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Abstract

This paper introduces an endogenous network of payments chains into a busi-
ness cycle model. Motivated by evidence of linked payments in Costa Rica, we
present a model where agents order production in bilateral relations. Some pay-
ments are executed immediately. Other payments, chained payments, are delayed
until other payments are executed. Because production starts only after orders are
paid, chained payments induce production delays. In equilibrium, agents choose
the amount of chained payments given interest rates and access to internal funds
or credit lines. This choice determines the payments-chain network and aggregate
total-factor productivity (TFP). The paper characterizes equilibrium dynamics and
their innate inefficiencies. Agents internalize the direct costs of their payment de-
lays, but do not internalize the costs induced onto others. This externality produces

novel policy insights and rationalizes permanent reductions in TFP under excessive
debt.
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1 Introduction

During financial crises, productive resources often remain idle—not because of tech-
nical constraints or lack of demand, but because agents must wait for others to pay,
who in turn are waiting on others. A simple example illustrates the idea. Consider a
general contractor hired to build a commercial property. The contractor relies on a
network of subcontractors—electricians, plumbers, and carpenters—who agree to be-
gin or continue work only after receiving partial payment. The contractor also places
orders with material suppliers, who may customize some of the materials and are un-
willing to ship them until payment is completed or, at minimum, a proof of funds is
provided. However, the contractor is waiting for a payment from the project’s devel-
oper, who is waiting for a loan installment or the proceeds from the sale of another
property. During crises, banks may delay loan payments and property sales may slow-
down, disrupting the developer’s funding sources, and therefore, the entire chain: the
contractor cannot pay the electrician or the supplier; the electrician postpones work;
the supplier holds off on shipping; and the project stalls. The slowdown is not due to
a lack of labor, materials, or technical capacity, but rather to each party waiting to be
paid by someone else. These cascading delays can leave productive resources idle, and
the national accounts will record the outcome as a decline in productivity.

Despite how natural such payment delays seem, they are rarely featured in macroe-
conomic models. Production is typically centralized with spot market exchanges and
payment frictions abstracted away. While credit constraints are sometimes modeled,
the usual assumption is binary: agents are either constrained or unconstrained. What
is missing s a tractable framework where economic activity stalls simply because agents
must wait for upstream transactions to clear.

This paper develops a theory of payment-chain disruptions and studies their macroe-
conomic implications. We show theoretically and empirically that payment timing—not
just credit availability—can generate substantial productivity losses during financial
crises.

Our empirical contribution uses detailed microdata on all interbank transfers in
Costa Rica, along with the universe of transaction-level sales receipts. We document
that over half of firms engage mainly in chained payments, and that sectors facing
longer delays feature less chained payments. Exploiting a natural experiment where

bank accounts were suddenly frozen for some firms, we show that payment disrup-



tions lead to real effects on output, and that these effects depend critically on whether
the affected firms participated in payment chains.

Guided by this evidence, we introduce a payment-chain production network that
explicitly links transaction timing to production timing. In this framework, some or-
ders are paid upfront (spot), while others are chained—paid only after preceding pay-
ments clear. As the fraction of chained orders rises, production delays cascade through
longer chains, reducing measured total factor productivity according to a tractable for-
mula linking micro-level payment structure to macro-level outcomes.

We embed this network into a business-cycle model with borrowers and savers.
When borrowers face limited short-term credit access, they increase chained orders
to maintain consumption, not internalizing how this delays other transactions. The
model generates three regions: efficient steady states with minimal delays, temporary
payment-chain crises that resolve as debt falls, and permanent crises with debt over-
hang where deleveraging incentives are insufficient.

The framework yields novel policy insights. A Ramsey planner recognizing payment
externalities finds both that savers spend too little on spot orders and borrowers spend
too much on chained orders during crises. Regarding fiscal policy, government spend-
ing has positive multipliers during payments-chain crises—but only if the government
makes spot expenditures. If government spending is chained to tax receipts, it proves
detrimental. The mechanism works, not through aggregate demand stimulus, but by
speeding up payments, offering a monetarist reinterpretation of fiscal multipliers.

Literature Review. The paper connects with theories that underscore the sharp de-
clines in aggregate TFP during crises. The link between financial crisis and TFP is
not at all obvious because financial crises can manifest themselves through distort-
ing labor-market outcomes, not productivity. One branch of the literature explains
declines in aggregate TFP through increased misallocation—see Pratap and Urrutia
(2012) or Oberfield (2013). However, a common finding is that heterogeneity can only
partially explain TFP declines once models are disciplined with data on input use and
heterogeneity. Here, the channel is utilization. Other studies also explain declines in
TFP as aggravated financial conditions increase the cost of utilizing capital—see Meza
and Quintin (2007). The mechanism here is different: financial conditions impact TFP
through a slowdown of payments.

Beyond the focus on financial crises, the paper falls at the crossroads of several ar-



eas. Namely, the monetary-payments literature, the economic-networks literature, and
the literature on aggregate-demand externalities. The issue of how payment instru-
ments affect production is a classic theme: Lucas and Stokey (1987) analyzes a stochas-
tic cash-in-advance economy; Kiyotaki and Wright (1989) studies trade with indivisible
tokens; Lagos and Wright (2005) a model with divisible money and explicit trading ar-
rangements.! Recent work focuses on how the distribution, and not the instruments
per se, affects production—see Lippi et al. (2015), Rocheteau et al. (2016), and Brun-
nermeier and Sannikov (2017). Like this literature, the distribution of funding affects
allocations, and the main distinction is that we focus on delays in sequential payments.
Sequential payments appear in many other studies. The payments-chain network
is inspired by the model in Kiyotaki and Moore (1997a). Kiyotaki and Moore (1997a)
focus on finding micro-foundations of production disruptions in a single chain. The
contribution here is to present a network of transactions whose structure depends on
payment decisions. Furthermore, we embed the payments-chain network into a stan-
dard business-cycle model. Other models of sequential payments include Townsend
(1980), which studies sequences of payments with spatial separation, Freeman (1996)
and Green (1999), which study sequential transactions in overlapping generation en-
vironments, La’O (2015), which studies a circular flow of transactions, or Guerrieri and
Lorenzoni (2009), which studies sequential transactions in a Lagos and Wright-type en-
vironment. Recent work by Hardy et al. (2022) and Bocola (2022) contrasts payments
funded externally against trade credit.? Relative to these papers, there are two distinc-
tions: here, transactions are formed in a network, and the network is endogenous to
expenditure-savings decisions. The importance of this body of theoretical work is sub-
stantiated by a body of empirical evidence found in a number of recent papers: Boissay
and Gropp (2007), Jacobsen (2015), Barrot (2016), and Costello (2020) among others.
With respect to the economic networks literature, the paper connects with mod-
els with endogenous network formation. The contribution relative to that literature
is modest, as network formation is not strategic. By contrast, in Oberfield (2018), a
network is formed through strategic partnerships. In Kopytov et al. (2022) and Elliott
et al. (2022) firms form strategic links, being aware of possible supply-chain break-

downs. Here, the network is randomly formed, but the distribution of chains is en-

ISee Shi (1997); Lagos et al. (2011); Lagos and Rocheteau (2009); Li et al. (2012); Nosal and Rocheteau
(2011); Rocheteau (2011) for many other directions in that area.
2See also Biais and Gollier (1997).



dogenous to financial decisions. Like in Elliott et al. (2014), Alvarez and Barlevy (2021)
and Taschereau-Dumouchel (2022), there are externalities here too. In those models,
externalities occur when individual defaults provoke subsequent defaults. Here, exter-
nalities occur through payment delays. Bigio and La’O (2013) considers the propaga-
tion of financial shocks that induce misallocation in a production network. Here, there
is no misallocation in the production network, but there are production delays.

Finally, the paper connects with models of aggregate demand externalities. An early
model of these externalities is Diamond (1982) where, via search, consumption deci-
sions affect output. In most of the literature, demand externalities result from nominal
rigidities. There has been a recent interest in coupling nominal rigidities with financial
constraints—for example, Eggertsson and Krugman (2012) and Guerrieri and Loren-
zoni (2017). Recent papers have further introduced sequential transactions into envi-
ronments with nominal rigidities—for instance, Woodford (2022) and Guerrieri et al.
(2022). In those models, demand externalities occur when agents cut back on any form
of expenditure. The nature of demand externalities here is different. In particular, the
type of expenditures by the private or public sector matters: spot orders may stimu-
late output, but chained orders depress it. The demand externalities provoked by the
slowdown of payments are part of a classic narrative.

2 Empirical Motivation

This section documents empirical evidence on payment chains, their prevalence, and

their effects on firm-level productivity.

Data. We leverage two exceptionally rich data sources. The first is Sinpe—Costa Rica’s
National Electronic Payments System—which processes and settles every interbank
transfer.®> In 2024 alone, Sinpe recorded over 62 million transfers, capturing, for each
transaction, the precise timestamp, unique sender and receiver identifiers, the banks
involved, and the exact transferred amount. The coverage spans the universe of in-
terbank activity for 243,234 distinct firms, with an average transaction of USD 4,507.*
The second dataset derives from Costa Rica’s VAT (Value-Added Tax) reporting system,

3Sinpe is an acronym for Costa Rica’s National Electronic Payments System (Sistema Nacional de Pa-
gos Electrénicos), and is operated by the Central Bank of Costa Rica.

“For more details related to Costa Rica’s firm network, see Méndez and Van Patten (2025); Argente et
al. (2025). Alvarez et al. (2023) focuses on a particular branch of Sinpe— Sinpe Mévil—which pertains to
peer-to-peer mobile money transfers.



and encompasses the electronic invoices for every formal sale. For each invoice, the
registry records the sale price, product code, quantity sold, and flags whether payment
was settled on the spot or was deferred. Deferred payments are recorded because, un-
til the seller receives full payment, classifying the transaction as deferred allows her to
postpone the VAT remittance on the unpaid portion for up to 90 days. For deferred pay-
ments, the system also records the contractual repayment window. This feature pro-
vides direct, time-stamped insight into short-term financing arrangements and pay-

ment timing at a level of granularity rarely available.

Documented Regularities. We exploit the universe of interbank transfers among firms
to test for systematic payment—chain behavior. Absent such chains, there should be no
systematic relationship between the payment inflows and outflows of a firm. Thus, to
empirically detect chained payments, we first examine if firm j is more likely to issue a

payment within 24 hours of receiving one. Specifically, we estimate:
sent;; = received;—1 + M\ + Njxa + €t 1)

where sent;; = 1, if firm j made a payment on business day ¢, and received;;—y = 1
if firm j received a payment in the preceding 24 hours.> To prevent this relationship
from being purely mechanical, we include both time fixed effects and firm xday-of-
week fixed effects.

Table 1 reports the results. Column (1) shows that, on average, firms are significantly
more likely to send a payment within 24 hours of receiving a payment. Reassuringly,
payments are only triggered when the amount sent is less than the amount received,
as shown in Table A.1. Columns (2)-(4) reveal heterogeneity: the payment—chain effect
is strongest among small firms (5 workers or less) and attenuated for firms with higher
asset-to-sales ratios or greater loan access relative to sales.

Columns (1)—(4) focus on a one-day window to approximate chained-payment re-
sponses, as a narrow time frame strengthens the inference of a direct link between in-

flows and outflows. To trace the temporal profile of this effect, we implement a local

SPayments received on weekends or holidays are assigned to the next business day.

Time fixed effects capture calendar-driven patterns—e.g., firms that always pay or receive on month-
end or the 15th. Firm x day-of-week fixed effects absorb idiosyncratic weekly rhythms—e.g., some firms
systematically pay on Thursdays, others on Fridays—thereby isolating only the abnormal deviations
linked to incoming payments. The latter fixed effect would also discipline variation, for instance, from a
firm that tends to make payments every day, and instead would force the variation to come from out-of-
the-ordinary responses correlated with receiving a payment.



Table 1: Triggered Payments Across Firms

Dependent variable: Probability that firm j makes a payment at timet

(€8] 2 3) 4) 5) (6)

received; ;1 0.030 0.010 0.039 0.038 0.030

(0.0005)*** (0.0008)*** (0.0008)*** (0.0008)*** (0.0005)***
Small; x received; ;1 0.017

(0.001)***
12221? X received; 1 -0.019
(0.001)***
%ﬁ;]ﬁs] X received; 1 -0.018
(0.001)***
received; 5 0.011 0.010
(0.0004)*** (0.0004)***

Adjusted R? 0.483 0.446 0.483 0.483 0.483 0.483
Observations 10,001,248 5,290,408 8,399,599 8,399,599 10,001,248 10,001,248
Clusters 222,306 74,566 174,896 174,896 222,306 222,306
t,j x dFE Yes Yes Yes Yes Yes Yes

Notes: The independent variable in column (1) is an indicator that equals one if firm j received a payment from another
firm in the last 24 hours. This variable is interacted with firm ;s size, assets-to-sales, and liabilities-to-sales in columns
(2), (3), and (4), respectively. Column (5)’s independent variable is an indicator that equals one if firm j received a
payment within 5 days of time ¢. Column (6) includes both indicators described above. Robust standard errors, adjusted
for clustering by firm, are in parentheses. We include time and firm x weekday fixed-effects. Data is daily and spans 2024.

projection (Jorda, 2005; Jorda and Taylor, 2025). Panel (a) of Figure 1 shows that, while
payments are triggered within one business day, there is also a second peak around five
business days (one week) after receipt of funds. Moreover, coefficients in columns (1),
(5), and (6) are remarkably stable, suggesting that payments unfold in two orthogonal
waves—an immediate response and a delayed one around business day five.’

This two-wave structure reflects both the speed of Costa Rica’s modern payment
infrastructure and residual frictions. In 2024, when Sinpe processes most transfers
electronically, same-day responses are technologically feasible.® However, even with
arapid payments network in place, a subset of firms continues to rely on paper checks,
which take several business days to clear. This check-clearance lag produces the pro-
nounced second spike at business day five. Consistent with this mechanism, firms ex-
hibiting the five-day payment lag are roughly 60% more likely to pay by check than the

"We also examine the intensive margin in Table A.2, which yields results consistent with the extensive-
margin analysis: firms are more likely to make payments once they receive transfers.

8By contrast, in the 1990s, most payments settled by check, and checks used to require up to 15 days
to clear—so that the fastest possible response was about two weeks (Cerdas and Melegatti, 2014).



rest. When we exclude these check-using firms, the day-five peak in Panel (a) of Figure
1 disappears, confirming that check-clearing times underlie the longer delays.

.85+
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Change in Probability of Making a Payment
Share Chained

.65
i 2 3 4 5 6 7 8 3 15 2 25 3 35
Days After Receiving a Payment Average Delay

(a) Triggered Payments: Local Projection (b) Chained Payments vs. Average Delays

Figure 1: Dynamics of Chained Payments

Notes: Panel (a) shows a local projection (Jorda, 2005; Jorda and Taylor, 2025), where the dependent and independent
variables have 13 lags, as determined by a VAR-based optimal lag selection criteria. Panel (b) shows the average share
of firms classified as chained by sector against the average payment delay in the sector. Sectors correspond with ISIC
sections. Observations are weighted by sales. Data is monthly and spans 2024.

Placebo Exercises Relations are not mechanical. We conduct placebo tests, where
we change the timing so that the independent variable represents payments received
h days after making a payment, with 2 € {1,2,3}. As shown in Table A.3, results are
consistently negative or insignificant, speaking against spurious temporal correlations.

Constructing Payments-Chains. Leveraging the comprehensive ACH and wire trans-
fers data, we aim to identify firms where the receipt of a payment triggers the issuance
of subsequent payments. Our goal is to classify firms into three distinct groups: (i)
those that tend to make chained payments without delay; (ii) those that tend to make
chained payments with delay; and (iii) those that tend to make spot payments.

We proceed in two stages. First, to isolate firms chained without delay (type (i)), we
compute the monthly frequency with which receiving any payment leads to issuing a
payment within one business day for each firm. As shown in Panel (a) of Figure A.1, this
distribution has large masses of firms concentrated in a value of one (firms with perfect
same-day response rates) and in a value of zero (firms with no same-day responses).
Given this bimodal distribution, we use k-means clustering to split the sample into
two groups: firms type (i) and other firms.

Second, among those firms that were noft classified as type (i), and informed by the

local projection in Panel (a) of Figure 1, we consider the distribution of monthly oc-
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currences in which receiving a payment led a firm to make a payment five days later.
This distribution, shown in Panel (b) of Figure A.1, shows that relatively few firms are
chained with delay and allows us to further split this subsample into two groups: firms
concentrated in zero, which correspond with type (iii)—spot, for whom payments sent
are uncorrelated with payments received, and a few firms which are concentrated in
one and are therefore type (ii)—chained with delay. This two-stage clustering yields a
firm-month classification into three types; although firm types are highly persistent,
our approach allows for type-switching from month to month.? Once firms are classi-
fied, we construct payments-chain networks.

Stylized Facts on Payments-Chains Several stylized facts emerge. First, on a given
month, 39% of firms tend to make spot payments, while the remaining 61% of firms
engage mainly in chained payments. Among the chained firms, 80% make payments
without delay and 20% make payments with delay.'°

In other words, chained firms are prevalent in the economy, a prevalence likely
driven by the generally short delays most firms incur. If payment delays raise the cost
of participating in a chained network, it is natural to ask whether longer delays deter
firms from becoming chained. To explore this, Panel (b) of Figure 1 plots each sector’s
share of chained firms against its average payment delay. For instance, sectors in which
firms tend to rely more on paper checks would have a longer average delay. The figure
reveals a strong, negative relationship: sectors with longer delays host proportionally
fewer chained participants.!!

A second observation is that interactions across firm types are common. As shown
in panel (a) of Figure 2, 26% of all links in the payments network are “mixed,” involving
both a spot and a chained firm.'? Third, if we focus on transactions between same-
type firms, network structures differ significantly. On the one hand, Panel (b) of Figure
2 shows the network for transactions between firms classified as chained, blue (green)

9As an alternative, one can estimate each firm’s fitted probability of triggered payments from the
specification in column (6) of Table 1 and then apply k-means clustering with £ = 3. The resulting
spot vs. chained classification highly correlates with our baseline method, with a correlation of 0.89.

19The k-means clustering partitions firms at a fitted probability threshold of 0.42 when considering
chained without delay vs. other firms, and of 0.15 when considering chained with delay vs. spot firms.

1panel (b) of Figure 1 categorizes sectors by their one-digit ISIC sections. These broad groupings are
chosen deliberately to have an input-output matrix with strongly dominant diagonals.

12This representation is based on December 2024. However, these shares are very stable: across all
months in 2024, these shares are statistically equal and vary less than one percentage point from month
to month, as shown in Table A.4.



dots representing firms chained without (with) delay; about 70% of all links. These
links are particularly relevant as consecutive chained links ultimately form the pay-
ment chains. The network structure shown is a dense core with isolated nodes. The
core cluster represents a critical mass of firms in tight transactional relationships and
a circular dependency loop. Firms in this network’s core are interdependent, which
would relate to high systemic risk: if one core firm delays or defaults, it could ripple
through the network. Finally, Panel (c) shows the transactions among firms classified

as spot.'3 The network structure is more diffuse and decentralized.
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(a) All (b) Chained-to-chained (c) Spot-to-spot

Figure 2: Network Structure by Firm Type

Notes: The figures show the network structure by link type. Panel (a) shows all links between firms. Panel (b) shows
links between firms classified as chained. Panel (c) focuses on links between firms classified as spot. Data is collapsed
for December 2024 to construct the network representation.

With firm classifications in hand, we construct payment chains as network paths
that begin and end at firms making spot payments, with chained firms potentially oc-
cupying the intermediate nodes. For each pair of spot firms, we define the chain’s
length as the number of links (chained firms) separating them.!* Figure A.2 displays
the distribution of chain sizes with an average chain of 5 links.!®

We further exploit the VAT registry of electronic invoices—linked at the firm level
to Sinpe transfers—to observe prices and timing of payment—immediate or deferred,

13These circles look less numerous than in Panel (a), as spot firms trade mostly with chained firms.

4To avoid double counting of overlapping fragments and to maintain computational feasibility at a
monthly frequency, we measure chain length by the shortest path between two spot firms using Dijkstra’s
algorithm.

I5This figure corresponds with the distribution for December 2024. Results are nearly identical in
other months, exhibiting only minimal month-to-month variation.
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and if deferred, for how long—for firms classified as either chained or spot. Because
sellers must issue an electronic invoice upon receipt of any partial payment, deferred
transactions in the VAT system naturally capture chained-payment behavior. Indeed,
firms classified as chained are 26% more likely to engage in deferred payments than
spot-payment firms, with an average deferral of 34 days. Leveraging this rare level of
detail, we find that, for the same product, invoice prices are 21% higher when payment
is deferred, and that this premium is even larger when the purchasing firm is one that
regularly makes chained payments. Appendix A.5 presents details of these results.

We also leverage daily data on deferred payments and itemized invoices to study
how payment timing affects product delivery. Focusing on retail firms—where the
items sold correspond exactly to the items purchased without any in-house transfor-
mation —allows us to match each input purchase directly to its downstream sale.'® For
these firms, we isolate new-product transactions with deferred payment and ask: does
the retailer start selling the product as soon as the invoice is issued (potentially when
receiving a partial payment), or only once the full payment arrives (recall the average
deferral is 34 days)? In roughly 70% of cases, sales of the product start only after the
upstream seller has received payment in full. The timing of such transactions is shown
in Figure A.3—an event study centered on the date when full payment is due, where

the plotted coefficients measure store-level sales (our proxy for delivery).

A Payments-Chain Crisis. A payments-chain crisis may arise when shocks to short-
term liquidity propagate through chained transactions and impair downstream pay-
ments. We exploit a natural experiment to assess the empirical relevance of such crises.

In August 2024, Costa Rica’s Financiera Desyfin—a financial institution catering mainly
to enterprises and business clients—was abruptly and unexpectedly intervened by the
financial regulator, who immediately froze all customer accounts due to insolvency
concerns. The regulator then declared the institution unviable and placed it into a res-
olution process under the Organic Law of the Central Bank of Costa Rica, leaving those
funds inaccessible for several months.

Using Sinpe data, we can identify the directly shocked firms and trace how disrup-
tions ripple through their surrounding payment networks. To build intuition, we will
provide an example. Consider the pre-freeze network in panel (a) of Figure 3, in which
arrows represent flows of payments. Firm D is classified as a spot payer, issuing trans-

16For example, an automaker buys tires and parts but transforms them into cars, so input and output
dates don't align neatly.
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fers to chained firms downstream (to its right in the figure) with no systematic link
between payments it received and sent. After the Desyfin freeze, however, firm D’s out-

flows started happening only after receiving a payment, so that it “switched” to being

classified as chained, as depicted in panel (b).

O Spot Q Chained

(a) Chain prior to accounts’ freeze (b) Chain after accounts’ freeze

Figure 3: Example: Firm D with a Frozen Account “Switches” from Spot to Chained

Notes: The figures show an example of how the accounts’ sudden freeze might have impacted a chain in which one,
formerly spot, firm “switched” to being classified as chained. Arrows represent payment flows, so circles positioned
farther to the right correspond to firms that are further downstream.

With this example in mind, let Desyfin;, = 1 if firm ¢ maintained an account at
Financiera Desyfin during 2024, and let Shock; = 1 fort > August 2024, when the freeze
occurred. We also define Switch2chained;; = 1 if firm i changes from being classified as
spot to being classified as chained in month ¢.'”

We first explore if firms which had an account at Desyfin become more likely to
“switch” to being classified as chained after the freeze. Column (1) of Table 2 reports
that this occurs; the probability of switching from spot to chained increased by 0.016
pp—equivalent to a 9% rise relative to the baseline.'® The estimation has province xindustry
and time fixed effects, and is therefore not driven by regional or sectoral composition
or aggregate shocks that year.

Next, we examine how a “switch” to chained status impacts a directly shocked firm
(D, in our example above). Namely, we consider the indicator Switch2chained;; as an
independent variable and study the behavior of a firm 7 that had an account at Desyfin
and switched to being classified as chained. We find that firm ¢ made 18% fewer pur-
chases after the shock, which would align with a hindered ability to make payments,
as shown in column (2) of Table 2. The same column shows that the term Desy fin; x

7Recall that the classification of firms by type is month-specific and allows for type-switching across
time. While the classification is flexible, firm types tend to be highly persistent.

18This result is also reassuring in that it validates our classification measure as capturing meaningful
payment behavior.
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Shock; has, on its own, a positive coefficient, consistent with positive pre-shock se-
lection into Desyfin, which catered to corporate clients. In line with fewer purchases,
column (3) shows sales fell, and column (4) confirms a fall in value added of about 20%.

We finally ask how chained suppliers fare when selling to a directly shocked firm.
Define Selling2Desy fin;; as an indicator equal to one if chained firm j was selling to a
directly shocked “Desyfin” firm. Panel (B) of Table 2 shows an 18% reduction in pur-
chases after the freeze, along with a fall in sales and value added of a similar magnitude
(columns 5-7), but only when selling to a firm that switched to chained payments and
held a Desyfin account. These results underscore how payment chains can undermine
economic resilience. Just as a project developer’s lack of funding can trigger cascading
delays for the general contractor, subcontractors, and so on, a shock—such as a bank
account freeze—that disrupts an initial spot payment can cause delays and hinder pro-
duction for firms down the payments chain.

This effect on “one-link away” firms is persistent. While none of these firms was
directly hit by a shock, Figure 4 shows that the effect remains at least four months after
the shock occurred—the figure again focuses on firms selling to a Desyfin firm which
switched to being classified as chained; i.e., we plot the interaction Selling2Desy fin;; x
Switch2chained; x Desyfin; x Shock,. The effect is also persistent along a chain. As
documented in Figure A.6, the effect propagates atleast 3 links upstream from a directly
hit Desyfin firm that switched to chained.

3 Payments-Chains and Productivity

Motivated by the empirical evidence, this section presents a framework to map a set
of income and expenditures in the economy into a payments-chain network. When
transaction delays entail an economic loss, the payments-chain network translates into

TFP losses. We then embed this module into a dynamic business-cycle model.

Bilateral Relations. Consider an economy where production is organized through
bilateral relations where each customer orders a single unit of goods from a supplier
owning a single input. As in our introduction, we can think of these inputs as con-

struction materials or services and, more generally, as specially engineered products

9The sample size becomes smaller as we increase the number of links of separation, because fewer
observations feature chains that long (see Figure A.2). Thus, results beyond 3 links are too noisy to be
conclusive.
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Table 2: A Payments-Chains Crisis: Frozen Bank Accounts

A. Directly Shocked Firm ¢

Switch2chained;; In Purchases;; In Sales; In Value Added;;
1) (2) (3) 4)
Switch2chained;; X Desyfin; X Shock: -0.176 -0.233 -0.197
(0.064)*** (0.086)*** (0.109)***
Switch2chained;; X Shocks -0.004 0.019 -0.017
(0.577) (0.010)** (0.012)
Desyfin; x Shock; 0.016 0.159 0.195 0.204
(0.007)*** (0.048)*** (0.037)*** (0.048)***
%A w.r.t. mean [mean dep. var] 9% [0.18]
Observations 1,200,404 1,192,436 939,984 636,485
Province xindustry, ¢t FE Yes Yes Yes Yes
B. Firm j Selling to a Directly Shocked Firm ¢
In Purchases;; In Salesj; In Value Added;;
%) (6) (7)
Selling2Desy fin;; x Switch2chained;; -0.176 -0.189 -0.130
X Desy fin; x Shocky (0.029)*** (0.033)*** (0.038)***
Switch2chained;; X Shocks 0.038 0.017 0.000
(0.016)** (0.019) (0.023)
Selling2Desy fin;; x Switch2chained;; 0.651 0.669 0.661
(0.040)*** (0.044)*>* (0.047)***
Desyfin; x Shock 0.035 0.027 0.000
(0.016)** (0.019) (0.023)
Observations 704,087 555,098 382,319
Province xindustry and ¢ FE Yes Yes Yes

Notes: The dependent variable in column (1) is an indicator equal to 1 if firm ¢ switched from being classified as a spot
firm to a chained firm in period ¢. Columns (2), (3), and (4) investigate the impact of the freeze on firms who held ac-
counts at Desyfin, before and after the freeze, differentiating between impacts if the firm switched to being classified as
chained or not. Columns (5), (6), and (7) instead focus on firms that were selling to a firm directly connected to Desyfin,
before and after the shock. Robust standard errors, clustered by firm, are in parentheses. We include province x industry

(ISIC-4) and time fixed-effects. Data is monthly and spans 2024.

There are two types of orders: spot and chained orders. Spot orders are paid imme-
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identical across orders, a condition we explain in the following section.

or a commissioned piece of art. For simplicity, here we assume that all input goods

are identical and represent the numeraire. Furthermore, we assume that payments are

diately. Chained orders are contingent on previous payments; the customer pays for
his order contingent on receiving payment from another transaction where he is the
supplier. This definition is in line with the one in our empirical exploration in Section
2. There are N° and N* spot and chained orders. The sum of orders equals the amount
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Figure 4: Persistent Effect Along the Chain

Notes: The figure shows an event study where time zero corresponds with the month when Desyfin accounts were
frozen. The dependent variables in panels (a), (b), and (c) are the (log) of purchases, of sales, and of value added,
respectively, of firm j in month ¢. The plotted coefficients correspond with the triple interaction of Selling2Desy fin j; X
Switch2chained;; X Desyfin; x Shockt, and therefore captures the impact of being one link upstream from a Desyfin
firm and switching to being classified as chained after the freeze. Robust standard errors are clustered by firm. We
include province xindustry (ISIC-4) and time fixed-effects. Data is monthly and spans 2024.

N of input goods, N = N*® + N¥, a notion of market-clearing that will emerge in equi-
librium in the next section. We also provide an interpretation for spot and chained
transactions once we introduce financial decisions in that section.

Each input unit is assigned an identifier, i € N = {1,2,...,N}. Likewise, each
order is assigned a unique identifier, i € A/. We partition A/ into two sets, A'* and N'%,
denoting the set of identifiers of spot and chained orders, respectively.?°

We define two relations that together determine a payments-chain network. First,
P : N — N is a one-to-one assignment from an order to an input unit, where by as-
sumption i # P(i). P(i) indicates the input unit that fulfills order i. Second, a chained
income-expenditure relation associates a chained order with an input unit whose sale
is the source of funds to pay for the order. This relation is the identity function defined
on N”. That is, order i uses the payments to input unit ¢ if i € A%, as a source of funds
to execute order i. The idea is that although order i is not externally funded, the cus-
tomer who places order i owns input unit 7. Hence, order i can be funded after order
j = P~Y(i) executes a payment. The assumption that the income-expenditure relation
is the identity is without loss of generality.?!

We do not initially impose restrictions on the assignment P. Different specifications

20N¢ and N are a partition of N: N " N® = and N* UN® = N with N* = [N¢|, N* = [N?|.

21Formally, we can define the chained income-expenditure relation X as the identity function on N'?,
thatis X : N* — N® such that X (i) = i. The idea is that i € A/* obtains funds from input unit X (i) = i.
Indeed, the identity function X (i) can be replaced by any injective function X : N* — N so that input
units and associated chained orders do not have the same identifiers. Changing identifiers does not
affect the results.
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of P lead to different network structures, which we explore as special cases below. P
can result from a random assignment of orders and inputs or from economic consid-
erations that we explore below.

To understand how these relations induce a payments-chain network, consider in-
put unit j assigned to order i, where P(i) = j. The client placing order i must pay for
input j. This creates a payment link from : to j. In turn, if order j is spot, j € N¥, the
funds used to pay for order i are not used in further payments. However, if order j is
chained, j € N*, the funds are used again to pay for input £ = P(j). In other words,
when j € N7, there is a flow of payments from i to j, and from j to . If order £ is also
chained, the same funds are used to pay input P(k), and so on. The payments chain
continues until a final order in a chain is placed on some input unit i not associated
with a chained order. Since every order is paired with an input unit, the economy fea-
tures an entire network of transactions forming a collection of payment chains. The
network captures the economy-wide transactions described in the empirical analysis,
albeit simplifying things to make all transactions for the same price and quantities.

As long as there are no shocks, the payments network is inconsequential if there
are no delays in transferring funds. Indeed, if every payment was executed immedi-
ately, the transfer of funds in the entire network would be instantaneous. In the ex-
treme, a single dollar could finance an entire economy’s transactions if passed quickly
enough—clearly absurd. Yet, even if transfers are not immediate, the network would
be inconsequential if no resources were lost with payment delays. As documented
in our empirical analysis, we observe a prevalence of transaction delays, dependence
on income flows to execute expenditures, and non-trivial economic losses—the last
firm in the average chain was found to suffer a delay of between 5-25 business days
a year, equivalent to a delay and productivity loss of between 2% and 10% per year,
with longer chains being associated with longer delays. Therefore, when there are de-
lays and economic consequences, an agent’s position in a payment chain—how many
transactions separate them from the original source of funds—becomes crucial for de-
termining outcomes. Moreover, given liquidity shocks, we documented sizable eco-
nomic consequences for those firms that rely on contingent payments. Overall, the
payments-chain network determines who and by how much bears those losses.

To formalize the notion of delays and losses, we define an order’s position n in a
payment chain as the number of transactions that must take place before that trans-
action is executed. Naturally, spot orders occupy position n = 0, chained orders re-
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ceiving payment from spot orders occupy position n = 1, chained orders receiving
payment from orders in position n = 1 occupy position n = 2, and so on. To capture
the delays, let 7(n) denote the time at which payment is executed for position n, with
7(0) =0 < 7(1) < 7(2) < --- < 1. Transaction delays can arise due to limited technol-
ogy to process transactions, like the empirically documented delays due to the reliance
on paper checks, or as a protocol to withhold transactions until product inspection or
delivery. To capture the economic losses, let y,, denote the amount of final goods re-
ceived by an order at position n, where yo = 1 > y; > y» > --- > 0. This degradation
can arise from depreciation or reduced production times. We provide examples below.

In what follows, we first analyze the general framework with arbitrary vy,, deriving
the distribution of chain lengths and aggregate implications. We then consider two spe-
cial cases that provide economic microfoundations for specific functional forms of y,,: a
random network where frictions generate exponential decay, and an efficient network
that minimizes aggregate losses subject to constraints.

Payments-Chain Network. Given the assignment P and the partition of orders into
spot and chained, we can construct a network of payment chains as follows: each pay-
ment chain starts from a spot order, followed by a sequence of chained orders in which
those initial funds are transferred from one transaction to another, ending with an or-
der for a unit that is not the source of funds to any order. The number of chained orders
defines the chain length—the length can be zero if the initial spot order is followed by a
spot order. A payments-chain network is the collection of all payment chains, encom-
passing the universe of transactions. Formally:

Definition 1. A payments-chain network K is an acyclical directed network with degree
1 with nodes N' = {1,2,..., N} and links V = {(i,j)|P(i) = j.j € N*}, K = (N,V). A
payments chain of length n is a finite sequence of nodes {i; }}_, such that the sequence
starts with someiy € N*° andVk € {1,...,n}, P(ix_1) = ix € N*. By convention, ifi € N
and j = P(i) ¢ N*,i and j define a chain of length zero.

Notice that in the definition, nodes in the payments-chain network represent both
orders and input units. The directed links represent the direction of the flows of funds.
As transactions are bilateral, at most one link stems from each node—the degree dis-
tribution is one. A link from i to j indicates that i orders from input unit j and that j is
a chained order, P(i) = j € N*. The source of funds for order j is the payment from or-

der i. In turn, if a node does not receive a link, it represents a spot order. Furthermore,
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if no link is directed toward order j = P(i), then order j is also spot—in which case i
and j form a zero-length chain. In this construction, each order is guaranteed a source
of funds, either internally or externally. Any maximal path of links defines a payment
chain. The collection of payment chains is the payments-chain network.

The assumption that the network is acyclical rules out cycles where chained orders
form closed loops without any spot order. In settings where P follows from random
assignment, this may be an issue for the finite N case, but the assumption is not re-

strictive for the case where N — oo, the focus of our paper.??

Examples. Let us provide an example. Set V' = {1,2,...,8} and let the subset of spot
orders be N* = {1,3,7}. Also, define the assignment relation as follows: let {i, },cn =
{1,5,7,4,6,2,3,8} such thati,; = P(i,) andi; = P(iy). Thus, the links in this payments-
chain network are V = {(1,5), (7,4), (4,6), (6,2), (3,8)}.

Several graphs are associated with this example. The left panel of Figure 5 depicts
the chained income-expenditure relation. In that panel, we split each node into coun-
terparts: the input units {u, } and orders {0, } fornodesn € {1,2,...,8}. The links repre-
sent the flow of funds from input units to their corresponding chained orders, defined
by the chained income-expenditure relation.

The middle panel adds the links to the flow of payments for inputs, corresponding
to P. That is, the links in that panel add the payments to input units. Adding the links
of the chained income-expenditure and assignment relations allows us to trace funds.
Notice that the links from orders to input units with the same color share a common
source of funds.

The right panel depicts the payments-chain network. In this example, there are
three chains with lengths (1, 3, 1): the first chain from 1 to 5 (length 1), the second chain
from 7 through 4, 6, to 2 (length 3), and the third chain from 3 to 8 (length 1).

Note that this network generates unequal losses: order 2 at position n = 3 receives
only y3, while orders at positions n = 1 receive y; > y3;. The network could be reorga-
nized to reduce aggregate losses. For instance, reassigning the links to create chains of
lengths (1, 2,2) would improve output for order 2 (from y; to y») while only slightly re-
ducing output for one other order. This observation motivates our analysis of efficient

22In the random assignment with N — oo, such cycles would theoretically emerge but with vanishing
probability. The shortest cycle length grows at rate log(N) (Erdds and Rényi, 1959, 1960; Bollobés, 2001),
meaning cycles would contain infinitely many orders in the limit. Moreover, the probability that any
given node belongs to a finite cycle vanishes as N — oo (Janson, Luczak, and Rucinski, 2000), meaning
that the set of orders in those cycles is of measure zero.
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networks below, where we characterize assignments P that minimize aggregate losses.

]
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(a) Income relation (b) Network in detail (c) Random Network (d) Efficient Network

Figure 5: Components of the Payments-Chain Network

Chain-Length Distributions and Aggregate Output. We now derive key moments of
the payment-chain network as the number of transactions increases, N — oo, while
keeping the ratio 4 = N”/N constant. Aggregate output per order depends on the dis-
tribution of positions that orders occupy in payment chains. This position distribution
is induced by the distribution of chain lengths, which in turn is determined by the as-
signment P. Let g(n; 1, P) denote the probability mass function of chain length under
assignment P, and let G(n; u, P) = > _, g(m; u, P) denote its cumulative distribution
function.

Since position n is found only in chains of length n or greater, the fraction of orders
at position n is proportional to 1 — G(n — 1; u, P) leading to:

1 -Gn—-1L;pP)
ol =Gk =1, P)]

H(n; p, P) (2)
where we define G(—1) = 0. Hence, aggregate output per order, given the output func-

tion y,, is given by:
V()= Hnip,P) -y = (1—p) + 1+ Alps, P)
n=0

where A(u, P) = E[y,|chained order]| is the expected output among chained orders.
The key insight is that different assignments P generate different distributions g(n; x, P)
and thus different aggregate outcomes, even holding x fixed.

For now, examine three types of assignments that span a spectrum of possible net-
work structures, leaving other variations to the extensions below. On one end, we have

a random assignment where any input unit can be matched to any order with equal
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probability—serving as a benchmark representing decentralized markets without co-
ordination. On the other end, the efficient assignment that maximizes A(u, P) given
pu—this represents either the social planner’s solution when the fraction of chained or-
ders is taken as given, or a market outcome where orders can be reallocated to mini-
mize position in chains.

For the output function, we consider the exponential form y,, = §” where 6 € (0, 1).
In Appendix [XXX], we provide several possible mechanisms stemming from the fol-
lowing ideas. First, it can represent time decay: if payments take a unit of time to clear,
then 7(n) = n and §™ can capture time discounting or the value of final goods net of
depreciation. Second, the function can emerge when intermediate products require
time to be transformed into final goods, and transfers happen after an inspection that
takes a fraction (1 — §) of the period. In that case, 7(n) = 1 — §", and production time is
1 —7(n) = ¢", so again y,, = ¢". This latter interpretation is convenient as it ensures all
transactions are completed within a unit time interval.

For the assignments and output functions under consideration, we obtain:

Proposition 1 (Random versus Efficient Networks). Consider an economy with a frac-
tion u of chained orders and output function y, = 0". As N — oo, we characterize two

benchmark assignments:
Assignment | Auxiliary Objects Distribution ¢g(n; z,?) Chained Output A(y; 4, P)
Random - (1 — p)p" 511_—_61;
n=p/(1—p)) pifn=n -
Efficient n=1u/(1-p)] 1—pifn=n e
p=n—pu/(1—p 0 otherwise

Furthermore, under both assignments, A is concave and decreasing in ;. with limits:
lim A(p;8) =6, lim A(p;0) =0, lim A(p;0) = 0, lim A(p;0) = 1

For the random assignment, these properties are strict, but weak in the efficient case.

The geometric distribution emerges naturally in random networks from the match-
ing process. Consider building a payment chain starting from a spot order. This order

is matched to an input unit. The chain continues if and only if this unit corresponds to
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a chained order, which occurs with probability . If it is chained, it links to another unit
that is also chained with probability y, and so on. The chain terminates when reaching
a spot order, occurring with probability (1 — x). Thus, the probability of a chain having
exactly length n is g(n; 1) = (1 — u)u"—the probability of n consecutive chained orders
followed by one spot order. For the geometric chain length distribution, the distribu-
tion of positions is also geometric, H (n; 1) = (1—pu)p". For this assignment, the formula
for output follows immediately from Y = > 0" H(n;p) -y = Y oo o(1 —p)p™ - 0™ = f%:;s
The efficient assignment minimizes output losses by equalizing chain lengths as
much as the integer nature of the chains permits. To see why this is optimal, consider
any assignment with chains of varying lengths. If we have chains of lengths n; and n,
such that n; + 1 < ny, we could move an order from position n, in the longer chain to
extend the shorter chain to length n; + 1. This reallocation strictly increases total output
since the relocated order gains y,,, ;1 — ¥, = 0™ — ¢"> > 0. Such improvements are
possible whenever chains differ by more than one in length. Therefore, the efficient
assignment must concentrate all chains on at most two consecutive integers: chains of
length n and @ = n + 1. The weight p on chains of length n ensures that the average
ratio of spot to chained orders across chains yields the ratio across all orders /(1 — p).
The average output per chained order, A, plays a critical role once we consider prob-
lems where orders follow from agent decisions. For both assignments, A is concave and
decreasing in ;. with well-behaved limits. As ; — 1, chains become arbitrarily long and
the average final goods received per chained order tends to zero. Chain lengths be-
come increasingly long as ;1 — 0, so chained orders receive zero units of final goods.
Similarly, as 6 — 0, chained orders receive nothing, whereas any losses vanish as 6 — 1.
Figure 6 illustrates the key differences between random and efficient assignments.
Panel (a) shows the geometric distribution of chain lengths under random assignment
for three values of n. The increase in p shifts probability mass toward longer chains.
Panel (b) shows the efficient assignment for the same parameters. In that case, chains
are concentrated on only two adjacent lengths, eliminating both very short and very
long chains. Panel (c) compares .A(u) across both assignments for 6 € {0.5,0.9}. Out-
put per chained order decreases in i for both assignments, but the efficient assign-
ment substantially outperforms the random assignment, with the gap widening as
increases. Notice that for 4 < 1/2, A(u) = 0 under the efficient assignment because it
is possible to assign each chained order to a spot order.
The main insight from this section is that economic losses can result from payment
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delays and the possible disorder of payments. It is worth distinguishing the sources of
these losses from other environments. Unlike search models, there are no congestion
externalities—the production assignment is one-to-one. Unlike sticky-price models,
the fact that payments are the same across orders does not have allocative implica-
tions. Instead, economic losses arise exclusively from payment delays, which is clear
because the economy is at full capacity when all transactions are spot or § — 1. This is
true under both assignments of payments, but importantly, losses are magnified where
payments are disorganized by the random assignment of orders. The efficient assign-
ment minimizes these losses by concentrating all chains at similar lengths.
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Figure 6: Chain-Length Distributions and Average Output per Chained Order

Notes: Panels (a) and (b) show distributions g(n; ) for 4 € {0.7,0.8,0.85} under random and efficient assignments. Panel (c)
shows A () for both assignments with § € {0.5,0.9}.

3.1 Interpretations and Extensions

Economic Mechanisms for Network Formation. The random and efficient assign-
ments analyzed above can emerge from different market structures and environments.
Random assignments arise naturally in centralized markets where a Walrasian mech-
anism, as we show below, clears the market for inputs—equating supply and demand
for inputs at given prices—but cannot coordinate the specific assignment of orders to
inputs to speed up payment flows. In the market-clearing process, agents must antic-
ipate the random arrival of payments, knowing they will be supplied the good, while
foreseeing that the arrival time will depend on the distribution of payment chains.

In contrast, an efficient assignment can emerge from sequential market organiza-
tion. If orders are placed sequentially as existing chains are observed, agents plac-
ing chained orders will choose the shortest available chain. This sequential allocation
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mechanism naturally generates chains of nearly equal length, minimizing aggregate
losses. This resembles queuing systems where arrivals join the shortest queue.

Intermediate Assignments and Empirical Patterns. The evidence from Section 2 sug-
gests that real payment networks lie between these polar cases. The observed distribu-
tion is concentrated around chains of length 4-5, with a bell-shaped curve, which is
inconsistent with the geometric distribution’s monotonic decline. Moreover, a mass of
transactions are spot-to-spot (i.e., chains of length zero), which cannot arise in the ef-
ficient assignment where all spot orders are utilized to minimize chain lengths. These
patterns motivate us to study other assignments in Appendix C.

A first extension in Appendix C.1 explores correlated assignments, where chained
orders have a higher probability of being linked to other chained orders than in the
i.i.d. case; the probability is i« + p. We construct payment-chains using Markov chains
and show that the chain length distribution, for chains of length above 1, is geometric
with parameter p + p, and A(u; 9, p) = 6%. Thus, when chained orders are less
likely to connect with chained orders, p < 0, the economy achieves greater efficiency
than under baseline i.i.d. random assignment, though falling short of full efficiency.

We further consider a pooled assignment—Appendix C.2—a hybrid between ran-
dom and efficient allocations. Under this assignment, the share of spot-to-spot links
remains random, preserving the baseline inefficiency caused by spot-to-spot links. How-
ever, chained orders are efficiently assigned among themselves, excluding the spot-to-
spot links. The formula for .A matches that of the efficient assignment, but replaces the
ratio of chained to spot orders 1/ (1— ) with the ratio of chained to available spot orders
1/(1 — u). This pooled assignment captures income pooling in scenarios where agents
manage multiple orders: whenever a chained order receives payment, those funds are
immediately redeployed to finance other unfunded chained orders, creating chains of
approximately equal length. The relevance of this assignment becomes clear when we
introduce agent decisions and trace their income flows from different orders.

Another possibility is costly reassignment—Appendix C.3——a hybrid between ran-
dom and efficient chains. This assignment arises when orders are initially assigned
randomly, but chain orders can be reallocated at a cost =. We solve the case where re-
assigned orders sequentially fill the shortest available slots in existing chains. The cost
= can be thought of as negotiation costs, and a threshold n emerges endogenously from

the trade-off between reassignment costs and reduced payment delays. The resulting
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distribution exhibits efficient clustering at short lengths followed by the natural geo-
metric distribution up to n. This assignment showcases an intermediate case, while
also highlighting the information requirements necessary to increase efficiency and il-

lustrates why random chains remain a natural benchmark.

Variations to the environment. We consider two extensions that do not modify the
assignment of orders, but the production within the chains. In Appendix C.4, we con-
sider default and cascading, where orders at position n > n default, keeping their funds
rather than executing payments. This captures situations where the losses from delays
are very large. Importantly, once a transaction fails, subsequent transactions also fail
due to a lack of funds. The chain-length distribution remains geometric, but produc-
tion is truncated: chains longer than n only generate output up to position 7. The re-
sulting TFP is the baseline TFP scaled by (1—§"p"), where the scaling factor captures the
direct loss from truncated positions and the probability mass of affected chains. Unlike
the reassignment extension, which requires information on the network’s transactions,
defaulting is a unilateral decision that only requires knowing the passage of time.
Motivated by the empirical evidence on different delays, a final extension—Appendix

C.5—introduces heterogeneity in delays, where in a chain of length n, the first & trans-
actions occur immediately—with probability ¢ of experiencing a delay. This captures
payment environments where instant payments coexist with traditional settlement sys-
tems, such as electronic payments alongside checks. The resulting TFP formula ele-

gantly decomposes into two components:

q(1 —p)
1 —p(l—q+dq)

A, =1-¢q¢) +0 3)
The first term (1 — ¢) is the contribution from instant payments, while the second term
captures the reduced productivity from delayed transactions. When ¢ = 0 (all instant),
A, = 1; when ¢ = 1 (all delayed), we recover the baseline formula. The extension
reveals how expanding instant payment infrastructure (reducing ¢) can substantially

improve aggregate productivity, without changing the underlying chain structure.

3.2 From Payments-Chain Networks to Portable Budget Constraints

The previous section maps from the fraction of chained orders p to the average value
of final goods A, obtained from different assignment rules. We now demonstrate how

these payment-chain dynamics manifest into reduced-form budget constraints that
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can be embedded into standard economic models. The key insight —is that payment
delays create an effective price wedge ¢(u) > 1 for goods obtained through chained
orders, where this price depends on the economy-wide fraction y, potentially creating
pecuniary externalities. This allows us to study how individual payment decisions af-
fect aggregate outcomes without explicitly modeling the underlying network. The price
wedge also aligns with our empirical finding that, even for the same good, unit prices

for chained orders are higher than for spot orders.

Timing. Consider a dynamic model with discrete time periods ¢ € {0,1,2,...}. Ex-
penditure and savings decisions are made at the start of each period. All transactions
occur within each unit time interval, following the payment-chain network above, in
the times 7(n) = (1 — 0)d" € [0, 1] corresponding to position n € {0,1,2,...} in a pay-
ment chain. The numéraire is in goods.

We focus on a single agent, which could be a household or a firm, that has y goods
available for sale in the network at the start of each period ¢. This endowment is com-
posed of N units of goods, each of size 1/N, sold through the network. The agent also
begins the period with financial wealth W and must decide how to allocate expendi-
tures between spot orders (requiring immediate payment) and chained orders (contin-
gent on receiving income). Let £* and E* denote the agent’s expenditures on spot and
chained orders corresponding to N*® spot orders and N” chained orders, respectively.

Since inputs are fixed in the time period, ) is both output and TFP. However, as

efficiency losses are driven by utilization among chained orders, we refer to .4 as TFP.

Income Flows and Transaction Timing. Recall that each of the N goods the agent
sells is assigned a position within a payment chain. Index each good by j € {1,2,..., N}
and letu; € {0,1,2,...} denote the random position at which good j is sold: position 0
corresponds to the good being sold in a spot sale. Since all goods are sold at one unit of
numéraire, the price is 1/N. Hence, total income equals the endowment:

co N
y:%ZZH[uj:n]. (4)
n=0 j=1

Similarly, each chained order is associated with a payment time. Enumerate each
chained orderby: € {1,2,..., N*} andleto; € {1,2,3,...} denote the position at which
chained expenditure i is executed. The final goods obtained from a chained order i is
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(1 —§)é° per unit, due to the delay, so the total goods obtained from chained orders is:

NIL'
1
X =— 1—4)0” 5
v Z( )%, (5)
where X is random given the randomness in o;. Summing across positions, total chained

expenditures equal: o N@

D RCE ®

nlzl

From Payments-Chain Network Budgets to Period Budgets. Wealth evolves within
each period as transactions are executed at different moments 7(n) € [0, 1] within pe-
riod ¢t. Let W, denote wealth immediately after all transactions at position n have

been completed. Spot expenditures and spot sales occur at 7(0), so that

1 N
Wroy =W+ Z E*. (7

This budget adds the income from goods sold in spot transactions and subtracts spot
expenditures from the initial wealth W, yielding W ). At each later position n, the
agent receives income from goods sold and pays for executed chained orders:

N 1 N?*
Wirny = Z -~ D To;=n], ¥n>1 (8)
Jj=1 i=1

The first term represents carried-over wealth, the second term is income from sales at
position n, and the third term is payments for chained orders executed at position n.
We sum across all sequential budgets to obtain a period budget constraint:

WT(OO):W+%ZZH[W:n]—ES_NZZH[Oi:n]. 9)

Thus, we obtain an intertemporal budget constraint:

!/

w
T E B =y W, (10)

where W’/R = W, represents the wealth carried over to the next period at gross in-
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terest rate R. Budget constraint (10) encodes the evolution of transactions within the
period. Importantly, an agent placing chained orders would face uncertainty about the
final goods X obtained from these orders. However, as the number of orders becomes
large (V. — o0), positions become predictable. Taking the limit as N — oo, while hold-
ing total expenditures fixed, we obtain:

N* 00

: . . 1 0; __ T mn . T
Jim X = lim ;(1 —0)0% =E ;(1 — 6)0"G(n) = A(u)E*, (11)

where A(y) is the aggregate productivity factor and y is the economy-wide fraction of
chained orders. The budget constraint (10) becomes:

!

W
= HSTamX =y+ W, (12)

where ¢(u) = A(p)~! is the average price of goods obtained through chained orders
relative to spot orders. To derive this condition we used the fact that inputs are the
numeraire and spot orders obtain the full value, S = E*.

The large transactions limit N — oo makes the problem tractable, as budget con-
straints become deterministic. The cost of placing chained orders, reflected in reduced
final goods received, is captured by the average price ¢(u) = A(x)~! > 1. Crucially, the
specific assignment rule determines how agents interpret this price and budget:

When network positions are unknown, agents act as if they expect to receive the
average value A(u)E® from chained orders. This formulation implicitly relies on a
“big family” assumption in the tradition of Lucas and Stokey (1987), where individ-
ual transaction risk is diversified away but income from spot transactions is not pooled
to finance pending chained orders. Note that under random assignment, cash inflows
from spot sales remain with the agent rather than being redeployed to fund chained
orders—explaining why the pooled assignment can improve efficiency.

Within the “big family” assumption, we may conceive that .A(x) corresponds to the
pooled. When agents can pool income across multiple orders, spot income is imme-
diately redeployed to finance chained orders. The effective price becomes ¢**°! (1) =
APl (1)1, reflecting the efficiency gains from internal coordination.

If intermediaries centralize all orders, they can induce an efficient assignment that
optimizes the entire network. However, in that case, there should be a market for spot
and chained orders. These prices re-emerge when we study an efficient allocation.
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Pecuniary Externality. Regardless of the assignment rule, depending on whether in-
dividual agents take ¢(u) as given or prices are internalized, their collective payment
choices determine p and thus ¢(x). This opens the door to a pecuniary externality,
creating a divergence between private and social incentives: agents do not internalize
how their payment choices affect network efficiency. The magnitude of this externality
depends on the assighnment mechanism—it is largest under random assignment and
smallest under efficient assignment, where the intermediary partially internalizes net-

work effects.

Discussion: Reduction of Economic Complexity. We deliberately abstract from more
realistic features to isolate the core mechanism. Real economies exhibit greater com-
plexity: transactions vary in size (100 vs 200), production networks involve multilateral
relationships, and payment timing is more nuanced. When transactions differ in size,
an agent receiving $100 but owing $200 faces complex cash flow problems that require
sophisticated optimization—challenges that even large firms struggle with, analogous
to NP-hard problems in supply chain logistics. The random assignment captures this
inherent complexity, suggesting that statistical approaches may be more realistic than
assuming perfect optimization. The pooled and efficient assignments represent in-
creasing levels of coordination capability, from simple income pooling to full network
optimization. This hierarchy of assignments—random, pooled, efficient—provides a
spectrum for analyzing how payment infrastructure and coordination technology af-
fect economic outcomes.

Regardless of the assignment, the framework provides an explicit mapping from the
financial decision variable i to measurable efficiency losses under various institutional
arrangements. The next section leverages this property to analyze agents’ endogenous

decisions between placing spot and chained orders.

4 Endogenous Expenditure Decisions

The previous section shows how, given an amount of chained expenditures, E*, an
agent obtains final goods from chained transactions that depend on the network struc-
ture and the ratio of economy-wide chained transactions encoded in ¢(u). So far, we
set aside the decision of placing chained orders, but now turn to behavior. We develop
two dynamic decision problems in which agents decide on savings and the number

of orders of each size to place. A common theme emerges: when short-term means
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of payment (e.g., credit lines) are scarce, agents optimally resort to chained orders de-
spite their higher cost, e.g., ¢ > 1. Moreover, unlike standard financial frictions models,

agents do not always have incentives to delever to escape their constraints.

4.1 Consumption-Saving Decisions

We first study the problem of entrepreneurs who buy and sell goods in the payments-
chain network. Time is discrete time, t = 0,1,2,.... At the start of each period, en-
trepreneurs receive a unit endowment of non-storable goods that are available for sale
and purchase goods produced by others for consumption. Entrepreneurs have log-
utility over final consumption goods. At the start of each period, entrepreneurs place
and receive purchase orders, as above. There is perfect foresight. The network’s effects
are summarized by an exogenous sequence {¢, };>o and they taking between period in-
terest rates, { R;11 }+>0 as given.

At the start of period ¢, the entrepreneur chooses spot purchases S; > 0 (requir-
ing immediate funds) and chained goods X; > 0 (purchased through chained orders).
Thus, the goods entering their period utility, are S; + X, obtained from making total
expenditures F; = S; + ¢; X;.

The entrepreneur enters period ¢ with debt B; (corresponding to negative wealth
in the previous section) and carries over to next-period debt B,,; < B = 1/(1 — B).
Importantly, spot purchases must be financed with up-front funds. A spot borrowing
line (SBL) B, limits intraperiod liquidity:

St < St = maX{Bt — Bt; 0}

The entrepreneur chooses its total expenditures and its split, between spot and
chained expenditures, to maximize its utility over consumption streams » , 3" log(S; +
X;). Given total expenditures FE;, since ¢; > 1, by cost minimization, the entrepreneur
makes as many spot expenditures as the SBL permits. Thus, given £;, spot and chained
expenditures are respectively:

St = min {Stu Et} y Xt = (Et — min {gtaEt}) /Qt (13)

Given this optimal expenditure split, by the principle of optimality, the entrepreneur’s

intertemporal utility maximization can be cast into a dynamic programming problem:
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Problem 1. (Entrepreneur’s Recursive Problem ): Given B, and {Bt, Riiq, qt} , the
>0

entrepreneur chooses debt holdings, { By 1}, that solve:

Vi (B) = maxlog (S + X) + Vi1 (B')

B'<B
where S and X are given by (13) and total expenditures by E = B'R;!, + 1 — B.

The time index in the value function reflects the evolution of {R,,, B;,¢:}. The
Bellman equation expresses the entrepreneur’s problem as a choice over intertempo-
ral debt. The choice of carried-over debt, B’, determines the period’s expenditures,
through (10), and the optimal split (13) yields S and X given the level of expenditures.

Interpretation of Financial Constraints. The spot borrowing line (SBL), S, repre-
sents short-term working capital. The sources can be credit lines, external supply-
chain finance facilities, or even trade credit.®

Notice that S, represents within-period credit, which carries no interest, and differs
from the carried-over debt B;, which does. The SBL constraint, B,, differs fundamen-
tally from the hard debt limit, 5, that governs intertemporal borrowing B, ;. While B
represents the maximum sustainable debt level, B, applies only to within-period short-
term funding. Critically, agents can roll over SBL usage into future debt B;,; without
immediate principal repayment, akin to having a limit on credit-card borrowings that
accrue interest only upon carrying over an end-of-period balance. A motivation for
these differences is that financial intermediaries often set different limits as a way to
tighten short-term credit lines without forcing costly defaults by suddenly and unfea-

sibly demanding principal repayment.

Characterization. We identify two debt thresholds that determine whether entrepreneurs
can purchase all of their consumption through spot orders or, conversely, whether they
can only purchase goods via chained orders, given the lack of short-term funds.

Lemma 1 (Expenditure Threshold Points). S,,; = 0 ifand only if B..1 > By,,. Define
the efficiency threshold, B, , = R..1(B; — 1). Then: X, > 0 ifand only if B;,, > By, .

ZPractical examples include Business Credit Lines, Standby Letters of Credit, and Supplier Finance
Programs. Under a Supplier Finance Program, buyers defer payment while suppliers receive immediate
cash from banks against receivables. Recall that chained orders are contracts on goods that have not
been delivered; they are delivered only upon payment.
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The following period’s SBL B,,, determines whether entrepreneurs lose access to
spot purchases in the following period. In turn, the efficiency threshold B}, , marks a
threshold for carried-over debt above which entrepreneurs begin using chained pur-
chases in the current period.

These thresholds are critical for the characterization because debt levels affect the
availability of spot expenditures and, thus, the price at which goods can be bought at
the margin. Thus, the threshold debt levels determine marginal prices, the relevant

prices for marginal decisions:

Definition 2 (Marginal and Average Prices). The marginal expenditure price is G&(B') =
1+ (¢ — Vip>p;, - The marginal borrowing price is B (B) =1+ (g1 — Dl p,,.)-
Average prices are Q; = E;/ (S; + X}) .

Marginal prices capture the marginal cost of financing expenditures. If current debt
forces chained purchases, reducing debt requires sacrificing 1/G” units of consump-
tion. If future debt exceeds the spot borrowing line, savings translate into chained
rather than spot purchases, yielding only 1/¢2 , additional goods per unit of debt reduc-
tion. These marginal prices capture the consumption-saving tradeoffs that determine
the entrepreneur’s debt trajectory via the following generalized Euler equation, which

adjusts the usual intertemporal condition with discontinuous marginal price shifts:

Proposition 2 (Entrepreneur’s First-Order Condition). Any solution {B;.1}:>o to the en-

trepreneur’s problem satisfies:

By Q- Ry

Et+1 .
g G > BRy1 if By = By
BE: Qurr G (Bes) /3 (Bear) t+1 if B t+1

t

if Biy1r # By, BaRenr 2

Despite its unconventional representation, this Euler equation retains a familiar in-
terpretation: at interior solutions (B,;, # By, ,), marginal rates of substitution across
periods equal the return on savings corrected for price differences between spot and
chained consumption. The left side represents the ratio of marginal rates of substi-
tution (expressed as the ratio of expenditures over average prices yielding the ratio of
consumption consistent with log utility), while the right side captures returns adjusted
by “inflation” in terms of marginal prices. In turn, the inequalities follow when future
debt is the efficient debt level, a corner solution.

This Euler condition is necessary but not sufficient, as the value function is not con-

cave in B’. Hence, multiple sequences of future debt may satisfy the condition starting
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from an initial state. This non-convexity opens the door to debt-overhang leading to
hysteresis in general equilibrium.

Stationary Dynamics. We now characterize the stationary dynamics of the entrepreneur’s
problem, i.e., when the variables he takes as given are constant, B, = B, ¢; = qss, and

R, = R, = 1/5. We focus on the case B,, > 1 and define B, = B*(1/p, Bss). We obtain

the following:

Proposition 3 (Stationary Entrepreneur Problem). In a stationary solution: If By < B,
then B; = B, for all t. Moreover, there exists B" > B., such that: If By < B", then
B; — B?, in finite time. If B, > B", then B, = By for allt.

Figure 7 brings together the theoretical insights of the proposition. To illustrate the
forces at play, we overlay the entrepreneur’s value function with two benchmark cases:
V, the value function when the spot borrowing limit is unbounded, (B; = o) and the
entrepreneur can finance any desired of spot expenditures, and, V', where no liquidity
is available (B, = 0) and the entrepreneur can consume only via chained expenditures.

Panel (a) demonstrates how the actual value function deviates from both perfect lig-
uidity (V) and zero liquidity (V) benchmarks for intermediate debt levels. For debt lev-
els below B*, the value function V' coincides with V: entrepreneurs are unconstrained
and consume the annuity value of their endowment net of interest payments entirely
via spot purchases, showcasing that for sufficiently low debt levels, the SBL is irrele-
vant. When debt exceeds the high threshold B", the value function lies on V, indicating
that entrepreneurs consume exclusively via chained purchases forever. Crucially, even
when highly indebted, the entrepreneur could potentially save to access better prices
in the future. However, he chooses not to because the benefits of deleveraging come
too far in the future, requiring an excessive short-run sacrifice.

Consistent with Panel (a), Panel (b) shows non-monotonicity in the optimal debt
policy function. Entrepreneurs with debt below B}, have constant debt levels. Like-
wise, entrepreneurs with debt above B" remain permanently at their initial debt levels.
Only those with moderate debt in (B?,, B"] gradually deleverage toward the efficient
threshold B* by choosing future debt (solid line) below current debt (dashed line).

Panel (c) illustrates how consumption policies differ across debt regions. When debt
is below (above) B, (B"), the entrepreneur consumes the annuity of his total wealth
annuity spot (chained) consumption. For debt levels slightly below B", we observe a

reduction in overall consumption, which is how entrepreneurs escape the expensive
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chained consumption of those high debt levels. The chain-saw pattern of the optimal
policy is a feature: it reflects a trade-off between smoothing consumption and short-
ening the number of periods to arrive at the efficient debt level.

Panel (d) traces the debt dynamics that emerge from the non-monotonic policy
functions. Starting from different initial debt levels, entrepreneurs either start and re-
main in debt levels that allow consuming the period income in spot consumption, re-
main permanently consuming the period income in expensive chained goods, or tem-
porarily delever to unconstrained debt levels. Appendix XXX provides a complete char-
acterization of B" and the periods needed to arrive at B, including a continuous-time
solution for which the saw-like pattern disappears. The properties have important gen-

eral equilibrium consequences.
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Figure 7: Bellman Equation and Policy Functions: Entrepreneur’s Problem

Note: Figures computed using value function iteration with 8 = 0.zzx, ¢ = zxx, and B = zzz - B.
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4.2 Investment Decisions

We can also study how payment chains can affect investment and production by in-
corporating these features into the entrepreneur’s problem. Here, we study a problem
where both consumption and investment must be purchased in the payment network.
The problem is as before, except that yesterday’s capital purchases determine today’s
goods available for sale:

Problem 2. (Entrepreneur’s Problem with Production): Given B, and {Bt, Ry, qt} ,
t>0
the entrepreneur chooses debt-holdings and investment { By, Ki 1}, the solution to:

‘/t(BaK): max log(S+X_K/>+/))W+1 (Bvi/)

B'<B,K'>0
where S and X are given by (13) and total expenditures by E = B'R;}, + f(K) — B.

The problem is as above, but instead of an endowment, the entrepreneur has f(K)
goods produced with input (e.g., capital or inventory) K acquired in the previous pe-
riod. In turn, currently purchased goods, S + X, are distributed between consumption,
C', and inputs acquired for next-period production, K’, assuming full depreciation to
keep the analysis as simple as possible.

Recall that in the endowment problem above, the entrepreneur’s stationary prob-
lem reaches two types of steady-state debt levels: either all-spot-expenditures or all-
chained-expenditures steady states. The same two types of steady states are reached in
the problem with investment. Furthermore, away from steady state, the same incen-
tive to reduce debt and confront better prices for moderate debt levels is also present in
this problem. The payment-chain frictions create two domains of attraction, and the
inclusion of investment decisions does not alter this fundamental property.

The key insight of the version with production is that the higher cost of chained
goods also distorts the optimal investment scale. In particular, if the entrepreneur
makes only spot expenditures, the return on investment equals the rate of interest:
f'(Ks) = R = % However, if all expenditures are chained, the first-order condition
for inputs becomes: f'(K,;) = ¢R = §. Hence, the marginal product of capital exceeds
the rate of return on saving and investment, as in other distorted economies.

Figure 9 illustrates the domains of attraction toward the two classes of steady states

and the rich dynamics that emerge in a setting with production. Panel (a) shows the
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phase portrait®* with arrows indicating the direction of change for both state variables
(B, K) of the model’s solution together with some trajectories. The shaded region rep-
resents the domain of attraction toward the disrupted steady state with only chained
expenditures and inefficient investment. Four representative paths demonstrate the
range of possible dynamics. Path A begins with low debt and excess capital: conver-
gence to the efficient steady state quickly as excess income is used to reduce debt,
reaching equilibrium with undistorted investment while maintaining the pattern of
only spot expenditures. Paths B and C start with high initial debt but different capi-
tal levels—both converging to the steady state with low investment and only chained
expenditures. The most interesting case, Path D, starts with intermediate debt and
low capital. Initially, the entrepreneur accumulates both debt and capital, but once
debt falls sufficiently to enable some spot purchases, investment is reduced to acceler-
ate deleveraging—consistent with the incentive to escape the high marginal prices of
chained transactions.

Panels (b) and (c) trace these debt and capital paths over time, confirming that
the same two-domain pattern holds with production: entrepreneurs either converge
quickly to efficiency or remain trapped in a state of persistent underinvestment. The
same pattern of debt overhang, when debt starts high but deleveraging when debt is
low, is observed in panel (b). Panel (c) shows how capital evolves depending on the
marginal prices.

This section showed that entrepreneurs’ incentives to remain at high debtlevels also
arise in problems with investment. Having shown this robust pattern, we now move to

general equilibrium implications in the simplest setting, abstracting from investment.

5 General Equilibrium

The previous section analyzes how entrepreneurs choose between spot and chained
purchases given prices and interest rates. We now embed these decisions into a gen-
eral equilibrium where prices and interest rates are endogenous. This transition re-
veals how individual payment choices create aggregate externalities: when one agent
uses chained purchases, they contribute to network congestion that affects the effec-
tive prices faced by others. These externalities, absent from partial equilibrium analy-

24A phase portrait draws the discrete vector field—where arrows indicate the direction and magnitude
of change from each point—one (B, K) to (B’, K').
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Figure 8: Investment and Leverage Decisions

Note: Figures are calculated using value function iteration with 8 = zzz, § = zax, and B = zzz - B. Panels (a) and (b)
xxx. The shaded area in panel (c) corresponds to the hysteresis region.

sis, drive the model’s key insights about payment-chain crises and hysteresis.

Environment. Asin Kiyotaki and Moore (1997b), the economy consists of two groups
of agents who interact through both goods and financial markets. Entrepreneurs are the
same agents studied in the previous section, specializing their endowment to y = 1.
The new agents are creditors who hold positive financial wealth but receive no endow-
ment. They have the same preference as entrepreneurs. Creditors always have positive
wealth, D,, earning the gross return R, between periods. Hence, creditors serve as
the economy’s savers, providing the funds that entrepreneurs borrow. Creditors play a
crucial role beyond simply closing asset markets: Their access to spot purchases pro-
vides a “liquidity buffer” that prevents the entire economy from collapsing when en-
trepreneurs can only place chained transactions.

Timing remains identical to the partial equilibrium problems above. Creditors solve:

Problem 3 (Creditor’s (Recursive) Problem). Given Dy and{R:.1}:>0, the creditor chooses
deposit holdings { D;.1 }+>o to solve:

Vi(D) = maxlog(C) + BV;41(D')

D'>0
subject to the intertemporal budget constraint: C + R, D' = D.

The solution is standard for logarithmic preferences: C; = (1 — §)D, and D;; =
PRy Dy forallt > 0. Their total expenditure each period is C; = (1—)D;. Implicitly, we
used the result that since creditors always have positive wealth, they exclusively make
spot purchases, so we abstract away from their expenditure decisions—their budget
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constraint also takes the form of (12).

Equilibrium. Clearingin the asset market requires the creditors’ deposits exactly equal
entrepreneurs’ debt: D; = B;. Spot expenditures come from both creditors (who only
make spot purchases) and entrepreneurs’ spot purchases: E; = C; + S;. Chained ex-
penditures come only from entrepreneurs: Ef = ¢X;. Total expenditures must equal
the economy’s endowment, since this is the numeraire. Since entrepreneurs receive
y = 1 and creditors receive nothing: £} + EY = 1.

From the payments-chain technology (Theorem ?2?), chained expenditures are ;; =

¢:X;, which determines the effective price through ¢; = A~ (1;).

Definition 3 (Symmetric Competitive Equilibrium). Given a sequence of borrowing lim-
its {Bt}tzo, sequence { By, Cy, Sy, Xi, Ry, i }+>0 1S a symmetric competitive equilibrium
it satisfies: (I. Optimization) Given {R;, q:}:>o, the sequences {B;, S;, X;}+>o solve the
entrepreneur’s problem and {C,},>, solves the creditor’s problem, (Il. Asset and Goods
market clearing) D, = B;, C; + S; + Xy = Y(q:X;) for all t, (IIL. Price consistency)
q = A N Xy) for allt.

The equilibrium definition is standard, except that ¢; and ), depend on the amount
of chained expenditures. Yet, the equilibrium definition conceals the transactions and
delays that occur in the payments-chain network. Despite the presence of network fea-
tures, the economy operates exactly as an economy with consumption externalities on

Y and ¢ aggravated when entrepreneurs rationally choose to make chained purchases.

Equilibrium Dynamics: Recursive Representation. A virtue of this setting is that it
renders a tractable way to characterize the equilibrium recursively. Given that D, = B,
B, is the single endogenous aggregate state. The state variable is the vector { B, B, B'}.
A recursive equilibrium is a mapping from the state to the vector of prices R;,1, ¢;, and
allocations, {C;, S;, X;}, and future endogenous state B;. Since only B is endogenous,
we seek a mapping 5 that determines tomorrow’s debt as a function of today’s state:
B = B(B, B, B).
We begin by establishing that the time ¢ allocation is a only function of B and B :

Proposition 4 (Equilibrium Allocation given { B, B}). Given debt B and spot borrowing

limit B, the equilibrium allocation is characterized by:
1. Creditor consumption: C(B) = (1 — §)B
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2. Entrepreneur expenditures: E(B) =1 — (1 — )B

3. Spot purchases: S(B, B) = min{max{0, B — B}, E(B)}

4. Chained expenditures: 1(B, B) = E(B) — S(B, B)
5. Network price: (B, B) = A~ (u(B, B))

6. Chained goods: X (B, B) = u(B, B)/q(B, B)

7. Average price: Q(B, B) = E(B)/(S(B, B) + X(B, B))

The debt mapping B emerges from combining the entrepreneur’s and creditor’s Eu-
ler equations with the market-clearing conditions. From the creditor’s Euler equa-
tion, the gross real interest rate can be expressed as a function of B and B’; namely,
R(B,B') = B'/(6B). Thus, we can replace this gross rate in the entrepreneur’s interior
Euler equation, Proposition 2, to obtain

B - B o B,)'qE(B’;B,B,B’)
’ qB(B’;B’)

=&(B;B) =&/(B';B,B,B')

(14)

where ¢”(B';B,B,B') = 1+ (¢(B, B) — DIpi> g+ (5 Is the marginal expenditure price
and ¢®(B";B') =1+ (¢(B,B') — DI g~ p is the marginal borrowing price.

The debt mapping is determined by solving £(B; B) = £'(B’; B, B, B') for B’ when
interior solutions are valid. Due to the discontinuous nature of payment choices, this
equation may have multiple solutions. However, the partial equilibrium problem stud-

ied above tells us how to select the appropriate solution:
B(B, B, B') = max {B*(B), arg min{€(B; B) = £'(B'; B, B, B')}} .

This mapping ensures that entrepreneurs never choose debt levels below the threshold
B*(B) where they would be unconstrained, and among multiple solutions, they select
the one that maintains continuity in their value function.

This recursive representation provides a recipe for solving the model: first, we solve
for the equilibrium allocation and price functions as a function of {B, B}. Then, we

solve for B. We exploit this feature to obtain several equilibrium implications.
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5.1 Implication I: Transitional Dynamics and Hysteresis

The aggregate Euler condition allows us to characterize the equilibrium dynamics, the
possibility of hysteresis, and analyze payments-chain crises in response to shocks.

Steady States. In a steady state with constant exogenous credit limit B,,, the endoge-
nous debt level must also be constant: B,, = B, for all ¢. From the creditor’s solution,
we know that a necessary condition for any steady state is that the real interest rate re-
mains constant at R,, = $~!. A specific debt level constitutes a steady state if, given this
interest rate and the resulting equilibrium price ¢, entrepreneurs optimally choose to
maintain that same debt level. Since entrepreneurs face a corner solution at the steady-
state rate R, = 1/5—either making all purchases through spot markets or all through
chained markets—exactly two types of steady states can emerge.

In an undisrupted steady state, debt remains sufficiently low that entrepreneurs ex-
clusively make spot purchases. This yields ¢ = 1, immediate trade, and the economy
operates at full potential with ), = 1. In a disrupted steady state, entrepreneurs are
forced to rely entirely on chained purchases, resulting in ¢ > 1, delayed trade, and out-
put below potential: Y, < 1.

The inefficiency in the disrupted steady state arises from a debt-overhang equilib-
rium: high debt levels force entrepreneurs into chained purchases, which raises the ef-
fective price ¢, making the consumption sacrifice required for deleveraging even more
costly. This creates a self-reinforcing trap where entrepreneurs find it optimal to remain
constrained rather than undertake the costly deleveraging process. Formally, these are

given by the following regions:

Corollary 1 (Steady-State Characterization). Fix Bt = BSS > 0. Then, forallt:
i The economy is in an undisrupted steady state when B, < B*(3~', B,,).
ii The economy is in a disrupted steady state when B, > B"(5~', B.,).

The disrupted steady state represents a hysteresis region where excessive debt per-
manently impairs the economy’s payment efficiency. This mechanism provides a the-
oretical foundation for understanding persistent periods of low productivity observed
during extended economic stagnation, such as Japan'’s lost decades or the prolonged

aftermath of the European sovereign debt crisis.
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Domain of Attraction toward Efficient Steady States. For debt levels between the
two steady-state regions, the economy may experience transitional dynamics toward
the undisrupted steady-state region. The domain of attraction toward undisrupted
steady states is characterized by the condition that the aggregate Euler equation £(B; B)
£'(B'; B, B, B') has a solution where B’ < B—that is, entrepreneurs choose to delever-
age over time. This domain has an upper bound solving:

B*(B)= B/(S(B,B) + X(B,B) + C(B)) > B,

where the inequality follows from total consumption being less than total expenditures
when payments are delayed.

Corollary 2 (Convergence to Efficiency). Let B, = B,,. For any By < B*(B,,):

1. If B, € (B*(87Y, Bss), B*(Bss)), then By, < By (deleveraging occurs)
2. If B, < B*(871, BSS), then B,,1 = B, (steady state reached)
3. If B,, > 1, the economy converges to an undisrupted steady state in finite time

Thus, a payments-chain crisis is only temporary when debt starts in the domain of
attraction toward efficient steady states. In this region, entrepreneurs find it optimal
to gradually reduce their debt burden despite the short-term consumption sacrifice,
because the future benefits of accessing spot markets justify the deleveraging costs.

Figure 9 illustrates these dynamics. Panel (a) plots the functions £ (solid blue) and
&' (dashed gray) against debt levels, holding B fixed. The arrows trace the equilibrium
path of debt: when the functions intersect below the 45-degree line, entrepreneurs
deleverage (B’ < B). The convergence region extends from B* to B*, while the gray
shaded area represents the hysteresis region where no deleveraging occurs. Panel (b)
shows how equilibrium interest rates vary across debt levels, remaining at 3! in both
steady-state regions but falling below this threshold during transitions.

Finally, we note that the domains of attraction toward efficient steady states and the
hysteresis region are disconnected. When debt falls in the intermediate range { B*, B"},
symmetric competitive equilibria do not exist. In this middle region, entrepreneurs
individually would want to deleverage, but in general equilibrium, this would require
interest rates below 37!, for which no solutions exist to the equilibrium condition. We
leave the analysis of asymmetric equilibria for future work.
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Figure 9: Equilibrium Phase Diagram and Hysteresis Region

Note: Figures are calculated using value function iteration with 8 = 0.95, § = 0.9, and B=0 2

phase diagram of B; constructed using £(B’; B) and £’ (B’; B, B, B'). Panel (b) plots R(B, B, B’
The shaded area corresponds to the hysteresis region.

- B. Panel (a) shows the
)over [B*—1, B*+2].

5.2 Implication II: Credit Crunches and Resilience Paradox

Credit Crunches. We now analyze the economy’s response to temporary disruptions
in credit availability. Consider a credit crunch modeled as a temporary tightening of
borrowing limits { 3,} that mean-reverts to its steady-state level. The debt mapping B
from the aggregate Euler equation allows us to characterize the full transition path. As
long as initial debt satisfies B, < B*(BSS) and B,, > 1, the economy eventually reverts
to an undisrupted steady state, but the adjustment process exhibits distinct phases.
Figure 10 illustrates a typical transition following a credit crunch. The solid line
shows the competitive equilibrium response, which exhibits four distinct phases: The
extreme phase occurs when B, falls to zero, eliminating access to short-term credit.
Observed TFP remains depressed at its lowest value as entrepreneurs rely entirely on
chained orders. Debt levels remain roughly constant during this phase because en-
trepreneurs focus on maintaining consumption rather than deleveraging, as the tem-
porary nature of the shock reduces incentives for costly debt reduction. The smoothing
phase begins once B, starts recovering toward its steady-state level. Entrepreneurs,
anticipating future access to credit that will enable spot expenditures, increase cur-
rent chained expenditures to smooth consumption across the transition. This forward-
looking behavior temporarily raises debt levels despite the long-term goal of delever-
aging, reflecting the tension between consumption smoothing and debt management.

In the recovery phase, the borrowing limit has recovered sufficiently that entrepreneurs
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begin trading off consumption smoothing against debt repayment. They gradually

deleverage to expand their future credit capacity and regain access to spot markets.

This phase sees the most active debt reduction as the benefits of lower debt become

tangible. The convergence phase sees the economy reach the efficient steady state with

permanently lower debt and fully restored TFP. All transactions occur through spot

markets, and the final debt level is lower than the pre-shock level, reflecting the en-

trepreneurs’ learned caution about over-leveraging.

The dashed line represents the constrained planner’s solution, discussed in the next

section, which provides a benchmark for evaluating the efficiency of the market re-

sponse. This transition pattern holds generically for any credit shock that leaves the

economy within the convergence region.
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Figure 10: Efficient and Competitive Transition after a Credit Crunch

Note: This figure reports a numerical example of a credit-crunch episode. Figures are calculated using value function
iteration with 8 = 0.95,5 = 0.9, and Bss = 0.1- B*. The crunch happens at period t = 10. For¢ € {11,..., 29}, By =0.
Then B; returns to steady state according to an AR(1) process with coefficient 0.9. The transition ends when B; = Bgs.

The Resilience Paradox.

A natural question arising from the credit crunch analysis

is: what determines an economy’s resilience to such shocks? We investigate how the
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degree of payment delays—captured by parameter j—affects economic resilience to
credit line reductions. This analysis reveals a striking paradox: economies with lower
0 (greater payment delays) may exhibit superior resilience to credit shocks, despite ex-
periencing larger losses for any given level of chained purchases.

The mechanism underlying this resilience paradox operates through differential
deleveraging incentives. Lower 6 means higher payment delays in the payments-chain
network, making chained purchases more costly relative to spot purchases. This cre-
ates stronger incentives for entrepreneurs to reduce debt levels during normal times to
avoid being forced into expensive chained purchases during future shocks. Thus, lower
d induces a fundamental trade-off: greater payment inefficiency in the short run, but
reduced vulnerability to credit disruptions through precautionary deleveraging.

Figure 11 demonstrates this paradox through a calibrated comparison. We exam-
ine two economies that begin with identical debt levels but differ in their payment
efficiency parameter §. After allowing sufficient time for each economy to reach its
preferred debt level, we subject both to an identical credit shock—the reduction in B,

shown in Panel (a).
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Figure 11: Comparison Resilience: xxx.

Note: This figure reports a numerical example of a credit crunch episode. Figures are calculated using value function iteration:
B8 = zxx, § = zax, and Bss = zax - B*. The crunch happens at period t=xxx. For ¢ € {909396};31 = zzw. Then B; returns to steady
state according to an AR(1) process with coefficient xxx. The transition ends at t=xxx when B; = Bgs.

Panel (b) reveals the key mechanism: when the shock hits, the low-) economy (solid
line) has achieved significantly lower debt levels than the high-é economy (dashed line)
due to stronger deleveraging incentives from costlier chained purchases. Panel (c)
shows the paradoxical outcome: despite being less efficient at processing payments,
the low-0 economy experiences a smaller output decline during the credit crunch be-
cause its lower debt levels reduce reliance on chained purchases when credit tightens.
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This resilience advantage comes with important caveats. The paradox only mani-
fests when the low-6 economy has had sufficient time to deleverage following the initial
adjustment. For extremely severe shocks that eliminate credit lines entirely (3, — 0),
the low-0 economy will necessarily perform worse due to its inherent payment ineffi-
ciencies. Additionally, both economies must begin in the deleveraging region; if initial
debt levels place both in either the hysteresis region (too high) or efficient steady state
(too low), no differential deleveraging occurs.

The resilience paradox captures a deeper economic principle: payment system in-
efficiencies, while costly during normal times, can induce precautionary behavior that
builds shock resilience. Economies with more efficient payment systems may become
overly comfortable with higher debt levels, leaving them vulnerable when credit condi-
tions deteriorate. The latter resembles the Costa Rica case, in which the relatively short
delays faced by many participants led to a prevalence of chained transactions, which
was less pronounced in segments of the economy that featured longer delays. More-
over, in the Desyfin experiment, the abundance of chained participants paired with the
liquidity freeze exacerbated the economic losses given the shock. Thus, both the theo-
retical and empirical evidence suggest that some degree of “beneficial inefficiency” in
payment systems may serve as a natural stabilizer against financial crises.

5.3 Implication III: Constrained Inefficiency

In Section 3, we demonstrated that the organization of payments leads to productive
inefficiencies—a planner would reorganize payments so that each chain is of equal
length if it could, a Pareto improving re-organization. In practice, governments may
not be able to directly reorganize payments. However, they can influence aggregate
expenditures via policy interventions.?® This section studies a planner problem that
respects the transactions technology and constraints of entrepreneurs, but can directly
choose the path of debt. This analysis allows us to outline constrained inefficiencies
stemming from aggregate expenditure decisions, treating the payments-chain network
as given. The spirit of our exercise is to clarify the pecuniary externalities which differ

from the organizational inefficiencies of the payments technology.

ZTraffic regulation offers an analogy: governments cannot assign drivers to a lane, but they can tax
vehicle purchases to influence traffic patterns.
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The Primal Planner Problem. To study constrained inefficiency, we consider a social
planner with Pareto weights 6 on entrepreneurs and (1 — #) on creditors. We endow the
planner with weights that guarantee the same allocation of some undisrupted steady-
state competitive equilibrium. Since the economy is efficient in an undisrupted steady
state, this allows us to compare inefficiencies along the transition where payment-
chains are relevant. This requires setting 6 such that:

Ses Y —(1-p8)By 0

Ce  (1—B)Bss  1-0 (15)

for some undisrupted steady-state level of debt B;s.
We analyze a primal planner who directly chooses debt sequences { B; };>(, to maxi-
mize welfare, respecting the transactions technology and payment-chain frictions. The

planner’s problem is:

Problem 4. (Primal Planner Problem): Taking {Bt} as given:

max Z[))tP <Bt, Bt>

B
{ t}tZ() t>0

where
P (B,B) — (1—0)log (1 — B)B) + flog (S (B, B) X (B, B)) 7 (16)

and taking as given S <B, B) and X (B./ B) as defined by Proposition 4.

The planner takes the payment-chain structure as given through S(B, B) and X (B, B).
This formulation reveals the pecuniary externalities distinct from the organizational
inefficiencies of the payments technology.

The objective is time-separable because current debt determines creditor expendi-
tures through log utility, with entrepreneur expenditures following residually. As the
objective is time-separable, the optimal debt at t depends only on the current SBL B;:

B, = Bp(Bt) = arg max P <B, Bt) )
Be[0,B]

The allocation can be implemented through a sequence of debt and income taxes—see
Appendix E2.
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The Planner Solution. The planner’s solution reveals that during credit crunches,
debt may be either inefficiently high or low. The planner has two ways to increase
productive efficiency: redistribute wealth toward entrepreneurs (reducing debt to free
credit lines) or toward creditors (increasing debt to stimulate spot expenditures). This
ambivalent nature leads to four qualitatively different regimes depending on the tight-
ness of credit constraints.

When B is sufficiently high, the economy operates efficiently with .A = 1 and op-
timal social insurance. As B falls below the efficiency threshold, the planner faces a
trade-off between productive efficiency and social insurance. In moderate constraint
regions, the planner sacrifices insurance but maintains efficiency. In severe constraint
regions, the planner accepts some productive inefficiency, balancing efficiency gains
against insurance costs. Most strikingly, when constraints become extreme, the plan-
ner reverses strategy entirely: rather than helping the constrained entrepreneur, the
planner redistributes wealth toward creditors, the unconstrained agent. This seemingly
paradoxical result occurs because marginal increases in creditor wealth generate more
spot expenditures than the efficiency losses from constraining entrepreneurs.

This ambivalent nature distinguishes payment-chain crises from typical models
with pecuniary externalities, where social insurance and efficiency typically reinforce
each other. Here, the planner may switch between complementary and conflicting
policies as constraint severity varies.

Figure 10 illustrates how the planner’s solution and the competitive equilibrium dif-
fer during a payment-chain crisis. Initially, the planner implements regressive policies—
by increasing debt which constraints further the entrepreneur—because increased cred-
itor wealth generates spot expenditures that raise TFP. Despite higher dent, entrepreneurs
actually increase their consumption through lower chained-good prices. As recovery
progresses, the planner reverses course, reducing debt relative to the competitive equi-
librium.

5.4 Implication IV: Fiscal Policy (Bocola Effect)

Government expenditures have strikingly different effects depending on their payment
timing. When governments pay for expenditures upfront (spot), they inject immediate
liquidity into payment chains. When governments chain expenditures to future tax

receipts, they extend payment chains and worsen delays. We call this the Bocola effect.
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Figure 12: Primal Planner Solution

Note: This figure reports a numerical example of the planner’s solution. Figures are calculated using value function iteration:
B =0.95,6 =0.9,and § = 0.75. Panel (a) plots B? as a function of values of B in the range [0.1,? + 0.1] * Bt%", Panels (b) and
(c) plot the objective of the planner for different values of B in the range [0, 1.8]. Panel (b) fixes B at 0.15 and Panel (c) at 0.08.

To formalize this distinction, consider spot government expenditures G° that re-
quire immediate payment, analogous to household spot purchases. The government
can also make chained expenditures G* contingent on receiving tax revenues, treating
tax receipts as income flows similar to labor income. For simplicity, assume the gov-
ernment raises labor taxes to finance expenditures under a balanced budget constraint,
and that all government spending represents resource waste. The key insight emerges

from how these expenditures affect the aggregate fraction of chained transactions:
pe =X+ G and g = A(u) "

Spot government expenditures reduce the chained expenditure ratio by substituting

for private chained purchases, while chained government expenditures increase ;.

Proposition 5. (Government Spending Multipliers): Consider infinitesimal government
expenditures starting from (G*, G*) = (0,0). Consumption and output multipliers are:
Efficient Region (B < B*(B)): Both expenditure types reduce welfare:

acr oo o0y

o 0y _
oG= — 0Gs 7 0Gs

oG=

0,

A(p)(1+ ef) —1<0.

Crisis Region (B > B*(B)): Spot and chained expenditures have opposite effects:

aC aC
age ~ AW 5 =

0y _, W _

A+, =0, 2=

1—A(p)(1+¢€)) > 0.
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The economic mechanism is clear. In efficient regions, any government spending
wastes resources without improving payment chain efficiency. Spot spending merely
transfers efficient expenditures from private to public use, yielding zero output effects.
Chained spending worsens efficiency by lengthening payment chains.

During payment-chain crises, the effects reverse dramatically. Chained government
expenditures remain harmful, adding to payment delays without productivity bene-
fits. However, spot government expenditures create positive externalities by reducing
average chain lengths. The elasticity ¢, captures this effect: when sufficiently nega-
tive (which occurs in deep crises), spot spending can actually increase entrepreneur
consumption despite higher taxes. The mechanism works through reduced prices of
chained goods, which more than offset the tax burden.

The output multiplier for spot expenditures is always positive during crises because
the government substitutes inefficient private chained expenditures for efficient pub-
lic spending that shortens payment chains. Welfare increases when this multiplier ex-
ceeds unity, which occurs precisely when payment delays are most severe.

This analysis yields a novel perspective on fiscal stimulus. The conventional view
that governments can stimulate aggregate demand simply by spending misses a crucial
element: the timing of payments matters as much as the amount spent. A government
that finances expenditures through future tax receipts—the typical approach—may in-
advertently reduce welfare and have no output effects. Effective stimulus requires pay-
ing upfront to break payment chains rather than extend them. This dimension differs
fundamentally from standard aggregate demand arguments. Here, fiscal policy works

through a transactions channel: it stimulates output only when it speeds transactions.

6 Conclusion

Financial crises have traditionally been understood through the lens of coordination
failures and demand externalities, yet what makes these episodes uniquely suscep-
tible to such problems remains unclear. The contribution of this paper is to high-
light payment delays as a central mechanism. We present empirical evidence show-
ing that many firms depend on upstream payments to execute their own transactions,
and demonstrate through a natural experiment how payment disruptions propagate
through these chains during financial stress.

Building on this evidence, we develop a theory where the core economic problem is
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that credit constraints lead to an inefficient distribution of funds, causing payment de-
lays that disrupt production. Crises in this framework feature demand externalities and
coordination failures that arise endogenously from the payment structure. Although
our policy recommendations resemble those in environments with price rigidity, we
underscore the critical importance of accelerating transactions through appropriate
fund transfers.

For tractability, we make several key simplifications. We assume all transactions are
bilateral and of identical size, and that delays occur within periods rather than across
periods. We also abstract from risk considerations. Developing extensions with richer
transaction sequences and heterogeneous delays will be important for quantitative ap-
plications. Nonetheless, we believe the core lessons about payment-chain disruptions
are robust to such generalizations.
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A Appendix to the Empirical Analysis - Section 2

A.1 Additional Results

Table A.1: Heterogeneous Effect by Size of Amounts Sent/Received

Dependent variable: Prob. firm j makes a payment at timet

1)

received; 1 X smaller sent 0.526
(0.002)***
received; ;1 -0.109
(0.001)***
Adjusted R? 0.535
Observations 10,001,248
clusters 222,306
t,7 x dFE Yes

Notes: The independent variable received; ; is an indicator equal to one if firm j received a transfer from another firm
within the last 24 hours. This variable is interacted with smaller sent;;, which equals one if the amount received by
firm j at time ¢ — 1 is less than the amount sent by firm j at time ¢, and zero otherwise. Robust standard errors, clustered
by firm, are in parentheses. We include time and firm x weekday fixed-effects. Data is daily and spans 2024.

A.2 Intensive Margin Regressions

We also study the intensive margin relationship between payments made and received.
We follow equation (1), but now considering the (inverse hyperbolic sine of the) amounts
sent and received by firm j. Results are presented in Table A.2 consistent with those of
the extensive margins; firms become more likely to make payments once they receive
money transfers. The elasticity across all firms in column (1) implies that a 1% increase
in the amounts received by a firm on a given day increases the amounts sent the next
day by approximately 0.04%.



Table A.2: Triggered Payments Across Firms—Intensive Margin

Dependent variable: Payments made by firm j at timet (asinh)

(€3] ()] 3) 4) ®) (6)
In amount received; ;1 0.036 0.017 0.045 0.044 0.036
(asinh) (0.0005)***  (0.001)***  (0.001)***  (0.001)*** (0.0005)***
Small; x In amount received; ;1 0.016

(0.001)***
gs;li:f x In amount received; ;1 -0.019
(0.001)***
%(ZZ:SJ x In amount received; ;1 -0.018
(0.001)***

In amount received; ;5 0.012 0.012
(asinh) (0.0004)***  (0.0004)***
Adjusted R? 0.496 0.464 0.497 0.497 0.495 0.496
Observations 10,001,248 5,290,408 8,399,599 8,399,599 10,001,248 10,001,248
Clusters 222,306 74,566 174,896 174,896 222,306 222,306
t,7 x dFE Yes Yes Yes Yes Yes Yes

Notes: The independent variable in column (1) is the total amount (in colones) received by firm j from another firm within the
last 24 hours, transformed using the inverse hyperbolic sine function. This variable is interacted with firm j’s size, assets-to-
sales and liabilities-to-sales in columns (2), (3), and (4) respectively. Columns (5) and (6) add an independent variable equal to
the total amount (in colones) received by firm j from another firm 5 days before time ¢, transformed using the inverse hyperbolic
sine function. Robust standard errors, clustered by firm, are in parentheses. We include time and firm x weekday fixed-effects.

Data is daily and spans 2024.



A.3 Placebo Exercises

Table A.3: Placebos—Receiving Payments Right After Making a Transfer

Dependent variable: Payment made by firm j at timet

A. Extensive margin B. Intensive margin (asinh)
h=1 h=2 h=3 h=1 h=2 h=3
1) 2) 3) 4) (5) (6)
received; ¢ p -0.001 -0.003 -0.001 In amount -0.001 -0.002 0.000
(0.0004)*** (0.0004)*** (0.0004) received; 4 p, (0.0004) (0.0004)*** (0.0004)
Adjusted R? 0.483 0.483 0.483 0.495 0.495 0.495
Observations 10M 10M 10M 10M 10M 10M
Clusters 222,306 222,306 222,306 222,306 222,306 222,306
t,j7 x dFE Yes Yes Yes Yes Yes Yes

Notes: In panel A, the independent variables are indicators equal to one if firm j received a payment in ¢ + h. In panel B,
the independent variables are the total amounts (in colones) received by firm j from another firm in ¢ + A, transformed us-

ing the inverse hyperbolic sine function. Robust standard errors, clustered by firm, are in parentheses. We include time and
firm x weekday fixed-effects. Data is daily and spans 2024.

A.4 Results on Firm Classification and Chains

Figure A.1: Histogram of Fitted Probabilities of Triggered Payments by Firm
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Notes: The figures show the distribution of monthly average triggered payments by firm based on an extensive margin
estimation. Firms with a value of zero have a payment behavior that is orthogonal to receiving money transfers, while

firms with a value of one have a perfect correlation between receiving a transfer and making a payment either the day
after (panel a) or five days later (panel b). Data is monthly and spans 2024.



Figure A.2: Distribution of Chain Sizes
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Notes: The figure shows the distribution of chain sizes based on a 5% random sample of spot firms in the economy used

as initial nods. Data is collapsed for December 2024 to construct the chains.

Table A.4: Classification of Transactions by Month

Month | S—»S | X—»X | Mixed | Total Month | S—»S | X—»X | Mixed | Total
1 1% | 72% | 28% | 277,758 7 1% | 72% | 28% | 291,866
2 1% | 71% | 28% | 278,278 8 1% | 72% | 27% | 276,308
3 1% | 72% | 28% | 262,887 9 1% | 72% | 28% | 280,320
4 1% 72% 28% 291,672 10 1% 71% 28% 290,711
5 1% | 72% | 28% | 293,231 11 1% | 71% | 28% | 282,262
6 1% | 72% | 28% | 267,484 12 1% | 72% | 27% | 287,585

Notes: The table shows the stability of the classification of transactions across months, depending on the buyer’s and
seller’s type. Link types are divided into spot-to-spot (S—S), chained-to-chained (X—X), or mixed (S—X or X—5).

A.5 Chained Payments and Prices

We consider the following regression to explore the role of deferred payments on prices:

In Price,pjs = 0 + v Deferredyyjs + Ap + Xj + X 4 €upjit



for transaction v, where Deferred,,; = 1 if sale v has a deferred payment and zero
otherwise, and we include product, firm, and time fixed effects. We can also interact
Deferred,,;; with an indicator, Chainedy; = 1, which depends on whether firm k—
which made payment v to firm j—was classified as chained.

Column (1) of Table A.5 shows that prices for a given product are 21% higher in
transactions with a deferred payment. Column (2) shows this effect is larger for firms
classified as chained. Column (3) further breaks down transactions depending on the
type of both the receiver () and sender (k) of the payment. Reassuringly, a higher price
is charged only if the payment is made by a chained firm, regardless of the receiver’s

type.
Table A.5: Chained Payments and Prices

Dependent variable: Price of transaction v for good p sold by firm j to firm k at timet (log)

(€8] 2 3

Deferredyp;t 0.189 0.111 0.181
(0.006)*** (0.006)*** (0.006)***
Chainedy,; x Deferredyp;t 0.091
(0.006)***

Chained ;& Chainedy, x Deferredyp;t 0.065

(0.002)***
Spot ;& Chainedy; x Deferredyp;t 0.058

(0.003)***
Spotjt&SpOtkt x Deferredtypjt 0.006

(0.004)
Adjusted R? 0.682 0.682 0.682
Observations 45,801,998 45,801,998 45,801,998
Clusters 175,829 175,829 175,829
p,j,t FE Yes Yes Yes

Notes: The independent variable in column (1) is an indicator equal to 1 if transaction v;s payment was deferred, as
opposed to having an immediate payment. This variable is interacted with a dummy that depends on firm &’s classi-
fication as chained or spot in column (2). Column (3) further decomposes transactions depending on whether firm j
and k were chained or spot at ¢; the omitted category has firm j as chained and firm & as spot. Robust standard errors,
clustered by firm, are in parentheses. We include product, firm, and time fixed-effects. Data is by sale and spans 2024.



A.6 Payments and Timing of Delivery
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Figure A.3: Timing of Product Delivery

Notes: The figure shows an event study for orders with deferred payment in which product sales become positive after
the full payment is due. Time zero corresponds with the date in which the full payment is due and the coefficient
represents the sales of the product at the store.

A.7 Persistence of Desyfin Effect Along the Chain

Table A.6: Desyfin Effect Along the Chain: Firms Upstream From Directly Hit Firm

1
———
1 0
—e—L
0
5
—el

Coefficient
2
———
Coefficient
2
—e——
Coefficient
2 1
——

1 {; {

-3

i

1 2
Links Away from Directly Shocked Firm

1 2 1 2
Links Away from Directly Shocked Firm Links Away from Directly Shocked Firm

(@) In Purchases;; (b) In Sales (©) In Value Added;;

Notes: The figure shows how the impact of being upstream from a Desyfin firm evolves as increase the number of links
of separation along the chain. The dependent variables in panels (a), (b), and (c) are the (log) of purchases, sales,
and value added, respectively, of firm 5 in month ¢. The plotted coefficients correspond with the triple interaction of
Links(n) j; x Switch2chained;; X Desy fin; x Shocks, and captures the impact of being n links away from a Desyfin firm
i (Links(n) ;) and firm ¢ switching to being classified as chained after the freeze. Robust standard errors are clustered
by firm. We include province xindustry (ISIC-4) and time fixed-effects. Data is monthly and spans 2024.



B Appendix to Payments-Chain Model - Section 3

B.1 Microfoundations for formula for y,

We introduce two financial frictions that delay payments and, consequently, produc-
tion. The first friction is that production can only start once the buyer shows proof of
funds. If an order is spot, by definition, proof of funds is immediate since the order is
funded externally. By contrast, chained orders can provide evidence of funds only af-
ter the buyer receives a payment from another transaction and the money enters their
account. Production requires proof of funds to deter fraudulent behavior; otherwise,
buyers could promise payments they know will never occur. Since production is cus-
tomized, this would lead to a disadvantageous ex-post renegotiation.

We need a reason to delay transactions: here, we invoke limited commitment. The
idea is that after the customer shows proof of funds, the funds are only released after
the fraction 1 — § of the output is inspected. Without inspection, The producer could
produce a good for himself, taking away the funds. Since there is no way to verify a
customization, inspection is necessary. The delay in transactions provokes production
losses. Namely, the payments-chain network determines production: production oc-
curs within a unit time interval. Each order starts at some endogenous time 7 € [0, 1]
when the payment is executed. Once production starts, it cannot stop. Production is
linear in time: if production starts at 7, production is 1 — 7. The delay in the time to
execute payments then translates into idle resources which map into TFP losses.

Placing these frictions together, proof of funds and limited commitment, we obtain
a production structure where the greater the number of chained orders, the more pay-
ment delays and the longer the production delays. To produce predictions about ag-
gregate TFP, we first formalize the definition of the payments chain network and derive
statistical properties that help us map it into production losses.

The length distribution is convenient for obtaining a measure of economic losses.
For that, we turn to our specific micro-foundation.

We use this distribution to obtain aggregate production: we first derive the produc-
tion in a chain of arbitrary length. In a chain of length zero, there is always a spot order
whose production begins immediately. In a chain of length one, the production of the
first spot order begins immediately, but there is a delay in the second order. For the
second order, the funds are received after 1 — § of the production of the first order is



finished. This happens at time 7 = 1 — 6. Hence, this leaves only § time to produce
the second order in the chain. For the second order, production is § of which the 1 — §
fraction must be inspected. If there is a third order in the chain, the transfer of funds
occurs (1 — ¢) 0 time after the first transfer at 1 — . Adding these consecutive delays, the
production of the third order can only start by (1 — §) +6 (1 — §) = 1 — 4. This leaves §*
time to produce that third order.

We can deduce a pattern by forward induction.?® In a chain of length n, the produc-
tion vector of n + 1 consecutive orders in a chain is {1, 4, 2, ..., d"}. Using the distribu-
tion of chain lengths to compute expectations, we obtain aggregate production.

B.2 Random and Efficient Assignment Outcomes (Proof of

Proposition 1)

Proposition 1 presents several results for random and efficient assignments. We start

with the formulas for random assignments

B.2.1 Random Assignments.

Chain-Length Distribution. We first show that the distribution of payment-chain

lengths is geometric.
Lemma 2. For the random assignment, the chain-length distribution is geometric.

Proof. Recall that the order assignment is random and nodes are either spot orders
(NV®) or chained (N*). As N — oo, each node has an outgoing link with probability u
(the order buys from a product committed to another chained order) or no incoming
link with probability 1 — 4, the link is with a spot order.

By construction, every chained order must be funded through exactly one produc-
tion link, creating a directed path that ultimately terminates at a spot order. This struc-
ture ensures that every node belongs to exactly one payment chain, and each chain
originates from a unique spot order. Therefore, we have exactly NV* payment chains,
which we index by i € N*.

261f the k-th node initiates production at time 1 — §*~1, the delay from its inspection is (1 — §) §*71,
which added to previous delays leads to a transfer of funds only by time 1 — §*~! + (1 — §) §*=! =: 1 — §*.
This, leaves §* time for production to the subsequent unit. Since we computed the delay fork = 1,2, .. ..
the productions in a chain of length n are {1,4,62,...,5"}.



For chain i originating at spot order i, we define its length as the number of chained
orders it contains (equivalently, the number of edges in the directed path). We now
derive the distribution of chain lengths.

Consider chain i: It is of length 0 if spot order i orders from a node associated with
a spot order, which occurs with probability 1 — p. It is of length 1 the first order in
the chain orders from a chained order, which happens with probability i, whereas that
order is not linked, which occurs with probability 1 — x. Thus, the overall probability
is u(1 — u). Proceeding by induction, for a chain of length n, extending this reason-
ing, there must be n consecutive chained orders, followed by a termination (no further
links). By independence, this occurs with probability " (1 — ). Therefore, if L; denotes

the length of chain 7, we have:
P(L; =n)=u"(1—p) forne{0,1,2,...}

, i.e., the geometric distribution with parameter 1 — p (using the convention where

support begins at 0). O

Output and TFP. Next, we derive the distribution of positions for the geometric dis-

tribution.

Lemma 3. When the chain length distribution is geometric, the distribution of positions
is also geometric.

Proof. For the geometric distribution:

i
L

n=1)=Q0Q-p) ) p=>0-p"), n=1

3
Il

. Therefore, we have that, 1 — G (n — 1) = ™, and, thus,

[e.e]

S U-G-1)=> =

Thus, we have that:

MTL
hin)=————=(1-p)p"
W=y -
Thus, the distribution of positions follows a geometric distribution with the same

parameter 1 — p, completing the proof. O



Next, we derive the formula for TFP, A, and output ) using two approaches. We first
do so by employing the distribution of positions.

Lemma 4. For the random assignment we have that) = 11_‘—5’2 and A =§ f_‘—(;;

Calculations using the Position Distribution h.

Proof. Given that the distribution of positions h(n) = (1 — u)u™ the average quantity of

final goods,
_ - n __(x _ ngn __ 1__M
Y = Ey,] = E[§"] —%(1 " = 5
Then, it follows that Y = (1 — ) + pA — A = 511:_5/2- O

Calculation using the Length Distribution.

Alternative Proof via Weighted Averaging. We demonstrate a general approach for de-
riving position distributions from chain length distributions, applicable even when di-
rect computation is complex. We illustrate with the geometric case where P(L = n) =
(1 —ppm.
Step 1: Expected production per chain. For a chain of length n > 1, the cumulative
production discount is:
"L 6(1—6")
Ely,|llength=n]=>» §=——=
ollengeh =] = 320" = ==
where § € (0, 1) represents the production efficiency at each stage.
Step 2: Average chain length. The expected number of chained orders per chain

(excluding spot orders) is:

ﬁx:Zn'P(L:n):Zn(l—u)u” (17)
n=1 n=1
= (1 —ppd ! (18)
n=1
d 1
et ()
1 p
=(1- - = (20)



Step 3: Position distribution via weighted averaging. To find the distribution of
positions, we weight each chain length by its contribution to the total mass of chained

orders:
n-P(L=n)

Weight for length n =

Ty

The probability that a randomly selected chained order is at position £ equals:

POC =KX > 0) = 3 EIE (1 St = (1

Accounting for spot orders (position 0), we have:

1—p ifk=0

po (1= pp=t = (1 —p)p* ifk>1

This confirms that positions follow a geometric distribution with parameter 1 — p.
[

Part 2. Limits. We first consider the limit as ;. — 0:

. e et T—p\
i%A(u,é)—éi%(l_éu)—5.

For output:
lim ) (p;0) = lim (1 — p1) + pA (p;6) = 1.
n—0 pn—0

Next, we consider the limit as © — 1:

. e et T—p\
}}_}IIiA(/LJS)—d}LI_}H%(l_(SM)—O

For output:
limy V() = lim (1 — p) + lim po lim A () = 0.

Next, we consider the limit as § — 0:

: .0
A0 = I T

11



For output,

lim Y (p) = (1 = p) + plim A (p;0) = (1 = pp) .

Finally, we consider the limitas § — 1:

i ) = i N el
A0 = e T,

For output,

lim Y (p) = (1 = p) + plim A (p;9) = 1.

6—1
Part 3. Monotonicity and concavity. We establish the following result:
Lemmab5. Y(u), A(n) are strictly decreasing and concave in .

Proof. Next, we investigate the monotonicity of .A and Y. We do so by signing the
derivatives:

e = v (125 - 1)

1-9
- ———— <.
(1—dp)
From here, we also have that, A, =6), < 0.
Next, we perform the convexity analysis by computing second derivatives. Using

(21) we have that:

1-9
YV = —20—= <0.
M (1 . 5//5)3
Thus, ), is strictly concave. From here, we also have that, A4,,, = —24* (11_22 s < 0.

Thus, we establish that both functions are strictly monotonically decreasing and
concave in .
O

We also have monotonicity in ¢, but a different convexity property.

Lemma 6. Y (u), A(n) are strictly increasing in §. In turn, Y (u) is strictly concave in §

whereas ) (1) is strictly convex in 6.

12



Proof. Note that:

Thus, A; = V() + s = V(1) () > 0.
As for the convexity analysis:

12

<o
(1—6p)*

Vss = —2Y(n)

From here, we have that, As;; = Vs <ﬁ> + V(p) <ﬁ> > (. This establishes the strict
monotonicity and convexity properties. O]

B.2.2 Efficient Assignment

We now prove the formulas for the chain-size distribution for the efficient assignment.

Lemma 7. Let, n = Lﬁj andp = n+1— {£.. Then, under the efficient assignment

gn)=p, gn+1)=1-p.

Proof. Consider the problem of allocating N* = uN chained orders across N* = (1 —
)N chains to maximize total output.

Step 1: Marginal productivity and reallocation.

Consider any assignment with two chains of lengths n and n’ where n’ > n + 1. We
can strictly increase output by moving the order from the final position in the chain of
length n’ to adding a link to the chain of length n. The final goods obtain by that order
is:

ot — 57 = 1 — v ) > 0.

The final goods of no other order is not affected.
Step 2: Characterization of efficient allocation. By Step 1, in any efficient alloca-
tion, chain lengths can differ by at most 1. Therefore, the distribution must be:

D ifk=n
gk)=<S1—p ifk=n+1

0 otherwise

13



for some integer n > 0 and p € [0, 1]. Otherwise, it’s possible to move a mass of orders
and increase the final output.

Step 3: Determining »n and p. The total number of chained orders must equal N*:
N¥[pn+ (1 —p)(n+1)] = N".

Dividing both sides by N*:

N7 pN Iz
=Pt )= =g N "1

Simplifying:

Therefore:
p=n+1-— L
L—p

Step 4: Integer constraints. For p € [0, 1], we need:

0§n+1—1L<1. (21)

_/’L_
This implies:
n < B <n-+1
IL—p

Hence, n = LﬁJ,nH: (ﬁ—‘,andp:n—i—l—ﬁ.

Step 5: Final distribution. The efficient allocation has:

e Afractionp = {ﬁw — 14, of chains with length n = {ﬁJ

e Afractionl —p =+ — { - J of chains with length n + 1

1—p 1—p

1
2

ratio of chained orders to spot orders.

Note that for ¢ < 1, the mass of chains of length 1is 1 — p = ;& = 2=, precisely the

1—p

This completes the characterization of the efficient chain-length distribution. [

14



The distribution of positions h(n) is thus given by:

1 : _
m lfk =n
_ 1— oo
h(k) = —n+(1fp) ifk=n+1
0 otherwise
forn = {ﬁJ

Next, we derive the formula for A under the efficient assignment.

Lemma 8. Under the efficient assignment:

1—om 1— i\ 1—
A(u;5)=5<p ) £

1—
1—(5+( p) 1—-9¢ I

Furthermore:

V(i;0) = (1 - p) (1+5 (pll__a(; +(1-p)3 1__57:1)) :

Note thatin a chain oflength n, the average output among chained orders: + 3" | ¢’ =

1-6m
1-6 °

The mass of chained orders is: pn + (1 — p)n = 15,- From here, we compute output

3o

per chained order:
1— 5n 1— 5n+1 L
A = (=5 - 0 ) (1), 22

yielding the formula.

Monotonicity. Next we prove the established monotonicity and continuity.

Lemma 9. A(u) and Y (u) are continuous and monotone decreasing under the efficient

allocation.

Proof. Recall that under efficient allocation, average output per chained order is:

Ap) = —2— (p(1 = 6") + (1 - p)(1 — 57+1)) L

5
1—96 1
where n — H—MJ andp=n+1— .

I

15



Step 1: Continuity at integer values. When ~; = F for integer £, all chains have

length £, giving: 51— 5
1- 1-
Al == =57 "

As 1 approaches this integer point from below, n = £ — 1 and p — 0, yielding the
same limit. Thus A(x) is continuous everywhere.

Step 2: Derivative between integer points. For ;£ ¢ Z, the floor function is locally
constant, so:

8;4_ ) ‘3 1—pu
o 1—0 0o

T) (1 =0") —n(1—0)0"]

Since a% (1’7") = _;% < 0, we need to show:

(1—=0")—n(1—10)">0
Step 3: Verifying the inequality. Rearranging:
(1—6)—n(l—=6)6"=1—(1+n)d" +né"t
We need to prove: 1 + né"*' > (1 + n)dé", or equivalently:

1
5 +nd>14+n
Since § < 1 andn > 1: - The term ;- > 1 - The inequality né < n is compensated by
the excess 3 —1 >0
More formally, define f(6) = 1 +nd"™ — (1+n)é™. We have: - f(0) =1>0- f(1) =0
-f/(0) =nn+1)0" —n(1+n)d"t=n(l+n)d"1(06-1)<0
Since f is strictly decreasing from positive to zero on [0, 1], we have f(J§) > 0 for all
5 €(0,1).
Step 4: Global monotonicity. Although the derivative has discontinuities at inte-
ger values of £, the function is continuous and decreasing between these points. At
integer points, the left and right limits coincide, ensuring global monotonicity.

Therefore, A (1) is strictly decreasing in x for all i € (0, 1). O

B.3 Related Results Used Elsewhere

In this section, we derived properties that are used later in the text.

16



Part 5. Inverse productivity. Now, we study the inverse of productivity. Let
q (4150) = A7 (1)
The function has limits:
: 8) — 51 - 5 — : 5 — - S —
limg(p;8) =07,  limg(yd)=oco,  limg(ud)=o0,  limg(ud)=1

We also have that:
B _ﬂ _5 1—90
ROV ERRR TR

The convexity is guranateed by using:

> 0.

A A

Hence, ¢ is convex in .

Part 6. Elasticity of 4. A useful object in later derivations is the elasticity of .4 with
respect to p:

A = Ay (1) p
A
Using the derivations above:
A - (A=0p
A~ T —p
Note that: 5
AW p = A () pt Ap) = A(w) (1 +6)
We have that:
LA A=W =0)=(A=Op 1op+dpP—p L p
g (1=0p)(1 = p) (1=0p)(A—p) 1—0p 1-p

In later proofs, we require obtaining the sign of 1+ ¢ and its limits. We know ;' < 0.
Thus, the sign of 1 + ¢! is the sign of:

1 p
1—6p 1—p

17



The limits of the function that governs the sign are:

1 %
li — =1>0
,}L%[l_(m l—ul ’
and
I L a
im — = —00.
p=1 [ 1—op 1—p >

Since the function is continuous in x, the sign is ambiguous.

Next, to establish monotonicity, notice that

(N (L) P
op |1=op 1—p (I=0p)? 1—p\l—p p (I=op? (A—p?
The numerator of the first term is lower than that of the second, whereas the opposite

is true about the denominators. Hence, the function is monotone decreasing. Thus,

there’s a unique crossing point where the function 1 + e;j‘ becomes negative.

18



C Extensions to Other Assignments

C.1 Correlated Assignments

In the main text, we considered payment chains where spot and chained orders have
equal probabilities of being linked to orders of the same type. However, our empir-
ical analysis in Table XXX reveals that payment types exhibit significant correlation:
chained orders predominantly connect to other chained orders, while spot orders tend
to cluster together. This correlation in order types affects the distribution of chain
lengths and ultimately productivity. To examine this, we allow the probability that
chained orders link to other chained orders to differ from the probability that spot or-

ders connect to chained orders. We formalize this using a Markov chain representation.

Markov Chain Representation. Consider a payment-chain network where order types
(spot or chained) exhibit correlation along production chains. To ease the notation, let
1, = i denote the fraction of chained orders and p, = 1 — p, the fraction of spot orders.
Starting from a spot order, the entire payment network is characterized by a sequence
Sy ={s,x,s,z,s,...} where {s, z} in position i represents whether the i-th order is spot
or chained, respectively. If links across chained and spot orders only depend on the

current order type, the sequence can be generated by a Markov chain:

Dss 11— Pzx
Q= (23)

1- Dss DPzx

where p,, is the probability that a spot order is linked to a spot, and p,., the correspond-
ing probability that a chained order is linked to a chained order.
For alarge N, the stationary distribution must satisfy:

Is
n=Qu, wherepu = . (24)

Moz

That is, the transition matrix must guarantee that population shares aggregate.

To see how the construction works, we verify the formulas for thei.i.d. case in which

19



transition probabilities equal unconditional probabilities:

. Ms s
Qlld _ ] (25)
Mg fhg

This trivially satisfies p = Qg since each column sums to one.

To introduce correlation, we parameterize deviations from independence as:

Pss = Hsks, Pzz = Hzkg (26)

where k4, K, > 0 are correlation factors. When the corresponding « is positive, orders
have a greater chance of matching with orders of the same type than under an i.i.d.
assignment; when & is negative, the random assignment overrepresents mixed links.

For positive values of «, the transition matrix becomes:
Q=Q"+Q (27)

where the deviation matrix is:

~ 8(5_1 — Mz x_l
o_ | M ) el =D 28)

—ps(ks = 1) pa(re — 1)

There are some parameter constraints: We require a stationarity condition on Qpu =

0 that guarantees the preservation of population shares:
2 _ 2
:us(’is - 1) - Mm(ﬁﬂf - 1) (29)
Defining ¢ = (ks — 1) and using the constraint, we obtain:

fa(ig — 1) = 22, (30)

T
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Setting p = £2q, the transition matrix simplifies to:

ps+q 1= (e +p)
Qp) = : (31)

L= (us+q)  patp

To ensure valid probabilities (0 < p;; < 1), we require: if s > 1/2, then —p, < ¢ < 1—p;
if i, > 1/2, then —p, < /;—iq < 1 — u,. Combining these constraints:

Chain Length Distribution. Conditional on featuring some chained orders, the length
of a chain (consecutive chained orders) follows a geometric distribution. A chain of

length n occurs with probability:
Pr(n|n > 1) = P(chain ends) - P(continue chain)" . (33)

Given the parameterization:

P(continue chain) = p,, = p, +p (34)
P(chainends) =1—p,, =1 —p, — p (35)

Therefore:
Pr(njn > 1) = (1 =ty — p)(pa +p)" " (36)

This is a geometric distribution with success probability p = p, + p.
The expected chain length conditional on some chained orders is:

I |
l—p 1—py—p

E[nln > 1] = (37)

Thus, the unconditional distribution is:

Kz

,U/x_q :'ux—/isp
L—pig—p 1—pz—p

E[n] = E[n|ln > 1] Pr[n > 1] =

Y

where we used that ¢ = ’;—1 p. Notice that when p > 0, we have positive correlation—chained

orders cluster together, increasing average chain length; when p < 0, the correlation
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decreases average chain length. When p = 0 (independence), we recover E[L] = yut

Output and TFP. Using the same steps as we do for the i.i.d. case, using the chain-

length distribution method, we obtain:

1 — (pz +p)
A(p; 6, p) = 0 ————. (38)
(1:0,0) = 072 (e + p)
Output is computed by weighting this distribution:
V(s 6,p) = (1= o) + pA =1 — O (39)
140, p ) + p i)

Again, this verifies the consistency of the formulas when p = 0.

C.2 Pooled Chained Orders

Next, we consider assignments where chained orders can be efficiently reassigned to
chains of approximately equal length, while the mass of spot-to-spot orders remains
unchanged. Under this mechanism, the income from every chained order is immedi-
ately used to finance another chained order as long as unfunded chained orders exist.
This captures scenarios where agents placing multiple chained orders pool their funds,

ensuring no cash remains idle while chained orders await funding.

Setup with Correlation. As an the case with correlated assignments, the probability
that a spot order is linked to a chained order is (1 — us — ¢), where ¢ is the correlation
parameter from our analysis above. While spot-to-spot matches follow a random pro-
cess, any spot order that connects to a chained order enters a pool where chains are
optimally formed to maximize total production. Thus, the mass of spot orders that can

potentially match with chained orders is constant:

Ny=1—=p)(l—ps—q¢N=(1-p)(p—qN. (40)

The ratio of chained orders to available spot orders is:

) == = = (41)
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When ¢ > 0 (positive correlation): Fewer spot orders connect to chained orders, in-
creasing &; when ¢ < 0 (negative correlation): More spot orders connect to chained
orders, decreasing ¢ toward the efficient ratio. When ¢ = 0 (independence), we obtain
£(0) = ﬁ, thus the ratio of chained to spot orders exceeds ;. This reveals that the
assignment is less efficient than the fully efficient case, since some spot orders are inef-
ficiently matched with other spot orders. When ¢ = —(1—p), we have {(—(1—p)) = £,
recovering the fully efficient assignment case.

Optimal Chain Length Distribution. Following the arguments of the efficient case,
the efficient assignment creates chains of two adjacent lengths for chains of length
greater than or equal to one:

n(q) = [£(q)] (42)
+1=

n(q) [€(q)] (43)

The fraction of chains with the shorter length is:

plg) = [€(q)] — &(q) (44)
The resulting distribution is:
g(0)=1—(u+q) (spot-only transactions) (45)
g(n(q)) = p(q)(x+¢q) (shorter chains) (46)
g9(n(q) +1) = (1 —p(q))(n+4q) (longer chains) (47)

Clearly, the pooling mechanism partially corrects the inefficiency from random match-

ing, but maintains the inefficiencies provoked by the assignment of spot-to-spot links.

Production and TFP. TFP is in this case given by:

~pg)-Y(n(q) + (1 —plg) - Y(n(g) +1)
Al 0) == ) + 0 = p(@)) - () + 1)

(48)

where Y (n) = §1=5.

Expected production per order follows the baseline formula, Y (u,q) = (1 — u) +
nA(p, q)-
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C.3 Endogenous Reallocation

The pooled assignment above assumes costless reallocation of funds across chained
orders. However, it is natural to expect that reallocation only occurs for orders in po-
sitions exceeding a certain threshold. We now examine a model where chains beyond
a threshold length n must reallocate their excess orders to shorter chains, while chains

below this threshold operate normally.

Setup. Consider a payment network where chains longer than the threshold n» must
reallocate their excess orders. We define the orders needing reallocation (N") as the
total number of chained orders in positions beyond #:

o0

N'= Y (n—n)-gn)= & (49)

n=n+1 1- K

This counts all orders in chains of length n > 7 that exceed the threshold.
The available slots (N®) in other chains is the total unused capacity in chains of

length n < n:

n 1
nu't 1 (L4 mn)p"
N = —n)- =n— 2 1) —
> (p—n)-gn)=n (1—u>( W1 1o, (50)
Each chain oflength n < n can potentially accept (n—n) additional orders before reach-
ing the threshold.
The ratio of reallocating orders to available slots determines the efficient assign-

ment structure:
NT™ i

= = (51)
R N (X enE
This ratio determines the optimal chain lengths for efficient assignment:
n(n) = [£(n)) (52)
n(n) +1=1[¢0)] (53)

with fraction p(n) = [£(n)] — £(n) assigned to the shorter length.
In this setting, orders are reallocated sequentially by approaching the customers

and suppliers in the last position of an existing chain. They offer to buy from the sup-

24



plier (corresponding to a spot order) and sell to the last customer order (corresponding
to a chain order). When abandoning the chain, the final customer buys from the pre-

ceding customer. The reallocation has a cost of =.

Chain-Length Distribution. Because the assignment is sequential, reassigned orders
will be placed at the shortest available slots, including those from spot orders. As a
result, the distribution will be efficient among the reassigned orders.

Let g(k) = (1 — p)p*~! for k > 1 denote the baseline geometric distribution for chain
lengths, and G(k) = E?:l g(j) = 1 — p* its cumulative distribution function. Note that
in the baseline model, spot orders have mass (1 — p).

After the re-assignment, the resulting hybrid distribution for chain lengths is:

a - p(n) k=n(n)
a-(I=p(mn) k=n(n)+1
g(kin, 1) = 4 g(k) nn)+2<k<n-1 (54)
" k = n (truncated chains)
0 otherwise

where a = G(n(n) + 1) = 1 — u"™+! represents all chains that would have been length
< n(n) + 1 in the baseline. This distribution has three key features: (i) all spot orders
have been converted into chains through the efficient assignment, (ii) the original dis-
tribution between lengths n(n) +1 and n — 1, is preserved reflecting that orders in those
positions are not re-assigned, (iii) the mass atn equals x”, capturing that all chains with
length above n become chains of length 7.

Endogenous Choice. Given the cost = and the sequential nature of the re-assignment,

the value of n can be found by solving for the value for which:

= <ot gt = > gnE g,

The left inequality ensures reallocation from position 1 + 1 to the last position with
positive mass n(n) + 1 is profitable, while the right inequality ensures reallocation from
position 7 is not.
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C.4 Default and Cascading

The reassignment model above assumes agents can identify and relocate to shorter
chains. However, this requires substantial information about the network. We now
consider a simpler response: when chains exceed a threshold 7, orders beyond this
point are withdrawn rather than reassigned. This captures situations where extended
payment chains become unsustainable. Orders in positions n > 1 simply default, keep-
ing their funds. When they do so, all of the subsequent transactions experience a cas-

cading sequence of breakdowns.

Chain Length Distribution. As before, chain length follows a geometric distribution:

g(n) = (1 —p)p"! (55)

where p generalizes to include correlation effects: p = p + p in the correlated case.
We capture default by modifying the output function:

(5% ifn<n

Yo(n) = (56)

) (11__5;) ifn >n.

The second that transactions above position 7 get truncated.

Output and TFP. Average production per link in a chain of length n is:

_ _yx(n)_il_(sn__
Ot () 57
where the default adjustment is:
0 ifn<n
7(n) = (58)

L2 (1 —0om ) ifn >
Using the methods presented for the baseline case, the formula for TFP becomes:

_ 220:1 g(n) 796(”)
A= gl 59
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Combining all terms we obtain that:

_5(]-_])) 5(]-_])) n,n __ 7,1
Ay = S = S = AL ) (60)

where A = 5&—;’;) is the TFP without default. The truncation factor (1—0"p") captures the
productivity loss from default. This loss increases the lower threshold n (more chains
are truncated). When n — oo, we recover A, — A, the case without default. Output
follows the formula for the correlated case, replacing A, with A.

C.5 Partial Delays

We now consider a hybrid payment system in which each transaction in a chain has a
probability ¢ of occurring with a delay. This captures heterogeneity in payment pro-
cessing—some transactions use sophisticated instant payment systems while others
require traditional settlement with delays.

Modified Production Structure. For a chain of length n where k transactions hap-
pen, production depends critically on the location of delays. We assume delays occur
sequentially from the beginning of the chain (positions 1 through k), yielding:

1— 6"
1—-9

y(k,n)=(n—k)+9 (61)

where (n — k) represents immediate payments and the second term captures delayed
payments.

Distribution of Delays and TFP. The number of delayed payments in a chain of length

n follows a binomial distribution:
M(k,n) = <Z> (1 —q)" " (62)

The expected production for a chain of length n is:

Ely(k,n)ln] = y(k,n) x M(k,n). (63)

k=0
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To evaluate this expectation, we use three key properties of the binomial distribution:

Z M(k,n)=1 (64)
k=0
Zk~M(k3,n):qn (65)
k=0
> 8 M(k,n) = (1 q+ )", (66)
k=0

The third property follows from the binomial theorem.?” Substituting these properties:

Ely(k,n)ln] = (n— k)M (k,n) + %5 1= " M(k, n)] (68)
U=t =21 (1= g+ 69)

1—-9

Average production across all chain lengths, weighted by the geometric distribution

g(n) = (1 — p)p"~!is given by:

A, = fozl g(n) - Ely(k,n)|n]

6 (70)
Zn:l g(n) 'n
The denominator equals fp. For the numerator:
(1—p) > 0" 'Ely(k,n)[n] (71)
n=1
1—gq 0 1—qg+dq
1—p+1—5[ S Ol g (72)
Simplifying yields:
1 —
Ag=(1-q) +9 a1 1) (73)

1 —p(1 —q+dq)

2’The assumption that delays occur sequentially from the beginning of the chain is crucial. If delays
were randomly distributed throughout the chain, the production function would be more complex, as
non-delayed segments would be interrupted by delayed ones. The sequential structure ensures that all
immediate payments (positions k£ + 1 through n) can be realized without interruption. For the third
property, recall that

n

> (Z) (6g)*(1 =)™ = (1 —q+ )™, (67)

k=0
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This generalizes our baseline formula: When ¢ = 1 (full delays): A, = 5?_;’;). When
¢ = 0 (no delays): A, = 1 When p = pand ¢ = 1, it recovers the baseline uncorrelated

case.
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D Proofs Regarding the Partial Equilibrium Analysis -

Section 4

D.1 Entrepreneur’s Problem: Details

This appendix provides a detailed characterization of the entrepreneur’s problem, in-

cluding formal statements and proofs of the key results presented in the main text.

Thresholds. The following lemma reproduces Lemma 1 in the main text, which iden-
tifies two debt threshold points that determine whether an entrepreneur’s expenditure
is a mix between spot and chained purchases or whether expenditures are concen-
trated in one type of order.

Lemma 10. (Expenditure Threshold Points): Define the efficiency threshold, B} , =
Ria (Bt — 1) . Then:

(i) S;+1 = 0 ifand only if Biyy > Byy:.

(i) Xy > 0 ifand only if By, > Bf,,.

Proof. Part (i): If By, > Bt+1, then S, = maX{Bt-i—l — By11,0} = 0. By conditions (13),
Siv1 = min{S;y1, By} = 0. Conversely, if S;,, = 0, then either S;;; = 0 or E;;; = 0.
Since entrepreneurs must have positive endowments at all ¢ consume at all periods,
E;1 > 0, implying S, = 0, which occurs if and only if B,,; > Btﬂ.

Part (ii): From equation (13), chained expenditures are positive, X; > 0, if and only
if expenditures exceed the limit on spot expenditures, £, > S, = B, — B,. Using the
budget constraint £, = By, R, +11 + 1 — B,, this condition becomes:

Big RN +1— B, > B, — B,

Simplifying yields B, > R;1(B; — 1) = Bf,;. O

As stated in the text, the efficiency threshold B}, ; marks the debt level above which
entrepreneurs must resort to chained purchases in the current period due to insuffi-
cient spot borrowing capacity. The threshold B, determines whether entrepreneurs

lose access to spot purchases entirely in the following period.
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Marginal Prices and Optimality Conditions. The presence of two types of purchases—spot
and chained—with different prices creates discontinuities in the marginal cost of buy-

ing goods. We formalize this through the concept of marginal prices, reproducing the
definition in the main text.

Definition 4. (Average and Marginal Prices):
I. The average price per unit of consumption is Q; = E;/(S; + X3).

I1. The marginal expenditure price att given debt choice B’ is:

@ (B) =1+ (0= Dljpep,

t+1]

II1. The marginal borrowing price att + 1 given debt B’ is:
Gt (B) =1+ (g1 — 1) ]I[B’>Bt+l]

The marginal expenditure price ¢” ( B’) represents the price at which the entrepreneur
purchases goods at the margin in period ¢. If the choice of future debt exceeds the effi-
ciency threshold, B’ > By, ,, the marginal price of goods equals ¢, the value of chained
goods; otherwise, it equals 1 (the spot price). Similarly, ¢Z ,(B’) captures the price at
which saved resources translate into consumption in period ¢ + 1. If future debt ex-
ceeds the SBL (B’ > B,,,), any savings yield chained purchases at price ¢, because no
spot goods can be purchased; otherwise, they yield spot purchases at price 1 because
any additional unit of savings allows an additional unit of spot consumption on the
margin.
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D.2 Proof of Proposition 2 (Entrepreneur’s Euler Equation)
We begin by formulating the entrepreneur’s problem in sequential form:

Problem 5. Given B, and {Rt+1, Bt} )

t>0

max Y B'log(C),

{ShXt}tZO t>0

subject to the budget constraint, B, + F;, = R, letH + 1,Vt > 0, conditions (13) and
C, = S; + X, and to the intra- and inter-period constraints, S, < S, and B, < B.

We derive the entrepreneur’s Euler equation as a necessary condition for optimality.

The entrepreneur’s total expenditures as a function of B, are:

Et = E(Bu Bt+17Rt+1) = 1 — Bt +

Given total expenditures, spot expenditures are:

3 5 B
S <Bt, By, Bt+1> = min {max{Bt — Bt70} 11— B, + 2! } 7
Rt

and chained expenditures are:
Xy = E(Bt7 By, Rt+1) -5 (Bt7 Bta Bt+1> .
The entrepreneur’s consumption (total goods obtained) is:

Ct - St‘l'Xt

E(B;, Bit1,Riy1) — S (Bt7 B, Bt+1>

= +S <Bt, BtaBt+1> .
q

Thus, we can write current consumption as:

Cy = CO(By, B, Bt, @, Rip1) =

E(Btv Bt+17 Rt+1) + (

- 1— 1) S (Bt, B, Bt+1> .

qt

The entrepreneur’s intertemporal optimization problem can be written entirely in
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terms of a sequence of debt levels:

3 (03 Biiy, Bi i, R )
{Brtri?f;(];ﬁ og | C(By, Biy1, By, i, Rig1)

with B, given.

Consider the choice of B, ;. Define:

T <Bt+1;BtvBt+2aBtaét-&-l)RH—laRt+2aQt7Qt+1> = log <C(BtaBt+1>BtaQt>Rt+1)>

+3log (C(BtJrh By, BtJrla Qt+1, Rt+2)> .

The function Y, is the piece that contains the influence of B, ; in the objective. Then,
we have that T, features kinks at the threshold points {Bt* 1 B’tﬂ}. These kinks arise
from the kinks in the functions £ and S-reflecting forced switches between spot and
chained purchases.

We analyze the optimality conditions by studying the effect of a marginal change in
By 1. Recall the relation between B, and By

Bf,, = Ry (Bt . 1) .

We do so splitting the marginal conditions depending on whether some spot expendi-
tures are available at ¢:

Case I: B, > B, (No spot purchases at t). We distinguish subcases depending on

whether debt levels permit spot expenditures tomorrow:

La. If B,.; < B, (spot purchases available at ¢ + 1):

1 1 1

Y (B = — — .
t( Hl) Cy Qth+1 ﬁCt+1

Lb. If B,,; > B, (no spot purchases at ¢ + 1):

1 1 1 1
T (Biy) = — e
¢ (Bu1) Cr ¢t Rea Cit1 Qi1
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At B, = B4, the derivative features a discontinuity:

lim T(B) < lm (B,
B/TBt+1 B,\LBt+1

where the inequality follows from ¢;,;. The condition implies that the marginal in-
crease in utility is greater to the right B, . Since a solution at the kink would require:

lim Y,(B)>0> lim T,(B),

B/TBt—Q—l Bli«BH-l

no solution will feature B, = By, ;.

Case II: B, < B, (Possible spot purchases at t). We distinguish subcases based on the
debt level relative to the thresholds:

ILa. If B, < Bf,, (only spotatt, some spotatt + 1):

1 1 1
Ci Rip Ci1

T/t (Bt+1> =

ILb. If By, € (B;H,Bm) (mixed at ¢, spot at £ + 1):

11 1 3 1
@ Cr Ry Cis

T; (Bi1) =

ILc. If B, > Btﬂ (mixed at ¢, only chained at ¢ + 1):

1 1 1 1 1
Y (B = — . — —
! ( tH) Cy q Ria Ci1 Qg1

At the threshold points we have the following discontinuities:

lim Y, (B)> lim YT,(B), lim YT,(B)< lim 7T,(B) (74)

B/TBt*-!—l B/‘I’BZ(-{—I B/Tét+1 B,J,BtJrl

Using the definition of average price @), = E;/C; and marginal prices, we express Y
in a compact form:

% . 1 . /BQt-f‘l . 1
Ey Ri1GF (Bisa) Ei1 G821 (Bi)

Y; (By1) =
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Setting T, (B,;;1) = 0 at interior solutions yields:

Et-i—l/Et. Qe Riiq

— . 75
5 Om @B/ By (79)

We already established that B,,; = B, isnota possible outcome. Hence, the only
relevant corner solution is B,,; = By, ,. Optimality at that corner solution is given by:

lim T, (B')>0> lim Y} (B’)

BB, B'Bf,
Opening up the condition translates to:
PRy = Eggl > BRiy 1. (76)
Arriving at equations (76) and (75) complete the proof of Proposition 2. O

The Euler equation captures how the entrepreneur’s consumption-saving decision
depends on both current and future marginal prices, which vary discontinuously with
debt levels due to the spot borrowing line constraint.

D.3 Proof of Proposition 3 (Entrepereneur’s Stationary Solution)

In the stationary version of the entrepreneur’s problem, R, = 37!, the SBL is constant,
B, = B,,, and the chained-goods price is constant, ¢, = ¢s;. Throughout this proof,
we assume B,, > 1. For convenience, we suppress the arguments of B*(1/4, B,,) and
denote its steady-state value simply as BY,.

We establish the following results:

I. If By € [0, B%], then B, = B, for all «.

II. There exists a threshold B" > B,, such that:
ILa If By < B", then B, — Bz, in finite time.
IL.b If B, > B", then B, = B, for all t.

The proof strategy involves: First, establishing two benchmark value functions, V (B)
and V(B), that bound the entrepreneur’s value function. Second, showing that for

By < B, a constant debt policy is optimal and achieves the upper bound V (B). Third,

ss?
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proving that for B, € (B?,, B,,], optimal deleveraging occurs in finite time with debt
converging to B,. Finally, establishing the existence and uniqueness of B" > B,, such

that entrepreneurs with debt above B" maintain constant debt and V(B) = V(B).
Value Function Bounds. Consider two auxiliary problems that provide bounds for
the entrepreneur’s value function. First, the unconstrained entrepreneur problem:

Problem 6 (Upper Bound).

V(B) = maxIn(E) + gV (B')

B'<B
subjectto: B+ FE =1+ %'.
Second, an entrepreneur problem where only chained goods are consumed:

Problem 7 (Lower Bound).

V(B) = maxIn(E/qss) + BV (B)

- B'<B
: . _ B’
subjectto: B+ E =1+ =%.
Lemma 11. The solutions to the benchmark problems are:

In(1—(1-p)B)
1-p

V(B) =

and

V(B) = In(1-(1-75)B) — ln(qss).

1—-p
In both cases, optimal expendituresare E = 1 — (1 — ) B.

Proof. For V, we guess and verify V(B) = 1“(1_(1_151?_1“(‘1“). Substituting into the Bell-

man equation and taking first-order conditions with respect to B’ yields:

1 1 B
1-B+B/RR 1—(1-8)B"

Using 3 = R™', we obtain B = B’, confirming constant debt. Expenditures are £ =
1 — (1 — B)B, verifying the conjecture. Setting ¢,, = 1 yields V(B). O
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Note that V(B) € [V(B),V(B)] since these correspond to more constrained and
relaxed versions of the original problem.

Proof of Part 1.

Lemma 12. For B < B:,,V(B)=V(B)andE =1— (1 — )B.

887

Proof. We verify that setting £ = 1 — (1 — ) B in the original problem yields the upper
bound value. Note that:

E < 1-(1-p)B
= 1+ 8B}, — B
= 14887 (B —1)— B,
= B, — B},

S BSS_B'

Thus, consuming only through spot purchases is feasible. With B’ = ~'(B+FE—-1) = B
and consumption C' = S, + X; = 1 — (1 — ) B constant across periods, V' (B) attains the
upper bound. O

Proof of PartII - Preliminary Results. Define the set of debtlevels from which setting
B’ = B}, is optimal:
1 -
By = |B., B+ (1— —)(B,,— B.)| . (77)

CER
Qss

Lemma 13. IfB' = BY,, thenC' = B,, — B.

Proof. When B’ = B}, by definition Q = 1. Thus:

B (B — 1) i
C=1+42s _po14 ="V _p_p _B
TR * T 5R
using BY, = 1/8(Bss — 1). O

Proposition 6. B’ = B}, ifand only if B € B,.
Proof. We find values of B such that the sub-differential condition holds:

C(B5)
C(B)

€ [17q58]7
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where marginal prices are both 1 since B’ < B?, < B,, and SR = 1. This yields:

B,, — B?
= >1 <= B> B,
B,,— B
and .
Bss - ;s D », * B
B qus — B<BSS (BSS_BSS) <BSS

Proposition 7. Let~y = 3/q.s and define:

At _nat
=7 1=F t>0.

I't) =
(t) T, g 12

Let T be the unique positive integer satisfying'(T) < 1 < T'(T' + 1).
Any decreasing sequence { B_.} fort € {0, T} satisfying the entrepreneur’s Euler equa-
tion with terminal condition B, € By satisfies B_, € B_, where

B_t = (Blit, Bét_1] N [0, BSS]a

with
BL, = B}, + (Bys — BI)T(1).

Moreover, U B_, = (B, B,].

887

Proof. For any B € (B, B,,], the entrepreneur makes both spot and chained pur-
chases, so the ratio of marginal prices is ¢;s. Consider a decreasing sequence of debt

levels converging to some B, € B,. For any B_, € (B, B}, the entrepreneur’s Euler

equation yields:
Cft+1 ) Q4 — R qf‘t(B—H-l)
Coi Qoin G511 (B-is1)

where we used that SR = 1 in steady state and the ratio of marginal prices equals g

= 1/sta

for debt in this range. This gives us the difference equation:

1
C_t = —C_t+1 for B—t+1 € (B

Qss

x BSSL

587

with terminal condition Cy = B,, — B, (from the previous lemma).
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Shifting forward the equation, we obtain:
Co/C,t = qzs

Using the budget constraint, consumption at —t is:

~ 1 ~
Cft = By, — B_; + _(1 + ﬁBftJrl - Bss) .
B X,

J/

Combining these expressions:
Bss - B—t + Qs_sl(l + 5B—t+1 - Bss) - C];(Bss - BO)

Rearranging:

B—t - Bss - q;gt(éss - BO) + qs_sl(]- + BB—H—I - Bss)-

Since 1 4+ 8B_;41 — Bss = B(B_i11 — B?,) (using the definition of BY,), we get:

B—t - Bss - q;f(Bss - BO) + E(B—t—i-l - B:s)

SS

For the boundary sequence with By = Bf = B

587

solving this difference equation
yields:

t—1
Bft - B:s + (BSS - B:s) 277(1 - qs—sH_T)7
7=0

where v = 3/¢ss. This sum simplifies to I'(¢) as defined.

Since B, = B, + (1 — 1/q.,)(B,, — BY,) = BY (the upper bound of By), the intervals
B_, form a partition of (B, B,,|.

The condition I'(T) < 1 < I'(T + 1) ensures that 7' is the last period for which B¢ <
B,,. Since I'(1) = 1 — ¢} < 1and lim,_,, T'(t) = 1/(1 —v) > 1, with T increasing in t,

there exists a unique such 7. O

Existence and Uniqueness of B”. Following the analysis for sequences above B,,, we
establish:
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Corollary 3. There exists a maximal debt level

1—q."(1-(1-B)BL)

B =
= ]_—/8 )

such that deleveraging toward B, following the Euler equation is infeasible.

For values above B, the policy B’ = B is the unique solution consistent with the
Euler equation. Since V(B,,) > V(B,,) while V(B) = V(B), by continuity there exists
B" € |B,,, B] such that V(B) = V(B) for all B > B".

To establish uniqueness, we show that if V(B¢) > V(B?) for some B? > B,,, then
V(B) > V(B) for all B < B® This follows from the decreasing absolute risk aversion
property oflog utility: starting from any B < B¢, the entrepreneur can consume the an-
nuity of the difference A = B? — B in chained goods and follow the same deleveraging
path, yielding strictly higher value than V (B).

This completes the proof of Proposition 3. O
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E Proofs Regarding the General Equilibrium Analysis -

Section 5

E.1 Proof of Proposition 4

Proof. The allocation follows from individual optimization and market clearing:
Step 1: From the creditor’s log utility and budget constraint B,.,/Riy1 + C; = By,
optimal consumption is:
¢(B)=(1-p)B

This is the annuity value of debt holdings.
Step 2: Market clearing for goods requires total expenditures equal total production
(normalized to 1):
C(B)+ E(B)=1

Hence, entrepreneur expenditures are:
E(B)=1-C(B)=1-(1-p8)B

Step 3: Given total expenditures F(B) and the constraint that ¢ > 1 (with equality
only when i = 0), the entrepreneur maximizes goods obtained by maximizing spot
purchases subject to the SBL:

S(B, B) = min{S, E(B)} = min{max{0, B — B},1 — (1 — §)B}

Step 4: The value of chained expenditures follows as the residual:

Step 5: The equilibrium price of chained goods is determined by the network tech-
nology:
4(B,B) = A™'(u(B, B))

where A(-) is the network efficiency function.
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Step 6: The quantity of chained goods obtained:

E.2 Analysis: Preliminary Observations

Analysis of the Marginal Expenditure Price. The marginal expenditure price depends
on both debt and the SBL: §” = ¢”(B,, B;) where:

§"(B, B) = q(1U(B, B)ips ey + (1 = Lips (i)
The fraction of chained transactions in equilibrium is:
uw(B,B) =1— (1 - B)B — min{max{0, B — B},1 — (1 — 3)B}.

This yields:

0 B < B*(B),

WB,B)={1+pB-B BelBB), B,

1-(1-6)B B>B.

The function x(B, B) is continuous, starts at zero, increases up to B = B, then de-
creases. Since ¢, is monotone in y;, the marginal expenditure price follows the same

pattern.
At the efficiency threshold:

lim_¢”(B, B) =limg(p) = 6",
BlB*(B) w0

where ¢ is the network efficiency parameter. Thus ¢” has a discontinuity at B* since

hmBTB*(B) Q‘E — 1 7é (571.
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Behavior of Average-to-Marginal Price Ratios. The ratio Q)/G” is crucial for equilib-
rium dynamics. For B < B*(B), since ¢ = 1, we have Q/G” = 1. For B > B, also

" =Q=¢s%0Q/¢" =1.
In the intermediate range B € [B*(B), B):

Q 1 q 1

i q (1-S/E)+a(S/E)  (1-S/E)+q(u(B. B))(S/E)

At B = B, we have S/E = 0, so the function is continuous there. However, as
B | B*(B):
S
Eilandqié‘l > 1,

yielding Q/G” = ¢ at the right limit of B* and Q/¢” = 1 at the left limit—a discontinuity.

Analysis of the Marginal Borrowing Price. The marginal borrowing price ¢°., = ¢°(Bs1, Br+1)

where:

i”(B,B) = q(u(B, B))H[Bzf}} + (1 —Ipsp)-

This yields:

1 B < B*(B),
¢°(B,B)=q1 Bel[B(B), B,
g B> B.

At B = B, the function has a discontinuity:

lim ¢ (B, B) = q(u(B, B)) = q(1 - (1 - 8)B) > 1.

BlB

For the ratio Q/g”:

1 B < B*(B),
%10 Bep(®).5]
1 B> B,

where limg 5. 5 Q = 1.

Average Price Elasticity. The elasticity of average price with respect to debt in general
equilibrium (after imposing £ = 1 — (1 — ) B) is critical for policy analysis.
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Starting from:
1

©= L(1-S/E)+S/E’
we obtain:
0Q (1-S/E)z51/d - (1/a —1)55[S/E]
oB (1/¢(1 — S/E) + S/FE)

For the derivative of the expenditure share:

0 B < B*(B)
0 5] _ B-B (1-8) B\ B
OB [E} N [1—(1—6)3} <1—(1—6)B - BiB> B € [B*(B),B)
0 B> B

This derivative is negative in the intermediate region and has discontinuities at the

boundaries:
i |:§:| — _; < —1
OB | E BtB 1_(1—5)3 7
and
915 _
OB |E]|gp
For the price derivative:
o . 0 op -5

554 = 9. 9B "W T E

where ¢/ denotes the elasticity of ¢ with respect to x.. These elasticities determine the
general equilibrium feedback effects between debt accumulation and payment chain
formation.

E.3 Derivation of the map 53

For convenience, we reproduce the aggregate Euler equation (14) here:

B ) B 0 (B',B’)
ma-pn Y (B.3) = - =911 (35, 5. 5)
Eé’(B;B) ~ =5’(B:r,B,B’) -

44



First, we show that for a subset of B > B’ there are two roots B’ that solve £ = £’. The
roots satisfy B < B’ < Byand B, = Bthus R = $~! and ¢ = ¢'. Then, the proof finishes
by show that do to the hysteresis result of stationary problems, for each B ¢ <B’, Bh>
the larger root B), cannot be an individual optimum during a transition.

The first result is summarized by the following Lemma.

Lemma 14. There exists a threshold B* such that for any B € [B', B*], the equation
£ = & has two roots B': one root is B = B’ and the other satisfies B < B'. For any
B > B*, only B = B’ is a solution. B* solves:
& (B B.B,B) = lim & (B B,B,B).
B/TB/
The interpretation of B* is obtained from the left panel of Figure 9. B* is the highest
value for which the Euler equation has a solution B’ € (B', B*).

Proof. Since B’ > B, if B = B > B, the worker only spends chained expenditures.
Thus,

H(B';B,B,B’) — 1and Q(B,B) :Q(B’,B') —g¢(1-(1-8)B).

Hence, B’ = B is always a solution to the Euler equation when B’ = B > B'.

Let B > B*. The function £ (B) is monotone increasing. In turn, the function £ (B’)
is monotone increasing to the left of B’. Hence, for B > B* a solution must lie at B’ >
B'. However, for any B’ > B,

B/

= ot -AB)

& (B’; B, B, B’)
which follows from the fact that B’ > B’ > B* (1 /5, B’) in which case Il (B’; B, B, B’) =
1. This implies that for any B > B* we have that:

£ (B; B) _ ¢ (B’; B, B, B’) ,
which implies,

B B’
—a-ps IR T

q(1—=(1-p)B).
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By monotonicity, we immediately conclude that B = B’ and that is the only solution.
Now consider B € (B’, B*). We now look for a solution B’ € <B*(f>”), E”). IfB <

B*, again by monotonicity:

B . B Q(l—(l—ﬁ)g)
1-(1-p)B “ <B’B> 1-(1-/B limB,TB,H<B’;B,B,B’>
B o B q<1—(1—6)3/>
o QEE) = (-8B a0

a(1-(1-8)B)

%W'Q(B”B'):ﬁ'q@‘“‘mé) ~Y

Fix B, B'. Define B* > B to be the value that solves:

& (B*;B,B,B’) — lim & (B’;B,B,B’) .

B/TB’
By definition, if indeed B* > B, then
B* B/ Q (B,,B,)
q(1—(1-=p8)B*) = lim : ——
—a-pp5 (U= T e (BB, B,B)
which implies
B B -
B* = YT — = — — > B
P S s S, _ / w / / S /
S ta-a B C <B,B> tC <B>
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The last inequality verifies that B* > B’. This result follows from

lim 11 (B B", B.B) = (q¢(1— (1= 9) B) "
B'tB/

and

lim Q (B’,B’) — g (1 —(1-9) B’) .

B'1B’
The inequality holds since ¢ > 1. Furthermore, this satisfies B* > B as required since
the SBL sequence is weakly increasing.?

Next, we show that for any B € (B’, B*), the equation £ = £’ has two roots; one
above B’ and one below. The solution above B’ is trivial: B = B’ > B’ > B satisfies
the equation. For the solution below, we use continuity and monotonicity to show that
there is a unique B’ < B’ such that

g (B’;B,B,B’) — lim &' (B’;B,B,B’)

B’ -y
a5 ) T (e )

B/ I Dy
1—(1—B)B/OQ(B’B)_1_(1_5)3/' q(1-(1-8)B')

B’ - B’
W'Q(B’B):—l_u_méf

Lets call this B’, B and think of the interval (B”, B*). The interpretation of B is that it
is the small root for the debt level “B’ + £”. Meaning, if B’ is the small root for B*(the
end of the interval) then B is the small root for the start of the interval. Now, notice
that the RHS is a constant with respect to B’. To establish existence of B further notice
that the LHS tends to lim ,, 5, & (B’; B*, B, B’) as B’ 1 B’ (this was shown in the previ-
ous step) and this is larger than the RHS just by comparing magnitudes (B’ > B and
q(1—(1—-p)B*) > 1). Then notice that as B’ | 0 the LHS goes to zero which is lower
than the RHS. By continuity of the LHS we can apply the intermediate value theorem
for existence. Uniqueness is granted since the LHS is increasing in B’. The fraction is

28This is important because the relevant points to study are those for which the all chained equilibrium
is possible. These are the cases where B* > B’ > B.
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clearly increasing in B’, the average price too because as B’ 1 B’ the share of chained
expenditure increases and also its price does so. This statement also uses the fact that
@ is the weighted harmonic mean of prices with expenditure weights. Since the LHS is

continuous and increasing it maps the interval (ﬁ , B’) onto

(lim ¢ (B:B.B.B), m & (B’;B,B,B’)).

BB ' BB

So (since &' is increasing and continuous) it covers all the image of <E”, B*). This
proves that for B € (B’, B*) there exist two roots that solve £ = £. Oneis By = B > B’
and the otherisa B} € (ﬁ, B’).

To make affairs clearer, suppose that B* < B" then for all B € <B’, B*> the larger
root B’ = B is not an equilibrium and there is a region (B*, B") that does not have
a symmetric competitive equilibrium because the only root that solves equation (??)
provides allocations and prices that are not an equilibrium. Now suppose that B* >
B", then for B € (E”, Bh> the larger root B’ = B is not an equilibrium and for B €
(B", B). So summarizing both cases. For B, < B" (E’O), if a (symmetric competitive)
equilibrium exists then it is given by the smaller root of equation ?2.

0

E.4 Proof of Corollary 1

At B; < B* (5—1, BSS> if R = 8! then marginal and average prices are equal to 1. Then
it is evident that B,,; = B, solves equation ?? and the expenditureis 1 — (1 — ) B, <

B,, — B, by assumption. As a consequence, the steady state is non-disrupted.

E.5 Proof of Corollary 2

That B;,, < B;if B, € (B, B* (B)) is immediate from the result proved in Proposition
22 since we are choosing the smaller root and the larger root is B,.; = B,. For B, > B*

it is enough to show that SR, < 1. This was done in step 3 of the proof of Proposition
2?2
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E.6 Proof of Corollary ??

The proof follows immediately from Proposition 22. If B, > B", there exists an equilib-
rium with R, = 1/ and B, = B,. Recall thatif R, = 1/, and B; = B, is a solution to
& = &41. Since for R, = 1/, By = B, is a solution to the worker’s problem, both Euler
equations are satisfied and the asset clearing condition holds, sequences with R, = 1/
and B, = B, are consistent with the equilibrium definition. Since at B, > B" > B*,
¢: > 1. Hence, the economy remains permanently disrupted.
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F Constrained Efficiency Analysis - Section 5

F1 Characterization of the Primal Problem

This appendix provides the complete characterization of the Primal Problem solution
from Section 5.3. We first present the problem in its general form, then derive the solu-
tion across different regimes of the spot borrowing limit.

Since the maximization is static (time-separable), we can solve the problem period

by period. The Primal Planner’s problem at each date is:

Problem 8. (Static Primal Problem):

P’ (B) = max P (B,B)

Belo,B]

where

P (B,B) —(1-0)log (1 — B)B) + flog (A (u (B,B)) ’ (B,B) +S <B,B))

subject to:
u(B,B) =1-(1 —5)B—min{max{§—3,()},1— (1—6)3}

S <B7B> = min{maX{B—B,O},l —(1 —B)B}.

This is a problem where the planner can choose debt at will, but respects the con-
straints. Next, we proceed to solve this problem. Naturally, welfare depends on whether
and how the planner may want to distort TFP to provide insurance. There are multiple
policy regimes that depend on the SBL, B. We make use of two auxiliary problems, the

best and worst value problems:
P =7P%(0) and P’ = P (B).

Proposition 8. (Solution of the Primal Problem):
Let the solution to this problem be B°. Then, the solution to the primal planner’s
problem is B, = 3° (Bt>. The function B? satisfies:

I. Efficiency Threshold. For B > %, BY = B,,. Moreover, for this debt level X = 0.
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II. Inefficiency Threshold. For B < % the planner’s solution induces TFP losses. The
solution to the Primal Planner’s problem in this region depends on the threshold SBL, B'.

II.a Social Insurance and Productive Efficiency. For B ¢ [Bi, %} , we have that
B’ = 1 (B):

1—(1—5)3*@) 8 1-p5

(1_5)3*(B> —1-01-p

ILb Social Insurance Complements Productive Efficiency. IfB* < B’, for B € [BS, Bi] )

we have that B° solves:

a-gp o Q(PP) (q(BﬂB)ﬂ(lﬂf(ﬂ(B@’B)))).

(T=9B" " 1-0,(1,5) -3

Moreover, for this debt level X, S > 0.

IL.c Social Insurance Conflicts Productive Efficiency. For B ¢ [O, E’S] , we have that

B is the unique constant solution B® > B, to the equation:

1—-(1-p8)B? 0

T-pp 1 tal-0-55)).

Moreover, for this debt level S = 0.

Threshold value B'. B’ is the unique solution to:

-85 (5) o 1o
(1_5)B*<§i) 1-01-8

Threshold value 5°. Let P’ = P’ (0) and P = P’ (B). The threshold B* solves:

1-68

P2+ [ (PotPolype(s) - B (B)) B
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where for B € [Bi, %] we have thatP% (B) equals:

) Q (BP(B)»B>
Lﬂl—mBNBMKme,)

(Al (3. B)) = (142 (u(B7(5).5) ) ))

o3:

and
1—06 B 0 (1— o)

(1—6)B*<B> 1—(1—6)B*(B>

PB|B:B*(B) -

Case 1. Values of B such that all consumption is spot. Ideally, the planner wants to
maximize spot consumption and set ;. = 0. The unconstrained solution to the Primal
Planner’s problem is given by the ratio of Pareto weights:

1-(1-8)B> 0 o 1-0

G-mp 16 0 “1-5

This yields the same value as P. This level of debt must satisfy the condition that all
spot consumption must be feasible:

mm{é—fﬁo}z1—u—5ﬂ?>0

Thus, we need

&
v
%

and that:
B>1+ 8B°.

Combining both constraints we have:

B> B° +max {1 — (1 — ) B°,0}.
We know that the optimal debt B° must be less than the natural borrowing limit. Hence,
the inequality is just:

<§21+6B°:1+—£L%1—9%:1_6@ (78)

1-8 1-3
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Thus, for these levels of the SBL, the planner can achieve the unconstrained solution.
This corresponds to the debt in the efficient steady state level of the competitive equi-
librium that produces the planner’s Pareto weights. Now consider the case where the
constraint binds, B < %. In this case, the planner cannot achieve the unconstrained
solution. The amount of chained expenditures are therefore positive:

/L(B,B) :1—(1—6)B—min{maX{B—B,O},1—(1—6)3}>O.

We have critical values.
Proof. e If the planner chooses B? > B, (B) = B, there is no spot consumption.

e If the planner chooses B? < B, (B) < B, there is no chained consumption. This
threshold B, <B> solves,
max{B—B,,o} —1-(1-p)B,
when since B, < B, we obtain:
B=1+8B— B (B) =max {087 (B-1)} = 5" (B).

Obviously, B* (B) < B¢ since we are in the constrained region.
Case 2. Values of B such that some consumption is chained. Consider now the plan-
ner problem that restricts choices to at least some of both goods are consumed by the
entrepreneur:

Problem 9. The Primal Planner’s problem restricted to both types of consumption is:

P (B) = max{(1-0)log (1 - 8) B) + 01og (A (s (B, B)) - (B, B) + 5 (B, B)) }

subject to:
Be [Bl (B) By, (B)}
u(B,B) =1+38B—-B

and



We have the following Lemma.

Lemma 15. Forany B < %, the original planner problem satisfies:

P'(B) = max{P (B),P'}.

Proof. Indeed, in the region B? € [0, B (B)] the objective of the planner is equivalent

to the objective when the SBL is most relaxed, P (B, B). Thus, since B < %, the

planner’s objective is increasing in the region [0, B (B)] . Thus, the planner’s solution
must fall in between B? ¢ [Bl <B> ,B}. For any B? > B, (B) — B, the objective
function in P (B, B) is independent of B and hence, must coincide with the value of

P?. Hence, we can partition P’ (B) according to the Lemma. O]

To prove the main result, we solve the problems P’ and P <B> .

Auxiliary Problem 7’: no spot consumption. The planner’s problem with the tight-
est SBLP? = P?(0) is given by:

where
P’ = max {(1—0)log((1—3)B)+0log(A(u(B,0))u(B,0))}

o Be(0,B]

subject to:
uw(B,0)=1—(1-75)B.

To solve this problem, we perform some calculations. First, note that:

a[‘A&(l/j) :u] _ A(ﬂ) (1 +€A)
where,
A OA) 1
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The derivative P is therefore given by:

_ 1-8) AW (Q+e)us(B,0) (1-0)  (1+e)(1-5)
BB_(l_Q)(l—B)BJrQ Ap) =5 "iou-pB

The second equation uses that pp (B,0) = — (1 — ).
The first term in Py, (1 — 0) /B, is decreasing in B. The second term,

9(1+e;j‘) (1—p)
1-(1-5)B

(79)

is increasing. We know this because the denominator is decreasing in B € [0, B] and
the elasticity of TFP is itself decreasing in ,

Cpp = o

a_ 0 [«4’ (u)u} _ A A A (W)

AW |~ A AW At

Hence, €7}, 115 (B,0) > 0, since the product of two negative numbers is positive, thus the
numerator of the second term (79) is increasing in B. Thus, P is concave and therefore
P’ has a unique solution:

1-(1-8B ¢
(1-p)B _1—9(

1 —i—e/’f (1 (B,0)))

and recall that 1 (B,0) = 1 — (1 — ) B. We call this solution B?: the planner debt level
under the most tight SBL. We have the following Lemma:

Lemma 16. The solution B? > B°.

Proof. The proof is immediate from 1 + ;' < 1 and the fact that

1-(1-8)B° 6

(1-5)B° (1-0)

Next, we solve P (B)
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Auxiliary Problem P (B) : spot and chained consumption. Consider now the plan-

ner problem where at least some of both goods are consumed by the entrepreneur:

P (B) - max P (B,B)

Be[B*(B),B]

where

P (B,B) = (1-6)log ((1— B)B) + log <A (u (B,B)) iy (B,B) +S (B,B)) ,

subject to:
u(B,B) =1+3B—-B

and

o (18) 1o e AL

Recall that,
C <B,E’) :A<u (B,B)) " (B,B) +B-B
and
Q-C(B,B) :E<B,B> —1-(1-8)B
Hence, using the definition of ) and ¢ we rewrite:

P (B.B) - ( _9%_9@1 —o(1+e! g“_(i’i?;“ (n(5.8))

We can multiply both sides by the ratio of 1 — (1 — ) B and divide by (1 — ) (1 — 0)
and obtain:

pu(p.5) —UL_0F 1 0_PB_ Q<1—5(1+6ﬁ‘)«4(u))_

(1-0)1-pB  (1-p)B  1-06 1-3
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This function must have the same sign as Pp (B , B), since it was obtained by mul-
tiplication of positive numbers. The first term is decreasing in B. In turn, Q,up is
increasing in B. Hence, as long as

A(p) (1+6) = A(p) + A (1) n

is decreasing in B, the second term is increasing. The second term is indeed decreasing
in 4 since its derivative is:
2A" (1) + A" (0) 1 <0,

where the sign follows immediately from the concavity and monotone decreasing prop-
erties of A. Hence, the objective function P (B, B) is concave in B. Furthermore, since

Q(l—ﬁ(l%—eﬁ)A(u)) o1

1-p

and we have an interior maximum in the region B € [B* <B> , B’] , B must solve:

1-(1-8)B 0 1—3(1+€') Ap)
(1-p5)B _1—9Q 1-5 ’

and must be such that B < B°.
Next, we establish properties regarding the limits of this function at B* (B) and B.

We start with B* (B) :

lim =

ByB*(B) (1-p)B T 1-9

1-(1-8B 0 1—-3(1+€')Ap)
Q 5

1—(1—ﬁ)B*(B)_ 0 ( 1 _ﬂ(l—i—limuioef)limwoA(u))
(1_@3*(3) 1-60\1-p 1-5 ’

where we used lim,, ;@ = 1. Appendix B, shows thatlim,, o 1+¢, = 0and thatlim, A (1) =
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J. Thus, the limit of the objective function at the left boundary has the sign of:

1-(-9B (B) 1_@_1—(1—@3*(1?) 1—(1—B)B°1—f5§

a-pp(B) 1-01-8 " (1_pp(B) 1—B)B 1-8

The function B* (B) < B° but 11%5; > 1, hence the sign is ambiguous. The solution is
at this corner if the function is negative.

Next, we consider the limit of the derivative of the objective at B. Evaluating the
limits is immediate. Hence, if

1-(1=B)B_ 0 (1=B0+e(w) AW
1-pB ~—1-6 1-6

p=(1-(1-p)B)

the solution is B = B. Moreover, we know that since

1-6(1+€t) Ap)
(o).,

the corner solution B is chosen only if

1—(1—6)B>1—(1—6)B"
(1-p)B (1-p)B°

Collecting the results up to this point, we have the following Lemma.

Lemma 17. The solution B! toP <1§> is as follows.

I. B) = Bif




III. Otherwise, B} solves:

o o) (A (1)

(1-p)B)  1- 1-3

The following Lemma characterizes threshold values for B corresponding to the

Lemma above:

Lemma 18. The condition

1—%1—BHT<B>< 0 1- 385
(1_5)3*(B> —1-01-p

holds for all B > B’ such that:

1—«1—6ﬂ?(3ﬂ__ 0 1—86
(1_6)B*<§i> 1-61-58"

The reverse inequality holds for B < B® such that:

1-(1—5)3*@@)__ p (1_5(1+eﬁgoyAuo>
(1—5)3*(B“> 10 1-p

p=(1-(1-p)B")
Proof. The proof follows immediately from the fact that:

1—(1—5)3*(3)
m.—ﬁ)B*(B>

is decreasing in B and the function:

o(ns) (L2 2)

1—0 1-8

p=(1-(1-8)B)

increasing in B. O
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Overall Solution. We showed above that:

P'(B) = max{P (B),P'}.

The following Lemma shows that the solution B? to the Planner’s problem is never

at BP = B.

Lemma 19. The planner never chooses B? = B.

Proof. To prove this Lemma observe that the left limit as B 1 B satisfies

g—1—¢€A

11— 5 +1+€A>1+€A,

where the inequality follows from ¢ > 1 and ¢* < 0. As a consequence,

1-(d-fB, 9 lin;A(B,B’)
(1-8)B 1—6 BB

implies

b lim A (B, B).
G55 iglma (BB

Hence, although the derivative of the objective is discontinuous at B, we know that
if the derivative is weakly increasing from the left and increasing from the right. This

implies that B = B is never an optimal choice. O

Next, observe P (B) has a compact-valued and continuous constraint correspon-
dence with a continuous objective. Hence, it satisfies the conditions for the Theorem
of the Maximum. In addition it is immediate to verify that:

lim P (B) —P’and lim B*(B) = B

BT 1119[5 BT 1119[5

We employ the Envelope Theorem on P <B> In the region where the solution to

P <B’> is not at a corner solution, the Envelope Theorem yields:

s = i s @ (0 B) (1= (16t (u (521.8))) 4 (u (58 B))) >0
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since B appears directly through 1 and S in the objective.
The function is strictly increasing in B since e, < 0and A < 1. In the region where
the function is at the lower corner of the constraint:

B:B*(B),

the value of this term is:

Ps = ¢ (1-0)>0

1—(1—5)3*(3)

and
1-0 0 (1—p9)

(-5 5 (B) _1—(1—5)3*(3)'

Thus, we have that the marginal objective value is:

Polp_pe(5) =

N B 06
PB+PB(B(B)>BB<B> (1—6)3*(3)5 +1—(1—5)B*(B>>0'

Hence, the envelope condition guarantees that P is increasing in B.
There exists a threshold B* such that:

P (BS) —po

In particular, it solves:

1-08

P =P+ / " (Pa+Ps (B7(B)) By (B)) db.

BS

Notice that P? is finite and lower than the value of the problem without constraints.
P (0) tends to —co and P (B) tends to the value of problem without constraints. This
implies that P (0) < P’ < P (B) and from continuity of the value function (Theorem of
the Maximum) and the Intermediate Value Theorem, the existence of B* is guaranteed.
The solution to B* follows from the fundamental theorem of calculus.

Recall that in the previous Lemma we had showed that 3 is never a solution to P and
the monotonicity implies the existence of the threshold B’. These thresholds segment
the intervals as given by the proposition. This concludes the proof of Proposition 8.
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F2 Descentralization with Taxes

To characterize the constrained efficient allocation, we demonstrate that Ramsey prob-
lem is equivalent to a problem where a planner chooses a path of debt respecting the
payments technology and the desired expenditure rules of both agents.

For ease of exposition we reproduce both problems here. The Ramsey problem is:

Problem 10. (Ramsey Problem): Given B, and {Bt}:

VRemsey — max S BY[(1— 60)log (Cy) + 6log (S, + X,)]

{Tthrl’Tic}tzo t>0

subject to the creditor budget constraint and optimality:
(L+75) BB + (1+77) Gy = By, VE >0,
the entrepreneur budget constraint:
Bi+ (14 7)E = R\ By +Y, Vt >0,
the government’s budget constraint:
T R Broa + 77 (Co+ Ey) = 0, ¥ > 0,

and the three conditions of a competitive equilibrium: (i) Optimization, (ii) Asset and
Goods market clearing, and (iii) the price consistency.

In turn, the Primal Problem is:

Problem 11. (Primal Planner Problem): Taking {Bt} as given:

prrimel — max Zﬁtp (Bt, Bt)

B
{Bi}iz0 155

where
P (37153) — (1—6)log ((1— B)B) + 0log (s (B, B) X (B, z—?)) , (80)
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and taking as given S (B : E) and X (B, B) as defined by Proposition 4.

The Primal Problem differs from the competitive equilibrium in that the planner
directly chooses the sequence of debt. The allocation and final goods is the same as
the competitive equilibrium.

We will prove the following Proposition:

Proposition 9. (Primal and Ramsey Equivalence): Let { BY,, \~o be a solution to the
Primal Planner Problem. The solution to the Ramsey problem achieves the same value
as the Primal Planner Problem, VEemsey — yPrimal - The solution to the Primal Planner
Problem can be implemented setting (1 + 7§) = By/ B}y and a sequence of debt taxes given

in the proof below.

The proposition asserts that the solution to the Ramsey Problem can be obtained
from the solution of a Primal Problem where the planner directly chooses the sequence
of debt.?

If a solution to the primal can be implemented with taxes, it solves the Ramsey Prob-
lem. The proposition shows that this is the case. The implementation of the Primal
Problem is possible because the Ramsey planner can set capital taxes to induce a de-
sired path of debt {B;}. Controlling B; is key to the implementation.3’

Before we proceed to the proof, we establish the following useful intermediate re-
sult:

Lemma 20 (Creditor’s Solution with Taxes). Let {7, ¢, 7/11 }+>0 be a sequence of taxes
in the Ramsey Problem. The solution to the creditor’s problem is:

Co=Q0-p)B, (1+7)C=1-p)B;

where BY = B,/(1 + 1) and BY,, = R4 3B¢ with:

- Ry 1
T AR O r)/(0 )

29This relation follows because the constraint set in the Primal Problem includes the constraints of the
Ramsey Problem. This is immediate since market clearing in the asset market and the budget balance,
implies, by Walras’s law, that the resource constraint holds. In the implementation, capital taxes and
a period-zero expenditure tax are required by the Ramsey planner to distort the evolution of debt and
replicate the solution to the Primal Problem.

30Time separability also implies that expenditure taxes are redundant after t = 0. All that the Ramsey
planner needs is a sequence of capital taxes to control the path of debt and the labor tax to redistribute
the capital tax receipts toward the worker. The planner only needs expenditure taxes at ¢ = 0 because
debt is predetermined at ¢ = 0.
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Proof. The creditor’s problem with taxes is:
= B'log(Ciss)
s=0

subject to (1 + 7£ )R\, Biyy + (1 + 79)Cy = B;. Dividing both sides by (1 + 7¢) and
defining BY = B,/(1 + 77), we can re-write the budget constraint as:

R \BY, +Cy =Dy (81)

Riv1 | 1
(1+Ttk+1) (1+th+1)/(1+7'tc) ’
With log utility and a budget constraint like (81), the creditor’s optimal expenditure

Where Rt+l =

rule is:
Ct = (1 - 5)35

which yields BY,, = R,,18B¢. Since B, = (1 + 7¢) B¢, we have C; = (1 + 7¢)(1 — 8)B? as
claimed. O

E3 Proof Ramsey-Primal Equivalence - Proposition 9

Proof. To characterize the constrained efficient allocation, the strategy is to show that
any solution to the Ramsey Problem satisfies the constraints of the Primal Problem
(Step 1). Then, we show that any solution to the Primal Problem can be induced by a
proper tax sequence {7F.,, 75, 7.1 }i>0 (Step 2).

Step 1: From Ramsey to Primal - Deriving the Resource Constraint. Adding the

two agents’ budget constraints we arrive at:

(1 +Tt)(5't + tht + Ot) + Tt—i—l_ =1- Tf+1.
Ryt

(14+79)(S; + ¢ X + Cy) + Tt+1R—
t+1

B
- (Tt’il R: 7 (Cr + St + ¢: Xy) + Tt+1> =1-7/
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simplifying to:
St + QtXt + Ct =1.

From Lemma 20, C; = (1 — ) By, given BY = B,/(1 + 7f). Therefore:
Si+ Xy =1—(1-p5)By}. (82)
Thus, setting F; = S; + ¢, X; we have that the entrepreneurs expenditures are:
E,=1—(1-p0)By. (83)

The optimality of spot and chained expenditures is still given by the conditions in
Proposition 4.

Using ¢; = A(uy) ™' and u; = ¢ Xy = A(u¢) "' X;. These are exactly the constraints of
the Primal Problem with B as the state variable instead of BY.

Step 2: Tax Implementation of the Ramsey problem. Let { B}, solve the Primal
Problem. We now show how to construct taxes that implement this as a Ramsey equi-
librium. Set the initial consumption tax:

(1+75) = Bo/ By

This ensures By = By /(1 + 7§) = B}.
For the Primal solution to be implementable, we need both agents’ Euler equations
to hold. The creditor’s Euler equation:

(1- B)Btoﬂ (1-8)By (1+ th+1)

3 ey () = Rea (84)

The entrepreneur’s Euler equation (using the notation from Proposition 2):

(Ser1 + Xeg1)/(Se + Xy) _ (T+754) . Gt (Bya)
5 (I+75)  Gf(Byy)

= Ry (85)

where the marginal price ratio captures the payment chain friction.
Eliminating [(1 + 77,,)/(1 + 77)] S R¢+1 from both equations:

BY S+ X i (Byy)
By, Sy + Xy Gt (Bfy1)

(1+ Ttlﬁrl) =
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Since S; + X; = 1 — (1 — 8) By and using average prices Q; = (S; + ¢:X:)/(S; + X3):

R B° 1—(1-=R)B° B, B 7B (B
Tk(Btoan.g_lthBt—i-l)_ t (1-5) t+1 Q(By, By) _Qt+1( 741 —1 (86)

By 1-(1=P)BY QB Biuya) @ (BY)

The equilibrium interest rate follows from (84):

(1+7) BPu
(L+7) BB

Rip1 = 1+ Tk<Bf7Bf+1,Bta Bt—i—l))
Step 3: Indeterminacy of Consumption Taxes Note that consumption taxes {7 };>1
are indeterminate. To see this, substitute the creditor’s Euler equation into their budget

constraint:
(1-p8)By (1+7)

(1- B)BE)HB [(1 + 7—tc+1)

Since B; = (1 + 77) By, this is satisfied for any sequence of consumption taxes. The

] B+ (14 75)(1 - B)B? = B,

government budget constraint then determines:

By . , 1—(1-p5)By
7'1t€+1 = _Tt]ilﬁ - T ((1 — B)By + ——— ="

Q(Bf7 Bt)

Setting 77 = 0 for all ¢ > 1 yields the simple implementation:

¢ Tk(Bfa B}y, B’t, Bt+1> 0
Ti1 = — kDo Do B B - BB;
1+ 7r(BY, By, B, Biy1)
This completes the proof that Yiemsey = yPrimal O
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G Derivation of the Bocola Effect - Proof of Proposition 5

Let’s define the indirect social utility function of the Planner Problem with expenditures
P

Po (B, B,G", Gx> — (1—0)log (C* (B)) +0log <S“’ (B, B,G*, G"”) + X (B, B,G®, G)) .

The following functions determine the allocation:

EY(B,G* G") =
S (B,B,GS,G"” = min {max{é — B,O} ,Ew}

~E*(B)- G - G*

E" — min {max{é — B,O} ,E“’}

q
=A™ ()
i (B,B,GS,G"B =G" + X"

q (B, B,G° G*

)
X" (B, B,G", ")
)
)

The worker’s total consumption is:
v — gv (B, B.G° Gx) ' <B, B.Ge GI) .

Because

yzC“’+CS+GS+G—,
q ()
but C* (B) is independent of the government’s expenditure, we obtain: d) = dC" +
dG* +d (G"/q ().
Thus, we have that the government’s expenditure multiplier for expenditure of type

i = x, s relates to the worker’s consumption as follow:

4y dcv

=i " ao Tt

M (B, B)
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and

. N\ dY dc* 1  G%dq du
M (B.B) = iG  dGr g P dudGe
dc

where the last equation is because we are interested in obtaining the government’s in-
finitesimal multiplier, evaluated at G* = G* = 0. We have defined these multipliers
as:

)

Gs=0

M (B.5) = G|
and relating to the indirect social utility function, the change in the objective is:

g dcv
Cv dG"’

for expenditure .

Case 1. All spot consumption B < B*. If there is only spot consumption:

C*(B)= (1- ) B
C””(BE’G x)z1 B)B —G* - G*
X“’(BBG x>z

q(BBG )z

,u(B GGx>EGm.

Since worker consumption is independent of ¢, we have that:

acv

- = —1
Gt

for both i € {z, s}. In turn, we have that

M5<B,B):%+1—O
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Likewise, for chained expenditures we have:

ac®

M (B,B) = T AW (1 + ) = —(1—Ap) +et <.

dGg*”

Case 2. Some chained consumption. If there are some chained expenditures:

1-B)B
~(1-B8)B-G"-G*

Q2
£
I

=5+ XV

Ev —max{é — B,o}

)

SY B,B,GS,G”C> = maX{B —B,O}
) q
)

,u( . B, S,G’”) =G"+ XYq.
Rewriting the last three identities using A (1) instead of ¢ we have

XY =A(p) <Ew—max{B—B,0}>
IU,EG:E—I—Ew—HlaX{B—B,O}.

Substituting £ we have, naturally,

,uzl—<(1—6)B+Gs+maX{B—B,O}>.

N

-~

spot exp.

From here we obtain that:

aGe dGe

du __ dS¥

Since o = 9oe

= 0, we have that:

o = — A+ A ) b (B~ max (B - B0}).
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Hence, the government multiplier for chained expenditures is:
M* (B,B> = ef < 1.

Next, observe that:

XU = A(p) (1—(1—B)B—Gx—G3—max{B—B,O

Hence,
dX® = —A(p)dG® + A (p) ( AX(:) di
= A G+ A(p) e ( AX(:)

The second line follows from:
A(p)p= G"+ X"
Also following this condition, we have that:
Ap) (1+ eﬁ) dp = dX"™.
Combining the differentials evaluated at G* = 0, we obtain:
dp = —dG?.

Hence,
dCv _daXxv
dGs  dGs

Following the relationship with the fiscal multiplier, we obtain:

— —A(p) (144

M (B, B) —1— A(p) — Ap) et
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Summary. We summarize the results:

o -1 B < B* (B)
dGe
—A(p) B> DB* (é)
and ~
o —1 B < B* <B>
aGs

~A(p) (1+€4) B> B* <B> .

Finally, recall that the government multipliers relate to the change in consumption

as follows:
e (55) = 2

and .

.M%RB)E§;+AW>
with: )

N 1 B<B <B>
aGr
0 B> B (B) .

Therefore, adding terms:

~(1- A (1+¢)) B<B (B)
M? (B,B) -
0 B> B* (B).

Hence,
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0 “(B
y (B,B)): B<B <B)
1= A(p) (1464 B>B*<B).
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