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Abstract

We develop a unified framework to disentangle school effects and peer effects on
student achievement. Identification leverages exogenous tie‐breaker lotteries in cen-
tralized school choice systems. To preserve statistical power while accounting for the
potential non-linearity of peer effect, we summarize treatments and confounders par-
simoniously: the full distribution of peers’ baseline scores is captured by functional
principal components (FPCA), and selection on observables is addressed by condi-
tioning on expected peer distributions and school‐specific admission probabilities; lot-
tery–based deviations from these expectations provide instruments for realized peers.
Applying the approach to New York City middle schools, we find a non-monotonic
and non-linear peer effect: performance varies with the gap between classmates’ and
a student’s own baseline scores, exhibiting both a rank effect and positive spillovers in
parts of the distribution of peer baseline test scores. When we estimate school effects
net of peers, the cross-school dispersion of value added rises by about 20% relative
to conventional VA measures that omit peers, indicating that peer composition com-
presses VA estimates.

Keywords: Peer Effects, School Value-Added, Functional Principal Component Anal-
ysis, Educational Production Function

JEL Codes: I21, C31, I24, C26
∗Boston College, laverdem@bc.edu.
†University of Michigan, minseonp@umich.edu.
‡University of Tokyo, sjson@e.u-tokyo.ac.jp.



1 Introduction

Disentangling school and peer effects is essential for evaluating policies that alter students’
school assignments. Examples include shifts to open enrollment, expansions of the char-
ter sector, changes in admission rules at selective schools, and district decisions to close
schools. All such policies alter both the school students attend and the set of peers stu-
dents encounter, and hence measuring their separate contributions is important for policy
design and evaluation.

Relatedly, school accountability systems often rely on school value-added (VA) mea-
sures to assess performance and make high-stakes decisions such as closures. For such
policies to be effective, VA must capture the causal contribution of the school itself rather
than a mixture of school performance and peer effects. Despite its importance, much of
the existing literature treats school effects and peer effects separately.

To fill this gap, we develop a unified framework that models test score production as
a function of both the distribution of peer test scores and school effects. We show that
both peer and school VA can be identified in our setting, and provide an estimation pro-
cedure that leverages assignment lotteries and can be applied to administrative data from
centralized school choice systems. Crucially, our approach allows the full distribution of
peer test scores—not only the mean—to influence outcomes. To summarize the distribu-
tion and make the estimation feasible, we apply functional principal component analysis
(FPCA) and express the peer distribution as a combination of a finite number of princi-
pal components (Chang, Durlauf, Lee, and Park, 2023). To account for the endogeneity
of the peer distribution, we use students’ submitted preferences and priorities, summa-
rized by the expected distribution of peer scores conditional on these confounders and the
propensity scores for assignment into each school (Borusyak and Hull, 2023). Summariz-
ing treatments and confounders in this way reduces the dimensionality of these objects
and improves statistical efficiency.

We apply the method to data from New York City’s centralized middle school choice
system to study non-linear peer effects and school effects. Our results reveal that peer
effects are non-linear, non-monotonic, and heterogeneous. Under the observed peer com-
positions, an incoming student who is in the bottom 10% of the achievement distribution
experiences larger peer effect gains at the most and least selective schools in the city, while
for a student in the top 10%, peer effects are lower at the most selective schools. We find
that after netting out peer effects, value-added estimates are more dispersed than conven-
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tional measures, suggesting a correlation between peer and school effects.
Empirical models of peer effects often focus on the influence of the average peer, rather

than examining the impact of peers across different positions in the peer distribution. This
approach is primarily chosen for convenience because assessing the full range of peer ef-
fects is complex. It involves handling the dimensionality of distribution functions and
the corresponding lack of statistical power for accurate estimation (Hoxby, 2006). More-
over, the need for methods that leverage exogenous variation in peer composition further
reduces power, making the estimation of flexible peer effect models prohibitive. On a sub-
stantive level, it is crucial to consider non-linearmodels of peer effects to address questions
about student reassignments effectively. Under a linearmodel, student reassignments can-
not affect aggregate outcomes by construction.

Our test score production function explicitly models both peer and school effects. The
production function incorporates three key inputs: the school a student attends, the dis-
tribution of peers’ ability (proxied by their past test scores), and the student’s own ability.
Our specification is general and can nest the often considered linear-in-means model. For
added flexibility, we allow the peer and school effects to be heterogeneous across students
along observable dimensions.

To address the endogeneity of observed peer composition and school enrollment, we
leverage the conditionally randomassignments generated by tie-breaking lotteries embed-
ded in the student assignment algorithm. We use administrative data fromNewYork City
(NYC), focusing on public middle school students. NYC uses Deferred Acceptance (DA)
to determine school assignments, taking students’ submitted preferences and schools’ ad-
mission priorities. Priorities are often coarse. In the case of ties, tie-breaking lotteries are
used, creating sizable exogenous variation in school assignments and peer composition.

Our estimation strategy addresses two key econometric challenges that arise from the
high-dimensional nature of both treatments and confounders. First, we summarize one
component of the treatment—the peer distribution—using functional principal compo-
nent analysis (FPCA), which captures the full distribution of peer test scores with only
a few (three to five) basis functions while retaining most variation (93-97%). With this
methodology, each student’s peer density function can be approximated by the weighted
sum of basis functions. These weights provide a finite-dimensional representation of the
distribution that we use as regressors in our production function model.

Second, we summarize confounders using the recentering approach of Borusyak and
Hull (2023). This procedure isolates exogenous lottery-based variation by taking the differ-
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ence between realized and expected values of (1) school assignments and (2) co-assigned
peer distributions. Realized values reflect both endogenous variation (from student pref-
erences and school priorities) and lottery variation. The expected values—computed by
averagingmany runs of the centralized algorithmunder simulated lotteries—capture only
the endogenous component, so their difference isolates the exogenous lottery variation.

Our identification results clarify that certain features of our empirical analysis—such
as non-linearity of peer effects or time-constant school effects with multiple cohorts—are
not actually driving the identification. The results also show that we need two types of
exogenous variation due to the lottery: (1) variation in school assignments and (2) varia-
tion in peer composition within schools. We show that such variation is available in our
data: on average, 9.8% of students (over 21,000 students) switch schools across two sets of
lottery draws, and among non-switchers, 7.7% (over 13,500 students) experience a peer-
distribution change exceeding 5% in total variation distance.1 This highlights that even
students who do not face uncertainty in their school assignments may be subject to ran-
domness in their peer composition.

Finally, because enrollments may diverge from assignments, we face a compliance is-
sue. Since instrumenting hundreds of school indicators lacks sufficient statistical power
(Angrist, Hull, Pathak, andWalters, 2024), we estimate themodel using either (1) ordinary
least squares (OLS), controlling for assignment propensity scores and expected peer distri-
butions (our preferred specification), or (2) two-stage least squares (2SLS) instrumenting
co-enrolled peer distribution with recentered co-assigned peer distribution while assum-
ing school enrollment is conditionally independent.

Our empirical analysis reveals significant non-linearities and non-monotonicities in
peer effects that vary systematically across student characteristics. For low-achieving stu-
dents, we find a non-monotonic pattern: replacing 10% of same-scoring peers with peers
scoring one standard deviation higher actually decreases their own test scores by 0.02
standard deviations, consistent with rank or relative position effects documented in prior
literature (Carneiro, Aguayo, Salvati, and Schady, 2022; Carrell, Sacerdote, andWest, 2013;
Murphy and Weinhardt, 2020). However, the same students benefit when exposed to
much higher-achieving peers (2.5 standarddeviations above), gaining 0.02 standarddevia-
tions. In contrast, high-achieving students experience monotonically negative peer effects

1Total variation distance (TVD) equals one half of the L1 distance between two discrete distributions and
can be interpreted as the minimum fraction of mass that must be relocated to transform one distribution
into the other. The TVD is calculated using 20 percentile-based bins of the peer score distribution.
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when exposed to higher-achieving peers. Standard linear-in-means peer effect models of-
ten miss these patterns or fail to detect any significant peer effects.

These non-linear peer effects have implications for school VA measurement. When we
estimate school effects net of peer effects rather than the conventional VA measures, we
findmore variation in school effects. This dispersion occurs because high-scoring students
sort into schoolswith high conventional VA, but their presence creates negative peer effects
for other high-achieving students, thereby compressing the observed VA measures.

Relation to the Literature Ourwork contributes to the literature on peer effects by exam-
ining the entire distribution of peer test scores, rather than focusing solely on the average
peer characteristic or a limited set of moments. Most studies in this area have analyzed
the effects of the mean peer test score or other summary statistics of the peer distribution.
A few notable exceptions include Hoxby and Weingarth Salyer (2006), Gibbons and Tel-
haj (2008), and Lavy, Silva, and Weinhardt (2009). Unlike these approaches, which often
represent non-linear effects by including covariates corresponding to groups of students
along the peer score distribution, we employ Functional Principal Component Analysis
(FPCA). This approach allows us to analyze peer effects flexibly while maintaining suffi-
cient statistical power. Substantively, our analysis uncovers some non-linear patterns of
peer influence that previous studies did not reveal. Specifically, we find consistent evi-
dence of both rank effects and learning effects, aligning with recent experimental findings
(Carneiro, Aguayo, Salvati, and Schady, 2022).

While random variation in school choice algorithms has been used to estimate school
effectiveness (Abdulkadiroğlu, Angrist, andPathak, 2014;Abdulkadiroğlu, Angrist, Narita,
and Pathak, 2017, 2022; Angrist, Hull, Pathak, andWalters, 2024), our paper presents iden-
tification results that clarify when lottery-induced variation can be used to recover both
peer and school effects. Our empirical strategy shows alternative assumptions that may
be used when, in practice, ideal conditions are not satisfied. Also, our strategy builds on
(Borusyak and Hull, 2023; Abdulkadiroğlu, Angrist, Narita, and Pathak, 2017) and devel-
ops a method to leverage the conditionally random assignments generated by centralized
algorithmswith known rules to identify peer effects. As other papers in the peer effects lit-
erature do, we leverage quasi-random peer assignments for identification of peer effects.
This follows work by Boozer and Cacciola (2001) and Duflo, Dupas, and Kremer (2008)
for primary and secondary education; and Sacerdote (2001); Zimmerman (2003); Carrell,
Fullerton, and West (2009); Lyle (2009) at higher education levels.
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Finally, our work is among a few studies that jointly identify and estimate school and
peer effects. To our knowledge, only a small number of papers (Allende, 2019; Woodcock,
Friesen, and Meilman Lomaz Cohn, 2025) are taking steps in this direction.

2 Model and Methods

2.1 Test Score Production Function

We consider the following production function of student i’s test score:

yi = αg +

∫
βg(r)fi(r)dr + µg

j(i) + εi (1)

where yi is the outcome of interest for student i, g ≡ g(i) is the demographic group that
i belongs to, r = τ − τi is the difference between a peer’s baseline test score τ and the
student i’s own baseline test score τi, fi(r) is the probability density function of relative
test scores r among i’s co-enrolled peers leaving i out, j(i) is the school that i enrolls in,
µj is the school j’s effect, and εi is the student’s ability, explained both by observables and
unobservables. While the parameters are indexed by the demographic group g, we drop
the indices for the sake of exposition unless necessary.

β(r) is interpretable as the effect per unit mass of peers at r. That is, for any two points
r and r′ in the support of fi and probability mass m, (β(r′) − β(r))m is the effect on yi of
removing a mass m of peers at approximately r and adding the same mass m of peers at
r′.2 Location of β(·) is normalized so that

∫
β(r)dr = 0.3

The key flexibility in our model is that we allow the entire distribution of peer scores
fi(r) to affect student outcomes. Our model nests many commonly studied specifications.
The most prominent among them is the linear-in-means model:

yi = α + b

∫
rfi(r)dr + µj(i) + εi (2)

2See Appendix A.1 for the proof. Approximation error arises from the finite sum approximation of an
integral.

3The location of β(·) has no inherent interpretation and is not separately identified from the intercept.
That is, we can always write α+ k+

∫
(β(r)− k)fi(r)dr for any constant k, as any density fi(·) integrates to

1.
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where b is a constant.4 This is a special case of our model with β(τ) = bτ . More generally,
any linear combinations of (centered)moments, which can bewritten as

∑k
l=1 bl

∫
τ lf(τ)dτ ,

can be represented in our model with β(τ) =
∑k

l=1 bl · τ l.5

We conceptually distinguish between peer and school effects as follows. School effect
µj includes the effect of teachers, principals, and school infrastructure, among others. Peer
effect captures, first, the direct interaction among students. But also, any response by
the school based on the student composition of that year is also part of the peer effect.
For example, teachers might change curriculum slightly from one year to another after
knowing the distribution of academic preparedness of students the school enrolls.

Whether fi(·) represents the distribution of peers’ relative test scores r = τ − τi or abso-
lute test scores τ is not crucial. We estimate peer effects separately for each ability group,
defined by a grouping of each student’s own baseline test score τi. Within these groups,
all students are evaluated against the similar baseline, which neutralizes the differences
between absolute and relative scores.

2.2 Random Variation and Summarizing Treatment and Confounders

Admission Lotteries in Centralized School Assignment To deal with the endogeneity
of observed peer composition and school enrollment, we leverage the conditionally ran-
dom assignments generated by random tie-breaking embedded in the student assignment
algorithm (Abdulkadiroğlu, Angrist, Narita, and Pathak, 2017). Our primary dataset from
NYC allocates students using a centralized DA algorithm. To determine the assignments,
DA takes in applicants’ reported rank-ordered lists (ROLs) (�i)i and priority groups (ρij)ij ,
which defines the schools’ preferences over applicants. However, often the priority groups
are coarse, i.e., many students are tied within the same priority group. When the schools
are oversubscribed and ties arise, the algorithm typically uses single-draw random lot-
teries (`i)i to break the ties. While students’ ROLs or priorities may be correlated with
unobserved ability, the tie-breaking lotteries aren’t, providing source of exogenous varia-
tion.

4More precisely, denoting τ to be the peer’s “absolute” test score, the literature’s specification is yi =
α+ b

∫
τfi(τ)dτ + εi. However, noting that r = τ − τi and denoting the density of r and τ by fr

i and fτ
i , we

have fr
i (x) = fτ

i (x + τi). Thus, b
∫
xfτ

i (x)dx = b
∫
(x + τi)f

r
i (x + τi)dx = b

∫
rfr

i (r)dr + bτi, meaning that
as long as we include τi as a covariate, it is not important whether we specify the model in terms of r or τ
under the linear-in-means framework.

5The centering may have to depend on groups. For example, within-group variance is captured by τ =
r − r̄g(i) where r̄g(i) denotes student i’s (leave-one-out) group mean and k = 2.
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While the DA mechanism clearly provides conditionally random variation in school
assignments, there remains at least three key econometric issues. The first issue is the
statistical efficiency. In our setting, both confounders and treatments are extremely high-
dimensional. Regarding the high dimensionality of confounders, note that a single stu-
dent’s assignment and peers can, in principle, depend on the rank-ordered lists and pri-
orities of all students. Letting θ ≡ (θi)i ≡ (�i, (ρij)j)i denote the vector of all students’
submitted preferences and priority groups, this creates a potentially enormous set of con-
founding variables that must be controlled for to isolate the exogenous variation from lot-
teries. Note also that one component of the treatment, the peer distribution, is a functional
treatment, which is nearly6 infinite-dimensional.

Below, we discuss how we summarize the high-dimensional peer distribution treat-
ment and the confounders.

Summarizing Peer Distribution with Functional Principal Components We have an
infinite-dimensional input—the distribution of peers’ test scores—in our structural equa-
tion 2. To reduce the dimensionality, we use a finite number of basis functions to approxi-
mate the distribution fi. Representation of a function with a finite-length vector allows us
to perform regression analyses in the usual way.

To achieve statistical efficiency, we adopt the approach of Chang, Durlauf, Lee, and
Park (2023), utilizing the leading functional principal components of (fi)i as our basis.
This method minimizes the mean squared approximation error in the L2 sense7 and en-
sures that such errors do not cause omitted variable bias. The orthogonality property
of principal components eliminates multicollinearity among regressors, enhancing effi-
ciency. In our application, FPCA finds a succinct set of basis functions that best capture
the variation in the distribution of peers’ baseline test scores.

We followChang, Durlauf, Lee, andPark (2023) to consider the estimation of the bench-
mark model 1 by FPCA. Most of the discussion below is adapted from their work. To
estimate the benchmark equation 1, we represent the functional covariate (fi)i by finite-
dimensional vectors.

Define inner product 〈β, fi〉 :=
∫
β(r)fi(r)ds. Using any orthonormal basis (vj) ≡

6We say nearly because the empirical distribution of test scores are nearly continuously distributed.
7The mean squared approximation error is minimized over all possible m-dimensional linear subspaces

of the function space, where m is the number of principal components used.
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(vj)
∞
j=1 of the functional space H8 for which f ∈ H , f can be written as

f =
∞∑
j=1

〈vj, f〉 vj.

Due to orthonormality, 〈vj, f〉 is the projection of f onto vj , or equivalently it is the coordi-
nate of f in the direction of vj . Because we use FPCA to obtain the orthonormal basis, our
(vj) are principal components of (fi)i. The ordering of (vj) is such thatm−leading principal
components are (vj)mj=1. Using the leading m functional principal components (vj)mj=1, we
may approximate (fi)i as

fi ≈
m∑
j=1

〈vj, fi〉 vj

with some m.
To represent the functional covariate (fi)i by m-dimensional vectors, we use the map-

ping π on H defined as

π(f) :=


〈v1, f〉

...
〈vm, f〉

 ∈ Rm.

That is, π is the mapping that takes in a function f and returns its m coordinates π(f) in
the directions of (vj)mj=1 as theirm−dimensional representation. Note that the peer effects
term in our test score production function can then be approximated as

∫
β(r)fi(r)ds ≡ 〈β, fi〉 ≈

〈
β,

m∑
j=1

〈vj, fi〉 vj

〉
=

m∑
j=1

〈vj, β〉 〈vj, fi〉 = π(β)′π(fi).

Therefore, the structural equation 2 can be approximated as

yi ≈ α + π(β)′π(fi) + µj(i) + εi (3)

which suggests thatwemay use π(fi) as regressors to estimate π(β). Denoting the estimate
8As in their paper, we only consider the functions β and (fi)i that are square integrable and belong to a

Hilbert space H with inner product 〈β, fi〉 =
∫
β(r)fi(r)ds.
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of π(β) by π̂(β), we can obtain an estimate for the functional parameter β(·) by

β̂(·) :=
m∑
j=1

π̂(β)jvj(·) '
m∑
j=1

π(β)jvj(·) ' β(·),

where the first approximation sign is due to the estimation error and the second is due to
the projection error. Chang, Durlauf, Lee, and Park (2023) shows that β̂(·) is a consistent es-
timator of β(·) projected onto (vj)

m
j=1, under regularity conditions and if π̂(β) is consistent

for π(β). While the basis functions (vj)j are built to best approximate (fi)i rather than β(·),
the Monte Carlo analysis in Figure A.1 demonstrates that β(·) is also well approximated
by these basis functions.

SummarizingHigh-DimensionalConfounders High-dimensional confounders is awell-
recognized challenge in statistics and econometrics. One standard approach is to construct
a summary of the confounders, such as the propensity score, that preserves desirable sta-
tistical properties including conditional independence (Rosenbaum and Rubin, 1983). In
centralized school choice settings, Abdulkadiroğlu, Angrist, Narita, and Pathak (2017) ap-
ply similar ideas by computing school assignment probabilities to control for non-random
student preferences and school priorities. Our setting presents additional complexity
as we must handle functional (or continuous) treatments representing peer distributions
(or their finite-vector representation) in addition to high-dimensional binary treatments
(school enrollments). While propensity scores are well-suited for binary treatments, they
do not readily extend to continuous treatments.

We resolve this challenge by utilizing the recentering approach developed by Borusyak
and Hull (2023) that allow for continuous treatments. Their approach works with “for-
mula treatments”—treatments computed from multiple sources of variation according
to a known rule. Our setting is a textbook example: both school assignments and peer
compositions are deterministic functions of students’ preferences, school priorities, and
random lottery draws. The key insight is to isolate the purely exogenous lottery-based
variation by “recentering” the assigned treatments around their expected values. The ex-
pecation is taken over the exogenous variation—the lottery draws in our case—and hence
serves as a control function that captures purely endogenous variation.

More specifically, let sai ∈ {0, 1}J denote the vector of binary indicators representing
student i’s assigned (offered) school, with J being the number of schools. Let fa

i denote the

9



corresponding co-assignedpeer distribution. Let si and fi represent the enrolled school and
co-enrolled peer distribution. The DA assignments can be written as known functions of
all students’ preferences and priorities θ = (θi′)i′ and the vector of random lottery draws
` = (`i′)i′ : (

sai

fa
i

)
=

(
gi(θ, `)

hi(θ, `)

)
(4)

This known functional form is crucial because it allows us to simulate counterfactual
assignments by drawing alternative lottery realizations `′ while holding the observed θ

fixed, allowing us to calculate the expected assignment vector (propensity scores) and peer
distributions E[sai |θ] =: pi and E[fa

i |θ]. In practice, we approximate these expectations
by simulating the DA algorithm across 1,000 independent lottery draws and computing
sample averages of the resulting assignments and peer distributions. Intuively, these ex-
pectations cancel out all the lottery-induced random variation, thereby reflecting purely
endogenous variation.

The recentered assignments sai − E[sai |θ] and recentered assigned peer distributions
fa
i −E[fa

i |θ]—which reflect purely exogenous variation—can then serve as instruments for
the endogenous enrolled school and peer distribution (si, fi). Provided relevance of the
recentered instruments, Borusyak and Hull (2023) show that the resulting instrumental-
variables estimator achives consistency for true parameters provided relevance and regu-
larity conditions.

A question that may arise is whether lotteries provide separate variation for peer and
school effects. We turn to this issue next.

2.3 Identification

Here we discuss the separate identification of peer and school effects. We abstract away
from statistical power considerations for now and return to this in the next subsection. The
goal of this subsection is twofold. The first is to demonstrate that the variation generated
by the lotteries are not “collinear”, in the sense that peer and school effects can be sepa-
rated out. The second is to clarify that certain features of our empirical analysis—such as
non-linearity of peer effects or time-constant school effects with multiple cohorts—are not
driving the identification. While they help, they are not necessary.

To clarify the sources of identification, we consider a more flexible model than what
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we use for empirical analysis:

yij = µ
τi,g(i)
j +

∫
βτi,g(i)(τ)fj(τ)dτ + εi.

This model is more flexible compared to our empirical analysis in several respects. First,
note that instead of βg(i)(r) with r = τ − τi representing the difference between a peer’s
baseline test score τ and the student i’s own test score τi, we have βτi,g(i)(τ). βτi,g(i)(τ) is a
more general form than βg(i)(r). Relatedly, fj(τ) now denotes the (absolute) peer test score
distribution within school j. To make the identification even more (ostensibly) difficult,
we do not use the leave-one-out distribution for the peer distribution. Also, school effects
µ
τi,g(i)
j (i) are allowed to vary across (τi, g(i)) rather than just g(i).

Note that we only observe yij for i’s enrolled school j(i):

yij(i) =
∑
j

sij

(
µ
τi,g(i)
j +

∫
βτi,g(i)(τ)fj(τ)dτ

)
︸ ︷︷ ︸

δ
τi,g(i)
j

+εi.

Condition on individuals with τi = τ ′, g(i) = g. For all schools j, consider saij −El[s
a
ij|θ] as

an instrument for sij . Exogeneity of the instrument with respect to the errors is satisfied
following the arguments of Borusyak and Hull (2023). Assume that rank condition is
satisfied, so that there is nondegenerate variation in the instrument for all j. Then, the
usual IV argument of instrumenting sij with saij −El[s

a
ij|θ] allows us to identify δτ

′,g
j for all

(τ ′, g).
Having identified δτ

′,g
j , we turn to separating the two terms—peer and school effects—

within it. Fix (τ ′, g) as before. Consider now a school-level equation:

δτ
′,g

j =

∫
βτ ′,g(τ)fj(τ)dτ + µτ ′,g

j

Consider instrumenting fj(τ)with fa
j (τ)−El[f

a
j (τ)|θ] for all τ . Assuming that rank condi-

tion holds, the terms in this equation can be identified by the usual IV argument. Instru-
ment exogneity is satisfied following the arguments of Borusyak and Hull (2023).

Note that same argument may be applied to the linear-in-means specification, regard-
less of whether one leaves out the student i.

Taking stock, student-level and school-level lottery-induced variation allow us to dis-
entangle peer and school effects. In particular, the two effects being “subsumed” by the
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school fixed effects in the student-level IV regression can be resolved by the second-stage
IV regression at the school level. While two rank conditions are assumed, they are less
about the separability of the two effects, and more about the power of the instruments to
provide variation for each “element” within each of the two effects (j for school effects and
τ for peer effects).

The identification is achieved even without leave-one-out distributions, non-linearity
of peer effects, availability ofmultiple cohorts data (and assuming time-constant school ef-
fects), or assuming constant school effects within groups g. On the other hand, we do have
these additional sources of identification, which only adds to the identification strength.

2.4 Empirical Strategy

One practical issue of identifying our production function is that many schools in central-
ized assignment systems are undersubscribed, meaning they admit all applicants and are
subject to little or no lottery-based variation; in such a case, saij −E[saij|θ] is nearly constant
for such j. This is a well-recognized limitation in the literature (Angrist, Hull, Pathak, and
Walters, 2024). Therefore, we use the Conditional Independence Assumption (CIA) as in
the literature:

Assumption 1 (Risk Controlled Conditional Independence Assumption (RC-CIA)).

εi ⊥⊥ si | (xi, pi)

This assumption states that, conditional on observed characteristics and propensity scores,
a student’s unobserved ability is independent of their school enrollment. Propensity scores
are admissions probability for each school, which can be calculated given that school as-
signment procedure is known. Put differently, RC-CIA imposes that observable character-
istics xi derives noncompliance with the assignment. Our xi includes students’ 5th grade
standardized test scores (lagged test scores), gender, ethnicity, Free-or-Reduced lunch el-
igibility, special education status, and English Learner status. Note that, under perfect
compliance, this assumption is satisfied automatically (Angrist, Hull, Pathak, andWalters,
2024), and this is what makes RC-CIA different from CIA in other value-added models
(Rosenbaum and Rubin, 1983; Chetty, Friedman, and Rockoff, 2014). In that sense, RC-
CIA is a statement about compliance with the assignment.9 Angrist, Hull, Pathak, and

9Angrist, Hull, Pathak, and Walters (2024) also shows that CIA is implied by εi ⊥⊥ si | (xi, pi, s
a
i ).
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Walters (2024) validates the assumption by comparing the results under RC-CIA with IV
estimates based on randomized school offers.

In a similar spirit to RC-CIA, we also consider the following assumption:

Assumption 2 (Augmented Risk Controlled Conditional Independence Assumption (aRC-
CIA)).

εi ⊥⊥ (si, fi) | (xi, pi, E[fa
i |θ])

Relative to RC-CIA, the main content of the assumption is that the a student’s co-
enrolled peer distribution is independent of their unobserved ability, conditional on the
observed characteristics, propensity scores, expected co-assigned peer distribution, and
enrolled school.10 There would be a violation of aRC-CIA if there is coordinated com-
pliance decision on unobserved ability not explained by xi, pi, si, E[fa

i |θ]. Like the RC-
CIA, this assumption is essentially a compliance condition: under perfect compliance, the
covariance-zero version is automatically satisfied. The aRC-CIA assumptionmotivates the
following OLS specification with:

yi =
m∑
k=1

bkc
ij
k +

∑
j

µjsij +
m∑
k=1

ρkE[zijk ] +
∑
j

γjpij +X ′
iα + εi (5)

where cijk are FPC coordinates of realized peer distribution,E[zijk ] are expected coordinates
of the co-assigned peer distribution, sij are school indicators, and pij are propensity scores.
This represents our main specification for the empirical analyses. As discussed in section
2.2, given the estimates (b̂k)k of (bk)k, we can derive an estimate of the functional parameter
β(·) by β̂(·) :=

∑m
j=1 b̂kvk(·).

Alternatively, the RC-CIA assumption motivates the following 2SLS procedure that
instruments realized distribution with co-assigned distribution, controlling for expected

10More specifically, aRC-CIA can be decomposed into the following two assumptions:

εi ⊥⊥ si | (xi, pi, E[fa
i |θ])

εi ⊥⊥ fi | (xi, pi, si, E[fa
i |θ])
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co-assigned distribution (Borusyak and Hull, 2023):

Second stage: yi =
m∑
k=1

bkc
ij
k +

∑
j

µjsij +
m∑
k=1

ρkE[zijk ] +
∑
j

γjpij +X ′
iα + εi (6)

First stage: cijk = δkz
ij
k + controls+ eik (7)

where zijk are the FPCA coordinates of the assigned peer distribution. Given the relatively
limited exogenous variation compared to OLS, estimating this equation separately for dif-
ferent demographic groups is challenging. Accordingly, we employ 2SLS as a robustness
specification in our analyses.

3 Estimates of Peer and School Effects

3.1 Data

We use middle school student-level data from the New York City Department of Edu-
cation (DOE) as the main data set for the analysis. Our sample consists of the 2014-15,
2015-16, and 2016-17 middle school application cohort. Across three cohorts, we have
138,318 students in the analysis sample after some data cleaning. We have data on stu-
dents’ test scores on the New York State Math and English Language Arts (ELA) tests. We
also observe students’ submitted rank-ordered lists, final school assignments, admissions
priorities at each school program, and demographic information. The demographic infor-
mation includes student race/ethnicity, English Language Learner status, and subsidized
lunch status.

Panel A of table 1 shows summary statistics of student characteristics. The mean of
baseline test score is 0.046 and 0.923, showing that our analysis sample is slightly higher
achieving than the whole population of NYC students who took the standardized tests.
50% of students in our analysis sample are male, 21%, 41%, and 18% are Black, Hispanic,
and Asian, respectively.

We estimate peer effect at each school by cohort level. There are 507 unique schools,
and 1,464 school by cohort. Table 1 shows summary statistics at school- and student-level.
As shown in panel B, an average school has 94 schools in their 6th grade, and the standard
deviation of the cohort size is 89. Comparing summary statistics of student characteristics
at the student- and school-level, the pattern shows that schools that larger schools have
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higher achieving, and less minority students.

Table 1: Summary Statistics

Mean SD
(1) (2)

Panel A: Student Characteristics (N=138318)
5th Grade Score 0.046 0.923
Male 0.504 0.500
Black 0.213 0.410
Hispanic 0.413 0.492
Asian 0.188 0.391
FRL 0.790 0.408
Special Education 0.208 0.406
ELL 0.097 0.296
Panel B: School Characteristics (N=1464)
6th Grade Size 94.480 89.577
Mean 5th Grade Score -0.144 0.508
Share Male 0.503 0.116
Share Black 0.311 0.281
Share Hispanic 0.437 0.269
Share Asian 0.115 0.169
Share FRL 0.841 0.198
Share Special Education 0.242 0.100
Share ELL 0.099 0.098

Note: This table reports summary statistics for the student- and school-by-cohort-level variables used in
the analysis. The 5th grade score is the average of students’ Math and English scores on the New York
State standardized test. FRL indicates Free- or Reduced-Price Lunch eligibility, and ELL indicates English-
Language Learner status.

3.2 Principal Components, and Variation for Identification

In this section, we show that we have still sufficient variation to obtain peer effects even
after controlling for a rich set of characteristics in our main specification 5, and such a
variation is as good as random by testing the identification assumptions.

Principal Components Figure 1 displays the first three functional principal components
(FPCs) of the co-enrolled peer score distribution, which summarize the main dimensions
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of variation in peers’ baseline test scores. The first component captures overall shifts in
peer quality, essentially reflecting differences inmean peer achievement. The second com-
ponent emphasizes dispersion around themean, distinguishing between peer groups that
are more homogeneous versus those with greater spread. The third component high-
lights asymmetry, capturing whether the peer distribution is skewed toward higher- or
lower-achieving students. Together, these three components account for more than ninety
percent of the total variation in peer distributions, providing a parsimonious yet rich rep-
resentation of the underlying functional treatment as explained in section 2.2.

Figure 1: The First Three Principal Components

Notes: The three panels display the first three functional principal components (FPCs) (vj) used to approx-
imate the peer–effect function fj(τ). Each curve is an eigenfunction of the estimated covariance operator
from our FPCA step, centered and L2-normalized (sign is arbitrary). These orthonormal basis functions
span the space in which we estimate β(·).

Identifying Variation In section 2.3, we established that lottery-induced variation pro-
vides separate identifying variation for peer and school effects, provided that the two rank
conditions at the student and school level, respectively.

Here, we investigate the feasibility of this identification approach with finite data. We
ask three questions: whether there exists sufficient variation to (1) separate the effects of
peers and schools, (2) identify the effects of all schools, and (3) identify the effects of peer
distribution.

Before proceeding to empirical results, we first examine why DA lotteries may provide
more identifying variation than initially apparent. As emphasized by Abdulkadiroğlu,
Angrist, Narita, and Pathak (2017), even schools with strict priority orderings (i.e., no
within-priority ties and thus no direct use of lottery tie-breakers) can experience effectively
random fluctuation in enrolled composition through rejection chains. Applicants who are
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randomly rejected at oversubscribed, lottery-using schools are redirected to lower-ranked
options, propagating randomness to schools that otherwise would not use tie-breakers.

Notably, our focus on peer effects provides supplementary sources of variation: we
leverage randomness not only in students’ own assignments but also in the assignments
of their peers. Even when student i’s own school assignment is effectively deterministic,
the composition of i’s peers can remain random because the students co-enrolling with i

are subject to lotteries at the schools they rank.
Now we turn to empirical evidence regarding the three questions. The first question

asks whether there exists sufficient separate variation for both peer and school effects.
This would be the case if there are sufficiently many students who, due to the lotteries, (1)
switch schools, and (2) among non-switchers, experience nonnegligible changes in their
peer distribution. Across two lottery draws, 9.8% (≈ 21,000 students) of students switch
schools, and among the non-switchers, 20.3%experience a distributional changewith total
variation distance (TVD11) ≥ 0.05.

The second question concerns whether there exists sufficient variation to identify the
effects of all individual schools. We address this challenge using established solutions
discussed in subsection 2.4.

When it comes to the third question, figure 2 illustrates the sources of variation that
underpin our identification strategy for peer effect, focusing on the first component for the
sake of space. In both panels, the horizontal axis shows the raw coordinates of the first
functional principal component of co-enrolled peer’s baseline test score distribution. The
vertical axis differs across panels: in the left panel we plot the residual variation in this
component after controlling for expected peer distributions, enrolled school dummies, as-
signment propensity scores, and rich student covariates xi. This is precisely the variation
we exploit in our OLS specification, net of predictable or endogenous components. In the
right panel, we plot the recentered coordinates of distribution of co-assigned peer’s base-
line test scores that serve as instruments in our 2SLS specification, capturing the exogenous
variation induced by the admission lotteries. As the figure shows, the usable variation is
naturally smaller than the raw dispersion of peer characteristics, but there remains sub-
stantial heterogeneity across students. In particular, the OLS residuals continue to span a
wide range, and even the IV-based variation retains nontrivial spread, confirming that we

11TVD equals one half of the L1 distance between two discrete distributions and can be interpreted as the
minimum fraction of mass that must be relocated to transform one distribution into the other. See Appendix
Table ?? for a full comparison across raw, binned, and smoothed representations.
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have sufficient statistical leverage for identification.

Figure 2: Raw vs. Identifying Variation

Next, we turn to ask if variations shown in figure 2 is as good as random, by testing
our identification assumptions. From aRC-CIA (Assumption 2), we can derive a weaker
condition as follows.

εi ⊥⊥ (si, fi) | (xi, pi, E[fa
i |θ]) ⇒ εi ⊥⊥ fi | (xi, pi, E[fa

i |θ], si) (8)

This condition is infeasible to test because first, εi is unobserved, and second, fi is high-
dimensional.

Instead, we test the following condition.

wi ⊥⊥ cijk | (xi, pi, E[cijk |θ], si) (9)

First, although εi is unobserved, we have a rich set of observable characteristics, wi,
that are not included in xi. We include students’ 5th grade standardized test scores (mean
of Math and English), their ethnicity, English-learner status, Free-or-Reduced lunch eli-
gibility, gender, and special education status in xi School district fixed effects are further
included.

Importantly, our identification concern mainly arises from non-compliance. Thus, we
include a set of characteristics that are not part of xi, but one might be suspicious to cause
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different behavior in compliance — students’ attendance record, the length of submitted
rank ordered list, and the log median income of their residential census tract. Further-
more, we replace distribution with FPCA coordinates as in our main specification.

Table 2 reports test results. Columns (1)-(3) present test results for equation 9. In each
column, we regress the share of present days in students’ 5th grade, the length of submit-
ted middle school application list, and the log of median income of students’ residential
census tract on {cijk }, controlling for expected peer distribution coordinates, propensity
scores, school enrollment dummies, and baseline observable characteristics included in xi.
We present p-values from the test that coefficients in front of {cijk } are jointly null. The joint
p-values indicate that balance is well satisfied, except for that that the test is marginally
rejected in column (1). At the same time, a few individual coefficients on the FPCA co-
ordinates show statistical significance in some specifications. We interpret this not as ev-
idence against validity but as a natural byproduct of testing multiple high-dimensional
instruments, where occasional significant coefficients can arise by chance even when the
joint test shows no systematic imbalance.

Columns (4)-(6) further checks if our instrumental variable, coordinates from re-centered
distribution of co-assigned peers, are correlatedwith variables inwi. These results provide
a benchmark given that the discrepancy between the co-assigned peers and the expected
co-assigned peers distribution is only generated by random tie-breaker, as explained in
section 3.2. Overall, the joint tests provide reassurance that our identifying variation is
plausibly exogenous and consistent with the assumptions underlying our empirical strat-
egy.
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Table 2: Tests for Identification Assumptions

aRC-CIA Assumption Validity of IV
Attendance (%) List Length log(Med. Income) Attendance (%) List Length log(Med. Income)

Joint test:
p-value 0.071 0.161 0.780 0.214 0.242 0.638

cij1 -0.011 -0.431 0.013
(0.006) (0.282) (0.043)

cij2 -0.002 0.058 -0.002
(0.002) (0.211) (0.013)

cij3 -0.004 0.214 0.003
(0.004) (0.324) (0.027)

zij1 − E[zij1 |θ] -0.006 0.270 0.025
(0.005) (0.228) (0.053)

zij2 − E[zij2 |θ] -0.013∗ 0.113 0.129
(0.006) (0.350) (0.066)

zij3 − E[zij3 |θ] 0.003 0.638 0.475∗∗
(0.009) (0.472) (0.099)

N 123,757 125,686 125,257 123,757 125,686 125,257
R2 0.180 0.405 0.623 0.137 0.159 0.216

Notes: Each column reports coefficients from regressions of the specifiedpre-treatment outcomeon the first three FPCAcoordinates of realized
peer distribution (testing for aRC-CIA) or recentered peer distribution (testing for IV validity). Attendance (%) is the share of present days out
of total school days in students’ 5th grade, list length is the number of schools listed in submitted middle school applications, and log(Med.
Income) is the log of median income of census tracts where students reside in their 5th grade. Columns (1)-(3) control for expected peer
distribution coordinates, propensity scores, school enrollment dummies, and baseline observable characteristics included in xi. p-values
correspond to wild-bootstrap tests of the joint significance of coordinates. Standard errors, clustered at the year by school district level, are
shown in parentheses. * p < 0.05, ** p < 0.01.
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3.3 Peer Effect

Figure 3: Non-linear Peer Effect under aRC-CIA

Notes: The figure plots the estimated peer effect function β̂(τ − τi) under the augmented Conditional In-
dependence Assumption (aRC-CIA). The horizontal axis represents the difference between peers’ baseline
test scores and the student’s own baseline score (τ − τi). The blue curve shows the non-parametric estimate
based on functional principal components with 95% confidence intervals, while the red line represents the
linear-in-means specification. The shaded gray area shows the empirical density of (τ − τi) in the data.
Standard errors are computed using a wild bootstrap clustered at the school-market level.

Figure 3 presents our main estimate of peer effects under the augmented conditional
independence assumption (aRC-CIA). The blue curve plots the nonparametric estimate of
β(τ − τi), the marginal effect of peers whose baseline achievement differs from student i’s
own baseline by r − ri. For comparison, the red line shows the corresponding estimate
from a conventional linear-in-means model. The shaded gray area depicts the empirical
density of r − ri, i.e., the distribution of relative peer achievement in the data.

The figure highlights two key findings. First, peer effects are distinctly non-linear: stu-
dents are negatively affected by peers slightly stronger than themselves but benefit from
exposure to much higher-achieving peers. This produces the inverted-S shape evident
in the blue curve. For example, replacing 10% of one’s peers who are only one stan-
dard deviation higher with peers two standard deviations lower increases the student’s
achievement by about 0.1 standard deviations. By contrast, replacing those same peers
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with much higher-achieving peers—two standard deviations above—yields a smaller but
still positive effect of about 0.05 standard deviations. In otherwords, students appear to be
discouraged when surrounded by slightly stronger peers but gain when exposed to much
stronger peers. Thus, our result is consistent with both rank effect found in other settings
(Murphy and Weinhardt, 2020; Carneiro, Aguayo, Salvati, and Schady, 2022) and positive
peer effect, especially from peers who are way better achieving than students themselves
(‘shining light’). This inverted-S shape stands in stark contrast to the red linear-in-means
line, which forces a monotone relationship and thus completely misses this pattern. Im-
portantly, these results are robust to varying the number of functional components used in
estimation as well as across student subgroups. Second, the linear-in-means specification
misses these patterns, instead imposing a monotone relationship that averages away the
heterogeneity across the distribution.

Figure 4: Peer Effect by Own Test Scores

Low Performing High Performing
Notes: The figure plots the estimated peer effect function β̂(τ − τi) separately for low-performing (left panel)
and high-performing (right panel) students, defined by if a student’s baseline test score is above median or
not. The horizontal axis represents the difference between peers’ baseline test scores and the student’s own
baseline score (τ − τi). The blue curve shows the non-parametric estimate based on functional principal
components with 95% confidence intervals, while the red line represents the linear-in-means specification.
The shaded gray area shows the empirical density of (τ − τi) within each subgroup. Standard errors are
computed using a wild bootstrap clustered at the school-market level.

Figure 4 explores heterogeneity in peer effects by student baseline achievement. The
left panel shows estimates for low-performing students, while the right panel focuses
on high-performing students. For low-performing students, the peer effect curve (blue)
is non-monotonic: exposure to slightly higher-achieving peers initially reduces achieve-
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ment, but larger jumps in peer quality generate positive gains. In contrast, high-performing
students display a more consistently negative slope—being surrounded by stronger peers
tends to lower their own outcomes. The discrepancy between our results and the linear-in-
means specification is more pronounced among low-performing students given the non-
monotonic and nuanced patterns in peer effects. Together, these results highlight that the
consequences of shifting peer composition depend strongly on a student’s own starting
point: weaker students may benefit from exposure to substantially stronger peers, while
stronger students are more likely to be discouraged by upward shifts in peer quality. We
show more heterogeneity results by gender, subsidized lunch status, and baseline score
quartiles in Figures A.4, A.5, and A.6, respectively.

Figure A.3 reports the estimates of β(·) from the 2SLS procedure, as specified in Equa-
tions 6 and 7. While the confidence intervals arewider—reflecting the less available exoge-
nous variation relative to OLS—the overall pattern resembles that in Figure 3, exhibiting
a generally negative slope, albeit with greater steepness.

3.4 School Effect

Next, this section compares school effects fromour unifiedmodel to those fromavalue–added–only
specification and documents a systematic compression of school effects when peer effects
are ignored.

To do so, we consider the following value-added-only production function (Chetty,
Friedman, and Rockoff, 2014).

yi = α̃ + µ̃j(i) + ε̃i (10)

To estimate the causal school effects, we run the regression below, controlling for propen-
sity scores as we described in section 2.4.

yi =
∑
j

µ̃jsij +
∑
j

γ̃jpij +X ′
iα̃ + ε̃i (11)

Notably, school effects from this equation are what are estimated in Angrist, Hull,
Pathak, and Walters (2024).

Then we shrink both school effects from our unified model in equation 5 and from
value-added only specification in equation 11 toward the grand mean using an empiri-
cal–Bayes (EB) rule.
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Figure 5: School Effect from Unified Model vs. Value-added Only Model
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Notes: Each dot is a school. The horizontal axis reports school value added from our unified model
that jointly estimates school and peer effects. The vertical axis reports school value added from a value-
added–only specification that omits peer effects. For both approaches, school effects are Empirical-Bayes
shrunken toward the grand mean to reduce noise from small schools. The gray line is 45-degree line.

Figure 5 compares schools’ effect on students’ test scores from our unified model on
the horizontal axis—which jointly identifies school and peer effects—to a school VA-only
specification on the vertical axis that omits peer effects. Points lie close to the 45◦ line, so
rankings are broadly similar, but the fitted line is flatter (slope < 1), indicating compres-
sion: high-VA schools are pulled down and low-VA schools pushed up when peer effects
are ignored. The standard deviation of school effect estimates from our unified model is
0.13, while that from VA-only specification is 0.11.

Whenpeer composition is omitted, theVA-only regression necessarily loads systematic
differences in peer effect into the school effect. Two empirical facts in our data make the
resulting bias compressing rather than inflating: (i) peer impacts are predominantly neg-
ative (section 3.3), and (ii) schools with truly higher value added enroll higher-achieving
peers on average. Taken together, the missing peer term pulls high-VA schools down (be-
cause they also have strong peers with overall negative peer effect) and pushes low-VA
schools up (because they have weaker peers with overall positive peer effect). The distri-
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bution of estimated school effects is therefore squeezed toward the center: high performers
are understated, low performers overstated, and the fitted relationship between VA-only
and unified estimates has slope below one with a smaller cross-school standard deviation.

4 Varying School Assignments

We have argued that by separately estimating peer values and school effects, we can better
characterize the value of certain school assignments. In this section, we further explore the
contribution of peers and schools to student achievement under alternative assignments
of students to schools.

We first consider the allocation of a new student into the system, and simulate the peer
and school values for the entrant student at all schools in the city, assuming the observed
student assignments are in place. Taking the main estimates of peer and school values
from the homogeneous model (Figure 3), we find a non-linear and non-monotone rela-
tionship between peer-values and school selectivity –measured by the mean of a school’s
enrolled student test scores. An incoming student in the bottom 10 percent of the achieve-
ment distribution experiences more positive peer effects at the most selective schools and
the least selective schools. Since school VA is estimated to increase with selectivity, such
a student is expected to experience larger test score gains at the most selective schools
(Figure 6, Panel A).

Conversely, for higher-achieving incoming students, the relationship between peer ef-
fects and selectivity is decreasing: these students experience larger peer gains in less se-
lective schools. For incoming students in the 90th percentile of achievement, the larger
school effects observed in more selective schools are counterbalanced by reduced peer
effects when compared to less selective schools. This implies that students at this achieve-
ment level could see comparable academic gainswhether they attendmoderately selective
or the most selective schools (Figure 6, Panel D).

Figure 6 also reveals that, holding the observed student assignments, the peer effects
distribution tends to be more compressed than the school VA distribution. The standard
deviation of school VA is 0.13, and the average standard deviation of peer effects across
percentiles of baseline achievement is 0.035. Less than a third of the dispersion in school
VA.
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Figure 6: Peer Effect and School VA in the Observed Assignment by Achievement Level

A: Student in Percentile 10
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B: Student in Percentile 30
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C: Student in Percentile 50
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D: Student in Percentile 90
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Note: Each figure shows scatter plots of school selectivity and school VA (in red) and selectivity and peer
effects (in blue) across all schools in our sample, for an incoming student in the 10th, 30th, 50th, or 90th
percentiles of the baseline achievement distribution. Solid lines represent fitted cubic relations between the
variables in each case. The dashed gray line is the sum of the red and blue solid lines. The VA and the peer
value at the school with the average school VA are normalized to zero in each plot. This means, gains in
scores are expressed relative to gains at the school with mean VA.

5 Conclusion

This paper proposes a unified framework for the identification and estimation of school
and peer effects. Our proposed methodology leverages FPCA to estimate the impacts of
the entire distribution of peers on student outcomes, rather than just themean. By exploit-
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ing exogenous variation stemming from lottery-based school assignments, we demon-
strate under which conditions both peer and school effects are identified.

Our findings reveal substantial heterogeneity and non-linearity in peer effects. Specif-
ically, low-achieving students exhibit significant gains when exposed to peers in the right
tail of the achievement distribution relative to same-scoring peers, but experience losses
with higher-achieving, but not exceptional, peers. In contrast, high-achieving students
experience monotonically negative peer effects when exposed to higher-achieving peers.
These results challenge conventional linear-in-means models and underscore the impor-
tance of modeling the full peer distribution to accurately capture peer influences on learn-
ing. Moreover, our results highlight the importance of considering peer effects when eval-
uating policies that alter students’ school assignments.

Furthermore, the analysis indicates that accounting for peer effects alters the distri-
bution of estimated school effects, with implications for school accountability and value-
added measurement. When netting out peer influences, we observe greater variability in
school effects, reflecting underlying student sorting mechanisms and compositional het-
erogeneity within schools.

Methodologically, our approachdelineates the conditions underwhich lottery-induced
exogenous variation can be used to disentangle peer effects from school effects, offering
a framework applicable to various educational contexts with centralized assignment sys-
tems. This contributes to the ongoing discourse on causal inference in peer effects research
and provides practical tools for policy evaluation.
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A.1 Interpretation of β(r)

The value ∆f ×∆r × [β (r′)− β (r)] encapsulates the approximate effect of relocating the
area ∆f × ∆r in the density f(·) from r to r′. We show this using the Riemann sum ap-
proximation for f : ∫

β(r)f(r)dr ≈ ∆r
n∑

i=1

β (ri) f (ri)

Now, with the modified density g:

g (rk) = f (rk) + ∆f

g (rj) = f (rj)−∆f

g (ri) = f (ri) for all i 6= j, k

The difference in the Riemann sums for f and g is:

∆r [β (rk) g (rk) + β (rj) g (rj)− β (rk) f (rk)− β (rj) f (rj)] = ∆f ×∆r × [β (rk)− β (rj)] .

A.2 Appendix Figures and Tables

Figure A.1: True, Estimated, Projected β(.) with m of Functional Principal Components

(a) m = 3 (b) m = 5 (c) m = 7

Note: Each figure shows simulated β(·), projection of β(·) onto the functional principal components of (fi)i,
and the estimate of β(·) according to our Monte Carlo analyses. m denotes the number of leading principal
components used.
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Figure A.2: Cross-Validation Errors and Cumulative Screeplot

Note: The left panel is the cumulative scree plot, which presents the total percentage of variation explained by the leadingm-functional
principal components also as a function of m. In the right panel is the leave-one-out cross-validation (LOOCV) errors as a function of
the number m of functional principal components used to approximate parental income trajectory.

Figure A.3: Non-linear Peer Effect from 2SLS

Notes: The figure plots the estimated peer effect function β̂(τ − τi) from 2SLS. The horizontal axis represents
the difference between peers’ baseline test scores and the student’s own baseline score (τ − τi). The blue
curve shows the non-parametric estimate based on functional principal components with 95% confidence
intervals. The shaded gray area shows the empirical density of (τ − τi) in the data. Standard errors are
computed using a wild bootstrap clustered at the school-market level.
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Figure A.4: By Gender

(a) Female (b) Male

Note: Peer effects functions β(r − ri) estimated by gender. The blue curves show the non-parametric esti-
mates based on functional principal componentswith 95% confidence intervals, while the red lines represent
the linear-in-means specifications. Gray areas represent the empirical density of r−ri within each subgroup.

Figure A.5: By Socioeconomic Status

(a) Free/Reduced-Price Lunch (Low SES) (b) Paid Lunch (High SES)

Note: Peer effects functions β(r − ri) estimated by socioeconomic status. The blue curves show the non-
parametric estimates based on functional principal components with 95% confidence intervals, while the
red lines represent the linear-in-means specifications. Gray areas represent the empirical density of r − ri
within each subgroup.
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Figure A.6: By Baseline Score Quartiles

(a) Quartile 1 (b) Quartile 2

(c) Quartile 3 (d) Quartile 4

Note: Peer effects functions β(r − ri) estimated by performance quartiles. The blue curves show the non-
parametric estimates based on functional principal components with 95% confidence intervals, while the
red lines represent the linear-in-means specifications. Gray areas represent the empirical density of r − ri
within each subgroup.

33


	Introduction
	Model and Methods
	Test Score Production Function
	Random Variation and Summarizing Treatment and Confounders
	Identification
	Empirical Strategy

	Estimates of Peer and School Effects
	Data
	Principal Components, and Variation for Identification
	Peer Effect
	School Effect

	Varying School Assignments
	Conclusion
	Interpretation of (r)
	Appendix Figures and Tables

