The Subjective Belief Factor

TINGYUE CUI, RICARDO DELAO, and SEAN MYERS*

August 2025

ABSTRACT

Subjective expectations and asset prices both revolve around distorted probabilities.
Subjective expectations are expectations under biased probabilities, and asset prices are
expectations under risk-neutral probabilities. Given this link, asset pricing techniques
designed to estimate a Stochastic Discount Factor (SDF) can be used to estimate a
Subjective Belief Factor (SBF) a distortion that characterizes many subjective expec-
tations, even for non-financial variables. Using the Survey of Professional Forecasters
and Blue Chip, we find that differences between subjective expectations and statistical
expectations for 24 macroeconomic variables can be summarized (average R? of 50%) by
a single SBF related to real GDP growth and the T-bill rate. This SBF also accurately
replicates differences across the 24 variables in the serial correlation of forecast errors
and under /overreaction. Further, the SBF can be used to succinctly incorporate sub-
jective beliefs data into asset pricing models, even those involving many expectations.
Applying our measured SBF to a model of cross-sectional stock returns, we estimate
that distorted beliefs account for the majority of excess returns for the Fama-French
factors and explain about two thirds of the variation in returns across 176 anomalies,
while the remaining third is attributed to preferences/risk. Our results support models
like diagnostic expectations and robust control in which agents’ beliefs across different
variables are characterized by a single probability distortion.
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Behavioral economics research studying subjective expectations and finance research
studying asset prices are solving similar problems. Asset prices can be represented using
a distorted probability distribution, specifically a risk-neutral probability distribution, and

much of asset pricing research revolves around the equation
P = E[My1 X (1)

where X;,; is a payoff. Similarly, under general conditions, subjective expectations can be
represented as expectations under a distorted probability distribution that differs from the

objective distribution due to learning or behavioral biases,
Ef [Xia] = Ei[Si1Xe]. (2)

Because of this similarity, we propose that asset pricing techniques can open novel pos-
sibilities for studying subjective expectations, even for non-financial variables X, ;. First,
rather than studying subjective expectations for each variable individually, we can study
a single variable (S;,1) that explains subjective expectations for many variables simultane-
ously. We refer to this variable as the Subjective Belief Factor (SBF). This is analogous
to asset pricing work studying the M;,; that links prices across many assets. Second, we
can summarize Sy, using only a small number of subjective expectations, akin to factors in
asset pricing. For example, an agent who overstates the probability of low real GDP growth
states will also overstate the probability of high unemployment states, as these states overlap,
meaning that the researcher does not need to model an additional unemployment-specific
bias.

Conversely, we argue that framing subjective expectations using a single SBF is beneficial
for asset pricing research. Using only information on prices, researchers cannot distinguish
whether asset price anomalies reflect biased beliefs or preferences/risk. Direct data on subjec-
tive expectations can help to resolve this. However, incorporating potentially biased beliefs
about dozens of variables is typically infeasible (e.g., attempting to model overreaction to

real GDP, underreaction to inflation, extrapolation of yields, learning about consumption



growth, ...). By summarizing subjective expectations for many variables with a single SBF,
Siy1, we can easily combine Sy with a distortion exclusively based on preferences/risk,
denoted Mt+1, to price assets and distinguish the roles of these two variables.

In this paper, we provide a theoretical and methodological framework to study multiple
subjective expectations. Applying our approach to the Survey of Professional Forecasters,
we find that the difference between statistical expectations and subjective expectations for
15 macroeconomic variables can be largely summarized by a single SBF S;,; based on sub-
jective expectations of just two variables: real GDP growth and the T-bill rate. Using this
SBF, we construct synthetic expectations E; [S;11Y;41] for an additional nine macroeconomic
variables Y;,; and then verify the accuracy of these synthetic expectations using additional
survey data from Blue Chip. In addition to matching the time series for the 24 subjective
expectations, this SBF also closely replicates differences across the variables in two common
tests for deviations from Full Information Rational Expectations (FIRE): the predictabil-
ity of forecast errors using lagged forecast errors (i.e., serially correlated forecast errors)
and the predictability of forecast errors using recent changes in expectations (i.e., Coibion-
Gorodnichenko regressions). Finally, we show that this SBF accounts for the majority of the
excess returns for the Fama-French cross-sectional anomalies and accounts for roughly two
thirds of the variation in the excess returns for 176 anomalies sorted into 22 categories from
Chen and Zimmermann (2022).

To formalize our analysis, we first establish the conditions under which subjective ex-
pectations for many variables can be characterized by a single SBF. The key condition is
that subjective expectations are “coherent,” meaning that they satisfy basic rules regarding
addition and multiplication. We argue that this is a reasonable starting condition, given that
it is satisfied by many models of expectation formation.? Importantly, agents can disagree

and there can be a different SBF for each agent; however, there still exists a single consensus

1Using log-affine functional forms for S;,; and MtJr] ensures that their product, My = St+1Mt+la is
also log-affine and tractable.

2As a non-exhaustive list, adaptive expectations, sticky expectations, extrapolation, parameter learning,
noisy information, and rational inattention can all be represented by an SBF.



SBF, S;y1, which explains the consensus forecast for all variables. If variables are normally
distributed or are functions of normally distributed variables (e.g., log-normal), we show that
the SBF has a straightforward log-affine representation and that excess returns on financial
assets can be easily decomposed into their comovement with S;,; and their comovement with
Mt+1- Intuitively, an asset earns high excess returns if it pays off in states of the world that
the agent thinks are unlikely or in states where the agent has a low preference for payofs.

We then evaluate the efficacy of applying asset pricing tools to subjective expectations
using the Survey of Professional Forecasters, one of the most commonly used sources of
macroeconomic forecasts. We study annual forecasts for 15 variables, the maximum number
available, covering a wide range of topics, such as unemployment, housing starts, inflation,
and government expenditures. We find that subjective expectations for all 15 variables, as
well as the difference between subjective expectations and statistical expectations, can be
largely explained by an SBF S;,; based on real GDP growth and the T-bill rate. Specif-
ically, synthetic expectations F;[S;,1X;.1] for all 15 variables match the actual subjective
expectations with an average R? of 65.8% and match the differences between subjective and
statistical expectations with an average R? of 47.4%. This result means that, given an SBF
that explains subjective expectations of real GDP growth and the T-bill rate, we can explain
subjective expectations for the remaining 13 variables based on their objective covariances
with real GDP growth and the T-bill rate.

Quantitatively, the explanatory power of the estimated SBF is comparable to the upper
bound from principal component analysis (PCA). However, unlike PCA, the estimated SBF
allows us to extend our results to other variables without needing any additional survey data.
We consider nine additional macroeconomic variables Y;;1, such as the mortgage rate and
the 10-year Treasury rate, and calculate synthetic expectations FEy [S;11Y;41] based on our
estimated SBF. Importantly, we do not use any survey data for these nine variables when
constructing the synthetic expectations. We then verify the accuracy of these synthetic

expectations by comparing them to the subjective expectations measured from Blue Chip.



Once again, the synthetic expectations closely match the actual subjective expectations
and also match the difference between subjective and statistical expectations, with similar
average R? values to the Survey of Professional Forecasters results.

To assess whether the SBF captures a genuine low-factor structure in belief distortions,
we conduct two validation exercises. First, we test whether the observed joint structure in
biases exceeds what could be explained by correlations across shocks alone. We derive an
upper bound on explanatory power achievable if each variable’s bias depended only on its
own shocks—allowing unrestricted lags and contemporaneous cross-correlations. Remarkably,
17 of our 22 series exceed this bound, indicating that joint biases cannot be explained by
shock comovements alone.

Second, beyond the SBF’s ability to match the time series of subjective expectations, we
test whether it preserves the economically relevant content of individual biases. Specifically,
we study the predictability of forecast errors using lagged forecast errors and the predictabil-
ity of forecast errors using recent changes in expectations. These moments play a key role in
parameterizing models of learning and behavioral biases. Using the Survey of Professional
Forecasters and Blue Chip, we find substantial dispersion across the 24 variables: serial
correlation in forecast errors ranges from —0.17 to 0.58, and Coibion-Gorodnichenko coef-
ficients range from —0.25 (overreaction) to 1.21 (underreaction).®> Replacing the predictors
with their SBF-implied counterparts, we find that the SBF closely replicates these moments
across the 24 variables.

What do these results mean for models of expectation formation? Our results indicate
that differences between subjective expectations and statistical expectations for many vari-
ables can largely be condensed to beliefs about a few key variables, in this case real GDP
growth and the T-bill rate. While all 24 subjective expectations differ from their correspond-

ing statistical expectations, researchers do not need 24 biases.* This raises the prospect that

3Since we are studying consensus forecasts, the Coibion-Gorodnichenko regressions generally give positive
coefficients, indicating underreaction. This is consistent with Bordalo et al. (2020) who show that consensus
forecasts tend to exhibit underreaction, whereas individual forecasts exhibit overreaction.

4Previous work has shown that biases in multiple expectations can be linked to the same conceptual



models of inflation expectations (e.g., Malmendier and Nagel, 2016), consumption expec-
tations (e.g., Collin-Dufresne, Johannes, and Lochstoer, 2016), risk-free rate expectations
(e.g., Haubrich, Pennacchi, and Ritchken, 2012), etc. can be represented as different mani-
festations of one underlying belief distortion. In particular, our results support models such
as diagnostic expectations (e.g., Bordalo et al., 2018; Maxted, 2024; Li et al., 2025) and ro-
bust control (e.g., Hansen and Sargent, 2001; Bhandari et al., 2024; Maenhout et al., 2025)
in which the agent’s beliefs are characterized by a probability distortion that impacts her
expectations of multiple variables.

Models typically depend on expectations for multiple variables, which requires either
specifying a complete joint model of belief formation or collecting survey data for every
variable of interest. This paper offers a middle-ground: estimate an SBF from surveys on a
few key variables and, under a mild coherence assumption, infer expectations for the rest.
This avoids the stronger assumptions behind a full joint belief system and circumvents the
need to obtain surveys for all variables, while allowing us to quantify departures from FIRE.

We apply this approach to a representative investor who simultaneously prices many
assets and has state-dependent preferences. We derive a decomposition of expected ex-
cess returns into a belief and a preference components, log (Rte +1) = Cov (—st+1,rf+1) +
Cov (—th, Ty +1) , meaning that excess returns reflect payoffs in states investors misjudge
as unlikely and in states they dislike. This decomposition is related to work linking excess
returns to subjective return expectations® but instead uses a single SBF, removing the need
to have subjective return expectations for each individual asset and relaxing several data

availability constraints.® The link between excess returns and a single belief factor also re-

mechanism (e.g., inflation expectations and unemployment expectations are both consistent with sticky
expectations). This previous approach still requires modeling a different bias for each variable, as each
variable is impacted to a different degree by the mechanism (e.g., different degrees of stickiness).

For examples, see Greenwood and Shleifer (2014); Engelberg, McLean, and Pontiff (2020); Giglio, Mag-
giori, Stroebel, and Utkus (2021); Gandhi, Gormsen, and Lazarus (2023); Dahlquist and Ibert (2024); Jensen
(2024); Couts, Gongalves, and Loudis (2024); Décaire and Graham (2024); Delao, Han, and Myers (2025).

6Data on subjective return expectations for the long and short legs of anomalies is often limited to
post-2000 and comes almost exclusively from sell-side analyst forecasts, which may be prone to incentive
issues.



lates to work using measures of “sentiment” (Baker and Wurgler, 2006; Huang et al., 2015;
Stambaugh, Yu, and Yuan, 2024). Because this decomposition is quantitative and relies on
covariances rather than correlations, it addresses the common issue of risk and sentiment
being correlated.”

Using our SBF estimated from subjective expectations of real GDP growth and the T-
bill rate, we show that the excess returns for the Fama-French size, value, investment, and
profitability factors appear to be largely accounted for by their comovement with —s; 1.
Further, we connect our SBF to the two behavioral factor portfolios of Daniel, Hirshleifer,
and Sun (2020), who construct one factor from sorting firms by earnings surprises to capture
short-term behavioral biases (e.g., weekly-level biases) and a separate factor using share
issuances to capture longer-term behavioral biases. Given that our SBF is based on one-year
subjective expectations, we reassuringly find that our SBF accounts for almost none of the
excess return for their short-horizon factor and nearly all (96%) of the excess return for their
long-horizon factor. Finally, we study a large set of 176 anomalies sorted into 22 categories
from Chen and Zimmermann (2022). We find that the estimated SBF accounts for 64.9% of
the differences in excess returns across anomalies, with the remaining 35.1% is attributed to
the preference-based Mt+1. Thus, while the SBF S, certainly does not explain all excess
returns, we find that it appears similar in importance to Mtﬂ, with roughly a 60-40 split
when we consider many anomalies.

Broadly, this paper contributes to and attempts to link two literatures. The first is the
literature on subjective expectations of macroeconomic variables. Given the size of this
literature, we refer readers to the handbook by Bachmann et al. (2023) for an overview

and list of references. To a large extent, these papers focus on expectations for a single

7If a researcher has a measure of sentiment that is correlated with future returns, there is always the
concern that this measure may simply be correlated with risk. In the decomposition presented here, the
roles of s;y1 and ™41 can be distinguished even if they are correlated. If both s;11 and m¢41 negatively
Cov(—st+1,7"f+1)

log(éf_H)
and what portion is attributable to msy1.

comove with the excess return, then € (0,1) will tell us what portion is attributable to s¢41



variable, such as inflation, output, interest rates, exports, housing, unemployment, etc.®
Other papers, such as Coibion and Gorodnichenko (2015) and Bordalo et al. (2020), propose
general tests that can be applied to many variables but, importantly, are designed to be
applied to each variable separately (e.g., testing for under/overreaction for each individual
variable). We build on this work by presenting an approach that allows us to study subjective
expectations for many variables jointly and to condense these subjective expectations down
to a single SBF based on only a few variables.” Our emphasis on jointly analyzing multiple
macroeconomic variables is related to recent work studying statistical and machine learning
forecasts for large sets of variables (e.g., Bianchi, Ludvigson, and Ma, 2024).

Second, there is the asset pricing literature emphasizing that the M, that prices as-
sets may contain a belief-based component and a preference-based component, i.e., S;1; and
M,.1. The idea of framing subjective expectations as a distortion has been discussed pre-
viously. For example, Chernov and Mueller (2012) and Piazzesi, Salomao, and Schneider
(2015) use expected and realized inflation and bond yields to study objective, subjective,
and risk-neutral probabilities. We demonstrate that this idea of a distortion between the
objective and subjective probabilities (i.e., the SBF) can be used not only to describe ex-
isting survey expectations data but also to condense the distortion to a few key factors and
to form synthetic expectations for other variables. We also emphasize that this approach
can be applied outside the context of finance and asset pricing. Even for a researcher purely
interested in understanding subjective expectations of the components of output (consump-
tion, investment, government expenditures, and net exports), the tools developed in asset
pricing are still relevant.

Given that belief distortions operate in a very similar way to preference-based distortions,
Brav and Heaton (2002) and Adam and Nagel (2023) emphasize the difficulty or impossibility

of distinguishing S;,; and M, solely from asset prices. We provide a general method to

8For some recent examples, see Cieslak (2018), Kuchler and Zafar (2019) and Mueller et al. (2021).
9Importantly, we do not claim to be reinventing the wheel. These tools have long-existed in asset pricing.
Our goal is to demonstrate their effectiveness in understanding subjective expectations.



estimate S;y; from survey expectations and demonstrate how this can be used to decompose
a wide range of observed excess returns into a belief-based component and a preference /risk-
based component. Importantly, this can be done even if we do not have survey expectations
data for each specific asset. This is closely related to recent work by Chen, Hansen, and
Hansen (2020; 2024) that use asset prices to establish bounds on a belief distortion under
assumptions regarding relative entropy. While they do not use survey data in their empirical
application, their method can incorporate survey data as additional moment conditions.
Additionally, our approach is related to Kozak, Nagel, and Santosh (2018) who argue that
structural models with specific assumptions about beliefs and preferences can be used to
separate Sy and M, using asset price data. We provide a complementary method that
extracts the SBF solely from survey data and then evaluates its ability to explain asset
prices.

The rest of the paper is organized as follows. Section I demonstrates the conditions under
which subjective expectations for many variables can be described by a single Subjective
Belief Factor and establishes its key properties. Section II discusses the data on subjective
expectations taken from the Survey of Professional Forecasters and Blue Chip. Section III
demonstrates that an SBF estimated from two key variables can summarize the full set of
expectations for financial and non-financial macroeconomic variables. Section IV uses the
estimated SBF in a multi-asset setting to explain excess returns for a wide range of anomalies.

Section V concludes.

I. Existence of the Subjective Belief Factor

In this section, we formalize how subjective expectations for multiple variables can be de-
scribed by a single subjective belief factor. In terms of notation, £}, [-] denotes the sub-
jective expectations of agent ¢ at time ¢. All other operators use the objective probability

distribution. For example, F;[-] and Cov (-,-) denote the conditional expectation and the



unconditional covariance under the objective probability distribution.

Throughout the paper, we assume that subjective expectations are “coherent,” mean-
ing that they satisfy two conditions. First, for any variables Y;.,;, Z;11 and constants a, b,
B} [aYi1 4+ bZia) equals alf, [Yig] + OE;, [Z41]. Second, Ef;[1] equals 1. These condi-
tions are all that is necessary to show that subjective expectations can be represented by a

subjective belief factor.

Proposition 1. There exists Sy such that B [Xi1] = E;[Si1Xea] for all variables
XtJrl and Et [Si,t+1] =1.

All proofs are provided in Appendix B. To an econometrician who knows the objective
probability distribution, the agent’s subjective expectations appear as if she is overweighting
some states (i.e., those with S;;+1 > 1) and underweighting other states (i.e., those with
Site1 < 1).

This proposition is analogous to the result in asset pricing that the law of one price
implies the existence of a stochastic discount factor (SDF) that prices all assets. In asset
pricing, the SDF is a powerful, unifying tool. Rather than studying the price of each asset
in isolation, researchers study the prices of many assets simultaneously by focusing on a
single variable (the SDF). To quote Cochrane (2005), “All asset pricing models amount to
alternative ways of connecting the stochastic discount factor to data.” We argue that the SBF
Sit+1 is similarly powerful for understanding subjective expectations. Rather than separately
studying biases in inflation expectations (Coibion and Gorodnichenko, 2015), interest rate
expectations (Cieslak, 2018), unemployment expectations (Link et al., 2023), etc., we can
study the single SBF which jointly explains these expectations.

It is useful to note that nearly all models of subjective expectations assume agents can add
and multiply (e.g., sticky expectations, extrapolation, adaptive expectations, learning, noisy
signals, etc.). Breaking these assumptions within a model is generally difficult as it makes
the model predictions sensitive to small arbitrary changes, such as measuring outcomes in

dollars versus cents. In fact, representing beliefs using an SBF S, ;41 provides a useful way to
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nest and compare all of these models. Thus, we argue that this assumption of coherence is a
useful starting point to study expectations of many variables simultaneously. The fact that
the estimated SBF is empirically successful in summarizing survey expectations in Section
III also provides support for this approach.

In the subsections below, we highlight four useful features of the SBF.

A.  Aggregation

Given a set of individuals, ¢ = 1,2, ..., n, there is no requirement that individuals must agree
with one another. Each individual may be described by a different SBF S; ;1. Define the

consensus expectation as E; [] = = > E¥, [ ].

Lemma 1. There is a consensus SBF S; 1 = % > Siat that satisfies Ef [Xyy1] = Ey [Si41Xi44]

for all variables X;y1.

For example, while each forecaster may have a different model of how GDP, unemployment,
and inflation interact, there will be a single SBF S;,; that applies to the consensus forecast
for all three variables. While we focus on an equal-weighted average across individuals,
this lemma can be trivially extended to any weighted average of individuals (e.g., a wealth-
weighted average).

We can also extend this idea of aggregation to asset pricing. Suppose X;,; is the payoff

for some asset and P, is the current price of the asset.

S Si 1 My 1
22 ittt

Lemma 2. IfE;t [Mi,t+1Xt+1:| = P, for all i, then there is a consensus MtH

that Sat?;SﬁeS E;’< |:Mt+1Xt+1:| = Et [St+1Mt+1Xt+1 = Pt

Thus, if each individual has an Mi,tﬂ that prices the asset under her individual SBF S; 41,
then there is also a consensus Mt+1 that prices the asset under the consensus SBF S;,;.
Note that this consensus M,.; does not depend on the specific payoff X,,; or price P,,

meaning that the same Mt_l’_l applies for any asset that is priced by each individual. Given
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this property of aggregation, we will focus on a single aggregated agent for the rest of the

paper.

B. Log-normal representation

Proposition 1 tells us that an SBF exists. A natural next question is how we can find a
variable Sy, that matches a given set of subjective expectations. Given a multivariate X; 4

and subjective expectations E} [X;y1], we know that
E, [St—f—lXt—i—l] = L [Xt+1] + Covy (St—l—l; Xt+1) (3)

given the definition of covariance and the fact that E; [Syy1] = 1. Thus, finding an S;,; such
that Ef [Xi1] = Ey [Si41Xi41] for all elements of X, ; simply requires finding an Sy, that
has the correct objective covariance with X;;;.

One solution is to represent the SBF as a linear projection onto the set of objective

shocks.

Lemma 3. Given a multivariate X;11 and subjective expectations Ef [X;11], we have Ef [X;41] =

E, [St+1Xt+1] for

Siv1 = 1+ fBie
B = SN (Ef [Xi] — B[ X))

€1 = X1 — By [Xt+1]
where ¥ is the objective covariance matrix of the shocks €.41.

For an element (3, of the vector 3;, a positive 3;, means that it is as if the agent is exagger-
ating the probability of positive shocks €11 and understating the probability of negative
shocks. The converse is true for 5;, < 0.

The benefit of Lemma 3 is that it requires no assumptions about the distribution of
Xi11. A potential limitation of Lemma 3 is that the projected SBF may be negative for

large magnitude shocks e;,1. Fortunately, equation (3) shows that if we have information
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about the objective distribution of X1, then we can estimate an SBF that is always non-
negative. In particular, if variables are objectively normally distributed, then we can specify

an SBF that is both tractable and always nonnegative. Let s;.1 = log (S;11).

Proposition 2. Given a multivariate X1 and subjective expectations Ef [Xyy1], if the ob-
jective conditional distribution is Xi1 ~ N (Ey[Xi41], %) then Ef [Xii1] = Ei[Sip1Xe41]
for

1
St41 = —5522@ + B;gtJrl
By = I (E: [Xt+1] - E [Xt+1])

Eir1 = Xip1 — B [Xt+1] .

In other words, if X;,; is conditionally multivariate normal, then we can write S;;; as
conditionally log-normal and the shocks to s;;; as a linear combination of the objective
shocks to Xi41, i.e., fiery1. The —%6{2@ term in s;,q is simply a Jensen’s term to ensure
E;[Siy1] = 1. The result is very similar to Lemma 3 but ensures that Sy > 0.

Importantly, Proposition 2 does not require any assumptions about the agent’s subjective
beliefs about the distribution (e.g., assuming the agent believes X is normally distributed).
As shown in equation (3), we only need to know the objective covariance between Sy, and
Xi41 in order to ensure that Ey [Siy1X;+1] matches the subjective E} [Xiy4].

The same logic holds if X, is not normal but is a function of normal variables. Suppose
Xit1 = fi(e141) where f;(+) is a potentially time-varying function and e,y is objectively
multivariate standard normal.l® For example, X,,; could be a CES aggregator, X;,,; =

(af + (Btetﬂ)p)l/p, or an indicator variable, X;,1 = 1 {a; + Bigy1 > 0}.

Proposition 3. Given a multivariate X, 1 = f; (€441) and subjective expectations Ef [Xyy1],

10 Assuming that e;4 is standard normal rather than simply normal is WLOG. If X1 = f; (Nt+1) where
Ner1 ~ N (e, Xt), then this can always be expressed as X1 = fi (6441) where f; (e141) = f4 (ut + Eg'5at+1)
and ;41 is standard multivariate normal.
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if the objective conditional distribution is i1 ~ N (0,1) then Ef [Xi11]) = E¢ [Sir1Xe41] for
_ _1 ! !
St41 = 561&675 + Biern
B = ' (Ef (X))

h: (B) B [fi (B + &)

In words, if X, is a function of normal shocks, then there is a log-normal SBF that
matches the subjective expectations, E} [X;11] = E; [Si11X¢41], and the shock to this log-
normal SBF is a linear combination of the objective shocks, fjeiy1. The details of the
function f; (-) only affect the loadings 3;. Specifically, the loadings depend on the inverse
of the f; (+) function. For example, if X, is log-normal, X;,; = exp (u; + X%;,1), then
B = 5 [log (B [Xenr]) — log (B [Xepa))]

Note that Propositions 2 and 3 allow for a wide range of possible subjective expectations
E} [ Xi11]. Given an objective process for X, that is conditionally normal or a function of
normal shocks, different subjective expectations E} [ X, 1] simply appear as different loadings
B¢ in the log-normal SBF. In the subsection below, we show specific examples for extrapo-
lation, diagnostic expectations, Bayesian learning about the mean, and robust control, and
discuss the loading (; associated with each model. In Appendix A.2, we discuss an extension
of Propositions 2-3 that can be used when we want to not only match the subjective expec-
tations of the mean E} [X;,;] but also want to match additional data on expected variances

and covariances.
B.1. The SBF in simple expectation formation models
For intuition, consider the case of AR(1) real GDP (RGDP) growth,

Giy1 = A+ p(ge — 1) + e (4)

where p > 0 and &,41 ~ N (0,0?). For simplicity, we set the true mean of the process u equal
to 0. From Proposition 2, subjective expectations of g;;1 can be represented by the log SBF

Str1 = —%ﬁ—é + Biery1- Note that states with s;,1 > 0 are states with S;;; > 1, meaning that
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the SBF exaggerates the probability of these states. The converse is true for s;.; < 0 and
St+1 < 1.
The —%f—é term is simply a normalization term that ensures F; [Siy1] = 1. The impor-

tant component of s;,; is the loading (; on the objective shock e;,;. Different models of

expectation formation will imply different f;.

Extrapolation Suppose the agent is extrapolative, meaning that the agent believes the

persistence is p* rather than p, and expects next period growth to be p*g;. The loading is

P =p
X = o (5)

Given p* > p, the loading is positive when g, > 0. When current growth is high, it is as if
the agent is exaggerating the probability of positive ¢;,1 and understating the probability of
negative £,,1. When current growth is low, it is as if the agent is exaggerating the probability
of negative ;.1 and understating the probability of positive ;.

Importantly, we do not require that the agent actually thinks in terms of distorted prob-
abilities. In this example, the agent does not intentionally exaggerate or understate certain
states of the world. The agent simply believes in a different persistence parameter (p*) than
what the econometrician estimates (p). The purpose of Proposition 2 is to highlight that

the econometrician can represent the agent’s beliefs using the SBF S;.;.

Diagnostic Expectations Suppose the agent has diagnostic expectations of future
growth. Following Bordalo, Gennaioli, and Shleifer (2018), the agent expects next period
growth to be pg; + pbey, where 8 > 0 reflects how much the agent overreacts to the most

recent shock ¢;. In this case, the loading is

0
pE = L, (6)

The loading no longer depends on current growth. It only depends on the most recent

shock. When the recent shock ¢; is positive, it is as if the agent exaggerates the probability
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of positive future €;1; and understates the probability of negative ;.

Bayesian Learning Suppose we have a rational Bayesian agent who is learning about
the true mean of the process. Learning starts at ¢ = 0 with a prior belief of yf and initial
uncertainty hg. The agent updates her estimate u; every period, applying a Kalman gain

11

K, = to every innovation.”~ The agent expects next period growth to be pg; +

ho
o24+-hot

(1 — p) p;. This gives a loading of

P = |t (1 p) i+ 0 (%Z)] (7)

The loading depends on a weighted average of the initial bias (1 — p) uf and the average of
all observed shocks. Over time, the weight placed on the initial bias deterministically shrinks

towards zero.

Robust Control Suppose we have a rational agent who is uncertain about the true
underlying model a la Hansen and Sargent (2001). As an example, we will focus on the
robust control specification of Bhandari, Borovicka, and Ho (2024). Given a parameter 6
which determines the amount of concern about model misspecification and a value function
Vi, the agent’s expectation of next period growth is pg; — 60, ,, 4 where oy, 4 is the conditional
covariance of Vi, and ¢;11. Rephrased, the agent adjusts her expectations depending on

how much her future value function depends on g;,;. This gives a loading of
0
RC  _
t = _;Ut,v,g- (8)

When V,,; is positively related to ¢g;.1 and 6 > 0, the loading is negative which means
that the agent is exaggerating the probability of negative future £;,; and understating the
probability of positive future ,,1. Note that the second term in the SBF (i.e., 8%, 1) is

just —f multiplied by the projection of V;,; onto g1, %stﬂ.

"The solution to the agent’s learning problem is identical to learning the mean of an iid process z; =
gt — PGt—1-
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C. Estimated SBF and spanning

Since having expectations for all variables of interest X;,; is typically infeasible, we might
be interested how well an SBF estimated from the expectations of a subset, or a completely
different set of variables Xt—i—l # X;,1 approximates the full set of expectations E} [ X, 1].

Let Siy1 be the SBF from Proposition 1 and Lemma 1 that matches E [X; 1] = E; [Si11X¢41]
for all variables X;,;. Given a set of variables Xt-i—l and subjective expectations £} [X'Hl},
let St—l—l be such that E; [)A(Hl} = F; [StH)A(tH] For clarity, we will refer to §t+1 as the

“estimated SBF.”

Proposition 4. Let uyi 1 is the residual of the linear projection Xy = a+bXt+1 +u1. The
difference between the subjective expectations and F; [StHXtH} only depends on Syi1 — §t+1

and ugr1. Then
Ef [ Xip1] — By [S’t—i-lXH—l} = Cov, <St+1 — Sii1, Ut+1) (9)

where w1 s the residual of the linear regression X;y1 = a + bXtH + Ugr1.  Further,

Covy <5t+1 — gt+17Xt+1> =0.

The expectations using the estimated SBF gtﬂ contain all biases in expected X;.; that
are spanned by Xt-i—l- These expectations will only differ from the subjective expectations if
(1) there is unspanned variation u,,; and (ii) the unspanned w,, ; is correlated with Sy _St+1-
The last part of the proposition tells us that any variation in the SBF S, that is related
to Xt+1 will always be captured by S’t+1.

Under normality assumptions, we have an even simpler expression.

Lemma 4. If X;,, and Xt+l are conditionally normal and Stﬂ s defined by Proposition 2

to match E} [)A(Hl} = F; [§t+1Xt+1]; equation (9) reduces to:
Ey [Xt+1] - E [§t+1Xt+1} = Cov; (Sty1,usy1), (10)

Appendix A.1 shows that equation (10) can be used to estimate a range of synthetic

expectations, rather than a point estimate E7 [X, 1], where the range is wider for variables
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that have more unspanned variation ;4.

D. Application to economic models

Here, we sketch a general outline on how the Subjective Belief Factor can be embedded in
standard economic analyses. In many environments, equilibrium conditions can be expressed

as
A = B} [Xin],

where Ej[-| denotes time t expectations formed by economic agents. For example, in mod-
els of investment with capital adjustment costs, we would have A, = I;/K; and X;,; =
MPK, ., ,where M PK, ., denotes the marginal product of capital.

The conventional empirical approach imposes FIRE, estimates the objective process for
X411, and compares the implied expectations E;[X;,1]| to the observed A;. A limitation of
this approach is that if the estimated F;[X;1] differs noticeably from the empirical A;, then
the researcher does not know if this is due to agents in the data violating the equilibrium
condition A; = E; [X;,1] or if this is due to agents having expectations that differ from the
FIRE E;[X;11]. One way to address this issue is to obtain subjective expectations E;[X; ]
and compare them to the observed A;. However, in practice, this is often infeasible; in the
example above, it would require survey forecasts of M PK, .1, an object that is not covered
in most surveys of expectations. Conveniently, the SBF, through Proposition 4, provides
a straightforward way to utilize survey forecasts for related variables (e.g., output growth,
employment) and integrate them into an economic analysis.

Let §t+1 denote an estimated SBF constructed from different variables Xt—i—l economically
related to X, 1, but not necessarily including X;,; itself. One can then compare Et[S'tXtH]
to the observed A; to assess whether incorporating distorted beliefs helps to explain the
empirically observed A, relative to the FIRE benchmark FE; [X;,1]. Thus, even when direct

survey measures of £} [X; 1] are unavailable, forecasts for related macroeconomic quantities
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can serve as informative proxies for the distorted beliefs of agents in the model.

In Section 4, we present an application of this outline to a common model in finance,
a representative agent investing in multiple assets. While the model equilibrium conditions
involve expectations for hundreds of assets, we show that a single SBF based on subjective
expectations of just two macroeconomic variables (output and interest rates) explains a

substantial amount of the cross-section of asset prices.

II. Data

We use two sources of survey data to measure subjective expectations. The main source
of survey data used is the Survey of Professional Forecasters, which contains quarterly fore-
casts for a wide array of macroeconomic variables. Since 1981Q3, the Survey of Professional
Forecasters contains complete coverage for 15 economic variables: real GDP, real consump-
tion, industrial production, real residential investment, real non-residential investment, real
federal government spending, real state and local government spending, housing starts, cor-
porate profits, CPI inflation, the 3-month Treasury bill rate, the Aaa rate, the unemployment
rate, real change in private inventories, and real net exports. For all variables, we focus on
the four quarter ahead forecast. We calculate the consensus forecast as the average across
the individual-level forecasts.

For our analysis, we need to convert all 15 variables to stationary processes. For the first
nine variables, we calculate the implied forecasted growth by dividing the forecasted future
level by the most recently available level. The next four variables are already reported as
stationary variables, so we apply no changes. Finally, the last two variables (real change in
private inventories and real net exports) can potentially be zero, meaning that the annual
growth may not be stationary. Therefore, we use the forecasted future level divided by the
most recently reported real GDP to normalize the series.

The secondary source of data is the Blue Chip survey. The Blue Chip sample starts in
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1988Q1. We consider the complete list of variables that (i) are not included in the Survey
of Professional Forecasters over our sample and (ii) have survey data since 1988Q1, which
is a total of 9 variables. These are the prime rate, the fed funds rate, the mortgage rate,
LIBOR, and Treasury rates for five different maturities (6-months, 1-year, 2-years, 5-years,
and 10-years). Just as we did for the Survey of Professional Forecasters, we focus on the
four quarter ahead forecasts and calculate the consensus forecast as the average across the
individual-level forecasts. Given that all variables are rates, we do not need to renormalize
for stationarity.

The realized outcomes for all interest rate variables are obtained from the Federal Re-
serve Bank of St. Louis and Federal Reserve Board. The realized outcomes for all other
variables are obtained from the real-time data files maintained by the Federal Reserve Bank
of Philadelphia. Refer to Appendix C for full details on each of the surveys and the data

construction.

III. The SBF and Macroeconomic Expectations

In this section, our goal is to demonstrate how utilizing tools from asset pricing opens new
doors for understanding subjective expectations. Using Survey of Professional Forecasters
data, we estimate a single factor 5’t+1 based on only two key variables, real GDP growth
and the T-bill rate, that can largely explain all 15 macroeconomic variables in the Survey.
We then use the same estimated SBF to predict nine financial variables outside of this
dataset and validate these predictions against Blue Chip forecasts. Next, we show that the
explanatory power of this two-variable SBF is too large to be accounted for by correlations
in the underlying shocks, indicating a genuine low factor structure in the biases. Finally, we
verify that the estimated SBF, based on only two variables, preserves economically relevant
dynamics across the 24 variables by replicating cross-variable differences in two key moments

related to under/overreaction: the serial correlation of forecast errors and the predictability
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of forecast errors using changes in expectations.

A.  Condensing macroeconomic expectations

We study the consensus forecasts for the 15 macroeconomic variables contained in the Survey
of Professional Forecasters. Let E} [X;1] denote this 15-variable vector. Figure 1 shows the
correlation of these expectations. Importantly, our analysis does not require that variables
are uncorrelated. As one would expect, there is a wide range of correlations across these

variables. While some expectations are highly correlated (like rgdp and rcon, corr = .92),

some of them have no correlation, (like rcbi and rresinv, corr = —.02), and some are neg-
atively correlated (like housing and rgsl, corr = —.58). The average pairwise correlation is
0.16.

We calculate statistical expectations using an autoregressive model for X; ;. Specifically,

we estimate

Xt+1 = a+ B ( Xt Et* [Xt+1] ) +€t+1 (11>

where £,,; is a multivariate Gaussian shock with covariance matrix .12 The statistical

expectations are then

Ei[Xi1] = a+B(Xt B [Xy41] ) (12)

We include the survey expectations in equation (11) to ensure that our statistical expecta-
tions incorporate any information known to the forecasters. This ensures that any discrep-
ancy between E; [X;;] and E;[X;;1] is due to the statistical expectations being a better
predictor of X;,, and not from any informational advantage of the forecasters.?

From Proposition 2, we know that there exists an SBF S;,; that perfectly replicates the

survey expectations, B} [Xy11] = E; [Si41X¢41]. Our goal in this section is to test how well

12We find very similar results if we assume X;,; is conditionally log-normal rather than conditionally
normal. Figure A5 shows that our estimate of the SBF is almost identical.

13For example, if the survey forecasts are the best possible predictor of future X; 1, then our method will
simply give Ey [Xi1] = Ef [Xi11].
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we can replicate the survey expectations using an SBF St+1 based on a small number of
variables. Specifically, given any subset of variables X,.1 C X.1, we know from Proposition

2 that we can estimate a log SBF that perfectly matches the expectations for Xt+1,

. 1oes | ara

St41 = —5522@ + Bifin (13)
where £, is the vector of objective shocks to Xt+1, 5 is the covariance matrix of €ev1, and

Bt =1 (E;‘ [XHI] — F, [)A(Hl} ) Then, we can estimate synthetic expectations based on

5,41 for the remaining variables as'*

A

Ef [Xt—H] = Ek [St+1Xt+1]
= E;[Xi1] 4+ Cov (g441, ét+1)/Bt

= Et [Xt+1] + Cov (€t+1, ét+1)/ 2_1 (.E;k |:Xt+1:| — Et |:Xt+1:|> . (14)

It is useful to highlight two points for understanding these synthetic expectations Et* [ Xii1].
First, there is a straightforward intuition for equation (14). We can always represent X4

as

. ’ ~ 1 .
Xy = ag+Covyy (Xt+1, Xt+1> Vary (Xt+1> X1 + U1 (15)

N N / N —1
where Cov, (Xt+1, ut+1> = 0 and Cov, (Xt+1, Xt+1> Var, (Xt+1> are the slope coefficients

for this projection of X, 1 onto X,11. The term Cov (5t+1,ét+1)'i_1

in equation (14) is
simply Cov; (Xtﬂ, Xt+1>/ Var, (X’tﬂ)_l. So, the synthetic expectations estimate the bias
for X;,1 based on the objective projection of X;,; onto Xt+1 (ie., Cov (g1, Erq1) ZA’fl) and
the observed bias for Xt—i—l (i.e., Ef [XHI] — F, [X'Hl} ).

Second, according to Lemma 4, the difference between synthetic expectations and survey

expectations only depends on S;; and w1,

~

E: [Xt+1] = E: [Xt—l—l] + OOUt (St+1, Ut+1) . (].6)

14The calculation of E, {S’tHXtH] utilizes the formula for the mean of a normal log-normal mixture.
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Figure 1. Correlation matrix of expectations. This figure shows the pairwise correlation
of the survey expectations of 15 variables in the Survey of Professional Forecasters for 1981Q3-2022Q2.
The variables are grouped using a simple hierarchical tree method. We use negative unemployment in the
correlation matrix so that it is positively related to other typical business-cycle variables.

For elements of X;,; that are largely spanned by Xtﬂ (i.e., elements X, ;41 that have small
w;t41), synthetic expectations will closely mirror the survey expectations. This means that
survey expectations for large sets of variables X;,; can be explained by a low-dimensional
SBF S’t+1, so long as St+1 is based on variables Xt+1 that span most of the variation in X;,;.

Appendix A.1 shows that equation (16) can be used to estimate a range of synthetic
expectations, rather than a point estimate E’;‘ [Xi41], where the range is wider for variables
that have more unspanned variation u;41.

We use Figure 1 to gauge the size of our subset Xt—l—l- The pairwise correlations are
clustered by a hierarchical tree method, which iteratively merges clusters based on their
similarity.!> Two natural clusters of variables arise with similar correlations. This motivates

us to summarize the expectations data using a distortion based on two variables.!® We

15Given that unemployment is countercyclical, we use negative subjective expectations of unemployment
when clustering the correlation matrix.
16The figure also suggests that one could potentially consider a third, smaller cluster represented by either
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choose RGDP growth (rgdp) and the T-bill rate (tbill) as our two variables, as these two
variables lie at the center of the two large clusters in Figure 1. Economically, these two
variables are fairly easy to understand given their connection to overall economic activity
and monetary policy.!”

Table I evaluates the fit of these synthetic expectations. The first column shows the av-
erage R? from regressing F; [X,1] on Er X ++1] for our 15 variables j. Overall, synthetic
expectations based on $;41 explain roughly 2/3 (65.8%) of all variation in the 15 macroeco-
nomic expectations. However, this could be due to Ej [X,4+1] being similar to E; [ X 11].
As shown in equation (14), even with no distortion, synthetic expectations would still vary
due to variation in E; [X;,11].

To better evaluate the role of the distortion, we note that equation (14) can be rewritten

as

B [Xon] — By [Xon] = Cov(epar, 60n) S0 (E: [XM}—Et [Xm]). (17)

A~

The second column of Table I tests how well the synthetic bias, measured as E} [X;11] —
E; [Xi41], matches the survey bias, E; [X;11]—Fy [Xi11]. Across the 15 variables, we find that
nearly half (47.4%) of the variation in survey bias can be explained by biased expectations
of just two variables, RGDP growth and the T-bill rate (Et* [X’tﬂ] - F, [)A(Hl} ), and the
objective covariance of shocks to the remaining 13 variables with shocks to RGDP growth and
the T-bill rate (C’ov (5t+1,ét+1)’f]_1>. Figure A1l shows the detailed correlations between
synthetic expectations and survey expectations for each variable, as well as the correlations
between the synthetic bias and the survey bias.

To gauge the performance of our synthetic expectations, we compare our results to less

restrictive versions of equation (17). The most straightforward test is a regression

Ef [Xop1] = By [Xipa] = a+T <E£k [Xt-&-l} — L [Xt—i—l]) + M- (18)

housing starts or real residential investment. For parsimony, we focus on the two larger clusters.

1"In Appendix F, we show that RGDP growth and the T-bill rate are not only intuitive variables for un-
derstanding beliefs about the broader macroeconomy, but are also quantitatively quite close to best possible
pair of variables for condensing the Survey of Professional Forecasters data.
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Table 1

Condensing the Survey of Professional Forecasters

This table evaluates the ability of the synthetic expectations formed from §:y1 to explain forecasts for 15 variables from the
Survey of Professional Forecasters. Column 1 shows the average R? from regressions of survey expectations (E} [X; +1]) on
synthetic expectations (E'z‘ [Xj,++1]) for each of the 15 different variables. Column 2 shows the average R? from regressions of
Ef [ Xj14+1] — Bt [Xj041) on B [Xj141] — Bt [Xj,0+1) where Eq [X, 441] is the statistical expectation. For comparison, Column
3 shows the average R? of the best linear predictor of E} [Xj 41] — E¢ [Xj,++1] using the individual biases in rgdp and tbill
coming from equation (18) and Columns 4 and 5 show the explanatory power of the first two principal components of the 15
biases EZ [Xt+1] — E [Xt+1].

E} [Xip] E} [Xin] — By [Xe]
EF [ X, ] E¥[Xi11] — By [Xi1] Best Linear Predictor PC-1 PC-2
R*(%) 65.8 474 52.7 432 64.5

This is identical to equation (17), except that the matrix of coefficients I' is now flexible,
rather than being determined by the objective covariance of shocks. This specification rep-
resents the best linear prediction one can achieve using RGDP growth and T-bill rate biases,
and thus, provides an upper bound of how much can one explain given these two variables.
Averaging across all variables, we find that this regression approach gives an R? of 52.7%.
Therefore, our estimated SBF 5,41 gives an average R? (47.4%) that is quite close to this
upper bound (52.7%).

Let’s look at an even more challenging test. While the first benchmark evaluates the
distortion relative to the best linear predictor of using RGDP growth and T-bill rate biases,
we can also show that the distortion performs well relative to any two arbitrary time series
A¢. Our synthetic expectations attempt to characterize the 15 biases E; [X;11] — By [Xi41]
using two time series E} [Xt+1] — E; [)A(Hl} and a fixed matrix Cov (g441, z—le)' 31 based
on the objective covariances. The final two columns in Table I show a more general upper

bound based on principal components analysis (PCA),
E: [Xt+1] — Et [Xt+1] = + FAt (19)

The first two principal components of the 15 biases explain 64.5% of the variation, and the
first principal component explains 43.2%. This means that the estimated SBF performs

better than the first principal component of these series and captures roughly three fourths
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Table I1

Matching the Survey of Professional Forecasters

This table evaluates the ability of each individual synthetic bias to match the survey bias of the 15 variables in the Survey
of Professional Forecasters. The table shows the intercept and slope coefficients from regressing E; [X; ;1] — Et [Xj ++1] on
E¥ [Xj.441] — Bt [Xj441], where Ef [X;41] is the synthetic expectation constructed using the log SBF 8;41. The last row
shows a joint regression across all variables except for rgdp and tbill. In the joint regression, the survey and synthetic bias for
each variable are scaled by the standard deviation of the survey bias to ensure comparability across variables. The fifth column
shows the R? of the regression, and the last column shows the R? when the slope of the regression b is constrained to be 1.
Superscripts indicate significance at the 1% (#x*x), 5% (**), and 10% (*) level. The sample period is 1981Q3-2022Q2.

X1 a seq b sep R?  constrained R?
rgdp 0.000 — 1.000 — 1.000 1.000
reon -0.002**  (0.001) 0.841** (0.071) 0.748 0.722

cpi -0.002 (0.003) 1.847**  (0.823) 0.156 0.123

unemp 0.000 (0.001) 0.709** (0.151) 0.377 0.314
ndp 0.000 (0.002) 1.235* (0.078) 0.765 0.737
thill -0.000 — 1.000 — 1.000 1.000
aaaq 0.004*** (0.001) 0.935** (0.308) 0.249 0.247

rRriny -0.021**  (0.006) 1.443"* (0.126) 0.622 0.564

rresiny 0.004 (0.010) 2.290** (0.474) 0.316 0.215

rgf 0.009**  (0.004) 2.672** (0.577) 0.350 0.213
rgsl 0.002 (0.001) 1.147** (0.267) 0.182 0.179
housing 0.039* (0.022) 1.411** (0.331) 0.158 0.144
rcbi -0.000 (0.000) 1.031** (0.151) 0.533 0.533

rexport 0.003*** (0.001) 2.064*** (0.387) 0.287 0.211
cprof -0.025% (0.014) 1.255** (0.161) 0.360 0.345
Joint 0.065 (0.049) 1.033** (0.061) 0.334 0.334

of the maximum possible R?, 64.5%.
Table II and Figure 2 show a more detailed assessment of how well the synthetic biases
align with the survey biases for our 15 variables. For each variable j, Table II shows the

regression

~

Ef [ Xjin] = B[ Xja] = aj+b; (E: [(Xji1] — By [Xj,t+1]> + njs (20)

Figure 2 visualizes the regression outcomes, plotting the survey bias and the fitted bias using
synthetic expectations. For all 15 variables, we find a statistically significant relationship
between the survey bias and the synthetic bias. One may be concerned that the R?s for these

regressions are driven by the fact that the slope coefficient is sometimes significantly different
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from 1, meaning that the survey bias may be an exaggerated or dampened version of the

d,
0.05 r99p 0.05 reon .
1
0 0
Survey
0.05 - - = = Synthetic 0.05
1983 2000 2022 1983 2000 2022
unemp 01 indp
0.02 ‘
0.01
0
-0.01
-0.02 01
1983 2000 2022 1983 2000 2022
aaa rorinv
0.02
0.01 .
of | Vil W
-0.01
-0.02
1983 2000 2022 ) 1983 2000 2022
rgsi
0.05 9
0.05
0
-0.05
-0.0
1983 2000 2022 1983 2000 2022
rexport
0.01
0
-0.01
1983 2000 2022 1983 2000 2022

cpi

1983 2000 2022
thill
0.02
0
-0.02
1983 2000 2022
rresinv

1983

2000

housing

2022

1983 2000 2022
cprof
0.3
0 N
-0.3
1983 2000 2022

Figure 2. Comparison between synthetic biases and survey biases. This figure shows
how well the synthetic bias E,;* (X t+1] — B¢ [Xjt4+1], constructed using the SBF §;41, matches the survey
expectation bias E} [ X ;+1]— E¢ [ X +41] for each of the 15 variables in the Survey of Professional Forecasters.

The blue time series show each of the survey biases, and the red time series show the fitted synthetic biases

from equation (20). The sample period is 1981Q3-2022Q2.
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synthetic bias. To address this possibility, the final column of the table shows the R? of the
regression when b is constrained to be 1. On average, this constraint only slightly reduces
the average R?, from 0.474 to 0.437.

While the average R? is 0.474, Table II and Figure 2 show that this is not identical across
variables. For some variables, such as real consumption (rcon), we find that the synthetic bias
almost exactly replicates the survey bias, resulting in a high R?. For other variables, such as
housing starts (housing), the explanatory power of the synthetic bias is noticeably smaller.
As shown in equation (16), these differences in the accuracy of the synthetic expectations
tie back to how well each variable is spanned by RGDP and T-bill.

Importantly, the fact that R? does not equal 1 for all variables does not mean that these
survey forecasters have non-coherent expectations, i.e., expectations that violate basic rules
of addition and multiplication. Rather, it indicates that our two-factor SBF does not com-
pletely span the variation in all 15 variables. Incorporating a third factor into our SBF related
to housing would improve our ability to match the housing starts expectations. Mechanically,
a 15-factor log SBF §,.; = —%ﬁ;Eﬁt + Biesyr with By = X7 (EF [Xiy1] — E; [X41]) would
perfectly match all of the survey expectations. Just like attempts to find low-dimensional
SDF’s in asset pricing research, incorporating more factors into the SBF improves the ex-
planatory power but at the cost of parsimony. Our goal is not to say that two factors is
the perfect balance between parsimony and explanatory power, but rather to highlight the
benefits of applying this factor approach to condense subjective expectations across multiple
variables.

The final row of Table II shows a joint regression across the variables. In this joint
regression, we find an insignificant intercept of (0.07) and a highly significant slope (1.03***)
close to unity. Note that this joint regression excludes RGDP and T-bill, so this estimate
of a =& 0 and b ~ 1 is not driven by the fact that synthetic biases perfectly match survey
biases for these two variables. Additionally, for the joint regression, we scale the survey bias

and synthetic bias for each variable j by the standard deviation of E} [X 1] — E¢ [ X +11] to
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ensure that our results are not driven by the synthetic bias simply matching the survey bias
for a single variable with a highly volatile bias, i.e., all of the survey biases are standardized
to have unit variance which gives them equal weight in the joint regression.

Before moving to the next application, it is important to emphasize the key benefits of
the SBF relative to the two benchmarks of best linear predictor and PCA. First, the SBF
does not require survey data on all variables in order to calculate synthetic expectations. As
shown in equations (18) and (19), PCA and the best linear predictor require survey data
E; [ Xi41] for the entire vector X;;; in order to estimate I' and A;. In contrast, equation
(17) only requires survey expectations for the subset of variables E [)A(tﬂ} and the objective
covariance matrix of shocks, the latter of which can be estimated by the researcher. Because
of this, Section III.B shows that we can use our estimated SBF §t+1 to estimate synthetic
expectations FE; [StHYtH] for additional variables Y;,; without requiring any additional
survey data.

Further, because the SBF uses the objective covariance matrix, it can be translated more
easily to economic models. If we can model the biases in these two variables E; [X’tﬂ} , then
we can readily explain the biases in the other variables. For example, overstating RGDP
growth by 1pp causes agents to understate unemployment by 0.51pp because of the empirical
covariance between RGDP growth and unemployment. This contrasts with other methods
like best linear predictor, which would require a specific mechanism to explain why agents
perceive a certain link I' between RGDP growth and unemployment that may differ from
the objective relationship. Similarly, using PCA in the context of a model would require
interpreting the principal components and understanding the weight matrix (i.e., why does
the unemployment bias load on the first PC with a certain coefficient).

Finally, our method also allows for the study of biased beliefs about correlated variables.
In cases where the biases in RGDP growth and T-bill rate are correlated, traditional methods
like the best linear predictor may struggle to distinguish between them. For instance, if

an agent is understating future unemployment, it may be unclear whether this is due to
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overstating the chance of an expansion (RGDP growth) or overstating the likelihood of
accommodative monetary policy (T-bill rate). Our method captures magnitudes, allowing
us to differentiate between these scenarios. Even if the biases in RGDP growth and the T-bill
rate are correlated, we can discern their relative importance based on the magnitude of each
bias and the comovement between each variable and unemployment. This enables a more
nuanced understanding of the underlying drivers of forecast biases across various economic
indicators.

To highlight that this scenario of correlated biases is not just a hypothetical, the top
panel of Figure A4 plots the biases E; [)A(Hl} —E; [Xt+1] for these two variables. Appendix

E discusses these series in more detail along with the estimated time series 5;.1.

B.  Forming expectations for other variables

Beyond condensing existing survey data, a benefit of our estimated log SBF §;,, is that we
can form synthetic expectations for other variables even if we do not have survey expec-
tations available for those variables. For example, the Survey of Professional Forecasters
contains relatively few financial variables. Despite this, we can use our estimated §;,1 to
form synthetic expectations for a variety of financial variables, such as the mortgage rate
or the long-term risk-free rate (e.g., the 10-year Treasury rate). In this subsection, we form
synthetic expectations for nine financial variables without using any survey expectations for
these variables. We then evaluate these synthetic expectations by comparing them to Blue
Chip survey expectations for these nine variables.

Let Y;.1 represent the nine financial variables. These variables are the prime rate, the
fed funds rate, the mortgage rate, LIBOR, and Treasury rates for five different maturities
(6-months, 1-year, 2-years, 5-years, and 10-years). We choose these variables as this is the
maximum set of variables that are (i) not included in our Survey of Professional Forecasters
sample and (ii) are included in the Blue Chip data, which will allow us to evaluate the

synthetic expectations.
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We calculate synthetic expectations Ef [Y;11] solely using realized data and the Survey of

Professional Forecasters survey data. First, we estimate an autoregressive model for Y, ,'8
Yisn = ay+ By ( Y, Xi Ef[Xi] ) T &yl (21)
E Y] = a,+ B, ( Y, Xy Ef[Xi] ) : (22)

To ensure our statistical expectations contain as much current information as possible, we
include the current value X; and the survey expectations E; [X;4] for the Survey of Pro-
fessional Forecasters variables in equation (21). Then, using our log SBF §;,; estimated
from the Survey of Professional Forecasters RGDP growth and T-bill rate expectations, we

calculate our synthetic expectations for Y;.; as

A

Ef Y] = E [St—HY;f-&-l}
= B [Yia]+Cov (Ey,t-i-laét—&-l)/Bt

= E[Yia]+Cov <5y,t+1aét+1)/i_l (E: [Xtﬂ] - E [XtﬂD . (23)

Importantly, we do not use any survey expectations of Y;.; in the construction of E;“ Vi)
Just as in equation (14), the synthetic expectations for Y;,; will be based on the observed
bias for XtH and the projection of Y;,; onto XHL

How well do these synthetic expectations match actual subjective expectations for these
nine variables? Figure A3 compares the survey bias Ej [Yii1] — E; [Yii1] with the synthetic
bias EF [Vis1] — Eq [Yigq] for each variable. Table AIII shows the detailed regression outcomes
analogous to Table II. Across the variables, we find significant slope coefficients b that are
close to 1. On average, the R? from these regressions is 0.600. This is similar to the per-
formance of the synthetic expectations for the Survey of Professional Forecasters variables
in Table II (0.474), indicating that the log SBF §;,; is similarly effective in summarizing
biases in both the Survey of Professional Forecasters and the Blue Chip data. This exten-

sion is non-trivial as the two groups of forecasters could potentially have different beliefs,

18We find similar results if we estimate the same process for for the log of the financial variables rather
than the level.
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which would generally make it harder to find a single SBF that accurately summarizes the
expectations of both groups. Figure A2 shows the detailed correlations between synthetic
expectations and survey expectations for each variable, as well as the correlations between
the synthetic bias and the survey bias.

To push this idea of jointly explaining the Survey of Professional Forecasters and the
Blue Chip forecasts further, Table III tests how well our log SBF §;,; based on two variables
summarizes the combined 24 forecasts from both groups. Let Z;,; be the union of the
15 Survey of Professional Forecasters variables X;.; and the 9 Blue Chip variables Y;;.
Overall, we find that the synthetic expectations account for the majority of the variation in
the survey expectations, with an average R? of 73.6%. If we focus on biases in expectations,
E; [Zi11]) — E¢ [Z141], the synthetic expectations account for half of all variation, 51.3%.

The last three columns of Table III compare our results to the upper bounds implied by
the best linear predictor and PCA. Just as in equation (17), the synthetic bias for each of
our 24 variables is equal to a linear combination of the bias in RGDP growth expectations
and T-bill rate expectations, where the coefficients are determined entirely by the objective

covariance of shocks. We can compare this to the best linear predictor from a regression,
E: [Zt+1] — E; [Zt—i-l] = a,+1I, (E: [Xt—i-l] - E; [Xt—&-l}) + Nz (24)

where the coefficient matrix I', is unrestricted. We find that the average R? produced by the
synthetic expectations (51.3%) is quite close to the upper bound implied by the best linear
predictor of 55.6%.

Similarly, the synthetic expectations perform well even when compared to the more gener-
alized upper bound implied by PCA. By applying PCA to the expanded set of all 24 variables,
the biases are now allowed to depend on any time series A,; and use any coefficient matrix

I,
Et* [Zt+1] — Et [Zt+1] = a,+ FzAz,t‘ (25)

The fourth column of Table III shows that the synthetic expectations outperforms the first
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Table I11

Condensing Blue Chip and the Survey of Professional Forecasters
This table evaluates the ability of the synthetic expectations EA't* [Zt+41] formed from §;41 to explain the 24 Blue Chip + Survey
of Professional Forecasters expectations E; [Z;41]. Column 1 shows the average R? from regressions of the survey expectations
Ef [Zjt+1] on E‘;‘ [Z,141] for each of the 24 different variables. Column 2 shows the average R? from regressions of the survey
bias E} [Zj 14+1] — Et [Z;,t+1] on the synthetic bias Ex [Z;,t41) — Bt [Z},t+1]. For comparison, Column 3 shows the average R?
of the best linear predictor of E} [Z; ;41] — Et [Zj,t+1] using the individual rgdp and tbill biases coming from equation (24) and
Columns 4 and 5 show the explanatory power of the first two principal components of the 24 biases E} [Z; 1] — Et [Z; ¢41]-

Ef [Zi44] Ef [Zia] = By [Zi44]
Ef [Z41] Ef [Zys1]) — E¢[Zi+1] Best Linear Predictor PC-1 PC-2
R2(%) 73.6 51.3 55.6 AT8  66.7

principal component and achieves more than three fourths of the maximum possible R? of
66.7%.

Overall, we find that the log SBF §;,; manages to (i) accurately predict subjective ex-
pectations and biases for other variables without using any survey data on those variables
and (ii) performs nearly as well as theoretical upper bounds in condensing biases in many
expectations down to just biases in two expectations. The first item effectively acts as an
out of sample test for the SBF. The second item reinforces the finding from Section III.A
that the distinction between subjective expectations and statistical expectations for many
variables — in this case 24 variables — can largely be explained by beliefs about a few key

variables and the objective relationships between variables.

C. Testing a factor structure of biases

The strong fit in Tables 1-3 indicates that an S’Hl estimated from just two biases can
largely replicate belief distortions for 24 series. This evidence is consistent with biases being
determined by a very low factor structure. Two important questions merit attention. First,
is this low factor structure surprising? Given that macroeconomic variables are correlated,
would simple univariate models of biases have predicted this structure? Second, beyond
matching the time series of biases, do these factors capture the economically relevant content

of those individual biases, such as the degree of under- or over-reaction? In what follows, we
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perform two series of tests to address these questions.

C.1. Upper bound from correlated shocks across variables

To give a benchmark for evaluating our results, consider a model where each variable’s bias
is driven solely by its own shocks. For example, forecasters may overreact to export shocks
when forecasting exports, underreact to inflation shocks when forecasting inflation, etc. If
the shocks are correlated, then the biases in forecasts will also be correlated. To make this
benchmark as general as possible, we consider a model in which the bias for each variable

can depend on its entire history of shocks:

Ef [ Xjem] — B [Xjea] = Z@}T%t—r- (26)
7=0

The shocks €, are serially uncorrelated but can be contemporaneously correlated across

variables. For generality, the lag coefficients {4, . }22, are completely unrestricted.

Proposition 5. Let &, denote the subset of shocks used to construct the synthetic bias. If
biases follow equation (26), then for each variable j, the RJQ- from regressing the actual bias
Ef[X;41] — Ei[X,441) on the synthetic bias Ef[X;411] — Ei[Xje1] has the following upper
bound

Var <C0V(€j¢+1, S ét)
R? <
J Var(e; ;)

(27)

This bound shows that the explanatory power of the synthetic bias is limited by the
fraction of each variable’s shocks ¢;,41 explained by the constructing shocks ;. Appendix
B contains the proof of this proposition and Appendix A.3 posits sufficient conditions to
maintain the same bound in a setting with serially correlated shocks.

We compute these bounds by regressing each variable’s shocks on the RGDP and T-bill
shocks. Among the 22 Survey of Professional Forecasters and Blue Chip variables (excluding
RGDP and T-bill themselves), 17 of them exceed their respective bounds.!® This pattern

shows that the factor structure in Sections 3.1 and 3.2 is consistently too strong for even this

19Table AVI shows an individual comparison of each variable’s R? against its upper bound.
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generalized benchmark to match. For example, although shocks to the interest rate variables
in Section 3.2 are highly correlated, the upper bound is still exceeded for all nine variables,
indicating biased beliefs about a common interest-rate component rather that goes beyond

the correlation in their shocks.

C.2. Matching tests of forecast error predictability

This section evaluates how well the synthetic expectations match key moments of the sur-
vey expectations: (i) the predictability of forecast errors using lagged forecast errors (i.e.,
the serial correlation of forecast errors), and (ii) the predictability of forecast errors us-
ing changes in expectations (i.e., the Coibion-Gorodnichenko coefficient). Specifically, let
Fiv1 = Zj01 — Ef [Z;441] be the forecast error for each variable j. We focus on the coefhi-

cients b;; and b; 9 from regressions

Fitvr = aji+ 01 F5: +njiem (28)

Fiiv = ajo+bjs (B [Ziia] — Ei_aA [Zis1-a]) + Nj2em (29)

where A = % denotes that we are using the three-month change in the one-year expecta-
tions.?"

The magnitude of the regression coefficients (b; 1, b;2) provide valuable information about
model parameters, such as the speed of learning in Bayesian and non-Bayesian models or
the degree of extrapolation in behavioral models. In particular, positive serial correlation in
forecast errors and positive Coibion-Gorodnichenko coefficients indicate underreaction in sub-
jective expectations, while negative serial correlation and negative CG coefficients indicate

overreaction, and the magnitudes of the coefficients indicate the degree of under/overreaction

(Coibion and Gorodnichenko, 2015; Bordalo et al., 2020). Across the 24 Survey of Profes-

20We focus on changes in one-year expectations, rather than revisions E; [Z;41] — Ey_a [Z¢41] which utilize
a one-year expectation and a 15-month expectation. This ensures that the independent variable in equation
(29) can be replicated by a single time series for the SBF. We set A to the smallest value possible in our
data, which is one quarter, to provide the maximum overlap between the two forecasted periods (i.e., t — A
tot+1—Aandttot+1).



35

sional Forecasters and Blue Chip variables, we find a wide range of serial correlations, from
—0.17 to 0.58, and a wide range of Coibion-Gorodnichenko coefficients, from —0.25 to 1.21.

Our goal is to evaluate whether the synthetic version of lagged forecast errors and changes
in expectations can predict future forecast errors with similar coefficients. We repeat regres-
sions (28) and (29), but regress future forecast errors Fj,; onto synthetic version of the

~

predictors, Fj, = Z;, — Ef | [Z;4] and Ef [Z;01] — EF | A [Zj411-a). Figure 3 compares

(bj1,b;2) from both sets of regressions. The x-axis shows the results using the synthetic
predictors, Fi, and Ef [Z;141] — Ef | A [Z;s41-a), and the y-axis shows the results using
the survey version of the predictors Fj; and Ej [Z;.11] — Ef 1_a [Zj+1-a). Each point in
the scatterplot represents one of the 22 Survey of Professional Forecasters and Blue Chip
variables, excluding RGDP and T-bill for which we perfectly replicate the forecast error
predictability results.

The left panel demonstrates that the predictability of forecast errors using lagged syn-
thetic forecast errors closely matches the predictability using lagged survey forecast errors,
with most observations falling near the 45-degree line. The correlation of the synthetic b,
with the survey b, across all variables is 0.84. To ensure that the result is not driven simply
by one set of expectations, we show the correlation for b;; for the 13 Survey of Professional
Forecasters variables (excluding RGDP and T-bill), the 9 Blue Chip variables, and the com-
bined 22 variables. The right panel confirms that the Coibion-Gorodnichenko coefficients
(bj2) derived from synthetic expectations also align closely with those from survey expecta-
tions, with the observations falling near the 45-degree line and a high correlation across all
variables of 0.96.

How do these results connect back to RGDP and T-bill? Empirically, RGDP and T-bill
differ in their predictability of forecast errors. While T-bill has a positive serial correlation of
forecast errors of 0.25 and a positive CG coefficient of 1.06, RGDP has a slightly negatively

serial correlation of forecast errors of —0.10 and a small positive CG coefficient of 0.11.

Overall, equations (14) and (23) and the results for the synthetic predictors demonstrate
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Figure 3. Forecast error predictability tests. The figure evaluates the ability of the synthetic
expectations to replicate forecast error predictability patterns in the survey expectations for each of the
variables in the Survey of Professional Forecasters and Blue Chip data. The left panel shows the results
of the serial correlation test in (28), obtained by regressing forecast errors on lagged forecast errors. The
scatter plot compares the coefficients b;; using survey lagged forecast errors and synthetic lagged forecast
errors as the predictor. The right panel shows the Coibion-Gorodnichenko coefficients from (29), obtained
by regressing forecast errors on changes in expectations. The scatter plot compares the coefficients b; o using

changes in survey expectations and changes in synthetic expectations as the predictor.

that we can replicate the wide range of serial correlations and CG coeflicients for the other 22
variables simply using the bias in RGDP and T-bill survey expectations and how each variable
objectively relates to RGDP and T-bill. For example, underreaction to innovations in T-bill
expectations can generate underreaction, no bias, or even overreaction in expectations of
Zj1+1 depending on how innovations in Z;;; relate to innovations in T-bill.

To make this example concrete, consider the Blue Chip expectations for yields at different
maturities. Figure 3 shows a clear pattern in which underreaction is decreasing with maturity;,
in line with the findings of Afrouzi et al. (2023) and d’Arienzo (2020). We find underreaction

(i.e., positive serial correlation and positive CG coefficients) for short maturities such as Libor

and 6-month yields. The amount of underreaction monotonically decreases and eventually
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flips to overreaction as we increase the maturity to 1-year, 2-years, 5-years, and finally 10-
years. While synthetic expectations are constructed without using any information from
the Blue Chip surveys and only involve Survey of Professional Forecasters expectations for
the 3-month yield, we find that synthetic expectations closely match this pattern in forecast

error predictability across different maturities.

D. Discussion of results

Overall, our findings show that we can account for realistic beliefs without the need to
model individual expectations for every variable. Even if expectations of different variables
display heterogeneous behavioral patterns, such as under/overreaction, they can still be
parsimoniously summarized by a low-dimensional SBF.2!

In particular, biases in real output and interest rate expectations capture much of the
relevant variation in other biases. This pattern is consistent with the central role of beliefs
about productivity and monetary policy in the economy.

More broadly, the strength of the factor structure in the biases is difficult to reconcile
with each bias being formed in isolation. Instead, it supports models in which expectations
for many variables are jointly distorted by a common mechanism. For example, agents may
form expectations for a wide set of variables from a mental model centered on a small number

of key state variables.??

IV. Application to Models

A key feature of many economic models is that decisions and equilibrium outcomes depend

on expectations of multiple variables. This can make it difficult to apply general mechanisms

21This differs from work showing that the same psychological mechanism (e.g., Bastianello and Imas, 2025)
can generate many biases by applying it separately to each variable. Our results highlight the prospect of
unifying factors, rather than finding a unifying mechanism: once beliefs about those factors are understood,
beliefs about all other variables can be explained through their relationship to them.

228ee Bhandari, Borovitka, and Ho (2024) for an example in which agents form expectations jointly across
variables, with biases arising from robust preferences on monetary policy and productivity shocks.



38

learned from lab experiments or surveys. For example, while experiments and surveys may
present evidence of extrapolation, how do we apply this to a model where outcomes depend
on expectations of output and inflation? Should the agent be modeled as extrapolating
output, extrapolating inflation, extrapolating both, or extrapolating some combination of
output and inflation? This only becomes more complicated as we consider economic models
with more variables X ;1.

To address this challenge, there are two standard approaches. The first is to assume a
full model of expectation formation that specifies the agent’s joint beliefs about all of the
relevant variables and insert this into the economic model. The second is to collect survey
data on expectations of all of the variables needed in the model and to insert this data into
the model.

The SBF offers a third, middle-ground option. By imposing a mild coherence assumption,
we can take survey data on a small number of variables and infer what the agent believes
about correlated variables. This requires fewer assumptions than assuming a full model of
expectation formation. At the same time, the assumption of coherence removes the need
to have survey data on every relevant variable. Specifically, we estimate St+1 from a few
variables Xt—i—l and evaluate equilibrium conditions under distorted beliefs E}; [St+1Xt+1} for
all variables X;,; reasonably spanned by Xt+1-

In this section, we apply the SBF approach to a classic model involving many expec-
tations: a representative investor that simultaneously prices all assets and has differing
preferences for payoffs in different states. The goal of this model is to jointly explain excess
returns on many assets. By summarizing subjective expectations for all of the various assets
with a single SBF, we can easily integrate subjective expectations into the equilibrium asset
pricing equations, enabling us to distinguish the roles of beliefs and preferences. We apply
this methodology specifically to the Fama-French factors from Fama and French (2015), to

the behavioral factors constructed in Daniel, Hirshleifer, and Sun (2020), and also to a com-
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prehensive set of 176 anomalies compiled in Chen and Zimmermann (2022).%3 In each case,
we provide evidence that the belief-based component plays an important role in the excess

returns of these anomalies.

A.  Representative investor with multiple assets

Consider a representative agent with log normal preferences ]\;[Hl(for example,MtH could

—puw(Cit1)
be e G

where p is the discount rate). The agent invests simultaneously in multiple
assets ¢ with one-period returns R;;;;and a risk-free asset with return R{ . The optimality

conditions lead to

E; [ ] B = 1 (30)

E; [MinRea| = 1. (31)

Proposition 5 shows a simple way to decompose the excess returns of an asset into the
belief-based component — measured through the SBF — and the preference-based or risk-based

component.

Proposition 6. Assume Rf | = RHl/R{ is log-normally distributed, S;i 1 is conditionally
log-normal, and Mt—l—l s conditionally log-normal. If EY [MtHRtH} = Ly [MtH} R{ =1,

then
log (E [R{,1]) = Cov(=su1,75,1) + Cov (=11, 75,,) - (32)

Intuitively, Proposition 6 says that if the agent prices the risk-free bond and each asset, then
a high average Ry, , must be due to (i) the risky asset paying off in states the agent thinks are
unlikely, C'ov (—st+1, Ty +1), and /or (ii) the risky asset paying off in states the agent does not
prefer, Cov (=41, 7(,1).** Appendix A.4 provides a slightly more complicated relationship

that holds without making any assumptions about the distribution of Sy, ]\7[t+1, and Rf .

23Details on the construction of annual returns are shown in Appendix G.
24For Sir1, Myy1, and Rf, ¢, lower case letters denote log values.
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Conveniently, equation (32) provides a clean separation of beliefs and preferences. Even if
we cannot observe m; 1, we can still estimate the unconditional covariance C'ov (—stﬂ, T{ +1)
using a time series for ¢, ; and s;y;. This will test whether different excess return anomalies
can be accounted for by subjective biases without using survey expectations on those as-
sets, but just by estimating s;,; from survey expectations of RGDP growth and comparing
log (E [R¢,,]) to Cov (—set1,754,)-

To give an analogy for this decomposition, this exercise is similar to asset pricing re-
search that estimates an SDF to match one set of assets and then measures whether that
SDF accounts for the excess returns of some other set of test assets. In this case, we are es-
timating a distortion s,,1 that accurately describes one set of data — subjective expectations
of macroeconomic variables — and then testing whether this distortion can quantitatively
account for the excess returns of the test assets.

At first glance, this approach may seem reminiscent of research arguing that future
returns are correlated with qualitative measures of “sentiment.”?® While our approach is
related to this sentiment literature, it importantly addresses issues with sentiment and risk
being correlated. Given a measure of sentiment that is correlated with future returns, there
is always a concern whether sentiment is simply correlated with risk, e.g., sentiment may be
low in a recession while risk is high.

In contrast, decomposition (32) holds even if s;y1 and ;. are correlated. This is because
Cov (—$u41,75,,) captures the magnitude of the agent’s biased beliefs and Cov (=41, 7, 4)
captures the magnitude of the agent’s preferences. Taking the example from Section I.C,
if the agent exaggerates about the probability of low RGDP growth states by a factor of
2 relative to high growth states and prefers payoffs in low RGDP growth states 10 times
as much as she prefers payoffs in high growth states, then Cov (—St_H,Tte Jrl) will be much
smaller than Cov (—mtﬂ,rf +1)' In this case, a researcher who only knows s;.; and 7y

would still correctly conclude that Cov (—st+1,rf+1) is small compared to log (E [Rte +1D

25Gee Baker and Wurgler (2006) and Kumar and Lee (2006) for early examples in this literature and
Bordalo et al. (2023) as a recent example suggesting that LTG is correlated with future returns.
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and that C'ov (_mt+17 Y +1) accounts for most of the excess return.

By addressing this issue of correlated beliefs and risk, our approach highlights the bene-
fits of a quantitative SBF compared to qualitative measures of sentiment. Additionally, our
estimated SBF does not depend on a specific model of sentiment. The SBF is directly mea-
sured from survey data and the objective covariance matrix and can potentially encompass
two or more behavioral models of sentiment.

Our approach also builds on previous work using analyst expectations for individual stock
returns to study anomalies (Engelberg, McLean, and Pontiff, 2020; Jensen, 2024; Décaire
and Graham, 2024; Delao, Han, and Myers, 2025), and provides two useful features. First,
since we do not require specific survey expectations about the assets in question, we remove
the sample limitations associated with stock-level analyst return expectations, which are
generally only available post-2000. This is similar to Bordalo et al. (2024), which studies
anomalies and avoids the sample limitations for analyst expected returns by studying analyst
expected cash flows and assuming constant expected returns. Second, rather than using
survey expectations for different sets of stocks for each anomaly, we show that a single SBF
based on beliefs about just two macroeconomic variables is able to account for more than
half of the variation in excess returns across many anomalies.

In a sense, our SBF captures the best of both worlds. It provides a single variable that
can potentially account for many different anomalies, similar to the sentiment literature.
At the same time, it maintains the quantitative benefits of previous work on analyst return
expectations, as risk and biased beliefs can be distinguished through the use of covariance

decompositions rather than correlations.



42

B.  Fama-French factors

We first evaluate the four Fama-French anomalies.?® While it is hard to directly measure
the risk component involving m,,1, we can measure the belief-based component using our
estimated SBF §;,1. We use the same estimated SBF 5;,; as the previous sections, which
is derived from the subjective expectations for RGDP growth and the T-bill rate and it is
available from 1981Q3 to 2022Q2.

Figure 4 shows the average excess returns log (E [Rj’t +1D and the belief component
denoted as Cov (—§t+1, s +1) for each the four anomalies over the same sample. Despite
not using any information about anomaly returns in the construction of §;,;, we see that
Cov (—§t+1,7’j~¢ +1) gives reasonable values for annual anomaly returns of 4.2pp to 9.3pp.
To give a comparison, the asset pricing literature has shown that SDFs that are estimated
without using anomaly returns data often predict average excess returns that are orders of
magnitude smaller or larger than what we observe in the data.?”

For each anomaly, we find a positive C'ov (—§t+1, TS +1) that is quantitatively large enough
to explain the entire observed average excess return. In other words, the excess returns on
these anomalies can be explained by the fact that these anomalies tend to pay off in states of
the world that forecasters appear to underestimate. In fact, for each factor, the belief com-
ponent is larger than the average excess return, which indicates a negative risk component
Cov (—Thtﬂ,r]e-,t +1). For most of the factors, this has a fairly intuitive implication. This
would translate to investors viewing growth firms as riskier than value firms, unprofitable
firms as riskier than profitable firms, and aggressive firms as riskier than conservative firms.
For the size factor, this translates to investors viewing large firms as riskier than small firms,
which could be consistent with larger firms being harder to diversify, as their “granular”

idiosyncratic shocks are large enough to impact the aggregate economy (Gabaix, 2011).

26 A1l four long-short return portfolios are taken from Ken French’s data library and compounded into
annual returns for the same sample as the distortion, 1981-2022. Appendix G contains details on the
portfolio construction.

27See Cochrane and Hansen (1992) for a deeper discussion.
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Figure 4. Fama-French factors and their covariance with the SBF'. Using the log SBF
St41, this figure shows the decomposition (32) of excess returns for each of the Fama-French cross-sectional
factors. The blue bars show the average excess return log (E [Rf +1]) of the size, value, profitability, and
investment factors respectively. The red bars show the portion of the average return attributable to the

covariance of the excess return with the log SBF, Cov (—§t+1, r§+1).

C.  Behauvioral factors

Since the above results suggest that some of the Fama-French factors can be explained with
current survey expectations, it is worth illustrating the ability of our SBF §;,; to explain
behavioral factors. Daniel, Hirshleifer, and Sun (2020) propose two behavioral factors that
can span a significant subset of the Fama-French factors. They show that the FIN factor,
constructed as the return spread between recent issuers and repurchasers, together with the
PEAD factor, constructed as the return spread between firms with positive earnings surprises
and firms with negative earnings surprises, together account for a wide range of anomalies.
Both factors are motivated by behavioral stories, one related to long-horizon mispricing and
one related to the four-day response to earnings surprises.

Given the behavioral motivation of these factors, we are interested in how well our SBF
S¢4+1 can explain these excess returns. In particular, our SBF is based on one-year expec-

tations, which Daniel, Hirshleifer, and Sun (2020) would denote as “long-horizon.” The
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Figure 5. Behavioral factors and their covariance with the SBF'. Using the log SBF
St41, this figure shows the decomposition (32) of excess returns for each of the behavioral factors from
Daniel, Hirshleifer, and Sun (2020). The blue bars show the average excess return log (E [Rf +1]) of the FIN
(Financing) and PEAD (Post-Earning Announcement Drift) factors. The red bars show the portion of the

average return attributable to the covariance of the excess return with the log SBF, Cov (—§t+1, Ty +1)'

short-horizon factor (PEAD) is intended to capture “high frequency” biases.

Figure 5 shows the average excess returns of the behavioral factors FIN and PEAD and
their covariance with our SBF —3;,,;. We observe that our SBF explains the majority of
the excess returns for the financing factor, accounting for 96% of the average excess returns
generated by the factor. This supports a behavioral explanation for the financing factor and
provides evidence against the idea that the excess return on FIN is mainly due to a rational
risk premium. On the other hand, Figure 5 shows that our SBF has nearly no comovement
with the short-horizon PEAD factor, with C'ov (—§t+1, o +1) being -0.48pp compared to the
observed 6.8pp average excess return. This is consistent with the fact that our SBF §;,; is
estimated from one-year expectations rather than high-frequency expectations. In this case,
the average excess return would need to be explained by belief distortions not captured by

our one-year subjective expectations or by a risk premium Cov (—mt+1, ¢ +1).
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D. Large set of anomalies

We next consider how the belief distortion performs when taken to a wide range of anomalies
as constructed in Chen and Zimmermann (2022). There are 22 categories of anomalies
available for our 1981Q3 to 2022Q2 sample. FEach category generally contains multiple
individual anomalies as there are typically multiple ways to measure the underlying economic
variable, e.g., four different ways to measure leverage. To reduce noise, we calculate the
average log (E [Rj,t +1D and the average C'ov (—§t+1,r§7t +1) across all anomalies j in each
category.?® Figure 6 shows the results.?

How can one summarize these findings across categories? One useful method is to measure
how much differences in log (E [Re-vt +1D across categories is associated with differences in

J

Cov (—§t+1, o +1). Consider a simple two-equation regression framework,
Cov (—=8141,75,1) = as+:10g (B[RS, 44]) +njs (33)
Cov (=11, 75041) = o+ log (B[RS 1) + njm (34)
From equation (32), we know that
Vs +ym = 1L

In other words, a one unit increase in log (E [R;" ' +1]) must correspond to a one unit increase

in Cov (—§t+1,r§7t+1) + Cov (—fntﬂ,rj’tﬂ), and 7, and 7z tell us whether it is primarily

. . . . . ~ . . .
Cov (_3t+17 rj7t+1) that increases or primarily C'ov (—th, rj7t+1) that increases. Using our

28To avoid categories having only a single anomaly, we combine some categories based on conceptual
similarity. For example, we combine “Profitability” and “Profitability Alt” into a single category given that
“Profitability Alt” contains only a single anomaly over our sample. The only exception is “Size,” which only
contains a single anomaly but is not combined with any other category given its historical importance.

29Note that the trading strategy details differ between Fama and French (2015) and Chen and Zimmermann
(2022). For example, Fama and French (2015) measure their profitability factor RMW using a bivariate sort
on profitability and size and averaging the results across size. In comparison, Chen and Zimmermann (2022)
use a univariate sort based solely on profitability. Because of implementation differences and the fact that
Chen and Zimmermann (2022) provide multiple ways to define profitability, the results for categories like
“profitability” and “investment” in Figure 6 can differ from the values for the individual anomalies in Figure
4. Importantly, both results use the same log SBF §,1,. Given that both methods are plausible ways to
measure the profitability anomaly, we show both sets of results and highlight that under both methods we
find a positive and quantitatively large comovement between the excess return and —5§;1.
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Figure 6. Anomalies and their covariance with the SBF'. Using the log SBF 3,1, this figure
shows the decomposition of excess return for the Chen and Zimmermann (2022) anomalies. The x-axis shows
the average excess return log (E [Rte +1]) of the anomaly portfolios. The y-axis shows Cov (—§t+1,7‘f +1),
which measures how much of the average excess returns is attributable to the covariance with the log SBF
S¢+1. The line in blue shows the slope of a linear regression of Cov (—§t+1,r§+1) on log (E [Rteﬂ]) as in
equation (33). The line in red shows the slope of the same regression weighted by the number of anomalies

in each category.

estimated —3§;,1, Figure 6 shows that regression (33) gives a coefficient v, equal to 0.649
when each category is weighted equally. If we use a weighted regression based on the number
of anomalies in each category, we find v, equal to 0.823. Both results point to the belief
component and the risk component playing a non-trivial role, with either a 60,/40 split or an
80/20 split between the two. This means that our single SBF §,,; based on beliefs for just
two macroeconomic variables does appear to account for a notable amount of cross-sectional
variation in excess returns, but there is still a similarly large amount of variation remaining

that can be attributed to risk or preferences.
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V. Conclusion

Under general conditions, there is no mathematical distinction between behavioral economists
attempting to characterize subjective expectations and financial economists attempting to
characterize asset prices. Both problems can be framed as explaining expected outcomes
under a distorted probability distribution. While these two fields have largely developed
separately, we argue that there is substantial potential for tools and data from each field to
be applied to the other.

In this paper, we utilize tools from asset pricing to characterize subjective expectations.
Just as financial economists are able to link many asset prices to a single SDF, we demonstrate
that subjective expectations for many variables can be linked to a single SBF S, ;. We then
utilize data on subjective expectations to better understand asset prices. While there is
only limited data on subjective expectations of returns for cross-sectional anomalies, we
demonstrate that an SBF based on subjective expectations for RGDP growth and the T-bill
rate goes a substantial way towards accounting for a wide range of cross-sectional anomaly
returns.

Future work can continue to merge tools and data across these two fields. Techniques
used to study asset prices and the SDF, such as Fama-MacBeth regressions and Hansen-
Jagannathan bounds, can potentially provide important insights for subjective expectations.
Conversely, models of expectation formation, tests for biases, and additional data on subjec-
tive expectations can potentially be translated into wide-ranging implications for asset prices

by characterizing the belief component Sy, of the SDF that prices assets, M;,; = St+1Mt+1-
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Appendix

A. Additional analytical results
A.1. Estimating a range for synthetic expectations

Consider the environment of Section III1.B in which Y, 1 = E; [Yii1] +€y641, €441 1S @ multi-
variate Gaussian shock, and Sy, is defined by equation (13). We focus on the environment
of Section III.B to highlight that this process can be done without using any survey data
on expectations of Y;, 1. All of these results also apply to the environment of Section ITI.A.

Then the unspanned component for Y, is

A

~ I =1~
Uty = 5y,t+1_COU(5y,t+l75t+1) YT 61

Let o0, ; be the standard deviation of w;;;, for each variable Y;;y;. From Lemma 4, we have

that

Ef Y] = B |:‘§t+1y},t+l:| + Covy (Sp41, Ujp41)

= L |:‘§t+1y},t+li| + Ou,jPjt0St (A1)

where p;, is the conditional correlation between Sy and u;+y1 and og; is the conditional

standard deviation of S;;;. This means we have the following bound
Ef Y] € [Et [gtﬂyj,tﬂ] — 04,08, By [St+1yj,t+1] + O-u,jO-S,t}

Note that the width of this range is proportional to o, j, meaning that the range is tighter
for variables with less unspanned variation.

Importantly, we do not need any survey data on Y;;; to measure o, ; or I, [St+1Y',t+1:|-
Thus, given an estimate for og, which we will denote as &g, we can then estimate a synthetic
range [Et [StHYj,tH} — 04,054, Ey [SHY},I‘,H} + au,j657t] for the subjective expectation of
Yji+1. The width of this synthetic range will also be proportional to o, ;. A potential

estimate for og; would be the conditional standard deviation of §t+1.
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A.2. Incorporating subjective variances and covariances

Given a multivariate X1, suppose we have data on the subjective expected mean E; [X; 4]
and the subjective expected covariance matrix 3. Our goal is to find a variable Sy;; such

that

Ef [Xea] = Ep[SeriXed] (A2)

E: = L [St+1X£+1Xt+1] — LI [St+1Xt+1]/ E, [St+1Xt+1] . (A3)

Note that if we are only trying to match subjective expectations about a piece of the
covariance matrix, then this task is even easier as there are fewer moments that S;,; needs
to satisfy. For example, suppose we only have data on the subjective expected mean and
the subjective expected variance (i.e., the diagonal of ;) and we want to find an S;;; that
matches those data. Given an objective conditional correlation matrix C;, we can simply
create a hypothetical subjective covariance matrix D,C;D; where D; is a diagonal matrix
whose elements are the subjective expected standard deviations. We can then apply the
methodology below to this hypothetical subjective covariance matrix, which will guarantee
that we match the data on the subjective expected variance.

Similar to Proposition 2, if the variables are objectively normally distributed, then we

have a straightforward representation for S;.;.

Proposition 7. For a multivariate X;11 and subjective expectations Ef [X;11] and 3, if the
objective conditional distribution is X1 ~ N (E; [X¢41],2:), then equations (A2) and (A3)
are satisfied for

1, 1 det (%) _ .
St+1 = _§ﬁ22t Bi + Biersr + 5 {log (W) + €1 (Et L-x 1) Ei+1
Be = ETH(E! [Xep] — B [Xiga))

€1 = X1 — By [Xt+1] .

Compared to Proposition 2, the log SBF s;11 now depends not just on the shocks e

but also on the squared shocks ¢ (Et_ D _1) €11 to account for higher-order subjective
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expectations.

A.3. Upper bound from shocks correlated across variables and across time

In Section C.1 we provide an upper bound of the results in a model where each variable’s
bias is driven solely by its own shocks, where the shocks can be correlated across variables
but are serially autocorrelated. In this section we define the sufficient conditions necessary
to achieve the same bound as Proposition 5 in the presence of serial autocorrelation.

We consider a model in which the bias for each variable can depend on its entire history

of shocks:
Ef [Xjun] = B [Xjur] = D 8jr8jur. (A4)
=0

where the shocks ¢;; can be contemporaneously correlated across variables. The lag coeffi-
cients {0, .} can take any non-negative number. The shocks can be serially correlated with

their lag-h covariances Q;;(h) = Cov(g s, €k 1—p) satisfying the following condition:

IN

Qi (M) Q5(h) Q;;(0)7192,4(0)

Qgg(h)_lgjg(h) S Qgg(O)_lgjg(O), for h = 1, (A5)

where Qj3(h) = Cov(gj, éi—pn) and Qgs(h) = Cov(és, éi—p). The condition ensures that
the serial cross-covariances at extended lags Cov(e;+,€4—p) don’t grow too much relative to

the serial autocovariance of the shocks €;4,;, as the lags extend.

Proposition 8. Let biases follow equation (A4 ) and &, denote the subset of shocks used to
construct the synthetic bias satisfying equation (A5 ). Then for each variable j, the R? from
regressing the actual bias Ef[X;41] — Ey[Xju11] on the synthetic bias Ef[X; 1] — B[ Xj41)
has the following upper bound

Var <COV(€j,t+1, ét+1), 2_1 ét)
R? <
J Var(e ;)

This is the same bound as the one derived in Proposition 5.
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A.4. Excess returns without assuming log-normality

Proposition 6 shows that we can cleanly decompose excess returns into two comovements,
one associated with beliefs and one associated with risk/preferences, if variables are log-
normally distributed. If we make no assumptions about the distributions of the variables,

then we have the following relationship.
Lemma 5. Let R, = Ry /R]. If E} [MHIRHJ - B [Mm} Rl =1, then

E [ te+1] = 1—Cov (St+17sz+1) —Cov (MtJrlR{’ er1)

—Cov ([5,5+1 ] [MMR{ . 1] , 211) . (A7)

An asset’s expected return can be impacted by the agent understating certain states of
the world, which is reflected by S;.1. An asset can also be affected by the agent having a low
preference for payoffs in certain states of the world, which is reflected by MtHR{ . Note that
the inclusion of R{ in MtHR{ is simply to offset the fact that M, includes time discounting
as well as preferences for different states of the world. The combined MtHRf solely reflects
preferences for different states of the world.

The first RHS covariance in equation (A7) tells us the excess return that is explained by
distorted beliefs about the probability of different states (S;11), assuming equal preferences
for payoffs in all states of the world, i.e., M., R{ = 1. Similarly, the second RHS covariance
tells us the excess return that is explained by preferences for different states of the world,
assuming the SBF is equal for all states of the world, i.e., S;y; = 1. The third RHS
covariance captures the interaction between beliefs and preferences. For example, is the
agent overstating/understating the probability of states of the world that she particularly
cares about (i.e., states that have a high preference)?

Combining Lemma 3 and Lemma 5 provides a method to estimate the SBF S;,; and
gauge its ability to explain excess returns without imposing any assumptions other than
subjective expectations being coherent. We can estimate the SBF from expectations data

following Lemma 3 and then measure the first RHS covariance in equation (A7) even if we
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do not know Mt+1. As mentioned in Section I.B, we choose to make assumptions about
the objective distribution so that we can ensure the estimated SBF is always non-negative,
as this allows us to easily relate the estimated SBF to models of expectation-formation.
However, for research where a negative estimated SBF would not be problematic, Lemmas
3 and 5 provide a useful minimum assumptions method to connect subjective expectations

to excess returns.

B.  Proofs

Proof of Proposition 1: Because subjective expectations are coherent, we know that £, []
is a continuous linear functional. We define the inner product operator as (Y1, Z;11) =
E[Yi41Z:41). By the Reisz representation theorem, there exists S; ;11 such that Ei’jt [(Xi1] =
(Xt41,Si4+1) = Ei[Si4+1X441]. To show that E;[S;++1] = 1, we just use the fact that

Er (1] = Ey[Sign] = 1.
Proof of Lemma 1: For each individual 7, there exists S; ;41 such that for any X4,
Ei*,t [Xt+1] = Ei [Si,t+1Xt+1] .

Our goal is to show that E} [X;11] = Fi[St+1X¢41]. Given the definition of Ej [Xy1] and

Siy11, we have
Et [Xt+1] = E Z Ei,t [Xt+1] = ﬁ Z E, [Si,tﬂXtH]

= E; = B [Se41Xi41] -

1
= S Xen
ne
Proof of Lemma 2: As in the last lemma, for each individual 7, there exists S; ;11 such
that for any X4,
B [ Xl = E[SiinXen] -

Given that E}, []\;[tHXtH] = P, for all 4, our goal is to show that E} []\;[tHXtH} =
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Et |:St+1Mt+1Xt+1:| = Pt' By the definition of Mt+1 and StJrl, we know that
1 ~ 1 ~
Poo= =B [MnXin] = 230 B [Suna M Ko
LS S | X
o ‘ it+1 18441

= Et - Et

1 ~
- § Sitr1 M1 X
i

= Lk [St+1Mt+1Xt+1:| -
From Lemma 1, we know that L} [MtHXtH} =F, [St+1Mt+1Xt+l]-
Proof of Lemma 3: Equation (3) states that
Ei[Si1Xe1] = Ey[Xia] + Covy (Sia1, Xia1)

Then, we simply note that Cov; (St+17Xt+1) = Cov; (5£5t+175t+1) = Ef [Xt+1] — Ey [Xt+1]

given the definition of f;.

Proof of Proposition 3: We show the proof of Proposition 3 before the proof of Proposition
2 because Proposition 3 is more general. Let ¢ (-) denote the standard normal distribution.

We have that

1
Sty1 = —552515 + Byt
1 1
= D) (€41 — 5t)/ (€t41 — B) + 552+15t+1 (A8)

which implies that

Sy — ¢ ((5t+1 - ﬁt)/ (t41 — 5t)) ' (A9)

¢ (52+15t+1)

Equation (A9) shows that S;.; is equal to the ratio of two normal pdf’s, one centered
at §; and the other centered at 0. Thus, when calculating expectations E; [S;11X41] =

fst+1 0] (é?; +1€t+1) Sii1fi (€141) deyq, the inclusion of S;; means that we change from using
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the objective pdf ¢ (&), ,:41) to the distorted pdf centered at §;. Specifically,
t+15t+

Ey [St+1Xt+1] = / ¢ (524.151?—&—1) Si1ft (5t+1) deqr

Et+1

— / ¢ ((€t+1 — 57:)’ (€t+1 — 5t)) fi (5t+1) e

Et+1

Ey [fe (eeq1 + Br)] -

Given that ﬁt = h;l (E: [Xt+1]>, we know that Et [ft (€t+1 + 50] = E;k [Xt+1].

Proof of Proposition 2: Proposition 2 is a special case of Proposition 3. Let n.1 =
¥ ~12¢,.1 denote the standard normal shocks studied in Proposition 3. We have X, ., =
fi (1) = By [Xia] + El”nm and hy (8) = E; [f; (B+n1)] = B [Xega] + 21/25- This
means h; ' (B} [X;11]) equals ©7Y2 (B} [X;11] — E; [Xi41]). Thus, Ef [Xi1] = B [Sii1 X 41]
for s, = —%ﬁgﬁt + Bins1 and B, = X7V2(E¥ [X41] — B, [X41]). The final step is noting
that this s,y is identical to s, = —%ﬁéﬁﬁt + Blersr with B, = X7 (EF [ X — By [Xiaq]).

Proof of Proposition 4: Given equation (3) and the fact that E; |:St+1Xt+1] = FE; [Xt+1] =
E, [S’tﬂf(tﬂ} , we know that
Covy <St+1, Xt+1) = Cov <St+17Xt+1) .

Thus, Cov, <St+1 — gt+1,Xt+1> = 0. From here, it follows that

B} [Xe] — By [St—‘rlXt-&-l} = ki [(St-i-l - S'1t+1> Xt—&-l}
= L [(Stﬂ - SVt+1> Ut+1]

= Cov, <St+1 - St+1, Ut+1) .

Proof of Lemma /4: By Proposition 2 applied to Xtﬂ, S’tH is a deterministic func-
tion of X, 11 and E [5}“} = 1. With (X,.1,X,1) conditionally normal, u,.; satisfies
E, [utH\X}H] = 0. Hence,

E, [gt+1ut+1i| = L |:Et [§t+1ut+1|Xt+1”

= L [St+1Et [Ut+1|f(t+1“ =0.
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Thus, C’ovt(gtﬂ, uir1) = 0, and the rest of the proof follows from Proposition 4.

Proof of Proposition 5: For exposition, we assume that )A(tH is composed with first two
elements X ;.1 and Xy,y1. The proof can then easily be extended to an arbitrary number
of elements.

1t

Let 1] = Cov | ¢j,, 31 and the projected synthetic lags as z, = 31/2
a4 Q20

Q1014

where |z| = z}2.

It is convenient to collect the lag weights of variable into a infinite vector 7 = (00,01, ---)
with norm || - ||.Similarly, Z = (z0, 21, ...) and |;>| = (|2ol, |21, ...). Then, the R} from re-
gressing the actual bias Ff[X;,41] — Ei[X;141] on the synthetic bias Ef[X; 1] — Ey[X; 1]

is

E1,t—7

Cov | > _00jrEji—r Do $1/2,
€2 t—r
2 _
Ry = :
81,15—7' ~
Var (ZTZO 5J7T€j,t—T) -Var ZT:() 2_1/22{7
Eot—1
<7 T421/2?>2
? Vi )
= PR by serially uncorrelated errors
Var(e;) ?‘ (1Bl
o]
<
= 2 1—12
Var(e;,) 7] B
2 |2 ~
B e 2) R
p— % 2 — ] .
Var(es) i V)

The second line comes after applying the fact that errors are serially autocorrelated. The
third and fourth lines are Cauchy-Schwarz inequalities. Section A.4 extends this result to

the case where the errors are serially correlated by arriving to the same upper bound under
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additional sufficient conditions.

Proof of Proposition 6: The distributions for the three variables are

e _ 2 r
Ttgr = Hr = 50r T 08
o 1 2 s
St41 = Hst — §Us,t + 0s1€41
1
~ 2 m
Myl = Mt — =0m ¢ T Omi€iia
2" +

where (], ,¢51,7%,) are potentially correlated Gaussian shocks. We have that
I = E: [MtHRtH]
= L St+1Mt+1Rt+1]

= B[ Se M By, | R

= E, :St+1Mt+1] Ey [Rf,1] exp (Covr (sea1 + 11, 741)) R
= exp (p + Covy (41 + g1, 7541))
where the last line uses the fact that Ej [Z\thHR{ ] = E, [St+1Mt+1i| Rf = 1. Taking logs
and rearranging shows that
wr = Cou (—st+1 - mt+1>7't€+1)
= F [C’ovt (—St+1 - mt+1ﬂ"§+1)]

= Cov (=841 — Mut1,754) -

Proof of Proposition 7: Again, let ¢ (-) denote the standard normal pdf. The logic of the

proof is virtually identical to the proof of Proposition 3. We have that

1 . 1 det () _ .
St41 = —§B£Etﬁt + Biery1 + B {log (—det (Z;)) + €t (Et L3 1) €t41
1 1 .
= —glog (det (X7)) — 3 (Eer1 = B78) Zi7 (e — 151)

1 1
+§ log (det (Et» + 552+12;15t+1
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which implies that

¢ ((eer1 — 358 B (e — X1 5)
¢ (61157 o) ’

Equation (A10) shows that S;;; is equal to the ratio of two normal pdf’s, one centered

Spat (A10)

at X7, with covariance matrix X} and the other centered at 0 with covariance matrix ;.
Thus, when calculating expectations Fy [S;11X;11] = fstﬂ ) (EQHE;lEHl) Seirfi (Eea1) degyn,
the inclusion of S;;1 means that we change from using the objective pdf ¢ (5; 12 lstH) to

the distorted pdf. Specifically,

E S Xi] = E [ Xi] + / ¢ (€;+1E;15t+1) Str1€e41der41

Et+1

= Ei[Xi] + / ¢ ((5t+1 - E:ﬁt), E:_l (111 — E:ﬁt)) Etr1dEry1

Et41

= B [Xip] + 5B
Given that 515 = Z:_l (.E;k [Xt+1] — Et [Xt+1]), we know that Et [St+1Xt+1] = E: [Xt+1]~ Sim-
ilarly we have that the inclusion of S;;; means that we change from the objective pdf to the

distorted pdf when calculating the covariance,

E; [St+1X£+1Xt+1} = / o (52+1Et_15t+1) St+1th+1Xt+1d5t+1

Et+1

= / o (<5t+1 - Z:Bt)/ EZ‘” (5t+1 - E:ﬁt)) X15/+1Xt+1d€t+1

= (B [Xen] + 5160 (By [Xema] + 27 60)
+/ ¢ ((€t+1 - Z:Bt)/ E?fl (et41 — El‘ﬁt)) (et41 — El‘ﬂt)’ (et11 — X7 B) dera

= (B[ Xepa] + 518) (B [Xep] + 578:) + 57

= E [St+1Xt+1]/ Ei [Sti1Xei1] + 2.

Proof of Lemma 5: Given Ej [MtHRtH} = Ef [Mtﬂ} R,{c =1land Ry |, = RtH/R{, we
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know that

B[ Sua bl B (B —1)] = 0
E[SHlMHlRf (Rfﬂ—l)} — 0
E[RS,] = 1-Cov <St+1Mt+1R{,R§+1).

The final step is simply to expand Cov <St+1]\~4t+1Rf , Ry +1> into the three covariance terms
in the RHS of equation (A7).

Proof of Proposition 8: For exposition, we assume that Xt+1 is composed with first two
elements X ;41 and Xs,41. The proof can then easily be extended to an arbitrary number of

elements. We define the same objects as the proof of Proposition 5. We also define the stan-

. . €Lt & 1t . ~
dardized construction shocks as = 31/2 , the lag-h covariances €2;(h) =
52,t €a¢
Cov(gjs, €ke—n), and the stacked vectors & = (£10,€11, 814, -,62,0,E21, -1 €21, -.) and

? = (ZL(), B1, 1wy Rty vy 22,05 22,15 ~-'ZQ,t--)-
We now solve an optimization problem to find the lag weights that maximize Rjz. This

problem is equivalent to:

. E1t—r
max Corr | > 8j-50-r, »_ 2571/ H st )= 0, 7| >0
?7? =0 =0 €2,t—7
= r%ax Cov <?'?j, ?l?> st. Var (?'?J =1, Var <?l?> =1, ||?|| >0, ||F]>0
5
g - 5T 5 = T T2 ) e -
= max Ty Tjp |8 s.t. ;o =1, s s=11461>0]>0
33 I'i T2
where I';, = [ij (|, 7 |)} is the Toeplitz covariance matrix of the shocks.
7,7 >0

The FOC for || 8 || and || 3| are:
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The solution for this system of equation is 67, = €2;;(0)71/2 25 § = Q;1(0) (le(O)2 + Qj2(0)2> ,

- ~ ~ /
250 = 252(0) (Qj1(0)2 + Qj2(0)2> ,and 05, = zf, = 25, = 0 for all £ > 0. One can check
that the unit variance constraint are straightforwardly satisfied and that the evaluated FOC

bind on 07, 27 o, 25 ¢, and are satisfied for all other 7

1 21 75, by condition (A5).

Thus, the maximum possible value of the RJZ is determined by:

’ 2

€1, - ra1/2 \2
B < Coo | Soe || S| = (5077575)
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C. Details on Data Construction

The Survey of Professional Forecasters is a quarterly survey currently administered by the
Federal Reserve Bank of Philadelphia. The survey elicits forecasts for a host of economic
variables from professional forecasters and reports individual-level forecasts. In each survey,
forecasters are asked to provide point forecasts for the current quarter and for each of the
next four quarters. Variables are sometimes added to the survey following changes in the
macroeconomy. The earliest survey dates back to 1968Q4, which included forecasts for ngdp,
pgdp, cprof, unemp, indprod, housing, and rgdp. A round of significant changes occurred in
the third quarter of 1981, when the NBER added ten more variables to the survey. The new
survey variables included since the 1981Q3 survey are tbill, aaa, rconsum, rnresin, rresino,
rgf, rgsl, rcbi, rexport, and cpi. In our analysis, we use all variables for which we have survey

data since 1981Q3. Note that there is some redundancy in the variables due to the fact the
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Table Al

List of Variables from the Survey of Professional Forecasters
This table lists the 15 Survey of Professional Forecasters variables for which one-year survey forecast data exists since 1981Q3.

Variable Name Variable Description
rgdp Real GDP
rcon Real personal consumption expenditures
cpi CPI inflation rate
unemp Unemployment rate
indp Index of industrial production
thill Three-month Treasury bill rate
aaa Moody’s Aaa corporate bond yield
TNrinY Real nonresidential fixed investment
rresiny Real residential fixed investment
rgf Real federal government consumption and gross investment
rgsl Real state and local government consumption and gross investment
housing Level of housing starts
rche Real net change in private inventories
rexport Real net exports
cprof Level of nominal corporate profits

nominal GDP, real GDP, and the GDP deflator are all forecasted variables. To ensure that
our ability to explain many economic forecasts with a single SBF is not due to redundancy in
the economic variables, we exclude both nominal GDP and the GDP deflator and only keep
real GDP and a single inflation measure (CPI). Table AI reports the resulting 15 variables.

The second source of survey data we use is the Blue Chip Financial Forecasts. The
survey elicits forecasts for economic variables from top analysts from manufacturers, banks,
insurance companies, and brokerage firms. In each survey, forecasters are asked to provide
point forecasts for interest rate variables and quarter-over-quarter growth rate forecasts for
economic variables. Similar to the Survey of Professional Forecasters, the Blue Chip survey
has variables added, and sometimes removed, particularly in the earlier years of the survey.
A round of significant changes occurred in 1988Q1 when a host of interest rates were added
to the survey: 1y, 6m, libor (3-months), 2y, and 10y. Earlier variables available include
the prime rate (prime), the fed funds rate (ffr), munis, aaa, mortgage rate (mortg), among

others. In our analysis, we use all variables for which we have survey data since 1988Q1. We
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Table AII
List of Variables from Blue Chip

This table lists all Blue Chip variables for which one-year survey forecast data exists since 1988Q1 and are not sampled in our
Survey of Professional Forecasts dataset shown in Table AI. We consider survey forecasts for these variables from 1988Q1 to
2022Q2.

Variable Name Variable Description
fr Federal funds rate
libor 3-month Libor (SOFR from 2022:Q1)
om 6-month Treasury bill rate
1y 1-year Treasure bill rate
2y 2-year Treasury note rate
oy 5-year Treasury note rate
10y 10-year Treasury note rate
prime Prime bank rate
mortg Home mortgage rate

exclude from our analysis any variables which were previously available, but subsequently
removed from the survey (for instance munis forecasts are no longer solicited as a part of
the Blue Chip Survey). In order to illustrate that our SBF — which is estimated from data
on the Survey of Professional Forecasters — can explain additional subjective expectations,
we exclude any variables which are also included in the Survey of Professional Forecasters
over our sample. Table AII shows the resulting 9 Blue Chip variables.

We use four-quarter ahead survey forecasts. For interest rate variables and the unem-
ployment rate, we consider the point forecasts made for quarter ¢ +4 at time ¢ when analysts
are filling out the survey. For cpi, we consider the annual forecasted growth by calculating
the geometric mean of forecasted quarterly inflation over the next four quarters. For rgdp,
rcon, indp, rnrinv, rresinv, rgf, rgsl, housing, cprof, we convert point forecasts into implied
growth rates. For example, for rgdp, we compute the forecaster’s point forecast for rgdp;. 4

divided by the initial release of the rgdp;_; available in quarter ¢t. The choice of using the

30We exclude 1-month commercial paper given the lack of available realized data before 1997. We exclude
the 30-year Treasury rate because the survey removed this variable from 2002Q1-2006Q1 and instead asked
for forecasts of “long-term average” Treasury yields. This change not only introduces potential inconsistency
in the forecast term structure but also complicates the identification of an appropriate realized counterpart
for such forecasts.
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first release of the value of rgdp;_; in quarter ¢ ensures we align with the information set of
forecasters as they are filling out the survey. For net exports (rezport) and change in private
inventories (rcbi), which can potentially be zero or negative, we divide the forecasted value
by rgdp;_1 to make the variable stationary.

We use standard sources for realized values of macroeconomic and financial variables.
For US interest rate variables, we use data reported by the Federal Reserve Bank of St.
Louis and the Federal Reserve Board. For the 3-month Libor series, we source from the ICE
Benchmark Administration. For each interest rate variable, the realized value is calculated
as the average value over the quarter that is being forecasted (i.e., it is a quarterly average
rather than the interest rate on the last day of the quarter) to match the fact that survey
participants are asked to forecast the average of the interest rate over that quarter. For
the remaining variables, we use real-time data maintained by the Federal Reserve Bank of
Philadelphia. Specifically, we use the initial release of the realized value of the macroeconomic
variable in £ + 4 made available in quarter ¢t +5. To compute the realized growth rate for the
macroeconomic variable, we divide the ¢ + 4 realized value by the ¢ — 1 value, also released
in quarter t + 5 for the sake of consistency. For example, we calculate the realized growth
as the BEA’s estimate in 2001Q3 for 2001Q2 real GDP divided by the BEA’s estimate in
2001Q3 for 2000Q1 real GDP. This is equivalent to saying that we use the BEA’s estimate
in 2001Q3 for real GDP growth from 2000Q1 to 2001Q2.
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D. Additional Figures and Tables
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Figure A1l. Correlations of synthetic expectations and the Survey of Professional
Forecasters. The figure evaluates the accuracy of the log SBF 3,,1 in generating synthetic expectations
for the survey variables. The log SBF §;11 is constructed using only RGDP growth and the T-Bill rate
biases. The blue bars show the correlation of survey expectations with synthetic expectations for the 15
variables. The red bars show the correlation of the survey biases with the synthetic biases. The dashed lines
show the average values across the 15 variables.
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Figure A2. Correlations of synthetic expectations and Blue Chip expectations.
The figure evaluates the accuracy of the log SBF §,,; in generating synthetic expectations for Blue Chip
variables. The log SBF is constructed using only the RDGP growth and T-Bill rate biases from the Survey
of Professional Forecasters. The blue bars show the correlation of survey expectations with synthetic expec-
tations for the 9 variables. The red bars show the correlation of the survey biases with the synthetic biases.

The dashed lines show the average values across the 9 variables.
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Table AIII
Matching the Blue Chip Forecasts

This table evaluates the ability of each individual synthetic bias to match the survey bias of the 9 variables in Blue Chip.
The table shows the intercept and slope coefficients from regressing Ej [Yj ¢41] — Bt [Yj,t41] on EF [Yj 411] — Et [Yj,141], where
E;* [Yj,t+1] is the synthetic expectation constructed using the log SBF 3;41. The last row shows a joint regression across all
variables. In the joint regression, the survey and synthetic bias for each variable are scaled by the standard deviation of the
survey bias to ensure comparability across variables. The fifth column shows the R? of the regression, and the last column
shows the R? when the slope of the regression b is constrained to be 1. Superscripts indicate significance at the 1% (x*x), 5%
(*x), and 10% (*) level.

Y1 a sey b sep R?  constrained R?
ffr 0.000 (0.001) 1.744** (0.124) 0.737 0.603
libor 0.000 (0.001) 1.819** (0.187) 0.697 0.556
bm 0.000 (0.001) 1.763** (0.136) 0.757 0.615
1y 0.001 (0.001) 1.760** (0.150) 0.732 0.595
2y 0.001 (0.001) 1.712** (0.157) 0.660 0.545
oy 0.002**  (0.001) 1.558*** (0.198) 0.495 0.432
10y 0.003*** (0.001) 1.326*** (0.264) 0.303 0.285
prime -0.001* (0.001) 1.718** (0.117) 0.750 0.619
mortg 0.002 (0.001) 1.480** (0.450) 0.273 0.244
Joint 0.132**  (0.040) 1.665*** (0.062) 0.584 0.491

E.  The behavior of the main biases and the estimated log SBF' over time

The top panel of Figure A4 shows the time series for the gap between statistical and subjec-
tive expectations for RGDP growth and the T-bill rate (E} [X’Hl] —F, [)A(Hl} ). In general,
the gap between statistical and subjective expectations for RGDP growth and the T-bill
rate are weakly correlated (0.27). However, they diverge in the post-Covid period, with
forecasters being pessimistic about the recovery of output (i.e., RGDP growth) and under-
stating interest rate increases. Compared to statistical expectations, subjective expectations
of RGDP growth and the T-bill rate are generally too high leading into recessions.

The bottom panel of the figure shows the realized time series for the estimated log SBF
S¢. We see that 5; drops during most recessions, highlighting that these events are largely
unexpected. Further, we see that s, is highly negative during the post-Covid period. Again,
this highlights that forecasters understated the probability of a rapid economic recovery

coupled with large interest rate increases.
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Figure A3. Comparison between synthetic biases and Blue Chip biases. This figure
shows how well the synthetic bias Ej [Yj,i1] — Bt [Yjs11], constructed using the SBF 4,1, matches the
survey expectation bias E} [Yj ;41] — E¢ [Y ++1] for each of the 9 variables in Blue Chip. The blue time series
show each of the survey biases, and the red time series show the fitted synthetic biases. The sample period
is 1988Q1-2022Q2.

F.  Using alternative variable pairs to estimate the distortion

To estimate the log SBF §,,1, we choose a subset of the variables in Survey of Professional
Forecasters. Specifically, we include two variables in Xt—i—l» RGDP growth and the T-bill rate,
because of their economic significance and because they lie near the centers of the two large
clusters of variables in Figure 1. However, we could consider alternative pairs of variables.
In this section, we consider all possible pairs of variables Xt+1. For each pair of variables,
we estimate the log SBF §,,; that explains the subjective expectations for those two variables
and then evaluate how well the synthetic biases EF [X,1] — E; [X,,1] based on &, explain

the survey biases E} [X;11] — Ey[X41] for the full set of 15 variables. Table AIV shows the
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Figure A4. Biases and estimated log SBF over time. The top figure shows the RGDP
growth and T-bill rate biases E} |:Xt+1i| - E, {X’H_l over the main sample. The bottom figure shows the
log SBF §; estimated from these two biases using equation (13). Note that the sample for §; starts one year
after the sample for E} [)A(H_l} —F,; [Xt+1], as B} {)A(Hl] -k [)A(H_l} are combined with the future shocks
€41 to calculate the realized value for the log SBF. Shaded bars indicate NBER recessions.

10 pairs of variables that deliver the highest average R?. Out of the 210 possible pairs, we
find that only four pairs perform better than RGDP growth and the T-bill rate and that the
differences are quite small, i.e. an average R? of 50.5% instead of 47.4%.

Similar to our main exercise, can compare the results of each pair of variables to the

regression
Ef [ Xen] — By [Xen] = a+T (Ef [Xt-i-l} — E; [Xt—f—l]) + N (A11)

This specification represents the best linear prediction one can achieve using each pair of
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Table AIV

Synthetic expectations using an alternative pair of variables.

This table evaluates the ability of synthetic expectations to explain forecasts from the Survey of Professional Forecasters. For
each row, a set of synthetic expectations is constructed using a log SBF §;11 formed from a different pair of variables. The
table shows the top ten pairs of variables ranked according to the average R? of the regression of the survey biases on the
synthetic biases E7 [X; 1+1] — Et [Xj,t+1], shown in Column 1. For comparison, Column 2 shows the average R? of the best
linear predictor of E} [X; t11] — E¢ [Xj,t4+1] using the individual biases coming from equation (18) and Columns 3 and 4 show
the explanatory power of the first two principal components of the 15 biases E} [X; t11] — E¢ [Xj,¢4+1]. Columns 5 and 6 show
the pair of variables used for each alternative log SBF §:41.

Rank E; [ Xi11] — By [ Xi41] Variables

~

E; [ X¢41] — By [X¢41] Best Linear Predictor PC-1 PC-2

1 50.5 57.6 43.2 64.5 indp  rresinv
2 48.6 51.9 43.2  64.5 indp  rexport
3 47.8 50.5 43.2 64.5 rcon rcbi

4 47.5 49.8 43.2  64.5 rgdp cpi

5 47.4 52.7 43.2 64.5 rgdp  tbill
6 46.9 54.2 43.2  64.5 indp  housing
7 46.3 49.1 43.2  64.5 rgdp rchi

8 46.2 53.4 43.2 64.5 rcon mdp
9 46.0 50.4 43.2  64.5 indp rgsl
10 45.9 48.8 43.2  64.5 cpi ndp

variables, and thus, provides an upper bound of how much one can explain given these two
variables. Column 2 shows the R? of those linear predictions and shows that the average R?
produced by the estimated $;1, is quite close to these upper bounds. Columns 3 and 4 show
the general upper bound based on principal components analysis (PCA). For any of the ten
variable pairs, the log SBF performs better than the first principal component of these series

and captures roughly three fourths of the maximum possible R?, 64.5%.

G. Treatment of anomaly returns

For the three sets of anomalies (Fama and French, 2015; Daniel, Hirshleifer, and Sun, 2020;
Chen and Zimmermann, 2022) analyzed in Section IV, we obtain the monthly returns from
the data libraries provided publicly by each of the authors. Using geometric averages, we

annualize the risk-free rate provided by French and the excess returns for each anomaly.
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Table AV

Chen-Zimmerman Anomalies and Categories.
This table shows the broader set of Chen and Zimmermann (2022) anomalies which are available over the same sample as our
log SBF $441, i.e., 1981 to 2022. Column 1 shows the anomaly categories in Chen and Zimmermann (2022). Column 2 shows
the number of anomaly returns assigned to those categories. Column 3 shows the reassignment of anomalies which belong to
categories with three or fewer anomaly returns. This results in a total of 176 anomalies assigned to 22 categories.

(CZ2022 Category

# Anomalies

Assigned Category

# Anomalies

Accruals 4 Accruals 4
Asset Composition 5 Asset Composition 5
Risk 6 Risk 8
Cash Flow Risk 1 =
Default Risk 1 =
Composite Accounting 4 Composite Accounting 4
Earnings Forecast ) Earnings Forecast 9
Earnings Event 1 =
Earnings Growth 3 =
External Financing 12 External Financing 12
Investment Alt 9 Investment Alt 9
Investment 8 Investment 11
Investment Growth 3 =
Lead Lag 4 Lead Lag 4
Leverage 4 Leverage 4
Liquidity 8 Liquidity 8
Long Term Reversal 6 Long Term Reversal 6
Momentum 9 Momentum 9
Profitability 8 Profitability 9
Profitability Alt 1 =
R&D 5 R&D 5
Sales Growth 6 Sales Growth 6
Short Sale Constraints 5 Short Sale Constraints 5
Size 1 Size 1
Valuation 17 Valuation 17
Volatility ) Volatility )
Volume 4 Volume 4
Other 24 Other 31
Info Proxy 1 =
Ownership 2 =
Payout Indicator 3 =
Short Term Reversal 1 =
Total 176 Total 176
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Given that these data represent excess level returns and our theory deals with R,/ RZ
(i.e., the exponential of excess log returns), we measure Ry, as the return on a strategy that
invests $1 in the risk-free bond, $1 in the long end of the anomaly and -$1 in the short end
of the anomaly. This gives Ry 1 = RI + R om.iv1, Where R . is the excess level return
directly taken from the authors, and ensures that our measured Ry ; = Ri1/ Rf is simply
L+ R a1/ B

For the DHS behavioral anomalies, we only have returns data up to 2018 and therefore
evaluate the performance of our SBF over this sample (1981-2018). For the Chen-Zimmerman
anomalies, we consider all anomalies with returns over the sample of our SBF (1981-2022).
This results in 176 anomalies assigned to 32 broader anomaly categories by the authors’
original classification. Given that our goal is to calculate the average log (E [Rjt +1D and
the average C'ov (—§t+1, TS +1) across all anomalies j in each category, we reassign anomalies
which belong to groups with three or fewer anomalies.?! For example, Cash Flow Risk and
Default Risk, which both contain one anomaly, are grouped together with the Risk category.
Table AV shows the categories of anomalies in the original paper as well as the number of

anomalies available for our sample which fall under each category. Column 3 of Table AV

shows the assigned category based on conceptual similarity.

H. Using log-normal distributions rather than normal distributions

For our results, we assume that the variables covered in the Survey of Professional Fore-
casters and the Blue Chip survey are normally distributed. However, our approach also
can be fruitfully applied when variables are log-normally distributed, meaning that future
researchers have the freedom to choose whichever assumption is best-suited for their set-
ting. Overall, we find almost identical results if we assume the variables are log-normally
distributed. To highlight this, Figure A5 shows the SBF estimated in this section assuming

log-normality (red) is nearly identical to the SBF estimated assuming normality from our

31We set the threshold at 3 or fewer anomalies as 5 of the 32 categories have exactly 4 anomalies and we
want to limit the number of categories that are being reassigned.
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Figure A5. Estimated SBF. This figure compares the estimated SBF when we assume that the
Survey of Professional Forecasters variables are objectively normally distributed and when we assume they
are objectively log-normally distributed. The blue solid line shows the estimated SBF assuming normality,

which is the SBF used in the paper. The red dashed line shows the estimated SBF assuming log-normality.

main analysis (blue). Below, we detail the process for creating synthetic expectations for
log-normally distributed variables.

Of the 15 Survey of Professional Forecasters variables, most are growth rates or interest
rates, meaning that they are already well-suited for a log-normal distribution. For net
exports (rezport) and change in private inventories (rcbi), which can potentially be zero
or negative, we divide the forecasted value by rgdp;_; and add 1 to make the variable
stationary and suitable to the log-normal assumptions. For unemployment, we consider 1
minus the unemployment rate, so that the value is closer to one and less impacted by the
log transformation.

Given the 15 log-normally distributed variables X, 1, we calculate statistical expectations

using an autoregressive model for z;1 = log (X;11),
Ty = a+ B ( z; log (B} [Xi41]) > + €1 (Al12)

B [Xip] = exp (Et [Te11] + %diag (Z)) (A13)
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where ¥ is the estimated covariance matrix of the shocks ;1. We include the log of the
survey expectations in equation (A12) to ensure that our statistical expectations contain any
information known to the forecasters. We choose RGDP growth and the T-bill rate as the
two variables in our subset Xt+1 C X;,1 and estimate the log SBF that perfectly matches

the subjective expectations Ef [)A(Hl},
. Loes | 2
St41 = —5@/2@ + Bt (A14)

where £;,1 is the objective shocks to Zy,1, 3 is the covariance matrix of €111, and Bt =
5! <log (EZ‘ |:Xt+1]) — log <Et [)A(HlD) following Proposition 3. Then, we can estimate
synthetic expectations based on §,,1 for the remaining variables as

A

Et* [Xt+1] = F [gt+1Xt+1i|

= Et [Xt+1] exp (COU (Et+1, ét+1) Bt) . (A15)

We can also extend our results to the Blue Chip data. Let Y, represent the nine financial
variables in the Blue Chip data. We calculate synthetic expectations Ef [Y; 4] solely using
realized data and the Survey of Professional Forecasters survey data. First, we estimate an

autoregressive model for y, 11 = log (Yi41),
Yer1 = ay+ By ( vy log (B [Xi11]) ) t &yt (A16)

BVl = exp (Bl + 35, ) (A17)

where ¥, is the estimated covariance matrix of €, ,11. To ensure our statistical expectations
contain as much current information as possible, we include the current value x; and the
survey expectations log (E; [X;11]) for the Survey of Professional Forecasters variables in
equation (A16). Then, using our log SBF §,,; estimated from the Survey of Professional

Forecasters RGDP growth and T-bill rate expectations, we can calculate our synthetic ex-



pectations for Y;,; as

E; [V

= E [gt+1Yt+1]

= Ei[Yig]exp (COU (€41, Er41) 5t) :

7

(A18)

Importantly, the construction of Ef [Y;11] does not require any survey expectations of Yy .

I Upper bound from correlated shocks across variables

Table AVI

Test of joint biases
This table compares the fit of the synthetic bias with the upper bound that could be derived from correlated shocks alone.
Columns 1 and 4 shows each of the 22 variables in the Survey of Professional Forecasters and Blue Chip excluding RGDP and
T-bill, which are used to construct the synthetic biases. Columns 2 and 5 show the R? obtained from regressing each bias

Ef(Zj1+1)— Ev [Zj,141] on its synthetic bias E¥ [Z; ¢+1] — Et [Zj,++1]. Column 5 shows the upper bound derived in Proposition
5.

Ziti1 R?>  Upper bound Zit1 R?>  Upper bound
reon, 0.75 0.78 rexport 0.29 0.10
cpi 0.16 0.07 cprof 0.36 0.33

unemp 0.38 0.71 ffr 0.74 0.63

mdp 0.76 0.81 libor 0.70 0.59

aaa 0.25 0.32 6m 0.76 0.65
TNTrinY 0.62 0.59 1y 0.73 0.61
rTesiny 0.32 0.10 2y 0.66 0.53

rgf 0.35 0.04 by 0.50 0.38

rgsl 0.18 0.21 10y 0.30 0.28

housing 0.16 0.13 prime 0.75 0.62
rcbi 0.53 0.45 mortg 0.27 0.26




