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Abstract

We show that the first-price auction format—when enriched by restrictions on bid
space—is sufficiently flexible to maximize in equilibrium any standard objective, in-
cluding revenue, welfare, bidder surplus, equality, and their combinations. As this
first-price principle is valid with no distributional assumptions needed, it enables us
to analyze problems that are beyond the scope of Myersonian mechanism design. The
resulting optimal auctions might take surprising forms: not only reserve prices but also
bid caps or gaps in bid space might be optimal. We provide tools for the optimal design

of these auctions and establish conditions for equilibrium existence and uniqueness.

1 Introduction

First-price auctions have been used to sell objects throughout history. While it is known that
the first-price auction format can be used to achieve objectives such as welfare maximization
or revenue maximization, the auctioneer may be interested in other types of objectives.
For instance, the U.S. Federal Trade Commission often cites the consumer welfare as the

objective: “The true measure of our contribution to the economy is our progress in increasing
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consumer welfare overall. Thus, well-conceived competition and consumer protection policies
should take complementary paths to the goal of promoting consumer welfare.”!

An auctioneer with distributional concerns may want to allocate the objects in a way
that minimizes inequality among bidders with different valuations, or that balances inequality
measures and revenue maximization. In this paper, we show that a large class of objectives,
that includes the above examples, can be maximized using first-price auctions. This insight
relies on the objective satisfying three standard conditions: anonymity, convexity of the
maximand set, and quasi-convexity.

We study a general class of first-price auctions, in which bidders submit bids from a set
of allowed bids, the object is allocated to one of the highest bidders, the winning bidder pays
their bid, and the remaining bidders pay nothing. As we focus on designer’s objectives that
are symmetric across bidders, without loss of generality we can focus on symmetric auctions
in which each bidder chooses from the same bid space and has the same chance of winning
the object in tie-breaking (see Lemma 2).

Allowing arbitrary restrictions on the set of allowed bids, makes the class of first-price
auctions we study surprisingly flexible: our main theorem shows that any objective from
the large class we analyze can be achieved through a first-price auction (Theorem 1). A
reserve price is an example of bid space restriction that has been known to be sometimes
optimal (Myerson, 1981). As we show, however, optimality may sometimes require other
restrictions on bid spaces, for instance, a maximum price that can be binding. Such more
general restrictions are used in practice. For example, Tsuchiura City, Japan, introduced
in 2009 a minimum price rule disqualifying bids below the estimated contract price in their
procurement auctions.? One of our examples shows that such a cap is optimal if the city’s
objective is to balance revenue and equality concerns.

We prove this “first-price principle” in a general private values environment in which
multiple buyers participate in a mechanism to win an object. Our environment incorporates,
as a special case, the standard environment of Myerson (1981) and relaxes two of Myerson’s
assumptions. We allow type distributions with arbitrary supports, finite or infinite, rather
than requiring the support to be an interval; we also allow arbitrary type distributions, not
only Lebesgue continuous ones. By showing that restricting attention to first-price auctions
is sufficient for optimal design, we make all such design problems tractable.

We complement our main theorem by developing new tools that facilitate the design of

first-price auctions so they maximize objectives that take into account revenues, welfare, and

!'Timothy J. Muris, then Chairman of the Federal Trade Commission in a speech at the Aspen Summit.
2A minimum price in procurement auction corresponds, of course, to a maximum price in a regular
auction. For more details on Tsuchiura City auctions, see Chassang and Ortner (2019).



inequality. We illustrate the usefulness of these tools and of our main theorem by finding
optimal mechanisms for a variety of problems that are beyond the scope of prior work.
For instance, we show that when equity considerations are taken into account, the optimal
bid space might have not only a reserve price but also an exogenous upper bound on the
allowable bids. In particular, the optimal bid space might contain just one bid level: even
with a continuum of bidder types a simple mechanism posting merely one price might be
optimal. Furthermore, optimality might require the bid space to consist of disjoint intervals
of bids.

As, to the best of knowledge, our work is the first to study first price auctions with general
bid spaces, we also provide additional results to facilitate the analysis of such auctions.?
In particular, we prove the existence of monotonic pure-strategy equilibria for first-price
auctions with compact bid spaces (Theorem 2). We show that any equilibrium in a first-
price auction with any bid space remains an equilibrium if we replace the bid space by its
closure (Theorem 3). Thus, from a design perspective, the compactness assumption in our
existence results is without loss of generality when the type space is bounded. We also show
that many objectives can be optimized using interval bid spaces—with both a reserve and a
price cap—provided the bidder value distribution is atomless and convex (Theorem 5).

Applying the design tools we develop, we show how to optimize auctions for a mixture of
revenue and equality objectives, and show that bidding caps are then optimal. The above-
mentioned practice of setting bidding caps in Japanese municipal auctions might hence be
optimal; note that equalizing bidders’ chances might have pro-competitive effect on down-
stream markets. First price auctions with bid caps were earlier studied by Chassang and
Ortner (2019), but they left open the question of why they are used.

As another application of our design tools, we show how to design optimal mechanisms
when value distributions have atoms (mass points). We find that gaps in the bid space
are an optimal response to such mass points. The mass points arise naturally in auction
environments when, responding to regulatory environments that differ for firms of various
sizes, firms bunch at or near the threshold sizes. For instance, in France, additional ad-
ministrative obligations apply once firms exceed 50 employees, creating bunching at the
threshold as observed by Garicano, Lelarge, and Van Reenen (2016). Jones and Lee (2018)

document that firms in Korea bunch in order to maintain small and medium sized business

3Specific restrictions have been studied, primarily the above-mentioned reserve prices (cf. Riley and
Samuelson (1981) and Myerson (1981)). Of relevance is also the literature on bidders’ budget constraints
in first-price auctions (cf. Che and Gale (1998b), Pai and Vohra (2014)); the main differences with this
literature are that we allow the designer to optimize the bid space and that we allow a much broader class
of bid spaces. Beyond first-price auctions, there is also work on bid caps in all pay auctions, cf. Che and
Gale (1998a), Szech (2015), Olszewski and Siegel (2019).



status and Harju, Matikka, and Rauhanen (2016) find analogous bunching behavior among
Finnish firms. Other size thresholds include the regulation in the US Affordable Care Act
that mandates employee health insurance for firms with more than 50 employees.

Such mass points break the smoothness assumptions underlying the traditional Myerso-
nian approach, and our focus on the first-price principle is at the source of our ability to relax
these smoothness assumptions. Unlike Myerson-inspired mechanism design analysis, we do
not use incentive compatibility to pin the slope of participants’ mappings from types to pay-
offs. It is this slope determination that restricts Myersonian analysis to Lebesgue continuous
distributions with interval supports; a restriction our approach avoids. Instead, we derive our
first-price principle in the following two steps. In the first step we restrict attention to finite
type spaces, and show that any symmetric mechanism is a lottery over first-price auctions.
This auxiliary result can be restated as showing that the set of extreme points of symmetric
mechanisms consists of first-price auctions.* Methodologically, our analysis of discrete type
spaces blends in a new way Border’s (1991) analysis of interim allocations and Manelli and
Vincent (2010) and Gershkov, Goeree, Kushnir, Moldovanu, and Shi’s (2013) approach to
Bayesian-Dominant-strategy allocation equivalence. In the second step, we treat the general
type space as a limit case of discrete type spaces and show that the validity of the first-price
principle for discrete type spaces is preserved in the limit.

By allowing a wide range of objective functions, our results are related to Condorelli
(2013)—who shows that maximizing a linear combination of assignment values leads to
assigning objects to agents with the highest willingness to pay—and Akbarpour, Dworczak,
and Kominers (2020)—who shows that mechanisms maximizing a linear combination of
revenue and welfare combine assortative (or market) allocation and uniform randomization.
The objectives they study are standard in our sense and hence our results are applicable to
their environment. Ours and their work rely on different methodologies: we establish our
results for finite type spaces (in which revenue equivalence might fail) and extend them to
more general type spaces, while the above three papers study continuum type spaces (in
which revenue equivalence obtains).

Combining our results with those of Akbarpour and Li (2020) study of credibility, we
show any standard objective that is a function of revenue and social welfare, and that is
increasing in each argument, can be credibly achieved because it can be achieved through a
first-price auction.

Our focus on the first-price auction is not merely driven by the canonical nature of this

mechanism class: we show that an analogue of our main result fails if we replace first-

4In finite type spaces, we additionally show that lotteries over first-price auctions can achieve any anony-
mous objective whose maximand set is convex.



price auctions with second-price auctions (Section 7). Indeed, we show that there are value
distributions in which even such standard objectives as revenue maximization cannot be
achieved by second-price auctions.

Our results contribute to the literature by creating new tools for mechanism design. Most
related is Kleiner, Moldovanu, and Strack (2021). They focus on characterizing optimal
allocations while we characterize the space of optimal mechanisms. While they maintain the
standard Myersonian continuity and support assumptions, our approach allows us to relax
them. In an earlier work, Carbajal and Ely (2013) maintain the continuity assumptions but
relax the indivisibility assumption. Nikzad (2022) maintains the continuity assumptions but
allows additional constraints on the design problem.

Earlier works on mechanism design with discrete type spaces focused on extending the
slope determination behind revenue equivalence, and explored its limits, e.g. Lovejoy (2006).
Beyond discrete spaces, the limits of the Myersonian slope approach were explored in Che
and Gale (2006), who showed that first-price auctions yield higher expected revenue when
risk-averse bidders are financially constrained, and in Chung and Olszewski (2007) and Hey-
denreich et al. (2009), who characterized the restrictions on the primitives that lead to the
revenue equivalence result. Our work takes a different approach by allowing more restrictions
on the bid space and shows that the first-price format dominates the second-price auction
format in terms of the expected revenue.

Our existence result complements other papers establishing existence of equilibria in
first-price auctions with unconstrained (or constrained only by the reserve price) bid spaces,
e.g. Riley and Samuelson (1981). Reny (2011) proved existence of monotonic pure-strategy
equilibria in finite Bayesian games. His result implies the existence of equilibria in our
auctions when the bid space is finite and we build on his existence result to prove existence

for more general bid spaces.’

2 An Example

Myerson (1981) famously showed that in regular environments he studied first-price auctions

with reserve prices maximize revenue as well as efficiency (when the reserve price is non-

®Our extension builds on the ideas from Reny and Zamir (2004), who show the existence of monotone
pure-strategy equilibria in first-price auctions for standard bid space with bidder-specific reserve prices. They
first show the existence of an equilibrium when the bid space is finite and there is no tie-breaking which
can be ensured by not allowing common bids for different bidders, and show that the limit of the equilibria
via approximation is still an equilibrium. We also employ a limit argument made more complex because we
need to take care of exogenous tie-breaking. For other related limit arguments, see, e.g., Woodward (2016).
Olszewski, Reny, and Siegel (2023) analyze the existence of equilibria in first-price auctions with asymmetric
type distributions.



binding). His analysis hinged on the value distribution being Lebesgue absolutely continuous
distribution with interval support; his analysis also hinged on the specific objectives he
studied. For other objectives or for general value distributions, first price auctions with an
optimal reserve price may fail to maximize revenue, and neither are they sufficient to achieve

many other objectives. The following simple example illustrates this.

Example 1. Consider two bidders whose types are drawn independently from the identical
distribution 7 on two-type support © = {0.,0y} where 0y > 60, > 0. Let p, = 7 (0;) and
pg =1 —pr = m(0g) and suppose that py, is sufficiently close to 1.5

Can an individually rational first price auction with a reserve price maximize revenue? It
is enough to consider two potential reserves: 6y and 6. The former reserve gives us expected
revenue (1 — p?)0g. With the latter reserve, in any equilibrium low type bidders randomize

between bidding 0, and staying out, while high type bidders mix on [0, py0y + pr0r] with
pr(b—0r)

P;(GH*Lb)'
expected payoff of low-type bidders is 0 while the expected payoff of high-type bidders is

a cumulative distribution function Fpy (b) = In effect, in any equilibrium, the
pr (0g — 0r). In the revenue-maximizing equilibrium within this auction, low-type bidders
always bid 0, with probability 1 and the allocation is efficient: the item is always allocated,
and whenever a high type bidder is present, a high type bidder wins with probability 1. The
seller’s revenue is p30; + (1 — p?)0y — 2pr, (0 — 01). For sufficiently high py,, the expected
revenue generated by reserve 6, is higher than the expected revenue generated by reserve
Oy .

This expected revenue can be increased by restricting the bid space to B = {0,by},
where by = %. There is an equilibrium in which low-type bidders bid #; and high-
type bidders bid by . Indeed, low-type bidders are indifferent between staying out and bidding
01, (both yield 0 payoff). High-type bidders are indifferent between bidding 6, and bidding
bg. The resulting allocation is again efficient, while bidders’ expected payoffs are lower than
in the reserve-only auction and strictly lower for high types. Hence expected revenue is

higher than with interval bid space and equals

P10 + (1 — pi) by = prOr + puly.

This is the maximum revenue among mechanisms that serve both types, because the indi-
vidual rationality of high-type bidders and the incentive compatibility of high-type bidders
are binding, minimizing the expected payoffs.

First price auctions with reserve prices are also not sufficient for many other designer’s

objectives. For instance, if the designer’s goal is to equalize the interim probability of winning

E.g., we can assume that pr0r > 2 (0 — 0r).



of bidders, then a simple mechanism in which each bidder wins with probability % is optimal
and strictly dominates any first price auction with reserve. At the same time, this simple
mechanism can be implemented as a first price auction with just one allowed bid level 0.
In this two-type example, it is straightforward to see that the first-price auction with
properly pre-selected bid levels can maximize revenue or equality. One might think that this
optimality of the first-price auctions is driven by specifics of the objectives or by there being
two types.” In the sequel we show that this optimality obtains for any distribution of types
and for a large class of standard objectives including revenue maximization and equality.
We furthermore leverage this first-price principle to offer solutions to mechanism design
problems beyond the reach of the Myersonian approach (or other approaches we discuss in

Introduction).

3 Model: Environment, Auctions, and Objectives

We study an environment with n bidders indexed by i € N = {1,...,n}. Each bidder i has
a utility type 6; € ©, where © is a compact subset of R. The discrete case © = {#*,..., 07}
will play a special role in our proofs. We assume that each bidder’s types are distributed
according to distribution 7 and that the types are distributed i.i.d. across bidders. For
brevity we also use 7 to refer to the joint distribution, and—in the discrete case—we write
(01, ....6,) = 7 (01)..7(0,). In the discrete case, we index the types so that 6" is strictly
increasing in t.8

We study the allocation of a single indivisible object. A pure outcome is a vector x =
(a,p), where a = (ay,...,a,) € {0,1}" such that ), a; = 1 is the vector of allocations
and p = (p1,...,pn) € []_9, oo)n is the vector of payments for some p < 0. When a; = 1 and
p; = p we say that agent i receives the object and pays p. The space of pure outcomes is X;
an individual outcome (a;, p;) of each bidder ¢ belongs to X = {0,1} x R. An outcome is

a lottery over pure outcomes. Given a pure outcome x = (a, p), the utility of each bidder

"For instance, as we show in Appendix A, in this example we could also maximize revenue using a second-
price auction with two bid levels, but this optimality of the second-price auction does not extend beyond
two types as we show in an example we discuss in Section 7.

8The strict monotonicity is without loss because we can represent the case in which two types are equal,
6" = 6'*!, by using only one of these types and assigning it probability 7 (6%) + 7 (§***) for each profile of
other bidders’ types. In order to simplify exposition, when using superscripts (and subscripts) as above, we
suppose that 7 (9T+1) and similar undefined expressions take value 0. In the main text, we study symmetric
environments and anonymous objectives; for an extension to asymmetric environments and objectives, see
Appendix D.

9Bounding the possible payments from below means that we bound the potential subsidies the seller might
offer to the bidders. We may interpret this bound as reflecting the seller participation or budget constraint.
Imposing this is not needed when we study objectives such as revenue-maximization but it simplifies our
analysis of more general objectives by ensuring the space of relevant mechanisms is compact.



1 is given by a;0; — p;; an agent utility from an outcome is the resulting expected utility. A
social rule is a mapping from the space of type profiles © to the space of outcomes A(X).
Given a social rule y and a profile of types 6, we denote by q(f) = (¢:(6))icy the vector
of resulting expected allocations and by t(0) = (¢;(6)) the vector of resulting expected
payments, where each ¢;(0) is the expected value of a; and t;(0) is the expected value of p;
calculated using the lottery y(0).

Bidders participate in a mechanism that allocates a single indivisible object and collects
payments from the bidders. A mechanism is given by the space of actions and a choice
function. The space of actions is a set B; because auctions play a focal role in our analysis,
we refer to actions b € B as bids and to B as the bid space. For simplicity of exposition, we
assume that B is the same for all bidders; an assumption that is without loss of generality
in the study of Bayesian Nash equilibria.!® A outcome function f maps any profile of
bids b = (b;),.y into a lottery f(b) over the space of pure outcomes X; using standard
notation, we denote the space of the resulting lotteries by A(X). We say that a mechanism
generates a social rule if there exists an equilibrium o = (oy,...,0,) such that f(o(0)) is
the same as the social rule applied to type profile 6 for every profile in ©™. A social rule is
implementable if there exists a mechanism that generates it and is individually rational
if the expected utility of each bidder is weakly greater than 0 at any outcome in the range
of the social rule.

A canonical example of a mechanism is a direct mechanism, in which B = ©. We
are also interested in auctions. An auction is a mechanism such that B C [0,00) U {@,r"}
and @ € B. Submitting a bid @ means that the bidder has opted out of the auction; by
assuming that @ € B, we guarantee that bidders’ participation constraints are satisfied. We
interpret bid 7~ as strictly lower than inf(BNR).! The outcome function f has the following
property: if at least one bidder submits a bid in R U {r~}, then exactly one bidder i, whose
bid is weakly higher than all other submitted real bids, receives allocation a; = 1, and all
other bidders j # i receive allocation a; = 0. Otherwise, if all bidders have opted out, then
a; = 0 for all bidders. A first-price auction is an auction such that p; = b; if b; € R and
a; = 1; p; = inf(BNR) if b; = T and a; = 1; and p; = 0 otherwise, for any x € supp(f(b))

and b € B". A second-price auction is an auction such that, for any x € supp(f(b)) and

10Tndeed, for any equilibrium in any mechanism in which each agent i has a space B;, we can find an
outcome function and strategies in a mechanism in which each agent has the space B = U;enB; such that
the strategies are in equilibrium and the mechanism with action spaces all being B implements the same
mapping from types to outcomes as the original mechanism with action spaces B;.

Tn the first-price and second-price auctions described next, bidding r~ allows the bidder to win only if
no bidders submit bids from R; if the bidder wins, the winner pays inf(8NR). We introduce this low bid to
allow equilibria in which, by bidding r—, some bidders communicate their indifference between winning and
losing at price inf(B NR) .



for any b € B", if a; = 1 then

) inf(BNR) if no bidder j # i submitted a bid in R
" | max{b;|j € N—{i} and b; € R} if some bidder j # i submitted a bid in R

and if a; = 0 then p; = 0. Note that inf (B NR) is usually called the reserve price. Note
also that in both first-price and second-price auction, we allow the design of the bid space
that goes beyond imposing a reserve price; in examples below, we show that this additional
degree of design freedom is necessary to achieve standard objectives. We also study the
broader classes of auctions, the first-price auction with subsidy and the second-price
auction with subsidy in which there is a fixed s > 0 such that all prices p; are decreased
by s. Thus s is a subsidy granted to all bidders, regardless of who wins and the bid profile.

Fix a social rule y = (y1,...,yn). Each bidder ¢ with a type 6; can compute the in-
terim expected outcome (Q;,T;) by Ze_iee_i yi(0;,0_;)7(0;,0_;) and we say that Q; is
the interim expected allocation and 7; is the interim expected payment. We call
Q = (Qi);cy the interim allocation rule and T = (T;),_y the interim payment rule.
We call (Q,T) a reduced-form of y and we also say that a mechanism (B, f) implements
a reduced-form mechanism (Q,T) if it generates a social rule y such that (Q,T) is a re-
duced form of y. Whenever we refer to a reduced-form mechanism, we always assume that
there exists a mechanism (B, f) that implements it. We then say that an interim allocation
rule Q is feasible if there exists a reduced form mechanism (Q, T) and, a priori, we allow
interim allocation rules that are not necessarily feasible. A reduced form mechanism (Q, T)
is incentive compatible if Q;(0)0 — T;(0) > Q;(A)0 — T;(9) for all i € N and 6,0 € ©;
notice that the incentive compatibility requires that agents are willing to report their true
types to the reduced form mechanism; in this sense the reduced from mechanism is a direct
reduced form mechanism. A reduced form mechanism (Q,T) is individually rational if
Qi(0)0 —T;(0) > 0 for all i € N and 0,z € ©. An interim allocation rule Q is symmetric if
Qi(0) = Q;(0) for all i, j € N and 0 € ©. A reduced form mechanism (Q, T) is symmetric
if Q is symmetric and 7;(0) = T;(0) for all i, j € N and # € ©. A social rule y is called sym-
metric if y;(0) = y;(7/(0)) for all 4 and @, where 7' is the transposition that interchanges
the first and i-th coordinates of 6.

3.1 Objectives

The goal of the allocation is to maximize an objective such as welfare maximization, revenue
maximization or inequality minimization. Given the distribution of types 7, an objective

U, is a mapping from the set of feasible, incentive compatible, and individually rational



mechanisms (Q, 7) to R. We say that a mechanism maximizes the objective if it is feasible,
individually rational, incentive compatible, and there is no other mechanism in (Q,7) that
maps to a higher value. We say that an objective is standard if, for any feasible, incentive
compatible, and individually rational (Q, T), (Q1, T1), and (Qz, T3), the following properties
are satisfied:!?

(i) Anonymity: If (Q, T) maximizes the objective then so does 771 o (Q,T) o 7 for any
bijection 7: N — N.

(ii) Convexity of the maximand set: If (Q;,T;) and (Qz, T2) maximize the objective
then so does 3(Qy, Ty) + 5(Q2, T2).

(iii) Quasi-convexity: For any symmetric (Q1, T1) and (Q2, Ta), if A(Q1, T1)+(1 — A) (Qq, T2)
maximizes the objective for some A\ € (0, 1), then either (Q,T;) or (Qg, T2) (or both) are
feasible, incentive-compatible, and maximize the objective.

(iv) Continuity: the mapping from (7, Q,T) to U, (Q,T) is continuous in topology of
pointwise convergence on (Q, T) and Prokhorov topology on .13

The expected welfare and revenue maximization are standard in the above sense. The
class of standard objectives also includes the seller’s expected profit-maximization for any
cost function of the seller, as well as linear combinations of expected welfare, revenue, and
profits.

Downstream consumer welfare is also standard provided the mapping from auction out-
comes to the induced downstream consumer welfare is anonymous and satisfies mild regular-
ity assumptions. Other examples of standard objectives include maximizing or minimizing
the sum of payoffs of all bidders or of bidders of a specific type or the probability of that
bidders with intermediate values win. Maximizing the weighted sum of payments, where
weights depend on the bidders’ types, is also a standard objective. In contrast, maximizing
the variance of payments is an example of an objective that, in general, is not standard in
the above sense because it violates our condition (ii).

Many objectives minimizing inequality are also standard. Among them is the mini-

12See Bergson (1938) and Samuelson (1956) for the convexity assumptions; see May (1952), Sen (1970),
and Pycia (2019) for anonymity. Because of upper semicontinuity, property (ii) implies that if y; and ys
maximize the objective then so does Ay;+ (1 — ) yo for any A € [0,1]. In the main text, we study symmetric
environments and anonymous objectives; for an extension to asymmetric environments and objectives, see
Appendix D.

13The continuity assumption plays a role in our analysis of general type spaces; in the special case of finite
O, this assumption however can be completely relaxed. A sequence of functions (fy),y converges to f in
topology of pointwise convergence if and only if (fy), oy converges to f pointwise; a special case of product
topology. Prokhorov topology is given by the Prokhorov metric, which measures distances between Borel
probability measures on a metric space: Prokhorove metric between two probability measure p and v on
a metric space (M,d) is inf{e > 0| p(A) <v(A%) +¢ and v (A4) < u(A%) + ¢ for all measurable A C M},
where A°* = {x € M | Jy € A,d(z,y) <e}. For more on pointwise convergence, product topology, and
Prokhorov metric see, e.g., Folland (1984) and Billingsley (1999).
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mization of the Gini coefficient with respect to any strictly positive measure of individual

outcomes, x;:
2ij Jo Jo i (0) = x; (0")| dr (0) d (6")
>oi Joxi(B)dm(6) ’

for instance, x; can be equal to allocation @;, or transfer T;, or the resulting utility U; (0) =

0Q; (0) — T; (0) of bidder i, or any convex combination of these variables of interest. This
follows from Lemma 1—that we discuss below—because incentive compatibility ensures that
all these parameters (and their convex combinations) are monotonic in type . Similarly,

the minimization of Gini mean difference
S [ [ lei)~a @l dr @)dn )
7 JeJe

is a standard objective, as is the minimization of the Palma ratio

2 f{ee@w(e)zky} x; (0) dm (6)
> f{eeew(e)g,@} x; (0) dm (0)

where 0 < f <1 —7 < 1and F is the cumulative distribution function of .

The above claims build on the fact that linear combinations of standard and convex
objectives are standard, as are are ratios of such objectives when the denominator is affine
and bounded away from zero. We define these concepts as follows: An objective U, is convex
if

Ur(N@QYTH + (1= N)(QY,TY) < AUL(QL,TH + (1 = NUA(Q', T
for all A € [0,1]. An objective is affine in symmetric (Q,7T) if U, (aQ +b,aT +b) =
aU, (Q,T) + b for all (a,b) € R?. An objective is strictly positive if it always takes strictly
positive values.

The following then obtains:

Lemma 1. I[f U} and U? are standard and convex then so is any linear combination AU} +
)\QU,? with nonnegative coefficients A1, Ao > 0 is standard and convex.

Let T' be a compact set endowed with probability measure X\. If Ul are standard and
convez for all T € T then [, UZdX(T) is also standard and convex.

If U, is standard and convexr while V. is standard, strictly positive, and affine in sym-

metric (Q,T), then [é—: is standard.

This lemma is of independent interest as policy makers are often interested in multiple
objectives. The proof of this lemma and the proofs of all other results not proven directly

in the main text are in Appendix B.
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4 The First-Price Principle

Our main result shows that first-price auctions and identical subsidies for all bidders are
sufficient to implement all standard objectives. Furthermore, the subsidies are not needed if

the objective U, is weakly increasing in revenue in the following sense: for every ¢ > 0 we
have U (Q, (11 +¢,.... T, +¢)) > U, (Q, (T1,....Ty)).

Theorem 1. [First-Price Principle] For any standard objective, there exists a bid space
B and subsidy s > 0 such that the objective is maximized in a pure-strateqy equilibrium in
the first-price auction with bid space B and subsidy s. Furthermore, if the objective is weakly
increasing in revenue, then s = 0 is an optimal subsidy, and hence the objective is maximized

n a pure-strateqy equilibrium of the first-price auction.

An analogous argument shows that if the designer is constraint to non-wasteful allocations—
that is allocations satisfying > . E [Qi(f)] = 1—then an analogue of Theorem 1 holds:
there exists a first-price auction with subsidy that achieves the objective; furthermore, in this
case the minimum bid allowed is weakly below the minimum of support of bidders’ values.*

This result implies that, for standard objectives, the allocation is weakly assortative and
it is uniformly random on intervals of types that submit the same bid. Let (I, <) be any
linearly ordered index set (it may be finite, countable, or uncountable). A family {©;};cs is
a monotone partition of © if:

1. (Partition) They are pairwise disjoint and (J,.; ©; = ©.

2. (Monotonicity) For all i < j and all z € ©;, y € ©, we have z < y.

Corollary 1. For all standard objectives, there is a monotone partition of the type space
such that the object is assigned to a bidder with type in the highest element of the partition
and all such bidders have the same probability of obtaining the object.

In particular, this corollary contains the main insight of Akbarpour, Dworczak, and

Kominers (2020).' In addition, it implies similar insights for other standard objectives, e.g.

14While the theorem is formulated as partial implementation theorem (that is it only asserts that there
exists an equilibrium that maximizes the objective), Theorem 4 below shows an essential uniqueness of
equilibria in first-price auctions with interval bid spaces and Theorem 5, shows that in many natural problems
we cam maximize the objective using an interval bid space. Taken together, Theorems 1, 4, and 5 give us
an essential full implementation.

15Qur Theorem 1 is independent of their work and the proof approaches in ours and their work are
completely different.
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for the maximization of any linear combination of revenue, welfare, and the ex-ante Gini
mean difference.

A key step in our analysis shows that any symmetric reduced-form mechanism that
is incentive compatible and individually rational is equivalent to a lottery over first-price
auctions with subsidy, and any such lottery is a symmetric mechanism (we exchangeably
use the terms a lottery over mechanisms and a convex combination of the mechanisms).
Establishing the decomposition insight for symmetric mechanism is sufficient to prove our

opening claim because of the following:
Lemma 2. Any standard objective is maximized by a symmetric mechanism.

Proof. Given a standard objective, suppose that a social rule y maximizes the objective
and let 7 be the space of all permutations over the set of agents, V. Then the social rule
ﬁ > 7T 10 (Q,T) o7 is symmetric, individually rational, and implementable. Further-
more, the properties (i) and (ii) of standard objectives ensure that this symmetric social rule

maximizes the objective. O

This lemma extends the straightforward observation that efficient allocations are sym-
metric and the classical insight that the allocations of revenue-maximizing mechanisms are
symmetric as well. The latter insight goes back to Myerson (1981).16

We prove Theorem 1 by first establishing it for discrete type spaces and then showing
that the result remains true for general type space by approximating them as a limit of finite
type spaces.!”

For finite type spaces, we show

Lemma 3. For finite type spaces and any anonymous objective with a convexr mazximand set,
there is a lottery over first-price auctions with subsidy such that this objective is maximized

i a pure strateqy equilibrium of the resulting mechanism.

Note that the designer maximizing a standard objective can without loss restrict the bid
space to bids chosen on equilibrium path. Furthermore, when a pure strategy equilibrium
is played by bidders with finite type space, then a finite subset of bid space is used on
equilibrium path. Hence, if we restrict attention to pure strategy equilibria then considering

finite bid spaces is sufficient.!®

16Cf. also Lovejoy (2006) and Bergemann and Pesendorfer (2007) who proved this symmetry insight in
the context of discrete type spaces.

17This approach to mechanism design is unusual but has some forerunners; see Reny (1999), Reny (2011),
and Woodward (2016) for the analysis of discontinuous games.

18 A similar claim for mixed strategies relies on a more subtle argument and we omit it because we are not
relying on it.
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We prove Lemma 3 for finite type spaces, building on Lemma 4 below. Lemma 3 and
Lemma 2 imply Theorem 1 for finite type spaces together with quasi-convexity. We then
extend Theorem 1 from finite to any general type spaces by approximating them as a limit
of finite type spaces. We use Helly’s selection theorem to select a convergent sequence of
first-price auctions with subsidy that are optimal a sequence of finite type spaces and we
show that the limit of this sequence is a first-price auction with subsidy that maximizes the

objective.

Lemma 4. If the type space is finite, then every symmetric, incentive compatible, and indi-

vidually rational mechanism is a lottery over equilibria of first-price auctions with subsidy.

In the theorem we could replace a lottery over equilibria with an equilibrium of the
mechanism in which bidders submit bids conditional on the first-price auction drawn by the
lottery.® We prove Lemma 4 in Section A.1 by analyzing the extreme points in the space
of all mechanisms (see Lemma 7); in particular we show there that first-price auctions are
such extreme points (Lemma 6).

The need to allow the special bid r~ is illustrated by the following:

Example 2. (Necessity of allowing the special bid ~). Suppose there are two bidders with
types drawn independently from © = {1,2} with the probability (1) = 7(2) = 0.5. The

objective is to maximize

2 2
U (QT)=> > 0Q;(0)m(0) —ad |T;(2) - T (1),
i=1 €O i=1
where o > 0 measures how much the designer cares about minimizing the expected payment
gap between two different types of bidders. In this example, we need the special bid level
r~ if we care sufficiently about surplus (o < .25) as then having bidder of type 2 bid 1
and bidder of type 1 bid »~ maximizes surplus while minimizing the differences of expected

payments of the two types.?’

19Quch conditioning is natural in our analysis because we allow different bid spaces in different first-price
auctions.

20Indeed, by 1, it is without loss to restrict attention to first-price auctions (with possible subsidies).
Moreover, any universal subsidy adds the same amount to T;(2) and T;(1), so the gap |T;(2) — T3(1)| is
unchanged; hence we may set subsidies to zero without loss. Let by and by, to denote the equilibrium bid
in a first-price auction for § = 2 and § = 1, respectively. There are four possible cases: (i) by > by, > &,
(ii) by = by > @, (ili) by > by = &, and (iv) by = by = @. In cases (i) and (iii), type-2 bidders win
the auction against type-1 bidders and win half the time against type-2. Hence, the interim allocation for

type-2 bidders is Q(2) = % + % X % = %. In case (i), type-1 bidders win the auction only against type-1
bidders via tie-breaking, hence Q(1) = 1 x 3 = 1. In case (iii), type-1 bidders never win, hence Q(1) = 0.

In case (i), both types only win via tie-breaking, hence Q(2) = Q(1) = 1. The interim transfers are bids
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5 Tools to Design and Analyze First Price Auctions

The existence of equilibria in First Price Auctions with standard bid space (which allow all
bids above some reserve price) have been proven by Riley and Samuelson (1981). Does their
existence remain valid for other bid spaces? For atomless type spaces we show that equilibria
exist provided bid spaces are compact; as the spaces of relevant bids is always bounded,
compactness can be weakened to the bid space being topologically closed. Furthermore, it
is easy to construct examples in which the pure-strategy equilibrium fails to exist because

the bid space is not topologically closed.

Theorem 2. [Existence] If the type distribution is atomless and the bid space is compact,
then there exists a monotone pure-strateqy symmetric equilibrium in the first-price auction

with subsidy.

If the bid space is finite, the existence of a pure-strategy symmetric equilibrium is implied
by Reny (2011). Appendix B provides the proof for the general case in which we use the
equilibria in the finite bid spaces to construct an equilibrium for the general case.?!

The theorem restricts attention to compact bid spaces and the following complementary
lemma shows that this restriction is without loss of generality in our analysis of First Price

Auctions.??

Theorem 3. [Sufficiency of Closed Bid Spaces| If a symmetric profile of bidding
strategies b(+) is an equilibrium in the First Price Auction with bid space B, then the same

profile of strategies is in equilibrium in the First Price Auction with bid space cl(B), where
cl(B) is the closure of B.

multiplied by interim allocations. Therefore, we have (i) Uy (bg,br) = (% X 2+ % X 1) —2a (%bH — ibL)7 (ii)
Ur (bu,br) = (% X 2+ % X 1)7 and (iil) Uy (bg,br) = (% X 2) — 2« (%bH) . In particular, properly designed
case (i) dominates case (iii); furthermore properly designed case (ii) dominates case (iv). Thus, choosing
bids of type (iii) or (iv) cannot be optimal. Within (i), Ux (bg,br) = (3 x 2+ 1 x 1) — 2a (3by — 1br) is
maximized when by = 1 and b, = r~ with B = {&,r, 1}, where by, is interpreted as 1 when by, is the
highest bid with the maximized value U, = 1.75 — a. Furthermore, by = 1 and by = r~ constitutes an
equilibrium because type-1 bidders are indifferent between two bid levels as their net payoffs are 0 in either
case and type-2 bidders strictly prefer bidding by to win more often. Importantly, this outcome cannot be
replicated without the special bid . Within case (ii), it is optimal to have both bidder types bid 1, which
yields U, = 1.5. In effect, the optimal bid space is B = {&,r~,1} for a < 0.25 and B = {&, 1} for a > 0.25.

21 Allowing for risk aversion and interdependent values, Reny and Zamir (2004) established the existence
of a monotone pure-strategy equilibrium for finite bid spaces, and by taking the limit, for standard bid space
with bidder-specific reserve prices. Our proof also starts with finite bid spaces. By taking the limit we then
extend the existence to all compact bid spaces; in the process we need to handle the additional subtleties
arising from the nonconvexity of the bid space. Cf. also the classic analysis of Riley and Samuelson (1981)
who characterized the pure-strategy symmetric equilibrium under standard bid space with a reserve price,
as well as Woodward’s (2016) limit analysis of finite type spaces in multi-unit auctions.

22The converse does not necessarily hold true. One can construct a type space and bid space B for which
there is a symmetric pure-strategy equilibrium in the First Price Auction with bid space ¢l(B) and in this
equilibrium some types submit bids from cl(B) — B.
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Our next tool-result characterizes equilibria of first-price auctions with interval bid spaces

and establishes their essential uniqueness.

Theorem 4. [Essential Uniqueness] Suppose 0,0,b,b € R, § < 0, b < b, and bidders’
types are drawn from an atomless distribution with interval support [0,0] and the bid space
is {@} U [l_), B}. Then, all bidder types are indifferent between all equilibria.

Furthermore, there are three cases:

*Jfb < 0, then all bidders bidding b is an equilibrium.

*IfO<b<f— ffF (96)"_1 dx, then the equation:

6-1] /6 ’ Py -tar () = 1 Fd)] /b ’ Py 1ds

has a unique solution in [b, ), and the symmetric profile of bidding strategies (b;)ien given

by

%) if 0 <b

0 n—lx ~

bi(0) =0 - Lr " ipp <6<,
b if 0> 8,

forms an equilibrium.
*Ifb >0 — fbéF (35)"_1 dx, then the symmetric profile of bidding strategies (b;)ien given
by )
Z if 0 < b,

0 Inflx
0L >0

bi(e) =

forms an equilibrium.

A weaker version of this result was established by Chassang and Ortner (2019), who
restricted attention to symmetric equilibria in pure strategies; in contrast, our approach
does not rely on any symmetry assumptions and allows for mixed strategies. In particular,
we prove that substantially mixed or asymmetric equilibria cannot exist; only mixing and
asymmetries that do not break the essential uniqueness established in the theorem are pos-
sible. These mentioned asymmetries are rather limited. In the first case of the theorem,
asymmetries can only arise if b = ; then type @ is indifferent between bidding @ and b and
can adapt any mixed strategy with support {@ , l_)}. In the second case, bidders with type b
are indifferent between bidding b and & (staying out) and bidders with type 6 are indifferent

T A~ 0 T n—1 T
between bidding b and bidding 6 — Jp Fla)" de

i) As the type distribution is atomless, there
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exist asymmetric equilibria where bidders at the cutoff type behave differently and these
cutoff types can mix over the relevant two bid levels. In all these equilibria, all bidder types
have the same expected utility (and the expected revenue and welfare are also the same).

Furthermore, in any pure strategy equilibrium, the bids of types 6 # b,0 are given by b;(6)
. R O p(z)—lds —
above while b;(b) € {@,b} and b;(6) € {6 — %, b}. An analogous situation arises in
the third case of the theorem, in which only bids of bidders of type b are not fully determined
and can take either of the two values in {@, b} or any lottery over them.
Our final tool-result shows that interval bid spaces are sufficient for many distributions

and objectives:

Theorem 5. [Sufficient Condition for Interval Bid Spaces| Suppose bidders type are
drawn from a convex and atomless c.d.f. with interval support [0,0]. Let B be a compact bid
space and b(+) be a symmetric equilibrium bid strateqy for bid space B. Let B= {2} U [7‘, B} ,
where r = inf {0 | b(0) > @} and b = b(0), and b(-) be the symmetric equilibrium bid strategy
for bid space B. Then, the revenue in equilibrium b is weakly higher than in equilibrium b.
Furthermore, for any bidder type 0, the expected utility in equilibrium l;() s weakly lower

than the expected utility in equilibrium b(-).

6 Applications

6.1 Balancing Revenue and Equality

Minimum bid price systems, in which the winning bid is selected among the lowest bids
above a certain threshold, are a common feature of public works procurement in Japan and
are widely implemented in competitive auctions (Ministry of Land, Infrastructure, Transport
and Tourism, 2005). Such rules have also been studied by Chassang and Ortner (2019). Our
Theorem 1 illustrates that such a restriction is optimal if the policy objective is to balance
the equality and the revenue.?® While the Japanese case arises in a procurement setting, the
following example is cast in the standard auction environment—where a seller offers an item
for sale—because our model is formulated in the language of regular auctions rather than
procurement auctions.

Suppose there are two bidders and each bidder has a type independently drawn from
a uniform distribution on [0,1]. A designer balances maximizing expected revenue and
minimizing the disparities in the winning probabilities among different types: the objective

U is a mix of the expected revenue and the total variation in the winning probability among

230ur analysis of optimality of capped bid spaces has no counterpart in Chassang and Ortner (2019).
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different types, U,(Q,T) = E, [T1(01) + T2(62)] — oTV (Q1(01) + Q2(62)). The parameter
a > 0 indicates the level of concern about the differences in winning probabilities; the
higher o is the more designer is focused on minimizing these disparities and less on revenue.
Because the total variation of a monotonic function is simply the difference between its
values at the start and end points, this objective is standard and even linear on the set
of incentive-compatible mechanisms. Thus, the objective can be expressed as U (Q,T) =
2E, [T (6)] — 20 [Q(1) — Q(0)].

Theorem 1 and Theorem 3 enables us to find an optimal mechanism by looking only at
first-price auctions with a compact bid space and without subsidy. Furthermore, the bid
r~ is not necessary because the type distribution is atomless; including »~ cannot increase
revenue but only may reduce the interim allocation for type 0. Consider an arbitrary compact
bid space B with a bidding strategy b (f) that forms an equilibrium. Let 4 () and Q (6)
denote the payoff and the interim allocation for type 6 in the equilibrium formed by 5(9)
For expositional simplicity, we assume that l;() is right-continuous. This is without loss
because the value distribution is atomless. Let r = min {I; 0) |b(0) > @} and b = b(1). The

minimum exists because b is right-continuous. In finding the optimal bid space, we analyze
the improvement from B and b (A) by considering three cases: Q (0) =0, Q (0) € (0, 1), and
Q) =1

Case 1. Suppose that Q (0) = 0. We show that B = {@} U [7,b] with the equilibrium
b(-) characterized by Theorem 4 achieves a weakly higher objective value. Let u (f) and
Q(0) denote the payoff and the interim allocation for type 6 in the equilibrium formed by
b(0). Because b(r) = r and b(r) = r, we have a(r) = u(r) = 0. Because a uniform
distribution is both convex and concave, by Lemma 18 (provided in Appendix B), we must
have u(1) = @(1). Because u(1) = Q(1)(1—0b) and (1) = Q(1)(1—"0), we have Q(1) = Q(1).
Because Q(1) — Q(0) = Q(1) — Q(0), the only possible difference between equilibria b (-) and
I;() lies in the expected revenue. By Theorem 5, the bid space B with the equilibrium in
b(-) revenue dominates the bid space B with the equilibrium in b (-).

Case 2. Suppose that 0 < Q(O) < % That is, there is a positive mass of bidder
types that bid 0 and there is a positive mass of bidders that bid higher than 0. Let r* =

min {b (0)|l; (0) > O}. The minimum exists because b is right-continuous and it is bounded

away from O: b must jump from 0 to a strictly positive bid due to the tie-breaking at the 0
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bid. Then, B = {@,0} U [%, B} with the equilibrium

0 ifg<rt
b(0) = {10 ifrt <0<
booife >

dominates B and b for the following reasons; because the cutoff type bidders must be indif-
ferent between two bids level, and Q(0) = Q(0), we have a(rt) = u(rt). Hence, by Lemma
18, we have again Q(l) = @Q(1). Furthermore, by considering an auction with a uniform type
distribution on [rT, 1], we conclude that the expected revenue is weakly higher in b (-) than
inb(-).

Case 3. Suppose that Q(O) = % In this case, the item is allocated at random regardless
of the type and the value of the objective is 0. This can be achieved by setting B = {&, 0}
with the equilibrium b(#) = 0 for all 6.

Combining the three cases, it is sufficient to consider the following three bid spaces;

- B={a}uU b,
- B={2,0}U [rb],
- B={2,0}.

Theorem 4 then implies the following:  given the bid space B = {@&}U [7", l_)} , the bidding

strategy in the essentially unique equilibrium take the form

%) ifg <,
b(0) = Q30+ 4r? ifr<g< i,

7 : b—r2

b if o> b=

The expected equilibrium value of of U for bid space [r, 1_7] is then

If B={2,0}U[r,b], the symmetric equilibrium can take two different forms depending on

whether » < b or r = b. For r < b, then bidders with type # = 2r are indifferent between
bidding 0 and r, and the equilibrium bid takes the form
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0 ifd<2r
b(0) = 59 1f2r<9<i-

b 1f9>

@‘ |

B

If 7 = b, then bidders with type 6 = r— are indifferent between bidding 0 and r, thus the

equilibrium bid takes the form

0 iff <&
by =4

r ifo>-">—

—
|
Y

If B={@,0}, then the value of the objective is 0.
The expected equilibrium value of V for bid space {0} U [r, b] is then

—§7‘3+3(1b3+b< %)—a(ﬁ—%) if0<r<b
V(b,r) = r(l—(%f)—a if0<r=50.

0 if0=r=2>5

To solve for the optimal mechanism, the designer hence needs to maximize max[U (b, 1), V (b, )]

over reserve price r and bid cap b. The solution for this maximization problem is:

) 9 \/>
B=q{0} or {0.5} ifa=0.25-

{0} if o > 0.25

[05 i q if o < 0.25

The detailed steps to find the analytical solution is in the appendix. Figure 1 illustrates
the solution to this maximization problem for varying values of a. The solution thus shows
that the reserve price does not depend on the relative weight o put on equity considerations
vis-a-vis revenue maximization as long « (the weight put on equity) is low enough. The
bid cap is decreasing in « over this range. For a above critical value a* = 0.25, the equity
considerations become primary and optimal mechanism takes the form of a lottery with no

price charged.

6.2 Type Distribution With an Atom

Atoms (mass points) in type distributions arise naturally in auction environments. For
instance, under the US Affordable Care Act, firms with more than 50 employees face penalties

if they do not offer health care insurance. In France, additional administrative obligations
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Plot of the reserve price and the cap on bid
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Figure 1: Example 1

apply once firms exceed 50 employees, creating bunching at the threshold, see Garicano,
Lelarge, and Van Reenen (2016). Similarly, Jones and Lee (2018) documents that firms in
Korea bunch in order to maintain small and medium sized business status. Harju, Matikka,
and Rauhanen (2016) find analogous bunching behavior among Finnish firms. In auction
contexts, bidders may also share a common outside option, leading to a positive probability
mass at a particular point.

Such mass points break the smoothness assumptions underlying the traditional Myer-
sonian approach. Our approach addresses this lacunae in mechanism design methodology:
the first-price principle implies that properly designed first-price auction is optimal. We
now illustrate the use of our tool results to construct optimal auctions in environments with
atoms, where as the below example illustrates optimality may require introducing gaps in
the bid space.

Suppose that there are two bidders. Each bidder’s type is either 0.5 with a probability
p < 1 or is drawn from a uniform distribution on [0, 1] with the remaining probability 1 — p,

independently. The designer’s goal is to maximize total surplus.?* This objective can be

24Were revenue maximization the designer’s goal, the optimal bid space would be B = [%, 1] for all atom
probabilities p. The reason is that in this example the atom is at the optimal reserve price of the standard
case with p = 0. If the atom is at value a < .5 then the optimal solution has bid space either [1,1]
or [a,1] depending on the values of a and p. If the atom is at value a > .5 then the optimal bid space
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achieved by a first-price auction with the bid space B = {Hp } U ( iﬁ—ii,% In the

first-price auction with the bid space B, the symmetric equlhbrlum bidding strategy is

10 ifg < 3,
b(0) = % 1f9—%

p+(1—p)6? 1
2ra-py 10>

The verification that this profile of strategies in in equilibrium is in Appendix B.

6.3 Application: Credible Implementation

We now study that how the auctioneer can use a first-price auction to achieve his goal credibly
in the sense of Akbarpour and Li (2020). Mapping their terminology to our study of auctions,
we say that an observation of bidder i is (a;, p;), where, as above, p; is the payment of bidder
i and a; = 1 iff bidder 7 wins, and it equals 0 otherwise. Given an allocation rule (a, p) and
equilibrium o, another allocation rule (&, p) is safe if for every bidder i and every profile of
types (01, ...,0,), the observation of ¢ given the allocation (a,p) (o (61, ...,0,)) is the same
as the observation of this bidder given allocation (a, p) (0' (Hi, 0" Z)) for some profile of types
¢’ , of bidders other than i. A first-price auction is credible if no safe allocation rule may
strictly improve the objective at some profile of types. Akbarpour and Li (2020) showed
that first-price auctions are credible when the objective is a weighted average of revenue and

welfare; using their approach, one can easily show a slightly more general result.

Lemma 5. Suppose that © C R, and the bidders play a symmetric equilibrium. If the
auctioneer maximizes a standard objective that is a function of expected revenue and expected
total surplus, and that is weakly increasing in each argument, then any first-price auctions
with B such that BNR C R, s credible.

The restriction on the bid space BN R C R, matters as in its absence there might be a

safe deviation in which the item is not allocated when all bids are negative.

Proof. Denote the winner by ¢ in a given first-price auction by following the rule. Suppose
that the auctioneer safely deviate by picking a winner j, which is not 7. If b; = b;, then the
revenue does not change. Moreover, expected total surplus does not change either because
the auctioneer cannot distinguish the types among the bidders who bid the same. If b; < b;,

then the revenue decreases and the social welfare does not increase because any symmetric

resembles the efficient bid space we construct below and, in general, take the form [.5,limg_,,_ b(6)) U

{b(a)} U (limg—,q+ b(0), b(1)].
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Figure 2: Example 2

(a) The equilibrium bidding strategy when p = 0.6
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(b) The efficient bid space for varying values of probability p of an atom at .5. Bids strictly above .5
are never used and could be removed from the bid space.
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equilibrium is weakly monotonic. The safe deviation that does not sell the item does not

increase the objective because we assume that the types and real bids are non-negative. [J
This lemma and our Theorem 1 imply the following:

Theorem 6. If© C R, and an auctioneer maximizes a standard objective that is a function
of revenue and social welfare, and that is increasing in each argument, then this objective

can be credibly achieved by a first-price auction.

Proof. By Theorem 1, a first-price auction maximizes the objective. We can restrict our
attention to the environment where © € R, and only positive bids are allowed without loss
of generality, because if a bidder with a negative type wins the item and pays a negative bid,
the auctioneer can increase the objective by setting min BNR to be non-negative. Then, the

corollary is a direct implication of Lemma 5. O]

While one may conjecture that the above results can extend to any standard objectives,
the following example shows that some standard objectives cannot be credibly achieved by

a first-price auction.

Example 3. There are two bidders and each bidder’s type is drawn from © = {0, 1} uni-
formly at random. While the auctioneer prefers more revenue, he also has a distributional
concern. Specifically, the objective of the auctioneer is Egy[t1(0) + t2(6)] if a bidder whose
type is 1 wins the item, and Ey[t1(0) + t2(0)] + A if a bidder whose type is 0 wins the item.
One can verify that, with A € [1,2], the first-price auction with B = {0, %} maximizes the
objective with the symmetric equilibrium 5(0) = 0 and b(1) = % and the resulting utility of
the auctioneer is %—i— %;A- Suppose that auctioneer deviates by allocating the item to a bidder
that submitted 0 as bid when the other bidder submitted % as bid. Note that this deviation
is safe and the resulting utility is % + Z%A, which is strictly greater than % + iA for A > %

7 Discussion

We showed that the first price auctions are sufficient in optimal design. Might other auction
pricing rules mechanisms be as universal? E.g. can we use second price auctions in lieu of
first price auctions in Theorem 17 Can we implement the outcomes of first-price auctions in
second-price auctions?

As the following example illustrates, this is in general not possible. In particular, the
above proposition shows that with two types, an analogue of revenue equivalence obtains:
same objectives can be achieved by first-price and second-price auctions. With three or

more types, the revenue equivalence fails and the following example shows that revenue in a
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first-price auction might be strictly higher the maximum revenue achievable in second-price

auctions.

Example 4. There are 2 bidders, and each bidder i’s value 6; is drawn independently

following

1 with probability 0.6,
0; =< 11/4 with probability 0.2,
13/2  with probability 0.2.

Suppose B = {1,2,3}. Then,

1 if g =1,
o) =42 ifh; =11/4,
3 if 6, = 13/2.

is a symmetric equilibrium of the first-price auction with designed bids B and

0.6 ifo=1,
Q(F) =208 iff=11/4,
1 if6=13/2.

The expected payment for each type is
T(1)=0.3, T(11/4) = 1.4, T(13/2) = 2.7.

Now, consider a second-price auction to check if there exists a bids space such that the
second-price auction achieves the same outcome with. Since the lowest type’s utility in the
equilibrium is 0, the equilibrium bid level for the lowest type is 1. The expected payment
for the middle type when he places a bid level by, is

1 1
bL><().6+bM><§><0.2:0.6+be§><0.2.

In order to match the expected payment under the second-price auction to the one in the

first-price auction, by, must solve the equation

1
O.6—|—bM><§><O.2:1.4
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and by, = 8. We cannot separate the highest type from the middle type because a bidder

with the value 13/2 will never place a bid above 8 in a symmetric equilibrium.

The idea behind of the example is as follows. In a second price auction with designed
bids, the designer can make a bidder to place a bid above their own value. If the bidder
pays the second highest bid with very high probability, the level of bid the bidder is willing
to place can be arbitrarily large. In the example, the bid level that a middle type is willing
to place is even above the value of the high type and it makes the high type deviates from
the bid he was supposed to submit.
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A Other Results

A.1 Extreme Points of Reduced Form Direct Mechanisms with

Finite Type Spaces

In this auxiliary section, we restrict attention to finite type spaces and study the set of
incentive compatible symmetric social rules and show that each extreme point of the set
takes a special form that can be generated by a first-price auction. A natural class of
symmetric social rule allocates the object with equal probabilities to the bidders with the
highest type. We generalize this class by allowing equal-probability allocation to bidders in
a highest interval of types (which call the highest tier) as follows. We say that a social rule
y is monotonic hierarchical if there exists a monotone partition ©1, ©,, ..., 0; of © such

that for all 7, one of the following two possibilities obtains:

q(@ 0 )_ m, 1f9266)j and Gi/g_iufzjﬂ@l for all iIEN,
i\Y1ly---Un) —

0, otherwise,
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or

q,(gl 0 ) _ \{n:@,}e@ﬁp if j >2, 6; € @j and 0 & UZ]:j+1@l for all i’ € N,

0, otherwise.

The former possibility encompasses social rules that always allocate the object, while the
latter possibility encompasses social rules in which the object is unallocated if no bidder’s
type is above a certain threshold. The popular implementation of the latter social rules is

via a reserve price. More generally, in the appendix, we prove the following:

Lemma 6. Any individually rational, incentive compatible, and monotonic hierarchical

mechanism s a first-price auction with a subsidy.

This lemma, together with the decomposition result we state next, allows us to prove the

key results of Section 4.

Lemma 7. Any symmetric, feasible, incentive compatible, and individually rational interim

allocation is a convexr combination of monotonic hierarchical interim allocations.

In particular, this lemma implies that if an interim allocation () is an extreme point
of the space of symmetric, feasible, incentive compatible, and individually rational interim
allocation, then () is monotonic hierarchical. Lemma 7 extends an insight of Manelli and
Vincent (2010), who studied continuous type spaces. We establish this theorem as immediate
consequence of the following two lemmas, proven in the appendix. In proving the first
lemma—but not the second—we are able to leverage the approach that Manelli and Vincent
(2010) employed in their analysis.?®

In order to prove Lemma 7, we study the space, denoted by Q of non-decreasing mappings
from © to [0, 1], where each mapping also satisfies the condition in 13. The first lemma
shows that any extreme point of the space is an interim expected allocation of a monotonic

hierarchical social rule.

Lemma 8. The following three conditions are equivalent:

(i) Q is an extreme point of the set Q of non-decreasing interim single-agent allocations

such that (Q, ..., Q) is feasible.

ZEarlier developments of Manelli and Vincent’s structure theorem, most notably Gershkov et al. (2013),
analyzed discrete type spaces, but their approach was different from ours; in particular, they did not char-
acterize incentive-compatible mechanisms in terms of convex combinations of simpler classes of rules, and
neither Lemma 8 nor Lemma 9 has a counterpart in their analysis.
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(ii) There is a monotonic hierarchical rule 'y such that (Q,...,Q) € Q™ is an interim allo-

cation rule of y.

(iii) The coarsest monotone partition {©1,...,0;} of © that is adapted to Q) satisfies

o7 w(O)]" — X0 w(O))]"

n(0,) , forj=2,...,J, (1)

Q(O;) =

T @1 n—1
Q(01) =0 or # (2)
n
This characterization of extreme points implies that, in our environment, any symmetric
interim allocation rule is a convex combination of interim allocation rules of hierarchical
social rules. To extend this insight to mechanisms, that is allocation rules and payment

rules, we use Farkas Alternative to prove the following decomposition lemma. 26

Lemma 9. (Decomposition Lemma) Consider a mechanism (Q,T) = ((Q1,T1), ..., (Qn, 1))
that is incentive compatible and individually rational. Suppose that, for some functions
Q¥ : © — [0,1] and weights oy > 0 with Yk, ay, = 1, we have

K
Q; = Z&ka for alli € N.
k=1

Then the following are equivalent:

(i) For every i, Q} (0),...QK (0) are non-decreasing in 6.

(it) There exist transfers T}, ..., T/ such that each pair (QF,TF) is incentive compatible,

individually rational, and
K
T; (0) = Z arTF (0)  for all types 6 and all i.
k=1

A.2 Two-Type Equivalence Between First-price and Second-price

Auctions

4 relied on there being three types. With two types only, as in Example 1, second-price

auctions are also sufficient to implement many objectives. This is implied by the following

26This lemma has no direct counterpart in Manelli and Vincent (2010), who focus on allocations. As
they observe, in the continuous environment they study, the payment functions can be reconstructed, up
to a constant, from incentive compatibility conditions. In our discrete environment such a recovery is not
possible. When K = 1, this lemma reduces to a finite-type version of the standard insight that monotonicity
of allocation is necessary and sufficient for implementability, cf. Lemma 12. The decomposition part of this
lemma, when K > 1, is new.
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Proposition 1. Any expected allocation and payment in a pure symmetric equilibrium in a

first-price auction can be implemented by a second-price auctions if |©| < 2.

Proof. Suppose that © = {0,0y} and 0y > 0. Denote the probability that a bidder has a
type 0y by m. Given a symmetric equilibrium in the first-price auction, denote the expected
allocation and the expected payment for a bidder with type 6 by Q(#) and T'(f). Note that
QOn) > Q01). If QL) = Q(0x)=0, define B = {b,0}, where b is any number strictly
greater than . Then, the only equilibrium strategy in the second-price auction with B is

to choose (). If Q(A;) = 0 and Q(fy) > 0, define B = {b,0}, where b = ggzg% Then, it is a

symmetric equilibrium that the bidders with the higher type choose b and the bidders with

the lower type choose 0. If Q(fy) = Q(0)>0, define B = {b,0}, where b = chEzf,g Then, it

is a symmetric equilibrium that all the bidders choose b. Suppose that Q(0g) > Q(6) > 0.
Define B = {by, by, 0}, where by, = 5233 and by = ggzg;:gz:gg%@g and consider a strategy
where the bidders with the lower type chooses by, and the bidders with the higher type choose
by. We show that (i) by is well-defined, (ii)by > by, and (iii) it is an equilibrium that the
bidders with the lower type choose by, and the bidders with the higher type choose by.

(i) Note that Q(0rr) = X217 7 (", )™ (1=m)" ="t = 3024 o () (L=
(1 —m)" " and Q(0r) = =5 (1 — m)™"'. Therefore, Q(0) > (n — 1)Q(01).
(11) Note that [Q(QH) - (77, — 1)@(6L)] * bL + (n — 1)T(9L) = Q(@H)T(QL)/Q(QL) < T(HH),

which implies b;, < by.

(iii) It is trivial that the expected payment of a low-type bidder in the given strategy in
the second-price auction is 7'(6;). For a bidder with the type 6y ,he pays bronly when all
the other bidders have the lower type. Therefore, the expected payment of a bidder with
the higher type is (1 — 7)" o + (Q(0g) — (1 — )" by = T(0g). Because the expected
winning probability and the expected payment for each type in the suggested strategy in the
second-price auction coincide with the ones in the first-price auction, the suggested strategy

is indeed an equilibrium strategy. O]

B Proofs

B.1 Proofs of Results in Section 3

Proof of Lemma 1

Proof. 1t is straightforward that any linear combination of standard and convex objectives
with nonnegative coefficients is standard and convex; similarly for any integral over such

objectives (where convexity is needed to check condition (ii)).
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It remains to show that the ratio of U, and V, is standard under the assumptions of
the lemma. The ratio satisfies condition (i) as soon as when U, and V, do. Condition (ii)
additionally relies on affinity of V. To check condition (iii) note that the convexity of U,
and affinity of V. imply:

Ur (M Qq, T1) + (1 = M)(Q2, Ty))
Ve (MQu1, Th) + (1= A)(Q2, T2))

AUTF(QD Tl) + (1 B /\)UW(Q27 TQ)
AVW(Qh Tl) + (]‘ - /\)VW<Q27 T2) 7

<

and by the mediant inequality,

AN (Q1, T1) + (1 = NU(Qz, T2) < max { Ur(Q1, T1) Ur(Qq, T2)}
AVa(Qu, Ty) + (1 = A)Va(Qg, T2) — Vi(Qu, T1) " Va(Qo, T2) |

To check continuity condition (iv) suppose that each of U, and V, satisfy (iv) and V; > 0.
Then, for fixed 7, the continuity in (@, T") implies that locally V; is bounded away from 0,
and hence U, /V} is continuous in (@, T"). The continuity condition (iv) follows because each

of U, and V, satisfy (iv) and V is bounded away from 0 O

B.2 Proofs of Results in Section A.1

We rely on two well-known results from linear programming.

Lemma 10. (Farkas’ Alternative)*” Suppose that A € R™" b€ R™, C € R™", andd € R'.

Then exactly one of the following two statements is true:
e There exists x € R™ such that Cx = d and Ax <b.
e There exist y € R! and z € R™ such that zA+yC =0,2>0,and z-b+y-d < 0.

Lemma 11. (Fundamental Theorem of Linear Programming)®® Suppose that A € R™*™ and
b € R™. Consider a set P = {x € R"|Ax < b}. Then, x* € P is an extreme point of P if

and only if Ax* < b has n binding constraints that are linearly independent.
We also rely on the following well-known results in mechanism design.

Lemma 12. (Characterizations of Incentive Compatibility)

o (Spence-Mirrlees Condition)?® For every interim allocation rule Q, there exists an
interim payment rule T such that the reduced-form mechanism (Q,T) is incentive

compatible if and only if Q is non-decreasing.

27See Border (2015) for this version of Farkas’ Alternative.

28See Vohra (2005).

29 For the continuous version of the condition, see Mirrlees (1971) and Spence (1974). For the finite type
version, see Rochet (1987)
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e (Local IC guarantees Global IC)*® A mechanism (Q,T) is incentive compatible and
indiwidually rational if and only if for all i € N,

QNG — Ti(0") > Q;(0 10" — T,(0"Y), forallt =1,...,T, (3)
Qi1 — Ty > Qi(0N0 ™ — T(0Y), forallt =2,...,T. (4)

Because we assumed that Q;(6°) = 0 and T;(0") = 0 (cf. 8), the condition (3) encompasses
individual rationality for type 6'.

Lemma 13. (Maskin-Riley-Matthews-Border Condition)** A symmetric interim non-decreasing
allocation rule Q = (Q, ..., Q) is feasible if and only if

n/{e 000> }Q(Q)dﬂ(e) <1—(r({# €O0:Q(0) <a}))", foral ae[0,1]. (5)

Then, the above lemmas tell us that the set of symmetric allocations that are feasible

and incentive compatible is
Q% ={(Q,...,Q) : ©" — [0,1]" | Q satisfies (5) and non-decreasing}. (6)

Lemma 14. The set of symmetric, feasible, individually rational, and incentive compatible

mechanisms is convex.

Proof. Consider two arbitrary symmetric, feasible, individually rational, and incentive com-
patible mechanisms (Q, T) = ((Q,...,Q),(T,...,T))and (Q,T") = ((Q',...,Q"),(T",...,T").
Individual rationality, and incentive compatibility are preserved under convex combination
because they are given by linear inequalities in the interim allocation and the interim pay-
ment. Furthermore, A (Q,T) + (1 — A) (Q’, T’) is symmetric, where the interim allocation
and the interim payment for a single bidder are AQ + (1 — X\)Q" and AT"+ (1 — X\)1", for any
A € [0,1]. It remains to show that A (Q,T) + (1 — \) (Q’, T") is feasible. By the definition
of feasibility, there exists ex post allocation ¢ : ©" — [0,1]" and ¢’ : ©™ — [0, 1]"such that
Yoo co_, Gi(0i,0-)m(0:,0_;) = Q(0) and >y o  qi(0:0_i)m(0;,0 ;) = Q' (0). Hence, we

30 For more detailed discussions, see McAfee and McMillan (1988), Carroll (2012), and Mishra, Pramanik,
and Roy (2016). The equivalence of local and global incentive compatibility conditions relies on the single
crossing property, which is satisfied in our setting.

31Maskin and Riley (1984) studied the condition when the type space is continuous and the allocation is
a step function in their analysis of optimal auctions with risk-averse bidders. Matthews (1984) showed that
the condition holds for any increasing allocation functions. Border (1991) proved the condition for general
type spaces and allocation functions.
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have

AQO) + (1 =NQ0) = > (Aai(0:,0-:) + (1 — Ngi(6y,0_;)) w(6:,0_;).

0_,€0_;

Then, A\qg + (1 — \)¢ is an ex-post allocation rule, because

> (Aqi(6:,0-5) + (1= N)gi(6:,6-)) = A qs(6:,6-5) + (1= X) > qi(6;,0-;) < 1

1EN 1€EN 1€EN

Therefore, A (Q,T) + (1 — A) (Q’, T’) feasible by definition. O

To prove Lemma 6, we rely on the following auxiliary lemma.

Lemma 15. Let (Q,T) be an incentive compatible mechanism on © C R. Fiz a scalar
s € R. For any 0, 0 € © such that Q(0)0 —T (0) —s >0, 0" > 0, and Q () > 0, the

following equivalence holds:

T(¢)+s T(9)+s_

Proof. Because the mechanism is incentive compatible, @ (+) is non-decreasing, thus we have
(i) Q(0") > Q(0), hence Tg(’g?;s is well defined. The incentive compatibility also implies that
(i) Q(0") =Q(0) < T (¢') =T (0). Sufficiency is a direct implication of (i) and (ii). To

prove the necessity, notice that by subtracting s from the incentive compatibility constraint

for type 6 we have:
QEO)O—-T(0)—s=>Q()0-T(0)—

which can be rearranged to

Q (6) T(0)+ s T(0) + s
W(Q‘ Q) )Z"‘ Q)

Q)
Because 7 € (0,1)

) ® > 0 by the assumption, we have

T(0)+s - T0)+s
Q(0") Q(0)

Proof of Lemma 6

Proof. Let (Q,T) be an individually rational, incentive compatible, and monotonic hierar-

chical mechanism on a finite type space ©. For this proof, embed the symbols @ and r~ into
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R so that @ < r~ < inf ©; this artificial ordering is used only to rank bids and select the
winner. If the bid b(r~) wins, the bidder pays the reserve price min (By — {&,r~}). Assume
every bidder follows a bidding strategy b (-) satisfying Q (¢') > @ () <= b(#') > b(0) and
Q) =0 = b(f) = 2. In a first-price auction, this strategy profile induces the interim
allocation rule @ (+) because

(i) If 0 and @’ lie in the same tier under @, then b(0) = b(#'); hence they lie in the same
tier in the auction.

(ii) If 6 belongs to a higher tier than 6 under @, then b(0') > b(0); hence ¢’ belongs to
a higher tier than € in the auction.

(iii) If @ (#) = 0, then the bid b(0) = @, which never wins.

Define s = mingee {Q(0)0 — T(0)}. Because (Q,T) is individually rational and © if

finite, the minimum exists and s > 0. Partition the type space © into
©o={01Q(0) =0} and ©,={0]|Q(0)>0}.

If ©) = O, then Q(A) = 0 for all # € ©. By the incentive compatibility, 7°(#) must be
constant across all types in O, and the definition of s gives T'(f) = —s. A first-price auction
whose bid space is B = {@} and that provides a subsidy s implements (Q,T'). Henceforth,
we assume Oy # O. Let us denote the lowest type in ©, by ;. We construct the bidding
strategy except for type 6 by

for every 0 € ©, — {0.},

and b(0) = @ for § € ©y. By construction, we have Q (0)0 — T (0) > s for every 6 € O,
thus 0 > b(0) for all § € ©, — {f.}. Furthermore, if § = b () for some 6 > 6y, then the

inequality becomes strict for # because the incentive compatibility implies that
Q)0 —T(0)>Q(0.)0 —T(0r) >Q(0r)0L —T(0r) = s.
By Lemma 15, we have
QO)>QH) < b(#)>b(0), forald, 0 cO, —{0}.
Because b (0) = & for every 0 € O, the same equivalence extends to

QO)>Q0) «—> b(@)>b(0), foralld, & cO—{0,}.
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We have already ensured Q(0) =0 = b(f) = @ and, because @ < b for every b # @, we
need only choose b(67,) so that

Q) >QB) «—> b(@)>b(6) forallh,0 €O,

We handle three mutually exclusive cases.
Case 1. If ZOL= < b (6) for all § € O, — {6}, set b(0;) = 552 .
We first show that @ (0.) < @ (0) for all § € ©, — {0,}. Suppose, to the contrary, that
there exists € ©, —{0.} such that @ (0.) = @ (0). By construction, we have b (6) = (E;(L)J)FS
contradicting # < b(0) for all € O — {0}. Therefore, we have @Q (0) < @ (0) and
b(0r) <b(0) for all 6 € ©, — {0}, which establishes the desired equivalence.
Case 2. If Tg(z)? =b (é) and Q (0) = Q (é) for some 6 € O, — {f}, set b(0,) =
T(@L)-I—S
QL) -
Suppose that there exists § € ©, — {0.} such that @ (6) > @ (6.) but b(0) = b (6
b

) L)-
Because Q (0) = @ <é) and b(0;) = b (é), we have Q (0) > @ (é) and b(0) = < ),
contradicting Lemma 15. Conversely, @ () = @ (6) implies b () = b (1), so b(6) > b(0y)
only if @ (0) > @ (). Therefore, we have the desired equivalence.
Case 3. If T(O(LQ)J)FS = <c§> for some 6 € ©, — {A,} and Q (6;) < Q(0) for all § €
—{0L}, set b(0L) =r~.
By construction, @ (6) < Q (0) and b(0,) < b(0) for all § € ©, — {0}, so the desired
equivalence follows. Moreover, two additional properties of this case will be needed later;

TOLts — g, and there is no type 6 such that r~ < b (0) < 0. By construction, Q (01,) 0, —

Q0r)
T(01) > s hence 07, > % If the inequality is strict, then Lemma 15 gives b(6) < b(6)
for all § € ©, — {01}, which is a contradiction. Hence the equality must hold: QG(LQ)JS =0

and in particular b (9) = #;. With the identity in hand, suppose that there exists € such
that r— < b(0) < 0. Because b(f) > r~, we must have @ (#) > 0. Moreover, b(6) < 0,

gives
T(9)+S T(QL)‘FS

Q(0) Q(0)
Lemma 15 then implies @ (6) < Q (01); together with @ () > 0, this means 0 < Q (0) <
Q (01), contradicting the definition of €, as the smallest type in O.

—b(0) <0, =

Having already shown that the bidding strategy b (-) induces the interim allocation @ (+)
in a first-price auction, we now verify that it also induces the interim transfer 7' (-) when
the subsidy s is given to all bidders and the bid space is B = b(0©). Let Trpa (0) denote the
expected payment of type 6 in this first-price auction.

For 6 € Oy, because @ (0) = 0, by construction we have T'(#) = s. In the auction, these
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bidders receive the subsidy s and pay nothing, so Trpa (6) = s. Hence, T (0) = Tppa (0) = s

for every 6 € O,.
For 0 such that b () = Tg();)rs, the expected payment in the auction equals to the winning

probability multiplied by the bid minus the subsidy;

Trpa(0) = Q0)b(0) —s=T().

For 0 such that b(0) = r~, we necessarily have § = 6, by construction. Because there is
no type 6 such that r= < b(6) < 0, the reserve price in the bid space B = b (©) equals 0;
consequently bidders with type 6 pay 6; whenever they win. We have already established

that 0y, = Tg(%);)rs if b(0) = r~. Hence, the expected payment for f in the auction is

T (9[,) —I— S B
Q(0r)

Therefore, we have T'(6) = Tppa (0) for every § € ©. When all bidders follow b(-), the
first price auction with subsidy s and the bid space b (©) thus reproduces both the interim

TFPA<9L>:Q(0L)6L_5:Q(9L) S:T<9L)

allocation ((-) and the interim transfer 7'(-). It remains to verify that b (-) is a symmetric
equilibrium strategy. Indeed, because (@, T) is incentive compatible, no bidder can profitably
deviate to a bid used by some other type; and because every permissible bid in B is used
with positive probability, there are no unused bids to which a profitable deviation could be
made. O

Proof of Lemma 7

Proof. By Lemma 14, the set of non-decreasing and feasible interim allocation is convex.

Lemma 8, together with Carathéodory’s theorem, completes the proof. O

Proof of Lemma 8

Proof. Let © = {01 < < QT} be the finite type set and let m (the prior belief) be the
probability mass function such that 7 (%) > 0. Define discrete CDF

F(0") =) w(z), F(6')=0.

<6t
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The set Q can be written as the set of all non-decreasing @ : © — [0, 1] satisfying, for each

t=1,...,T,
T

ny QO")m(6°) <1—F(6)".

s=t

In particular, and for t =1,....T,

Q") = (0",

where Q(6°) is defined to be 0. For each t = 1,..., T, the first inequality is the ¢-th feasibility
constraint and the second inequality is the ¢-th monotonicity constraint.

Proof of (i) <= (iii). Because Q C R” is a polyhedron, any extreme point @ admits 7
linearly independent binding constraints. Suppose that () is an extreme point of Q, and let
{©1,...,0,} be the coarsest monotonic partition adapted to @ (so @ is constant on each
block and strictly increases across blocks), hence T'— J monotonicity constraints are binding
if Q(©1) > 0 or T'— J + 1 monotonicity constraints are binding if Q(01) = 0.

We claim that for every j € {2,..., J} there exists 0% € ©; such that the ¢;-th feasibility
constraints is binding. We will address the case j = 1 later. By way of contradiction, suppose
that none of the feasibility constraints are binding on block ©; for some j. Define @' and
(" by shifting the value of () on the block ©; up and down by a small € > 0:

Q') = Q(0) ?f 0 ¢ 0, 0"(6) = Q(0) ?f 0¢e,
Q) +e if6e6;, Q) —c ifheco,

We choose ¢ small enough that all feasibility constraints that were strict remain satisfied

(they are strict on ©; by assumption), and across-block monotonicity is preserved, hence

both @ and Q" are in Q. This contradicts the extremality of () because %Q’ + %Q” =Q.
We next show that the binding feasibility in ©; occurs at its minimal type for every

j€{2,...,J} by induction. A useful identity is the finite geometric sum:

n—1
" — yn L
IE an 1 sys.
I‘ R

Yy s=0

Consider j = J. If the feasibility constraints binds at some 6%/ € ©;, then, we have

nQ(O,)(1 = F(6")) =1-F(0")",
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and

6’” n—1
TLQ(@J) HtJ ZF QtJ

We claim that 6%/ = min © ;. By way of contradiction, suppose that there exists § € ©; such
that 6 < 7. Evaluating feasibility at 6 gives

1

1—F(9)" S ro

s=0

which is a contradiction because F(f) < F(6'7) makes the right-hand side strictly smaller.
Hence 0;, = min©.

Now, assume that the feasibility constraint binds at 6%+ = min©,,; as an inductive
step. Consider ©; and 6% at which the feasibility constraint is binding. We claim that
0% = min ©;. By way of contradiction, suppose that there exist § € ©; such that 6 < 6%.
The two binding ¢;-th and ¢;;,-th feasibility constrains give

nQ(O,)(F(0+1) = F(0)) +n Y Qa)m(z) =1 - F(0")",

z>0%+1

and

n Y Q@)w(z)=1—F(@)N

z>0ti+1
Subtracting gives
F Qtﬂ+1 . . n—1
n0(8)) = T = 3 PO
s=0

Evaluating the feasibility constraint at ¢ yields the analogous inequality

—_

nQ(0;) < 3 F(@+ )1 B (6)",

s

Il
=)

which is a contradiction because F'(6%) > F(#). By induction, the binding feasibility con-

straint in each block occurs at its minimum. The above step also shows that

_F(Qtj+1)n - F(@tj)n B F(etj+1)n o F(gtj)n
nQ(6;) = F(0t+) — F(045) 7(0,) ’

_( j:1 m(O))" — (Z 17T( k)" .

— ek ) k= , for j > 1.
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Now, we address the case j = 1. Because () must satisfy 7" binding constraints to be
an extreme point, either a feasibility constraint or a monotonicity constraint must bind on
©,. If a feasibility constraint is binding, then by the same induction argument above, the

binding occurs at the minimum 6. In this case, we have

_F@R)" - FEH)  F(E™)" 7 (61)"

nQ(®1) = F(0=) - F(0Y) — F(0=2) (0 =m(61)""".

If the monotonicity constraint is binding, then we have Q(©,) = 0.

To prove the converse, assume () satisfies (iii) with coarsest monotonic partition {©1,...,0,}
adapted to Q. If Q(©1) = 0, then we have J — 1 binding feasibility constraints and T'— J + 1
binding monotonicity constraints. If Q(©;) > 0, then we have J binding feasibility con-
straints and 7' — J binding monotonicity constraints. In either case, T' constraints are bind.

It remains to show that these binding constraints are linearly independent. This follows from
the observation that all values of () are uniquely determined by the binding constraints. In-

deed, the feasibility constraint for the top block ©; pins down

1 — F(6")"

©O = ey

Furthermore, the feasibility constraint for block ©; involves only Q(O,) terms with r > j.
Thus, once Q(©;+1), . ..,Q(O) are known, the binding feasibility constraint at ©; uniquely
determines QQ(0;). Hence, by induction, this pins down all Q(©,) for j € {2,...,J}. For
the block ©, if the feasibility constraint is binding, then we obtain Q(©;) = ”(QITW. If
instead the monotonicity constraint at #' binds, then we have Q(©;) = 0. Therefore, the
system of binding constraints determines ) uniquely, which implies that the constraints are
linearly independent. This completes the proof of (i) <= (iii).

Proof of (ii) <= (iii): Suppose that @ is monotonic hierarchical with a coarsest mono-
tonic partition {©;,...,0;} adapted to ). The winning probability of a bidder with type

in ©; can be expressed as

k=

—_

Using %(Zj) = (Z), this becomes

0132 (Do [Soren] - g 3 (3) (e

=1
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By applying the binomial theorem, we have

n j—1 j—1 " j
n _ n—k n
3 (k) (W ©,) [ n(o0)] > — ([ (6] +7r(@j)> =Y =@))]
k=0 =1 =1 =1
hence we have
| i noriel n
Q(O,) = 7 (© — 7 (O
( J) nm (@]) = ( l) lzl ( l)
For j = 1, this expression gives Q(0;) = ’T(f(g?)_ " If the designer keeps the object when all

bidders lie in ©1, then we have Q(0;) = 0 instead. This is exactly the statement in (iii).
To prove the converse, assume () satisfies (iii). Because the formula in (iii) is expressed

with a monotonic partition, we can define a monotonic hierarchical rule Q associated with

the monotonic partition {O1,...,0;}. By the same counting argument as above, this rule

yields

n

Q(9;) =

n -1
- [ m (61) ) for j > 27
=1

l

> 7 (e)

and for the lowest block, depending on the treatment of ©;, we have

1
n (6;)

5 @ n—1
Q(O;)=0or w
n
Because Q and Q coincide on all blocks, it follows that @ is monotonic hierarchical. O

Proof of Lemma 9

Proof. 1f ( f,Tf) is incentive compatible, then Q¥ must be non-decreasing by Lemma 12,

hence we have (ii) = (i). In order to prove (i) = (ii), let the type set be {6',...,67}
with 0 < 01 for all t € {1,...,T — 1}. Suppose that (Q;,T;) is incentive compatible and
individually rational for bidder 4, and that there exist non-decreasing functions Q¥ : © —
0, 1] and weights ay, > 0 such that

K
0= mh
k=1
For each k € {1,..., K} and t € {2,...,T}, define the increments

AQF(60) = Q7 (6") — Qi (07).
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By monotonicity of QF, we have AQ¥ (') >0 forall k€ {1,...,K}andt € {2,...,T}. We
now seek TP (0') that satisfy, for each k:

— Downward local incentive compatibility for t =2,...,T"
QOO —THO") > Qi (0" 0 = THO'™) = T (0) — T (0") < AQE (6) 0"
— Upward local incentive compatibility for t = 2,...,T"
QEOTHYT = THO™Y) = Qi (N0 — THO) = T (0) —TF (071) > AQ; (0) 0
— Individual rationality at the lowest type:
QF (0") 0" — T (01) >0 <= QF (0") 0" > T} (0").

— Mixture identity for t =1,...,T"
Z a, TF (0") = T; (6") .

For convenience, we set QF (9%) = TF (") = 0 for t = 0. Then the individual rationality

at the lowest type can be treated as a special case of downward local incentive compatibility:

The feasibility of the above linear system in the variables T (6') ensures the existence of
transfers that make each pair ( r Tf) incentive compatible and individually rational. To
establish the feasibility, we apply Lemma 10. For this, let z,fft denote the dual variables corre-
sponding to the local downward incentive compatibility constraints, zf’tfl the dual variables
corresponding to the local upward incentive compatibility constraints, respectively and y;
the dual variable corresponding to the mixture identities. By Lemma 10, the original linear

system is feasible if and only if the following dual system is infeasible:
_Zf+17t+1 + zf+17t + zgft — 2zip—1 + oy = 0, for all ¢ and k, (7)

: - k _ Lk _
with the convention 27 4 7 = 2711 7,1 = 0, and

T K T
Z Z ZttAQk 6)0 ZﬁtflAQf(et)gt_l] + ZytTiwt) <0 (8)

t=1 k=1 t=1
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in variables zﬁt >0, Zf,t—l > 0, and unrestricted y;. To prove infeasibility of the dual system
(and hence feasibility of the original system), suppose instead that the dual system is feasible.
Define the cumulative sum Y; = 3.7, y, (with Y71 = 0). Summing the equality (7) from s
to T gives:

o= 2 = —aYs 9)

Because y; = Y; — Y11, we have

T T T
STuTi(00) =D VT (0) = > YT (0.
t=1 t=1 t=1

By shifting the index in the second sum, we obtain

T T T T+1
Y VT (0) =) Yin T (0%) = Y YT (0°) = Y VT (0.
t=1 t=1 t=1 t=2

Because we set Y71 = 0 and T; (6°) = 0, this can be simplified to
T T
D wTi (0 = 3_Yi (T (0) =T (67)).
t=1 =1
By substituting these into the inequality (8), we obtain
T

K
DD oAQE() (0 -6 2y + Vi (Ti (67) = T3 (6) — AQ; (6') 6) | <0,
k=1

t=1 =

where AQ; (6') = Y1, ax AQF (6'). We analyze the sign of the left hand-side term by term.

For each t, the first part of the summand is

K
> CAQE(0Y) (0" —6") 2,y
k=1

This is non-negative because AQF (6') > 0, 0" > 0!, and 2{,_; > 0. Hence, for the

inequality to hold strictly, the second term must be negative for some ¢. The second part is
V(T (0) =T (01) — 201 (6) ).
must be negative. To determine the sign of the second term, recall that
AQ: (01) 67 < T (6%) — T (91) < AQ, (07) ¢
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because (Q;,T;) is incentive compatible and individually rational. Therefore, we have
(T (6") =T (67) — AQ: (¢0') ') <0.

For the second term to be strictly negative, we must have Y; > 0 for some ¢. Suppose that

Y; > 0 for some fixed ¢. From the equality (9), we have
ko _ ok
Zip—1 = Zp t apY; > oYy,

using zﬁt > 0. Thus, the first term admits the lower bound

K K
D OAQE(0) (6" - 6"") 2f =Y > apAQE(67) (6" — 67,
k=1 k=1

which is simplified to

K
D OAQE(0") (6" - 6") 2f, = ViAQ; (6) (0 —6"1) .
k=1

Hence, the total contribution to the summation at ¢ is bounded below by

Yi(AQi (0) (0 = 07) + T, (67) - T (67) — AQi () 0') .

which is simplified to
V(T (0) ~ T, (0) — AQ, (86

Because T; (6") — T; (0"=1) > AQ; (0%) 0! by the incentive compatibility of (Q;,T;), we have
V(T ()~ T (07) - 5, () 0 0

Therefore, for every ¢, the summand is non-negative. This contradicts the feasibility of the

dual system, completing the proof. O]

B.3 Proofs of Results in Section 4

Proof of Lemma 3 and Lemma 4

Proof. Recall that only anonymity and convexity of maximand set are needed to establish
Lemma 2. Hence, we can focus on symmetric mechanisms. Lemma 3 follows directly from

Lemma 4. To establish Lemma 4, let (Q,T) be an arbitrary symmetric, individually ra-
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tional, incentive compatible, and feasible mechanism. By Lemma 7, there exist monotonic
hierarchical allocations (Q’““)kK:1 and coefficients o > 0 such that @) = Zszl apQ*. By
Lemma 9, there exists (Tk) sz1 such that (Qk,T k) is incentive compatible for all & and
T = Zszl a,T%. By Lemma 6, each (Qk , Tk) is a first-price auction with subsidy, and this

completes the proof. O

The following two lemmas are straightforward; we provide their proofs because we use

the constructions introduced therein in the proofs of Theorem 1 and Theorem 2.

Lemma 16. Let m be a Borel probability measure on a compact subset © in R. Then there
exists a sequence of Borel probability measures (7)o Such that each m, has finite support,
T, converges to m weakly, and m (I) — w(I) for each Borel set I with at most countable

boundary O1.

Proof. Denote the set of atoms A = {z € © | 7 ({z}) > 0}. Notice that A is at most count-
able. Decompose 7 = 7w, + 7., where m, = > _, 7 ({z})d, and m, is the remaining part
of 7 after removing the atoms. We approximate 7, and 7. separately with 7, and 7.z
as follows. Enumerate A = {a1,as,...} and define the scalars ap = >, 7 ({a;}) and
Be = > o, 7™ ({a;}) and note that oy 4 B = 7, (©). Because oy, and are bounded, we
have the convergence

ar =7, (0), fr—0 as k—

We define 7, to pick up the first k£ atoms in p and redistribute 3 proportionally over the

— (“k;5k> 7 ({ai}) b,

i<k

first k£ atoms:

Then 7, converges to m, weakly. Indeed, for any bounded continuous function f, we have

\ [ sirs— [ finus| = (“’“;ﬁ’“)Z;w({ai})f(a»—;m{ai})ﬂai)
-|(2%) S ) ) = S ) fla)|.

and the right-hand side converges to 0 as k — oco. The convergence of 7, (I) to m, (1) for
any Borel set I is followed by setting f = 144,y

In order to approximate m., we use the usual quantile approximation. Let F,. be the
cumulative distribution function of 7.. As 7. has no atoms, for each positive integer k

we can partition the support 7. into % intervals of equal probability mass. Let xj; be an

46



arbitrary point in the interior of the j-th interval of the partition:

xk,j GFC_I ((] L 7TC<®)7%7TC(@)))7 j: 1,...,/{}.

We define 7., by putting mass 7. (©) /k at each xy ;, that is:

k

. (©

m= "S5,
=1

7(O)
k

with the countable boundary. Because the probability measure 7, is atomless, 7. (0I) = 0.

By construction, ||F, ) — Fc||oo < , thus 7., converges to m, weakly. Let I be a Borel set
By the Portmanteau theorem, 7. (I) converges to m.(I). By setting m = T + e, We
establish the convergence of m, — 7 and m (I) — m(I) for any Borel I with at most

countable boundary. O]

In the next lemma we used the following convergence concept: (Ij),cy converges to I
almost surely in measure 7, if 7(([, — ) U (I — I)) — 0 as k — co. Equivalently 1, — 1;

almost surely in measure .32

Lemma 17. Let m be a Borel probability measure on a compact subset © in R, and (7)o
be a sequence of Borel probability measures as constructed in the proof of Lemma 16. Let
(Ii)en be a sequence of intervals converging to an interval I almost surely in measure 7.

Then 7y, (Iy) converges to 7 (1) as k — oc.

Proof. Let us denote the symmetric difference of I and I, by Dy, = (I, — I)U(I — I;). Notice
that
|m (1) = 7 (D] < [k (L) = e (D] + i (1) = 7 (1]

Because I has at most two boundary points, Lemma 16 implies that 7 (/) converges to

7 (I), so the second term vanishes. It remains to show that |m (1) — 7 (I)] converges to 0.

Because 7y, (1) — mx (1) = 7 (I — 1) — 7 (I — ), by definition of Dy, we have
|7Tk ([k) — Tk ([)| S Tk (Ik —I) + T (I—]k) = Tk (Dk)

Let Fi(x) = m ((—o0,2]NO) and F (z) = 7 ((—o0,2]NO). The construction of 74 in
Lemma 16 gives

- atomic part: ||[Fy x — Full oo < B,

32 Also equivalently: there exists a measurable set E with u (E) = 0 such that for every 6 ¢ E, there is an
integer k(@) for which § € I, < 0 € I for all k > k().
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7(0)
R

- continuous part: [|F, ; — Fell s <

hence,

dp = sug |Fie(x) — F(z)] <||Fak— Falloo + || Fek — Fell o = 0.
xe
Dy, is the union of at most two disjoint intervals, whose four endpoints each contribute at

most dy; consequently
|7Tk (Dk) — T (Dk)| < 4dk — 0.

Furthermore, because I, converges to I almost surely, by dominated convergence theorem,

we infer

W(Dk):/’]_[k—1[|dﬂ'—>0,

hence, 7, (Dy) converges to 0. Therefore, we conclude that |7y (1) — 7 (I)| converges to 0,

and this completes the proof. O

Proof of Theorem 1

Proof. For finite type spaces, the result follows directly from Lemma 7, Lemma 3, quasi-
convexity of the objective, and Carathéodory’s theorem. Let us consider the general case of
© being a compact subset of R and 7 be a Borel probability measure on ©. Let (7),.y be a
sequence of Borel probability measures from the proof of Lemma 16. By the discrete version
of Theorem 1, for each 7y, there exists a first-price auction with subsidy s;, a symmetric
equilibrium bidding strategy by, and a bid space By, such that the induced mechanism (Qy, T})
maximizes the objective under ;. Moreover, we choose by () and s; as in the proof of
Lemma 6. By construction, there is at most one type # € ©y such that b, () = r~, we
denote this type by 0,- , onward. If such a type exists, then by construction 0,-; € Bj
and Qi (0- k) Ok = T (00— k) + Sk, thus 6,—  serves as the reserve price, i.e. 6,- =
min (b (©x) — {@,r~}). For the sake of this proof, we may assume Bj, C R by embedding @
and 7~ in R so that @ < r~ < inf ©.3% We extend the functions Qy, T}, and by, to all § € ©
by selecting
©(0) € arg max (Qy ()  — T ()

so that x(6) = 0 for 0 € ©. For 6 € © such that Qy (2(0)) 0 — T}, (x(0)) > si, we define

Qr(0) = Qr (x(0)), Ti(0)="Ti(x(0)), b(0) =0k (x(0)).

330f course, a bidder winning with bid @ is not given an object and pays nothing, while a bidder winning
with bid r~ pays the reserve price.
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For 6 € © such that Q (z(0)) 8 — T (x(6)) < s, we define
Qr(0) =0, Tp(0)=—sk b(0)=0.

The extended (Qg, T};) remains incentive compatible on © because x(f) maximizes Qy, (z) 0—
T (x) and it remains individually rational because Qy, (8) 0 — T}, (6) > s, for all § € ©. Be-
cause the support of types remains Oy, and b, was a symmetric equilibrium in the first-price
auction with subsidy s; on Oy, we infer that the strategy profile in which every player of
any type in O (including outside of support O) plays the extended strategy by (-) is a sym-
metric equilibrium. In this equilibrium, every type # € © receives the interim outcome
(Qr(x(0)), Tk(x(0))). Furthermore, the incentive compatibility of the extended (Qg, T}) im-
plies that the extended by is weakly increasing in 6.

Furthermore, in the extended strategy there can be at most one 6, ; such that by (6,- ) =
r~. Indeed, for bidders with type 6 < 0, i, bidding r~ is strictly dominated by staying out
of the auction, and for bidders with type 6 > 0,- ;, bidding the reserve price 0,- j, strictly
dominates bidding .

Because by, is weakly increasing in type, Helly’s selection theorem together with the stan-
dard diagonal argument guarantee that the sequence (b, si),cy admits a pointwise conver-
gent subsequence. Without loss of generality, in the following, we assume that the sequence
(bk, Sk) ken itself is this convergent subsequence.

Let (bso, $) be the limit of this convergent sequence; note that b, is then weakly increasing
and by (6) < 0 for all 6 € ©. Our goal is to show that be (-) constitutes a symmetric
equilibrium bidding strategy in a first-price auction with bid space By, = b (©), and that it
maximizes the objective in the limit. For the rest of the proof, we use the following notation
for any k € NU {oo}:

L,0)={xeO|b(x)=b(0), J(0)={xeO|b(x)<bs®)}.

For each k € N, because @ (+) is the interim winning probability implemented by the first-

price auction with the equilibrium bidding strategy by (-), we have

)

> 5 (520) (e (i (0))) "7 (e (1 (6))) 77 if by (6) >
0 if by (6) =

(%]
Qr(0) =
%]
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For the expected payment, we have

bk (9) Qk ((9) — Sk if bk ((9) >r,
T (0) = S 0Qy (8) — sy, if by, (0) =1,

Similarly, we denote by Q) (-) the interim winning probability implemented by the first-price
auction with the bidding strategy by, (-) in the limit, thus we have

Qe (0) = Z?ﬂ %(?:11) (7 (Joo (0))) "7 (7 (I (£))) 71 %f be (0) > @,
0 if by, (0) = @.

Claim 1. For all0 € ©, if I, (0) — I (0) almost surely in measure 7, then Ji (0) —
Joo (0) almost surely in measure .

Proof of Claim 1. First, suppose that z is such that by () # b (0). Because by
converges to by, pointwise, we infer that by, (x) # by, (0) for all sufficiently large k, and, hence,

1.0 (x) = 1,9 (x). In particular,
X7 C I.(0),

for X = {z | 1.0 (z) 7 1.0 (x)} (recall that the level set Io(0) of x is the set of z such
that b (7) = beo (#)). If the level set I,(0) has 7 measure 0, then the Claim obtains.
By way of contradiction, suppose Ji (f) does not converge to J (6) almost surely in

measure 7 that is 7 (X 9) > 0. By the above displayed inclusion, for all x € X? we have
b () = bso () and hence 1,y (z) = 0. Thus,

Xe = {1‘ | 1Jk(0) (I) 7@0}

and, for € X% we have by, (z) < by () infinitely often. Hence, 1y, () (z) /4 1 for all z € X*.

In particular,

X’ C{a | 1500 (z) £ 1} N 1(0)

By assumption, Iy, (#) — I, (0) m-almost surely, and hence for almost all = € 1.(), we have

15,0 () = 1. Thus, X % has m measure 0, a contradiction that completes the proof. [
Claim 2. If bo(0) = O, then there exists K such that by(0) = @ for all k > K.

Likewise, if boo(0) = v, then there exists K such that bp(0) = r~ for all k > K. More-

over, there is at most one type 6 such that by, (6) = r—. If such a type 0 exists, then
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6 = inf (b (0) — {2,17}).

Proof of Claim 2: Because @ and r~ are isolated points, convergence of the sequence
bi(0) to boo(0) can only occur through eventual equality. Hence, there exists a finite index K
beyond which b, (6) coincides with the limit value b, (6). In order to see the uniqueness of
a type that bids 7~ in the limit, suppose instead that b, () = bso(0') = r~ for two distinct
types 0,0 € ©. Then there exist indices Ky and Ky such that bg(0) = r~ for all & > Ky
and b, (0") = r~ for all k > Ky. Setting K = max{Ky, Ky} yields by(0) = bi(¢') = r~ for
every k > K, contradicting the fact that there is at most one type to bid r~ for each finite
k. Denote by 6,- the type that bids »~ in the limit if such a type exists.

It remains to show that 6, = inf (b (©) — {@,77}). Because there exists Ky _ such that
be (0,-) = r~ for all k > Ky and there cannot be more than one type bidding r»~ for each
k, we have 0,-, = 0,- for all k > K, . First, we show that 6, < inf (b, (0) — {@,r7}).
To the contrary, suppose that 6,- > inf (b, (©) — {@,r7}), thus there exists 6’ such that
0,— > boo (6') > r~. Because by, (0') converges to by, (£'), there exists Ky such that r= <
bp (0") < 0,- for all k > Ky . Therefore, for all k& > max {K(;F,ng}, we have r~ < by (0') <
0,- ., which is a contradiction because by, (#') = @ for every 6’ < 6,- ;.. In order to show that
0,- > inf (b (©) — {2, r"}), to the contrary, suppose that 0,- < inf (b (©) — {@,77}),
thus there exists 8’ € © such that 0,- < ¢ < inf (b (©) — {@,r~}). Because ' > 0, and
there exists at most one type that bids 7~ in the limit, we have b, (0") > r~, hence by, (0') €
boo (©) —{@,r~}. By combining 0" < inf (b, (©) — {@,77}) and by (¢') € b (©) —{D, 7"},
we have 0’ < by, (0'), which is a contradiction to that by, (f) < @ for all 0 € ©. [

With Claim 2, we can define the interim payment in the first-price auction when every

bidder follows b, as following:

boo (0) Qoo (0) — s if b (0) > 1™,
Too (6) = { 000 (0) — s if b (0) = 1,
s it b (0) = &,

Claim 3. If by (0) = &, then Qr (0) = Qu (0).

Proof of Claim 3. If b, (f) = @, then there exists K such that for all £k > K, we have
bp(0) = @ by Claim 1. Consequently, Qx(#) = 0 for all £ > K, implying Qx(0) — Qo (8), as
required. [

Claim 4. For any fized 0, if 7 (I (0) — {0}) = 0 then Qi (6) — Qx (0).

Proof of Claim 4. Because the case by, (6) = @ is covered by Claim 3, we may assume
that by (0) # @ and 7 (I (6) — {0}) = 0. Take any = € © — {#} and analyze two cases:

If boo () > boo (0), then there exists K such that by (z) > by (0) for all £ > K. Denoting
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by 1; the indicator function of set .J, we can express this as:
10 (@) =150 () =0, 1,0 () =1 (x)=0  foralk > K.
If boo (7) < boo (#), then there exists K such that by () < by, (0) for all k£ > K. Hence,
10 () =150 () =1, 10 (@) =11 () =0 for all £ > K.
Combining two cases, as k — oo we have
1.0 (®) — 150 (2), 1) () — L) (x) for every x ¢ I (0) — {0}.

Because 7 (I () — {6}) = 0 by the assumption of the claim, the convergences hold almost
surely in measure m. Furthermore, as b, is non-decreasing, I, (0) and J () are (possi-
bly one-point) intervals in ©, thus their boundaries 01 (6) and 0J (0) are finite. Therefore,
by Lemma 17, we have 7y (I}, (0)) — 7 (I (0)) and 7y (Jx () — 7 (Jw (#)). Finally, be-
cause Q. (#) depends continuously on (7 (I (7)) , 7 (Jx (0))), and similarly, Q () depends
continuously on (7 (I (0)) , 7 (Js (6))), the convergence Qy (6) — Qo (0) follows. [

Claim 5. For any 0 € O, if Qu (0) = 0 then Qr () = Qu (7).

Proof of Claim 5. The case by, () = @ is covered by Claim 3. If by, () > @ and Q« (0) =
0, then we have 7 (J (0)) = 0 and 7 (I (#)) = 0. By Claim 4, we have Q () — Qw (9).
O

Claim 6. If by, (0) =0 for some 0 € O, then by, (6') = @ for all @ € {x €O |z < 0}.

Proof of Claim 6. For each k, the incentive compatibility for type 6 implies

Qn (0) (0 — b, (8)) > Qu (') (B — by (), forall @ € {x €O |z < O}

The left-hand side converges to 0, whereas 6 — by, (¢') is bounded away from zero for every
k; hence we have Q. (¢') — 0. For Qy (¢') to converge 0, one of the following must occur:

(i) by, (¢") = @ for all sufficiently large k; or

(ii) both my (Jx (0")) and 7 (I} (¢)) converge to 0.

Assume, to the contrary, that there exists ¢’ € {z € © | x < 6} such that by (') > &. Be-
cause {x € O |z < 0'} C Ji (0")UI (0') for every k, case (ii) forces m, ({z € © | 2 < 0'}) — 0.
Lemma 16 then gives 7 ({x € © | x < #'}) = 0. Because © is the support of 7, this can hold
only if #" = min (©). Take any " with ¢’ < 8" < #. Because ' is the minimum of the sup-
port, the interval [#’,0”) must have positive mass, hence 7 ({z € © | x < 6”}) > 0. Hence,

neither alternative (i) or (ii) can be true for #”, which is a contradiction. [
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Claim 6 therefore guarantees that there is at most one type 6 with by, (6) = 6, which we
denote 6; when it exists. Claim 6 also implies that no two distinct types @, 6’ can satisfy
boo (f) =7~ and by, (0') = 0'. For expositional compactness in the claim below I, (61) is an
empty set if 07, is undefined (that is if no type satisfies by, (6) = ).

Claim 7. For afixed 0 € ©—1, (0L),if 7 (I (0) — {6}) > 0, then for every z,y € I (0),
there exists k(z,y) such that by (z) = by (y) for all & > k(x,y). Furthermore, for every
0 €0 —1,(01), we have Qi (0) = Qo (0).

Proof of Claim 7. To prove the first part, consider § € ©—1,, (f;) such that 7 (I (9) — {0}) >
0. Pick arbitrary z,y € I (0). If b () € {@,r"}, then Claim 2 guarantees that
b (x) = by (y) for all sufficiently large k. Henceforth, assume by, (#) > r~. Without loss of
generality, suppose that x < y. To derive a contradiction, assume by () < b (y) infinitely of-
ten. Because by () is weakly monotonic and 7 (I (#) — {0}) > 0, we can find 2,3/ € I (6)
such that by, (z) < by (/) infinitely often and = ([2/,y'] N ©) > 0. The incentive compatibility
for the type 2’ gives:

Qk () [#" = bi ()] = Qi (¢) [+ = b (y/)],

which rearranges to

(@ (1) = @ ()] (¢ = b(2)) < Qi () (be(y) — br(2)) -

Because by (') < by (v') infinitely often, there exists a subsequence along which this inequal-

ity holds. Hence, accounting for tie-breaking, we have Qy, (v') — Qi (z') > ~m ([2/,%/] N O)

along the subsequence. By Lemma 17, we have 7 ([2/,4/] N ©) — 7 ([2',/] N ©) > 0. There-

fore, along the subsequence,

Jim [Q (y') — Qk ()] (¢ = be(2)) > %W ([, ¥ 1N ) (2" = bes (2))

Because x > 0, we have 2’ > b, (2'), and thus the right-hand side is strictly positive. This
gives:

lim [Qu (1) = Qu ()] (@ = bu(a)) > 0.
However, because limy_,o, bx(2') = limy_, bk ('), we also have

Tim Qi (v) (bu(y') — (') =0,

which contradicts the earlier inequality, thus proving the first part of the claim. To prove

the second part of the claim, consider a type 6 € © — I (0.):

53



If 6 < 0;, then Claim 3 and Claim 6 prove the convergence Qy (0) = Qo (0).

If > 01, and 7 (I (#) — {6}) = 0, then Claim 4 proves the convergence.

If 0 >0, and 7 (I (0) — {0}) > 0, then for all x € I (#), the first part of the claim
implies that by (x) = by (0) for all sufficiently large k, hence 15,9 (z) — 17 9 () = 1.
For all x ¢ I (6), the pointwise convergence of by (-) implies that by (z) # by (6) for all
sufficiently large k, hence 1;, ) () = 17 () = 0. Therefore, we have the convergence
of It (0) to I (0). The result then follows from Lemma 17 and Claim 1, which together
complete the proof. [

Claim 8. Suppose there exists by, (0) = 0p. If there exists 6 € I (01) — {0} such
that 7 (I (0) — {0r,0}) > 0, then for every =,y € I, (01) — {0}, there exists k(z,y) such
that by (z) = by (y) for all k > k(x,y).

Proof of Claim 8. Pick arbitrary z,y € I (1) —{0.}. To derive a contradiction, suppose
that by () < by () infinitely often. Because by, () is weakly monotonic and 7 (1, (01) — {0,0}) >
0, we can find ',y € I (01)—{01} such that by (') < by, (v/) infinitely often and 7 ([z/,y'] N O) >
0. The incentive compatibility for the type x’ gives:

Qr () [ = b(2")] = Qr (v) [z — bu(y')]

which we rearrange as

Qi (v) — Qi ()] (2" = bi(2”)) < Qi () (br (') — bi(2")) -

Because by, (z) < by (/) infinitely often, there exists a subsequence along which this inequal-
ity holds. Hence, the tie-breaking implies that Qi (y') — Qx (2') > Lm ([2/,9/] N O) along

the subsequence. By 17, we have 7 ([2/,¢'] N ©) — 7 ([2/,¥'] N ©) > 0. Therefore, along the
subsequence,

T Q4 () — Qu ()] (&~ by(x) = (') N1 ©) (o — b (1))

Because x > 61, we have 2’ > b, (2'), and thus the right-hand side is strictly positive. This
gives:

T Qi (') — Qi (/)] (&' — bela’)) > 0,
However, because limy_, o bx(2') = limy_, bk ('), we also have

Jim Q (y) (0 (y) = bi(2")) = 0,

which contradicts the earlier inequality. [
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Claim 7 establishes that Qr(0) — Qo (f) for all # € O if there does not exist a type 6,
such that b (6r) = 6. If such a type 0, exists then Claim 7 tells us that Q(0) = Qu(6)
provided 6 € © — I,(01). To prove that Qx(f) = Qw(f) in the remaining case—in which
61, exists and 0 € I.(6), we consider the following three exhaustive and mutually exclusive
cases:

Case (i): I (0) — {0} = 0.

Case (ii): There exists 0 € I, () — {0.} such that by (0;) = by (0) for all sufficiently
large k.

Case (iil): I (0) — {0L} is not empty, and by (0) < by (0) infinitely often for all 0 €
Ioo (01) — {01}

Claim 9. In cases (i) and (i), we have Q (0) = Qo (0) for all § € O.

Proof of Claim 9. For § € © — I (A1), Claim 6 establishes the convergence Qi (6) —
@ (0). Henceforth, we consider 6 € I, (0).

In case (i), because 0, is the only type in I, (61), it suffices to prove the convergence of
Qr (01) to Qo (AL). Claim 4 establishes the convergence of Qi (61) to Qu (61) because we
have 7 (I, (01) — {01}) = 7 (D) = 0.

In case (ii), let us denote by 6 the type in I (0,) — {61} such that by (61,) = by, (0f) for
all sufficiently large k. We consider two different sub-cases:

(a) There exists 0" € I, (01) — {0.} such that 7 (I (61) — {0.,6'}) > 0.

(b) For all 0 € I (01) — {0}, we have 7 (I (01) — {0L,0}) = 0.

In case (a), Claim 8 established that, for any z,y € I (0)—{0L}, we have by, (z) = by (y)
for all sufficiently large k. By setting z = 6y and y to be an arbitrary type 6 in I, (61,)—{60.},
we have by, (61) = by, (0f) and by, (6f) = by, (6) for all sufficiently large k. In case (b), because ©
is the support of 7, we have I (6;) — {0} = {0} for some 6. Moreover, by the assumption
of the case (ii), we have I (0;) — {0.} = {6;} and b, (0L) = bi (0f) for all sufficiently
large k. Combining two sub-cases, we established that for all 6 € I (6;) — {0.}, there
exists k (6) such that by (0;) = bi (0) for all & > k(0). Now, we want to show that I (6)
converges to I, (0) for all § € I, (6.). Suppose that x € I, (6), thus 1;_¢,) () = 1. We
already have shown that, for all sufficiently large k, by (x) = by (f1), hence 1,9 (z) = 1.
Suppose that x ¢ I (0z), thus 1;_¢,)(x) = 0. Because b, converges to b, pointwise,
we have by (z) # by, (6;) for all sufficiently large k. However, we already have shown that
b (0) = by (01,) for all sufficiently large k, therefore, we have 1, (9 (x) = 0 for all sufficiently
large k. Therefore, we have the convergence of I, (0) to I () for all § € I, (f). Because
I (0) =1y (1) forall 0 € I, (01), Claim 1 and Lemma 17 prove the convergence of Q) (0)
to Qo (0). O

Except for case (iii) above, we have now proven the convergence (Qy, b, sr) = (Qoo; boo, S)-
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This convergence implies that also T} (-) converges to T, (-) pointwise on ©. Therefore (and
except for case (iii) above) we conclude that (Qx, Tk, bk, k) = (Qoo, To, bo, ), and that
(boo, s) implements (Qwo, T ) in a symmetric equilibrium of the first-price auction.

Consider now case (iii). In this case, we prove the convergence Qr(0) — Q(f) for a
subsequence of (by,) defined as follows:

-Ifinf (I (0) — {0L}) € I (0)—{0L} (that is the infimum is the minimum), we choose
a subsequence by, such that by, (0) < by, (inf (I, (07) — {0.})) for all m € N. (Recall that
in case (iii), there are infinitely many k,, that satisfy this property).

-Ifinf (I (01) — {0L}) & 1 (1) —{0L}, then we denote by ry, ro, . . . a strictly decreasing
sequence of elements of I, (0,) — {0} that converges to inf (I (0;) —{6.}). For each
m € N, we choose a subsequence by, such that by, (01) < b,, (rm). Because by (+) is non-
decreasing, this implies by, (01) < by, (z) for all x > r,,.

To simplify notation, and without loss of generality, we assume that the original sequence
(br) pe itself is the convergent subsequence (by,, ),,cn- Then, for all z € I (61) — {01}, there
exists K (x) such that by (61) < by (x) for all k > K (z).

Now consider the following modification of the limiting bidding function b.:

boo(6) if 0 0y,
T 1f6:9L

b (0) =

Our goal is to show that (b, s) implements limy_,o.(Qk, 7)) in case (iii). Notice that b (+)

is non-decreasing by Claim 6. Let (Q (-),7 (-)) denote the interim allocation and the
interim payment when every bidder follows the bidding strategy b (-) in the limit. Because
we modify the bid only at type 6, replacing it with »~ , Claim 6 implies that Q. (6) = Q- (6)
for all @ < 6. Furthermore, for any 6 > 6r, if 6, was not tied with 6 under by (-), then
the modification does not change the winning probability. Hence, we have Q (6) = Q- (6)
and T, (0) =T (0) forall @ € 0 € © — I (0L). For types in I (f1), the interim allocation
under b (+) is given by:
For 6 = 0;,

00 =3 3" ) (rir 0 o <ouh) (r (03

Qx(0)=) : (@ B 1) (m({ze® |z <0.})" (m (I () — {02})) "

j—1
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Claim 10. In case (i), Qx (0) — Q, (0) for all 6 € ©.

Proof of Claim 10. For all # € ©—1, (01.), we have Q, (f) = Q (#), and the convergence
follows from previous analysis. To prove the convergence for 6 € I (61), by Lemma 17, it
suffices to show the following almost sure convergences in measure 7.

1. I (0L) — {0.}

2. I (0) = I (0) — {0} for all 0 € I, (0) — {0}

3. Jy(0p) - {r€e®|x<b}

4. J,(0) > {x €O |x <O} forall 6 € I, (0,) —{0L}

To prove the convergence of Iy (61) to {0r}, consider x such that 1y} () = 1, thus
x = 0. Because 0, € I}, (0) for all k, we have 17, (9,) (x) = 1 for all k, hence the convergence
follows. Now consider = such that 1, (x) = 0, thus either x < 0, or x > 0. If x < 0,
then b, () = @ by Claim 6, and by Claim 2, by (x) = @ for all sufficiently large k, so
150, () = 0. If x > 6, then by the construction of the subsequence, there exists K (z)
such that by, (0) < by (z) for all & > K (), implying 1;,9,) () = 0 for all & > K (z).
Therefore, 17,9, (x) converges to 1y, () for all .

To prove the convergence of I (0) to I (0) —{0.} for 0 € I, (0;)—{0L}, consider x such
that 17_(9,)—{0,} (¥) = 1, thus by (z) = bso (f1). Claim 8 implies that for all sufficiently large
k, we have by (x) = by (0), so 1) (x) = 1. Now consider x such that 1;_,)—e,} (x) = 0.
Then, either x = 6, or x ¢ I, (01). If x = 01, because by (z) < by () for all sufficiently large
k, hence 15, ) () = 0. If & & I« (01), then by (7) # boo (01) and o (01) = bss (0), thus we
have b () # boo (6). The pointwise convergence of by to by, implies that by (x) # by, () for
all sufficiently large k, hence 1y, (g) () = 0. Therefore, I} (§) converges to I (8) — {6} for
0e€lo(0)—{0L}.

To prove the convergence of J (01) to {x € © | x < 0}, consider x < 0, thus by, () = &
and 1{;<g,} (x) = 1. By Claim 2, by, (x) = @ for all sufficiently large k, while by, (61,) converges
to 0. Therefore, 1, 9,) (x) = 1 for all sufficiently large k, and the convergence follows. Now
consider & > 0, thus 1,9, () = 0. The monotonicity of b, implies that by (x) > by (¢) for
all k, hence we have 1, (g, (x) = 0 for all k. Therefore, Jj (61,) converges to {x € © | x < }.

To prove the convergence of Ji, (f) to {x € © | x < 0.} forall 0 € I, (0,)—{0.}, consider
x <0, thus 1,<9,y (x) = 1. If 2 < 0, then by (x) = @ and by, (x) = @ for all sufficiently
large k. Hence, 1,9 (x) converges to 1. If x = 6, because of how we construct the
subsequence, we have by, (01,) < by, (0) for all sufficiently large k. Hence, 1, (0) = 1 and

the desired convergence follows. [

Claim 10 implies that (Q, Tk, sx) = (@, T'w, s), on the selected subsequence, also in case

(iii). Indeed, notice that T} (0) = by, (0) Qk (0) — si converges to by, (6) Q, (6) — s. Because
boo (0) = b, (0) for all § # 6, we obtain the convergence of Ty (6) to b (0) Q- (0) — s,

[e.e]
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which corresponds to the interim payment for type # when all bidders follow the bidding
strategy b (+) in the limit. Now, consider the type 6 = 6. Because by, (01,) = 01, the limit
of Ty (0) is 0,Q, () —s. Because b (61,) = r—, type 01, pays 0, in the event of the winning.
Therefore, the interim payment for type 6, is T (61) = 0.Q (0) — s. Hence, we have
pointwise convergence of T} to T/ on O.

From now let us denote the limit of (Qy, T}) be (Q,T). It remains to prove that (Q,T)
maximizes the objective under the measure 7.3* Let M (1) denote the set of feasible, symmet-
ric, individually rational, and incentive compatible mechanisms when the commonly known
type distribution is given by probability measure p. The interim allocation and payment
(@, T) belongs to M (m) because they are the interim allocation and payment in a symmetric
equilibrium in a first-price auction.

To prove the optimality of (Q),7") we need to show that there is no other <C~2, T) € M(m)

such that U, ((Q, T)) > U, ((Q,T)). We prove it by way of contradiction. Suppose that
there exists (Q, T) € M (m) such that U, ((@, T)) > U, ((Q,T)). For each k, we define

(Qk, Tk) = (CkQ Ck:T>

where ¢, is defined using the auxiliary concepts of 7, in turn defined in terms of Ly and Ry

as follows:
- min{l,%} i~ > 0,
Cr =
Ly (1)
= te|0,1], Ry(t) >0,
= { 20 e R >0

Lu(t) = n /{ . O (2) dry (2),

R(t) =1— (nk ({Q(@) < t}))"

Here, v, is well-defined because the set {t € [0, 1] : Ry (¢) > 0} is non-empty. By Lemma 13,
<C~2k, Tk> is feasible if and only if it satisfies Maskin-Riley-Matthews-Border inequalities. The

scaling factor ¢ ensures that the inequalities are satisfied and hence that <Qk, Tk> is feasible.

Indeed, Maskin-Riley-Matthews-Border inequalities take the form c; Ly, ( ¢ ) < Ry (i) for

cr
all t € [0, ¢x], and this inequality is guaranteed by the construction of 74 and ¢;. Furthermore,

<C~2k, T ) is incentive compatible because (Q, T) is incentive compatible and ¢ is positive

34Recall that (Qy, T)) maximizes the objective U,, for each k.
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and does not depend on bidder’s type; <C~2k, T~k> is individually rational because (Q, T) is

individually rational and ¢, is positive. As (Qk, fk> is also symmetric, we conclude that
<Qkafk> € M(ﬂ')

We now show that (Qk,T k) — (Q,T > pointwise, which reduces to showing that c
converges to 1. To prove ¢, — 1, it is enough to show that limsup, v, < 1. By Lemma 16,
Ry (t ) converges to R (t) :=1— < ({Q (0) < t})) . In order to show that Ly (¢) converges
to L(t) :==n [ (00>t} Q (z) dr (z), we re-express Ly, via the change of variables as

Li(t) = n/{Q(G)Zt} O (x) drmy (2) = n/tl . ({Q 6) > s}) ds

and analogously for L(t). Lemma 16 gives my ({Q (0) > s}) - ({Q (0) > s}), and we
apply the dominated convergence theorem to conclude Ly(t) = n ftl Tk ({Q 0) > 3}) ds —
n ft ({ ) > s}) ds = L(t). Now, by way of contradiction (set within the overall by

ontradlctlon argument), suppose that limsup, v > 1+ ¢, for some ¢ > 0. We can take

a subsequence (still indexed by k) such that Ry (tx) > 0 and IL%:((';S > 1+ ¢ for all k.

Because t;, € [0,1], we can select a further subsequence such that t; converges to some
limit ¢* € [0,1]. If R(¢t*) > 0, then the pointwise convergence of L, and Ry leads to

Rgt*)) > 1+ ¢, which contradicts the feasibility of Q. If R(t*) = 0, then m, ({Q (0) > tk}>,

which we denote by p, converges to 0. Because 0 < Q < 1, we have L (tx) < npy and

Ry (ty) =1 — (1 —pp)™ > npy, — "(” D pk, where the inequality follows from the binomial

theorem, (1 —pg)" > 1 — npy, + n{n— 5 ) pi. Therefore, we have

as pr — 0, contradicting that L (t’“g > 1+ ¢ for all k. Thus, we have limsup, v < 1, and

hence ¢ — 1 and (Qk, Tk> <Q,T> pointwise.
By the continuity assumption on the objective, we have U, (Qk,Tk) — U, (Q,T)
and Uy, (Qr,Tx) — Uy (Q,T). Because we assumed U, (Q,T) > U, (Q,T), it follows that

Ur, (Qk, Tk> > Us, (Q, Tj) for all sufficiently large k, contradicting that (Q, 7)) maximizes
U, for all k.
The final step of the proof is to show that there exists an optimal mechanism with

s = 0 when the objective function is weakly increasing in revenue. Because the subsidy s
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is given uniformly to all bidders as a lump sum, reducing s to zero for any given optimal
pair (b, s) does not affect the interim allocation @), but it increases the interim payment 7.
Furthermore, reducing subsidy s to zero does not violate individual rationality: if doing so
were to violate individual rationality for some type 6, then we have Q(0)8 — (T'(0) + s) < 0,
which implies Q(0)0 — T'(0) < s. In that case, bidders with type 6 would have obtained
a strictly higher payoff of s, by bidding @ that is choosing to stay out of the auction and
merely collect the subsidy s. They would then achieve the payoff of Q(0)0 — T'(f) = s, and
hence b (-) would not have been an equilibrium bidding strategy. This contradiction shows
that reducing the subsidy to 0 preserves individual rationality of all bidder types. Therefore,

there exists an optimal solution with s = 0. O]

B.4 Proofs of Results in Section 5

Proof of Theorem 2

Because the subsidy is given universally, its amount does not affect the equilibrium. Hence,
we focus on bidding strategies. If the bid space is finite, the existence of a pure-strategy
symmetric equilibrium is implied by Reny (2011). Because B is compact, it can be approx-
imated by finite subsets By, so that for any b € B, (b — %,b + %) N By # @ for any k € N.
For each k € N, there exists a symmetric and monotonic pure-strategy equilibrium of the
first-price auction with bid space By. Let us select one such equilibrium strategy and denote
it by(-). Because B is compact, we can ensure that each By includes min(B) and max(B).
We can further assume that By C Bj.;. We then have a sequence of monotonic functions
bx(-) which admits a point-wise convergent subsequence by Helly’s selection theorem. For
notational convenience, we can assume that (by,),. itself is this convergent subsequence. Let
us denote its limit by b(-). We claim that the limit constitutes a symmetric equilibrium in
the first-price auction under B. For each k € N, the probability of winning for type € only
depends on the w({z|bx(z) < br(0)}) and 7 ({z|bk(z) = br(0)}), and it can be expressed as

(rltaltnte) < @)+ 3 g (V) (rCGalie) < (6D Y falile) = a8 "

Let us denote {z|bg(x) = bx(0)} by I(0) and {z|b(z) = b(0)} by I(6). We use the following
claims to prove that b(-) is in equilibrium.

Claim 1. limsup, I;,(0) C I(6).

Proof of Claim 1. If x € limsup,, I(0), then by(x) = by(#) infinitely often. Because by(-)
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converges to b(-), b(x) = b(#), thus x € 1(9). O

Claim 2. If u(1(0)) > 0, then:
either I1(0) C liminfy, I (),
or b(z) = x for some x € 1(0) and I1() — {z} C liminfy I;(6).

Proof of Claim 2. Suppose that there exists 6’ € I(0) — lim infy I(6). Notice that 6" # 6
because liminfy I;(#) includes 6. For any K, there exists k > K such that by (6') # bi(0).
The monotonicity of by allows us to pick z,y € 1(#) such that for any K, there exists k > K
such that bg(z) < be(y) and p ([z,y]) > 0. Because by(+) is in a symmetric equilibrium, the

following must hold:

[P (bx(y)) — Pr(br(x))] (z — bi(z)) < Pr(br(y)) (bx(y) — bi(z)),

where Py (b) represents the winning probability from placing a bid b assuming all the other
bidders follow the bidding strategy by(+).

Notice that the right hand side of the inequality is arbitrarily close to 0, but the limit of
left hand side is bounded below by 1 ([z, yD¥ ! (x — b(x)) because the gain in the winning
probability by changing a bid from by(z) to bi(y) is at least +pu ([, y])V~". Therefore, if
b(x) < x, it leads to a contradiction because the type zwould deviate to bi(y) for some k.
[

Claim 3. p(1;(0)) — u(1(9)).

Proof of Claim 3. For I(f) such that p(1(f)) > 0, we established limsup, () C
I1(0) C liminfy, I(0) with an exception that might arise for a single type x € I(f) such that
x = b(#), which can be ignored by the atom-less assumption. Therefore, we establish that
limy, pu(1x(0)) = u(1(6)) by applying Fatou’s lemma. For () such that u(1(6)) = 0, we still
have lim supy, I (0) C 1(0). Because pu(I(6)) > 0 for all k and p(1(0)) = 0, limy, u(1x(0)) = 0.
[

Claim 4. For any 0 € O, u ({z|bx(z) < br(0)}) — p({z]b(z) < b(0)}).

Proof of Claim 4. We want to show that limsup, {x|bx(z) < bx(0)} C {z|b(z) < b()}
and {z|b(z) < b(0)} C liminfy {z|bx(z) < br(f)} p-almost everywhere. To show the first,
suppose that there exists 6’ € lim supy, {x|bx(x) < bg(0)} but b(0") > b(6). Because by(-) con-
verges to b(-), it must be b(0") = b(#). By claim 2, either p(I(0) =0 or & € liminfy, I;(6). If
wu(1(6)) = 0, then limsup,, {x|bx(z) < bi(0)} C {z|b(x) < b(#)} p-almost everywhere. If §' €
lim inf, I;,(6), then it leads to a contradiction to the assumption that 6’ € lim sup,, {x|bx(z) < bx(9)}.
It remains to show that {x|b(z) < b(f)} C liminf, {z|bx(z) < br()} p-almost everywhere.
If b(¢') < b(f), then there exists K such that bi(0") < bg(f) for all k& > K, thus ¢ €
lim infy, {z|bg(z) < br(0)}. Therefore, u ({x|bx(z) < bi(0)}) — p ({x|b(x) < b(0)}). O

Claim 5. If b€ B—b(0) then p ({z|bg(x) < b}) — u ({z|b(x) < b}).
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Proof of Claim 5. Pick an arbitrary 6 € lim sup, {z|bx(x) < b}. Then, bi(0) < b infinitely
often and bi(0) — b(f) # b. This implies that b(d) < b, thus, limsup, {x|bx(z) < b} C
{z|b(x) < b}. To see {z|b(z) < b} C liminfy {z|by(x) < b}, pick an arbitrary 6 such that
b(f) < b. Because by () converges to b(f), for any € > 0, there exists K such that by () < b—e
for all £ > K. Therefore, 0 € liminfy {x|by(x) < b}. Applying Fatou’s lemma completes the
proof. [

Claim 3 and 4 establish that there is no profitable deviation to a bid b € b(©). Consider
a deviation to a bid b € B — b(0). Because Py (b) converges to P(b) by Claim 5, if b were a
profitable deviation in the limit and belonged to some B, then the monotonicity of By ensures
that it would also be a profitable deviation at some step k > ¢. It remains to consider the
case in which b & U,enBg. If b were a profitable deviation and 8 — b < 0, so were deviating to
b—e for any € > 0. Because UenBy is dense in B, there exists € > 0 such that b—e € UpenBi
, and there would be a profitable deviation to b — ¢ at some step k. If b were a profitable
deviation and 6 — b > 0, then there exists small € > 0 such that deviating to b+ ¢’ is also a
profitable deviation for any &’ € [0, e]. Because UgenBy, is dense in B,there exists b’ € UgenBi
such that &' € [b,b+ ¢] and there would be a profitable deviation to b at some step k.

Proof of Theorem 3

Proof. Given a symmetric profile of bidding strategies b(-), regardless of the restrictions on

the bid space, we can express the winning probability of a bidder by placing a bid b € R as

PO = (o> 6O+ 3 (V) Gt > b)) Guttelo = o)
where we use two conventions: (i) b(#) = —oo if type 6 drops and does not submit a

bid, and (ii) we resolve (u({6]b > b(6)}))° to equal 1 when p({8]b > b(6)}) = 0. The win
probability P(-) is monotone in b and, for b > inf(B), it is discontinuous at b if and only if
w({0)b =0b(#)}) > 0. Suppose that b(-) is in equilibrium under B, but not under c/(5). Then,
there exists a type € © and b € cl(B) — B such that P(b) (6 —b) > P(b(8)) (6 — b(9)).
Since b € cl(B) — B, there exists a sequence (b;), oy that converges to b with each b, € B
for all k. Consider a case where b > inf(B). Because p({0|b =0b(6)}) = 0 as b is not a
valid bid under B, thus, P(-) is continuous at b, there exists k such that P(by) (0 — by) >
P(b(#)) (0 —b(#)), which is a contradiction because b(-) is an equilibrium under B. In the
remaining case, b = inf(B); notice that by > b for all k in the convergent sequence (by)
with by € B. Thus, P(by) > P(b) for all k, and b, can be arbitrarily close to b, thus,

62



P(br)(0 — b)) > P(b(F)) (6 — b(#)) for some k, which leads to the same contradiction. O

Lemma Lemma 18 and its Proof

Lemma 18. Suppose bidders type are drawn from an atomless distribution with interval
support ©. Let B and B be two bid spaces, let b(-) be a symmetric equilibrium bid strategy
for bid space B and let b(-) be a symmetric equilibrium bid strategy for bid space B. Let
[01,05] € © and suppose that (i) b(-) is strictly increasing on [0y, 65], and (i) b(-) is constant
on [01,05]. The following then holds:

1. If F is convex on [01,05] and no type below 0, submits the bid b(6y) = b(6), then
the difference in expected utility, w(0) — u(6,), under the equilibrium with b(-) is less than or
equal to the difference, 4(0) — @(61), under the equilibrium with b(-) for all 6 € [0y, 0]

2. If F is concave on [0y, 0] and no type above 0y submits the bid b(0,) = b(0,), then the
difference in expected utility, u(0s) —u(6y), under the equilibrium with b(-) is greater than or

equal to the difference, @(62) — @(0y), under the equilibrium with b(-).

" —
T

Proof. Let us define an auxiliary function ¢ (z,y) = zn for x > y > 0. For any integer
n > 1, the function ¢ is strictly increasing in x and y because t +— t" is strictly convex
and ¢ (x,y) is the secant slope of t" between x and y. Let F' be the cumulative distribution
function of a bidder’s type (recall that bidders draw their types iid). Because b () is strictly

increasing on [0, 65], the standard envelope calculation gives

0 0
u(@) —u(h) = | Qx)dz= / F(z)" ! du.
91 91
Under b, the set of types submitting the pooled bid b (61) = b (6,) is the interval [0~ 6] for
some 6% > 0y and §~ < 0,.3° For any type in [#~,07], the winning probability, denoted by
Q, is expressed as:

n—Fk

-S4 - o]

35The set of types submitting the pooled bid is an interval, but may not be a closed interval. For any
different types of interval, the same proof applies.
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Using 7 (n 1) = (Z), we can simplify @ as follows:

A 1 " /n n 1k Lk
Q= = 2 () P00 - PO )

_ Fty - FO)

R GEAG)

F(z)"'dF (),

1
T F(OY)—F(0) /_

where the final identity is from Lebesgue-Stieltjes change of variables. Because the winning

probability is constant on [#~,67], for every z,y € [#~,01], we have:
VI (0-067) /“ L
_ =0 -(r—7) = F(x)" " dF .

Now, we consider the first part of the lemma, where F' is convex on on [f;,65] and

0~ = 6, by assumption. Because F ()"~ is increasing F(-) is convex on [0y, 6], the following

inequality holds for all € [0y, 0] by Chebyshev integral inequality:

1 0 I
[ F(z)" 'dF(z) > F(x)" da.
F@»—F@»A;() D255 ),
Because w555 fe )" rdF(x) = % = ¢ (F(0),F(6,)) and ¢ (z,y) is strictly

increasmg in z, we have for all 8 € [0y, 05],

o+

1
F(0%) — F(61) /91

1 0
F(z)" 'dF(x) > / F(z)" 'dz,
06, ),

which is equivalent to

b~ 0 / " PR (@) > / " Py
F(0F) = F(01) Jo, ~Ja, '
Because 4 (0) — 4 (6,) = F(@f) 9; @ f91 )" rdF (z) and u(6) —u(0;) = fe )" ldx, we

have the desired inequality u (6) — @ (61) Z u(Q) —u(6y) for all 6 € [6,,6,].
Now, we consider the second part of the lemma, where F' is concave on [f;,65] and

0t = 0,. Because F' is concave, Chebyshev integral inequality gives for all 6 € [6;, 6,]
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Especially, for 6 = 65, we have

1 02 - 1 05 .
F(6,) — F(6,) /01 F(x)" " dF(x) < PR /01 F(x)" 'dz.

92 n— n__ n _
Because m o, Flx)"1dF (z) = % =¢(F(0,),F(61)) and F(0;) > F(67),

1 02 . 1 02 -
F(Qg)—F(@)/ F(x) dF(:E)§92_91/91 F(z)" dx,

which is equivalent to

92 — 01 02 o ) -
F(6s) — F(67) / F(z) dF(x)S/el Fz)" \dx.

Because % 093 F(x)" \dF(z) = 4(6;) — 4(h;) and fa )" ldr = u(fy) — u(6y),
we have the desired inequality @ (62) — @ (61) < u(6s) — u(61). O

Proof of Theorem 4

To prove the theorem, we first show that any mixed strategy equilibrium is equivalent to
a pure strategy equilibrium, following the similar steps as in Lemma 3.9 and Lemma 3.10
of Chawla and Hartline (2018). Although their model does not include a bid cap, the
same reasoning applies to rule out mixed strategy equilibria in our setting. For expositional
simplicity, we let b;(¢) denote the support of the mixed strategy employed by bidder i of
type 6. If b; () is a singleton, then bidder ¢ of type 6 employs a pure strategy. For the
purpose of our proof, it suffices to focus on the support of the mixing rather than the precise

distribution.

Claim 1. If b; (+) is a best response to other bidders’ strategy and 6 < @', then for any
beb;(0)and V' € b; ('), we have b < V.

Proof. By way of contradiction, suppose that § < ¢’ but there are b € b; (#) and b’ € b; (¢)
with b > 0/. We express the payoff of bidder ¢ with type 6 by bidding b and b as

G () (9 = b) = Gi (b) (6 — 1) + (6 — 0) G (b)

and

GO =V)=G,V)O-=V)+ (0" —0)G; (),

where G (x) denotes the probability of winning of bidder ¢ by bidding z. Because b’ is an
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optimal bid for bidder i with type #’, we have
Gi(D)O—=b)+ O -G ) <G V)O-V)+ (0 —0)G;(V),
which can be rearranged to
Gi (b) (0 —b) = Gi (V) (0 =) < (0" —0) (G (V) — Gi (b))

Because b is an optimal bid for bidder ¢ with type 6, the left-hand side of the inequality is
non-negative. Hence, we have G; (V') > G, (b) as 6 > 0. Because we assume that b > V', it
must be G; (V') = G; (b), hence bidding &' and bidding b give the same winning probability.
This contradicts that &’ is an optimal bid for bidder i with type 6’ because bidding b would

have given the same winning probability with a smaller payment. O]

Claim 2. Let (b; (+));cn be a profile of bidding strategy in an equilibrium. Then, there exists
an equilibrium formed by (b (-)),cy, where b = b; almost everywhere and b} is a pure strategy

for all 7.

Proof. For each 0 and i, set b, (#) = min{b € b; (#)}, which is a pure strategy. Because
JeN—{i} for all 2 € N. We
JEN_{i} for all 4, which implies that (b; (-)),cn
forms an equilibrium. Let X; denote the bid distribution over bids induced by b; (-) and the

(bi (+)) ey is in equilibrium, b (-) is a best response against (b; (-))

show that b (-) is a best response against (¥ (-))

type distribution 7; similarly, let X! denote the distribution over bids induced by b; (-) and
7. For b € [b,b], define

6(b) =sup{v € © | I € b; (v) with b’ <b}.

(If the set is empty, take 6 (b)) = 6, so that F (6 (b)) = 0. If b = b, then 0 (b) = § and
F(6(b)) =1.) Forall z < 6(b) and b’ € b; (z), by Claim 1 and the definition of 6 (b), we

have v/ < b. Hence, we have
PriX;<b)>r({zxreO|xz<ib)}).
Because b} (x) = min b; (x), we have b () < b for all x < 6(b); hence

PrX/<bt)>r({zeO|z<ob)).
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For all z > 6 (b), by the definition of §(b) there is no ¢’ € b; (x) with ¥ < b; hence
PriX;<b)<nm({zxreO©|x<0b)}).
Because b} () = minb; () and ¢ > b for all ¥ € b; (x), we have b, () > b; hence
PrX;<b)<m({ze€®©|z2<6()}).
Because 7 is atomless,
T({ze®|z<i)}) =m({zrcOfz<0b)})=F(0)
hence we have, for all 2 and b,
Pr(X! < b) = Pr(X; <b).

Therefore, b;(-) and b, () generate the same distribution of bids, hence ¥ (-) is a best response
against (b} (-))jE N_giy 5O (b7 (+));en forms an equilibrium. Finally, Claim 1 implies that b]
and b; can be different at most countable number of types, where the bidding functions
jump. Because we assume that the type distribution is atomless, we have b (0) = b; (0)

almost everywhere for all 7. O]

Now, we restrict our attention to equilibria in pure strategies by starting with establishing
the following claims to show that all bid functions in any pure strategy equilibrium share a

common cutoff type for bidding b.

Claim 3. In any pure strategy equilibrium, there is no tie-breaking at any bid level other
than b.

Proof. Assume for contradiction that some bidder i’s bid function b;(-) is constant on an
interval and we denote the value of b;(-) on the interval by b;. In any equilibrium involving
b;(+), no other bidder j can choose b; because bidding b; + ¢ would yield a strictly higher
payoff for a small ¢ > 0. If no other bidders select b;, the original b;(-) cannot be a best

response for bidder i, since reducing it to b; — ¢ would improve bidder i’s payof. O]

With the following claim we show that bid function for each bidder jumps at the exactly
the same type in any pure strategy-equilibrium. Let us use 6; to denote the lowest type at
which bidder ¢ bids b and b; to denote the the left-sided of b;(x) as x approaches 6; for each

1.

Claim 4. In any pure strategy equilibrium, 6; = 6; for all < and j.
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Proof. We can encode the distribution of the maximum bid among the other n — 2 bidder s
into a single distribution function G, such that G(b) represents the probability the highest
bid among n— 2 bidders is strictly less than b. By Claim 1, G(+) has no atoms except possibly
at b. Let Q;(b) and Q;(b) denote the winning probabilities for bidder i and j, respectively.
Let F;(b) and F}(b) represent the probabilities that they bid strictly less than b. Then, for
b < b, Qi(b) equals G(b)F;(b). To address the potential tie-breaking at b, we define P(k|b)
as the probability that exactly k — 1 bidders among the other n — 2 select band n — k — 1
choose lower bids. Thus, Q;(b) is given by:

—_

1 _

QB = 3 L PHDED) + Y P~ F(B)

B
Il

Assume for contradiction that §; < 6; for some ¢ and j in equilibrium. We analyze two cases
separately: b, > b; and b; < b;. Let us consider the case b; > b; (see Figure 3). We show
that if bidder ¢ with type 0; weakly prefers b; to b;, which should be the case if bidder 7 plays
the equilibrium, then bidder j with type 6; strictly prefers b; to b;, which is a contradiction.
We can express the expected payoff of bidder ¢ with type 8; when following the equilibrium

as follows:

u; (0, b;) = Qi(b:)(0: — b)) = G(bi) F(bi) (60; — bi) .

By noticing that bidder j does not play any bid between b; and b;:

ui(0i,bs) = G(bi) F(by) (0: — bi) -

If bidder ¢ deviates to b;:

u; (0, 0;) = Qi(b;)(0; — bj) = G(bj) Fi(by) (0; — bj) .

Since bidder ¢ with type #; prefers b;:

G (b)) Fy(bi) (0; — bi) > G(b;) F(by) (0; — b;)

thus
G(bi)(0; — bi) > G(b;)(0; — by).

Because 9]‘ > 91 and G(bz) > G(bj), G(bz)(ﬁj — bz) > G(b])(gj — b]) Since .Fz(bz> > E(b]),
multiplying F;(b;) on the left hand side and F;(b;) on the right hand side leads to:
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G(bi) Fi(bi) (0 — bi) > G(bj) Fy(b;)(6; — by).
Notice that the left hand side is u;(6;, b;) and the right hand side is w;(6;, b;), thus u;(6;, b;) >

u;(0;,b;), which is a contradiction. It remains to analyze the case b; < b; (see Figure 4).
For this case, we use the indifferent condition of bidder j at the cutoff type 6, to show that
bidder ¢ with type 6; would deviate in the equilibrium. The indifferent condition for bidder
J at the cutoff type 6; can be written as:

-1

[Zk (k|b)F, Z P(k|b)(1 — F(b))

k=1

(0; — b) = G(b;)F(b;) (6; — b))

Notice that Fj(b;) = F;(b) because bidder i does not choose a bid in (b;,b), which includes
the interval (b;,b) in the equilibrium. Dividing both sides of the equality by F;(b) leads to:

Fi(b
[Zk k|b+zk+1 k:|b< Z()U)

Because we assume that 0; < 0;, F;(b) < Fj(b), thus (1;%()6)> < (17@'(5)). By substituting
J
1—F;(b) . 1=F;(b) \.
< Fi(b) ) with < 7 0) )

n—1

[Z L)+ Y PO (1F—fb§b>)] (6 ) < G(0y) (6 - by).

k=1

(0, —b) = G(by) (6; — by).

and

-1

X L (50) + 3 ) (- 50

k=1

(0; — b) < G(b;)F;(D) (0; — b;) .

The left hand side of inequality is u;(6;,b) and the right hand side is w;(6;,b;) by noticing
that Fj(b) = Fj(b;). This is a contradiction because u;(6;,b) is the equilibrium payoff and
u;(6;,b;) is a profitable deviation. O

Proof. We now turn to the proof of Theorem 4. By Claim 1 and 2, there exists a common
cutoff type that the bidding strategy jumps to b. Let us denote the cutoff type by 0 and
consider a first-price auction with the type space [Q, é} with the type distribution defined

by the conditional distribution on [Q, é} Suppose that a profile of bid functions (b;(-));cn
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o

6; 6,

Figure 3: If bidder ¢ with type 0; prefers b; to b;, bidder j with type 6; would strictly prefer
bj to bz

T

6 Qj

Figure 4: If bidder j with type 6; is indifferent between b and b;, bidder i with type 6; would
strictly prefer b; to b.
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is in an equilibrium in the original game with type space [Q, 9} Consider a profile of bid

functions, where each bid function is defined by:

byl if z € (0,0
bil[p,g () = ) - )

lim€_>0+ bl ([If — 6) if v = é

Notice that (bi\[@é](-))iEN is also an equilibrium of the first-price auction with the type
space [Q, é] and the bid space [b, c0), which is a bid space without a restriction other than a
reserve price. For a symmetric environment where only a reserve price is allowed, Chawla and
Hartline (2018) show that the equilibrium is unique and it is symmetric.?® Because the cutoff
type is common among bidders in equilibrium, we can rule out any asymmetric equilibria in
the original auction with type space [Q, ﬂ The characterization of the equilibrium bidding

strategy on the left side of the cutoff type f follows the result from Monteiro (2009)

I} if 0 <b,
fbg F(z)" ldz

b(9) =

If 6 — fbé F(z)"'dx > b, then the bidding cap b is not binding, hence we have the equilibrium

o if 6 < b,

0 ) ldx
oLl g >0,

b(f) =

proving the second part of the theorem. To prove the first part of the theorem, where
the bidding cap is binding, notice that the cutoff type 0 is determined by the indifferent

condition:

i (g o F@td F(8)"" = [0-1] Prd)

0— |0 — —— 0
F(Q)nfl

where Pr(b) is the probability of winning by bidding b when other bidders with type @ bid
b if and only if § > 0. Accounting for tie-breaking,

P =Y (42, -r@) T [re)

36The uniqueness was established under stronger assumptions (Lebesgue absolute continuity of F') by e.g.
Maskin and Riley (2003) and Lebrun (2006).
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Using 2(2~}) = (1), we can simplify Pr(b) as follows:

Prb) = —— Y (Z) [1 - F(é)r [F(é)}”

1 o
:—(é)/é Flz)"dF (),

1-F
where the final identity is from Lebesgue-Stieltjes change of variables. By substituting

141?(@) fééF(x)”_ldF (x) into the indifferent condition, we have

6-1] /9 ’ Ple) P () = [1-7)] /b ’ Py,

The next step is to show that the indifferent condition gives a unique solution in [b, ) if

Using 1_;(9) fééF(x)”*ldF (x) = ﬁ;f—g();)], we can express the indifference condition as

— F(O)" 0
(0 — 5)& = n/ F(z)" 'dz.
[1 - F(Q)} b
Because [11_};(2;] = Y071 F(B), we have
. n—1 ) 0
6-0)3 F@y =n / Fz)"da.
k=1 b

Define L(A) = (0 — b) S1—s F(0)*, R(0) = nf; F(x)" 'dz, and D(0) = L(0) — R(0). We
show that D(#) = 0 has a unique solution in [b, ) by establishing a series of claims.
Claim 1. D() is strictly increasing on [b, b].

Proof of Claim 1. Fix s >t > b. Because F is nondecreasing, we have
L(s) = L) = (s — ) S F(s)F + (t — b)( F(s)k — F(t)’“) >(s—1)S F(s)*.

Also,



Therefore

D@)—D@ﬁz@—ﬂ( F@f—nF@W*)

3
—_

i

For any y € [0,1), because y" ! < y* for k = 0,...,n — 1 with strict inequality for some
k when y < 1, we have Zz;é y* > ny"'. As long as s < § we have F(s) < 1, hence
< "o F(s)k — nF(s)"‘1> is strictly positive and thus D(s) > D(t). So D is strictly
increasing on [b, ).
Claim 2. D(b) < 0 and D(b) > 0.
Proof of Claim 2. At = b, we have L(b) = (b — b) 37—, F(b)* = 0 and R(b) =
nfbg F(z)" 'dz > 0, hence D(b) < 0. As z — 6 from below, F(z) — 1 and 3.1—1 F(6)F — n,

while R(z) — nffF(a:)”’ldx. Hence,

0 0
lim D(z) =n(0 —b) — n/b F(z)" 'dz =n [(6’ —b) — /b F(x)”_ldx] :

r—0—

By assumption that § < b < 6 — fbé F (z)" " dz, we have lim, 5 D(x) > 0.

We established that D is stricjcly increasing, that D(b) < 0, and that D(z) > 0 for x
sufficiently close to f. Furthermore, D is continuous by the atomless assumption. Therefore,
there exists a unique 6 € [b,#) such that D(9) = 0. Hence, we establish the uniqueness of
the pure strategy equilibrium with the profile of bidding strategies given by

1%} it <b
(0) = Jy F@)"'de ;
bz(‘g)_ G_QF(OW 1fl_)§8<9,
b if § > 0.

Because bidders on the cutoff types are indifferent, there also exist other, essentially equiva-

lent, equilibria in which those types choose different bids between two indifferent choices. [

Proof of Theorem 5

Proof. Let u(-) and @ (-) denote the interim utilities in the equilibria b(-) and b (-), respec-
tively. Recall that, by 4, b(0) is strictly increasing on [r,d] and equals b on 6 > 0. Define
0 = inf {z |b(z) =b} and A (0) = u(f) — a(h).

For 6 < r, because r is the minimum allowed bid in l";’, either bidders with type 6 opt
out of the auction or bid their own value in the equilibrium in b (). The analogous analysis
holds for b (0) because r = inf {6 | b(#) > @}. Therefore, we have A (#) = 0 and u(f) = u(0)
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for all 8 < r.

For 6 € (r, min {é, é}], by Theorem 4, b (0) is strictly increasing. On an interval where
b(0) is strictly increasing, A (0) is constant by the payoff equivalence theorem. On an interval
where b (0) is flat, A () is non-decreasing by Lemma 18. Therefore, we have u (0) > @ (6)
for all » < 8 < min {é,é}

Now, we prove that 6 > g, By way of contradiction, suppose that 6 < 6. Because
6 < é, we have min {é, é} = # and there is a positive mass bidding b in the equilibrium
b(6). Hence, there is a discontinuity in b (-) at type 6 and bidders with type 6 are indifferent
between bidding b and lim b(x). By the previous analysis for § € (r, min {é, é}], we

z—0—
have u (5) > U (5) Consider bidders with type 6 in the equilibrium in 3(9) Because
6 < 0, bidding b yields a strictly higher winning probability in 3(9) than in b (#). Hence, if
a bidder with type 6 were to bid b when everyone else follows Z;(H), then the payoff would
strictly exceed u (é) Because u (é) >u <é>, such a deviation would be profitable for type

0 contradicting that l;() forms an equilibrium. Hence, we must have 6 > 6.

We now show u(6) > a(0) for all 6 € [0, 0].

~-1f0 e (9~, 0], then both equilibria prescribe bid b. The set of types bidding b is weakly
smaller under b(-) than under b(-) (because § > ), so the winning probability (and hence
utility) from bidding b is weakly higher under b(-).

~1f 0 € (0, 6], then under b the equilibrium bid is b. In the b(-)-equilibrium, b is available;
let qg’ be the winning probability from bidding b against opponents who follow b. Because

b(-) is in the equilibrium, we have

u(0) > (0 —b)gp.

Because fewer types bid b under b(-) than under l;(), we have ql’;’ > qg, where qg’ is the
winning probability under b (-) when bidding b. But @(6) = (6 — 5)q£. Hence u(0) > u(0).

Combining the above analyses, we have u(f) > u(f) for all § € [0,6]. We compare the
expected revenue by analyzing two different regions; § < 0 and 6 > 6.

— For 0 < 0, recall that b (6) is strictly increasing on [r, 6] and b (0) = @ for 6 < r, while
b (#) may be flat on some region in [r, 0] and b(0) = & for § < r. Hence, the total expected
surplus conditional on @ < @ is weakly higher in b () than in b (). On the other hand, the
expected payoff for each type 6 is weakly lower in 13(9) than in b(0). Hence, the expected
revenue conditional on # <  is weakly higher in 13(6)

— For 6 > 6, notice that bidders with type 6 above 0 submit b in the equilibrium in l;(@),
while bidders with type between 8 and 6 may bid lower than b in the equilibrium in b (0).

Hence, the expected revenue conditional on 6 > 0. Therefore, the expected revenue is weakly
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higher in b () than in b(6). O

C Omitted Derivation of the Optimal Solution in Sec-
tion 6.1

Instead of r and b, we can transform the choice variables in the maximization problem into

r and @*, where #* is the cutoff type that chooses b. Then, we can rewrite the objective

0% +1,,2
14-6*

functions U (b, r) by setting b = as:

4 1
U(@*,r) — —57"3 + g9*3 _|_9* —|—T‘2 - (9*2 o Ck(l +9*)

and V (b, r) by setting b = % as:

Vi(0r,r) = =3+ 20"+ 0" — 02 —a(1+ 0" —2r) if0<r< %

-3 1+6*
V(0" r) = S Vo () = 0" (1 — 0*) — « if 0<r =%
V(%) =0 if 0=r =17

By taking the first order condition for U(0*,r) with respect to 6*:

ou
00~

142 =
05 r)=0%-20"+1—-a=0 = 9*—1—\/aandb——gr_—\/a\/&.

By taking the first order condition for U(6*,r) with respect to r:

(?9_(7]’(9*,7‘) = —4r?+2r=0 = r =05,

The maximized value U(0*,r) as a function of « is:

2 5
Ula) = —2a + gam + 15

By taking the first order condition for V;(6*,r) with respect to 6*:

ov;
00+

1 —
2 —

B

0*r)=02-20"+1—a=0 = 0"=1—/aand b=

B

By taking the first order condition for Vi (6%, r) with respect to r:
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oV,
8_7“1(8*’T) =8 +2a=0 = r= @.
Notice that the condition on « for r < £ is a < 6 — 4v/2 and the maximized value of V;

110+
as a function of « is:

4 1
Vi(a) = §a3/2 — 20+ 3

By taking the first order condition for V5(6*) with respect to 6*:

OVa
06+

() =1-20" =0 — e*:%.

The maximized value of V5 as a function of « is:

One can verify that max {U(«), Vi(a), Va(a),0} is U(a) if @ < 0.25 and 0 if a > 0.25.

Therefore, the optimal bid spaces for varying « is

5/ .
[05, 37—\/5] if  <0.25
B=<{0} or {05} ifa=025.

{0} if > 0.25

Omitted Verification of the Symmetric Equilibrium in Section 6.2

To verify this is indeed an equilibrium, consider bidder ¢ of type 6. The expected payoff of
bidder i of type 6 by bidding b given that the other bidder follows the strategy b(6) i

2(1—p)b(6—b) ifbel0,1)
N

u(0,0) = {10 —b) if b = 12
z(b)(0 — b) if b e (45, 3],
where
z(b) =p+ (1 —p) <b+\/b2—p(i+§b>> :
We compute the maximizer and the resulting payoff on [0, i), {# , and (iﬁ—ﬁ, %] separately.
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— For region b € [0, %), the first order condition is

ou 1
o =20=p)(0=26) =0 = b(0) = 0.
9%u

Furthermore, u is strictly concave on the region because gz = — 0

( ;
is the unique maximizer. This lies in [0, i) if and only if 0 < % Hence, for 0 < %, the

4(1 —p) <0, hence b* =

maximizer within this region is %6’, yielding

Y\ 0 0, 1-p,
u(@,§9)—2(1 p) 2(6 2)— 5 0.

Ifo> %, the payoff u(6,b) increases throughout, so the optimal within this region is the

right-end supremum with value

supu(6,b) = 2(1 — p) - i(e— i) _ % (9_ i) |

b<i

— For b = 22 because the allowed bid is singleton, the maximized payoff is

4
14+p, 1 1+p
), —y==(0-—L).

— For the region b € (225 1] we define two auxiliary functions:

R R
Note that b 2 ( "
/ _ 1Tp ZL’, — o I p ‘I'p

From the second equality, we have
2'(b)s(b) = p+ (1 —p) (s(b) + b) = z(b).

The first order condition on u(é,b) = x(b)(8 — b) gives

ou

5 =00 =) = x(b) =0,

7



By substituting x’(b)s(b) = x(b) into the first order condition, we have
Z'(b)(0 —b) — 2’ (b)s(b) =0 = 6 —b—s(b) =0.
For 6 > £, using s(b) = \/I(b) gives a closed from for the maximizing bid

p+(1—p)o?

bl8) = 2[p+ (1 —p)o]

The second order condition gives

0*u "

= —b) =27

o ¢ (b)(8 —b) —22'(b) <0
because ) ) ) b B

s(b)? (1=p) (b)3
Hence, b(0) = % is indeed the maximum on the region b € ( ,5]. Recall that
% =12'(b)(0 — (b+ s(b))).

Because b + s(b) increasing in b and b+ s(b) is 5 for b = ZPLL we have 2% < 0 for all § < 1

and % =0 for 6 = % Therefore, for bidders of type 0 < 2, the optimal blddmg is to bid as

3p+1
4p+4-

We now compare the best values attainable in each part of the bid space for each type.

(i) Consider bidders of type 6 < 3.

— On the lower interval b € [0, 1), bidding b(f) = 160, which is the maximizer in the lower
interval [0, 1) gives the payoff u(f, 36) = 5262

close as possible to b =

- Bidding b(6) = 2 gives the payoff u(f, 2£2) = 1 (9 — 12) and 3 (0 — 12).

— On the upper mterval b e (Z’gﬁ, %], the supremum of the payoff % ( iﬁii) at its
excluded lower endpoint b = %.

Because 15262 > 1 (9 — H2) and 15267 > L2 < - Zg—ii) for all § € [0,1), the global

maximizer for 6 < 1 is b(f) = 6.
(ii) Consider bldders of type 0 =

1
2
— On the lower interval b € [0, ;),

the supremum of the payoff is % at the excluded

endpoint b = i
~ Bidding b(0) = 42 gives the payoff u(}, 132) = .
3p+1 1

— On the upper mterval b € <@’ 3), the supremum of the payoff is also % at its
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3p+1

excluded endpoint b = prawg

Hence, the global maximizer for 6 = £ is b(f) = 142

(iii) Consider bidders of type 6 > l

— On the lower interval b € [0, 4) the supremum of the payoff is Tp (9 — }l) at the
excluded end point b = 1

— Bidding b(0) = 1+p gives the payoff u(f, 22) = 1 (9 — L2).

— On the upper 1nterva1 be (iﬁ—ii, %] bidding b(6) = %, which is the maximizer
in the upper interval, gives the payoff u(6, % =p(0 — %) + Leg?

Because p(6—2)+1526% > 122 (0 — 1) and p(0—3)+ 15262 > 1 (0 — =£2) for all 0 € (3, 1],

2 2
the global maximizer for § > 1 is b(f) %.

D Asymmetric Environment

In this section, we present results for asymmetric environment. Throughout the analysis, we
assume that each bidder i has a type distribution 7;, with finite support 6,.3”

Consider bidder specific monotone partitions {@f li=1,... JZ-} for all € N and a strict
order < on {{i} x {©7 |j=1,...J;} | i € N} U{Keep} such that

({i},0!) < ({5}, 0", forallj=1,...,J -1

and a mapping g; : ©; — {@{ l7=1,... J,-} defined by 6; € g; (6;).
Ex-post allocation (g;),. is asymmetric hierarchical allocation: ¢; (6;,...,0y) =1

if ({i},0:(6;)) > max{Keep, ({j},g;(0;))} for all i # j and ¢; (61, ...,0n) = 0 otherwise.
Let
Q= {(Q,)ZGN | Q;: © — [0,1], Q; is non-decerasing and feasible.}

The set Q@ C REL T ig a polyhedron characterized by the following inequalities:
ti—1
ZZQz (07) i (07) < 1—H [Zm (07) ] ,forallie Nand t; =1,...,T;,
1EN s=t; i€EN

and
Qi (Hf) > Q; (95_1), forallie Nandt=1,...,T;,

where Q; (6?) is defined to be 0.

37The extension to general distributions follows the same steps as in the symmetric case.

79



Lemma 19. An interim allocation (Q;),cn 1s an estreme point of Q if and only if it is a

reduced form of an asymmetric hierarchical allocation.

For convenience, let us introduce notations to be used throughout the section. Fix an
interim allocation (Q;),cy € Q. For each bidder i € N, let

0, =0lu-.-ue’

be the coarsest monotone partition adapted to @);: @Q; is constant on each block and strictly

increases across adjacent blocks. Write
Qi(0) = a;; forall § € ©

Let T = [[,cn {1, ., Ji} be the lattice for block-index with the usual coordinate-wise order.
For each t € T, define block-level tails:

and

Let Ui(ti) = >y, Qi (07) mi (07) be the weighted upper tail of Q; and p; (t;) = D5, mi (67)
be the tail probability. Border’s feasibility condition is then:

YUty <1=T[—p )

€N 1€EN

for every vector t = (ti,...,ty) € [[;enil,-...Ti}. To further simplify the notation,

throughout the next the proof of the theorem, we use

F(t)zl_H(l_pi(ti))v H(t):ZUi(ti)'

€N 1EN

Then, feasibility constraint at vector ¢ is given by

H(t) < F(t).

The proof of Lemma 19 is based on the following two lemmas.

Lemma 20. Let (Q;);cy € Q. Then S ={t € T | H(t) = F(t)} is closed under coordinate-
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wise meet and join: ift,s €S, thent ANs,tVseS.

Proof. 1If S is empty, then the claim holds automatically. Suppose that S is not empty, hence

we pick arbitrary ¢,s € S. Because H(t) is additive across coordinates, we have
H(t)+ H(s)=H(tAs)+ H(tVs).
Because F(t) is non-decreasing and submodular, we have
F{)+F(s)>F(tNs)+ F(tVs).
Because t,s € S, we have H(t) + H(s) = F(t) + F(s), hence
H(tNs)+H(tVs)>F({tAs)+F(tVs).
By the feasibility condition of (Q;),cy at t A s and t V s, we have
H(tNs)+H(tVs)<F({tNs)+ F(tVs),

hence
H({tNs)+H({tVs)=F({tANs)+ F(tVs).

The equality holds if and only if H(t A's) = F(t As) and H(tV s) = F(tV s), therefore
tAs,tVseS. O

Lemma 21. Let (Q;),. be an extreme point of Q. If S = {t | H(t) = F(t)} is non-empty,
then there exists a finite sequence (t(f))eL:1 in S such that

(i) t©) = min (S) and t*¥) = max (S) and t© < ... <t (if min (S) # max (S)),*

(ii) for all ¢ = 1,... L, no element of S lies strictly between t*“~Y and t¥,

(iii) for all € = 1,..., L, we have t) = t“=Y ¢, for some i, € N,

(iv) for all € =1,...,L, we have Q;(01") = [1, <1 — pj <t§£)>>.

Proof. By Lemma 20, S is finite lattice. Because S is non-empty and finite lattice, we have
t© € S and t¥) € S, hence establishing (i). If (¥ = t(X) the proof is done. Suppose that
t < "), Because S is finite and {u € S | t*~Y < u} is non-empty for £ =1,..., L, it has
~<-minimal elements; we can pick any one of them and call it ). This produces a strictly
increasing finite sequence ¢ < ... < t(") such that no element of S lies strictly between

t=1 and ¢ for any ¢, and this proves (ii). To prove (iii), for convenience, let us introduce

38The minimum and maximum are well-defined because S is a finite lattice by Lemma 20. The relation
s < t if and only if s; < ¢; for all 7+ and s; < ¢; for some 1.
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B(t) = {(i,k) | k> t;} . If M = B(t"Y)) — B(t"~Y) is a singletone then the proof is complete.
Assume for a contradiction that |M| > 2. Let I = {z | tz(»z) > tz(»é_l)} be the set of coordinates
that move from ¢~V to ¢

Case 1. |I| > 2, or |I| =1 and @Q); is not constant on {ty_l), . ,ty) - 1}

In this case, M meets at least two flat segments. Pick two flat segments BT and B~

contained in M (possibly on different bidders). Define, for a small n > 0,

n if (i,k) € BT,

z i ur 9? . . _

AQiy = —T]—Ziiiii mge’% if (i,k) € B,
0 otherwise,

and
QI =Qi+AQix, Qi =Qi—AQiy.

To check the feasibility of Q; and Q;, we partition the set T = T; U Ty; for t € Ty, the
feasibility constraint is binding and for ¢ € 75, the feasibility constraint has slack. For t € T3,
because there is slack, we can set n > 0 small enough to satisfy the feasibility constraint due
to the finiteness of 7. Fort € Ty, if M C B(t), then the feasibility constraints hold as equality
at t after the perturbation because ) ,, AQ; ,7; (Hf) =0. For t € T, if M N B(t) = (), then
the perturbation never shows up in the feasibility constraints, hence the constraints hold
as equality. For t € Ty, if M N B(t) is a proper subset of M, then there exists indices i
with ¢; < tz(e) and j with ¢; > t;zfl). Hence w = (t(é_l) Vi) A t® is in S by Lemma 20 and
t=1) < w <+ which is a contradiction to (ii). Therefore, both Q; and Q; are feasible.
Because we perturb the flat segments by the same amount, monotonicity constraints are
satisfied by setting n small enough. Notice that 3 (Qf)ieN + 3 (Q;)iGN = (Qi);eny and this
is a contradiction to the assumption that (Q;),.y is an extreme point.
Case 2. M lies in a single flat segment over multiple types of a single bidder.

Here, I = {i} and Q; (95“71)) = =0 (9;?“)) = ¢ for some ¢ > 0. Notice that

#{

HE" )~ HtY)=c Y (6

k:tgl—l)

and
#{

[T(-» (é‘*’))) > om(h).

k:tgﬁ—l)

F(D) — F(t®)

I
<
*
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Because H(t"~V) = F(t*=V) and H(t®)) = F(t?), we obtain

T (- (£)).

J#i
But then for the first unit step t¢~1 — =Y 4 ¢, we have

(-1

H(t" D) — HAYY 4 ¢) = em <6§1 )
and

(e-1) (e-1)
F() - P e) =] (1 —p; (éﬂ—l))) e (9}' > = cm; (9;% ) :

JFi

Because H(t~1) — H(t D +¢;) = F(t D) — F(tUY 1 ¢;) and H(tED) = F(tD),
the feasibility constraint is binding at t*“~Y + e;, which is a contradiction to (ii) because
tED < =D e < O, Therefore, it must be |[M| = 1, hence t©9 = ¢t~ 4 ¢; and this
proves both (iii) and (iv). O

Proof of Lemma 19. Let (Q;),cy be an extreme point of Q. For each i, let ©; =
e;uU---U @;-] “ be the coarsest monotone partition adapted to (); and denote the common
value of Q; on ©) by a, ;. Let [a; (§),b: ()] € {1,...,T;} be the index interval of ©7.

i at least . nT; constraints must be binding. If

Because Q is a polytope in RXien
S = 0, then for (Q;),cy to be extremal, every monotonicity constraint must bind to have
> ien I; binding constraints; hence @; (¢;) = 0 for all i and ;. This is an asymmetric
hierarchical allocation, where Keep is at the top. Henceforth, we assume S # (). By Lemma
21 (ii), we pick a sequence of vectors min (S) = t©® < ... < t(¥) = max (S) such that t*) € S

and t© = =Y 4 ¢, for some i, for all . By Lemma 21 (iv), for all £, we have

Q) - T1 (- (1)

he#i

We implement this with an asymmetric hierarchical allocation as follows:

- Follow the chain @ < ... <+ from t(© to &),

- Along the chain, whenever £, is the first index of some partition block @g{ (i.e., ke =
a;,(j)), record the partition label (i, @f{) after all previously recorded labels. (Thus each
partition label is recorded exactly once, at the chain’s first entry into that block.)

- Place Keep below every recorded label with «; ; > 0; any blocks with «; ; = 0 is placed
below Keep.
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This produces a strict order on {(z, 9{ ) } U{Keep} that is monotone within each bidder:
because the chain raises type indices by one, it visits all indices a; (j), ..., b; (j) before it can
visit a; (j + 1), thus we have (2’, e’ ) < (i, @g’“). Hence, this is an asymmetric hierarchical

allocation. We show that this allocation rule generates the interim allocation given by

Q") -1 (1-n (4))

h#i

Fix a partition label (i,07). Let r be the chain vector just before the chain first enters
a; (). Under the allocation rule, bidder ¢ with 6; € ©; with (,0;) > Keep wins the auction
if and only iff every competitor j is assigned a partition label ranked below (i, @{ ) By

construction, the probability of that event is

T =pu(rn)).

heti

By applying Qi(éf(@) =1 <1 — P <t§.€)>) at r — r + e; with r; = a; (j), we have

[T —=pu(ra) =@ (970)) :

heti

Hence, (Q;),cy is a reduced form of the asymmetric hierarchical allocation rule.

To show the converse, fix bidder-wise partitions {@f} and strict order on {(z, @{ )} U
{Keep}. Let the induced interim rule be (Q;),cy 50 Q; (95) — q;; on O,

Starting from the minimum threshold ¢(©), sweep the partition in order from bottom to
top. Whenever the sweep passes (i, @{ ) above Keep, perform the consecutive type-level
steps

t—t+e —>t+2e+---

bi(7) —a;(j) + 1 times. This yields a type-level unit-step sequence t(©) < ... < t(X), Consider
an edge r — s = 7 + ¢; inside block ©7 (so r; = k € [a; (j),b; ()]. The probability that all
others are below (i,07) is [], (1 = pn(rs)), and by construction we do not change r; while

moving inside the block. Hence for each such step,

H(r) — H(s) = m(0))as; = mi(0F) [ [(1 = pa(ra)) = F(r) = F(s).
heti

Inducting from the start gives H(t)) = F(¢t(*)), hence the feasibility constraints on the whole

sequence are binding. Hence, along the sequence, (Ql(ef))l ., are uniquely pinned down by
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a combination of monotonicity and feasibility constraints, hence (Q;),., is extremal.

Proposition 2. If (Q;),cy s a reduced form of a asymmetric hierarchical allocation and
(Q:.T;) is incentive compatible and individually rational, then it is a first-price auction with

subsidy.

Proof. Set s; = min {Q;(z)x — T;(z) | © € ©;} and b; (0) = 5)(9;51 for 0 such that Q; (9) >

and b; (¢) = @ for 6 such that Q; (#) = 0. Then, by Lemma 15, b; (¢') > b; (0) if and only if
Q; (0) > Q; (0) for all #" > 6 except when b; (#) = 6. By incentive compatibility, there exists
at most one type 6 such that b; (0) = 6. If b; (6) = 6 and b; (¢') = 0 for some ¢ > 0, we
modify b; (f) = r~. Otherwise, we do not need to include 7~ in the bid space. We construct

individual specific bid space B; = b; (©;) U {@} for each i and bid interpretation mapping
such that ®; (@) = @ for all i and

O; (bi(6h)) < @5 (b;(05)) = ({i},9:(6:)) < ({5}.95 (65)) -

Then, the auction, where bidder with the highest ®; (b;) wins the auction and pays b; (6;),
implement (Q;, T;) with bid specific subsidy s;. O

Theorem 7. Any individually rational and incentive compatible mechanism is a lottery over

first-price auctions with subsidy.

Proof. By Lemma 19 and Lemma 9, any extreme point of the set of individually rational and

incentive compatible mechanisms is an asymmetric hierarchical. 2 completes the proof. [J

Theorem 8. If the objective is quasi-convezx and continuous in (Q;, T;),c . then there evists

a first-price auction with subsidy that mazimizes the objective.

Proof. By the continuity and the quasi-convexity, there exists an optimal on an extreme

point. Theorem 7 and Carathéodory’s theorem completes the proof. O
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