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Abstract

We introduce a model of worker tasks and job structure that responds to automation technology such as
AT In our model a production process is a sequence of steps that can be aggregated into worker tasks
and further aggregated into jobs. These aggregation choices are the outcome of firm-level optimization.
Individual steps can be treated as separate tasks, either manually or with Al assistance, but can also
be automated by combining two or more into a single task. In the latter case, all but the final step
are automated and executed implicitly as part of performing the task. Tasks can be further combined
together into jobs, with corresponding total worker skill and time requirements that impact productivity
and wages.

We explore the problem faced by a firm that wishes to optimize the use of automation by its current
workers (short run) or the joint design of automation and job responsibilities (long run). We discuss im-
plications for task-level versus job-level exposure to Al, worker skill and specialization, and the marginal
impact of Al advancement on economic productivity. Finally, we illustrate how to fit our firm-level task
model of production to standard economy-level aggregate production functions.

1 Introduction

Recent advances in Al carry the potential to significantly impact work processes and economic productivity.
Questions about the impact of automation technology on production and labor are not new, but the rise of
generative Al is notable for the breadth of occupational tasks that it might influence, including traditionally
white-color knowledge work |Eloundou et al.|(2023). As generative Al and language models see rapid adoption
in the workplace, multiple effects—both local and global—can arise. In the short term, we might expect
efficiency gains from individual task-level improvements and partial automation of certain production steps,
increasing worker productivity. In the long term, however, it is tempting to imagine larger disruptions
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to labor as Al usage becomes more widespread. The proliferation of AI tools could potentially enable
reorganization of tasks, job responsibilities, and worker skill requirements, with substantial implications for
the labor market.

To explore potential long-run impacts of new Al technology, we treat both the definition of worker tasks
and the partitioning of tasks into job responsibilities as endogenous market outcomes. A firm seeks to
optimize its cost of production by choosing which steps of its production chain to automate, which steps
to assign to human workers, and how to split human labor into jobs with different skill requirements. For
example, in the absence of effective automation technology, a firm might hire multiple high-skill workers in
different job roles to accomplish distinct steps of its production process, incurring hand-off costs whenever
work passes from one worker to another. As AI technology improves, the firm might instead choose to
automate many of these steps—lumping them together into one logical task—and then hire a single lower-
skill worker to oversee this automation and validate the production outcome. Whether this strategy is
effective depends not only on the effectiveness of the Al technology at accomplishing individual production
steps, but on the sequential relationship between steps, the relative ease of verification versus manual task
completion, and hand-off costs between workers.

One might naturally wonder what is special about Al technology in this scenario, relative to other forms
of automation. An important feature of Al is its generality: its potential to influence many different tasks.
As such, an improvement in Al technology can simultaneously impact automation decisions across multiple
points in a production chain, leading to large shifts in overall production strategy. By endogenizing the
organization of worker tasks and job assignments, we seek to capture non-local effects that might depend on
the sequencing of production steps and their relation to each other.

Table 1: Summary of Time Horizons

Aut ti ‘Worker Skill
Time Horizon utomation Job Design orier SIS Comments
Strategy and Wages

Productivity gains by

Short-run Optimized within jobs Fixed Fixed ) .
automating existing tasks
Skills and relative wages Joint optimization of automation and
Long-run Optimized across jobs Flexible . . . 8 . .p .
adjust to job design job design to minimize total labor costs

We use our model of automation and labor assignment to explore the effect of Al and the resulting
automation of tasks. We investigate how AI advancements affect this division in the short-run—where
human capital needs remain fixed but Al is used to increase worker productivity by reducing the time it
takes to complete tasks—and in the long-run—where both human capital requirements and firm automation
strategies can jointly adjust.

Automation versus Augmentation. Central to our model is the distinction between full automation of
a production step versus worker augmentation. In our model, three modes of step completion are recognized:
manual, augmented, and automated. Manual completion of a step means that a human carries out the work
without any Al assistance. Augmented completion involves a human performing the step with the use of
AT, which might (or might not) reduce labor costs. For example, a human describes the parameters of a
step to an AT tool, the AT then executes the step, and its output is reviewed and approved by the human.
In contrast, we say a step has been automated if it is completed by an AI end-to-end without any direct
human intervention. We view automation as a way of putting certain production steps “under the hood”
of a logical meta-task that a worker is attempting to complete. For example, as part of an Al-augmented
request to complete one step (such as writing a report), an AT might also be assigned to complete one or more
preceding steps (such as running a statistical analysis) as part of that single request. Any such preceding
step is said to be automated, and the set of all such automated steps, plus the final step that the worker is
actively engaged with, can be thought of as a single worker task. By choosing which steps to automate and
which to assign either manually or via augmentation, the firm implicitly designs the set of tasks exposed to
its workers.



Although augmented and automated production steps both involve Al, they differ in one crucial respect:
AT augmentation demands direct human oversight of the AI’s output, whereas automation does not. Figure
illustrates these concepts using a sequence of five steps. Steps 1 and 5 are performed manually by a human.
Steps 2, 3, and 4 form an Al chain and are done using Al. Steps 2 and 3 are automated because their outputs
feed directly into subsequent Al tasks without human review. Steps 4 is augmented because its output is
evaluated by a human before proceeding. The resulting worker tasks in this job thus become 1,4 and 5.

Figure 1: Illustrative Example for Division of Labor
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Notes: This figure illustrates division of labor across five steps: Steps 1 and 5 are manual; Steps 2 and 3 are Al-automated
(done without direct human intervention); Step 4 is Al-augmented (done with AI but requires human oversight). Lines from
the AI box show which steps involve Al, and lines from the Human box indicate steps requiring human execution or oversight.
Dashed boxes group steps according to their task assignments. Steps 1 and 5 are human tasks while Steps 2-4 form an AI chain
task.

The decision to deploy Al on a given production step compares the cost of manual execution to the
unified Al-based execution cost. At first glance, this might seem like another way of stating that steps get
assigned to whichever factor has the comparative advantage in that step, but this is not the case: position
within the productive process profoundly changes the optimal allocation of steps between humans and Al.
When a single step is performed by an Al as an augmented task, there is always a human requesting the
task and evaluating its output in an Al-augmented manner. But with two or more steps it is possible to re-
configure production so that an Al completing one step passes its output directly into the next step without
human intervention (i.e., the first step is automated). The AT chain (Steps 2-4) in Figure [1| illustrates this
case: Steps 2 and 3 are fully automated (their outputs flow from one step to the next without direct human
intervention) whereas Step 4 is Al-augmented with human oversight at the end of the chain. This chaining
is potentially a source of large productivity gains but it requires Als that can perform each step with a
high probability of success. The model’s basic setup shares conceptual similarities with the O-ring model of
production (Kremer} [1993), and the role humans play in the model as offering judgment on Al outputs is
consistent with the emphasis in |Agrawal et al.| (2019).

A key implication of the model is that chaining steps together into a single task can reverse compara-
tive advantage assignments for individual steps. It can be efficient to deploy an Al on a step even when
humans hold a comparative advantage in that step in isolation. A surprising result of chaining is strong
AT performance on one step can shift another step from human to AI execution through chaining, even if
the AD’s capability on the second step is inferior to that of a human. Step 3 in Figure [1] illustrates this
possibility: with appropriate parameter values it may be that, in isolation, it is more efficient to complete
Step 3 manually rather than with the assistance of Al, yet overall production costs are minimized when it is
bundled with Steps 2 and 4 in an Al-automated chain. This might occur if it is especially easy to verify the
output of Step 4.

More generally, we should expect the gains from automation to be greatest when highly automatable steps
occur together in the production process. Informally, we can think of a job as more or less “fragmented” in
its exposure to Al depending on whether the steps on which AT is most effective are mutually coincident or



interleaved with steps for which humans hold a comparative advantage. In Section [f.1] we define a metric of
fragmentation for jobs within our model and show that it approximates the impact of optimal AI deployment.

In our model, with highly capable Als, the human role shrinks to asking and judging. This perhaps
sounds like an uninspiring role but it is not necessarily a low-paid or unimportant one. Consider the famed
music producer Rick Rubin, who is not poor, discussing his market value in an interview with Anderson
Cooper:

RICK RUBIN: I've no technical ability. And I know nothing about music.

ANDERSON COOPER: Well, you must know something.

RICK RUBIN: I know what I like and what I don’t like. I'm decisive about what I like and what I don’t
like.

ANDERSON COOPER: So what are you being paid for?

RICK RUBIN: The confidence that I have in my taste, and my ability to express what I feel, has proven
helpful for artists.

We might be paid for being hepful to Als. And this help might be valuable, even if we have no ability to do the
tasks ourselves. In other words, automation can enable new forms of labor-labor substitution by separating
task execution from task evaluation, allowing workers to leverage judgment skills even in domains where
they lack execution abilities, potentially upending the allocation of workers to occupations in hard-to-forsee
ways (see |Autor and Handel (2013)) on this human capital-task-wage relationship).

Jobs and Worker Skill. In the short-run, the primary impact of AI automation is to modify the amount
of time needed for workers to complete their work. But over a longer time horizon, the optimal deployment
of Al automation influences not only the time required to complete tasks, but also the level of worker skill
required (i.e., the human capital investment required to train labor to be proficient at the task) and even
the optimal division of tasks into jobs. To model these effects, we associate with each production step both
a time requirement and a skill requirement. To complete a job, a worker must have the skills required of all
tasks that make up the job description. The total labor cost of a job increases with both the time needed to
complete all steps and with the total skill level of the worker assigned to the job.

To capture the inherent inefficiencies of fragmenting work into arbitrarily narrowly-defined jobs, we also
introduce a hand-off cost, in time, that must be paid by a worker when the production process moves from
their job to the job of a subsequent worker. This introduces a tension that is navigated by an appropriate
job design: highly specialized jobs more efficiently match worker skills to tasks but incur high hand-off costs,
whereas fewer generalist jobs save on hand-off costs but make less efficient use of worker skills.

In some production sequences, adjacent tasks differ sharply in their time and skill profiles—the two cost
dimensions that are focal in our model. When a time-consuming, low-skill task is immediately preceded or
followed by a short, high-skill task, having a single worker perform both tasks has the unfortunate effect
that a necessarily highly skilled individual spends a significant amount of time doing low-skill work. We
refer to such tasks as “tent-pole tasks.” The sharp contrast between the skill and time costs of tent-pole
tasks creates a friction that has historically driven the division of labor. For instance, rather than having a
high-skill worker complete both tasks, it may be more efficient to assign time-consuming, low-skill tasks to
a different low-skill worker, even if this incurs extra hand-off costs.

As the deployment of Al automation changes the way worker tasks are defined, and hence changes the
profile of time and skill requirements over the course of production, this can in turn influence the economic
forces that determine the level of worker specialization. If certain tasks become automated, tent-pole sce-
narios like the one described above may shift or be avoided altogether, impacting the optimal assignment
of production tasks across workers. This, in turn, can influence the relative balance of skilled labor as an
input to production, with implications for equilibrium wages and the distribution of productivity gains. We
view this as a potential source of structural deskilling, whereby optimal AI deployment and automation can
either increase or decrease the relative demand for skilled labor in a given production process.



Optimizing Automation and its Implications. Assigning production steps to factors of production
is not a completely trivial optimization problem, even computationally. For a firm with m steps in its
production process, the number of possible production arrangements grows exponentially in m. For the short-
term optimization problem of optimizing the deployment of AT automation to a fixed set of job responsibilities
and worker skill levels, we show how to analytically find the optimal automation strategy for an m-step job
in time O(m?) using dynamic programming. Long-term optimization—the joint problem of optimizing labor
(the division of steps into jobs) and the use of AI automation (including optimal chaining)—can also be
solved in polynomial time, subject to an error term that can be made arbitrarily small. Although we do
not do it in this paper, this algorithmic approach could be combined with micro-details of task content and
composition (as in [Frey and Osborne| (2017); [Felten et al. (2021); Eloundou et al. (2023)) to create rich
estimates of how technological change in various tasks would impact workers.

The chaining feature of the model connects to—and potentially reconciles—competing views about au-
tomation in production. Despite the emphasis on task-level substitution between AI and labor in most of
the AI and labor literature, |Autor et al.|(2003), |Acemoglu and Restrepo| (2019)) and Bresnahan et al.| (2002),
among others, argue that that meaningful substitution happens primarily at the system level. One could
interpret the model as showing how task-level decisions aggregate into system-level automation through
chaining. In our model, there is no Ship-of-Theseus requirement that tasks are automated one by one;
rather, entire chains can be automated all at once—consistent with the Bresnahan et al.| (2002) perspective.

This ability for automation to be implemented in large leaps implies that improvements in Al quality can
generate nonlinear effects on labor demand and wages. In the short run, higher AI performance reduces task
time costs, potentially lowering labor demand. In the long run, however, worker retraining and unrestricted
task reallocation can yield new wage schedules that reflect updated human capital and time cost parameters.
These threshold effects imply that marginal Al advances may have little impact until they cross a short-run
redesign or long-run restructuring tipping point, after which labor demand and job structures may shift
abruptly. Our framework thus offers testable predictions on when and how Al-driven productivity gains
trigger structural reorganization in labor markets.

Our model implies a form of algorithmic cost function for production, defined implicitly as the solution
to an optimization procedure. However, as we show, the solution can also be interpreted as a standard
CES production function that can be embedded within a general model of the economy. This allows us to
distinguish manual and Al-assisted labor as separate inputs to production and model the aggregate demand
for each.

2 Model

A firm’s production process consist of a sequence of steps S = (s1, ..., 8, ). The firm can partition contiguous
subsequences of steps into a sequence of tasks T = (11,...,T,) where T, = (s, ..., Si+¢) for some i and /.
The firm can also partition contiguous subsequences of the resulting tasks into jobs J = (Ji,...,Jp). Figure

provides an illustration for a production process with m = 7 steps, n = 5 tasks, and p = 3 jobs.
The cost of any such partitioning depends on the time and skill needed for the component steps, the
mode in which the step is completed, and the grouping of steps and tasks. We discuss these in turn.

2.1 Steps

Each step can be completed with or without the use of AI. If the firm wishes to hire a human worker
to complete step i manually (without AI), it must hire a worker of skill level ¢/ and pay them for their
time tH spent completing step i. Alternatively, if the firm wishes to augment a human worker with Al to
complete step i, it must hire a worker of (a potentially different) skill level ci” and pay them for their time
tM spent collaborating with A]E| to complete step i. Such a collaboration succeeds independently with some
(step-dependent) probability ¢; = a® where « is the quality of the general purpose Al technology and d;

1This could, for example, represent the time spent formulating a prompt for Al and checking the response.



Figure 2: Illustrative Example of a Firm’s Production
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Notes: This figure illustrates a firm’s production process in three layers. The top layer includes m = 7 steps categorized into
Manual (gray), Automated (green), and Augmented (orange) modes of execution. Steps are grouped by dashed boxes colored
according to their corresponding task boxes in the layer below. The second layer aggregates steps into n = 5 Tasks, labeled
as Human-executed tasks (olive) or AI Chain tasks (blue) depending on the mode of execution. Dashed boxes in this layer
are colored cyan to correspond with the jobs layer below. The third layer consolidates tasks into p = 3 jobs, represented in
cyan-colored boxes. Vertical colored arrows between layers show aggregation from individual steps through tasks and jobs.
Within each layer, horizontal arrows (black and red) show the flow of production. The red curly arrows represent the hand-off
costs between jobs, evident from the third layer, that can be traced back to tasks and steps in the upper layers.

represents how “difficult” step i is for AI. The collaboration must be repeated until it succeeds, incurring
the time cost of tM per iteration for a total expected time cost of tM /g;.
Definitions [1] and [2| formalize the two modes of performing a single step explicitly.

Definition 1 (Manual Step). A step i is said to be performed manually if it is executed entirely by a human
worker without AI assistance. The associated skill and time costs for a manual step are denoted by (¢ tH).

AR

Definition 2 (Augmented Step). A step i is said to be augmented if it is executed by the Al, after which
its output is reviewed and approved by a human worker. The associated skill and (expected) time costs

M
of managing a single augmented step are denoted by (cM, t(; ), where g; € (0,1] is the AI’s probability of
successfully completing the step.

2.2 Tasks

Tasks are the basic unit of work of a human worker. Any step performed in isolation during the production
process, either manually or in collaboration with AT augmentation, is a task. The associated skill and time
costs for the resulting task are precisely the skill and time costs for the associated step performed in the
chosen mode. Steps can also be automated by chaining them together, creating a new aggregate task.

Definition 3 (Automated Step). A step is said to be automated if it is executed entirely by AI without
direct human intervention, and its output is passed directly to a subsequent augmented or automated step.
The direct human costs (in both skill and time dimension) associated with an automated step are zero.

Definition 4 (AI Chain). An AI chain is a contiguous block of two or more sequential steps executed by Al
in which all steps but the final one are automated and the final step is augmented. An Al chain spanning



steps (sg,...,8,) has steps (s¢,...,Sr—1) automated and step s, augmented. The skill and time costs of this
Al chain are given by:
M
b T b
" Liew

where q; denotes the Al success probability for step s;.

We can think of an AI chain as a single aggregate task that is being delegated to an AI. Successful
completion requires that the AT complete all steps in (s, ..., ;). The human worker who manages the Al
execution of this chain need only prompt for and evaluate the goal step, s,; all other steps in the chain are
assumed to be fully automated “under the hood” and hence beneath the awareness of the human worker.
Managing an Al attempt at the chain therefore has the same costs as augmenting step s,.: namely, skill cost

M and time cost (per attempt) . Successful completion of the chain requires that the Al complete every
constituent step successfully. Assuming independent failures, this occurs with probability [];_, ¢;, which we
can view as the success probability for the aggregate chained task. Putting this all together yields skill and
time costs (¢M,tM /T];_, ¢;) for the Al chain, as described in Definition

Note also that since ¢; = a%, where recall d; is a measure of the difficulty of step s;, the probability of
successful completion of an Al chain spanning steps (sy, . .., s,) can be written as a(Xi=r =) We can therefore
think of ZZ:@ d, as the total difficulty of the chain, which aggregates additively over its constituent steps.

To summarize, a task is either a manually-performed step, an Al-augmented step, or an Al chain. A
sequence of tasks 7 can be viewed as a partition of step sequence S into contiguous subsequences, with each
singleton being designated for either manual or augmented execution.

2.3 Jobs

A job is a subsequence of tasks that are assigned to a single human worker. Recall that each task 7T} in
task sequence T = {T1,...,T,} has associated skill and time costs (cp, ;) that can depend on whether the
task is being completed manually or with the aid of AI. A job J is a contiguous subsequence of tasks, say
J = (Tp,...,Tpye) for some b and ¢. We say that a partition J = (J,...,J,) of all tasks into jobs is a job
design.

The firm hires one worker for each job in its job design J. The worker for job J; completes all tasks
associated with their job. The total time needed to complete all tasks in job Jj is ZT cJ, tp.

A worker’s wage is determined by the total skill required to complete thelr job. The total skill required
to complete the tasks in job J; is ZTb cJ; Cb- We then assume that a worker’s wage is proportional to the

skill level of their job[] That is,

Wage; = Z Cp.- (1)

TyeJ;

The firm must pay workers their wage per unit of time regardless of which tasks they are assigned to
complete at any given moment

While we allow the firm to specialize its job design and partition its production process into distinct
jobs, we acknowledge that there are inherent inefficiencies and frictions that are introduced when splitting

20ne motivation for this formulation is workers paying a human capital investment to acquire the skills necessary for a job.
This investment must be offset by wages, and we express skill levels in units of their corresponding requisite wage. Rather
than formalizing such a wage model here, we impose this as an assumption and provide a more detailed wage formulation in
Section

3 This derivation implicitly assumes a common base wage rate; i.e., all wage differentiation is driven by the human capital
cost of acquiring skills. More generally, different tasks T within job J; could have different base wage rates w;, that could be
influenced, for example, by the supply of and demand for labor of the corresponding type. One special case, explicitly motivated
and discussed in Section [5] assumes manual tasks are executed by human labor at base wage rate wyg, and Al-assisted tasks
are executed by Al management labor at base wage rate wys. The formulation in Equation [1] implicitly normalizes these base
wage rates to 1, incorporating them into skill costs ¢, for notational simplicity. We maintain this normalization throughout
subsequent sections until we explicitly distinguish human labor and AI management labor base wage rates in Section



work among multiple workers. Absent such frictions in our model, it would always be optimal for a firm to
specialize its workers as much as possible, assigning a distinct worker to each task of its production process.
We therefore introduce hand-off costs to a job design, as follows. In addition to the time required completing
tasks, a worker may need to spend time handing off their work to another worker if J; is not the final job
in the job design J. We will assume throughout that the hand-off time of a worker assigned to job J;
depends only on the final step of job J;. That is, conditional on where the hand-off occurs in the production
process, its cost does not otherwise depend on previous hand-off events (see Figure [2). Given step s;, we
write t7 to denote the additional hand-off time spent by a worker for whom the last step of their job is s;.
For notational convenience we define the hand-off time for the final step s,, to be zero: t5, = 0. Also for
notational convenience, we will write +° (J;) to denote the hand-off time of job J;, which recall is equal to
tf if s; is the final step in job J;. Thus the total time needed to complete job J;, including hand-off costs, is

5T+ >t

TbEJ]'

Taking into account both time and skill requirements, the total wage bill paid to a worker assigned to
job Jj, per unit of output, is

WageBill; = ( > cb> <t5 TN+ > tb>. (2)

TbEJ]' TbEJj

The cost of different job designs for a given task sequence admits a geometric interpretation. Figure [3]
represents a three-task production process as stacked rectangles of height ¢, and width ¢,. Panel (a) depicts

Figure 3: Geometric Interpretation of Job Designs
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Notes: A geometric interpretation of job design costs. Each panel visualizes the production process as a sequence of stacked
rectangles, where the area of each rectangle (the bounding box around a job) represents its wage bill. Panel (a) corresponds to
a scenario where hand-off costs are 0. In this scenario, it is cost-minimizing to assign one task per job. Panel (b) incorporates
hand-off costs, which alters the cost structure and makes the [1,2][3] design cost minimizing (bottom left graph).

the job design if all hand-off costs are zero; Panel (b) shows the same example with hand-off costs. Visually,
job design trades off two opposing forces. Consolidating tasks into a single job avoids hand-off costs between
tasks but creates inefficiencies due to the higher skill level of the worker required to do the job. Splitting
tasks into separate jobs eliminates those inefficiencies but incurs hand-off time costs at each job boundary.



These boundary costs scale with the cumulative human capital of the switching worker, so the height of the
pink hand-off rectangle in Panel (b) equals the sum of human capital heights for that job. Cost-effective job
design must balance these effects.

2.4 Firm Design

Given the sequence of steps S = {s1,...,8mn}, the firm can design both the partition 7 of steps into tasks
and the partition J of tasks into jobs. The choice of T determines the time and skill requirements of each
task. Given T, the choice of J then determines worker wage rates and time needed per unit of output
(including hand-off costs). The full optimization problem faced by the firm can be expressed as

mTin n‘17in TotalCost(J;T) = Z WageBill; = Z [( Z cb> (tS(Jj) + Z tb>] (3)

J;eT J;eT TyeJ; TyeJ;

where recall that, for each T € T, t;, and ¢, are as described in Section and can depend on the selected
mode of operation for individual steps.

We refer to as the firm’s long-term optimization problem, as it anticipates the adjustment of worker
wages to fit the skill requirements of each job and sets job responsibilities accordingly. We also define a
short-term optimization exercise in which jobs and worker wages are fixed but the firm may still wish to
use Al to maximize worker productivity. This is equivalent to minimizing the time needed for a worker to
perform a unit of work in their assigned job. It therefore suffices to optimize for each job separately. Thus,
in the short-term optimization problem, we can assume without loss of generality that the sequence of steps
S = (s1,---,8m) is to be completed by a single worker paid at a (normalized) unit wage. The resulting
optimization problem faced by the firm can be expressed as

m7i_n Z ty (4)

where recall that if T}, = (sy) is a manual task then ¢, = tf, and otherwise if Ty, = (sy, ..., s,) for some ¢ < r
78

M
then t, = 1‘;711 where ¢; is the AI’s probability of successfully completing step s;.
i=£ 17

3 Optimization

In this section we consider the optimization problems (both short-term and long-term) faced by a firm
choosing how to integrate Al automation technology into their production process. We begin by studying
the short-term problem of optimizing automation strategy keeping job design and worker wages fixed. We
then move on to the joint optimization of automation and labor taking into account long-term wage impacts.

3.1 Short-Term Optimization: Automation Design

We begin with a “short-term” optimization problem: the job design and worker wages are assumed to be
fixed, so the goal is to find the choice of automation strategy for a single job that minimizes the total
time cost. This optimization problem analyzes short-run benefits of Al: where worker skills are fixed but
AT automation can still be employed to speed up tasks through some combination of augmentation and
automation.

Since the job design and worker wage are fixed, it suffices to optimize for the amount of time spent to
complete a unit of work for each job separately. So, from this point onward, we assume that there is a
single job J with m steps S = (s1,...,8m), and our goal is to find the sequence of tasks 7 that minimizes
total completion time. It turns out that the time-optimal production strategy can be calculated via dynamic
programming in O(m?) time.



Proposition 1. Given m steps organized into a single job, the time-optimal automation strategy can be
calculated in time O(m?) via dynamic programming.

Proof. We first note the following recursive formulation of the optimization problem. For all & < m, let C[k]
denote the minimum time needed to complete a hypothetical job that only includes steps 1 through k. Note
that, because of the way we defined C[k], task k cannot be automated in any minimum-time solution that
determines Ck]; it can only be augmented or performed manually. Note also that C[m] is the time cost of
our desired optimal solution.

We now show how to calculate C[k] recursively. As a base case we have C[0] = 0, as the empty set of
steps requires no time to complete. For k > 1, C[k] is the lesser of

Clk— 1]+t

and

M
min{ C[f] + ——F~— 5.
<k [licesr @

In other words, we either complete step k¥ manually (in which case we separately optimize over steps 1
through k — 1) or we augment step k. In the latter case, we then optimize over the length of the AI chain
that ends with k. This could be a singleton chain with no automation (corresponding to £ = k — 1), or a
longer chain that automates one or more steps before step k (corresponding to a choice of £ < k — 1). For
any such choice of ¢, we then separately optimize the production strategy for tasks 1 through £.

Using this formulation, given the values (C[0],...,C[k — 1]), we can calculate C[k] in time O(k) by
considering each potential choice of ¢. Doing so for each k = 1,2,...,m yields the value of C[m] (and the
corresponding automation strategy) in total time O(m?). O

3.2 Warm-up to Long-Term Optimization: Job Design without AI

We now move to a broader optimization problem in which the firm can reorganize job requirements and
the assignment of tasks to workers. As a warm-up to the full joint optimization of jobs and automation,
we first show how to optimize the design of jobs for a fixed task structure. We can interpret this as a
labor optimization problem without AI automation, where each step has only a single (i.e., manual) mode
of completion and hence the task structure is fully determined.

Proposition 2. Given a fized sequence of tasks T = (T4,...,Ty) with skill and time costs ¢ = (¢1,...,¢n)
and t = (t1,...,t,), the cost-minimizing job design J can be computed in time O(n?) by dynamic program-
ming.

Proof. We first note the following recursive formulation of the optimization problem. For all k < n, let C[k]
denote the minimum cost of a job design for tasks 1 through k, including hand-off costs for task k. Note
then that C[n] is the cost of the optimal job design for all tasks, recalling that the hand-off cost for the final
job (i.e., the job that includes task n) is always 0.

We now show how to calculate C[k| recursively. As a base case we have C[0] = 0. For k > 1 we have

(o)l 2ol

In other words, we optimize over the choice of the final job {s+ 1,...,m}, accounting recursively for the
optimal job design for remaining jobs. Note that we make implicit use of the assumption that the handoff
cost ¢ depends on the final task 7}, of this final job but is otherwise independent of the job design. Using
this formulation, we can calculate each C[k] in time O(k) by considering each potential choice of s. Doing
so for each k = 1,2,...,n yields the value of C[n] (and the corresponding optimal job design) in total time

O(n?). O

s<k

Clk] = min{C[s] +
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3.3 Full Long-Term Optimization

We now consider full joint optimization of job design and automation strategy, accounting for both time
and skill costs of workers assigned to the resulting jobs. In other words, the firm’s goal is to choose both
the set of Al chains to implement—yielding a vector of skill and time costs—along with a job design for the
resulting tasks.

3.3.1 Recursive Formulation of Optimization Problem

Here we present a recursive formulation of the firm’s cost minimization problem. In Section [3.3.2) we propose
an approach to calculate an approximation of the optimal solution via dynamic programming.

Consider a production process with m steps & = {s1,s2,...,8m}. For 0 < i < m, let V(i) denote the
minimum cost required to complete steps 1 through ¢ using one or more jobs, including any hand-off costs to
a subsequent worker. Note then that V' (m) is the solution to the desired optimization problem, recalling that
the hand-off time for the final job will always be 0. Note also that it is implicitly assumed in the definition
of V(i) that it optimizes over job designs for steps 1 through ¢ in which the final job terminates after the
completion of step 1.

It will also be helpful to consider optimal designs for steps 1 through 4 in which the final job doesn’t
necessarily terminate after the completion of step ¢, but rather continues onward to subsequent steps. To that
end, we introduce an auxiliary function W (i, ¢, ¢). This function denotes the minimum cost of completing
steps 1 through 4, as well as some additional (but unspecified) set of tasks that have already been assigned as
a single job to a single worker (referred to as the “active worker”). It is assumed that the tasks assigned to
the active worker have total time cost ¢ and total skill cost ¢. The time cost ¢ is assumed to already include
any hand-off cost for this active worker (which recall depends only on the final step of the worker’s final
task). Crucially, the minimum is taken over all automation strategies and job designs, including those that
expand the number of tasks assigned to the active worker (e.g., by including step ¢ in the active worker’s
job). In this sense, W (i, ¢, t) captures the minimum cost across all feasible job designs and automation
strategies that may potentially expand the active worker’s task assignment.

Note that, for all i < n, we have

V(i) =W(@, 0, t7).

This is because, in V (i), all job designs must end with a job that completes at step 7 and hands off to
the following worker. Consequently, the hand-off cost associated with step ¢ must be incurred by the final
worker. Equivalently, this can be thought of as assigning the active worker an additional task with zero skill
requirement but a time cost equal to the hand-off cost of step ¢ right after step i itself. This scenario is
represented explicitly by W (i, 0, 7).

Also note that, for the base case i = 0, we have

W0, ¢, t) =ct, forall¢,t.

This is because, if ¢ = 0, then there are no further steps to add to the job of the active worker. The active
worker’s skill and time requirements are therefore determined entirely by the steps they have already been
assigned.

We are now ready to describe a recursive formulation of the function W (4, ¢, t) for i > 1. We emphasize
that in the definition of W (i, ¢, t), the active worker has not been assigned step 4; we can think of step i as
the highest-indexed step that has not yet been assigned to a worker.

Proposition 3 (Recursive Formulation of Job Design Problem). For each i > 1, the minimum cost function
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W (i, ¢, t) satisfies the following recursive relation:

Wi, ¢, t) :min{ct + V (i),

Wi—1, c—i—ciH, t—&—th),

tM
min W nc—l—cf”,t—i—ili .
T Hs=r+1 s

The cost of the optimal joint automation and job design for a given sequence of m steps is then V(m) =
W(m, 0, 0).

The recursive formulation in Proposition [3] evaluates the minimum cost among three distinct alternatives
at each step:

e Option (1): The term ¢t + V(i) corresponds to not adding any further steps to the job of the active
worker. All steps 1 through i will be completed by other workers. The active worker’s total cost is
then ct, and V(i) is the total cost of completing steps 1 through ¢ (including hand-off costs to the
active worker).

e Option (2): The term W (i—1, c+cH, t+t) corresponds to designating step i for manual completion,
and adding the corresponding singleton task In this case, the manual execution costs (¢, t) of step i
are added to the accumulated costs of tasks already assigned to the active worker, extending their job
to include step 7 as well.

M

e Option (3): The term min,; W (r, c+cM t+ itiilqs
for steps r 4+ 1 through ¢, with step 7 being augmentédTgnd steps r + 1 through ¢ — 1 automated, and
assigning the resulting task to the job of the active worker. Step i is thus chained with zero or more
preceding (automated) steps, and the associated ATl management costs are added to the active worker’s
skill and time costs. The index r corresponds to the highest-index step that is not added to this Al

chain, which can be any value between 0 and 7 — 1.

) corresponds to creating an Al chain task

Note that in evaluating option (3) of the recursive step for W(i, ¢, t), step @ can only be augmented (rather
than automated) as each step of the recursion adds a full Al chain to an active worker’s job. Automation
strategies in which step i is automated are considered when performing task calculations W (r, c,t) with
T > 1.

3.3.2 Calculating an Approximately Optimal Solution

Given our recursive formulation, we wish to use dynamic programming to solve for the jointly optimal job
design and automation strategy by filling in the values of W (i, ¢, t) for all ¢, ¢, and ¢. Since ¢ and ¢ take on
continuous values, we will discretize all skill costs ¢ and time costs ¢ to appropriate powers of (1 + €), where
€ > 0 is an arbitrarily small error term. We obtain the following result.

Proposition 4. Fix any sequence of m steps S = (s1,...,8m) for which all skill costs, time costs, and
hand-off costs lie in [1/B, B] for some B > 0. Then for any € > 0, an approzimately cost-minimizing pair
of automation strateqgy T and job design J minimizing expression to within a factor of (1 + €) can be
computed in time O(m2e~2log*(mB)) by dynamic programming.

Proof. The first step of proving Proposition [4]is to determine the range of powers of (1 + €) that we must
consider in our discretization. Suppose that all manual and augmented skill and time costs, as well as all
hand-off costs, lie in [1/B, B] for some B > 0. That is, these parameters require O(log B) bits to represent.
In this case, note that any subsequence of steps could be completed at a total cost of at most 2mB? by
performing them all manually by different workers, incurring a time and handoff cost of at most B each for
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a total time of 2B, and a skill cost of at most B for a total cost of 2B? for each of the m tasks. We therefore
need not consider any solution containing a job with total cost greater than 2mB2. In particular, since any
non-zero skill cost for any job is at least 1/B, we need not consider any job design in which a job has total
time cost greater than 2mB3. Furthermore, each job has total skill cost lying between 1/B and mB (as skill
costs combine additively) and time cost at least 1/B (as each step’s manual cost is at least 1/B, and any Al
chain’s time cost is at least the management cost of its final step which is also at least 1/B).

We conclude that when filling table W (i,c,t), it suffices to consider skill costs ¢ lying in the range
[1/B, mB] and time costs ¢ lying in the range [1/B,2mB3]. There are O(¢~!log(mB)) powers of (1 + €) in
each of these ranges, so our table will have O(me~2log®(mB)) total entries. Each entry can be filled in time
O(m) by considering the recursive formulation in Proposition [3| for a total runtime of O(m2e~2log?(mB)).

Note that while the table formally describes only the cost of a solution and not the solution itself, one
can also read off the corresponding task and job design as well. Indeed, by recording which of the options
described in Proposition [3| achieves the minimum for each table entry W (i, ¢, t), one can trace out the
corresponding task and job designs starting with V(m) = W(m,0,0). The pair of automation strategy 7
and job design J can therefore be computed in time O(m?2e=2log(mB)), the same as the time required to
fill the table.

It remains to bound the error introduced by our discretization. Consider the recursive formulation in
Proposition [3| and suppose that ¢ and ¢ are rounded down to the nearest power of (1 + €). Since time and
skill costs are multiplied together to calculate the total cost of a proposed job, this discretization introduces
a multiplicative error of at most (1 + €)? into our cost calculation for the first option when minimizing in
the recursive definition of W (i, ¢,t). For the other two options, note that we accumulate time and skill costs
additively when chaining tasks together for a single worker. As ¢ and ¢ are rounded to a power of (1 + €),
adding additional (accurate) skill and time costs and subsequently rounding maintains a multiplicative error
of at most (1 + €) on the total time and skill costs.

We conclude that if we fill in our table for all W (i, ¢, t) where ¢ < m and ¢ and t are discretized into
powers of (1 + ¢€), rounding down to nearest values of (1 + €) on recursive calls into the table, we obtain a
1+ O(e) approximation to the optimal solution. An appropriate change of variables (scaling e by a constant)
yields a (1 + €) approximation factor in total runtime O(m?e=2log?(mB)), as claimed in Proposition O

4 Discussion

4.1 Job-level AI Exposure and the Fragmentation Index

For a single step in isolation, the decision whether or not to deploy Al augmentation depends simply on
whether the manual execution cost exceeds the Al management cost. That is, the optimal choice of whether
to use Al assistance depends only on the AI exposure of the step in question. For two or more steps,
however, the optimal deployment of Al depends on more than the exposure of each step in isolation. This
can arise because of the benefits of automating multiple steps together in an AI chain. Even if one step
can be completed more effectively through manual work, it may be preferable to automate it as part of a
larger collection of steps that can be jointly delegated to AI. Whether this occurs in the optimal automation
strategy depends on the relationship between other nearby steps in the production process.

Returning to the short-run optimization problem described in and Section we can interpret
job-level Al exposure as the extent to which an optimal automation strategy employs Al automation and
augmentation. Intuitively, a run of consecutive steps in the production process that an Al can perform
effectively is a natural candidate for an AI chain. A job that contains such runs of consecutive steps are
therefore likely to benefit most from AI automation. On the other hand, a job for which Al-friendly steps
are separated by intermediate steps that an Al is likely to fail is less exposed to large-scale automation, even
though its task-level exposure to Al may appear high.

Example 1. Consider a job consisting of m steps, where m is even. Fach step takes time 5 to complete
manually and has an AI management time of 1, but the steps vary in how difficult they are for an Al
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to complete: odd-numbered steps can be successfully completed by an AI with probability 1, whereas even-
numbered steps will be successfully completed with probability only 0.1. In this scenario, it is suboptimal to
attempt to use Al on any of the even-numbered steps, even as part of a chain. The optimal automation
strategy is to employ Al-augmentation on the odd-numbered steps (for a cost of 1 each) and perform even-
numbered steps manually (for a cost of 5 each), resulting in an overall time cost of 3m.

Example 2. Next suppose that easy and hard steps are not interleaved, but rather the first m/2 steps can
each be completed by Al with probability 1 and the last m/2 steps can each be completed with probability 0.1.
In this case, the optimal strategy chains together the first m/2 steps into a single automated AI chain, for a
combined cost of 1. The remaining m/2 steps are then performed manually. This results in an overall time
cost of 14+ 5m/2, which is strictly less than 3m as long as there are four or more steps.

To make this intuition more precise, let us return to the short-run optimization problem described in
and Section Recall that in this short-run problem we are fixing a single job assigned to a worker
with a fixed wage, so our focus is on optimizing the time cost of production. Consider the special case
where Al management costs are normalized: ¢t} =1 for all i. That is, each step of production requires the
same amount of time to prompt and manage one attempt by an Al process. Under this assumption, we
will define a measure of the dispersion of Al-exposed tasks in a production process, which we refer to as
the fragmentation index of a job. We then show that the fragmentation index of a job approximates (up
to constant factors) the time cost of an optimal automation strategy for that job. In other words, jobs for
which the fragmentation index is high will tend to yield less benefit from AI automation in the short-term
where worker wages and job boundaries are fixed. Notably, this intuition makes heavy use of the short-run
assumption that worker wages are fixed and independent of task skill requirements; we discuss examples
where this intuition fails when describing long-run effects in Section .2}

To define the fragmentation index, consider a random process in which each step s; succeeds independently
with probability ¢;; any task that does not succeed is said to fail. Write F' for the set of steps that fail, and
C ={Ci,...,Cy} for the random variable representing the collection of maximal connected components of
non-failed steps. The weight of each C;; € C is defined to be w(C;) = min{1,} ;.. t}. That is, each C; has
weight 1 unless the sum of the manual time costs for each of its steps is less than 1 (due to our assumption
that AT management costs are normalized to 1).

Given a realization of C and F', we define the realized fragmentation to be

Zmin{tf, tM} + Y w(Gy).

3
ieF di cjec

The fragmentation index is defined to be the expected value of the realized fragmentation.

Intuitively, we expect the fragmentation index to be lower when highly automatable steps (that is, those
for which the AI are likely to succeed) are clustered together, since a large cluster of highly automatable
steps are more likely to realize as a single connected component when failures are realized.

We will show that the fragmentation index is within a constant factor of the cost of the optimal (short-
term) automation strategy for a given fixed job’s step sequence.

Proposition 5. Fiz a single job with a sequence of m steps S = {s1,...,8m}, each with t™ = 1. Let FI
denote 1its fragmentation index and let OPT denote the minimum time cost over all automation strategies.
Then éOPT <FI< gOPT, If we further assume tf{ > 1 for all i, then iOPT <FI< %OPT.

We prove Proposition [f] in Appendix [A] The key take-away from Proposition [ is that jobs with high
fragmentation index—i.e., those for which the expected number of consecutive successful step executions
by an AT is low—will tend to have higher time costs even under optimal use of Al chaining. A key driver
of efficiency gains via Al automation is therefore not simply the expected number of steps that can be
automated effectively, but the number of adjacent steps in the production process that have high exposure
to AL
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4.2 Impact of AI Deployment on Worker Skill and Specialization

The fragmentation index captures how AI deployment impacts the time needed to complete production steps.
Longer-term, AI deployment can also impact required worker skills and the specialization of the workforce.
This can dampen or even reverse the short-run intuition that gains from AI derive primarily from time
savings, as the following example shows.

Example 3. Consider a job consisting of a single step. This step has manual time and skill requirements
(tH,c?) = (5,5). Suppose that, under Al augmentation, this step has an AI management time of 1 (per
attempt), an AI management skill requirement 1, and probability 1/8 of successful completion. Despite the
task taking longer to complete with AI (due to the low likelihood of success on any individual attempt), the
reduced skill requirement of managing the Al process means that it is firm-optimal to employ AI augmentation.

The impact of Al on worker skill reflects two common narratives about the impact of AI on work: first,
that Al can automate mundane or repetitive tasks and allow high-skill workers to concentrate more of their
time on meaningful high-skill tasks; second, that Al could lead to deskilling as high-skilled labor for manual
task completion is replaced with low-skill AT management. Our framework unifies these two perspectives
by endogenizing (a) the nature (i.e., time and skill requirements) of work to be automated and (b) how the
automation strategy impacts requisite worker skill. If replacing a given sequence of production steps in given
job with an AI chain is beneficial, in the long term, then either the total time needed to complete the steps
is shortened, the total skill needed to manage the Al automation is reduced relative to completing the steps
manually, or both. For an example of the latter, a step with low skill requirement but high time requirement
(such as Step 2 in Figure |3) may be optimally augmented by Al even when doing so increases the skill
needed for Al management, if the time savings are substantial enough. In this case, the skill required to
complete the same job might increase: Al augmentation can be viewed as complementing worker capabilities.
Alternatively, it may also be beneficial to employ AI on production steps with high skill requirements (such
as Step 1 in Figure [3) even if this results in an Al-assisted task that takes longer to complete, as long as
it requires substantially less worker skill to manage the AIl. This can ultimately lead to a deskilling of the
labor force assigned to the job as Al capital substitutes for high-skilled human work.

This discussion has so far focused on impacts within a single job. Our framework likewise captures the
impact of AT automation on job design, and specifically on worker specialization across tasks. Consider again
the example from Figure [3] which illustrates how hand-off costs and the structure of tent-pole task{Y can
influence the partition of production steps into specialized jobs. As Al automation influences the time and
skill profile of tasks, the incentive to specialize workers likewise changes.

To predict the direction of this effect, one hypothesis is that Al automation will tend to have a normalizing
effect on tasks, reverting both skill requirements and time requirements toward the mean and making tasks
more “square-like” (in terms of our geometric interpretation of job design costs). If so, and if hand-off
time costs remain unaffected, then (roughly speaking) tent-pole inefficiencies due to grouping tasks together
into the same job would be reduced. This suggests that the adoption of Al automation may reduce worker
specialization.

Example 4. Consider a two-step production process, with manual skill and time costs (¢, t11) = (2,4) and
(ci t8) = (4,2) and hand-off cost t7 = 5. That is, the first step is low-skill but time-intensive and the
second step is high-skill but can be completed quickly. In this example, combining both steps into a single
job (at a labor cost of (24 4)(4 4+ 2) = 36) is strictly worse than separating into two specialized jobs with a
handoff (at a total cost of (2)(4+5) + (4)(2) = 26). However, if each step of production could be augmented
separately via Al to yield effective skill and time costs of (2,2) for each, then the optimal design combines
both augmented steps into a single job at a total cost of (2 + 2)(2 4 2) = 16, which is better than separating
into two distinct jobs (incurring cost (2)(2+5) + (2)(2) = 18).

It is also technically possible in our model for Al automation to increase the amount of specialization
in an optimal job design. This could happen if Al-augmented steps have higher skill requirements than the

4Recall that a tent-pole task refers to a high-skill but short-duration task that is adjacent to a low-skill but long-duration
task.
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corresponding manual steps, leading to an increased need for high-skill workers. Even if Al management is
assumed to require no more skill than manual completion, an increased use of Al automation can lead to
more responsibilities being combined into a single job, leading to a higher worker skill requirement, as the
following example shows.

Example 5. Consider a different two-step production process, with manual skill and time costs (¢ t1) =
(el ) = (3,3) and hand-off cost t7 = 5. The optimal job design separates these into two separate jobs at
a total cost of (3)(3+5) + (3)(3) = 33, with each job requiring a worker of skill 3. Suppose AI augmentation
can allow each step to be completed with an AI management skill of 2, a management time of 1/4, and an AT
success probability of 1/8, for a total expected execution time of (1/4) x (1/8)~1 = 2. In this case, the optimal
design employs Al augmentation in each step and combines the two steps into a single job, resulting in a
total cost of (2+2)(2+2) = 16 and requiring a worker of skill 4. Note that this is preferable to combining the

two steps into a single AI chain, which would result in a total cost of (2)((1/4) x (1/8)~! x (1/8)~1) = 32.

4.3 Non-Linear Impacts of AI Improvements

Improvements to Al technology naturally lead to improvements in the overall cost of production, but these
effects need not be linear. The full economic impact of a disruptive general-purpose technology can take
significant time and investment to materialize, with notable historical examples ranging from the steam
engine to electricity to computers. In each case, a new technology enables modest short-term improvements
to existing production processes, but the full impact is not felt until large-scale reorganization of production
is enabled. This drives a potentially non-monotone marginal value from technology improvements, where
major improvements are only unlocked after surpassing a threshold of capability at which they become
feasible.

Our framework captures such non-monotonicities in the marginal value of technological improvements.
This arises in our model via optimization over different automation and job design strategies. One can
think of parameter a € (0,1] in our model as metric of the quality of a general purpose Al technology,
taken to be the probability that a task of normalized difficulty 1 is completed successfully. We can then
model general technology improvements as increasing the value of a. For a given fized automation strategy
(described by a task sequence 7) and job design (described by job sequence [J), the total cost can be
expressed as a polynomial in (1/a). As a result, the cost of 7 and J shifts in a continuous and smooth
manner as « increases, with monotone marginal gains to technology improvements. However, the optimal
choice of design (expressed as optimization problem ) involves taking the minimum-cost solution over
many possible automation and job designs. Automation strategies with a higher degree of Al chaining will
naturally involve higher powers of 1/« in their cost expressions, meaning that they are more sensitive to
changes in « and become preferable only at higher values of « (i.e., as Al becomes more effective as a tool).
This naturally leads to scenarios where the productivity improvements of Al integration are modest at low
levels of quality but can grow sharply past a certain inflection point, as we describe in the following example
illustrated in Figure [ below.

Example 6. Consider a production process with two steps. The first step is short but high-skill and difficult
for Al tools to perform correctly. Specifically, its manual skill cost is cif = 5, its manual time cost is i =1,
and its hand-off time is 1. Its Al difficulty score, dy, is 6, meaning that an Al can successfully complete the
step with probability ¢ = ab. The AI management skill and time requirements are the same as the manual
ezecution requirements: (M t}) = (5,1).

The second step is low-skill and timely to evecute manually, but easy for AL It has (¢l t) = (2,4) and
AT difficulty score 1. The skill needed to manage the Al is also 2, but the time needed to manage the Al is
reduced to 1: (e}, t}1) = (2,1).

Consider the optimal automation strategy and job design for this example as a function of «, the general
AT quality metric. The costs of different automation strategies are plotted in Panel (a) of Figure . For
a < 0.25, it is optimal to complete each step manually as a separate task, and to separate the two tasks into
separate specialized jobs. This incurs a total cost of (5)(1+1)+(2)(4) = 18. As this strategy does not employ
AT the cost is not affected by improvements to « in this range, which is evident in Panel (b) of the figure.
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For a € (0.25,0.77), the optimal automation strateqy changes: it is better to use Al augmentation for
the second step, reducing that step’s total completion cost from (2)(4) to (2)(1/a). As « increases, the total
execution cost drops gradually from 18 (at o = 0.25) to 10 + 2/ ~ 12.5 (at o = 0.77). This gradual
improvement is visible as a modest slope in Panel (b).

However, once o grows larger than 0.77, the optimal automation strategy and job design changes more
dramatically. At this point, is is better to combine both steps into a single AI chain, automating step 1,
and to assign the resulting aggregate task to a single low-skill worker. The completion cost of this strategy
is (2)(1/a7). This cost starts at approzimately 12.5 at o = 0.77 but drops sharply, eventually converging
to a total cost of 2 at o = 1. This sharp drop indicates substantial marginal benefits from incremental
improvements in Al quality in this region, illustrated by the pronounced jump in the slope in Panel (b) at
a~0.77.

Figure 4: Cost Analysis of Automation Strategies in Example 6
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Notes: Panel (a) shows total execution costs under various automation strategies as Al quality («) improves. Panel (b) illustrates
the marginal reduction in optimal costs associated with increased Al quality. Dashed vertical lines indicate thresholds where
optimal strategies shift.

5 Production Function Aggregation

So far, we have focused on the individual firm decision-making regarding the allocation of production steps
among automation, augmentation, and manual execution. In this context, the firm’s micro-level decisions
such as task assignments to human versus Al-assisted execution and the design of jobs affect its production.
However, the firm-level optimization prevents us from analyzing changes at the economy level and also
makes our framework distinct from the large literature where production is modeled at the task level and
aggregated to an economy level (Acemoglu et al| (2022, 2024)); |Acemoglul (2025)); |Autor and Thompson
(2025)). To address these issues, this section analyzes whether task level production decisions can generate
well-behaved firm- and economy-level production functions.

We begin by showing how firm’s micro-level decisions can be explicitly represented by a Leontief produc-
tion function at the task level. Next, we demonstrate how, for the purposes of analyzing labor allocation
within a firm, this detailed task-level production function can be simplified into a Leontief production func-
tion with just two aggregate inputs: skill-adjusted AT management labor and skill-adjusted human labor (we
will describe what we mean by “skill-adjusted” below). Finally, we explore how the production functions of
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numerous individual firms, which differ in their Al quality levels, can be aggregated into a single, economy-
wide CES production function. In this macro-level representation, the inputs are economy-wide aggregates
of the corresponding micro-level inputs from individual firms, thereby facilitating clearer insights into the
overall labor allocation in the economy.

Before the aggregation analysis, let us first describe the setup of production. A firm uses two production
inputs: (1) skill-adjusted AI management labor (to complete Al-assisted tasks), and (2) skill-adjusted human
labor (to perform manual tasks). These two types of labor demand different compensations: executing an
Al-assisted task with skill and time cost of one demands wj;, while completing a manual task with similar
skill and time requirements commands a compensation of wg. We call wy; and wgy base wage rates for Al
management and human labor, respectively.

Firms use these two inputs to complete tasks. Recall that skill requirements of tasks are determined
by the firm’s automation strategy 7 and job design [J. Specifically, the per unit of time compensation of
a worker employed to do tasks of a job is determined by all tasks in that job. Consider Job 1 in Figure
for example. The worker assigned to perform Job 1 is required to obtain not only the skill required for
manual Task 1, ¢/, but must also possess the required skill for Al-assisted Task 2, ¢}, as the worker’s total
compensation per unit of time is determined at the job level, and equals ¢ + ¢3!, Therefore, the more tasks
the firm includes in a job, the higher the required compensation for every task in that job.

In order to produce, the firm hires human labor to perform manual tasks and Al management labor for
Al-assisted tasks. Therefore, the total compensation of a job will be a weighted average of skill costs of the
job’s tasks, with weights being the base wage rates of each type of labor. Specifically, the compensation for
job J will be:

Wr Z ch + was Z c{)w , (5)

THed TMeJ

which is composed of the sum of contributions of skill costs from its manual tasks denoted by set Tlfq (each
weighted by wg) and its Al-assisted tasks denoted by set TM (each weighted by wM)E|

Next, we define skill-adjusted labor. Let J(b) denote the job to which task b belongs, and O(b) be the
mode of execution of task b (i.e., O(b) = H if b is a manual task, or O(b) = M if b is an Al chain). Define
the skill-adjusted time requirement of task b as:

wH (ZTZHEJ(b) Cf) +wm (ZTZMeJ(b) Cé”) .
Ty — b-
Wo(b)

Note that the fraction appearing behind ¢, represents an effective skill adjustment factor, as the numerator
captures the total compensation of the job task b belongs to, while the denominator normalizes by the base
wage rate for the specific mode of execution. The resulting fraction thus has units of skill intensity. This
characterization becomes useful later as it allows expressing the (expected) wage bill paid for task b simply
as wyrmpa~ % if it is Al-assisted or as wy if it is executed manually.

5.1 Within-Firm Aggregation: Leontief to Leontief

We now consider the firm’s production. To produce output, each firm must complete requirements of all m
production steps s1, ..., Sy. This naturally results in a Leontief production structure with multiple inputsﬁ
Although firms choose whether to execute each step manually or by the help of AI, we show that analyzing
labor allocation can be simplified. Specifically, production function of the firm can be represented by a
Leontief function with only two firm-level aggregate inputs: AI management labor and human labor.

5Notice that this formulation is essentially equivalent to the original definition of wage in , as pointed out in Footnote
If we multiply each skill cost in by its respective base wage rate and redefine the task’s skill cost as the resulting product,
we will arrive at the original formulation given in . The formulation in allows tasks to contribute differently to the job’s
wage depending on their mode of execution and type of labor that need to perform them.

6Different automation strategies and job designs lead to different input proportions but share the same fundamental Leontief
form.
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Suppose the firm solves the long-run cost minimization problem for a given AI quality level «,
and obtains the optimal automation strategy 7 and job design J. Let |T| = n, implying the original m
production steps are organized into n distinct tasks, and | 7| = p, indicating these n tasks are grouped into
p jobs. Given the fixed automation strategy, the execution mode for each production step is predetermined.
This lets us consider and work directly with tasks rather than individual steps. Furthermore, with the job
design held fixed, each firm takes the job boundaries and the total skill requirements within jobs as given.

We assume hand-offs are performed manually by the worker who completes the final task of each job.
This allows us to simplify the analysis in two ways: (1) Since job design is fixed, we know exactly which
steps occur at the job boundaries and thus incur hand-off time costs. Therefore, hand-off of job J; can be
treated as a standalone, human-executed task with time requirement ¢° (J;) and skill requirement equal to
the total skill requirement of job ij (2) The order of tasks—including the newly defined hand-off tasks—
can be rearranged within the production sequence. Specifically, we relabel tasks such that tasks 1 to k are
Al-assisted and thus require Al management labor, while tasks k + 1 to n, along with the hand-off tasks
n+1ton+p— 1, are executed manually and require human 1aborE|

The firm’s task-level production can be expressed in the following Leontief form:

l l l ln  In lptp—
:z:min{l L S N . tp-l } (6)

M —d.°’ M - —d.’ —H y "H® 8 y " > 8
it amh A A TH” 75(Jp) T9(Jp-1)

The z on the left-hand side represents the firm’s output while [, is the amount of labor assigned to task b.
All other variables remain as previously defined.

Since the automation strategy and job design are fixed the required amount of skill-adjusted time to
spend on each task in the denominators of @ are fixed, and the firm takes them as given. In equilibrium,
allocation of labor to tasks satisfies

pe Bl b e e

™ q—d o~ T tH o rS(g) m5( 1)’

Notice that the ratio of labor allocated to any two tasks a and b is independent of output level and wage
rates (regardless of whether tasks a and b are executed manually or by the help of AI), and solely depends
on their relative skill-adjusted time requirements, which are fixed given 7 and 7. The fixed ratio of labor
inputs implies that the rate of substitution between any pair of tasks is independent of the labor allocated

to other tasks:
P Ax
(AAl; ) =0, Vz # a,b. (7)

ol, Ar

A necessary and sufficient condition to aggregate the firm’s production function from a Leontief with one
input per task into a Leontief with (firm-level) aggregate human labor and AI management labor is that
the rate of substitution between any two tasks within the same aggregate input type is independent of all
tasks in the other aggregate input type (Leontiefl (1947)); [Fisher| (1965); [Felipe and Fisher| (2003))). In other
words, the relative amount of labor allocated to any two human-executed (Al-managed) tasks should depend
exclusively on tasks within the human-executed (Al-managed) group.

The condition expressed in @ satisfies the aggregation requirement aboveﬂ Thus, the firm’s production

function can be represented as:
al l
x:min{ M,H}. (8)

™ TH

Here, Ij; and Iy represent respectively the firm-level aggregate Al management labor and human labor.
Moreover, the aggregate skill-adjusted Al and human time requirements, 7a; and 7y, are defined as the sum

"Denote the skill-adjusted time cost of hand-off task of job J; with 75(J;).

8Recall that the final job p requires no hand-off by definition. The last hand-off thus occurs at the end of job p — 1.

91n fact, this condition is stricter than necessary. It not only guarantees labor independence across aggregated input types,
but also imposes a stronger condition: that the rate of substitution between tasks within the same aggregate input type is
independent even of other tasks within the same aggregate type.
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of skill-adjusted time requirements of tasks in their respective groups:

k
™ = ZTbAJ7 (9)
b=1

TH = iTS(Jj) + Z . (10)

b=k+1
Finally, & is the firm’s effective Al quality level defined as

k
D b1 715\4

k M, —dy’
Doper Ty o B

Qi
I

(11)

so that the following relationship holds:

Q\‘g

- k
= E Tlfwofdb.
b=1

In short, allows us to analyze labor allocation using the simpler two-input Leontief production function
for a given automation strategy 7 and job design J. This firm-level aggregate Leontief function implies the
equilibrium condition:

Gl _ La (12)

™ TH

The representation in helps us gain clearer insights into the allocation between human and AI management
labor at the firm level by removing the need to deal with the complex, many-input production function @

5.2 Across-Firm Aggregation: Leontief to CES

Next, we analyze whether Leontief production functions of many firms can be collectively represented by a
single economy-wide production function, where each input in the macro function aggregates the correspond-
ing inputs from the micro functions. To do so, we draw on the extensive literature on aggregation theorems
in production theory, which establishes conditions for the existence of an aggregate production function
based on individual firms’ production functions. The central idea is to introduce an appropriate form of
heterogeneity across firms, allowing micro-level production functions to be smoothed into a well-behaved
aggregate production function (See Sato (1975]), Chapters 2 and 4, for existence conditions.)m While most
existence results in this literature do not yield a closed-form functional representation, we show here that
under certain conditions on firm heterogeneity, firm-level Leontief production functions can be aggregated
into an economy-wide CES production function.

Consider a unit mass of firms in the economy, each producing output with ATl management labor, human
labor, and capital. We assume capital is a fixed input, so firms make labor decisions conditional on their
given capital stock. Moreover, we impose a Leontief structure between capital and labor inputs, normalizing
the production process so that exactly one unit of capital is required per unit of output producedE Firms do
not know their individual effective AI quality levels before production occurs; instead, they share a common
prior belief regarding the distribution from which these quality levels are drawn.

Production unfolds in two stages. In the first stage, firms solve the long-run cost minimization problem
(3), committing to an automation strategy 7 and a job design J based on their expected AI quality levels.

OFor instance, [Houthakker| (1955) studies aggregation from micro-level Leontief functions to a macro-level Cobb-Douglas
function; Levhari| (1968) investigates aggregation from micro-level Leontief functions to a macro-level CES function; and [Sato
(1969) explores aggregation from micro-level CES to macro-level CES functions. See |Baqaee and Farhi (2019) for a broader
formulation of this aggregation problem

1 This normalization can be interpreted as assuming identical capital productivity across firms. Since we introduce firm-level
heterogeneity through variations in Al quality, we abstract away from additional sources of heterogeneity across firms.
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Since firms hold the same expectations about the distribution of effective AI quality, they choose identical
automation strategies and job designs. In the second stage, firms learn their realized effective Al quality
levels, hire the required labor and capital, and begin productionE The resulting Leontief production
function, determined by the previously selected automation strategy, job design, and the firm’s realized
effective Al quality, takes a form similar to .

This two-stage structure mirrors realistic firm behavior. Firms initially decide how to structure operations
and post job vacancies. Only after making these structural commitments do they hire workers and acquire
machines to begin production. Once hiring occurs, firms discover the actual productivity levels of inputs,
which necessitates operating under their previously chosen organizational structures.

In what follows, we demonstrate that the heterogeneity in effective Al quality level can be structured so
that micro-level Leontief production functions aggregate into a macro-level CES production function, in
which the CES inputs are aggregates of the micro-level inputs (Levhari (1968)). Suppose specifically that
the macro-level production function takes the form:

X = (Oas M? + 0 H” + (1 — 0py — 05y) K?)7 (13)

where X represents (economy-wide) aggregate output, M denotes aggregate Al management labor, H de-
notes aggregate human labor, K is aggregate capital, and parameters 6,; and 0y represent the weights of
corresponding inputs. Since the measure of firms in the economy is normalized to 1, aggregate capital is also
normalized to 1, making the third term in effectively constant at 1 — 6y — 0.

To link the macro production function above to the micro production functions, we must relate aggre-
gated firm-level inputs s, (g from to the economy-wide aggregates M, H in . This requires either
determining macro parameters from the distribution of heterogeneity, or specifying the form of heterogeneity
given a set of macro-level parameters. We adopt the latter approach and explicitly derive the probability
density function of effective AI quality, denoted by ¢(@), as a function of 0y, 05, p. Throughout, we assume
that p < 0 (which implies elasticity of substitution o < 1), indicating that macro-level production exhibits
some degree of complementarity.

Normalize the output price to p = 1, so that wy; and wgy can be interpreted as the real wage rates for
a unit of skill-adjusted AI management and human labor, respectively. A firm produces only if it earns
nonnegative profits:

wy by +wglyg < .

Substituting [y and x from into this profitability condition yields:
TH 0l < aly

wpyly +wg ———— < .
™ T™

Rearranging terms and canceling Iy gives the lower bound of firms’ effective Al quality leveIE

6> _WMT™
T 1—wygTH
This lower bound implies that only firms with realized effective Al quality level above this threshold will
produce in equilibrium and others exit the market. Moreover, observe from that for d, > 0 the upper
bound of @ is 1 and is achieved when o — 17. Therefore:

WM TM

MM 5 <. (14)
1—’UJHTH

Let ¢(@) be the distribution of output across firms according to their effective AI quality level. A firm
with effective AI quality & thus produces output = ¢(@) by definition. From equation (12)), it directly
follows that the AI management labor and human labor used by this firm are: Iy = (7p/@)¢(@), and

12 As production depends on the realized effective Al quality level, & also determines firms’ sizes.
13We assume the parameters wys, wg, Tar, Ty are such that 0 < (wps 7a7) /(1 — wy 7)) < 1.
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lg = 7 ¢(@). Consequently, aggregate output X, aggregate Al management labor M, and aggregate human
labor H can be expressed as:

1
X = / 6(a) da, (15)
oMM
1 _
M= / TM@ da, (16)
WA TM Q
) HT™H
H= / T ¢(@) dav. (17)

Substituting the aggregated variables from the micro-level equations into the aggregate
production function , we obtain:

1 1 _ 4 1 P %
/wM . o(a) da = <9M (TM /WM . d)(aa)d@> +0u (TH /W . p(a) da) +(1 =0y — HH)> .

1—wpy Ty l-—wpg Ty l-—wpg Ty
(18)
Solving for ¢(@) in terms of 8y, 0y, p we obtain the following distribution for effective AI quality:
1 el 1
1—0n —0g)e (1 —0g75)7 T (Opr 75,) 77 o 1 it
(b(d): ( M H) ( 1_HpTH) ( IMTM) (d)ﬁ [1_9H7_£I_(1_9H7_I/})pfl (eMT]pM)li” (6&)%} )
(19)

See Appendix [B| for derivation details.

This completes the production function aggregation procedure. The derived distribution character-
izes firm-level heterogeneity in the effective Al quality level required to support a macro CES production
function of the form , with economy-wide aggregate human and Al management labor inputs and pa-
rameters 07, 0, p, obtained from micro-level Leontief production functions of the form .

6 Empirical Evaluation

Not yet implemented

7 Conclusion

Not yet implemented
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A Technical Details - Fragmentation Index

In this appendix we prove Proposition |5, which relates the cost of the optimal short-term automation strategy
for a fixed job to the fragmentation index of that job. Intuitively, we expect a production process in which
automatable tasks are clustered together will benefit more from automation than one where steps with high
and low levels of automation are interspersed. This is due to the potential benefits from Al chains.

First recall the definition of fragmentation index for a given step sequence S = (s1,...,8m,). As a
reminder, we assume for Propositionthat tM =1 for all 5;. Consider a random process in which each step s;
succeeds independently with probability ¢;; any step that does not succeed is said to fail. Write F' for the set of
steps that fail, and C = {C4, ..., C)} for the random variable representing the collection of maximal connected
components of non-failed steps. The weight of each C; € C is defined to be w(C;) = min{1,> , 7
That is, each C; has weight 1 unless the sum of the manual time costs for each of its steps is less than 1

(due to our assumption that Al management costs are normalized to 1).
tM

We now introduce some notation: for each s;, write ¢; = min {tH } That is, ¢; is the minimum cost

g
to implement step s; individually (whether manually or through AT augmentation). Given a realization of C

and F', we define the realized fragmentation to be

Z c; + Z w(Cj).

s;€F C]‘GC

The fragmentation index is defined to be the expected value of the realized fragmentation.

We now fix the sequence & = (sq,..., Sy,), write F'I for the fragmentation index of S, and let OPT be
the cost of the optimal (i.e., time-minimizing) task structure for those steps.

We begin by showing that F'I is not much larger than OPT.

Proposition 6. FI < %OPT.

Proof. Fix an arbitrary task sequence T = (11, ...,T,). Partition this into two sets of tasks: Ty containing
all (singleton) tasks that are completed manually, and Tj; containing all other tasks (consisting of Al-
augmented singletons and AT chains). We first claim that

FI< > 1+ Y a-a®)+e) |+ Yt

T;€Tm s; €T} (se)ETM

To see why, first note that for any human-executed task (s;) € Ty, either the task fails in the realization
of F (in which case it contributes ¢; < ¢/ to FI), or it succeeds (in which case it appears in some connected
component Cj, contributing at most t7 to the component’s weight w(C})).

Next consider the machine-assisted tasks. For any T; € T, consider the set of steps in 7; that fail in
any given realization of F'. If no steps in T fail, then T} collectively contributes at most 1 to the realized
fragmentation (since all s; € T} lie in the same connected component of non-failed tasks). Otherwise, each
failed task s, € T; contributes ¢; to the realized fragmentation (for itself, recalling that ¢; is the minimal cost
of executing s; on its own) plus an additional value of at most 1 for the weight of a potential new connected
component of non-failed tasks. As each task s; € T} fails independently with probability (1 — adi), we get
that the contribution of tasks in T to the fragmentation index is at most 1 + ) (1 —a%)(1+¢) as
claimed.

On the other hand, recall that if we take 7 to be the cost-minimizing task sequence, then

OPT = Y o T4 N ¢

T;€Tm (84)ETH

SiETJ

by definition, where we write d(7}) = >__ e d; for the total difficulty of steps in task Tj.
Comparing our expression for OPT with our bound on FI, we see that each task in 7y contributes the
same amount to each, whereas each T; € Tas contributes >, o (1 — ad)(1 4+ ¢;) to the former and a~473)
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to the latter. We will show that, for each T; € T, 1+ 3
complete the proof.

First, since ¢; < a~% for each s; € S, we have 1+ZSi€Tj(l—adi)(1+ci) < 1+ZsieTj(1—adi)(1+a_di).

Next note that for any z,y € [0,1], (1—xy)(1—|—$) > (1—x)(1+%)+(1—y)(1+i). (This can be checked by

sier, (1=a®)(1+a™%) <

1+ (1— T+ a4T5)) = 14 o= 4T — o¥T5) for any T; € Tas. The ratio between this expression and

a~T5) is maximized at a~¥Ti) = 1/2, achieving a value of 5/4 as claimed. O

sieTj(l —a®)(1+¢) < 2a~UT) | which will

expanding and taking derivatives.) Repeatedly applying this fact, we get that 1+

Note that this bound of 5/4 is tight. Suppose we have 3 steps in S: the first and last always succeed, and
the second succeeds with probability 1/2 and has a manual cost of 2. Then the optimal policy automates all
three together for an expected cost of 2, whereas the fragmentation index is (1/2) x14+(1/2) x (1+2+41) = 5/2.

We next argue that F' is not much smaller than OPT. We begin with an analysis under the assumption
that tiH > 1 for all s; € §. That is, for each step s;, completing the step manually is at least as costly as
managing an Al tool to complete the step in a single attempt (with guaranteed success).

Proposition 7. Suppose t? > 1 for all s; € S. Then FI > iOPT.

Proof. Consider the following task sequence. Beginning with the first step s1, consider the maximal contigu-
ous sequence of steps T' whose success probability a®™) is greater than or equal to 1 /2. If that set is empty
(i.e., the first step has success probability strictly less than 1/2) then the first step is set to be completed
individually, either manually or automated, whichever is cheaper. In this case, we’ll say the resulting single-
ton task is completed individually. Otherwise, the sequence T' = (s1, ..., s) (which could still be a singleton
task) is added to the task sequence as an Al chain; we call this a non-individual task. This process is then
repeated beginning with the next step (which is sy in the former case, or sp1 in the latter case), until all
steps have been added to a task. Call the resulting task sequence 7.

Let ALG denote the cost of the task sequence 7. Note that we must have ALG > OPT. We will argue
that FI > ALG/4, which will prove the claim.

We first define some notation. Write 77 for the set of individual tasks in 7 and 7xy for the set of
non-individual tasks. Note that a® < 1/2 for all (s;) € Tz, by construction. Note also that Tz C T7
(recalling that Tz is the set of all singleton tasks executed manually), and this containment may be strict if
Tr contains singleton tasks that are augmented. We emphasize that Ty may still include singleton tasks,
but any singleton task (s;) € Tx; must have the property that ad > 1/2.

If the final task s, from S is contained in some T; € Ty, we say that T} is the terminal task. All other
tasks in Ty are non-terminal tasks. Note that if the final step is a singleton task in 7; then no task is
terminal. For each non-terminal task 7} € Ty, we'll write Tj to denote T} plus the first step that follows
T;. For example, if Tj = (s;,...,s¢), then Tj = (s;,...,s7,50+1). The set Ty then has the property that
for each task Tj € Ty we have a®(Ti) > 1/2, and for each non-terminal T; € Ty we have o(4(T3) < 1/2.

We are now ready to relate F'I and ALG. Let k = |Ty;| be the number of non-individual tasks. Note

first that
ALG = Z a~ 4T 4 Z c; <2k + Z Ci.
T;€TNT (84)€TT (s4)ETT

This is because a®(T3) > 1/2 for each T; € Tnr, and hence a4l < 9.

Next we bound FI. Note that the assumption ¢/ > 1 implies that, in any realization of the connected
components of non-failed steps C = (C4,...,Cy), w(C;j) = 1 for all j. This implies that the realized
fragmentation is equal to 1 plus, for each s; € F (i.e., each step s; that fails), a contribution of ¢; plus an
additional 1 in the event that i > 1 and the task immediately preceding s; did not fail. (This additional cost
of 1 accounts for creating a new connected component of non-failed steps ending with s;_1.)

We claim that FI > k/2 + %Z(si)eﬂ ¢;. We will show this by charging the realized fragmentation to
tasks in Tnr and 77, so that each T; € Ty is charged at least 1 with probability at least 1/2, and each
(s;) € Tr is charged at least ¢; with probability at least 1/2.
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To see this, let F/; denote the event that some step in Tj fails, for each non-terminal 7; € Tnr. Note that
E; occurs with probability at least 1/2, since a®Ti) < 1/2. Also, if E; occurs, then either a step s, € T}
fails, or no step in 7} fails but the step immediately following 7); does. In the former case, we will charge the
c; > 1 contribution of s;’s failure to T;. In the latter case, it must be that the step immediately preceding
the failed task did not fail; so we will charge the additional contribution of 1 from s;’s failure (as described
above) to T;. Additionally, if there is a terminal T in T, then we charge the baseline 1 from the calculation
of FI to that terminal T;. Aggregating over all these cases, we have that at least 1 is charged to each set
T; € Tnr with probability at least 1/2. Finally, for each (s;) € 77 that fails (which occurs with probability
at least 1/2, by construction), we charge the ¢; portion of its contribution to task (s;). We conclude that
FI>k/2+ %Z(Si)eﬂ ¢; as claimed.
| .Bug now since FI > k/2 + %Z(si)eﬂ ¢i and ALG < 2k + 7, \er, i, We conclude FI > ALG/4 aDs
claimed.

Can the approximation factor in Proposition [7] be improved? While we do not have a matching lower
bound of 4, we do know that the approximation factor is at least %(2 +/2) ~ 2.276. Here is an example.
Suppose the problem instance is a sequence of m steps, each with success probability 1/1/2 and manual
cost /2. The task sequence described in the proof of Proposition E then handles each task separately, for a
total cost of m+/2. The optimal task sequence must therefore perform at least this well. The fragmentation
index is such that each task contributes v/2 if it fails, plus 1 if the preceding task did not fail, for a total
contribution of (1 —1/v2)(v2+ 1(1/v2) = £(v2—1) ~ 0.6213. As m grows large, the ratio between m/2
and 1+ m x 0.6213 approaches 2(2 + v/2) ~ 2.276.

We can relax the assumption in Proposition [7| that /7 > 1 for all s;, but at the cost of a worse approxi-
mation factor.

Proposition 8. For general ti (i.e., allowing t? < 1 for some steps s;), FI > %OPT.

Proof. The argument follows the proof of Proposition [7] with the following changes.

First we make a slight change in the definition of the task sequence 7 that defines ALG. If a constructed
task T; has the property that >_ €Ty ti < 1 (which implies it is cheaper to run all steps of 7; manually
than as an Al chain that is guaranteed to succeed), we switch to running the tasks of T; manually in the
task sequence. In our analysis, we still consider T} to be a set in Tx7; but its cost is taken to be ZsieTj th.

This modification changes our upper bound on the total cost of ALG to the following:

ALG <2 Z min Lth + Z C;.

T;€TNT s, €T} (s:)eTr

Then, to bound F'I, we claim that

1 . I 1
FIEZ Z min I,Zti —|—§ Z Ci
T;€TNT s; €Ty (s:)€T1

which would prove the claim.

To see why this bound on F'I holds, we employ a charging argument as before. Recall that for each
non-terminal T; € Ty, the event E; occurs with probability at least 1/2. When it does, we charge to T;
the contribution ¢; to F'I from any s; € F' that lies in T;. Furthermore, when E; occurs, for each connected
component C, that intersects T; we additionally charge the contribution w(C;) from FI to T;. Crucially,
the contribution from each C; can be charged to at most two different tasks 7T} in this way: once for the
leftmost T that it intersects, and once for the rightmost T} that it intersects. (The reason is that if some
T; is a subset of Cy, then by definition no step of T} fails and hence E; did not occur. So this charging
can only occur for a task Tj that intersects Cp but is not a subset of Cy, of which there are at most two.)
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Moreover, this charging to 7; adds up to a total value of at least min {1, qu er, ti } Since the charging

occurs with probability 1/2 for each T; € Ty, and we are at most double-counting each w(C;), we conclude
that the expected sum of all w(C;), plus ¢; for all failed tasks s; that lie in some T} € Ty, is at least 1/4 of

ZTJ‘ETNI min {1’ ZSiGTj tf]}

The charging for (s;) € 77 remains unchanged: the value ¢; is charged in the event that step s; fails,
which occurs with probability at least 1/2.
Taken together, we obtain our desired 8 approximation. O

We suspect the factor of 8 in Proposition [8is not tight. But, as we now show, the factor is strictly greater
than the factor 4 from Proposition [7] so the assumption that tf > 1 for all s, is necessary for Proposition
to hold.

Consider a step sequence S that alternates between (a) steps of manual cost 0 and success probability
1/v/2 — ¢ where € is vanishingly small, and (b) steps of manual cost 1 and success probability 1. Suppose
there are K > 1 such pairs. The task sequence described in the proof of Proposition [§] above groups the
steps into pairs of two-step tasks, for a total cost of K+1/2 (ignoring €). The fragmentation index is 1 plus 1
for each task that fails, which is 1 + K (1 — 1//2) (again ignoring the impact of ¢). As K grows large, the
ratio tends to 2(v/2 4 1) which is strictly greater than 4.
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B Technical Details - Derivation of Effective AI Quality Hetero-

geneity Distribution

In this Appendlx we describe how to obtain the analytical formula for distribution of heterogeneity ¢(a)

expressed in (19)) by extending the work of [Levhari| (1968).
Define u = (wpr 7ar) /(1 — wy 7g) and rewrite equation as:

(/ e d‘“) ‘GM(TM/ o a) +9H(TH/:¢<a>

Our goal is to solve for ¢(@) in the equation above as a function of 07,05, p. Define

= /1 o(a) da
" ' (@)
U(u) = /u o d
Note that I’ (1) = —¢(u) and ' (u) = —¢(u)/u. Rewrite equation as:
IP(u) = Op 74, O (u) + 0 75, TP (u) + (1 — Opr — Onr).
Rearranging terms, we obtain:
(1 =0 75) TP (u) = Oar 74 OP(u) + (1 — Opr — Opr).
Differentiating equation with respect to u yields:
(1 -0y )P~ Yu) =0y T P (u)ut

Rearrange this to solve for ¥#~!(u) as a function of u and I'*~*(u)
1—0g7%
U (u) = A —Ony) HPTH)FP_l(u) u.
HM Y

Finally, express ¥(u) in terms of I'(u):
W(u) = (1— 0y 75) 7 (Oar 75) ™7 w7 T(u).
Substituting ¥(u) from equation into equation , we have:

(1= 0n ) D (u) = (1= 0 74) 77 (02 75) ™7 w1 I (u)

Rearranging terms to solve for T'(u), we get:

P(w) = (1= O = 01)" [1 = 0 7y = (1= 0n 7) 77 (Ons 74) ™7 i |

Recall that I'V(u) = —¢(u). Differentiating I'(u), we obtain:

8 P _ 1 _p 7%

F'(u) = 5o | (1= = 01)7 [L= O vy = (1= 011 75) 77 (021 78,) ™7 w77 | ]
(1= 0n —0)7 (1— 0y 70)7 T (O 70) ™7 o

_ ple M) " {1_9}[72_

1

Thus, we have:
1— O — 05)7 (1 — Opy 7071 P VTS
¢(@) _ ( HM HH) ( - prTH) (9]\/[ T]M) (O_é)/’T

which is the formula provided in in the main text.

28

P
da) + (1 -0y —0m).

+ (1= 0ar — 011).

1
o

& [1 — Ol — (1= 0 7h) 7T (Oar 7) 77 (@)7°

(20)

(23)

(1= 0n )7 (Oar 7§ ™7 uﬁ] ’
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