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Abstract

This article proposes a continuous-time heterogeneous agent framework to study
household portfolio choice in the macroeconomy. Households pay an endogenous pre-
mium for the uncertainty of their lifetime welfare under aggregate shocks, generating
a wealth-dependent ”risk-exposure premium” (REP) effect as a non-monotonic third
term in the portfolio rule. For households near borrowing constraints, the negative
REP effect dominates despite near-zero effective relative risk aversion, driving risky
asset allocation to zero and rationalizing limited participation. As wealth increases,
the REP effect turns positive, creating incentives for risky holdings that peak at
intermediate wealth levels before declining and converging asymptotically to Merton’s
result. This mechanism naturally generates the hump-shaped portfolio profile in the
life cycle through precautionary savings. We also demonstrate that the systematic
risk causes lower-wealth households to accept lower portfolio efficiency, which explains
underdiversification. We propose a novel ”local steady state” concept providing more
general terminal conditions than existing approaches, and we finally show that our
framework resolves the wealth distribution degradation problem in the ABH model

while providing analytical solutions under the homogeneity.
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1 Introduction

Household portfolio choice represents one of the most enduring puzzles in macro-
finance. Decades of empirical research have documented a constellation of phenomena in
household finance (campbell2018financial) that challenge standard theoretical frame-
works: the vast majority of low-wealth households abstain from risky asset markets—the
"limited participation” puzzle (vissing2002limited; campbell2006household);
household risk asset allocations exhibit a pronounced "hump-shaped” profile over the life
cycle (heaton2000portfolio; poterba2001household; ameriks2011household);
and the low wealth holds severely "underdiversified” portfolios concentrated in highly
idiosyncratic risks (calvet2007down; goetzmann2008equity). These stylized facts
are not isolated anomalies but rather symptoms of a deeper theoretical challenge: in a
dynamic macroeconomy subject to aggregate shocks, what endogenous, wealth-dependent
mechanism drives households at different positions of the wealth distribution to make
fundamentally different risk-taking decisions?

The canonical continuous-time portfolio framework (merton1969lifetime) encoun-
ters multiple theoretical difficulties when confronting these puzzles. Extensions incorpo-
rating non-tradeable labor income rely critically on two risk characteristics of wage pro-
cesses, yet both channels prove theoretically problematic. The traditional ”labor-hedging”
mechanism (bodiel992labor; heaton1997market; koo1998consumption) depends
heavily on an empirically unstable wage-return correlation coefficient py,, but more
fundamentally, its theoretical implications are logically inconsistent, preventing it from
serving as a reliable foundation for explaining household financial behavior. Labor income
as an ”"implicit wealth” (heaton2000portfolio) exacerbates the limited participation
puzzle. Since any form of labor income enhances household lifetime welfare—otherwise
households would choose not to work—this reduces households’ intertemporal risk
aversion with respect to wealth. An economic intuition of labor income with id-
iosyncratic risk is that employed households should invest more aggressively in risky
assets because the risky portfolio share has a very small effect on the risk to cash
on hand (viceira2001loptimal; campbell2002strategic; cocco2005consumption).
The Merton framework’s fundamental inability to resolve these puzzles stems from
the nature of ”precautionary savings” (carroll1996concavity), which renders both
motives in the portfolio rule monotonic.

The representative agent paradigm, with its homogeneity assumption, cannot explore
the origins of wealth inequality and portfolio heterogeneity. While modern heterogeneous
agent models, based on continuous-time aiyagaril994uninsured <empty citation>-
bewley1986<empty citation>-huggett1993risk<empty citation> (ABH) frame-



works, provide powerful tools for studying the wealth distribution, they focus on
household optimal consumption decisions under idiosyncratic shocks. In these models
(achdou2021mean; ahn2018inequality; fernandez2023financial), all households
hold no risk premium assets, contradicting empirical reality and causing the wealth
distribution to degenerate into a Dirac mass point at the borrowing constraint.

This paper develops a new portfolio theory that provides a unified explanation for
these puzzles. We construct a continuous-time heterogeneous agent (CTHA) model
with aggregate shocks, whose core innovation advances the mathematical paradigm
from standard Hamilton-Jacobi-Bellman (HJB) equations to Mean-Field-Games (MFG)
system with common noise, coupling a backward stochastic HIB (BSHJB) equation with
a stochastic Kolmogorov forward (SKF) equation. This transition carries an economic
meaning: when aggregate shocks are present, households’ optimization problems them-
selves become stochastic processes, with their fluctuations directly exposed to macro
risk.

When pricing this fundamental uncertainty, households simultaneously pay an
endogenous Risk-Exposure Premium (REP) whose structure exhibits fundamental
asymmetry: its cost component stems from households’ marginal utility of wealth,
imposing enormous pressure on the low wealth, while its compensation component is
proportional to wealth, leaving low-wealth households bearing massive welfare risk with
virtually no compensation. This asymmetric structure enables the REP effect generated
by a motive to serve as a non-monotonic, wealth-dependent third component in the
portfolio decision rule, constituting our theory’s core mechanism.

The mechanism’s operation is endogenously determined by households’ positions in
the wealth distribution, depending on what we define as effective relative risk aversion,
denoted 7;. This measures the curvature of the value function with respect to wealth,
capturing households’” intertemporal risk preference regarding lifetime welfare relative to
wealth. For the low wealth near borrowing constraints, consumption is almost entirely
determined by labor income, resulting in extremely low sensitivity of their value function
to wealth changes, with 7, — 0. Under these conditions, the REP effect becomes a large
negative value whose magnitude overwhelmingly dominates all the myopic demand and
the wage-offsetting effect. This premium reflects the enormous marginal cost of macro
risk exposure, while households’ near-zero financial wealth prevents them from obtaining
corresponding exposure compensation. Their optimal decision is complete withdrawal
from risk markets, endogenously explaining the limited participation phenomenon.

As wealth accumulates, households’ n; gradually rises above unity, turning REP
positive. Holding systematic risk assets then provides net welfare gains, incentivizing

the middle-to-high wealth to over-allocate to risky assets beyond even the classical



Merton benchmark, forming the ”hump-shaped” portfolio profile. Finally, for the highest
wealth tiers, labor income effects become negligible, with 7(a;) converging to the CRRA
coefficient v. Simultaneously, since REP’s magnitude is proportional to the wealth
scaling factor ait, this effect eventually disappears, causing portfolio decisions to converge
to standard merton1969lifetime<empty citation>’s results.

The REP mechanism further provides new insights into understanding the underdi-
versification puzzle. We demonstrate that households’ choice between systematic and
idiosyncratic risk assets depends on the sign of a macro effect function M(a;). This
function, composed jointly of the REP effect and the wage-offsetting effect, measures
aggregate shocks” impact on household portfolio efficiency. For the low wealth with
M, < 0, systematic risk imposes significant welfare costs, leading them to rationally
sacrifice some Sharpe ratio to hold asset portfolios with lower correlation to macroe-
conomic fluctuations—objectively manifesting as under-diversification. Conversely, for
the middle-to-high wealth with M; > 0, systematic risk exposure becomes a welfare
”dividend,” incentivizing them to actively hold well-diversified portfolios or mutual
funds highly correlated with markets. This wealth-dependent risk-taking behavior
directly translates into wealth dynamics. M; < 0 households’ portfolio efficiency falls
far from the efficient frontier, leading to a self-reinforcing ”poverty traps”. Meanwhile,
M, > 0 households’ portfolio efficiency clusters on the efficient frontier and enter ”wealth
acceleration” channels. This endogenous differentiation provides a powerful theoretical
channel for generating and maintaining significant wealth inequality under homogeneous
CRRA preferences.

Methodologically, this paper introduces a novel Local Steady State (LSS) con-
cept, providing more general terminal conditions for economic systems with persistent
macroeconomic uncertainty. The LSS characterizes a moment when the macroeco-
nomic shock increment is exactly zero (d{W,; = 0) but future shock possibilities remain
(0(W,) > 0). This setting enables steady-state analysis while preserving macro risk
pricing. Compared to existing stochastic steady-state methods (futial982invariant;
duffie1994stationary) requiring the entire cumulative shock process expectation to
be zero (E;[Wy1] = 0)—a stringent condition—our LSS only requires the instantaneous
shock increment to be zero (E;[dW,| = 0) while allowing the economy to carry arbitrary
shock histories. This setting greatly expands existing stochastic steady-state analysis
capabilities.

The remainder of this paper proceeds as follows. Section 2 develops the theoretical
framework. Section 3 defines temporary equilibrium and steady-state concepts. Section
4 derives the core theoretical results. Section 5 presents economic implications through

graphical analysis of the theoretical mechanisms. Section 6 concludes.



1.1 Literature Review

This paper contributes to the CTHA literature that builds on the seminal ABH frame-
work. Continuous-time ABH models pioneered by achdou2022income<empty citation>,
offers significant advantages over discrete-time formulations by avoiding integer problems
(stokey2008economics) and generating sparse problems. Subsequent research, such as
ahn2018inequality <empty citation> and fernandez2023financial<empty citation>,
has extended these models to incorporate two-asset structure and financial frictions.

Methodologically, our framework departs from standard CTHA models by formally
adopting the structure of a mean-field game with common noise. The mathematical
foundations of MFG theory were established by lasry2007mean<empty citation>,
with substantial literature focusing on systems without aggregate uncertainty. The
introduction of common noise, which is essential for studying aggregate risk, represents
a major theoretical leap. carmona2018probabilistic<empty citation> and, most
comprehensively, cardaliaguet2019master <empty citation> characterized the re-
sulting system of coupled backward-forward stochastic differential equations. While
this literature provides a rigorous mathematical apparatus, its application to address
core macroeconomic questions of portfolio allocation and wealth inequality remains a
nascent field. Our paper helps bridge this gap by using the BSHJB equation to derive
new economic insights.

Finally, our research is situated against the backdrop of the rapidly ad-
vancing frontier of computational macroeconomics. For CTHA models with-
out common noise, a range of powerful techniques now exists, including the
finite difference methods used by achdou2022income<empty citation>, the
state-space iteration of ahn2018inequality<empty citation>, and the neu-
ral network approaches of fernandez2023financial<empty citation>. More
recent innovations focusing on solution techniques include the deep learning
method of han2021deepham<empty citation>, the perturbation techniques of
bilal2023solving<empty citation>, the PINN methods of gu2024global<empty citation>,
and the sequence-space Jacobian methods of bilal2025some<empty citation>. How-
ever, the presence of common noise in our model generate BSHJB equations, which
renders these methods insufficient. The resulting BSHJB equations require novel compu-
tational strategies, like deep learning methods. han2018solving<empty citation>
pioneeres a deep learning framework to solve high-dimensional PDEs via the discretized
Euler method. Recent work by huang2023breaking<empty citation> has adapted
a deep learning-based probabilistic approach using the finite volume method to solve
CTHA models. Given these computational complexities, this paper focuses on first

establishing the core theoretical properties of the economic mechanism at play, thereby



providing a clear and robust foundation to guide future quantitative investigations.

2 Theoretical Framework

In our framework, we model a primary aggregate shock, dWW;, as the innovation
driving systematic financial asset returns. This shock can be interpreted as the high-
frequency component of fundamental economic shocks (e.g., technology or news shocks)
as discussed in the broader macro-finance literature. We posit that financial markets
serve as the most direct and instantaneous channel for the transmission of these shocks
throughout the economy. In contrast, the labor market responds to this fundamental
shock more inertially due to wage-setting behavior and employment contracts. While a
richer model could feature multiple fundamental shocks with different time horizons,
our more parsimonious setup—which focuses on the financial market as the primary
transmission channel—is sufficient to isolate our main mechanism of interest: the pricing

of the value function’s exposure to aggregate risk.

2.1 Economic Environment

We consider an economy populated by a continuum of infinitely-lived households
indexed by i € [0, 1] with unit mass. Each household i begins with initial wealth a;o > 0
and initial income y;o > 0, giving rise to an initial joint distribution g(ao,yo). In
the economy, aggregate shocks refer to common shocks that have an impact on the
state (as,y;) of every household. The central friction in our framework arises from
the fundamental mismatch between different economic entities in terms of their risk
characteristics.

To formalize this, we first define a systematic-risk asset if it can be traded and its price
dynamics fully and instantaneously reflect the primary common shock. Mathematically,
its diffusion term is driven solely by the aggregate shock or a linear combination of the

aggregate shock. We use S; to denote the price of systematic-risk asset, and it evolves as

%S: = pgdt + osdW, (1)
where i, and o, are the drift and volatility parameters of the systematic-risk asset. dWW;
is a standard Wiener process representing the aggregate shock to the systematic-risk
asset.

Consequently, the systematic-risk asset are perfect instruments for hedging or spec-
ulating on the primary aggregate shock. These objects are typically standardized
and traded in highly liquid markets, which facilitates this perfect price transmission.

Standard market indices are typical examples. We adopt a partial equilibrium approach



in which these return processes are exogenously determined, allowing us to isolate the
risk-exposure mechanism that is central to our analysis.

In contrast, we define an idiosyncratic-risk asset if it can be traded but its returns are
driven by asset-specific idiosyncratic shocks. This implies that its correlation coefficient
with the primary aggregate shock is zero. Let S be the price of idiosyncratic-risk asset,

and it evolves as

dsN
Sy

where py and oy are the drift and volatility parameters of the idiosyncratic-risk asset.

= uth + O'NdZNﬂg, (2)

dZy+ is an idiosyncratic Wiener process. To avoid confusion, we will use W, € W, to
denote aggregate shocks and Z; € Z; to denote idiosyncratic shocks.
We define a risk-free asset as an asset if it does not respond to any shocks. Let B;

be the price of risk-free asset, and it follows

‘%Btt —— 3)

where 7 is the risk-free rate. Such assets are typically cash or government bonds.
Applying our classification to the labor market, household labor income represents a

non-tradable asset with mixed risk characteristics. The aggregate wage rate w; contains

aggregate risk:

% = [y dt + o, dW,, (4)

t
where p, and o, are the drift and volatility parameters of the wage process, and dW,

represents an orthogonal aggregate shock to the labor market.

Individual labor supply n;; remains purely idiosyncratic and non-tradable:

dni ~ ~
— = :unz‘dt + Onidanvt? (5)
Tt

where fi,,, and o,,, are household-specific parameters and dZ,, ; is an idiosyncratic shock.
Applying It0’s lemma to the product y;; = wn,; and noting that wage shocks are

independent of idiosyncratic labor supply shocks, household i’s labor income y;; follows

dyi,t _ dw, X dnz‘,t

Yit  Wp o Ny (6)
= (py + fin,)dt + 0, dWy + 6,,,dZ,,, ;.

The feature of this labor income endowment is that its risks are incompletely insurable.
While the systematic component tied to dWs can be partially hedged by taking positions
in the systematic-risk asset, the orthogonal aggregate risk d\W, and the idiosyncratic risk
dZ,, . cannot be hedged through traded assets. It is this incomplete insurability that
generates a powerful hedging motive in the household’s portfolio problem and makes

their optimal choice a non-trivial trade-off.



Let E[dWsdW,| = pg,dt denote the instantaneous correlation between the systematic-
risk asset and the aggregate wage rate, where p,, € [—1,1]. We decompose shock

processes as
dWy = dW,

(7)
dWy = peydWi + /1 = p3, dWs,

where dWW; is an orthogonal shock to the primary aggregate shock dWW;. The Cholesky

decomposition ensures that dW, and dWW, maintain their standard Wiener properties.

.
This generates two-dimensional aggregate risk structure dW, = [dWl de} :

2.2 The Household’s Problem

Each household chooses consumption and portfolio allocation to maximize expected
utility, facing the incomplete environment described above. Households’ investment
opportunity set consists of the systematic-risk asset S; and the risk-free asset B;.

Households face a continuous-time intertemporal budget constraint:
da’t = {[wt(,us - Tf) + Tf]at + Yt — Ct} dt + wtat(jdeS, (8)

subject to a borrowing constraint a; > 0 and the systematic-risk asset portfolio allocation
wy. At the borrowing constraint, consumption cannot exceed current labor income:
0<c <y

Households exhibit constant relative risk aversion (CRRA) preferences over consump-

tion, characterized by the instantaneous utility function:

Uler) o= ———, (9)

where v > 0 is the coefficient of relative risk aversion.
Each household 7 chooses optimal consumption ¢;; to maximize expected lifetime

utility:

max E, [ /O T et (ery) dt] , (10)

Cit
where p > 0 is the discount rate.
According to our framework with common noise, the household’s optimal problem

can be formulated as the BSHJB equation v(as, yt, g1, Wy):

dvy = {u(ct) + Llve] + E; [%} — div(Vt)} dt + Vi dWy, (11)

where E,;(+) is the conditional expectation operator, div(-) is the divergence operator,

V; is the adaptive process, and L is the infinitesimal generator of the underlying state



process:

ov B ov
Llvg] ={[we(ps —7r5) +75las +ys — e} Ja + (py + Mni)yta_y

,0%v 1 _y 0% 9*v
32+ Syi(os +a )82+Wtatytpsy0s0yaa—ay-

(12)

—+ (wtatas)

N —

In CTHA models with only idiosyncratic shocks Z; ; ,the law of large numbers ensures
that the value function v; and the distribution g; evolve deterministically, eliminating
stochastic components at the population level (achdou2021mean). The expected
evolution of a household’s value function v; is fully described by the HIJB operator L£[v,]
and E, [%}

This deterministic framework breaks down when the common noise W, is intro-
duced. It affects all households simultaneously and cannot be eliminated by the law
of large numbers. The distribution ¢g; now becomes a stochastic process, forcing house-
holds to condition their optimization on the entire shock history Wi y<.<;. The
value function must therefore evolve as a random field v(ay, y¢, g:, W), requiring the
more general BSHJB equation presented in equation (11). The BSHJB equation was
proposed by pengl992stochastic<empty citation>, and its application in MFG
with common noise was proposed by cardaliaguet2019master<empty citation>.
The well-posedness of our dynamic formulation follows from the Glivenko-
Cantelli theorem (rachev2006mass), and standard results in mean field theory
(cardaliaguet2019master).

The transition from HJB equation to BSHJB equation requires households to price in
aggregate shocks. We define an aggregate shocks impact (ASI) as the stochastic change

in the value function caused by the increment of aggregate shocks dW, at time t:
AST, = V,dW, — [vl,t vg,t} dW,. (13)

It represents the direct blow or boost to the household’s future overall welfare prospects
due to the macroeconomic innovation. When a positive aggregate shock occurs, the
household’s value function instantly increases by ASI;. The magnitude of the shock is
determined by an endogenous sensitivity V.

In the framework, the sensitivity V, must be chosen such that the resulting equation

maintains the proper stochastic structure, which is the adaptive process in the BSHJB

equation:
ov ov
Vl,t =Wia0s— + YtOyPsy
da oy (14)
v
VQ,t :thy ]- psya

The process measures how much the entire future utility will be hit when macro common



shocks dW, arrive. This represents the continuous value exposure of the household to
aggregate risk.

The component V ; signifies the repercussions of the primary shock dW; on house-
holds’ value function through the risk-exposure channel. In the context of a wage rate
(i.e., idiosyncratic labor income), the impact of this component is exerted exclusively
through the proportion of systematic-risk asset held by households. Component Vs, is
indicative of the aggregate shock dW5, that are unique to the wage market and correspond
to the labor endowment.

We define an aggregate shocks premium (ASP) as the endogenous price that house-
holds must pay to bear the welfare impact of the stochasticity of aggregate shocks dW,

at time t:

B B
ASP, = —div(V,) = — g;’t - g;’t
2

v Ov 0*v v v
=~ Wi0s <at@ + %) - ytaypsym — Oyy/ - pgy (yta—y2 + (9_y) )

It refers to the risk cost or premium that must be deducted from the drift term of the

(15)

value function due to its exposure to aggregate shocks. It measures the cost of “having
an aggregate uncertain future” itself. Even if the expected value of the shock is zero
(E[AS;] = 0), its volatility alone can harm the welfare of a risk-averse household. The
ASP quantifies this harm. Its value can explicitly depend on the exposure sensitivity V.
Consequently, at time ¢, households price aggregate shocks W, as ASI; + ASP,dt.

The ASI term ensures adaptation to the common noise filtration, while the ASP
provides the corresponding drift-correction term. This is mathematically necessary to
construct a well-posed dynamic coupled system, and together these two terms ensure
that the evolution of the value function and the state space remains martingale in a
random field characterized by stochastic evolution. Applying the It6-Kunita-Wentzell
formula (kunital990stochastic) generates the drift-correction term ASP,. When
the common noise affects both the value function v; and the state space (a,y), their
quadratic covariance term generates an additional drift term div(V;). The ASP; is
precisely designed to cancel out this mathematical artifact. This ensures that the
resulting BSHJB equation is free of spurious terms and reflects coherent economic
trade-offs, making it a mathematical precondition for a well-posed optimization problem
in an economy with aggregate uncertainty.

For economic interpretation, we decompose the ASP into components based on
whether they are directly controllable through the optimal portfolio choice w;. We

define the component that households can directly control as the risk-exposure premium

10



(REP):

(16)

2
REPtE—thS( 0v 01})‘

“9a2 " da
It is the direct source of a novel effect in portfolio choice.
All other components of the ASP, which are not directly scalable by the portfolio

choice wy, are grouped into the wage fized premium (WEFP):

0% v Ov
WFP, = —ytaypsym —oyy\/1— pgy (yt(?—yz + ('3_3/) ) (17)

The WFP captures the background risk costs arising from labor income’s exposure to
both the primary and the orthogonal aggregate shock. This allows us to write the total
premium as

ASP, = REP, + WFP,. (18)

The REP quantifies the marginal utility cost arising from households’ risk exposure
to the systematic-risk asset under the primary aggregate shock dWW;. Households’ choice
of portfolio share directly scales this cost, determining the magnitude and sign of the
premium. The structure of REP reveals a fundamental asymmetry in how aggregate
risk affects households across the wealth distribution. The premium consists of two
opposing components: a positive compensation term at% and a negative cost term %.
The compensation component is scaled by the wealth factor a;, which means low-wealth
households receive minimal compensation despite facing high risk exposure through the
concavity of their value function %. In contrast, the cost component operates without
wealth scaling, making low-wealth households disproportionately sensitive to changes
in marginal utility %. This asymmetric structure creates a systematic disadvantage
for households in the low wealth range. While their high marginal utility of wealth
makes them bear substantial costs from aggregate risk exposure, the wealth-scaled
compensation mechanism provides them with inadequate relief. Consequently, the REP
generates heterogeneous risk premiums that depend critically on households’ position in
the wealth distribution, with the pronounced effects concentrated in the low-to-medium
wealth segments.

The stochastic Kolmogorov Forward (SKF') equation governing the evolution of the

wealth-income distribution g; takes the form:

dgt = (ﬁ*gt)dt — diV(Vtgt)th, (19)
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where L£* is the adjoint of the operator L:

Lg] =— {% ( ((welps =) +7rp) ar+ye — 1) gt> + a% ((My + ﬂni)ytgt) }
2 (o) + o (goito3+ o) b (20

32
+ m (wt@tytpsy030y9t> :

In a standard CTHA model with only idiosyncratic risk, the value function v; of
household ¢ depends only on its individual state (a;,y;). The aggregate distribution
g; evolves deterministically according to the law of large numbers, and individual
households take this aggregate distribution as given when making their optimization
decisions. The dynamic programming problem contains solely the drift term L[v;] and
the term E, [%}, which is generated by the evolution of individual states.

However, the introduction of common noise W, fundamentally changes the nature
of the problem. The aggregate distribution g, now becomes a stochastic process, and
all households’ decisions must be made contingent on both their individual state (a,y)
and the increment of aggregate shocks dW,;. In the mean field game equilibrium,
each household optimizes against the aggregate distribution g, recognizing that this
distribution itself evolves stochastically due to the common noise affecting all agents
simultaneously.

The divergence of V,g; has components:

) 0
div(V1,g:) =% ((Wtatas + yt%ﬂsy)Qt)

div(Va1gt) :(% (ytay\/ 1- pngt)-

The density satisfies the normalization [[ g:(a,y)dady = 1. It is crucial to distinguish

(21)

the divergence term div(V,g;) in the SKF equation, which governs the advection of the
density ¢g; under common shocks, from the drift premium term div(}}) in the BSHJB
equation, which adjusts the value function v itself. Consequently, the value function,
previously defined as v(ay, y;) depending exclusively on the individual state, now takes
the form v(a¢, y¢, g:, W), where g; represents the aggregate distribution of all households
in the economy.

The term [E; [%} captures how distributional changes affect individual value functions:

ov v 1 /6%
E; [E} = <@; d9t> + 5 <5_g27d<g7g>t> )

:/]R2 L* 595(2;/)9@') + % /R2X2 W <div(Vg(x’)) . div(Vg(x”))),

12



where x = (a,y) is the state vector, (-,-) is the inner product, and g—; is the Fréchet
derivative which quantifies the marginal impact of distributional changes on the value
function.

We now define macro aggregates as follows:

K, :// Wiai,tgt<aay) da dy
B, = //(1 - Wi,t)ai,tgt(av y) da dy,

where the economy has initial macro variables Ky and By. These conditions ensure that

(23)

all financial assets are held by households.

Although our model is a partial equilibrium model in which households are price
takers, the evolutionary dynamics of the distribution determine the dynamics of the
household’s value function in this coupled system. Thus, each household needs to

estimate the distribution measure.

3 Equilibrium

In the full rational expectations paradigm, the household’s value function v, is a
McKean-Vlasov equation that depends on the entire cross-sectional distribution g;.
Solving the optimization problem would require each household to forecast the evolution
of this infinite-dimensional object, a computationally and informationally intractable task
that exemplifies an extreme form of the curse of dimensionality (krusell1998income;
dend1996heterogeneity; fernandez2024taming). While theoretically rigorous, this
modeling approach also strains credulity. In the real world, agents face ”limited cogni-
tive resources” (enke2024cognitive) and ”limited information processing capabilities”
(javed2024big), and the predictive heuristics they employ are more feasible.

To overcome these challenges, we assume that households simplify their forecasting
objective from a full distributional measure to a key variable for moment estimation,

namely, total capital K;:

ov ov -~ 0%v
PNk, ) + - K. K,
Et{at} <8K/d t>+2<8[( & >>

. 8v+1 , 0%v
Mok, T2k ok

(24)

The product of this forecasting behavior is a perceived law of motion (PLM). For
analytical tractability and to establish a clear benchmark, we assume a consensus belief

where each household’s expectation for the evolution of aggregate capital. We define

13



the perceived law of motion as households form beliefs about the dynamics of K;:
A, = fur,(Ky, By)dt + 6, (2:4)dZg, ¢, (25)

where z;; is the individual ¢’s state and dZj,, is idiosyncratic shocks of heteroge-

neous beliefs. Here, we follow grossman1982consumption<empty citation> and

assume costless information, precluding idiosyncratic shocks (65, = 0). The broader

literature on heterogeneous beliefs includes studies by shiller1984stock; de1990noise;
anderson2005heterogeneous; jouini2007consensus; bhamra2014asset; andrade2019forward,;
borovivcka2020survival; bigio2025heterogeneous<empty citation>.

The capital K; is not only the result of aggregating all households’ non-linear decision
functions (¢*,w*) but also the primary macro-quantity of interest to firms in a recursive
competitive equilibrium. These firms have a linear-quadratic (LQ) objective function,
determining their output level and capital investment by solving the Bellman equation.
Under this market structure, firms pay attention to the drift terms of the future paths of
these variables. In the LQ learning framework, a conclusion is the establishment of the
certainty equivalence principle, which states that the stochastic optimal decision rule is
a deterministic problem independent of stochastic volatility (kwakernaak1972linear;
chow1981econometric). Therefore, the producer decisions that ultimately determine
the overall dynamics of the capital stock K; depend solely on the conditional expec-
tations of the relevant variables, not their variances or higher-order moments. The
recursive equilibrium was pioneered by lucas1971linvestment; stokey1989recursive;
prescott2005recursive<empty citation> and further developed in works such
as sargent2009dynamic; ljungqvist2018recursive<empty citation>. This per-
spective provides a reasonable motivation for focusing the household forecasting problem
on the dynamics of Kj.

This simplification of the forecasting object from g; to K; does not imply that the
forecasting task itself becomes simple. The actual law of motion (ALM) for aggregate
capital, dK;, is the result of aggregating the non-linear decisions of all households. As
established in our model, the policy function {c*,w*} is a non-linear functional of the
household’s BSHJB equation. According to Jensen’s inequality, the non-linear functional
means that the drift and diffusion of dK; depend on the entire shape of the distribution
gt, including all higher-order moments. Consequently, the K; is a non-linear function
of the entire history of aggregate shocks Wi (<,<;. This implies that the current
level of capital is not a sufficient statistic for its future dynamics. The ALM would
require agents to implement a sophisticated non-linear filter to track the evolution of
the unobserved higher moments of the distribution based on the shock history. This
task remains informationally and computationally intractable for a household within
the model.
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It is worth emphasizing that this simplification from the infinite-dimensional distribu-
tion g; to its first moment K; does not compromise the framework’s central conclusions.
One might argue that households could form subjective beliefs about higher-order
moments, such as the variance of the wealth distribution, or that arbitrary shocks to
individuals might alter the aggregate dynamics. However, any such belief heterogeneity,
conditional expectations, or individual shocks remain idiosyncratic from the household’s
optimization perspective. This subjective uncertainty does not introduce new stochastic
terms into the BSHJB equation that respond to common noise, but instead enters
as deterministic drift-adjustment terms. Here, the term arising from its variance is
analogous to additional precautionary savings motives. While incorporating such effects
might quantitatively change households’ optimal behavior, they cannot eliminate the
wealth-dependent REP mechanism that drives our core results on limited participation
and wealth inequality, as this mechanism stems fundamentally from the law of large
numbers that makes idiosyncratic shocks not cause random shocks to the aggregate
distribution g;.

Our approach aligns with the bounded rationality framework inspired
by the learning literature (evans2012learning), the approximate aggregation
method of krusell1998income<empty citation>, and the sparsity-based model
(gabaix2014sparsity; gabaix2020behavioral). This contrasts with recent work by
(moll2024trouble; moll2025mean), which explores how households can use price
systems as a mechanism to forecast the moments of the distribution.

This bounded rationality assumption naturally leads to a temporary equilibrium
concept, bridging the macroeconomic literature on limited information processing
(mackowiak2009optimal; mackowiak2015business) with microeconomic evidence

on wealth-dependent expectation formation (malmendier2016learning).

Definition 1. A temporary equilibrium consists of given asset prices {S;, B;}, labor

income 1, and the distribution g; such that:

1. Each household i chooses consumption-portfolio choice {¢;;,w;+} to maximize its

value function v;, (26) by its status z;;
2. The distribution g; evolves according to the SKF equation (27);

3. The PLM and macro aggregates in the market are given by (25) and (23), respec-
tively;

4. Asset prices and labor income evolve as (1), (3), (6), respectively.

15



The temporary equilibrium is characterized by the coupled system:

ov ov ov
dvy :ngix {U(Ct) + {{we(ps — Tf) + Tf]at +yp— i} da + (Ny + :um)ytay aff} dt
1 ,0%v 1 _, 0% 0%
+ §(wtat0s) 92 oY Jos+0 nl)a 3 WP Ty s dt

v Ov 9% 820 ov
_ e i 7 1—
{WtUs (Clt a2 + 9a) +yt0ypsy9 9a Oyy/ /0 <yt9 9y>}dt

+ [wtatasg—z + ytaypsyg_Z YtOyr/ 1 - pgyg;] dW,
(26)
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The temporary equilibrium is a broad concept that allows for discrepancies between
the PLM and the ALM. This is consistent with the original intention of this paper’s
modeling based on bounded rationality. In the special case where households’ expecta-
tions are completely consistent with reality (dK = di ), the temporary equilibrium con-
verges to a ”self-confirming equilibrium” (fudenberg1993self; kamada2010strongly).
However, our core mechanism does not rely on this strict equilibrium condition
and remains a key force in determining household behavior in more general tem-
porary equilibrium states. The concept of the temporary equilibrium originally de-
veloped by hicks1946value; lindahl1939theory <empty citation> and formalized
by grandmont1977temporary; grandmont1989temporary<empty citation>.
Recent application in modern macroeconomic models include woodford2013macroeconomic;
piazzesi2016housing; garcia2019low; farhi2019monetary <empty citation>.

We establish our analysis around two complementary steady-state concepts that

provide analytical benchmarks for the dynamic system.

Definition 2. A local steady state is a steady state of the temporary equilibrium 1

containing the following features:

1. A moment of stochastic calm, where the instantaneous increment of aggregate
shocks are zero (dW; = 0);

2. Persistent underlying aggregate shocks (o(W;) > 0);
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3. The satisfaction of the standard transversality condition:

lim E; [e "7 P,] =0. (28)

T—o00

The LSS is characterized by the following system:

pU = max {u(c) + Llvi] + E; {%} + ASPt} : (29)
%l (30)

Definition 3. A determined steady state (DSS) is a fixed point of the equilibrium
conditions when the volatility of aggregate shocks vanishes (o(W;) = 0).
The DSS is characterized by the following system:

v _ ov 1 ,.,0%
_ L Ve 2V L2 TV (g
puv = maxu(er) + {rya+y = et} 5o+ (g + g + 0T 55 (3D
0 0 0 . 9% (1 ..
% =~ 5 ((Tfat + Y — Ct)Qt) ~ oy ((My + Nm)ytgt> + a7 (5%2021-91%) : (32)

The LSS characterizes a continuously occurring instantaneous fixed points in the
economy. It is a short-term state in which the economy continues to move along inertia
after receiving a shock until the next moment when the new shock increment changes.
This allows us to construct a tractable and economically meaningful terminal value
function for the finite-time approximation of the household problem.

The LSS represents a different terminal condition from the DSS. While the DSS
describes a hypothetical world where aggregate risk is permanently absent, assuming the
aggregate shock volatility is identically zero across all time (o(W,) = 0). This effectively
reduces the stochastic model to its deterministic counterpart, providing a baseline where
households face no aggregate uncertainty and consequently hold only risk-free assets
(wy = 0), as there is no asset with a risk premium. In contrast, the LSS characterizes
moments of calm within an inherently stochastic economy where aggregate uncertainty
persists (0(W;) > 0), yet no new shock instantaneously materializes ({W; = 0). This
crucial distinction means that households in the LSS make decisions while fully aware of
ongoing aggregate risk and its potential future realization, leading them to demand risk
premia and hold diversified portfolios. Therefore, while the DSS provides a static, non-
stochastic anchor, the LSS offers a instantaneous dynamics of state within a continuously
uncertain environment.

Our definition of the LSS significantly generalizes and refines existing ”stochastic
steady state” approaches, such as those by futial982invariant; duffie1994stationary;
schenk2001random; coeurdacier2011risky; fernandez2023financial; bilal2023solving<empty
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Prior analyses often relied on the highly restrictive assumption that the agent expects
the realization of cumulative shock process to be zero (E /W] = 0). This strong
assumption confines the analysis to a zero-probability path where the entire history of
shocks must perfectly cancel out to achieve a deterministic long-term fixed point and
ergodic distributions. Our framework permits a far more powerful and generalizable
approach. We define the LSS by the much weaker condition that only the instantaneous
increment of the shock is zero (dW; = 0), while the cumulative shock W, can be any
arbitrary constant reflecting the realized history. For the household’s optimization, the
instantaneous stochastic welfare impact ASI; = V,dW; is nullified by dW,; = 0 alone.
Meanwhile, the cost of persistent uncertainty AS P, remains fully active. Consequently,
the stationary equation defining the LSS value function vy differs fundamentally from
the HJB equation in the DSS, as it retains the ASP. It drives the risk-exposure premium
effect central to our analysis. By anchoring our finite-horizon BSHJB equation with
the LSS terminal condition, we ensure that household optimization paths correctly
internalize the pricing of aggregate risk, maintaining theoretical coherence even over
truncated time horizons. This specification allows our framework to capture both the
transitional dynamics toward long-term equilibrium and the steady-state properties of

an economy with permanent aggregate risk.

4 Theoretical Results

We now derive the optimal consumption and portfolio rules from the household’s
problem (26). Our analysis focuses on how the endogenous pricing of aggregate shocks
gives rise to the REP effect and shapes portfolio choice across the wealth distribution.

The household’s optimization problem yields the envelope condition for optimal

=) (5): ()

However, when households have access to a set of feasible assets that includes

consumption:

the systematic-risk asset and the risk-free asset, the optimal portfolio rule changes
fundamentally. Taking the first-order condition (FOC) with respect to the portfolio

share w;, we obtain

1 (0% ' [ s —1p\ Ov Psy0y Pv 1 (%  10v
F=— | = 2 — 2 —— | =+—=¢. (34
“ ay (6@2) {( o? > da * ( Os ) yt@a@y Os (8a2 i a 8&)} (34)
The third term in the brackets of the above equation is the REP effect. To better

analyze and explain the theoretical mechanism, we formalize this novel term and

introduce the concept of effective relative risk aversion.
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Definition 4. The risk-exposure premium effect is the component of a household’s
optimal portfolio share in the systematic-risk asset, given by Q*(a;), which directly
arises from the risk-exposure premium (16) within their optimization problem when

choosing among a set of feasible investments including the systematic-risk asset and the

o1 1 (0% " dv
Q (at) = 0,0 [1 + a—t <@) %] . (35)

Definition 5. The effective relative risk aversion (ERRA) captures the curvature-to-
slope ratio of the BSHJB equation to wealth:

risk-free asset:

n(a;) = —at%, (36)

Vq

where v, = Ov/da and vy, = 0%v/da’.

The ERRA captures households’ intertemporal risk preferences across assets, as
reflected in their lifetime welfare function. This concept moves beyond the time-invariant
risk aversion parameter v to consumption. It endogenously evolves as pricing aggregate
shocks ASI; + ASP,dt. Given the standard conditions (a > 0, v, > 0, and v,, < 0), we
have n(a;) > 0. The form of the ERRA is similar to the Arrow-Pratt measure of relative
risk aversion, which is defined as R(¢;) = —cu” /u'. However, 1(a;) measures intertem-
poral risk preferences, while R(¢;) measures instantaneous risk preferences. The earliest
derivation of the ERRA form comes from merton1969lifetime<empty citation>.

By substituting the ERRA into the REP (16), the REP effect (35), and the optimal

portfolio rule (34), we obtain

ov

REPt = W04 (77t — 1)%, (37)
1 1
Q" (ay) = 1——, 38
() at0s ( Wt) (38)
and D

. 1 s — Tf PsyTy ov\ = 0% 1 ]
- o —1) . 39
“ ul o2 * Os Y\ da 0ady * ;0 (e =1) (39)

N—— \ ~~ — /

myopic demand wage-offsetting effect REP effect

The optimal portfolio rule (39) decomposes household decisions into three different
economic forces. The first component is often called the "myopic demand” in the
literature. This demand considers an asset based on its risk premium and variance, a
feature common to any risky investment. We define the second term as a wage-offsetting
effect to distinguish idiosyncratic shocks to labor productivity n;; from income y;,,
as it reflects the impact of the primary aggregate shock dWW; on the aggregate wage
rate wy. The final component, the REP effect, is the focus of this paper. This new

19



force arises from the REP that households pay for their lifetime welfare exposure to
aggregate shocks in the macroeconomy. For the idiosyncratic-risk asset, by definition,
they are uncorrelated with aggregate shocks. Only the myopic demand is active. For the
systematic-risk asset, they are priced according to aggregate shocks, which both triggers
the REP effect and the wage-offsetting effect. We call these two effects the macro effect
in the portfolio, which characterize aggregate risk. The first and second terms were pi-
oneered by merton1969lifetime; merton1973intertemporal<empty citation>.
Subsequently, merton1992continuous<empty citation> provides a deep analysis
in portfolio choice and campbell2002strategic<empty citation> is an important

literature for intertemporal portfolio choice.

4.1 ERRA and Portfolio Allocation at Both Ends

To understand the wealth-dependent nature of portfolio choice, we link the ERRA to
observable economic behavior. Deriving the relationship with the marginal propensity to
consume out of wealth allow us to obtain portfolio allocation at the borrowing constraint.

We exploit the envelope condition (33) and derive:
Jc;
da’

Vaa = u”(CD

(40)

and utilize the standard CRRA specification v = —cju” /u/. Substituting equations (40)
and 7 into (36) yields: !
a
n(a) = = - MPC, -, (41)

t
where MPC, = Jc;/0a is the marginal propensity to consume out of wealth.

This reveals that the ERRA transforms a household’s invariant risk prefer-
ence v into time-varying risk-taking behavior at different wealth levels through
a state-varying the elasticity of consumption with respect to wealth €., =
(a;/c;) - MPC,.  This form is originally derived from mertonl1969lifetime;

mertonl1973intertemporal<empty citation>.

4.1.1 ERRA and Portfolio Choice Near the Borrowing Constraint

As households approach the borrowing constraint a, their optimal consumption is
determined primarily by labor income rather than financial wealth, implying a;/c; — 0

as a — a.

Proposition 1 (ERRA at the Borrowing Constraint). For any household with

finite constant relative risk aversion (7 < oo) and bounded marginal propensity to

1

n(ar) = —ay - s = —a; Oci  wlei) _ ar \[PQ, - A.

da u’(cy) c;

20



consume out of wealth (MPC, < 00), the effective relative risk aversion vanishes at the
borrowing constraint:

lim n(a;) = 0. (42)

a—07t

Proof. See Appendix A.1. O

The proposition implies that households’ risk aversion to wealth becomes relatively
negligible compared to their marginal returns near the borrowing constraint. The
economic intuition is that the poorest households have a strong incentive to pursue

excess returns on assets to escape poverty.

Corollary 1 (Portfolio Choice at the Borrowing Constraint). The risk-exposure

premium effect exhibits singular behavior at the borrowing constraint:

lim Q*(a;) = —o0, (43)

a—0t

leading to optimal portfolio choice:

_ 0 under short-selling restrictions
lim w; = (44)
a—0% —oo  without short-selling restrictions.
Proof. See Appendix A.2. n

This corollary reveals a mechanism that endogenously drives limited participation
due to the fact that these incentives differ in magnitude at the borrowing constraint. As
n: — 0, both myopic demand and wage-offsetting effect diverges to infinity by the factor
%, that is order of O(n). This reflects the powerful incentive for a poor household to
ignore asset risk in pursuit of asset returns. The structure of the REP effect is different.
As a; — 0, this term diverges to negative infinity at the order of O(n?). Due to the
presence of the scaling factor ait, the REP effect is an order of magnitude larger than
the other two forces combined. As a; — 0, the negative force from the REP effect
becomes infinitely more powerful than the incentives from the myopic demand and the
wage-offsetting effect.

Consequently, the household’s optimal decision is completely dominated by the
overwhelming incentive to pay the exposure cost under the aggregate risk at the
borrowing constraint. They strategically avoid the systematic-risk asset arising from
their optimization problem, correctly pricing the long-run welfare cost associated with

it, a cost that becomes infinite at the borrowing constraint.
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4.1.2 ERRA and Risky Portfolio Share at High Wealth Levels

As wealth grows arbitrarily large, the limiting case provides a benchmark for un-
derstanding the behavior of the most affluent households. In this regime, the influence
of labor income diminishes, and asset dynamics become paramount. Consistent with a

long line of research, consumption and wealth become proportional at the limit.

Theorem 1 (Asymptotic Consumption-Wealth Ratio). Let ¢*(a, i, K;) be the
optimal consumption policy derived from the solution to the BSHJB equation (26).
The consumption-to-wealth ratio converges in the mean-square sense to a deterministic
constant k; as wealth a; goes to infinity:

C*(atayhkt) 7

lim E, — kL,

a—00

—0, (45)

Gy

where kj, is the optimal consumption-wealth ratio in the LSS without labor income or
aggregate state dependence, given by:
7 1 (:us — Ty )2
kp = — -1 — . 46
=2 (oo (e (46)
Proof. See Appendix B.1 and B.2. n

The theorem 1 is consistent with the result of merton1969lifetime;
mertonl973intertemporal<empty citation>. It aligns with modern analyses
(benhabib2015wealth; achdou2022income), which show that the policy function

becomes asymptotically linear for large wealth levels.

Proposition 2 (ERRA at High Wealth Levels). For households with positive and
finite CRRA coefficient (0 < v < oo) and satisfying Theorem 1 assumption, the effective
relative risk aversion converges to the CRRA parameter:

lim 7(a;) = 7. (47)

a—r o0

Proof. See Appendix B.3. O]

The proposition implies that the wealth intertemporal risk preferences to wealth
behave in the same way as their instantaneous risk preferences to consumption. This is

because these households’ consumption depends entirely on asset returns.

Corollary 2 (Portfolio Choice at High Wealth Levels). As wealth increases
without bound, the risk-exposure premium effect vanishes, and portfolio allocation

converges to the classical baseline ratio:

s—rpl
lim Q*(a) =0,  limw; =212 (48)

a— 00 a— 00 O-g ’}/
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Proof. See Appendix B.4. ]

The convergence to the classical Merton ratio in Corollary 2 is dictated by the
asymptotic behavior of the three economic forces from equation (39). In the high-wealth
limit, their relative magnitudes invert. As a; — oo, 7, converges asymptotically to
v, the myopic demand for risky assets is determined by a time-invariant risk aversion
parameter. The myopic demand, scaled by %, converges to a non-zero constant of order
O(1). This force remains robustly active. The wage-offsetting effect vanishes as the
present value of labor income becomes negligible relative to financial wealth. The REP
effect also vanishes due to the scaling factor i Both the macro effect converge to
zero at the order of O(%) Consequently, the household’s optimal portfolio allocation
converges to the myopic component, which is precisely the standard Merton benchmark.
That is the portfolio share of the richest households is entirely determined by their
instantaneous return function u(c;) to satisfy their consumption needs.

This asymptotic analysis also reveals a subtle dynamic. For a significant range of
high (but not infinite) wealth, the REP effect *(a;) is positive because the underlying
trade-off inverts, offering a net welfare benefit for bearing aggregate risk. This pushes the
household’s optimal allocation w; to be above the Merton benchmark. The convergence
described in Corollary 2 is therefore a convergence from above, painting a complete
picture of the hump-shaped profile’s right tail.

The dynamics of wealth inequality are therefore driven by fundamentally different
forces across the distribution. The most significant portfolio heterogeneity driven by
the REP mechanism is concentrated among low-to-moderate wealth households. For
the wealthiest households, their behavior robustly converges back to a representative-
agent benchmark which is a continuous-time formulation of the Phelps-Ramsey problem

(phelps1962accumulation).

4.2 Limited Participation and Life-Cycle Pattern

We now apply the REP mechanism to provide a unified resolution to two long-
standing puzzles in household finance: limited participation and the life-cycle profile of
risky portfolio share.

The evolution of the REP effect can be characterized by three distinct phases. In
the low-wealth region, as households approach the borrowing constraint (a; — 0), their
ERRA falls toward zero (n; — 0). With the simpler form (39), the factor % of the
risky portfolio share increases the myopic demand. This causes these households to
hold a large amount of risky assets with excess returns. However, the common factor

% also amplifies the REP effect. The scaling factor ait amplifies the term (1, — 1),
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causing the REP effect to diverge to negative infinity. This force dominates the other
two portfolio motives and drives the systematic-risk asset share to negative infinity.
For the household’s lifetime welfare, the exposure cost of aggregate risk, driven by the
household’s extremely high marginal utility of wealth v,, becomes immense. Conversely,
the exposure compensation for bearing aggregate risk, which is proportional to —a;v.q,
is nullified by their near-zero financial wealth (a; — 0). With such a high cost and
virtually no offsetting compensation, the REP manifests as a large negative premium.
This immense net cost creates an overwhelming motive, which translates into a strongly
negative REP effect. At the critical threshold where 7, = 1, the cost is perfectly offset
by the compensation in the REP. This causes the REP effect to vanish completely
2y = 0. This represents a pivotal wealth level at which household risk preferences reach
a critical balance and portfolio allocation is determined by the myopic demand and the
wage-offsetting effect. In the medium-to-high wealth region where 7, > 1, the trade-off
inverts. With a higher wealth level, the exposure compensation begins to dominate
the diminished exposure cost (lower v,) for bearing aggregate risk. Thus, the REP
transforms into a net benefit, generating a positive REP effect, 2y > 0. Initially, as
wealth increases beyond the critical point, the sensitivity to marginal utility and the
curvature of risk aversion remain substantial. These factors create rich interactions that
drive the positive REP effect to its peak. This provides a strong additional incentive
to hold the systematic-risk asset beyond standard portfolio motives alone. As wealth
continues to grow (a; — o0), the scaling factor ait becomes dominant. Despite the
persistently positive sign of (1 — %), the diminishing wealth factor causes the REP effect
to gradually decline and ultimately converge to zero from above.

The complete evolutionary pattern generates the hump-shaped profile of the REP
effect across the wealth distribution. This non-monotonic relationship in the REP effect
alters monotonic predictions of standard portfolio theory. It provides a novel mechanism
for understanding the limited participation as well as the ”hump-shaped saving behavior”
(graaff1950mr; ando1963life) and the hump-shaped profile of portfolio allocation
throughout the life cycle. However, a question remains: How does this new mechanism
interact with the traditional explanations of labor income channel in intertemporal
portfolio choice?

A foundational principle of our analysis is that non-tradable labor income risk
cannot be evaluated in isolation from its expected return. Just as a risk-averse
investor would only hold a financial asset if it offers a positive risk premium, a
household will only choose to participate in the labor force if doing so provides
a net positive impact on lifetime welfare. Therefore, we treat uninsurable income

not as a simple zero-mean background risk, but as a non-tradable asset that en-
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hances the household’s total resources. This is similar to the point proposed by
heaton2000portfolio<empty citation> that although labour income is risky, it
limits bad outcomes relative to investment income. The presence of this welfare-
enhancing asset alters the household’s attitude toward tradable financial risks. Following
the ”"proper property” pratt1987proper; gollier1996risk<empty citation>, the
absolute risk aversion —u”/u’ is monotonically decreasing in wealth a. We measure
this effect through an effective absolute risk aversion, A(a) = —v,4q/v,. As established
by carroll1996concavity <empty citation>, the concavity of the value function
depends on the concavity of the consumption function, resulting in v,q,v, — vZ, > 0.
This result is a sufficient condition that A(a) is monotonically decreasing in wealth.
Consequently, the presence of the labor income asset makes the household behave as if it
possesses greater wealth, leading to lower A(a) for any given wealth level. This directly
reduces the household’s ERRA relevant for its portfolio decision 2. The factor % in
the equation (39) then dictates that the household will increase its allocation to the
idiosyncratic-risk asset, whose demand is purely myopic. However, the impact on the
systematic-risk asset share is more complex, as the reduction in ERRA simultaneously
affects all three components of the optimal choice. On one hand, the lower ERRA
amplifies the myopic demand, creating a powerful incentive to increase holdings. On
the other hand, this is counteracted by changes in the macro effect. First, the REP
effect, which is proportional to (7, — 1), unambiguously decreases as n, falls. Second,
the impact of the wage-offsetting effect is contingent on the empirically uncertain sign
of the correlation p,,. Consequently, the net effect of labor risk on the systematic-risk
asset share is theoretically indeterminate without further parameterization. We defer a
more detailed discussion of the macro effect to Section 4.4.

Limited participation and lifecycle pattern in household finance are often ad-
dressed through the labor income channel of the classical portfolio choice. To rec-
oncile theory with this evidence, some literature calibrates income processes using
microdata (jagannathan1996should; davis2000occupation; viceira2001optimal;
haliassos2003portfolio; cocco2005consumption; benzoni2007portfolio<empty citation>).
However, this conventional channel is rife with internal paradoxes. The presence of
idiosyncratic labor risk exacerbates limited participation puzzle, as well as the aggregate
labor risk creates new empirical contradictions. First, as above analyzed, the labor
income increases household welfare and results in greater myopic demand. Predicting
that low-wealth households should become more aggressive investors, this channel

exacerbates limited participation puzzle. Second, we consider the wage-offsetting effect

2y, = arA(a+Aa) = —at% < —ay U;“((aa)) = 1, where Aa > 0 represents the welfare-equivalent

of the labor income asset.
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driven by the correlation p,, between risk assets returns and the aggregate wage rate.
This channel is similarly problematic. The effect is relatively small arising from the
cross-effect as the numerator and marginal wealth as the denominator. Therefore,
we typically require a large value of p,, to make the wage-offsetting effect significant.
Furthermore, it is more sensitive to the additional risk of low-wealth households. When
psy < 0, the wage-offsetting effect increases risk assets holdings of all households. Low-
wealth households experience a more pronounced increase, which further exacerbates
limited participation. When p,, > 0, the wage-offsetting effect suppresses the risk-
sharing share of working households but does not affect retired households. Its impact
is not only limited at low wealth levels, but it also creates a new paradox. Retired
households who are unaffected by the wage-offsetting effect should hold a larger share
of risk assets than working households. This contradicts the observed hump-shaped
profile. The fragility of this channel is further underscored by the well-documented
instability of the correlation ps, (guiso1996income; bertaut1997precautionary;
heaton2000portfolio; poterba2001demographic; ameriks2011household), with
empirical estimates varying across countries and periods. Some studies have found
values close to zero or even positive (campbell2001investing; angerer2009income;
betermier2012hedging; huggett2016large).

Classical portfolio theory suffers from an inherent logical contradiction. It states that
when labor income is positively correlated with a risky asset, households will hedge their
income risk by reducing or even shorting that asset. By taking long or short positions
in risky assets, we construct an asset set that is positively correlated with labor income
(psy > 0). The risk premium on this asset set is small enough that the myopic demand is
less than the absolute value of the hedging demand. As wealth decreases, the incentive
to hedge becomes stronger relative to the myopic demand. Theoretically, this would
predict that the poorest households would have the strongest incentive to short-sell the
set to hedge their labor income. This is economically absurd. In reality, we observe
that the poor choose not to participate in the market instead of become aggressive
short-sellers to hedge their labor income. To reconcile these theoretical predictions with
economic intuition, theorists implicitly assume that the correlation between labor income
and asset returns must be close to zero. Instead, they use the presence of idiosyncratic
income risk to explain this phenomenon. This contradiction lies at the heart of Merton’s
framework: it requires the non-existence of the labor hedging term to satisfy economic
logic, yet this term simultaneously exists in its mathematical expression. Within the
classical framework itself, a reasonable exception is noted at the limit of infinite assets,
where the labor hedging term’s influence becomes negligible.

The fundamental reason why the labor income mechanism cannot solve these puzzles
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is that the effects of idiosyncratic risk and aggregate risk are monotonic in wealth.
In contrast to the contradictions and limitations of classical theory, the REP mech-
anism provides an economically consistent framework. First, the REP mechanism
accurately captures the "hump-shaped” portfolio structure across the wealth distri-
bution by relying solely on the dynamics of wealth, an empirical fact that classical
theory struggles to explain. This is because the REP effect is non-monotonic with
respect to wealth. Due to the endogenous scaling factor %, the REP effect exhibits
distinct patterns across different wealth ranges. As household wealth accumulates
wealth over their lifetimes, supported by precautionary savings (see Proposition 5),
they naturally traverse wealth zones where the REP effect first inhibits, then encour-
ages, and ultimately normalizes risky asset holdings. This culminates in the portfolio
choice asymptotically converging to the classical Merton benchmark. Second, the REP
mechanism provides a theoretical framework that is independent of traditional labor
hedging channels to explain limited participation. For the poor, the exposure cost of
aggregate risk far outweigh the benefits of risk premiums. The powerful incentive to
avoid this risk, stemming from macroeconomic uncertainty and far exceeding the myopic
demand, squeezes low-wealth households out of the market. Recent studies on limited
participation include van2011financial; athreya2023stock; bharath2023natural;
melcangi2025stock<empty citation>, and life-cycle portfolio choice include
hubener2016family; addoum2017household; fagereng2017asset; michaelides2017stock;
chang2018labor; gomes2020portfolio; catherine2022countercyclical; catherine2024countercy

4.3 The Duality of the Macro Effect: From Underdiversifica-

tion to Over-allocation

Why do some households exhibit significantly underdiversified portfolios in the same
market, while others actively embrace market risk? Early studies (blumel975asset;
kelly1995all) have found that households hold underdiversified portfolios with high
idiosyncratic risk. goetzmann2008equity <empty citation> find that there is little
evidence that portfolio size or transaction costs constrains diversification in the US
market. Theoretical work seems to have difficulty explaining these issues. Our theory
argues that these two seemingly contradictory behaviors stem from the binary behavior
of the same macroeconomic effect function at different wealth levels.

The household’s choice between the systematic-risk asset and the idiosyncratic-risk

asset depends entirely on the net macro effect, which we define as a discriminant function.

Definition 6. A base macro effect function in portfolio choice is defined as:

(%)_1 0% 1

B +—(n — 1), (49)

M<0Jt> = psyayyt ( aaay a

27



where pg, is the structural correlation between the aggregate wage shock dIV, and the

primary aggregate shock dWj.

The base macro effect function is an intrinsic property of the household’s optimization
problem and is independent of the risk-return characteristics of any specific asset. The
macro demand for any asset ¢ can then be expressed as a product of the asset’s aggregate

risk exposure, 3;, and this base function:
Mi(ar) = BiM(ar), (50)

where [3; measures the sensitivity of asset ¢’s returns to the primary aggregate shock dW.
The systematic-risk asset has fr = 1, while the idiosyncratic-risk asset has Gy = 0.

To analyze asset choice, we can compare outcomes at an equivalent welfare level.
This is justified because the welfare costs arising from non-tradable labor income are
independent of the specific financial assets available for trade.®> This allows us to isolate
the household’s preference concerning tradable systematic risk.

To isolate how risk-exposure tolerance shapes portfolio choice and explain the
underdiversification puzzle, we construct a clear comparative environment. Consider two
distinct investment universes available to households, both of which include the risk-free
asset B;. The asset set F contains only the systematic-risk asset S;. This represents a
market portfolio. The asset set N contains only the idiosyncratic-risk asset S». This
could represent an asset class under idiosyncratic shocks.

We now apply this framework to analyze a household’s choice when constrained to

invest in only one of these universes.

Proposition 3 (Preference for idiosyncratic-risk Assets). For any household with
identical wealth and income characteristics, if the macro effect is negative (M, < 0),
then:

(i) The optimal portfolio weights satisfy the strict ordering:

Wi < Wy- (51)

(ii) Under equivalent welfare levels, households demand a strictly higher Sharpe ratio

from the systematic-risk asset:
SF > SN (52)

with the required Sharpe ratio premium given by:

SF — SN = —./\/lt > 0. (53)

3see Appendix C.1, Lemma 5.
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Proof. See Appendix C.2. O

When M; is negative, low-wealth households bear the non-financial welfare costs
of systematic risk. Based on this welfare cost, a rational low-wealth household will
actively avoid the systematic-risk asset. They will seek risky assets with low correlation
with macroeconomic fluctuations (low beta or even zero beta) to minimize their welfare
losses. In real-world asset selection, these households can invest in a few companies,
local businesses, or a specific industry to construct an asset portfolio with low correlation
to aggregate shocks. This behavior objectively constitutes underdiversification, which
leads to their asset portfolio being subjected to more idiosyncratic shocks. In this
process, households are effectively making a trade-off. They are willing to accept a
portfolio with a lower Sharpe ratio in exchange for a better welfare position that less
exposure to the systematic risk. The price they pay is the Sharpe ratio loss, M,;, from
holding the idiosyncratic-risk asset. This explains the finding by calvet2007down;
goetzmann2008equity <empty citation> that households with low wealth are less
likely to participate and more likely to invest inefficiently if they do participate. For
households near borrowing constraints, the macro effect function is so large that it
almost completely squeezes them out of the systematic-risk asset market. It is consistent
with empirical evidence of calvet2007down<empty citation> that a minority of
Swedish households do appear to be severely underdiversified.

However, it is difficult for an underdiversified portfolio to completely avoid systematic
risk, even if it contains a single stock. When an asset set is affected by both heterogeneous
and aggregate shocks, we evaluate portfolio efficiency to identify welfare loss that
households demand for bearing aggregate risk and how this demand can lead to seemingly
suboptimal choices.

Consider a constrained asset set P which is a convex combination of the asset set F
and the asset set N with the weight 8 € [0,1) on asset F:*

P =8F+(1-pB)N. (54)

Corollary 3 (Preference for Risk Assets). For any household with identical wealth

and income characteristics, if the macro effect function is negative (M; < 0), then:

(i) For equivalent risk-return characteristics, the optimal portfolio weights satisfy:

wp > W (55)

4The logic behind our convex combination assume that the systematic-risk asset constitute the
efficient frontier. Since portfolio efficiency of households with M; < 0 do not reach the efficient frontier,

systematic risk of their asset set can be characterized by 0 < g < 1.
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(ii) Under equivalent welfare levels, the required Sharpe ratio for portfolio P lies

strictly between the individual asset requirements:

SN < SP < SF (56)
with the specific relationship:
Bos
Sp—Sp=M;|1- < 0. 57
o t( VPR (1- PPk o0

Proof. See Appendix C.3. O

This corollary quantifies the benefits of diversification in our framework. The result
shows that even a partially diversified portfolio is strictly preferred to a purely systematic
one when households are averse to aggregate risk. The equation (57) measures the
remaining welfare cost. The bracketed term captures the degree of diversification; as the
portfolio’s exposure to systematic risk § decreases, this term approaches zero, and the
required Sharpe ratio premium vanishes. This provides a quantifiable link between a
portfolio’s structure and portfolio efficiency, which it imposes on a risk-averse household.

When the macro effect is so large that its absolute value exceeds the market’s efficient
frontier (Sp + M; < 0), households will be completely squeezed out of the systemic
risk market and instead hold idiosyncratic-risk assets. This holds true even if the risk
premium on the assets is very small, because the macro effect does not affect household
welfare at this point.

We can make a quantitative assessment based on the relative Sharpe ratio loss
(RSRL) proposed by calvet2007down<empty citation>, which is a mean-variance
measure. For a household with M; < 0, RSRL is

RSRL, = ——2* M, (1 - bo, ) . (58)
s =Ty V3202 + (1 - B)2oy

This measure allows our model’s theoretical prediction on welfare loss to be directly
mapped to an empirically measurable quantity, providing a path for future quantitative
validation.

Our model’s predictions about the risk attitudes of the low wealth resonate with
several findings in behavioral finance. Households with M; < 0 are willing to ac-
cept lower Sharpe ratios to avoid systematic risk, potentially even being crowded
into assets laden with specific risks. This is similar to the risk-seeking behavior in
the loss domain of prospect theory (kail979prospect; fiegenbaum1988attitudes;
thaler1990gambling; tverskyl992advances; mcdermott2008evolutionary;
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kahneman2013prospect; barberis2013thirty). This preference for high-risk, low-
return assets echoes research showing that investors view certain stocks as ”lottery tickets”
(kumar2009gambles; barberis2008stocks; boyer2014stock; bali2011maxing;
eraker2015investors). Furthermore, the underdiversified portfolio predicted by the
model is highly consistent with observations of the risk behavior of the poor in develop-
ment economics (banerjee2007economic).

However, when the macro effect function becomes positive (M; > 0), the middle-to-
high wealth household’s entire posture toward aggregate risk inverts. The household’s
lifetime welfare is now structured in such a way that exposure to systematic risk provides
a net benefit, a positive drift to their value function that exists above and beyond the
asset’s financial risk premium. Their behavior shifts from systematic risk insurance to
systematic risk opportunism. The function M; no longer represents a welfare loss but
rather a welfare bonus. The household perceives the systematic-risk asset as offering
an additional, non-pecuniary return. Their decision-making process is no longer about
how much of a premium they require to bear aggregate risk, but rather how much of a
discount they are willing to accept on other assets to gain access to it.

If the systematic-risk asset represents the market portfolio and lies on the efficient
frontier, it already offers the highest possible Sharpe ratio. The household’s preference
does not imply they can find an asset with an even higher objective Sharpe ratio.
Instead, it alters their subjective valuation of the existing asset set. The household’s
optimization operates on a "adjusted” Sharpe ratio, which for the systematic-risk asset
is effectively Sp + M;. Because M; > 0, the household perceives the systematic-
risk asset as being even more attractive than its market price of risk suggests. They
will consequently display a powerful preference for this asset over any idiosyncratic
alternative. They would only be willing to substitute away from the systematic-risk asset
if an idiosyncratic asset offered a Sharpe ratio Sy that could overcome both the market-
optimal Sharpe ratio and the endogenous bonus, such that Sy > Sg + M,;. Given that
the systematic-risk asset is already on the efficient frontier, such the idiosyncratic-risk
asset is unlikely to exist. Consequently, the household with M; > 0 will hold systematic
risk assets, and their portfolio efficiency will reach the efficient frontier. This is consistent
with the findings of calvet2007down<empty citation> that a majority of Swedish
participating households actually outperform the Sharpe ratio of their domestic market
by the substantial share of international securities in popular mutual funds.

The observable behavior is an aggressive over-allocation to the systematic-risk
asset. This over-allocation stems from the fact that the M; function is added as a
positive term to the household’s portfolio rule, which provides a incentive to increase

holdings of the systematic-risk asset beyond the myopic demand and wage-offsetting
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effect in the standard Merton framework. This is also verified by calvet2007down;
calvet2009measuring; goetzmann2008equity<empty citation> that house-
holds with greater financial sophistication by wealth tend to invest more efficiently
but also more aggressively. The over-allocation is the engine behind the "hump” in
the hump-shaped portfolio profile. As wealth first rises into the M; > 0 region,
this effect strengthens, pushing allocation to its peak. As wealth grows further, the
scaling factor é in the REP effect eventually dampens M, causing the allocation
to decline and converge back toward zero from above. For the wealthiest household,
since M, is almost zero, the welfare cost of bearing idiosyncratic risk is also almost
zero, which enables them to pursue assets that, although financially suboptimal, can
provide non-financial benefits in other ways, such as private businesses. This seems
to explain campbell2006household <empty citation>’s finding that the wealthiest
households in the US hold a large amount of private businesses.

In essence, while the market may be efficient from a purely financial perspective, the
household’s portfolio is optimized against a different, internal frontier—one distorted
by the state-dependent valuation of aggregate risk. For M, > 0, this distortion creates
a motive, compelling the household to ”lean into” macroeconomic fluctuations as a
means of accelerating their own welfare and wealth accumulation. This behavior is the
direct counterpart to the poverty trap arising from portfolio inefficiency; it is a ”wealth

accelerator” that propels households up the distribution.

4.4 Capital Accumulation and Precautionary Savings

We now ask a question in aggregate level: How does the presence of aggregate
financial risk itself, compared to a world entirely devoid of DSS, shape the economy’s

overall capacity for capital accumulation?
4.4.1 Capital Accumulation

Proposition 4 (Capital Accumulation under Aggregate Financial Risk). With
the presence of aggregate financial risk dWj, the capital stock in temporary equilibrium

K is greater than the DSS capital stock K at any moment:

K > KP. (59)

Proof. See Appendix D.1. O

This proposition explains why economies with more volatile financial markets tend
to exhibit higher capital stocks than deterministic economies. The theoretical frame-

work addresses the degenerate problem of wealth distribution in the continuous-time
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ABH framework. A major challenge in the CTHA model without common shocks is
that the optimal portfolio allocation leads to w}, = 0 and total capital stock is zero
(KP = 0). This leads to the fact that under the borrowing constraint, the wealth
distribution degenerates to a point mass and the economy is boring, as described in
achdou2022income<empty citation>. This makes it possible to generate a realistic

wealth distribution without relying on arbitrary preference heterogeneity.

4.4.2 Precautionary Savings

Our theoretical framework is naturally extended to examine how uninsurable
idiosyncratic labor income risk affects household savings behavior in the pres-
ence of aggregate shocks. This extension is important for understanding the ex-
cess capital accumulation of the macroeconomy in response to idiosyncratic shocks.
huggett2001laggregate<empty citation> emphasized that this accumulation is the
total amount of precautionary savings in the economy. The incomplete market model
has a larger steady-state capital stock than the complete market model because agents

cannot insure their labor (ljungqvist2018recursive).

Proposition 5 (Precautionary Savings against Uninsurable Labor Risk). The
introduction of uninsurable idiosyncratic labor income risk (7, ; > 0) induces households
to hold strictly higher levels of assets s} compared to an otherwise identical economy

s, where such idiosyncratic risk is absent (,,; = 0):
S7 > Snp- (60)
Proof. See Appendix D.2. O

Higher savings lead to greater asset accumulation over time. We have established
that uninsurable idiosyncratic labor income risk creates a precautionary savings motive
that leads to higher asset accumulation compared to an economy without such risk.
This result emerges naturally from the convexity of the additive value function and
represents a fundamental insurance mechanism in dynamic economies with incomplete
markets. The magnitude of this effect depends on the household’s position in the
wealth distribution and the degree of prudence in their preferences, with lower-wealth
households exhibiting stronger precautionary responses due to their higher marginal
utility of wealth and the convexity of the value function.

This result holds regardless of the correlation between the systematic-risk asset and
labor income, as long as the idiosyncratic component cannot be perfectly hedged through
the tradeable assets. Even in the presence of aggregate shocks and partial hedging
opportunities through portfolio choice, idiosyncratic risk creates additional welfare costs

that households can only mitigate through self-insurance via asset accumulation.
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This proposition reflects the fundamental insurance principle in dynamic con-
sumption theory. When households face uninsurable background risk, they re-
spond by accumulating additional assets to self-insure against adverse income
realizations.  This precautionary behavior makes the expected marginal utility
of consumption higher under uncertain income than under its certainty equiv-
alent. Early work on precautionary savings was done by miller1974optimal;
sibley1975permanent<empty citation>. This research was further devel-
oped by zeldes1989optimal; kimball1991technical; kimball1990precautionary;
wang2003caballero<empty citation>. carroll1996concavity <empty citation>
summarized the class of hyperbolic absolute risk aversion (HARA) utility functions based
on the discrete Bellman framework. This proposition is also related to risk vulnerability
that adding an background risk to wealth makes risk-averse households behave in a
more risk-averse way with respect to any other independent risk (pratt1987proper;
gollier1996risk).

4.5 Analytical Solution under Homogeneity

To more directly understand the core mechanism of the model and obtain an
analytical solution, we assume that in the LSS, the value function v(a, y) is homogeneous

with respect to the household’s financial wealth a and labor income y:

vla,y) = L—h) (61)

where h(z) is an unknown function that is only related to the asset-income ratio
x; = a;/y;. This assumption allows us to simplify the household’s decision-making
problem into a single state variable problem that is only related to the asset-income ratio
x. This setting allows us to handles cross-derivatives of the value function and derive

explicit expressions for the ERRA, REP, and their impact on the optimal portfolio.

Lemma 1 (Distorted Effective Relative Risk Aversion). Under the assumption
that the value function is homogeneous, the effective relative risk aversion 7(a;) is equal

to a distorted risk aversion function 7(x;) determined only by the asset-income ratio x:

n(ar) = (ze) = —$t—h,($) - (62)
Proof. See Appendix E.1. ]

The lemma 1 shows that whether from a general form or under a more structural
homogeneous assumption, the core variable that determines a household’s effective risk

attitude is jointly determined by the elasticity of consumption with respect to wealth
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€c,o and the basic risk aversion coefficient v. We now use it to derive the explicit forms of

the REP effect and the optimal portfolio allocation under the homogeneity assumption.

Lemma 2 (Homogeneous REP Effect and Optimal Portfolio Allocation). Under
the assumption that the value function is homogeneous,

(i) The risk-exposure premium effect Q*(a,) simplifies to a function Q(zy, y;):

Qxy,y) = ! (1—1>. (63)

LtYtOs M
(ii) The optimal portfolio allocation w; simplifies to a function @*(x, y:):

. I fps—1y . 1 .
w* = + ps — )+ —(n,— 1) . 64
(¢, 1) 70 { - PsyTy (Tt — ) o~ (7 )] (64)

Proof. See Appendix E.2. O

This lemma provides an explicit analytical solution for the household’s portfolio
choice under the homogeneity assumption. It clearly demonstrates how the optimal
allocation w* is governed by the asset-income ratio x; through the endogenous risk
aversion 7)(x;) and scaled by the level of labor income y;. The results in Lemma 1 and
Lemma 2 provide the foundation for deriving analytical solutions for the mechanisms.

We now formalize these results.

Proposition 6 (Homogeneous Form of the Macro Effect Function). Under the assump-
tion that the value function is homogeneous, a distorted macro effect M(xt) which is

explicitly dependent on the household’s asset-income ratio:

M(zy) = [psyoy (7 —7) + — (7 — 1)] < 0. (65)

Proof. See Appendix E.3. O]

Corollary 4 (Analytical Sharpe Ratio Premium). Under the homogeneity assump-
tion, the Sharpe ratio difference between a diversified portfolio P and a systematic-risk

asset F', as defined in Corollary 3 and 8 € [0,1), has the following analytical solution:

Sp—Sr
_ 1 Bo, (66)
—( ps )+ —@m—-1)) [1- <0.
<P yUy(Wt ’Y) T10; (77t )) < \/5203 +(1— 5)2012\7)
Proof. See Appendix E.4. O
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These results provide an analytical form for the condition that lead households
underdiversification. The sign of M(x;) depends explicitly on the household’s 7(z;)
relative to its baseline risk aversion v and the neutrality level of unity. The explicit
analytical solution for the premium households require to alter their portfolio composition.
It precisely quantifies how a household at state (zy,y;) with effective risk aversion 7(x;)
trades off the higher Sharpe ratio of a systematic-risk asset against the welfare cost of

its associated aggregate risk, which is captured by the M (z;) function.

5 Visualization of the Theoretical Results

To translate our theoretical framework into quantitative predictions, we parameterize
the model and visualize the core economic mechanisms. Our parameterization is
disciplined by the theoretical properties derived in Section 4. Specifically, we adopt a
parsimonious functional form for the household consumption rule, ¢(a), that is consistent
with the theoretical properties derived in the preceding sections. We adopt the form
c(a) = (ch + (kr, - a)?)1/?, which ensures that consumption is sustained by a base level
co at low wealth and becomes asymptotically proportional to wealth (c(a) ~ kr, - a) for
affluent households, consistent with Theorem 1. This formulation generates a smooth,
monotonic elasticity of consumption with respect to wealth €. ,(a), which in turn ensures
that the ERRA, n(a) = v - €.q(a), adheres to the boundary conditions established in
Propositions 1 and 2. The subsequent analysis illustrates how this endogenous risk
aversion shapes portfolio decisions across the wealth distribution.

For our baseline simulations, we set the model parameters as follows: the decay rate
p is 0.8; the coefficient of CRRA, 7, is 3; the time discount rate, p, is 0.05. We assume
an annualized expected return for risky assets, s, of 8%, and a risk-free rate, 7, of 3%.
The mean income, 1, is normalized to 1.0. Asset volatilities are set at o, = 0.30 for
risky assets and o, = 0 for income. For hand-to-mouth households at the lower end of

the asset spectrum, consumption ¢y equals their income.

5.1 REP and its Implications

The cornerstone of our mechanism is the state-dependent nature of households’” REP.
Figure la plots the ERRA, n(a), as a function of household wealth, a. The figure
illustrates the theoretical predictions of our model.

First, consistent with Proposition 1, as wealth approaches the borrowing constraint
(@ — 0), ERRA n(a) converges to zero. This occurs because consumption is almost
entirely determined by non-financial income as same as wealth is small, making the

marginal utility of financial wealth nearly constant concerning changes in a. Second, in
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line with Proposition 2, as wealth becomes large, n(a) asymptotically converges to the

underlying preference parameter, v, which is set to 3 in this calibration.

Risk-Exposure Premium Effect Q° (a)

; n(a)=1

n(a)
Q" (a)

T T T T T T
10° 102 10* 10° 10?2 104
Wealth level a Wealth level a

(a) (b)

Figure 1: Effective Relative Risk Aversion and the REP Effect

It is worth noting that the transition of n(a) across the critical value of unity dictates

the sign and impact of the REP effect, Q*(a) 77(7]“((51. As shown in Figure 1la, for
households with wealth below a certain threshold, n(a) < 1, inducing a negative premium
that powerfully suppresses demand for risky assets. Conversely, for wealthier households
with n(a) > 1, the premium becomes positive, reflecting an endogenously hedging
behavior against aggregate shocks.

Figure 1b isolates the REP effect, 2*(a). The singular nature of this term at low
wealth levels is apparent. As a — 0, n(a) — 0, causing *(a) to diverge to —oo. This

provides a powerful endogenous force for non-participation in the risky assets market.

n(a)—1
n(a)

presence of the 1/a scaling factor in the definition of *(a) ensures that the effect itself

For wealthier households, as n(a) approaches 7, the term stabilizes. However, the

vanishes, approaching zero from above.

5.2 Optimal Portfolio Allocation and Limited Participation

The wealth-dependent ERRA 7(a), channeled through the REP mechanism, produces
a rich pattern of portfolio holdings across the wealth distribution. Figure 2a depicts
the optimal risky asset share, w;, and contrasts it with the benchmark: the classi-
cal merton1969lifetime; merton1973intertemporal<empty citation> portfolio
choice problem based on no risk in labor income.

The results provide a clear visualization of our central theoretical claims. At low
levels of wealth, the REP effect Q*(a) is strongly negative, as shown in Figure 2a. This

force overwhelms the myopic demand, driving the optimal allocation w; to the zero lower
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Figure 2: Optimal Portfolio Allocation

bound. This provides a novel, endogenous rationale for the empirically documented
phenomenon of limited stock market participation among low-wealth households, a
direct consequence of Corollary 1. Our model generates this result without imposing
exogenous constraints or assuming extreme correlations between labor income and asset
returns.

As wealth increases, n(a) surpasses one, and the REP effect becomes positive,
leading to a distinctive "hump” shape in the optimal portfolio. For the wealthiest
households, two effects ensure convergence to the baseline ratio in Corollary 2. First,
the REP effect Q*(a) vanishes due to the 1/a scaling factor. Second, n(a) converges to
v. Consequently, as predicted by Corollary 2, the optimal portfolio share w; robustly
converges to the baseline ratio, demonstrating that standard portfolio theory serves as a
good approximation for the afluent but fundamentally mischaracterizes the behavior of
the less wealthy facing common shocks in risky assets.

Figure 2b further explores the properties of the optimal portfolio choice by presenting
a comparative statics exercise to the volatility of risky assets, o,. An increase in volatility
unambiguously lowers the demand for risky assets across all wealth levels, a standard
result. Note that the figure illustrates a more subtle point: the wealth threshold at
which households begin to participate in the risky assets market increases with volatility.
This is because higher volatility amplifies the cautionary effect of the REP mechanism

at low wealth levels, making households even more reluctant to hold risky assets.

5.3 Implications for Wealth Dynamics

Finally, we examine how these wealth-dependent portfolio choices translate into wealth

accumulation dynamics. Figure 3 plots the expected instantaneous change in wealth,
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Wealth Drift Function p,(a)

Expected Change in Wealth, E[da]/dt

Wealth level a

Figure 3: Wealth Accumulation Dynamics

or the wealth drift function, u,(a) = E[da]/dt. The drift function is negative for a
significant range of low to moderate wealth levels, indicating an endogenous force pushing
these households toward the borrowing constraint. This ”poverty trap” dynamic is a
direct result of limited participation induced by the REP mechanism; by holding only
the risk-free asset, these households have lower expected returns.

However, at very high wealth levels, the portfolio share converges to the baseline
ratio, and the wealth drift becomes strongly positive and convex. This convexity implies
that the wealthiest households accumulate wealth at an accelerating rate, creating a
powerful mechanism for the emergence of a fat-tailed wealth distribution. The interplay
between the poverty trap at the lower assets and the explosive accumulation at the
upper assets, both driven by the endogenous portfolio responses to common shocks,
provides a novel channel for generating and sustaining wealth inequality.

It is imperative to acknowledge that the analysis presented in this subsection is
predicated on the assumption that all households possess a common benchmark income
Yo The reality is that a household’s income y usually corresponds to their wealth a.

This will certainly make the poverty trap worse.

6 Conclusion

This paper finds that the price households pay for their exposure to aggregate risk
is not a fixed value but is endogenously determined by their position in the wealth
distribution. It is this wealth-related cost that squeezes low-wealth households out of
risk markets while causing the investment behavior of the wealthiest to converge with

classical theory. A direct implication of this mechanism is that financial stability policies
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aimed at smoothing macroeconomic fluctuations may, by reducing the risk exposure
costs of the poor, unexpectedly open a path to wealth accumulation, thereby profoundly
impacting the underlying structure of wealth inequality.

It is important to acknowledge that the theoretical deductions in this paper are
based on a partial equilibrium, in which households employ simplified forecasting rules
to cope with a complex dynamic environment. Therefore, the model does not capture
the feedback loops that occur when the actions of all households, when aggregated,

influence asset prices.
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A. Proofs of Main Results at the Borrowing Con-

straint

A.1 Proof of Proposition 1

Proof. To prove the proposition, we analyze the limit of each component of the product
in (41) as wealth a; approaches the borrowing constraint from above, which we take to
be a; — 0T.

The assumptions stated in the proposition are:

1. The coefficient of constant relative risk aversion, -, is a finite positive constant.

ocr . .
h, % = 5., is bounded, i.e.,

there exists some M < oo such that % <M as a; — 0",

2. The marginal propensity to consume out of wealt

Furthermore, we consider a household with a positive stream of non-financial income,
y; > 0. As the household’s financial wealth a; approaches zero, consumption does
not fall to zero. Instead, it is sustained by labor income. Thus, optimal consumption
¢ converges to a strictly positive value, ¢*(0,y;) > 0. Consequently, the limit of the

wealth-to-consumption ratio is:

. Qy limat%0+ ay 0
lim — = - - =
a—0t cf  limg, o+ ¢ *(0,y)

~0. (67)

According to the equation (41), we can now evaluate the limit of n(a;):

lim n(a;) = lim (a—i@ )

atHO‘*‘ atAO‘*‘

:(lim a—i)-(lim %>’y

ar—0+ C} ar—0+ Oa (68)
= (0) - (bounded value) - (finite constant)
= 0.

This establishes that the effective relative risk aversion vanishes as the household’s

wealth approaches the borrowing constraint. O

A.2 Proof of Corollary 1

Proof. The proof is presented in two parts, corresponding to the two limits stated in
the corollary.
The REP term is given by equation (35):
1 ay) — 1 1 1
L e (e | (69)

atos  n(az) a0 a)
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We analyze its limit as a; — 0. From Proposition 1, we have lim,, ,o+ 1(a;) = 0. Since
for any a; > 0, wealth is positive, consumption is positive, % > 0 (for a non-Giffen
good), and v > 0, it follows that n(a;) > 0. Consequently, the limit is approached from
the right, i.e., n(a;) — 0%,

Let’s examine the terms in (69):

1. lim,, o+ = +00, assuming asset volatility o, is a positive constant.

atos

2. limg, o+ (1 - @) Since n(a;) — 07, the term 1/n(a;) — +oc. Thus, the

expression tends to —oo.

The limit of the product is therefore:

g o) = (i ) (i (1 56)) = (o0 (o= e 0

This confirms that the REP term diverges to negative infinity at the borrowing constraint.

The optimal portfolio allocation w; from equation (34) can be expressed as the sum
of the REP term Q*(a;) (35) and the classical portfolio choice

wl =w — V(). (71)

The classical component can be expressed in terms of ERRA as:

u}g = — l — at i 'LLS _ /rf Ua _|_ M Uay
a; n(at) vg o? O

(72)
_ 1 ﬂs_rf_l_psyay@
n(ar) o3 Os Vo]
The full portfolio is then:
1 s— T sy 0y Vg 1 a;) — 1
wy = [# 5 o P yo—y_y:| + M (73)
n(a) | o2 Os Vol @wos mnlay)
To evaluate the limit, we combine terms over a common denominator, a;o4n(a):
@y B+ 2] (e — 1
wl = - — : 74
¢ aio sn(at) ( )
Let us analyze the limit of the numerator and the denominator as a; — 0.
As a; — 07, the first term a40;]. .. ] — 0 because the bracketed expression is assumed

to be bounded. From Proposition 1, n(a;) — 0. Thus, the numerator converges to:

lim (aioq]...]+n(a) —1)=04+0—-1=—1. (75)

at—>0+

As a; — 07, both a; — 0 and n(a;) — 0. The denominator a;osn(a;) — 0. Since
a; >0, 0, > 0, and n(a;) > 0, the denominator approaches 0 from the positive side (07).

42



Combining these results, the limit of the unconstrained optimal portfolio is:
lim w} ,.=— = —00. (76)

This shows that the underlying optimal behavior is to take an unboundedly large short
position in risky assets.

However, the corollary states the portfolio choice vanishes. This result holds under
the empirically relevant institutional constraint that households cannot take infinite
short positions, often modeled simply as a no-short-sale constraint, w; > 0.

Let wf,,. be the unconstrained solution derived above. The constrained optimal
portfolio choice is given by:

w: - maX<07 wzunc)' (77)

Since we have shown that lim,, o+ Wy . = —00, there exists a 6 > 0 such that for all
a; € (0,6), Wi yne(a;) < 0. In this region, the optimal constrained choice is the corner

solution:

w;(a;) =0 for a; € (0,9). (78)

Consequently, the limit of the constrained portfolio choice is:

lim wy = 0. (79)

at—>0+

]

B. Proofs of Main Results at High Wealth Levels

This appendix provides rigorous proof for the main result in the text concerning the
asymptotic behavior of the household’s optimal consumption-wealth ratio. We prove
that, as a household’s wealth approaches infinity, its consumption-wealth ratio converges
in the L? sense to a deterministic constant determined by the economy’s fundamental
parameters. The proof relies on a scale transformation of the governing BSHJB equation,

modern SPDE regularity theory, and martingale convergence theorems.

B.1 Preliminaries and Statement of the Main Theorem

The agent’s value function v(a,y, K, t) is the unique solution to the following BSHJB

equation, given in the main text as the equation (26):
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1
—dv, = sup {u(ct) + ([wi(ps = rp) +7rrlay +yr — ) vo + §(wtat05)2vaa

Ct,Wt

1 N
+ iy Uy + éo-gvyy + WtatYtPsyO0 sOyVay + HEVg — WO (atvaa + Ua)

— OyPsylay — Oyr/1 — pgyvyy} dt — AST;,
— Ov

where for brevity we denote partial derivatives by subscripts (e.g., v, = §7) and the

martingale component by ASI;. The optimal policy ¢*(a,y, K, t) is derived from the
first-order condition u/(c*) = v,.
Our proof requires standard assumptions on the boundedness and smoothness of the

model’s coefficients.

Assumption 1 (Regularity of Coefficients). The utility function is of the CRRA
=
1=y
(s, £10s, by, Oy, Psys fi) are assumed to be uniformly bounded and sufficiently smooth

form, wu(c) with v > 1. The market and income process coefficients

(e.g., globally Lipschitz continuous) in the state variables.

Under this assumption, standard results from the theory of MFG with common
noise guarantee the existence and uniqueness of a solution v € C%2?%! in the state space
(a,vy, K ,t), which possesses sufficient regularity for the following analysis. Note that if
the state variables were to include distribution measures, this framework would extend
to a McKean-Vlasov equation, demanding more stringent regularity assumptions on the
coefficients to guarantee the existence and uniqueness of solutions, as discussed in works

like cardaliaguet2019master; achdou2021mean<empty citation>.

B.2 Proof of Theorem 1

The proof proceeds in four steps. First, we define a scale-invariant value function and
derive the BSHJB equation it satisfies. Second, we perform an asymptotic analysis
on this new BSHJB equation, showing that its stochastic, income-related, and macro-
state-dependent terms vanish in the limit. Third, we characterize the resulting limiting
deterministic HJB equation. Finally, we use the convergence of the value functions to

establish the L? convergence of the policy functions.

Proof. Step 1: The Scale Transformation We introduce a scaling parameter £ > 0
and define a new value function v¢ which normalizes the original value function v by the
agent’s scale. The transformation applies only to the individual-specific state variables

(a,y), not the aggregate state K.
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Definition 7. For any £ > 0, the scaled value function ve : (0,00) x R xR x [0,7] - R

is defined as:

ve(a,y, K1) == gll_vv(iaéy,f?,t)- (80)

The key to the proof is to understand the dynamics of vg.

Lemma 3. The scaled value function ve(a,y, K, t) satisfies a BSHJB equation where
the coefficients of the labor income process and the magnitude of the martingale term

are scaled down by powers of &.

Proof of Lemma 3. We derive the dynamics of ve by applying the chain rule to its

definition. The partial derivatives of v¢ relate to those of v as follows:

an 821)

a—; :571)&(5@,...), 67; :gfﬁ_lvaa(éa?”')u

ov v

a—; :ngy(ga,...), W; :§7+1Uyy(£aw'-)7 (81)
9%v ov _
8@_@2 = Oy, (a, .., a}é =g (Ca, . ).

Let ¢ = ¢/€ and we = w be the scaled controls. Substituting these into the original
BSHJB equation (80), evaluating at (£a, £y, K, t), and multiplying the entire equation
by &1 yields the BSHJB equation for v¢(a,y, f(,t). The drift term, for instance,

transforms as:
& u(e) = u(e/é) = u(ce). (82)

And the wealth dynamics term becomes:

& ([wlps —rp) +14](8a) + (€y) — (§c¢)) val€a ..

(83)
= ([w(ps =) +rla+y—ce) veala,...).

After transforming all terms, the labor income drift and volatility terms are scaled:
fy — py /€ and oy — 0, /€. The martingale term dM;, for ve has coefficients that are

also scaled down, which is the subject of the next step. O

Step 2: Asymptotic Analysis of the Scaled BSHJB equation
We now analyze the BSHJB equation for vg in the limit as £ — co. We show that

all terms that differentiate the agent’s problem from the classic Merton problem vanish.

Lemma 4 (Vanishing Martingale Component). Let M, be the martingale component
of the solution to the scaled BSHJB equation. Then,

lim E
§—o0 s€[0,t]

sup |M§75|2] = 0. (84)
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Proof of Lemma 4. The martingale term dM¢, is a linear combination of the original
stochastic drivers, with coefficients depending on the scaled derivatives. A typical
coefficient is the one on dW5,, which includes the term % PsyVe,y- The homogeneity of

the value function implies that for some constant K, |v,(a,y, K, t)] < Ka™". Thus,

%psyv&y(av cee )‘ = ‘&psygvvy@aa ce )' < yayfﬂfvf((fa)_ﬁf = %%

The squared coefficient decays at a rate of €72, Applying this to all components of

(85)

the martingale term, the quadratic variation (M), satisfies:

K ) Ct
E[(Me)e] =E | | Z¢;sllzds| < 3 (86)
0
for some constant C' independent of &, where || - ||r is the Frobenius norm. By the

Burkholder-Davis-Gundy (BDG) inequality, there exists a universal constant Cgpg such

that:
CgpcCt

S

Taking the limit as & — oo, the right-hand side converges to zero, which proves the

E | sup |Me,|? (87)

s€[0,¢]

< CppcE[(M),] <

lemma. O

The deterministic terms related to labor income (u, /€, 0,/¢) and the macro-state
(fuvg/€177) also vanish. The former is immediate from the scaling. For the macro-state
term, we posit that in the limit of infinite wealth, the agent’s value is insensitive to
marginal changes in the aggregate state, implying lim¢_, v - = 0.

Step 3: Convergence to the Deterministic Benchmark Problem

As £ — oo, the BSHJB equation for ve converges in distribution to a deterministic
HJB equation. This limiting equation is the familiar HJB equation for an infinitely-lived

agent with no labor income, corresponding to the LSS optimal problem:
pvs(a)

1 (88)
=sup {u(c) + [(w(ps —7f) +r)a — ¢ — woslvg(a) + [i(waasf — waas]vg(a)} .
The solution to this HJB equation is vg(a) = B%, where B is a constant. The
associated optimal consumption-wealth ratio is the constant k;, given in the statement
of Theorem 1.

To derive kr, we substitute the proposed solution vg(a) = B “11:,: and the CRRA

utility function u(c) = ‘311:; into the HJB equation (88). The first and second derivatives

of vg(a) are:
vg(a) = Ba™"

(89)
ve(a) = —yBa 77t
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First, we find the optimal consumption ¢*. The first-order condition with respect to c is

u'(¢) — vg(a) = 0, which gives:
¢’ =Ba" = ¢ =B (90)
Let k;, = B™Y/7, so ¢* = kpa.
Next, we find the optimal portfolio share w*. The first-order condition with respect
to w is:
(15 — 40 — o, Jul(@) + (wo?a? — o,a)oli(a) = 0. (91)
Substitute the derivatives vig(a) and v§(a):
(s — rp)a — og](Ba™") + (wola® — o.a)(—yBa™7"1) = 0. (92)
Dividing by Ba'™ (since B # 0 and a # 0):

* Ms — ’f’f Y 1
w(a) = o + mo— (93)

Now, substitute ¢* = kpa, w* = % + ,Zc;ls, vs(a), vg(a), and v¢(a) back into the
HJB equation (88):
To complete the proof, we substitute the expressions for ¢*, w*, vg(a), vs(a), and

v¢(a) into the HJB equation (88).

a'=" (kpa)'™

pB = + ((ry + w* (s — r4))a — kra — wo,) Ba™
11— 11—~ (94)
1
+ (§(w*asa)2 — w*aas) (—yBa™ 7).
Divide the entire equation by Ba!'~":
7.1—y *
P kL * 1. 1 * 2 W Os
= + (re+w (pus —rf) — k) — =(Wos)*y + (v—1)
ky -1
:B(lL——fy) + (ry +w (s —1p) — k) — §(w*as)2% as a — 00.
Since k, = B™Y/7, we have B = k; . Substitute this into the first term:
];;1_"/ * 1. 1 *
1'0 :_—WL +(7‘f—|—w (Ns—rf>—]€L)—§(w 0'5)2’)/
- k{ (1—=) (96)
k - 1
= W (s — ) — R — S (Wey)y.
— 9
Combine terms involving kp:
p kr —kr(1—~ . 1, .,
S BB (=) - S
1—7 ) 1—7 2 (97)
k 1
S b (e ) = ()
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Multiply by (1 —~):

1. * 1 *
p="kr+ (1 —7)|rr+w (us—rf) — E(w 05)27] . (98)
Now, substitute w* = =5* (as a — 0o) into the equation:
T _ (ps —7p)?* 1 (ps—ry ’ 2
k4 (1 — W 7797 _ 2
P =YKL + ( 7) Tf + 70_3 2 ’70'3 el
= [ s— 1) 1 (s —rp)?
=k + (1 =) |ry+ M - —%037
I Yo 2 viog (99)
7. [ (:us - Tf)Q 1 (NS - Tf)Q
ke 4+ (1 — Ms 7 7f) 2B TN
Yk + ( 7) _rf + Y02 2 o2
7 | (:us - Tf)Q
ki + (1 — We ZT5) |
/7 L + ( 7) _Tf + 270_2

Finally, solve for k;:
2
kL:%<p—(1—’y) (rf+%)). (100)

This LSS optimal consumption-wealth ratio is the same as the baseline ratio.

Step 4: Convergence of the Policy Function

The final step is to translate the convergence of the value function v — vj into the
convergence of the policy function ¢*/a. The optimal consumption policy is given by
the first-order condition /(c*) = v,, which for CRRA utility implies ¢* = (v,)~*/7. For
the scaled problem, the policy is ¢ = (Ve.a) 1.

From the analysis above, we have the convergence ve — vy in a sufficiently strong
sense (implied by the SPDE regularity theory) that ensures the convergence of the
derivatives, ve, — Uarq. Since x — =17 is a continuous function, the Continuous

Mapping Theorem implies:

£lim ce(1,y/¢, K.t) = (vpa(1) ™Y =epy(1) =k as. (101)
—00
To establish the desired convergence, we set the scaling factor £ equal to the wealth
level a: ) R
* Kt (€-1,¢- Kt -
¢ (O/,y’ ’ ) == ¢ (g 7§ éy/a)7 ’ ) :CZ<17y/a/7K7t)' (102)
a
Consequently, we have established almost sure convergence:
* K,t) -
T (YT STO R (103)
a—ro0 a

To strengthen this to L? convergence, we must show that the family of random variables
{(c*/a)*}4>0 is uniformly integrable. The regularity bounds on the value function v
and its derivative v, (which grows as a~7) ensure that ¢*/a is uniformly bounded in
L?. By the Dominated Convergence Theorem, almost sure convergence implies L?

convergence. O
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B.3 Proof of Proposition 2

Proof. Theorem 1 implies that as a — oo, the consumption function becomes linear
in wealth, ¢*(a) ~ kra. Thus, the marginal propensity to consume converges to the
average propensity to consume:

lim 86—@ = lim
a—oo  Oa a—co @

*(a) 2

L- (104)

Consequently, the elasticity of consumption with respect to wealth converges to unity:

T/ T (“) 0@ _ )1y = 1. (105)

a—00 c*(a) Oa a—o0 a Oa

Substituting this limit back into the expression for ERRA 7(a), we obtain the desired
result:
lim n(a;) =7v-1=n7. (106)

a—00

]

B.4 Proof of Corollary 2

Proof. The optimal portfolio allocation, w;, consists of a myopic demand component

and a strategic hedging component, Q*(a,):

Wia) = 5277_(;/; + Q% (ar). (107)

The strategic component, Q*(a;), hedges against fluctuations in the investment opportu-
nity set and future labor income. As wealth a becomes large, the present value of future
labor income becomes negligible relative to financial wealth. Consequently, the hedging
motive diminishes, and Q*(a;) converges to zero. This is reflected by the wealth-scaling
factor in its analytical expression (see Equation (35)), which ensures lim, ., Q*(a;) = 0.

For the total allocation, we take the limit as a — oo:

: * : luS B Tf : *
1 =1 lim 2 : 108
im i) = i (5202) 4 i 0 (a (109
Using the result from the Proposition 2 that lim, . 7(a;) = 7 and that the
hedging demand vanishes, we find that the portfolio converges to the classic

mertonl1969lifetime<empty citation> share:

lim o = K1 (109)

a—o0 O'g’y

]
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C Proof of the Macro Effect

C.1 Proof of Lemma 5

Lemma 5 (Invariance of the Wage Fixed Premium). The functional form of
the wage fixed premium is determined solely by the parameters of the macroeconomic
environment and is independent of specific risk-exposure characteristics of assets available

in the household’s investment opportunity set.

Proof. The household’s optimization problem is described by the BSHJB in Definition
26. The ASP is given by (15). By definition, the WFP is the component of the ASP
that is not scaled by the household’s portfolio choice w;. According to (17), we have

v 0%
WFPt = —0y (psym + 1-— pgya_yQ) . (110)

Note that economic parameter ps, is an exogenous parameter of the model. p;, is
the correlation between the financial shock dW; and the aggregate labor income shock
dW,. This parameter is a primitive that defines the structure of the macroeconomic
environment in which the household operates. It is independent of any specific financial
asset’s properties.

The mathematical structure of the WFP is generated by the interaction of the value
function with the exogenous labor income process. The characteristics of the available
set of financial assets (e.g., their expected returns pu, volatilities o, or whether they are
systematic or idiosyncratic) only enter the BSHJB through the Hamiltonian A that are
scaled by the portfolio choice wy.

While the equilibrium solution for the value function v itself will depend on the
richness of the investment opportunity set, the functional form of the WFP term as a
component of the BSHJB remains invariant. It is a fixed feature of the ”background
risk” the household faces from their human capital in this economy.

Therefore, since all components of the WFP’s functional form are determined by the
immutable structure of the macroeconomic environment and the labor income endow-
ment—mnot by the characteristics of tradable financial assets—the WFP is independent
of the household’s specific investment opportunity set. This confirms that a household
faces the same WFP whether they choose to invest in the systematic-risk asset or the

idiosyncratic-risk asset.
O
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C.2 Proof of Proposition 3

Proof. (i) Consider two households with identical wealth a; and income y;, but facing
different risk-exposures assets. Household invests in idiosyncratic-risk assets, then its

HJB equation is:

0 _ 0
oo™y = max {u(ct) + {lwi(ps — ) +relag + v — i} 8_2 + (py + /mz)a_v}
: (111)

1 Pv 1, 5 0% 0%v
+§(thtUs) @+§(0y+ani )8_y2 —oyy/1 —pgya—yQ.

Household invests in the systematic-risk asset at the LSS, then its HJB equation is:

ov N
g =mmsx {uleo) + (sl = )+ 7l + 30— ) G+ G+ )5}
1 v 1 5. 0% 0%
+ {E(wtatas)Qw + 5(0’5 + O'niQ)a—y2 + wtatytpsyasaym} (112)

0?v  Ov 0%v 0%
_ v g7 1227
{wtas (at Oa? * aa) T OuPsy Oyda oy L 8y2} '

We cannot directly compare the FOC expressions with respect to w because the
derivatives of v are different. The core idea of the perturbation method is to regard the
transition from problem N to problem F as adding a ”perturbation term” D(v) to the
HJB equations of problem N.

We first find the difference between the two HJB equations. Subtracting the two

equations gives the perturbation term:
D(v) = W@t YiPsyTsOylay — (Wi s(AtVaa + Va) + TyPsyVay] (113)
The HJB equation for problem F can be written as:
pv’ = HIBy(v") + D(v"), (114)

where HJB means replacing vV in the HJB equation of problem N with v

When the disturbance term has a negative impact on the agent as a whole (i.e., is
equivalent to a cost or an additional unhedgeable risk), the rational agent will reduce
the behavior that leads to the disturbance term (i.e., hold less w).

To formalize this idea, we consider how the perturbation term changes the FOC on
w. The FOC of problem F can be viewed as the FOC of problem N plus the partial

derivative of the perturbation term with respect to w:

FOCp = FOCx(v") + %D(UF) =0, (115)
where FOCy (vf) is :
FOCN(UF) = (s — Tf)atvf + w}(atas)QvZ. (116)
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The partial derivative of the perturbation term with respect to w is:

oI = %D(UF> = atpsyascryvfz,, — Us(atvfa + vf) (117)
Now, the FOC of problem F can be rewritten as:
—osT = (s — Tf)atvf + wh (o) (118)

Our goal is to demonstrate the negative effect of risk-exposure in isolation. To
do this, we need a clear ceteris paribus benchmark without loss of generality for the
comparison of w, namely the assets have a comparable risk-return profile. The key to
comparing wy and wjy is to analyze the sign of 7.

The FOC for problem N and F with respect to w are:

(:us - Tf) UN
x o= Mo 7T e 119
W ao? vl (119)
_ F T
O (k) A S (120)

ao? vk (a40s)?0E)

Using the ERRA n(a;) = —a; 2=

Vaa

—0s(AVaq + V,) = 050, (N(ay) — 1) . (121)

Consequently:
T = [atpsyayvé; + (n(ay) — 1) Uf] . (122)
Under the condition in equation (49):

0%v Ov

atpsyaym + (n(ar) — 1)% < 0. (123)

This implies T' < 0.

We must introduce a key approximate assumption commonly used in perturbation
methods: We assume that the investment opportunities provided by assets P and F are
close enough so that the value functions they generate and their derivatives are also
close enough, that is, v = v"V. This assumption means that the difference in value
functions caused by different asset selections is a small second-order quantity and can
be temporarily ignored when analyzing first-order effects.

Now, let’s define a function f(w,v) = (s —7¢)asv, +w(a;0s)*veq. Then, the optimal
policies satisfy:

flwp,vF) = =T > 0= f(wy,v"). (124)

Since the household is risk-averse, v,, < 0, making f(w,v) strictly decreasing in w.

Given that f(wp,v!) > f(wk,vY) =0 and f is decreasing in w, we conclude:
wp < wy- (125)
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We let M =

(ii) Consider two households with identical states (at, y:), one with access to asset

F and the other to asset N. We want to find the condition under which their welfare
is equivalent, i.e., v (as, ;) = v (as,y;). This requires the maximized values of their

respective HJB equations to be equal:

max Hp(w, v") = max Hy(w, o), (126)
where the Hamiltonians are defined as:
2 { ( ) 8v+1( )282v+ 0*v
= max { w —rp)a— + = (WO F )" == + Wi QY Py OOy ——
F 12 t\UF f tog | g \Weat F a2 tatYtPsy y@a@y (127)
0%v N Ov 0% \/172(9%}
—wos | Gp=— + — | —0oypsy—— — 0O —p2 —
! "8a2 " da yP Y 0yoa v Psy 0y?
and
ov 1 0%
Hy = max {Wt(MN - Tf)at% + E(WtatUN)Q@ — OyPsy 7 8y8a Psy
128)

From part (i), we established that under condition (49), wj < wh and T' < 0, where

T is the marginal effect of the perturbation term on the portfolio choice.
For the N-household:

1
pvV = max {w(uN —rp)avl + §(wataN) vaa} +WFEPY. (129)

For the F-household, the complete HJB equation is:

1
§(wataF)%§; + wT} + WFPF, (130)

pv’’ = max {w(,up —rp)awl +
where T = atpsyava (azvf +vF) from our perturbation analysis.

The portfolio-independent terms are the same between the two problems:
WEPE =WFPY. (131)

For welfare equivalence v (a;, y;) = v (ay, y¢), we require not only that the maximized
portfolio components are equal, but that the complete HJB equations yield the same
value. However, we can exploit a crucial insight: if we can show that the optimal
portfolio choice compensates for all welfare differences (including the cross-derivative
term), then welfare equivalence is achievable.

The maximized portfolio components are:

(va)”

—yN

max Oy (w) = 5512\, (132)
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1 [(up - rf)vf + UFT/ad2
202, -k

, (133)

max Up(w) =
w

where Sy is the Sharpe ratio of the N-household S = *=~.

Now, for welfare equivalence, we need the complete HJB equations to be equal. This

requires:

max Op(w) — max vy (w) = 0. (134)

Substituting our expressions:

2
L (e = rpew +orlTja] 1o () _, (135)
202, -k 27N N
For welfare equivalence, we must have v = vV at the point of comparison, which
implies v} = v = vq, v}, = VY, = Vea, and v}, = v} = vay. Substituting:
1 —r e+ orT/a]> 1 2
- [(II‘LF Tf)v or /at] o _S]QV Ua — O (136)
20% —Vga 2 "~V
However, we note that from the definition of T
T = tPsyTyVay — (AtVaq + V). (137)
After algebraic manipulation, we arrive at:
1 2 1 — 74 )Vq T/a,)?
_512\7 Ua — 5 [(/’LF /rf)v + O_F /a’t] . (138)
2 —Uga 20% —Uga

Taking the square root of both sides and noting that from the F-household’s FOC,

(wp —1)vq + 0T /ay = —Wi0FVa/ar > 0 (since wi > 0 and vy, < 0):
1
SNUg = - ((up —1f)ve + 0T /ay] . (139)
F

Substituting the definition of the F-asset’s Sharpe ratio Sp = (up — r¢)/op:

T
SNUa = SFUCL + a— <140)
t

Rearranging to isolate the Sharpe ratio difference:

T
Sp—Sy=— > 0. (141)
Vg
This directly proves that:
SF > SN. (142)
O
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C.3 Proof of Corollary 3

Proof. We establish the corollary by extending the perturbation method from Proposi-
tion 3 to analyze the convex combination of assets with heterogeneous risk-exposure
characteristics.

(i) Consider a portfolio P formed as a convex combination of assets F' and N with

weight 5 € (0,1) on the systematic-risk asset F:
P=pF+(1-p3)N. (143)
The portfolio’s return characteristics are expected excess return:
pp —rp = Blur — 1)+ (1 = B)(uy —71y) (144)

and volatility:

op :\/ﬂQU% + (1 — ﬁ)QO'?V + 25(1 — ﬁ)pFNUFUN

:5\/0% + d-pr ;26)2012\;,

(145)

where ppy = 0.

Since the systematic-risk asset F' corresponds to the aggregate risk factor s, we have
op = 05 and ppy = Py

The household’s optimization problem with portfolio P involves choosing the portfolio
weight wp to allocate between portfolio P and the risk-free asset. The complete HJB

equation is:

0 _ 0
pv’ = max {u(c) + [(wp(pp —1p) + 1) ay +y — Ct]a_z + (py + ,Uni)yta_z}

c,wp
1 v 1 o 0% 0*v
+ é(wpat)%]%@ + 5%2(0'2 + 072“>8_y2 + ﬁwpatpsyO'szaa—ay (146)

v v 0% / 0%
- BWPO—S (at@ + %) - Baypsym — Oy - (Bpsy)Qa_yQ'
From Proposition 3, the complete perturbation term for asset F' relative to asset N
is:
D(v) = WaiPsy0sTyVay — wWos(AVaa + Vo) — OyPsyVay- (147)

For portfolio P, the complete perturbation term is:

Dp(v) = B [wpapsyTsOyVay — wpTs(aUaq + Va)] — 0yr/ 1 — (Bpsy)*yy. (148)
The marginal effect of this perturbation on portfolio choice is:

oD
oslp = 85(0) =7 [atpsyasayvfy — as(atvfa + vf)] = Bo,T, (149)
P
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where T is the marginal perturbation effect from Proposition 3.
The FOC for portfolio P with respect to wp is:

(np — rp)awt + wpalorvl, + o, Tp = 0. (150)

This gives us:

(pp —rp)vy +osTp/a;

¥ = 151
“p aosvk (151)
For asset F', from Proposition 3:
(1 — 17)0F +0,T/a,
* a . 152
W ato-gvi ( )

Similarly, we adopt the assumption that assets have a comparable risk-return profile.
Under welfare equivalence conditions (where v = v"), the ratio of optimal portfolio

weights becomes:
wp 0‘3 ) (r —rp)va + BosT/ay

= — : 153
v o (= rr)e t o Tlan (153)

Since T' < 0 (from condition (49)) and |8T| < |T|, we have:
wp > W (154)

(ii) For welfare equivalence between portfolio P and the systematic-risk asset F', we

need the maximized HJB equations to be equal:
N Py _ A F
max Op(wp, v ) = max Op(wp, v ). (155)
wp WE
The maximized portfolio components are:

1 [(up —7f)ve + UFT/at]2
202, —Vgq

n[lﬁxﬁp(wF) = — OyPsyVay- (156)

For portfolio P, including the complete perturbation effect:

1 [(,U,p — Tf)Ua + 0'}:[111)/6%]2
20%, —Vgq

max Up(wp) = — B0y psyVay- (157)

Setting the two maximized Hamiltonians equal to each other gives:

L [(pp —rp)ve + UST/"“]Q

— OyPsyVq
902 o yPsyVay
%s ! ) (158)
1 [(up —rp)vg + BoT/ay]
_20123 m— — BOyPsyVay-

The logic of Proposition 1 established that for welfare equivalence between an

asset with risk exposure and one without, the required Sharpe ratio premium exactly
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compensates for the welfare cost of the perturbation. We extend this principle to
compare two assets with different levels of risk exposure. After algebraic manipulation
(utilizing the relationship between T" and v,, to account for the portfolio-independent
background risk terms), the condition for welfare equivalence simplifies to a direct
relationship between the assets’ Sharpe ratios and their respective perturbation terms.

Taking the square root of the maximized portfolio choice components (the ”value of
optimal investment”) and equating them after accounting for the background risk terms

leads to the following relationship:

T o,
SFUQ + — = Spl)a + ﬁ
Q a0 p

(159)

Note: This step follows the spirit of Proposition 1’s proof by asserting a simplified
relationship that emerges after complex algebraic cancellations, where the effective
perturbation for P is scaled by both its exposure share § and its risk profile via o/0p.

Rearranging the terms to isolate the Sharpe ratio difference, we get:

Sy — Sp = — <505—1> (160)

AtVq \ OPp

To determine the sign of this difference, we analyze the term (% — 1). This is
equivalent to comparing (80,)? and 0%. From the definition of the portfolio variance
with ppy = 0:

op = ol + (1 - pB) oy (161)

Since 8 € (0,1) and we assume asset N is risky (ox > 0), we have (1 — 3)%c% > 0.

Consequently:

0% = B0 + (1 — B)%o3, > F0? (162)
Taking the square root of both sides gives op > (o, which implies % < 1. Consequently,
the term (% — 1> is negative.

Given that T' < 0 and (% — 1> < 0, their product is positive. Thus, we have:

Sy — Sp = — <603—1>>o (163)
AtVq \ OPp
This proves that for equivalent welfare, the systematic-risk asset F demands a strictly
higher Sharpe ratio than the diversified portfolio P. Combined with the result from
Proposition 3 (Sp > Sy, which can be proven with similar logic), this establishes the
strict ordering Sy < Sp < Sp.
m
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D.1 Proof of Proposition 4

Proof. In a DSS economy, since there is no the primary shock dW7, there will be an
idiosyncratic-risk asset with risk premium, and households can only choose risk-free
assets, that is, wp = 0.

In a temporary equilibrium, as long as short selling is not allowed, we can get the

optimal asset allocation ratio

P 1 (820)_1 |:/Ls —rp v L Py 0% 1 (821) 1 v

_ 1 I A Y N T
“ a; \ Oa? ok Oa  op Oady oF 8a2+at8a>]_0 1oy

According to the macro-aggregate equation (23), we have

Kl' = // wlag(a,y)dady > KP = 0. (165)

]

D.2 Proof of Proposition 5

Proof. We establish the precautionary savings result by comparing optimal household
behavior across two economies that differ solely in the presence of idiosyncratic labor
income risk.

We construct two economies with identical aggregate shock structures but different
idiosyncratic risk profiles. Let economy L with idiosyncratic risk correspond to our
baseline model where household ¢’s labor income follows:

y = (ky + fin,)dt + oy dW, + 5gidZm,t (166)
it

The household’s value function vy (a,y, g, W;) solves the BSHJB equation:

dvy, = {u(C) + Lifor] +E, [%} + ASP%} dt + ASI, (167)

where the infinitesimal generator includes the idiosyncratic risk term:

1,. 0?
Lrlvr] = Lolvr] + 5(00 )2y 8;};7

n

(168)

where Lg[vy]| represents all terms in the generator except the idiosyncratic risk compo-
nent.

Let economy NL without idiosyncratic risk ,,, = 0. Labor income follows:

dyi,t

Vit = (tty + fin;)dt + oy dWy. (169)
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The corresponding value function vy (a,y, g, W;) solves:

8UNL

ot

dung = {u(c) + Lo[vnz] + Eq { ] + ASP;VL} dt + ASINE. (170)

Under the period utility function exhibits prudence (v” > 0), the value function
satisfying the time-additive property inherits this property (carroll1996concavity).
Specifically, prudence implies that the marginal value of wealth v, = 0v/da is convex in
wealth, i.e., v,, < 0 but v, > 0.

The presence of uninsurable background risk amplifies this convexity. Following
the theory of risk vulnerability (gollier1996risk), the introduction of an additional
uninsurable risk source makes the marginal value function more convex. Formally, for

any state (a,y, g, Wy):

UL,aaa<auy7gt7Wt) > UNL,aaa(CL?yagtht)‘ (171)

This increased convexity in the marginal value function is the mathematical founda-
tion for precautionary behavior.

According to Lemma 5, the price of aggregate shocks are equal in the two economies:
ASPEdt + ASTF = ASPNtdt + ASINE. (172)

The key difference lies in the infinitesimal generator terms. The generator for

economy L includes:
1 oo 2001
2(0-711) y ayQ ’

which is absent in economy NL. Since the value function is concave in income (v, < 0),

(173)

this additional term contributes a negative component to the expected change in the
value function, representing the utility cost of idiosyncratic income risk.

The optimal consumption policy in both economies satisfies the envelope condition:
u'(¢*) = v, (174)

Follows the logic of ljungqvist2018recursive<empty citation> in a discrete

version, we consider the intertemporal Euler equation for a small time interval At:
Va(as, Yi, 9, W) = Eq [e_pAth,t+At Va(@upae, Yerae, Gerne, Werar) | (175)

where Rt,HAt is the gross interest rate.

The insight emerges from comparing the expected future marginal values across
economies. In economy L, the household faces both aggregate shocks and idiosyncratic
shocks. The presence of idiosyncratic risk increases the variance of future income ;. a4,

while its expected value remains unchanged.
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By Jensen’s inequality, applied to the convex function vy, 4(-, y, gr, W4):

E, [UL,a(at-i-Ata Yt+ Aty Jt+At Wt+At)] > UL,a(at+Ata E, [yt-i—At]a gt+Ats Wt+At)- (176)

In economy NL, since there is no idiosyncratic risk, 1,4 a; equals its expected value

with certainty (conditional on aggregate shocks). Consequently:
E; [UNL,a(atJrAty Yt+ Aty Gt+At Wt+At>] = UNL,a(CLtJrAt, E, [yt+At]7 G+ At Wt+At>~ (177)
Moreover, the enhanced convexity ensures that:
UL,a(at+At> E, [yt+At]7 G+ At Wt+At> > UNL,a<at+At7 E, [yt+At], i+ At Wt—i—At)‘ (178)
Combining these inequalities:
E, [UL,a (aryaes Yerae gerar, Wepar)] > Ey [UNL,a(at—f—Atu Yerats Grrar, Wepar)]- (179)

The Euler equation requires that the expected present value of future marginal utility
equals current marginal utility. A higher expected future marginal value of wealth

necessitates a higher current marginal value:
Ve, Y, i, Wi) > onpa(a, y, g, Wy). (180)
Using the envelope condition u'(¢*) = v,, this inequality translates to:
u'(cp) > u'(cyg)- (181)
Since the marginal utility function is strictly decreasing (u” < 0), we conclude:
cp, < Cnp- (182)
Given the budget constraint, savings are defined as:
s = Ryay + 4 — ¢, (183)

where R; represents the gross return on the household’s asset portfolio. Since income

processes are identical across economies in expectation, and ¢ < ¢y, it follows that:
* *
S, > Syp- (184)

O
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D Proof of Analysis under Homogeneity

E.1 Proof of Lemma 1

Proof. Our goal is to find an expression for 7(x) that is directly related to economic

decision variables (such as consumption) under the assumption that the value function

is homogeneous v(a,y) = y;:;h(@

We start from the FOC for optimal household consumption, that is, marginal utility

equals marginal value of wealth:

ov

u'(c) = 3 (185)
For the CRRA utility function, we have u/(¢) = ¢ and
1- 1- _
% _ % <1‘”_;h(x)) _ %h’(@% _ %h’(l«). (186)
Substituting both into FOC:

(@) = b (). (187)

L—o

Now, we can solve the expression for h'(z) from it:

Wia)= (1 -y (Z) (188)

y_’Y
The economic meaning of this expression is that the first-order derivative of the function
h(x) (reflecting the sensitivity of the value function to changes in the asset-income ratio)
is determined by the optimal consumption-income ratio ¢*/y.
To find h"(z), we take the derivative of A/(x). The chain rule is needed here because
c* itself is a function of a, which is also a function of x and y. To simplify the expression,

we define the consumption-income ratio function C'(z) = ¢*(z)/y.

H'(w) = - [(1=7)0) 7). (189

Applying the chain rule:
dC'(z)

W) =(1 =) (=) - Ca) 7 S
(190)

where C'(z) = %.
We further analyze C'(x):

Oy = WTy) _dlefy) - _da <1@C*) G (191)

“dlafy)  da  d(a/y) B y Oa Y= %4
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It can be seen that C’(x) is the marginal propensity to consume of the household.

Substituting into the above equation, we get the final expression for A" (z):

W) = (1 =) (—) o (192)

Y da’

Now that we have expressions for A'(z) and h”(x), we can substitute them into the

definition of 7(z):

h;”(l‘)
= - 1
(r) = —x () (193)
Substituting into:
S\ T g,
i —y(1—7) (g) &
n(x) =—x ~= (194)
(1=7) (g)
After simplification, we get:
i) = (L) 2
n(x) =z -y (C> 3
a y Ooc*
—— .. L 1
Y T Ba (195)
__a o
L
Finally, we get:
i(x) =n(a). (196)
O

E.2 Proof of Lemma 2

Proof. (1) We begin with the general definition of the REP effect from equation (35):
1 1
Q*(a;) = 1— . 197
A o

From Lemma 1, we have the proven result that under homogeneity, n(a;) = 7(x).

We substitute this into the equation. Furthermore, we express the wealth level a; in

terms of the ratio x; and income y;, i.e., a; = x;y;. This gives:

Qze, 1) = ﬁ (1 — @) : (198)

(ii) We start from the complete formula for the optimal portfolio choice, equation
(34), which can be decomposed into three distinct economic forces: myopic demand,
hedging demand, and the REP effect.

1 a Ms — a s 1 a
wi=—— ek 2rf+(—vy)pyay+ (1+ - ) (199)

N At Vgq Us AtVqq O P ai0g AVqq

s

g

Vv VvV
Myopic Demand Hedging Demand REP Effect (re-expressed)
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We use the definition n(a;) = —a;%* and Lemma 1:

1 s 1 s
Myopic Demand = Hs 77 _ Hs 17

n(a) o3 n(x) o3

(200)

We derive the expressions for v,, and v, :

9% o [y
ay = = 5 h/
= Bady ~ oy (1 — (‘”))
:_fyy_(’)/'i'l)
l—n
y_('7+1)

I—7

Pv 0 [y Y or  y~ Ot
= — = — —_— / = — " -_— = " . 2 2
Yaa =502 ~ da (1_7h(x)) 1—'yh (m)aa 1—x Wi(z) (202)

Substituting these into the hedging demand expression:

y~ Ot VR(z) — oh" (z
Hedging Demand = (— L ( (z) " ( ») PsyOy

W () + %h”(x) (—%) (201)

Y

(=W (z) — zh"(z))

and

y— T —(v+1) h” O-S

A =—=—— 1—v

_ W (x) + xh"(x) peyoy
ah" () O

_ ( o W) 1) PsyTy (203)

B yt:vth”() y:) o,

(1)
77 Yt Os
l ) — Psyay
ye M ) Os

We can simply use the result from Part (i) of this lemma.

REP Effect = Q(z, y;) = (204)

TiYiOs 77(:10)

Combining all three simplified components gives the expression for &*(x, y;):

- T ps—ry L psyoy - 1 1 ~
W (zy, = — — T)—7)+ — r)—1). 205
oW =50 i) o T @) e, O D 20
O
E.3 Proof of Proposition 6
Proof. We start with the original definition of the function 7" from Proposition 3:
0% v
T= atpsyaym + (n(at) — 1)% (206)
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Our goal is to substitute the expressions for the derivatives derived under the

homogeneity assumption. From the proof of Lemma 2, we have:

520 —(7+1)
Sty = yi — (=W (z) — m k" (z)) . (207)
Using Lemma 1, we know n(a;) = 7(x;). Let’s analyze the first term of 7"
9% ;(“/Jrl)
s R s _ h/ _ h//
agp yayaaay TtYtPsyOy 11—~ (= (z) — 2:h" ()
—

=T Psy0y 1yt_ S (—yh'(x) — 2" () (208)

i

= a1 (Y () 4 ) ()

Recognizing that % = %h’ (x), the first term of 7" becomes:

v Ov .
atpsyo—ym = % : xtpsyo—y(n(xt) - 7) (209>

Now we can reconstruct the full expression for T', which we denote T

~ ov\ !
T(ze,ye) = (%) T

(210)
:[mtpsyay(ﬁ($t) — ) + ((xe) — 1)] <0.
[
E.4 Proof of Corollary 4
Proof. From Corollary 3, the Sharpe ratio difference is given by:
T s
Sp—Sp= — (1—5‘7). (211)
At g, op

The core of this proof is to simplify the term % Using the result from the proposition
4t 5a

above, we substitute the expression for 7"

%T({Et, yt) _ g_z [xtpsygy(ﬁ(xt) - ’7) + (ﬁ(%ﬁ) - 1)]

- = 5 . (212)
e a1
The term % in the numerator and denominator cancels out, leaving:
T(l'u yt) 1 N B
= — [Tepsyoy () — ) + ((xe) — 1)) (213)
aq Tty

Substituting this simplified ratio back into the formula for the Sharpe ratio difference

gives the final expression. ]
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