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Abstract
This paper develops a continuous-time heterogeneous agent framework that

reveals a novel mechanism—Endogenous Aggregate Risk Aversion (EARA)—to
explain portfolio choice and wealth inequality. This framework shows that when
households face common shocks, they optimally adjust their portfolios to hedge the
endogenous risk to their own stochastic continuation value. This EARA strategic
adjustment generates powerful, wealth-dependent heterogeneity in risk-taking. For
households near borrowing constraints, the adjustment is so strong that it compels
them to hold zero risky assets, providing an endogenous rationalization for limited
participation without ad-hoc assumptions. Conversely, the adjustment’s influence
diminishes with wealth, causing the portfolios of affluent households to converge
toward the classical baseline ratio. By endogenously sorting agents into different
risk-return profiles, this model generates non-degenerate wealth distributions and

demonstrates a new channel through which aggregate risk shapes inequality.
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1 Introduction

This paper introduces the concept of Endogenous Aggregate Risk Aversion
(EARA)—a strategic adjustment in portfolio allocation that endogenously arises when
households internalize their exposure to common economic shocks. We demonstrate that
this previously unrecognized single mechanism provides a unified and endogenous expla-
nation for the significant gap between theory and empirical evidence in macroeconomics
and finance: the limited participation of low-wealth households in risky asset markets—a
stark contrast to standard portfolio theory, which predicts a constant, positive allocation
to risky assets regardless of wealth. The EARA framework resolves the core contradiction
in standard continuous-time heterogeneous agent (CTHA) models, which have struggled
to simultaneously generate these key patterns.

The EARA mechanism stems from a fundamental departure from standard models.
In the standard incomplete market model of Aiyagari (1994), Bewley (1986), and Huggett
(1993) in continuous time frameworks, an agent’s optimal problem is a deterministic
object. However, when the economy is subject to aggregate uncertainty and each
household faces common shocks, a household’s value function evolves into a random
field, governed by a backward stochastic partial differential equation rather than a
classical HJB equation. Households understand that their lifetime utility is itself a
source of risk driven by common shocks. The EARA represents the wealth-dependent
consumption-portfolio optimization required to hedge this endogenous risk to their own
continuation value. It is not a feature of preferences, but a consequence of optimal
behavior in a world with aggregate risk.

The theoretical power of the EARA is channeled through a wealth-dependent strategic
adjustment, which alters the classical portfolio allocation. We show this adjustment,
2*, can be expressed as a function of what we term Endogenous Relative Risk Aversion
(ERRA), denoted by 7. Specifically, Q* = %’7”;1, where n = —a®=. Through the
envelope condition, we link this effective risk aversion directly to observable economic
behavior: n = €., - v, where €., is the elasticity of consumption with respect to wealth
and 7 is the household’s CRRA preference parameter.

For households near the borrowing constraint, we prove that ERRA 7(a) governing
portfolio choice approaches zero. This singular behavior causes the EARA strategic
adjustment, Q*, to diverge to negative infinity. This creates a powerful endogenous
hedging demand that overwhelms the positive myopic demand for the risky asset, driving
the optimal share, w*, to its lower bound of zero. This theoretical result provides a
compelling rationalization for limited participation without relying on ad-hoc transaction

costs, preference heterogeneity, or extreme income-risk correlations.



In contrast, for the wealthiest households, we prove that in the temporary equilibrium,
the household consumption-to-wealth ratio still converges to a ratio in a stochastic
steady state without income risk, and this ratio is equal to the Merton baseline ratio
(Merton, 1969). Theoretical results on the asymptotic convergence of the optimal
consumption-to-wealth ratio imply that the consumption-wealth elasticity €., converges
to unity, which makes the ERRA parameter n converge to the preference-based CRRA
parameter. At the same time, as the wealth factor gradually increases, the EARA
adjustment Q* approaches zero from above, ensuring its influence becomes negligible.
Their portfolio allocation thus endogenously converges to the classical Merton baseline.

This wealth-dependent heterogeneity in portfolio choice becomes a powerful engine
for distributional dynamics. By endogenously sorting agents into different risk-return
profiles, the EARA mechanism generates non-degenerate wealth distributions even
when households are ex-ante identical and labor income risk is purely idiosyncratic.
Methodologically, our paper demonstrates how the mathematical theory of ”"Mean
Field Games with Common Noise” (Cardaliaguet et al., 2019), particularly the BSPDE
formulation, can be harnessed to unlock new economic insights that are inaccessible
within the standard HJB framework. We bridge the gap between abstract mathematical
finance theory and core macroeconomic questions of inequality and portfolio choice.

The remainder of the paper formalizes these claims. We develop the full theoretical
model, derive the analytical properties of the EARA mechanism at both tails of the
wealth distribution, and provide a quantitative analysis to illustrate the mechanism’s
power. Our findings suggest that the feedback loop between macro aggregate risk
and micro individual optimal choice is a first-order determinant of household financial

decisions and macroscopic inequality.

1.1 Literature Reviews

Our work is situated at the confluence of three dynamic research areas: CTHA
macroeconomics, the mathematical theory of MFG with common noise, and the de-
velopment of advanced computational methods to solve high-dimensional economic
models.

This paper first contributes to the CTHA literature that builds on the seminal
Aiyagari-Bewley-Huggett framework. The continuous-time approach, pioneered in
this context by Achdou et al. (2022), offers significant advantages over discrete-time
formulations by avoiding integer problems and generating sparse equilibrium conditions.
Subsequent research, such as Ahn et al. (2018) and Fernédndez-Villaverde et al. (2023),
has extended these models to incorporate multiple assets and financial frictions. However,

a fundamental challenge persists: these frameworks often abstract from a meaningful



asset distribution or, when they include it, struggle to endogenously generate empirically
documented patterns like the limited participation of low-wealth households in risky-asset
markets.

Methodologically, our framework departs from standard CTHA models by formally
adopting the structure of a mean-field game with common noise. The mathematical
foundations of MFG theory were established by Lasry and Lions (2007), with a substan-
tial literature focusing on systems without aggregate uncertainty. The introduction of
common noise, which is essential for studying aggregate risk, represents a major theo-
retical leap. Carmona, Delarue, et al. (2018) and, most comprehensively, Cardaliaguet
et al. (2019) characterized the resulting system of coupled backward-forward stochastic
partial differential equations. While this literature provides the rigorous mathematical
apparatus, its application to address core macroeconomic questions of portfolio allocation
and wealth inequality remains a nascent field. Our paper helps bridge this gap by using
the BSPDE formulation to derive new economic insights.

Finally, our research is linked to the rapidly advancing frontier of computational
macroeconomics. For models without common noise, a range of powerful techniques
now exists, including the finite difference methods used by Achdou et al. (2022), the
state-space iteration of Ahn et al. (2018), and the machine learning approaches of
Fernandez-Villaverde et al. (2023). More recent innovations include the perturbation
techniques of Bilal (2023) and the sequence-space Jacobian methods of Bilal and Goyal
(2025). However, the presence of common noise in our model renders these methods
insufficient. The resulting BSPDESs require novel computational strategies. We follow
the pathbreaking work of Han et al. (2018), who pioneered the use of deep learning
frameworks to solve high-dimensional parabolic PDEs. Adapting and extending these
techniques to the specific structure of heterogeneous agent models under aggregate
uncertainty is an active area of research to which our future numerical implementation

will contribute.

2 Economic Model

The economy comprises a continuum of infinitely-lived households indexed by ¢ € [0, 1]
with unit mass. Households exhibit constant relative risk aversion (CRRA) preferences

over consumption, characterized by the instantaneous utility function:
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where v > 0 is the coefficient of relative risk aversion.



Each household 7 chooses optimal consumption ¢; and portfolio allocation w; to
maximize expected lifetime utility:

max Eg {/‘ Cith<Ct) dt:| y
0

Ct,wt

where p > 0 is the discount rate. The household faces a continuous-time intertemporal

budget constraint:
da; = {[wi(ps — 75) + 1rplay + yo — ¢} dt + wia0dW, (1)

subject to a borrowing constraint a; > 0 and initial wealth ay > 0. At the borrowing
constraint, consumption cannot exceed current labor income: 0 < ¢; < ;.

The household’s investment opportunity set consists of two assets: a risky asset
with instantaneous return dS;/S; and a risk-free asset with return dB;/B;. Labor
income y; = wyn,; constitutes a non-tradable asset that influences the dynamics of the
precautionary saving motive.

Financial assets and labor income follow diffusion processes:

d—St =psdt + osdWy
St

dB;

— =rdt

B, !

dy, =pydt + o, dW,

with correlation structure dW,dW, = ps,dt. The Wiener process dW represents the
common noise affecting all households.
We impose the economically motivated assumption that market risk in risky assets

is more ”fundamental” and partially drives labor income fluctuations. This implies:

AW, =dWy

(2)
AWy =pedWy + /1 — p2, dWy,

where dWj is a standard Wiener process independent of dWW;. Consequently:
1
1 —=p? (
psy

The two-dimensional Wiener process vector is expressed as:

AW, = AWy, — pey, dW5y). (3)
AW, = (dWy,dWy)". (4)

The household’s dynamic optimization problem yields a backward stochastic partial

differential equation (BSPDE) governing the evolution of the value function. Following



the theoretical framework developed by Cardaliaguet et al. (2019), Carmona, Delarue,
et al. (2018), and Peng (1992), the value function v;(ay, yi, g:, W) satisfies:

dv = {u(ct) + Llv] + E, {%} - div(Vt)} dt + V,dW,, (5)

where V, represents the volatility process of the value function, and the infinitesimal

generator £ of the underlying state process is given by:

ov ov
Llv] ={lwi(ps = rg) +r5lar +ye — e} a0 T Moy
n 1( )2821; n 1 ,0% n 0*v (©6)
—(wpa,05)" == + =0, 7 + WaPsyTs0y =~
g da? 2 YOy? tPsy Y 0ady
The term Et[%] captures how distributional changes affect individual value functions
through general equilibrium effects:
vy vy Ogi(a,y')
E |—| = dad 7
' {825} // dgi(a,y’) Ot “ Y (7)

v
ogt (at,y’)
butional changes on the value function.

where denotes the Fréchet derivative, quantifying the marginal impact of distri-

The volatility process of the value function, V;, has components:

ov ov
Vit :wtatas—t + aypsy—t
da oy (8)
9 31},5
V2,t =0y 1- psya_y‘

Economically, the stochastic term V,dW, represents the direct channel through which
aggregate uncertainty, common to all agents, propagates to each household’s lifetime
utility. Its presence transforms the value function from a simple deterministic object
into a random field, whose evolution is intrinsically stochastic.

We define —div(}V;) as the endogenous aggregate risk aversion (EARA):

~aiv(v) = - { 524 e
2

v, Ovy 0%, d*vy
= {Wtffs (at@ + %> + TPy 5 Ba +oy\ /1 =13y B } )

which appears in the drift component of the BSPDE and constitutes the central mecha-

(9)

nism of this paper. This term is a fundamental consequence of optimizing in a mean-field
environment with common shocks; it arises because the volatility process V; is itself
adapted to the common noise filtration. It quantifies the endogenous risk premium
required by the household to compensate for the fact that its value function is itself

a source of risk. As we will demonstrate in Section 4, a crucial part of this term is
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directly affected by the household’s control variable w;. This premium is derived from
the It6-Kunita-Wentzell formula for random fields (Kunita, 1990).

The presence of common noise introduces a fundamental challenge in analyzing mean
field games, as emphasized by Cardaliaguet et al. (2019): the coupled system comprising
the stochastic Kolmogorov Forward (SKF') equation and Hamilton-Jacobi-Bellman (HJB)
equations becomes itself stochastic. Both the forward equation governing distribution
dynamics and the backward equation determining value functions become stochastic, as
both the equilibrium distribution g; and the value function v, depend on realizations of
common shocks W;.

The SKF equation governing the evolution of the wealth-income distribution g, takes

the form:
where L£* is the adjoint of the operator L:
N 9y 9y
Lg] = — {lwilps —1p) +rplac +ye — e} 5= — py o
oa dy (1)
1 ,0%g 1 ,0% g
+ §(wtatas) @ + iaya_yQ + WA PsyT 0y aaay

The divergence of V,g; has components:

. 9 0
le(Vl’tgt) :% (Wtatasgt) + a_y (prsygt)

div(Va,9:) :(% <0y\/ - P§y9t> .

The density satisfies the normalization [[ g:(a,y)dady = 1.

(12)

2.1 Market Clearing

The model imposes three market clearing conditions that ensure consistency between
individual optimization and aggregate resource constraints.
Aggregate capital must equal total household financial assets allocated to risky

assets:
Ky = // wia;gi(a,y) da dy. (13)
Aggregate labor supply equals labor demand:
Ly = // nitge(a,y) dady. (14)
The risk-free bond market clears with zero net supply:
By = //(1 — wir)aigi(a,y) dady. (15)

These conditions ensure that all financial assets are held by households and that

aggregate demand for each asset equals its supply.
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3 Equilibrium

Under rational expectations, households must forecast the entire cross-sectional distri-
bution ¢; to predict equilibrium prices—a computationally intractable problem that
exemplifies an extreme form of the curse of dimensionality (Dend Haan, 1996; Ferndndez-
Villaverde et al., 2024; Krusell & Smith, 1998). This modeling approach, while theo-
retically rigorous, contradicts substantial empirical evidence suggesting that real-world
agents employ considerably simpler forecasting heuristics.

Given realistic constraints on information processing capabilities and the inherent
complexity of "the big world” (Javed & Sutton, 2024), we adopt a bounded rationality
framework wherein households exhibit sparse attention. Specifically, we assume house-
holds focus exclusively on the first moment, which is the aggregate state variable K,
defined in equation (13), consistent with the sparsity-based approach of Gabaix (2014).

Rather than maintaining perfect foresight regarding K,’s evolution, each household ¢
forms conditional expectations l;:i,t = [, [k;|F:] based on available information F;. We
postulate that households construct subjective mappings from economic shocks to the
dynamics of distributional moments.

This leads to our central behavioral assumption: households operate under a perceived
law of motion (PLM) that takes the form of a McKean-Vlasov equation:

ks = fir (X0 gt Wi B;)dt + 5:,4Bi s (16)

where B, ; represents idiosyncratic belief shocks that generate exogenous demand fluctu-
ations. The terminology follows Evans and Honkapohja (2012), and our approach shares
conceptual similarities with the approximate aggregation methodology of Krusell and
Smith (1998), where macroeconomic dynamics are captured through capital evolution.
This framework also connects to recent work by Moll (2024), who demonstrates how
households can use price systems to predict distributional moments.

The well-posedness of our McKean-Vlasov formulation follows from the Glivenko-
Cantelli theorem (Rachev & Riischendorf, 2006), and standard results in mean field
theory (Cardaliaguet et al., 2019). For large populations, the idiosyncratic shocks
B, generate only deterministic drift terms in the aggregate equation (16), eliminating
stochastic components at the population level (Achdou et al., 2021).

To maintain analytical tractability while preserving the model’s essential economic
content, we impose the normalization o;; = 0, effectively removing the stochastic
component from the PLM. This simplification allows us to focus on the systematic
biases in belief formation while avoiding the technical complications of idiosyncratic
beliefs (Anderson et al., 2005; Bhamra & Uppal, 2014; De Long et al., 1990; Jouini &
Napp, 2007; Shiller et al., 1984).



Our bounded rationality assumption naturally leads to a temporary equilibrium
concept, bridging the macroeconomic literature on limited information processing
(Mackowiak & Wiederholt, 2009, 2015) with microeconomic evidence on wealth-

dependent expectation formation (Malmendier & Nagel, 2016).

Definition 1. At time t, a temporary equilibrium consists of consumption-portfolio

allocations {c;+,w;+}, prices {rgy, fse, fye }, and the distribution ¢;(a,y) such that:

1. Each household (i) chooses consumption-portfolio allocation ¢; s, w;; to maximize

its value function v;(a, y, g;, W;) given its beliefs and information set Fi;

2. The distribution g;(a,y) evolves according to the stochastic Kolmogorov forward

equation (18);
3. All markets clear at time ¢.

It is worth noting that temporary equilibrium permits systematic deviations between
subjective belief expectations and realized equilibrium prices, relaxing the fixed-point
requirement of rational expectations equilibrium. This concept, originally developed
by Hicks (1946) and Lindahl (1939) and formalized by Grandmont (1977, 1989), has
found renewed application in modern macroeconomic models Farhi and Werning (2019),
Garcia-Schmidt and Woodford (2019), Piazzesi and Schneider (2016), and Woodford
(2013).

The temporary equilibrium system is characterized by the coupled system of house-

hold optimization problems, distributional evolution, and market clearing constraints:

ov 1 , 0%
dv, = max {u(ct) + {[wi(ps —7¢) +relas +y — e} — + —(wtatas) } dt

da 2 Oa?
(% N 1 ,0% N 0%v +a ov ;
— 4+ —¢? Wt Pgy OO —
Fogy T 2%y T WPy 5 T ST
82v, O, v, v, (17)
o (s + G ) o+ o1 A
Oy vy
wtato-s% prsy )
+ Y dW,
O Uy V 1 - pgy %;;

2 ()

o 0
dg, = — {—a [(wilps —75) +75) ar +ys — ) ge] + ay (kyge) + Py

0
0 (1 9 9% (1, 52
+ {6@2 < (wiaros) gt) + 8_y2 §O'ygt + 8a—3y (watpsyasaygt) dt (18)
B 2 (wiai05g1) 8% (oyPsydt)
0 6% (Uy 1—- pngt)
We establish our analysis around two complementary steady-state concepts that

] dW,.

provide analytical benchmarks for the dynamic system.
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Definition 2. A determined steady state (DSS) is a fixed point of the equilibrium
conditions when aggregate volatility vanishes (¢ = 0). The DSS is characterized by the

system:
= mascu(ce) + {[wlits — 77) + relas + o1 — e} o+ 2 (19)
PUt—Hcl,wXU Ct Wilhs = Tf TrlQe T Yt — Ct da Hyay
0 0
0=— %[{[Wt(ﬂs - T’f) + T’f]at + Yy — Ct}gt(ayy)] - a—y |::uygt(a7 ?/)], (20)

The DSS serves as the deterministic backbone of our model, providing the baseline
equilibrium around which stochastic fluctuations occur.

To implement our BSPDE framework for the household’s infinite-horizon problem,
we truncate the time horizon at finite 7" and specify appropriate terminal conditions
v(Xr, g7, T) that capture continuation values beyond T'. This specification draws on
the concept of stochastic steady states, which represent the long-run distributional
properties of the economy under persistent uncertainty.

Following (Schenk-Hoppé & Schmalfuss, 2001), we define points around which
the ergodic distribution concentrates as natural candidates for steady-state analysis.

Building on (Coeurdacier et al., 2011), we formalize this concept:

Definition 3. A stochastic steady state (SSS) is a temporary equilibrium characterized
by a time-invariant value function v5(Xr, gr) and an invariant distribution ¢°(Xr)
that solve the equilibrium conditions when the realization of aggregate shocks is zero
(dW; = 0). The SSS represents a fixed point of equilibrium conditions under zero shocks

realizations while acknowledging the economy’s exposure to future uncertainty.

Assumption 1. Our solution methodology rests on three assumptions regarding terminal

value:

1. As T'— oo, the economic system is ergodic and its distribution converges to the

stochastic steady state distribution ¢°(Xr).

2. The economy faces persistent aggregate shocks W, preventing convergence to the
DSS. The SSS value function v5(Xr, gr) incorporates the risk premia associated

with this ongoing uncertainty.
3. The value function satisfies the standard transversality condition (Merton, 1969):

. —o(T—
jlgroloEt e i t)v(XT,T)} = 0.

These assumptions ensure that our finite-horizon approximation captures the essential
long-run properties of the infinite-horizon problem. For any state (X, g), the terminal

condition for our BSPDE is specified as the SSS value function

v(Xrp, 97, Wr) = US(XT,gT) as T' — oo,
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where v5( X7, gr) solves the stationary Hamilton-Jacobi-Bellman equation incorporating

the endogenous aggregate risk aversion term:
oS (Xp, gr) = max {u(c) + L[3(Xr, g7)] — div(Vy)} .

Crucially, this specification sets the terminal value to the long-run equilibrium value
function that has fully internalized the cost of aggregate risk through the EARA
term —div()%;), thereby providing a consistent anchor for the household’s optimization
problem.

This terminal condition specification embodies several key economic principles. First,
it aligns with the fundamental macroeconomic premise that economies exhibit mean-
reverting behavior over sufficiently long horizons. While temporary deviations from
steady state significantly impact short-to-medium term dynamics, their influence on
decision-making diminishes as the planning horizon extends. Consequently, the selection
of SSS as the anchor is deemed suitable, as it represents a state of equilibrium that has
accurately reflected the long-term, persistent overall risk.

Second, our approach captures the bounded rationality assumption that households
form long-term expectations based on the economy’s convergence to its stochastic steady
state. The random fluctuation term V,dW, was eliminated because, when defining
the SSS, the moment 7" when the realized shocks were exactly zero was examined.
Nevertheless, this does not imply a disregard of the potential risks.

Third, the specification maintains internal consistency with the optimization prob-
lem’s structure. By anchoring terminal behavior to the SSS value function, v3( Xz, gr), we
ensure that the solution to the finite-horizon problem correctly inherits the continuation
value that fully prices the economy’s persistent exposure to aggregate risk. While the
stochastic term V,dW, is absent from the stationary SSS equation (as it describes a fixed
point conditional on zero shocks realizations), the EARA in the value function, —div(}}),
remains a crucial component. This term permanently adjusts the value function to
reflect the ongoing uncertainty, and its inclusion in the terminal condition is essential
for the theoretical coherence of our solution.

This methodology provides a computationally tractable approach to solving the
household problem while maintaining the essential economic content of the infinite-
horizon framework. The resulting solution captures both the short-run dynamics driven
by aggregate uncertainty and the long-run convergence properties that discipline agent

expectations.
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4 Theoretical Results for the Model Under Common
Shocks: Portfolio and Inequality

The household’s optimization, characterized by the BSPDE (5), yields first-order condi-
tions for consumption and portfolio allocation. The optimal consumption rule remains

standard:

. 1 (0v
= (5) @)
The optimal portfolio choice, however, is fundamentally altered by the presence of
common shocks. Taking the first-order condition with respect to the portfolio share w;
in the BSPDE (5) yields:

. 1 /0% ! fs — ¢\ Ov PsyTy\ 0% 1 [(0%v; 1 0v
“’t“a_t(%> K 72 )%+( os )aaay_a_s<aa2+a7%)}’ 22)

The final term in the square brackets arises directly from the household’s optimization

over the endogenous aggregate risk aversion term, div();), in their value function. It
represents the household’s strategic response to the endogenous risk generated by the
mean-field interaction.

To isolate this new economic force, we compare equation (22) with the portfolio

choice from a classical HJB framework that omits the mean-field terms:

c_ 1 @ o Hs — Ty @ Psy0y ) v
W T a; \ Oa? o2 8a+ os ) 0ady |’ (23)

The difference between w; and w¢ is driven entirely by the household’s response to

feedback from future common shocks, which arise from interactions between optimization

and distributional evolution. We formalize this novel mechanism as follows:

Definition 4. The endogenous aggregate risk aversion strategic adjustment is the

component of the optimal portfolio rule that arises from the controllable part of the

EARA (9):
. 1 9%\ v, 1 0w
le) = = <a_) (a—agm—t%)' (24)

The optimal portfolio can thus be expressed as the sum of classical demand and this

new strategic adjustment: w; = w® + QF. The EARA strategic adjustment captures
how agents actively manage their portfolio to hedge against future common shocks in
their own value function. To characterize this mechanism more precisely, we introduce

the concept of endogenous relative risk aversion:

Definition 5. The endogenous relative risk aversion (ERRA) coefficient is:

n(a) = —a—, (25)



where v, = Ov/da and vy, = 0%v/da’.

The ERRA n(a) measures the household’s endogenous aversion to wealth fluctuations
in state (a,y), incorporating anticipated responses to future common shocks. Under
standard regularity conditions—positive wealth (a > 0), positive marginal utility (v, >
0), and concave value function (v,, < 0)—we have n; > 0.

Substituting the ERRA 7(a) definition into (24) yields:
1 -1
O =— = (26)

0g Mt

This representation illuminates three crucial properties of the EARA strategic
adjustment. First, its magnitude scales inversely with wealth (1/a), generating stronger
effects for lower-wealth households. Second, higher asset volatility (o) dampens the
strategic adjustment’s impact. Third, and most importantly, the sign and magnitude of
QF depend critically on whether ERRA 7(a) exceeds, equals, or falls below unity.

When n; = 1, the EARA strategic adjustment vanishes, and portfolio decisions
coincide with classical results (23). This endogenous threshold is crucial to understanding
household participation in financial markets.

When 7, > 1, the strategic adjustment becomes positive, inducing households
to increase risky asset holdings—reflecting prudent, forward-looking behavior under
common shocks. However, as wealth a increases, two effects dominate. First, the 1/a
scaling factor ensures the quantitative impact of the EARA adjustment €2} diminishes
rapidly. Second, from an economic standpoint, as financial wealth grows, non-tradable
assets like labor income become negligible in relative terms. The household’s problem
converges to a pure asset allocation problem, where complex hedging demands fade.
Consequently, the portfolio allocation converges to the classical Merton baseline, as
demonstrated in Corollary 2.

Conversely, when 7, < 1, the strategic adjustment turns negative, reducing risky
asset exposure through a form of endogenous risk aversion distinct from preference-based
risk aversion. In this situation, the EARA adjustment 2} is amplified by both the
wealth factor 1/a and the ERRA factor 1/n;, creating a powerful negative force. The
economic intuition for this strong effect is a ”marginal wealth preservation demand”:
households with minimal financial wealth prioritize the preservation of their limited
buffer stock, making them extremely cautious about exposing it to aggregate risk.

To relate our theoretical results to empirically observable variables, we exploit the

envelope condition (21) and derive:

oc
a(lt

(27)

Vo = 0"(¢})
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and utilize the standard CRRA specification:

= - 28

ST 2
Substituting equations (27) and (28) into (25) yields:
Uaa
m(a) =—a- ()
. dc; u'(c}) (29)
Jay  u'(cy)

:a_i - MPC, - s

Gt

where MPC, = Jc; /0a; denotes the marginal propensity to consume out of wealth.

Equation (29) reveals that the consumption elasticity with respect to wealth, €., =
(a/c;) - MPC,, is not a free parameter but an endogenous outcome determined by
the household’s optimization under constraints, income dynamics, and risk exposure.
Thus, deviations of ERRA 7, from CRRA ~ arise entirely from the state-dependent
elasticity €. ,, which mediates how microeconomic consumption preferences translate
into macroscopic portfolio responses under common shocks.

This framework simultaneously resolves fundamental limitations inherent in
continuous-time models, specifically the Aiyagari-Bewley-Huggett (ABH) framework,
and within portfolio theory. A significant challenge in ABH economiesis that optimal
portfolio allocation in CTHA models without common shocks typically yields w* = 0.
This leads to the undesirable outcome of wealth distributions degenerating to mass
points at borrowing constraints, as documented by (Achdou et al., 2022; Ahn et al.,
2018; Fernandez-Villaverde et al., 2023).

Our theory addresses this degenerate equilibrium by introducing a risk-bearing asset.
Furthermore, even when labor income processes are purely idiosyncratic (ps, = 0) or
entirely free of risk (o, = 0), the strategic adjustment component of the EARA facilitates
empirically consistent limited participation at the asset lower bound. This innovation
enables the generation of realistic wealth distributions without the need for arbitrary

preference heterogeneity, a common reliance in existing models.

4.1 ERRA and Portfolio Choice Near the Borrowing Constraint

We now examine portfolio behavior as households approach their borrowing constraint a.
For agents with wealth a near this lower bound, consumption ¢* is determined primarily

by labor income y rather than financial wealth, implying a/c* — 0 as a — a.

Proposition 1 (ERRA at the borrowing constraint). For any household with finite

constant relative risk aversion v < oo and bounded marginal propensity to consume
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MPC, < oo, the endogenous relative risk aversion vanishes at the borrowing constraint:

lim 7 (a) = 0. (30)

a—0t
The economic intuition is that as financial wealth becomes negligible relative to

human capital, consumption elasticity €., must approach zero, meaning that marginal

changes in wealth have a negligible relative impact on total consumption.

Corollary 1 (Portfolio choice at the borrowing constraint). The EARA strategic

adjustment exhibits singular behavior at the borrowing constraint:

lim Q) = — 31
alf(r]lJr t oo ( )
leading to optimal portfolio choice:

_ 0 under short-selling restrictions

lim w; = (32)

a=07" —oo without short-selling restrictions.

This result reveals a previously unrecognized mechanism driving portfolio decisions
of wealth-constrained households. As wealth approaches the constraint, an endogenous
force, unrelated to risk preferences or return expectations, drives these households to
minimize risky asset exposure, potentially requiring substantial short positions when
institutionally feasible.

This finding contrasts sharply with predictions from conventional Merton models,
where households facing positive risk premia should maintain significant risky asset
exposure near borrowing constraints unless counteracted by strongly positive correlation
between labor income and asset returns. However, empirical evidence documents
widespread ”limited participation”—households with minimal financial wealth rarely
participate in equity markets (Campbell, 2006; Vissing-Jorgensen, 2002). Our model
generates this pattern endogenously without requiring controversial parametrizations of
the correlation pg,.

The underlying economic mechanism operates through ”"marginal wealth preservation
demand.” When financial wealth is minimal, households focus intensely on preserving
their limited buffer against fluctuations. Under common shocks, this preservation motive
manifests as extreme caution toward risky assets, with the mathematical divergence in

Q; overwhelming conventional portfolio demands as a — a.

4.2 ERRA and Portfolio Allocation at High Wealth Levels

Having characterized behavior near borrowing constraints, we now analyze the limiting

case as wealth grows arbitrarily large. Consistent with prior literature, which suggests
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consumption becomes asymptotically proportional to wealth under CRRA preferences
with idiosyncratic shocks (Achdou et al., 2022; Benhabib et al., 2015), we formalize this

convergence.

Theorem 1 (Asymptotic Consumption-Wealth Ratio). Let ¢*(a, v, k, t) be the optimal
consumption policy derived from the solution to the BSPDE (17). Under Assumption 2,
the consumption-to-wealth ratio converges in the mean-square sense to a deterministic
constant kg as wealth a goes to infinity:

*(a,y, l%,t) ?

lim E — Kg

a—ro0

=0,
a

where kg is the optimal consumption-wealth ratio in the SSS optimal problem without
labor income or aggregate state dependence, given by:

=2 (o= =) (4 220, (33)

2vo?

Proof. See Appendix for the proof regarding the asymptotic behavior of the consumption-

wealth ratio. O

Proposition 2 (ERRA convergence for wealthy households). For households with
positive CRRA coefficient v > 0 and satisfing Theorem 1 assumption, the endogenous
relative risk aversion converges to the CRRA parameter:

lim n(a) = 1. (34)

a— 00

Proof. Theorem 1 implies that as a — oo, the consumption function becomes linear in
wealth, c*(a) ~ ksa. Thus, the marginal propensity to consume converges to the average

propensity to consume:
oc*(a c*(a
lim J = lim L
a—oo  Oa a—oo (4

= ks.

Therefore, the elasticity of consumption with respect to wealth converges to unity:

ey 0 0c(@) (c*(a)>_1 dc*(a) _ (he) s = 1.

a0 C* (a) Oa a—00 a da

Substituting this limit back into the expression for ERRA 7(a), we obtain the desired

result:

lim ny(a) =v-1="1.

a— 00
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Corollary 2 (Portfolio choice convergence at high wealth levels). As wealth in-
creases without bound, the EARA strategic adjustment vanishes and portfolio allocation

converges to the classical baseline ratio:

lim Q(a) =0, lim w; = - (35)

a—o0 a—00 0‘2 y

Proof. The optimal portfolio allocation, w;, consists of a myopic demand component
and a strategic hedging component, €;(a):
* MHs —Tf
wy(a) = + Q4(a).
' azn:(a)
The strategic component, 2;(a), hedges against fluctuations in the investment opportu-

nity set and future labor income. As wealth a becomes large, the present value of future
labor income becomes negligible relative to financial wealth. Consequently, the hedging
motive diminishes, and €;(a) converges to zero. This is reflected by the wealth-scaling
factor in its analytical expression (see Equation (26)), which ensures lim,_,o, (a) = 0.

For the total allocation, we take the limit as a — oo:

lim w;(a) = lim (,us — rf) + lim Q4(a).

a—00 a—»00 Ugnt(a) a—o0

Using the result from the Proposition 2 that lim,_,., 7;(a) = 7 and that the hedging

demand vanishes, we find that the portfolio converges to the classic Merton (1969) share:

]

This convergence reflects the gradual dominance of financial asset returns as the
relative importance of human capital income declines. Households need to maintain a
certain amount of risk assets to meet their total income needs, even when considering
future shocks. The wealth-scaling factor (1/a) in equation (26) ensures quantitative
negligibility of the EARA strategic adjustment regardless of finite deviations of ERRA
n(a) from unity.

The economic implication is profound: portfolio heterogeneity should be concen-
trated among low-to-moderate wealth households, where EARA strategic adjustment
significantly modify allocations relative to standard theory. For wealthy households,
conventional portfolio rules provide reasonable approximations, as the wealth-scaling
effect renders the EARA strategic adjustment negligible.

These results suggest that wealth distribution dynamics will be driven primarily
by standard portfolio mechanisms at the upper tail but by novel EARA strategic
adjustment mechanisms at the lower tail, creating endogenous heterogeneity in responses
to aggregate shocks across the wealth distribution and potentially explaining differential

sensitivity to macroeconomic conditions between wealthy and non-wealthy households.
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5 Quantitative Analysis of the EARA Mechanism

To translate our theoretical framework into quantitative predictions, we parameterize
the model and visualize the core economic mechanisms. Our parameterization is
disciplined by the theoretical properties derived in Section 4. Specifically, we adopt a
parsimonious functional form for the household consumption rule, ¢(a), that is consistent
with the theoretical properties derived in the preceding sections. We adopt the form
c(a) = (ch+ (k-a)P)*/?, which ensures that consumption is sustained by a base level c; at
low wealth and becomes asymptotically proportional to wealth (¢(a) =~ k - a) for afiuent
households, consistent with Theorem 1. This formulation generates a smooth, monotonic
consumption elasticity €.,(a), which in turn ensures that the ERRA, n(a) = v - €.4(a),
adheres to the boundary conditions established in Propositions 1 and 2. The subsequent
analysis illustrates how this endogenous risk aversion shapes portfolio decisions across
the wealth distribution.

For our baseline simulations, we set the model parameters as follows: the maximum
marginal propensity to consume for borrowing-constrained households, MPC,., is 0.72;
the decay rate p is 0.8; the coefficient of CRRA, 7, is 2; the time discount rate, p, is 0.05.
We assume an annualized expected return for risky assets, us, of 8%, and a risk-free
rate, ¢, of 3%. The mean income, y, is normalized to 1.0. Asset volatilities are set at
os = 0.30 for risky assets and o, = 0 for income. For hand-to-mouth households at the

lower end of the asset spectrum, consumption ¢y equals their income.

5.1 EARA and its Implications

The cornerstone of our mechanism is the state-dependent nature of households’ EARA.
Figure 1a plots the ERRA, n(a), as a function of household wealth, a. The figure starkly
illustrates the theoretical predictions of our model.

First, consistent with Proposition 1, as wealth approaches the borrowing constraint
(a — 0), ERRA n(a) converges to zero. This occurs because consumption is almost
entirely determined by non-financial income as same as wealth is small, making the
marginal utility of financial wealth nearly constant with respect to small changes in
a. Second, in line with Proposition 2, as wealth becomes large, n(a) asymptotically
converges to the underlying preference parameter, -y, which is set to 2 in this calibration.

It is worth noting that the transition of n(a) across the critical value of unity dictates
the sign and impact of the EARA strategic adjustment, Q*(a) o« (1 —1/n(a)). As shown
in Figure 1la, for households with wealth below a certain threshold, n(a) < 1, inducing a
negative adjustment that powerfully suppresses demand for risky assets. Conversely,

for wealthier households with n(a) > 1, the adjustment becomes positive, reflecting a
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Figure 1

endogenously hedging behavior against aggregate shocks.

Figure 1b isolates this EARA strategic adjustment term, Q*(a). The singular nature
of this term at low wealth levels is apparent. As a — 0, n(a) — 0, causing Q*(a) to
diverge to —oo. This provides the powerful endogenous force for non-participation in
risky assets market. For wealthier households, as n(a) approaches v, the term (1—1/n(a))
stabilizes. However, the presence of the 1/a scaling factor in the definition of Q*(a)

ensures that the adjustment term itself vanishes, approaching zero from above.

5.2 Optimal Portfolio Allocation and Endogenous Limited Par-
ticipation

The state-dependent ERRA n(a), channeled through the EARA mechanism, produces
a rich pattern of portfolio holdings across the wealth distribution. Figure 2a depicts
the optimal risky asset share, w*(a), and contrasts it with the benchmark: the classical
Merton (1969, 1973) portfolio choice problem based on no risk in labor income.

The results provide a clear visualization of our central theoretical claims. At low
levels of wealth, the EARA strategic adjustment 2*(a) is strongly negative, as shown in
Figure 2a. This force overwhelms the myopic demand, driving the optimal allocation
w*(a) to the zero lower bound. This provides a novel, endogenous rationale for the
empirically documented phenomenon of limited stock market participation among low-
wealth households, a direct consequence of Corollary 1. Our model generates this result
without imposing exogenous constraints or assuming extreme correlations between labor
income and asset returns.

As wealth increases, 7(a) surpasses one, and the EARA adjustment term becomes

positive, leading to a distinctive "hump” shape in the optimal portfolio. For the
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wealthiest households, two effects ensure convergence to the baseline ratio in Corollary
2. First, the EARA strategic adjustment term 2*(a) vanishes due to the 1/a scaling
factor. Second, n(a) converges to . Consequently, as predicted by Corollary 2, the
optimal portfolio share w*(a) robustly converges to the baseline ratio, demonstrating
that standard portfolio theory serves as a good approximation for the affluent but
fundamentally mischaracterizes the behavior of the less wealthy facing common shock
in risky assets.

Figure 2b further explores the properties of the optimal portfolio allocation by
presenting a comparative statics exercise with respect to the volatility of risky assets, os.
An increase in the volatility unambiguously lowers the demand for risky assets across
all wealth levels, a standard result. Note that the figure illustrates a more subtle point:
the wealth threshold at which households begin to participate in risky assets market
increases with volatility. This is because higher volatility amplifies the cautionary effect
of the EARA mechanism at low wealth levels, making households even more reluctant

to hold risky assets.

5.3 Implications for Wealth Dynamics

Finally, we examine how these wealth-dependent portfolio choices translate into wealth
accumulation dynamics. Figure 3 plots the expected instantaneous change in wealth,
or the wealth drift function, u,(a) = E[da]/dt. The drift function is negative for a
significant range of low to moderate wealth levels, indicating an endogenous force pushing
these households towards the borrowing constraint. This ”"poverty trap” dynamic is a
direct result of the limited participation induced by the EARA mechanism; by holding

only the risk-free asset, these households have lower expected returns.
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However, at very high wealth levels, the portfolio share converges to the baseline
ratio, and the wealth drift becomes strongly positive and convex. This convexity implies
that the wealthiest households accumulate wealth at an accelerating rate, creating a
powerful mechanism for the emergence of a fat-tailed wealth distribution. The interplay
between the poverty trap at the lower assets and the explosive accumulation at the
upper assets, both driven by the endogenous portfolio responses to common shocks,

provides a novel channel for generating and sustaining wealth inequality.

6 Conclusion

This paper confronts a foundational challenge in modern macroeconomics: the difficulty
of constructing models that simultaneously generate realistic wealth inequality and
endogenous portfolio heterogeneity in the presence of aggregate risk. We demonstrate
that moving from the standard HJB framework to a mean field game with common
shocks provides a resolution. This approach, characterized by a coupled system of a
BSPDE and an SKF equation, reveals a previously unrecognized mechanism in portfolio
choice: the EARA Strategic Adjustment.

Our central theoretical result is that this EARA Strategic Adjustment, which arises
purely from the interaction between individual optimization and aggregate dynamics,
fundamentally reshapes household risk-taking in a wealth-dependent manner. For house-
holds near borrowing constraints, the mechanism generates extreme endogenous relative
risk aversion, providing a novel, endogenous explanation for the widespread empirical
phenomenon of limited stock market participation. For the wealthiest households, this

effect vanishes, and their behavior converges to the predictions of classical portfolio
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theory. This differential impact offers a new channel through which aggregate shocks
drive wealth distribution dynamics, allowing the model to sustain significant inequality
even under standard preference assumptions.

The implications of this framework are broad. For economic theory, it bridges the
gap between heterogeneous agent macroeconomics and household finance, establishing
the feedback from aggregate risk as a first-order determinant of cross-sectional portfolio
choice. For policy analysis, the EARA channel suggests that policies affecting the
wealth distribution—such as wealth taxes or social safety nets—will have crucial general
equilibrium effects on aggregate risk-taking and financial stability, a margin absent from
conventional models.

The primary next step for this research agenda is a full quantitative evaluation.
Embedding the EARA mechanism within a real business cycle model and solving the
system with advanced numerical methods will allow for a disciplined comparison with
U.S. data. A forthcoming version of this paper will quantify the importance of this new
channel in matching wealth and portfolio distributions and will explore counterfactual

policy experiments.
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A. Proofs of Main Results at the Borrowing Con-

straint

Proof of Proposition 1

Proof. The endogenous relative risk aversion (ERRA), n:(a), is defined as:

a; Oc

n(a) = — = (36)

cida '
To prove the proposition, we analyze the limit of each component of the product in
(36) as wealth a; approaches the borrowing constraint from above, which we take to be
ay — O+.

The assumptions stated in the proposition are:

1. The coefficient of constant relative risk aversion, -, is a finite positive constant.

"
oc}

Ja o 18 bounded, i.e.,

2. The marginal propensity to consume out of wealth, % =

there exists some M < oo such that % <M as a; — 0".

Furthermore, we consider a household with a positive stream of non-financial income,
y; > 0. As the household’s financial wealth a; approaches zero, consumption does
not fall to zero. Instead, it is sustained by labor income. Thus, optimal consumption
¢; converges to a strictly positive value, ¢*(0,y;) > 0. Consequently, the limit of the

wealth-to-consumption ratio is:

We can now evaluate the limit of 7;(a):

lim m(a) = lim (at Oc )

ar—0+ ar—0t+ \ ¢} Oa

i & lim ¢
im — |- lim — |-
ar—0+ Cf ar—0+ da 7

= (0) - (bounded value) - (finite constant)
= 0.

This establishes that the endogenous relative risk aversion vanishes as the household’s

wealth approaches the borrowing constraint. O
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Proof of Corollary 1

Proof. The proof is presented in two parts, corresponding to the two limits stated in
the corollary.
The EARA term is given by equation (26):

0 (a) = o) =1 1 (1_m1 ) (37)

a0 ﬁt(at) _atUs (at)

We analyze its limit as a; — 07. From Proposition 1, we have lim,, o+ 7:(a;) = 0. Since

for any a; > 0, wealth is positive, consumption is positive, % > 0 (for a non-Giffen
good), and v > 0, it follows that n;(a;) > 0. Therefore, the limit is approached from the
right, i.e., n;(a;) — 0F.

Let’s examine the terms in (37):

1. lim,, o+ —=— = o0, assuming asset volatility o, is a positive constant.
S

ato,

2. limg,, o+ (1 - @) Since n(a;) — 0%, the term 1/n:(a;) — 4o00. Thus, the

expression tends to —oo.

The limit of the product is therefore:

o (1 . 1 B o
ath—I}(}ﬂL Qt N (ath—I}(}Jr CLtO's> <ath—1>1;]l+ (1 nt(at)>) a (+OO) ( OO) a oo

This confirms that the EARA term diverges to negative infinity at the borrowing

constraint.
The optimal portfolio allocation w; from equation (22) can be expressed as the sum
of the classical portfolio choice w’ (23) and the EARA term QF (24).

wi = wC + Q. (38)
The classical component can be expressed in terms of ERRA as:

WO = 1 (_ﬁi) Kus —ZTf) o+ (psyay) vay] _ 1 [us T
(o N Vg O Og Ur O Og Va

The full portfolio is then:

* l|:,us—27"f+psy0y%:|+ 1 77t_1.
o Os Vg at0s Tt

To evaluate the limit, we combine terms over a common denominator, a;o47;:

Bs—Tf | PsyTy Valy _
* at0s |: o2 + Os Ua] tne—1
Wy =

A0 My
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Let us analyze the limit of the numerator and the denominator as a; — 0.
Numerator: As a; — 07, the first term a;04[...] — 0 because the bracketed
expression is assumed to be bounded. From Proposition 1, 77, — 0. Thus, the numerator
converges to:
lim (ai08[...]+m—1)=0+0—1=—1.

at%0+
Denominator: As a; — 0%, both a; — 0 and 7; — 0. The denominator a;osn; — 0.
Since a; > 0, o, > 0, and 7, > 0, the denominator approaches 0 from the positive side
(07).

Combining these results, the limit of the unconstrained optimal portfolio is:

lim w! !
m w = — = —00.
atﬁ(ﬁ tunc 0+

This shows that the underlying optimal behavior is to take an unboundedly large short
position in risky assets.

However, the corollary states the portfolio choice vanishes. This result holds under
the empirically relevant institutional constraint that households cannot take infinite
short positions, often modeled simply as a no-short-sale constraint, w; > 0.

Let wf . be the unconstrained solution derived above. The constrained optimal
portfolio choice is given by:

w; = max(0, w:,unc)'

Since we have shown that lim,, o+ Wy, = —00, there exists a ¢ > 0 such that for all
az € (0,0), Wi yne(ar) < 0. In this region, the optimal constrained choice is the corner
solution:

wy(ay) =0 for a; € (0,9).

Therefore, the limit of the constrained portfolio choice is:

lim w; =0.
at—>0+

B. Asymptotic Behavior of the Consumption-Wealth
Ratio

This appendix provides a rigorous proof for the main result in the text concerning the
asymptotic behavior of the household’s optimal consumption-wealth ratio. We prove
that, as a household’s wealth approaches infinity, its consumption-wealth ratio converges

in the L? sense to a deterministic constant determined by the economy’s fundamental
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parameters. The proof relies on a scale transformation of the governing Backward
Stochastic Partial Differential Equation (BSPDE), modern SPDE regularity theory, and

martingale convergence theorems.

B.1 Preliminaries and Statement of the Main Theorem

The agent’s value function v(a,y, k. t) is the unique solution to the following BSPDE;,

given in the main text as equation (17):

1
—dv; = sup {u(ct) + ([we(ps — 7)) +7rflas +ye — ) vg + é(wtatas)%aa

Ct,Wt

1 _
+ [y vy + 5021)% + WAt PsyTsOyVay + [V;, — Wi0s (AVaq + Va)

— OyPsyVay — Oyn/ 1-— szvyy} dt — Zt th,

where for brevity we denote partial derivatives by subscripts (e.g., v, = g—g) and the
martingale component by Z,. The optimal policy c¢*(a,y,k,t) is derived from the
first-order condition u'(c*) = v,,.

Our proof requires standard assumptions on the boundedness and smoothness of the

model’s coefficients.

Assumption 2 (Regularity of Coefficients). The utility function is of the CRRA

form, u(c) = '311:; with v+ > 1. The market and income process coefficients

(fs, T s, Osy by, Oy, Psy, fii) are assumed to be uniformly bounded and sufficiently smooth

(e.g., globally Lipschitz continuous) in the state variables.

Under this assumption, standard results from the theory of semi-linear SPDEs (see,

2,21 i

e.g., Krylov, 1999) guarantee the existence and uniqueness of a solution v € C*
the state space (a, v, l%, t), which possesses sufficient regularity for the following analysis.

It is worth noting that if the state variables were to include distribution measures,
this framework would extend to a McKean-Vlasov equation, demanding more stringent
regularity assumptions on the coefficients to guarantee the existence and uniqueness of
solutions, as discussed in works like Cardaliaguet et al. (2019).

We can now state the main theorem 1 of this appendix.

A.2 Proof of Theorem 1

The proof proceeds in four steps. First, we define a scale-invariant value function and
derive the BSPDE it satisfies. Second, we perform an asymptotic analysis on this new

BSPDE, showing that its stochastic, income-related, and macro-state-dependent terms
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vanish in the limit. Third, we characterize the resulting limiting deterministic HJB
equation. Finally, we use the convergence of the value functions to establish the L?

convergence of the policy functions.

Proof. Step 1: The Scale Transformation We introduce a scaling parameter £ > 0
and define a new value function ve which normalizes the original value function v by the
agent’s scale. The transformation applies only to the individual-specific state variables

(a,y), not the aggregate state k.

Definition 6. For any £ > 0, the scaled value function ve : (0,00) x R xR x [0,7] - R

is defined as:

v(éa, &y, k. t).

The key to the proof is to understand the dynamics of vg.

ve(a,y, k, t):= =

Lemma 1. The scaled value function v¢(a, v, k, t) satisfies a BSPDE where the coeffi-
cients of the labor income process and the magnitude of the martingale term are scaled

down by powers of &.

Proof of Lemma 1. We derive the dynamics of ve by applying the chain rule to its

definition. The partial derivatives of v¢ relate to those of v as follows:

ov 0%
T = §talga, ), S =, )
ov 0%
8_; - g’yvy(é(h s )7 WQE - €7+1Uyy(€a7 s )
0% v _
W&Z =g (a0, 6_15 = yléa, ).

Let ¢ = ¢/€ and we = w be the scaled controls. Substituting these into the original
BSPDE 39, evaluating at (£a, £y, k, t), and multiplying the entire equation by &7 yields
the BSPDE for v¢(a, y, k, t). The drift term, for instance, transforms as:

& ule) = u(c/§) = ulce).
And the wealth dynamics term becomes:
£ ([l — 1) + 17)(60) + (€9) — (Eco)) ulas )
= ([w(lu’s - ’rf) + T‘f]CL +y— Cﬁ) Uf,a(av s )

After transforming all terms, the labor income drift and volatility terms are scaled:
oy — py /€ and oy — 0, /€. The martingale term dM, for ve has coefficients that are

also scaled down, which is the subject of the next step. O
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Step 2: Asymptotic Analysis of the Scaled BSPDE
We now analyze the BSPDE for vg in the limit as § — co. We show that all terms

that differentiate the agent’s problem from the classic Merton problem vanish.

Lemma 2 (Vanishing Martingale Component). Let M, be the martingale component
of the solution to the scaled BSPDE. Then,

lim E

E—o0

sup |M§73|2] =0.

s€[0,t]

Proof of Lemma 2. The martingale term dM¢, is a linear combination of the original
stochastic drivers, with coefficients depending on the scaled derivatives. A typical
coefficient is the one on dW5,, which includes the term % PsyVe,y- The homogeneity of

the value function implies that for some constant K, |v,(a,y, k. t)] < Ka™?. Thus,

%psyvf7y(a> s )' = ‘@psy{yvy(éaa cee )‘ S %67[((5&)7 = W%

The squared coefficient decays at a rate of £72. Applying this to all components of

the martingale term, the quadratic variation (M), satisfies:

! ) Ct
E[(Me)] = | | IZeslleds| <
0
for some constant C' independent of &, where || - ||r is the Frobenius norm. By the

Burkholder-Davis-Gundy (BDG) inequality, there exists a universal constant Cgpg such

that:
CrpaCt

&

Taking the limit as £ — oo, the right-hand side converges to zero, which proves the

E

sup |M575|2
s€[0,t]

< CepcE[(M):] <

lemma. O

The deterministic terms related to labor income (p, /€, 0,/¢) and the macro-state
(fuvy /€177) also vanish. The former is immediate from the scaling. For the macro-state
term, we posit that in the limit of infinite wealth, the agent’s value is insensitive to
marginal changes in the aggregate state, implying lime_,oc v j = 0.

Step 3: Convergence to the Deterministic Benchmark Problem

As £ — oo, the BSPDE for v converges in distribution to a deterministic partial
differential equation. This limiting equation is the familiar Hamilton-Jacobi-Bellman
(HJB) equation for an infinitely-lived agent with no labor income, corresponding to the

SSS optimal problem:

pus(a)
39
=sup {u(c) + [(w(ps —7f) +r5)a — ¢ — woslvg(a) + [%(waosf — waas]vg(a)} : (39)

c,w
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The solution to this HJB equation is vg(a) = B%, where B is a constant. The
associated optimal consumption-wealth ratio is the constant kg given in the statement
of Theorem 1.

To derive kg, we substitute the proposed solution vg(a) = B "11:; and the CRRA
into the HJB equation (39). The first and second derivatives

cl=
1—y

utility function u(c) =

of vg(a) are:

vi(a) = —yBa "L
First, we find the optimal consumption ¢*. The first-order condition with respect to c is
u'(¢) — vg(a) = 0, which gives:
¢7=Ba" = ¢ =B
Let kg = B~'/7, so ¢* = kga.
Next, we find the optimal portfolio share w*. The first-order condition with respect

to w is:

(s — rp)a — o5lvg(a) + (wo2a® — osa)v(a) = 0.
Substitute the derivatives vi(a) and v%§(a):
(s — rp)a — og](Ba™) + (wola® — o5a)(—yBa™7"1) = 0.
Dividing by Ba'~" (since B # 0 and a # 0):

* _ Hs =Ty 7_1
w*(a) = ~o? + P

Now, substitute ¢* = kga, w* = “T:;"f + %7 vs(a), vg(a), and v¢(a) back into the
HJB equation (39):
To complete the proof, we substitute the expressions for ¢*, w*, vs(a), vs(a), and
v¢(a) into the HJB equation (39).
al="  (ksa)™?

PBI — = 5 + ((ry + w* (s — r4))a — ksa — w*oy) Ba™?

1
+ (i(w*asaf — w*aas) (—yBa™"7h).

Divide the entire equation by Ba!~7:

*

i
p kg . - 1, . w o
= s _k - 5 S
— B<1_7)+(rf+w(u rs) — ks) Q(wa)fﬁ—

R ]
:B(ls_ 'Y) + (rf + W*<,us - rf) - k’S) - E(W*Us)g% as a4 — 00.

(v—1)
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Since ks = B~Y7, we have B = ks”. Substitute this into the first term:

P T b — ) — ) — L
=7 r W s — T —Rg) — Z W 0g) 7Y
1—v ksv(l_’Y) d d

2

k - 1
T B

Combine terms involving ksg:

ks — ks(1 — 1
1f7: : 1S_(7 7)+Tf+w*(ﬂs—rf)——(w*as)27

2
vks . L,
:1_,}/+7nf+w (,US—T'f)——(w 0-5)27'

2
Multiply by (1 —~):

_ X L .
p:’yk‘s—f—(l—’)/) ryt+w (:us_rf)__(w 05)2'7:|'

2
Now, substitute w* = “T:;"f (as a — o0) into the equation:
p=7ks +(1—7) -Tf + (“87—_05;7)2 - % (MZ;;’C)Q 037]
:W;?s +(1—7) :Tf + (Ms’y—agfy — %(Ms,ygagfyagv}
ks (1) [ry o Lol S0 )]
=vks + (1 —7) :rf + —w‘;;agfq .

Finally, solve for kg:

7 (/~Ls - rf)Q
—p— (1= Ms 1)
Yhs =p—(1—=7) (Tf + 2702

This SSS optimal consumption-wealth ratio is the same as the baseline ratio.

Step 4: Convergence of the Policy Function

The final step is to translate the convergence of the value function v — vj into the

convergence of the policy function ¢*/a. The optimal consumption policy is given by
the first-order condition /(c*) = v,, which for CRRA utility implies ¢* = (v,)~'/7. For

the scaled problem, the policy is ¢ = (v&a)_l/ v,

From the analysis above, we have the convergence ve — vy, in a sufficiently strong

sense (implied by the SPDE regularity theory) that ensures the convergence of the

33



derivatives, ve, — Uarq. Since x — z~Y7 is a continuous function, the Continuous

Mapping Theorem implies:
glim ce(1,y/8, kt) = (uara(1) ™YY = epr(1) = ks aus.
—00

To establish the desired convergence, we set the scaling factor £ equal to the wealth

level a:

C*(G’Z’k7t) _ C*(g . 1,5 é_(y/a),k’t> _ Cz(ljy/a’ i{;,t)

Therefore, we have established almost sure convergence:

To strengthen this to L? convergence, we must show that the family of random variables
{(c*/a)*}4>0 is uniformly integrable. The regularity bounds on the value function v
and its derivative v, (which grows as a=7) ensure that ¢*/a is uniformly bounded in
L?. By the Dominated Convergence Theorem, almost sure convergence implies L2

convergence. O]
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