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Abstract

Al labs are increasingly using Al itself to accelerate Al research, creating a feed-
back loop that could potentially lead to an “intelligence explosion”. We develop
a general semi-endogenous growth model with an innovation network, where re-
search in one sector increases the productivity of research in other sectors, and de-
rive a clean analytical condition under which growth becomes superexponential
(“explosive”). The key intuition is that automation of research tasks both offsets
diminishing returns to research and increases cross-sectoral research spillovers,
making explosive growth more likely. Applying this model to a calibrated, Al-
integrated economy, we demonstrate that the growth effects of automation may be
slow initially but compound rapidly. In our benchmark calibration, automating the
tasks required to double the long-run growth rate already achieves well over half

of the automation level needed to generate explosive growth.

1 Introduction

The potential for artificial intelligence (AI) to fundamentally transform economic growth

has been a topic of intense debate. While some claim that the effects of Al on growth
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will be a mere rounding error (Acemoglu, 2024), others argue that Al could lead to a
technological “singularity” (Kurzweil, 2005, Bostrom, 2014). Central to this latter the-
sis is the concept of recursive self-improvement, where Al systems become increasingly
capable of designing and improving themselves, with the resulting feedback loop lead-
ing to an “intelligence explosion” and potentially rapid economic growth (Good, 1966,
Yudkowsky, 2013).

Al tools have already demonstrated significant potential in advancing scientific re-
search. For example, the model AlphaFold successfully predicted the structures of pre-
viously unknown proteins, marking a breakthrough in molecular biology. Additionally,
LLMs have become powerful coding assistants, enabling Al researchers to code more ef-
ficiently. Several recent studies have documented measurable productivity gains from
such tools (Gambacorta et al., 2024, Song et al., 2024, Pandey et al., 2024), and An-
thropic’s CEO Dario Amodei has predicted that Al would be writing the large majority
of their code imminently. These developments underscore Al’s growing role not only
as a scientific instrument but as a driver of innovation itself. The potential for Al to
increase the productivity of Al research has critical implications for growth economics,
which we consider in this paper by explicitly modeling Al as a distinct component of
the growth process.

In this paper we focus on the conditions that give rise to explosive growth. We
note that the essential component of any explosive growth story is amplifying feedback
loops. Such feedback loops are absent in standard macroeconomic models, though no-
table exceptions include Malthusian or lab-equipment growth models; these models
feature output being transformed back into the key driving force for additional growth
(be it human labor or ideas). We label such forces economic feedback loops. Addition-
ally, models could emphasize the importance of technological spillovers where progress

in one technology can contribute to progress in another. We call these technological feed-



back loops since these don’t pass through output channels.

The model developed here combines lab-equipment and technological spillovers to
provide a clear characterization of how technological and economic feedback loops in-
teract, and the conditions where these interactions can give rise to balanced or explosive
growth. In particular, where the progress of components of these systems go to infinity
in finite time; a “Type II" singularity (Aghion et al., 2017), or "hyperbolic’ growth. We
then use the insights of this model to illustrate how automation of both research and
production can amplify existing feedback loops or spawn them where they did not exist
before. This effect will be to accelerate growth, and in surprisingly moderate cases lead
to hyperbolic growth. In particular, the model predicts hyperbolic growth will arise

under the simple condition:

1
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where r (> 0) terms capture sectoral research productivity; f € [0, 1] terms capture the
share of tasks in each sector that can be automated, and S, H, A, Y denote software,
hardware, TFP innovation and output respectively; and « is the labor share of output.

These results rest on strong assumptions. In particular, we impose Cobb-Douglas
aggregation of task outputs at multiple stages in the model developed. Under this ag-
gregation, output can be driven by explosive progress in a subset of tasks. This means
that automation of some tasks is enough to kickstart explosive dynamics across the sys-
tem. The hyperbolic growth threshold we arrive at is strikingly low. This suggests that
one of the most important areas for additional research is understanding the degree
of substitutability between economic tasks in a world with increasing automation. We

discuss additional limitations of the model developed here in Section 6.

Related Literature— Several studies have investigated the possibility of Al and automation



leading to transformative growth. Aghion et al. (2017) characterize the conditions un-
der which a system capable of recursive self-improvement exhibits hyperbolic growth.
Trammell and Korinek (2025) extend this analysis by embedding such self-improving
technologies in a macroeconomic setting where capital accumulation and technologi-
cal progress reinforce each other. Jones (2025) constructs a richer environment on the
deployment of better machines (including AI) to research and development to under-
stand how improvements machines contributing to research could accelerate techno-
logical progress.

We advance this line of work in three main directions. First, we generalize the
analysis to systems whose progress depends on a network of multiple technologies
with heterogeneous returns to research effort, providing a unified condition for when
growth becomes explosive. Second, we integrate technological heterogeneity with eco-
nomic feedback loops, showing how output-technology complementarities amplify or
dampen the possibility of hyperbolic growth. Third, we use this richer framework to
derive a threshold for automation that marks the transition from balanced to hyperbolic
growth and provide quantitative estimates under empirically grounded parameters.

Erdil et al. (2025) make a uniquely rich effort to model the growth implications
of Al using an Integrated Assessment Model. Our simpler framework captures the
same core dynamics—with Al displacing human labor in both research and production,
thereby driving growth and accelerating further Al progress—while remaining analyt-
ically tractable. This tractability allows us to characterize the interaction between eco-
nomic and technological feedback loops and to derive conditions under which growth
becomes explosive.

Networked models of technological progress have also been applied to understand
optimal R&D allocations (Liu and Ma, 2024), as well as the sources of heterogeneity

in sectoral productivity growth (Ngai and Samaniego, 2011). Their analysis explicitly



rules out explosive growth by imposing constant returns to scale on cross-sector in-
novation spillovers, which ensures balanced growth in an endogenous-growth setting.
This framework serves as a tractable model to understand the growth implications of
automation, when Al is allowed to automate R&D across many sectors (including those
that feed into Al progress). Specifically, by not imposing constant returns to scale,
we demonstrate the conditions on the technology network that give rise to explosive

growth, and how automation can strengthen the links in this network.

2 Motivating Example: Robotic Malthusian Growth

We motivate our full model with a simple illustrative example.! Suppose we have a

Malthusian model for robots, where output is given by
Y, = M (0Lary)" (1)

where L, is the available robotic labor at time ¢; M is the supply of some fixed factor
(potentially representing land, data, energy, human input); ¢ is the fraction of robots
dedicated to producing output, where as the remaining robots are dedicated to pro-

ducing more robots:
Lo = a(Q)l(1- 0L (2)

we assume that 8 > 0 so that there is some diminishing returns to scale in increasing
the stock of robot builders. Here n(:) is the (diminishing returns to scale-adjusted)
replication rate of robots. We assume that this rate is a function of output since more

output can be used to purchase the materials that can be used to construct more robots.

L Aghion etal. (2017) and Trammell and Korinek (2025) have considered similar thought experiments.



In the simplest case, suppose n(Y;) = Y;*. Therefore, we have the law of motion for

robots

Ly = YA -0OLJ? (3)

x L?a_ﬂ—H (4)

and this autonomous differential equation exhibits hyperbolic growth if the exponent

from equation 4 is greater than one. Equivalently, if

v > 1. (5)

We can see this condition is dictated by the strength of economic feedback between
output and technology, A, and technology and output, ¢, as well as the strength of the
technological “self feedback” which is decreasing in f3.

If we alternatively allowed M to grow at rate g, then one can show that the balanced

growth path of robots in this envrionment is given by

2(1 —a)
QLBGP = B—MQM- (6)

B

Inspecting the denominator, the condition that would prevent this balanced growth
path from being well-defined (so the denominator is zero) is exactly the hyperbolic
growth condition from inequality 5. This illustrative example motivates the main fea-
tures of the model we introduce in the following section. In particular, it highlights
three forces contributing to hyperbolic growth: i) the presence of accumulable factors
ii) the strength of accelerating factors or spillovers leading factor accumulation and iii)
the strength of dampening factors (such as diminishing returns) that weaken feedback

loops.



In Sections 3 and 4 we depart from this illustrative Malthusian example, to one that
incorporates economic feedback via lab-equipment and technological feedback both
through ‘self feedback” and through technological spillovers. Ultimately this model
will provide the framework to evaluate conditions for explosive growth in the Al-economic

environment developed in Section 5.

3 A General Framework for Hyperbolic Growth

In this section we first consider the necessary and sufficient conditions for hyperbolic
growth in a network of technologies; with spillovers generating possibly feedback loops
between technologies. We then embed this model of networked technological progress
into an economic environment, demonstrating economic feedback loops that can be
isolated analytically in their contribution balanced or explosive growth.

This model has (Section 3.1) a vector of technologies linked by spillovers, and (Sec-
tion 3.2) output that depends on these technologies, and capital and labor inputs to

R&D.

3.1 Technological Feedback Loops

Consider a general networked model of technological progress, featuring a set of dis-
tinct technologies, I, that number N. Allow technological levels in each sector i € 1

spillover to technological progress in other sectors:

Jjel

where R; = LYK, " is the aggregated capital and labor research inputs to sector i

and v; is a constant scaling parameter. Here v are the only constant variables and are



ultimately unimportant for analysis, hence we drop time-subscripts entirely and note
that all capitalized variables are growing over time. There are diminishing returns to
parallel research input, \; € (0, 1], and sectoral spillovers, ¢; ;(> 0). We define ¢;;, =
1 — B3;, where 3; captures the degree of diminishing returns to research within a given
sector introduced in Jones (1995). We impose ; > 0 so ideas are getting harder to find;
otherwise the system necessarily generates explosive growth.?

From equation 7, we can see for this system to exhibit balanced growth, for each

technology we require

Ai Gij
g5’ = Zgn + Y Lgi" (8)

jen: Mt

That is, the growth rate of technology i must be such that growth arising from research
inputs and spillovers will offset the diminishing returns defined by 3;. We define rele-

vant terms here:
B’ “ Bi

The term r; is a sector specific measure of research productivity, capturing how techno-

fori # j (9)

r, =

logical progress responds to ‘own sector’ research effort. We also introduce an analo-
gous term spillover term, s; ; capturing how technological progress in sector j impacts
technological progress in sector i. We can simplify this system further in matrix form.

Defining the N x N technological feedback matrix, F4, such that

i, ifi# ]
A _ 77
F = : (10)

0, ifi=j

2Al’rhough, if N = 1, 8; = 0 would be insulfficient for explosive growth (Aghion etal., 2017). However,
we are generally interested in multi-technology systems where any one sector with 8; = 0 would be
sufficient for explosive growth.



From here we define the central mathematical result with we subsequently apply
to evaluate growth conditions under varying assumptions on the parameters defining

the growth environment:

Proposition 1. Take a (strictly positive) growth system defined by equations for each i € I

A l; A1—b; Pi,j

jel/i

with b > 0 and p > 0, and the (irreducible) matrix F € RYN where F; ; = p; ;/b; for i # j,
F;; = 0 and variables E grow at a constant, exogenous rate g € RY. The spectral radius of

F, p(F), partitions the growth system into three cases:

1. p(F) < 1. The system exhibits balanced growth along the path

ga®" = Prgp (11)

where and ¥ = (I — F)~' € RYN and v = diag((;/b;, . .., (xn/by).

2. p(F) = 1. The system growth at any time is bounded by double-exponential growth, and

exponential in the purely endogenous growth case (gg = 0).
3. p(F) > 1. The system exhibits hyperbolic growth, with all variables growing to infinity
in finite time.
Proof. See Appendix A. O
This result implies that to understand the conditions that give rise explosive growth
paths, we can generally limit our focus to the behavior of—or more specifically, the

existence of —the balanced growth path. In our spillover model, the feedback matrix

F4 conveniently provides (i) the balanced growth path via the (technological) Leontief



inverse, ¥4 = (I — F4)~! and (ii) the conditions where the system in equation (7)
exhibits hyperbolic growth. W, captures how progress in each sector feedback into
all other sectors repeatedly along the balanced growth path; while r captures the direct
effect of research inputs within a sector. We can see that entries in ¥ 4 will be increasing
with returns to other sector research, s; ;, and therefore increasing with spillover terms
¢i; and decreasing with the strength of diminishing returns to research ;.

This balanced growth path nests that of the standard semi-endogenous balanced
growth path presented in Jones (1995); setting ¢;; = 0 (so ¥4 = I) for i # j and
allowing research inputs to be proportional to population growth we have the vector

of balanced growth paths

BGP _

9ga rn.

Liu and Ma (2024) also note that explosive growth can be inferred directly from
the eigenvalues of the exponent matrix (of ¢ terms) in equation (7). However, the
balanced-growth specification is particularly useful here since empirical estimations of
returns to research effort that we ultimately use to calibrate a threshold from explosive
growth from automation are calculated under the assumption of a balanced growth
path. This aligns with the motivating example in Section 2: if the balanced growth
path is not well defined then the system exhibits hyperbolic growth.

In Figure 1 we illustrate hyperbolic and balanced growth in phase diagrams of a
two technology model. From this figure we can see stability of the balanced growth
path—where g4, the growth in the growth rate of A, is zero—can be understood as a
crossing condition on the isolines. In this case, the slope of the g4, isoline is s; ; and is
sl’é for the g, isoline.®> Therefore, lines cross whenever s 3557 > 1. This is the exact

case where the largest eigenvalue of F# exceeds one and there is no well-defined ¥ 4.

30One can arrive at this result by taking the time derivative of equation 7 and then setting the growth-
in-growth rates, g4, and g4,, to zero and rearranging A, ¢ and /5 terms into s and r terms by their defi-
nitions in equation 9.
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Figure 1: Hyperbolic vs Balanced Growth in a Two Technology Network

(a) Stable, Balanced Growth (s, 1> 519) (b) Hyperbolic Growth (s, 1< 519)
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Intuitively, in the two-sector example, the explosive growth condition s; 2521 > 1is
more likely when either feedback term s, 5 or s5 ; is large. Recall that the feedback terms
are defined as s;; = ¢;;/0;, where ¢, ; measures the spillover of sector j to growth in
sector 7, while 3; measures the strength of the sector-i “ideas-getting-harder-to-find”
effect. Thus, explosive growth is more likely when either (1) spillovers are large, or (2)

the ideas-getting-harder-to-find effect is small.

3.2 Economic and Technological Feedback Loops

Now we introduce the technological feedback expression in equation (7), to a broader
economic environment. Specifically, instead of fixing the growth rate of research inputs
as above, we endogenize this term through lab-equipment inputs and exogenous pop-
ulation growth. We also allow technological progress to increase productivity in the
final goods sector. In turn, this will lead to faster capital accumulation and ultimately

lead to faster technological progress.
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Specifically, we investigate the following system

Y = AK{ LY (12)
Ai x (Kil*“/iL;ﬁ))\iAil*Bi H Afi,j (13)
jEI\i
A = HAZ where Zﬂ'zl (14)
i€l i€l
K = aY — 6K (15)
K = Ky+) K (16)
il
L = Ly+) L (17)
iel

were capital and labor shares allocated to each technology and output remain constant

and a is the constant savings rate. From this environment we have the result:

Corollary 1 (Economic and Technological Feedback). The balanced growth path of tech-

nologies the system described in equations (12)-(17) is given by

ngP =W,yrn (18)

where W4y = (I— [FA +FY])™" and FA and FY are the I x I technological and economic

eedback matrices, with F4 and r defined above (equations (10) -(11) ) and
q

FY = ~[r(ly — )T (19)

with (15 —+y) and T being the column vectors of capital contributions to research, the technology
contributions to total factor productivity, and the sectoral returns to research effort.

From this balanced growth definition, we can immediately see that including eco-

nomic, alongside technological, feedback loops necessarily bring the system closer to

12



the hyperbolic tipping point; since FY is non-negative then FY + FA > F4 entry-wise.
Note that entries in F* have a straightforward interpretation. The vector of terms,
r x (1y — 7), mediate the effect of output and hence capital on research inputs; on the

balanced growth path (with gZ¢" = ¢B%"), from equation (13) we can arrive at

gat =ri(1 =g’ + Z Si,jgfijP + rivin.
jeni
Further, the vector of terms <7 mediate the effect of technological progress on produc-

tion; on the balanced growth path, from equation (12) we can arrive at

Therefore, we can observe that entries in the feedback matrix exhibit complementar-
ity: intensifying feedback in one direction of the output-technology loop amplifies the
impact of strengthening feedback in the opposite direction.

In Figure 2 we illustrate how feedback loops arise out of the, separate, output to
technology vector (purple) and the technology to output vector (blue) from FY, as well
as the technology spillovers (green) from F4. Labor is also an input into each of these
processes, but since it is non-accumulable, and hence cannot participate in feedback
loops, we omit it from the figure.

The definition of the Leontief inverse, ¥ 4y, provides a clear decomposition of the
effects of technological and economic feedback loops to inform the balanced growth
path of this economy. Further, since this definition of the balanced growth path has an
identical structure to that in the technology-only case, we can similarly apply Proposi-

tion 1:

Corollary 2. Supposing population growth, n, is exogenous, finite, and positive, a balanced

13



Figure 2: Economic and Technological Feedback in a Two Technology Network

Note: Summarizing entries in ¥ 4y, green lines represent the technology
spillovers, s; j, that make up entries of F; purple lines represent output-
technology feedback mediated by the vector r x (15 —~) from FY’; blue lines
represent the technology-output feedback mediated by the vector 7 x a~!
from FY.

growth path exists for the system of equations in 12 - 17 iff det (I — [F4 + F]) > 0. Otherwise,

the system explodes in finite time.

Just as with the balanced growth path under technological feedback loops alone, we
can recover the standard balanced growth path from Jones (1995) if ¥ 4y = I. That is,
there are i). no technology spillovers—so F;!, = 0 for all i and j ii). that no technology
sector can simultaneously have contribute to research (so ; < 1 forall i) and contribute
to total factor productivity (so 7; = 0 for all i)—in this case we’d have F}; = 0 for all i
and j.

In this model we assume that savings rates are constant, but arbitrary. Of course, op-
timal savings consumption paths will respond endogenously to increases in the growth
rate. However, such responses would only invalidate the above results if savings were
to decline to zero in response to transformative growth induced by Al Trammell and
Korinek (2025) presents a simple argument using the Euler equation, illustrating that in

a similar environment savings declines ultimately will not preclude explosive growth.

14



In such a world, every unit of savings prior to the (Type II) singularity can bring ar-
bitrarily large returns at a future date, hence incentives to save become increasingly

high.

4 Al and Automation

The model above demonstrates the conditions for hyperbolic growth independent of
automation. In this section we demonstrate that the networked-lab equipment model
provides an inuative framework to understand how Al and automation can accelerate
growth: by strengthening pre-existing feedback loops of generating them in places they
did not exist before. To develop this model, we suggest that Al will replace labor some
fraction of tasks in each research sector. Importantly, Al cognitive labor can accumulate
in a way that human labor cannot; via both technological improvements and capital
accumulation. We will see that by making assumptions on the process of automation

we can calibrate the networked research model introduced above.

4.1 Automation and Al-Inputs

Here we adapt the automation framework from Zeira (1998), where labor outputs (be it
from research or final production) are a Cobb-Douglas aggregation outputs from tasks

in the set, 7. In particular, we assume that effective labor working in a sector i is given

by

Li=pi HXf"j] where qu =1

qeT qeT
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where

L;, if notautomated
Xig

C;q, if automated

where L, is human labor and C; is the human equivalent level of Al deployed on a task
i and p; is a productivity constant. L.e., we set C; such that one unit of AI deployment
to a task is equivalent to one unit of human labor. Assuming optimal allocation of Al
equivalent labor and human labor (where Al and labor stocks are spread evenly across

tasks), as the number of tasks approach infinity we have effective labor given by

T ~ iT1=fi ~ _ Pi

where f; € [0, 1] is the fraction of tasks, ¢, that are automated. Importantly, we treat f;
as a constant to evaluate the growth implications of a given level of task automation.
Hence, our starting point is downstream of questions related to optimal automation of
output or research tasks which has received attention elsewhere (Jones, 2025, Acemoglu
and Restrepo, 2018).

We separate Al capabilities, C;, along two kinds of inputs:

e Non-rivalrous: progress in Al has been one of discovery of new, non-rivalrous,
ideas. We assume that these non-rivalrous improvements result in some equiva-
lent increase in Al equivalent labor. Al has emerged out of underlying progress in
technologies such as compute hardware, algorithmic research or large-scale data

collection.

e Rivalrous: the use of Al to complete tasks requires inference compute (compute to

transform model inputs into productive work).
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In this spirit, we define our sectoral Al inputs as a function levels of a subset of
technology sectors, I C I, as well as a specific kind of capital; computing hardware,
K.

Like in the rest of the model, we take the Al index to be a Cobb-Douglas function
of a subset of underlying technologies, multiplied by the number of copies that can be

run, a linear function of the amount of inference compute available in a given sector:

C; = K" x [[ A (21)

jel

where we don’t necessarily assume that ) ._;0; = 1 since standard replication argu-
ments for constant returns to scale don’t apply to non-rivalrous technologies, A;. Im-

plicitly, we assume that Al equivalent labor scales linearly with inference compute.

4.2 Hyperbolic Growth: Automated Research

Here we demonstrate that we can recover the same structure on balanced growth as the
general technological feedback equation 7 for a baseline semi-endogenous technolog-
ical law of motion with automation. Hence, we can apply Proposition 1 to determine
the conditions for hyperbolic growth, in an automated research environment.

We begin by assuming that the only inputs to research are effective labor, combining

both human labor and Al effective labor according to equation (21). Therefore the
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technology laws of motion become

R e |

jETH#1
~ i T (I=fi)Xi 41-P; ®i,j
= ViPi(fi)Cif Lg ) A; ’ H Aj ’
e
x Agfﬁi X[KﬁfiLZ(l*fi)])\i % HA;fi)\ioj % H A?i,]’ (22)
Dim. returns Riv. inputs 361 , {EI#I ,
Al feedback Direct spillovers

where 0; = 0 for j ¢ I. As a baseline, we assume that direct technological spillovers
are non-existent (¢ = 0). In this case, we recover sectoral spillovers through research
automation; a positive automation shock to a sector that feeds into Al progress accel-
erates research in all other sectors that have any automation. By matching terms we

can calibrate our general network model with parameters we present the calibration in

Table 1.

Table 1: Al-Parameterized R&D Network Model

General Model Input Al-Parameterization Description

Bi Bi — fidioi Diminishing returns (offset)

¢i; (fori 7 j) fiXio; Automation spillovers

Vi Ji Non-automated research task share
i i Parallelization penalty

Note: This table summarizes how one can re-parameterize the networked
technology model (equation (7)). Blue terms (first three lines) represent
additional terms arising from technological feedback loops. The final line
has the same interpretation as in the general model.

From this calibration, we make several observations:

e Diminishing returns to research within a sector, 3;, are directly offset by the ability

18



for Al to contribute to research in that sector. Introducing automated research is

isomorphic to reducing diminishing returns.

e For progress in j to spillover into progress in i, we require both automation in ¢
(fi > 0) and j to be relevant to Al progress (0; > 0). Therefore, a ‘bilateral’
teedback loop exists between i and j if both f and o are greater than zero for both
i and j. An ‘indirect’ feedback loop exists if there is a chain of technologies with
positive f and o such that progress in one sector eventually reinforces itself after
accelerating technological progress in one sector, which subsequently accelerates

in another sector and so on until the original sector is accelerated.

o If we were to deviate from our baseline assumption of no non-Al spillovers (¢; ; >
0), those spillovers would just be additive to automation spillovers: ¢;; = ¢;, +

fiXioj. In this case automation amplifies existing spillovers.

In summary, starting from a baseline of no sectoral spillovers and no contribution
from lab-equipment, introducing research automation allows us to recover a networked,
technological law of motion that conforms to a lab-equipment specification with spillovers.
This means that after research automation, explosive conditions can emerge out of a
model that precluded this possibility.

Substituting our recovered parameters into the balanced growth path described by

equation (11) and denoting automation-adjusted parameters with hats, we have

BGP _ & an
ga = = Wargp
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where

gri = fixn (1= fi) X gu
. A
711' = _—
Bi_fi)\ia'i
Uy = (I-Fy"
g — ./Ai)\iaj . )
A _ 8 = B o for i # j
0.
Oifi=j

and black terms in 7 and gy are those present in the baseline Jones (1995) model and
while the blue terms in 7, 5§ and g are those that enter through automated research
channels.

We can apply Proposition 1 directly to this system. Yielding the result:

Corollary 3. The automation-calibrated technology system (equation (22)) explodes in finite

time when

Zriin'i >1 .

el

Where this result comes directly from calculating det(I — F4) and rearranging.

4.3 Hyperbolic Growth: Automated Production and Research

Now we extend the Al-induced feedback loops captured in equation (22) to a more
realistic setting where where Al can additionally automate some tasks in the production
of goods, as well as allowing automated technological progress increase total factor

productivity.
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n l1—a 3,
Y = AKY LY (23)

A = HAZ where anl (24)
i€l iel
Ay o LA (25)
L; o« LI7'C/" where CZ»:KZ-HXHA?" (26)
jel
KY = ayY—5yKY (27)
K" = K¥+ Y KH (29)
il
L = Ly—i-ZL; (30)

icl

where ay + ay < 1 and allocations of hardware and labour across research sectors is

constant over time. Solving for the balanced growth path, we have

gi5F = W,yin (31)
where

Ty = (I-[F*+F])"! (32)

. 1 1

Y N ali

= — 33
/] 1 _fy[aTJrfYU]J (33)

dg{?GP/dngP from 23 g

dgBCP /dgBCT from 25

and t and F# are defined as above.
In Table 2 we present how the core dynamics of the general R&D and production

network model described by equations (12)-(17) can be calibrated to the automated
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economy model in equations (23) - (30) by adjusting relevant parameters. From this,
we can see that introducing automation into the production side of the model (in addi-
tion to the technological side) is equivalent to: decreasing the labor share of production
by a factor of (1 — fy); and increasing the contributions of each technology to the pro-

duction of final goods by fyo.

Table 2: Al-Parameterized R&D and Production Network Model

General Model Input Al-Parameterization Description

-« 1—afl - fy) Capital share of output

Ti T +0ify Technological contributions to output
Bi Bi — fidio Diminishing returns (offset)

¢i; (fori # j) fidio; Automation spillovers

i fi Non-automated research task share
i i Parallelization penalty

Note: This table summarizes how one can re-parameterize the general model
(equations (12)-(17)) to account changes in the parameter space due to au-
tomation. Purple terms (first two rows) represent additional terms arising
from economic feedback loops while blue terms (middle three rows) repre-
sent additional terms arising from technological feedback loops. The final
row has the same interpretation as in the general model.

Applying Proposition 1 to the balanced growth condition from equation (62), we

have the following result:

Corollary 4. With economic feedback loops, the automation-calibrated growth model (described

in equations (23) - (30)) explodes in finite time if
fr+ 32 ~+o)>1. (34)
el
Note, in Appendix B we derive the equivalent condition for the case of a fixed factor

22



entering output, so output exhibits diminishing returns to capital and labor.

5 Calibrated Threshold: Hyperbolic Growth under
Automation

Above we introduce general models of networked growth, and motivate these models
with application to the case of automation of both final goods production and research.
Importantly, the balanced and hyperbolic growth conditions in Section 4 are stated in
terms of parameters that can be directly calibrated; based on historical evidence of re-
turns to research in software and hardware research and development as well as the

labor share of output.

5.1 Simple Integrated AI-Economy

Here we integrate a simple model of Al progress within an economic envrionment.
As in previous sections, we assume that Al counts for cognitive labor, replacing hu-
man labor in some fraction of tasks in each sector. The central assumption here is that
Al progress stems from better algorithms and better computing hardware. Improved
computing hardware allows us to run more computations for the same amount of cap-
ital investment, while improved algorithms make AI more capable of completing rel-
evant tasks. We deliberately omit a number of additional components of the training
process here to emphasize key feedback loops. For example, our model exclusively fo-
cuses on inference without modeling the relationship between training investment and
inference capabilities. Erdil et al. (2025) considers a much richer Al-economic model,
though such a framework makes it impossible to cleanly isolate the key feedback loops

of interest.
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In Figure 3 we illustrate our environment for progress in Al and the integration of
Al in the rest of the economy. In this environment we have independent technological

Figure 3: Channels for Impact of Software and Hardware Improvements

Effective Labor

}/TS’A\
Labor

Output Tech. progress «—

< > Ni{/, Compute

Capital

Note: This figure illustrates the presence of feedback loops through
automation. Technologies (TFP, hardware quality and software
quality) amplify feedback between output and effective labor. The
purple arrow is amplified by software and TFP progress, whereas
the blue arrow is amplified through hardware progress.

processes (TFP, software and hardware quality) which amplify feedback loops. Feed-
back from output to (effective) labor through accumulation of compute which supports
the inference of Al models. This channel from output to compute is amplified through
hardware progress; we assume hardware progress means more inference compute can
be purchased for the same amount price over time. The capacity of effective labor to
contribute to both research and production is amplified through software progress,
which makes compute more effective at completing economic tasks. Here we define
software in terms of productivity units of human labor and that doubling the software
‘level” means that software can produce double the output on a specific task given the
same amount of inference compute. The role of capital is unchanged from standard
models, and labor grows exogenously.

We describe this growth system with the following equations:
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Y = ALKV (35)

Li x L} i¢/' where C;=K!"S (36)
Soc Ly58Ps (37)
H o LY H'n (38)
Ao LA (39)
K% =ayHY — 6K (40)
KY:ayY—5yKY (41)
K" = K{! + Kl + Kl + KY (42)
L:Ly—l—LH—f—Ls-f-LA (43)

Just as in Section 4.3 we can find the conditions for balanced and explosive growth
by recognizing from equations (40) and (41) that along the balanced growth path we
require gxv = gxu — gy = gy. Then we can use the equations for output and effective
labor to solve for the balanced growth path of technologies as a function of fundamen-
tals of the model. This is the same balanced growth condition for Al capabilities as in
the general model from Section 4.3. Further, note that we only have one technology—
TFP—feeding directly into increasing output productivity. Therefore, we can see that
the system described in equations (37)-(43) is a three technology version of the gen-
eral model from equations (23)-(30) technological contributions to output dictated by
7, =1, = 0and 74 = 1 and to Al progress dictated by o, = 05, = 1 and 04 = 0.* Given

that the Al-economic model develop here is a specific case of the general model, we can

“The only difference between this calibrated model and the general model from Section 4.3 is that one
of the technologies-hardware quality—scales compute accumulation rather than Al capabilities directly.
Ultimately this does not effect the balance growth path calculation.
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just calibrate Corollary 4 to derive the hyperbolic growth condition:
Corollary 5. The Al-economic model described in equations (35)-(43) explodes in finite time
if

1
fY+fSTS+fHTH+afATA>1 (44)

5.2 Calibration

We now turn to calibrating the relevant terms from equation (44). In Table 3 we re-
port estimates of research productivity in software, hardware and aggregate TFP. Both

software and (in particular) hardware research are significantly more productive than

aggregate TFD.
Table 3: Parameter estimates
Term Parameter | Estimate Source
Labor share o 0.6
Returns to research (software) g 0.83-1.3 Erdil etal. (2024)
Returns to research (hardware) 7y 5 Bloom et al. (2020)
Returns to research (TFP) TA 0.32 Bloom et al. (2020)

Note: The estimate ranges come from estimates over different soft-
ware domains.

We use these estimates to calibrate the model. Table 4 presents the calibrated explo-
sion conditions. We relegate discussion of the limitations of this calibration to Section
5.3.

Table 4 presents the calibrated condition for hyperbolic growth under heteroge-

neous automation in different sectors. We can see here that automating hardware progress
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pushes the economy closer to hyperbolic growth much more than any sector due to the
very high estimate of returns to research effort. We can see that in the full economy
case, one hardware task offers about the same increase in the distance to the threshold
as five tasks in software or final goods production and the same as ten tasks in the gen-
eral TFP sector. Further, we can see that introducing a 10% fixed factor so that output is
diminishing returns to scale in capital and effective labor, there is only a mild effect on
the threshold since this effect doesn’t pass through the hardware or software automa-
tion channels.” Appendix B provides the analytical balanced and hyperbolic growth

conditions with a fixed factor.

Table 4: Applying historical estimates of research productivity to singularity conditions

Sectors with Automation Calibrated Explosion Condition
S ~1fs>1
H S5fn>1
S, H ~1fs+5f>1
H'Y Sfa+fr >1
S, Y ~ e+ fy>1
S, H'Y ~1fs+5fn+ fr>1
S, H A'Y ~1fs+5f+0.53fa+ fy >1
S, H, A, Y (10% fixed factor) | ~ 1f, +5f, + 0.45f4 + 0.86fy > 1

Note: Estimates of historical returns to research effort are taken from Bloom
et al. (2020) for total factor productivity and hardware, and from Erdil et al.
(2024) for software. Here, f terms can be calibrated to the fraction of tasks
that can be automated in research sectors; software (.5), hardware (H ), and
general technology A.

In Table 5 use the calibrated r terms to investigate, first, how much automation is re-

°Fixed factors can be introduced in the above model by redefining output shares on labor and capital
according to a;, = 0.9 x e and ag = 0.9 x (1 — ).
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quired (assuming automation across all sectors is equal) to double the balanced growth
path. We then repeat the same exercise investigating the fraction of automation re-
quired to achieve hyperbolic growth. Inspecting these columns we can see that in the
full model, the automation required to double the balanced growth path is about three
quarters of the automation necessary to achieve fully explosive growth. That is, the
balanced growth path is initially very slow to respond to changes in automation, and
then changes incredibly quickly. This just the result of the multiplication of spillovers
through the Leontief inverse. While we do not attempt to model the rate of automation,

At the current pace of automation, we might expect that we could progress in the
range of app of tasks fairly quickly potentially taking us from a fairly mild to a massive

alteration of the growth path.

Table 5: Automation for Hyperbolic vs Balanced Growth

Automated Factors Automation Threshold
2 x gBYP | Hyperbolic

5 - ~ 100%

H - 20%

HE - 17%

iy 12% 17%

5 Y 16% 50%

S, H'Y 11% 14%

S H A Y 8% 13%

S, H, A, Y (10% fixed factor) 9% 14%

Note: Here we assume that f = fg¢ = fg = fa = fy. In the middle column
we solve for the f such that the balanced growth path doubles relative to no
automation. In the right column we solve for the f such that the conditions
from Table 4 are satisfied. The first three balanced growth rows are empty
since these are technology-only automation scenarios.
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These quantitative results underscore two points. First is the importance of ampli-
fication of feedback loops. Under the simple model developed above, higher levels of
automation — dialing up feedback loops —accumulates into rapid changes in the growth
path quickly. Second is the emphasis that these are changes in the asymptotic balanced
growth path. In reality it may take some time to converge to such a path and further,
even under a hyperbolic growth path it may still take significant time to actually see
radical changes in growth rates; hyperbolic growth does not necessarily imply trans
formative growth in the short run. One can see this intuitively by recognizing that
from the view point of the entire human history the current 2% annual growth is part

of a long-run super-exponential trend.®

5.3 Calibration Limitations

Here we offer an illustrative calibration of the explosion threshold based on historical
estimates of research productivity in different sectors. However, there are a number of
reasons why these estimates might be inappropriate for this model.

First, is that returns to research effort in software from Erdil et al. (2024) have been
estimated in software domains other than frontier Al research. Specifically, these esti-
mates come from chess engines and computer vision. Estimating r¢ directly from the
rate of progress at frontier Al labs is difficult not just because of challenges associated
with estimating research inputs, but also because r is estimated as returns to research
along the balanced growth path. Given the boom in progress in Al it is impossible to
tell if we are anywhere close to balanced growth software research. Ho and Whitfill
(2025) make some attempt to make this calculation directly, finding ¢ in the range of

1.2 -1.8. Though, given limitations in this approach, we rely on relatively conservative

®Hanson (2000) makes this point through a theory-free projection of growth by fitting historical
growth rates to a series of increasing exponential functions until 1998 which predicted growth rates
larger than 20% by 2040.
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estimates from Erdil et al. (2024).

Second, we assume that these parameters are foundational to the knowledge dis-
covery process, rather than the human knowledge discovery process. For example, that
diminishing returns to research (3)or parallelization of research (\) are independent of
whether it is humans of Al completing that scientific research. Trammell and Korinek
(2025) suggest reasons why both of these parameters may be different under AI R&D.
For example, as identified by Ekerdt and Wu (2025), increasing the researcher share
of population may result in declines in returns to research effort as the average quality
of researcher declines; in the case of AI we might expect constant effective researcher
quality, increasing r for Al researchers relative to human researchers.

Third, we take estimates from Bloom et al. (2020) and Erdil et al. (2024) as given.
Specifically, the estimate of r4 from Bloom et al. (2020) is an aggregate estimate of re-
turns to research across the whole economy. However, we should expect that the re-
search that has contributed to hardware and software progress have in fact contributed
to aggregate TFP. Since we separate out software and hardware progress from TFP we
should also adjust 4 to be the returns to research in TFP, net of software and hardware
sectors. We do not have a good estimate of the share of aggregate technological progress
that has come from software and hardware (75 and 75 terms from above) hence we just

assume these are small and calibrate 4 as the aggregate economy estimate.

6 Discussion

The above analysis employs a simple model to derive a critical threshold for the au-
tomation of tasks: once this threshold is crossed, intelligence and output are projected
to grow super-exponentially, ultimately reaching infinity within finite time. Crucially,

the possibility of a singularity hinges on two assumptions: constant research produc-
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tivity up to the singularity and correctly specified research production functions, which
may be satisfied soon, even though they may fail to hold in the long run.

Regarding constant research productivity, our findings indicate that automating
hardware quality research is a significant contributor to meeting the explosion con-
dition, largely due to the extreme pace of Moore’s law over the past half-century. How-
ever, physical constraints on increasing transistor density in chips that support Al train-
ing and inference may limit this progress. Current state-of-the-art chips already feature
transistors as small as 2 nanometers, which may approach the boundaries of physical
teasibility. Such challenges have fostered skepticism regarding the continued validity
of Moore’s law, which has historically predicted consistent advancements in transistor
density (Leiserson et al., 2020).

Regarding the specification of the production function, we have assumed that the
production factors — human labor and Al cognitive labor —- are substitutes. In the
short run, this assumption may hold; for instance, Al is already capable of perform-
ing coding tasks semi-autonomously, replacing human programmers. However, as au-
tomation advances, human and Al cognitive labor may appear complementary over
some time periods. For example, while AI may excel in chip architecture, manufac-
turing, and testing, it might remain unable to conduct the physical experiments neces-
sary for chip design before sufficiently advanced robots are developed, thereby relying
on human researchers. Such considerations receive substantial consideration in Jones
(2025). In such cases, the pace of hardware improvement could be constrained by the
availability of human experimenters. By alleviating reliance on this scarce resource,
these efforts could delay or mitigate the stalling of progress caused by bottlenecks.
While such adaptive responses may not eliminate bottlenecks entirely, they could ex-
tend the period of rapid advancements before fundamental constraints take hold.

Although limitations are likely to emerge in the long run, we argue that assuming
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(roughly) constant research productivity and substitutable labor provides a reasonable
approximation of the production process in the short term. Thus, a more realistic inter-
pretation of the explosion conditions derived above is that they signify a threshold for
temporary super-exponential growth take-off in economic output and Al capabilities.
Crucially, this super-exponential growth is driven not by resource reallocation within
the economy but by changes in the fundamental drivers of economic and technological

progress.

7 Conclusion

This paper develops a framework for understanding how advances in artificial intelli-
gence could fundamentally transform economic growth dynamics. By modeling the
interconnected roles of hardware, software, and general technological progress, we
show that automation of research and development activities could generate powerful
feedback effects leading to rapid growth acceleration. Our calibration using histori-
cal estimates of research productivity suggests that these effects could be substantial,
particularly through the automation of semiconductor research.

These findings have important implications for economic policymakers. First, they
suggest that standard growth models may need significant revision to account for the
potential of recursive technological progress. Traditional frameworks that treat techno-
logical advancement as an exogenous or smoothly evolving process may not capture the
possibility of sudden acceleration in growth rates driven by Al automation of research
activities.

Second, our results highlight the strategic importance of semiconductor research
and development. The high historical productivity of hardware research, combined

with growing automation capabilities in chip design, suggests that this sector could
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play a crucial role in determining the pace of overall technological progress. This raises
important questions about both the market concentration and geographic concentration
of semiconductor research and production capabilities (Korinek and Vipra, 2025).

Third, our analysis suggests that monitoring automation levels in research and de-
velopment activities may be as important as tracking traditional macroeconomic indi-
cators. The extent of automation in key research sectors could serve as an early warning
system for potential growth acceleration.

Several promising directions for future research emerge from our analysis. Re-
searchers could develop systematic metrics to measure automation levels across dif-
ferent research domains. Empirical work might test for the presence and strength of
feedback loops between Al advances and technological progress, particularly in semi-
conductor and software research. Future studies could investigate the degree of com-
plementarity between human and Al researchers in different activities. Analysis of how
existing concentrations of Al and semiconductor research capabilities might influence
regional growth patterns would be valuable. Finally, work is needed to better character-
ize the physical, computational, and economic constraints that might prevent growth
acceleration.

Understanding these dynamics is crucial for economists and economic policymak-
ers. If Al progress can indeed generate self-reinforcing technological acceleration, this
has profound implications for economic planning, research funding priorities, and in-
ternational economic coordination. While our analysis suggests this scenario is plausi-
ble given historical patterns of research productivity, much work remains to be done in

understanding how these dynamics might unfold in practice.
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A Deriving Conditions for Hyperbolic Growth

Proof of Proposition 1. First we divide equation (7) by A; to get technology growth rates
and then take the logs and time derivative to get the rate of change in growth rates

given by the vector

ga = diag(ga)[(S — B)ga + diag(\)gg]

where S, ; = ¢, ; for i # j and zero for diagonal elements, and B = diag(51, fs, - - ., Bn)-
We define the ‘exponent matrix’, 2 := S — B. Therefore, We can relate the (balanced
growth path) spillover matrix, F and the exponent matrix Q according to Q2 = B(F —1I).
Further, let u > 0 be the Perron-Frobenius right eigenvector of F, Fu = p(F)u, and set
p:= p(F) — 1. Then

(F —Du = pu, Qu=B(F —T)iu=puBu (>0).

Further, we define the scalars

_ ] . ”

h(t) = gA&f ) (>0), where i=argmax gAY;F )
(t '

h(t) = 2a) (>0), where i=argmin 9a4lt)
U in =

Proving p(F) > 1 = hyperbolic growth. Suppose p(F) > 1so u > 0. Take the

rate of change in the growth rate of A, at a specific time ¢.
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ga,i(t)

9ai(t)(Rga + diag(N)gr):
94,i(t)(2g4);

9ai()O S Qaga; + Quigai(t))
j#i

gai(t)(h(t) > iu; + Qigas(t))
j#i

(t)?u;(Qu);

(45)
(46)
(47)
(48)

(49)

where 48 comes from the fact that by definition g4 ;(¢) > h(t)u; as well as that ©2;; > 0

and 49 comes from the fact that this holds with equality when j = 4. Next, since A(t) =

§4.:(t)/u; then we have

=
=
%

U;

= h(t)*nByui

(50)

(51)

(52)

which implies h(t) grows hyperbolically, which in turn implies that g4, grows hyper-

bolically for all 7 by definition of h(t), which implies A, grows hyperbolically V:.

Next, proving the p(F') < 1 = no hyperbolic growth. Assuming p(F) < 1 gives
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i < 0. Following a similar procedure as above, we have

Jai = 94i()(Qga(t) + diag(N)gr);

= 94;(t)(Qga); + gai(t)Nigr

= gai®)O_ Qijga; + Qigaz) + gai(t)Nign
i#

< gai()_ Qi h(t)u; + Qiggaz) + gai(t) Xigr
i

= g4 OB Qiju; + Q) + h(t)uidigr

i#i
= h(t)*uz(Qu); + h(t)u;\igr

= () *uzp(Bu); + h(t)uiNigr

(53)
(54)
(55)
(56)
(57)

(58)

(59)

and since B(t)ug = ga; then we can upper bound by the logistic differential equation

(t) < h(®)* b + hit)uiXign

(60)

and since p < 0 the quadratic part of the expression dominates as h grows so h(t)

remains finite for all £. Further in the case of i = 0 the inequality reduces to B(t) <

h(t)\igr, yielding at most exponential growth in k. Finally, we know that no explosive

growth in h implies there is no explosive growth in g4 ; for all i € I (nor in A;).

Finally we prove fully endogenous balanced growth along g4 = cu. When gz = 0 we

BGP _

have the the motion of technology growth rates g5“7 = F¢%“" and therefore, ¢

FgEGP
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B Balanced and Hyperbolic Growth with a Fixed Factor

Here we take the growth model from Section 4.3, but allow for the inclusion of a fixed
factor, M, into output. Where output is constant returns to scale in capital, labor and

the fixed factor
Y = ZKSKLrMiTex—er, (61)

We maintain equations (25) - (30) to describe law of motion of technology, hardware,
capital and resource constraints.
Solving for the balanced growth path under the assumption that output is constant

returns to scale in capital and labor we have

BGP ‘iIA’YX(f‘)(1n—f_a/K(1n_f)_aL(1nXfy_f)

g _—
A 1 —ag —arfy

)xn (62)

where

Wiy = I-[F'+F]! (63)
. 1

FY = rx f X oL X [—7T+ fyo 64

e L et )

dgBGP /dgBGP from 61 ~~
v 4 dgBGP /dgBGP from tech LOM

and # and F4 are defined as in Section 4.2.

Then, deriving the explosive growth condition, we get

Corollary 6. The automation-calibrated growth model with a fixed factor (described in equa-

tions (61) and (25) - (30)) explodes in finite time if

ay, Ti

fY‘l‘Zfi?"i(l

i€l

+o;)>1 (65)
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