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Abstract

We study optimal carbon-neutral transition policy in response to climate change and

climate-economic model uncertainty. To solve this model, we develop a neural-network-

based computational algorithm that incorporates pseudo-states variables to derive ac-

curate global solutions for dynamic models which are relatively high-dimensional, and

where endogenous nonlinearities from model uncertainty aversion and jump processes

are first-order considerations, as in our setting. Our social planner places substan-

tial value on investment in R&D and green capital. However, the significant “social

pay-off” of green technological innovation means only the robustly optimal R&D in-

vestment choice is significantly augmented by aversion to the various climate-model

uncertainty channels.
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1 Introduction

The characterization of optimal quantities, pricing outcomes, and social welfare implications

under specified optimality criteria are the core focus of theoretical economic and financial

market modeling. The outcomes from these modeling frameworks are often the emphasis

for academic analysis and exploration, but such results can also be immensely consequential

for government decision-making and policy action. As the complexity of modeling frame-

works and policy questions increase, the limits of existing methodologies to provide suffi-

ciently robust and accurate numerical solutions become ever more apparent. In this paper,

we characterize the optimal carbon-neutral transition policy in response to climate change

and climate-economic model uncertainty using a dynamic, general equilibrium model with

multiple capital stock types. To solve this model, we construct a deep learning algorithm

designed to solve economic and financial models that incorporate model features that have

proven to be notably problematic for existing computational methods. In particular, we

focus on continuous-time, dynamic general equilibrium models with high-dimensional state

spaces governed by jump-diffusion processes that are subject to model uncertainty concerns,

which are the type of model features that are central to our climate-economics setting.

The potential consequences of climate change are becoming increasingly apparent, with

the the Sixth Assessment Report (AR6) of the Intergovernmental Panel on Climate Change

(IPCC) stating that “[i]t is unequivocal that human influence has warmed the atmosphere,

ocean and land” and that anthropogenic climate change “has caused widespread adverse

impacts and related losses and damages to nature and people, beyond natural climate vari-

ability.”1 Given these concerns, policymakers and organizations are increasingly focusing

on the necessity and feasibility of a transition to a carbon-neutral economy. Reports from

the OECD, the IEA, the White House, McKinsey & Co., and Princeton University’s High

Meadows Environmental Institute2, among many others, emphasize the need to heavily in-

vest in cleaner production methods to reduce current carbon emissions, as well as the need

to devote significant resources to R&D for developing new green technology to prevent fu-

ture carbon emissions. These conclusions are based largely on scenario analysis aimed at

achieving climate policy goals such as the 1.5 C˝ GMT temperature anomaly ceiling pro-

posed by the 2015 Paris Climate Agreement. The implementation of a socially efficient

carbon-neutral transition, taking into account the various frictions, risks, uncertainties, and

endogenous feedbacks and responses related to climate change and climate policy action, is

the key economic question that we address in this paper.

1See Masson-Delmotte et al. (2021a) and Pörtner et al. (2022).
2See OECD (2019), Bouckaert et al. (2021), White House (2021), McKinsey Global Initiative (2022),

and Jenkins et al. (2021).
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In this paper, we develop and solve a dynamic general equilibrium framework with three

types of capital: “dirty” capital that generates carbon emissions when used in production,

“green” capital that produces no emissions but is initially less productive than dirty capital,

and “knowledge” capital that increases the likelihood of a technology shock that augments

the productivity of green capital. By focusing on capital stocks, our model incorporates

dynamic features that play an important role in the transition to carbon-neutrality. First,

the model framework leads to an emissions pathway that is “sticky” or persistent because

dirty capital depreciates gradually and is costly to disinvest. Second, convex adjustment

costs related to investment capital mean that the accumulation of new green capital can

take significant time. Finally, the arrival of improved green technology depends on the

stock of knowledge capital in the economy, which requires R&D investment across time and

substitutes resources away from consumption, as well as from other types of investment.

Two important considerations in our analysis are the potential for thresholds or jumps

in the climate damage and green innovation processes, as well as the substantial uncertainty

about the central mechanisms in our model. We assume that the severity of economic dam-

ages from climate change is revealed via a stochastic jump process that is dependent upon

the global mean temperature anomaly, and that the realization of a green technological

innovation that enhances the productivity of the green capital occurs via a jump process

that depends upon the level of knowledge capital accumulated through R&D investment.

The uncertainty in our pertains to carbon-climate dynamics, or the mapping from carbon

emissions into atmospheric carbon into temperature changes; the severity of the economic

damage functions, or the negative impact on output due to changes in atmospheric tem-

perature; and the technological innovation process, or the likelihood of a technology shock

that augments the productivity of green capital via R&D investment. While each of these

model components allows for risk in the form of stochastic realizations, we are interested in

exploring alternative forms of uncertainty. In particular, we focus on the possibility that a

given model is misspecified in a meaningful and unknown way. We explicitly incorporate

these uncertainty considerations into the social planner’s decision problem by applying tools

from dynamic decision theory. As a result, our analysis highlights the endogenous interde-

pendencies and feedback effects that substantially impact optimal policy choices and social

valuations coming from uncertainty aversion, with particular concerns related to shifts in

climate damage severity and green technology.

Our general equilibrium framework with multiple endogenous state variables requires

solving relatively high-dimensional PDEs with significant non-linearities due to the model

uncertainty concerns and stochastic jump processes related to technological change and cli-

mate damages. As a result, our analysis requires computational methods that provide global

2



solutions to accurately characterize the endogenous optimal policies and the social valuations

of interest. Standard finite difference methods commonly used in economics and finance are

not well equipped for such problems. We, therefore, develop and implement an algorithm

using deep neural network methods, augmenting the deep Galerkin method-policy improve-

ment algorithm setting (DGM-PIA) by incorporating key model parameters as pseudo-state

variables. While using parameters as pseudo-state variables has been done in other settings3,

to the best of our knowledge, we are the first to incorporate this feature into the DGM-PIA

setting to improve the algorithm’s solution accuracy when confronting nonlinearities from

jump processes and model uncertainty aversion. The use of pseudo-states is critical for

allowing the algorithm to accurately learn the monotonicity and other features related to

the nonlinearity in our framework arising from model uncertainty aversion and stochastic

jumps. As a result, the algorithm is able to handle multiple non-stationary, endogenous state

variables with considerable non-linearity in a continuous-time, infinite horizon setting. The

algorithm provides a toolbox that expands the ability of researchers to address questions

not only in climate-economics, but more broadly in economics, finance, dynamic decision

theory, and stochastic optimal control, where numerical solutions are necessary due to the

“curse of dimensionality” and the complexities associated with heterogeneity, uncertainty,

and nonlinearity in the model framework.

1.1 Climate Economics Literature

Our paper builds on and contributes to a number of important areas of research across eco-

nomics, finance, geoscience, and applied mathematics. The implications of anthropogenic

emissions have been a central focus of geoscientists for many decades, beginning with the

seminal work of Arrhenius (1896). Recent work has focused on characterizing the dynamic

relationship between carbon emissions, atmospheric carbon concentration, and temperature

change via pulse experiments (Joos et al. 2013, Geoffroy et al. 2013, Eby et al. 2009), de-

riving simplified emulators or approximations of these complex relationships for the use of

policymakers (Matthews et al. 2009, Pierrehumbert 2014, MacDougall et al. 2017), as well

as quantifying the dynamic and stochastic features of carbon-climate dynamics (Ricke and

Caldeira 2014, Palmer and Stevens 2019). These components are critical inputs into our

model framework and uncertainty analysis.

The climate economics literature has given substantial focus to estimating the economic

consequences of climate change and deriving a Social Cost of Carbon (SCC), or the cost to

social welfare of emitting an additional amount of carbon emissions into the atmosphere.

3See Norets (2012), Duarte (2018), and Friedl et al. (2023) for examples of using pseudo-states in neural
network frameworks related to structural model estimation and model sensitivity analysis.
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Economists have estimated the economic costs generated by observed climate change for nu-

merous economic sectors, regions, and dimensions of the economy (Dell et al. 2012, Hsiang

et al. 2017, Colacito et al. 2019, Allen et al. 2019, Carleton and Greenstone 2021). The-

oretical modeling and integrated assessment model analysis to derive SCC valuations have

considered for numerous economic mechanisms (Golosov et al. 2014, Acemoglu et al. 2016,

Nordhaus 2018, Cai et al. 2017, Cai and Lontzek 2019) and proposed climate damage func-

tion approximations and frameworks (Lenton et al. 2008, Weitzman 2012, Cai et al. 2015,

Drijfhout et al. 2015, Ritchie et al. 2021).

Recent work has begun to examine important dimensions related to interconnected cli-

mate change and economic model uncertainty (Olson et al. 2012, Lemoine and Traeger 2014,

Hassler et al. 2018, Nordhaus 2018, Dietz and Venmans 2019, Barnett et al. 2020, Rudik

2020, Barnett et al. 2022, Barnett 2023). Importantly, many of these studies of uncertainty

have exploited the powerful toolset developed in dynamic decision theory (Anderson et al.

2003, Maccheroni et al. 2006, Hansen and Sargent 2007, Klibanoff et al. 2009, Hansen and

Miao 2018, Barnett et al. 2020, Cerreia-Vioglio et al. 2021), allowing researchers to account

for model uncertainty explicitly in the decision-maker’s problem within the model.

This paper also links to an important area of macroeconomic research. This includes the

foundational work on endogenous economic growth (Brock and Mirman 1972, Baumol 1986,

Lucas Jr 1988, Romer 1990), as well as recent analysis of the social and private benefits of

innovation (Bloom et al. 2019, Lucking et al. 2019), and considerations for the transition

to a green economy (Acemoglu et al. 2012, 2016, Jaakkola and Van der Ploeg 2019). In

addition, the connection between macroeconomics and asset pricing in production-based

asset pricing (Brock 1982, Cochrane 1991, Jermann 1998), as well as the importance links to

economic growth and innovation (Papanikolaou 2011, Kogan and Papanikolaou 2014, Kung

and Schmid 2015) have important implications for the social valuations we derive in our

climate-economics-innovation linked framework.

1.2 Deep Learning Literature

In recent years, deep learning algorithms, built on the neural network’s remarkable ability

to represent and approximate high-dimensional functions and efficient gradient descent op-

timizers, have been very successful in many areas, ranging from computer vision and speech

recognition to scientific computing (see, e.g. Carleo and Troyer (2017), Gao and Duan (2017),

Han et al. (2018), Zhang et al. (2018), Han et al. (2019)). The climate change problem con-

sidered in this paper aims to study how choices for investment in clean and dirty capital, and

R&D for technological innovation, are determined when facing uncertainties, which, math-
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ematically, is a stochastic control problem. Along this direction, deep learning algorithms

are roughly categorized into: direct parameterization, partial differential equations (PDEs),

and forward-backward stochastic differential equations (FBSDEs) approach.

In this first category, the seminal work in high-dimension was proposed by Han and E

(2016), which solves a global-in-time minimization problem in accordance with the utility of

the control problem. Later, Bachouch et al. (2021) extended to the local-in-time approach

combined with dynamic programming techniques. Han and Hu (2021) solve the control

problem with aftereffects, modeled by stochastic differential delayed equations, using the

same spirit of Han and E (2016) but with advanced network architectures, and Carmona

and Laurière (2022) extended to mean-field control problems.

In the PDE approach, the stochastic control problem will first be reformulated into a

Hamilton-Jacobi-Bellman (HJB) PDE using the dynamic programming principle, and then

solved by deep learning algorithms. For generic PDEs, Sirignano and Spiliopoulos (2018)

proposed the deep Galerkin method (DGM), and Raissi et al. (2019) proposed the physics-

informed neural networks (PINNs), roughly at the same time. Both approximate solutions

to PDEs by training neural networks to minimize the residuals coming from the initial

conditions, the boundary conditions, and the PDE operators. Saporito and Zhang (2021)

followed this idea and solved path-dependent PDEs using recurrent neural networks. Later,

Al-Aradi et al. (2022) and Duarte et al. (2023) extended the DGM to deal with HJB equations

in their unsimplified primal form and solved for the value function and the optimal control

simultaneously by characterizing both as deep neural networks.

For semi-linear parabolic PDEs, which correspond to stochastic control problems with

uncontrolled volatility, E et al. (2017) and Han et al. (2018) proposed a deep BSDE solver

which, to the best of our knowledge, is the first work in this area and has inspired much

follow-up work. They recast the solution of a semi-linear parabolic PDE into a global-in-

time optimization problem based on the associated BSDEs via the non-linear Feynman Kac

formula and variational form. Huré et al. (2020) dealt with the same associated BSDE but

obtained the resolution by solving backward in time using a sequence of small optimization

problems and termed it as deep learning backward dynamic programming (DBDP). Another

work focusing on semi-linear PDE is the deep splitting method proposed by Beck et al. (2021),

where the partial differential operators are split into the linear part and the nonlinear part,

with the nonlinear part propagating first by freezing the solution and the linear part then

being taken care of by an approximate Feynman-Kac representation. When the control

appears in the state dynamics’ diffusion coefficient, this leads to a fully nonlinear PDE. In

this direction, in the same spirit of E et al. (2017) and Han et al. (2018), Beck et al. (2019)

proposed a DL algorithm by solving the corresponding second-order BSDE, and Pham et al.
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(2021) extended the DBDP idea in Huré et al. (2020) by further approximating the Hessian

matrix using auto differentiation of first derivatives’ neural networks.

In the FBSDE approach, the control problem will first be reformulated into a coupled

forward-backward system using the stochastic Pontryagin maximum principle. The system

is, in general, hard to solve numerically, let alone in high dimensions, due to its coupled

nature and opposing directions: one with an initial condition running forward in time and

one with a terminal condition running backward in time. Han and Long (2020) solved the

fully-coupled FBSDE by extending the deep BSDE solver with convergence analysis subject

to neural networks’ universal approximation, and Ji et al. (2020) further extended the results

with the Picard iteration method.

Recently, attention has also been drawn to stochastic control problems with jumps. The

problem is more involved as the PDE becomes partial integro-differential, thus non-local; and

the FBSDE system now contains a Lévy process. For such problems, Boussange et al. (2022)

solved the associated non-local PDE by extending the deep splitting method in Beck et al.

(2021) and multilevel Picard approximation method in Hutzenthaler et al. (2019); Castro

(2022) solved the associated forward-backward system by extending the DBDP method in

Huré et al. (2020); and Gnoatto et al. (2022) solved the same system in the same spirit of

the deep BSDE solver, proposed in E et al. (2017) and Han et al. (2018). These settings

all focus on the semi-linear problem, where the control only appears in the drift coefficient.

Very recently, Lu et al. (2024) proposed an actor-critic reinforcement learning algorithm to

address the fully nonlinear control problem with jumps.

When using neural networks to parameterize the quantity of interest, usually the value

function or the control policy, people may want to incorporate domain knowledge, such as

guaranteed monotonicity or convexity of the learned function with respect to some of the

input variables. There have been fruitful studies on how to build network structures in order

to fulfill such requirements, see for instance, Sill (1997), Gupta et al. (2016), Wehenkel and

Louppe (2019) and Runje and Shankaranarayana (2022).

2 A Multi-Capital Climate-Economics Model

We now outline the example economy used to study optimal climate policy related to a

carbon-neutral transition. The model incorporates components related to climate change

dynamics, economic damages from climate change, economic production technologies, tech-

nological innovation through R&D investment, and preferences that include model uncer-

tainty aversion. We outline each of these model pieces in what follows, and then derive the

central theoretical results before presenting the numerical algorithm developed to derive our
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model solution and the numerical solutions to the model using our computational algorithm.

2.1 Climate Dynamics

We begin with relatively simple climate dynamics based on the simplified approximations

of long-run climate change outcomes developed by Matthews et al. (2009) and validated by

Friedlingstein (2015). Specifically, recent geoscientific analysis has shown that the output of

large-scale atmosphere-ocean general circulation models (AOGCM) can be approximated by

a proportional relationship between temperature anomaly and cumulative carbon emissions:

temperature anomaly « climate sensitivity pθq ˆ cumulative emissions.

For our analysis, we use a stochastic variant of this relationship given as follows:

dYt “ Et
`

θ̄dt ` ςdW y
t

˘

,

where Yt is the global mean temperature anomaly, in degrees Celsius, relative to the prein-

dustrial level, Et is global carbon emissions, Wt is a vector Brownian motion process with

filtration Ft and scalar components W y
t , W

d
t , W

g
t and W r

t , ς is the volatility loading for tem-

perature, and θ̄ is the average of the possible climate sensitivity proportionality constants

θpmq from a set of possible values denoted by m “ 1, . . . ,M , with equal-weighted likelihood

given to each model. Importantly, this long-run approximation implies a permanent impact

of carbon emissions4. In addition, concerns about model uncertainty naturally arise in this

setting given the variation in estimated θpmq values, known as the transient climate response

to cumulative emissions (TCRE) parameter, found across large-scale AOGCMs5.

In addition, the inclusion of Brownian shocks serves a few purposes. First, it is consistent

with the seminal work of Hasselmann (1976)6, which started the field of stochastic climate

modeling to characterize the fast/slow time scale separation of climate variability, and the

more recent work of Palmer and Stevens (2019) as a means of improving predictability and

approximating variation coming from chaotic models of climate dynamics. Second, Brownian

shocks can be seen as a crude way of representing the unmodelled “complex interplay of

multiple physical and biogeochemical processes” underlying the TCRE proportionality result

4A reasonable approximation in our view given the estimated lifespan of atmospheric carbon emissions
found by Pierrehumbert (2014) and others.

5Matthews et al. (2009), Friedlingstein (2015), and Masson-Delmotte et al. (2021b) all provide insightful
representations and details related to this climate sensitivity uncertainty result.

6Franzke et al. (2022) surveys Hasselman’s work, as well as the work of Syukuro Manabe and Giorgi
Parisi, who were jointly awarded the 2021 Nobel Prize in Physics for their seminal work on modeling complex
physical systems, including direct application to modeling climate dynamics.
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Figure 1: Implied TCRE coefficients across time and models, capturing carbon and tempera-
ture uncertainty. The top figure shows the percentiles for temperature responses to emission
pulses for all carbon and temperature model combinations. The bottom figure is a histogram
for the exponentially weighted average responses of temperature to an emissions pulse from
144 different models using a rate δ “ .01.

that is “not amenable to a simple physical explanation” as recently shown by Gillett (2023).

Third, the use of Brownian shocks means that the true climate model is “disguised” in the

statistical sense that a small set of observations do not immediately reveal the true model,

allowing for a meaningful uncertainty analysis.

Remark 2.1. While the proportionality relationship used here is based on a relationship of

carbon emissions to temperature change that is born out at a time horizon of 10 years and

beyond, Dietz and Venmans (2019), Barnett et al. (2022), Barnett (2023) and others have
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shown that this relationship is well suited for frequencies as short as one year. We follow

Barnett et al. (2022) and Barnett et al. (2023) and use pulse experiment results of Joos

et al. (2013) and Geoffroy et al. (2013) to build the set of climate sensitivity models for our

analysis.7 Figure 1 shows the dynamic pathways and the implied TCRE parameters for the

144 models produced from this exercise. We can see from the pathways that the temperature

response peaks around 10 years, and flattens out thereafter. The histogram implied TCRE

parameters, also shown in Figure 1, are quite dispersed, with values ranging from around 1

to just below 3, with the average value being 1.86.

2.2 Climate Damages

Our model of economic damages from climate change, or climate damages, follows a piece-

wise log quadratic specification where a potential change in the curvature of the damage

function is triggered by a jump process realization, just as in Barnett et al. (2023). The

climate damages, denoted Nt, are assumed to impact capital, output, investments, and con-

sumption in a proportional manner. There is a stochastic jump process that determines

dynamically which value of the damage function curvature λ3pℓq will be realized and when

that potential change will be realized, denoted by a temperature anomaly value Ŷ . Specifi-

cally, the jump process has L absorbing states, where each state ℓ corresponds to a value of

λ3pℓq. Before the realization of the jump, each λ3pℓq value has a an equal-weighted likelihood

of occurring. When the jump is realized, the value of λ3pℓq is revealed and the true damage

function curvature becomes known to the social planner in the model. The likelihood of

a damage function jump is determined by a jump intensity J ℓ
npyq that is increasing in the

endogenous temperature anomaly state variable y and is localized to the range of temper-

ature values ry, ys. There is uncertainty associated both with the probability distribution

on possible λ3pℓq model realizations, as well as the probability of when a damage jump will

occur in the ry, ys. The climate damage function Nt is given in logarithmic form

logNpyq “

#

λ1y ` λ2
2
y2 0 ď y ď ŷ

λ1y ` λ2
2
ŷ2 ` λ2

2
py ´ ŷ ` ȳq2 `

λ3pℓq
2

py ´ ŷq2 ´ λ2
2
λ2pȳq2 y ě ŷ.

Note that this specification depends on the temperature value when the jump occurs, Ŷ ,

7Joos et al. (2013) examines carbon dynamics variation and uncertainty based on responses of atmo-
spheric carbon concentration to emission pulses for several alternative Earth System models. Geoffroy et al.
(2013) provides temperature dynamics variation and uncertainty based on approximate dynamics relating
the log of atmospheric carbon to future temperature, following the Arrhenius equation. We take 9 atmo-
spheric carbon pulse responses as inputs into 16 temperature dynamics approximations to derive our set of
carbon-climate TCRE models.
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such that the earlier it occurs the more severe the damages from climate change are.

Figure 2: Range of possible damage functions for two cases with different jump thresholds.
The solid lines show the average values, and the shaded regions give the range of possible
values for expp´nq, which measures the proportional reduction of the productive capacity of
the economy. The blue line and region show the damage function curvature when the jump
occurs at Yt “ ȳ “ 2.0. The red line and region show the damage function curvature when
the jump occurs at Yt “ y “ 1.5. The black dashed lines indicate the values of Yt for the
upper and lower jump thresholds for the temperature anomalies.

For our main setting, we assume ry, ys “ r1.5, 2.5s, consistent with the critical tempera-

ture thresholds used by the IPCC and the 2015 Paris Climate Agreement. Figure 2 shows

the implied climate damages across all λ3pℓq values for the jump realization occurring at

the temperature anomaly values of ỹ “ y “ 1.5 and ỹ “ ȳ “ 2. The red shaded region

shows the range of possible damage outcomes across the possible values of λ3pℓq, and the

black line gives the mean value. While there is significant discussion about the likelihood of

tipping points or thresholds at the global scale captured by discrete jumps or shifts in cli-

mate damages8, our setting is instead a smooth shift where the planner realizes whether the

damage function is more convex than previously known. In this sense, our “tipping points”

should be seen as an endogenous informational event that reveals the potential severity of

8See Brook et al. (2013) and Levitan (2013) for examples in the climate literature discussing the plau-
sibility of global scale tipping points. Drijfhout et al. (2015) and Armstrong McKay et al. (2022) examine
regional tipping points and their potential regional and global consequences.
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economic damages from additional future climate change. This structure is distinct from

much of the existing literature which there is either static information or permanently unre-

solved uncertainty about climate damages. We therefore view our framework as a valuable

tool for characterizing the possibility and uncertainty of potentially severe, nonlinear climate

damage outcomes that are highly relevant for the optimal policy decisions of a social planner

confronting climate change.

2.3 Production

For the economic component of the model, we assume there are two sectors producing per-

fectly substitutable consumption goods using their own AK technologies9:

FjpK
j
t q “ AjK

j
t , j P td, gu

Each sector has its own capital stock that evolves with logarithmic adjustment costs and

Brownian shocks as follows:

dKj
t “ Kj

t rαj ` Γj logp1 ` θji
j
tqsdt ` σjK

j
t dW

j
t , j P td, gu

For computational tractability, we redefine the state variables characterizing the capital

stocks in the model and use logK “ logpKd `Kgq and Z “ Kg

Kd`Kg . By Ito’s lemma, we can

characterize the evolution of our two new state variables. Log total capital evolves as follows

d logKt “ p1 ´ Ztqrαd ` Γd logp1 ` θdi
d
t qsdt ` Ztrαg ` Γg logp1 ` θgi

g
t qsdt

´
1

2
|σdp1 ´ Ztq|

2dt ´
1

2
|σgZt|

2dt ` p1 ´ ZtqσddW
d
t ` ZtσgdW

g
t ,

while the green-capital-to-total-capital ratio evolution is given by

dZt “ Ztp1 ´ Ztqtrαg ` Γg logp1 ` θgi
g
t qs ´ rαd ` Γd logp1 ` θdi

d
t qsudt

` Ztp1 ´ Ztqtp1 ´ Ztq|σd|
2

´ Zt|σg|
2
udt ` Ztp1 ´ ZtqσgdW

g
t ´ Ztp1 ´ ZtqσddW

d
t .

There are two key differences across the different types of production technologies in

9While the AK model has in part been rejected by Bernanke and Gürkaynak (2001) and others based on
cross-equation restrictions relating the output-capital ratio to the sensitivity of growth to the saving rate,
they also note that “the key prediction of the model that the saving rate (rate of capital accumulation) is
important for explaining the growth as well as the level of per capita output seems to hold considerable
validity.” This latter implication is the relevant feature for our analysis. We therefore see the AK model as a
reasonable approximation for our purposes, and leave refinements of the model using alternative production
technologies for future research.
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the economy. First, Sector d is the only sector that generates emissions, so that Et in our

temperature evolution equation is given by

Et “ ηAdK
d
t ,

where η is the emissions intensity parameter of Sector d production. Second, Sector d is

initially more productive than Sector g in that Ad ą Ag. While Sector d is initially more

productive than Sector g (Ad ą Ag), we assume that there is the potential for “green”

technology innovation that would augment Sector g productivity. The arrival rate of the

jump in Sector g productivity is an increasing function of the aggregate knowledge capital

stock in the economy R. The evolution of the aggregate knowledge stock is given by

dRt “ ´ζRtdt ` ψ0 pIrt q
ψ1 pRtq

1´ψ1 dt ` RtσrdW
r
t , (1)

where Ir is the level of R&D investment made to increase the knowledge capital stock, ζ is the

decay rate of the knowledge stock, ψ0 and ψ1 capture the effectiveness of R&D investment,

and σr is the volatility associated with the knowledge capital stock which emulates exogenous

stochastic information shocks about the future possibility of a technological innovation.

We allow for uncertainty about the realization of the technology shock. We assume a dis-

crete set of possible realizations for the technology jump: and intermediate technology shift

Agpℓ
1q and a terminal technology shift Agpℓ

2q. The technological innovation that determines

the change in green capital productivity is realized through a stochastic jump process. The

value A2
g is an absorbing “breakthrough” state, while A1

g is a transient intermediate state from

which we can still realize a jump to the absorbing A2
g “breakthrough” state. The probability

of realizing Agpℓ
2q from the pre-technology jump state if a technology jump occurs is pi, and

thus the probability of realizing Agpℓ
1q from the pre-technology jump state if a technology

jump occurs is 1 ´ π. The probability of realizing Agpℓ
2q from the intermediate-technology

jump state if a technology jump occurs is one. The likelihood of a technological innovation

depends upon the jump intensities J ℓ1

g pRq and J ℓ2

g pRq, which are assumed to be increasing

in the endogenous knowledge stock state variable R. We assume that Ag ă Ad, Agpℓ
1q “ Ad,

and Agpℓ
1q ă Agpℓ

2q. Uncertainty is about about the probability distribution and arrival

rate of potential technological change realization in the Ag state, only the arrival rate of a

potential technological change realization in the A1
g state, and there is no uncertainty about

technological change in the A2
g state. Thus, with uncertainty about the probability π and the

arrival rates of potential technology realizations, our structure allows for a broadly conceived

uncertainty analysis of a relatively novel specification of “green” technological innovation.
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2.4 Preferences

Finally, we assume that flow utility in the model is a log function over damaged aggregate

consumption, where exponential-quadratic damages multiplicatively scale consumption. The

utility function is therefore given by

UpC̃q “ UpC{Nq “ δ logpCq ´ δ logNpY q,

where δ is the subjective discount rate, the two types of consumption goods are perfectly

substitutable. Investment decisions are made by optimally dividing the output net of con-

sumption across investment into the three types of capital in the economy (dirty production

capital, green production capital, and knowledge capital), so that the market clearing final

output constraint is given by the relationship

C “ AdK
d

´ idKd
` AgK

g
´ igKg

´ irpKg
` Kd

q,

where id “ Id{Kd is the dirty investment-to-dirty capital ratio, ig “ Ig{Kg is the green

investment-to-green capital ratio, and ir “ Ir{pKd ` Kgq is the R&D investment-to-total

capital ratio.

3 Model Solution

With the model framework laid out, we can now turn to solving the Hamilton-Jacobi-Bellman

equations that characterize the solution to the Social Planner’s problem in our model. The

solution to our model is a recursive Markovian equilibrium that solves the Hamilton-Jacobi-

Bellman equation characterizing the planner’s social welfare function, or value function.

Therefore, the equilibrium solution is determined by optimal investment choices:

tig˚
t , i

d˚
t , i

r˚
t u

that maximize the planner’s discounted, lifetime expected utility as functions of the states

tlogKt, Zt, Yt, logRtu.

These optimal controls must satisfy the evolution equations for the state variables, as well as

the market clearing conditions given in the model set-up above and the first order conditions

from the HJB equations we outline below. To arrive at the full model solution, we must derive

solutions sequentially working from the post-technology jump, post-damage-function-jump
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state back to the pre-technology jump, pre-damage-function-jump state, accounting for the

different possible combinations of intermediate states, which are the pre-technology jump,

post-damage-function-jump state and the post-technology jump, pre-damage-function-jump

state. Given the complexity and scope of the various HJB equations we must solve, we omit

these details from the main text and direct the reader to Appendices A – C for complete

model and HJB equation details.

4 A Deep Learning Algorithm for Complex Problems

A solution to our model can only be found by computationally solving a relatively high-

dimensional, nonlinear Hamilton-Jacobi-Bellman equation. However, standard finite-difference

methods often used in economics and finance are not able to produce accurate solutions for

such settings. Thus, a key contribution of this paper is to provide an algorithm that provides

accurate global solutions for our model setting.

We begin by outlining the Hamilton-Jacobi-Bellman equation used to characterize the

types of dynamic, recursive optimization problems we are interested in solving. We then

detail the implications that jump processes and model uncertainty aversion have for our

baseline HJB equation. With these pieces in place, we discuss the implications of high-

dimensionality in the state space, further motivating the numerical algorithm needed. Fi-

nally, we explain the algorithm we construct to solve these types of models, accounting not

only for the nonlinearities, but also the high dimensionality. In particular, we show how in-

cluding “pseudo”-state variables significantly improves the accuracy of the global numerical

solutions in such complex settings.

4.1 Standard HJB equation

For simplicity and completeness, we begin by outlining the set-up for a standard dynamic,

recursive optimization problem. We consider a social planner’s problem where the objective is

to maximize lifetime, discounted expected utility in continuous time over an infinite horizon.

Following the relatively standard heuristic derivation, omitted for conciseness, the social

planner’s problem can be written as an autonomous partial differential equation (PDE)

known as a Hamilton-Jacobi-Bellman (HJB) equation, which takes the following form:

0 “ ´δV pxq ` sup
α

"

Upx, αq `
BV

Bx1
pxqµpx, αq `

1

2
trace

„

σpx, αq
1 B2V

BxBx1
pxqσpx, αq

ȷ*

.

where V pxq represents the value function capturing the optimized social welfare of the
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social planner, x and α are realizations of a vector of relevant state variables Xt, whose

evolution is given by stochastic diffusion process with drift µpx, αq and volatility σpx, αq, and

control choices At, δ is the subjective discount rate, UpXt, Atq is the flow utility function.

Various computational algorithms have been devised to derive viscosity solutions to such

relatively standard PDEs when analytical solutions are not available. Our focus is on going

beyond such settings as we outline below.

4.2 Nonlinearity from Jumps and Model Uncertainty

We are interested in augmenting the basic setting outlined above in ways that are central

for climate-economics and climate-finance model frameworks, as well as other stochastic

optimal control settings in economics, finance, and applied mathematics. The additional

model components we focus on are jump processes and model uncertainty aversion, which

introduce endogenous non-linearities that often rule out analytic solutions and many existing

numerical methods. We outline the impact that these model features have below.

4.2.1 Stochastic Jump Processes

We begin with the introduction of stochastic jumps for the state vector Xt. We assume in our

setting that there are ℓ discrete realizations of the jump process from a set L, with a jump

intensity function J ℓpxq “ πℓJ pxq. Note πℓ is the prior probability of jump realization ℓ

occurring if a jump takes place and J pxq is the state-dependent jump arrival rate. Allowing

for jumps in our setting leads to the addition of the following term to our HJB equation

L
ÿ

ℓ“1

J ℓ
pxq

“

V ℓ
pxq ´ V pxq

‰

.

where V ℓpxq denotes the post-jump value function for jump realization ℓ. Depending on the

function form of the arrival rate and jump realizations, the jumps can add an additional

endogenous, convexly nonlinear element to our HJB equation that complicates the ability to

derive numerical solutions to our problem.

4.2.2 Brownian Misspecification

Next, we outline the impact of Brownian model misspecification. Following from Girsanov

theory, diffusion misspecification comes in the form of a drift distortion related to a positive

martingale with expectation equal to one which parameterizes changes in the probability

measure. With this, we use robust preferences of the form explored by Hansen and Sargent

15



(2011) which augments the planners preferences and optimization problem to include a

minimization choice based on a quadratic penalty term over h coming from a local measure

of relative entropy or Kullback-Leibler divergence to capture “model uncertainty aversion”.

The problem augments our baseline HJB equation as follows

min
h

BV

Bx1
pxq rµpx, αq ` σpx, αqhs `

1

2
trace

„

σpx, αq
1 B2V

BxBx1
pxqσpx, αq

ȷ

`
ξ

2
h1h

where ξ is a scalar parameter capturing “model uncertainty aversion” and will be determined

as in a robust Bayesian setting by considering implied ex-post probabilistic distortions gen-

erated by the choice of ξ. Optimizing over h gives the optimal control

h˚
“ ´

1

ξ
σpx, αq

1 BV

Bx
pxq.

As with jumps, Brownian misspecification can add an additional endogenous nonlinear

element to our HJB equation, depending on assumed functional forms, which also complicates

the ability to derive numerical solutions to our problem.

4.2.3 Jump Misspecification

Finally, we highlight the impact of jump model misspecification. To incorporate this type

of misspecification, we again follow the robust preferences structure of Hansen and Sargent

(2011). We therefore introduce non-negative functions gℓ which alter the jump intensity to

be of the form J ℓpxqgℓpxq. The planner’s preferences and optimization problem are again

augmented to include a minimization choice based on a local measure of relative entropy or

Kullback-Leibler divergence over the gℓpxq to capture “model uncertainty aversion” of this

form. The problem augments our baseline HJB equation as follows

min
gℓě0

L
ÿ

ℓ“1

J ℓ
pxqgℓpxq

“

V ℓ
pxq ´ V pxq

‰

` ξ
L

ÿ

ℓ“1

J ℓ
pxq

“

1 ´ gℓpxq ` gℓpxq log gℓpxq
‰

where ξ is our aforementioned a scalar parameter capturing “model uncertainty aversion”.

Optimizing over the gℓpxq gives the optimal control

gℓ˚pxq “ exp

ˆ

´
1

ξ

“

V ℓ
pxq ´ V pxq

‰

˙

.

Again, as in our previous two modifications, jump misspecification can add an additional

endogenous nonlinear element to our HJB equation, depending on assumed functional forms.
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Moreover, this nonlinear interacts with the existing nonlinear adjustment coming from the

introduction of jumps even without misspecification concerns. Together, this additional

component further complicates the ability to derive numerical solutions to our problem.

4.3 Augmented HJB equation

Our climate-economics setting incorporates each of these elements simultaneous, with each

playing important parts of the considerations for economic damages from climate change,

technological innovation and the carbon-neutral transition, and the model uncertainty asso-

ciated with these elements, as well as the broader climate-economics dynamics underlying

the modeling framework. Taken together, and plugging in the model uncertainty-associated

minimizers, our baseline HJB equation is augmented to take the following form

0 “ ´δV pxq ` sup
α

#

Upx, αq `
BV

Bx1
pxqµpx, αq `

1

2
trace

„

σpx, αq
1 B2V

BxBx1
pxqσpx, αq

ȷ

´
1

2ξ

BV

Bx1
pxqσpx, αqσpx, αq

1 BV

Bx
pxq

+

` ξ
L

ÿ

ℓ

J ℓ
pxq

„

1 ´ exp

ˆ

´
1

ξ

“

V ℓ
pxq ´ V pxq

‰

˙ȷ

where we have included jumps and model misspecification of bother forms, having plugged

in the optimized distortions h and gℓpxq. The challenge we face is constructing an algorithm

that can accurately capture the nonlinearities resulting from each of these model features,

as well as their interactions, in a dynamic climate-economics model setting.

4.4 High Dimensionality

The final component we must consider for our computational algorithm is confronting the

“curse of dimensionality”, or that the complexity of deriving numerical solutions exponen-

tially increases in the number of dimensions. The integrated structure of theoretical climate-

economics and finance models requires a high dimensional state space in order to rigorously

and accurately account for relevant model features. As noted by Han et al. (2018), numer-

ical solutions using standard finite difference or finite element methods are almost always

unavailable for problems where the number of dimensions is greater than or equal to four10.

Incorporating model uncertainty and jumps, which introduces endogenous non-linearities as

noted before, can further exacerbate the computational burden in high dimensions.

10There are various alternatives approaches that have been explored for solving problems with more than
4 state variables, of which deep learning algorithms are a recent one that appears to have substantial promise.
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4.5 Implementing Neural Nets for Numerical Solutions

We therefore propose a novel implementation of deep neural networks for deriving the nu-

merical solutions to HJB equations by focusing on an algorithm designed not only to deal

with high-dimensionality, but also the nonlinearities and complexities associated with jumps

and model uncertainty as outlined before. Only very recently have deep learning and neural

network methods been applied to solving dynamic economic models. Because of the ability

of these methods to provide global solutions for problems where other computational solu-

tions methods become infeasible or simply fail, such as with high dimensional state spaces

or significant model nonlinearities, deep learning solution methods are seen as a potentially

“game-changing” toolset. By approximating the representative agent’s value function and

optimal controls with deep neural networks, the “curse of dimensionality” can be ameliorated

due to the representation of functions in a compositional form, rather than by the standard

additive form resulting from finite difference and element methods. Applications in macroe-

conomics (Fernandez-Villaverde et al. 2020, Maliar et al. 2021, Azinovic et al. 2022, Payne

et al. 2024) and finance (Duarte et al. 2023, Sauzet 2021) implementing these types of solu-

tions methods have begun to demonstrate the potential value and importance for studying

key problems in the literature more broadly.

We now outline our algorithm, and provide pseudo-code and further details about imple-

mentation in the appendix. We build upon the deep Galerkin method-policy improvement

algorithms (DGM-PIA) proposed in Al-Aradi et al. (2022) and Duarte et al. (2023) to solve

the aforementioned HJB equations. We first illustrate the algorithm on a generic HJB equa-

tion for V pxq:

´δV pxq ` sup
αPA

tLαV pxq ` fpx,αqu “ 0,

where x and α denote the state and control variables, A is the control space, the differential

operator Lα is the infinitesimal generator of the controlled state process Xα, f is the utility

function and δ is the discount factor. DGM-PIA solves for the value function V and the

optimal control α simultaneously by parameterizing both as deep neural networks V θ and

αφ. Then, the networks are trained by taking alternating stochastic gradient descent steps

for the two functions. Let αφ0 (as a function of x) be the initial control parameterized by

the neural net, at stage n, the algorithm contains two steps:

Step 1. Find a solution to the linear PDE

´δV θnpxq ` Lαφn
V θnpxq ` fpx,αφnpxqq “ 0,
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for the fixed control αφn , by updating θn via minimizing

LV pθq “ ∥´δV θ
pxq ` Lαφn

V θ
pxq ` fpx,αφnpxqq∥2.

Step 2. Update the policy corresponding to

αφn`1pxq P argmax
αPA

tLαV θnpxq ` fpx,αqu,

for the fixed value function V θn , by update φn`1 via minimizing

Lαpφq “ ´

ż

Ω

“

Lαφ

V θnpxq ` fpx,αφ
pxqq

‰

dνpxq,

where νpxq is a probability measure on the domain Ω of x characterizing the different regions’

relative importance.

4.5.1 Augmenting the Algorithm with “Pseudo”-State Variables

To effectively account for the nonlinearities resulting from model uncertainty and jumps,

we extend our algorithm by incorporating “pseudo”-state variables that are used as inputs

for the parameterized neural network. Specifically, we alter the stochastic gradient descent

step in the DGM-PIA algorithm to randomly sample points from the pseudo-state space,

defined in our setting by values of the model uncertainty aversion parameter ξ and the

potential realizations of the jump processes denoted by ℓ P L, as well as the standard

state space. We are therefore searching for solutions over a range of ξ and ℓ values, even

though there is no dynamic evolution associated with these pseudo-states. This enhances

the algorithm’s ability to characterize the nonlinearities associated with the jump and model

uncertainty model mechanisms, allowing us to find accurate global solutions to our problem,

in particular, those aligned with economic intuition.

The reason why the use of pseudo-state variables improves the algorithm’s accuracy is

actually fairly intuitive. By sampling from the pseudo-state space, we provide the neural

networks access to relevant information over which to train that would not be available if

we were to train individual networks for each model solution across different sets of param-

eters. Importantly, given our choice of pseudo-state variables, this additional cross-sectional

information precisely targets the model components that are the most complex and difficult

characterize. Because the algorithm samples from the pseudo-state space, the network tries

to learn the functional relationship with respect to the pseudo-state variables, similar to an

operator learning framework. A tendency of neural networks is to exhibit implicit regulariza-
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tion, meaning they tend to search for simpler functions solutions that fit the data well, such

as those with monotonicity, even without imposing such constraints. If the neural networks

finds a form of regularity consistent with the data, it will likely prefer this solution to other

alternatives, implicitly providing additional structure to the overall solution. With this addi-

tional structure over the pseudo-state space, as the the neural network updates the solution

for one set of parameter values, it will impact the solution for other parameter values. These

updates are generally beneficial because the model solutions we are searching for are usually

continuous and smooth in the state and parameter space. As a result, the solution for one

set of parameters is likely to be relatively close to the solution for a slight perturbation to

the parameter values. This additional information and structure provided by the inclusion

of pseudo-states appears to be particularly valuable in allowing the neural networks to more

accurately identify and fit the types of complex nonlinearities encompassed by our setting.

Our pseudo-state approach extends the deep Galerkin method, which aims to solve PDEs

while maintaining a monotonic relationship with certain model parameters. This funda-

mentally differs from neural operator learning methods like DeepONet, which learns the

functional relationship between model parameters and the solution and can be considered

a form of operator learning (Kovachki et al. 2024)11. Rather than learning an operator

from a limited set of parameters and corresponding PDE solutions, our approach samples

a broad range of parameters and solves the corresponding PDEs directly. This approach

emphasizes accurately solving the PDEs across a range of parameters while ensuring certain

monotonicity properties, thereby distinguishing it from the operator learning framework.

4.6 The Numerical Algorithm Contribution in Context

To be concrete, we are unaware of any existing contributions in literature related to deep

learning algorithms on solving dynamic optimal control problems with jumps and model un-

certainty. Moreover, while there are non-deep learning algorithms that can handle problems

of dimension 4 or higher, they are often tailored for specific problems, taking advantage of

particular model structures. In contrast, our model solution setting is very general and com-

plex, and thus a contribution of ours is to develop a “toolbox” for highly nonlinear control

problems with jumps and model uncertainty.

Though existing work has explored settings with (potentially many) more state variables

than ours, a number of settings require assumptions such as state variables that are symmet-

ric, stationary, or exogenously specified, or linearity in the model framework, to maintain

tractability with such scale. And while some frameworks can handle non-trivial nonlinear-

11Li et al. (2020) and Duarte et al. (2023) provide additional examples of operator learning.
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ities or forms of uncertainty analysis, to the best of our knowledge ours is the first using

neural network solution method to confront the endogeneous nonlinearities resulting from

the application of dynamic decision theory to model uncertainty aversion, combined with

stochastic jump processes. Developing a methodology that handle such complexities is es-

sential to analyzing the type of climate-economics model with model uncertainty aversion

broadly conceived that we put forward next.12

We address these issues in our framework by implementing an extended deep Galerkin

method algorithm that considers critical parameters as additional “pseudo” state variables

in the network input, an extension of the DGM-PIA setting not previously explored in the

literature to our knowledge. Because of this, we are able to derive global numerical solu-

tions for a continuous-time, infinite horizon setting with significant non-linearities, multiple

endogenous state variables, and stochastic jumps while incorporating aversion to model un-

certainty via the toolset of dynamic decision theory. This is critical to our analysis, as

exploring transition dynamics for endogenous optimal policy responses is at the heart of un-

derstanding and analyzing outcomes related to climate change, model uncertainty, and the

transition to carbon-neutrality. Furthermore, our algorithm can still handle high-dimensional

PDEs, attenuating the “curse of dimensionality” in such cases. As such, the resiliency of

our algorithm to various modeling complexities, while still being able to scale to higher-

dimensional settings, opens the door to exploring models with regional, household, and firm

heterogeneities across technologies, economic frictions, policy objectives, and other sources.

Thus, our numerical algorithm not only enriches our ability to explore a more extensive set of

questions and models in climate-economics and climate finance than before, specifically those

that apply dynamic decision theory to address model uncertainty, but also more broadly in

economics, finance, and other problems applying dynamic stochastic optimal control.

5 Numerical Results

We now present and discuss the results from the model solution derived using the numerical

algorithm outlined above. Before getting into the results, we briefly outline a few details for

12For example, while an improvised finite difference method using neural networks to solve linear systems
may help mitigate the curse of dimensionality, it does not produce satisfactory results for complex models
with strong nonlinearities as in our setting. Also, due to the strong nonlinearities in our model, naively
parameterizing the value function using a neural network and minimizing the loss associated with the PDE
operator (like the standard deep Galerkin method) will not produce accurate enough results. While an
extended version of the deep Galerkin method (Al-Aradi et al. 2022, Duarte et al. 2023) is indeed helpful in
improving accuracy, it does not effectively preserve the value function’s monotonicity with respect to certain
parameters which are supported by economic arguments, nor does it sufficiently handle the nonlinearities
arising from our application of dynamic decision theory to address concerns about model uncertainty.
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completeness regarding model assumptions, functional forms, and parameter values. After

presenting and discussing the numerical results, we discuss details about how we validate

our neural-network-based solutions.

5.1 Functional Forms, Assumptions, and Parameter Values

For tractability we consider the case of independent Brownian shocks, i.e.,

0 “ σ1
dσg “ σ1

dς “ σ1
dσκ,

0 “ σ1
gς “ σ1

gσκ,

0 “ ς 1σκ.

We use the following functional forms for our jump arrival rates. The damage jump

intensity J ℓ
d pyq follows the arrival rate from Barnett et al. (2023):

J ℓ
npyq “

ˆ

1

L

˙

Jnpyq, ℓ “ 1, ..., L,

Jnpyq “ r1

´

exp
´r2
2

py ´ yq
2
¯

´ 1
¯

1yěy

We assume a technology change jump arrival rate that is affine in the knowledge stock:

J ℓ1

g pRq “ p1 ´ πqR, J ℓ2

g pRq “ πR

The knowledge stock variable is scaled such that R is in arrival rate units, and is chosen based

on expected green policy implementation timelines proposed by various countries. Section

D provides further details about this calibration choice.

The probabilities and arrival rates are taken as baseline probability densities, and we

allow for robust probability distortions to these baseline specifications.

Finally, we briefly outline the parameter values chosen for our numerical example. Further

details provided in the appendix. Our economic parameters largely follow the calibration

strategy of Barnett et al. (2022). In particular, δ matches values of the subjective discount

rate used in the macroeconomics and asset pricing literature. The values of pΓd, θdq and

pΓg, θgq are set to match empirical measures of Tobin’s q and economic growth from BEA and

World Bank databases, as well as to normalize the ratio of the adjustment cost parameters

normalized to one. The values of σd and σg match the time series of GDP from the World

Bank database. The values of Ad and Ag generate output consistent with World Bank World

GDP values based on the values of initial capital stocks. We construct a set of intermediate
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and terminal technological innovation values of green productivity, tAgpℓ
1q, Agpℓ

2qu, using

the empirical estimates of innovation steps and gaps from Acemoglu et al. (2016).

The parameters related to the knowledge stock were determined as follows. While the

knowledge stock depreciation parameter ζ and R&D investment cost parameter ψ1 are chosen

in part for simplicity and computational tractability, together with the choice of the R&D

investment cost parameter ψ0, our values are set be consistent with estimates for the returns

to R&D investment by Lucking et al. (2019) and Bloom et al. (2019), to generate R&D

investment values consistent with estimates by Stine (2008) of major historical U.S. R&D

investment programs, and to produce an expected arrival time of a green technological

innovation consistent with proposed policy timelines (between 30 and 40 years). The value

of σr the time-series volatility of the U.S. R&D capital stock estimates in the BLS database.

The climate dynamics and climate damage parameter values are set as in Barnett et al.

(2023). Specifically, θ̄ is the average value across 144 climate model outcomes constructed

from pulse experiments provided by Joos et al. (2013) and Geoffroy et al. (2013). The value

of η is set to fit estimates of annual carbon emissions from Figueres et al. (2018) based

on World Bank, EIA, and IEA estimates of the clean and dirty capital split. The value

of ς comes from Barnett et al. (2022). The values of λ1, λ2, λ3pℓq, and ȳ are designed to

incorporate the spread of potential climate damage outcomes based on Nordhaus (2019),

Weitzman (2012), and the recent estimates by Waidelich et al. (2024).

Initial values for capital, temperature anomaly, the green capital ratio, and the knowledge

capital stock come from counterparts in the World Bank National Accounts data, Masson-

Delmotte et al. (2021b) estimates, Fried et al. (2021), Dhar and Davidson (2022), Carattini

et al. (2023) and Berk and Van Binsbergen (2025) estimates, and the BLS database.

5.2 Model Solution Results

We now discuss the computational results of our model. The results shown are simulation

pathway outcomes based on the solutions to the HJB equations and are initialized at today’s

values of the state variables and shown out to 60 years. The results provided are for the

following specifications related to model uncertainty:

• Misspecification over climate, green and dirty capital, and knowledge capital dynamics

• Misspecification over the technological change and damage curvature jumps

• 5 equi-spaced post-jump damage model realizations: λ3pℓq P t0, . . . , 1
3
u

• Intermediate and breakthrough green technology: Agpℓ
1q “ 0.1303, Agpℓ

2q “ 0.1567
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• Comparison across uncertainty parameters ξ P t0.05, 0.1,8u

We focus on the simulated pathways from the pre-damage jump and pre-technology

jump state for emissions, R&D investment, green and dirty capital investment, as well the

distribution of climate, damage, and technology models, and the probabilities of a damage

or technology jump occurring. We examine each of these results across different uncertainty

aversion parameters to highlight the implications of increased model uncertainty on the

optimal policy choices by our planner. For the simulated pathways, the red lines, represent

the uncertainty neutral case when ξ “ 8, green lines represent the less uncertainty averse

case when ξ “ 0.1, and the blue lines represent the more uncertainty averse case when

ξ “ 0.05. For the model probabilities, the red histogram bars represent the uncertainty

neutral case when ξ “ 8, and the blue histogram bars represent the less (ξ “ 0.1) or more

(ξ “ 0.05) uncertainty averse as denoted in the figure.

5.2.1 Optimal R&D, Emissions, and Investment Choices

We start by examining the optimal economic control outcomes from our framework: R&D

investment as a fraction of total output, carbon emissions in gigatons of carbon, and the

investment amounts in level terms for green and dirty capital. Figure 3 shows the pathways

for optimal R&D investment and emissions over time for different cases of uncertainty aver-

sion. In the left panel, we show R&D investment as a percent of total output. Note first

that the magnitude of R&D is fairly substantial in each case, ranging between about 2.0%

and 2.75% of total output initially. For comparison’s sake, Stine (2008) notes that expendi-

ture on R&D directed towards the Manhattan, Apollo, and the Federal Energy Technology

programs reach magnitudes around 0.5% of GDP. We can also see concerns about model

uncertainty lead to noticeable impacts to the choice of R&D investment, though perhaps

in a somewhat surprising way. Throughout the simulated pathways the more uncertainty

averse the planner chooses increased levels of R&D investment. In each case, the magnitude

of R&D diminishes over time, dropping down by about one percentage point after 60 years

in each case. In the two uncertainty averse cases, the R&D investment starts higher, by

about 50 bps for the less aversion case and nearly 75 bps for the high aversion case. The

uncertainty aversion scenarios maintain this higher level throughout the simulated path-

way. Thus, the endogenous uncertainty aversion probability adjustments in our framework

strongly emphasizes additional R&D investment.

The pathway for emissions, shown in the right panel, also shows important implications

generated by model uncertainty concerns. Mechanically, because emissions are determined

by production using dirty capital, all the pathways start out at the same value. Also, in each
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(a) R&D investment-to-output ratio (b) Gigatons of carbon emissions

Figure 3: Simulated pathways of R&D investment and emissions based on the numerical
solutions under different uncertainty penalty configurations. Panel (a) shows the pathway
for R&D investment as a fraction of total output and Panel (b) shows the pathway for
carbon emissions in gigatons of carbon (GtC). For each panel, results for three cases of
model uncertainty are shown: ξ “ 8 (red line), ξ “ 0.1 (green line), and ξ “ 0.05 (blue
line). The trajectories are simulated under the baseline probabilities abstracting from the
intrinsic randomness.

case the pathways are relatively flat or even slightly declining over the simulated pathway. An

important reason for these responses of emissions in our framework is related to the fact that

emissions can only be reduced by reducing the dirty capital stock. This difficulty in reducing

emissions is a feature of the model structure, as we have focused on a framework aimed at

addressing concerns by energy economists and others that reducing emissions is likely to be

far more difficult than put forward by many existing modeling frameworks13. Importantly,

however, increased concerns about uncertainty do have a noticeable impact over emissions,

with the more averse case of ξ “ 0.05 seeing the strongest response in terms of reducing

emissions over time. The difference in emissions between the uncertainty neutral and more

aversion case is near 1 GtC of carbon by 60 years, with the response of the less averse case

seeing a more modest reduction. We can therefore see that the optimal uncertainty-adjusted

policy also leads to cautious emissions choices that become increasingly more pronounced

the greater are the uncertainty concerns.

Next, we examine the pathways for the optimal level of investment in dirty and clean

capital over time for different cases of uncertainty aversion, shown in Figure 4. The simu-

lated pathways for dirty capital investment are shown in the left panel, while the simulated

pathways for green capital investment are shown in the right panel. Comparing outcomes

13See Reguant (2021) for one example of existing work expressing such concerns.
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(a) Dirty capital investment (b) Green capital investment

Figure 4: Simulated pathways of investment in dirty and green capital stocks based on the
numerical solutions under different uncertainty penalty configurations. Panel (a) shows the
level of investment in the dirty capital stock and Panel (b) shows the level of investment
in the green capital stock. For each panel, results for three cases of model uncertainty are
shown: ξ “ 8 (red line), ξ “ 0.1 (green line), and ξ “ 0.05 (blue line). The trajectories are
simulated under the baseline probabilities abstracting from the intrinsic randomness.

across the uncertainty aversion cases and across the two types of investment, we see three

key takeaways from the planner’s optimal policy choices as it relates to the two types of

capital investment. First, comparing across the two types of investment, the level of invest-

ment in green capital is substantially higher than in dirty capital. At the beginning of the

simulation pathway, the green investment level is about 2.5 times higher, $34 trillion for all

cases of green investment versus roughly $14 trillion for each case of dirty investment. Yet,

by the end of the pathway, investment in green capital is nearly four times higher than for

dirty capital, around $42-$44 trillion for green investment as compared to $12-$13 trillion

for dirty capital. This latter comparison also highlights the second key observation related

to investment across different capital stocks in that green investment persistently increases

during the simulation pathway, whereas dirty investment is always decreasing across the

simulated pathway horizon.

The final investment result comes from comparing across uncertainty averse cases, where

we see economically interesting implications for both dirty and green capital investment.

First, uncertainty aversion leads to decreased investment in both green and dirty capital.

The decrease in dirty capital investment is relatively more pronounced as ξ decreases over

the simulated pathway than for green capital investment. The immediate and persistent

reduction in dirty capital investment is what is behind the widening gap in emissions for

increased uncertainty concerns that we saw in the previous set of results. This result seems
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intuitive, as concerns about increased climate damages would naturally incentivize the plan-

ner to want to reduce emissions, and even more so if uncertainty concerns lead to increased

weight on more severe climate change consequences. The reduction in green investment is

potentially more unexpected. While clearly the planner places substantial value on growing

the green capital stock, this has to be weighed against choosing to instead engage in ad-

ditional R&D investment or responding to uncertainty concerns that the productivity and

growth of green capital might be less than the baseline model would anticipate. Therefore,

we see that uncertainty also plays a notable role in the capital investment side, where in-

centives to proactively respond to potential worst-case climate consequences and concerns

about economic productivity lead to reductions in both dirty and green capital investment.

5.2.2 Probability Distortions from Uncertainty Aversion

To more directly analyze the underlying uncertainty mechanisms driving the robustly opti-

mal policy choices we have just seen, we now examine the endogenous optimal probability

distortions derived by the uncertainty averse planner in our framework. Figures 5 - 7 show

the probability distortions used by the planner in making robustly optimal policy choices

for the climate model, the damage model, the technology model, and the technology and

damage jump arrivals.

(a) Less aversion (b) More aversion

Figure 5: Undistorted and distorted climate model distributions. The left plot shows the
undistorted and distorted distributions with less misspecification aversion (ξ “ 0.1). The
right plot shows the undistorted and distorted distributions with more misspecification aver-
sion (ξ “ 0.05). The histograms are calculated at year 40, with the trajectories leading
up to year 40 simulated under the baseline probabilities and abstracting from the intrinsic
randomness.

We start by examining the probability distortions for the climate model in Figure 5. The
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left panel compares the baseline probabilities in red to the distorted probabilities for the less

averse case in blue, while the right panel compares the baseline probabilities in red to the

distorted probabilities for the more averse case in blue. In each case, the distortion effect

is fairly modest, with a slight adjustment leading to less weight in the left tail where the

least severe climate sensitivity models are and more weight in the right tail where the most

severe climate sensitivity models are. The effect is only modestly more pronounced for the

increased level of uncertainty aversion. So while there is some incentive for the planner to

act to protect against future climate change impacts, the effect through the climate model

uncertainty channel is somewhat limited.

(a) Less aversion (b) More aversion

Figure 6: Undistorted and distorted damage model distributions. The left plot shows the
undistorted and distorted distributions with less misspecification aversion (ξ “ 0.1). The
right plot shows the undistorted and distorted distributions with more misspecification aver-
sion (ξ “ 0.05). The histograms are calculated at year 40, with the trajectories leading
up to year 40 simulated under the baseline probabilities and abstracting from the intrinsic
randomness.

Figure 6 shows the probability distortions for the damage model. The impact of uncer-

tainty aversion on the probabilities of the damage models used for by the planner for robust

decisions-making is similar qualitatively to what we saw for the climate models, though ef-

fect is more pronounced along this channel. With uncertainty aversion, the planner tilts

the probabilities towards the worst case damage models and away from the more favorable

climate models, increasing the tilting as uncertainty aversion increases (going from the less

aversion distortion in the left panel to the more aversion distortion in the right panel). These

damage parameter probability distortions are more pronounced than we saw with the climate

models, highlighting the more substantial concerns about potentially severe future climate

damages than the climate model channel endogenously determined by the planner.
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Uncertainty Aversion Prob(“Catch Up”) (π̃) Prob(“Breakthrough”) (1 ´ π̃)

Neutral (ξ “ 8) 0.9631 0.0369
Less Aversion (ξ “ 0.1) 0.9995 0.0005
More Aversion (ξ “ 0.05) 1.0000 0.0000

Table 1: Undistorted and distorted technology model distributions. The table provides
the probability of a “catch up” or “breakthrough” innovation realization conditional on a
technology jump occurring. The top row shows the outcomes for uncertainty neutrality
(ξ “ 8), the middle rows show the outcomes for less uncertainty aversion (ξ “ 0.1), and
the bottom row shows outcomes for more uncertainty aversion (ξ “ 0.05). The probabilities
are calculated at year 40, with the trajectories leading up to year 40 simulated under the
baseline probabilities and abstracting from the intrinsic randomness.

The impact of uncertainty aversion on the implied probability distribution for technol-

ogy models is given in Table 1. In this case, uncertainty aversion shifts the most of the

already modest probability weight from the “breakthrough” realization to the “catch up”

realization, with the effect amplified as we move from less aversion, in the left panel, to more

aversion in the right panel. The intuition here is the same as with the previous two channels

discussed. The planner makes optimal policy choices based on a distorted distribution that

shifts probability from the best-case technological innovation outcome to the worst outcome

technological innovation outcome. However, what is clear is that the probability distortion is

quite substantial tilted towards concerns that the breakthrough shock will not come initially.

Thus, the planner endogenously determines that technological innovation concerns are an

economically important channel for robustly optimal policy choices.

The final probability distortions we examine are the pathways for the distorted jump

probabilities, given in Figure 7. The right panel shows the distorted probability of a damage

jump taking place the uncertainty neutral, less averse, and the more averse cases. It is im-

mediately clear here that uncertainty concerns have only a modest impact to the probability

of a damage jump taking place used by the planner. However, comparing across uncertainty

aversion cases for the implied probability of a technology jump taking place, shown in the

left panel, is a different story. The uncertainty averse planner down-weights the probability

of a technology jump occurring as they incorporate more concern about model uncertainty

into their robust decision making. This result highlights again, along with the distortion to

the technology model probability distribution, that technological innovation uncertainty is

a central focus of uncertainty aversion for the planner, as determined endogenously through

the robust optimal decision making framework provided by dynamic decision theory. How-

ever, rather than our planner choosing to reduce R&D investment due to concerns about a
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(a) Technology jump probability (b) Damage jump probability

Figure 7: Simulated pathways of the cumulative probability of a technology or damage jump
occurring based on the numerical solutions under different uncertainty penalty configura-
tions. Panel (a) shows the distorted probability of a technology jump occurring and Panel
(b) shows the distorted probability of a damage jump occurring. For each panel, results
for three cases of model uncertainty are shown: ξ “ 8 (red line), ξ “ 0.1 (green line),
and ξ “ 0.05 (blue line). The trajectories are simulated under the baseline probabilities
abstracting from the intrinsic randomness.

decreased likelihood of the technological change taking place, the planner’s cautious response

is to augment R&D investment to try and increase the likelihood of the innovation shock

occurring. This is somewhat offset by increasing concerns that the innovation realization

could be more modest in magnitude than the baseline probabilities suggest. As a result, the

planner does not go “all in” on R&D investment, but combines a proactive increased R&D

investment response with a cautious dirty capital investment response, leading to constrained

carbon emissions, to optimally respond to concerns about the different channels and forms

of model uncertainty.

Our analysis of the impacts of uncertainty aversion, decomposed into the different proba-

bility distortion channels, highlights important effects influencing the optimal policy decisions

of the planner in our model. First, the clear response of robust policy action in this setting

is to avoid significant future climate change consequences. The question of how becomes

clear from which probability distortions the planner finds most important in terms of wel-

fare implications. The distortions to the probability weights used on the climate models is

quite modest, with only limited effect in either the less or more averse case. The distortion

effect is larger for the damage model probabilities, however the damage jump probability is

quite limited. Importantly from the planner’s perspective, notable probability distortions

are made to the technology model weighting and the probability of a technology jump tak-

ing place. Thus, the policy response by the planner emphasizes adjustments to the R&D
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policy in response to uncertainty concerns, with some restraint on dirty capital investment

and modest additional adjustments to green investment as a result of uncertainty aversion.

The social optimality of these responses depends importantly on the perceived social payoff

of such actions. The sticky nature of emissions given their dependence on dirty capital,

the higher productivity of dirty capital relative to green capital, and the potential welfare

payoff of experiencing a significant green technological innovation leads our planner to make

intersectoral and intertemporal investment trade-offs based on their uncertainty concerns.

The perceived long-run social payoff of increased R&D investment and reduced carbon emis-

sions outweighs alternative investment options choices, and emphasizes the importance of

R&D and technological innovation even under model uncertainty concerns, and investment

responses to support such long-term R&D targets.

6 Uncertainty Decomposition and Social Valuations

In continued work, we plan to further evaluate the impact of uncertainty channels in the

model using decompositions that build on the work in Barnett et al. (2020) and Barnett

et al. (2023). Specifically, our model allows us to evaluate and disentangle the consequences

of the following types of uncertainty on optimal policy choices:

• Uncertainty resulting from the climate model, economic damages of climate change,

technological innovation, and economic productivity model components

• Misspecification coming through drift distortions associated with the Brownian motion

and misspecification coming through distortion of the jump processes

• Uncertainty related to potential post damage function jump realizations and uncer-

tainty coming from potential post technological change realizations

To evaluate each of these channels and uncertainty forms, we will isolate each compo-

nent individually through alternative model solutions and social valuations derived through

Feynman-Kac characterizations of the value function marginal values. In doing so, we will

highlight which model features and economic channels are endogenously determined by our

planner to be of most significance when making valuation and optimal policy choices. This

will further enhance the economic intuition and understanding of our model framework and

optimal policy choices made by our uncertainty averse planner.
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7 Algorithm Validation

An important issue to address for our numerical solutions is the validation of the accuracy

of our results. We address this in various ways, with the results shown in Figure 8. First,

because the post-jump model solutions require only 3 state variables, we can compare our

augmented DGM-PIA algorithm results for this setting with the solution derived using more

standard finite difference methods.14 Figure 8b shows the neural net and finite difference

solutions of the value function and optimal clean and dirty investment for different values

of R, and values of logK and Y fixed at the midpoints of our state space range (logK “

5.5, Y “ 1.5). We see that the two solutions are consistent for this part of the state space,

and unreported results show the same consistency across the state space.

In addition, we examine the training loss for our neural net solutions to determine the

magnitude of the HJB equation error for our solution from the DGM-PIA method. Figure

10a shows the training error for the post-technology, post-damage jump state solution across

epochs. We reach a training error of approximately 10´3 or better for each of the four jump

states, suggesting reasonable accuracy of our numerical solutions.

Finally, an important component for further evaluation of the validity of our solutions is

to consider whether the training loss errors concentrate in economically meaningful parts of

the state space. To explore this, Appendix F provides tables and figures with the training

loss errors across the part of the state space most likely to be visited along our simulations.

Specifically, we compute the 5th and 95th percentiles of the state variable values at years

20, 40, and 60 for 10,000 stochastic simulation pathways and show the range of training

loss values across those economically relevant regions of the state space. We do this for

all jump realization states and find that for all cases at all time periods considered our

training loss errors are consistently on the order of 10´3. These outcomes further validate

the accuracy of our numerical solutions and provide evidence that errors are not concentrated

over economically relevant regions of the state space.

8 Conclusion

We analyze a particularly relevant economic example that integrates dynamic decision the-

ory under uncertainty into a climate-economics-innovation framework with multiple capital

stocks to guide uncertainty quantification of optimal R&D investment and investment in

dirty and clean production capital. We examine different forms of uncertainty, including

14In particular, we use the false-transient, conjugate gradient-based numerical algorithm implemented in
Barnett et al. (2020) and Barnett et al. (2022) for our finite difference solutions.
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diffusion and jump process model misspecification, as well as the implications of uncertainty

from climate sensitivity, climate damages, and technological innovation. Concerns about

model uncertainty feed into the endogenous equilibrium policy responses in our model by

“tilting” the stochastic discounting implicitly used in constructing the marginal valuations

related to the externalities in our framework. This results in first-order implications for the

socially optimal outcomes in our model as a result of incorporating aversion to model un-

certainty in the planner’s decision problem. In particular, uncertainty aversion amplifies the

incentive to invest in technological innovation, with modest adjustments to reduce invest-

ment in dirty capital to constrain future carbon emissions, as the major policy response. Our

algorithm allows us to derive the necessary global solutions required for computing social

valuations from our continuous-time, infinite horizon social planner’s problem that optimizes

lifetime expected utility subject to model uncertainty concerns with numerous endogenous

and potentially non-stationary state variables.

To solve our model, we develop and implement a deep learning-based algorithm to solve

high-dimensional Hamilton-Jacobi-Bellman equations that account for the rich and com-

plex nonlinearities that are of first-order importance in dynamic climate-economic models.

Specifically, we focus on settings that incorporate endogenous nonlinearities that arise from

model uncertainty aversion and jump processes related to climate damages and technological

innovation. Model uncertainty along multiple dimensions, and jump processes characteriz-

ing economic and climate thresholds, are essential model components for a rigorous analysis

of optimal climate policy for a carbon-neutral transition. Our algorithm provides one of

the first approaches that we are aware of applying deep neural networks and pseudo-state

variables in a way designed to handle such numerical complexities.

There are various dimensions of future research that our work helps open the door to.

Along the climate-economics dimension, extensions include settings with heterogeneity across

agents, goods, technologies, and climate damages. There are also important considerations

related to allowing explicitly for learning about economic and climate dynamics, as well as

decentralized equilibria with micro-founded market frictions and policy mechanisms to ex-

plore. In addition, our numerical algorithm is well suited to address broader applications in

economics and asset pricing, such as settings with rare-disasters, long-run risk, financial fric-

tions, tipping points or thresholds, and other economically and scientifically rich frameworks.

Finally, because our algorithm is designed to handle general high-dimensional problems that

incorporate endogenous nonlinearities, we see significant potential for application of our

methods to more general stochastic optimal control settings. We leave exploration of such

alternative settings for future work.
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Appendix A Example Model HJB Equations

A.1 Post Damage and Technology Jumps HJB Equation

The first jump-state we solve is for the post-technology jump, post-damage-function-jump

state. We denote this value function by V pℓ,ℓ2qpKd, Kg, Ŷ q, indicating that we are at a given

realization of λ3pℓq and in the terminal technology state with green capital productivity

Agpℓ
2q. The HJB equation characterizing the value function is given by:

0 “ max
ig ,id

min
h
δ logprAd ´ idsp1 ´ Zq ` rAgpℓ

2
q ´ igsZq ` δ logK ´ δ logNpyq ´ δV pℓ,ℓ2q

`

ˆ

p1 ´ Zqϕdpi
d
q ` Zϕgpi

g
q ´

σ2
dp1 ´ Zq2 ` σ2

gZ
2

2

˙

V
pℓ,ℓ2q

logK `
σ2
dp1 ´ Zq2 ` σ2

gZ
2

2
V

pℓ,ℓ2q

logK,logK

`
`

ϕgpi
g
q ´ Zσ2

g ´ ϕdpi
d
q ` p1 ´ Zqσ2

d

˘

Zp1 ´ ZqV
pℓ,ℓ2q

Z `
1

2
Z2

p1 ´ Zq
2
pσ2

g ` σ2
dqV

pℓ,ℓ2q

ZZ

`
“

´Zp1 ´ Zq
2σ2

d ` Z2
p1 ´ Zqσ2

g

‰

V
pℓ,ℓ2q

logK,Z ` V pℓ,ℓ2q
y θ̄Et `

|ς|2pEtq2

2
V pℓ,ℓ2q
yy

Taking first order conditions with respect to id and ig, we end up with the following two

expressions for optimal investment choices

δprAd ´ idsp1 ´ Rq ` rA1
gpℓ

1
q ´ igsZq

´1
“ Γdθdp1 ` θdi

d
q

´1
rV

pℓ,ℓ1q

logK ´ ZV
pℓ,ℓ1q

Z s,

δprAd ´ idsp1 ´ Zq ` rA1
gpℓ

1
q ´ igsZq

´1
“ Γgθgp1 ` θgi

g
q

´1
rV

pℓ,ℓ1q

logK ` p1 ´ ZqV
pℓ,ℓ1q

Z s.

Each expression equates the marginal benefit of an additional unit of a given type of capital

to the marginal utility of consumption, which is the utility loss of forgoing consumption for

an additional unit of investment.

A.2 Intermediate Jump State HJB Equations

The next HJB equations come from the intermediate jump states. The first case is break-

through technology jump realization, pre-damage function jump realization. We denote this

value function by V pℓ2qpKd, Kg, Y q, indicating that we have not had a realization of λ3pℓq,

but we are in the terminal technology state with green capital productivity Agpℓ
2q. The HJB
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equation in this case includes one adjustments relative to the post-technology, post-damage

jump case, a term capturing the expectation of the damage function jump, given by

L
ÿ

ℓ“1

J ℓ
npyqpV pℓ,ℓ2q

´ V pℓ2q
q.

Expressions for the first order conditions with respect to id and ig are unchanged from the

post-damage, terminal technology jump case, equating the marginal benefit of an additional

unit of a given type of capital to the utility loss of forgoing consumption for an additional

unit of investment, which is the marginal utility of consumption.

The second and third intermediate cases are the pre-technology jump, post-damage func-

tion jump and intermediate technology jump, post-damage function jump settings. We

denote these value functions by V pℓqpKd, Kg, Y, logRq and V pℓ,ℓ1qpKd, Kg, Y, logRq, respec-

tively. Relative to the terminal technology, post-damage jump case, we introduce terms for

the following features: the evolution of the knowledge capital accounting for the possibility

of R&D investment to increase the knowledge capital stock, and the expectation of the green

technology jump realization altering green capital productivity to Agpℓ
2q:

ˆ

ψrpirq ´
1

2
|σr|

2

˙

V
pℓq
logR `

|σr|
2

2
V

pℓq
logR,logR ` J ℓ1

g pRqrV pℓ,ℓ1q
´ V pℓq

s ` J ℓ2

g pRqrV pℓ,ℓ2q
´ V pℓq

s.

if starting from the pre-technology jump state or

ˆ

ψrpirq ´
1

2
|σr|

2

˙

V
pℓ,ℓ1q

logR `
|σr|

2

2
V

pℓ,ℓ1q

logR,logR ` J ℓ2

g pRqrV pℓ,ℓ2q
´ V pℓ,ℓ1q

s.

if starting from the intermediate technology state.

In addition, allowing for R&D investment alters the output constraint in this setting, so

that our flow utility term net of climate damages is now given by

δ logprAd ´ idsp1 ´ Zq ` rAg ´ igsZ ´ irq.

if starting from the pre-technology jump state or

δ logprAd ´ idsp1 ´ Zq ` rAgpℓ
1
q ´ igsZ ´ irq.

if starting from the intermediate technology state. We now take first order conditions with
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respect to id, ig, and ir, which give us expressions for optimal investment choices:

δprAd ´ idsp1 ´ Zq ` rAg ´ igsZ ´ irq´1
“ ϕ1

dpi
d
qrV

pℓq
logK ´ ZV

pℓq
Z s,

δprAd ´ idsp1 ´ Zq ` rAg ´ igsZ ´ irq´1
“ ϕ1

gpi
g
qrV

pℓq
logK ` p1 ´ ZqV

pℓq
Z s,

δprAd ´ idsp1 ´ Zq ` rAg ´ igsZF ´ irq´1
“ ψ1

rpi
r
qV

pℓq
logR.

if starting from the pre-technology jump state or

δprAd ´ idsp1 ´ Zq ` rAgpℓ
1
q ´ igsZ ´ irq´1

“ ϕ1
dpi

d
qV

pℓ,ℓ1q

logK ´ ZV
pℓ,ℓ1q

Z s,

δprAd ´ idsp1 ´ Zq ` rAgpℓ
1
q ´ igsZ ´ irq´1

“ ϕ1
gpi

g
qrV

pℓ,ℓ1q

logK ` p1 ´ ZqV
pℓ,ℓ1q

Z s,

δprAd ´ idsp1 ´ Zq ` rAgpℓ
1
q ´ igsZ ´ irq´1

“ ψ1
rpi

r
qV

pℓ,ℓ1q

logR .

if starting from the intermediate technology state. As before, these expressions equate the

marginal benefit of an additional unit of a given type of capital to the marginal utility

of consumption, which is the utility loss of forgoing consumption for an additional unit of

investment. However, given the altered output constraint expression, the marginal utility

of consumption on the left-hand side of these equations now also incorporates the fact that

some output is dedicated to R&D investment instead of consumption.

A.3 Pre Damage and Technology Jumps HJB Equation

Finally, we can write down the value function associated with the pre-technology, pre-damage

jump state. We denote this value function by V pKd, Kg, Y, logRq. The HJB equation incor-

porates each of the changes applied to the intermediate jump state cases: terms accounting

for the evolution of the knowledge capital stock, the expectation of the technological innova-

tion jump realizations, and the expectation of the damage function jump realization, as well

as an altered output constraint to account for R&D investment. The first order conditions

with respect to id, ig, and iκ match those of the pre-technology, post-damage intermediate

jump state, except that the relevant value function derivatives now pertain to v. As in each

case, the FOCs equate the marginal benefit of an additional unit of a given type of capital

to the marginal utility of consumption, which is the utility loss of forgoing consumption for

an additional unit of investment.
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Online Appendix

This online appendix is provided in support of the paper “A Deep Learning Analysis of

Climate Change, Innovation, and Uncertainty.” Included here are additional details on

theoretical derivations, the model parameters, and the numerical methods used in the paper.

Appendix B Model Uncertainty Details

We now detail the introduction uncertainty aversion in the form of model misspecification

across the following channels of interest in our analysis:

• Climate Sensitivity to Carbon Emissions

• Dirty, Green, and Knowledge Capital Stocks and Investments

• Climate Damage Function Severity and Arrival

• “Green” Technological Change Magnitude and Arrival

Aversion to these different channels of uncertainty are introduced into our baseline model

using the tools of dynamic decision theory. Importantly, the planner in our model is wary

of model uncertainty of these different forms and channels, and thus adopts a preference

structure to identify potential worst-case models, constrained by a penalization function, and

make optimal policy decisions that are robust to these possible outcomes. We outline the

different forms of model uncertainty for our framework in what follows, focusing specifically

on misspecification concerns about jump and diffusion processes.

B.1 Jump Misspecification Concerns

We first consider the setting with misspecification concerns about the damage function and

technological change jump channels. Before the jumps occur, the relevant contributions to

the HJB equation related to the technological change and damage function jumps are

J ℓ1

g pRqpV pℓ1q
´ V q ` J ℓ2

g pRqpV pℓ2q
´ V q `

L
ÿ

ℓ“1

J ℓ
npyqpV pℓq

´ V q.

Assuming a common robustness parameter ξ across each channel, these terms are replaced
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by the following uncertainty-adjusted contributions

min
gℓ,gℓ1 ,gℓ2

J ℓ1

g pRqgℓ
1

pV pℓ1q
´ V q ` J ℓ2

g pRqgℓ
2

pV pℓ2q
´ V q `

L
ÿ

ℓ“1

J ℓ
npyqgℓpV pℓq

´ V q

`ξ

«

J ℓ1

g pRq

´

1 ´ gℓ
1

` gℓ
1

log gℓ
1
¯

` J ℓ2

g pRq

´

1 ´ gℓ
2

` gℓ
2

log gℓ
2
¯

`

L
ÿ

ℓ“1

J ℓ
npyq

`

1 ´ gℓ ` gℓ log gℓ
˘

ff

.

The adjustment introduces probability distortions gℓ, gℓ
1

, and gℓ
2

to the jump processes

for technological change and climate damages. These distortions impact expectations about

the arrival rate and distribution of post-jump outcomes related to these jumps. To constrain

these distortions, the relative entropy terms

ξ

«

J ℓ1

g pRq

´

1 ´ gℓ
1

` gℓ
1

log gℓ
1
¯

` J ℓ2

g pRq

´

1 ´ gℓ
2

` gℓ
2

log gℓ
2
¯

`

L
ÿ

ℓ“1

J ℓ
npyq

`

1 ´ gℓ ` gℓ log gℓ
˘

ff

are introduced into preferences, penalizing distortions that are “too large” based on the

uncertainty aversion parameter ξ. Note that gℓ, gℓ
1

, and gℓ
2

are endogenous objects solved

for by the decision maker by minimizing discounted lifetime expected utility, subject to the

relative entropy penalties. The FOCs resulting from this minimization objective are

gℓ “ exp

ˆ

´
1

ξ
pV pℓq

´ V q

˙

,

gℓ
1

“ exp

ˆ

´
1

ξ
pV pℓ1q

´ V q

˙

,

gℓ
2

“ exp

ˆ

´
1

ξ
pV pℓ2q

´ V q

˙

.

Each of these represents probability distortions that adjust the distributions associated

with the jump processes related to the economic and climate channels for which there are

concerns about model uncertainty. The inclusion of these probability distortions into the

planner’s problem leads to robustly-altered optimal policy choices that account for the dis-

torted likelihood of outcomes based on potential worst-case outcomes.

We note that in each of the various jump realization states, there are modifications that

need to be made to these components. After the breakthrough technology and damage jumps

have both taken place, jump uncertainty is no longer relevant for the social planner. After

the breakthrough technology jump has occurred, but not the damage jump, we replace Ag

or Agpℓ
1q with Agpℓ

2q and the relevant uncertainty adjustments to the HJB equation and

2



minimization FOC pertaining to the damage function jump are given by

min
gℓ

L
ÿ

ℓ“1

J ℓ
npyqgℓpV pℓ,ℓ2q

´ V pℓ2q
q ` ξ

L
ÿ

ℓ“1

J ℓ
npyq

`

1 ´ gℓ ` gℓ log gℓ
˘

,

gℓ “ exp

ˆ

´
1

ξ
pV pℓ,ℓ2q

´ V pℓ2q
q

˙

.

After an intermediate technology jump has occurred, but not the damage jump, we

replace Ag with Agpℓ
1q and the relevant uncertainty adjustments to the HJB equation and

minimization FOC pertaining to the technological change and damage function jumps are

min
gℓ,gℓ2

J ℓ2

g pRqgℓ
2

pV pℓ2q
´ V pℓ1q

q `

L
ÿ

ℓ“1
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npyqgℓpV pℓ,ℓ1q

´ V pℓ1q
q

`ξ

«
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2

` gℓ
2

log gℓ
2
¯

`

L
ÿ
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1 ´ gℓ ` gℓ log gℓ
˘

ff

,

gℓ “ exp
´

´1
ξ
pV pℓ,ℓ1q ´ V pℓ1qq

¯

,

gℓ
2

“ exp
´

´1
ξ
pV pℓ2q ´ V pℓ1qq

¯

.

Before a technology jump has occurred, but after the damage jump, the relevant uncer-

tainty adjustments to the HJB equation and minimization FOC pertaining to the technology

jump are as follows

min
gℓ1 ,gℓ2

J ℓ1

g pRqgℓ
1

pV pℓ,ℓ1q ´ V pℓqq ` J ℓ2

g pRqgℓ
2

pV pℓ,ℓ2q ´ V pℓqq

`ξ
”

J ℓ1

g pRq

´

1 ´ gℓ
1

` gℓ
1

log gℓ
1
¯

` J ℓ2

g pRq

´

1 ´ gℓ
2

` gℓ
2

log gℓ
2
¯ı

,

gℓ
1

“ exp
´

´1
ξ
pV pℓ,ℓ1q ´ V pℓqq

¯

,

gℓ
2

“ exp
´

´1
ξ
pV pℓ,ℓ2q ´ V pℓqq

¯

.

B.2 Diffusion Misspecification Concerns

We now consider the setting with misspecification concerns about the climate and capi-

tal stocks diffusion channels. In th pre-technology, pre-damage function justmp state the

3



relevant contributions to the HJB equation for the diffusion components are of the form

ˆ

p1 ´ Zqϕdpi
d
q ` Zϕgpi

g
q ´

σ2
dp1 ´ Zq2 ` σ2

gZ
2

2

˙

VlogK

`
`

ϕdpi
d
q ´ Zσ2

g ´ ϕgpi
g
q ` p1 ´ Zqσ2

d

˘

Zp1 ´ ZqVZ

` Vyθ̄Et `

ˆ

ψrpi
r
q ´

1

2
|σr|

2

˙

VlogR.

Assuming the same common robustness parameter ξ for each channel as before, these

terms are replaced by the following uncertainty-adjusted contributions

min
h

ˆ

p1 ´ Zqϕdpi
d
q ` Zϕgpi

g
q ´

σ2
dp1 ´ Zq2 ` σ2

gZ
2

2

˙

VlogK

`
`

ϕgpi
g
q ´ Zσ2

g ´ ϕdpi
d
q ` p1 ´ Zqσ2

d

˘

Zp1 ´ ZqVZ

` ppVlogK ´ ZVZq p1 ´ Zqσd ` pVlogK ` p1 ´ ZqVZqZσgq ¨ h

` Vypθ̄ ` ς ¨ hqEt `

ˆ

ψrpi
r
q ´

1

2
|σr|

2
` σr ¨ h

˙

VlogR ` ξ
|h|2

2
.

This adjustment introduces a drift distortion h to the diffusion processes for the different

types of capitals and for temperature, disguised by the Brownian shocks. This type of drift

distortion is a known result from the Girsanov theorem, and captures a distributional change

represented by a likelihood ratio. To constrain this distortion, again, a relative entropy term

is introduced into preferences, in this setting, the quadratic expression ξ|h|2{2, penalizing

distortions that are “too large” based on the uncertainty aversion parameter ξ. As with gℓ

and gℓ
1

, h is an endogenous object solved by the decision maker by minimizing discounted

lifetime expected utility, subject to the relative entropy penalties. The FOC resulting from

this minimization objective is given by

h “ ´
1

ξ
rtVlogK ´ VZZup1 ´ Zq, tVlogK ` VZp1 ´ ZquZ, VlogR, Vys ¨ rσd, σg, σr, ςEts1

Given the volatilities are assumed to be independent, we can separate h into four different

4



scalar components for each dimension of the Brownian as follows:

hd “ ´
1

ξ
tVlogK ´ VZZup1 ´ Zq ¨ σd

hg “ ´
1

ξ
tVlogK ` VZp1 ´ ZquZ ¨ σg

hr “ ´
1

ξ
Vr ¨ σr

hy “ ´
1

ξ
VyEt ¨ ς

The inclusion into the planner’s problem of this probability distortion in the form of a

drift distortion leads to further robustly-altered optimal policy choices that account for the

distorted likelihood of outcomes based on potential worst-case outcomes.

As with the jump misspecification concerns, in each of the various jump realization states

there are modifications that need to be made to these components. In the post-technology,

post-damage function jump state the remaining uncertainty implications come from the

climate sensitivity channel and the green and dirty capital stocks. Therefore, in addition

to replacing Ag with A
1
gpℓ

1q, and denoting the realized λ3pℓq value, the uncertainty-adjusted

contribution to the HJB and the relevant minimization FOC are given by

min
h

ˆ

p1 ´ Zqϕdpi
d
q ` Zϕgpi

g
q ´

σ2
dp1 ´ Zq2 ` σ2

gZ
2

2

˙

V
pℓ,ℓ1q

logK

`
`

ϕgpi
g
q ´ Zσ2

g ´ ϕdpi
d
q ` p1 ´ Zqσ2

d

˘

Zp1 ´ ZqV
pℓ,ℓ1q

Z

`

´´

V
pℓ,ℓ1q

logK ´ ZV
pℓ,ℓ1q

Z

¯

p1 ´ Zqσd `

´

V
pℓ,ℓ1q

logK ` p1 ´ ZqV
pℓ,ℓ1q

Z

¯

Zσg

¯

¨ h

` V pℓ,ℓ1q
y pθ̄ ` ς ¨ hqEt ` ξ

|h|2

2
,

h “ ´
1

ξ
rtV

pℓ,ℓ1q

logK ´ V
pℓ,ℓ1q

Z Zup1 ´ Zq, tV
pℓ,ℓ1q

logK ` V
pℓ,ℓ1q

Z p1 ´ ZquZ, V pℓ,ℓ1q
y s ¨ rσd, σg, ςEts1

In the post-technology, pre-damage function jump state we replace Ag with A1
gpℓq and

the relevant uncertainty adjustments to the HJB equation and minimization FOC pertaining

5



to the diffusion terms are given by

min
h

ˆ

p1 ´ Zqϕdpi
d
q ` Zϕgpi

g
q ´

σ2
dp1 ´ Zq2 ` σ2

gZ
2

2

˙

V
pℓ1q

logK

`
`

ϕgpi
g
q ´ Zσ2

g ´ ϕdpi
d
q ` p1 ´ Zqσ2

d

˘

Zp1 ´ ZqV
pℓ1q

Z

`

´´

V
pℓ1q

logK ´ ZV
pℓ1q

Z

¯

p1 ´ Zqσd `

´

V
pℓ1q

logK ` p1 ´ ZqV
pℓ1q

Z

¯

Zσg

¯

¨ h

` V pℓ1q
y pθ̄ ` ς ¨ hqEt ` ξ

|h|2

2
,

h “ ´
1

ξ
rtV

pℓ1q

logK ´ V
pℓ1q

Z Zup1 ´ Zq, tV
pℓ1q

logK ` V
pℓ1q

Z p1 ´ ZquZ, V pℓ1q
y s ¨ rσd, σg, ςEts1

In the pre-technology, post-damage function jump state the relevant uncertainty adjust-

ments to the HJB equation and minimization FOC pertaining to the diffusion terms are

min
h

ˆ

p1 ´ Zqϕdpi
d
q ` Zϕgpi

g
q ´

σ2
dp1 ´ Zq2 ` σ2

gZ
2

2

˙

V
pℓq
logK

`
`

ϕgpi
g
q ´ Zσ2

g ´ ϕdpi
d
q ` p1 ´ Zqσ2

d

˘

Zp1 ´ ZqV
pℓq
Z

`

´´

V
pℓq
logK ´ ZV

pℓq
Z

¯

p1 ´ Zqσd `

´

V
pℓq
logK ` p1 ´ ZqV

pℓq
Z

¯

Zσg

¯

¨ h

` V pℓq
y pθ̄ ` ς ¨ hqEt

`

ˆ

ψrpi
r
q ´

1

2
|σr|

2
` σr ¨ h

˙

V
pℓq
logR ` ξ

|h|2

2
,

h “ ´
1

ξ
rtV

pℓq
logK ´ V

pℓq
Z Zup1 ´ Zq, tV

pℓq
logK ` V

pℓq
Z p1 ´ ZquZ, V

pℓq
logR, V

pℓq
y s ¨ rσd, σg, σr, ςEts1

B.3 Full Misspecification Concerns

We have so far shown the introduction of the jump and diffusion uncertainty separately in our

analysis. However, in our analysis, we incorporate each of the uncertainty channels simulta-

neously, allowing for broadly conceived uncertainty considerations in our results. There are

explicit contributions related to diffusion uncertainty and jump uncertainty in the model.

However, allowing for all of the uncertainty channels simultaneously allows for important

interaction effects as the jump misspecification distortions gℓ, gℓ
1

, and gℓ
2

, and the diffusion

misspecification distortion h, will alter the value functions and their derivatives across jump

states and states of nature. These more implicit effects will influence the optimized distor-

tions arising from uncertainty aversion, and as a result, impact the social valuations and

optimal policy choices of the social planner.
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Appendix C Full HJB Equations

C.1 Post Damage and Technology Jumps Setting

The HJB equation for the post damage and technology jumps setting is given by

0 “ max
ig ,id

min
h
δ logprAd ´ idsp1 ´ Zq ` rAgpℓ

2
q ´ igsZq ` δ logK ´ δ logNpy; ℓq ´ δV pℓ,ℓ2q

`

ˆ

p1 ´ Zqϕdpi
d
q ` Zϕgpi

g
q ´

σ2
dp1 ´ Zq2 ` σ2

gZ
2

2

˙

V
pℓ,ℓ2q

logK `
σ2
dp1 ´ Zq2 ` σ2

gZ
2

2
V

pℓ,ℓ2q

logK,logK

`
`

ϕgpi
g
q ´ Zσ2

g ´ ϕdpi
d
q ` p1 ´ Zqσ2

d

˘

Zp1 ´ ZqV
pℓ,ℓ2q

Z `
1

2
Z2

p1 ´ Zq
2
pσ2

g ` σ2
dqV

pℓ,ℓ2q

ZZ

`

´´

V
pℓ,ℓ2q

logK ´ ZV
pℓ,ℓ2q

Z

¯

p1 ´ Zqσd `

´

V
pℓ,ℓ2q

logK ` p1 ´ ZqV
pℓ,ℓ2q

Z

¯

Zσg

¯

¨ h

`
“

´Zp1 ´ Zq
2σ2

d ` Z2
p1 ´ Zqσ2

g

‰

V
pℓ,ℓ2q

logK,Z

` V pℓ,ℓ2q
y pθ̄ ` ς ¨ hqEt `

|ς|2pEtq2

2
V pℓ,ℓ2q
yy ` ξ

|h|2

2

C.2 Post Damage and Intermediate Technology Jumps Setting

The HJB equation for the post damage and Intermediate technology jumps setting is

0 “ max
ig ,id,ir

min
gℓ1 ,h

δ logprAd ´ idsp1 ´ Zq ` rAgpℓ
1
q ´ igsZ ´ irq ` δ logK ´ δ logNpy; ℓq ´ δV pℓ,ℓ1q

`

ˆ

p1 ´ Zqϕdpi
d
q ` Zϕgpi

g
q ´

σ2
dp1 ´ Zq2 ` σ2

gZ
2

2

˙

V
pℓq
logK `

σ2
dp1 ´ Zq2 ` σ2

gZ
2

2
V

pℓ,ℓ1q

logK,logK

`
`

ϕgpi
g

´ Zσ2
g ´ ϕdpi

d
q ` p1 ´ Zqσ2

d

˘

Zp1 ´ ZqV
pℓ,ℓ1q

Z `
1

2
Z2

p1 ´ Zq
2
pσ2

g ` σ2
dqV

pℓ,ℓ1q

ZZ

`

´´

V
pℓ,ℓ1q

logK ´ ZV
pℓ,ℓ1q

Z

¯

p1 ´ Zqσd `

´

V
pℓ,ℓ1q

logK ` p1 ´ ZqV
pℓ,ℓ1q

Z

¯

Zσg

¯

¨ h

`
“

´Zp1 ´ Zq
2σ2

d ` Z2
p1 ´ Zqσ2

g

‰

V
pℓ,ℓ1q

logK,Z

` V pℓ,ℓ1q
y pθ̄ ` ς ¨ hqEt `

|ς|2pEtq2

2
V pℓ,ℓ1q
yy

`

ˆ

ψrpi
r
q ´

1

2
|σr|

2
` σr ¨ h

˙

V
pℓ,ℓ1q

logR `
|σr|

2

2
V

pℓ,ℓ1q

logR,logR ` ξ
|h|2

2

` J ℓ2

g pRqgℓ
2

pV pℓ,ℓ2q
´ V pℓ,ℓ1q

q ` ξJ ℓ2

g pRq

´

1 ´ gℓ
2

` gℓ
2

log gℓ
2
¯

.
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C.3 Post Damage and Pre Technology Jumps Setting

The HJB equation for the post damage and pre technology jumps setting is given by

0 “ max
ig ,id,ir

min
gℓ1 ,h

δ logprAd ´ idsp1 ´ Zq ` rAg ´ igsZ ´ irq ` δ logK ´ δ logNpy; ℓq ´ δV pℓq

`

ˆ

p1 ´ Zqϕdpi
d
q ` Zϕgpi

g
q ´

σ2
dp1 ´ Zq2 ` σ2

gZ
2

2

˙

V
pℓq
logK `

σ2
dp1 ´ Zq2 ` σ2

gZ
2

2
V

pℓq
logK,logK

`
`

ϕgpi
g

´ Zσ2
g ´ ϕdpi

d
q ` p1 ´ Zqσ2

d

˘

Zp1 ´ ZqV
pℓq
Z `

1

2
Z2

p1 ´ Zq
2
pσ2

g ` σ2
dqV

pℓq
ZZ

`

´´

V
pℓq
logK ´ ZV

pℓq
Z

¯

p1 ´ Zqσd `

´

V
pℓq
logK ` p1 ´ ZqV

pℓq
Z

¯

Zσg

¯

¨ h

`
“

´Zp1 ´ Zq
2σ2

d ` Z2
p1 ´ Zqσ2

g

‰

V
pℓq
logK,Z

` V pℓq
y pθ̄ ` ς ¨ hqEt `

|ς|2pEtq2

2
V pℓq
yy

`

ˆ

ψrpi
r
q ´

1

2
|σr|

2
` σr ¨ h

˙

V
pℓq
logR `

|σr|
2

2
V

pℓq
logR,logR ` ξ

|h|2

2

` J ℓ1

g pRqgℓ
1

pV pℓ,ℓ1q
´ V pℓq

q ` ξJ ℓ1

g pRq

´

1 ´ gℓ
1

` gℓ
1

log gℓ
1
¯

` J ℓ2

g pRqgℓ
2

pV pℓ,ℓ2q
´ V pℓq

q ` ξJ ℓ2

g pRq

´

1 ´ gℓ
2

` gℓ
2

log gℓ
2
¯

.

C.4 Pre Damage and Post Technology Jumps Setting

The HJB equation for the pre damage and post technology jumps setting is given by

0 “ max
ig ,id

min
gℓ,h

δ logprAd ´ idsp1 ´ Zq ` rAgpℓ
2
q ´ igsZ ´ irq ` δ logK ´ δ logNpyq ´ δV pℓ2q

`

ˆ

p1 ´ Zqϕdpi
d
q ` Zϕgpi

g
q ´

σ2
dp1 ´ Zq2 ` σ2

gZ
2

2

˙

V
pℓ2q

logK `
σ2
dp1 ´ Zq2 ` σ2

gZ
2

2
V

pℓ2q

logK,logK

`
`

ϕgpi
g
q ´ Zσ2

g ´ ϕdpi
d
q ` p1 ´ Zqσ2

d

˘

Zp1 ´ ZqV
pℓ2q

Z `
1

2
Z2

p1 ´ Zq
2
pσ2

g ` σ2
dqV

pℓ2q

ZZ

`

´´

V
pℓ2q

logK ´ ZV
pℓ2q

Z

¯

p1 ´ Zqσd `

´

V
pℓ2q

logK ` p1 ´ ZqV
pℓ2q

Z

¯

Zσg

¯

¨ h

`
“

´Zp1 ´ Zq
2σ2

d ` Z2
p1 ´ Zqσ2

g

‰

V
pℓ2q

logK,Z

` V pℓ2q
y pθ̄ ` ς ¨ hqEt `

|ς|2pEtq2

2
V pℓ2q
yy ` ξ

|h|2

2

`

L´S
ÿ

ℓ“1

J ℓ
npyqgℓpV pℓ,ℓ2q

´ V pℓ2q
q ` ξ

L´S
ÿ

ℓ“1

J ℓ
npyq

`

1 ´ gℓ ` gℓ log gℓ
˘

.
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C.5 Pre Damage and Intermediate Technology Jumps Setting

The HJB equation for the pre damage and intermediate technology jumps setting is

0 “ max
ig ,id,ir

min
gℓ,gℓ1 ,h

δ logprAd ´ idsp1 ´ Zq ` rAgpℓ
1
q ´ igsZ ´ irq ` δ logK ´ δ logNpyq ´ δV pℓ1q

`

ˆ

p1 ´ Zqϕdpi
d
q ` Zϕgpi

g
q ´

σ2
dp1 ´ Zq2 ` σ2

gZ
2

2

˙

V
pℓ1q

logK `
σ2
dp1 ´ Zq2 ` σ2

gZ
2

2
V

pℓ1q

logK,logK

`
`

ϕgpi
g
q ´ Zσ2

g ´ ϕdpi
d
q ` p1 ´ Zqσ2

d

˘

Zp1 ´ ZqV
pℓ1q

Z `
1

2
Z2

p1 ´ Zq
2
pσ2

g ` σ2
dqV

pℓ1q

ZZ

`

´´

V
pℓ1q

logK ´ ZV
pℓ1q

Z

¯

p1 ´ Zqσd `

´

V
pℓ1q

logK ` p1 ´ ZqV
pℓ1q

Z

¯

Zσg

¯

¨ h

`
“

´Zp1 ´ Zq
2σ2

d ` Z2
p1 ´ Zqσ2

g

‰

V
pℓ1q

logK,Z

` V pℓ1q
y pθ̄ ` ς ¨ hqEt `

|ς|2pEtq2

2
V pℓ1q
yy

`

ˆ

ψrpi
r
q ´

1

2
|σr|

2
` σr ¨ h

˙

V
pℓ1q

logR `
|σr|

2

2
V

pℓ1q

logR,logR ` ξ
|h|2

2

` J ℓ2

g pRqgℓ
2

pV pℓ2q
´ V pℓ1q

q `

L´S
ÿ

ℓ“1

J ℓ
npyqgℓpV pℓ,ℓ1q

´ V pℓ1q
q

` ξ

«

J ℓ2

g pRq

´

1 ´ gℓ
2

` gℓ
2

log gℓ
2
¯

`

L´S
ÿ

ℓ“1

J ℓ
npyq

`

1 ´ gℓ ` gℓ log gℓ
˘

ff

.
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C.6 Pre Damage and Technology Jumps Setting

The HJB equation for the pre damage and technology jumps setting is given by

0 “ max
ig ,id,ir

min
gℓ,gℓ1 ,h

δ logprAd ´ idsp1 ´ Zq ` rAg ´ igsZ ´ irq ` δ logK ´ δ logNpyq ´ δV

`

ˆ

p1 ´ Zqϕdpi
d
q ` Zϕgpi

g
q ´

σ2
dp1 ´ Zq2 ` σ2

gZ
2

2

˙

VlogK `
σ2
dp1 ´ Zq2 ` σ2

gZ
2

2
VlogK,logK

`
`

ϕgpi
g
q ´ Zσ2

g ´ ϕdpi
d
q ` p1 ´ Zqσ2

d

˘

Zp1 ´ ZqVZ `
1

2
Z2

p1 ´ Zq
2
pσ2

g ` σ2
dqVZZ

` ppVlogK ´ ZVZq p1 ´ Zqσd ` pVlogK ` p1 ´ ZqVZqZσgq ¨ h

`
“

´Zp1 ´ Zq
2σ2

d ` Z2
p1 ´ Zqσ2

g

‰

VlogK,Z

` Vypθ̄ ` ς ¨ hqEt `
|ς|2pEtq2

2
Vyy

`

ˆ

ψrpi
r
q ´

1

2
|σr|

2
` σr ¨ h

˙

VlogR `
|σr|

2

2
VlogR,logR ` ξ

|h|2

2

` J ℓ1

g pRqgℓ
1

pV pℓ1q
´ V q ` J ℓ2

g pRqgℓ
2

pV pℓ2q
´ V q `

L´S
ÿ

ℓ“1

J ℓ
npyqgℓpV pℓq

´ V q

` ξ

«

J ℓ1

g pRq

´

1 ´ gℓ
1

` gℓ
1

log gℓ
1
¯

` J ℓ2

g pRq

´

1 ´ gℓ
2

` gℓ
2

log gℓ
2
¯

`

L´S
ÿ

ℓ“1

J ℓ
npyq

`

1 ´ gℓ ` gℓ log gℓ
˘

ff

.

Appendix D Parameter Values

For our computations, we must specify ranges and initial values for our state variables. These

values are given in Table 2, and are set similarly to Barnett et al. (2023). The initial value of

global mean temperature anomaly Y0 “ 1.1 degrees Celsius matches the estimated current

value from Masson-Delmotte et al. (2021b). The initial value of the green capital-to-total

capital ratio Z0 is chosen as an intermediate value from estimates in the literature using data

on fixed assets and durable goods, the fraction of green-firm to total market capitalization,

the electricity and transportation sectors from the EIA, BEA, FAA, and FTSE.15 The initial

value of total capital is set as K0 “ 880 so that our initial GDP matches the 2023 World

GDP value of $101.2 trillion estimated by the World Bank National Accounts data given

our assumed initial average aggregate productivity of ᾱ “ p1 ´ Z0q ˆAd ` Z0 ˆAg “ 0.115.

The initial value of knowledge stock is set to R0 “ 11.2, which matches estimates from the

15Specifically, Fried et al. (2021), Dhar and Davidson (2022), Carattini et al. (2023), Berk and Van Bins-
bergen (2025) derive values ranging between 0.5 and 0.82 from data on fixed assets and durable goods, the
fraction of green-firm to total market capitalization, the electricity and transportation sectors, and adjust-
ments for uncertainty about the distinctions between clean and dirty capital in the data and ubiquity of
fossil fuels in modern economic production.

10



BLS database of the current Total US R&D capital stock value, converted and scaled up to

a global value based on the US-to-world productive capital ratio.

Table 2: State Variable Initial Values and Ranges

State variables values

K0 880

Z0 0.7

Y0 1.1

R0 11.2

State variables range

logpKq r4, 7s

Z r0.01, 0.99s

Y r0, 4s

logpRq r1, 6s

The economic parameter values are given in Table 3. The choice of δ is consistent with

values of the subjective discount rate used in the macroeconomics and asset pricing literature.

The values of pΓd, θdq and pΓg, θgq are chosen so that the no-climate, one capital version of

the model satisfies three conditions, consistent with estimated values in the macroeconomics

literature and empirical values from the BEA and World Bank databases, as in Barnett et al.

(2020): a Tobin’s q value of 2.5 (q “ A´i
δ
vlogK “ 1`θi

Γθ
“ 2.5); a growth rate of capital of

2% (ErdK{Ks “ α ` Γ logp1 ` θiq “ 0.02); and a ratio of the adjustment cost parameters

normalized to one (Γθ “ 1). The values of σd and σg are chosen to match the annual

percent changes in the time series of GDP from the World Bank database. Given the initial

values of global GDP and green-to-total capital ratio from the data, our assumed initial

average aggregate productivity of ᾱ “ 0.115 means the values of Ad and Ag must be jointly

determined in order to generate output consistent with World Bank World GDP values.

To determine the values of Ad and Ag, as well as the values Agpℓ
1q and Agpℓ

2qu for

the intermediate and breakthrough technological innovations, we build off of the empirical

estimation of Acemoglu et al. (2016). In their framework, an incremental technology step

is defined by a factor λ such that the resulting incremental productivity gain is given by

Aj ˆ λ. In addition, they define n as the number of steps between the leading and lagging

technology in the economy Ai{Aj “ λn. Given our assumption that Ad ą Ag, consistent

with the findings in Acemoglu et al. (2016), and because of our assumed AK production
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technology and additivity across output types, the following two conditions must hold

Ad “ λn ˆ Ag

ᾱ “ Z0 ˆ Ag ` p1 ´ Z0q ˆ Ad

Using Acemoglu et al. (2016)’s estimates of the incremental step size of λ “ 1.063 and of

the leading and lagging technology gap of n “ 3, along with the initial values of global GDP

and green-to-total capital ratio from the data, our initial productivity parameters are

Ad “ 0.1303 and Ag “ 0.1085

We define our intermediate technological innovation as a “catching up” shock such that

green productivity matches dirty productivity

Agpℓ
1
q “ Ad “ 0.1303

and our “breakthrough” shock such that it creates a symmetrically sized technology gap

between green productivity and dirty productivity

Agpℓ
1
q “ λn ˆ Ad “ 0.1567.

We again use the empirical estimate of Acemoglu et al. (2016) for a breakthrough shock

to set the probability of a breakthrough shock, conditional on the occurrence of the first tech-

nology jump, as π “ 0.04. This leaves the probability of the intermediate shock, conditional

on the occurrence of the first technology jump occurring, as 1 ´ π “ 0.96.

Table 3: Economic Parameters

Parameters values

δ 0.01

pαd,Γd, θd, σdq ( -0.035, 0.060, 16.7, 0.01)

pαg,Γg, θg, σgq ( -0.035, 0.060, 16.7, 0.01)

Ad 0.1303

tAg, Agpℓ
1q, Agpℓ

2qu t0.1085, 0.1303, 0.1567u

(λ, n) (1.063, 3)

pζ, ψ0, ψ1, σκq (0, 0.10583, 0.5, 0.0078)

ϱ 746.67
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We assume the depreciation of the knowledge stock to be ζ “ 0 for simplicity and set the

R&D investment curvature parameter as ψ1 “ 0.5 for computational tractability. The initial

value of our knowledge stock is based on estimates from the BLS of the total US R&D stock

values (scaled up to World values). We set ψ0 “ 0.1, guided by estimates for the returns

to R&D investment by Lucking et al. (2019) and Bloom et al. (2019). Barnett et al. (2023)

show in a simplified version of their model, with no damage jumps or uncertainty version, the

combination of our initial knowledge stock value with these R&D investment parameters and

choice of scaling parameter ϱ “ 746.67 generates R&D investment that peaks just below .5%

of GDP, consistent with estimates by Stine (2008) for major U.S. R&D investment programs,

and an anticipated arrival time of the green technological innovation of around 30-40 years.

The value of σr is chosen to match the annual percent changes in the time series of U.S.

R&D capital stock from the BLS database.

Table 4: Climate Dynamics and Damages Parameters

Parameters values

θ̄ 1.86 / 1000
η 0.291
ς 1.2 ˆ 1.86{1000
pλ1, λ2q p0.00017675, 2 ˆ 0.0022q

tλ3pℓquℓ“1,...,L´S t1
3
ℓ´1
L´1

uℓ“1,...,L

pr1, r2q p1.5, 0.36q

py, ȳq p1.5, 2.5q

The climate dynamics and climate damage parameter values are given in Table 4. The

values of θpmq come from pulse experiments estimates produced by Barnett et al. (2022),

based on the results from Joos et al. (2013) and Geoffroy et al. (2013), and are consistent

with values reported in Masson-Delmotte et al. (2021b). The value θ̄ is the average value

across all climate 144 models. The value of η is chosen to match recent estimates of annual

carbon emissions of 10 GtC from Figueres et al. (2018) and the Global Carbon Project, as

well as the estimates of World GDP and the clean and dirty capital split. Specifically, for

our initial values of green-to-total capital and total capital stock of Z0 “ 0.7 and K0 “ 880,

and assumed dirty sector productivity of Ad “ 0.13, the empirical target for initial emissions

of Et “ 10 GtC produces an emissions intensity value of η “ 0.291. The value of ς matches

volatility used by Barnett et al. (2022). The values of λ1, λ2, λ3pℓq, and ȳ match damage

function parameters used by Barnett et al. (2023), which are designed to incorporate the

spread of potential climate damage outcomes based on Nordhaus (2019), Weitzman (2012),

and the very recent work by Waidelich et al. (2024).

Calibration of the climate damage jump intensity function is motivated by the climate
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thresholds and climate tipping point literature. Drijfhout et al. (2015), Armstrong McKay

et al. (2022), Rogelj et al. (2018) and Rogelj et al. (2019) note thresholds beginning as earlier

as 1˝C, multiple thresholds above „ 1.5˝C, and increasing probability and risks of more

severe damages at and beyond 2.0˝C. Ritchie et al. (2021) and Hansen et al. (2025) suggest

points of no return, beyond which tipping points are not reversible, are highly uncertain

based on dynamical systems theory modeling and are dependent upon long-term feedback

responses. Thus, we first choose baseline values of y “ 1.5 and y “ 2.5 for the range over

which the damage jump can occur. We then set r0 “ 1.5 and target a jump realization

occurring by ym “ 2.0, which we achieve by imposing r1 “ 0.36 based on a simplified

temperature pathway.

Appendix E Neural Nets Implementations

Below we give the pseudo-code for the deep Galerkin method - policy improvement algo-

rithms (DGM-PIA) described in Section 4.5, and implementation details, including network

architectures and training hyperparameters. For the DGM-PIA described in Section 4.5, we

use feedforward neural networks with 4 hidden layers of width 32. For the hidden layers, we

use tanh and softplus activation functions to approximate the optimal controls and swish

activation functions to approximate the value function. For the the output layer, we use

a customized hyperbolic tangent function and softplus activation functions. To train the

neural nets, we run 2000000 epochs with a batch size of 128. The learning rates lrV “ 10e´5

and lrα “ 10e´5 and we use the ADAM optimizer proposed in Kingma and Ba (2014). The

training can be done on Google Colab with a total runtime of 2.29 hours.

14



Algorithm 1 The DGM-PIA algorithm for solving the generic HJB (4.5)

Require: a maximum number of epochs N , initial neural networks for the value function
V px; θ0q and the control αpx;φ0q, learning rates for the value function and the control
lrV , lrα

1: for n “ 0, 1, 2, . . . , N do
2: Generate random samples txmuMm“1 from the domain Ω according to ν
3: Compute the value function loss in (4.5) using samples txmuMm“1:

LV
`

θn; txmu
M
m“1

˘

“
1

M

M
ÿ

m“1

“

´δV pxm; θnq ` Lαpxm;φnqV pxm; θnq ` fpxm,αpxm;φnqq
‰2

4: Take a gradient descent step to update θn`1:

θn`1 “ θn ´ lrV∇θLV pθn; txmu
M
m“1q

5: Compute the control loss in (4.5) using samples txmuMm“1:

Lα

`

φn; txmu
M
m“1

˘

“ ´
1

M

M
ÿ

m“1

“

Lαpxm;φnqV pxm; θnq ` fpxm,αpxm;φnqq
‰2

6: Take a gradient descent step to update φn`1:

φn`1 “ φn ´ lrα∇φLαpφn; txmu
M
m“1q

7: end for
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Appendix F Algorithm Validation Results

(a) HJB training loss error for each jump state solution.

(b) Finite difference and DGM-PIA solution comparison

Figure 8: Model solution validation. Panel (a) plot the training errors over epochs for each
of the HJB equations corresponding to the different jump states in our coupled system: post-
tech, post-damage (top left); interim-tech, post-damage (top middle); pre-tech, post-damage
(top right); post-tech, pre-damage (bottom left); interim-tech, pre-damage (bottom middle);
pre-tech, pre-damage (bottom right). Panel (b) plots the value function and optimal controls
for the FD and NN solution in the post-technology and post-damage jump state.
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F.1 Economically Relevant Training Loss Ranges: ξ “ 8

Scenario T “ 20 T “ 40 T “ 60

Pre-Damage-Pre-Tech 2.69 ˆ 10´3 2.40 ˆ 10´3 1.86 ˆ 10´3

Post-Damage-Pre-Tech NA 0.76 ˆ 10´3 1.16 ˆ 10´3

Pre-Damage-Interm-Tech 5.96 ˆ 10´3 5.18 ˆ 10´3 4.19 ˆ 10´3

Post-Damage-Interm-Tech 4.40 ˆ 10´3 4.11 ˆ 10´3 4.58 ˆ 10´3

Pre-Damage-Post-Tech 3.13 ˆ 10´3 3.32 ˆ 10´3 3.84 ˆ 10´3

Post-Damage-Post-Tech NA 1.97 ˆ 10´3 2.24 ˆ 10´3

Table 5: Validation loss for the PDEs across the four jump realization states, transposed.
The values are computed by averaging the PDE residuals evaluated at locations likely to be
visited during simulation. NA represents states where no more than one path entered the
particular jump state space at the specified year.
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Regime (Tech, Damage) State Variable t“20 t“40 t“60

Pre Damage
Pre Tech

logKt r6.80, 6.91s r6.84, 6.99s r6.87, 7.06s

Zt r0.69, 0.73s r0.70, 0.75s r0.73, 0.78s

Yt r1.34, 1.62s r1.61, 2.05s r1.89, 2.37s

logRt r3.13, 3.23s r3.65, 3.76s r4.01, 4.12s

Post Damage
Pre Tech

logKt NA r6.86, 7.01s r6.88, 7.07s

Zt NA r0.70, 0.75s r0.71, 0.78s

Yt NA r2.50, 2.75s r2.53, 3.16s

logRt NA r3.65, 3.76s r4.01, 4.15s

Pre Damage
Interm Tech

logKt r6.83, 6.97s r6.90, 7.13s r6.97, 7.29s

Zt r0.70, 0.75s r0.72, 0.79s r0.74, 0.82s

Yt r1.34, 1.63s r1.66, 2.02s r1.91, 2.35s

logRt r3.14, 3.24s r3.64, 3.77s r4.02, 4.18s

Post Damage
Interm Tech

logKt r6.83, 6.85s r6.91, 7.12s r6.99, 7.28s

Zt r0.71, 0.71s r0.72, 0.78s r0.74, 0.82s

Yt r2.49, 2.50s r2.50, 2.85s r2.53, 3.13s

logRt r3.12, 3.13s r3.65, 3.79s r4.03, 4.18s

Pre Damage
Post Tech

logKt r6.88, 7.07s r6.94, 7.38s r7.15, 7.74s

Zt r0.72, 0.79s r0.74, 0.86s r0.78, 0.91s

Yt r1.34, 1.56s r1.62, 2.05s r1.95, 2.30s

logRt NA NA NA

Post Damage
Post Tech

logKt NA r6.95, 7.33s r7.09, 7.66s

Zt NA r0.75, 0.85s r0.78, 0.89s

Yt NA r2.49, 2.76s r2.53, 3.03s

logRt NA NA NA

Table 6: The 5th and 95th percentiles of state variable values computed at the specified year
based on 10,000 stochastic simulation pathways. NA represents states where no more than
one path entered the particular jump state space at the specified year, or the state variable
is no longer relevant in the computations.
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Figure 9: Three dimensional plots of the training loss errors shown over the 5th and 95th
percentiles of state variable values computed at the specified year based on 10,000 stochastic
simulation pathways. The first row shows the no jump state. The second row shows the
damage only jump state. The third row shows the technology only jump state. The last row
shows the both jump state. The left column shows the errors at year 40. The right right
column shows the errors at year 60.
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F.2 Economically Relevant Training Loss Ranges: ξ “ 0.1

Scenario T “ 20 T “ 40 T “ 60

Pre-Damage-Pre-Tech 3.10 ˆ 10´3 2.22 ˆ 10´3 1.24 ˆ 10´3

Post-Damage-Pre-Tech NA 0.46 ˆ 10´3 0.40 ˆ 10´4

Pre-Damage-Interm-Tech 7.16 ˆ 10´3 5.86 ˆ 10´3 4.28 ˆ 10´3

Post-Damage-Interm-Tech 4.40 ˆ 10´3 4.11 ˆ 10´3 4.58 ˆ 10´3

Pre-Damage-Post-Tech 3.35 ˆ 10´3 3.57 ˆ 10´3 4.22 ˆ 10´3

Post-Damage-Post-Tech NA 1.91 ˆ 10´3 2.16 ˆ 10´3

Table 7: Validation loss for the PDEs across the four jump realization states, transposed.
The values are computed by averaging the PDE residuals evaluated at locations likely to be
visited during simulation. NA represents states where no more than one path entered the
particular jump state space at the specified year.
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Regime (Tech, Damage) State Variable t“20 t“40 t“60

Pre Damage
Pre Tech

logKt r6.80, 6.90s r6.84, 6.99s r6.84, 7.07s

Zt r0.69, 0.73s r0.70, 0.75s r0.71, 0.77s

Yt r1.34, 1.62s r1.66, 2.04s r1.97, 2.30s

logRt r3.17, 3.26s r3.69, 3.82s r4.09, 4.21s

Post Damage
Pre Tech

logKt r6.86, 6.89s r6.85, 6.99s r6.87, 7.06s

Zt NA r0.70, 0.75s r0.71, 0.78s

Yt NA r2.52, 2.83s r2.55, 3.06s

logRt NA r3.69, 3.81s r4.05, 4.18s

Pre Damage
Interm Tech

logKt NA r6.89, 7.12s r6.95, 7.28s

Zt r0.70, 0.74s r0.71, 0.77s r0.73, 0.81s

Yt r1.33, 1.61s r1.63, 2.02s r1.89, 2.37s

logRt r3.18, 3.28s r3.72, 3.85s r4.11, 4.27s

Post Damage
Interm Tech

logKt r6.83, 6.86s r6.90, 7.12s r6.98, 7.27s

Zt r0.70, 0.73s r0.71, 0.77s r0.73, 0.80s

Yt r2.51, 2.53s r2.50, 2.84s r2.55, 3.15s

logRt r3.19, 3.23s r3.70, 3.84s r4.08, 4.25s

Pre Damage
Post Tech

logKt r6.88, 7.07s r6.95, 7.40s r7.11, 7.59s

Zt r0.72, 0.79s r0.73, 0.86s r0.77, 0.89s

Yt r1.31, 1.53s r1.65, 2.06s r1.93, 2.30s

logRt NA NA NA

Post Damage
Post Tech

logKt NA r7.04, 7.32s r7.05, 7.66s

Zt NA r0.76, 0.85s r0.76, 0.90s

Yt NA r2.50, 2.72s r2.51, 3.01s

logRt NA NA NA

Table 8: The 5th and 95th percentiles of state variable values computed at the specified year
based on 10,000 stochastic simulation pathways. NA represents states where no more than
one path entered the particular jump state space at the specified year, or the state variable
is no longer relevant in the computations.
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(a) HJB training loss error for each jump state solution.

Figure 10: Three dimensional plots of the training loss errors shown over the 5th and 95th
percentiles of state variable values computed at the specified year based on 10,000 stochastic
simulation pathways. The first row shows the no jump state. The second row shows the
damage only jump state. The third row shows the technology only jump state. The last row
shows the both jump state. The left column shows the errors at year 40. The right right
column shows the errors at year 60. Missing plot times are when no more than one path
entered the particular jump state space at the specified year.
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F.3 Economically Relevant Training Loss Ranges: ξ “ 0.05

Scenario T “ 20 T “ 40 T “ 60

Pre-Damage-Pre-Tech 3.39 ˆ 10´3 2.29 ˆ 10´3 1.25 ˆ 10´3

Post-Damage-Pre-Tech NA 0.44 ˆ 10´3 0.36 ˆ 10´3

Pre-Damage-Interm-Tech 7.61 ˆ 10´3 5.99 ˆ 10´3 4.00 ˆ 10´3

Post-Damage-Interm-Tech 5.41 ˆ 10´3 4.55 ˆ 10´3 4.53 ˆ 10´3

Pre-Damage-Post-Tech 3.29 ˆ 10´3 3.46 ˆ 10´3 4.05 ˆ 10´3

Post-Damage-Post-Tech NA 1.62 ˆ 10´3 1.87 ˆ 10´3

Table 9: Validation loss for the PDEs across the four jump realization states, transposed.
The values are computed by averaging the PDE residuals evaluated at locations likely to be
visited during simulation. NA represents states where no more than one path entered the
particular jump state space at the specified year.
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Regime (Tech, Damage) State Variable t“20 t“40 t“60

Pre Damage
Pre Tech

logKt r6.79, 6.90s r6.84, 6.99s r6.92, 7.01s

Zt r0.69, 0.73s r0.71, 0.75s r0.73, 0.77s

Yt r1.34, 1.62s r1.66, 2.01s r1.92, 2.27s

logRt r3.19, 3.28s r3.71, 3.84s r4.13, 4.23s

Post Damage
Pre Tech

logKt r6.89, 6.89s r6.85, 6.99s r6.89, 7.08s

Zt r0.73, 0.73s r0.70, 0.75s r0.72, 0.78s

Yt r2.50, 2.50s r2.50, 2.80s r2.56, 3.03s

logRt r3.21, 3.21s r3.71, 3.83s r4.08, 4.21s

Pre Damage
Interm Tech

logKt r6.83, 6.96s r6.90, 7.12s r6.96, 7.28s

Zt r0.70, 0.75s r0.72, 0.78s r0.74, 0.81s

Yt r1.34, 1.63s r1.65, 2.04s r1.92, 2.42s

logRt r3.19, 3.28s r3.72, 3.85s r4.12, 4.28s

Post Damage
Interm Tech

logKt r6.91, 6.91s r6.89, 7.11s r6.97, 7.28s

Zt r0.71, 0.71s r0.71, 0.78s r0.73, 0.81s

Yt r2.49, 2.49s r2.50, 2.83s r2.52, 3.14s

logRt r3.24, 3.24s r3.71, 3.84s r4.09, 4.27s

Pre Damage
Post Tech

logKt r6.85, 7.10s r6.96, 7.39s r7.12, 7.64s

Zt r0.72, 0.79s r0.75, 0.86s r0.79, 0.89s

Yt r1.37, 1.57s r1.62, 1.92s r1.91, 2.28s

logRt NA NA NA

Post Damage
Post Tech

logKt NA r6.99, 7.34s r7.04, 7.59s

Zt NA r0.76, 0.85s r0.76, 0.90s

Yt NA r2.52, 2.72s r2.51, 3.09s

logRt NA NA NA

Table 10: The 5th and 95th percentiles of state variable values computed at the specified
year based on 10,000 stochastic simulation pathways. NA represents states where no more
than one path entered the particular jump state space at the specified year, or the state
variable is no longer relevant in the computations.
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Figure 11: Three dimensional plots of the training loss errors shown over the 5th and 95th
percentiles of state variable values computed at the specified year based on 10,000 stochastic
simulation pathways. The first row shows the no jump state. The second row shows the
damage only jump state. The third row shows the technology only jump state. The last row
shows the both jump state. The left column shows the errors at year 40. The right right
column shows the errors at year 60. Missing plot times are when no more than one path
entered the particular jump state space at the specified year.

25


