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Abstract
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1 Introduction

Closed-form discrete-choice models are central to quantitative work across economics.
Separately, models of heterogeneity based on heavy-tailed distributions are equally
influential for studying individual and aggregate outcomes. This paper develops a
tractable framework that integrates these two approaches, establishing a closed-form

link between the discrete-choice margin and the distributional margin.

I establish equivalence results for two widely used heavy-tailed families, Fréchet and
Dagum, that produce deterministic, one-to-one mappings between choice probabili-
ties and the conditional distributions of post-selection outcomes within each alterna-
tive. These mappings work in both directions, hold in general equilibrium, and al-
low dependence across alternatives while preserving the analytical transparency that
makes canonical discrete-choice and distribution-based heterogeneous-agent models

valuable.

The equivalence renders the discrete-choice and distributional margins jointly tractable:
changes in fundamentals generate predictable co-movements of shares and within-
choice distributions without new numerical machinery. By accommodating corre-
lated shocks, the general structure applies broadly. Applications to international
trade, spatial models, and occupational sorting show how standard environments can
be specified so that allocation and within-choice heterogeneity are jointly governed

by a single, closed-form relationship.

A useful way to see the contribution is to contrast two familiar approaches. In one,
agents draw idiosyncratic shocks and select the option with the highest payoff, yielding
smooth choice probabilities but leaving the composition within each choice unspec-
ified. In the other, each alternative is endowed with a heterogeneous population,
specifying within-choice distributions while treating allocation across alternatives as
exogenous.The framework introduced here unifies these perspectives within a single
tractable structure, exactly reproducing the choice probabilities of the first while

simultaneously delivering the within-choice distributions of the second.

Section 3 introduces the multivariate environments and payoff structures. Section
4 states and proves the equivalence results in full detail. For Fréchet shocks with
logistic-type dependence, choice shares take a logit-like form, and the conditional dis-

tribution within each chosen alternative is also Fréchet, with its scale determined by



that share. For Dagum shocks with Clayton-type dependence, an analogous equiva-
lence holds with power-law tails. In both cases, the same closed-form link between
shares and conditional distributions applies regardless of the number of alternatives

and in the presence of correlation across them.

Section 5 applies the results in three settings. In trade, the framework delivers en-
dogenous location choice by firms in Eaton and Kortum (2002) and Melitz (2003)
environments without altering their underlying consumption, production, or trade
structures. In economic geography, it extends the Allen and Arkolakis (2014) model
to incorporate heterogeneous labor productivity both across and within locations,
while keeping congestion and agglomeration effects explicit. In a Roy model of oc-
cupational choice, as in Hsieh et al. (2019), it produces closed-form sorting patterns
with correlated abilities across occupations. Together, these applications show how
the equivalence results open new analytical margins in established general-equilibrium

models while retaining tractability.

2 Related Literature

The equivalence results developed here rely on two well-established strands of the lit-
erature: (i) discrete-choice models, which deliver closed-form allocation shares and are
widely used for modeling selection across discrete alternatives, and (ii) distribution-
based approaches to heterogeneity, which characterize the distribution of outcomes
within alternatives, often using extreme-value or power-law families. Discrete-choice
models provide tractable representations of selection behavior, while heavy-tailed
distributions capture empirically relevant patterns of heterogeneity in a parsimonious
way. The contribution here is to unify these frameworks in a single structure that
preserves their respective advantages. Accordingly, the literature review focuses on

key contributions that make this integration possible.

First, this paper builds on the modern discrete-choice literature rooted in the random-
utility framework of McFadden (1974) for conditional logit models with independent
alternatives, and its extension to correlated choices via the generalized extreme value
and nested logit models in McFadden (1978), where agents select from a finite set
of alternatives based on latent utilities perturbed by idiosyncratic shocks. These

frameworks accommodate rich patterns of correlation across alternatives but typically



do not yield explicit post-selection outcome distributions — a feature central to the
equivalence results developed here. Discrete-choice models have been widely applied
to study worker and firm sorting across locations and sectors (e.g., Grogger and
Hanson, 2011; Allen and Arkolakis, 2014; Ahlfeldt et al., 2015; Holmes and Sieg,
2015; Redding and Rossi-Hansberg, 2017; Monte et al., 2018; Bryan and Morten,
2019; Fajgelbaum and Gaubert, 2020), as well as labor reallocation responses to
trade shocks (Artug et al., 2010; Dix-Carneiro, 2014; Caliendo et al., 2019; Galle
et al., 2023). This literature also draws on Anderson et al. (1992), who demonstrate
how discrete-choice models integrate naturally into spatial and differentiated-product
contexts. The equivalence results in this paper extend these approaches by embedding
post-selection heterogeneity in wages, productivity, or other outcomes — dimensions

typically left implicit in standard formulations.

The second relevant strand is the literature that employs extreme-value and power-
law distributions to model heterogeneity in economics. In particular, the multivariate
Fréchet distribution, introduced into international trade by Eaton and Kortum (2002),
has become a workhorse for modeling firm heterogeneity (e.g., Bernard et al., 2003;
Costinot et al., 2011; Caliendo and Parro, 2015; Lind and Ramondo, 2023), multi-
national production (e.g., Ramondo and Rodriguez-Clare, 2013; Tintelnot, 2017),
migration decisions, and assignment outcomes (e.g., Lagakos and Waugh, 2013; Red-
ding, 2016; Fajgelbaum et al., 2018; Burstein et al., 2019; Hsieh et al., 2019; Tombe
and Zhu, 2019). The equivalence results in this paper provide a structural foundation
for interpreting Fréchet-distributed outcomes as the result of discrete selection over
alternatives. This perspective makes it possible to introduce new margins — such
as endogenous location choice by firms — into standard frameworks like Eaton and

Kortum (2002) with minimal modification to their underlying structure.

The equivalence results also encompass models based on power-law distributions,
building on a longstanding tradition of power-law modeling in economics (e.g., Si-
mon and Bonini, 1958; Axtell, 2001; Gabaix, 1999, 2009). The Pareto distribution,
combined with the firm-heterogeneity framework of Melitz (2003), has become stan-
dard for analyzing firm selection and market outcomes (e.g., Chaney, 2008; Arkolakis
et al., 2012; di Giovanni and Levchenko, 2012),! selection into trade and export modes
(Helpman et al., 2004; Arkolakis et al., 2008; Arkolakis, 2010; Eaton et al., 2011,

IFor alternative distributions capturing firm-level heterogeneity, see Nigai (2017).



Arkolakis et al., 2018), and the distributional effects of globalization (Helpman et al.,
2010; Nigai and Yang, 2024). Beyond trade, Pareto distributions are widely used
in macroeconomic analyses of firm dynamics and income distribution (e.g., Luttmer,
2007; Gabaix, 2011), as well as in spatial and regional economics (Rossi-Hansberg
and Wright, 2007). As in the Fréchet case, the equivalence results here provide a
structural link between discrete selection and continuous, within-group heterogeneity

when the latter follows a power law.

Taken together, these literatures furnish the tractable allocation rules and hetero-

geneity patterns that the equivalence results combine in a single unified framework.

3 Selection Margins in Models with Heterogeneity

Many economic environments feature either a discrete-choice margin, which deter-
mines allocation across occupations, sectors, or locations, or a distributional margin,
which captures heterogeneity in productivity, income, or skills within a given alloca-
tion. It is relatively uncommon to model both margins jointly, because linking them
in a tractable way is analytically challenging. Yet both are essential for understand-
ing how selection patterns interact with within-group heterogeneity and for mapping
changes in fundamentals into aggregate and distributional outcomes. Conceptually,
this process takes place in two distinct but potentially interdependent stages: a dis-

crete selection stage and a post-selection stage.

Stage 1: Discrete-Choice Margin. Let the finite set of alternatives be K =
{1,..., K}. Each alternative k € K yields a payoff

Vk<€k)7 with Vk : R+ — R,

a deterministic, strictly increasing function mapping a k-specific shock ¢, into a re-
alized payoff. The shock vector € = (e1,...,ex) is drawn from a joint distribution
F(g) capturing latent heterogeneity across alternatives. Agents select the alternative

with the highest payoft:
k" = argmax {Vi(ep) - (1)

This selection rule determines how agents sort across I, with patterns shaped jointly

by the distribution F'(e) and the payoff functions Vj,. Much of the literature assumes



independence, F(e) = [], Fi(ex). In many economic settings, however, shocks are
likely to be correlated, with nonzero tail dependence, making it important to al-
low for richer joint distributions. This possibility is precisely accommodated in the

equivalence framework developed below.

Stage 2: Distributional Margin. Conditional on selecting k, agents’ shocks fol-

low the conditional marginal CDF

This object is central for analyzing the within-alternative distribution of outcomes,

such as productivity, income, or skills, among agents who sort into alternative k.

Core Challenge. A fundamental recurring challenge in this class of models is
jointly modeling both discrete selection and continuous within-choice heterogeneity
in a tractable manner. The selection operator arg maxy{Vj(¢x)} mechanically induces
dependence across alternatives, either directly through the maximization or indirectly
through general equilibrium interactions. This dependence makes it analytically diffi-
cult to characterize Fy, j-—x(2) while also retaining closed-form expressions for choice
probabilities. As a result, most existing models achieve tractability at either the
discrete-choice margin or the distributional margin, but rarely at both simultane-

ously.

This paper develops a unified distributional framework that resolves this tension. I
construct two classes of multivariate heavy-tailed distributions — Fréchet with logistic

dependence and Dagum with Clayton dependence — that simultaneously deliver:
(i) closed-form choice probabilities,
(ii) closed-form conditional distributions Fy, jg—x(x), and
(iii) shocks across alternatives that may be positively correlated.

An equivalence result precisely characterizes the conditions under which probabilistic
discrete choice is analytically equivalent to observing continuous conditional outcome

distributions, allowing both margins to be modeled jointly in a tractable way.



4 Equivalence Results

Before presenting the formal results for the two heavy-tailed families, I first state
the general version and provide the intuition. The equivalence result establishes a
closed-form link between the discrete-choice margin and the distributional margin.
Let € = (e1,...,ex) be drawn from a joint CDF F : RE — [0,1]. Agents choose the
alternative

Vie=Wgey, Wir >0, w>0,

with choice shares

When the equivalence result holds, the joint distribution F' implies a shape parameter
¢ > 0 and positive constants {m;}& . In this case, the following three properties

are satisfied simultaneously:

(MW, /)¢
S (my W)

(ii) Post-selection shocks: [, p—r(7) = G(x; Tj,(j1x), ¢) , where T}, depends on iy,

(i) Choice shares: py, =

(iii) Equalized payofts: E[Vj | k* = k] ==(W,...,Wk) VEk.

These properties imply that the set of choice shares {y} and the set of conditional
distributions {F, |x-=x}, are informationally equivalent: knowing one determines the
other exactly. This equivalence is valuable because it creates a direct mapping be-
tween discrete-choice models and within-group outcome distributions, allowing the
two margins to be analyzed jointly without additional numerical machinery. It enables
researchers to recover one margin from data on the other, to conduct counterfactuals
that track both selection and composition effects in closed form, and to embed richer
heterogeneity structures into established general-equilibrium models while preserving

tractability.

Before turning to the formal propositions, it is useful to develop intuition with a

simple example. Consider two alternatives, A and B, with with shocks €4 and ep



drawn independently from identical Fréchet distributions,
F(e) =exp(—e7?), 6>0.

While this example assumes independence for simplicity, the full framework accom-

modates correlation. Payoffs are given by:
Vi = Wiet, Wi >0, w>0.

Let W4 > Wp, so that A is the “favorite” and B the “underdog.” In this specific
example, the parameters are chosen to generate choice probabilities of 80% for the

favorite and 20% for the underdog.

Figure 1 provides a visual walkthrough of the equivalence result in this setting. Its
three panels trace the journey from the latent shocks and the selection process (Panel
A), to the resulting distribution of the winning shocks (Panel B), and finally to the
distribution of the realized payoffs (Panel C).

Panel A visualizes the selection process in the two-dimensional space of shocks. Each
dot represents a single agent’s draw (£4,ep), colored by their chosen alternative. The
dashed black line represents the decision boundary where payoffs are equal (V4 = V).
Because the favorite (Alternative A) has a higher multiplier Wy, this boundary is
steeper than the main diagonal (the dotted gray line, where e4 = ep). Because the
selection operates on payoffs and not raw shocks, an agent choosing the underdog
must draw a relatively large shock €5 to overcome both the competing shock €4 and
the intrinsic advantage of the favorite as W, > Wpg. Hence, the conditional mean is

higher for alternative B.

Panel B reveals the consequence of this selection process for the distribution of the
winning shocks. The conditional distribution for the favorite (blue) is relatively close
to the origin. In contrast, the conditional distribution for the underdog (red) is
shifted to the right. Because the underdog is intrinsically disadvantaged, it only wins
in those rare instances when it receives an exceptionally large shock. The favorite, on
the other hand, can win with more moderate draws. The equivalence result formalizes
this by showing that a lower choice share (yy) implies a stronger selection effect, which

endogenously generates a conditional shock distribution with a higher mean.



The final panel illustrates that despite the differences in conditional distributions
(as shown in Panel B), the resulting conditional distributions of the winning payoffs
are identical. The higher average shock required for the underdog to win is exactly
offset by its lower deterministic payoff shifter (WWg). This selection-on-shocks effect
perfectly equalizes the selection-on-payoffs. This is the core of the equivalence result:
the model remains tractable precisely because the complex, choice-specific selection

on shocks collapses into a simple, choice-invariant distribution of equilibrium payoffs.

Panel A: Selection on Shocks Panel B: Conditional Shock PDFs ’ Panel C: Conditional Payoff PDFs

i Shock PDF (Alternative A)) [ Payoff PDF (Identical for A & B)|
Sh F (Alternative B)

M k (A
[] Mean Shock (B)

Shock Value (eg)
Probability Density

Conditional

Shock Value (e4) Shock Value (e) Payoff Value (V)

Notes: The figure illustrates the equivalence result with two alternatives, A (ua = 0.8) and B
(up = 0.2). The asymmetry is driven by different payoff shifters (W > Wg) and w = 0.8, while
shocks are drawn from identical i.i.d. Fréchet distributions (0 = 2). Panel A shows simulated
draws in (ea,ep) space, the decision boundary (V4 = Vp), the diagonal (4 =cp), and the mean
winning shocks (markers). Panel B plots the conditional shock PDFs, normalized to a peak of 1.
Panel C plots the conditional payoff PDF's.

Figure 1: SIMULATED DRAWS FROM A BIVARIATE FRECHET MODEL

This bivariate case illustrates the three properties of the unified framework — closed-
form choice shares, post-selection shock distributions linked to those shares, and
equalized conditional payoffs — in their simplest, independent-shock setting. I now
turn to the general case with positively dependent shocks. The next two propositions
give exact conditions under which the equivalence result holds for two widely used
heavy-tailed families: multivariate Fréchet with logistic dependence and multivariate
Dagum with Clayton dependence. In both cases, the dependence structure can be

represented via a copula, as detailed in Appendices A and B.

Proposition 1 (Equivalence Result under Multivariate Fréchet with Logistic De-

pendence). Suppose the vector of shocks € = (e1,...,ex) has the joint cumulative



distribution function:

/p

S

J=1

F.(e)=exp | =T

where 0, T,h; > 0 and p > 1. Let agents choose the alternative £ that maximizes the
payoft Vi, = Wiey, with Wi, > 0 and w > 0. Then:

(i) The choice probabilities (shares) are given by
Op
(1)

> (I/le/whj>9p.

i, =

(ii) The conditional distribution function of ¢; given selection is
F,, ir=k(x) = exp (—Thz ulzl/px*(’) .
(iii) If & > 1, the expected value of shock e conditional on choosing k is
Eley | k* = k] = Ty, i, /9T (1 — 1/9).
and if 6 > w the expected payoff conditional on selection satisfies

E[Vi | k* = k] = (TW)*/°T(1 — w/0),

Jj=1

K 1/w Op e
where W = [Z (VVJ hj> } :
Proof. The proof is available in the Appendix A. ]

Proposition 1 establishes a tractable and economically meaningful link between micro-
level heterogeneity and aggregate outcomes. The multivariate Fréchet distribution
with logistic-type dependence yields closed-form expressions for choice shares, condi-
tional distributions, and expected payoffs in terms of interpretable parameters. This
structure captures key features of many economic settings — heavy-tailed hetero-
geneity and positive dependence across alternatives — making it useful in multiple

applications. The analytical transparency of the equivalence result provides a robust

10



Panel A: p=1.0 Panel B: p =3.0

€ (log scale)
€y (log scale)

100F

100 10 10" 10° 10 102 10%
€1 (log scale) ¢ (log scale)

Notes: The figure illustrates 15,000 simulated draws from a bivariate Fréchet distribution with
common parameters T = 1, hy = 1, and tail parameter § = 2. Panel A shows the independence
case where the dependence parameter p = 1. Panel B shows the case with positive dependence
where p = 3. Both panels are plotted on a log-log scale.

Figure 2: SIMULATED DRAWS FROM BIVARIATE FRECHET WITH LOGISTIC DE-
PENDENCE

foundation for empirical implementation and counterfactual analysis in environments
where extreme-value heterogeneity and selection are central. As shown in Figure 2,
the framework accommodates both independent shocks (p = 1, Panel A) and posi-
tively correlated shocks (p > 1, Panel B). In both cases, the equivalence result holds:
choice shares, post-selection distributions, and conditional payoffs all admit closed-

form expressions governed by the same combination of parameters {6, p}.

A complementary strand of the literature emphasizes power-law heterogeneity (see,
e.g., Gabaix, 2009). The Pareto distribution, routinely used to parameterize Melitz
(2003) model and its extensions, has become a workhorse model in international
trade due to its sharp predictions regarding selection, sorting, and aggregate out-
comes among heterogeneous firms. Despite capturing empirically observed fat-tailed
behavior effectively, the Pareto distribution typically does not yield an equivalence re-
sult with closed-form choice shares. To address this limitation, I consider the Dagum
distribution, which preserves power-law tail decay yet offers greater flexibility in mod-
eling dependence across alternatives. Crucially, this distribution admits a closed-form
equivalence structure, making it a valuable benchmark for studying selection and
sorting under power-law heterogeneity while remaining analytically transparent. The

corresponding equivalence result is formally stated in Proposition 2.

11



Proposition 2 (Equivalence Result under Multivariate Dagum with Clayton Depen-

dence). Let the vector of shocks € = (e1,...,ex) have the joint cumulative distribu-
tion function:
% IRV
e .
F.(e)=|1 -
o= |1+ (%) ] ,

where &,0,d; > 0. Let agents choose the alternative & that maximizes the payoff
Vie = Wiey, with Wi, > 0 and w > 0. Then:

(i) The choice probabilities (shares) are given by

(i)

Z]K:l (V[/jl/wdj>g-

M =

(ii) The conditional distribution function of € given selection is

~¢
T
Feyre=k () = |1+ <W)

k M

~1/8

(iii) If &€ > 1, the expected value of shock ¢; conditional on choosing k is

* e T(1— 1JOT(1/5+1/¢)
Eley | K" = k] = dyp T(1/9)

If £ > w, the expected payoff conditional on selection is

L1 —w/OTA/S +w/E)
(1/9) ’

E[Vi | k* = k] = We/s.

£
where W = ZJK:1 <Wj1/wdj> .
Proof. The proof is available in the Appendix B. m

Proposition 2 establishes that under multivariate Dagum shocks with Clayton de-
pendence, the equivalence result holds: choice shares, post-selection distributions,
and conditional payoffs all have closed-form expressions governed by the same shape

parameter £, capturing power-law tails and flexible dependence across alternatives.

12



It applies whether shocks are independent or positively dependent, as illustrated in
Figure 3, and provides a tractable basis for modeling selection in settings such as
trade, spatial allocation, and occupational sorting where heavy-tailed heterogeneity

is empirically relevant.

Panel A: § =0.1 Panel B: § = 3.0

€s (log scale)
¢» (log scale)

10° 10 102 10 10 102 10° 102
€1 (log scale) €1 (log scale)

Notes: The figure illustrates 15,000 simulated draws from a bivariate Dagum distribution with
common parameters di = 1 and tail parameter £ = 2. Panel A shows the case where the dependence
parameter 6 = 0.1. Panel B shows the case where § = 3.0. Both panels are plotted on a log-log
scale.

Figure 3: SIMULATED DRAWS FROM BIVARIATE DAGUM WITH CLAYTON DEPEN-
DENCE

4.1 Why Fréchet and Dagum? The Unifying Principle

Both the Fréchet and Dagum families, when paired with logistic (Gumbel-Hougaard)
and Clayton copulas respectively, preserve tractability in selection models with corre-
lated shocks. They share a distinctive structural property that underlies the equiva-
lence results: the shocks can be decomposed multiplicatively into a common, choice-
wrrelevant factor that generates dependence and an independent, choice-relevant com-
ponent that governs selection across alternatives. This decomposition is particularly
valuable among widely used heavy-tailed families because it preserves closed-form
expressions for both choice shares and post-selection distributions, even when shocks

are positively dependent.

Formally, in both cases the shocks take the form

Zy;

Ep = —
k C‘p’

13



where Zj, is i.i.d. across k, C' is a common factor capturing dependence, and ¢ > 0 is
the shape parameter. Naturally, the distributions of Z; and C differ across the two

families.

Fréchet with logistic dependence. For the Fréchet case,

Zy
Er X _Sl 76
where Z, "~ Fréchet(#) are ii.d. standard Fréchet random variables with shape
parameter > 0, and S ~ Stable; is a positive p-stable random variable (p > 1,

independence when p = 1) capturing upper-tail dependence (see Resnick, 1987).

Under the selection rule

k* = arg max {Wiet},

the realized value of S cancels from all alternatives for a given draw. However, the
dependence parameter p remains economically relevant: it enters the closed-form
choice probabilities through the effective shape parameter fp, and it rescales the
post-selection distributions. Thus, while S does not drive selection at the level of a
single draw, its distribution shapes both margins in expectation. This decomposi-
tion is mathematically similar to the “power-sum” form in the Generalized Extreme
Value (GEV) framework of McFadden (1978), though here the shocks are multivari-
ate Fréchet, so the framework retains both the discrete choice and the continuous

distribution of the selected outcome in closed form.

Dagum with Clayton dependence. For the Dagum case,

Z

€ X _Y1/§7

where Z, = Fréchet(§) are ii.d. standard Fréchet random variables with shape
parameter £ > 0, and Y ~ Gamma(1/4, 1) is gamma-distributed with shape 1/§ > 0
and unit scale, capturing lower-tail dependence (6 > 0, independence as § — 0) (see
Nelsen, 2006).

Under the selection rule, the realized value of Y cancels from all alternatives for a

given draw. Nonetheless, the dependence parameter § remains relevant: it appears

14



in the closed-form choice probabilities through the shape of the marginal distribution
of Z; and rescales the post-selection distributions. The gamma factor generates a
Clayton copula in the joint distribution, which together with the Fréchet marginals

imply the resulting Dagum distribution.

4.2 The Equivalence Result and Selection Margins

The equivalence result delivers fully closed-form comparative statics in heterogeneous-
agent models for both the discrete-choice margin and the distributional margin. These
responses are (i) globally consistent with the underlying joint distribution and (ii) an-
alytically tractable. Because both margins shape aggregate outcomes, the framework
allows many distributional statistics (means, variances, quantiles) to be computed
in closed form. By jointly characterizing allocation and composition, the framework
provides a transparent, structural tool for tracing how economic shocks — whether

from policy or exogenous factors — affect both aggregate and distributional outcomes.

Aggregate Outcomes. Let the aggregate outcome associated with alternative k

(e.g., total output or income) be
Yi = Eley | K" = k],

where p is the share of agents selecting k and Eley | £* = k] is the conditional mean

of €. From the equivalence result,

Y, = o ' N}Zl/@Mk :

Discrete-choice Margin Distributional Margin

where ¢ is the effective shape parameter (¢ = 6p in the Fréchet case, ¢ = ¢ in
the Dagum case) and M, is a constant from Propositions 1-2. This decomposition
separates the extensive margin (share of entrants) from the intensive margin (average

quality of entrants).

15



Elasticity Decomposition. The elasticity of Y; with respect to Wy, holding other

parameters fixed, is

_ OlogY, 0log i N OlogEley | k* = K]
= logW,, 0log W, 0log W,
N—— N Ry
Discrete-choice Elasticity Distributional Elasticity

Closed-form expressions for both terms follow directly from the equivalence result:

) 8logE[€k\k*:k]__l(1_ )
dlogW,, w Hr)> dlog W, w H):

0log 0

Thus o1
Nk = T(l — M)

The first term (choice elasticity) captures how the mass of agents selecting k responds
to changes in Wy; the second (distributional elasticity) captures the composition
effect, as marginal entrants are lower-drawn types. The dependence parameters p
and ¢ influence ¢ and hence both margins simultaneously. When ¢ > 1, the discrete-
choice margin dominates and increases in Wy, raise Y}, despite the negative composition
effect.

Distributional Outcomes. The equivalence result also yields the full conditional
distribution [, x+—¢(x) in closed form. In both models, the conditional distribution
remains in the same parametric family as the primitive shocks, with shape parameter

preserved and scale linked to the choice share:

—1/(0p)

Fréchet: scale oc p , Dagum: scale o M;l/ ‘.

This parametric structure makes it straightforward to compute moments, quantiles,
Lorenz curves, and Gini coefficients, and to trace the impact of changes in Wj or
i on the entire distribution. The same closed-form mapping governs both selection
and composition, enabling unified analysis of aggregate and distributional effects of

shocks—whether from trade, policy, or technology.
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5 Quantitative Applications

Having established the main theoretical results and their economic interpretation, I
now illustrate how the equivalence framework can be effectively applied in quanti-
tative contexts. The applications presented here are selected to address three long-
standing challenges in economics: (i) incorporating endogenous location choices by
firms within general equilibrium models of international trade; (ii) explicitly model-
ing heterogeneity in discrete choice frameworks of worker location; and (iii) capturing
labor assignment decisions when ability shocks are correlated across occupational al-
ternatives. The equivalence results allow these extensions to be introduced in an
analytically transparent manner, requiring minimal structural modifications to stan-

dard economic models.

5.1 Application A: Trade Model with Location Choice

In the canonical Eaton and Kortum (2002) framework, the country—specific scale pa-
rameter Ty, of the Fréchet productivity distribution, as well as the number of potential
producers in each country, are exogenously fixed. The equivalence result in Proposi-
tion 1 allows us to reinterpret T}, as the conditional scale parameter for firms that have
chosen to locate in £, with the location choice governed by the same primitives that
determine within—country productivity. This preserves the closed—form tractability of
the Eaton—Kortum model while endogenizing the mass of firms py across countries.
Changes in fundamentals now affect both the distributional margin (the conditional
productivity distribution within each country) and the discrete—choice margin (the

share py of global entrepreneurs locating in each country).

The dependence parameter p plays a pivotal economic role. When p = 1, location
choices are independent across countries, and the discrete—choice and distributional
margins exactly offset. In this knife-edge case, the model collapses to the standard
Eaton—Kortum structure. When p > 1, positive dependence implies that locations
are closer substitutes: small differences in fundamentals trigger large shifts in uy,
amplifying all standard intensive—margin responses of trade flows, price indices, and

welfare.

Economic Environment. Consider a world economy composed of a finite set of

countries k € K. There is a continuum of tradable goods, indexed by n € [0, 1].

17



Consumers in all countries share identical CES preferences over this continuum of
goods. Labor is immobile across countries with exogenous supply Ly > 0. Production
in each country requires a bundle of labor and intermediate inputs with an aggregate
cost ¢, > 0. The cost of producing good n in country k is thus cy/zx(n), where
zi(n) is drawn from a Fréchet distribution with common shape parameter 6 > 0
and country-specific scale parameter T, > 0. Trade between countries is subject to
bilateral iceberg trade costs 7,; > 1 for goods shipped from £ to j. Due to perfect
competition, consumers in country j purchase each good from the lowest—cost supplier
worldwide. The global economic environment is thus fully described by (L, T, ¢, ,6),
where L: K >R\, T K—=>Ryy,c: K—->Riy, 7: LXK = [1l,00),and 6 > 0 is

a scalar.
Following Eaton and Kortum (2002), I assume that production combines labor and
intermediate inputs according to:

G = w;ypil_’yv (2)

where v € (0,1) and P, is the CES price index. Then the share of country j’s total
expenditure on goods from country ¢ is:
__ Ti(emy)™
ﬂ-ij - K _p’
2 k=1 T (er7hy)

(3)

and the aggregate CES price index is:

D=

P =C <Z Ty, (Ck%’)_9> , (4)

k=1
where C' is a constant. Total expenditure in country i is:

1
Y, = —Liw;,
v

and trade is balanced:
k

A trade equilibrium is a set of wages and prices such that (2)—(5) hold for all ¢, j € K.
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Introducing Discrete Choice. In the canonical EK environment, the productivity

draw z; in country k is sampled from the country—specific Fréchet CDF
F., (z) = exp(~Tpz "),

where T}, is fixed exogenously. Under Proposition 1, this CDF can be reinterpreted
as the conditional distribution of firms that have chosen to locate in k, with the scale
parameter

T, =T hj, 1y, 1/p7

where i, is the equilibrium share of global entrepreneurs locating in k, and hy, reflects

country fundamentals such as institutions, geography, or technology.
Substituting this endogenous 7}, into (3)—(4) yields:

h(’ 1- 1//)( -0

CiTij)

hi P ()0

-1/6
P; = c(Z T ckaj)f’) , (6)

7 (5)

7Tij =

where the factor i, —/e

is the discrete—choice margin.
Payoff Function. In the Eaton-Kortum environment, perfect competition drives
expected profits to zero. Location choice is therefore can be governed by relative cost

competitiveness, not profit maximization. A natural specification is:

£
Vi = Wie = =,
Ck
so that hy in F.(e) captures the fundamental appeal of country k. This specification
is one example of the payoff function and may be altered depending on the underlying

structure. By Proposition 1, the equilibrium location share is:

(hw/cr)”
S (hyfe)”

Hie =
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Counterfactuals. The equivalence framework is fully compatible with the “hat
algebra” approach of Dekle et al. (2007). Let a denote any variable, a’ its counterfac-
tual level, and a = a’/a its relative change. Given baseline {yy, mx;, Yi }, a trade—cost

shock 7;; leads to:

(i) & =P,

(i) 7y = (@ty) 0P,

~1/6
(i) P = (Z Thanlls (ékﬁcj)efkj> ;
k

(iv) ;Y= ) Tom;(;Y5),
k
—0p

(V) ﬂk = K —Op

When p = 1, equation (v) is irrelevant because the discrete—choice margin has no
effect on equilibrium. When p = 1, equation (v) is irrelevant because the discrete—
choice margin has no effect on equilibrium. When p > 1, closer substitution between
locations implies that small differences in fundamentals induce large reallocations of
1, amplifying all intensive-margin responses. Introducing location choice via the
equivalence result thus endogenizes the mass of firms in each country and adds an
extensive margin that can magnify the impact of trade-cost shocks on trade flows,
prices, and welfare — a channel absent in the canonical Eaton-Kortum framework.
Appendix C presents a simple simulation that quantifies the importance of this ad-

ditional adjustment margin as a function of p and the initial allocation of pi.

Discussion of Other Trade Models The equivalence result developed in this
paper can also be applied to introduce endogenous location choice in other class of
models based on the heterogeneous firm framework of Melitz (2003). In these models,
it also is generally assumed that the mass of firms in each country is fixed. This
assumption can be imposed explicitly, as in Chaney (2008), or emerge endogenously

when firm productivity is Pareto-distributed, as shown in Arkolakis et al. (2008).

The most common parameterization of the productivity distribution in this class
of models is the unbounded Pareto distribution due to its tractability properties.

Proposition 2 establishes the equivalence result for Dagum’s distribution which is
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related to Pareto as its tail decays at the same power rate preserving the overall
tail behavior. Moreover, the Dagum distribution also possesses several analytical
properties that make it immediately applicable to the Melitz (2003) framework. Recall

from Proposition 2 that the conditional distribution given selection is defined as:
~1/8

SO

F(¢) =

where b, = dj, u,;l/g.

In the Melitz (2003) setting, firms incur fixed cost of exporting and only exports
whenever its draw ¢ exceeds a cutoff ¢* pinned down by the fixed cost versus potential
profits. First, as in the Pareto case, under the Dagum distribution the share of

exporters remains analytic:

~1/8

Pr(o>¢) =1- 1+ (£)F] ",

The second selection statistics typically involves evaluating the expected value of
left-truncated function of productivity shocks ¢”". Under the Dagum distribution,

this expression also remains tractable and is given by:

, N O G S
¢*¢dF(¢)_5B<1+<¢*/b>f’6+5’1 s)’

where B(+) is an upper incomplete Beta function and provided that £ > r. Because
both the export probability and the conditional moments stay analytic, the Dagum
distribution furnishes a tractable alternative to the unbounded Pareto while preserv-
ing a power-law tail. Coupled with the equivalence result, it therefore offers a conve-
nient route to embed endogenous location choice into Melitz-type heterogeneous-firm
models without sacrificing closed-form solutions for entry cut-offs, export shares, or

aggregate productivity.

5.2 Application B: Economic Geography Model with Heterogeneity

Many influential economic geography models, such as Allen and Arkolakis (2014),
embed discrete location choice within a general equilibrium setting, treating the spa-

tial distribution of agents as the outcome of individual optimization. While these
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frameworks rigorously analyze spatial sorting and aggregate welfare, they typically
abstract from heterogeneity in outcomes conditional on location. As a result, they
are silent on within-region dispersion in productivity, income, or welfare, and offer

limited insight into distributional issues such as inequality or local concentration.

The framework developed here closes this gap by enriching the post-selection margin.
The equivalence result delivers closed-form solutions for both equilibrium location
shares and the conditional distributions of outcomes within each location. This pre-
serves the tractability of canonical models while introducing a second, distributional
margin, governed by the same parameter fp that determines substitution patterns
across locations. Under the special case ¢ = 0p, the discrete-choice rule here is iso-
morphic to the canonical logit form in Allen and Arkolakis (2014), but the framework

now accommodates within-location heterogeneity in a fully structural way.

The framework proposed in this paper complements this canonical approach by struc-
turally enriching the post-selection margin. Specifically, my equivalence result pro-
vides closed-form solutions not only for equilibrium location shares but also for the
conditional distributions of outcomes within each location. This extension preserves
analytical tractability while significantly broadening the range of questions economic

geography models can address.

Structurally, my approach parallels that of Allen and Arkolakis (2014), but whereas
their spatial allocations arise from ex-post utility equalization, I derive allocations
from idiosyncratic shocks to location-specific payoffs that also lead to utility equal-
ization. Further, under certain parameter restrictions, the two perspectives become
isomorphic: the equilibrium shares obtained from my probabilistic discrete choice
framework replicate exactly the spatial allocation implied by utility-equalizing mod-
els. Accordingly, this formulation also extends interpretations consistent with frame-

works such as Redding (2016).

Economic Environment. Consider an economy composed of a finite set of lo-
cations k € K, where each location produces a distinct variety. Consumers share
identical CES preferences over these varieties, and trade between locations incurs
iceberg trade costs. Each location is characterized by three exogenous primitives:
fundamental productivity A; > 0, fundamental amenity level @, > 0, and bilateral

iceberg trade costs 7;,; > 1 for all j € K. The geography of the economy is thus
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fully described by the tuple (A,u,7), where A : K — Ry, @ : K — R,,, and
T:KxK—[1,00).

There is a measure M of individuals. Each individual is endowed with one unit of
labor and total labor force is L = M. While the distinction is often trivial in economic
geography models, as I show below it is necessary in models with heterogeneity.
Following Allen and Arkolakis (2014), the model incorporates both congestion and

agglomeration effects. Utility from local amenities decreases in local population Mj:
U = ﬂkM kﬁ )

where § < 0. Individuals who choose to reside in k each supply one unit of labor.

Total labor in k£ increases overall productivity in the location as:
Ak = AkLg7

where o > 0 and Lj = Mj, is the total effective labor supply in location k.

The CES function that defines utility from goods consumption takes the familiar

form:

o—1
o—1
- (2 )
i
o > 1 denote the elasticity of substitution across varieties. I assume that varieties
are produced in perfectly competitive setting and that labor is the only factor of

production. Then, the price of the variety produced in location k£ and consumed in j

is:
D _wkaj
i = ——
7 Ak ’

where wy, is the wage per unit of labor in location k. Given total demand for the

variety produced in location k, the value of bilateral trade shares from £ to j is:

_ ApAo—1,1—0,_1—0 po—1

and the CES price index is:

-0
_ o—1, 1-0_1-0
Pj—(E:Ak Wy Ty ) .
ke
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Assuming log-additivity of amenities in total utility, individual deterministic welfare
in location k is given by:
Wy
Wi = up— 7
subject to the idiosyncratic preference shock €. In standard models, log &4, is assumed
to be i.i.d. across k and distributed Gumbel with location zero and scale 1/¢ > 0,

leading to the canonical logit form:

Wi

" e ?

i

The spatial equilibrium consists of the set of wages and populations such that the
goods market clears, trade is balanced, labor market clears, and labor resource con-
straints hold.

Introducing Heterogeneity. I use the equivalence result to extend the benchmark
model and introduce heterogeneity across individuals. For that, suppose a unit mass
M of individuals, each drawing a vector of location-specific labor productivities in

the form of labor endowments £ = ({4, ..., k) from the following distribution:

Fyle) =exp | =T

K 1/p
Zeﬁ”]

j=1

where scale parameter T > 0 is chosen to ensure that the total labor endowment
equals that in the representative-agent benchmark, denoted L. While I am using
the CDF from Proposition 1, it is worth noting that one could equivalently use the

Dagum distribution in Proposition 2.

Each individual is paid wage w;, per unit of effective labor ¢, faces local price index

P, and receives amenity flow u;. The resulting payoff in location k is:
Vi = Wik,

with W} as defined in equation (7). Applying the equivalence result, the share of

24



individuals selecting location k is given by:

bp
W,

Pk = 5K 00"
2 Wi"

Under the restriction ¢ = 6fp, this discrete choice rule matches the canonical form
in equation (8). The key innovation here is to decouple the extensive margin (how
many individuals select into each location) from the intensive margin (how much
effective labor they supply), introducing a distributional layer of heterogeneity while

maintaining the tractability of the baseline framework.
Next, I examine the additional margins of adjustment introduced by worker hetero-
geneity. Because each worker now possesses a distinct effective labor endowment, the
symmetry between population and labor supply no longer holds. In particular, the
total population and total effective labor in location k are given by:

My, = M,

1—L
Ly =Bl | k* = kM, = MTY?;, T(1 —1/9).

The equivalence result also immediately pins down the welfare level in all locations
as the expected value of the payoft:
K 1/(6p)
E[Vi | k* = k] = [Z Wfﬂ] I'(1—w/6).

J=1

While agglomeration forces depend on total labor supply Ly, congestion effects depend

on the number of individuals M = u M, regardless of their effective productivity:
U = ﬂk(ﬂkM)ﬁ.

To formally characterize additional margins of adjustment, let me again employ

the hat algebra approach in Dekle et al. (2007). Conditional on benchmark values
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{1k, Akj, i}, and assuming ¢ = €6, the system of equations is:
() A=Azl Py

1/(1-0)
(i) P;= (Z AV’%"M) ,

k
(i) ;Y =Y Ny (i1 Y5),
k

S, wg (i ) Py)s

Equations (i)—(iv) are shared by both representative-agent and heterogeneous-agent
models. The key difference lies in how agglomeration effects respond to changes in

population. Specifically, the effective productivity term A}, evolves as:

(v.a) Representative-Agent: Ay = [y,

R af1-L
(v.b) Heterogeneous-Agent: Ay = ,&k<1 9”).

The heterogeneous-agent model introduces an additional distributional margin: as
more individuals select into location k, the lower tail of the labor endowment distri-
bution is drawn in, reducing average labor supply per capita. This composition effect

dampens the effective scale externality from agglomeration.

Note that in the limit as 0p — oo, equations (v.a) and (v.b) coincide, recovering
the representative-agent benchmark. As 6p decreases, the distribution effect becomes
quantitatively more important: additional entrants into a location lower the average
labor endowment per capita of the local labor force, dampening effective productivity
gains. However, this adjustment is bounded from below by a structural requirement

for equilibrium existence and finite aggregates:
Op >o— 1.

For instance, if 0 = 5, the admissible parameter range becomes 0p € (4, 00). Within
this range, the elasticity of effective productivity with respect to location population
can be reduced by up to 25% relative to the representative-agent case. This implies

that omitting the post-selection margin may lead standard models to systematically
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overstate the strength of agglomeration externalities.

An additional advantage of incorporating within-location heterogeneity via the equiv-
alence result is that the model delivers tractable, closed-form post-selection distri-
butions. Unlike canonical economic geography frameworks—which typically remain
silent about the distribution of outcomes conditional on location choice—the equiva-
lence approach permits closed-form computation of dispersion statistics in each loca-
tion and comparative statics with respect to amenities, productivity, and trade costs.
This links spatial general equilibrium forces with distributional outcomes in a fully

structural and analytically tractable manner.

5.3 Application C: Roy Model with Correlated Abilities

Canonical occupational choice models in the tradition of Roy (1951) provide a power-
ful framework for analyzing how individuals sort across occupations (or sectors) and
for quantifying the impact of external shocks or entry barriers on economic outcomes.
Most quantitative applications assume that occupational abilities are drawn indepen-
dently from Fréchet distributions, as in Hsieh et al. (2019) and Galle et al. (2023).2
While the independence assumption ensures tractability, it rules out economically
plausible positive tail dependence—the idea that exceptionally high productivity in
one occupation is likely to be accompanied by above-average productivity in related

occupations.

The equivalence result in Proposition 1 directly addresses this limitation. It accom-
modates positive dependence across occupations and delivers closed-form expressions
for both equilibrium occupational shares and conditional ability distributions. This
preserves the analytical transparency of the standard Roy model while allowing the

study of within-occupation heterogeneity alongside sorting patterns.

Consider groups g € G and occupations £ € K. Individuals from group g draw

abilities e, = (g4(1),...,e4(K)) from
1/
£
hg; ’

j=1

F.,(e) =exp| —T,

2Lagakos and Waugh (2013) allow for correlated abilities but focus on binary choice. My frame-
work preserves tractability even when |K| is large.
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where p > 1 governs tail dependence.

Let the payoff in k£ be
Vo = wi(1 = 7g) £4(k),

with wy the wage, 7, € [0,1) a group-occupation barrier, and hg,, a fundamental
scale term. The equivalence result implies the share of group-g members choosing k
is )

[wi(1 — Tgr) hor]™”
Zé{:l [we(1 — 7ge) hgﬂ]ep

The average ability of group-g workers in k is

Hgk =

. — 1
HM@WIKQ7M%%5M%Lﬁ>

As in Hsieh et al. (2019), consider the effect of reducing 7,,. When p > 1, the removal
of barriers produces larger ji4; adjustments than in the independent-draw case. This
expands group-g participation in k£ but draws in marginal entrants with lower ability.

The labor supply from group g to occupation k is

1
Ly = Ny Bley(8) | = kgl = N1 g (1= 5).

7

gk

where N, is the size of group g.

Because V| k* = k, g is Fréchet with shape 6 and scale wy (1 — 7y, T, /ghgk M;]j/(ep)’

its variance (for 6 > 2) is

2 1\
Var (Vi | £ = k,9) = [wn(1 = 7)) T2 2 2/ [F(l - 5) - F<1 - 5) ] |

Hence, within-group income variance can be decomposed via the law of total vari-
ance into within-occupation and between-occupation components, both available in
closed form. This makes it straightforward to quantify how policy-induced changes
in 74, affect occupational allocation, average abilities, and both within- and between-

occupation inequality.
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6 Conclusion

This paper develops a unified, analytically tractable framework for modeling both dis-
crete allocation across alternatives and continuous heterogeneity within the selected
group. At its core are equivalence results for extreme—value (Fréchet) and power—law
(Dagum) specifications that deliver closed—form mappings between choice shares and
conditional outcome distributions. These results connect canonical discrete—choice
models to distribution—based heterogeneity frameworks while accommodating depen-

dence across alternatives.

Applications to international trade, economic geography, and assignment models il-
lustrate how the equivalence results help to address longstanding modeling chal-
lenges. In each case, they yield transparent expressions for both allocation shares
and post—selection distributions, enabling comparative statics that link fundamental
parameters to observable economic outcomes in closed form. The framework accom-

modates correlated shocks, a feature that is important in many applications.

Finally, the results point to several directions for future work. First, they provide
a transparent basis for identifying structural primitives from allocation data, allow-
ing for richer counterfactual analyses in trade policy, spatial economics, and labor
markets. Second, by preserving tractability under correlated shocks, the approach of-
fers a general foundation for embedding multi-dimensional selection mechanisms into
heterogeneous-agent models. Taken together, these features make the framework a
useful building block for linking aggregate allocations to the distributional outcomes

they generate.
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Appendix A: Multivariate Fréchet with Logistic Dependence

First, I construct the multivariate Fréchet distribution with logistic (Gumbel-Hougaard)
dependence from its marginal distributions and dependence structure. Then, I prove

Proposition 1.

A1l: Multivariate Fréchet with Logistic Dependence

From Proposition 1, the marginal distribution of each shock ¢ is a Fréchet distribu-
tion with shape 6 > 0 and scale (Th?)/%. Its cumulative distribution function (CDF)
is:

Fy(ex) = exp (—Thie;’) . (A1)

Define u, = Fy(ey), which are uniformly distributed on [0,1] by the probability
integral transform. The dependence structure is the Gumbel-Hougaard copula (also

known as logistic in extreme value theory (Nelsen, 2006)):

C(uy, ..., ux) = exp

K 1/p
Z log u;) ] , (A2)

=1

where p > 1 is the dependence parameter. When p = 1, this simplifies to the product
copula [ ] u;, corresponding to independence; as p — oo, it approaches perfect positive

dependence.

By Sklar’s Theorem, the joint CDF is F(ey,...,ex) = C(Fi(e1),..., Fg(ex)). Sub-
stitute the marginal CDF's from (A1) into (A2):

—loguy, = —log (Fy(ex)) = —log (exp (=Thie;?)) = Thie,’,
(—loguy)” = (Thie;?)" = TPhiPe,

S5 ()

j=1 j=1

34



Substitute into (A2):

1/p 1/p

F(e,...,ex) =exp | — =exp | =T

K e —Gp
J
(5

j=1

()]

This matches the multivariate Fréchet CDF in Proposition 1, confirming the con-

struction.

A2: Proof of Proposition 1

The shocks € = (e, ..,ex) follow the joint CDF":

£()7)

J=1

F.(e)=exp | =T

where T'> 0, h; >0, 0 > 1, p > 1. Agents select k* to maximize:
Vi = WkE‘/:, W, >0, w>0.

I derive the choice probabilities p, = Pr(k* = k), the conditional CDFs F,, -—(2)
and Fy, ,==x(v), and the conditional expectations E[e, | k* = k] (0 > 1) and E[V}, |
K=k (0> w).

A2.1: Transformation and Shocks

The agent chooses £* to maximize Vj, equivalent to maximizing the log-payoft Uy =
log(Vi):
Ui = log(Wy) + wlog(ex),
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forming a random utility model (RUM) with deterministic component vy, = log(W;)

and stochastic component €, = wlog(ey). The marginal CDF of ¢ is:

Feul@) = e-—>loionéj7ék exp | =T
7] bl

—0
= exp <—T (hﬁk) ) = exp (—Thzx—G) :

a Fréchet distribution with shape 6 and scale (ThY)'/?. For &, = wlog(ey):

Fe(y) =Pr <5k < exp (%)) = exp (—Thz exp (_i_y»
= exp (— exp (1og(Thz) — %)) :

a Gumbel distribution with location ¢, = £ log(T'h}) and scale 8 = %.

A2.2: Derivation of Choice Probabilities

Standardize the shocks: n, = (€& — ¥x)/8, so €& = ¥y + On,. The utility is Uy, =

vk + U + By, and maximizing Uy, is equivalent to:

k* = argmax (ug + nx), ux = Uk—i_wk.
k B
The joint CDF of n is derived from F:
€5 = €Xp (% s ¢j = 510g(Th])7 B = 5

Substitute into F:

<Z—J]> —0p _ (exp((%‘ l;ﬁnj)/w))_ep — hgp exp (—%(d}j + 5%’))

1

= 1% exp (—plog(Th)) — p;) = 7 exp(=p1y).
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Thus:

1/p )
} , corresponding to

This is a GEV distribution with generator G(y) = [Z] ys
correlation parameter 1/p (McFadden, 1978; Train, 2009). The choice probability is:

exp(ug)? log(Wy,) + ¢ log(Th, "
Zj:l exp(u;)” w/0
Thus:
= VTR (V)
= _

S WIThYe S (W k)0

J

This concludes the proof of Proposition 1(i).

A2.3: Derivation of Conditional CDF's

For k* = k, Vi, = max; V;. Thus:

1/w
v .
ka|k*:k(’l]) =Pr (83' < (WJ) VJ> .

Substitute into the joint CDF:

Fype=x(v) = exp | =T

()

J=1

Simplify:

K K

hj or 0 Op/w  —0p/w 0 Op/w,  —0p/w —0p/w 0/wy 6
((v/Wj)l/w) = WPy GPWP e = ey (W R

Jj=1 Jj=1
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v
With W = [YF (Wf/“hg?)p] ’.

j=1
Fy, ji=r(v) = exp (—TWU_Q/“) )
For ¢:
Foypeei(z) = Pr (Vi < Wia® | k" = k) = exp (=TW (Wja*) /%) .
Define by = W/“h, so pu, = b0 /W*, pi."/” = W/by. Then:
WW = W/ (/1) = Wl

yielding:
F,, jir=k(x) = exp (—Thiu,?l/px_e) .

This concludes the proof of Proposition 1(ii).

A2.4: Derivation of Conditional Ezpectations
The conditional distribution ¢, | k* = k is Fréchet with shape 6 and scale s =

(Tthgl/p)l/e = Tl/(’hk,u,:l/(ap). For § > 1, the expectation is:

_ 1
Elex | k* = k] = T hyye, /0T (1 - 5) .

For E[V} | k* = k] = WiE[e¥ | k* = k], with 6 > w:

_ w
Bl | k= k] = (T hegs /T (1= 2.

Simplify:

E[Vi | k* = k] = W T“/Ohe /P (1 - %) .

Using 1, /7 = we/o /5% p2/% — wihg:

E[V, | k* = k] = (TW)*/°T (1 - %) .
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This concludes the proof of Proposition 1(iii).

Appendix B: Multivariate Dagum with Clayton Dependence

First, I construct the multivariate Dagum distribution with Clayton dependence from

its marginal distributions and dependence structure. Then, I prove Proposition 2.

B1: Multivariate Dagum with Clayton Dependence

Assume the marginal distribution of each shock g; is a Dagum (Burr Type XII)
distribution with shape parameters £ > 0, 1/d > 0, and scale dj > 0. Its cumulative
distribution function (CDF), for e, > 0, is:

1+ (Z—Z) _1 . (B1)

Define uy = Fy(ex), which are uniformly distributed on [0, 1] by the probability

integral transform. The dependence structure is the Clayton copula, which is the
multivariate Archimedean extension of the bivariate Clayton family (Nelsen, 2006),
defined as:

K ~1/5
Cluy,...,ug) = (Zuj—é_([(—l)) , (B2)

where § > 0 is the dependence parameter. As § — oo, this approaches perfect
positive dependence (comonotonicity); as 6 — 0, it approaches the product copula

(independence).

By Sklar’s Theorem, the joint CDF of the shocks € = (e1,...,ek) is expressed as

_e11/0
Fler,...,ex) = C(Fi(ey),...,Fx(ex)), where Fyle,) = [1 + (d—) } is the
—1/s
Dagum marginal CDF for e, > 0, and C'(uy, ..., ux) = (Zszl u;‘s — (K — 1)) is
the Clayton copula with § > 0. Define u, = Fy(e). Compute u,;‘;:

=
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Thus:

Substitute into the copula:

Kz (;_;)‘1 s >) _ ( z (;_;)‘f)

This confirms the joint CDF matches the multivariate Dagum form in Proposition 2

F(el,...,eK):<

for e; > 0.

B2: Proof of Proposition 2

The shocks € = (1, ...,ck) follow the joint CDF (for e; > 0):
~1/6

RO

Jj=1

F.(e) =

where £ >0, 0 > 0, d; > 0. Agents select £* to maximize:
Vie = Wiet, W, >0, w>0.

I derive the choice probabilities p, = Pr(k* = k), the conditional CDF F,, |j—x(2)
(for x > 0), and the conditional expectations E[ej, | k* = k] (assuming £ > 1) and
E[Vi | K = k] (assuming & > w). The conditional CDF Fy, - (v) (for v > 0) is

derived as an intermediate step.

B2.1. Transformation and Shocks

The multivariate Dagum distribution with Clayton dependence admits a gamma-mixture
representation. Let (1, ..., (x beiid. standard Fréchet with CDF F,(z) = exp(—z7%)
for z > 0. Let V ~ I['(1/6,1), with PDF fy (v) = [['(1/6)]""v!/°~te™ for v > 0.

Define the shocks by
€j = dj ‘/1/5 Cj'
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Then, conditioning on V' = v,

Pr(e; <e; Vj|V =0v)= f;[exp <_ (djzji/g)_£> — exp (‘”Z <§_j) —5> .

7j=1
Integrating over V' yields

~1/6

1 & -
F.(e) = 1/6=1 v [14+3,(e5/d) %] gy —
(e) F(l/(S)/O v e v

=3 (5)

B2.2. Deriwation of Choice Probabilities

Maximizing V}, is equivalent to maximizing Vkl/w = Wkl/wak. With e, = di,V4(,,

define ¢, = VVk1 / “dy. Since VY€ > 0 is common across k, it cancels in the arg max:

k™ = arg mgx{cbka}-
As (, are i.i.d. Fréchet(¢), the choice probabilities are

&, (W, dy)¢

pr = Pr(k* = k) = — = .
S o S (W edy)e

This concludes the proof of Proposition 2(i).

B2.3. Deriwvation of the Conditional CDFs

For the winner’s underlying shock, one has (for z > 0)

Fep—i(z) = exp(—p; ' 27%) .
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Therefore, using e, = d,V''/¢(;, and conditioning on V,

)

—E, [exp (—u;l (57) _5)} = By [exp(—py ' (/) V)]

N ~1/s ) e Ve
e (B ) T
K dy, dkﬂizl/g

which is Dagum with scale dj, #;1/ €. As an intermediate step, the conditional CDF
for Vj, = Wye¥ (for v > 0) is

N ~1/s . —¢/w
e () ] o (i
W Wids iy /€

This concludes the proof of Proposition 2(ii).

Fope=k(z) = Ey [PF (Ck < o

~1/s

Fy, ppe=k(v) =

B2.4. Deriwation of Conditional Fxpectations

The conditional distribution ¢, | £* = k is Dagum with shape a = &, second parameter
p=1/6, and scale b = dk/L;l/g. Its m-th moment exists for & > m and equals
I'(p+m/a)l'(1 —m/a)

E[X™] = b" T .

Thus, for £ > 1,

Efes | b = ] = dyp /6L +1£é§)/§)(1 — 18,

For E[V) | k* = k] = WiE[e{ | k* = k], with & > w,
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Let ¢, = W,/ “dy, and W = K| ¢, Since gy, = ¢f/W,

1 We/é

Widypy, 75 = Widy " = Ww/E,
k

Hence,
I'(1/6 +w/OI(1 —w/¢)

E[Vi | k* = k] = W*/¢ T8 ,

which is independent of k. This concludes the proof of Proposition 2(iii).

Appendix C: Simulated Eaton—Kortum Model

This appendix presents a simple quantitative simulation to assess the potential impor-
tance of the additional margin introduced by the equivalence result in an otherwise
standard Eaton—Kortum model of international trade. The counterfactual system of

equations is:
(i) & =wlb ",
(i) 7oy =, " (e7) P,
—1/6
(i) P = ( [T (ékﬁcj)_eﬂkj> ;
k

(iv) @Y =Y Fagmy (;15),
k
~—0p
¢
V) = =
2ty
To simulate the model, I take as given {pu, m;, Y} in the benchmark equilibrium.
For tractability, I consider two symmetric countries, A and B, with the following

parameterization:

v 0 Ys Yp Taa Tap Tpa T  HA UB P

05 4 2 2 05 05 05 05 (1,10) 1 (1,3)

In the benchmark, the two countries are identical in all respects except for the initial

firm shares p4 and pp. I fix ugp = 1 and vary ps between 1 and 10. The dependence
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parameter p ranges between 1 and 3, with p = 1 making equation (v) irrelevant since

the discrete—choice margin has no effect on equilibrium.

For each (p4,p) pair, I compute the counterfactual equilibrium following a 10% re-

duction in trade costs from A to B:
Tag = 0.9.

The resulting welfare changes are plotted in Figure C1.

B Welfare in Country A
i Welfare in Country B| | 12

14 - L

10
12

Welfare Gains in %

Notes: The figure plots counterfactual welfare changes for two symmetric countries in an Eaton—
Kortum model with endogenous firm location, following a 10% reduction in trade costs from
Country A to Country B. The surfaces show the welfare change for each country as a function of
the initial firm share p4 and the dependence parameter p.

Figure C1: SIMULATED WELFARE GAINS FROM TRADE

First, consider the benchmark Eaton—Kortum case in which the discrete—choice mar-
gin is absent (p = 1). In this case, the welfare gains from trade are independent of the

initial allocation of u’s. The gains are slightly higher in Country B (6.8% vs. 4.6%)
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because imports into B become directly cheaper when T4p = 0.9, whereas the effects

for Country A operate only through general equilibrium feedbacks.

Next, fix a symmetric initial allocation of firms, pus = pup = 0.5, and vary p. As
the correlation parameter increases from 1 to 3, the welfare gains from trade rise in
Country B (from 6.8% to 9.1%) but fall in Country A (from 4.6% to 2.1%). This
pattern is intuitive: higher values of p make firms more responsive to relative payoft
differences, so the same counterfactual shock 745 induces a larger reallocation of firms
toward B. The relocation is driven by lower production costs in B due to cheaper
intermediate imports. As a result, the additional discrete—choice margin becomes

quantitatively important when p > 1.

Finally, the quantitative impact of the additional discrete—choice margin is most pro-
nounced when the initial allocation of firms is highly asymmetric. Suppose that over
90% of firms are initially located in Country A. In this case, as p increases from 1
to 3, the welfare gains from trade in Country B rise markedly from 6.8% to 12.7%,
and they also increase for Country A from 4.6% to 5.4%. This occurs because a high
initial p4 magnifies the effect of lowering 745 on the price of imports in Country B,

which in turn generates positive general equilibrium spillovers back to Country A.

Although the exercise here is based on a stylized two—country setting, it highlights
that even modest positive correlation (p > 1) can introduce sizable new adjust-
ment margins through the equivalence result, without altering the rest of the Eaton—
Kortum structure. While estimating p from data is beyond the scope of this paper,
the example illustrates how the framework provides a clear path for such estimation

in future work.
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