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Abstract

A stochastic mapping from states to signals induces a distribution over possible posteri-
ors. For various purposes, one is interested in parameters of these posteriors, possibly multi-
dimensional, such as their quartiles or whether they first-order stochastically dominate some
given distribution. Many parameters of interest can be encoded by requiring the posterior at
each signal lie point-wise between two given functions. Given a collection of these bounding
pairs, one for each signal, we characterize the set of posteriors that can be realized by some
stochastic mapping of states to signals. We provide applications of this result to, among others,
the design of securities, price and statistical discrimination.

Keywords: Bayesian Persuasion, Information Design, Farkas Lemma

1 Introduction

The problem of how an agent with superior information (called the Sender) can influence another
(called the Receiver) by controlling what information is revealed is sometimes formulated in terms
of the choice of a mapping, possibly stochastic, from states to signals (called a signal structure).
The mapping is chosen before learning the underlying state. See Kamenica and Gentzkow (2011)
and Bergemann and Morris (2016)) for example.

Once the state is realized, a signal is generated according to the chosen mapping and passed
to the Receiver. Each signal induces a posterior that affects the Receiver’s action choices and,
by extension, the Sender’s payoffs. Therefore, properties of the posterior distribution over states
induced by a given signal structure will determine the Receiver’s actions. For example, suppose
the Receiver wishes to choose an action that matches a one-dimensional state, and the square of
the distance between the action and the realized state measures their loss. Then, for any realized
posterior, the Receiver’s optimal choice is the mean of that posterior. Hence, in this case, choosing
a signal structure is equivalent to choosing a distribution of posterior means.
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For tractability, the literature focuses on cases where only a single parameter of the posterior,
such as the mean, median, or quantile, matters. This is restrictive. For example, a policymaker
evaluating economic growth forecasts might consider not only the median growth rate but also the
inter-quartile range to assess the variability and associated risks.1 Similarly, a financial analyst
comparing investment options may prioritize a distribution that stochastically dominates a bench-
mark, ensuring that the returns of a new portfolio outperform those of a market index under all
plausible scenarios.

Many parameters of interest can be represented by requiring that the realized posterior for each
signal lies pointwise between a given pair of bounding functions. For example, to ensure a median
of r, the cumulative probability of the posterior below r must be less than 1

2 , while at r, it must be
at least 1

2 . For convenience, we call parameters that impose such upper and lower bounds on the
cumulative distribution “nice.”

We show that a distribution over nice parameters is implementable by some signal structure if
and only if : (i) the prior’s cumulative distribution lies between the posterior averages of the upper
and lower bounding functions, and (ii) the total prior probability over any interval is at least the
posterior average of the positive difference between these bounds.

Our characterization avoids the need to track the state–signal mapping, and explicitly links
the prior and posterior distributions. This allows for straightforward applications to parameters
such as the median, quartiles, and conditions under which the posterior stochastically dominates a
given distribution. It also supports other applications, such as analyzing statistical discrimination or
determining the range of prices and quantities that can arise under third-degree price discrimination.

Following Chambers and Echenique (2020) and Bharadwaj et al. (2024), one can model statis-
tical discrimination by allowing the state space to include group identities representing different
demographics or identity-related attributes. We show how our method can be used to rationalize
observed disparities in outcomes by differences in the underlying prior distributions, the mappings
from the state space to the signal space, or the decision rules used to determine outcomes.

In college admissions, for example, students possess both an academic score and an identity
group, such as race. The stochastic mapping relates the prior distribution of student academic
profiles to college admissions decisions; however, this mapping is not directly observed. Instead,
the available data consist of the number of applicants and acceptance rates at each college for each
identity group. Our characterization provides an if and only if condition that determines when
such observed data on priors and aggregate admissions are compatible with an admission rule that
ignores identity group. If the data are compatible, then disparities in outcomes could be attributed
to differences in the underlying prior distributions or the mappings from the state space to the signal
space. Conversely, if the data are incompatible, we conclude that the decision rules are correlated
with the identity group, indicating taste-based discrimination. Our result, therefore, provides a
novel test to detect such discrimination in college admission.

1This is especially relevant when the Receiver’s action space is multidimensional, and their loss from mismatch-
ing the state is determined by an average of different ‘pinball’ loss functions. Such scenarios arise in forecasting
competitions and conditional value-at-risk requirements (see Grushka-Cockayne et al. (2017)).
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Another application is in the study of third-degree price discrimination, where unit-demand
consumers are divided into segments, each offered a monopoly price tailored to that segment. Each
segment corresponds to a price-quantity pair, and we characterize which distributions over such pairs
can be realized by some segmentation. This contrasts with Bergemann et al. (2015), who characterize
the aggregate revenue and consumer surplus distributions realizable from some segmentation.

Our result provides a reduced-form characterization linking the prior distribution of buyer types
to the distribution of segment-specific prices and their associated sales volumes. This reduced form
has two main uses. First, when only market segmentation data is observed but detailed demand
information is unavailable, it allows inference on the underlying demand distribution. Second, given
a known prior demand distribution, it characterizes segmentations that achieve particular goals,
such as maximizing total surplus or consumer surplus.

A distinctive feature of our approach is the graphical interpretation of a segmentation called the
inverse consumption curve. It is an inverse demand curve where each segment is treated as a single
consumer with demand either zero or a fixed quantity, depending on the price. This interpretation
simplifies both the design and analysis of market segmentations.

Besides the aggregate perspective emphasized by Bergemann et al. (2015), our approach cap-
tures the distribution of consumer surplus across segments, enabling identification of conditions
under which efficient segmentations exist that limit surplus to given thresholds for all consumers.
Furthermore, the framework naturally extends to settings with multidimensional but ordered con-
sumer types.

Our work differs from the many papers inspired by Bergemann et al. (2015), in that we are not
extending it to other settings such as auctions (e.g. Bergemann et al. (2019)), or competition (e.g.
Elliott (2021), Farboodi et al. (2025)) or second degree price discrimination (e.g. Haghpanah and
Siegel (2022)). Instead, within their setting, we seek to provide a more detailed picture of what can
happen.

From a methodological perspective, this paper is most closely related to the work focused on
characterizing properties of posterior distributions that can be induced by some signal structure.
Examples of this are Benoît and Dubra (2011), Gentzkow and Kamenica (2016), Kolotilin and
Wolitzky (2024), Vohra et al. (2023) and Yang and Zentefis (2022). However, as stated earlier,
unlike this paper, their focus has been on one-dimensional parameters of the posterior, like mean,
median, and quartile. This paper’s main result widens the range of settings in which the information
design framework can be deployed. We relegate more detailed discussion of relevant prior work to
the appropriate sections.

2 Main Theorem

In this section, we state our main result. Let N = {1, .., n} be the set of states, πi ≥ 0 the prior
probability of state i ∈ N . Denote the finite set of signals by S. Associated with each signal s ∈ S
are two ‘bounding’ non negative functions, Fs(·) and Gs(·) over {1, .., n}.
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A stochastic mapping from states to signals can be represented for each (i, s) pair by the variable
xis ≥ 0, which is the joint probability of the state i and signal s. The probability that signal s is
realized will be

∑
i∈N xis and the probability that the state is k given signal s is xks∑

i∈N xis
. We call

a probability distribution {ρs}s∈S over S implementable if there exists a stochastic mapping from
states to signals such that:

1. Each state i is realized with probability πi, that is, for all i ∈ N :
∑

i∈S xis = πi,

2. Each signal s is realized with probability ρs, that is, for all s ∈ S:
∑

i∈N xis = ρs,

3. The posterior distribution conditional on signal s lies point-wise between the bounding func-
tions Fs(·) and Gs(·). That is, for all s ∈ S, t ∈ N : Gs(t) · ρs ≤

∑t
i=1 xis ≤ Fs(t) · ρs.

Theorem 1 Given two non decreasing functions Fs, Gs : N → R with 0 ≤ Gs(t) ≤ Fs(t) ≤ 1 for
all s ∈ S, t ∈ N and Fs(n) = 1, the distribution {ρs}s∈S over S is implementable if and only if :

∑
s∈S

Gs(t)ρs ≤
t∑

i=1

πi ≤
∑
s∈S

Fs(t)ρs ∀t ∈ N (1)

t′∑
i=t+1

πi ≥
∑
s∈S

max{Gs(t
′)− Fs(t), 0}ρs ∀t′, t ∈ N s.t. t′ > t. (2)

Condition (1) requires that the prior cumulative probability from states 1 to t lies between the
posterior averages of the lower- and upper-bound functions. Condition (2), in turn, requires that the
prior probability of states t+1 through t′ be at least the posterior average of the positive difference
between the lower bound at t′ and the upper bound at t.

A special case of Theorem 1, where the bounding functions are identical, i.e., Fs(t) = Gs(t),
implies the martingale condition, also known as the Splitting Lemma (see Blackwell (1953); Aumann
et al. (1995)). In this case, condition (2) is trivially satisfied and thus, a posterior distribution Fs(.) is
implementable if and only if the prior distribution equals the average over the posterior distributions:

t∑
i=1

πi =
∑
s∈S

Fs(t)ρs.

There is a natural flow-based interpretation of Theorem 1. Think of each state i ∈ N as a
supply node with supply πi, and each signal s ∈ S as a demand node. However, unlike standard
flow problems where demand nodes require a fixed quantity and are indifferent to the source, here
each demand node s requires between Gs(t)ρs and Fs(t)ρs units from the subset of supply nodes
{1, . . . , t}, for each t = 1, . . . , n.

Under this view, constraint (1) ensures that total supply is fully utilized: for each t, the cu-
mulative supply from nodes {1, . . . , t} must lie within the total demand bounds—no less than the
aggregate lower demand

∑
sGs(t)ρs, and no more than the upper bound

∑
s Fs(t)ρs.
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Constraint (2) is more subtle. Fix any interval of supply nodes {t + 1, . . . , t′} and a demand
node s. The minimum amount that must be routed from these supply nodes to s is determined
by the gap between what s must receive from all of {1, . . . , t′} and what it could receive from just
{1, . . . , t}. Specifically, s must receive at least Gs(t

′)ρs units from {1, . . . , t′}, but can receive at
most Fs(t)ρs from {1, . . . , t}. Thus, if (Gs(t

′)−Fs(t)) ·ρs > 0, the shortfall must be filled by supply
from {t+ 1, . . . , t′}.

The core idea of the proof of Theorem 1 is to apply Farkas’ lemma to the system of upper-
and lower-bound constraints. While this typically yields infinitely many conditions on the posterior
distributions, in our setting tractability arises from exploiting the laminarity of constraints (4).2

Proof of Theorem 1. The “only if” direction is straightforward.
First,

t∑
i=1

πi =

t∑
i=1

∑
s∈S

xis =
∑
s∈S

t∑
i=1

xis.

Since Gs(t)ρs ≤
∑t

i=1 xis ≤ Fs(t)ρs for all s ∈ S, condition (1) follows.
Next,

t′∑
i=t+1

πi =
∑
s∈S

t′∑
i=t+1

xis =
∑
s∈S

(
t′∑
i=1

xis −
t∑

i=1

xis

)
.

Using the same bounds, we get

t′∑
i=t+1

xis ≥ max{0, Gs(t
′)− Fs(t)}ρs for all s ∈ S, which yields (2).

To see the “if” direction, observe that to determine whether a distribution {ρs}s∈S over S is
implementable, it suffices to verify the feasibility of the following system:

∑
s∈S

xis ≥ πi ∀i ∈ N (3)

Gs(t)ρs ≤
t∑

i=1

xis ≤ Fs(t)ρs ∀s ∈ S, ∀t ∈ {1, . . . , n} (4)

xis ≥ 0 ∀i ∈ N , ∀s ∈ S (5)

Note that we only require (3) to hold as an inequality rather than an equality, and we omit the
constraints

∑n
i=1 xis = ρs for all s ∈ S. This is because

∑
i∈N πi =

∑
s∈S ρs = 1 and Fs(n) = 1

2An earlier version of this paper employed a generalization of (4) based on extended polymatroids (see Frank,
2011). In practice, however, (4) suffices for all applications considered here.
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together imply these conditions implicitly. In particular, if a solution to (3–5) exists, then

1 =

n∑
i=1

πi ≤
n∑

i=1

∑
s∈S

xis ≤
∑
s∈S

Fs(n)ρs = 1.

Thus, we must have
∑

s∈S xis = πi for all i ∈ N , and
∑

i∈N xis = ρs for all s ∈ S.
Therefore, the feasibility of (3-5) is equivalent to the feasibility of the following system:

−
∑
s∈S

xis ≤ −πi ∀i ∈ N (ui)

t∑
i=1

xis ≤ Fs(t)ρs ∀s ∈ S, ∀t ∈ {1, . . . , n} (λ(t, s))

n∑
i=t+1

xis ≤ (1−Gs(t))ρs ∀s ∈ S, ∀t ∈ {1, . . . , n} (µ(t, s))

Notice that the constraint matrix of (3)-(5) corresponds to a laminar family and is therefore
totally unimodular (see Schrijver (2003)). We will use this property, along with Farkas’ Lemma, to
derive a condition for the system’s feasibility.

Assume for contradiction that {ρs}s∈S is not implementable, that is, the system above is not
feasible. By Farkas’ Lemma, this system is infeasible if and only if its Farkas alternative is feasible.
The variables shown in parentheses next to each constraint in the system correspond to the dual
variables in the Farkas alternative, which is presented next:

−
∑
i

uiπi +
∑
s,t

λ(t, s)ρsFs(t) +
∑
s,t

µ(t, s)ρs(1−Gs(t)) < 0 (6)

ui ≤
∑
t:t≥i

λ(t, s) +
∑
t:t<i

µ(t, s) ∀i ∈ N , s ∈ S (7)

ui, λ(t, s), µ(t, s) ≥ 0 ∀i ∈ N , s ∈ S t ∈ {1, . . . , n} (8)

As the Farkas alternative is feasible, by scaling, we can focus on feasible solutions to (6-8) whose
components have values between 0 and 1. This means the following linear program is feasible and
has an objective function value strictly less than zero.

min −
∑
i∈N

uiπi +
∑
s∈S

n∑
t=1

λ(t, s)ρsFs(t) +
∑
s∈S

n∑
t=1

µ(t, s)ρs
(
1−Gs(t)

)
s.t. ui ≤

∑
t≥i

λ(t, s) +
∑
t<i

µ(t, s) ∀i ∈ N , ∀s ∈ S

ui, λ(t, s), µ(t, s) ∈ [0, 1] ∀i, t ∈ N , ∀s ∈ S,

Denote by (u∗, λ∗, µ∗) an optimal extreme point solution to the linear program. Given the
total unimodularity of the constraint matrix, all extreme point solutions take values in {0, 1}. Let
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A = {i : u∗i = 1}. Note that there might be multiple such solutions, and among them, we choose
the solution where the size of A is largest.

Then, (λ∗, µ∗) must solve:

ϕ(A) := −
∑
i∈A

πi +min
λ, µ

{∑
s,t

λ(t, s) ρsFs(t) +
∑
s,t

µ(t, s) ρs
(
1−Gs(t)

)}
s.t.

∑
t≥i

λ(t, s) +
∑
t<i

µ(t, s) ≥ 1 ∀i ∈ A, ∀s ∈ S (9)

λ(t, s), µ(t, s) ≥ 0

First, we show that A ̸= ∅. If not, there must exist λ∗, µ∗ ≥ 0 such that
∑

s,t λ
∗(t, s) ρsFs(t) +∑

s,t µ
∗(t, s) ρs(1−Gs(t)) < 0. This is impossible since Gs(t) ≤ 1;Fs(t) ≥ 0 for all s, t.

Next, we show that it suffices to restrict attention to sets of the form A = {1, . . . , l}, {l′ +
1, . . . , n}, or {1, . . . , l} ∪ {l′ + 1, . . . , n} with l < l′; in other words, sets whose complement is an
interval. If A is not of one of the specified forms, there exist r′ < r < r′′ such that r ∈ A, but
r′, r′′ /∈ A. Since r ∈ A and (9) holds, either λ∗(t, s) = 1 for some t ≥ r, or µ∗(t, s) = 1 for some
t < r. In the former case, consider A′ := A ∪ {r′}; in the latter, A′ := A ∪ {r′′}. In both cases,
(9) still holds and ϕ(A′) ≤ ϕ(A), contradicting the optimality of A, which was chosen to have the
largest size among optimal solutions.

If A = {1, . . . , l}, then the dual takes the form λ∗(l, s) = 1 with all other components zero. In
this case,

ϕ(A) = −
l∑

i=1

πi +
∑
s∈S

Fs(l)ρs ≥ 0 by (1).

If A = {l′ + 1, . . . , n}, then the dual is µ∗(l′, s) = 1, yielding

ϕ(A) = −
n∑

i=l′+1

πi +
∑
s∈S

(1−Gs(l
′))ρs =

l′∑
i=1

πi −
∑
s∈S

Gs(l
′)ρs ≥ 0 by (1).

If A = {1, . . . , l} ∪ {l′ +1, . . . , n} with l < l′, then the optimal dual solution to the Farkas alter-
native must be one of the following, with all other components equal to zero: λ∗(l, s) = µ∗(l′, s) = 1,
λ∗(n, s) = 1, or λ∗(k, s) = µ∗(k, s) = 1 for some k ∈ {1, . . . , n}. Thus, we have

ϕ(A) = −
∑
i∈A

πi +
∑
s∈S

min{Fs(l) + 1−Gs(l
′), 1, Fs(k) + 1−Gs(k)}ρs

= −
∑
i∈A

πi +
∑
s∈S

min{Fs(l) + 1−Gs(l
′), 1}ρs

=

l′∑
i=l+1

πi −
∑
s∈S

max{Gs(l
′)− Fs(l), 0}ρs

≥ 0 by (2).
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Here, the second equality holds because Fs(k) ≥ Gs(k). We conclude that ϕ(A) ≥ 0, contradict-
ing (6). Therefore, the system (3)–(5) is feasible, and {ρs}s∈S is implementable.

While Theorem 1 is stated—consistent with the existing literature—as characterizing the set of
implementable signal distributions given a prior, it also admits a natural reverse interpretation: for
any observed signal distribution, it characterizes the set of priors that rationalize it.

Theorem 1 does not, however, identify the specific mapping {xis}i∈N ,s∈S from states to signals
that implements a given distribution. Recovering such a mapping requires solving a different linear
program, one subject to constraints (3)–(5).

3 Quantiles, Quartiles and Stochastic Dominance

As a warm up we begin by showing how Theorem 1 can be used to characterize which distribution
over posterior quantiles can be implemented. This case was already covered in Benoît and Dubra
(2011), Kolotilin and Wolitzky (2024) and Yang and Zentefis (2022). Subsequently, we cover the
case of quartiles and stochastic dominance.

Quantiles

Each realized signal induces a posterior distribution over the states. We are interested in the
posterior’s qth quantile. Different realized signals induce different posteriors, generating different qth

quantiles. Fix a distribution over qth quantiles. Is there a mapping of states to signals that induces
this distribution in qth quantiles? More generally, can one characterize the set of distributions
of posterior quantiles that can be generated by some mapping of states to signals? We call such
distributions of qth quantiles implementable.

Benoît and Dubra (2011) characterizes the implementable distributions for the median under a
uniform prior and finite state and signal space. Kolotilin and Wolitzky (2024) and Yang and Zentefis
(2022) characterize it in the continuum case, for any prior distribution and any quantile. The proofs
in Benoît and Dubra (2011) and Yang and Zentefis (2022) are lengthy. Kolotilin and Wolitzky (2020)
provides a direct proof by showing that all implementable distributions of the posterior qth quantiles
are implemented by a single mapping from states to signals. The characterization for the finite case
is a straightforward consequence of Theorem 1.

If H(·) is a distribution over {1, . . . , n}, then, the q-quantile of H is the smallest r ∈ {1, . . . , n}
such that H(r) ≥ q. For each i ∈ {1, . . . , n} and a fixed q ∈ (0, 1), we want to know if we can
achieve the following: the probability that r is the q-quantile of the realized posterior is ρr (note
ρn = 0). If so, then ρ is implementable.

A necessary condition for a distribution H(·) to have a q-quantile of r is the existence of an
ϵ > 0 such that H(r) ≥ q and H(r − 1) ≤ q − ϵ. We use this observation to characterize which
distributions {ρr}nr=1 over q-quantiles are implementable.
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To apply Theorem 1 we choose S, the set of signals, to be {1, . . . , n}. Hence, each signal is
associated with a particular state r ∈ N . We wish to construct a state-to-signal mapping so that
signal r is precisely the qth-quantile of the posterior distribution at that signal.

The constraint for r to be the qth-quantile is captured by suitable chosen bounding functions
(Fr(·), Gr(·)) as follows:

Gr(t) =

0 if t < r,

q if t ≥ r,
Fr(t) =

q − ϵ if t ≤ r − 1,

1 if t > r − 1.

Inequality (1) of Theorem 1 requires that an implementable distribution {ρr}nr=1 satisfy

t∑
i=1

πi ≥
∑
r

Gr(t)ρr =
t∑

i=1

qρi

and
t∑

i=1

πi ≤
n∑

r=1

Fr(t)ρr =

t∑
i=1

ρi + (q − ϵ)

n∑
i=t+1

ρi.

The same theorem requires (2) to hold as well, but we show that under a full support assumption
on the prior, it is redundant. Observe that for t′ > t: max{Gr(t

′)−Fr(t), 0} = ϵ only if t+1 ≤ r ≤ t′.
Hence, inequality (2) requires

t′∑
i=t+1

πi ≥ ϵ
t′∑

r=t+1

ρr.

This means πt′ ≥ ϵρt′ . If we assume the distribution π is full support, that is πi > 0 for all i ∈ N ,
then for any distribution ρ, we can always choose ϵ small enough so that these constraints hold.

We obtain the following result, which is a discrete analog of Kolotilin and Wolitzky (2024).

Corollary 3.1 Assume the prior π is full support, a distribution {ρr}nr=1 over q quantiles is
implementable if and only if there exist ϵ > 0 such that

max{
∑k

i=1 πi − q + ϵ

1− q + ϵ
, 0} ≤

k∑
r=1

ρr ≤ min{1,
∑k

i=1 πi
q

}, ∀k ≤ n.

The constraints that characterize implementable {ρr}nr=1 are triangular. It is well known that
the problem of maximizing an additively separable function of the ρr’s over such constraints can be
solved using a greedy algorithm (see Vidal et al. (2019)).

Quartiles

We consider an extension of the problem of determining which distributions over quantiles are
implementable. The Receiver upon realization of the signal chooses a multi-dimensional action
(a1, a2, . . . , ad) where d ≤ n, each ar ∈ {1, . . . , n} and a1 < a2 < . . . < ad. If ϕ(·) is the realized
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posterior, and y the underlying state, the Receiver’s payoff from choosing (a1, a2, . . . , ad) is

d∑
j=1

{s(ϕ(aj), i)− ϕ(aj)[i− aj ]
+ − (1− ϕ(aj))[aj − i]+}. (10)

Here s(·, ·) is any real-valued function. When d = 1, the action that maximizes the expected payoff
given ϕ(·) will be the median of ϕ(·). When d > 1, the action that maximizes the expected payoff
given ϕ(·) is a d-vector of quantiles (see Grushka-Cockayne et al. (2017)).

Candogan and Gurkan (2025) describes an inventory setting where such a payoff function arises.
Grushka-Cockayne et al. (2017) provides similar examples as well as other examples. For instance,
the Receiver may be a reinsurer offering a stop-loss contract or an option trader selling a European
put option. We describe the second of these in greater detail.

Suppose that the put option is on a stock whose uncertain price at expiration, x, is governed
by a probability distribution function ϕ(·). If c is the option’s cost to the buyer and the trader
sells it for a strike price of K, the trader’s expected profit is

∫K
0 (x −K)dϕ(x) + c. Let q = ϕ(x).

Then, the trader’s expected payoff can be written as
∫ ϕ(K)
0 ϕ−1(q)dq − Kϕ(K) + c. Now, we can

approximate
∫ ϕ(K)
0 ϕ−1(q)dq by subdividing [0,K] into intervals of width K

m+1 . For i = 1, . . . ,m let
qi − qi−1 = K

m+1 . Then,
∫ ϕ(K)
0 ϕ−1(q)dq is approximated by

∑m
i=1 ϕ

−1(qi)[qi − qi−1]. In words, the
integral is approximated by a weighted sum of quantiles.

If the Receiver has a payoff function of the form given in (10), the Sender will be interested in
characterizing the distribution over realized vectors of d quantiles. For an economy of exposition
only, focus on the case of quartiles. Let S denote a set of possible quartiles; then, an element of S is
a vector (r1, r2, r3) with r1 < r2 < r3. Here r1 is the 25th percentile, r2 is the 50th percentile, while
r3 is the 75th percentile. Denote by ρ(r1, r2, r3) the ‘desired’ probability of realizing a posterior
whose quartiles take values (r1, r2, r3). Given S and a probability vector ρ over the elements of S,
is there a mapping of states to signals that will induce the distribution ρ over S? Theorem 1 will
provide us the answer once we have chosen appropriate pairs of bounding functions (Fs(·), Gs(·))
for s = (r1, r2, r3):

Gs(t) =



0 if t < r1,

0.25 if r1 ≤ t < r2

0.5 if r2 ≤ t < r3,

0.75 if r3 ≤ t

Fs(t) =



0.25− ϵ if t < r1,

0.5− ϵ if r1 ≤ t < r2

0.75− ϵ if r2 ≤ t < r3,

1 if r3 ≤ t

Theorem 1 yields the following:

Corollary 3.2 Assume the prior π is full support. Let S be a finite set of possible quartile vectors
r and ρ a probability distribution over S. There is a mapping of states to signals such that the
probability of the realized posterior having quartiles s ∈ S is ρs if and only if there is an ϵ > 0 such
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that for all l < k ≤ n:

k∑
i=1

πi ≥ 0.25
∑

s: rj1≤k<rj2

ρs + 0.5
∑

s: rj2≤k<rj3

ρs + 0.75
∑

s: rj3≤k<n

ρs

k∑
i=1

πi ≤ (0.25− ϵ)
∑

s: k<rj1

ρs + (0.5− ϵ)
∑

s: rj1≤k<rj2

ρs + (0.75− ϵ)
∑

s: rj2≤k<rj3

ρs +
∑

s: rj3≤k

ρs

k∑
i=l

πi ≥ (0.5 + ϵ)
∑

s: r3≤k, r1>l

ρs + (0.25 + ϵ)
∑

s: (r3≤k, r1≤l≤r2) or
(r2≤k<r3, l<r1)

ρs + ϵ
∑

s: (r3≤k, r2≤l≤r3) or
(r2≤k<r3, r1≤l<r2) or

(r1≤k<r2, l<r1)

ρs

Stochastic Dominance

We consider a different yet related question involving first-order stochastic dominance. Recall that
a distribution H(·) over {1, . . . , n} is said to first-order stochastically dominate (FOSD) distribution
W (·) if

H(t) ≤W (t) ∀t ≤ n− 1.

If the corresponding density functions are denoted h(·) and w(·) respectively, the FOSD condition
can be written as:

t∑
j=1

h(j) ≤
t∑

j=1

w(j), ∀ t ≤ n− 1,

n∑
j=1

h(j) = 1.

If H FOSD W , then each q-quantile of H is no larger than the corresponding q-quantile of W .
To each signal s ∈ S we associate a probability distribution over {1, . . . , n} denoted Ws(·). Call

a probability distribution {ρs : s ∈ S} implementable if there is a mapping of states (N ) to signals
(S) such that the realized posterior at signal s FOSD Ws(·).

One setting where this question may be relevant is in the design of derivatives for risk-averse
investors. Stochastic dominance constraints are one approach to incorporating risk aversion into
portfolio selection. The objective is to construct a portfolio that maximizes expected payoff sub-
ject to the portfolio’s distribution of payoffs stochastically dominating the payoff distribution of a
specified benchmark portfolio (see, for example, Porter and Gaumnitz (1972) and Dentcheva and
Ruszczynski (2006)). This literature is largely silent on the choice of the benchmark. We propose
an approach that accommodates multiple benchmarks.

Suppose one unit of a security that will realize value i with probability πi tomorrow. Each s ∈ S
corresponds to the payoff distribution, Ws(·), of some benchmark portfolio. The goal is to design a
derivative based on this security whose payoffs will first-order stochastically dominate Ws(·) for each
s ∈ S . Specifically, for each outcome i ∈ N , the holder of derivative s ∈ S will receive a fraction
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p(i, s) of the value of the security. If we set xi,s = p(i, s)πi, we obtain our stochastic mapping of
states to signals. Then, ρs =

∑
i xi,s can be interpreted as the ‘quantity’ of derivative s that can be

offered.
The following is immediate from Theorem 1.3

Corollary 3.3 A distribution {ρs}s∈S is implementable such that each posterior at s ∈ S first
order stochastically dominates Ws(.) if and only if

t∑
i=1

πi ≤
∑
s∈S

ρsWs(t) ∀t = 1, . . . , n.

4 Statistical Discrimination

In this section, we show how to use Theorem 1 to test for discrimination within the information
design framing introduced in Chambers and Echenique (2020) and used in Bharadwaj et al. (2024).
It can be interpreted as a non-parametric generalization of the models in Phelps (1972) and Aigner
and Cain (1977). The literature on discrimination is extensive, see Onuchic (2022) and Romei and
Ruggieri (2014) for surveys but our focus is exclusively on that sliver that adopts the information
design framing.

Agents of varying types belong to different identity groups. Each agent is assigned to a signal,
which can be interpreted as some set of observable characteristics separate from group identity.
Thus, agents with different types and group identities may be assigned to the same signal. Associated
with each signal is an outcome, and that outcome is determined by a decision rule.

For example, in a labor market, an agent’s type might be their productivity, which is unobserved
by the employer. The signal represents a noisy proxy for their productivity, such as educational
attainment and prior work experience, while group identity could refer to attributes like gender.
An outcome is a wage. The decision rule determining wage could depend upon a combination of an
agent’s signal, group identity, prior knowledge about the distribution of productivities, and mapping
from productivities to signals. In an educational setting, a student’s type might be their SAT score,
their group identity could refer to their race, and the signal corresponds to the college they apply
to. A decision rule determines the admission outcome, which may depend on their score, the score
distribution of applicants at that college, and the student’s group identity.

If we observe a difference in outcomes between groups, we would like to know why. If it is
because the decision rule conditions on the identity groups, we say the differences are a consequence
of taste-based discrimination. If, on the other hand, we know that the decision rule does not
condition on group membership, then outcome differences must be either the result of differences in
the underlying distribution of types between groups or the mapping from types to signals differing
between groups. In this case, the differences are ascribed to statistical discrimination.4

3Note that, in this case, we only have an upper bound function, so the condition is significantly simpler.
4If the state to signal mapping differs between groups, this begs the question of why? For instance, in the

labor market setting, the signal could be an interview, and the difference arises because the interviewer engages in
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We will consider two questions depending on the data available to the putative analyst. For the
first (college admission), the analyst has access to the prior distribution over types conditional on
group, the outcome distributions at each signal, but not the decision rule. Assuming the decision
rule takes a specific form—a cutoff rule (with unobserved thresholds)- can the available data be
rationalized by the hypothesis that the decision rule does not condition on group membership?
In the second (labor market), the analyst has access to the decision rule and outcomes but not
the distribution over types or the mapping of types to signals. Can the observed outcomes be
rationalized by some distribution over types and type to signal mapping?

We now describe the generalization of Theorem 1 to answer this question, followed by two
applications.

Let G be a finite set of identity groups, and let πg
i denote the probability that a member of

group g ∈ G has type i ∈ N = {1, . . . , n}. Hence,
∑

g∈G
∑

i∈N πg
i = 1. As before, let S denote the

set of signals. For each g ∈ G there is a group-specific mapping of N to S denoted {xgis}i∈N ,s∈S .
Each xgis ≥ 0 and of course

∑
s∈S xgis = πg

i for all g ∈ G and i ∈ N . Each group-specific mapping
will induce a prior distribution over N that depends on the realized signal and the relevant group.

As in Theorem 1 for each signal s, we require that the posterior conditional on s lie between a pair
of bounding functions denoted (Gs(·), Fs(·)). We will also require that the posterior conditional on
each signal s and group g ∈ G lie between a pair of bounding functions (Gg

s(·), F g
s (·)). The following

is an immediate result of Theorem 1.

Corollary 4.1 {ρg}g∈G is implementable if and only if for all t = 1, . . . , n, ∀g ∈ G

∑
s∈S

Gg
s(t)ρs ≤

t∑
i=1

πg
i ≤

∑
s∈S

F g
s (t)ρs

and
t′∑

i=t+1

πg
i ≥

∑
s∈S

max{Gg
s(t

′)− F g
s (t), 0}.

Although this result is a straightforward consequence of Theorem 1, we demonstrate next how
it enables the detection of discrimination using limited aggregate information. The key insight lies
in the fact that there is a common structure in the upper and lower bound functions, Gg

s() and
F g
s (), across g ∈ G under the hypothesis that group membership does not influence the mapping

from state to signal. This hypothesis imposes a constraint on the set of achievable posteriors, which
serves as the basis for testing the hypothesis.

Discrimination in College Admissions

We propose a test to detect whether colleges use group membership when selecting based on cutoff
rules. Each student, in addition to their group identity, is assumed to have a one-dimensional score

taste-based discrimination. This is not an issue we take up here.
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that reflects their underlying quality or suitability for selection. The decision rule is modeled as
threshold-based: an individual is selected if and only if their score exceeds a cutoff, which may vary
across institutions or decision-makers.5

In our framework, each applicant has a score, and we identify the state space N with the set of
possible scores. Let S represent the set of colleges. Without loss, we may assume that each student
applies to exactly one college. A student applying to k > 1 colleges can be replaced by k clones of
itself, with each clone applying to exactly one of the colleges the original student had applied to.
We normalize the total number of students to 1. The number of students in group g ∈ G with score
i ∈ N is πg

i .

For each college s ∈ S, we observe the following:

1. The overall acceptance rate, denoted αs, as well as the group-specific acceptance rates {αg
s}g∈G,s∈S .

2. The number of students who apply to college s, denoted by ρs, and the group-specific appli-
cants, denoted by {ρgs}g∈G, s∈S . Here, the total number satisfies ρs =

∑
g∈G ρ

g
s.

We refer to the tuple of vectors (π, ρ, α) as a college admission dataset. Using this data, we want
to verify whether each college uses a group-independent threshold. Specifically, for each college
s, there is a threshold ps, and each student, no matter their group, is accepted as long as their
score exceeds ps. We do not observe individual-level information linking applicants’ scores to their
admission decisions. Such detailed information may be unavailable to an analyst due to privacy
concerns.

Definition 4.1 We say that a college admission dataset (π, ρ, α) is rationalizable by group inde-
pendent thresholds if there exists a mapping from students N to colleges (signals) S, along with a
set of thresholds {ps}s∈S , such that:

• The number of students from each group g ∈ G applying to each college matches the application
data specified by π and ρ;

• At each college, the acceptance decision is based solely on whether a student’s score exceeds
the group-independent threshold ps, and the resulting acceptance rates match the data α.

The next example illustrates Definition 4.1 and shows that even with identical aggregate data
and colleges with different acceptance rates, one can still rationalize their admissions decisions using
group-independent thresholds. This is because different students apply to different schools.

Example 4.1 Assume two colleges, s1 and s2, and two groups, G = {A,B}. Suppose the score
distribution for each group g ∈ G is uniform over the interval [1, 100], that is, πg

i = 1
|G|n = 1

200 .

5If admissions are based on a range of factors, one can interpret the score as a composite index or a latent
institutional ranking common to all institutions. This would be true in countries where college admissions decisions
are made by examination scores only. It would also be true in school choice districts where all schools must use
the same criteria to assign priority scores to students. The key assumption is that admission decisions reduce to
comparing individuals against a threshold, regardless of how the underlying score is constructed.
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Assume that the number of students from each group applying to each college is the same, so ρgs =
1

|S||G| =
1
4 . We assume that for group A, the acceptance rate at both colleges αA

1 = αA
2 = 10%, while

for group B, αB
1 = αB

2 = 20%.

Figure 1: Mapping of students to colleges

To convey which students apply to which colleges, we use Figure 1. The vertical line on the
left represents group A students sorted by their scores from bottom to top. The vertical line on the
right corresponds to group B students. An interval demarcated by a zigzag indicates the students
applying to college 2; the remaining students apply to college 1. This data can be rationalized by the
colleges using group independent thresholds. To verify this, it is sufficient to identify thresholds, one
for each college, consistent with this data. So, suppose college 1 admits students with scores above
the 80th percentile, while college 2 admits those with scores above the 60th percentile. We show in
Example 4.2, that increasing the acceptance rate for group B above 20% makes the data no longer
rationalizable.

To capture the acceptance rate of college s, we observe that the cumulative posterior satisfies
the property that the total probability of the realized score being less than or equal to ps equals the
rejection rate 1 − αg

s . Thus, as before, for each g ∈ G and college s, we select a pair of bounding
functions (F g

s (·), Gg
s(·)) as follows:

Gg
s(t) =

0 if t < ps,

1− αg
s if t ≥ ps,

F g
s (t) =

1− αg
s if t ≤ ps,

1 if t > ps.

Theorem 1 yields the following:6

Corollary 4.2 A college admission dataset (π, α, ρ) is rationalizable if and only if there exists a
6In this case F g

s (t) ≥ Gg
s(t

′) for all t, t′, thus, inequality (2) in Theorem 1 is redundant.
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set of thresholds {ps}s∈S such that, for all t = 1, . . . , n and all g ∈ G, the following conditions hold:

t∑
i=1

πg
i ≥

∑
s∈S:ps≤t

(1− αg
s)ρ

g
s, (11)

n∑
i=t+1

πg
i ≥

∑
s∈S:ps≥t

αg
sρ

g
s. (12)

In words, inequality (11) states that for each group g and score t, the number of rejected students
at colleges with a threshold score at most t cannot exceed the number of students in the group who
scored at most t. Inequality (12), on the other hand, states that for each group g and score t, the
number of accepted students at colleges with a threshold score at least t cannot exceed the number
of students in the group who scored above t.

Both (11) and (12) trivially hold if the data is rationalizable. Indeed, if a student is rejected by
a college with a threshold at most t, then their score must be at most t; similarly, if a student is
accepted by a college with a threshold at least t, then their score must be strictly greater than t.
Corollary 4.2 states that these two conditions are necessary and sufficient to guarantee that the
data is rationalizable.

For fixed thresholds pss ∈ S, constraints (11–12) form a linear program. Thus, determining
whether the data (π, ρ, α) is rationalizable reduces to finding thresholds {ps}s∈S that satisfy these
constraints. The number of possible threshold configurations is n|S|, which can be large. However, as
we explain below, if the relative order of the thresholds is known, then checking for feasibility—and
finding a solution when one exists—becomes easy. In practice, colleges often have a pre-established
ranking, which provides information about the relative ordering of their thresholds. Even when
such a ranking is not known, we can exhaustively search over all possible orderings of colleges. The
number of these orderings depends only on |S| and is independent of the maximum score n, offering
a more tractable approach for testing rationalizability.

Suppose that the colleges are partitioned into vertically ordered tiers T1, . . . , Tm. Colleges in the
same tier have the same admission threshold, and a higher-tier college will have a higher admission
threshold than one in a lower tier. Let T1 denote the lowest tier, T2 denote the second lowest tier,
and so on. We use (11) and (12) to identify a feasible interval for each possible admission threshold.

If there is a set of threshold, {pk}mk=1 consistent with the tier structure, then, (11) is equivalent
to the following statement: for every k the number of rejected students at school in tier k or lower
is at most the total number of students with score pk or less. i.e.,

pk∑
i=1

πg
i ≥

∑
s∈T1∪...∪Tk

(1− αg
s)ρ

g
s. (13)

For each fixed pk, the left-hand side of (13) is a constant determined by the given dataset. It
increases in pk. Hence, inequality (13) is satisfied if and only if pk exceeds a certain lower bound
that will depend on the dataset (π, ρ, α).
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Similarly, (12) is equivalent to the requirement that the number of students accepted at colleges
in tier k or higher is at most the number of students with score exceeding pk, i.e.,

n∑
i=pk+1

πg
i ≥

∑
s∈Tk∪...∪Tm

αg
sρ

g
s. (14)

As above, it is easy to see that (14) is equivalent to requiring that pk be below a certain upper
bound that depends on the dataset.

Thus, for each tier k and each group g ∈ G, (13) and (14) are equivalent to a lower and
upper bound on pk. If the lower bound is larger than the upper bound, then the dataset is not
rationalizable. In general, determining whether there exists a set of thresholds {pk}mk=1 that satisfy
these bounds and are consistent with the assumed order can be done efficiently using a greedy
algorithm; In general, determining whether there exists a set of thresholds {pk}mk=1 that satisfy
these bounds and are consistent with the assumed order can be done efficiently using a greedy
algorithm; see Appendix C for the details. Example 4.2 below illustrates how to compute these
bounds and shows that, in this case, they imply that no such pk can exist for all possible tier orders.

The next example, which is a slight modification of Example 4.1, demonstrates how to compute
the bounds and shows that underlying the dataset can not be rationalized by group independent
thresholds regardless of tier structure.

Example 4.2 Assume two colleges, s1 and s2, and two groups, G = {A,B}. Suppose the score
distribution for each group g ∈ G is uniform over the interval [1, n], that is, πg

i = 1
|G|n = 1

2n . The
number of students from each group applying to each college is the same, so ρgs = 1

|S||G| =
1
4 . For

group A, the acceptance rate at both colleges is 10%, while for group B, it is 21%.
First, we assume the two colleges employ the same threshold and therefore belong to the same

tier. Inequalities (13) and (14) apply to the tier consisting of both colleges. As the score distribution
is the same across groups, these inequalities imply that if we treat s1 and s2 as a single hypothetical
joint college, the acceptance rate must be the same across groups. However, in this example, group A

faces a higher threshold than group B, violating that implication.
Next, assume college s2 is in a higher tier than college s1 (without loss by virtue of symmetry),

that is, it has a higher threshold: p2 > p1. For each group g ∈ G, applying inequality (13) for
pk = p2, we deduce that the number of students in group g with score at most p2 must be at least
the number of students rejected by both colleges. That is,

p2
n|G|

≥ (2− αg
1 − αg

2) ·
1

2|G|
⇔ p2

n
≥ 1− αg

1 + αg
2

2
.

Applying inequality (14) with pk = p2, the number of students in group g with score greater
than p2 must be at least the number of students accepted at college s2. That is,

n− p2
n|G|

≥ αg
2 ·

1

2|G|
⇔ p2

n
≤ 1− αg

2

2
.
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Thus, for group A with αA
1 = αA

2 = 10%, we have 0.9 = 1 − 0.1 ≤ p2
n ≤ 1 − 0.05 = 0.95. And

for group B with αB
1 = αB

2 = 21%, we have 0.79 = 1 − 0.21 ≤ p2
n ≤ 1 − 0.105 = 0.895. These

two intervals do not overlap, so no single value of p2 can satisfy both conditions simultaneously.
Therefore, we conclude that the admission data in this example above is not rationalizable by group
independent thresholds independent of the ordering of the colleges.

Wage Discrimination

Bharadwaj et al. (2024) uses the information design framing to propose a non-parametric test
for when the observed wage distribution for two groups is consistent with a model of statistical
discrimination. In their setting, workers belong to one of two groups, say male and female. The
distribution of marginal productivities (the type) in the two groups may differ, but the mean
productivities of the two groups coincide. Employers do not observe a worker’s actual productivity
but a noisy signal of it. Wage is assumed to be a monotone function of the expected productivity
given the signal. The stochastic mapping of productivities to signals can differ between the two
groups, which would be the cause of statistical discrimination.

Given the wage distribution for each group and knowing that the mean productivities are the
same, are there two prior distributions and stochastic mappings of productivities to signals (one
for each group) that rationalize the observed wage distributions? If none, then the observed wage
distributions cannot be accounted for by statistical discrimination. Bharadwaj et al. (2024) shows
that a pair of wage distributions is rationalizable under the assumption of equal mean productivities
if neither wage distribution strictly first-order stochastically dominates the other.

What if the wage is conditioned on a different parameter of the conditional distribution of
productivities, such as the median? If we replace the mean condition in Bharadwaj et al. (2024)
with the median, then using Corollary 4.1, the condition for each group g is

1

2

t∑
i=1

ρgi ≤
t∑

i=1

πg
i ≤

(
1

2
− ϵ

)
+

(
1

2
+ ϵ

) t∑
i=1

ρgi ∀t ∈ {1, . . . , n}.

This constraint is straightforward to satisfy, e.g. πg
i = ρgi for all i. With the additional requirement

that the median of the posterior is k (i.e.
∑k

i=1 π
g
i = 1

2), a {πg
i }ni=1 that satisfies these conditions

exists if and only if
∑k

i=1 ρ
g
i ≥

ϵ
ϵ+0.5 .

Hence, for all practical purposes, the observed wage distributions can always be rationalized by
two stochastic mappings of productivities to signals. Therefore, it is almost impossible to reject
the hypothesis that statistical discrimination explains the observed wage distribution based on the
median alone, making for a sharp contrast with Bharadwaj et al. (2024).

The signal, of course, can be based on other parameters, such as quartiles. The choice of signal
defines the set of pairs of bounding functions, Fs(·) and Gs(·). For a prior distribution consistent
with a state-to-signal mapping to exist, the cumulative probability of the prior,

∑t
i=1 πi must lie

between the averages of Gs(t) and Fs(t) for s ∈ S. This condition must hold for each group, with
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additional constraints required to connect the two priors. As shown in Bharadwaj et al. (2024),
one such constraint is that the means of both priors must be equal. These constraints give rise
to a linear program, the feasibility of which can be characterized by Farkas’ Lemma, providing a
necessary and sufficient condition for existence.

5 Market Segmentation

This section demonstrates the application of Theorem 1 to market segmentation, extending the
work of Bergemann et al. (2015). The setting consists of a population of buyers where the fraction
of buyers with a reservation price of i ∈ {1, . . . , n} is πi. The buyers are segmented into sets
indexed by price p. Let S be the set of possible prices and {ρp}p∈S a distribution over S, that is
0 ≤ ρp ≤ 1, and

∑
p∈S ρp = 1. Associated with each segment p is the probability of a buyer in

this segment purchasing the good, denoted qp with 0 ≤ qp ≤ 1. Let dp = qpρp, be the measure of
buyers who purchase the good in that segment. We will call {(ρp, qp)}p∈S as well as {(ρp, dp)}p∈S a
probability–quantity profile. A probability–quantity profile, {ρp, dp}p∈S , is said to be implementable
if the following conditions are met.7

1. The measure of buyers assigned to segment p is ρp.

2. p ∈ {1, . . . , n} is a revenue maximizing price (normalize production cost to 0) for the distri-
bution of buyer reservation prices assigned to segment p.

3. The revenue maximizing mass of buyers in segment p purchasing the good is dp.

Hence, every implementable probability–quantity profile corresponds to a segementation and there-
fore, we will sometimes refer to an implementable probability–quantity profile as a segmentation.

Theorem 1 provides a complete characterization of all implementable probability–quantity pro-
files that differs from that in Bergemann et al. (2015). They focus on the consumer-producer surplus
pairs associated with a segmentation rather than the realized distribution of prices themselves. Nev-
ertheless, as we demonstrate below, the characterization of achievable consumer-producer surplus
pairs can be derived from our framework. Before summarizing these and other consequences, we
highlight the mathematical differences between our approach and that of Bergemann et al. (2015).

In Bergemann et al. (2015) and our work, one can interpret the partition of buyers into segments
as a stochastic mapping from states to signals. The state i represents the fraction of buyers with
reservation price i, and the signal s corresponds to a segment. The approach in Bergemann et al.
(2015) works directly with the variables xi,s, which specify the fraction of buyers with reservation
price i assigned to segment s. Beyond the usual mass balance constraints, these variables are subject
to consistency conditions ensuring that the distribution of reservation prices within each segment
p supports p as a revenue-maximizing price. In contrast, we employ a reduced-form representation

7Assuming that each price p is associated with at most one segment is without loss. If not, merge (p, q1) and
(p, q2) into a single segment (p, q) with ρp,q = ρp,q1 + ρp,q2 , q :=

q1ρp,q1+q2ρp,q2
ρp,q1+ρp,q2

.
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centered on pairs {ρp, qp}, where ρp is the probability of segment p and qp the associated sales
quantity. The relevant consistency constraints are encoded via carefully chosen bounding pairs,
simplifying the problem structure.

Our reduced-form characterization explicitly links the distribution of segment prices and quan-
tities, {ρp, qp}p∈S , with the prior distribution of buyer types, {πi}i∈N . This allows one to recover
the underlying demand distribution from observed prices and quantities, enabling applications such
as market analysis, demand forecasting, and the design of pricing or targeting strategies. For exam-
ple, we characterize implementable probability–quantity profiles that maximize total or consumer
surplus; determine all demand distributions π consistent with observed segment sizes and purchase
quantities; impose fairness constraints by selecting, among surplus-maximizing distributions, those
where consumer surplus within any segment does not exceed a threshold ∆; and extend these results
to environments with multidimensional yet ordered consumer types.

For each price segment p, recall that dp = qpρp, the measure of buyers who obtain the good in
that segment. We characterize the set of probability-quantity profiles {(ρp, dp)}np=1 that are imple-
mentable. Below, we identify three inequalities and explain why any implementable probability–
quantity profile satisfies them. Subsequently we show they are sufficient.

1. Basic feasibility: Since 0 ≤ qp, ρp ≤ 1, it follows that dp ≤ ρp. Also, as the total measure of
buyers is 1:

n∑
p=1

ρp = 1 and 1 ≥ ρp ≥ dp ≥ 0 for all p. (15)

2. Consumption constraint between types t and t′:

t′∑
p=t

dp ≤
t′∑
i=t

πi +
1

t′ + 1

(
t′∑

p=t

p · dp

)
. (16)

The left-hand side is total consumption at prices between t and t′. Since buyers only purchase
at prices weakly below their reservation price, these consumers must have a reservation price
at least t, and the total mass of such buyers must be bounded by:

• Low reservation price: Buyers with reservation price in [t, t′], whose total mass is at most∑t′

i=t πi.

• High reservation price: Buyers with reservation price > t′ who are assigned to segments
priced in [t, t′]. The number of such buyers cannot exceed the total revenue from these
segments divided by t′ + 1 (the second term on the right-hand side of (16)). Otherwise,
at least one segment could profitably deviate by raising its price to t′ + 1, contradicting
optimality.
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Note that when t′ = n, there is no buyers of types > n. Thus, the inequality reduces to:

n∑
p=t

dp ≤
n∑
i=t

πi. (17)

This states that the total consumption of price t or higher is at most the total buyers of type
t or higher.

3. Revenue constraint for a group of segments A: Because of the revenue maximizing
condition, for any subset A ⊆ {1, . . . , n} of segments and any t ∈ {1, . . . , n}, revenue max-
imization requires that the revenue generated from segments in A, scaled by 1

t , must be at
least the total mass of buyers of type t or higher assigned to A. This mass is at least the total
number of buyers with type ≥ t minus the total mass of buyers not assigned to A. Formally,

1

t

∑
p∈A

p · dp

 ≥ n∑
i=t

πi −
∑
p/∈A

ρp. (18)

One such inequality exists for each (A, t) pair. Thus the number of inequalities is exponential
in n. However, for given (ρ, γ) it suffices to check for each t, one constraint in (18) only to
verify that all others are satisfied. Specifically, the set A := {p : p

t · dp ≤ ρp}.

Our main result in this section (Theorem 2) establishes that inequalities (15), (16), (17), and
(18) are not only necessary but also sufficient for the probability-quantity profile {ρp, dp}np=1 to be
implementable.

Theorem 2 The probability-quantity profile {ρp, dp}np=1 is implementable if and only if the buyer
mass ρp and the mass of buyers who obtain the good, dp, at each price segment p, satisfy inequalities
(15), (16), (17), and (18) for all t = 1, . . . , n and all subsets A ⊆ {1, . . . , n}.

The proof is given in the Appendix. The key idea is to construct upper and lower bounding
functions for each segment based on its price–quantity pair (p, qp) (recall qp =

dp
ρp

) and apply
Theorem 1.

In particular, for a segment with price p and quantity qp, it must be that a fraction 1 − qp of
the population has reservation values strictly below p—these are the buyers who do not purchase.
This provides an upper bound on the cumulative distribution of types below p. That is,

Fp(t) =

1− qp if t ≤ p− 1,

1 if t ≥ p.

To encode the condition that p is the revenue-maximizing price for the segment, we impose the
following: for any alternative price p′, the revenue from selling to buyers with reservation price at
least p′ must be no more than pqp. That is, the mass of buyers with reservation price at least p′
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must be at most pqp
p′ . This leads to a lower bound on the cumulative distribution function, requiring

that the fraction of buyers with reservation value below p′ is at least.

Gp(p
′ − 1) = max{1− pqp

p′
, 0}.

A special case of (18) with A = {1, . . . , n} implies that the total revenue of the segmentation
satisfies

n∑
p=1

p · dp ≥ Π∗ := max
t

t ·
n∑
i=t

πi. (19)

That is, the revenue from any segmentation is at least as large as the maximum revenue attainable
under uniform pricing. This represents one edge of the ‘surplus triangle’ is introduced in Bergemann
et al. (2015). Let C denote the total consumer surplus and R the total profit. It is obvious that
C +R ≤

∑n
i=1 iπi and R ≥ Π∗). Let

T = {(R,C) : R ≥ Π∗, C ≥ 0, C +R ≤
n∑

i=1

iπi}.

The set T is the surplus triangle of Bergemann et al. (2015) and they show that it describes the set
of (R,C) pairs that can be obtained by some segmentation. To prove this, it suffices to show that
each corner of the triangle T corresponds to a segmentation. We show below how our result can be
used to construct these “extremal” segmentations.

Efficient Segmentation

We characterize segmentations that maximize total surplus, which we call efficient segmentations.
We then use this characterization to provide a new proof of the existence of an efficient segmentation
that maximizes consumer surplus.

An efficient segmentation serves all consumers, meaning that qp = 1 for every p such that ρp > 0.
This implies dp = ρp. Therefore, for efficient segmentations, we simplify the notation and refer to
them simply as distributions {ρp}np=1. With this simplification, we apply Theorem 2 to obtain the
following result.

Corollary 5.1 An implementable probability–quantity profile, {ρp}np=1 with
∑

p ρp = 1 is efficient
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if and only if

n∑
i=t

πi ≥
n∑

p=t

ρp∀t = 1, . . . , n (20)

t′∑
i=t

πi ≥
t′∑

p=t

(1− p

t′ + 1
)ρp∀t < t′ ∈ {1, . . . , n− 1} (21)

n∑
i=t

πi ≤
t−1∑
p=1

ρp +
1

t

n∑
p=t

p · ρp ∀t = 1, . . . , n (22)

Next, we show that there exists an efficient segmentation that attains the revenue lower bound.
This corresponds to the corner point (R,C) =

(
Π∗,

∑
i i · πi − Π∗). This result is established in

Bergemann et al. (2015); here, for completeness, we provide a proof based on this LP formulation
(see Appendix).

Theorem 3 (Bergemann et al. (2015)) For any distribution π there exits an efficient segmen-
tation {ρp}np=1 with total revenue

∑
p pρp = Π∗ = maxp p ·

∑n
i=p πi.

Inverse consumption Curve

We introduce a visual interpretation of the probability-quantity profile {ρp, dp}np=1 called an inverse
consumption curve, and use it to characterize all segmentations that maximize total surplus and
provide a new proof of the main result in Bergemann et al. (2015).

Associate with each probability–quantity profile {ρp, dp}np=1 (not necessarily implementable) an
inverse consumption curve. Informally, treat each putative segment p as a single consumer whose
demand is dp = ρpqp for any price at most p and zero otherwise.

Figure 2: Inverse demand curve and inverse consumption curve

The inverse consumption curve can be constructed by stacking vertical columns, each represent-
ing a price p and quantity dp = ρpqp, arranged from left to right in decreasing order of price.

Figure 2 provides a visualization of an inverse demand curve and an inverse consumption curve.
Prices appear on the vertical axes while the horizontal axes corresponds to quantities. The north-east

23



boundary in each panel depicts the inverse demand curve corresponding to the prior distribution,
{πi}ni=1. The area of region shaded in yellow in the leftmost panel corresponds to the maximum
possible revenue under a uniform price.

The middle panel illustrates the inverse consumption curve as a geometric object. Imagine
stacking n vertical columns from left to right, with heights decreasing from t = n down to t = 1,
where the column for price t has height t and width dt = qtρt. Viewed horizontally, the figure can
be sliced into slabs of unit height, ordered from longest to shortest, starting at the bottom. The
slab at height i extends a distance

∑
p≥i dp, representing the total quantity consumed at prices at

least i. Tracing the north–east boundary of the blue shaded region yields the inverse consumption
curve. The total area under this curve corresponds to total revenue—the sum of price × quantity
across all sales.

Inequality (17) states that for any implementable probability-quantity profile its corresponding
inverse consumption curve must lie weakly below the inverse demand curve.

Corollary 5.1 characterizes efficient segmentation. Here,
∑

p dp =
∑

p ρp = 1, and thus the
bottom slab of the inverse consumption curve spans the entire unit interval. Condition (20) requires
the inverse consumption curve to lie below the demand curve, while the remaining constraints
determine its overall shape. For example, constraint (22) is equivalent to

t ·
n∑
i=t

πi ≤
n∑

p=1

min{t, p}ρp.

This means that the area of the inverse consumption curve below height t must be at least as large
as the rectangle at height t under the inverse demand curve.

Full Inverse Consumption Curve. The first inverse consumption curve coincides with the in-
verse demand curve (see the left panel of Figure 3). Under this inverse consumption curve, the seller
captures the entire surplus, leaving zero consumer surplus. This corresponds to a segmentation in
which each type is assigned to its own segment. The associated corner of T is (R,C) = (

∑n
i=1 iπi, 0).

Figure 3: Two extreme consumption curves
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Vertical Inverse Consumption Curve. To construct this inverse consumption curve, begin at
the upper left, following the inverse demand curve up to a cutoff, beyond which the curve drops
vertically to zero. The cutoff is chosen so that the total area under the curve equals Π∗ (see the
right panel of Figure 3).

If an implementable probability-quantity profile corresponds to this inverse consumption curve,
the seller’s revenue equals Π∗. Moreover, the number of consumers who do not receive the good
equals 1 minus the width of the consumption curve—that is, the length of the bottom slab not
covered by the vertical consumption curve.

Note that the area under the inverse demand curve beyond the cutoff (the white region in
the right panel of Figure 3) represents the total reservation value of the excluded buyers. Since
this area, together with the area under the inverse consumption curve, accounts for the entire
area under the inverse demand curve (which corresponds to total surplus), it follows that the
buyers who do purchase enjoy zero surplus. Therefore, this segmentation corresponds to the corner
(R,C) = (Π∗, 0).

Thus, it suffices to verify that the vertical consumption curve corresponds to a segmentation.
As illustrated in Figure 3, this curve consists of k disjoint vertical rectangles, each with height pi

and width dpi for i = 1, . . . , k. Define

ρpi :=
pidpi
Π∗ and thus qpi :=

dpi
ρi

=
Π∗

pi
.

Using Theorem 2, in the Appendix, we show that this probability-quantity profile is implementable.

Corollary 5.2 {ρpi , qpi}ki=1 as defined above is an implementable probability-quantity profile.

Surplus Distribution

The many segmentations that maximize consumer surplus differ in how consumer surplus is dis-
tributed across segments. In particular, the high reservation price buyers benefit as they are assigned
to segments with buyers whose reservation price is low. This would be a concern for an information
intermediary choosing a segmentation to maximize consumer surplus whilst ensuring an equitable
distribution between consumers. One way to formalize this concern is to limit the consumer sur-
plus that any consumer enjoys, i.e., each consumer’s surplus is at most ∆. A segmentation that
yields zero surplus to all buyers trivially satisfies this constraint, but does not maximize consumer
surplus. Any segmentation that maximizes consumer surplus must leave the seller with a profit
Π∗. Depending on the magnitude of ∆, this may be impossible. We use our characterization of
implementability to determine when this is possible.

Recall that efficiency requires each segment to serve all consumers, so q = 1 for every segment
(p, q). We therefore associate each segment (or signal) directly with a price p and denote its prob-
ability by ρp. Let xi,p be the joint probability of state i and signal p. Under this notation, the
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constraint that the seller achieves the minimum required revenue is

n∑
p=1

p · ρp = Π∗.

Next, we include an additional constraint: no consumer in a segment with price p enjoys a
surplus more than ∆:

p+∆∑
i=1

xi,p ≥ ρp.

To accommodate this additional constraint, we modify the definition of the lower bound function
as follows:

Gp(t) :=


0, for t < p− 1,

1− p
t+1 , for p− 1 ≤ t < p+∆,

1, for t ≥ p+∆.

The upper bound remains unchanged, but now with q = 1; that is,

Fp(t) =

0, for t < p,

1, for t ≥ p.

Applying Theorem 1, we deduce the following characterization.

Corollary 5.3 An efficient, consumer surplus maximizing segmentation in which the consumer
surplus of each consumer is at most ∆ exists if and only if there exists a distribution {ρp}np=1 that
satisfies:

n∑
p=1

p · ρp = Π∗, (23)

n∑
p=t

ρp ≤
n∑
i=t

πi ∀t ∈ {1, . . . , n}, (24)

∑
p≥t−∆

min{p, t} · ρp ≥ t ·
n∑
i=t

πi ∀t ∈ {1, . . . , n}. (25)

∑
p:t<p≤t′−∆

ρp +
∑

p:max{t,t′−∆}<p≤t′+1

(1− p

t′ + 1
)ρp ≤

t′∑
i=t+1

πi. (26)

If we interpret {ρp}np=1 as assigning probability ρp to value p, equation (23) states that the
expected value of ρ is Π∗. Inequality (24) reflects the fact that the “inverse consumption curve”
stays below the inverse demand curve. It is equivalent to saying that ρ is first-order stochastically
dominated by π.
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Inequality (25) follows from

t−1∑
i=1

πi ≥
∑
p

Gp(t)ρp = 1− 1

t

∑
p:p≤t≤p+∆

p · ρp −
1

t

∑
p:p>t

t · ρp = 1− 1

t

∑
p:t≤p+∆

min{p, t} · ρp,

The left-hand side of (25) is the total truncated revenue from sales at prices t −∆ or higher. The
right-hand side is the revenue generated by selling at a uniform price of t.

We can extend the approach to allow different consumer surplus thresholds ∆p and upper bounds
αp on the fraction of consumers in each segment p who exceed this threshold. See Section B in the
Appendix.

Multi-Unit Demand

Under certain conditions, our technique can be applied to multi-unit demand setting. Let D be
a set of m possible quantities a consumer may consume. The type t ∈ {1, 2, .., n} of a consumer
corresponds to vector (v1t , .., v

m
t ), where vdt is the reservation price of type t for d ∈ D units of the

good. The cost to produce d units is cd ≥ 0. We assume that vdt is strictly increasing in t for
all d ∈ D. In effect, each consumer is characterized by a demand curve, and the demand curves
corresponding to distinct types do not cross. As before, the prior probability of type t is πt.

We allow a seller to target a segment using both a price and a quantity.8 Each segment is
labeled by a quantity d, price p, and fraction q of the segment that is purchased. To satisfy
individual rationality of the seller, p ≥ cd, and the seller’s revenue is R = (p− cd) · q ≥ 0.

Denote the corresponding segment by (d, p, q). For this segment, p = vdt for one of the types t

in the segment, it is profit-maximizing for the seller, and the seller cannot earn a higher profit by
offering a different quantity to this segment. These conditions will again be translated into a pair
of bounding functions for each segment (d, p, q).

As in the unit demand case, the following upper bound function guarantees that the fraction of
consumers with valuation less than p is at most 1− q .

Fd,p,q(t) =

1− q if vdt < p,

1 if vdt ≥ p.

If the seller offers quantity d′ ∈ D at price p′ and q′ percentage of consumers consume, the
revenue will be R′ = (p′ − cd′) · q′. To ensure that R′ ≤ R we impose

q′ ≤ (p− cd) · q
(p′ − cd′)

.

Thus, we will need to constrain the percentage of consumers with valuation for quantity d′ at or
8See Haghpanah and Siegel (2022) and Haghpanah and Siegel (2023), which allows the seller to offer a menu of

quantities to each segment.
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above p′ to be at most (p−cd)·q
(p′−cd′ )

.
To capture this constraint using a lower bound on the cumulative posterior distribution, define

umax
t := max

{
max
d′∈D

(
vd

′
t − cd′

)
, 0

}
.

Type t, umax
t represents the highest net (of cost) social value across the m possible quantities, or

zero if all net values are negative. We consider the following lower bound function:

Gp,q,d(t) =


0 if umax

t+1 < (p− cd) · q

1− (p− cd) · q
umax
t+1

if umax
t+1 ≥ (p− cd) · q.

If the cumulative posterior at segment s = (d, p, q) satisfies
∑t−1

k=1 πk|s ≥ Gp,q,d(t − 1), then∑n
k=t πk|s ≤ (p− cd)q/u

max
t . Hence, for any quantity d′, we have

(vd
′

t − cd′) ·
n∑

k=t

πk|s ≤ (p− cd)q.

This implies that offering any other quantity d′ at price p′ cannot yield higher revenue than (p−cd)q
for segment s = (d, p, q).

Applying Theorem 1, we obtain.

Corollary 5.4 The distribution probability-quantity profile {ρd,p,q}(d,p,q)∈S is implementable if and
only if ∀t ∈ {1, . . . , n} :

t−1∑
i=1

πi ≥
∑

(d,p,q)∈S

max{(1− (p− cd)q

vmax
t

), 0}ρd,p,q = 1− 1

umax
t

∑
(d,p,q)∈S

min{(p− cd)q, u
max
t }ρd,p,q

(27)
t∑

i=1

πi ≤
∑

(d,p,q)∈S:vdt <p

(1− q)ρd,p,q +
∑

(d,p,q)∈S:vdt ≥p

ρd,p,q = 1−
∑

(d,p,q)∈S:vdt <p

qρd,p,q (28)

t′∑
i=t+1

πi ≥
∑

(d,p,q)∈S:vdt <p≤umax
t′+1

+cd

(q − (p− cd)q

umax
t+1

) (29)

Corollary 5.4 also has an economic interpretation. Rewrite inequality (27) as follows:

∑
(d,p,q)∈S

min{(p− cd) q, u
max
t } ρd,p,q ≥ umax

t ·
n∑
i=t

πi.

The left-hand side is the total truncated revenue at level t generated by this segmentation. The right-
hand side is the revenue attainable when the seller offers a single quantity at a uniform price—that
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is, employs a single segment at reservation price level t.
Inequality (28) is equivalent to:

∑
(d,p,q)∈S:vdt <p

qρd,p,q ≤
n∑

i=t+1

πi ∀t ∈ {1, . . . , n}.

For any t ∈ {1, . . . , n}, we refer to vdt as the level-t reserve price for the d-unit product. The
left-hand side represents the total sales of products priced above this reserve level, while the right-
hand side captures the volume of customers whose type exceeds t. This inequality is analogous to
the condition in the unit-demand case where the inverse consumption curve lies below the inverse
demand curve. It must hold under any segmentation, since a consumer purchasing at a price above
the level-t reserve price must have a type exceeding t. Corollary 5.4 establishes that, together with
the revenue constraint, this condition is not only necessary, but also sufficient for the distribution ρ

and the associated quantities to be implementable.

6 Conclusion

This paper proposes a general framework for information design that accommodates multiple pa-
rameters in both the posterior and prior. It offers two key advantages. First, by extending beyond
single-parameter settings, the framework captures a broader range of applications, enabling its use
in more complex economic and strategic scenarios. Second, despite its generality, the framework
features a mathematically clean formulation that provides simpler and more intuitive economic
insights.

We believe this framework holds significant potential for advancing both theoretical research and
empirical investigations. On the theoretical side, it opens avenues for extensions, such as analyzing
market segmentation with multiple units or exploring second-degree price discrimination. On the
empirical side, it could be applied to datasets, including those related to college admissions, house
rentals, or bank loan decisions.
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A Omitted Proofs

A.1 Proof of Theorem 2

Proof. Constraint (15) holds trivially since dp = qp · ρp. We will show that, together with (16) and
(18), these conditions imply the implementability of the distribution {ρp, qp}np=1.

Let xi,p denote the mass of buyers with reservation value i assigned to segment (p, qp). A
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distribution {ρp, qp}np=1 is implementable if and only if the following system is feasible:

n∑
p=1

xi,p = πi ∀i ∈ {1, . . . , n}, (30)

∑
i∈N

xi,p = ρp ∀p ∈ {1, .., n}, (31)

n∑
i=t

xi,p ≤
pqp
t
ρp ∀t ∈ {1, . . . , n}, ∀p ∈ {1, .., n}, (32)

p−1∑
i=1

xi,p ≤ (1− qp)ρp ∀p ∈ {1, .., n}, (33)

xi,p ≥ 0 ∀i ∈ {1, . . . , n}, ∀p ∈ {1, .., n}. (34)

Constraint (30) ensures that each buyer type is assigned to exactly one segment. Constraint (31)
enforces that the total mass assigned to each segment (p, qp) is ρp. Constraints (32) and (33) ensure
that within each segment (p, qp), the assigned distribution respects p as the revenue-maximizing
price and qp as the corresponding quantity.

Apply Theorem 1 with the following bounding functions:

Gp(t) =

0 if t ≤ pqp − 1,

1− pqp
t+1 if t > pqp − 1,

Fp(t) =

1− qp if t ≤ p− 1,

1 if t ≥ p.

Applying the lower bound using G, we obtain:

t∑
i=1

πi ≥
n∑

p=1

Gp(t)ρp

=
∑

p:pqp<t+1

(
1− pqp

t+ 1

)
ρp

=

1−
∑

p:pqp≥t+1

ρp

− 1

t+ 1

∑
p:pqp<t+1

pqpρp,

which is equivalent to:
1

t+ 1

∑
p:pqp<t+1

pqpρp +
∑

p:pqp≥t+1

ρp ≥
n∑

i=t+1

πi.

With dp = qp · ρp, this corresponds to constraint (16).
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Next, applying the upper bound F , we obtain:

t∑
i=1

πi ≤
∑
p

Fp(t)ρp

=
∑
p:p≤t

ρp +
∑
p:p>t

(1− qp)ρp

= 1−
∑
p:p>t

qpρp.

This gives:
n∑

i=t+1

πi ≥
∑

p:p≥t+1

qpρp,

which corresponds to constraint (17).
Finally

max{Gp(t
′)− Fp(t), 0} =

qp −
pqp
t′ + 1

if t+ 1 ≤ p < t′ + 1,

0 otherwise.

Thus,
t′∑

i=t+1

πi ≥
∑
p,q

max{Gp(t
′)− Fp(t), 0}ρp =

∑
p,q:t+1≤p≤t′

qp(ρp −
pqpρp
t′ + 1

).

This corresponds to (18).

A.2 Proof of Theorem 3

Proof. Call the desired segmentation a consumer-optimal. We prove that every distribution π over
reservation prices admits a consumer-optimal segmentation by induction on the size of the support
of π.

First, observe that if two distributions π1 and π2 share the same revenue maximizing price p∗,
and each admits a consumer-optimal segmentation, then any convex combination απ1 + (1− α)π2

also admits a consumer-optimal segmentation. This follows directly from Corollary 5.1, since if
{ρ1p} and {ρ2p} are consumer-optimal segmentations for π1 and π2, respectively, then the convex
combination {αρ1p + (1− α)ρ2p} is a consumer-optimal segmentation for απ1 + (1− α)π2.

Second, let t∗ = mini{πi > 0}. It is straightforward to verify from Corollary 5.1 that a dis-
tribution π admits a distribution of segments of the form ρt∗ = 1, ρp = 0 for p > t∗, if and only
if

t ·
∑
i≥t

πi ≤ t∗ for all t.

Let p∗ ∈ argmaxp p
∑

i≥p πi. If p∗ = t∗, then the segmentation ρt∗ = 1, ρp = 0 is consumer-
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optimal. If p∗ > t∗, we can decompose π = γ1 + γ2 as follows:

γ1i =

(1− α) · πi if i > t∗,

0 if i ≤ t∗,
γ2i =


α · πi if i > t∗,

πt∗ if i = t∗,

0 if i < t∗.

Here, α is chosen so that αp∗ ·
∑

i≥p∗ πi = t∗(πt∗ + α
∑

i>t∗ πi).

It is easy to verify that the distributions πj = 1∑
i γ

j
i

γj for j = 1, 2 support the same uniform

monopoly price p∗. Moreover, the distribution π2 admits a consumer-optimal segmentation with
ρt∗ = 1, while π1, having smaller support than π, admits a consumer-optimal segmentation by the
induction hypothesis. It follows that π, which is a convex combination of π1 and π2 also admits a
consumer-optimal segmentation.

A.3 Proof of Corollary 5.2

Proof. Our goal is to show the following hold:

• The segmentation matches the given inverse consumption curve, i.e., dpi = qpi · ρpi and∑k
i=1 ρpi = 1. This ensures that inequality (15) and (17) of Theorem 2 hold.

• The collection {(pi, qpi , ρpi)}ki=1 satisfies inequality (18) and (16) of Theorem 2.

Notice that
ρpi :=

pidpi
Π∗ and qpi :=

Π∗

pi
.

Thus, by construction, the total area under the vertical consumption curve is exactly Π∗, so

k∑
i=1

ρpi =

∑k
i=1 pidpi
Π∗ = 1.

To verify that qpi ≤ 1 for all i, let p∗ := argmaxp

{
p ·
∑n

i=p πi

}
, so that Π∗ = p∗ ·

∑n
i=p∗ πi. Since

the area of the vertical consumption curve is exactly Π∗, pi ≥ p∗ for all i, it follows that

qpi =
Π∗

pi
=

p∗ ·
∑n

i=p∗

pi
≤

n∑
i=p∗

πi ≤ 1.

Since qpi · ρpi = dpi , the resulting consumption curve constructed from {ρpi , dpi}ki=1 exactly
matches the vertical consumption curve and lies below the inverse demand curve. Hence, inequal-
ity (17) is satisfied.

To check inequality (18), we must verify that for all t = 1, . . . , n,

n∑
j=t

πj −
∑

(pi,qpi ):piqpi>t

ρpi ≤
∑

(pi,qpi ):piqpi≤t

piqpi
t
· ρpi .
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Since pi · qpi = Π∗ for all i, we only need to consider two cases:

• If piqpi > t for all i, then
∑

(pi,qpi ):piqpi>t ρpi = 1, so the left-hand side becomes
∑n

j=t πj−1 ≤ 0,
and the inequality trivially holds.

• If piqpi ≤ t for all i, then the inequality becomes
∑n

j=t πj ≤
∑k

i=1
piqpi
t ·ρpi . This holds because

k∑
i=1

piqpi = Π∗ = max
j

j ·
n∑

j=t

πj

 .

Finally, condition (16) holds trivially because, along the vertical consumption curve, the total mass
of consumers consuming at price t is at most πt for each type p.

Therefore, all conditions of Theorem 2 are satisfied, and the probability-quantity profile is im-
plementable.

B Surplus Distribution

We can extend Corollary 5.3 to allow different consumer surplus thresholds ∆p and upper bounds
αp on the fraction of consumers in each segment p who exceed this threshold. A segment is now a
tuple (p,∆p, αp), where ∆p is the surplus threshold and αp is the allowed fraction exceeding it. The
earlier special case corresponds to αp = 0. Since price p must be revenue-maximizing for the seller,
we require:

αp ≤
p

p+∆p
.

With this, it is straightforward to see that the following bounding functions can be used to
capture the constraint. In particular, for a segment s = (p,∆p, αp), the bounding functions
(F ∗

s (·), G∗
s(·)) are defined as follows:

G∗
s(t) =


0 for t < p,

1− p
t+1 , for t < p+∆p,

1− αp for t ≥ p+∆p.

F ∗
r (t) =


0 if t < p,

1− αp if p ≤ t ≤ p+∆p

1 if t > p+∆p

C An algorithm for determining the thresholds

We show that determining whether there exist thresholds pk that satisfy the upper- and lower-
bound conditions from Section 4, while remaining consistent with the tier structure, can be accom-
plished using a simple greedy algorithm.

The idea is straightforward: for each tier Tk, calculate the tightest possible lower and upper
bounds on the threshold pk implied by the constraints. Then check, tier by tier, whether there is a
threshold that lies within these bounds and also respects the requirement that thresholds increase
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strictly across tiers. Starting from the lowest tier, assign the smallest feasible threshold, and then
proceed upward, updating the bounds to account for the already chosen thresholds. If at any point
the feasible range becomes empty, we conclude that no set of thresholds is consistent with both the
constraints and the tier structure.

Formally, for each tier Tk:
- The lower bound for the threshold score pk is

lk := min t s.t.
t∑

i=1

πg
i ≥

∑
s∈T1∪···∪Tk

(1− αg
s) ρ

g
s for all g ∈ G. (35)

- The upper bound for pk is

uk := max t s.t.
n∑

i=t+1

πg
i ≥

∑
s∈Tk∪···∪Tm

αg
s ρ

g
s for all g ∈ G. (36)

The algorithm implementing this procedure is given below.
Algorithm 1: Greedy Threshold Selection

Input: Tier structure T1, . . . , Tm; parameters πg
i , α

g
s , ρ

g
s

Output: Thresholds p1, . . . , pm or infeasibility conclusion
for k ← 1 to m do

Compute lk and uk as in (35) and (36), respectively.
if k = 1 then

if l1 > u1 then
return “No feasible thresholds – data not rationalizable”

Set p1 ← l1

else
Set lower_candidate← max{pk−1 + 1, lk};
if lower_candidate ≤ uk then

Set pk ← lower_candidate

else
return “No feasible thresholds – data not rationalizable”

return p1, p2, . . . , pm
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