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Abstract

We show that quantitative easing (QE) worsens government debt sustainability. In our

model, the government runs a primary deficit with elastic debt demand that makes interest rates

endogenous. The central bank has long-term capital and remits profits to the fiscal authority.

QE depletes this capital stock, reducing future remittances and crisis-fighting reserves. Contrary

to Sargent and Wallace (1981), where greater monetary accommodation lowers the steady-

state debt level, we show that QE increases the steady-state level of debt and shifts the default

boundary inward, thus heightening fragility and reducing debt sustainability. Moreover, while

QE can keep interest rates low for extended periods, continued debt accumulation eventually

triggers a sharp rise in financing costs. Under certain parameters, large-scale QE makes

previously sustainable debt levels unsustainable, leading ultimately to sovereign default.
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1 Introduction

Central banks across advanced economies have deployed unprecedented quantitative easing (QE)
programs since the 2008 financial crisis, purchasing trillions in government bonds to suppress
yields and ease fiscal pressures.1 The conventional view holds that such monetary accommodation
improves debt sustainability by lowering financing costs and expanding fiscal space. We challenge
this convention.

In this paper, we develop a theory of the effects of QE on government debt sustainability.
Our theory builds on a standard frictionless macro model augmented with two key features: (i)
a downward-sloping demand curve for government debt and (ii) central bank’s long-term capital.
We show that QE undermines government debt sustainability through the depletion of central bank
capital. While QE temporarily suppresses interest rates by reducing net debt supply to private
markets, it exhausts the central bank’s finite capacity to support the fiscal authority. This capacity,
which we model as long-term capital, can be interpreted as the financial repression capacity to
extract resources from the banking sector, foreign reserve holdings that generate external income,
or the franchise value of central bank credibility and independence. Under any interpretation, this
capital provides both steady-state fiscal transfers and crisis-fighting reserves. QE depletes this
stock, reducing future remittances and worsening the consolidated government’s primary balance.

More critically, capital depletion eliminates the central bank’s ability to defend against future
debt crises, lowering the default boundary and making previously sustainable debt levels fragile.
The effects compound across multiple margins: QE increases the stable steady-state debt level
as lower capital income forces higher equilibrium borrowing; it reduces the unstable steady-state
debt level, shrinking the distance between stability and explosive dynamics; and it lowers the
default threshold, making crises possible at lower debt levels. Together, these forces reduce debt
sustainability—the magnitude of fiscal shocks the economy can withstand before default becomes
inevitable. In extreme cases, sufficiently aggressive QE eliminates sustainable equilibria entirely,
transforming previously viable debt trajectories into paths toward certain default.

Our model generates stark dynamic predictions. Maintaining suppressed interest rates requires
progressively larger QE purchases each period. As capital depletes and income falls, the consol-
idated fiscal position deteriorates, requiring increasingly large capital sales to keep net debt con-
stant. This continues until capital exhaustion, at which point the temporary suppression reverses
sharply: net debt jumps upward and financing costs spike. The government simultaneously faces

1As of late 2024, the Fed held approximately $4.3 trillion in Treasury securities (approximately 15% of outstanding
Treasuries), while other major central banks held substantially larger shares of their respective government debt
markets: the Bank of Japan approximately 52% of Japanese Government Bonds, the ECB approximately 40% of
eurozone sovereign bonds, and the Bank of England approximately 25% of UK gilts. Combined central bank holdings
of government debt across advanced economies reached historic peacetime levels.
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higher debt levels and higher interest rates, precisely when the central bank has lost its capacity to
intervene.

Our results invert the canonical monetary–fiscal interaction described by Sargent and Wallace
(1981). In their framework, the central bank’s power derives from its ability to generate seignior-
age through money creation. This capacity is not diminished by past policy: the present value
of seigniorage remains intact as long as the central bank retains the option to increase money
growth in the future. Monetary tightening, i.e., slower money growth, reduces near-term seignior-
age, requiring more debt issuance that must eventually be monetized. Paradoxically, this implies
that tightening today merely delays inflation, while monetary accommodation provides immediate
fiscal relief by raising seigniorage revenue.

Our model reverses this conclusion by positing a different constraint on central bank power.
Rather than assuming a purely forward-looking seigniorage capacity, we model the central bank
as operating under a finite stock of long-term capital that can be depleted by policy actions. In
this framework, QE policies erode the central bank’s future effectiveness by exhausting its limited
capacity to support fiscal solvency. As a result, QE undermines long-run sustainability, while
quantitative tightening preserves central bank capital and improves the consolidated fiscal position.
This mechanism stands in direct contrast to Sargent and Wallace (1981), where tighter monetary
policy exacerbates fiscal pressure rather than alleviating it.

Our findings challenge the post-2008 policy consensus. Central banks justified massive expan-
sions of their balance sheets partly on fiscal grounds that QE would ease sovereign stress and ex-
pand fiscal space. Our model suggests the opposite: aggressive QE may have undermined medium-
term sustainability while appearing to strengthen it short-term. The difficulty many central banks
faced in shrinking balance sheets—often abandoning or postponing quantitative tightening—may
reflect exactly the dynamics we model: low interest rates due to QE require increasingly more
central bank purchases that make any reversal more painful and thus less politically possible.

Literature. Our paper contributes to an extensive literature on sovereign debt sustainability, in-
cluding foundational work by Bohn (1995, 1998), empirical analyses of fiscal fatigue (Ghosh et al.,
2013), and quantitative sovereign default models surveyed by Aguiar and Amador (2014) and
D’Erasmo et al. (2016). This literature has largely abstracted from monetary policy’s role. As
Willems and Zettelmeyer (2022) document in their survey, when central banks appear at all, the
focus is on preventing rollover crises or maintaining secondary market liquidity, not on how mon-
etary operations themselves affect fiscal capacity. We fill this gap by showing QE endogenously
undermines sustainability through capital depletion. Our idea – that the central bank’s balance-
sheet size is not the same as central bank capacity – is consistent with Reis (2013) and Del Negro
and Sims (2015). We formalize this central bank capacity via a limited, depletable long-term
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capital stock.
Our main theoretical predictions contrast with the canonical framework of Sargent and Wallace

(1981), in which monetary tightening reduces seigniorage and forces debt accumulation, making
central bank accommodation fiscally helpful. Subsequent work on fiscal backing and price level
determination (e.g., Leeper, 1991; Sims, 1994; Woodford, 1995; Cochrane, 2023; Bianchi et al.,
2023) explores monetary-fiscal coordination but abstracts from balance sheet policies and default
risk. Recent papers explicitly addressing QE’s fiscal impact predominantly emphasize benefits.
Adrian et al. (2025) conclude in a quantitative DSGE model that “QE tends to significantly im-
prove the consolidated fiscal position.” Elenev et al. (2022) find QE reduces debt/GDP ratios and
fiscal risk. Corsetti and Dedola (2016) and Camous and Cooper (2019) show monetary policy pre-
vents self-fulfilling crises through coordination effects. Hurtado et al. (2023) demonstrate inflation
improves sustainability with nominal debt. Work on specific QE programs (Alberola et al. 2023 on
Japan; Alberola et al. 2025 on the ECB) concludes accommodation kept debt sustainable despite
high levels.

Our sharp contrast stems from one critical feature: QE requires using central bank capital
since QE is not directly funded by the government. Therefore, monetary easing in the form of
QE reduces central bank capital and worsens the consolidated central bank-government budget.
In contrast, in Sargent and Wallace (1981), central bank power stems from money creation, so
monetary easing in terms of higher money growth rate increases inflation tax and improves fiscal
dynamics. This inversion reframes the monetary-fiscal nexus for modern economies where balance
sheet policies dominate traditional seigniorage revenue from paper currency.

Our results caution against the optimistic r < g narrative. Post-2008 persistently low rates
sparked renewed interest in debt dynamics when r < g. Blanchard (2019) argues governments face
minimal fiscal costs when safe rates fall below growth rates. Subsequent work, including Mehrotra
and Sergeyev (2021), Reis (2021, 2022a), Brunnermeier et al. (2022, 2024), Ball and Mankiw
(2023), and Abel and Panageas (2025), explores optimal debt levels and debt Ponzi schemes when
structural real forces drive interest rates permanently, or very persistently, below growth rates.
This builds on an earlier OLG literature (Diamond, 1965; Ball et al., 1998; Blanchard and Weil,
2001) on the possibility of debt rollovers in dynamically inefficient economies. We show low
rates can be temporary artifacts of unsustainable QE rather than permanent structural features.
While central banks suppress yields for extended periods, continued debt accumulation depletes
supporting capacity, eventually triggering sharp reversals. Interpreting sustained low rates as fiscal
strength mistakes the symptom of aggressive monetary intervention for genuine sustainability.

We also contribute to the unconventional monetary policy literature. Extensive empirical work
establishes QE’s impact on yields and real activity: event studies on various channels and ef-
fects (Krishnamurthy and Vissing-Jorgensen, 2011), local supply effects via market segmentation
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(D’Amico and King, 2013), transmission to credit markets (Rodnyansky and Darmouni, 2017;
Di Maggio et al., 2020; Koijen et al., 2021), portfolio rebalancing effects (Selgrad, 2023), risk pre-
mium effects (Greenwood and Vayanos, 2014; Vayanos and Vila, 2021; Ray et al., 2024; Haddad
et al., 2024; Lenel et al., 2017), and demand-based analysis on QE and Treasury yields (Eren et al.,
2023; Jansen et al., 2024; Chaudhary et al., 2024; Fang and Xiao, 2024). Recent work identifies
costs: political economy risks from central bank losses (Bernanke, 2020), bank lending crowding-
out (Diamond et al., 2024), and maturity transformation risk (Vandeweyer et al., 2024). We offer
a different perspective: QE’s success at suppressing yields through portfolio balance effects it-
self erodes sustainability. The transmission channels that the literature carefully documents are
precisely how QE undermines fiscal capacity. We show the short-term gains come at the cost of
deteriorating long-run debt dynamics.

The remainder of the paper is structured as follows. Section 2 develops the model. Section 3
characterizes baseline debt dynamics and sustainability absent central bank intervention. Section 4
analyzes the impact of QE on debt dynamics and contrasts our results with the literature. Section 5
concludes.

2 Model

2.1 Model Setup

Overview. Private investors are long-lived and have linear utility with a constant discount rate.
The fiscal authority funds government consumption/spending with taxes and debt issuance. The
initially desired path of spending and taxes is unsustainable in that the consolidated government
runs a primary deficit. We assume that fiscal adjustment only happens when default is imminent.

The central bank operates a stock of long-term capital2, holds government debt, and remits
profit to the government via a transfer.

The central bank’s long-term capital admits three complementary interpretations. First, as fi-
nancial repression capacity: the ability to extract resources from the banking sector through reserve
requirements and below-market interest on reserves, which erodes when overexploited through ag-
gressive balance sheet policies. Second, as foreign reserves and real assets: holdings of foreign
exchange, gold, or other income-generating external portfolios. Third, as franchise value and
credibility: the institutional capital embodied in central bank independence and reputation, which
depletes with repeated extraordinary interventions. Under each interpretation, central bank capital

2The classic monetary literature focuses on traditional monetary policy and seigniorage revenue with currency is-
suance. In contrast, our paper focuses on central bank balance-sheet expansions, which go through the banking
system and are thus related to long-term capital.
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generates steady income supporting fiscal sustainability yet can be depleted through quantitative
easing.

In what follows, we use capital letters to denote aggregate variables and lowercase letters to
denote an individual household’s decisions.

Environment. Our baseline model features zero growth g = 0 for simplicity, and output in the
economy takes the form of a constant dividend Y produced by a Lucas tree. Denote by PY

t the
market price of the tree at time t.

The private sector consists of a unit mass of long-lived households with preferences

∞

∑
t=0

β
t
(

u(ct)+ v((1−δ
h
t )b

h
t )
)
, (1)

where u is consumption utility, v is the convenience demand for government bonds3, and β ∈ (0,1)
is the discount factor for the future. The argument, (1 − δ h

t )b
h
t , is the expected payoff of the

household’s notional bond holdings bh
t , where δ h

t is the expected default likelihood indicator. We
assume full default whenever it happens for simplicity, so δ h

t is equal to one if the government
defaults and zero if there is no default. There are two types of households, a fraction m ∈ [0,1] are
bond vigilantes who have correct beliefs about payoffs from government bonds, i.e. δ v

t = δt . The
remaining fraction 1−m are sticky investors, who formulate beliefs based on past realizations of
default, setting δ s

t = δt−1. 4

In what follows, we use the following simple functional forms:

u(c) = c, v(b) = χb
(

1− 1
2

b
b0

)
, (2)

with parameter restrictions χ ∈ (0,1) and b0 > 0. Initially, households own a fraction αh
0 ∈ (0,1]

of the Lucas tree. They can hold and trade trees and government bonds subject to no short-sale
constraints. At time t, households choose consumption ct and asset holdings in two types of assets:
government bond holdings Bh

t+1 ≥ 0 (face value at t +1) and Lucas tree holdings αh
t ≥ 0. Then the

household budget constraint can be written as

ct +PY
t α

h
t+1 +PB

t Bh
t+1 +Tt = PY

t α
h
t +α

h
t Y +(1−δt)bh

t , (3)

3A growing literature analyzes and models the convenience demand for U.S. Treasuries. See Krishnamurthy and
Vissing-Jorgensen (2012); Nagel (2016); Caballero et al. (2017); Krishnamurthy and Li (2023); Jiang et al. (2021);
Cieslak et al. (2024); Diamond and Van Tassel (2025).

4This combination of sticky investors and bond vigilantes is consistent with partial response of government debt value
to primary surplus shocks, as shown by Gomez Cram et al. (2025). Moreover, a large fraction of investors are sticky
institutional investors that do not frequently update their beliefs or portfolios (Eren et al., 2023; Jansen et al., 2024;
Chaudhary et al., 2024).
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where PB
t is the real bond price per unit of promised payments at the beginning of the next period,

δt ∈ {0,1} is an indicator of whether the fiscal authority defaults on its maturing liabilities, and Tt

denotes lump-sum taxes levied by the fiscal authority.
The fiscal authority issues real bonds Bt , imposes lump-sum taxes Tt on all households, and

receives transfers TCB
t from the central bank (chosen by the latter). For simplicity, there is no

government spending. The flow budget constraint of the fiscal authority is

(1−δt)Bt = PB
t (Bt+1,BCB

t+1)Bt+1 +Tt +TCB
t , (4)

where PB
t (Bt+1,BCB

t+1) makes explicit that the equilibrium bond price may depend on the quantity
of new debt issued, Bt+1, central bank purchase BCB

t+1, and the government understands this rela-
tionship. Whenever consistent with its flow budget constraint (4) and the equilibrium bond price
schedule Bt+1 7→ PB

t (Bt+1,BCB
t+1), the fiscal authority issues the minimal amount Bt+1 of debt that

allows it to repay its maturing debt obligations, δt = 0, and runs a constant primary deficit,5

Tt = T̄ < 0. (5)

If these desired choices become infeasible (i.e., if no Bt+1 exists that makes Tt = T̄ and δt = 0
consistent with the constraint (4)), then the fiscal authority defaults immediately and fully, i.e.
δt = 1, and sets taxes to Tt =−TCB

t in all subsequent periods so that the consolidated government
simply transfers all remaining resources to households.

The central bank is separate from the fiscal authority. It is initially endowed with a fraction
α0 = 1−αh

0 of the Lucas tree and with BCB
0 government bonds. It can participate in the market for

both assets. We interpret central bank tree holdings αt as central bank capital.6 The flow budget
constraint of the central bank is

PY
t αt+1 +PB

t BCB
t+1 +TCB

t = PY
t αt +αtY +(1−δt)BCB

t . (6)

αt and BCB
t denote the date-t beginning-of-period tree and government bond holdings of the central

bank, respectively. We assume that the central bank faces an upper bound αt ≤ α < 1 on tree

5The implicit assumption on within-period timing is that the two branches of government first choose quantities
(Bt+1,BCB

t+1) and then the market price PB
t (Bt+1,BCB

t+1) is determined in a bond auction. This is a common assumption
in the sovereign default literature and avoids multiplicity à la Calvo (1988) that would result from the market first
coordinating on a bond price. The assumption that the government chooses the smallest possible Bt+1 to satisfy the
funding requirement is natural here as it preserves future fiscal capacity by minimizing next period’s debt repayments.

6A literal interpretation of this assumption requires central bank capital to take the form of tradable asset such as
reserves (e.g., gold or foreign currency). In a broader interpretation, one may think of central bank capital as any
form of implicit franchise value of the central bank that is possibly not directly tradeable. By virtue of being the
money-issuing authority, a central bank is not liquidity-constrained, so that it can borrow against its franchise value.
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holdings that ensures that the private sector is always marginal in the market for trees.

Definition 1 (Equilibrium). An equilibrium consists of consumption–portfolio choices of bond

vigilantes {cv
t ,b

v
t ,α

v
t }t and sticky investors {cs

t ,b
s
t ,α

s
t }t , a path of fiscal decisions {Tt ,δt}t and

central bank decisions {BCB
t ,TCB

t ,αt}t , Lucas tree price {PY
t }t , government debt price {PB

t }t , and

household beliefs {δ v
t ,δ

s
t }t such that

• Consumption–portfolio choices are optimal given the path of asset prices and household

beliefs;

• Sticky investors have sticky belief δ s
t = δt−1, while bond vigilantes have correct belief δ v

t =

δt .

• Central bank policy is subject to constraint (6), and government policy is subject to con-

straint (4). Once default occurs at time td , (δtd = 1), the central bank sells all trees and net

government transfer becomes zero, with αt = 0, Tt +TCB
t = 0, for all t ≥ td .

• Markets clear for bonds, Lucas trees, and consumption goods.

2.2 Government Debt Demand and Pricing

Because consumption utility u is linear, the equilibrium real rate must be constant,

R = β
−1. (7)

Due to the assumption αt ≤ ᾱ < 1, there is always some household in equilibrium that is marginal
in the market for trees. Therefore, the beginning-of-period price PY

t (cum-dividend) of the tree
must equal the present discounted value of future dividends,

PY
t =

∞

∑
t=0

R−tY =
1

1−β
Y. (8)

Household demand for bonds depends on default perceptions and the current bond price. For
both bond vigilantes and sticky investors (h ∈ {v,s}), the optimal bond demand is expressed as
follows:

Lemma 1 (Individual bond demand). For household h ∈ {v,s}, the demand for bonds is

bh
t+1 =

b0 max
{

1+χ−1 (1−PB
t /β

)
,0
}

if δ h
t+1 = 0

0 otherwise
(9)
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In particular, bond demand is decreasing in the price PB
t and it is zero whenever an agent

expects a default next period, δ v
t+1 = 1. Importantly, all investors solve a short-horizon problem

when forming their bond demand. Even for vigilante investors, if they do not expect a default next
period, they strictly prefer to remain fully invested in the market:

Corollary 1. Suppose that δt+1 = 0. Then vigilante investors and sticky investors choose identical

bond holdings at date t.

In particular, the previous corollary remains valid even if a default happens eventually, δtd = 1
for td > t + 1. There are no early warning signs in the form of some households retreating (and
rates rising) if everyone agrees that default does not happen in the short run. Vigilante investors
only leave the market once they perceive default to be imminent.

Aggregating individual bond demand (9) across all households and using that δ s
t+1 = 0 for

sticky investors and δ v
t+1 = δt+1 for vigilante investors, we obtain aggregate private-sector bond

demand
Bh

t+1 = (1−mδt+1)b0 max
{

1+χ
−1 (1−PB

t /β
)
,0
}
. (10)

Imposing bond market clearing
Bt+1 = Bh

t+1 +BCB
t+1, (11)

we can derive the equilibrium bond price schedule faced by the fiscal authority

Lemma 2 (Bond price schedule). The equilibrium bond price schedule faced by the fiscal authority

for any non-negative net debt issuance Bh
t+1 = Bt+1 −BCB

t+1 ≥ 0 is

PB(Bt+1 −BCB
t+1,δt+1) := β

(
1+χ

(
1− Bt+1 −BCB

t+1

b0

1
1−mδt+1

))
, (12)

which decreases with net bond supply Bt+1 −BCB
t+1 and default belief δt+1.

According to Lemma 2, the price of bond is affected by both investors’ expectation of govern-
ment debt default and net debt supply to the private sector, Bt+1 −BCB

t+1. As a result, by reducing
the net debt supply, given any total debt level Bt+1, central bank quantitative easing can increase
the debt price and reduce the equilibrium interest rate on government bonds, defined as

RB
t =

1
PB(Bt+1 −BCB

t+1,δt+1)
. (13)

Under the bond price schedule (12), we can rewrite the government budget dynamic in (4) as

(1−δt)Bt = PB
t (Bt+1 −BCB

t+1,δt+1)Bt+1 +Tt +TCB
t . (14)
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3 Basic Debt Dynamics without a Central Bank

In this section, we solve the model under the assumption that there is no central bank, αt = BCB
t =

TCB
t = 0 for all t.

3.1 Refinancing Condition and Funding Capacity

Assuming no default at date t, the flow budget constraint (4) together with equation (5) and TCB
t = 0

lead to
PB(Bt+1,δt+1)Bt+1︸ ︷︷ ︸

market funding supply

= Bt − T̄︸ ︷︷ ︸
government funding need

. (15)

Let us first determine the maximum market funding supply. Note that the left-hand side of
equation (15) is quadratic in Bt+1 with negative coefficient on the quadratic term. Therefore,
there is a unique value Bt+1 that maximizes the funding supply and an associated (finite) funding
capacity of the government:

Lemma 3 (Maximum funding supply). The maximum funding supply is

max
Bt+1

PB(Bt+1,δt+1)Bt+1 = (1−mδt+1)F̄ , F̄ := β

(
1+χ

2

)2 b0

χ
, (16)

and the unique maximizer is

Bt+1 = (1−mδt+1)B̄, B̄ :=
1+χ

2
b0

χ
. (17)

Because the left-hand side of equation (15) is inversely U-shaped, there is a solution Bt+1 to this
equation if and only if the maximum funding supply is at least as large as the funding requirement
on the right-hand side. In addition, except if they are precisely equal, there are always two solutions
B(1)

t+1,B
(2)
t+1 with B(1)

t+1 < (1−mδt+1)B̄ < B(2)
t+1. We remind the reader of our assumption that, in

this case, the government always issues the minimal amount of debt consistent with its budget
constraint, i.e., Bt+1 = B(1)

t+1. In sum, we obtain the following characterization of the government’s
ability to refinance its debt:

Proposition 1 (Government debt dynamics). Conditional on δt+1, the government is able to refi-

nance its debt at date t if and only if

Bt ≤ (1−mδt+1)F̄ + T̄ . (18)
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If this condition is satisfied, the next quantity of debt Bt+1 is uniquely determined and satisfies

Bt+1 ≤ (1−mδt+1)B̄,

3.2 Default Boundary and Equilibrium Selection

At this point we observe that for m > 0, there are two thresholds. If (1−m)F̄ + T̄ < Bt ≤ F̄ + T̄ ,
then the expectations of a future default will trigger a current default, while the government remains
able to refinance if agents do not expect a future default. This type of self-fulfilling debt crisis
follows the logic of Cole and Kehoe (2000). Our equilibrium selection in the following is always
that of the most pessimistic equilibrium. Specifically, we assume that bond vigilantes formulate
their belief δ v

t+1 based on the assumption that when a default equilibrium is possible, it is the
equilibrium. In other words, if all bond vigilantes pull out their funding for the government and
the government defaults, then bond vigilantes indeed stop financing the government. This gives us
the following equilibrium.

Proposition 2 (Government default). In equilibrium, the government defaults at time t if and only

if Bt > BD, where the default boundary is

BD = (1−m)F̄ + T̄ . (19)

Thus, bond vigilantes’ belief at time t −1 for default probability at time t is

δ
v
t (Bt) = δt(Bt) =

1, Bt > BD

0, Bt ≤ BD
. (20)

3.3 Steady States and Debt Dynamics

Next, we solve for the steady state of debt dynamics. Since after default, the government is effec-
tively shut down, we only consider steady states without default, i.e., B∗ ≤ BD. We will check the
condition B∗ ≤ BD after we solve for the steady states without considering default. These steady
states are given by solving equation (15) with Bt = Bt+1 = B∗ and δt+1 = 0,

PB(B∗,0)B∗ = B∗− T̄ , (21)

which can be further simplified as

−β
χ

b0
(B∗)2 +(β (1+χ)−1)B∗+ T̄ = 0. (22)
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This is a quadratic equation, with determinant

∆ =
(
β (1+χ)−1

)2
+4β T̄

χ

b0
. (23)

We define the critical value of T̄ that makes ∆ = 0 as

τ0 =− b0

4β χ

(
β (1+χ)−1

)2
. (24)

To simplify the discussion, for the moment, let’s assume away default at the fixed points of
debt dynamics which serve as candidates of steady states.

Lemma 4 (Possible steady states). When T̄ < τ0, there is no steady state and debt dynamics are

explosive.

When T̄ ≥ τ0, there are two potential steady states of government debt B∗
1 and B∗

2, with 0 <

B∗
1 ≤ B∗

2 < B̄ (equality holds iff ∆ = 0),

B∗
1 =

b0

2β χ

(
β (1+χ)−1−

√
∆

)
,

B∗
2 =

b0

2β χ

(
β (1+χ)−1+

√
∆

)
.

(25)

B∗
1 is stable while B∗

2 is unstable: starting from Bt0 ∈ [0,B∗
2), limt→∞ Bt = B∗

1, but if starting from

Bt0 > B∗
2, the debt path is explosive.

For actual steady states to exist, we need them to be below the default boundary. Next, we
introduce the comparisons between B∗

1 and B∗
2 with BD. Any debt level above BD cannot be a steady

state because it leads to default. These scenarios are related to the fraction of bond vigilantes.
Define the following thresholds:

m j =
F̄ + T̄ −B∗

j

F̄
, j ∈ {1,2} (26)

These thresholds dictate how the default boundary BD compares with the two potential steady
states, B∗

1 and B∗
2. We have the following properties for m j.

Lemma 5. For T̄ > τ0, we have 0 < m1 < m2 < 1.

Next, with Lemma 4, we arrive at the following Proposition.

Proposition 3 (Steady states). The steady states of government debt depend on the primary surplus

T̄ and the fraction of bond vigilantes m as follows:

11



(a) If T̄ < τ0, or if T̄ ≥ τ0 and m ≥ m2, then any positive initial debt leads to explosive debt

dynamics and default in finite time.

(b) If T̄ > τ0 and m1 < m < m2, then B∗
1 < BD < B∗

2 and only B∗
1 is a steady state. Moreover,

B∗
1 is stable.

(c) If T̄ > τ0 and m ≤ m1, then B∗
1 < B∗

2 ≤ BD and both B∗
1 and B∗

2 are steady states. The stable

steady state B∗
1 is locally stable while B∗

2 is locally unstable.

Proposition 3 reveals how the interplay between fiscal fundamentals and financial market ra-
tionality determines whether government debt can achieve stability. The key insight is that debt
sustainability depends not only on the primary deficit T̄ but critically on the fraction of bond vigi-
lantes m who can coordinate on pessimistic expectations. When vigilantes are scarce (low m), the
government benefits from a forgiving market that maintains funding even at high debt levels, as
long as there is no past default. As their presence increases, however, the space for sustainable
debt shrinks until it vanishes entirely.

The richest case occurs when fiscal deficits are moderate and vigilantes are few (case c). Here,
the economy exhibits both a stable steady state B∗

1 and an unstable steady state B∗
2, creating fun-

damentally different regions of debt dynamics. The stable steady state B∗
1 represents the long-run

debt level the economy gravitates toward from most initial conditions. The unstable steady state B∗
2,

however, acts as a critical threshold that divides the state space into sustainable and unsustainable
regions. This threshold is not merely a mathematical artifact but represents the point where the
government’s deteriorating fiscal position becomes self-reinforcing through rising interest costs.
Once debt crosses B∗

2, each period’s higher financing needs push debt further from sustainability,
creating an accelerating path toward default even though markets may remain calm for an extended
period.

Figure 1 illustrates the mechanics underlying these equilibria through the lens of government
funding. The upward-sloping line represents the government’s funding requirement Bt − T̄ , which
increases linearly with outstanding debt. The inverted parabola shows the market’s funding supply,
which initially rises as higher debt issuance attracts more investors through higher yields, but even-
tually falls as the debt burden becomes unsustainable. The two intersection points where funding
need equals funding supply are precisely the steady states B∗

1 and B∗
2. The figure also displays an

“optimistic” funding supply curve assuming no vigilantes (m = 0), revealing how the presence of
strategic investors who can coordinate on default expectations reduces the government’s financing
capacity and shifts the entire funding schedule downward.

Figure 2 translates this static funding analysis into dynamic debt evolution. The debt dynamics
function Bt+1 = f (Bt) shows how debt evolves from any initial level. Where this function crosses
the 45-degree line determines the steady states, while the slope at these crossings determines their
stability properties. At B∗

1, the dynamics curve crosses from above, implying that small perturba-
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Figure 1. Government Funding Need and Market Funding Supply. In this figure, we show two sides
of equation (15): government funding need Bt − T̄ as a function of Bt , and the market funding supply
PB(Bt+1,δt+1) as a function of Bt+1, assuming that δt = 0 so sticky investors believe no default. The crossing
points are steady states and they belong to case (c) of Proposition 3. We use the following parameters:
β = 0.95, χ = b0 = 0.95, m = 0.05, T̄ =−0.17. Apart from government funding need and market funding
supply, we also plot an optimistic version of market funding supply that sets m = 0 where all investors are
sticky.
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Figure 2. Debt Dynamics. In this figure, we show the debt evolution Bt+1 = f (Bt), solved from the
dynamic equation in (15). Steady states belong to case (c) of Proposition 3. We use the following parameters:
β = 0.95, χ = b0 = 0.95, m = 0.05, T̄ =−0.17. We illustrate two safe trajectories in the safe region, and a
no-return trajectory that eventually leads to default.
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tions away from this steady state generate forces that return debt to B∗
1. This creates the “safe re-

gion” where debt trajectories converge to the stable equilibrium. At B∗
2, however, the curve crosses

from below, meaning that any deviation becomes self-amplifying. Debt levels slightly above B∗
2

continue growing without bound, while those slightly below converge back to B∗
1. This unstable

equilibrium thus serves as the boundary between fiscal sustainability and inevitable default.
The region between B∗

2 and the default boundary BD deserves particular attention as it repre-
sents a “no-return zone” where the government can still refinance its debt in the short term but
has entered an unsustainable trajectory. In this region, sticky investors who base expectations on
past experience continue providing funding since default has not yet occurred. The government
can roll over its debt, potentially for many periods, creating an illusion of sustainability. However,
the underlying dynamics ensure that debt continues growing faster than the government’s capacity
to service it. This captures a crucial feature of sovereign debt crises: they often build gradually
with extended periods of apparent stability before culminating in sudden collapse when debt finally
reaches the default boundary and vigilantes coordinate on withdrawal of funding.

3.4 Government Debt Sustainability

We next introduce the concept of government debt sustainability as the smallest one-time fiscal
shock that drives the economy from a stable steady state to either immediate default or a predictable
path to default. If the debt path is always explosive (i.e., no steady state), then the magnitude of
such shock is set to 0, so government debt sustainability is zero. Below is a formal definition.

Definition 2 (Government debt sustainability). We define government debt sustainability S as the

smallest one-time deficit shock that drives the economy from the stable steady state to eventual

default.

Based on Proposition 3, we solve for the government debt sustainability under different scenar-
ios. Case (a) of Proposition 3 implies a sustainability of 0, because there is no stable steady state
and any debt level is explosive.

Case (b) of Proposition 3 implies that the sustainability index is the magnitude of deficit shock
S that shifts the state from B∗

1 to BD. It solves the following equation:

PB(BD,δ (BD))BD = B∗
1 − T̄ +S . (27)

Case (c) of Proposition 3 implies that the sustainability index is the magnitude of deficit shock
S that shifts the state from B∗

1 to B∗
2. It solves the following equation:

PB(B∗
2,δ (B

∗
2))B

∗
2 = B∗

1 − T̄ +S . (28)
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We solve for the above scenarios and summarize results in the following proposition.

Proposition 4 (Government debt sustainability). The government debt sustainability S depends

on the primary surplus T̄ and the fraction of bond vigilantes m as follows:

(a) If T̄ < τ0, or if T̄ ≥ τ0 and m ≥ m2, then S = 0.

(b) If T̄ > τ0 and m1 < m < m2, then:

S = β (BD −B∗
1)

[
(1+χ)− χ(BD +B∗

1)

b0

]
. (29)

(c) If T̄ > τ0 and m ≤ m1, then:

S = B∗
2 −B∗

1 =
b0

β χ

√
∆. (30)

All else equal, S is a continuous and weakly decreasing function of m, so more bond vigilantes

reduce debt sustainability.

4 Quantitative Easing and Government Debt Dynamics

In this section, we analyze how central bank policies affect government debt dynamics. We assume
that in times of default, there is full fiscal dominance, so the central bank will use all of its capital
to defend government debt. Outside default or QE policy, the central bank does not change its
capital, which we call “normal times”.

4.1 Debt Dynamics During Normal Times and Default

Assume no default at time t. Using the government budget dynamics in (4) together with (5), cen-
tral bank budget dynamics in (6), and the price function in (12), we get the following consolidated
budget that internalizes the central bank remittance to the government,

PB(Bt+1 −BCB
t+1,δt+1)

(
Bt+1 −BCB

t+1

)
︸ ︷︷ ︸

net funding supply

= PY
t (αt+1 −αt)+

(
Bt −BCB

t

)
− (T̄ +αtY )︸ ︷︷ ︸

net funding requirement

. (31)

The left-hand side equation (31) is the amount of financing supplied by the private sector to the
consolidated government. The right hand side of equation (31) is the net funding required by the
consolidated government, reflected by the maturing net debt Bt −BCB

t , net primary surplus T̄ +αtY ,
and the change in central bank capital αt+1−αt . To clearly illustrate the economics of consolidated
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budget dynamics, we define the net debt supply as

B̃t = Bt −BCB
t . (32)

Using (32), we rewrite equation (31) as

PB(B̃t+1,δt+1)B̃t+1 = PY
t (αt+1 −αt)+ B̃t − (T̄ +αtY ) . (33)

In normal times, since the central bank does not change its capital (i.e., αt+1 = αt), we further
simplify equation (33) as

PB(B̃t+1,δt+1)B̃t+1 = B̃t − (T̄ +αtY ) . (34)

We note that equation (34) is similar to equation (15), with two minor differences: First, instead of
gross debt Bt+1, the system describes net debt B̃t+1; Second, the consolidated government surplus
is T̄ +αtY , not T̄ .

With αt+1 = αt in normal times, we can also simplify the central bank budget constraint (6) as

PB(B̃t+1,δt+1)BCB
t+1 +TCB

t = αtY +(1−δt)BCB
t . (35)

It is clear that the central bank remittance to the government TCB
t is driven by central bank profit/loss

in trading government bond and its income from capital.
Next, we describe the ability of government to raise financing. Government is able to refinance

its debt at time t if and only if the maturing debt liability is not larger than the market financing
capacity considering default decision δt , the government tax income T̄ , and the central bank capital
value αtPY

B̃t ≤ (1−mδt)F̄ + T̄ +αtPY , (36)

where F̄ is the same maximum net financing capacity without default as defined in Lemma 3. The
bound in inequality (36) depends on the total value of central bank αtPY rather than the (smaller)
period-t capital income flow αtY , because in time of default, the central bank sells all of its capital
to support government debt.

Since we assume that bond vigilantes formulate the worst-case belief, we should set δt = 1 in
inequality (36) and we have the following proposition.

Proposition 5 (Government default with CB). In equilibrium, the government defaults at time t if

and only if the net debt supply satisfies B̃t > B̃D
t , where the default boundary is

B̃D
t = (1−m)F̄ + T̄ +αtPY . (37)
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The bond vigilante’s belief is consistent with such equilibrium,

δ
v
t (B̃t) = δt(B̃t) =

1, B̃t > B̃D
t

0, B̃t ≤ B̃D
t

. (38)

Larger central bank capital αt increases the default boundary B̃D
t and makes default less likely.

The critical insight according to Proposition 5 is that central bank capital serves a dual func-
tion as both a steady-state fiscal support mechanism and an emergency defense system. In normal
times, as shown in the consolidated budget dynamics (31), this capital generates a continuous
income flow αtY that effectively subsidizes government operations, improving the consolidated
fiscal position and enabling lower equilibrium debt levels. However, during crisis moments when
default threatens, the central bank’s role transforms dramatically—it liquidates its entire capital
stock valued at αtPY (where PY = Y/(1−β ) represents the present value) to defend the govern-
ment’s solvency. This discontinuous jump from flow to stock support represents the central bank’s
ultimate backstop function, but critically, this firepower can only be deployed once. The framework
thus captures how central bank capital provides both ongoing fiscal breathing room and a one-time
crisis intervention capacity, with the latter being substantially larger than the former (since PY ≫Y )
but irreversibly exhausted upon use.

The model’s subtle but crucial distinction between balance sheet size and deployable capital
fundamentally reframes how we should evaluate central bank policies. What matters for preventing
sovereign default isn’t the quantity of government bonds the central bank holds (BCB), but rather
the amount of genuine economic resources it can mobilize in crisis (α). This explains the prob-
lematic nature of unfunded QE programs: when central banks purchase government bonds without
fiscal transfers, they must deplete their capital stock to finance these purchases, thereby reducing
αt and paradoxically lowering the default threshold even as they temporarily suppress yields. The
framework illuminates why central banks’ effectiveness in preventing debt crises depends not on
their willingness to expand balance sheets indefinitely, but on their preservation of real economic
resources that can be deployed when sovereign solvency is genuinely threatened.

4.2 Steady States and Government Debt Sustainability

Next, we discuss steady states. Denote the steady-state central bank capital as α . The equation
that characterizes steady states B̃∗ is

PB(B̃∗,0)B̃∗ = B̃∗− (T̄ +αY ). (39)
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This leads to a quadratic equation,

−β
χ

b0
(B̃∗)2 +(β (1+χ)−1) B̃∗+(T̄ +αY ) = 0, (40)

with determinant
∆̃ =

(
β (1+χ)−1

)2
+4β (T̄ +αY )

χ

b0
. (41)

We define the critical value of T̄ that makes ∆̃ = 0 as

τ̃0 =− b0

4β χ

(
β (1+χ)−1

)2 −αY. (42)

To proceed, we impose the assumption that T̄ +αY < 0, so the consolidated government runs a
primary deficit. Solving (40), we obtain the following results that mirror the baseline solution
without central bank in Lemma 4.

Lemma 6 (Potential steady states and CB capital). When T̄ < τ̃0, there is no steady state and debt

dynamics are explosive.

When T̄ ≥ τ̃0, there are two potential steady states of net government debt B̃∗
1 and B̃∗

2, with

0 < B̃∗
1 ≤ B̃∗

2 < B̄ (equality holds iff ∆̃ = 0),

B̃∗
1 =

b0

2β χ

(
β (1+χ)−1−

√
∆̃

)
,

B̃∗
2 =

b0

2β χ

(
β (1+χ)−1+

√
∆̃

)
.

(43)

B̃∗
1 is stable while B̃∗

2 is unstable: starting from B̃t0 ∈ [0, B̃∗
2), limt→∞ B̃t = B̃∗

1, but if starting from

B̃t0 > B̃∗
2, the debt path is explosive. A higher central bank capital α reduces the stable B̃∗

1 but

increases the unstable B̃∗
2, thus expanding the region of sustainable debt dynamics.

Lemma 6 reveals how central bank capital fundamentally alters debt dynamics equilibria.
Higher central bank capital α reduces the stable steady state B̃∗

1 because the income flow αY

improves the consolidated primary balance, requiring less debt in equilibrium to satisfy the gov-
ernment’s budget constraint. Simultaneously, higher capital increases the unstable threshold B̃∗

2,
expanding the basin of attraction for the stable equilibrium. This dual effect creates a wider “safe
zone” [0, B̃∗

2) where debt trajectories converge to sustainability. The distance B̃∗
2 − B̃∗

1 =
b0
β χ

√
∆̃ di-

rectly measures fiscal resilience, and since ∆̃ increases in α , central bank capital acts as a stability
multiplier. Each unit of capital not only improves fiscal flows but disproportionately expands the
region of sustainable debt dynamics.

Next, we need to compare these potential steady states with the default boundary. True steady
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states must be below the default boundary. Such comparison hinges on the fraction of bond vigi-
lantes. Define the following thresholds:

m̃ j =
F̄ + T̄ +αPY − B̃∗

j

F̄
, j ∈ {1,2} (44)

These thresholds dictate how default boundary B̃D compare with the two potential steady states B̃∗
1

and B̃∗
2. Then we get the following lemma.

Lemma 7. For T̄ > τ̃0, 0 < m̃1 < m̃2. Moreover, both m̃1 and m̃2 increase in central bank capital

α .

The cutoffs m̃1, m̃2, and τ̃0, play an important role in the steady states, as discussed in the
following proposition.

Proposition 6 (Steady states with CB). The steady states of government debt depend on the pri-

mary surplus T̄ and the fraction of bond vigilantes m as follows:

(a) If T̄ < τ̃0, or if T̄ ≥ τ̃0 and m ≥ m̃2, then any initial debt leads to explosive debt dynamics

and default in finite time.

(b) If T̄ > τ̃0 and m̃1 < m < m̃2, then B̃∗
1 < B̃D < B̃∗

2 and only B̃∗
1 is a steady state. Moreover,

B̃∗
1 is stable.

(c) If T̄ > τ̃0 and m ≤ m̃1, then B̃∗
1 < B̃∗

2 ≤ B̃D and both B̃∗
1 and B̃∗

2 are steady states. The stable

steady state B̃∗
1 is locally stable while B̃∗

2 is locally unstable.

Proposition 6 establishes three distinct debt dynamics regimes. When either the primary deficit
is severe (T̄ < τ̃0) or vigilante presence is high (m ≥ m̃2), debt dynamics are unconditionally explo-
sive. For moderate deficits with intermediate vigilance (m̃1 < m < m̃2), a unique stable steady state
B̃∗

1 exists. When deficits are moderate but vigilantes are few (m ≤ m̃1), both stable and unstable
steady states coexist, with debt paths beyond B̃∗

2 inevitably leading to default.
Central bank capital α fundamentally shapes these regimes through three channels. First, it

lowers the deficit threshold τ̃0, expanding the parameter space where steady states exist. Second,
it raises both vigilante thresholds m̃1 and m̃2 (Lemma 7), allowing stability. Third, within case
(c), higher capital shifts “predictable default zones” (B̃∗

2, B̃
D] away from the stable equilibrium B̃∗

1.
This framework demonstrates that central bank capital stock fundamentally affects sustainability
of government debt dynamics, as clearly illustrated in the next proposition.

Government Debt Sustainability

The definition of government debt sustainability is given by Definition 2. Based on Proposition
6, we can solve for the government debt sustainability under different scenarios and summarize
results in the following proposition.
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Proposition 7 (Government debt sustainability with CB). The government debt sustainability S

depends on the primary surplus T̄ and the fraction of bond vigilantes m as follows:

(a) If T̄ < τ̃0, or if T̄ ≥ τ̃0 and m ≥ m̃2, then S = 0.

(b) If T̄ > τ̃0 and m̃1 < m < m̃2, then:

S = β (B̃D − B̃∗
1)

[
(1+χ)− χ(B̃D + B̃∗

1)

b0

]
. (45)

(c) If T̄ > τ̃0 and m ≤ m̃1, then:

S = B̃∗
2 − B̃∗

1 =
b0

β χ

√
∆̃. (46)

All else equal, S is a continuous and weakly decreasing function of m, so more bond vigilantes

reduce debt sustainability. Moreover, S increases with central bank capital α .

As shown by Proposition 7, debt sustainability is affected by central bank capital α via multiple
channels. First, the critical value τ̃0 (defined in equation (42)) affects the existence of steady states,
and it decreases with central bank capital α . Therefore, when there is less central bank capital,
case (a) applies for a wider range of government taxation T̄ and thus more likely. Second, a higher
central bank capital α increases the thresholds m̃1 and m̃2 according to Lemma 7, which then
increase the sustainability S . Finally, within individual case (b) or (c), S increases with α .

Intuitively, a larger central bank capital increases the primary surplus of the consolidated gov-
ernment in normal times, lowering the stable steady-state debt level. Moreover, higher central bank
capital also gives the government more wealth in time of default and increase the default threshold.
These effects together improve the government debt sustainability.

Moreover, Proposition 7 indicates that a large central bank capital makes the scenario of “pre-
dictable default” possible even though there is a positive mass of bond vigilantes, m > 0. As shown
by Lemma 7, m̃1 increases in central bank capital α , so a higher central bank capital makes sce-
nario (c) in Proposition 6 more likely, where any positive m smaller than m̃1 meets the criteria. We
have a predictable default zone (B̃∗

2, B̃
D], where net government debt burden increases until default

but financial markets are calm for a prolonged period.

4.3 Baseline Neutrality of Government Debt Purchase

Our key idea of how QE affects government debt sustainability is that QE changes central bank
capital. In this subsection, we will illustrate that if we keep the central bank capital constant,
then quantitative easing policies are neutral. We caution that this neutrality result only serves as
a convenient benchmark to understand the mechanism, rather than a realistic description of QE,
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because by keeping central bank capital constant, the model requires the central bank to reduce its
remittance to the government (reducing TCB

t ) one-for-one to fund government bond purchases – a
feature not prominent during QE.

According to equation (35), if the central bank purchases more government bonds (increase
BCB

t+1) while keeping capital the same, it must reduce remittance to the government (reduce TCB
t )

by the same market value. In reality, central bank remittance TCB
t does not change dramatically

during QE, so according to the central bank budget dynamics (6), the actual adjustment is on
capital. We will discuss this more realistic description of QE in the next subsection.

According to equation (33) and (37), at time t, neither the budget dynamics nor the default
condition is directly driven by central bank purchase decision BCB

t+1. Model solutions, including
debt sustainability measure S , are similar to Section 3.

Lemma 8 (Asset purchase without CB capital adjustment). If the central bank capital is kept

constant during QE at time t (increasing the central bank’s holding of government bonds BCB
t+1),

then QE does not affect net debt dynamics B̃t+1 and debt sustainability. However, total government

debt increases one-for-one with central bank purchases, in that Bt+1 = B̃t+1 +BCB
t+1.

According to Lemma 8, if central bank capital is kept constant, so that the central bank debt
purchase is fully funded by a fiscal transfer to the central bank (or equivalently, a reduction of
central bank remittances to the fiscal authority), then the effect of the debt purchase is fully offset
by additional government debt issuance, leading to more total government debt outstanding.

One might be puzzled that in this special case, a central bank purchase of government debt does
not result in a lower interest rate and a higher government debt price. The key reason is that we
model the remittance from central bank to the government at the same frequency as central bank
purchases. One can interpret that at higher frequency, before such remittance takes place, QE has a
temporary effect on government debt value and interest rates. However, once the remittance takes
place, such effect gives way to the consolidation of central bank and government, so the lower
remittance drives down government debt value until it reaches the same as without central bank
purchase. Moreover, the consolidation logic also dictates that the net government debt supply,
which is the correct economic variable for the financing of the consolidated government, remains
unaffected by the central bank’s purchase of government debt.

4.4 QE and Government Debt Sustainability

Next, we model quantitative easing policy as an expansion of central bank holdings of government
debt (increasing BCB

t+1) funded by central bank capital, keeping remittances TCB
t the same. To

differentiate debt dynamics with and without QE, we use prime notation for dynamics under the
counterfactual QE policy and original notations for dynamics without QE policy.
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Denote the size of QE purchase as ∆BCB > 0. Without QE, government debt dynamics are
described by equation (34) and central bank holding is denoted as BCB

t+1. With QE policy, we denote
the new capital holding as α ′

t+1 = αt +∆α , while the case without QE is αt+1 = αt . According to
equation (33), the counterfactual B̃′

t+1 due to QE policy is different and linked with ∆α through

PB
t (B̃

′
t+1,δ

′
t+1)B̃

′
t+1 = PY

∆α + B̃t − (T̄ +αtY ), (47)

Additionally, the central bank budget dynamic with QE policy is

PY (αt +∆α)+PB
t (B̃

′
t+1,δ

′
t+1)(B

CB
t+1 +∆BCB)+TCB

t = PY
αt +αtY +(1−δt)BCB

t , (48)

where the transfer TCB
t is determined by the original central bank budget dynamic without QE,

PY
αt +PB

t (B̃t+1,δt+1)BCB
t+1 +TCB

t = PY
αt +αtY +(1−δt)BCB

t . (49)

The difference between (48) and (49) is

PY
∆α = PB

t (B̃t+1,δt+1)BCB
t+1 −PB

t (B̃
′
t+1,δ

′
t+1)(B

CB
t+1 +∆BCB). (50)

Equations (47) and (50) together determine ∆α and B̃′
t+1 as a function of the amount of QE

purchase ∆BCB. We will show that ∆α < 0 and B̃′
t+1 < B̃t+1. Intuitively, central bank QE policy

temporarily reduces the net debt supply to the private sector, lowering B̃′
t+1. According to (47),

this lower net debt supply requires the central bank to sell capital, ∆α < 0. Moreover, as shown in
Proposition 7, a lower central bank capital going forward reduces debt sustainability. We discuss
the impact of QE policy in the following theorem.

Theorem 1 (QE and government debt sustainability). QE policy lowers net debt supply and con-

temporaneous interest rate, but it reduces central bank capital and has the following long-term

consequences:

(a) QE increases the stable steady state B̃∗
1, so there is more net supply of government debt.

(b) QE reduces the unstable steady state B̃∗
2, so the distance between stable and unstable equi-

librium is smaller and the system is more fragile.

(c) QE lowers the default boundary and makes government default possible at lower level of

net debt.

(d) QE decreases government debt sustainability index S .

The mechanism underlying predictions (a)-(d) operates through the depletion of central bank
capital, with the specific channel depending on how we interpret this capital. Under the finan-
cial repression interpretation, QE forces banks to hold excess low-yielding reserves that crowd out
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profitable lending opportunities. This compression of bank profitability gradually erodes bank cap-
ital, diminishing the financial sector’s capacity to bear future repression. When central bank capital
represents foreign reserves, QE necessitates selling income-generating external assets to finance
domestic bond purchases, permanently sacrificing foreign currency income that supported the con-
solidated fiscal position. Through the lens of franchise value, each deployment of extraordinary
balance sheet policies draws down the finite stock of credibility and institutional capital that en-
ables future policy effectiveness—markets become increasingly skeptical of further interventions,
and political support erodes with repeated use.

While we remain agnostic about which specific interpretation best captures reality, all three
share the crucial feature that QE depletes a finite resource. Unlike conventional monetary policy
that adjusts the price of reserves, QE requires the central bank to exchange valuable capital for gov-
ernment bonds without corresponding fiscal support. This exchange is fundamentally irreversible:
bank health recovers slowly if at all, sold foreign assets cannot be reclaimed at original prices, and
institutional credibility, once spent, takes years to rebuild. The temporary suppression of yields
thus comes at the permanent cost of reduced capacity to support future fiscal sustainability.

Predictions in Theorem 1 paint a bleak picture for how QE affects government debt sustain-
ability. In particular, the temporary reduction of net government debt supply due to central bank
purchase is overturned later on by additional government debt at the steady state. The increase of
steady-state debt occurs because QE reduces central bank capital, which then lowers central bank
remittance to the government and worsens the consolidated fiscal surplus. Moreover, by doing QE
now, the central bank lowers its ability to help the government in potential default scenarios in the
future, thus lowering the default boundary and making government default more likely. According
to Theorem 1 (a)-(c), debt sustainability is worsened in all aspects, and naturally the sustainability
index that we solved in Proposition 7 is lower with QE policy in all scenarios.

Although Theorem 1 discusses a one-time QE, we can imagine a persistent expansion of central
bank purchases for a long but finite number of periods that keep interest rates low, and eventually
the central bank runs out of capital and much higher interest rates follow. We will discuss this
possibility in the next section.

4.5 QE and Low Interest Rates

In this section, we will show a scenario of persistent expansion of QE policy that keeps interest
rates lower for a long time. However, as the central bank capital is worsening during the process,
interest rates eventually spike and the government faces higher financing costs.

Theorem 2 (QE and low interest rates). Sustaining below-equilibrium interest rates on government

debt through QE requires increasingly larger asset purchases each period until central bank capital
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is depleted. Once exhausted, the initial suppression reverses: both net debt accumulation and

government financing costs eventually exceed their non-QE counterfactual paths.

Sustained QE is essentially spending the central bank’s long-term capital. While this keeps
market rates low for a while, it depletes the central bank capital that provides such implicit fiscal
support. As the central bank’s capital shrinks, its income decreases, worsening the consolidated
fiscal position. To keep net debt constant despite this deteriorating fiscal position, the central bank
must sell its capital at an accelerating rate, so the required QE program is progressively larger over
time.

When QE ends, the government faces both (1) higher debt levels and (2) the loss of central bank
income transfers, forcing a sharp increase in market borrowing at elevated rates. The temporary
rate suppression is paid for by an eventual rate spike.

Theorem 2 provides a dynamic view of QE. It highlights that QE imposes severe consequences
on government debt sustainability after a seemingly harmless period with low interest rates and a
low net-debt burden. This perspective contrasts with the prevailing view in the literature on QE
that focuses on the short-term gain in terms of lowered government and private-sector financing
costs (Krishnamurthy and Vissing-Jorgensen, 2011; D’Amico and King, 2013; Di Maggio et al.,
2020; Koijen et al., 2021; Swanson, 2021; Haddad et al., 2024). Recent studies start to discuss the
consequences of QE, including potential QE-related losses triggering political fallout and threats
to Fed independence (Bernanke, 2020), the crowding-out effect on bank lending (Diamond et al.,
2024), and the maturity transformation risk borne by taxpayers (Vandeweyer et al., 2024). In
comparison with the literature, our theoretical predictions clearly illustrate how QE sacrifices long-
term debt sustainability for short-term gains. Our core idea that the central bank operates with
longer-term capital than the government is consistent with the literature that central banks are
deliberately structured to provide more policy commitment and longer-term goals (Kydland and
Prescott, 1977; Rogoff, 1985; Walsh, 1995).

Another interesting feature of Theorem 2 is that to achieve the goal of a suppressed low interest
rates, it takes increasingly larger QE as central bank capital depletes along with such interventions.
This is a plausible explanation of the expanded role of central banks in government debt markets
across the world. No central bank has managed successfully to reverse quantitative easing after the
global financial crisis. A plausible reason as indicated by Theorem 2 is that as policymakers get
used to low interest rates and take it for granted as a legitimate policy goal, central banks need to
expand their balance sheets at an ever-faster speed to keep yields under control.

Theorem 2 cautions against interpreting sustained low interest rates as evidence of fiscal strength.
The literature on r versus g puts a strong emphasis on the interest rate on government debt being
lower than the growth rate (Blanchard, 2019). However, an important contributor to low govern-
ment debt yields after the global financial crisis is central bank asset purchases (Haddad et al.,
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2024; Jansen et al., 2024). If central bank capital is large, which is likely to be the case for the Fed,
overall low interest rates can be sustained for a long time by QE before it eventually spikes after
the Fed depletes its long-term capital.

4.6 Can QE Cause Explosive Debt Dynamics?

We have already shown that QE makes government debt dynamics more fragile. In this subsection,
we will show that under certain conditions, the consequence of QE is even more severe: it changes
a sustainable debt level to an unsustainable one, leading ultimately to sovereign default. Given the
expansion of QE programs we observe across developed countries, such a lesson is particularly
important. Therefore, we highlight such possibility in the following theorem.

Theorem 3 (QE and explosive debt dynamics). Under certain parameters, government debt is

stable before QE, but a sufficiently large QE policy makes government debt unsustainable, leading

ultimately to sovereign default.

We provide concrete parameter ranges for Theorem 3 in Appendix A.16. Intuitions are closely
linked to Proposition 6 and the threshold in (42). In particular, Proposition 6 states that when tax
T̄ is below a threshold τ̃0, any initial debt level leads to explosive debt dynamics, but for T̄ above
this threshold, the economy could feature a stable steady state. If the economy before QE is in
the latter case, but as QE reduces central bank capital and increases τ̃0 in (42), it transitions the
economy into explosive debt dynamics, i.e., case (a) of Proposition 6.

Theorem 3 is powerful because it is a causal statement: QE policies that temporarily help
government financing can actually be its worst enemy, pushing the government into an explosive
debt dynamic that eventually leads to default. This is a dramatic deviation from the literature,
which almost uniformly emphasizes the beneficial effects of accommodative central bank policies
on debt sustainability.7

Our contrasting result stems from a fundamentally different mechanism. The existing litera-
ture focuses on how monetary policy suppresses yields and improves short-term fiscal positions,
treating central bank capacity as essentially unlimited. In contrast, we model QE as drawing down
a finite stock of central bank capital—representing the present value of seigniorage revenue or
the central bank’s financial repression capacity over the banking sector. When the central bank
purchases government bonds without reducing its remittance to the government, it depletes this
capital, which in turn reduces future remittances to the government and worsens the consolidated
7For instance, Adrian et al. (2025) conclude that “QE tends to significantly improve the consolidated fiscal position of
the government,” while Elenev et al. (2022) find that “quantitative easing (QE), forward guidance, and an expansion in
government discretionary spending all contribute to lowering debt/GDP ratio and reducing this fiscal risk.” Similarly,
Corsetti and Dedola (2016) and Camous and Cooper (2019) highlight how monetary policy can prevent self-fulfilling
debt crises by changing default incentives or overcoming coordination failures among investors.
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fiscal position. Crucially, this capital depletion also diminishes the central bank’s ability to support
the government during future crises, lowering the default boundary. Theorem 3 establishes that
for parameter values where the economy initially has a stable debt trajectory, sufficiently aggres-
sive QE can cross a critical threshold, eliminating the stable steady state entirely and triggering
inevitable default, a possibility entirely absent from models that abstract from central bank capital.

4.7 Contrast with Sargent and Wallace (1981): A Reversal of Conventional
Wisdom

Our central finding—that QE worsens debt sustainability—sharply contrasts with Sargent and Wal-
lace (1981) and represents a fundamental departure from the monetary-fiscal interaction literature.

In Sargent and Wallace (1981), central bank power derives from seigniorage revenue. When
the fiscal authority runs persistent deficits, monetary tightening (lower money growth) reduces
seigniorage, forcing more debt issuance that must eventually be monetized. Paradoxically, tighten-
ing today only delays inflation. In their model, monetary accommodation helps by providing more
seigniorage revenue.

Our model reverses this conclusion through a different mechanism. Central bank power stems
from long-term capital, which can be interpreted as the remaining financial repression capacity
over the banking sector or central bank credibility. QE depletes this capital, creating two ad-
verse effects: (1) reduced fiscal transfers as capital income falls, worsening the consolidated fiscal
position, and (2) diminished crisis capacity, lowering the default boundary. Thus monetary accom-
modation through QE hurts sustainability, while central bank tightening (selling bonds) improves

it, the precise opposite of Sargent and Wallace (1981).
Overall, our framework makes three distinct contributions beyond the monetary-fiscal interac-

tion literature (Sargent and Wallace, 1981; Leeper, 1991; Woodford, 1995; Cochrane, 2001):
First, we model QE as an economically meaningful instrument with endogenous interest rates

through elastic bond demand. Prior literature focuses on money growth or short-term rates, ab-
stracting from balance sheet policies and portfolio balance effects. This omits the critical channel
through which central banks have operated since 2008—the ability of large-scale asset purchases
to suppress yields through market demand.

Second, we incorporate sovereign default and provide a formal definition of debt sustainability.
The canonical monetary-fiscal literature does not allow for default, precluding any meaningful
analysis of debt sustainability. By introducing default boundaries and measuring sustainability as
resilience to fiscal shocks, we can assess how QE affects the government’s fundamental capacity
to service debt.

Third, we demonstrate that QE can trigger regime changes from sustainable to explosive debt
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dynamics (Theorem 3). Aggressive QE can eliminate stable steady states entirely, making pre-
viously sustainable debt levels unsustainable–a possibility absent when central bank capacity is
treated as unlimited or when default is ruled out by assumption.

5 Conclusion

This paper provides a theoretical framework linking quantitative easing (QE) to government debt
sustainability through the depletion of central bank capital. We demonstrate that, contrary to the
prevailing view, QE undermines debt sustainability rather than improving it. While QE temporarily
lowers interest rates by reducing the net supply of government bonds to private markets, it simul-
taneously depletes the central bank’s long-term capital, worsening the consolidated fiscal position.
As a result, QE increases the steady-state level of debt, compresses the distance between stable and
unstable equilibria, and shifts the default boundary inward—making previously sustainable debt
trajectories fragile or even unsustainable.

Our results invert the classic Sargent and Wallace (1981) conclusion that monetary accommo-
dation improves fiscal outcomes. When central bank power derives from finite capital, QE may
appear to expand fiscal space in the short run, but it erodes long-run solvency by depleting the re-
sources that support it. Sustained QE can therefore produce long periods of artificially low interest
rates followed by abrupt debt crises once central bank capital is exhausted. These results caution
against interpreting low yields as evidence of fiscal strength and indicate that preserving central
bank capital is instrumental in enhancing the resilience of government debt over the long run.
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A Proofs

A.1 Proof of Lemma 1

Denote by λt the Lagrange multiplier on the household budget constraint (3). The first-order
conditions with respect to ct and bh

t+1 are

λt = β
tu′(ct) = β

t , (A1)

and

λtPB
t ≥ λt+1(1−δ

h
t+1)+β

t+1(1−δ
h
t+1)v

′
(
(1−δ

h
t+1)b

h
t+1

)
= (1−δ

h
t+1)

[
λt+1 +β

t+1
χ

(
1− (1−δ

h
t+1)

bh
t+1

b0

)]
, (A2)

where the inequality is binding when bh
t+1 > 0. Combining equations (A1) and (A2) yields

PB
t ≥ β (1−δ

h
t+1)

(
1+χ

(
1− (1−δ

h
t+1)

bh
t+1

b0

))
, (A3)

which holds with equality if bh
t+1 > 0. Since this is a deterministic model, δ h

t+1 ∈ {0,1}, we get
(1−δ h

t+1)
2 = 1−δ h

t+1, so we can simplify (A3) as

PB
t ≥ β (1−δ

h
t+1)

(
1+χ

(
1− bh

t+1

b0

))

⇒ bh
t+1 ≥ b0

[
1+χ

−1

(
1− PB

t

β (1−δ h
t+1)

)] (A4)

and this holds with equality if bh
t+1 > 0. Therefore, we get

bh
t+1 = b0 max

{
1+χ

−1

(
1− PB

t

β (1−δ h
t+1)

)
,0

}
. (A5)

When δ h
t+1 = 1, for any positive bond price, the unique optimal choice is then bh

t+1 = 0. This
simple result comes from our assumption that government default is complete, i.e., bond holders
have zero recovery during default, so household demand disappears if they believe the government
will default.
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A.2 Proof of Lemma 2

Equation (10) and (11) imply that

(1−mδt+1)b0 max
{

1+χ
−1 (1−PB

t /β
)
,0
}
= Bt+1 −BCB

t+1. (A6)

Since net debt Bt+1 −BCB
t+1 issuance is non-negative, we can simplify the above as

(1−mδt+1)b0
(
1+χ

−1 (1−PB
t /β

))
= Bt+1 −BCB

t+1, (A7)

which implies the final result

PB(Bt+1 −BCB
t+1,δt+1) := β

(
1+χ

(
1− Bt+1 −BCB

t+1

b0

1
1−mδt+1

))
. (A8)

A.3 Proof of Lemma 3

We can rewrite the max funding problem maxPBBt+1 as,

max
Bt+1

β χ

b0(1−mδt+1)

(
(1+χ)

χ
b0(1−mδt+1)−Bt+1

)
Bt+1 (A9)

This is a quadratic function. Clearly, the level of Bt+1 that maximizes that market funding supply
is

Bt+1 =
1
2
(1+χ)

χ
b0(1−mδt+1), (A10)

which leads to the maximum funding supply

β χ

(
1
2
(1+χ)

χ

)2

b0(1−mδt+1) (A11)

Defining F̄ and B̄ as in equation (16) and (17), we obtain max funding supply as (1−mδt+1)F̄

which is reached by setting Bt+1 = (1−mδt+1)B̄.

A.4 Proof of Lemma 4

We analyze the debt dynamics governed by equation (15):

PB(Bt+1,0) ·Bt+1 = Bt − T̄

Define the debt dynamics function Bt+1 = f (Bt) as the smaller root of this equation (by
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government’s assumption).

Part 1: When ∆ < 0, debt dynamics is explosive. For all feasible Bt < (1−m)F̄ + T̄ , we have
Bt+1 > Bt .

Proof: Define the excess funding function:

g(B)≡ PB(B,0) ·B− (B− T̄ ) =−β χ

b0
B2 +(β (1+χ)−1)B+ T̄

The steady state condition is g(B∗) = 0. Since g(B) is a quadratic with:

• Negative leading coefficient: −β χ

b0
< 0

• No real roots when ∆ < 0

• g(0) = T̄ < 0 (implied by ∆ < 0 requiring large deficit)

We have g(B)< 0 for all B ≥ 0. Therefore:

PB(Bt ,0) ·Bt < Bt − T̄

Since funding supply PB(B,0) ·B is strictly increasing for B < B̄ = (1+χ)b0
2χ

(from Lemma 3),
to satisfy:

PB(Bt+1,0) ·Bt+1 = Bt − T̄ > PB(Bt ,0) ·Bt

we must have Bt+1 > Bt .
Since debt increases monotonically and the default boundary B̄D = (1 − m)F̄ + T̄ is finite,

default occurs in finite time. □

Part 2: When ∆ ≥ 0, two steady states exist. Proof: The quadratic equation g(B∗) = 0 has
discriminant ∆ ≥ 0, yielding two real roots:

B∗
1,2 =

b0

2β χ

[
(β (1+χ)−1)∓

√
∆

]
Since β < 1, we have β (1+ χ)− 1 < χβ < χ . For T̄ < 0 (primary deficit), both roots are

positive. We have B∗
1 < B∗

2 since
√

∆ > 0 when ∆ > 0.
Moreover, we can show that both roots are below B̄ (defined in Lemma 3) so they are actually

picked by the government. We only need to show B∗
2 < B̄. This is equivalent to:

√
∆ < 1
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Since T̄ < 0 (primary deficit):

∆ = [β (1+χ)−1]2 +4β T̄
χ

b0
< [β (1+χ)−1]2

Under our baseline assumption χ < 1 and β ∈ [0,1], we have β (1+χ)< 2, hence |β (1+χ)−
1|< 1. Therefore:

∆ < [β (1+χ)−1]2 < 1

This implies
√

∆ < 1 and hence B∗
2 < B̄. □

Part 3: B∗
1 is locally stable. Proof: We analyze the slope of the debt dynamics function at the

steady state. Implicitly differentiating the budget constraint:

∂PB
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At steady state Bt+1 = Bt = B∗
1:

dBt+1

dBt

∣∣∣∣
B∗

1

=
1

PB +B∗
1 · ∂PB

∂Bt+1

From Lemma 2: PB(B,0) = β (1+χ(1− B
b0
)), so:

∂PB

∂B
=−β χ

b0

At the steady state:
dBt+1

dBt

∣∣∣∣
B∗

1

=
1

β (1+χ(1− B∗
1

b0
))− β χB∗

1
b0

Using the steady state condition PB(B∗
1,0) ·B∗

1 = B∗
1 − T̄ :

β (1+χ(1− B∗
1

b0
)) =

B∗
1 − T̄
B∗

1

Therefore:
dBt+1

dBt

∣∣∣∣
B∗

1

=
B∗

1

B∗
1 − T̄ − β χB∗

1
b0

·B∗
1

=
1

1− T̄
B∗

1
− β χ(B∗

1)
2

b0B∗
1

36



From the steady state equation: −β χ

b0
(B∗

1)
2 = −(β (1+ χ)−1)B∗

1 − T̄ After substitution and sim-
plification, the derivative at B∗

1 (the smaller root) satisfies:∣∣∣∣∣dBt+1

dBt

∣∣∣∣
B∗

1

∣∣∣∣∣< 1

Therefore B∗
1 is locally stable. □

Part 4: B∗
2 is unstable and defines the no-return boundary Proof: By similar analysis, at B∗

2

(the larger root): ∣∣∣∣∣dBt+1

dBt

∣∣∣∣
B∗

2

∣∣∣∣∣> 1

Therefore B∗
2 is locally unstable.

Global dynamics: For Bt ∈ [0,B∗
2):

• The dynamics curve f (Bt) is below the 45° line for Bt ∈ (B∗
1,B

∗
2), so Bt+1 < Bt

• The dynamics curve is above the 45° line for Bt ∈ [0,B∗
1), so Bt+1 > Bt

• Both regions converge to B∗
1

For Bt > B∗
2:

• The dynamics curve is above the 45° line, so Bt+1 > Bt

• Debt increases monotonically until reaching default boundary B̄D in finite time

Therefore, B∗
2 represents the no-return boundary B̄N : any debt above this level leads to in-

evitable default. □

A.5 Proof of Lemma 5

We prove this in three steps.

Step 1: m1 ≤ m2 with equality iff ∆ = 0 .
According to Lemma 4, B∗

2 ≥ B∗
1 and the inequality holds if and only iff ∆ = 0. Therefore,

m1 ≤ m2 with equality if and only if ∆ = 0.
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Step 2: m1 > 0 .
We need to show that F̄ + T̄ −B∗

2 > 0, i.e., B∗
2 < F̄ + T̄ .

From the steady state condition at B∗
2 (derived under assumption δt+1 = 0):

PB(B∗
2,0) ·B∗

2 = B∗
2 − T̄

The funding supply function S(B) := PB(B,0) ·B is a downward-opening parabola with maxi-
mum value F̄ achieved at B = B̄ = (1+χ)b0

2χ
(from Lemma 3). Therefore:

PB(B∗
2,0) ·B∗

2 ≤ F̄

with equality if and only if B∗
2 = B̄.

Substituting into the steady state condition:

B∗
2 − T̄ = PB(B∗

2,0) ·B∗
2 ≤ F̄

B∗
2 ≤ F̄ + T̄

To establish strict inequality, we show that B∗
2 < B̄ generically (including when ∆ = 0).

When ∆ = 0, the required funding line is tangent to the funding supply parabola at exactly one
point. However, this tangent point is not at the parabola’s maximum. To see this, note that ∆ = 0
requires:

T̄ =−(β (1+χ)−1)2b0

4β χ
< 0

At this point, B∗ = b0
2β χ

(β (1+χ)−1), while B̄ = (1+χ)b0
2χ

. Since β < 1:

B∗ =
b0(β (1+χ)−1)

2β χ
<

b0 ·β (1+χ)

2β χ
=

(1+χ)b0

2χ
= B̄

Therefore, B∗
2 < B̄ even when ∆ = 0, which implies:

PB(B∗
2,0) ·B∗

2 < F̄

B∗
2 − T̄ < F̄

B∗
2 < F̄ + T̄

m1 =
F̄ + T̄ −B∗

2
F̄

> 0

Step 3: m2 < 1 .
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Given that we alreayd assumed T̄ < 0, a sufficient condition is B∗
2 > 0, which has been shown

to be the case in Lemma 4.

A.6 Proof of Proposition 1

We proceed in three parts.

Part 1: Necessary and sufficient condition for refinancing. From Lemma 3, we know that:

• The funding supply function PB(Bt+1,δt+1)Bt+1 is a concave quadratic function of Bt+1

• It achieves a maximum value of (1−mδt+1)F̄ at Bt+1 = (1−mδt+1)B̄

Therefore, the government can refinance its debt if and only if the funding requirement does
not exceed the maximum funding supply:

Bt − T̄ ≤ max
Bt+1

PB(Bt+1,δt+1)Bt+1 = (1−mδt+1)F̄

Rearranging:
Bt ≤ (1−mδt+1)F̄ + T̄

This establishes the necessary and sufficient condition for refinancing.

Part 2: Upper bound on debt issuance. When the refinancing condition is satisfied, there exists
at least one solution Bt+1 to equation (15). Since the funding supply function PB(Bt+1,δt+1)Bt+1

is:

• Strictly increasing on [0,(1−mδt+1)B̄]

• Strictly decreasing on [(1−mδt+1)B̄,∞)

• Maximized at (1−mδt+1)B̄

and since the government chooses the minimal debt level consistent with its budget constraint (by
assumption), we have:

Bt+1 ≤ (1−mδt+1)B̄

The equality holds if and only if Bt − T̄ = (1−mδt+1)F̄ , in which case the government must
issue exactly (1−mδt+1)B̄ to meet its funding requirement.
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Part 3: Uniqueness For any funding requirement Bt − T̄ < (1−mδt+1)F̄ , the inverse-U shape
of the funding supply function implies there are exactly two solutions to equation (13): one on the
increasing portion (B(1)

t+1 < (1−mδt+1)B̄) and one on the decreasing portion (B(2)
t+1 > (1−mδt+1)B̄).

By assumption, the government selects the smaller solution B(1)
t+1, which uniquely determines

next period’s debt level.

A.7 Proof of Proposition 2

At time t, whether or not the government defaults depends on the comparison between required
payment to the private sector, which is Bt , and the funding available to the government, including
surplus T̄ (which is negative) and non-vigilante financing (1−m)F̄ . The financing in time of
default does not involve bond-vigilante because we assume that they hold pessimistic beliefs so
that when default is possible, they no longer provide financing to the government.

A.8 Proof of Proposition 3

The proof proceeds by establishing the relationship between the default boundary BD =(1−m)F̄+

T̄ and the potential steady states B∗
1 and B∗

2 under different parameter configurations.

Preliminary observation From the definition of m j in equation (26):

m j =
F̄ + T̄ −B∗

j

F̄
,

we can equivalently write:
B∗

j = F̄ + T̄ −m jF̄ .

The default boundary is:
BD = (1−m)F̄ + T̄ = F̄ + T̄ −mF̄ .

Therefore:

BD < B∗
j ⇐⇒ m > m j (A12)

BD = B∗
j ⇐⇒ m = m j (A13)

BD > B∗
j ⇐⇒ m < m j (A14)

Case 1: Fiscal Unsustainability Subcase 1a: T̄ < τ0. This implies ∆ < 0. By Lemma 4, no
steady state exists and debt dynamics is explosive with Bt+1 > Bt for all feasible Bt < BD. Since
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debt increases monotonically and the default boundary BD = (1−m)F̄ + T̄ is finite, default occurs
in finite time.

Subcase 1b: T̄ ≥ τ0 and m ≥ m2. This implies ∆ ≥ 0. By Lemma 4, potential steady states B∗
1

and B∗
2 exist. Since m ≥ m2, we have:

BD = (1−m)F̄ + T̄ ≤ (1−m2)F̄ + T̄ = B∗
1

Therefore, B∗
1 and B∗

2 are not valid no-default steady states.
For any initial debt B0 > 0: If B0 ≥ BD, immediate default occurs by Proposition 2. If B0 < BD,

the debt dynamics function f (Bt) would converge to B∗
1 in the absence of default constraints.

However, since B∗
1 ≥ BD, the debt path must reach BD in finite time before converging to B∗

1,
triggering default.

Case 2: Moderate Market Discipline Assume T̄ > τ0 and m1 < m < m2. Since T̄ > τ0, we
have ∆ > 0. By Lemma 3, two distinct steady states B∗

1 < B∗
2 exist. By Lemma 4, we have

0 < m1 < m2 < 1 (strict inequalities since ∆ > 0).
Since m<m2, we have BD >B∗

1, so B∗
1 is a valid no-default steady state. Since m>m1, we have

BD < B∗
2, so B∗

2 exceeds the default boundary and is not a valid no-default steady state. Therefore,
B∗

1 < BD < B∗
2.

By Lemma 3, B∗
1 is locally stable and B∗

2 is locally unstable in the absence of default constraints.
The debt dynamics are as follows.

• For B0 ∈ [0,BD], the dynamics would converge to B∗
1, which is the stable steady state.

• If B0 > BD, then the firm immediately defaults by Proposition 2.

Case 3: Weak Market Discipline Assume T̄ > τ0 and m ≤ m1. Since T̄ > τ0, we have ∆ > 0.
By Lemma 3, two distinct steady states B∗

1 < B∗
2 exist. By Lemma 4, 0 < m1 < m2 < 1.

Since m ≤ m1, we have:

BD = (1−m)F̄ + T̄ ≥ (1−m1)F̄ + T̄ = B∗
2

and since B∗
2 > B∗

1, we have:
B∗

1 < B∗
2 ≤ BD

Therefore, both B∗
1 and B∗

2 are valid no-default steady states (both lie below or at the default
boundary).

By Lemma 4, B∗
1 is locally stable and B∗

2 is locally unstable. The debt dynamics are:
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• For B0 ∈ [0,B∗
2), the trajectory converges to B∗

1. This is the safe zone.

• For B0 ∈ (B∗
2,B

D), debt increases monotonically. The path eventually reaches beyond BD,
triggering default. This is the no-return zone: debt is temporarily refinanced but it is unsus-
tainable, eventually leading to default.

• For B0 ≥ BD, there is an immediate default according to Proposition 2.

When m = m1, we have BD = B∗
2, so the unstable steady state lies exactly at the default bound-

ary. In this boundary case, the no-return zone has measure zero but B∗
2 is still a valid steady state.

A.9 Proof of Proposition 4

We proceed in two steps. First, we show case (a)-(c). Second, we show how m affects S .

Proving Cases (a), (b) and (c)

Case (a): When T̄ < τ0, Proposition 3(a) establishes that no stable steady state exists and debt
dynamics are explosive, leading to default in finite time regardless of initial debt level. Similarly,
when T̄ ≥ τ0 and m ≥ m2, Proposition 3(a) shows that both potential steady states lie beyond the
default boundary, making them infeasible. In both scenarios, any initial debt leads to eventual
default, so by Definition 2, S = 0.

Case (b): Assume T̄ > τ0 and m1 < m < m2. By Proposition 3(b), B∗
1 < BD < B∗

2 where B∗
1

is the unique stable steady state. A deficit shock S shifts the debt level from B∗
1 such that the

government’s funding requirement becomes (note that according to Proposition 2, default only
happens when Bt is strictly greater than BD, not at BD):

PB(BD,0)BD = B∗
1 − T̄ +S

At the steady state B∗
1, the budget constraint satisfies:

PB(B∗
1,0)B

∗
1 = B∗

1 − T̄

Subtracting these equations:

PB(BD,0)BD −PB(B∗
1,0)B

∗
1 = S
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From Proposition 2, PB(B,0) = β

(
1+χ

(
1− B

b0

))
, so:

S = β

(
1+χ − χBD

b0

)
BD −β

(
1+χ − χB∗

1
b0

)
B∗

1

= β (1+χ)(BD −B∗
1)−

β χ

b0

[
(BD)2 − (B∗

1)
2]

= β (1+χ)(BD −B∗
1)−

β χ

b0
(BD +B∗

1)(B
D −B∗

1)

= β (BD −B∗
1)

[
(1+χ)− χ(BD +B∗

1)

b0

]
Case (c): Assume T̄ > τ0 and m ≤ m1. By Proposition 3(c), both B∗

1 and B∗
2 are valid steady

states with B∗
1 < B∗

2 ≤ BD. The sustainability measure is the deficit shock that shifts debt from the
stable steady state B∗

1 to the unstable steady state B∗
2:

PB(B∗
2,0)B

∗
2 = B∗

1 − T̄ +S

Since both B∗
1 and B∗

2 satisfy the steady state condition PB(B∗
j ,0)B

∗
j = B∗

j − T̄ , we have:

B∗
2 − T̄ = B∗

1 − T̄ +S

S = B∗
2 −B∗

1

From Lemma 4, the two steady states are:

B∗
1 =

b0

2β χ

[
β (1+χ)−1−

√
∆

]
, B∗

2 =
b0

2β χ

[
β (1+χ)−1+

√
∆

]
Therefore:

S = B∗
2 −B∗

1 =
b0

2β χ

[
2
√

∆

]
=

b0

β χ

√
∆

Continuity and Decreasing in m

Next, we show that S is continuous and weakly decreases in m. The proof proceeds in three steps:
monotonicity in each region, and continuity at the boundaries.

Step 1: Monotonicity within each region.
Region 1: m ∈ [0,m1]. By Proposition 4(c), for m ≤ m1:

S =
b0

β χ

√
∆
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where ∆ = [β (1+χ)−1]2 +4β T̄ χ

b0
depends only on (T̄ ,β ,χ,b0) and not on m. Therefore:

∂S

∂m
= 0

for all m ∈ [0,m1].
Region 2: m ∈ (m1,m2). By Proposition 4(b), for m1 < m < m2:

S = β (BD −B∗
1)

[
(1+χ)− χ(BD +B∗

1)

b0

]
Since BD = (1−m)F̄ + T̄ and B∗

1 does not depend on m:

∂BD

∂m
=−F̄ < 0

Define the funding supply function f (B) := PB(B,0) · B = β (1 + χ)B − β χB2

b0
. Then S =

f (BD)− f (B∗
1), so:

∂S

∂m
= f ′(BD) · ∂BD

∂m
= f ′(BD) · (−F̄)

The derivative of the funding supply function is:

f ′(B) = β (1+χ)− 2β χB
b0

By Lemma 3, f is maximized at B̄ = (1+χ)b0
2χ

, so f ′(B)> 0 for B < B̄ and f ′(B)< 0 for B > B̄.
In region 2, we have BD < B∗

2. From Lemma 4, B∗
2 < B̄. Therefore BD < B̄, which implies

f ′(BD)> 0.
Consequently:

∂S

∂m
= f ′(BD) · (−F̄)< 0

Thus S is strictly decreasing in m for m ∈ (m1,m2).
Region 3: m ∈ [m2,1]. By Proposition 5(1), for m ≥ m2:

S = 0

Therefore ∂S
∂m = 0 for all m ∈ [m2,1].

Step 2: Continuity at m = m1.
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We need to verify that:

lim
m→m−

1

S (m) = S (m1) = lim
m→m+

1

S (m)

From the left (m < m1, case 3):

lim
m→m−

1

S (m) =
b0

β χ

√
∆ = B∗

2 −B∗
1

At m = m1, by definition (equation 21), we have:

m1 =
F̄ + T̄ −B∗

2
F̄

⇒ BD(m1) = (1−m1)F̄ + T̄ = B∗
2

From the right (m > m1, case 2):

lim
m→m+

1

S (m) = β (BD(m1)−B∗
1)

[
(1+χ)− χ(BD(m1)+B∗

1)

b0

]

= β (B∗
2 −B∗

1)

[
(1+χ)− χ(B∗

2 +B∗
1)

b0

]
To show this equals B∗

2 − B∗
1, we use the steady state conditions. Both B∗

1 and B∗
2 satisfy

PB(B∗
j ,0)B

∗
j = B∗

j − T̄ , which gives:

β

(
1+χ −

χB∗
j

b0

)
B∗

j = B∗
j − T̄ , j ∈ {1,2}

Subtracting the equation for B∗
1 from that for B∗

2:

β (1+χ)(B∗
2 −B∗

1)−
β χ

b0
[(B∗

2)
2 − (B∗

1)
2] = B∗

2 −B∗
1

Factoring the left side:

β (B∗
2 −B∗

1)

[
(1+χ)− χ(B∗

2 +B∗
1)

b0

]
= B∗

2 −B∗
1

Therefore:
lim

m→m+
1

S (m) = B∗
2 −B∗

1 = lim
m→m−

1

S (m)

establishing continuity at m = m1.
Step 3: Continuity at m = m2.
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At m = m2, by definition,

m2 =
F̄ + T̄ −B∗

1
F̄

⇒ BD(m2) = (1−m2)F̄ + T̄ = B∗
1

From the left (m < m2, case 2):

lim
m→m−

2

S (m) = β (BD(m2)−B∗
1)

[
(1+χ)− χ(BD(m2)+B∗

1)

b0

]

= β (B∗
1 −B∗

1)

[
(1+χ)− χ(B∗

1 +B∗
1)

b0

]
= 0

From the right (m ≥ m2, case 1):

lim
m→m+

2

S (m) = 0

Therefore continuity holds at m = m2.
Since S is weakly decreasing in each region and continuous at the boundaries, it is weakly

decreasing on [0,1].

A.10 Proof of Lemma 6

Debt dynamics. Under no default, the consolidated net–debt dynamic is

PB(B̃t+1,0) B̃t+1 = B̃t −
(
T +αY

)
,

so steady states B̃∗ solve

−β χ

b0
(B̃∗)2 +

(
β (1+χ)−1

)
B̃∗+(T +αY ) = 0,

with discriminant ∆̃ =
(
β (1+χ)−1

)2
+ 4β χ

b0
(T +αY ) and threshold τ̃0 defined by ∆̃ = 0.

Part 1: If ∆̃ < 0, debt is explosive. Define the excess–funding quadratic

g̃(B)≡ PB(B,0)B−
(

B− (T +αY )
)
=−β χ

b0
B2 +

(
β (1+χ)−1

)
B+(T +αY ).

When ∆̃ < 0 and T +αY < 0, g̃(B) < 0 for all B ≥ 0. Since PB(·,0)· is strictly increasing on
[0,B), the identity PB(B̃t+1,0)B̃t+1 = B̃t − (T +αY ) > PB(B̃t ,0)B̃t forces B̃t+1 > B̃t . Hence {B̃t}
increases monotonically and hits the default boundary in finite time.
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Part 2: If ∆̃ ≥ 0, two roots in (0,B) and explicit formulas. Solving the quadratic yields

B̃∗
1 =

b0

2β χ

(
β (1+χ)−1−

√
∆̃

)
, B̃∗

2 =
b0

2β χ

(
β (1+χ)−1+

√
∆̃

)
,

with 0 < B̃∗
1 ≤ B̃∗

2 < B (equality iff ∆̃ = 0). The last inequality follows from T +αY < 0, which
implies ∆̃ <

(
β (1+χ)−1

)2 and hence
√

∆̃ < |β (1+χ)−1|< 1 under β (1+χ)< 2.

Part 3: B̃∗
1 is locally stable. Implicitly differentiating PB(B̃t+1,0)B̃t+1 = B̃t − (T +αY ) gives

dB̃t+1

dB̃t
=

1
PB(B̃t+1,0)+ B̃t+1 ∂PB/∂B

.

Using PB(B,0) = β
(
1+χ(1−B/b0)

)
and ∂PB/∂B =−β χ/b0, at a steady state B̃∗ we get

dB̃t+1

dB̃t

∣∣∣∣
tildeB∗

=
1

β

(
1+χ

(
1− B̃∗

b0

))
−β χ

B̃∗
b0

=
B̃∗

B̃∗− (T +αY )− β χ

b0
(B̃∗)2

.

Substituting the steady–state quadratic −β χ

b0
(B̃∗

1)
2 =−(β (1+χ)−1)B̃∗

1− (T +αY ) and simplify-

ing yields
∣∣dB̃t+1

dB̃t

∣∣
B̃∗

1
< 1. Thus B̃∗

1 is locally stable.

Part 4: B̃∗
2 is unstable and is the no–return boundary; global dynamics. By the same calcula-

tion,
∣∣dB̃t+1

dB̃t

∣∣
B̃∗

2
> 1, so B̃∗

2 is locally unstable. Global dynamics mirror Lemma 3:

• For B̃t ∈ [0, B̃∗
2), the dynamics lie above the 45◦ line on [0, B̃∗

1) and below it on (B̃∗
1, B̃

∗
2),

hence B̃t → B̃∗
1.

• For B̃t > B̃∗
2, B̃t+1 > B̃t monotonically until default occurs in finite time. Thus B̃∗

2 is the
no–return boundary.

Part 5: Comparative statics in α . Since ∂ ∆̃/∂α = 4β χ

b0
Y > 0, the explicit formulas imply

∂ B̃∗
1/∂α < 0 and ∂ B̃∗

2/∂α > 0. □

A.11 Proof of Lemma 7

Recall the default threshold with central–bank capital is

B̃D = (1−m) F̄ + T̄ + αPY , PY ≡ Y
1−β

> Y,

and the funding parabola is S(B) := PB(B,0)B, a strictly concave quadratic with maximum F̄

reached at B̄. We already know from Lemma 6 that B̃∗
1 ≤ B̃∗

2 < B̄.
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Part 1: Ordering and positivity of the thresholds. Define

m̃ j ≡
F̄ + T̄ +αPY − B̃∗

j

F̄
, j ∈ {1,2}.

Since B̃∗
1 < B̃∗

2, we have m̃1 < m̃2. To see m̃1 > 0, note that at B̃∗
2:

S(B̃∗
2) = B̃∗

2 − (T̄ +αY ) ≤ F̄ ⇒ B̃∗
2 ≤ F̄ + T̄ +αY < F̄ + T̄ +αPY ,

because PY > Y . Since B̃∗
1 ≤ B̃∗

2, it follows that B̃∗
1 < F̄ + T̄ +αPY and hence m̃1 > 0.

Part 2: Comparative statics of the fixed points in α . Because

∆̃ = (β (1+χ)−1)2 +
4β χ

b0
(T̄ +αY ),

∂ ∆̃

∂α
=

4β χ

b0
Y > 0,

we obtain
∂ B̃∗

1
∂α

=− Y√
∆̃
< 0,

∂ B̃∗
2

∂α
=

Y√
∆̃
> 0.

Part 3: Monotonicity of m̃1 and m̃2 in α . By definition,

∂ m̃ j

∂α
=

1
F̄

(
PY −

∂ B̃∗
j

∂α

)
, j = 1,2.

Using Part 2,

∂ m̃1

∂α
=

1
F̄

(
PY +

Y√
∆̃

)
> 0,

∂ m̃2

∂α
=

1
F̄

(
PY − Y√

∆̃

)
=

Y
F̄

(
1

1−β
− 1√

∆̃

)
≥ 0,

with strict inequality whenever
√

∆̃ > 1 − β . Hence m̃1 is strictly increasing in α , and m̃2 is
(weakly) increasing in α; generically it is strictly increasing.

Part 4: Objects referenced in the statement. The default boundary under central–bank capital is

B̃D = (1−m)F̄ + T̄ +αPY ,

and the steady states satisfy the no–default quadratic above with T̄ +αY < 0.
□
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A.12 Proof of Proposition 6

The proof proceeds by establishing the relationship between the default boundary B̃D =(1−m)F̄+

T̄ +αPY and the potential steady states B̃∗
1 and B̃∗

2 under different parameter configurations.
Preliminary observation
From the definition of m̃ j in equation (39):

m̃ j =
F̄ + T̄ +αPY − B̃∗

j

F̄
, j ∈ {1,2}

we can equivalently write:
B̃∗

j = F̄ + T̄ +αPY − m̃ jF̄

The default boundary is:

B̃D = (1−m)F̄ + T̄ +αPY = F̄ + T̄ +αPY −mF̄

Therefore:

B̃D < B̃∗
j ⇐⇒ m > m̃ j (A15)

B̃D = B̃∗
j ⇐⇒ m = m̃ j (A16)

B̃D > B̃∗
j ⇐⇒ m < m̃ j (A17)

Case 1: Fiscal Unsustainability

Subcase 1a: T̄ < τ̃0.
This implies ∆̃ < 0. By Lemma 6, no steady state exists and debt dynamics is explosive with

B̃t+1 > B̃t for all feasible B̃t < B̃D.
To show default occurs in finite time, define the excess funding function:

g(B̃) := PB(B̃,0)B̃− (B̃− (T̄ +αY )) =−β χ

b0
B̃2 +(β (1+χ)−1)B̃+(T̄ +αY )

By Lemma 6, when ∆̃ < 0, we have g(B̃)< 0 for all B̃ ≥ 0. From the budget constraint (29):

PB(B̃t+1,0)B̃t+1 = B̃t − (T̄ +αY )

Rearranging:
PB(B̃t+1,0)B̃t+1 − B̃t+1 = B̃t − (T̄ +αY )− B̃t+1
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Adding (T̄ +αY ) to both sides:

g(B̃t+1) = B̃t − B̃t+1

Since g(B̃t+1)< 0, we have B̃t+1 > B̃t , confirming monotonic increase.
Next, we show uniform lower bound on increments. Since g is continuous and the compact

set [0, B̃D] satisfies g(B̃)< 0 everywhere, by the extreme value theorem:

ε̄ := sup
B̃∈[0,B̃D]

g(B̃)< 0

Therefore, for all t such that B̃t < B̃D:

B̃t+1 − B̃t =−g(B̃t+1)≥−ε̄ > 0

This establishes that debt increases by at least −ε̄ per period, which is a strictly positive con-
stant independent of the debt level. Starting from any initial debt B̃0 ≥ 0, after t periods:

B̃t ≥ B̃0 + t · (−ε̄)

The debt reaches the default boundary B̃D in at most

T =

⌈
B̃D − B̃0

−ε̄

⌉
< ∞

periods, establishing finite-time default.
Subcase 1b: T̄ ≥ τ̃0 and m ≥ m̃2.
This implies ∆̃ ≥ 0. By Lemma 6, potential steady states B̃∗

1 and B̃∗
2 exist. Since m ≥ m̃2, we

have:
B̃D = (1−m)F̄ + T̄ +αPY ≤ (1− m̃2)F̄ + T̄ +αPY = B̃∗

1

Therefore, B̃∗
1 and B̃∗

2 are not valid no-default steady states since they lie at or beyond the default
boundary. For any initial debt B̃0 > 0:

• If B̃0 ≥ B̃D, immediate default occurs by Proposition 5.

• If B̃0 < B̃D, we next show that the debt path reaches B̃D in finite time.

The debt dynamics satisfy B̃t+1 = f (B̃t) where f is defined implicitly by equation (29). Since
B̃∗

1 ≥ B̃D and f would converge to B̃∗
1 in an unconstrained setting, the trajectory must cross B̃D

before reaching B̃∗
1. For B̃t ∈ [0, B̃D), the dynamics satisfy B̃t+1 > B̃t and converges towards B̃∗

1 as
shown in Lemma 6.
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To establish finite-time crossing, note that for any B̃t ∈ [0, B̃D):

B̃t+1 − B̃t =−g(B̃t+1)

Define:
ε := inf

B̃∈[0,B̃D]
(−g(B̃))> 0

The infimum is strictly positive because: (1) g is continuous on the compact set [0, B̃D], (2) for
B̃ ≤ B̃D < B̃∗

1, we have g(B̃)< 0, and (3) the minimum of −g on this compact set is achieved and
is positive.

Therefore:
B̃t+1 − B̃t ≥ ε > 0

and the debt reaches B̃D in at most

T =

⌈
B̃D − B̃0

ε

⌉
< ∞.

Case 2: Moderate Market Discipline

Assume T̄ > τ̃0 and m̃1 < m < m̃2.
Since T̄ > τ̃0, we have ∆̃> 0. By Lemma 6, two distinct steady states B̃∗

1 < B̃∗
2 exist. By Lemma

7, we have 0 < m̃1 < m̃2 < 1 (strict inequalities since ∆̃ > 0).
Since m < m̃2, we have B̃D > B̃∗

1, so B̃∗
1 is a valid no-default steady state.

Since m > m̃1, we have B̃D < B̃∗
2, so B̃∗

2 exceeds the default boundary and is not a valid no-
default steady state.

Therefore, B̃∗
1 < B̃D < B̃∗

2.
By Lemma 6, B̃∗

1 is locally stable and B̃∗
2 is locally unstable in the absence of default constraints.

The debt dynamics are as follows:

• For B̃0 ∈ [0, B̃D], the dynamics converge to B̃∗
1, which is the unique stable steady state.

• If B̃0 > B̃D, the government immediately defaults by Proposition 5.

Case 3: Weak Market Discipline

Assume T̄ > τ̃0 and m ≤ m̃1.
Since T̄ > τ̃0, we have ∆̃> 0. By Lemma 6, two distinct steady states B̃∗

1 < B̃∗
2 exist. By Lemma

7, 0 < m̃1 < m̃2.
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Since m ≤ m̃1, we have:

B̃D = (1−m)F̄ + T̄ +αPY ≥ (1− m̃1)F̄ + T̄ +αPY = B̃∗
2

and since B̃∗
2 > B̃∗

1, we have:
B̃∗

1 < B̃∗
2 ≤ B̃D

Therefore, both B̃∗
1 and B̃∗

2 are valid no-default steady states (both lie below or at the default
boundary).

By Lemma 6, B̃∗
1 is locally stable and B̃∗

2 is locally unstable. The debt dynamics are:

• For B̃0 ∈ [0, B̃∗
2), the trajectory converges to B̃∗

1. This is the safe zone.

• For B̃0 ∈ (B̃∗
2, B̃

D), debt increases monotonically toward B̃D. Using the same argument as in
Case 1b, there exists ε > 0 such that B̃t+1 − B̃t ≥ ε for all B̃t ∈ (B̃∗

2, B̃
D), ensuring the path

reaches B̃D in finite time. This is the no-return zone.

• For B̃0 ≥ B̃D, there is immediate default according to Proposition 5.

When m = m̃1, we have B̃D = B̃∗
2, so the unstable steady state lies exactly at the default bound-

ary.

A.13 Proof of Proposition 7

We proceed in three steps. First, we derive the sustainability measure for cases (a)-(c). Second, we
show how m affects S. Third, we show how α affects S, accounting for regime changes.

Deriving Cases (a), (b), and (c)

Case (a): When T̄ < τ̃0, Proposition 6(a) establishes that no stable steady state exists and debt
dynamics are explosive, leading to default in finite time regardless of initial debt level. Similarly,
when T̄ ≥ τ̃0 and m ≥ m̃2, Proposition 6(a) shows that both potential steady states lie beyond the
default boundary, making them infeasible. In both scenarios, any initial debt leads to eventual
default, so by Definition 2, S = 0.

Case (b): Assume T̄ > τ̃0 and m̃1 < m < m̃2. By Proposition 6(b), B̃∗
1 < B̃D < B̃∗

2 where B̃∗
1 is the

unique stable steady state.
A deficit shock S shifts the debt level from B̃∗

1 such that the consolidated government’s funding
requirement becomes (note that according to Proposition 5, default only happens when B̃t is strictly
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greater than B̃D, so the critical shock brings net debt to exactly B̃D):

PB(B̃D,0)B̃D = B̃∗
1 − (T̄ +αY )+S

At the steady state B̃∗
1, the budget constraint (34) satisfies:

PB(B̃∗
1,0)B̃

∗
1 = B̃∗

1 − (T̄ +αY )

Subtracting these equations:

PB(B̃D,0)B̃D −PB(B̃∗
1,0)B̃

∗
1 = S

From equation (11), PB(B̃,0) = β

(
1+χ

(
1− B̃

b0

))
, so:

S = β

(
1+χ − χB̃D

b0

)
B̃D −β

(
1+χ − χB̃∗

1
b0

)
B̃∗

1

= β (1+χ)(B̃D − B̃∗
1)−

β χ

b0

[
(B̃D)2 − (B̃∗

1)
2]

= β (1+χ)(B̃D − B̃∗
1)−

β χ

b0
(B̃D + B̃∗

1)(B̃
D − B̃∗

1)

= β (B̃D − B̃∗
1)

[
(1+χ)− χ(B̃D + B̃∗

1)

b0

]

Case (c): Assume T̄ > τ̃0 and m ≤ m̃1. By Proposition 6(c), both B̃∗
1 and B̃∗

2 are valid steady
states with B̃∗

1 < B̃∗
2 ≤ B̃D. The sustainability measure is the deficit shock that shifts debt from the

stable steady state B̃∗
1 to the unstable steady state B̃∗

2:

PB(B̃∗
2,0)B̃

∗
2 = B̃∗

1 − (T̄ +αY )+S

Since both B̃∗
1 and B̃∗

2 satisfy the steady state condition PB(B̃∗
j ,0)B̃

∗
j = B̃∗

j − (T̄ +αY ), we have:

B̃∗
2 − (T̄ +αY ) = B̃∗

1 − (T̄ +αY )+S

S = B̃∗
2 − B̃∗

1

From Lemma 6, the two steady states are:

B̃∗
1 =

b0

2β χ

[
β (1+χ)−1−

√
∆̃

]
, B̃∗

2 =
b0

2β χ

[
β (1+χ)−1+

√
∆̃

]
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Therefore:
S = B̃∗

2 − B̃∗
1 =

b0

2β χ

[
2
√

∆̃

]
=

b0

β χ

√
∆̃

Continuity and Monotonicity in m

Next, we show that S is continuous and weakly decreasing in m. The proof proceeds in three
steps: monotonicity in each region, and continuity at the boundaries.

Step 1: Monotonicity within each region.
Region 1: m ∈ [0, m̃1]. By case (c), for m ≤ m̃1:

S =
b0

β χ

√
∆̃

where ∆̃ = [β (1+ χ)− 1]2 + 4β χ

b0
(T̄ +αY ) depends only on (T̄ ,β ,χ,b0,α,Y ) and not on m.

Therefore:
∂S

∂m
= 0

for all m ∈ [0, m̃1].
Region 2: m ∈ (m̃1, m̃2). By case (b), for m̃1 < m < m̃2:

S = β (B̃D − B̃∗
1)

[
(1+χ)− χ(B̃D + B̃∗

1)

b0

]
Since B̃D = (1−m)F̄ + T̄ +αPY and B̃∗

1 does not depend on m:

∂ B̃D

∂m
=−F̄ < 0

Define the funding supply function f (B̃) := PB(B̃,0) · B̃ = β (1 + χ)B̃ − β χB̃2

b0
. Then S =

f (B̃D)− f (B̃∗
1), so:

∂S

∂m
= f ′(B̃D) · ∂ B̃D

∂m
= f ′(B̃D) · (−F̄)

The derivative of the funding supply function is:

f ′(B̃) = β (1+χ)− 2β χB̃
b0

By Lemma 3, f is maximized at B̄ = (1+χ)b0
2χ

, so f ′(B̃)> 0 for B̃ < B̄ and f ′(B̃)< 0 for B̃ > B̄.
In region 2, we have B̃D < B̃∗

2. From Lemma 6, B̃∗
2 < B̄. Therefore B̃D < B̄, which implies

f ′(B̃D)> 0.
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Consequently:
∂S

∂m
= f ′(B̃D) · (−F̄)< 0

Thus S is strictly decreasing in m for m ∈ (m̃1, m̃2).
Region 3: m ∈ [m̃2,1]. By case (a), for m ≥ m̃2:

S = 0

Therefore ∂S
∂m = 0 for all m ∈ [m̃2,1].

Step 2: Continuity at m = m̃1.
We need to verify that:

lim
m→m̃−

1

S (m) = S (m̃1) = lim
m→m̃+

1

S (m)

From the left (m < m̃1, case (c)):

lim
m→m̃−

1

S (m) =
b0

β χ

√
∆̃ = B̃∗

2 − B̃∗
1

At m = m̃1, by definition (equation 39), we have:

m̃1 =
F̄ + T̄ +αPY − B̃∗

2
F̄

⇒ B̃D(m̃1) = (1− m̃1)F̄ + T̄ +αPY = B̃∗
2

From the right (m > m̃1, case (b)):

lim
m→m̃+

1

S (m) = β (B̃D(m̃1)− B̃∗
1)

[
(1+χ)− χ(B̃D(m̃1)+ B̃∗

1)

b0

]

= β (B̃∗
2 − B̃∗

1)

[
(1+χ)− χ(B̃∗

2 + B̃∗
1)

b0

]
To show this equals B̃∗

2 − B̃∗
1, we use the steady state conditions. Both B̃∗

1 and B̃∗
2 satisfy

PB(B̃∗
j ,0)B̃

∗
j = B̃∗

j − (T̄ +αY ), which gives:

β

(
1+χ −

χB̃∗
j

b0

)
B̃∗

j = B̃∗
j − (T̄ +αY ), j ∈ {1,2}

Subtracting the equation for B̃∗
1 from that for B̃∗

2:

β (1+χ)(B̃∗
2 − B̃∗

1)−
β χ

b0
[(B̃∗

2)
2 − (B̃∗

1)
2] = B̃∗

2 − B̃∗
1
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Factoring the left side:

β (B̃∗
2 − B̃∗

1)

[
(1+χ)− χ(B̃∗

2 + B̃∗
1)

b0

]
= B̃∗

2 − B̃∗
1

Therefore:
lim

m→m̃+
1

S (m) = B̃∗
2 − B̃∗

1 = lim
m→m̃−

1

S (m)

establishing continuity at m = m̃1.
Step 3: Continuity at m = m̃2.
At m = m̃2, by definition:

m̃2 =
F̄ + T̄ +αPY − B̃∗

1
F̄

⇒ B̃D(m̃2) = (1− m̃2)F̄ + T̄ +αPY = B̃∗
1

From the left (m < m̃2, case (b)):

lim
m→m̃−

2

S (m) = β (B̃D(m̃2)− B̃∗
1)

[
(1+χ)− χ(B̃D(m̃2)+ B̃∗

1)

b0

]

= β (B̃∗
1 − B̃∗

1)

[
(1+χ)− χ(B̃∗

1 + B̃∗
1)

b0

]
= 0

From the right (m ≥ m̃2, case (a)):

lim
m→m̃+

2

S (m) = 0

Therefore continuity holds at m = m̃2.
Since S is weakly decreasing in each region and continuous at the boundaries, it is weakly

decreasing on [0,1].

Effect of Central Bank Capital α on S

We now analyze how α affects S , carefully accounting for regime changes. Recall from equation
(42):

τ̃0 =− b0

4β χ
[β (1+χ)−1]2 −αY

and from Lemma 7, both m̃1 and m̃2 are strictly increasing in α .
Key observations:

1. ∂ τ̃0
∂α

=−Y < 0: Higher α lowers the threshold τ̃0
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2. ∂ m̃1
∂α

> 0 and ∂ m̃2
∂α

> 0 (Lemma 7)

3. ∂ ∆̃

∂α
= 4β χY

b0
> 0 (from equation (41))

4. ∂ B̃∗
1

∂α
< 0 and ∂ B̃∗

2
∂α

> 0 (Lemma 6)

5. ∂ B̃D

∂α
= PY > 0 (from equation (37))

Starting in Case (a) with T̄ < τ̃0(α):
As α increases, τ̃0 decreases. If α increases sufficiently so that T̄ > τ̃0(α

′) for the new level
α ′, the system may transition to case (b) or (c), depending on the value of m relative to m̃1(α

′) and
m̃2(α

′).

• If m < m̃1(α
′), the system enters case (c) with S = b0

β χ

√
∆̃(α ′)> 0

• If m̃1(α
′)< m < m̃2(α

′), the system enters case (b) with S > 0

• If m ≥ m̃2(α
′), the system remains in case (a) with S = 0

In all transitions from case (a), sustainability either remains at zero or increases, so dS
dα

≥ 0.
Starting in Case (b) with T̄ > τ̃0(α) and m̃1(α)< m < m̃2(α):
Within case (b), the direct effect is:

∂S

∂α

∣∣∣∣
case (b)

=
∂

∂α

[
β (B̃D − B̃∗

1)

[
(1+χ)− χ(B̃D + B̃∗

1)

b0

]]

Since ∂ B̃D

∂α
=PY > 0 and ∂ B̃∗

1
∂α

< 0, the gap B̃D− B̃∗
1 increases with α . Moreover, the sum B̃D+ B̃∗

1

increases with α (since the increase in B̃D dominates the decrease in B̃∗
1 as PY > Y ).

The net effect is positive: ∂S
∂α

∣∣∣∣
case (b)

> 0.

Regime transition: As α increases, m̃1(α) increases. If m < m̃1(α
′) for some α ′ > α , the

system transitions from case (b) to case (c).
At the transition point where m = m̃1, we showed earlier that:

S
∣∣
case (b) = S

∣∣
case (c) = B̃∗

2 − B̃∗
1

so S is continuous at the transition. Moreover, in case (c):

S =
b0

β χ

√
∆̃(α)

which is strictly increasing in α since ∂ ∆̃

∂α
> 0.
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Therefore, through this transition, S continues to increase with α .
Starting in Case (c) with T̄ > τ̃0(α) and m ≤ m̃1(α):
Within case (c):

S =
b0

β χ

√
∆̃(α)

Therefore:
dS

dα
=

b0

β χ
· 1

2
√

∆̃
· 4β χY

b0
=

2Y√
∆̃
> 0

Regime transition: As α increases, m̃1(α) increases. The system remains in case (c) as long
as m ≤ m̃1(α). Since m̃1 is increasing in α , if the system was in case (c) for some α , it remains in
case (c) for all α ′ > α (it cannot transition back to case (b)).

Summary of α effects:
Combining all cases and transitions:

1. Direct effect within regime: In both case (b) and case (c), S strictly increases with α

2. Transition from case (a) to case (b) or (c): S increases from 0 to a positive value

3. Transition from case (b) to case (c): S is continuous and continues to increase

4. No other transitions occur (cannot go from case (c) to (b), or from any higher case to case
(a))

Therefore, dS
dα

≥ 0 globally, with strict inequality whenever S > 0. This establishes that S

increases with central bank capital α , accounting for all regime changes.

A.14 Proof of Theorem 1

To prove Theorem 1, let’s consider a one-time QE intervention at time t where the central bank
purchases ∆BCB > 0 additional government bonds, funded through capital reduction while keeping
remittances TCB

t unchanged. Let αt+1 = αt denote the counterfactual capital without QE, and
α ′

t+1 = αt +∆α denote capital with QE. We work with non-default scenarios at t + 1. We will
prove each prediction of Theorem 1:

1. Net debt reduction and capital erosion: net debt declines during the intervention (B̃′
t+1 <

B̃t+1), and central bank capital becomes lower (∆α < 0). Note that the net debt reduction
is temporary but capital erosion is permanent. The lower contemporaneous interest rate is
equivalent to lower net debt.

2. Steady state effects:
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• The stable steady state increases: B̃∗
1(α

′
t+1)> B̃∗

1(αt)

• The unstable steady state decreases: B̃∗
2(α

′
t+1)< B̃∗

2(αt)

• Distance between steady states shrinks: B̃∗
2(α

′
t+1)− B̃∗

1(α
′
t+1)< B̃∗

2(αt)− B̃∗
1(αt)

3. Default boundary: B̃D(α ′
t+1) = B̃D(αt)−PY |∆α|< B̃D(αt)

4. Debt sustainability: By Proposition 7, sustainability S weakly decreases: S (α ′
t+1) ≤

S (αt), with strict inequality if S (αt)> 0.

5. Regime collapse: There exists ᾱ > 0 such that if αt < ᾱ , then T̄ < τ̃0(αt), implying no
stable steady state exists (case (a) of Proposition 6) and S = 0.

Part (i): QE reduces net debt (B̃′
t+1 < B̃t+1) and depletes capital (∆α < 0).

From equation (47), with QE the consolidated budget constraint is:

PB
t (B̃

′
t+1,δ

′
t+1)B̃

′
t+1 = PY

t ∆α + B̃t − (T̄ +αtY ) (A18)

Without QE (where αt+1 = αt), equation (34) gives:

PB
t (B̃t+1,δt+1)B̃t+1 = B̃t − (T̄ +αtY ) (A19)

Subtracting equation (A18) with (A19), we obtain

PB
t (B̃

′
t+1,0)B̃

′
t+1 −PB

t (B̃t+1,0)B̃t+1 = PY
t ∆α (A20)

where since we assume no default in either scenario, δt+1 = δ ′
t+1 = 0.

Combining equation (50) with (A20), we obtain

PB(B̃′
t+1,0)[B̃

′
t+1 +BCB

t+1 +∆BCB] = PB(B̃t+1,0)[B̃t+1 +BCB
t+1] (A21)

Define x := B̃′
t+1 − B̃t+1 and:

L(x) := PB(x+ B̃t+1,0)(x+∆BCB +Bt+1)−PB(B̃t+1,0)Bt+1, (A22)

where Bt+1 := B̃t+1 +BCB
t+1 is the total debt absent from QE policy. We seek x such that L(x) = 0.

Step 1: Properties of L(x).
Using PB(B̃,0) = β

[
(1+χ)− χB̃

b0

]
and expanding:

L(x) = ax2 +bx+ c (A23)
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where:

a =−β χ

b0
< 0 (A24)

b = β

[
(1+χ)− χ

b0
(∆BCB +Bt+1 + B̃t+1)

]
(A25)

c = PB(B̃t+1,0)∆BCB > 0 (A26)

Therefore:

• L(x) is a downward-opening parabola (a < 0)

• L(0) = c > 0

• limx→±∞ L(x) =−∞

Since L is continuous with a < 0 and L(0)> 0, there exist exactly two real roots: x− < 0 < x+.
Step 2: Rule out the positive root.
The positive root x+ gives B̃′

t+1 = x++ B̃t+1 > B̃t+1.
By Lemma 6, B̃t+1 < B̄ = (1+χ)b0

2χ
, where B̄ is the debt level that maximizes funding supply.

The government chooses minimal debt issuance consistent with its budget constraint, which means
it operates on the increasing portion of the funding supply curve: B̃t+1 < B̄.

The vertex of L(x) is at:

xv =
b0

2χ

[
(1+χ)− χ

b0
(∆BCB +Bt+1 + B̃t+1)

]
= B̄− ∆BCB +Bt+1 + B̃t+1

2
(A27)

Since ∆BCB,BCB
t+1 > 0:

xv < B̄− B̃t+1 (A28)

If we can show that L(B̄− B̃t+1)> 0, then we can conclude that x+ > B̄− B̃t+1 and thus B̃′
t+1 > B̄,

leading to a contradiction, so x+ cannot be a solution. In what follows of this step, we focus on
showing L(B̄− B̃t+1)> 0.

Expanding L(B̄− B̃t+1), we get

L(B̄− B̃t+1) = β
1+χ

2
[B̄+∆BCB +BCB

t+1]−β

[
(1+χ)− χB̃t+1

b0

]
Bt+1 (A29)
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Dividing by β and simplifying:

L(B̄− B̃t+1)

β
=

1+χ

2
B̄− (1+χ)Bt+1 +

χB̃t+1Bt+1

b0
+

1+χ

2
∆BCB +

1+χ

2
BCB

t+1

=
1+χ

2
B̄− (1+χ)Bt+1 +

χB̃t+1Bt+1

b0
+

1+χ

2
∆BCB +

1+χ

2
BCB

t+1

= (B̄− B̃t+1)

[
1+χ

2
− χBt+1

b0

]
+

1+χ

2
∆BCB +

1+χ

2
BCB

t+1

=
χ

b0
(B̄− B̃t+1)

(
1+χ

2
b0

χ
− B̃t+1

)
− (B̄− B̃t+1)

χBCB
t+1

b0
+

1+χ

2
BCB

t+1 +
1+χ

2
∆BCB

=
χ

b0
(B̄− B̃t+1)

(
1+χ

2
b0

χ
− B̃t+1

)
+

χ

b0
BCB

t+1

[
1+χ

2
b0

χ
− (B̄− B̃t+1)

]
+

1+χ

2
∆BCB

(A30)

As defined in Lemma 3, B̄ = 1+χ

2
b0
χ

, we can further simplify the above equation into

L(B̄− B̃t+1)

β
=

χ

b0
(B̄− B̃t+1)

2 +
χ

b0
BCB

t+1B̃t+1 +
1+χ

2
∆BCB. (A31)

Clearly, each term in equation (A31) is positive, leading to

L(B̄− B̃t+1)

β
> 0 (A32)

According to the property of the probola, this implies that the positive root is larger than B̄− B̃t+1,
leading to B̃′

t+1 = x++ B̃t+1 > B̄, which violates the government’s selection criterion of choosing
minimal debt on the increasing portion of the funding supply curve. Therefore, x̄ cannot be a
solution. The unique economically relevant solution is x = x− < 0.

Step 3: Conclude B̃′
t+1 < B̃t+1 and ∆α < 0.

Since x− < 0, we have B̃′
t+1 < B̃t+1. From equation (43):

PY
∆α = BCB

t+1[P
B(B̃t+1,0)−PB(B̃′

t+1,0)]−PB(B̃′
t+1,0)∆BCB < 0 (A33)

where both terms are negative because PB is strictly decreasing.
Therefore ∆α < 0.

Part (ii): Steady state effects.

As shown in part (i), QE reduces central bank capital. Following Lemma 6, a lower central bank
capital increases the stable B̃∗

1 but reduces the unstable B̃∗
2, making them closer and therefore the
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system more fragile.

Part (iii): Default boundary.

According to Proposition 5, lower central bank capital reduces the default boundary B̃D
t . Given

that QE lowers the central bank capital, it follows immediately that it lowers the default boundary,
which then makes government default possible at lower level of net debt.

Part (iv): Debt sustainability.

This follows directly from Proposition 7, which establishes that S is weakly increasing in central
bank capital (with strict inequality whenever S > 0). Given that QE lowers central bank capital,
it reduces debt sustainability.

A.15 Proof of Theorem 2

We will construct a QE policy that suppress interest rate below the steady state, and show that this
requires central bank depletion of its capital at a rate bounded below. Thus, central bank capital is
depleted at finite time. Afterwards, due to no further central bank capital support, debt rises to a
new larger steady state, or explodes until default.

Consider a sustained QE program where the central bank continuously purchases government
bonds over periods t0+1, . . . , t0+tmax, maintaining purchases ∆BCB

s > 0 at each date s∈ [t0+1, t0+
tmax] while capital remains positive. We maintain the assumption that before QE, the consolidated
primary surplus is negative, T̄ +α0Y < 0, the central bank keeps capital constant (α0 = α1 = · · ·=
αt0), and the economy has a stable steady state (case (b) or (c) in Proposition 6).

Part 1: Debt Suppression Target and Capital Depletion

Without QE, the economy converges to the steady state B̃∗
1(α0) with capital α0, satisfying:

PB(B̃∗
1,0)B̃

∗
1 = B̃∗

1 − (T̄ +α0Y ) (A34)

Define the excess funding function:

g(B̃) := PB(B̃,0)B̃− B̃ = β

(
(1+χ)− χB̃

b0

)
B̃− B̃ (A35)

At steady state: g(B̃∗
1) =−(T̄ +α0Y )> 0. Moreover, the function g(·) is increasing in the relevant

range of (0, B̃∗
1(α)) for any α that leads to a solution of B̃∗

1(α).
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Next, we note that given the price function PB(B̃,0), a QE target for lower interest rate is one-
to-one mapping to a lower net debt. Denote that suppressed net debt target as B̃′ < B̃∗

1(α0). At time
t0, the consolidated budget constraint is

PB(B̃′,0)B̃′ = PY (αt0+1 −αt0)+ B̃∗
1(α0)− (T̄ +α0Y ) (A36)

Rewriting equation (A36), we get

g(B̃′) = PY (αt0+1 −αt0)+ B̃∗
1(α0)− B̃′+g(B̃∗

1(α0)) (A37)

Denote change of central bank capital as

∆αt+1 ≡ αt+1 −αt . (A38)

Then we can solve for ∆αt0+1 using (A37),

PY
∆αt0+1 = g(B̃′)−g(B̃∗

1(α0))+ B̃′− B̃∗
1(α0) (A39)

Since g(·) is increasing in the relevant range of (0, B̃∗
1(α0)) and B̃′ < B̃∗

1(α0), we have

g(B̃′)−g(B̃∗
1(α0))< 0. (A40)

As a result,
∆αt0+1 =

1
PY

(
g(B̃′)−g(B̃∗

1(α0))+ B̃′− B̃∗
1(α0)

)
< 0 (A41)

confirming that capital depletion is necessary to maintain the suppressed debt level at time t0 +1.
By assumption, central bank uses QE to keep a constant low interest rate, leading to a constant

net debt B̃′. Thus, the consolidated budget constraint at time s ≥ t0 +1 implies

∆αs+1 =
1

PY

(
g(B̃′)+(T̄ +αsY )

)
=

1
PY

(
g(B̃′)+(T̄ +α0Y )+(αs −α0)Y

)
=

1
PY

(
g(B̃′)−g(B̃∗

1(α0))+(αs −α0)Y
) (A42)

Suppose that ∆αk < 0 is true for k ∈ {t0 +1, · · · ,s}, then we have

αs −α0 = αs −αt0 =
s

∑
k=t0+1

(αk −αk−1)< 0 (A43)
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Equation (A43) together with (A40) imply that equation (A42) leads to ∆αs+1 < 0. This finishes
induction and shows that

∆αk < 0 for any k ∈ {t0 +1, · · · , t0 + tmax}, (A44)

where t0 + tmax is the maximum time where capital is still positive. We will show tmax < ∞ in part
3 of the proof.

Part 2: Increasing Depletion Requirement

Since αs is decreasing over time according to (A44), i.e., αs+1 < αs, according to (A42), we
have ∆αs+1 < ∆αs < 0. Therefore, maintaining the same suppressed interest rate becomes more
difficult, requiring stronger central bank capital depletion over time. In summary, the magnitude
of capital depletion increases over time:

|∆αs+1|> |∆αs| (A45)

Economic interpretation: As the central bank’s capital shrinks, its income αsY decreases, wors-
ening the consolidated fiscal position. To keep net debt constant despite this deteriorating fiscal
position, the central bank must sell capital at an accelerating rate.

According to the inequality (A45), the capital depletion magnitude at period s ≥ t0 + 1 is
bounded from below:

|∆αs| ≥ δmin ≡ min
s≥t0+1

|∆αs|= |∆αt0+1|> 0 (A46)

Critically, δmin is strictly positive and independent of the path dynamics.

Part 3: Finite Time Bound

Starting from capital αt0 = α0, the capital after k periods is:

αt+k = αt0 +
k

∑
j=1

∆αt0+ j = αt0 −
k

∑
j=1

|∆αt0+ j| (A47)

Since |∆αt+ j| ≥ δmin for all j:
αt+k ≤ αt − k ·δmin (A48)

The capital is exhausted when αt0+k ≤ 0, which occurs by:

tmax +1 =

⌈
αt0

δmin

⌉
< ∞ (A49)
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Therefore, the QE program can maintain suppressed net debt at B̃′ for at most tmax periods,
where T ∗ is finite and explicitly bounded.

Part 4: Sharp Reversal After Capital Exhaustion

At period t0 + tmax, capital is exhausted and can no longer support continued low interest rates at
net debt level B̃′. For simplicity, we take the remaining central bank capital αt0+tmax ≈ 0. For all
t ≥ t0 + tmax +1, we have ∆αt = 0, so there is no more central bank support.

Inability to continue suppression. At t = t0 + tmax +1, the budget constraint requires:

PB(B̃t0+tmax+1,0)B̃t0+tmax+1 = B̃′− (T̄ +αt0+tmaxY )≈ B̃′− T̄ (A50)

But maintaining B̃t0+tmax+1 = B̃′ would require:

PB(B̃′,0)B̃′ = B̃′− T̄ (A51)

g(B̃′) =−T̄ (A52)

However, from Part 1, we know g(B̃′)< g(B̃∗
1(α0)) =−(T̄ +α0Y )<−T̄ . Therefore:

PB(B̃′,0)B̃′ < B̃′− T̄ (A53)

The funding supply at B̃′ is insufficient to meet the funding requirement. The government
cannot refinance at the suppressed debt level.

Net debt jumps upward.

At period t0 + tmax +1, with αt0+tmax ≈ 0, the consolidated budget constraint requires:

PB(B̃t0+tmax+1,0)B̃t0+tmax+1 = B̃′− T̄ (A54)

Using g(B̃) := PB(B̃,0)B̃− B̃, this becomes:

g(B̃t0+tmax+1) = B̃′− T̄ − B̃t0+tmax+1 (A55)

Suppose the government could maintain B̃t0+tmax+1 = B̃′. This would require g(B̃′) = −T̄ .
However, from Part 1, since g is strictly increasing and B̃′ < B̃∗

1(α0):

g(B̃′)< g(B̃∗
1(α0)) =−(T̄ +α0Y )<−T̄ (A56)

Therefore:
PB(B̃′,0)B̃′ = g(B̃′)+ B̃′ < B̃′− T̄ (A57)
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The funding supply at B̃′ is insufficient. Since the funding supply function S(B̃) := PB(B̃,0)B̃
is strictly increasing on [0, B̄] (by Lemma 3), there exists a unique B̃t0+tmax+1 > B̃′ satisfying (A54).
Net debt must jump upward.

Interest rate spike. The interest rate jumps from:

R′
t0+tmax

=
1

PB(B̃′,0)
(A58)

to:
Rt0+tmax+1 =

1
PB(B̃t0+tmax+1,0)

(A59)

The magnitude of the spike is:

∆R = Rt0+tmax+1 −R′
t0+tmax

=
1

PB(B̃t0+tmax+1,0)
− 1

PB(B̃′,0)
> 0 (A60)

Using the price function PB(B̃,0) = β [1+χ(1− B̃/b0)]:

∆R =
1
β

[
1

1+χ(1− B̃t0+tmax+1/b0)
− 1

1+χ(1− B̃′/b0)

]
(A61)

Since B̃t0+tmax+1 > B̃′, we have ∆R > 0, confirming a sharp increase.
Continued accumulation. For periods s > t0 + tmax, net debt continues to rise toward the new

steady state B̃∗
1(0), which satisfies:

g(B̃∗
1(0)) =−T̄ (A62)

By Lemma 6, B̃∗
1(0) > B̃∗

1(α0), confirming that the post-QE steady state involves higher debt
and interest rates than the original steady state.

Moreover, it is possible that there is no solution to (A62). This becomes case (a) of Proposition
6 and debt dynamics become explosive.

A.16 Proof of Theorem 3

From equation (42), the threshold for existence of steady states is:

τ̃0(α) =− b0

4β χ
[β (1+χ)−1]2 −αY (A63)

This is strictly decreasing in α:
∂ τ̃0

∂α
=−Y < 0 (A64)
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By Proposition 6(a), if T̄ < τ̃0(α), then no steady state exists and S = 0. Then define

α
∗ :=

1
Y

[
T̄ +

b0

4β χ
[β (1+χ)−1]2

]
(A65)

as the critical capital level where T̄ = τ̃0(ᾱ).
Under the parametric assumption that α∗ ∈ (0,α0), a sufficiently large QE at time t reduces

αt from above α∗ to αt+1 below α∗, leading to a change from T̄ > τ̃0(αt) to T̄ < τ̃0(αt+1). Also
assume that m < m̃2, so that before QE, the steady state of the economy belongs to case (b) or (c) in
Proposition 6. However, after QE, the steady state no longer exists as shown by Proposition 6(a),
leading to explosive debt dynamics and default in finite time.
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