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Abstract

This paper extends empirical dynamic bargaining models to accommodate the pos-
sibility of nontransferable utility. I leverage the Kalai proportional bargaining solu-
tion, which coincides with Nash bargaining under transferable utility, but is the only
solution satisfying independence of irrelevant alternatives that is identified under non-
transferable utility given unobserved information sets. In recursive problems, Kalai
proportional bargaining enables a finite dependence-type cancellation of future states.
For multilateral games, I propose the Nash-in-Kalai model, which aligns with Nash-
in-Nash under transferable utility, but which enables valid general method of moments
estimation even when agreements have foreseeable and nontransferable contracting ex-
ternalities on future states. I apply this model to hospital-insurer contract panel data
from West Virginia, where agreements had nontransferable contracting externalities
on future deals reached during their tenure. Negotiators were substantially forward-

looking, with an estimated annual discounting rate of 0.899.

1 Introduction

Prevailing empirical models of bargaining are either static, transferable utility (TU), or

both. In static models, the world lasts for one period and negotiators’ information is akin
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to perfect foresight. In TU models, negotiators possess an instrument (typically price) that
helps one party precisely as much as it harms the other side.

In dynamic settings, TU corresponds to a strong, and often unrealistic, restriction that
prices do not affect any future negotiation. For example, in industrial organization, TU
precludes staggered contracting, because a price negotiated between a retailer and a sup-
plier could otherwise have a foreseeable and nontransferable externality on how the supplier
negotiates with other retailers while the contract remains in place. In labor economics,
TU requires employers to fully match outside offers, because initial wages would otherwise
have a nontransferable externality on the employee’s income after departure. These restric-
tions ensure that the econometrician knows the effect of marginal price changes on future
values, but prevent these models from accurately predicting effects that include important
nontransferable utility (NTU) dynamics.

The Nash-in-Kalai proposal is motivated by data that shows real-world contracts are
meaningfully staggered, which in multilateral models leads to NTU bargaining. In Dorn
(2025a), I find that hospital-insurer contract lengths vary dramatically, from three to more
than fifteen years. In order to fit such data into prevailing bargaining frameworks, a re-
searcher faces the choice between three undesirable modeling assumptions: aggregate con-
tracts over a long period and rule out discounting; aggregate contracts over a short period
and implicitly impose myopia on long-term agreements; or accurately model contract tim-
ing but impose myopia systematically, ruling out forward-looking responses and biasing the
policy estimates in that companion work upwards by 45% or more.

There are three related challenges to building an econometrically tractable model of
bargaining with dynamic mechanisms and nontransferable utility. The first challenge is un-
certainty: at the time of bargaining, the negotiators may have information about future
utility that is not available to the econometrician. The second challenge is recursiveness:
with multiperiod contracting, gains from trade are defined recursively in terms of the ex-

pected value of applying the bargaining solution to future recursively defined gains from



trade. The third challenge is estimation: practitioners generally wish to estimate bargaining
parameters with general method of moments (GMM). It is therefore valuable for practice
to derive a formula for expected payments that holds even when prices have foreseeable,
internalized, recursively defined, and nontransferable externalities on future agreements.

The first contribution of this paper is to show that Nash bargaining weights may not
be identified when negotiators are allowed to have unspecified information sets. Nash bar-
gaining chooses an agreement to maximize a weighted product of gains from trade. For
any bargaining weights 7, 75 € (0,1), I provide a distribution of feasible utilities for which
the outcome of choosing a price through Nash bargaining with weight 7, before learning the
NTU Pareto frontier is observationally equivalent to the outcome of choosing a price through
Nash bargaining with weight 75 after learning the Pareto frontier. As a result, even if the
econometrician knows all parameters other than the Nash bargaining weight, there may be
no way to identify the negotiators’ bargaining weight without also knowing the information
set under which bargaining occurs.

This paper studies the Kalai (1977) proportional bargaining solution, which can identify
bargaining weights across information structures. The solution concept chooses the best
agreement that splits gains from trade proportionally to fixed bargaining weights. This
solution concept agrees with Nash for TU games. In NTU games, the solution permits
identification via a moment on the realized share of gains from trade. I show that this is
the only solution satisfying independence of irrelevant alternatives (IIA) with such a robust
moment, or any general identification argument. The uniqueness result follows from Myerson
(1981)’s characterization of concavity in more general social choice problems.

The second contribution of this paper is to show that recursively defined multiperiod Kalai
proportional bargaining models possess a cancellation property akin to finite dependence.
Under recursive Kalai proportional bargaining, agreements are unchanged if the true value
of disagreement is replaced by the hypothetical value of two, or arbitrarily many, periods

of disagreement. In this way, the econometrician can replace the complicated, uncertain,



and recursively defined path of disagreement with a more convenient alternative, such as
remaining in impasse until the next agreement would be reached in equilibrium. The reason
for the cancellation is as follows. Suppose players 1 and 2 choose an agreement path A in
period t through Kalai proportional bargaining relative to an anticipated single-disagreement
path D1, and the D1 path corresponds to a single period of disagreement followed by Kalai
proportional bargaining relative to a two-disagreement path D2. If player 1’s weight is 7,
the per-period discounting rate is 5, and the players have perfect information, then the

agreement value function Vfé = Uft + 5Vif2 41 1s recursively chosen to solve
A D A D
(1 - T) (Vlt - Vl,tl) =T (VQt - ‘/27151) ) (1)

where the D1 path is recursively chosen to solve (1—7) (V3L — VB3,) = 7 (VL — VA,
By scaling this condition by 4 and adding vftl — vftz = 0 to both sides, one obtains (1 —
) (VI3 = VIB?) = 7 (Vi3 — V7?) . After adding this result to equation (1), one obtains that

the agreement path also solves
(L=7) (Vi = Vi?) = 7 (Vi = Va?) - (2)

By induction, the same conclusion holds if the true value of disagreement D1 is replaced by
three (D3), four (D4), or arbitrarily many (Doo) periods of disagreement. The same conclu-
sion also holds under exogenous uncertainty through linearity of value functions. In static
games, this property is called step-by-step: improving the value of disagreement through a
first-step bargain over a smaller Pareto frontier has no effect on the resulting agreement.
In recursive games, the resulting simplification is principled, and arises directly from the
way in which the axioms of Kalai proportional bargaining discipline the outcome of any
off-equilibrium bargain.

I leverage the step-by-step property to analyze identification of Kalai proportional bar-

gaining parameters with multiperiod contracting. I focus on the case of transferable utility,



so that my results also apply to recursive Nash bargaining. I show that recursive models
may not be nonparametrically identified: the forward-looking solution can have a myopic
equivalent. I provide two sufficient conditions for identification. First, there is identification
if there are no unobserved components of utility and there is variation in agreements condi-
tional on the observed states. In this case, the discounting rate can be identified from the
association of future states and starting prices. Alternatively, there is identification from an
instrument satisfying an appropriate exclusion restriction, in particular only affecting value
functions through inflation expectations. In this second case, the discounting rate can be
identified from the instrument’s joint association with future inflation and starting prices.

The third contribution of this paper is to show that the natural model of Kalai pro-
portional bargaining in multilateral settings implies a moment on net present value (NPV)
payments. I study a model of a Nash equilibrium in recursively-defined Kalai proportional
bargains over expected NPV payoffs, which I call the Nash-in-Kalai bargaining model. In the
model, gains from trade are calculated taking as given past outcomes and current strategies,
but are recursively defined in terms of negotiations at future states that may be uncertain
and influenced by the terms of the current contract. The solution concept coincides with
Nash-in-Nash in TU models, such as the microfoundations of Nash-in-Nash and all prior
empirical dynamic Nash-in-Nash models.

The Nash-in-Kalai model implies a formula for expected NPV payments that transpar-
ently extends the formula generated by TU Nash-in-Nash. Econometric errors can reflect
either expectational error from uncertainty or unobserved components of utility, facilitating
GMM estimation with appropriate instruments. This prediction carries through in the pres-
ence of recursive NTU value functions, unspecified information sets, and even nonstationary
equilibria in continuous time. While the main restrictions used to generate this result —
that negotiators must share a common discounting rate and unbiased beliefs about future
conditions — are substantive, they are often plausible in settings in which the leading sources

of uncertainty are shared, and are required to derive an unbiased moment on NPV transfers.



My empirical application, borrowed from the companion paper Dorn (2025a), applies
an empirical model in this class using a public record administrative dataset from West
Virginia on hospital-insurer contracts, which in other settings have been considered trade
secrets. Critically, the data shows that contracts were staggered, with realized terms running
from three years to more than one decade. Staggered contracts are only consistent with TU
bargaining under myopia, because forward-looking negotiators will foresee the NTU exter-
nality of the current contract’s terms on the market states at which both sides will negotiate
with others while the contract remains in place. The empirical model and estimation strategy
generally follow the GMM approach in Ho and Lee (2017), but allows negotiators to balance
multiple periods of profits. In the spirit of my second identification result, the discounting
rate [ is identified by the predictable larger effect of increasing 5 on NPV transfers for firms
with longer-lived contracts and faster price growth.

The estimated model clearly rejects a static view of the world. The existence of stag-
gered contracts rejects a literally static model, and the estimated annual discounting rate
of B = 0.899 rejects the null hypothesis of myopia needed to maintain TU bargaining. To
quantify the consequences of incorrectly applying a static model to the true dynamic process,
I compare the estimated bargaining parameters to the results of the prevailing static proce-
dure that only uses one year of payments as an input, and assumes that all payments reflect
recently-formed agreements. I find that the static Nash-in-Nash approach that uses only
2015 data would underestimate small insurers’ bargaining weight by incorrectly assigning
small insurers’ high prevailing prices to bargaining weights rather than accumulated price
growth under long-lived contracts.

The empirical content of the Kalai proportional solution is context-dependent. In set-
tings in which empirical researchers maintain a TU Nash model, the Kalai solution is a
generalization of their existing model. This situation includes empirical models of American
healthcare and telecommunications (Ho and Lee, 2017, 2019; Crawford et al., 2018), leading

models of search-on-the-job (Cahuc et al., 2006; Bagger et al., 2014; Bilal et al., 2022; Jarosch



et al., 2024), the microfoundations of static Nash-in-Nash (Collard-Wexler et al., 2019), and
the smaller literature on dynamic Nash-in-Nash (Lee and Fong, 2013; Liu, 2021; Tiew, 2022;
Deng et al., 2024). In these settings, empirical researchers implicitly maintain that the main
role of a negotiated price is the transfer between the negotiating parties. Dynamic Nash
and Kalai NTU extensions of these TU models are likely to have similar predictions, so that
Kalai bargaining is likely to be an innocuous way to tractably capture dynamics. I find in my
empirical application that this seems to hold for West Virginia hospital-insurer bargaining.

In settings in which researchers currently maintain an NTU model, the Kalai proportional
solution will at least matter to interpretation. This includes many static bargaining models
in which a negotiated upstream price has a direct and nontransferable effect on quantity
supplied (Horn and Wolinsky, 1988; Grennan, 2013; Gowrisankaran et al., 2015; Ghili, 2022)
as well as some stationary-equilibrium bargaining models that require calibration in practice
(Gertler and Trigari, 2009; Gottfries, 2022)." The Kalai solution should remain innocuous
as long as the dynamic Pareto frontier is roughly unchanged over time, so that homogeneous
solutions like Nash bargaining will imply an approximately-fixed bilateral surplus share.
Still, the interpretation of bargaining weights will change, and if the Pareto frontier fails
comprehensiveness, then take-it-or-leave-it offers may correspond to interior Kalai weights.
In such settings, the most innocuous use of the Kalai solution may be as an approximation
to the dynamic NTU Nash solution that justifies the use of moments implied by NTU Kalai.

The Kalai solution is a substantive choice for dynamic models in which the threat of
a changing Pareto frontier shape may be a relevant mechanism. For example, imagine two
players negotiate a two-period agreement, knowing that the Pareto frontier will become more
steep tomorrow. Under Nash bargaining with positive discounting, player 1 can improve

their current agreement by committing to not bargain under disagreement. Kalai bargaining

'An aside on notation. I follow the coalitional bargaining literature and use “NTU” to refer to the
generalization of TU bargaining problems to asymmetric or nonlinear Pareto frontiers (Mas-Colell and Hart,
1996). In matching problems, “NTU” is used to refer to extreme cases in which no compensation is possible,
and “imperfectly transferable utility” is used to refer to cases that this paper would call NTU (Galichon
et al., 2019). The matching NTU definition rules out bargaining, so I use the more general coalitional NTU
definition.



ensures that such commitment will have exactly zero effect (Jarosch et al., 2024). In such
a setting, dynamic Nash bargaining is particularly difficult to capture and will be at odds
with a static bargaining model; the Kalai solution will be a priori plausible and much more
tractable, but will impose a substantive restriction on behavior.

While this work is aimed at deriving a tractable solution concept for practice, my anal-
ysis leverages important theoretical work. My IIA uniqueness result is essentially a gentle
extension of Myerson (1981)’s work. Kalai (1977) and Roth (1979) provide a more thorough
treatment of step-by-step in Nash’s bargaining problem; my characterization of the Nash-in-
Kalai moment leverages applying this property to arrive at Binmore et al. (1989);s impasse
point as an equivalent disagreement value. My work on (non)identification relates to work
on dynamic discrete choice models (Abbring, 2010). The first set of identification conditions
are motivated by a remark by Rust (1994) that in these settings, some identifying power may
be derived from “agents who make different choices in the same state,” and the second set is
motivated by exclusion conditions in Magnac and Thesmar (2002) and Abbring and Daljord
(2020), but is specifically motivated by inflation expectations. In dynamic discrete choice
problems, the first set of conditions is known to be insufficient for identification (Rust, 1994)
and the second condition has no natural analog. This analysis and model also indirectly
to theoretical work on recursive bargaining in bilateral (Sorger, 2006; Flamini, 2020; Dutta,
2021) and multilateral (Do and Miklds-Thal, 2022; Deng et al., 2024) settings.

The plan of the paper is as follows. Section 2 reviews some key concepts for bilateral
bargaining in utility space and provides some (non)identification results for NTU bargain-
ing with possible uncertainty in a single-period world. Section 3 illustrates the step-by-step
property’s value in the context of recursive bilateral bargaining and derives sufficient condi-
tions for identification with multiperiod agreements. Section 4 extends the setting to include
strategic interactions with more than two agents, defines the Nash-in-Kalai model, and de-
rives a moment on expected NPV transfers. Section 5 describes the empirical application.

Section 6 concludes.



Notation. V and v (and occasionally W and w) refer to value functions, with lower-case
being used if there is only one relevant input value and that value can be left implicit; A and
D superscripts refer to paths following agreement and disagreement, respectively, with Al
and DI referring to paths that involve entering impasse after any current agreement conclude;
f refers to bargaining solutions, with 7 referring to bargaining weights that index solutions;
in theoretical sections, G and G refer to individual bargaining problems and sets of problems,
respectively, while in the empirical application, G refers to a network of agreements; Pay
refers to flow transfers between players, with those transfers sometimes governed by prices p;
stars refer to equilibrium outcomes; u refers to flow utility before any such transfers; X or x
refer to observable states; ¢ refers to observable inflation of prices or payments; € and ¢ refer
to states that the players but not econometrician observe, with i referring to information
that only affects value functions through its association with future transitions; primes refer
to derivatives or next-period states; bars and hats refer to putative and moment-implied
values of parameters, respectively; b refers to a structure of a given game: a set of variables,
functions, and strategies o that define play; < refers to observational equivalence between
specific structures b or the predictions of bargaining solutions f applied to a set of structures
B; t refers to a time period, with a bargain of interest formed in ¢y and ending in period t*
or to + T — 1 and a shared discounting rate (3; ¢ refers to remaining length; r; and R;; refer
to i’s per-bargain negotiation cost and number of new bargains, respectively; h refers to the
game’s state, which is always observed by all players and where the period-t 4+ 1 state h;.4
or I/ is finalized at the end of period t; a refers to non-bargaining actions which are elements
of in spaces A; C refers to bargaining outcomes (contracts) which are elements of spaces C,
and where 0 subscripts refer to null or disagreement contracts; the A;; and A;j;, operators
refer to the effect of the 15 agreement on a given variable, with the latter operator being
used when the effect depends on when disagreement begins; and other Greek letters refer to

variables whose definition will only be relevant for a short time.



2 Starting Point: Single-Period Bilateral Bargaining

To most readers, the Nash-in-Kalai model will suggest several questions:
(1) What is Kalai proportional bargaining?
(2) Why is Kalai proportional bargaining only sometimes the same as Nash bargaining?
(3) Why is an alternative to Nash bargaining needed for dynamic games? and
(4) Why might Kalai proportional bargaining be the right alternative?

I answer the first two questions by reviewing some key concepts for static bargaining in
utility space. I answer the last two questions with new results on identification for two

agents negotiating over a price to apply for their world’s single period.

2.1 What is Kalai Proportional Bargaining?

The Kalai proportional bargaining solution is a solution concept for Nash’s bargaining
problem. This work focuses on bilateral bargaining for simplicity.

A Nash bargaining problem G (for game) is a closed set V' of feasible agreement values
in R? and a disagreement value v” € V. I use “>" and “>" to refer to the pointwise
comparison: v > v if and only if v; > v] and v, > v}, and analogously v > v" means v; > v}
and vy > vl I refer to a set of problems (V,v?) as a family G, and will make a few regularity

assumptions.

Definition 1 (Regularity conditions). A game (V,vP) satisfies convexity if for allvy,vo € V
and X € [0,1], vy + (1= XN)vy € V. It satisfies comprehensiveness if v € V and vP <o <w

implies v' € V.

Convexity is an important regularity condition for bargaining games (Shimer, 2006),

and generally reduces a bargaining problem to a Pareto frontier and disagreement value.
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Comprehensiveness is sometimes called free disposal; comprehensiveness of the convex hull
of the Pareto frontier and disagreement point ensure that the Kalai proportional solution is
well-defined (Roth, 1979).

Within a bargaining game, there are many ways of choosing an allocation that makes both
sides better off than disagreement. A particular bargaining solution is a function f : G — R*
such that f(V,vP) € V and f(V,vP) > vP. I write that f' = f on G if for all (V,v") € G,
f(V,oP) = f/(V,vP), and shorthand f’ = f if the two are equal on G when the family is

clear from context.

Definition 2 (Kalai proportional bargaining). The Kalai proportional bargaining solution

with player-1 weight 7 € [0,1] is f&)(V,0P) = (max A: (AT, M1 — 7)) € V) = (1,1 — 7).

A
/@ VKalai « Nash

Hospital Value
Hospital Value

vP O

Insurer Value

Insurer Value

Figure 1: Left: the Kalai proportional bargaining solution for bargaining between an insurer
(x axis) and hospital (y axis) with Pareto frontier PF in light blue and disagreement value
v? in red, and Pareto constrained indicated by dotted lines. The desired-surplus-split ray
v = vP + 2(1 — 7)/7 is indicated by the dashed blue ray, and the resulting agreement is
indicated by vil,..;- Right: the Nash bargaining solution to the same game. The dashed line
indicates the Nash bargaining indifference curve, and the resulting agreement is indicated

A
by UNash*

The Kalai proportional solution for bargaining between a hospital (player 2) and insurer

(player 1) is illustrated in Figure 1(a). Draw a dashed ray to indicate the values v € V' that
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yield positive gains from trade and the desired surplus split 7(vy — v2) = (1 — 7)(vy — vP).

The solution Vi&,,. is the best agreement along this desired-surplus-split ray.

2.2 Why are Kalai and Nash Bargaining Only Sometimes the

Same?
Definition 3 (Nash bargaining). The Nash bargaining solution with player-one bargaining
weight T € [0,1] is VM (V,0P) = argmax,cy (v1 — vP)" (vg — 0P)17.

The Nash bargaining solution is illustrated in Figure 1(b). The Nash bargaining solution
can be viewed as maximizing a joint utility function, with player one receiving greater weight.
The joint utility function generates a joint indifference curve. In well-behaved problems with
negotiations over a price, the Nash bargaining first-order condition at the agreed price p} .,

can be rewritten as:

TU/I (pltlash)(vék - UQD) = _(1 - T)U;(pltlash)(vik - UID)

Kalai and Nash bargaining will have the same predictions when bargaining is TU: if the

Pareto frontier is a line segment with a constant slope of negative one.

Definition 4 (Transferable utility). A family of games G satisfies transferable utility (TU)
if for every (V,vP) € G, there is a \ > 0 such that the set of v € V with v > vP is the convex
hull of vP, vP + (X, 0), and vP + (A, v).

Equivalence follows by algebra.
Lemma 1 (Nash and Kalai coincide for TU games). Suppose G satisfies TU. Then f{Nash) _
fT(Kalai) on G.
Proof. See Appendix A.3 for the short proof. n

Some important advantages of Nash bargaining are that it is weakly Pareto-optimal and

satisfies independence of irrelevant alternatives and scale-invariance (Serrano, 2005).
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Definition 5 (Bargaining properties). For o € R? ford =1 or 2, let aV = {av : v € V'}.
Also let G be the set of games that are convexr and comprehensive. A bargaining solution
f is (i) weakly Pareto-optimal (WPO) if for all (V,vP) € G, there is no v € V such that
v > f(V,vP); (ii) satisfies independence of irrelevant alternatives (11A) if (W,v?), (V,vP) €
G, W CV,and f(V) € W implies f(W,vP) = f(V,vP); and (iii) is scale-invariant if
for all diagonal 2-by-2 matrices X with positive diagonal elements and all (V,vP) € G,
F(SV, S0P) = S (V,0P).

WPO is a minimal condition for a bargaining solution to be plausible. ITA is a necessary
condition for f to maximize some notion of utility (Myerson, 1981).% T slightly abuse notation
and write that if f satisfies I[IA, (V,vP) € G, and f(V,vP) € W C V, then f(W,vP) =
f(V,vP) even if W is not comprehensive. Scale invariance implies that if one modifies the
scale of one side’s gains from trade by a fixed constant, then the other side’s outcome is
unaffected.

Kalai proportional bargaining is not scale invariant, so it can only coincide with Nash
bargaining within a family of games like TU that implicitly define a scale of relative utility.
The value of scale invariance is more subtle than it seems at first glance: scaling player 2’s
utility by A > 0 and the Kalai proportional bargaining weight ratio 7/(1—7) by A~! yields the
same implied outcomes from the perspective of player 1, and evidence from the lab suggests
the negotiators can be scale-varying in monetary games (Nydegger and Owen, 1974; Duffy
et al., 2021). Instead, the most impactful consequence from losing scale-invariance that I
have found is that the bargaining solution cannot be microfounded in terms of von Neumann-
Morgenstern utility alone.®> Two important conditions satisfied by Kalai proportional and

not Nash bargaining solutions are concavity and step-by-step, which I discuss later.

This completes the review of static bargaining in utility space. On to dynamic games,

2The ITA axiom can be replaced by lower-level conditions that are outside the scope of this work (Thomson
and Myerson, 1980).

3T present a microfoundation of the Nash-in-Kalai model in the companion note Dorn (2025b). The mi-
crofoundation requires some device that fixes relative utility scales: I follow Dutta (2012) and use revocation
costs. This is the first microfoundation for either Nash-in-Kalai or Nash-in-Nash that allows the NTU case
in which the two disagree.
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where I show that scale-invariance makes identification of bargaining parameters more diffi-

cult.

2.3 Why is an Alternative to Nash Bargaining Needed?

Many empirical dynamic models include the possibility of uncertainty at the time of
contracting. It is therefore often desirable to analyze a model in which agents have access
to some, but potentially not all, information beyond the dataset at hand. It turns out that
when the econometrician wishes to be agnostic about the information set available at the
time of bargaining, there may not be a way to identify Nash bargaining weights under NTU.

It is easiest to quantify the role of uncertainty in econometric modeling in a single-period

game. Consider the following class of games:

1. If FA =1 (for ex ante), the players (i = 1,2) have the opportunity to negotiate over

a price p € R using bargaining solution f.
2. The game type X is drawn from Unif(0,1) and revealed to the players.
3. If EA = 0, the players have the opportunity to negotiate over a price p € [0, 1].

4. If the sides have an agreement (A = 1), then player ¢ receives utility u;(p | X) > 0. If

the sides have no agreement (A = 0), then both players receive v”.

5. The econometrician observes the distribution P, the game type X, the utility functions

u; and us, the disagreement payoff v”, and the price p*.

For example, when FA = 1, the sides may negotiate over a price whose effect on profits
depends on uncertain demand shocks.

It would be convenient for empirical practice to have a moment of the form E[g(p, X; 7)] =
0 to infer Nash bargaining weights. One type of moment might involve marginal costs (e.g.

Gowrisankaran et al., 2015), which corresponds here to marginal utility. The econometrician
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may then leverage the ex-ante or ex-post moments on putative bargaining weights 7:

mEA(f) - F |:u,2(p | X) . T E[UQ(p ’ X) — U ]E[_ull(p ’ X)]:|

[=7 Bhu(p] X)—of]
meplr) = B [up | X) - —— (2] fi)(;‘“;()) = X”] .

The validity of these moments will depend on getting the timing of information right. If
bargaining occurs ex ante before uncertainty over the shape of an NTU Pareto frontier
is resolved, the players’ expected gains from trade depend on making comparisons of the
relative scales of their feasible utility across potential states of the world, so that affine
transformation of one player’s utility in some states can generate a different outcome for the
other player. In contrast, if bargaining occurs ex post after the shape of the Pareto frontier
is realized, the scale-invariance property of Nash bargaining ensures that the Nash solution
is invariant to the such affine transformation. This creates ambiguity from the perspective of
the econometrician that does not observe information sets: outcomes that are more favorable
to player 1 could reflect a better bargaining weight, or they may reflect information on utility
transformations being revealed in a way that systematically helps that player. As a result,
bargaining weights estimated based on an incorrect conjecture of information timing can be
systematically biased.

For an example of how unobserved information sets on utility nontransferability can intro-
duce bias, consider games for which the observable state X parameterizes pre-transfer gains
m; and the marginal utility of price §; > 0. With staggered contracts, a negotiated bilateral
price may have internalized contracting externalities on other prices that are asymmetric, so

that 0; may not equal 5.

Proposition 1 (Absence of a robust Nash moment condition). Consider the outcome of
bargaining games with EA = 0, the bargaining solution fT(NaSh) for some 7 € (0,1), and

utility ui(p | X) = m1—61p, uz(p | X) = ma+dap, and vP = 0 for some random 7; € R, 6; > 0

with appropriate moment conditions. Suppose g{ng [m <5—f — ggﬂ)] +F [7?2 (g—; — ggﬂ)] :
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Then mpp(T) =0, but mga(7) # 0.

Proof. By construction, mgp(7) = 0. mpga(7) is well-defined under appropriate moment

conditions. Note that php = (1 — )5 — 752. Then:

E [ng—f + 7T2:| E [61]

mEP(T) =F 52 —

7 E[1—7)(my+m(62/01)] E [51]}

—E |5 —
T 1—7 TE [m 4 m2(81/65)] [ 2 Em 4 m(01/0,)]
. '5 Elm)E[5] + E[m|E[5) + E {m (2 - 24)] B0l
I A £l 5 _ Elo]
i E[T{'l]—i‘Eﬂ'g 9 5 E[o2]
[, EmAEBIE) Bl + ElnlE) + El0E [n (3 - H)]]
20 L Eln -
_ Elm] + E{m) 28 1 5 [m, (2 - 200)]
]
The term E [ <E — E{gﬂ )] roughly captures the correlation of player one’s pre-transfer

gains with the realized Pareto frontier slope d5/d1. If such a correlation is large for one player
and not the other, then a moment based on the implied ex-ante marginal costs will be biased
if the prices are negotiated ex-post, regardless of the (interior) bargaining weight. A similar
result can also be derived if prices are negotiated ex-ante, but some care must be taken to
ensure mpp(7) is well-defined.

Proposition 1 shows that under dynamic NTU Nash bargaining, a proposed moment’s
validity will often hinge on getting the structure information correct. This may just be an
inconvenience: there can be a more clever strategy to recover identification. However, it
turns out that no such clever identification strategy can exist in general.

The rest of this section focuses on a minimal condition for deriving a robust moment
for estimation of bargaining parameters: whether a bargaining solution can generally be
identified in these single-period games. I try to adapt notation from Magnac and Thesmar
(2002)’s analysis of identification of dynamic discrete choice problems. In this section, a

structure b is a value of FA, a distribution P, utility functions u, and strategies o such that o
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is the output of applying a bargaining solution f to the generated bargaining problem. I write
that structures b and b’ are observationally equivalent if they generate the same observables:
u1, ug, P and the joint distribution of (X,p*). I shorthand observational equivalence as
b < b'. 1 write that bargaining solutions f and f’ are observationally equivalent if for every
b with the bargaining solution f, there is a b’ with the same E'A, P, u, the bargaining solution
f’, and some o’ such that ¥ < b. In this case, I write f < f’. T abuse notation and write
f(b) for the set of feasible outcomes after replacing the bargaining solution in b with f, and

write f(b) < f'(V') if the intersection of f(b) and f'(I') is nonempty.

Definition 6 (Single-period identification). Let F be a family of bargaining solutions. I
write that F is single-period identified if b < O’ implies f(b) < f(b') for structures b,b’ such
that the convex hull of {(u1(p | X),u2(p | X))} U {0} is comprehensive. I write that F is

single-period unidentified if F is not single-period identified.

If F is single-period unidentified, then an econometrician who mistakenly conjectures
that bargaining is ex post (FA = 0) can infer a bargaining solution that has the wrong
counterfactual prediction even with a known information structure.

For these single-period games, it is possible to construct a game for which incorrectly
conjecturing F'A yields exact predictions, but an arbitrarily wrong estimate of the Nash
bargaining weight 7.

Proposition 2 (Nash bargaining weights may not be identified under NTU). Let F be a

Nash

family of bargaining solutions that include fT( ) and fT(fV'wh) for some distinct 7,7 € (0,1).

Then F s single-period unidentified.

Proof. Without loss of generality assume 7 > 7/. Consider the utility functions from Propo-

sition 1 with m; =1, §; = X~ %/7, mg = (1 — 7)X®, and 05 = 1 for A = T(Tf—TT/')v and either

(i) the structure b with EA = 0 and f = f™*™ (i) the structure b with EA = 1 and

f= f(,NaSh), or (iii) the structure v” with FA =1 and f = fT(Na‘Sh).

T
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By the scale-invariance of Nash bargaining, the structure b generates a constant price of
zero. By construction of A, the structure o’ generates a constant price of zero. Therefore

b < b'. But by inspection, O’ <4 b”. Therefore F is single-period unidentified. O

The result shows that there is no clever combination of information, much less a moment,
that can suffice to identify Nash bargaining weights in all cases. In more complicated games
with multiple periods and interactions, constructing a valid moment to recover bargaining
parameters is even more difficult.

The proof of Proposition 2 only uses the scale-invariance property of Nash bargaining:
intuitively, bargaining before the realization of uncertainty requires comparing utility scales
across states of the world. As a result, Proposition 2 establishes that there cannot be
a robust moment for any family of bargaining solutions that contains two scale-invariant
solutions with distinct interior predictions for TU games.

In the next subsection, I show that the Kalai proportional solution produces a robust
moment for identification of bargaining weights, and in fact is the only family of bargaining
solutions satisfying ITA that possess such a moment. The Kalai solution aligns with Nash
bargaining in TU cases, which may be part of why Nash bargaining models have been

successful in the empirical dynamic bargaining literature specifically in the case of TU.

2.4 Kalai Allows Identification Across Information Timing

Under Kalai proportional bargaining, there is a simple moment on payments that is

robust to the structure of information.

Lemma 2 (Existence of a robust Kalai proportional moment). Consider a game (e, j, fKala)
such that the convex hull of the realized Pareto frontier and vP is comprehensive almost

surely. Write the realized price as p*. Then TEus(p* | X) —vP] = (1—7)E[ui(p* | X)—vP].

Proof. The comprehensiveness requirement ensures the Kalai proportional solution is well-

defined across values of e. For games with e = 1, the claim is immediate. For games with
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e = 0, the realized price satisfies 7(ug(p* | X)) = (1 — 7)(u1(p* | X)) almost surely, so that

the expected transfer holds by iterated expectations. O]

Proposition 2 and Lemma 2 establish a trade-off. On the one hand, scale-invariant
bargaining solutions like Nash bargaining may be theoretically advantageous. However,
they cannot provide a moment on observable quantities that is robust to the structure of
information. The Kalai proportional solution is not scale-invariant, but it provides such a
robust moment.

One might wonder what other bargaining solutions also possess a robust moment for
identification. It turns out that no other family of bargaining solutions that satisfy IIA can
provide a moment that is robust to the structure of identification. The proof uses arguments

from Myerson (1981). In particular, I make the following restriction.

Assumption 1 (ITA and span). F is a family of bargaining solutions that satisfy IIA; are
distinct in the sense that no separate f, f/ € F satisfy f = f’ for all G generated by single-
period games; and span all Pareto-efficient outcomes in the sense that if v is Pareto optimal

in some V, then for every v < v, there is an f € F such that f(V,v?) = v.

The distinctness assumption ensures that f < f’ only if the two solutions are the same,
and is required for F to be single-period identified. The span assumption ensures the econo-
metrician can always infer a bargaining weight from a Pareto-efficient agreement; a family

that fails the span assumption is not amendable to empirical use.

Theorem 1 (ITA and single-period identification implies Kalai proportional bargaining).
Suppose F is a family of bargaining solutions satisfying Assumption 1. Then F is single-

period identified if and only if F is the family of Kalai proportional bargaining solutions.

This result shows that no other family of bargaining solutions satisfying ITA can permit
identification via a moment across information timing: any alternative family satisfying ITA

would not even be identified.
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The proof rests on several distinct claims, some of which may be of independent interest.
I reach the full proof on Page 21.

An important condition for identification is concavity. Myerson (1981) defines concavity
for more general social choice problems which lack a notion of disagreement. Bargaining
solutions are a subset of social choice functions applied to a subset of social choice problems,

so the concept can be extended to bargaining games.

Definition 7 (Concavity). For bargaining games G = (V,vP) and G' = (W,uP) and X\ €
[0, 1], define AG + (1 = N)G' = (AV + (1 = W, AP + (1 — MNuP). A bargaining solution f
satisfies concavity if for all G, G" such that {G,G"} satisfies convezity and comprehensiveness

and all A € [0,1], FAG+ (1 — NG') = M(G) + (1 — N f(G).

Intuitively, the concavity property is that ex ante bargaining over expected values before
the Pareto frontier is realized should produce weakly better outcomes for all players than
the expected value of ex post bargaining after the Pareto frontier is realized.

Concavity is necessary for identification.

Lemma 3 (Single-period identification implies concavity). Suppose F is a family of bargain-
ing solutions satisfying Assumption 1, and such that there is an f € F that is not concave.

Then F is single-period unidentified.

Proof. At a high level, suppose there is an f, G, G’ such that player two strictly prefers the
ex post outcome: A\f + 2(G) + (1 — ) fo(G') > fo(AG + (1 — A)G’). By WPO, player one
must weakly prefer the ex ante outcome. By ITA and span (see Appendix A.3 for details),
there is a related game for which the ex post outcome under f is observationally equivalent

to the ex ante outcome under some f’ € F that is more favorable to player two. O

Concavity is unique to two classes of bargaining solutions: utilitarian bargaining and

proportional bargaining.

Lemma 4 (Concavity and ITA implies utilitarian or egalitarian). Suppose f satisfies WPO,

IIA, and concavity. Then either (i) f < fX¥a for some 7 € (0,1], or (ii) f is utilitarian in
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the sense that there is a T € [0,1] such that f(V,vP) € argmax,cy.,>,o 7(v1 — v7) + (1 —

7)(vy — v for all V,vP.

Proof. The claim is a gentle extension of Myerson (1981)’s Theorem 2, but requires care to

handle disagreement constraints. The details are in Appendix A.3. O]

Thomson (1994) provides more background on utilitarian bargaining. A simple property

is that it cannot identify bargaining weights in single-period games.

Lemma 5 (Single-period identification implies not utilitarian). Suppose for 7 € (0,1),7" €
[0,1]/7, there are fV fT(,Util) e F with V"™ (V0P e argmax,cy.,>,0 @(v1 — vy’) + (1 —

a)(vy — vd) for all VP, Then F is single-period unidentified.

Proof. Without loss of generality assume that 7,7 < 1. Write f = fT(Um) and [/ = fT(,Util).

Consider the games b and b with EA = 0 and f and f’, respectively, applied to u;(p | X) =
I—pand us(p | X) = %p Then p* = 0 under both games, so b < b'. Now let b”,

b" be f and f', respectively, applied to ui(p | X) =1—p and us(p | X) = %p. Then

b <A V" so f <A f' and F is single-period unidentified. ]
I am now ready to prove Theorem 1.

Proof of Theorem 1. Direction 1: if F is single-period identified, then it is the family of Kalai
proportional solutions. Proof by contradiction. By Lemma 3, if F is single-period identified,
then each element is concave. By Lemma 4 and IIA, each element is utilitarian and/or
proportional. By Lemma 5, there is an m > 0 such that the game EA = 0, ui(p) = mp,
us(p) = 1 — p has p* € {0,1} for all solutions in F that are not proportional. Then by the

span assumption, for all 7 € (0,1), (Kalad) = T Now suppose f € F is utilitarian and

Kalai) o T for interior T,if f e Fis

not proportional. By single-period identification and fT(
not proportional, f must predict gain-from-trade shares of either one or zero always. But
then since f is utilitarian, f is also proportional. Therefore F only includes proportional

solutions, and by the span assumption, F is the family of proportional solutions.
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Direction 2: if every f € F is proportional, then f is single-period identified. Let data
be generated as in Section 2.3 from some f € F with bargaining weight 7. Let 7 solve
TEus(p* | X)] = (1 — 7)E[ui(p* | X)]. By WPO and the existence of a p generating strict
gains from trade, at least one of Efu;(p* | X)| and Efus(p* | X)] must be strictly positive.
Therefore 7 is unique. By Lemma 2, 7 = 7. It remains to show that no other bargaining
solution in F is observationally equivalent. Suppose f’ € F/f. Then by Lemma 2, f’

generates a different moment. Therefore f <& f'. m

The remainder of this work applies the Kalai proportional solution to a multiperiod world.

3 Multiperiod Bilateral Bargaining and Recursiveness

This section focuses on the added challenge of recursiveness in a multiperiod world.
For simplicity, I focus on two agents Kalai proportionally bargaining over a TU Pareto
frontier. I first show that the Kalai model is nonparametrically unidentified with multiperiod
agreements. I then describe a static utility property called step-by-step, which simplifies
recursive bargaining and allows me to provide sufficient conditions for identification.

In this TU setting, the Nash and Kalai proportional solutions coincide. As a result, the
(non)identification results here also apply to TU Nash bargaining. However, the tool that I
use to prove the sufficient conditions for identification, which is called step-by-step, will also

be a benefit of the Kalai proportional solution in recursively defined NTU bargaining games.

3.1 The Multiperiod Kalai Model is Only Identified with Single-

Period Agreements

Consider the following class of infinitely-lived TU bargaining games. Period ¢ is as follows:

1. Players 1 and 2 learn their period utility shocks e, = (g41, €9¢), observable state z; in

a discrete space X with n distinct values in the support, unobservable information i,
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and inflation rate ¢; > 0. I write hy = (¢, 2y, iy, Gy).

2. If the last period ended with a contract in place (f;—; > 1), then the transfer is
Pay, = ¢, Pay;_1, the remaining length is ¢, = ¢, 1 — 1, and I write R; = 0 for no new

negotiation.

3. If last period ended with an expiring or expired contract (¢;,_; < 1), then the players can
bargain by mutual assent and choose a starting transfer Pay; for a T-period agreement

(so that ¢, =T and R, = 1) or can disagree (so that Pay, =0, ¢, = 0, and R, = 0).

4. Utility and transition. Player i gets flow utility 1{¢; > 0} (u; (z;) + &; + Pay;(2i — 3) — r;Ry) ,

where r; is player i’s new-contract negotiating cost. The new state h;;1 is drawn from

some fixed distribution P(h' | h) and the econometrician observes (Pay, ¢, x).

I discuss negotiation cost timing in Section 4.1.4. I implicitly impose that h follows a Markov
process.

I proceed assuming certain regularity conditions.

Assumption 2 (Magnac and Thesmar (2002)). Ele:; | ] = 0, the agents calculate value
using the true law of motion P(R’ | h). Further, P(¢',2',¢',i' | h) = P(¢' | =, ¢)P(x', ¢', 1" |
x? ¢7 /l/)‘

These are essentially the regularity conditions maintained by Magnac and Thesmar, but
allowing the possibility of unobserved information about future states.

For simplicity, I follow Collard-Wexler et al. (2019) and focus on games in which agree-
ments are always formed. Disagreement based on ¢ introduces a selection bias that can be
corrected with distributional knowledge, but which is outside the scope of this work. Even
in the case of T' = 1 and no unobserved utility, it is impossible to separately identify the

levels of w;(z) from 7;: one can increase u; and r; to achieve the same real outcome. With
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T-period agreements, it turns out that one can only hope to identify

i (x) = ui(x) — r;)/ Zﬁt_l. (3)

Similarly, even without unobserved utility, payment data cannot separately identify the

components of
Pay(x) = —7uy(x) + (1 — 7)us(z). (4)

[ implicitly assume that the researcher has access to instruments that can identify bargaining
weights from Pay. In Section 2, these instruments are the realized utility functions.

A structure b is a set of current-period effective utility functions @;(x), information i,
next-period value functions V;(Pay, h,l) for 0 < ¢ < T and i = 1,2, discounting rate

B € (0,1), and new-contract choice functions d*(h) = (¢*(h), Pay*(h))" such that if ¢ > 0,

Vi(Pay, h,0) = 1{€ > 0} (u;(z) + &; + (2i — 3)Pay) + BE[Vi(¢' Pay',h', £ — 1) | ],

Vi(Pay*(h), h,0) = max {V (Pay*(h), ', *(h)) —r, BE[V;(0,h',0) ]| h]}.

A structure b is a recursive Kalai solution with bargaining weight 7 if V; (Pay*(h), h, ¢*(h)) —
r; always reflects player ¢’s outcome from applying the Kalai proportional bargaining solution
to Nash’s bargaining problem for Pareto frontiers of feasible (V] —ry, Vo — ry), disagreement

point SE[V;(Pay,h',0) | h], and player-one bargaining weight .

Definition 8 (Multiperiod identification). I write that two structures b, b’ are observationally
equivalent if P(Pay',0',x',¢' | Pay,l,x,¢) are the same under b and V', in which case I
write b < . For a family of structures B, I write that traditional bargaining parameters
are identified under B if b < b’ implies that Pay(x) are the same functions under b and .
If traditional bargaining parameters are not identified, I write that B is unidentified. I write

that (3 is identified under B if b < b implies that § is the same under b and b'. If traditional
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bargaining parameters are identified under B, I write that all bargaining parameters are
identified under B if § is also identified and I write that only [ is not identified under B if

B is not identified.

With single-period Kalai proportional agreements, traditional bargaining parameters (but

not the discounting rate [3) are identified.

Proposition 3 (Identification of traditional bargaining parameters with single-period con-
tracts). Let BY) be the set of structures generated by recursive Kalai bargaining satisfying
Assumption 2 with T' = 1, and such that ¢*(h) = 1 for all (h) in the support of the game.

Then only B is not identified under B™M .

Proof. First, I show that traditional bargaining parameters are identified. By Assumption 2,
agreement and disagreement have the same next-period expected value. For any given T,

agreements Pay; must satisfy

0= —7 (uz(x) + €2 + Payy — r2) + (1 — 7)u (4 (z) + &1 — Pay; —ry)
= Pay(z) — 763 + (1 — 7)e; — Pay;

E[Pay; | x] = Pay(x) +E[-1ea+ (1 —7)ey | 2] = Pay(x),

with the final line following by Assumption 2. Therefore traditional bargaining parameters
are identified.

Next, I show that § is not identified. Take ui(z) = us(z) = 1, r = 1/2, and ¢ = 0
constant. Let b be the Kalai proportional solution with 7 = 1/2 and 5 = 0 and let ¢’ be the

solution with 7 = 1/2 and 8 = 1/2. By inspection, b < b'. Therefore § is not identified. [J

With multiperiod agreements, even traditional bargaining parameters may not be iden-
tified. This is unsurprising given the lack of identification in dynamic discrete choice models

(Rust, 1994).
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Proposition 4 (Potential nonidentification and static representation with multiperiod con-
tracts). Suppose T > 2, let BT) be the set of structures generated by recursive Kalai models
satisfying Assumption 2 with contract length T and such that ¢*(h) = 1 for all (h) in the

support of the game. Then BT is unidentified.

Proof. Let data follow from some structure b with 8 > 0, ¢ = 0, and no uncertainty, so
that d* and Pay* are deterministic conditional on xz. Let ¥’ be a structure with § = 0,

Pay(x) = E[Pay} | 2,0, = T], and e = 0. Then b < V. O

This work provides sufficient conditions for identification. The arguments depend on an
essential tool for dynamic recursive bargaining problems: the step-by-step property for static

games.

3.2 The Step-by-Step Property for Recursive Bargaining

To illustrate the step-by-step property, consider Kalai proportional bargaining over two-
period agreements with no unobservable utility (¢ = 0), constant inflation (¢; = 0), and
interior weights (7 € (0,1)).

The sides choose a starting payment Pay*(z) to satisfy the recursively defined equality:

=

T _Vl(Pay*(
1—7 Vo (Pay*(

=

This is a complicated expression to work with: expectations over 2’ given x affect the bargain-
ing outcome through the expected value of one-period disagreement followed by bargaining
at some 2’; the one-period disagreement bargain at x’ is recursively defined in terms of the
conditional expected value of two-period disagreement followed by bargaining at some z”.
The solution turns out to be the same if the negotiators replace the value of one-period
disagreement with the value of two-period disagreement. Hypothetically, imagine a cogni-
tively simpler model in which the sides bargain over a payment Pay** subject to disagreeing

for two periods and then returning to equilibrium. This disagreement point is implausible
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but useful: under two-period commitment, the associated function Pay**(z) would satisfy:

T Vi(Pay™(z),z,0,1,2) — B*E [Vi(Pay*(z"),2",0,1,2) | z] (©)
| x

1—7  Vo(Pay*(x),7,0,1,2) — B2E [Va(Pay*(z"),2",0,1,2) | 2]’

This model would be much easier to solve, because V;(Pay, x,0,1,2) = u;(z) + SE[u;(2) |
x|+ (14 B)(2i — 3) Pay + B*F [V;(Pay*(2"),2",0,1,2) | z], yielding the two-period problem:

|- (1+ B)Pay*(x)

(7)

Equation (7) is the problem that the players would solve if they formed a two-period agree-
ment relative to two-period disagreement in a two-period world. Intuitively, this cognitively
simpler model imposes a disagreement rule that exhibits a finite-dependence-type cancella-
tion of outcomes beginning in the third period. This finite dependence cancellation allows

me to solve the outcome in closed-form:

(14 B)Pay"(X) = (1 = 7) (ua(z) + BE[u (2') | 2]) — 7 (uz(x) + BE[ua(2) | 2]). (8)

This equivalence will follow even if the sides are forward-looking and follow single-period
disagreement.

The equivalence of Pay* and Pay** under Kalai proportional bargaining is as follows.
Write ~;(z) for the (possibly random) gains from trade achieved by negotiation at some
state h. By Equation (5), v1(z) = ==72(z) for all 2. Then, by expanding Equation (5) and

applying the law of iterated expectations,

r Vi (Pay(),2,0,1,2) + A5 E ba(e) | 1) — 62E [Vi(Pay* ("), 27, 0,1,2) |
1—7  Vo(Pay*(z),2,0,1,2) + BE [y() | ] — B2E [Va(Pay*(z"),2",0,1,2) | ]

By algebra that I omit for brevity, this constraint is the same as if the future gains were

set to zero, which yields the two-period-disagreement problem in Equation (6) and the two-
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Figure 2: Left: Recall the Kalai proportional bargaining solution for choosing an agree-
ment V4. (blue) on a Pareto frontier PF relative to the value of disagreement v” (red),
with proportional split illustrated by dashed blue line. Right: illustrating the step-by-step
property for a final agreement ‘/Sl?ep , (blue) recursively defined through bargaining relative
to a first-step agreement VS?ep , (red), chosen through applying the bargaining solution to
negotiations over some smaller Pareto frontier PF’ (pink, with dashed line indicating gains)
relative to the full disagreement point v? (omitted).

period-disagreement outcome in Equation (8).

This is the step-by-step property in action. Under Kalai proportional bargaining, it is
known that the outcome of bargaining in one shot is the same outcome as recursively bar-
gaining relative to a first-step agreement over a smaller Pareto frontier. Imagine negotiating
the price of a new car by first negotiating over the hypothetical price of a car with no up-
grades, and then negotiating over price and any upgrades, relative to the outcome of the
constrained bargain. The step-by-step property ensures that this process will generate the
same agreement as negotiating over the full surplus at once. Mathematically, if v” € T C V,
then f(V,vP) = f(V, f(T,v?)). Kalai (1977) and Roth (1979) show that this property, which
is easy to misstate in practical terms, is essentially unique to Kalai proportional bargaining.

Figure 2 illustrates the step-by-step property. Recall the intuition of the Kalai propor-

tional solution as choosing the best agreement along a surplus-splitting ray. In Figure 2(b),

28



instead of negotiating over the full agreement, the sides first negotiate over a smaller Pareto
frontier (pink) to reach a first-step agreement. The first-step agreement then becomes the
disagreement point in the second-step bargain over the full surplus, leading to a final agree-
ment. This recursive process generates the same outcome as one-shot bargaining over the full
surplus Figure 2(a), because the first-step agreement corresponds to moving the disagreement
value upwards along the same surplus-splitting ray.

The step-by-step property is useful for simplifying recursive bargaining problems. Ab-
stract from uncertainty and suppose the sides choose an agreement with value v* relative

D1 with vt recursively chosen next

to the value of disagreeing once and achieving value v
period through bargaining relative to the two-disagreement value v”2. By step-by-step, the
one-shot problem of bargaining v relative to v”? produces the same outcome as recursively
bargaining v4 relative to the first-step agreement v”*, with v”1 recursively bargained relative
to v”2. The same intuition extends in the presence of uncertainty via iterated expectations.
Applying the step-by-step property, the value of one disagreement can be replaced by two,
three, or infinitely-lived disagreement without changing the equilibrium agreement. The re-
sulting simplification allows the econometrician to choose an equivalent disagreement point
with cancellation properties that are qualitatively similar to finite dependence in dynamic
discrete choice (DDC) models (Arcidiacono and Miller, 2011).

Importantly, the simplification does not restrict the ability of players to respond to dis-
agreement. Instead, the simplification arises because the Kalai solution disciplines the effect
of off-equilibrium surplus division on equilibrium outcomes. The degree to which the step-
by-step property simplifies the resulting recursive model depends on the given context.

I now leverage this property to prove sufficient conditions for nonparametric identification

with multiperiod agreements.

3.3 Identification of Kalai with Multiperiod Agreements

I provide two alternative sufficient conditions for identification.
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The first sufficient condition for identification is based on a remark by Rust (1994),
who writes that in dynamic discrete choice models with no observed components of utility,
some partial identification may come from “agents who make different choices in the same
state.” In recursive Kalai bargaining games, [ show that this condition permits nonparametric

identification.

Proposition 5 (Identification without unobservables). Let B>V be the set of b € B™T) such
that n > 1, there are no unobserved components of utility (¢ = 0), there is no inflation
(¢ =0), and there are at least 1 + T(n — 1) combinations of (Pay,x) in the support of the
data. Then if T > 1 and appropriate rank conditions hold (Appendiz A.1), all bargaining

parameters are identified under BTV

Proof. See Appendix A.3 [

Proposition 5 implies that only some dynamic structures have a static representation
as in Proposition 4. For example, payment variation that reflects information should not
be mapped to a static utility shock, because the resulting utility shocks would need to be
correlated with future information. Note also that 14 T'(n — 1) is an unnecessarily large
number of information states, and in fact would suffice to identify nonexponential discounting
rates via ordinary least squares.

The second sufficient condition is motivated by empirical practice, which tends to favor
GMM estimation. I show that an instrument satisfying an exclusion restriction can suffice

to identify the discounting rate.

Proposition 6 (Identification from inflation expectations). Suppose T' > 1, payments are
strictly positive almost surely, and (; is a real-valued observed coarsening of i, satisfying the
exclusion restriction {xy, e, 1)l ™" AL Gy | T4y, ¢1o and the relevance condition that for all
t=1,....,T -1, E [H0<S§t(1 + Gtors) | Tty Pros Gy i strictly increasing in (y,. Then if
there are at least n + (T — 1) values of (z,¢,() in the support such that appropriate rank

conditions hold (Appendiz A.1), all bargaining parameters are identified under B,
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Proof. More generally, identification follows from payments that are constructed based on a

moment on any time weighting over payments and gains. See Appendix A.3 for details. [

I view this second condition as more plausible in empirical use. The key restriction is that
(; affects bargaining only through expectations about inflation, and there is a clear direction
of payments so that inflation expectations affect starting payments. Empirical practice also

can call for interactions across negotiations by different players.

4 Multiperiod, Multilateral Nash-in-Kalai Bargaining

I now propose a model of many agents negotiating staggered and interacting bilateral
contracts in a changing and uncertain world. This will call for a model in which in every
subgame, strategies form a Nash equilibrium over expected values, and at every negotiation,
the contract formed by a given pair always follows from applying a pair-specific bargaining
solution to the expected value functions at the current state of the world. Based on the

results for simpler two-agent games, I propose Nash-in-Kalai bargaining.

4.1 Model Timing

I study dynamic markets of the following form.

There are n players, indexed ¢ = 1,...,n. The world is infinitely-lived with periods
indexed by t. The discounting rate per unit of time is 8 € [0,1). I allow there to be m > 1
periods per unit of time, in which case the per-period discounting rate is SY/™. Myopia
corresponding to g = 0.

The timing in each period ¢ is as follows:

1. Potential pre-bargaining actions are taken. Given the state h;, each player ¢ chooses

actions aﬁj ) in some action space Aftl )(ht). I write the resulting vector of actions as

al").
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2. Bargaining and potential simultaneous actions are taken. The actions from stage 1 are

announced to all players. Then, at the same time:

(a) For ¢ < j pairs with more than one feasible contract, new contracts Co;;; in the
feasible new-contract spaces C;j; (agl)) are chosen through bargaining relative to
the null contract Cg;;;. I write the resulting contract state as C;, and the number

of new contracts formed by firm i as R;.

(b) Each player i chooses actions agt%) in some action space Agfb)(ht). I write the

resulting vector of actions as a; = ((agP, agb)), . )
3. Flow profits are formed. Player ¢ earns flow profits of
ui (Cy, ap, x4, 6¢) + Z Pay;i (Cy, ap, by) — 1iR; (Cyy he)
J#i
where r; > 0 is the cost of validating a new contract.

4. Information is revealed. The new state h;y; is revealed to all players. This state
includes the chosen action and contract states a; and C;, which are observed by the
econometrician; h;; the next period’s non-bargaining action spaces A;;;1, null contracts
Coije+1, contract space functions Cijt“(al(tl)) (either a single renewal contract or a set
including the null contract), and other observable states in .1, which is observed by

the econometrician; and the unobservable states €;11,%41.

This setup generalizes the two previous sections, so that all previous nonidentification

arguments carry over.

Lemma 6 (The many-agent model generalizes previous games). The games in Section 2.3

and Section 3 are special cases of this model.

Proof. See Appendix A.3. O]
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AR Y] A

crgl) (hy) € Al(tl)(ht), a@a)(aﬁl), he) € Cije <a§1)>, and 0521)) <a§1), ht> € A§f")(a§1), hy).

v

Within such a game, strategies are a set of functions o = {0-(1) U(Za),(f@b)} such that

Definition 9 (Nash-in-Kalai equilibrium). A Nash-in-Kalai equilibrium is a game and
strategies o of the form of this section such that (i) value functions are calculated under

these strategies, (ii) the strategies O'i(l) and 01(21’) satisfy the appropriate notion of equilib-
rium induced by this game and the value functions generated by these strategies, and (iii)

there are a set of bargaining weights 7;; € [0, 1] such that for every feasible pair of agl), hg, the

strateqy ai(; “)(aﬁ”, hy) taking other strategies as given solves the Kalai proportional bargaining
problem over value functions with bargaining weight 7;; on player j > i and disagreement

contract Co ;i (hy).

For generality, I allow the o; strategies to follow notions of equilibrium besides Markov-
perfect. As a result, the notion of equilibrium is broad enough to include punishment for
disagreement. In my empirical application, I assume that disagreement is short-lived.

I discuss each stage in further detail.

4.1.1 Potential Pre-Bargaining Actions

I allow actions to be taken before bargaining in Stage 1. This may include decisions like
whether or not to allow a contract to renew. Whether actions are allowed before or after
bargaining is typically not substantively important: the framework could allow both at the

cost of further notation.

“In particular, if the state is k and for conciseness I write o_;(2)(a"), h) for the set of aj(.ia) (aM), h) strate-
gies for j, k # i and the set of J§2b) strategies for j = 7 and abuse notation by writing a(_Qi) = ({(Cjk}j,k#, a(_Qf))

for the resulting outcome,

3 ’ —1 ) -1 —1

1 1 1 2 2a 1 1 2b 1 1 2 1 1
v (af,a®n) = B [V (657 @, o), m} o @, al), ), 02 (@, ah), 1), e, 1)

U; ((Ca A, T, 6t) + Z_];éz Payj7 ((Ca a, h) - TiRi (C7 h)

9
+ Vi(4) ((C,a,h,a’ & i) )

‘/2(2) ({(Cl]}7 a’§2b)a a(fi)a a(1)7 h) =K

vy =g VO (o). o)) )|
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4.1.2 Contracts are Bargained

The core of my analysis is the bargaining Stage 2a.

I assume that contracts play a role in payments Pay,;;; = —Pay;;; from player j to player
1. A contract can have other characteristics: a fixed end date or an auto-renew clause; a
benchmark rule for updating prices while the contract remains in place; restrictions on future
actions; or per-period transfers as a function of realized agreements (Olssen and Demirer,
2022; Ho and Lee, 2024).

In defining the Nash-in-Kalai equilibrium, I require that negotiators share rational ex-
pectations and a constant per-period discounting rate. Shared expectations are necessary to
negotiate over an expected transfer, rational expectations are necessary to construct a valid
moment based on the realized transfer, and a constant per-period discounting rate is neces-
sary for the players to bargain in terms of consistently defined net present values. Empirical
models with asymmetric information or irrational expectations are frontier topics (Larsen
and Zhang, 2021; Chen et al., 2024) that are outside the scope of this work, and alternative
discounting rules could be accommodated with additional notation.

I also assume that a pair chooses a contract taking as given both future strategies and
all strategies for other simultaneous actions. The assumption on future strategies is to my
knowledge innocuous. The restriction on simultaneous strategies is the standard passive
beliefs assumption that if ¢ or j defects and changes their behavior, neither party adjusts
their behavior in, or expectations about, other strategic decisions taken at the same time (Lee
et al., 2021). This decision is relatively innocuous for dynamic models in which short-lived

disagreement effectively constrains the feasible value of contract deviations.

4.1.3 Potential Simultaneous Actions are Taken

In Stage 2b, I allow strategic actions to be made at the same time as bargaining. This
allows the Nash-in-Kalai model to nest Nash-in-Nash models in which Nash bargaining

happens at the same time as other strategic decisions like price-setting (Ho and Lee, 2017;
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Crawford et al., 2018). It is often most convenient to include occasional actions like premium-
setting in this stage, so that repeated disagreement does not lead to new internalized effects

of future actions.

4.1.4 Flow Profits are Formed

The representation of profits in Stage 3 as the sum of a pre-transfer flow profit function
and negotiated transfers generalizes many, but not all, conceivable dynamic markets. For
example, latent utility shocks € can be captured in the unobserved information 7; ;. In my
empirical application, I assume that payments under the null contract are zero. I write the
model in this section more generally to include disagreement transfers, for example through
out-of-contract purchasing (Prager and Tilipman, 2022).

I model a negotiation cost borne after bargaining succeeds. Real negotiation costs are
borne both at the stage of preparing for negotiations (Gooch, 2019; ECG, 2020; Fletcher,
2020; Beier, 2020) and at the stage of carefully checking the terms of a potential agreement
(STD TAC and Moss, 2014; PMMC, 2019; Fletcher, 2020). I model the bargaining friction
as only the ex post cost to validate a potential agreement. Some work includes a sunk
negotiation cost (Prager and Tilipman, 2022). Sunk costs can prevent firms from forming
Pareto-efficient contracts. In a static model, sunk costs have the advantage of not entering
into payments. In a forward-looking model, future sunk costs enter into current payments
in a challenging way.

In characterizing the Nash-in-Kalai model, I implicitly assume that the convex hull of
feasible value functions is comprehensive. If the bargaining game fails comprehensiveness,
then the Nash-in-Kalai model may be poorly behaved for some bargaining weights, and a
hypothetical dynamic Nash-in-Nash solution may depart substantially from existing work.
For example, consider traditional models of double marginalization with negotiation of an
upstream supplier price before a retailer sets downstream prices. The retailer’s preferred

price generates positive gains for the supplier, so that a Kalai weight that gives the retailer

35



a 100% share of gains is Pareto inefficient. In this case, a Nash-in-Kalai equilibrium with
large retailer weight will be poorly behaved. Conversely, the dynamic Nash bargaining model
with large retailer weight involves subtle supplier disagreement constraints based on expected

future prices that are not present in a static model.

4.1.5 Information is Revealed

The information updating Stage 4 is written in a generic way in order to accommodate
many types of markets. Note that I include the C;j; contract outcome in Ay but not how off-
equilibrium contracts are reached. As a result, I implicitly rule out asymmetric punishments

for contract deviations based on the source of the deviation.

4.2 Nash-in-Kalai Yields a Moment on Transfers

I now show that the dynamic Nash-in-Kalai model yields a moment on expected NPV
transfers that generalizes the static Nash-in-Nash moment on current transfers. The moment
delivers key tractability properties.

I maintain some regularity conditions.

Assumption 3. (Regularity conditions)
For any state h, the distribution of (2/,7',€’) | h, a;, C; follows the law of motion of (z',,¢’) |
(x,i,€). There is a uniform transversality condition: if F,.(h:y1) is the set of feasible states

in period t + r > t after state hy;, is reached at the end of period ¢, then

lim sup sup g7/™ Vi(4)(ht+7a) =0.

=0 by 1 b €Fr(heg1) @

By repeated application of the step-by-step property, the econometrician (and negotia-
tors) can replace the value of disagreement with the value of impasse (Binmore et al., 1989).
In the ij impasse point, ¢ and j continually attempt to reach an agreement, but surprise all

actors and continue to disagree without abandoning negotiations. This concept roughly cap-
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tures a dynamic version of static Nash-in-Nash disagreement: everyone behaves anticipating
17 to reach an agreement, but ¢j always surprise the market and disagree. The impasse
point is uniquely-defined regardless of whether disagreement is unilateral or bilateral, be-
cause the history includes the contract outcome C;;; but not how off-equilibrium contracts
were reached. The impasse point is typically defined in discrete time, even when bargaining
is conducted in continuous time.

The dynamic Nash-in-Kalai bargaining model yields a moment on expected NPV trans-
fers, and as a result the econometrician can construct moments on transfers for estimation.
The moment naturally generalizes the static Nash-in-Nash bargaining moment to incorpo-
rate multiple periods of gains from trade. To characterize the moment, it is useful to define

17’s gains from trade at equilibrium non-ij actions as:

[Aijuit] =Yy (Cijt7 C—ijta Qt, T, €t) — Uy ((CO,ijta C—ija g, Ty, €t)

[Aijpayit,—j] = Z Payy; ((Cijta C—ijta g, T, 5t) — Payy; (Co,ijt, C—ija g, T, 5t> )
k#j

write the j-to-i flow payment from a single period of a contract under TU Nash-in-Nash as:
Payning = —7ij ([Agui + [AijPayie—5]) + (1 — 7i5) ([Aijuge] + [Aij Pay;e i),
and write the effect of the first agreement in ¢3 on subsequent disagreement payoffs as:

D] Al Al DI DI
[Az‘jtouit] = U (Co,z‘j, (Cfijta ay 7xt,5t) — Uy (Co,ij7c—ijt7 ay ,l’t,ﬁt) )

where Al and DI reflect the path of contracts and actions if ¢j enter their impasse point
at the first opportunity to depart from equilibrium after the conclusion of one and zero
agreements, respectively. Define [AijtoPayﬂ and [AijtoRﬂ similarly.

The Nash-in-Kalai moment extends TU Nash-in-Nash as follows.

Theorem 2 (Nash-in-Kalai Moment). Consider a dynamic Nash-in-Kalai equilibrium that
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satisfies Assumption 3. Suppose players i < j form a contract in a subgame time to that
remains in place through the (potentially random) terminal time t*. Then the expected NPV
of realized j-to-i payments Pay,j (Cy, ar, xy,€t) is equal to the sum of the expected NPV of
Nash-in-Nash flow transfers, a negotiation cost transfer, and an impasse repricing transfer

term:

+*

Z ﬁ%Payijt

t=to

Ey, = Payy;n + Payyc + Pay pp, (10)

where the expected NPV of static Nash-in-Nash transfers (Pay in Equation (4)) is:

Payy;n = Ey,

t*
Z/BmopayNiN,t] : (11)

t=to

the negotiation cost transfer Pay yo is equal to 157, — (1 — 7,5)1;, and the impasse repricing

transfer Paypp is:

Pay pr = Ei,

iﬂt—nfo{ —Tij ([Azjtoug} + [AithPayg] —T; [AijtoRiDt]) }] . (12>

= (1= 7i5) ([Aiguouji] + [AijuaPayi] =1y [Aijia R])

Proof. The claim follows by repeated application of the step-by-step property. For details,
see Appendix A.3. O

In many empirical applications, the realized transfers Pay;;; can be observed; the ex-
pected flow Nash-in-Nash transfers in Pay,,y depend on estimable demand functions, a
small number of bargaining parameters, and unobserved payoff shocks ¢ that can be as-
sumed to satisfy some moment; and Payy~ depends on only a few parameters.

The term Pay;p, accounts for the fact that in future periods, the Nash-in-Nash disagree-
ment point differs from the Nash-in-Kalai impasse point. The static Nash-in-Nash gains
used in Pay;p, are calculated relative to disagreement under the non-ij contracts formed

in equilibrium, while the Nash-in-Kalai gains are calculated relative to disagreement un-
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der the non-ij contracts formed when continually expecting expecting 7 to exit impasse.
Under myopia (8 = 0) or single-period contracts, Pay,p is equal to zero. If negotiation
costs are also equal to zero, then Equation (10) reduces to the TU Nash-in-Nash transfer
—Tij ([Aijuito] + [Aijpayz‘to,—j]) + (1 - Tz‘j) ([Aijujto] + [Aszayjto,—i]).

Theorem 2 holds even in a nonstationary equilibrium. When the market is in steady

state, the predicted transfer is especially simple.

Corollary 1 (Steady state Pay;pp is zero). Consider a Nash-in-Kalai equilibrium such that
in every subgame in which a pair bargains, all subsequent actions a and non-ij contracts C_;;

are the same on the agreement and disagreement path. Then in every bargain, Pay;pr = 0.

Proof. This holds by inspection and recalling the independence assumption of the distribu-

tion of (2/,€") | h. O

Corollary 1 is particularly useful for analyzing theoretical markets. Real-world markets
are not in steady state, but so long as a market is close to steady state, Corollary 1 implies
that approximating Payrrr to zero will produce an approximately valid moment. This is

the strategy I follow in my empirical application.

5 Empirical Application

I apply the proposed empirical model to data on hospital-insurer bargaining from West
Virginia. I prove a high-level summary here. For more detail on the data and setting, see
Dorn (2025¢). For more detail on the estimation procedure, see the companion paper Dorn
(2025a).

The main dataset is panel information on contract formation and expiration by hospital-
insurer-year from West Virginia between 2005 and 2015. I also have 2016 inpatient data on
visits by county of residence and age for leading insurers. I focus on six modeled insurers:

Highmark Blue Cross Blue Shield (BCBS), the leading insurer; the Health Plan of the Upper
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Ohio Valley (HPUOV), a regional insurer with substantial market share in some regions; and
the for-profit insurers Aetna, Carelink/Coventry, Cigna, and United. The state’s leading
hospital care providers were Charleston Area Medical Center, a multicampus hospital system
in Charleston with a small affiliate nearby; the West Virginia University Health System,
which was statewide with a flagship hospital in Morgantown and acquired some hospitals
in this era; and the Mon Health system, whose flagship was also in Morgantown and which
merged with Charleston Area Medical Center in 2022.

The empirical model is a dynamic extension of the static Ho and Lee (2017) model:
hospitals agree to receive reduced payments in exchange for an insurer steering enrollees
to the hospital; wider networks make insurance plans a higher-quality good when selling to
consumers; and some consumers become sick and need care at a hospital. I focus on inpatient
care. I assume that all sick patients receive care somewhere and always choose a provider
within their insurer’s network. I differentiate between a set of medium and large insurers
that are modeled, and a tail of “nonmodeled” insurers.

The specific profit functions and payments for hospital ¢ (with generic hospitals h) and

insurer j (with generic insurers n) are:

Uit = —C4 Z Dil;llt, Ujr = D% (¢je —m;), and  Pay = Dgtpiju
n€Git

where ¢; is hospital i’s cost per unit of care, D is the units of care profited by hospital h
to consumers with insurance n in period ¢ (assumed to be zero without an agreement), G
is the network of firms that have an agreement with firm ¢ in period ¢, D% is the number of
lives insured by insurer j in period ¢, ¢j; is the insurer’s premiums per life insured, 7; are
noninpatient costs to the insurer, and p;;; is the contracted per-unit price.

There are known to be contracting externalities in this setting. Imagine a simple single-
period world with one monopolist insurer and two hospitals. The insurer simultaneously

sets premiums ¢ and negotiates with the two hospitals over a price per unit of care. After
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Figure 3: Contracts are multiyear. Distribution of reported contract lengths for fixed-term
contracts in general (left panel) and auto-renew contracts with reported formation dates
as-of fiscal 2015 (right panel). Colors indicates insurer. The two nonmodeled contracts
correspond to Wheeling-Pittsburgh Steel.

premiums are set, consumers choose insurance. Consumers all become sick, and then flip
a fair coin to learn their preferred hospital. Consumers go to their preferred hospital if
possible, the other hospital if forced, and do not purchase insurance if the network is empty.
When bargaining with hospital 2, the insurer knows that part of the value of the hospital
is diverting patients away from hospital 1. As a result, a higher anticipated hospital-1 price
leads to a higher hospital-2 price, generating contracting externalities. These contracting
externalities have been modeled through anticipated simultaneous agreements, for example
in the TU Ho and Lee (2017) model that I build on.

When contracts are staggered and negotiators are forward-looking, contracting external-
ities are internalized. Imagine that hospital 1 and hospital 2 bargain in alternating periods.
When the insurer negotiates with hospital 1, they know that their negotiated price will have
a positive effect on the price they negotiate with hospital 2 in the next period. These effects
are asymmetric, yielding a NTU model and all of the issues of the previous sections.

Real-world contracts are meaningfully staggered. Figure 3, borrowed from the companion
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paper Dorn (2025a), shows that for both fixed-length contracts associated with larger insurers
and auto-renew contracts associated with smaller insurers, contracts consistently remained
in place for three years or longer. Many contracts remained in place for a decade or more.
Different lengths imply some degree of staggering. Appendix Figure 4 shows that contracts
would be staggered even within a given year. As a result, if negotiators are forward-looking,
the bargaining model will be NTU.

I estimate a Nash-in-Kalai model, leveraging Theorem 2 for estimation. I model bargain-

ing weights as featuring an interaction of insurer j and hospital ¢ effects:

log (75/ (1 — 75;)) = 75 + 7% log(Size;),

Size ig a hospital-size coefficient, and Size; is a measure

where 6; is an insurer fixed effect, 7
of hospital system size from the start of the dataset. I estimate hospital demand based on
Highmark Blue Cross Blue Shield (BCBS) patients, who are in-network at every hospital,
and estimate insurer demand as a function of network quality using Affordable Care Act
regulations to control for premiums.

The key new parameter to estimate is the annual discounting rate 5. Hospitals and
insurers had predictably different variation in contract lengths and payment rates (Dorn,
2025a), so I use insurer and hospital-size-group indicator variables as instruments in the spirit
of Proposition 6. Intuitively, the insurer instruments mainly identify 7;, and the hospital-size-
group instruments identify the discounting rate § from inflation expectations, controlling for
market power (as identified through the hospital and insurer demand estimates) and potential
bargaining weight heterogeneity (through Size;).

I estimate three bargaining models. The Only-2015 model represents estimates based on
the standard approach of taking all data in a market over a short period and estimating a

Nash-in-Nash model treating all contracts as short-lived. This model is TU, so the Only-2015

model can be interpreted as a Nash-in-Nash or Nash-in-Kalai model. The Myopic model uses
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the same demand estimates, but estimates bargaining parameters for new contracts in all
years. The model is also TU under myopia, so that this model can also be interpreted as
a Nash-in-Nash or Nash-in-Kalai model. Finally, the Forward-Looking model uses the same
bargains and estimated demand functions as the Myopic model, but allows for negotiators

to be forward-looking under specifically the Nash-in-Kalai model.

Parameter
B TBCBS THPUOV TFP —rSize
Only-2015 . 0.487** -7.54 0.694*** 3.354
(Nash/Kalai) () (0.191)  (17.204)  (0.175)  (22.875)
Myopic . 0.876***  (0.825***  (.861*F**  1.037***
(Nash/Kalai) (+) (0.012) (0.232) (0.034) (0.199)

Forward-Looking ~ 0.899%%%  (.854%%%  (.877%%%  (.889%FF  ().989%**
(Pay,pr =0)  (0.03)  (0.006)  (0.026)  (0.005)  (0.028)

Note: *p<0.1; *p<0.05; **p<0.01

Table 1: Estimated bargaining and patience weights for the only-2015 (first row), myopic
(second row), and preferred forward-looking (third row) bargaining models. The MCO 7;
bargaining weights represent the estimated bilateral share 7;; evaluated for a hospital ¢
with size equal to the average bargain value, and include estimated heterogeneity between
Highmark BCBS (BCBS), the regional insurer HPUOV, and the modeled for-profit insurers
(FP). The estimated forward-looking model overwhelmingly rejects myopia, and the only-
2015 model produces implausible estimated bargaining weights. For additional parameter
estimates, see Appendix Table 2.

The estimated bargaining parameters are in Table 1. The variation in contract lengths
visible in Figure 3 rejects a static model like the Only-2015 model, and I find that the
the failure to explicitly model the variation in contract length can be substantive. In this
case, the Only-2015 model estimates that the regional insurer HPUOV’s bargaining weight
is negative. This behavior is in part driven by the large estimated role of hospital size, which
is associated with contract structure: if I fix 79%*¢ = 0, the estimated bargaining weights
for Highmark BCBS, HPUOV, and the for-profit insurers drop to 0.365, 0.278, and 0.16,

respectively.
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Next, I turn to the Myopic and Forward-Looking models that have accurate timing.
These models predict limited heterogeneity in insurer bargaining weights, but important
heterogeneity in hospital bargaining weights. The bargaining weights are similar whether /3
is allowed to be above zero or not, because demand is fairly correlated across time. Nev-
ertheless, the forward-looking model overwhelmingly rejects the null hypothesis of myopia,
estimating an (inflation-adjusted) annual discounting rate of 0.899. This parameter estimate
indicates that the negotiators are likely to respond to beliefs about future conditions when
choosing their starting price, indicating that there can be important dynamic incentives that
the previous static literature could not model. Further, these models find similar bargain-
ing weights for BCBS and the smaller for-profit insurers. The Only-2015 model’s estimates
with no heterogeneity are interior, but mistakenly estimate very small bargaining weights for
for-profit insurers, likely due to misinterpreting the smaller insurers’ large realized price in-
creases as a lack of bargaining power, rather than a foreseeable dynamic that forward-looking

negotiators would offset in NPV terms.

6 Conclusion

This paper introduces the Nash-in-Kalai solution for bargaining problems with nontrans-
ferable utility. In the presence of uncertainty over nontransferable Pareto frontiers, Nash
bargaining and other scale-invariant bargaining solutions are unidentified, and only one fam-
ily of bargaining solutions satisfying independence of irrelevant alternatives is identified: The
Kalai proportional bargaining solution. The Kalai proportional solution’s unique step-by-
step property implies a valuable equivalent representation of the recursive Kalai proportional
bargaining problem. I leverage this representation to provide sufficient conditions for identi-
fication of Nash-in-Kalai bargaining parameters with multiperiod agreements. The Nash-in-
Kalai model admits a moment on expected NPV transfers in a wide degree of generality. As

a result, the model can be applied to settings with many firms negotiating interacting agree-
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ments at different times. My empirical application rejects both static and myopic models:
I find that a static model incorrectly assigns foreseeable and discounted price dynamics to
bargaining weights, and a myopic model incorrectly rules out forward-looking responses.
The Nash-in-Kalai model is likely to be valuable beyond healthcare. The framework
may prove useful for modeling media asset acquisition (Morrissette, 2023), programming
disputes with time-bound programming (Hayes, 2023), disagreement with inertia costs (Han-
del, 2013), staggered team formation in the presence of aggregate wage limits (Mulholland
and Jensen, 2019), and supply chain bargaining in the presence of inflation (Davidson, 1988;
Baudendistel, 2023). A feasible application for future work is to extend popular econometric
search-on-the-job models (Cahuc et al., 2006; Bagger et al., 2014; Bilal et al., 2022) beyond
TU bargaining. The dynamic moment of Theorem 2 provides sufficient conditions for esti-
mation, but an important avenue for future work is characterizing plausible conditions for
statistical inference in this setting. Finally, an open question for future work is whether com-
putational tools can render a feasible Nash-in-Nash model with staggered contracts when

the econometrician is willing to take a stance on information timing.
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A Additional Content

A.1 Rank Conditions

Assumption 4 (Rank condition, Proposition 5). Fix some xy. The distinct values of
(Pay,x) are such that the set of P(Xy ¢ = 2’ | 2y, = x, Pay,, = Pay) for initial peri-

ods tg, t =0,...,7 — 1, and 2’ # xy and a constant are linearly independent.

This rank condition is chosen to emphasize simplicity over comprehensiveness. For ex-
ample, when 7" > 1, this condition requires i, to be potentially informative for z;,,o given
(24, T1o+1). This rank condition is sufficient to identify period-dependent weights 3, via

ordinary least squares, which imply the fixed per-period discounting rate .

Assumption 5 (Rank condition, Proposition 6). For each (x, ¢) combination in the tuples,
pick some (y(z, @) such that (x, ¢, (o(x,d)) is a tuple in the support. Then (i) consider the

set of (x, ¢, ) tuples ¢ # (o(x,¢). Then the set of values of

E [(TTocsct(1 + bross)) Payy, | 24, = 2, 61y = 6,y = (]
- b [(HO<s§t<l + ¢t0+8)) Payz‘o | Ty = T, gbto = ¢7 Cto = CO(I, ¢)]

are linearly independent. Further (ii) let ¥ be the matrix whose rows correspond to values

T—-1 pt / .. .
of z and whose columns correspond to >, B'P(zty++ = ' | 74, = x). Then ¥ is invertible.

This assumption is also chosen to simplify the resulting identification argument.

A.2 Nash-in-Kalai Period Split

Definition 10. Without loss of generality assume ty = 1. The original game’s period t will
correspond to period t, = 142571 (t—1). Let my = myx25~1; write t(t,) = 1+ [{(t, — 1)2'7°}]
for the mapping from transformed-game period to original-game period. If 142571 ({(t,)—1) =

ts, then period tgs corresponds to an original-game period: let Agtls), Agfj, and Cpp, <ag)> m
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the transformed game be as in Ay and Cpiq.) (ai(lt) )) in the original game. Otherwise,
let the action spaces be singletons, and let Cpyy, (al(t ) be equal to Cppt,—1 (at > (up to any
necessary reindexing like for contract length) if hn failed to form an agreement ints—1. Let
xy, and g,, be updated at the end of a period ty with 14257 (t(ts4+1) —1) = t,+1; otherwise,
let them be unchanged. Let other information be updated only in those periods, in which case

let the information on (zy, &y, 4y in future periods be the information on (T, €5y, li))

in the original game.

A.3 Additional Proofs

Proof of Lemma 1. Let G € G be given. For v on the Pareto frontier of V', write Pay(v) =

vo— v2

. Then v} + v = vP +vP + v and

1)2’0

T(fN (Y, 0P)y — o)
Uy — vd
(Nash)
= (1= 7)uh (Pay (S5 (V) (05 - o) = LD m ),

UQ_U2D

vy (Pay (F* (Vo)) (v5 —vy) =

so that 7(v; — v2) = (1 — 7)(0P + v — v — vP). But f5"* satisfies the same constraint.

Therefore fT(NGSh)(V, vP) = T(Kalai)(V, vP). O

Proof of Lemma 3. f5 is not concave, so there exists an V, W, A such that at least one player
strictly prefers Af3(V,vP) 4+ (1 — ) fs(W,u”) to fs(AV + (1 — )W, AP + (1 — X\)uP). By
strict inequality, it must be that A € (0, 1).

Without loss of generality, assume player 1 strictly prefers the ex post game. By
WPO of the ex ante solution, player 2 weakly prefers the ex ante game. Write vgs =
FOV+ @ =NW, 2P 4+ (1= XuP), v = f3(V,0P), and w* = f3(W,u”), then vpa1 <
Avf + (1 — Nw; and vgas > Avs + (1 — M)ws. A quirk is that the ex post choice may not
be an ex ante outcome under any bargaining solution, so I produce a modified pair of games

for which the ex post outcome is Pareto efficient (and so can be chosen) and the ex ante
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prediction under f is unchanged by IIA.

Let v/, w’ be points in V, W such that v" > vP, w' > uP, o] > v, v) < v, wy > o7,
wh < wj, and A"+ (1 — A)w' = vga. Such a point must exist because vps € AV + (1 —\)W.

Recall that the comprehensive convex hull of {vy,...,v;} is the set of v € R? such that
v<> ; Ajv; for some nonnegative A; summing to one (Myerson, 1981).

Now let V' be the comprehensive convex hull of v/, v*, and v”, and let W’ be the
comprehensive convex hull of w’, w*, and u”. The Pareto frontier of AV’ + (1 — A\)W’ is the
convex hull of A" + (1 — A\)w" and Av* + (1 — M)w*. Let X > 1/2 correspond to playing V'
and let X < 1/2 correspond to playing W’. Also let the utility functions u corresponding
to mapping p € [0,1] to points on the utility frontier, with p = 1/3 corresponding to v’
and w’ and p = 2/3 corresponding to v* and p*. (Note that it is possible for the frontier of
utility to be a single point in one of these games.) Also let &2 be the singleton distribution
of Bernoulli(\).

By the span constraint of Lemma 3, there exists an f’ such that f/(A\V'+(1—=X\)W’, AP+
(1—=XN)uP) = M\’ + (1= X)w'. Let b be a structure generated by EA = 0 bargaining under f,
and let b’ be a structure generated by FA = 1 bargaining under f’. Any equilibrium results
in setting p* = 1/3, so that b < ¥'. But f predicts setting p* = 2/3 in the ex ante game, so
that f <& f’. Thus, F is not single-period identified. n

Proof of Lemma /. For this proof, let G be the set of games (V,v?) satisfying convexity and
comprehensiveness, v? = 0, and V = {v € V : v > 0}. I write that the game ({0},0) € G,
with f({0},0) = 0 for any bargaining solution f.

I prove the weaker claim that if f satisfies WPO, ITA, and concavity for games in G, then
either f is proportional or f it utilitarian.

The proof generally follows Myerson (1981), so I proceed assuming the reader has a copy
on hand. Let G be the set of games that satisfy Definition 1 and do not allow ex post losses,
and let f be a bargaining solution that satisfies WPO, ITA, and this proof’s weaker form

of concavity. Myerson’s Theorem 1 shows that because G is a convex combination, if f is
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linear, then f is utilitarian.

Most of Myerson’s results follow after some change in notation. His Lemma 1 through
Lemma 6 follow after adjusting the notion of comprehensive convex hull to intersect with
R?, and writing M = {f(G) : G € G}. Lemma 7 follows after adding a caveat that the
claim only holds if ( = Az(1 — A\)y > 0, and with some care verify the claim holds for y = 0.

Myerson’s Lemma 8 requires more modification. Because f is not utilitarian, it continu-
ous to be the case that there is a v,u = f(v) such that p-v > p-u, where p is constructed
in Myerson’s Lemma 4. Then by Myerson’s Lemma 7, take A = m and mix the game
H(v) with zero to obtain a game, with associated solution ¢ satisfying ||c|| = 1. Without
loss of generality I write that w = ¢. Then it clear by inspection that u — ¢ € M, because
f({0},0)=0=u—c.

Myerson’s Lemmas 9 and 10 follow immediately. Lemma 11 follows with the caveat that
the claim only holds if w + Ad > 0. Myerson’s Lemma 12 completes the proof by showing
that if € M, then x =u + (p-x — p - u) u, which holds so long as u+ (p-z —p-u)u > 0.
But by construction in this extension, p-u = 1, so that the only requirement is that p-z > 0.
But z € M, so there is an 0 such that x = F(V,0), and 0 € M NV, so that by Myerson’s
Lemma 5, p-2 > p-0 = 0. Therefore u+ (p-x —p-u)u > 0, so that the result of Myerson’s

Lemma 12 holds and if f is not utilitarian, then f is proportional. O]

Proof of Proposition 5. By Proposition 3, all bargaining parameters are identified if T = 1,
so I proceed assuming 7" > 1.
By applying the step-by-step property 7" times and then canceling future (exogenously

evolving) states, every (Pay, z) combination observed in a period ¢, must satisfy:

T-1
E> 8" T] (14 ¢tors) | 2, | Pay = E
t=0

0<s<t

-1
Z/Btpay(-ftoﬂ) | 24,
t=0

By assumption, there are at least x pairs of (Pay,z) and (Pay’,z) with Pay # Pay
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both in the support of Pay* | z. Then for each such pair:

Pay = Zzﬁt — Pay( VP (2t = 2 | 24 = x, Payy, = Pay).

Fix some zy. Then:

Cinp!
A

bz ls ~N
/_/RTl

Pay = Pay(z) + Z
t=

1 — 5T (P&y(x') — Pay(x0)> P(xyyy = 2’ | 24, = x, Pay,, = Pay).
o' #zo

Write the vector p of values of Pay, writing X as the matrix whose rows are each distinct
(Pay, x) combination and whose columns are a constant one followed by one column for each
of the probabilities. Then by the rank condition (Assumption 4) on the 1+ T'(n — 1) pairs,
the values of b, = Pay(z) and ¢, are identified for all t > 0,2’ # x by (X'X) X p.
Dividing ¢ 47/co s for some 2’ # xp, which exists by the assumption n > 1, identifies 5.
Then dividing ¢, by (1 — 8)/(1 — 7) for any 2’ # x identifies Pay(z') — Pay(xo). But

Pzzy(xo) is already identified, so all bargaining parameters are identified. O]

Proof of Proposition 6. Consider the distribution in new-contract periods to. Condition on
a pair of x4, ¢y, in the support. By applying the step-by-step property 7' times, canceling
future (exogenously evolving) states, writing 3, = f*, and applying iterated expectations,

for every (xy,, ¢4,,() in the support, the parameters must satisfy:

E

T-1 [to+1T—1
Zﬁt ( H (1 + ¢to+5)> Pay;) ‘ xt07¢t07<t0 :C =FK Z ﬂtitop&y(xt) ‘ xto7¢toacto = C]

t=0 0<s<T L t=to

to+1T—1 ~
=L Z B Pay(x) | xto7¢to] :

t=to

Let (o be as in Assumption 5, i.e. (z,,(o(z,¢)) is in the support of (z,®, ). Then for all
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(x, ¢, () in the support:

T—1
0=E|> B ( ITa+ ¢to+s>) Pays, | @iy, drgs Cro = c]

t=0 0<s<t
T—1

- B Zﬁt ( H (1+ ¢to+s)> Pay;, |z, dr, G = CO(mt07¢to>]
t=0 0<s<t

_ 1 5 E [(H0<s§t(1 + tho—i-s)) Pa?/iko | xtm ¢t07 Cto = C]

t=0 - B [(H0<s§t(1 + ¢t0+s)) Payy, | T1g5 Dto Gto = Co( Tty ¢to)]

Then, writing y, 5. = E [Pay;, | 21, = 2, ¢, = ¢, G = ¢|—E [Pay;, | x, = 2, by = 6, G = Co(2, 9],

I obtain

— L [(H0<s§t(1 + ¢t0+8)) Pay;fko | Lty = L, ¢to = ¢7 gto = d
Yz,06 = Zﬂt
t=1 - L [(H0<s§t(1 + ¢t0+8>) PG?JZKO ’ Tty = T, (bto = ¢7 Cto = CO(‘IJ Qb)}

By the relevance condition (so that each difference in expectations is nonzero for all  #
Co(x, ¢)), the assumption that we have at least 7' — 1 such pairs with ¢ # (y(z, ¢), and the
rank condition (Assumption 5(i)), the parameters f5; are identified for all ¢ > 1 by least

squares. Then the moments:

E =F

T—1
S 4 ( [T+ %s)) Pay;, | a,

t=0 0<s<t

) @Paym)]

t=to

identify Pay(z;) by the rank condition (Assumption 5(ii)) by writing p for the vector whose
elements are F [2:{;01 B (ITocsct (1 + brors)) Payy, | 24, = x} , taking 3 as in Assumption 5,
and identifying the vector of P;zy(x) values via X ~'p. Thus, all bargaining parameters are

identified. (In the net present value case, the discounting rate g is identified as 3;.) O

Proof of Lemma 6. For Section 2.3, take some arbitrary 5 > 0. Abuse notation and let the
observable state x; include both the single-period state x and an indicator for whether the

period t is 1, 2, or at least as large as three. Let ¢; be a singleton and take r; = 0. Let a

56



contract include a price applied to two periods. Let u;; = Pay;; = 0 for periods 1 and > 3.
If bargaining succeeds in period 1, let uy s (Ca,az, 9, 82) = B 0P, Payias (Ca,az, hy) =
Bt (ul(p | X) — vf)), and ugs (Ca, ag, ha,e2) = B (uz(p | X) — BPayraz (Ca,az, hy)). If
bargaining fails in period 1, let u;2(Ca, ag, he,2) = S P for any potential agreement and
Payy22(p) = p for all potential non-null agreements, so that there is never bargaining in
period 2. If FA =1, let x; be revealed at the end of period 1; if EA = 0, let x; be revealed
before the start of period 1. Let strategies be Markov and follow bargaining solution f. This
structure reproduces the desired net present values of agreement and disagreement in period
1.

For Section 3, let the observable state x; also include the observable inflation rate ¢,
and remaining length ¢;. The specifications for §, Pay, and r; are natural. Note that to
align notation, the Nash-in-Kalai game has u; (Cy, ar, by, e¢) = 1{ly > 0} (u;(xt) + £¢4). Let

strategies be Markov. This structure is clearly equivalent to the structure of Section 3. [

Proof of Theorem 2. Consider a period ty Stage 2a subgame in which ¢ < j form a new
contract with positive probability. Condition on the event in which they form a contract.
Let t* be the (potentially random) final period in which ij remain in their current contract.

Note that CA4L.

Zit = Cijr and al = ay for periods t = tg,...,t*. It is convenient to write u

for the path of u; in equilibrium, u/}! for the path if ij agree for periods ¢, through t* and
then enter impasse, and so on.
It is useful to rewrite the claim in a more compact, but less interpretable, way. The claim

can be written as:

—Tij (uﬁ + Paylt rzRﬁ — u Pay + riRgl)

0=E, Zﬂt t°

t=to +(1 —755) (ufy + Payjy — rj Ry, — uh! — PayR" +r; ROT)
X g —7j (uit! + Payii" — iR — ul’ — Payl)" + r;RET)
+ By | D, B

=t +1 +(1 = 75) (! + Paysy’ — iRy — ul)l — PayR! + r; RET)
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Recall that by definition of the AI path, the A and Al paths are the same in periods ¢y

through t*. Therefore the claim reduces to showing

—7; <UZ(A,0) + Payi(tA’ ) _ TZR(A 0) ul(tD,oo) Pay(D °9) 4 TZR(D oo))

0 _ Eto Zﬁt:rfo
t=to +(1 —7y) ( (40) 4 Pay(AO — r]R(AO ug-?’oo) - Pay](-t ) 4 TJR(D °°)>

I now add some notation for this proof alone to keep track of paths. Let t49 be the
(potentially random) period in which ij reach their d+ 1% agreement in equilibrium. Let the
superscript (A, d) refer to the path in which all players remain in equilibrium until Stage 2
of period t(9 then ij defect to disagreement, and then all players follow equilibrium play.
Note that the subscripts A and (A, co) refer to the same path, and the subscripts Al and
(A, 0) refer to the same path. Similarly, let ("9 be the period in which 4j reach their d + 1°*
agreement in the subsubgame in which they disagree at the first d opportunities to negotiate,
and let (D, d) refer to the path in which ij disagree at every opportunity to negotiate until
period (P9 Note that the subscripts DI and (D, ) are the same.

The Kalai proportional bargaining solution requires that:

—Tij < (Aoo) 4 Pay(A ) _ TZR(A ) _ ugf)’o) Paylt DOy 4 nR(D 0)>

zt

0=E, Zﬁt >

t=to +(1 = 75) ( (fhoo) | Payj(t <) rjRj(f ) uﬁf’o) Pa y(D 04y Rﬁ?’o))

and for any finite t(4% and t(P9),

_r < (AdHD) | poy(Adtl) . plAdtl) _ (Ad) _ po (Ad) | plA, d))

=t (1= i) (WD 4 Pay ) BT (D) payAD 4y g4
5 Z 5 1y (wPD 1 PayPD — RPD P pay(PY g g DY)
— tD,d+1 m
t=to +(1 - Tw)( (D d)—|—Pay(t )—r]Rgf d) ugf,d+1) Pa Z/J(? A1) | TjR§?,d+1))
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By the Transverality condition,

1y (0 4+ Pay{) — B <P~ PaylP 4 P

0=E, Zﬁt -

t=to +(1 —75) ( (4,0) + Pay](t 0 _ rJRgf 0) ué?’oo) Pay(D 09) + ’I"JR(D Oo))
. i . i gz i (w4 Pay Y — R D — pay 0 4B
to m
d=0 _t:to +(1 — 75) (u(A d+1) + Pay (A d+1) rjRﬁ’dH) — ugA 9 Pay(A -d) + r]R(A d)>
. iE i Bﬂ — (u(D ,d+1) + Pay (D d+1) TiR(D,d+1) _ ugf),d) _ PayZ(tD,d) n ”RZ(tD,d)>
to m
d=0 t=to +(1 —755) (u(D RARNE Payj(-tD’dH) -7 Rﬁ) AL _ g.?’d) — PayJ(tD’d) + QR;?‘”)
. i gz g (u§? + Pay? = ri RGO — ulP ) - PayP) 4 iR
= Ey, —
, s A0 D, D D,
t=to +(1 — 75) (u(t 04 Pay](~t 0 _ r]Rgt ) “S‘t =) _ Pq y( ) 4y R( OO))
n iEtO P [$2 g [ (Y 2 )
d=0 t=to +(1 = 735) (uﬁ,dﬂ) + Pa y(A d+1) R;tA,d-‘rl) _ u;f,d) Pa y](A Lo R(A d))
oSS [ [ gtz | (0 Pl S )
d—0 — +(1 = 7j5) (u§tD7d+1) + Payji—",dﬂ) _ rjRg.tD,dH) o u§f’d> . Pay§f>,d) + TjR%:),d))
_5 Z /Bt to —Tij (ugt 0) + Payz-(f’ ) rzR(A 0 _ Z(D ,09) Pay(D 100) + mR(D OO))
= Ey, 7
t=tg +(1 — 75) (u§f,o) + Payﬁf’o) - rjRg»?’o) 5 >0 Pay(D ) 4 T]R(D OO))
which is the desired claim. O
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A.4 Tables and Figures

Other . BCBS

04 III IIII |II ‘l II | II I I

2007 2010 2013
Contract Start Date

Number of Contracts
w

Figure 4: Contracts are formed at different times. Histogram of contract start dates for
contracts used in the estimation sample and introduced in 2007-2014 for Highmark BCBS
(blue) and other modeled insurers (pink). Vertical lines indicate January 1 of a given year.
Contracts were not systematically introduced on the same dates.

Table 2: Additional estimated bargaining parameters. BCBS parameters correspond to
Highmark BCBS. “Data” corresponds to average difference between MLR-implied costs per
life and estimated average inpatient payments per life insured, and would exactly set the
MLR moment to zero for the myopic and forward-looking models. The ™ net negotiation
costs are close to their starting point of $10,000 and may weakly identified or unidentified.

Parameter (799 Estimated)

BCBS "HPUOV NAetna NUnitedHealth NCigna NCarelink " é\/fgc BS 7}11430 BS
Only-2015  3657*%F*F  3404***  3658*** 2008*** 462744 3139%**  10000%F*F  99QQ*H*
(Nash/Kalai) (45) (85) (116) (29) (32) (39) (2614) (1441)
Myopic — 4640%%F  4036***  3659*** 3197H** 4624%**  3139%**  10000%*F*  10000***
(Nash/Kalai)  (14) (650) (37) (374) (26) (463) (1444) (1)
Forward-Looking ~ 4638%**  3631***  3660*** 3284+ 4626%**  3140***  99Q9*** 9999***
(Payrpr =0)  (130) (302) (37) (69) (30) (45) (29) (65)
Data 3600 3356 3554 1999 4635 3114
Note: *p<0.1; **p<0.05; **p<0.01
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