yields, Monetary Shocks
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Figure 5: Forwards Rates (Shocks, Varying Maturity)

Notes: estimates from (47) across the term structure; conditional monetary shock specification. We
report estimates using h = 0 (one day changes) across the term structure. The x-axis ranges over
maturities τ = 2 to τ = 20 years. 95% Newey-West confidence intervals are included.

We now turn to our conditional regressions, where we estimate (47) using iden-
tified monetary policy shocks. Figure 5 reports our estimates over the entire sample
using short-horizon (h = 0) changes.12 Under the assumption that the high-frequency
approach to identifying monetary shocks is valid, we can interpret the estimates in
this section causally. We see that a contractionary monetary policy shock causes an
increase in short-maturity forward rates on impact. However, in contrast with our

12Results are similar but significantly more noisy for long-horizon regressions. Note that be-
cause the conditional specification requires identified monetary shocks, we have significantly fewer
observations than the unconditional specification.
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unconditional findings, the transmission of monetary shocks to intermediate maturity
forwards is insignificant (for forward rates with maturity of roughly 5 years onward).
Moreover, the point estimate becomes negative for 10-year forward rates, and contin-
ues to decline as we move further out in the term structure. The point estimate for
τ = 20-year maturities is roughly −0.25, and significantly different from zero at the
90% level (though not at the 95% level).
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Figure 6: 20-year Forwards (Shocks, Rolling)

Notes: rolling estimates from (47) for τ = 20-year forward rates; conditional monetary shock spec-
ification, using short-horizon (h = 0) changes. The rolling window is five years; the x-axis includes
the end date of each rolling estimate. 95% Newey-West confidence intervals are included.

Finally, Figure 6 repeats the analysis from Figure 5, but across rolling windows.
We focus on long-maturity (τ = 20-year) forward rates. Across all sub-samples,
the point estimate is virtually always statistically insignificant. Additionally, point
estimate are economically small, and if anything are typically negative (although using
rolling regressions with identified monetary shocks implies that each sub-sample has
only a modest number of observations).

4.3 Comparison with Model Predictions

In order to link our model-based predictions with our empirical findings, we need to
translate our results regarding forward rates to those regarding term premia. Rather
than attempting to extract components corresponding to expected path and risk com-
pensation, we take a more qualitative approach. Under the assumption that market
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participants expect the daily changes in short-term rates to have largely reverted to
steady state after 10 to 20 years, the movement in long-maturity forward rates mostly
reflect fluctuations in term premia. With this interpretation in mind, we discuss our
empirical results and how they relate to the predictions of the model.

First, the results regarding short-horizon movements in forward rates in Figure 1
confirms a key prediction of our model: over short horizons, term premia and short
rates move together unconditionally. Next, the time-variation in our estimates ob-
served in Figure 3 is consistent with another one of our predictions. During periods
when the central bank utilizes balance sheet tools more than the short rate, the uncon-
ditional relationship between term premia and short rates becomes stronger. Third,
the results regarding longer-horizon movements in forward rates in Figures 1, 2, and
4 confirms another prediction of our model: term premia movements over longer hori-
zons are less reactive to short-horizon movements in short rates unconditionally, and
the reaction may turn negative. Finally, Figures 5 and 6 confirm another important
and sharp prediction of our model: conditional on monetary shocks, the reaction of
forward rates is weak, and if anything implies that term premia move in the opposite
direction of monetary policy shocks.

The stark qualitative difference between the unconditional and conditional reac-
tion of term premia to movements in short-term yields, as well as the state dependence
during periods of balance sheet tool usage, is a critical feature of our model. Our
empirical findings show that the data is consistent with these key theoretical mecha-
nisms. We next turn to considering counterfactual policy rules and the optimal design
of conventional and unconventional policy.

5 Welfare Effects: Simple Policy Rules

Using the results of the previous section, we explore the welfare consequences and
optimal design of simple policy rules. For now, we continue as in Section 3 to assume
that the only aggregate source of uncertainty is natural rate shocks vt, and that prices
are fully rigid.

We first study simple policy rules which (in equilibrium) are only a function of the
“natural” state variables; under the simplifying assumptions considered thus far, these
are natural rate shocks vt (equivalently, technology shocks zt) and the risk-weighted
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household wealth distribution bσt . Thus, we study policy rules which implement

it = χi,vvt + χi,bb
σ
t , (48)

qet(τ) = χq,v(τ)vt + χq,b(τ)b
σ
t =⇒ qeσt = χσ

q,vvt + χσ
q,bb

σ
t , (49)

for some choice of policy parameters χi,v, χi,b and {χq,v(τ), χq,b(τ)}Tτ=0. We assume
that such a policy is implementable; determinacy conditions can be satisfied through
a Taylor rule like those considered in Section 3. Note that in this context with a single
priced risk factor, for the same reasons as discussed in Section 2 the impact of balance
sheet rules across the term structure can be fully summarized by the risk-weighted
balance sheet object qeσt , up to considerations of policy frictions ψ(τ); we return to
this point below.

The policymaker chooses policy parameters in order to minimize unconditional
social loss

W ≡ 1

2
E
∫ ∞

0

e−ϱtLt dt ,

where per-period social welfare loss Lt is derived in (32)-(34). Thus, we consider a
policymaker who is able to commit to simple policy rules, which are functions of the
natural state variables of the economy. In the next section, we explore optimal policy
for a policymaker who conducts (history-dependent) policy under full commitment.

5.1 Optimal Policy: Short Rate Only

First, consider the benchmark case of a risk neutral arbitrageurs: â = 0. Then
the expectations hypothesis holds, so regardless of the asset positions of households
and firms (or central bank balance sheet policies), borrowing rates are equalized:
µt(τ) = it. Moreover, as long as initial household wealth is equalized, the model col-
lapses to the standard RANK case. In particular, consumption and wealth dispersion
disappear:

bσt = 0, Vari čt(i) = 0 ∀t.

Because inflation is zero due to rigid prices (or more generally, when divine coinci-
dence holds), the conventional policy rule with χi,v = 1 which implements it = vt
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achieves first-best: xt = 0 for all periods t. We further recover the standard QE
neutrality result: balance sheet policies do not affect bond prices (and therefore have
no aggregate effects).

Under risk-neutrality, so long as the central bank faces no costs to setting the pol-
icy rate, first-best is achievable with only conventional policy. The next Proposition
shows that these results fail whenever arbitrage is imperfect (â > 0); this is true even
if absent the consumption risk-sharing motive. We derive optimal short-rate policy
when the central bank does not have access to balance sheet tools (formally, when
balance sheet costs ψ(τ) → ∞).

Proposition 6 (Optimal short rate policy rule). Assume risk aversion â > 0, ησ > 0,
and βσ > 0. If bond risk dispersion across households Σ̌ = 0, then some χn

i,v ≶ 1 and
χi,b = 0 in (48) guarantees xt = 0 each period. The sign of χn

i,v − 1 is determined by
the endogenous reaction of firm borrowing to natural rate shocks.

With Σ̌ > 0, the optimal short rate policy rule is given by it = χ∗
i,vit+χb,ib

σ
t where

χb,i ̸= 0 and χ∗
i,v < χn

i,v. The optimal short rate policy implies:

1. Bond carry trade returns µt(τ) − it move in the same direction as it iff firm
borrowing declines in response to natural rate shocks.

2. Output gaps xt are not identically zero.

3. Consumption dispersion is non-zero: Vari čt(i) ̸= 0.

We can understand this result using the intuition derived in the previous section.
Consider a fall in the natural rate inducing a cut in the policy rate. If firm borrow-
ing declines, then arbitrageurs reduce their position in the bond carry trade, which
requires a smaller bond carry trade return. On the other hand, if instead firm bor-
rowing increase, through market clearing, bond arbitrageurs increase their position
in the bond carry trade, which requires a larger bond carry trade return.

Because of this, risk premia vary over time. Thus, a simple short rate policy is
unable to equalize all borrowing rates. If the risk-weighted dynamics of household
wealth bσt are negligible, then the central bank can choose it = χn

i,vvt, which implies
that µ̃t = vt (and therefore closes output gaps). However, fluctuations in the natural
rate induce volatile fluctuations in the policy rate. Ito’s lemma implies

dit = −κzit dt+ χn
i,vσz dBz,t ,
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hence the volatility of short rate changes is increasing in the responsiveness of con-
ventional policy to natural rates. More volatile short rates implies greater vari-
ation in term premia. Individual Euler equations differ, which implies that con-
sumption choices across households ct(i) ̸= ct(i

′). Therefore, consumption dispersion
Vari čt(i) ̸= 0. Thus, from a risk-sharing perspective, choosing a policy rule which is
less reactive to natural rate fluctuations is welfare-improving.

Of course, if the short rate becomes less responsive to natural rates, output gap
volatility increases. For very small choices of χi,v, consumption dispersion becomes
negligible. However, output gap volatility increases substantially. The optimal choice
of χ∗

i,v balances these forces. At the optimum, shocks to the natural rate do not fully
pass through to the effective borrowing rate: µ̃t ̸= vt. Thus, aggregate borrowing
demand changes, and hence the output gap xt ̸= 0.

Finally, when the risk-weighted dynamics of household wealth bσt are non-negligible,
it is not possible for the central bank to choose any it = χn

i,vvt, which implies that
µ̃t = vt. Because fluctuations in bσt affect term premia, then even conditional on the
level of the natural rate, term premia will fluctuate through the endogenous move-
ments in household wealth. Thus, the optimal policy in this case must place some
weight on risk-weighted household wealth bσt .

5.2 Optimal Short Rate and Balance Sheet Policy

The failure of conventional policy to achieve first-best is driven by three frictions.
First, because of imperfect pass-through of the policy rate to household borrowing
rates, natural rate shocks are not fully accommodated, implying excessive volatility
of output. Second, borrowing rates across households differ, implying suboptimal
consumption dispersion. Third, the dispersion in consumption decisions induces ad-
ditional equilibrium movements in relative bond positions of households, leading to
further fluctuations in term premia. Simple conventional policy rules cannot overcome
all frictions simultaneously. However, when the central bank has access to frictionless
balance sheet policies, we obtain the following result.

Proposition 7 (Optimal policy separation principle). Assume risk aversion â > 0,
ησ > 0, and βσ > 0. Further, assume that household wealth is initially equalized.
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Suppose the central bank implements short rate and balance sheet policy according to

it = vt, qeσt = − βσ

ςκz
vt.

If short rate policy is frictionless (ψi = 0) and the central bank does not face holding
costs (ψ(τ) = 0), then first-best is achieved:

1. Macroeconomic stabilization: xt = 0 ∀t.

2. Term premia stabilization: µt(τ) = µ̃t ∀τ .

3. Consumption equalization: ct(i) = ct(i
′) ∀i, i′.

The results follow naturally from our findings regarding ad-hoc policy. The bal-
ance sheet policy in Prop. 7 stabilizes shocks to bond markets by offsetting all firm
borrowing shocks. The policy implies that risk premia are zero and thus equalizes
borrowing rates across households: µt(τ) = µ̃t. When this is the case, the model
collapses to a standard RANK model. The elimination of risk premia implies that
policy shocks are transmitted one-to-one to borrowing rates, so µ̃t = it. Thus, the
policy it = vt implies output gaps xt = 0 which is optimal as inflation is zero by
assumption (but will also be optimal in general when divine coincidence holds).

Thus, we derive an optimal separation principle for optimal policy: optimal bal-
ance sheet policy stabilizes long-term rates while optimal short rate policy stabilizes
macroeconomic aggregates.

5.3 Optimal Policy: Balance Sheet Only

We now derive the optimal use of balance sheet tools when the central bank faces
constraints on the short rate. To capture the essence of short rate constraints in a
simple way without introducing an explicit ZLB, we assume that ψi → ∞ and assume
a simple process for the “target rate” īt in (18). The next Proposition shows that
balance sheet tools alone are not enough to achieve first-best.

Proposition 8 (Optimal balance sheet rule). Assume risk aversion â > 0, ησ > 0,
and βσ > 0. Further, assume that household wealth is initially equalized. Suppose
that ψi → ∞ and that īt = χ̃ivt where 0 < χ̃i,v ≪ 1. Consider the balance sheet rule
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which implements

qeσt = βσ

(
(1 + ς + φ)xt −

1

ςκz
vt

)
.

This policy equalizes borrowing rates (µt(τ) = µ̃t ∀τ), and consumption and wealth
dispersion are zero: Vari čt(i) = 0 and bσt = 0. However, output gaps xt are no longer
identically zero.

There exists some balance sheet policy parameters χσ
q,v ̸= 0, χσ

q,b ̸= 0 such that
µ̃t = vt which satisfies macroeconomic stabilization (xt = 0 ∀t). However, long-term
bond return stabilization fails (∃τ : µt(τ) ̸= µ̃t), and therefore consumption and wealth
dispersion are non-zero. The optimal balance sheet rule implies:

1. Output gaps xt are not identically zero. Relative to no balance sheet policies,
output gap volatility is lower.

2. Consumption dispersion is non-zero: Vari čt(i) ̸= 0. Relative to no balance sheet
policies, consumption dispersion is lower.

Prop. 8 shows that when the short rate is constrained, the optimal balance sheet
policy must sacrifice term premia stabilization in order to (partially) stabilize macroe-
conomic volatility. While balance sheet tools can continue to equalize borrowing
rates, suboptimal short rate policy implies that the effective household borrowing
rate µ̃t ̸= vt. Thus, this policy does not achieve macroeconomic stabilization: xt ̸= 0.
On the other hand, balance sheet policies alone can close the output gap, but this is
also suboptimal because borrowing rates are no longer equalized.

It may be surprising that balance sheet tools are insufficient to simultaneously
achieve macroeconomic stabilization and bond market stabilization. Although we
have eliminated the short rate as an active policy tool, we have given the policymaker
a continuum of balance sheet tools {qet(τ)}Tτ=0. The usual textbook intuition seems
to suggest that the policymaker has enough tools to deal with the two objectives.

The reason for the failure of textbook intuition is that balance sheet policy works
by affecting term premia through changes in the market price of risk. Although arbi-
trage is imperfect in this model, arbitrageurs still enforce tight restrictions between
between the market price of risk and term premia across maturities. Hence, while
in principle the central bank has a continuum of policy tools, in practice it can only
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manipulate λt (which we have already imposed by working with the risk-weighted
balance sheet object qeσt ).

This is related to the localization results in Vayanos and Vila (2021) and Ray et al.
(2024). In the one-factor model considered here, the effects of QE are fully global.
However, even with more complicated risk structure, localization is not strong enough
to allow balance sheet policy rules alone to achieve first-best.

6 Welfare Effects: Full Commitment

We now study the case of full commitment, where the policymaker can choose short
rate and balance sheet policies as a function of the entire history of shocks. The
policymaker seeks to minimize the conditional social loss function

Wt = Et

∫ ∞

t

1

2
e−ϱsLs ds , (50)

where per-period social welfare loss Ls is derived in (32)-(34). Our optimal separate
result in Prop. 7 show that simple policy rules can achieve first-best when the policy-
maker faces no short rate or balance sheet frictions. However, when policy frictions
are non-negligible, full commitment policies can improve on simple policy rules.

Theorem 2 (Optimal policy under full commitment). Collect the state variables xt

and jump variables yt into a vector Yt and policy tools into the vector ut, so that
social loss is given by

W0 =
1

2
E0

∫ ∞

0

e−ϱt
(
Y⊤

t RYt + u⊤
t Qut

)
dt , y0 given. (51)

The policymaker chooses ut = FYt, which induce equilibrium dynamics

dYt = −ΥYt dt+ S dBt , (52)

where the feedback matrix Υ ≡ Υ(F) either explicitly or implicitly depends on the
policymaker reaction function. Necessary conditions for optimal choice of F∗ are
given by

x⊤
0

(
∂iP11 − ∂iP12P

−1
22 P21 −P12P

−1
22 ∂iP21 +P12

(
P−1

22 ∂iP22P
−1
22

)
P21

)
x0 = 0
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where P solves the Lyapunov equation ϱP = R + F⊤QF − PΥ − Υ⊤P, and ∂i

represents the derivative of partitioned elements of P with respect to the i element of
F∗, which solve the Lyapunov equation

ϱ∂iP = Q∂iF+ ∂iF
⊤Q− ∂iPΥ−Υ⊤∂iP−P∂iΥ− ∂iΥ

⊤P.

The equilibrium dynamics of the model are

dqt = −

[
I 0

P21 P22

]
Υ

[
I 0

−P−1
22 P21 P−1

22

]
qt dt+

[
I 0

P21 P22

]
S dBt

≡ −Γqt dt+ σ dBt , (53)

where q0 =
[
x0 0

]⊤
.

Full commitment allows for potential improvements in social welfare because the
induced dynamics of the economy in (53) are richer than when the central bank follows
simple policy rules. This allows the central bank to reduce volatility of interest rate
changes, while keeping stronger control over the entire path of the policy rate. Note
that

dit = −e⊤i Γqt dt+ e⊤i σ dBt , ei ≡ e⊤1

[
I 0

−P−1
22 P21 P−1

22

]
F∗,

where it ≡ e⊤1 ut. The term e⊤i σ can be made smaller (inducing smaller term premia
in equilibrium), while still allowing for sufficiently rich expected movements of the
short rate

∫ t

0
is ds = e⊤i

∫ t

0
qs ds.

In general, the necessary conditions in Theorem 2 are complicated. Ongoing
work explores the implications in more detail with numerical simulations. How-
ever, we can still derive some qualitative predictions between simple policy rules and
full commitment. Intuitively, the tradeoff for monetary policy is that greater pass-
through to households (through more aggressive policy reactions to shocks) comes
at the cost of larger and more volatile term premia. Full commitment partially re-
laxes this link. Household decisions depend on entire expected path of borrowing
rates Et

∫∞
0
µt+k(τ) dk, whereas arbitrageur risk compensation depends on volatility

of short-run fluctuations dit , dqet(τ). The optimal policy under full commitment
exploits this in equilibrium by conditioning policy not only the set of natural state
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variables, but also on past promises which allows for smoother policy reactions.

7 Extensions and Tests

We consider extensions of the baseline model studied in the previous section.

Demand Risk. First, we obtain identical results when allowing for shocks to firm
bond demand: β

(τ)
t is now an additional stochastic demand factor. The optimal

separation principle still holds with ψ(τ) = 0, but QE must be more reactive. So long
as the optimal balance sheet policy is implemented, the optimal short rate policy still
implements it = vt.

Exogenous Cost-Push Shocks. Next, we consider the model which exogenous
cost-push shocks, which implies that divine coincidence does not hold:

Et dπt = (ϱπt − κxt − ut) dt .

For now, we abstract from endogenous cost-push shocks induced by firm borrowing.
For simple time-consistent policies considered in Section 5, our separation princi-
ple still holds when policy frictions are absent. Unfortunately, this implies that the
first-best is not achievable. Optimal balance sheet policy still stabilizes term pre-
mia, which implies that short rate policy must contend with the output gap and
inflation tradeoffs as is standard. The reason is that despite multiple policy instru-
ments, (un)conventional policy only affects aggregate outcomes through changes in
the effective borrowing rate µ̃t. Formally, taking any feasible path {xt, πt, µ̃t}t from
an implementation implying policies {i′t, qet(τ)′}t, this can also be achieved with an
alternative policy {it = µ̃t, qet(τ)}t which equalizes borrowing rates. This guarantees
Vari čt(i) = 0 and hence strictly dominates.

However, when firms face financing frictions, under the assumption that β(τ) ̸=
η(τ), a combination of short rate and balance sheet tools can be used to simultane-
ously offset cost-push shocks and natural rate shocks. However, this policy leads to
volatile term premia, and so is suboptimal from a welfare perspective.

Non-Zero Term Premia in the First-Best. Our approximation approach thus
far implies that in the first-best, expected carry trade returns are zero. This arises en-
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dogenously in our model but is based on our riskless approximation method. While
this simplifies our analytical results, it is nevertheless a strong assumption. Sup-
pose instead that first-best bond carry trade returns are given by some (exogenous)
ν(τ) ̸= 0. Our separation principle still holds when ν(τ) is achievable, but optimal
short rate policy is a function of ν(τ). The intuition is a combination of previ-
ous results. Aggregate outcomes arise through changes in the effective borrowing
rate µ̃t (as before). Optimal balance sheet policy guarantees µt(τ) − it ≡ ν(τ) and
hence µ̃t = it +

∫ T

0
η(τ)ν(τ) dτ ≡ it + ν̃. Thus, optimal short rate policy implements

it = vt − ν̃.

7.1 Measuring Policy Objectives: Return Predictability

We now consider simple observable tests related to the optimality of balance sheet
policies. We consider the bond return predictability regressions of Fama and Bliss
(1987) (FB):

1

∆τ
log

(
P

(τ−∆τ)
t+∆τ

P
(τ)
t

)
− y

(∆τ)
t = a

(τ)
FB + b

(τ)
FB

(
f
(τ−∆τ,τ)
t − y

(∆τ)
t

)
+ εt+∆τ .

These regression coefficients measure how the slope of the term structure predicts
excess returns. Figure 7 shows the well-known result that (in the full sample), Fama-
Bliss coefficients are positive, and an increasing function of maturity.

0
2

4
6

8

0 10 20 30
Maturity

Figure 7: Fama-Bliss Coefficients: Treasuries, Full Sample
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In our model, when the central bank does not use the balance sheet and only relies
on conventional short rate policy, then

b̄
(τ)
FB > 0.

However, if balance sheet policy is successfully pursuing term premia stabilization,
then the implied FB coefficient shrinks towards zero:

b̄
(τ)
FB > b̂

(τ)
FB → 0.

Instead, if balance sheet policy is pursuing macroeconomic stabilization, we have that
the estimated FB coefficient is larger than under conventional policy only:

b̂
(τ)
FB > b̄

(τ)
FB.

We examine these stylized predictions by studying how FB regression coefficients vary
as a function of different monetary policy regimes.
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Figure 8: Fama-Bliss Coefficients: 10-year Treasuries, Rolling Sample

Figure 8 estimates rolling Fama-Bliss coefficients (fixing τ = 10 as a baseline
maturity). We see that Fama-Bliss coefficients increased substantially during the
initial QE regime, but have fallen and even become negative in recent years. This
is consistent with the predictions of the model if QE was initially undertaken for
purely macroeconomic stabilization purposes. However, these findings imply that in
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the most recent years since conventional policy has become unconstrained, the mix
of conventional and unconventional tools is not optimal.

8 Concluding Remarks

This paper develops a tractable general equilibrium model with market segmenta-
tion, nominal frictions, and household heterogeneity. We first derive results for how
monetary policy (conventional and unconventional) affects aggregate dynamics. We
next show that welfare losses arise from excessive volatility in inflation, output, and
excess consumption dispersion across households. The frictions associated with con-
sumption dispersion arise due to market segmentation and excessive volatility of term
premia. Optimal short rate and balance sheet policies are characterized by a sharp
separation result: conventional policy targets macroeconomic stability, while uncon-
ventional policy stabilizes bond returns. Optimal policy removes excess volatility of
term premia and hence improves risk-sharing across households, while reducing ex-
cess macroeconomic volatility. Policy constraints on either the short rate or balance
sheets imply tradeoffs between these two policy objectives.
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A Proofs

Proof of Proposition 1. With ξ → 0, for any τ we have σt(τ) → 0, and with
perfect arbitrage we have µt(τ) = it. Thus dP

(τ)
t

P
(τ)
t

= it dt and so each household faces
an identical budget constraint. Thus, if B0(i) = B0 ∀i ∈ H, each household solves the
same problem and chooses Ct(i) = Ct and Nt(i) = Nt. Flexible prices imply

Ct = Yt = ZtNt, Mt ≡
(
1 + it

∫ T

0

βt(τ) dτ

)
Wt

Zt

=
(1 + τ y)(ε− 1)

ε
.

Suppose the production subsidy is given by

τ y =
ϵ

ϵ− 1

(
1 + ϱ

∫ T

0

β(τ) dτ

)
− 1, (A1)

and in the flexible price, perfect arbitrage equilibrium the central bank implements
a nominal interest rule which satisfies it

∫ T

0
βt(τ) dτ = ϱ

∫ T

0
β(τ) dτ . Then it follows

that Wt = Zt and Yt = Z
1+φ
ς+φ

t , the first-best level of production.
Additionally, note that in steady state we have i = ϱ (which guarantees π = 0)

and S(τ) = β(τ) −
∫ 1

0
ηi(τ)B(i) di (which guarantees X(τ) = 0). Then W = Z,

µ(τ) = ϱ, Y = C = C(i), and B(i) = B for all i. Then the steady state values in the
first-best and under sticky prices and imperfect arbitrage coincide.

Proof of Proposition 2. Since asset prices are affine functions of the state, which
evolves according to (46), Ito’s Lemma implies that the drift and diffusion in (23) are
given by σt(τ) = −A(τ)⊤σx and

µt(τ) = A′(τ)⊤yt + C ′(τ) +A(τ)⊤Γ (xt − ȳ) +
1

2
A(τ)⊤ΣA(τ), (A2)

where Σ ≡ σxσ
⊤
x . The arbitrageur optimality conditions (17) become

µt(τ)− it = a

[∫ T

0

xt(τ
′)A(τ ′) dτ ′

]⊤
ΣA(τ).

Substitute market clearing conditions for xt(τ) and collect terms that are linear
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in the state xt to get

A′(τ) +MA(τ)− ei = 0, (A3)

where M is given by equation (38). Taking M as given, this is a linear system of
differential equations. To derive initial conditions, note that at maturity, the riskless
bonds pay $1 so the τ = 0 prices are given by P

(0)
t = 1. Hence, we have A(0) = 0.

Then assuming M is diagonalizable and invertible, the solution is given by (37).

Proof of Proposition 3. Collect all state and jump variables in a vector Yt =[
x⊤
t y⊤

t

]⊤
. The interest rate process it and habitat demand factor processes β(τ)

t are
all affine functions of Yt. Moreover, the (linearized) Phillips curve and IS equation
are also affine functions of Yt, since µ̂t and µ̃t are also affine in the state variables.
Aggregate dynamics can thus be written[

dxt

Et dyt

]
= −Υ

(
Yt − Ȳ

)
dt+

[
σx

0

]
dBt . (A4)

Note that Υ depends on Â, but which we currently take as given. Then the rational
expectations equilibrium is found immediately from Buiter (1984). Partition the
eigenvalues and eigenvectors as follows:

Υ = QΛQ−1, Λ =

[
Λ1 0

0 Λ2

]
, Q =

[
Q11 Q12

Q21 Q22

]
,

where the partitions correspond to the state xt and jump yt variables. If the number
of “stable” eigenvalues (non-negative real parts) equals the number of state variables,
then the rational expectations equilibrium dynamics are given by (46), where

Γ = Q11Λ1Q
−1
11 , Ω = Q21Q

−1
11 . (A5)

Proof of Theorem 1. In an affine equilibrium we have that µ̃t =
∫ T

0
η(τ)µt(τ) dτ .

Substituting equations (A2) and (A3) into this expression and collecting terms which
are linear in the state xt gives the diffusion vectors defined in the statement of the
theorem. Equilibrium is the solution of the fixed point problem implicitly defined by
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equations (38) and these diffusion vectors. Rewrite these conditions in the following
function:

f(Â;M; a) =

ei + (Γ(Â)⊤ −M
)
ν(M)− Â

vec
{
Γ(Â)⊤ − a ·Λ(M)−M

} , (A6)

where Λ(M) and ν(M) are the integral terms from equations (38) and the diffusion
terms. In both cases, dependence on M comes through the affine coefficients A(τ).
We have also made explicit the dependence of Γ on Â, which can be seen in the proof
of Lemma 3. If J ≡ dimxt, then dimM = J × J and dim Â = J and the function
f : RJ(J+1)+1 → RJ(J+1). For any value of a, equilibrium is defined by f(Â;M; a) = 0.

We now analyze the solution in a neighborhood around â = 0. For â = 0, clearly
Â = ei and M = Γ(ei)

⊤. The partial derivatives evaluated at this point are given
by:

∂f

∂Âj

=

[∂Γ⊤
/
∂Âj

]
ν(M)− ej

vec
[
∂Γ⊤

/
∂Âj

]  , ∂f

∂Mkl

=

[
eke

⊤
l ν(M)

− vec eke
⊤
l

]
,

where ej, ek, el are standard normal basis vectors. The matrix ∂Γ
/
∂Âj is the deriva-

tive of the state dynamics matrix Γ with respect to the j-element of Â; because this
depends on derivatives of the eigendecomposion defined in the proof of Lemma 3,
even in the case of â = 0 this is a complicated expression. Nevertheless, from this we
can show that the Jacobian of f with respect to Â,M evaluated at the â = 0 solution
has full rank. In fact, writing this Jacobian in block form, we have

Df ≡

[
D11 D12

D21 −IJ2

]
, (A7)

and D12 =
[
IJ · ν1 . . . IJ · νJ

]
, where νj is the j-element of ν(M). Because the

elementary row operations which transform D12 into the zero matrix simultaneously
transform D11 into −IJ , detDf = 1 and the result follows from the implicit function
theorem.
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B Model Details

B.1 Household and Firm Problem Details

Households. Ito’s lemma implies that real household wealth bt(i) evolves according
to

dbt(i) =

[
Wt

Nt(i)

C(i)
− Ct(i)

C(i)

]
dt+ bt(i)

(
dP

(τ)
t

P
(τ)
t

− πt dt

)
+

dFt

C(i)Pt

+O(ξ2) dt (B1)

≡ µb
t(i) dt+ σb

t(i) dBt , (B2)

where O(ξ2) represents higher-order terms.

ϱVt(i) = max
{Ct(i),Nt(i)}

u (Ct(i), Nt(i)) + VB,t(i)µ
b
t(i) + Vx,t(i)h(xt) +O(ξ2). (B3)

Differentiating (B3) with respect to Ct(i) and Nt(i) and equating gives (5). Differen-
tiating with respect to bt(i) and applying the envelope theorem gives

ϱVB,t(i) = VBB,t(i)µ
b
t(i) + VBx,t(i)h(xt) + VB,t(i) (µt(τ)− πt) +O(ξ2).

Ito’s Lemma implies

Et dVB,t(i) =
[
VBB,t(i)µ

b
t(i) + VBx,t(i)h(xt) +O(ξ2)

]
dt .

Combining gives

Et dVB,t(i) =
[
VB,t(i) [ϱ+ πt − µ̃t] +O(ξ2)

]
dt .

Firms. Define the relative price of firm j as Pt(j) =
Pt(j)
Pt

. Define

Mt =
Wt

Zt

(
1 +

∫ T

0

θt(τ)µt(τ) dτ

)
We have

Et
dΠt(j)

Pt

= Yt(j) [(1 + τ y)Pt(j)−Mt] dt−
ϑ

2
(πt(j)−ϖt)

2 Yt dt
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Under flexible prices, per-period maximization and symmetry yields

Mt =
ϵ− 1

ϵ
(1 + τ y).

Firm HJB

ϱUt(j) = max
πt(j)

QH
t

[
Yt(j) ((1 + τ y)Pt(j)−Mt)−

ϑ

2
(πt(j)−ϖt)

2 Yt

]
(B4)

+ Up,t(j)Pt(j)(πt(j)− πt) + Ux,th(xt) +O(ξ2). (B5)

Optimality conditions

ϑQH
t Yt (πt(j)−ϖt) = Up,t(j)Pt(j)

Envelope theorem:

ϱUp,t(j) = QH
t

[
−YtϵPt(j)

−ϵ−1 ((1 + τ y)Pt(j)−Mt) + (1 + τ y)Yt(j)
]

+ Up,t(j)(πt(j)− πt) + Upp,t(j)Pt(j)(πt(j)− πt) + Upx,th(xt) +O(ξ2)

Ito’s Lemma

Et dUp,t(j) =
[
Upp,t(j)Pt(j)(πt(j)− πt) + Upx,th(xt) +O(ξ2)

]
dt

Combining

Et dUp,t(j) =
[
(ϱ− (πt(j)− π))Up,t(j)−QH

t Yt
(
(1 + τ y)(1− ϵ) + ϵPt(j)

−1Mt

)
+O(ξ2)

]
dt

Evaluated at a symmetric equilibrium we have

ϑQH
t Yt (πt −ϖt) = Up,t

Et dUp,t =
[
ϱUp,t −QH

t Yt ((1 + τ y)(1− ϵ) + ϵMt) +O(ξ2)
]
dt

Aggregate Transfers. The short-term bond market clearing condition is

S0
t =

∫ T

0

Xt(τ) dτ .
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Note: this assumes that HH and firm demand for τ = 0 bonds is in measure dτ . If
there is a mass point in η(0) or θ(0), we instead have

S0
t =

∫ T

0

Xt(τ) dτ − η(0)Bt(0)− θ(0)WtNt.

Transfers from aggregate firm profits:

dΠt =

[(
1− ϑ

2
π2
t

)
PtYt −WtNt

]
dt−WtNt

(∫ T

0

θ(τ)
dP

(τ)
t

P
(τ)
t

dτ

)

Transfers from government∫ T

0

St(τ)
dP

(τ)
t

P
(τ)
t

dτ + S0
t it dt− PtYtΨt dt

Transfers from arbitrageurs

∫ T

0

Xt(τ)

(
dP

(τ)
t

P
(τ)
t

− it dt

)
dτ

Combining and imposing market clearing

dFt = [PtCt −WtNt] dt−
∫ T

0

η(τ)Bt(τ)
dP

(τ)
t

P
(τ)
t

dτ

B.2 Linearization Details

For any variable at(τ), define

ãt =

∫ T

0

η(τ)at(τ) dτ

ǎt(τ) = at(τ)− ãt

ãt =

∫ T

0

σ(τ)⊤η(τ)ǎt(τ) dτ

=

∫ T

0

σ(τ)⊤η(τ)at(τ) dτ − σ̃⊤
(∫ T

0

η(τ)at(τ) dτ

)
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where

σ̃ =

∫ T

0

σ(τ)η(τ) dτ

Log-linearized intratemporal optimality conditions imply

wt = ςct(i) + φnt(τ) =⇒ ňt(τ) = − ς

φ
čt(i)

Approximation of the budget constraint, using aggregate transfers and a symmet-
ric steady state

dbt(τ) =

[
W

Z
ňt(τ)− čt(i) + b(µ̌t(τ)− πt) + ϱb̌t(τ)

]
dt+Bσ̌(τ) dBt

=

[
−
(
1 +

ς

φ

W

Z

)
čt(i) + b(µ̌t(τ)− πt) + ϱb̌t(τ)

]
dt+Bσ̌(τ) dBt

σ̌(τ) ≡ σ(τ)− σ̃

Note

b̃t =

∫ T

0

η(τ)bt(τ) dτ =⇒ db̃t = −Bπt dt

=⇒ db̌t(τ) =

[
−
(
1 +

ς

φ

W

Z

)
čt(i) + Bµ̌t(τ) + ϱb̌t(τ)

]
dt+Bσ̌(τ) dBt

From the arbitrageur optimality conditions:

µt(τ) = it + σ(τ)Λt =⇒ µ̌t(τ) = σ̌(τ)Λt =⇒ µ̃t = Σ̃Λt

µ̃t =

∫ T

0

η(τ)µt(τ) dτ = it +

(∫ T

0

η(τ)σ(τ) dτ

)
Λt = it + σ̃Λt

where

Σ̃ =

∫ T

0

σ(τ)⊤η(τ)σ̌(τ) dτ

=

∫ T

0

η(τ)σ(τ)⊤σ(τ) dτ − σ̃⊤σ̃
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From the household intertemporal optimality conditions:

Et dct(i) = ς−1 [(µt(τ)− ϱ)− πt] dt =⇒ Et dčt(i) = ς−1µ̌t(τ) dt =⇒ Et dc̃t = ς−1µ̃t dt

Et dxt = ς−1 [(µ̃t − ϱ)− πt − (−κzzt)] dt

Then

b̃t ≡
∫ T

0

σ(τ)⊤η(τ)b̌t(τ) dτ

db̃t =

[
−
(
1 +

ς

φ

W

Z

)
c̃t +Bµ̃t + īb̃t

]
dt+BΣ̃ dBt

Firm demand for τ bonds:

−W
Z
ewt+ntθt(τ) ≈ −W

Z
[θ(τ) + θ(τ)(wt + nt) + (θt(τ)− θ(τ))]

From market clearing, we have (steady state)

0 = −s(τ) + W

Z
θ(τ)− η(τ)b

and over time

xt(τ) = −(st(τ)− s(τ)) +
W

Z
[θ(τ)(wt + nt) + (θt(τ)− θ(τ))]− η(τ)(bt(τ)− b)

Thus, risk prices are

Λt =

∫ T

0

σ(τ)⊤xt(τ) dτ

= −
∫ T

0

σ(τ)⊤(st(τ)− s(τ)) dτ + (wt + nt)
W

Z

∫ T

0

σ(τ)⊤θ(τ) dτ

+
W

Z

∫ T

0

σ(τ)⊤(θt(τ)− θ(τ)) dτ −
∫ T

0

σ(τ)⊤η(τ)(bt(τ)− b) dτ

≡ −s̃t + σ̂⊤W

Z

(
(1 + ς + φ)xt +

1 + φ

ς + φ
zt

)
+
W

Z
β̃t − b̃t − σ̃⊤(b̃t − b)
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B.3 Second-Order Approximations

Log-quadratic approximation of functions of the form:

F ≡ g

[∫ T

0

η(τ)f (Xt(τ)) dτ

]
= g

[∫ T

0

η(τ)f
(
X̄ext(τ)

)
dτ

]
We have

F

∣∣∣∣
SS

= g(f(X̄))

∂F

∂xt(τ ′)

∣∣∣∣
SS

= X̄g′(f(X̄))f ′(X̄)η(τ ′) dτ ′

∂2F

∂xt(τ ′)∂xt(τ ′′)

∣∣∣∣
SS

= g′′(f(X̄))(X̄f ′(X̄))2η(τ ′) dτ ′ η(τ ′′) dτ ′′

∂2F

∂xt(τ ′)2

∣∣∣∣
SS

= g′′(f(X̄))(X̄f ′(X̄))2(η(τ ′) dτ ′)2 + g′(f(X̄))X̄(f ′(X̄) + X̄f ′′(X̄))η(τ ′) dτ ′

Thus, the second order approximation is

F ≈ ∆0 +∆1Eτxt(τ) +
1

2
∆2[Eτxt(τ)]

2 +
1

2
∆3Eτ [xt(τ)

2]

= ∆0 +∆1Eτxt(τ) +
1

2
(∆2 +∆3)[Eτxt(τ)]

2 +
1

2
∆3V arτxt(τ)

where

∆0 ≡ g(f(X̄))

∆1 ≡ X̄g′(f(X̄))f ′(X̄)

∆2 ≡ g′′(f(X̄))(X̄f ′(X̄))2

∆3 ≡ g′(f(X̄))X̄(f ′(X̄) + X̄f ′′(X̄))

and

Eτ [h(xt(τ))] ≡
∫ T

0

η(τ)h(xt(τ)) dτ

V arτ [h(xt(τ))] ≡
∫ T

0

η(τ)h(xt(τ))
2 dτ − Eτ [h(xt(τ))]

2

The second-order approximation follows from taking the limit of the finite second-
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order approximation at grid points i = 1, . . . , N with ∆i steps:

F = g

[
N∑
i=1

η(i)f
(
X̄ext(i)

)
∆i

]

F ≈ F̄ +
N∑
i=1

[
∂F

∂x(i)

∣∣∣∣
SS

]
x(i) +

1

2

N∑
i=1

N∑
j=1

[
∂2F

∂x(i)∂x(j)

∣∣∣∣
SS

]
x(i)x(j)

and note that the second derivative in the double summation has the additional terms
when i = j.

B.3.1 Examples

Simple mean: f(z) = g(z) = z∫ T

0

η(τ)X̄ext(τ) dτ

≈ X̄

{
1 + Eτxt(τ) +

1

2
[Eτxt(τ)]

2 +
1

2
V arτxt(τ)

}
Mean of function: g(z) = z∫ T

0

η(τ)f
(
X̄ext(τ)

)
dτ

≈ f(X̄) + X̄

{
f ′(X̄)Eτxt(τ) +

1

2
(f ′(X̄) + X̄f ′′(X̄))(V arτxt(τ) + [Eτxt(τ)]

2)

}
Function of mean: f(z) = z

g

[∫ T

0

η(τ)X̄ext(τ) dτ

]
≈ g(X̄) + X̄

{
g′(X̄)Eτxt(τ) +

1

2
g′(X̄)V arτxt(τ) +

1

2
(g′(X̄) + X̄g′′(X̄))[Eτxt(τ)]

2

}
Thus

f

[∫ T

0

η(τ)X̄ext(τ) dτ

]
−
∫ T

0

η(τ)f
(
X̄ext(τ)

)
dτ

≈ −1

2
X̄2f ′′(X̄)V arτxt(τ)
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Inverse: g = f−1

f−1

[∫ T

0

η(τ)f
(
X̄ext(τ)

)
dτ

]
≈ X̄

{
1 + Eτxt(τ) +

1

2

[
1 + X̄

f ′′(X̄)

f ′(X̄)

]
V arτxt(τ) +

1

2
[Eτxt(τ)]

2

}
CES: [∫ T

0

η(τ)
(
X̄ext(τ)

) ϵ−1
ϵ dτ

] ϵ
ϵ−1

≈ X̄

{
1 + Eτxt(τ) +

1

2

[
ϵ− 1

ϵ

]
V arτxt(τ) +

1

2
[Eτxt(τ)]

2

}
Thus ∫ T

0

η(τ)X̄ext(τ) dτ −
[∫ T

0

η(τ)
(
X̄ext(τ)

) ϵ−1
ϵ dτ

] ϵ
ϵ−1

≈ 1

2
X̄
1

ϵ
V arτxt(τ)

CRRA utility difference from RANK:

1

1− ς

[∫ T

0

η(τ)X̄ext(τ) dτ

]1−ς

− 1

1− ς

∫ T

0

η(τ)
(
X̄ext(τ)

)1−ς
dτ

≈ 1

2
X̄1−ςςV arτxt(τ)

B.4 Social Welfare: Aggregate Relationships

Equilibrium equations. Consumption:

Ct =

∫ T

0

η(τ)ct(i) dτ (B6)

Ct = Yt

[
1− 1

2
θπ2

t −
1

2
ψi(it − īt)

2 − 1

2

∫ T

0

ψ(τ) (st(τ))
2 dτ

]
(B7)

Production:

Yt = ZtLt (B8)
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Aggregate labor/wage index:

Lt =

[∫ T

0

η(τ)Nt(τ)
ϵw−1
ϵw dτ

] ϵw
ϵw−1

(B9)

Wt =

[∫ T

0

η(τ)Wt(τ)
1−ϵw dτ

]1−ϵw

(B10)

Labor demand and labor clearing:

Nt(τ) =

(
Wt(τ)

Wt

)−ϵw

Lt =⇒ Wt(τ) =

(
Nt(τ)

Lt

)− 1
ϵw

Wt (B11)

Intratemporal wage/consumption/labor:

(1 + τw)

(
ϵw − 1

ϵw

)
Wt(τ) = ct(i)

ςNt(τ)
φ (B12)

=⇒ (1 + τw)

(
ϵw − 1

ϵw

)
L

1
ϵw
t Wt = ct(i)

ςNt(τ)
φ+ 1

ϵw (B13)

Output gap:

Xt =
Yt
Y n
t

(B14)

B.4.1 Social Welfare Approximation

The log-quadratic approximation of deviations of social welfare from the first-best are
given by

W0 ≡
∫ ∞

0

e−ϱtLt dt

Lt = U (Cn
t , N

n
t )−

∫ T

0

η(τ)U (ct(i), Nt(τ)) dτ

=
1

2
(ς + φ)x2t +

1

2
θπ2

t

+
1

2
ςV arτct(i) +

1

2
φV arτnt(τ) +

1

2

1

ϵw
V arτnt(τ)

+
1

2
ψi(it − īt)

2 +
1

2

∫ T

0

ψ(τ) (st(τ))
2 dτ
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We have

ςV arτct(i) + φV arτnt(τ) +
1

ϵw
V arτnt(τ) =

ς + ς2φ(
1
ϵw

+ φ
)2
V arτct(i) + ϵwV arτwt(τ)

and

V arτwt(τ) =

(
ς

1 + ϵwφ

)2

V arτct(i)

The loss associated with V arτct(i) comes from imperfect risk-sharing. The loss asso-
ciated with V arτwt(τ) comes from labor market inefficiencies.

B.4.2 Equilibrium Approximations: Details

Throughout we make use of big-O properties:

f = O(h), g = O(k) =⇒ f + g = O(h+ k), f · g = O(h · k)

=⇒ f(τ) = O(h(τ)) =⇒ Eτf(τ) ≡
∫
η(τ)f(τ) dτ = O

(∫
η(τ)h(τ) dτ

)
≡ O(Eτh(τ))

We use the variable ξt to denote the generic expansion point around the steady state
for any variable, so that

f(xt) = O(ξt), g(yt) = O(ξt) =⇒ f(xt) + g(yt) = O(ξt), f(xt) · g(yt) = O(ξ2t )

Aggregate and HH member consumption from (B6)

Ct ≡ Cect = C

{
1 + ct +

1

2
c2t

}
+O(ξ3t )

ct(i) ≡ Cect(i) = C

{
1 + ct(i) +

1

2
ct(i)

2

}
+O(ξ3t )

=⇒ ct +
1

2
c2t +O(ξ3t ) = Eτct(i) +

1

2
Eτ [ct(i)]

2 +
1

2
V arτct(i) +O(ξ3t )

Also, aggregate labor supply Nt ≡
∫ T

0
η(τ)Nt(τ) dτ (which is not equivalent to aggre-

61



gate labor index Lt):

Nt ≡ Nent = N

{
1 + nt +

1

2
n2
t

}
+O(ξ3t )

Nt(τ) ≡ Nent(τ) = N

{
1 + nt(τ) +

1

2
nt(τ)

2

}
+O(ξ3t )

=⇒ nt +
1

2
n2
t +O(ξ3t ) = Eτnt(τ) +

1

2
Eτ [nt(τ)]

2 +
1

2
V arτnt(τ) +O(ξ3t )

From consumption goods market clearing (B7)

Cect = Y eytedt

where dt is the log of the deadweight loss terms in (B7) (which in levels is equal to
one in SS). Since C = Y , we have

ct +
1

2
c2t +O(ξ3t ) = (yt + dt) +

1

2
(yt + dt)

2 +O(ξ3t )

Additionally, a second-order expansion of deadweight loss dt gives

dt = −1

2

[
θπ2

t + ψi(it − īt)
2 +

∫ T

0

ψ(τ) (st(τ))
2 dτ

]
+O(ξ3t )

≡ −1

2
d̃t +O(ξ3t )

and also

d2t = O(ξ3t )

dtvt = O(ξ3t )

for any variable vt (in terms of deviations from steady state).
Thus

ct +
1

2
c2t +O(ξ3t ) = yt +

1

2
y2t −

1

2
d̃t +O(ξ3t )

Production from (B8)

yt = zt + ℓt
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Labor and wage indices from (B9)

ℓt +
1

2
ℓ2t +O(ξ3t ) = Eτnt(τ) +

1

2
Eτ [nt(τ)]

2 +
1

2

ϵw − 1

ϵw
V arτnt(τ) +O(ξ3t )

wt +
1

2
w2

t +O(ξ3t ) = Eτwt(τ) +
1

2
Eτ [wt(τ)]

2 +
1

2
(1− ϵw)V arτwt(τ) +O(ξ3t )

Combining with aggregate labor supply

ℓt +
1

2
ℓ2t +O(ξ3t ) = nt +

1

2
n2
t −

1

2

1

ϵw
V arτnt(τ) +O(ξ3t )

Labor demand from (B11)

nt(τ) = −ϵw(wt(τ)− wt) + ℓt

=⇒ Eτnt(τ) = −ϵw(Eτwt(τ)− wt) + ℓt

V arτnt(τ) = ϵ2wV arτwt(τ)

Intratemporal HH conditions from (B12)

wt(τ) = ςct(i) + φnt(τ)

=⇒ Eτwt(τ) = ςEτct(i) + φEτnt(τ)

V arτwt(τ) = ς2V arτct(i) + φ2V arτnt(τ) + 2Covτ (ct(i), nt(τ))

Output gap from (B14)

xt = yt − ynt

Utility

U(ct(i), Nt(τ))− Ū = Zχ

{
ct(i) +

1

2
(1− ς)ct(i)

2 − nt(τ) +
1

2
(1 + φ)nt(τ)

2

}
+O(ξ3t )
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where Ū = U(C,N) and χ ≡ (1−ς)(1+φ)
ς+φ

. Thus social welfare

Ut ≡
∫ T

0

η(τ)U(ct(i), Nt(τ)) dτ

Z−χ(Ut − Ū) = Eτct(i) +
1

2
(1− ς)

(
Eτ [ct(i)]

2 + V arτct(i)
)

− Eτnt(τ)−
1

2
(1 + φ)

(
Eτ [nt(τ)]

2 + V arτnt(τ)
)
+O(ξ3t )

Second-order approximations of C1−ς
t /(1− ς) and L1+φ

t /(1 + φ) give

ct +
1

2
(1− ς)c2t +O(ξ3t ) = Eτct(i) +

1

2
(1− ς)Eτ [ct(i)]

2 +
1

2
V arτct(i) +O(ξ3t )

ℓt +
1

2
(1 + φ)ℓ2t +O(ξ3t ) = Eτnt(τ) +

1

2
(1 + φ)Eτ [nt(τ)]

2 +
1

2

ϵw − 1

ϵw
V arτnt(τ) +O(ξ3t )

Thus social welfare

Z−χ(Ut − Ū) = ct +
1

2
(1− ς)c2t − ςV arτct(i)− ℓt −

1

2
(1 + φ)ℓ2t −

(
φ+

1

ϵw

)
V arτnt(τ) +O(ξ3t )

Combining with the second-order approximations of consumption and production:

ct +
1

2
(1− ς)c2t = (yt + dt) +

1

2
(1− ς) (yt + dt)

2

= yt −
1

2
d̃t +

1

2
(1− ς)y2t +O(ξ3t )

ℓt +
1

2
(1 + φ)ℓ2t = (yt − zt) +

1

2
(1 + φ) (yt − zt)

2

In the first-best, we have

ynt =
1 + φ

ς + φ
zt

=⇒ yt = xt +
1 + φ

ς + φ
zt ≡ xt +

χ

1− ς
zt

yt − zt = xt +
1− ς

ς + φ
zt ≡ xt +

χ

1 + φ
zt
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Thus

yt +
1

2
(1− ς)y2t − (yt − zt)−

1

2
(1 + φ) (yt − zt)

2

= zt +
1

2
(1− ς)

(
xt +

χ

1− ς
zt

)2

− 1

2
(1 + φ)

(
xt +

χ

1 + φ
zt

)2

= zt +
1

2
χz2t −

1

2
(ς + φ)x2t

And note social welfare at the first-best is

Z−χ(Un
t − Ū) = zt +

1

2
χz2t +O(ξ3t )

Combining, we have that social welfare differences from the first-best are

Z−χ(Un
t − Ut) =

1

2
(ς + φ)x2t +

1

2
d̃t + ςV arτct(i) +

(
φ+

1

ϵw

)
V arτnt(τ) +O(ξ3t )

The variance terms are related as follows:(
φ+

1

ϵw

)2

V arτnt(τ) = ς2V arτct(i)

V arτwt(τ) =

(
1

ϵw

)2

V arτnt(τ)

Thus

ςV arτct(i) +

(
φ+

1

ϵw

)
V arτnt(τ) =

(
ς

φ+ 1
ϵw

)(
ς + φ+

1

ϵw

)
V arτct(i)

We can also decompose these terms as follows:

ςV arτct(i) + φV arτnt(τ) =
ς

φ

(
φ+ ς

[
φϵw

1 + φϵw

]2)
V arτct(i)

1

ϵw
V arτnt(τ) = ϵwV arτwt(τ)
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